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ABSTRACT

Two-phase cooling systems are being explored actively as a promising technology for
energy-intensive electronics systems. The latent heat of vaporization results in a high heat-
transfer coefficient. However, the system may suffer a sudden increase in temperature when the
heat flux exceeds the critical heat flux, causing a dramatic rise in surface temperature and a
sudden reduction in heat-transfer coefficient. This can lead to burnout or system failure. This
research focuses on control-oriented dynamic modeling of a pumped two-phase system with
multiple evaporators. Further, the multi-evaporator pumped two-phase system is integrated with
a vapor compression system. To avoid the appearance of critical heat flux, the exit quality of the
evaporator must to be constrained to less than one, which means that only two-phase fluid is
allowed at the outlet of the evaporator. This research uses the dynamic model to explore control
architectures that provide avoidance of critical heat flux in two-phase cooling for multiple

evaporators under dynamic heat loads.
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wp Pump speed [r pm]

Nvol Pump volumetric efficiency

Mp Pump isentropic efficiency

Pp Pump refrigerant density [kg m ™3]

V, Pump volume [ m3]

A, Valve opening Area [ m?]

Cq Valve discharge coefficient

P,; Valve inlet pressure [kPa]

B, Valve outlet pressure [kPa]

Pr Density of refrigerant at liquid phase[kg m™3]

Py Density of refrigerant at vapor phase[kg m™3]

T, Temperature of refrigerant[°C]

T, Heat exchanger wall temperature[°C]

T, External air/fluid temperature[°C]

a; Heat-transfer coefficient between tube wall and internal fluid[W m~2K 1]
Ay Heat-transfer coefficient between tube wall and external fluid[W m™2K™1]
Acs Cross-sectional area of the inside of the tube[ m?]

A; Internal surface area of the heat exchanger[ m?]

A, External surface area of the heat exchanger[ m?]

(¢, pV)W Thermal capacity of the tube wall per unit length[] K™'m™]

y Mean void fraction

U Weight factor for external air temperature
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S Heat exchanger slip ratio

t Time|[s]

Z Matrix

x State vector, Vapor quality

X Time derivative of state vector

u System input

Cq Discharge coefficient

Mass Heat exchanger material mass[kg]

d Heat exchanger tube diameter[m]

G Matrix

uzvi Matrix singular value decomposition
v(G) Condition number of a matrix

a(G) Maximum singular value

a(G) Minimum singular value

c Specific heat [J kg 1K™1]

Subscripts Explanation

1,2,3 1%t, 21, 31 Region in the heat exchanger; 1% evaporator in parallel, 2™

evaporator in parallel, 3™ evaporator in parallel
e Evaporator
c Condenser

r Refrigerant
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w Wall

v Valve

p Pump

i Inlet

0 Outlet

vol Volumetric

cs Cross-sectional

f Saturated liquid

g Saturated vapor

j jh evaporator in parallel

n Number of evaporators in parallel
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1. INTRODUCTION

In recent years, with the increased usage of high-power electronics in data centers,
buildings, and all-electric vehicles, cooling technologies are becoming more important for these
types of applications [1]. In 2014, data centers in the United States (US) consumed an estimated
70 billion kWh, representing 1.8% of total US electricity consumption [2]. Energy use is
expected to continue increasing in the near future, so energy-efficient cooling systems are in high
demand.

Data centers usually are cooled by natural and forced convention using ambient air.
Military and defense-related systems also use air cooling, but in many cases single-phase liquid
cooling has been required for high-energy laser arrays and high-power radars [3]. Forced-air and
single-phase liquid cooling systems are insufficient to meet the increased cooling demand in
electronics systems because of their low thermal conductivity, low thermal capacity, and high
pressure drop [4, 5]. Refrigerant two-phase cooling is drawing attention as a more efficient way
to cool high-power electronics.

Refrigeration two-phase cooling can be implemented in various configurations. The most
common configuration utilizes a vapor compression cycle (VCC). VCC uses a circulating fluid
as the medium which absorbs and removes heat from the space to be cooled and subsequently
rejects that heat elsewhere. VCC uses a compressor to compress low-temperature vapor to
higher-temperature vapor and establish a pressure differential to move the fluid in the cycle.
Evaporator and condenser operate at two different pressures. An alternative configuration,
pumped two-phase (PTP), involves a liquid pump to provide head pressure to circulate the fluid

in the cycle. In contrast with VCC, both evaporator and condenser operate at the similar pressure.



Comparing with single-phase liquid cooling, the required mass flow rate for two-phase
cooling system is much smaller than for a single-phase liquid cooling system, because the latent
heat of evaporation hy, of a fluid is larger than the specific heat capacity of a fluid times the
allowed temperature gradient ¢, AT. This results in a smaller diameter for a two-phase system
than for a single-phase system. With the benefits as reduce size, lower flow rate and higher
efficiency, two-phase refrigerant cooling can be more suitable for high power electronics.

In the last two decades, much research has been performed around modeling and control
design for VCC cooling. Only a few recent published studies have focused on control-oriented
PTP cooling modeling and control design. This work mainly fills the gap of multi-evaporator
PTP system dynamics modeling and the development of control architectures that have the
ability to achieve high performance over different heat load conditions.

This dissertation is divided into two parts. The first portion presents the development,
simulation, and control architecture design of a multi-evaporator PTP system. The second
portion presents integration of a multi-evaporator PTP system with a VCC to extend to
applications such as integrating data center chip level cooling with building centralized chiller,
navy ship radar array cooling with vapor compression refrigeration cooling. Model development,
simulation, and control architectures are discussed in detail.

In summary, this dissertation proposes a control-oriented modeling method of a multi-
evaporator PTP system and its integration with a VCC for cooling electronics. The model has the
ability to handle a large number of evaporators in parallel, providing important insight to real
system design and application. With the model, new control architectures were developed and
evaluated under different heat load conditions. When the control architectures were applied on

the system, improvement was observed in the performance of PTP cooling.
2



The remainder of the dissertation is organized as follows. A background and literature
review are presented in Chapter 1. A dynamic modeling method of the proposed system is
discussed in Chapter 2 with its challenges and solutions of including large numbers of
evaporators in parallel. Further presented in Chapter 2 is a system schematic of a multi-
evaporator PTP system, along with detailed information and system parameters. Chapter 3 then
presents two control architectures to compensate for nonlinearities and coupling in multi-
evaporator systems and to ensure avoidance of critical heat flux (CHF). Simulation cases with
the proposed control architectures are presented for the proposed PTP multi-evaporator model
with different load conditions and heat flux impulses. The results are discussed and compared. In
Chapter 4, modeling methods for the integrated PTP-VCC are discussed. In Chapter 5, a time-
scale analysis of the dynamics of the PTP-VCC is presented to study the dynamics behavior of
the two cycles together with the control architecture design. A conclusion and future work

recommendations are summarized in Chapter 6.

1.1. Background and Literature Review

1.1.1. Air, Liquid, and Two-Phase Cooling
Three major cooling techniques typically are used in high-energy consumption

electronics systems such as data centers: air cooling, liquid cooling, and two-phase cooling.

Air Cooling
In an air-cooling system in a data center application, cold air blows into the server and

removes the heat generated by chips. After passing through the server, the temperature of the air

3



increases. In order to reuse the air, building chilled water is used to bring down the temperature
of the air. The facility needs a chiller to cool the chilled water to a temperature lower than the
ambient temperature so that there will be sufficient heat transfer between the air and the building
chilled water. Then heat usually is rejected to ambient air through a cooling tower. Regardless of
the relatively low heat-transfer coefficient of air cooling and the increasing heat load on the chip,

research and development have focused on the thermal resistance of the chip and heat sink [6].

Liquid Cooling

Liquid cooling, as compared with air cooling, is a more efficient method of transferring
heat because of its higher volumetric specific heat and higher heat-transfer confidence. It also
reduces the overall thermal resistance of the heat-transfer circuit for data center applications. An
IBM study in 2009 [7] found that liquid cooling uses 40% less total energy compared with air
cooling in data center applications. Liquid cooling also reduces the size and cost of equipment.
However, tremendous pumping power is required to keep the temperature gradient in the fluid
within acceptable limits. When comes to the choice to cooling liquid, fluids with good thermal
properties like water, has reliability concerns due to potential damage to electronics in the case of
leaks. Electronic-friendly dielectric liquids, such as certain refrigerants, have poor thermal

properties in the single phase and come with a high equipment cost.

Two-Phase Cooling
Nucleate boiling is one of the most efficient ways to remove heat from a component [8-
11]. Two-phase cooling is of particular interest for electronics-cooling applications. Agostini et

al. [12] outlined several desirable features of two-phase cooling that make it a promising medium

4



to long-term solution because of its high heat transfer efficiency and high heat-dissipation rate.
Substantially reduced thermal resistance can be provided by two-phase cooling in an order of

magnitude less than that of air and significantly below that of liquid cooling [6].

1.1.2. Refrigerant Two-Phase Cooling Systems

Refrigerant two-phase cooling has proved its effectiveness in various fields. The most
common application is heating, ventilation, and air conditioning and refrigeration (HVAC&R),
where the general thermodynamics cycle behind the application is VCC. An alternative
configuration is PTP refrigerant cooling, which involves a liquid pump to provide head pressure
to circulate the fluid in the cycle. A detailed discussion on the two cycles is presented below.

Figure 1 shows a system diagram of a VCC. The VCC has four major components:
compressor, condenser, expansion valve, and evaporator. Figure 2 shows a system diagram of
PTP cycle. The PTP cycle has three major components: pump, condenser and evaporator. Valve
is an optional component before the evaporator to control the mass flow rate of the refrigerant

entering evaporator.

P
«

)

Compressor

=

Condenser Expansion Valve Evaporator

\ 4

Figure 1: System diagram of a VCC cooling system
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Figure 2: System diagram of a PTP cooling system

Figure 3 shows the pressure enthalpy diagram of a PTP cycle and a VCC. The red dotted
line is a typical VCC. Heat is removed from a low-pressure evaporator and is rejected to external
fluid in a high-pressure condenser. Superheat is needed at the outlet of the evaporator to prevent
flooding in the compressor. The blue solid line is a PTP cycle. In the cycle, heat is transferred by
evaporating and condensing the working fluid. Both evaporation and condensation occur at
approximately the same pressure assuming pressure drop is negligible. A pump is needed to
provide the head pressure to circulate the fluid in the cycle. From the pressure enthalpy diagram,
we can see that the PTP evaporator operating pressure is higher than that in the VCC. This
difference is caused by to the fact that the PTP cycle tends to work in ambient temperature and
has a saturated evaporating temperature close to ambient temperature. Using VCC for cooling
electronics sometimes can cause problems like condensation due to operating temperature being

lower than ambient temperature. When choosing the proper refrigerant, the saturated boiling
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temperature in the evaporator in the PTP cycle can be higher than ambient temperature to avoid
condensation on the electronics. Also, less energy is needed by the pump in a PTP system

comparing with using a compressor in a VCC system.

Pressure

Liquid Two-Phase Vapor

Enthalpy

Figure 3: Pressure-enthalpy diagram of VCC and PTP

However, both configurations present the risk of CHF when a system experiences large
transient heat load [13, 14]. CHF describes the thermal limit of the phenomenon where a phase
change occurs during heating. Large bubbles start to form on the heating surface and cause a
sudden reduction in heat-transfer coefficient, causing a localized overheating problem. In Figure
4 CHF is marked where fluid starts to cross the boundary from nucleate boiling to film boiling.
The system must operate away from the CHF point to prevent localized overheating. This
localized overheating can lead to burnout or system failure. To avoid CHF, the exit quality of the

evaporator needs to be controlled.
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Figure 4: Boiling curve of two-phase fluid

Researchers have explored both VCCs and PTP cycles experimentally for cooling
electronics. A pumped liquid multiphase cooling system (PLMC) was proposed by Hannemann
et al. [15] for high energy consumption devices such as microprocessors and large radar systems.
The proposed PLMC includes a high-performance cold plate (evaporator), an air-cooled
condenser and a liquid pump. The proposed system was tested with refrigerant HFC134a and
compared between a single-phase water loop. Their results demonstrated the significant benefits
such as efficiency, reduced size and weight when using pumped two-phase cooling. However,
the research did further state the CHF avoidance strategy when the system was exposed to load
changes. Trutassanawin et al. [16] designed and built a small scale refrigeration system for
notebook computer including a microchannel condenser, a microchannel evaporator, a capillary
tube as the expansion device and a mini-compressor,. Their system showed 25%-30% of the

Carnot efficiency which was similar to the efficiency of today’s household refrigerators. Mongia
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et al. [17] experimentally studied a miniature-scale refrigeration system for cooling electronics.
Their system included a microchannel condenser, a microchannel evaporator, a manual needle
value as throttling device, a heat spreader, a small-scale compressor and two compressor cooling
fans. From their research, the conclusion was made that a suitable control strategy was required
to improve its performance as well as a new compressor design. Marcinichen et al. [18]
compared multi- evaporator VCCs and PTP cycles for cooling a computer blade server. The
experimental data showed less pumping power needed for the liquid pumping cycle and the VCC

having the potential for energy recovery because of higher condenser temperature.

1.1.3. Control of Refrigerant Cooling Systems

Given the proven effectiveness of refrigerant cooling, active control schemes are needed
to improve performance and ensure operational safety of electronics systems. Marcinichen et al.
[19] proved the effectiveness using single-input-single-output (SISO) strategies for VCCs and
pumped liquid cycles for CHF avoidance with heat load input to be a known parameter in the
field of electronics cooling. Marcinichen et al. [18] and Wu et al. [20] published a control
strategy design and testing on a hybrid cycle. The hybrid cycle involves a PTP cooling loop to
remove the heat from chips, a liquid separator to direct the refrigerant to a VCC loop to remove
the heat from the PTP loop, and an external water loop to reject the heat from the condenser in
the VCC loop. In such an application, the CHF constraint and secondary components can alter
cycle behavior significantly. Therefore, it must be designed and controlled carefully to maintain

safe and efficient operating conditions.



1.1.4. Control-Oriented Modeling of Refrigerant Cooling Systems

With the increasing interest in using two-phase fluids for high-heat flux cooling, a system
model that can be used for control scheme design for cooling electronics is drawing attention.
Heydari [21] developed a simulation program including a miniature compressor, capillary tube,
compact condenser, and cold plate evaporator to evaluate performance of miniature refrigeration
systems for high performance computers. Higher COPs were observed with lower condensing
temperatures. A steady state multi-evaporator VCC model was proposed by Zhou et al. [22, 23]
for high heat flux removal. The research was mainly for system characteristic validation and
operating condition optimization, not for control design. Juan et al. [24, 25] developed a lumped-
parameter first-principle dynamic model of a VCC cooling for electronics systems. The model
was compared with experiment data and showed the ability to capture the essential behavior of
the system. Then gain-scheduling control was used for CHF avoidance. Zhang et al. [26] used a
finite different method to cover the comprehensive mass, energy and momentum balance of two-
phase exchanger in VCC dynamic modeling for electronics cooling. Yang et al. [27] proposed a
systematic approach to synthesize robust and gain-scheduled controllers for a single-evaporator
VCC for cooling of large transient heat load.

Compared to a conventional VCC, less research can be found in modeling PTP systems.
Kelkar and Patankar [28] published a steady state computation modeling method for a multi-
evaporator PTP cycle and proved its effectiveness for data center cooling applications. Chen et
al. [29] proposed a steady state single-evaporator PTP model that demonstrated the ability to
predict the characteristics and performance of pumped two-phase cooling systems. The micro-
evaporator used the correlation between pressure drop, flow rate and heat generation with

experiments.
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Control-oriented modeling of VCCs for cooling electronics have been studied by
multiple researchers, while the majority of modeling studies on PTP systems have focused on
system fluid properties. A control-oriented PTP model that balances simplicity and accuracy and
that captures the complex heat and mass flow dynamics can be highly valuable for refrigerant-
cooling applications. With a control-oriented PTP model, control schemes can be studies for
CHF avoidance in PTP cycles.

In a refrigerant cooling system, components like pumps, compressors, expansion valves,
and receivers have dynamics on different time scale compared with the heat exchangers.
Modeling the heat exchangers properly is the main challenge. In the literature, two heat
exchanger modeling approaches are used commonly: finite-control volume (FCV) models and
moving-boundary (MB) models. In the FCV approach, the heat exchanger is separated into
fixed-volume zones or cells by discretizing the governing partial differential equations (PDEs)
that describe the heat exchanger with time and spatial variations. FCV has the advantage of
including detailed fluid behavior, thermophysical gradients, and distributed parameters [30]. The
advantages of complex spatial characteristics and increased accuracy through greater details also
results in higher dynamic order and greater computational time [31-33]. In contrast with the FCV
approach, the MB approach divides the heat exchanger into several regions based on fluid phase,
such as subcooled liquid, two-phase mixture, and superheated vapor [34]. The boundaries
between regions are modeled as dynamic variables. The MB approach preserves the simplicity of
lumped-parameter models while still having the ability to capture the salient dynamics of
multiple-fluid-phase heat exchangers [24, 25]. Bendapudi et al. [35], Rasmussen [30], and
Rodriguez [36] provided a comparison between FCV and MB approaches. Their results showed

both approaches can provide similar simulation results, but the FCV approach showed slower
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computational ability due to the requirement of including more control volumes during the
calculation. Switching-moving-boundary (SMB) models are extensions of the MB model. Based
on different profile assumption, the SMB model has the ability to handle the disappearance and
appearance of phase regions by switching between different MB models during simulation.
Willatzen et al. [37] used the SMB method to handle the disappearance and appearance of a
superheated region based on outlet enthalpy conditions. Zhang and Zhang [38] presented a void
fraction switching mechanism for a two-phase region that improved the model’s numerical
stability. McKinley and Alleyne [39] proposed a combination of void fraction and region length.
Li and Alleyne [40] later expanded this method to describe the severe transient behaviors in heat
exchangers. Cecchinato and Mancini [41] proposed an intrinsically mass conservative switching
method involving two-phase region length and density for the evaporator. Qiao et al. [42]
utilized exit enthalpy and void fraction as a switching mechanism for a flash tank vapor injection
heat pump system. Bonilla et al. [43] proposed varying threshold enthalpy and switching length
to avoid numerical singularity in calculation. Rodriguez and Rasmussen [36] provided a
comparison of different switching approaches and made recommendations for commonly used
minimum thresholds. All models showed satisfactory performance in their specific applications.
However, the models mentioned in the literature review are single heat exchanger. They cannot
be taken directly to multi-evaporator PTP system modeling. A multi-evaporator PTP system
requires integrating multiple evaporator models with a condenser model.

In this research, a dynamic multi-evaporator PTP system model was proposed and tested.
Up to hundreds of evaporators can be simulated within a reasonable computational time. The
model provides the possibility to test a potential system without investing a lot of time and

money associated with building a physical prototype system. Different active control strategies
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were developed to maintain constant operating conditions and avoid CHF conditions despite
changing heat loads. In the application such data center cooling, a chip-level pumped two-phase
system can be integrated with the building centralized chiller. A multi-evaporator PTP system
was integrated with a VCC system by a refrigerant to refrigerant heat exchanger. Control

architectures were explored further on the integrated system.
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2. MULTI-EVAPORATOR PUMPED TWO-PHASE SYSTEM MODEL

In most electronics cooling applications, numerous components need to be cooled for
normal operation. In data center applications, multiple chip processors on different levels of
server racks generate heat. A two-phase refrigerant cooling system with the ability to dissipate
different levels of heat from multiple target components is valuable. The PTP refrigerant cooling
system proposed in this research was set up with multiple evaporators in parallel to remove heat
generated from different chip processors and to maintain constant operating conditions.

A PTP cooling system does not have a specific configuration. There are three key
components: a pump to provide enough head pressure to circulate the refrigerant, an evaporator
to cool the target components, and a condenser to reject the heat to external fluid. Optional
components include: preheater to control coolant temperature at the evaporator inlet, surge tank
with temperature control to control system pressure, accumulator to prevent cavitation in the
pump, valves for flow control, etc. Figure 5 shows a PTP cooling system configuration with key

components and optional components.
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Figure 5: Multi-evaporator PTP system with key components and optional components

As stated above, a pump, evaporators, and a condenser must be included in the system to
provide the basic cooling function of the system. In order to preserve the model’s simplicity
while still having the advantage of operating at different load conditions, a variable-speed pump
and mass-flow-controlling valves were deployed in the configuration. The valves are placed

before each evaporator to control the flow rate and to control evaporator exit vapor quality. A
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2.1. System Configuration Analysis
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constant reservoir is placed between the pump and valves to provide constant pressure and

enthalpy to the valves.
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Figure 6 shows a four-evaporator PTP cooling system configuration. In general, the

system can have any number of evaporators in parallel to handle multiple distributed heat loads.

A pump is needed to provide enough head flow to circulate the refrigerant. Valves are installed

before the evaporators for flow control. The evaporators (heat sinks) provide saturated boiling,

utilizing the latent heat of vaporization to remove heat generated by chips. A constant reservoir is

placed between the pump and valves. Water is used as the external fluid for heat removal in the

condenser.

The pump model and valve model were chosen as physics-based models to correlate

relationship between pressures across the components with mass flow rate, as shown in Equation

(1). In order to calculate the mass flow rate, inlet and outlet pressure of the pump or valve need

to be known. These components can be referred to as mass-flow-rate components. Heat
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exchanger models such as evaporators and condensers correlate the inlet and outlet mass flow
rates to the pressure gradient. Inlet and outlet mass flow rates of a heat exchanger are known
variables for calculating pressure and other fluid properties. A heat exchanger model can be
referred to as a pressure component.

m = f(AP) )

P = f(am) 2)

With the system schematic setup shown in Figure 6, the system components cannot be

modeled separately and then connected together to form a closed loop system. The relationship
between pressure and mass flow rate is presented in Figure 7. For figure simplicity, only one
evaporator and one valve are shown in the loop. With the lack of mass flow rate components
between the evaporators and condenser, the evaporators and condenser are modeled together as a

combined heat exchanger.
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Figure 7: System configuration - Pressure/mass-flow-rate relationship
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2.2. Pump
The variable-speed pump governing equation is shown in Equation (3). It used as a semi-
empirical map with varying pump efficiency. The volumetric and isentropic efficiencies were
interpolated as functions of the pressure ratio and pump speed from semi-empirical maps, as
shown in Equations (4), (5), and (6). The pump speed was rate-limited in order to capture the

limitations of a real pump.

My = WpVoPpTvol 3)
hpo,isentropic - hpi =17 (4)
hpo — hp; P
= f(Pratio W
Nvol f( ratio p) (5)
= f(Pratio W
T’p f( ratio p) (6)
2.3. Valve

The governing equation for the valve model was modified from the standard orifice flow
equation, as shown in Equation (7), where m,, is the mass flow rate through the valve, A, is the
area of valve opening, and Cj is the coefficient of discharge. A semi-empirical map was used to
calculate the product of the coefficient of discharge and area of valve opening as a function of

the pressure difference, AP = P,; — P,, and the percentage of valve-opening input.

m, = AdeV p(Py; — Pyo) )

18



2.4. Combined Heat Exchanger

The dynamics of a PTP system are dominated by the heat exchangers. The reason is that
the valve model and pump model are physics-based static relationships. The dynamics of the
heat exchangers evolve on slower time scales than valve and pump model.

As mentioned in the literature review, the most commonly used dynamic heat exchanger
modeling methods are the moving boundary (MB) and finite control volume (FCV) approaches.
The switch moving boundary (SMB) approach is an extension of MB where the model is
switched between different MB modes. Each approach has its own unique advantages. MB,
sometimes known as the lumped-parameter approach, with parameters lumped in regions defined
by fluid phase and the fluid-phase transition point being a dynamic variable, can catch the
complex spatial characteristics of fluid properties with less computational time. The FCV
approach can provide more detailed spatial variables with greater computational time.

Both modeling methods are valuable in PTP heat exchanger modeling. MB has the ability
to greatly improve computational time, while FCV can provide detailed temperature profile
along the tube length.

Figure 8 shows the real time factor comparison of FCV method versus MB method
running on a standard desktop computer. To simplify the process, one FCV evaporator model
and one MB evaporator model were used. The real-time factor is defined as computational time
over length of simulated time. The real time factor of FCV method was tested from including
three control volumes up to including thirty control volumes in the evaporator. Results showed
the increasing real time factor when including more control volumes in the evaporator, regardless

of the exponentially increasing real time factor with multiple evaporators in parallel in the FCV
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approach. To handle a larger number of parallel evaporators simulated in a reasonable
computational time, the MB modeling approach was found to be more suitable. SMB method
was chosen as the modeling approach to handle the appearance and disappearance of fluid phase

regions while still have reasonable computational time.
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Figure 8: Real time factor comparison between MB model and FCV model

The heat exchanger models in the literature have been developed as a single component
like an evaporator or condenser. Research has not been performed on combined modeling of

parallel evaporators and condensers. Aiming to fill this gap, a combined heat exchanger was

developed for two-phase cooling.

The derivation approach used several modeling assumptions associated with the
refrigerant flow in the heat exchanger. The following assumptions have been used commonly in
past modeling efforts [34] and also summarized in [44]:

e The heat exchanger is assumed to be a thin, long, horizontal tube.
e The heat exchanger refrigerant flow is treated as one-dimensional fluid flow

e The refrigerant axial conduction is negligible.
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e The heat exchanger refrigerant pressure is assumed to be uniform.
The model’s governing equations are obtained by integrating the PDEs along the length

of the heat exchanger tube to remove spatial dependence. Equations (8) and (9) replicate the

conservation of refrigerant mass and energy, where u is defined as the fluid velocity vector, f as
the body force vector, and o as the stress tensor. Given the assumptions outlined previously,
Equations (8) and (9) can be simplified to one-dimensional PDEs as Equations (10) and (11). An
explanation of PDEs and detailed calculation steps can be found in previous work [45]. The
dynamics associated with conservation of momentum is neglected because they are on a time
scale much faster than the thermal dynamics. With an additional refrigerant wall energy

conservation Equation (12), Equations (10), (11), and (12) form the governing PDEs for a heat

exchanger.
%+V-(pﬁ)=0 ®)
6(5f)+v-(pﬁﬁ)=pf+v-a ©
0(pAcs)  00m) _ (10)
at 0z
a(PAcsf;t— AcsP) n a(g;h) = pia; (T, —T) an
oo T2 = it (T, T,) + Penttn T — T -

In order to model the combined heat exchanger properly, all potential flow conditions
were identified in each evaporator and condenser. Two conditions occurred in the evaporator, as
shown in Figure 9. Condition 1 is the evaporator having one control volume with a two-phase
region only. Condition 2 is the evaporator having two control volumes, which are two-phase and
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superheated regions. Similar to an SMB condenser model, two conditions occurred: a two-phase
and subcooled region in one condition and a superheated, two-phase, subcooled region in

another. Figure 10 demonstrates the conditions.
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Figure 9: Evaporator conditions
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Figure 10: Condenser conditions

The integration along the length was based on Leibniz’s equation, with z representing
spatial coordinate. For each heat exchanger, the limits of integration depended on how the

regions were defined. Table 1 lists the symbols used in equation derivation.

Table 1: Parameters used in the expression of conservation equations
Symbol | Description

P Pressure of refrigerant

Pr Density of refrigerant at liquid phase

Pg Density of refrigerant at vapor phase

hs Enthalpy of refrigerant at liquid phase

hyg Enthalpy of refrigerant at vapor phases
T, Temperature of refrigerant
T Tube wall temperature
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Table 1: Continued

Description

External air/fluid temperature

Heat-transfer coefficient between tube wall and internal fluid

Heat-transfer coefficient between tube wall and external fluid

Cross-sectional area of the inside of the tube

Internal surface area of the heat exchanger

External surface area of the heat exchanger

Mass flow rate of refrigerant flowing along the tube

Thermal capacity of the tube wall per unit length

Mean void fraction

Weight factor for external air temperature

1O 9f(z,t)

d [ rz®

z1(t)

After integrating along the length for each fluid region, the calculated ordinary
differential equations were combined and organized into matrix form for each heat exchanger.
The detailed steps for solving the PDEs are listed in the Appendix. The final results of the

integrated heat exchanger governing PDEs into a matrix form can be presented in the form of

Equation (14), where x is the state vector and u is the input vector.

Z(x,u) x = f(x,u)

For an evaporator, the explicit time derivatives presented in the equations for

conservations of refrigerant mass, refrigerant energy, and wall energy are L, , the length of the

two-phase region defined by the MB; P, , the refrigerant pressure in the evaporator; h,,, , the

24
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outlet refrigerant enthalpy; and the wall temperatures in the two-phase and superheated regions
of the evaporator, Ty, . and T,,,, .. In addition, ¥, the mean void fraction is included in the state.
Void fraction has been used as a key parameter to describe certain characteristics of two-
phase flow, which is defined as the ratio of vapor volume to total volume. In the PTP system,
evaporator exit vapor quality is of particular interest as a dynamic variable due to the explicit
information it contains for a two-phase fluid. Therefore, mean void fraction must be a time-
varying parameter. Several mean void faction prediction methods were proposed based by
experimental correlations for different fluids and conditions. Mass Flux Dependent, Lockhart-
Martinelli, Homogeneous, Slip Ratio are the four main types. Among the four types,
Homogeneous, Slip Ratio are remarkably simple, where the other two are complex. Here, the
void faction is defined by the slip ratio as Equation (15), where x is the fluid vapor quality.
Equation (16) and (17) are calculated based on the integration of Equation (15) with the

assumption that the slip ratio, S, does not dependent on fluid vapor quality, where f =1 — «a

and o = (Z—;) S.
- 1 (15)
1+ ()
i aser ik o) "

The vector x for evaporator can be expressed in the form of x =

[Lie Po hoe Twpe Tw,e V,.)7,wherehy, = %(hem + hy). Equation (20) shows the
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state space representation of the evaporator model. Q4 and Q, represent the heat load on each

fluid region as in Equation (18) and (19).

L 18

Ql = i 1 Q ( )
total

0, = Ltfztal_ L4 0 19)
total

As illustrated in Figure 9, a two-phase-only evaporator system matrix is presented in
Equation (20). The system matrix of an evaporator with a two-phase region and superheated
vapor region is presented in Equation (21). Z matrix elements are listed in Table 2.

In the evaporator two-phase-only condition, refrigerant energy conservation, mass
conservation, and wall conservation were performed only in the two-phase region. Thus,
hz,e = ken(hg — hype) and Tw,z = kew(Tw,e — Tw, e ) were added to the governing equations
for smooth transient behavior when switching between Equation (20) and Equation (21). To be

noted, y in the system matrix was calculated based on Equation (17), while ¥, is the

etotal
integration of 7 . at each time step. 1My  is included in the calculation as the interface mass

flow rate between the two-phase region and superheated vapor region.
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Table 2: SMB evaporator Z matrix elements

TP TP+SH
Z12 Lie ( dhye ) Lie ( dhy e )
A —1) | Apgp———— — -1
CS,e Ltotale pl,e dP CS,e Ltotale pl,e dP
Z16 Lie dhye Lie dhy e
A p — A p —
cse Ltotale Le dVe cse Ltotale Le dVe
Z17 0 (hg,e - hl,e)
Zy1 1 0
z 0 Ly,
22 _ACS,e L °
totale
z 0 Ly,
23 Acs,e I . P2e
totale
227 0 (hze = hge)
Z31 0 AcsePie
Z32 A Lie dpl,e A Lie dpl,e
cse Lt otale dp cse Lt otale dp
L d L d
Z36 Acs o e P},e Acso e P},e
Ltotale dVe Ltotale dVe
Z37 0 1
z 0 Ly,
b _ACS,e L °
totale
Zyp 0 A LZ,e de,e
cse Ltotale dp
Zy3 1 cs L2,e de,e
€ Lt otale dhz,e
Z47 0 -1
ZS T E - T t, T i - T i
! (CppAw,e <—W1 eL = e) (CPPA)W,e <—W1 eL e
1,e 1,e
Zs54 (CPPA)W,e (CPPA)W,e
Z 0 T; —-T
61 (CP,DA)W,e ( mt,eL wz,e>
1,e

28




Table 2: Continued

TP TP+SH
Zgs 1 (CopAw,e
Z72 d¥totate AVtotale
dP dP
Z76 0 -1
Z77 1 0

As in the condenser model, the vector x for the condenser can be expressed in the
form x = [Lz,c Lc,3 F h3,c Twl,c Twz,c TW3,C ]76]T, where h3,c = %(hcro + hf)-
Equations (22) and (23) show the state space representation of the condenser of condition 1 and

condition 2 shown in Figure 10. Tc,wl = kew(Tw,,c — Tw,,c) in the system model was used to

insure smooth switching between the appearance and disappearance of the first superheated

ctotal in the system matrix was calculated based on Equation (17), while

region. To be noted,

Y, is the integration of 7 . at each time step. The interface mass flow rate between the
superheated vapor region and the two-phase region, m;,.; ., and the interface mass flow rate
between the two-phase region and the subcooled liquid region, 7, . are also calculated in the

governing equations. The z matrix elements are listed in Table 3.
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kcw(Twz,c - Twl,c)
aiz,cAi,c(TrZ,c - Twz,c) + avo (Ta - Twz,c
ai3,cAi,c(Tr3,c - Tw3,c) + avo (Ta - Tw3,c
mcri
z, 0 0 0 0 0 0 2z
Zy, 0 0 0 0 0 0 zy
0 Z33 234 0 0 0 O 0
Z4 243 0 0 0 0 z4s  Zy
0 Zzs3 0 0 0 0 Zgg  Zgg
Zeg 0 zg, O 0 0 O 0
Z, 0 0 2z 0 0 0 0
Zgg, 0 0 0 zg O 0 0
Zoy, 0 0 0 0 zy O 0
0 Zzp3 O 0 0 0  Ziog Zio9
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ail,cAi,c(Trl,c - Twz,c) + avo (Ta - Twz,c)

aiz,cAi,c(Trz,c - Twz,c) + avo (Ta - Twz,c)

ai3,cAi,c(Tr3,c - Tw3,c) + avo (Ta - Tw3,c)
kCQ (76 - 7c,t otal)

Table 3: SMB condenser Z matrix elements

" Ly dhey]
mcri(hcri - hl,c) + ail,cAi,cLl,c(Twl,c - Trl,c) - O'SACS,C I CL P1,c d;n
totalc
aiz,cAi,cLZ,c(Twz,c - Trz,c)
. L
—Mero (hcro - h3,c) + ai3,cAi,c L Cl (Tw3,c - Tr3,c)
totalc
dpl c dhcri
Meri — Acs oL ¢ ———
cri CcS,c™1,c dhcri dt
0
mcro

TP+SL SH+TP+SL

Z11 1 Li. < dhg >
Are .————1 0.5 ——1
CS,c totalc pl,c dP
Z17 1 0
Z19 0 (hg,c - hl,c)
Zy3 LZ,C ( th,c ) LZ,C ( dhz,c )
A -1 A -1
cS,c Leotate P2,.c dP CS,c Leotate P2.c dP
Z28 Ly dhy, Ly, dh;
A p - A p -
e Ltotalc ¢ d]/c e Ltotalc e d]/c
Z29 (hf,c - hz,c) (hz,c - hg,c)
22,10 0 (hf.c - hZ.C)
L L
Z33 3,Cc 3,c
—A —A

ese Lt otalc ese Lt otalc

z L Ls,
3 Acs,c L_CP3,c Acs,c L—CP3,C
totalc totalc

Z310 h3,c - hf,c h3,c - hf,c
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Table 3: Continued

TP+SL SH+TP+SL
Zs1 0 —Acs,cPrc
Z42 0 —Acs,cPrc
Za3 M A Ll,c dps,c
dpP e Lt otalc dhcrl
Zsg _1 0
Z49 0 1
Z51 Acs,.cP2c AcscPac
Z53 L2,c sz,c L2,c dpz,c
e Lt otalc dpP ese Lt otalc dp
Zsg A L2,c sz,c A L2,c dpz,c
e Lt otalc d?c es.e Lt otalc dfc
Zsg O —_ 1
25,10 1 1
Z62 Acs,cP3c Acs,cP3c
Zga L3,c dp3,c L3,c dp3,c
ese Ltotalc th,c cse Ltotalc dh3,c
Z6,10 -1
z 0
71 _(CP,DA)WC ( wq,c mtlc
z 0
72 _(CP,DA)WC ( wq,c mtlc
Z75 1 (CPPA)W c
z T, —T;
81 (CP,DA)W,C ( wy,C - mt2,c> _(CP,DA)W,C ( intl,c — mt2 c>
3,c
n (CPPA)W,C ( way,c mtz c>
Zgo 0

(C ,DA) < intl,c — th c)
—\tp W,c
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Table 3: Continued

TP+SL SH+TP+SL
Zge (CrpA)w ¢ (CopA)y ¢
“o (CppAy <M) —(CppA)yy ¢ <Tint2,z - Tw3,c>

3,c 3¢
Zg7 (CppA)w ¢ (CopA)y ¢
Z10,3 AVt otaic AVt ot aic
apr dP

Z10,8 0 1
210,9 1 0

The SMB model has ability to handle the disappearance and appearance of fluid regions
by switching between different MB models. During system start-up or shut-down, the absence of
a fluid region drives the region length to zero, thus causing the governing equations to become
singular. To prevent simulation failure, appropriate switching criteria must be met during the
fluid phase region change.

Mckinley and Alleyne [39] proposed the void fraction switching scheme which is used in
the evaporator model. Switching criteria are defined in Table 4. The model switches from the
evaporator with both two-phase fluid region and superheated vapor region (TP+SH) to two phase
region only (TP) when the superheated vapor region length, L., , is close to zero and the time
derivative of L,, is less than zero. The model switches from evaporator with two-phase region

only (TP) to both two-phase region and superheated vapor in the evaporator (TP+V) when the

time derivative of mean void fraction, y .» 1s greater than zero, which indicates the presence of
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superheated vapor in the evaporator. A minimum threshold length, L., is a pre-defined value as

a percentage of the total tube length to provide numerical stability.

Table 4: Evaporator switching criteria

TP—TP+SH TP«—TP+SH
?e >0 Lep < LepsLe,total
Lel —_ —_ 2 L 2 < 0
L (ye - Ve,total) > Leps ¢
e total

In the condenser, the model switches from the condition where only two-phase fluid and
subcooled liquid (TP+SL) is present to all the fluid phase regions (SH+TP+SL) are in the
condenser by comparing inlet refrigerant enthalpy, h.,; with the saturated vapor enthalpy. An
enthalpy tolerance, h,,;, is added to the saturated vapor enthalpy based on Bonilla et al. [43] to

reduce chattering. Table 5 summaries the condenser switching criteria.

Table 5: Condenser switching criteria

TP+SL—SH+TP+SL TP+SL « SH+TP+SL
heri = hg + heps hei < hg + heps
Le, . _
L (yc - yc,totaD > L%’ps
ctotal

In the MB model, the wall temperature at the interfaces between regions varies along
with the sizes of the regions. The wall temperature at the interface were calculated as a weighted

mean of the wall temperatures in the two-phase and superheated regions (or two-phase and
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. . . . . . L
subcooled regions) to consider the varying sizes of the region (i.e., Ty, jnt = L—Z Tyq1+
’ total '

Ly

; Ty, 2) [38]. Pressure was assumed to be the same in the combined heat exchanger.
total

As listed in Equation (24), the total evaporator outlet mass flow equals to the condenser
inlet mass flow rate. While the total evaporator outlet refrigerant energy equals to the condenser
inlet refrigerant energy as shown in Equation (25). Including Equations (24) and (25) with the
evaporator and condenser model derivation, the combined heat exchanger can be put in the form

as Equation (26). State vectors within the evaporator at each instance of time are: x,, =
[Ll,en e, Twien Twsen 7311]' The condenser state vector is x, =
[L2c Lzc hers Twie Twoe Twse Vel fe, and f, are defined as evaporator and

condition f vectors. Detailed mathematical presentations are shown in Appendix.

n
. . 24
zmero,j =Mcyi 24)
=1
. . 25
hero,jmero,j =Meriheri (25)
j=1
_Zel,l Zel,z 0 0 0 0 01rp1 'fel'
Zez,l 0 Zez,z 0 0 0 0 y'cel fez
Ze3,1 0 0 Ze3,2 0 0 0 y'cez f33 (26)
Ze4,1 0 0 0 Ze4,2 0 0 "‘es = fe4
: 0 0 0 0 . 0 : :
Zen1 0 0 0 0 Ze,2 O Xe, fen
- ch ZCz,l ZCz,Z Zcz,4 Zcz,n Zc3- _D.CC i _f,‘: i

The simulation used Equation (26) as the general governing equation for the combined

heat exchanger. With the setup in Equation (26), the simulation has feasibility of choosing any
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number of evaporators to be included in the system. Detailed calculations of block Z matrixes are
shown in the Appendix.

With n numbers of evaporators included in the model, the computational speed of the
model became important. Figure 11 shows the real time factor of the combined heat exchanger
model running on a standard desktop computer. The real-time factor is defined as computational
time over length of simulated time. A selected number of evaporators were tested. The figure
reveals the real-time factor from two evaporators for up to 60 evaporators in parallel. A trend can
be discovered from the plotted line. From the plot, the real time factor can be predicted for up to

hundreds of evaporators.

Realtime Factor

0 20 40 60 80 100
Number of Evaporators

Figure 11: Number of evaporators vs. computational time

2.5. Multi-evaporator Pumped Two-Phase System
To simulate a real-case scenario, heat exchanger pressure was set to 760 kPa, and the
saturated temperature of the refrigerant (R134a) was 30 °C. These specific testing conditions

were selected based on real operating conditions for a small-scale electronics-cooling
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application. The surface temperature of most silicon-based electronics must be maintained under
85 °C for safety. Some data center applications would like to have a surface temperature below
40°C. A 30 °C refrigerant temperature should be adequate to cover most applications. The heat
flux on each evaporator was set to 495 Watts as a typical heat load. Refrigerant mass flow rate
on one evaporator was set to be 0.003 kg/s. This value demonstrates one leading characteristic of
a two-phase cooling system, reduced mass flow rate. The parameters chosen in this case are
presented as those for a study case. Any realistic physical parameters and operating conditions
can be used in the designed model. The simulation parameters chosen are based on the prototype

PTP cooling system for server bank shown in Figure 12 with the parameters in Table 6.

Figure 12: Prototype PTP cooling system for server banks
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Table 6: Key parameters used in the simulation

Description Symbol | Value
Evaporator Mass [kg] Mas s, | 0.05
Evaporator Internal Area [m?] Aie 0.1
Evaporator External Area [m?] Ape 0.75
Evaporator Cross-section Area [m?] | A, |7.5¢7°
Evaporator Tube Diameter [m] de 5e73
Condenser Mass [kg] Mas s, 1
Condenser Internal Area [m?] A . 0.275
Condenser External Area [m?] Ay 2.8
Condenser Cross-section Area [m?] | A, |5.1e™
Evaporator Tube Diameter [m] d. 8.1e73

Changes in heat load are typical in electronics applications. To test system performance,
multiple heat load step changes were applied to each evaporator. The system response is
presented in Figure 13. Heat exchanger pressure, wall temperature, superheat, evaporator exit
quality, and refrigerant mass flow rate were all plotted. The initial system operating condition
was chosen to be at a high quality level, 0.98, at the outlet of each evaporator. With 5% of
normial heat flux step, the evaporator outlet showed 7 °C of superheat. Each evaporator showed
its own ability to switch between the two-phase and superheated regions. Wall temperatures
increased significantly with the presense of superheated vapor, which urged an effective control
method to to avoid superheat and maintain wall temperature. While heat load step change was
only applied to one evaporator, the remaining three evaporators also showed the presence of
superheat with increased wall temperatures. Coupled dynamics were observed between multiple
evaporators. A pump-speed step change also was simulated, shown in Figure 14. Total valve
refrigerant mass flow rate changed along with the pump refrigerant mass flow rate. With the

pump speed step change, the system pressure changed correspondingly which indicated the
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possibility of using a variable speed pump to regulate system pressure. During the step changes,
the system response time was observed to be around 50 seconds to 100 seconds. This is due to
the constant reservoir between the pump and valves. With fluid condition changes in the pump or
heat exchangers, the valves’ response time is slower due to the lack of dynamics in the constant
reservoir. In real-time applications, system without a constant reservoir or with a temperature

controlled and pressure controlled surge tank will have faster valve responses.
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Figure 13: System response for changes in external heat flux
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3. CONTROL ARCHITECTURE DESIGN FOR MULTI-EVAPORATOR PUMPED TWO-

PHASE SYSTEM

With a proper dynamic PTP system model in place, we were able to examine the control
architecture of the multi-evaporator PTP system. The essential goal of using PTP cooling is to
maintain constant chip temperature during system operation.

In normal operating conditions, the heat exchanger refrigerant temperature is always the
saturated temperature under current system pressure, as the exit quality is always constrained to
be less than one. In addition to the two-phase wall temperature and pressure dependency, multi-
evaporator systems have the natural behavior of coupled dynamics. A system can be represented
in the form of Equation (27).The variable y(s) represents the system output, and u(s) represents
the system input. G (s) is the system transfer function. In the current four-evaporator PTP
system, y(s)is [Tw1 Twz Twz Twz P]7, which is the refrigerant wall temperature and heat
exchanger pressure of the evaporators. u(s) is the system input signals,

[Vi V2 V3 Vs @p]T, which corresponds to valve opening positions and pump speed.
Equation (28) is the detailed system transfer function to relate inputs to outputs. Step tests were
performed on each individual actuator and variable-speed pump and on valves to solve the static-
system gain matrix of G(s). G(0) in Equation (29) is the static gain matrix of current system
parameters. It is calculated by doing step changes of each input and correlating inputs and

outputs based on Equation (28).

y(s) = G(s)u(s) o
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Ty G11 Gz Gi3 Gy Gis|[V1
Ty G21 Gz Gaz Gyy Gas||Va
=1G31
Gyq
Gs1

28
T Gap Gaz Gaa Gys||V1 (28)
P Gs; Gsz3 Gsq Gssll@p
—3.45 0.02 0.02 0.02 —-0.00069
0.02 -—-3.45 0.02 0.02 -0.00061 29)

G(0) =] 0.02 0.02 -3.45 0.02 -0.00069
0.02 0.02 0.02 -3.45 -0.00069
044 0.44 0.44 0.44 —0.015

In order to be used in the analysis, G(0) was scaled based on expected magnitudes of
disturbances and reference changes, on the allowed magnitude of each input signal, and on the
allowed deviation of each input, as shown in Equations (30) and (31). The scaled G¢(0) is

presented in Equation (32).

_ Y 30)
y émax
U
‘= 31)
umax

In these equations, a hat (A) shows that the variables are in their unscaled units: é,,,,, is

the largest allowed control error, ii,,,, is the largest allowed input change.

-1.8 0.01 0.01 0.01 -0.03

0.01 -1.8 0.01 0.01 -0.03

Gs(0) =|0.01 0.01 -18 0.01 -0.03
0.01 0.01 0.01 -18 -0.03

0.7 0.7 0.7 0.7 -=2.01

(32)

Any matrix G may be decomposed into its singular value decomposition, as shown in
Equations (33) to (36). The condition number of a matrix is defined as the ratio between the
maximum and minimum singular values. For the current PTP system, the condition number was

2.1, as shown in Equation (37). The condition number can be used as an input-output
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controllability measure. The calculated condition number was less than 10. The system was not

1ll-conditioned.
G =UzVH 33)

—0.2452  0.0000 0.8660 0.866  —0.4358
—0.2452 0.1892 —-0.2887 0.7943 —0.4358
U=|-0.2452 -0.7825 -0.2887 —0.2333 -0.4358 34)
—0.2452  0.5932  0.2887 0.5610 —0.4358
0.8715 0.0000  0.0000 0.0000 —0.4903

27 0 O 0 O

0 1.8 0 0 0
=0 0 18 0 © (35)
0 0 0 18 0
0 0 0 0 13
0.3857 0 —0.8660 0 0.3182
0.3857 —0.1892 0.2887 —0.7943 0.3182
VH =] 0.3857 0.7825  0.2887 0.2333  0.3182 (36)

0.3857 —0.5932 —-0.2887 0.5610 0.3182
—0.6363 —-0.0000 —0.0000 -0.0000 0.7714

5(G) 27

]/(G) 2 m = E =21 (37)

Bristol [46] showed that the relative gain array (RGA) provides a measure of interactions
between inputs and outputs. The RGA for the current system is calculated in Equation (38) with
the pairing in Table 7. The selected pairing had an RGA matrix close to identity. Refrigerant wall
temperatures could be controlled by each valve. Heat exchanger pressure could be controlled by
the variable-speed pump.

0.9942 -0.000 -0.000 -—0.000 0.0058
—0.000 0.9942 -0.000 -0.000 0.0058
RGA A(G) =|-0.000 —0.000 0.9942 —0.000 0.0058

—0.000 —-0.000 —0.000 0.9942 0.0058
0.0058 0.0058 0.0058 0.0058 0.9769

(38)
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Table 7: Input and output pairing

Inputs Outputs
Valve 1 Tw,
Valve 2 W,
Valve 3 T,
Valve 4 Tw,

Pump P

3.1. Decoupled PI Controllers

In two-phase refrigerant cooling, as the refrigerant in the evaporators is always saturated
boiling, the refrigerant temperature is the saturated temperature of the system pressure.
Maintaining a constant system pressure is as important as maintaining constant chip temperature.
Thus, as shown in the pairing in Table 7, inlet valve feedback controls were combined with a
pump feedback control to maintain constant system temperature and pressure.

Multi-evaporator system has the natural behavior of coupling between the evaporators.
To solve the coupling issues in the multi-evaporator PTP system, a decoupling matrix was
utilized along with the controllers. The term “decoupling” refers to diagonal decoupling, which
means each input/output is independent. In PTP cooling, a decoupling matrix separates the
coupled interactions multiple evaporators in parallel and the coupled behavior between
refrigerant wall temperatures and pressures. G (0) is the system gain matrix of the system transfer

function. G~1(0) is the inverse of the system gain matrix.

-029 -0 -0 -0 0.0132

-0 -029 -0 -0 0.0132 (39)
G10)=| -0 -0 -029 -0 0.0132
-0 -0 -0 -0.29 0.0132

—8.38 —8.38 -—-838 -8.38 —-64.57
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Proportional-integral (PI) controllers are commonly used in VCC cooling. PTP systems
and VCC systems have similar nonlinearity issues and coupled dynamics, so PI controllers are
considered to be a promising approach in PTP cooling. Surface wall temperature was used as the
feedback signal to a PI valve controller to maintain a constant chip temperature. The valve
gradually changed inlet mass flow rate to compensate for the oscillations detected in the system.

A controller schematic is shown in Figure 15.

REFRIGERANT WALL
TEMPERATURE

SETPOINTS . ( N\ Cis) > Inlet
\\ B . Valves REFRIGERANT WALL g
Decoupling Plant TEMPERATURE
Matrix G(s)
1
PRESSURE . G (0) — PRESSURE -
SETPOINT >+ / CZ(S) . 1IN upply >
\,,,/ Pump

Figure 15: Controller schematic

Figure 16 shows a system test of 10% heat increase in each evaporator. The system
pressure was maintained at a constant value during the heat changes. In this server-bank-cooling
application, the evaporator size was relatively small, resulting in a short disturbance response
time. Because of a high evaporator-exit quality initial condition and the wall temperatures
changes were small before the appearance of superheats, the decoupled two-phase control
architecture was not enough to compensate for the rapidly increasing wall temperatures with the
appearance of superheats. During the heat step increase on evaporator 1, superheat was only
observed on evaporator 1. This demonstrated the functionality of the decoupling matrix in the

control architecture. However, the system was still at risk for CHF, with 10% heat load impulses.
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A superheat of 5 °C could result in a 70 °C evaporator wall temperature. The system showed
different evaporator superheats at the same level of heat load step changes. This is due to when
the wall temperature feedback control was regulating mass flow rate to compensate the increased
wall temperature, it also changed the evaporator exit vapor quality. Evaporator 2, 3, 4 were at a
different exit quality condition during the heat step changes comparing with initial condition.
Thus, simple decoupled PI controllers were determined to be insufficient in PTP cooling for

CHF avoidance.
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Figure 16: PTP system with decoupled PI controllers under heat load disturbances

The decoupled PI controllers were shown to be successful in decoupling the dynamics
between multiple evaporators but still have limitations in CHF avoidance. This is due to the fact
that before the appearance of superheat, the refrigerant temperature is always the saturated

temperature of the system pressure regardless of the vapor quality. With the pump feedback
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controller, C,(s), regulating the system pressure, the refrigerant wall temperature fluctuation is
relatively small when only two-phase fluid is in the evaporator. The wall temperature feedback
controller, C;(s), does not have enough feedback signal. Thus, extra control techniques were
needed in combination with the decoupled PI controllers to solve the issues in PTP cooling. Two
control architectures are proposed and compared here to solve the problems experienced in

different load conditions.

3.2. Decoupled PI Controllers with Estimated Exit quality Feedback
In two-phase cooling, refrigerant temperature is always the saturated temperature of the
pressure (i.e., superheat is zero at saturated boiling). As a result, neither wall temperature nor
superheat is a good parameter to indicate CHF. A direct indicator is vapor quality. The two-

phase vapor quality x defined as a function of enthalpy h is as follows:

h — hs
hrg
where hy is the saturated liquid enthalpy, and hy is the fluid enthalpy of vaporization.

(40)

X =

However, two-phase vapor quality is not a measurable parameter. For two-phase
saturated conditions, temperature is constant for any quality values for a given pressure. An exit
quality estimation method is proposed in the controller design.

Condenser outlet is always subcooled liquid to ensure safe operation of the pump. The
energy balance equation for the condenser is given by the following:

Aeona = Mc(heri = hero) = Tty (Two — Twi) (41)
where §.,nq 1S heat removed by the condenser, which is the same as the energy increased on the

external water side based on energy conservation. m, and m,, are the mass flow rate of the
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refrigerant and external fluid flow rate, respectively. cp is the specific heat of the external fluid.
h.ri and h.,, are the condenser inlet and outlet enthalpy, respectively. Condenser outlet enthalpy
can be obtained by refrigerant property mapping using condenser outlet refrigerant temperature
and pressure measurements, as shown in Equation (42). T,,, and T,,; are the external fluid outlet

and inlet temperatures.

hero = h(Pg, Tero ) (42)
Combining Equation (41) and (42), h.,; can be calculated as,

. 43)
cyy (Two — Towi) (
hei = = :/n - + h(PC s Tero )

Cc

From the system schematic, the evaporator exit lines were shown to merge into the
condenser inlet. The average estimated evaporator exit quality can be expressed by the

following:

(hcri B hf )

(44)
hsg

Xest =

An estimated evaporator exit quality feedback control is proposed with the decoupled PI
control architecture. The schematic of the control architecture is shown in Figure 17. In such a
control architecture, the estimated exit quality PI controller (C3(s)) maintains a high exit quality
to utilize more latent heat of vaporization as well as avoiding CHF, while the PI pressure
feedback controller (C,(s)) and refrigerant wall temperature feedback controllers (C; (s)) gives

the system the ability to resist a sudden appearance of superheat.
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Figure 17: Decoupled PI controllers with estimated evaporator exit quality feedback
control architecture
Figure 18 showed the system response with heat load disturbances when the proposed

decoupled PI controllers with estimated exit quality feedback control architecture was applied to
the system. With the same amount of heat load disturbances in Figure 16, superheat was not
observed during the disturbances, refrigerant wall temperatures were kept constant. With
estimated exit quality feedback, controller C5(s) regulated the inlet valves to compensate the
increasing heat flux. With the simplicity of PI controllers, the control architecture has the

potential to be widely used in server bank cooling.
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Figure 18: PTP system with decoupled PI controllers with estimated evaporator exit
quality feedback control under heat load disturbances
3.3. Decoupled PI Controllers with Heat flux Feedforward
In most applications, heat flux changes are unpredictable. However, in some cases, heat
flux can be a known parameter to the system, such as a system where the heat load can be
measure by a power transducer. With a known heat flux, valves can be controlled to maintain the
exit quality, while the decoupled PI controllers can still be robust enough to maintain system

pressure and wall temperature. Figure 19 presents a schematic of decoupled PI controllers with
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heat flux feedforward, where C, (s) and C,(s) are simple PI controller and C5(s) is a

feedforward controller.
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Figure 19: Decoupled PI controllers with heat flux feedforward control architecture

3.4. Comparison of Control Architectures

To demonstrate the performance of the proposed control architectures, decoupled PI
controllers with estimated evaporator exit quality feedback control and decoupled PI controllers
with heat flux feedforward control were tested under different heat load conditions with heat step
changes. Decoupled PI controller with exact evaporator exit quality feedback control was tested
together as a comparison with decoupled PI controller with estimated evaporator exit quality
feedback control.

The initial system condition was set to an exit quality of 0.9 at each evaporator outlet.
Thus, a small perturbation of heat load change could have pushed the system to face CHF. The
evaporators are given an evenly distributed heat load at 450 Watts, 250 Watts, and 90 Watts to

represent high heat load, medium heat load and low heat load conditions, as shown in Figure 20.
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Evaporator 1 was given 10% of maximum heat load step changes during the high heat load,
medium heat load and low heat load condition. All the evaporators were set up symmetrically
with identical physical parameters. Because the setup of the evaporators was the same, heat

impulses on evaporator 1 can represent heat flux changes on any evaporator.
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Figure 20: Evenly distributed head loads - PTP

The exit quality setpoint was set to 0.9 in the cases using exact quality feedback and heat
flux feedforward control. For system operation safety, the estimated average exit quality setpoint
for estimated evaporator exit quality was set to 0.8.

The system pressures are plotted in Figure 21. Both the proposed control architectures
showed good performance in maintaining constant system pressure. During the heat impulses,
the pressure fluctuations were less than 10 kPa with the tested control architectures. The
decoupled PI controller with estimated evaporator exit quality feedback control showed a slightly

higher pressure fluctuation the first heat step change comparing with the other control
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architecture due to the estimated average exit quality setpoint change during as shown in subplot

(a) of Figure 21.
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Figure 21: System pressures under evenly distributed heat loads - PTP

Wall temperatures are plotted in Figure 22. Both the proposed control architectures

showed the ability to maintain constant wall temperatures. With each control architecture, the

wall temperature fluctuations all fell within 1 °C. The enlarged plots of the wall temperatures

during the heat load step changes were included in Figure 23. The differences in the refrigerant

wall temperatures using decoupled PI controller with estimated evaporator exit quality feedback

control and decoupled PI controller with heat flux feedforward control are relatively small. When
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using the estimated evaporator exit quality as the feedback signal, the wall temperature

performance was same as using the exact evaporator exit quality as the feedback signal.
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Figure 23: Enlarged wall temperatures under evenly distributed heat loads - PTP
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Figure 24: Evaporator exit qualities under evenly distributed heat loads - PTP
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Figure 25: Enlarged evaporator exit qualities under evenly distributed heat loads - PTP
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Evaporator exit qualities are plotted in Figure 24 with an enlarged plot during heat load
step changes in Figure 25. The proposed decoupled PI controller with estimated evaporator exit
quality feedback and decoupled PI controller with heat flux feedforword control effectively
maintained the evaporator exit quality at the desired level. During the heat load step changes, the
fluctuation of the exit quality was the highest at the low heat condition due to the increased
system sensitivity of low heat load on the system as shown in Figure 25 subplot c(1). Comparing
decoupled PI controller with estimated exit quality feedback control with decoupled PI controller
with exact quality feedback control, the evaporator exit quality fluctuation was higher when
using the estimated evaporator exit quality method. To compensate the estimated evaporator exit
quality uncertainty when using the estimated evaporator exit quality method, the estimated
evaporator exit quality setpoint needs to be lower than the exact exit quality setpoint. In the
decouple PI controller with heat flux feedforward control, the control efforts can be separated
into two main types, feedforward control signals to maintain exit quality and decoupled PI
controllers to maintain constant operating pressure and evaporator wall temperature. When the
system pressure is well maintained, having the evaporator exit quality under control can ensure
the wall temperature stays in a safe operation rage. Control gains were tuned so that the heat flux
forward control signal was the dominant control effort in the control architecture to maintain the
evaporator exit quality.

The evaporator exit qualities, when using the decoupled PI controllers with estimated exit
quality feedback, are of particular interest. The comparison between the exact exit qualities and
the estimated exit quality is plotted in Figure 26. In the subplots (a), (b) and (c), the estimated

exit quality was found to be very close to the exact exit qualities. When the multi-evaporator
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PTP system is exposed to evenly distributed heat loads, using the estimated evaporator exit

method can keep the system away from CHF.
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Figure 26: Comparison between exact evaporator exit qualities and estimated exit quality,

heat load 1 - PTP

The previous tests were conducted with all the evaporators under evenly distributed heat

loads. To explore the performance of the control architectures further, the control architectures

were examined again under unevenly distributed heat load conditions, as shown in Figure 27.

The heat load on evaporator 1 was at high load, medium load, and low load with 10% maximum

heat impulses, while heat loads on evaporators 2, 3, and 4 were kept constant.
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Figure 27: Unevenly distributed heat loads - PTP

Figure 28 shows the system pressures under unevenly distributed heat loads when using
the decoupled PI controller with exact evaporator exit quality feedback control, the decoupled PI
controller with estimated evaporator average exit quality feedback control, and the decoupled PI
controller with heat flux feedforward control. The proposed control architecture with estimated
evaporator average exit quality and the control architecture with heat flux feedforward showed
good performance in maintaining constant system pressure during all levels of heat loads. The
pressure performance during heat load step changes when using the estimated evaporator average
exit quality is the same as using the exact evaporator exit quality as the feedback signal as shown
in Figure 28 subplot b and c. The increased pressure fluctuation in Figure 28 subplot (a) is only

due to estimated evaporator average exit quality setpoint changed from 0.9 to 0.8.
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Figure 28: System pressures 2 under unevenly distributed heat loads - PTP

Wall temperatures of the evaporators under unevenly distributed heat loads are plotted in
Figure 29 with the enlarged view during heat step changes in Figure 30. On evaporator 1, the
tested decoupled PI controllers with exact evaporator exit quality feedback control, the
decoupled PI controllers with estimated evaporator average exit quality feedback control and the
decoupled PI controllers with heat flux feedforward control showed the ability to maintain
constant wall temperatures. With each control architecture, the refrigerant wall temperature

fluctuations all fell within 1 °C.
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Figure 29: Wall temperatures under unevenly distributed heat loads - PTP
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Figure 30: Enlarged wall temperatures under unevenly distributed heat loads - PTP
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Figure 31: Evaporator exit qualities under unevenly distributed heat loads - PTP
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Figure 32: Enlarged evaporator exit qualities under unevenly distributed heat loads - PTP
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Evaporator exit qualities and the enlarged views during heat load step changes are plotted
in Figure 31 and Figure 32. Decoupled PI controllers with heat flux feedforward control
effectively maintained the exit qualities at 0.9 at steady state conditions. The estimated average
evaporator exit quality setpoint was set to 0.8 for safe operation in the case of using decoupled PI
controllers with estimated average evaporator exit quality feedback control. Evaporator exit
qualities deviated when using the estimated average evaporator exit quality. Evaporator 1 was
showing a lower level of exit quality when evaporator 1 was given a lower level of heat load.
While the exit quality of evaporator 2, 3, and 4 were showing a slightly increasing trend.

The exit qualities when using decoupled PI controllers with estimated exit quality
feedback control, are of particular interest. Figure 33 plots a detailed comparison between exact
exit qualities and estimated exit quality under unevenly distributed heat load. The estimated exit
quality was maintained well at 0.8. The exact exit quality on evaporator 1 decreased while
evaporator 1 was given at a lower heat load. In the meantime, the exact exit qualities of
evaporator 2 and 3, are slightly above 0.8. This result was due to fact that all the evaporator inlet
valves were using the same estimated average exit quality feedback signal and wall temperature
fluctuations were very small very the system pressure is well maintained. The evaporator with
the higher heat load tended to have an exit quality lower than the estimated value, while the
evaporator with the lower heat load had an exit quality higher than the estimated value.

With a system of largely uneven heat load distribution, the gains of the refrigerant wall
temperature feedback control should be tuned with a larger value, such that the control signals
for the valves from the refrigerant wall temperature feedback control can compensate for the

unevenly distributed heat loads.
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Figure 33: Comparison between exact exit qualities and estimated exit quality under
unevenly distributed heat loads — PTP

In a PTP system with a large number of evaporators in parallel, the worst-case scenario of
unevenly distributed heat loads is when one evaporator is under low heat load and the remaining
evaporators are under high heat loads. The estimated average evaporator exit quality setpoint
should be chosen based on the worst-case scenario. By properly choosing the setpoint and gains
of the control architecture, all the exit qualities can be maintained to avoid CHF.

The valves are controlled by two controllers in the proposed decoupled PI controllers
with estimated evaporator exit quality feedback control, the wall temperature feedback controller
and the estimated exit quality feedback controller. However, with unevenly distributed heat
loads, the deviation of exit quality values between multiple evaporators which will affect the
system’s tolerance of heat load disturbances. The balance between the wall temperature feedback
controller and the estimated exit quality feedback controller need to be determined by specific

system operating condition.
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4. INTEGRATED PUMPED TWO-PHASE SYSTEM WITH VAPOR COMPRESSION

CYCLE SYSTEM

In most existing data centers, air-cooling systems serve as the major way to maintain
desired operating conditions. In a typical air-cooling system, air blows into the server to remove
the heat conducted to a heat sink by the chips. The air, in turn, is cooled by chilled water, which
is maintained lower than the ambient temperature to produce sufficient heat transfer. Thus, data
centers always have centralized chillers which is a vapor compression cycle (VCC) system. The
pumped two-phase (PTP) system can be integrated with the existing VCC system. Other than
using chilled water to remove heat from the condenser, the PTP condenser can be integrated with
the VCC evaporator to have the benefit of direct refrigerant-to-refrigerant cooling. With such a
system integration, the new cooling scheme not only improves cooling efficiency but also
reduces energy consumption and equipment costs by eliminating water loop between PTP and
VCC.

Figure 34 is a schematic of a multi-evaporator PTP system integrated with a VCC
system. The multi-evaporator PTP system here deploys the same schematic as discussed in the
previous chapter. Four evaporators are placed in parallel in the system. The PTP condenser is

integrated with the VCC evaporator to be a refrigerant-to-refrigerant heat exchanger.
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Figure 34: Integrated PTP-VCC system model

The VCC has four major components: compressor, condenser, expansion valve, and
evaporator. An ideal VCC involves four processes: 1) isentropic compression in a compressor, 2)
isobaric heat rejection in a condenser, 3) isenthalpic expansion in an expansion valve, and 4)
isobaric heat absorption in an evaporator. Figure 35 shows a pressure-enthalpy diagram of a
PTP-VCC system. In the VCC, the first step of the thermodynamic cycle starts in the
compressor. It turns the low-pressure, gaseous refrigerant into a high-pressure, high-temperature
gas by adding energy to the refrigerant (Process 1 to 2). Then, the refrigerant goes into the

condenser, where heat exchange happens with the secondary fluid (usually water or air). Heat is
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rejected to the secondary fluid as the refrigerant condenses into a high-pressure liquid (Process 2
to 3). Safety equipment usually is placed after the condenser to ensure that the refrigerant is in
the saturated liquid condition before entering the valve. Isenthalpic valve throttling happens in
Process 3 to 4, where the saturated liquid refrigerant enters an expansion valve and expands to a
low-pressure, low-temperature, two-phase fluid. As the two-phase fluid passes through the
evaporator, heat energy is absorbed from the zone as the refrigerant boils. The refrigerant
evaporates into a low-pressure superheated vapor when leaving the evaporator. The cycle restarts
with the compressor. In Process 4 to 1, the VCC evaporator is integrated with the PTP condenser
to remove the heat from the PTP condenser. In the VCC system, the degree of superheat is a
crucial factor for safe compressor operation. Superheat is defined as the temperature difference

between the evaporator outlet temperature and evaporator-pressure saturation temperature.

A
g 2
> =i g
B /
o PTP vVCC
o /
1
Superheat
Liquid Two-Phase Vapor
>

Enthalpy

Figure 35: Pressure-Enthalpy diagram of a PTP-VCC system
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4.1. Integrated Refrigerant-to-Refrigerant Heat Exchanger

Based on the previous modeling method, the PTP heat exchangers were modeled together
as a combined heat exchanger. The main challenge of integrating the PTP and VCC is to add the
VCC evaporator to the PTP combined heat exchanger. The combined heat exchanger was
remodeled to add the refrigerant-to-refrigerant heat exchanger condenser feature.

The refrigerants on the PTP condenser and VCC evaporator were considered to be
coflow. The PTP condenser and VCC evaporator shared the same refrigerant wall temperatures.
Inside the PTP condenser, the refrigerant was separated into three regions: superheated vapor,
two-phase fluid, and subcooled liquid. Inside the VCC evaporator, the refrigerant was separated
into two regions: two-phase fluid and superheated vapor. The switched moving boundary (SMB)
method was used to model the heat exchanger to handle the appearance and disappearance of the
superheated vapor region on both the PTP side and the VCC side.

Considering the fluid conditions inside the PTP condenser, when the PTP system is in
normal operating conditions with an evaporator exit quality less than 1, the PTP condenser has
two-phase fluid and subcooled liquid regions. Otherwise, the PTP condenser has all three fluid-
phase regions if CHF occurs. VCC cycles require superheated vapor at the outlet of the VCC
evaporator to prevent vapor from entering the compressor and potentially causing cavity in the
compressor. Under normal operating conditions, the VCC evaporator has two-phase fluid and
superheated vapor regions. In abnormal operating conditions, the VCC evaporator only has a
two-phase fluid region when it loses superheat.

Refrigerant wall temperature is a crucial parameter to be calculated inside the model.

Heat-transfer coefficients are determined largely by the fluid phases on both sides of the heat
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exchangers, further determining the refrigerant wall temperatures. Thus, the length of each
region is also a significant factor contributing to refrigerant wall temperatures.

To consider the fluid phase condition and length of each region inside the refrigerant-to-
refrigerant heat exchanger, seven conditions can happen in the refrigerant-to-refrigerant heat
exchanger, presented in Figure 36 to Figure 41. The total heat exchanger length on the PTP
condenser and VCC evaporator were the same. Lprp 1, Lprp 2, and Lprp 3 represent the fluid-
region length of superheated vapor, two-phase fluid, and subcooled liquid in the PTP condenser.
Lycc1 and Lycc , represent the fluid-region length of the two-phase fluid and superheated vapor
in the VCC evaporator. The PTP condenser and VCC evaporator shared the same refrigerant

wall temperatures of T,,1, T2, Ty3, and T,,4. The conditions are summarized in Table 8.

Table 8: Refrigerant-to-refrigerant heat Exchanger fluid region conditions

PTP Condenser | VCC Evaporator Length Criteria

Condition 1 | SH+ TP + SC TP N/A

Condition 2 TP + SC TP N/A

Condition 3 TP + SC TP + SC Lycc1 < Lprp

Condition 4 TP + SC TP + SC Lycc1 > Lprp,o

Condition 5 | SH+ TP + SC TP + SC Lycc1 < Lprpa

Condition 6 | SH + TP + SC TP + SC Lprp1 < Lycc1 < Lprp

Condition 7 | SH+ TP + SC TP+ SC Lycca > Lprpy + Lprp,

The derivation of governing equations still follows the conservation of mass (Equation
(10)), the conservation of refrigerant energy (Equation (11)), and the conservation of refrigerant

wall energy (Equation (12)).
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Conditions within the refrigerant-to-refrigerant heat exchanger at each instant of time are
represented by the state vector in Equation (45). The variable hy ¢ , represents the outlet
enthalpy of the VCC evaporator. Py is the pressure of the VCC evaporator. The variable ..
is the mean void fraction of the VCC evaporator. The variable hprp , represents the outlet
enthalpy of the PTP evaporator. Pprp is the pressure of the PTP condenser. Finally, the variable

Y prp 1 the mean void fraction of the PTP condenser.

Xyo2r = (45)
[Pvcc Lveca Mveco Vyec

Lprp2 Lpres Perp hpreo Twi Twz Tws Twa Vprpl

_PVCC_
Zi 7, 73 O 0O 0 0 0 0 0 0 0 0 1lLveca
Zyw Zyp Z;3 0 0 0 0 0 0 0 0 0 0 || hveeo
Zyy Zs; Zzz 0 0 0 0 0 0 0 0 0 o || =
Zy O 0 4, O O O O 0O O 0 0 0 || Yvee
0 0 0 0 zggz 0 z5; 0 0 0 0 0 0 ||Lprp2
0 0 0 0 Zgs Zgg Zg7 Zeg O 0 0 0 0 ||Lprps
0 0 0 0 Zzy5 2z Zy7 2Z7g O 0 0 0 0 ;
0 0 0 0 Zg Zgs Zgr Zgg 0 O 0 0 o || Frre
0 0 0 0 zgs 2zgg O 0 zg9 O 0 0 o ||erro
0 0 0 0 zigs ZzZigs O 0 0 zpgp, O 0 0 || Twa
0 0 0 0 z45 z16 0 0 0 0 2441 O 0 Two
0 0 0 0 zy5 z26 O 0 o0 0 0 2312 O T3
0 0 0 0 0 0 zz, 0 0 0 0 0 ziz1sl| T4

L Yprp
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Mycc,i — Mycc,o
freea
fvee,2
freea
frrpa
frrp,2 (46)
frrp3

kyce (7VCC o 7Vcc,t ot al)

Mprp; — Mprpo

fwl
fwz
fw3
fw4

| kprp (Vprp — Yprp tot a)

The governing matrix of the VCC evaporator and PTP condenser is shown in Equation
(46). Details about the f vectors are discussed in the following section. fi¢c 1 represents the
refrigerant energy conservation in two-phase region of the VCC evaporator, while fycc »
represents the refrigerant energy conservation in the superheated vapor region of the VCC
evaporator. fprp ; is the refrigerant energy conservation in superheated vapor region of the PTP
condenser. fprp , is the refrigerant energy conservation in the two-phase fluid region of the PTP
condenser. fprp 3 is the refrigerant energy conservation in the subcooled liquid region of the PTP
condenser. fi,1, fwz2, fws»> and f,,4 are the corresponding wall energy conservations. Table 9 lists

the parameters used in the f vector expressions.
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Table 9: Parameters used in the expressions of PTP-VCC integrated heat exchanger f

vectors
Symbol | Description
aycci1 | Heat-transfer coefficient between tube wall and VCC evaporator two-phase fluid
aycciz | Heat-transfer coefficient between tube wall and VCC evaporator superheated vapor
aprp i1 | Heat-transfer coefficient between tube wall and PTP condenser superheated vapor
aprp iz | Heat-transfer coefficient between tube wall and PTP condenser two-phase fluid
aprp i3 | Heat-transfer coefficient between tube wall and PTP condenser subcooled liquid
Tyccr1 | Refrigerant temperature of VCC evaporator two-phase fluid
Tyccr2 | Refrigerant temperature of VCC evaporator superheated vapor

TPTP,Tl

Refrigerant temperature of PTP condenser superheated vapor

TPTP,TZ

Refrigerant temperature of PTP condenser two-phase fluid

Tprprs

Refrigerant temperature of PTP condenser subcooled liquid

In Condition 1, the PTP condenser has three phase regions, while the VCC evaporator has

only one two-phase region, as shown in Figure 36. The top tube represents the PTP condenser,

and the bottom tube is the VCC evaporator. In this condition, the change of length in each region

in the PTP condenser does not have major effects on the heat-transfer coefficients on both sides

on the walls. Refrigerant wall conservations were performed on L4, L,, and L3. Detailed

expressions of the f vector are presented in Table 10.
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Figure 36: Refrigerant-to-refrigerant heat exchanger - Condition 1

Table 10: Refrigerant-to-refrigerant heat exchanger f vector - Condition 1

mVCC,ihVCC,i - mVCC,thCC,o

L L
PTP,1 PTP,2
+ ayecinAveei |7 (Twl - TVCC,r1)+aVCC,i1AVCC,i — (Twz
fi L L
vce,1 total total
Lprp3
- TVCC,rl) + ayceirAvec,i <—L ) (Tw3 — TVCC,rl)
total
fvee2 0
Lprp
frrpa Mprp o (hPTP,g - hPTP,o) + aprp i1 Aprp i <_L ) Ty1 — TPTP,rl)
total
L
. PTP,2
frrp,2 mPTP,in(hPTP,in - hPTP,g) + aprp,i2Aprpi (_L ) (Twz - TPTP,TZ)
total
. n . n A Lprp3
frrp 3 Mprp inftprp,g — MprpofipTe,f + ApTP,i3APTP I P (Tws — Tprpr3)
total
fw1 aVCC,ilAVCC,i(TVCC,Tl - Twl) + aPTP,ilAPTP,i(TPTP,rl - Twl)
fw2 aVCC,ilAVCC,i(TVCC,rl - Twz) + “PTP,izAc,i(TPTP,rz - Twz)
fws aVCC,ilAVCC,i(TVCC,rl - Tw3) + “PTP,isAc,i(TPTP,r3 - Tw3)
fw4 0
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In Condition 2, the PTP condenser has two phase regions, while the VCC evaporator has
only one two-phase region, as shown in Figure 37. Refrigerant wall conservations were

performed on Lprp ; and Lprp 3. Detailed expressions of f vector are presented in Table 11.

Lotp,2 S LPTP,3T
—Two Phase— upcogle
Liquid

Two Phase

I-tot al

Figure 37: Refrigerant-to-refrigerant heat exchanger - Condition 2

Table 11: Refrigerant-to-refrigerant heat exchanger f vector - Condition 2

Lprp 2
Myccihveei — Myccolveco + Avec,i (_L ) (Twz - TVCC,rl)
total
fveea Lprp 3
+ ayccirAvec,i (_L : ) T3 — TVCC,rl)
total
fi vee,2 0
frrp1 0
Lprp,,
fprP,2 mPTP,i(hPTP,i - hPTP,g) + aprp,i2zAprp i <_L ) (Twz - TPTP,rZ)
total
Lprp 3
ferp,3 mPTP,ihg - mPTP,ohPTP,f + aprp,izAprp,; (_L ) (Tws — Tprpyr3)
total
fwl 0
fw2 aVCC,ilAVCC,i(TVCC,rl - Twz) + aPTP,iZAc,i(TPTP,rZ - Twz)
fw3 aVCC,ilAVCC,i(TVCC,rl - Tw3) + aPTP,iSAc,i(TPTP,r3 - Tws)
fw4 0
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When the PTP condenser has only two-phase region and the VCC evaporator has a two-
phase region and a superheated vapor region, the length of each region affects the fluid phase on
both sides of T),,3. When the length of the two-phase region in VCC evaporator Ly ; 1s less than
the length of the two-phase region in PTP condenser Lprp 5, T)y3 has a two-phase fluid region on
both the PTP condenser side and the VCC evaporator side. When the length of the two-phase
region in VCC evaporator Ly ¢  is greater than the length of the two-phase region in PTP
condenser Lprp 5, T3 has a two-phase fluid region on the PTP condenser side and superheated
vapor on the VCC evaporator side. The heat-transfer coefficients are dramatically different when
the region length changed. Therefore, when performing wall temperature conservation, the
length difference must be calculated separately.

In Condition 3, the PTP condenser has a two-phase region and a subcooled liquid region,
while the VCC evaporator has a two-phase region and a superheated vapor region, as shown in
Figure 38. In Condition 3, the length of the two-phase region in VCC evaporator, Ly 1, is less
than the length of the two-phase region in PTP condenser Lprp . Refrigerant wall conservations
are performed on Lycc 1, Lprp2 — Lycc 1, and Lprp 3. Tyy,3 had two-phase fluid on the PTP
condenser side and superheated vapor on the VCC evaporator side. Detailed expressions of the f

vector are presented in Table 12.
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Figure 38: Refrigerant-to-refrigerant heat exchanger - Condition 3

Table 12: Refrigerant-to-refrigerant heat exchanger f vector - Condition 3

. I . n A Lprp
fveea Mycc,illvee,i — Mycc,ovee,g T Avec,itAveci 7 (Twz - TVCC,rl)
total
. h n A Lprp2 — Lycca T T
mVCC,o( vee,g — VCC,o) + QyccizAvec,i 7 ( w3 — VCC,rZ)
total
fvee2 Lprp 3
+ ayecinlvee,i <_L ) (Tw4 - Tvcc,rz)
total
frrpa 0
L
. PTP,2
Mprp,in (hPTP,in - hPTP,g) + aprp,i2Aprp,i (_L ) T2 — TPTP,TZ)
total
fPTP’Z Lprp2 — Lycca
+ aprp e ( /i ) (Tws - TPTP,TZ)
total
. n . I A Lprp3
frrp 3 Mprp ilprp,g — Mprpoliprp,f + Aprp,i3ApTP i . (Tws — Tprpr3)
total
ﬁml 0
fw2 aVCC,ilAVCC,i(TVCC,Tl - Twz) + aVCC,iZAVCC,i(TVCC,rZ - Twz)
fws aVCC,iZAVCC,i(TVCC,rZ - Tw3) + “VCC,iZAVCC,i(TVCC,rz - Tw3)
fwa aVCC,iZAVCC,i(TVCC,TZ - Tw4) + avcc,isAVCC,i(Tvcc,rs - Tw4)
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In Condition 4, the PTP condenser has a two-phase region and a subcooled liquid region,
while the VCC evaporator has a two-phase region and a superheated vapor region, as shown in
Figure 39. In Condition 4, the length of the two-phase region in VCC evaporator Ly ¢ ;1 is greater
than length of the two-phase region in PTP condenser Lprp ». Ty 3 has two-phase fluid on both
the PTP condenser side and the VCC evaporator side. Detailed expressions of the f vector are

presented in Table 13.

Lprp,2 Lprp3
Two Phase SUb.CO(.JIEd>
Liquid

Two Phase Sum\«z‘E«Zarted>
Lvee,a Lveca
I-tot al

Figure 39: Refrigerant-to-refrigerant heat exchanger - Condition 4

Table 13: Refrigerant-to-refrigerant heat exchanger f vector - Condition 4

. I . n A Lprp
Mycc,illvee,i — Mycc,ovee,g T Avec,itAvec,i .. (Twz - TVCC,rl)
total
fVCC'l Lycca — Lprp2
+ ayecinlvee,i ( i ) (Tw3 - TVCC,rl)
total
L
. vee,2
fvee2 Mycco (hVCC,g - hVCC,o) + ayecinlvee,i (—L ) (Tw4 - Tvcc,rz)
total
frrpa 0
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Table 13: Continued

L
. PTP,2
Mprp,in (hPTP,in - hPTP,g) + aprp,i2Aprp,i (_L ) T2 — TPTP,rZ)
total
fPTP’z Lycca — Lprp2
+ aprp,izAprp,i ( L : ) (Tw3 — TPTP,rZ)
total
. n . I A Lprp3
frrp 3 Mprp illprp,g — Mprpoliprp,f + Aprp,i3APTPR,i . (Tws — Tprpr3)
total
fwl 0
fw2 aVCC,ilAVCC,i(TVCC,rl - Twz) + aPTP,iZAPTP,i(TPTP,‘rZ - Twz)
fws aVCC,ilAVCC,i(TVCC,rl - Tw3) + aPTP,i3APTP,i(TPTP,r3 - Tw3)
fwa aVCC,iZAVCC,i(TVCC,rZ - Tw4) + aPTP,i3APTP,i(TPTP,T3 - Tw4)

When the PTP condenser has superheated vapor, two-phase fluid, and subcooled liquid
regions and the VCC evaporator has a two-phase region and a superheated vapor region, the
length of each fluid region changes, and T, and T,,,3 encounter different fluid regions on both
sides. Thus, the PTP condenser with three phase regions and the VCC evaporator with two fluid
regions are separated into three subconditions.

In Condition 5, as shown in Figure 40, the PTP condenser has superheated vapor, two-
phase fluid, and subcooled liquid regions, and the VCC evaporator has a two-phase region and a
superheated vapor region. The length of the two-phase region in VCC evaporator Lyc¢ 4 1s less
than the length of the superheated region in PTP condenser Lprp ;. Ty, has superheated vapor on
the PTP condenser side with two-phase fluid on the VCC evaporator side. T,,3 has two-phase
fluid on the PTP condenser side with superheated vapor on the VCC evaporator side. The f

vectors are summarized in Table 14.
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Figure 40: Refrigerant-to-refrigerant heat exchanger - Condition 5

Table 14: Refrigerant-to-refrigerant heat exchanger f vector - Condition 5

. n . h A Lycca T T
fveea Mycc,iftvee,i — Myvcc,ofvee,g T Avec,itAvec,i T. ( 7% VCC,rl)
total
L - L
. PTP,1 vee,l
Mycco (hVCC,g - hVCC,o) + ayecizAvec,i ( 7 ) (Twz - TVCC,rZ)
total
A Lprp
fveez + ayccizlveci | 57— (Tw3 - TVCC,rZ)
L
total
Lprp3
+ ayccizAvec,i (_L ) (Tw4 - TVCC,rZ)
total
. n h A Lycca T T
mPTP,o( PTP,g — PTP,o) + aprp,i1Aprp,i T ( wl — PTP,rl)
total
fPTP’l Lprp1 — Lycca
+ aprp i14prpi ( i ) (Twz - TPTP,rl)
total
Lprp
frrp,2 mPTP,i(hPTP,i - hPTP,g) + aprp,izAprp i <L ) Tys — TPTP,rZ)
total
. h . n A Lprp3 T T
frre,3 Mprp illprpg — MprpollpTPf + APTP,i3APTP,i I (Twa — Tprpr3)
total
fw1 aVCC,ilAVCC,i(TVCC,rl - Twl) + aPTP,ilAPTP,i(TPTP,rl - Twl)
fw2 aVCC,iZAVCC,i(TVCC,rZ - Twz) + aPTP,ilAPTP,i(TPTP,rl - Twz)
fws aVCC,iZAVCC,i(TVCC,TZ - Tw3) + aPTP,iZAPTP,i(TPTP,TZ - Tw3)
fwa aVCC,iZAVCC,i(TVCC,rZ - Tw3) + “PTP,i3APTP,i(TPTP,r3 - Tw3)
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In Condition 6, as shown in Figure 41, the PTP condenser has superheated vapor, two-
phase fluid, and subcooled liquid regions, and the VCC evaporator has a two-phase region and a
superheated vapor region. The length of the two-phase region in VCC evaporator Ly ; 1s
greater than the length of the superheated region in PTP condenser Lprp 4 and less than the
length of the two-phase region in PTP condenser Lprp . Ty, has two-phase fluid on both the
PTP condenser side and the VCC evaporator side. T,,,; has two-phase fluid on the PTP condenser

side and superheated vapor on the VCC evaporator side. The f vectors are summarized in Table

15.
| ) Lotp,2 Lerp,3
Superheated Subcooled
Two Phase -
Vapor Liquid

Two Phase SUP\?;EEO!itEd>
Lvee, Lvecs
I-tot al

Figure 41: Refrigerant-to-refrigerant heat exchanger - Condition 6

84



Table 15: Refrigerant-to-refrigerant heat exchanger f vector - Condition 6

L
. . PTP,1
Myccifvee,i — mVCC,thCC,g + ayccinAvec,i <_L ) Tw1— Tvcc,rl)
total
fVCC'1 Lycca — Lprpa
+ ayceirAvec,i ( 'L : ) (Twz - TVCC,rl)
total
fvee2 , h h A Lycc2 — Lprp 3 T T
mVCC,o( vee,g — VCC,o) + QyccizAvec,i I ( w3 — Vcc,rz)
total
A Lprp3 T T
+ QyccizAvec,i 7 ) Uws = Vcc,rz)
total
L
fPTP,l . PTP,1
Mprp o (hPTP,g - hPTP,o) + aprp,inAprpi (L (Twl - TPTP,rl)
total
frrp2 . n n A Lycca — Lprpa
mPTP,i( PTP,i — PTP,g) + Aprp,i2ApTP,i L (Twz - TPTP,rZ)
total
L —L
vee,2 PTP,3
+ aprp,i3Aprp,i ( /i ) (Tw3 - TPTP,rs)
total
L
frrp,3 - : PTP,3
mPTP,ihPTP,g - mPTP,ohPTP,f + aprp,izAprpi (_L (Twa — Tprpr3)
total
fw1 aVCC,ilAVCC,i(TVCC,Tl - Twl) + aPTP,ilAPTP,i(TPTP,Tl - Twl)
fw2 aVCC,ilAVCC,i(TVCC,rl - Twz) + aPTP,iZAPTP,i(TPTP,rZ - Twz)
fws aVCC,iZAVCC,i(TVCC,rz - Tw3) + aPTP,iZAPTP,i(TPTP,rZ - Tw3)
fwa aVCC,iZAVCC,i(TVCC,TZ - Tw3) + aPTP,i3APTP,i(TPTP,‘r3 - Tw3)

In Condition 7, as shown in Figure 42, the PTP condenser has superheated vapor, two-
phase fluid, and subcooled liquid regions, and the VCC evaporator has a two-phase region and a
superheated vapor region. The length of the two-phase region in VCC evaporator Ly ; 1S
greater than the length of the superheated region in PTP condenser Lprp 1 plus the length of the
two-phase region in PTP condenser L,. T,,, has two-phase fluid on both the PTP condenser side
and the VCC evaporator side. T,,; has subcooled liquid on the PTP condenser side and two-

phase fluid on the VCC evaporator side. The f vectors are summarized in Table 16.
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Figure 42: Refrigerant-to-refrigerant heat exchanger - Condition 7

Table 16: Refrigerant-to-refrigerant heat exchanger f vector- Condition 7

L
. . PTP,1
Myccifvee,i — mVCC,thCC,g + ayccinAvec,i <_L ) (Twl - TVCC,rl)
total
A Lprp,, T T
fveea + QyccizAvec,i . ( w2 — VCC,rl)
total
Lycca — Lprpy — Lprp 2
+ ayccizAvec,i ( i ) (Tw3 - TVCC,rl)
total
L
. PTP
fvee2 Mycc,o (hVCC,g - hVCC,o) + aycc,izAvec,i ( I (Tw4 - Tvcc,rz)
tota
L
. PTP,1
frrpa Mprp o (hPTP,g - hPTP,o) + aprp,i1Aprp,i (_L (Twl - TPTP,rl)
total
Lprp 2
fprP,2 mPTP,i(hPTP,in - hPTP,g) + aprp,i2Aprp i (_L ) (Twz - TPTP,rZ)
total

. h . h A Lycci — Lprpy — Lpre 2 T
Mprp g — Mprpolpref + AprpizApre i (Tws

Lt otal
frrp 3 — Tprpr3)
Lycc,2
+aprp isAprp,i (—L ) (Tw4- - TPTP,r3)
total
fwi aVCC,ilAVCC,i(TVCC,rl - Twl) + aPTP,ilAPTP,i(TPTP,rl - Twl)
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Table 16: Continued

fw2 aVCC,ilAVCC,i(TVCC,rl - Twz) + aPTP,iZAPTP,i(TPTP,rZ - Twz)
fw3 aVCC,ilAVCC,i(TVCC,rl - Tw3) + aPTP,i3APTP,i(TPTP,T3 - Tw3)
fwa aVCC,iZAVCC,i(TVCC,rZ - Tw3) + aPTP,i3APTP,i(TPTP,T3 - Tw4)

The state vector in the integrated refrigerant-to-refrigerant combined heat exchanger was
expanded to Equation (47) with the corresponding u vector in Equation (48). The governing
matrix of the integrated PTP-VCC heat exchanger was updated as Equation (49), with n

representing the numbers of PTP evaporators in parallel.

x=[P Xe1 Xez Xe3 - Xem Xrar] -
u = [xe,l Xe2 Xe3 o Xem xTZT] (48)
_Zel,l Z81,2 0 O 0 0 0 9. P _ _fe‘l_
Ze,n 0 Z,, 0 0 0 0 Xor for
Ze3,1 0 0 Ze3,2 0 0 0 'X.‘e,z fe,3 (49)
Ze4,1 0 0 0 Ze4,2 0 0 xe,3 — fe,4-
: 0 0 0 0 . 0 : :
Zen,l 0 0 0 0 Zen,Z 0 xe,n fe,n
L Zry Zrt Zrz Zra v Ly X2 d  Lfpar]

4.2. Integrated System Performance Test
A pump-speed step test was performed as shown in Figure 43 and Figure 44. Figure 43 is
the PTP data including pump speeds, PTP system pressures, superheats, exit qualities, wall
temperatures, and mass flow rates. The mass flow rates increased with a pump-speed step
increase. The exit qualities and wall temperatures decreased with an increase of mass flow rate,
as did the PTP heat exchanger pressure. Figure 44 is the VCC data including VCC evaporator
and condenser pressures, superheats, and mass flow rates. With the pump step increase, same

fluid phase condition was maintained on the PTP side. With the same fluid phase condition and
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only 10 kPa of PTP system pressure change, the heat transfer coefficient change was also
relatively small. So small fluctuations were observed during the step change, and the changes of

steady state values were within 3% with a 10% pump speed step.
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Figure 43: Pump-speed step test - PTP data
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Figure 44: Pump-speed step test - VCC data

Figure 45 and Figure 46 plot the heat load step tests. Figure 45 shows the PTP data
including pressures, superheats, exit qualities, wall temperatures, and mass flow rates. Heat loads
were given a 20% step increases on each evaporator. The initial system condition was set up with
an exit quality closed to 0.9. A heat load step increase of 20%, superheats were observed at the
PTP evaporator outlets. High wall temperatures were observed with the appearance of
superheated vapor. Figure 46 shows the VCC data including VCC evaporator and condenser
pressures, superheats, and mass flow rates. With the heat load step increase, the heat rejected to

the VCC side increased, resulting an increase of VCC superheat and slightly fluctuating VCC

pressurcs.
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Figure 45: Heat step test - PTP data
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Figure 46: Heat step test - VCC data

The PTP-VCC integrated system was given a 10% VCC compressor step test, shown in
Figure 47 and Figure 48. PTP system pressure, evaporator exit qualities, wall temperatures, and
mass flow rates from the PTP side are plotted in Figure 47. Compressor speed, VCC evaporator
and condenser pressures, superheats, and mass flow rates from the VCC side are plotted in
Figure 48. With a 10% VCC compressor step increase, the VCC system pressure differential
increased, as did superheats and mass flow rates. Because of the increased heat capacity on the
VCC side, pressures, exit qualities, and wall temperatures of the PTP system experienced a step

decrease. The mass flow rates of the PTP system increased to compensate for the increased heat

capacity on the VCC side.

91



Pressure

Evaporator Exit Quality

: 0885 —
760 —— Combined HXs Pressure | 08 ‘_xm ----- Xyp o Xy = = =Xy
= ¢
o 2
<758 T0875] L\g
5 a
2 =2 087"
w
& 7567
0.865 -
754 L : - 0.86 : - : :
800 1000 1200 1400 1600 1800 2000 800 1000 1200 1400 1600 1800 2000
Time (s) Time (s)
Wall Temperature Mass in & out
326 J T T 0.0128 T T T
.\6 —_—T g === Tz Ta===Toal — Valves Mass Flow Rate
~325F 5 0.0126 - - ~Pump Mass Flow Rate
g A ;6’
2 S 00124}
g 32.4 2
E » 0.0122
= &
=323 =
© 0.012
=
322 . i L - 4 " 1 18 - " L i 4 . _—
800 1000 1200 1400 1600 1800 2000 800 1000 1200 1400 1600 1800 2000
Time (s) Time (s)
Figure 47: Compressor step test - PTP data
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Figure 48: Compressor step test - VCC data
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From the above system step tests, system couplings can be observed on the PTP-VCC
system. Changes on one side could affect system conditions on the other side. Control
architectures that can maintain both cycles at constant operating conditions with external

fluctuations are important in the operation of an integrated PTP-VCC system.
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5. CONTROL ARCHTECTURE DESIGN OF PUMPED TWO-PHASE AND VAPOR

COMPRESSION INTEGRATED SYSTEM

The integrated pumped two-phase (PTP) and vapor compression cycle (VCC) system has
a refrigerant-to-refrigerant heat exchanger that increases the coupled dynamics in the system
because of shared refrigerant wall temperatures and heat-transfer coefficients.

The PTP system was deployed with the same control architecture as discussed in the
Chapter 3 for avoiding critical heat flux (CHF) and maintaining stable refrigerant wall
temperatures. For the VCC, superheat needs to be controlled at a constant level to avoid liquid
entering the compressor and causing cavity in the compressor. A constant evaporating pressure is
also required for stable system operation.

Superheat in a VCC is calculated as the evaporator outlet temperature minus the saturated
temperature of evaporator pressure, as shown in Equation (50). From Equation (50), we notice
that superheat and evaporating pressure have a coupled relationship. G(s), represents the
transfer function correlating valve opening position and compressor speed to evaporator
superheat and pressure. A similar decoupling matrix found by the inverse of the static gain of
G (s), was used on the VCC to solve the thermally coupled behavior of superheat and evaporator
pressure, as shown in Equation (52). PI controllers were used with the decoupling matrix on the
VCC side to maintain constant operating conditions. Figure 49 shows the control architecture

applied on the PTP-VCC integrated system.

Tsy = Tero — Tsar (50)
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G1(0), = —0.084 4.3 (52)

—0.0044 -—1.282
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Figure 49: Control architecture for integrated PTP-VCC system

5.1. Cycle Decoupling
The control architecture reduces the coupled dynamics between PTP pressure and
refrigerant wall temperatures, as well as the superheat and evaporator pressure in the VCC. The
decoupling behavior between the PTP cycle and VCC has yet to be addressed.
Intuitively, the volume of the heat exchanger can affect the speed of pressure dynamics.

In modeling procedures, the volume of a heat exchanger is calculated as the length of the heat
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exchanger multiplied by the cross-sectional area as shown in Equation (53). To study the effect
of cross-sectional area on the time scale of dynamics of the refrigerant-to-refrigerant heat
exchanger, a few test cases were conducted with different groups of cross-sectional areas.
V=Ac"L (53)
The system was tested using the original PTP condenser cross-section area, five times the
original cross-section area, and 10 times the original cross-section area. PTP controllers were
used to regulate the pressure and refrigerant wall temperatures, the VCC valve was kept at a
constant value, and the compressor was given a step increase. At 10 times the PTP condenser
cross-section area, the magnitude of the oscillation was the largest, and the initial cross-section
area showed the smallest oscillation. The frequency at the initial cross-section area was much
faster than 10 times the PTP condenser cross-section area. Intuitively, this group of test means

that increasing the PTP condenser volume could increase the coupling between the PTP cycle

and the VCC.
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Figure 50: PTP pressure comparisons under different PTP condenser cross-sectional areas
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Under the conditions of the initial PTP condenser cross-sectional area, the VCC
evaporator cross-section area was increased to 10 times the original value to compare with the
initial VCC evaporator cross-section area. PTP controllers were used to regulate the pressure and
refrigerant wall temperatures, the VCC valve was kept at a constant value, and compressor was
given a step increase. Figure 51 shows the test results. With the same compressor step change,

increasing the external VCC evaporator cross-sectional area showed reduced coupling behavior

between the two cycles.
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Figure 51: PTP pressure comparisons under different VCC evaporator cross-sectional
areas
To validate the effect of cross-sectional area on system time scale further, both VCC
evaporator cross-sectional area and PTP condenser cross-sectionalal area were changed together.
Figure 52 presents three cases: the initial PTP condenser cross-sectional area and the initial VCC
evaporator cross-sectionalal area, 5 times the initial PTP condenser cross-sectional area and the
initial VCC evaporator cross-sectional area, the initial PTP condenser cross-sectional area and 10
times the initial VCC evaporator cross-sectional area . PTP controllers were used to regulate the
pressure and refrigerant wall temperatures, the VCC compressor was kept at a constant value,

and the valve was given a step change, as shown in Figure 52. With the initial PTP condenser
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cross-sectional area and 10 times the initial VCC evaporator cross-sectional area, the magnitude

and frequency of the oscillation were the smallest among the three test cases.
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Figure 52: PTP pressure comparisons under different PTP condenser cross-sectional area
conditions and VCC evaporator cross-sectional area conditions

The VCC evaporator cross-sectional area was increased further to 20 times the initial
value and 30 times the initial value. At 800s to 850s in Figure 53, heat load impulses were
applied to the system, and PTP pressure dynamics were plotted. Significant improvement was
observed with 10 times the initial VCC evaporator cross-sectional area. However, the
improvement was minimum when increasing the cross-sectional area to 20 times the initial value

Oor more.
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Figure 53: PTP pressure comparisons under large VCC evaporator cross-sectional areas

98



VCC evaporator superheat and VCC evaporator pressure with the initial PTP condenser
cross-sectional area and 10 times the initial VCC evaporator cross-sectional area are compared in
Figure 54 and Figure 55. At 3500s, heat impulses were given to the system at a medium load
condition. At 6000s, heat impulses were given to the system at a low load condition.
Improvement of the magnitude and frequency of the oscillations was observed with 10 times the

initial VCC evaporator cross-sectional area.

115 T T T T T T T T T

1AcspTP 1AcsvCC

N _10AcsPTP 10AcsVCC

°

Superheat ( C)

8.5 ' '
2000 2500 3000 3500 4000 4500 5000 5500 6000 6500 7000

Figure 54: Evaporator superheat comparisons with different VCC evaporator cross-
sectional areas
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The conclusion can be drawn that a small PTP condenser volume and a relatively large
VCC evaporator volume can help with the coupling between the PTP cycle and VCC in an
integrated system. This conclusion can be used as a general guideline when designing an

integrated PTP-VCC system.

5.2. Time-Scale Separation Analysis
Given the conclusions drawn in the previous section, further mathematical analysis was
needed of the time-scale separation of the PTP cycle and the VCC. The lumped-parameter model
developed for integrated heat exchangers (detailed in previous sections) is highly nonlinear. A

linear model was needed for analyzing the behavior between the two cycles.

5.2.1. Combined Heat Exchanger
The heat exchanger models developed previously are in the form of Equation (54).
Assuming Z (x, u) is invertible, Equation (54) can be rearranged in the form of Equation (55).
Z(x,u) x = f(x,u) (54)
x=Zxuw f(x,u) = glxuw) (55)

A local linearization was performed assuming x = x, + dx and neglecting high-order

ag
and [ P

terms, so Equation (55) can be presented as Equation (56). Expanding [3—9

b
x xo,uo] Xo,uO]

Equation (56) can be denoted as Equation (57). Using F, and F, to represent [Z_g ] and

99
Jdu
Equation (59) using the substitution in Equations (60), (61), (62), and (63).
100

Xo,Ug

], Equation (58) has a similar form of X = Ax + Bu. This form can be denoted as
Xo0,Uo



~ [og ] [ag l (56)
X === (x —x) + |5 (u —uy)
_ax Xo,Uo ° du Xo0,Uo °
. —1[of ] -1|0f 57)
X = [leo,uo] _ax Xortto) (x - xO) + [leo,uo] ou xo,uol (u - uo)
x=Z"1E(x—x0) + Z 7 E,(u — ugp) (58)
X = Adéx + Bdu (59)
A=Z71F, (60)
B =Z771F, (61)
_9f (62)
T0xl
0
i (63)
0uly, u,

Equation (64) is listed as the nonlinear output equations. With the substitution in
Equation (67) and (68), the linearized version is denoted as Equation (65), which the standard

form is as Equation (66).

y =g(xu) (64)
8y = G,0x + G, 0u (65)
6y = Céx + Déu (66)
dg
C=0G,=—— 67
0x (67)
dg
D=G,=— 68
11 (68)

The linearization was performed based on the enthalpy-switching system governing
equations. The x state is listed in Equation (69). Because the linearization was based on the

condition that only two-phase fluid is in the PTP evaporators, two-phase and subcooled liquid in
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the condenser, and two-phase and superheated vapor are in the VCC evaporators, the mean void
fractions and evaporator two-phase zone lengths were not included in the x states.
x = [hprpero Trrrewt Mprperi - (69)
Lprp,c2 Lprpes hprpcro Twi Twz Tws Twa Pyec ]

The input vector u is defined as in Equation (70). In the evaporators, the inlet mass flow
rates, the inlet enthalpies, and the heat load on the evaporators are included as inputs. Because
the condenser inlet mass flow rate times inlet enthalpy is the sum of the evaporator outlet mass
flow rate times enthalpy, the condenser inlet mass flow rate and enthalpy were not considered in
the input vector. The condenser outlet mass flow rate was accounted in the input vector. As for
the external VCC evaporator, the inlet and outlet mass flow rate and inlet enthalpy were
considered in the input vector.

U = [Mprperi Mprperi @ - Mprpero Mycceri MycceroMvecerd (70)

The output vector g is listed as in Equation (74). Evaporator outlet enthalpy, two-phase
zone refrigerant wall temperatures, PTP heat exchanger pressure, condenser outlet enthalpy and
temperature, external VCC evaporator enthalpy, and outlet temperature and pressure were
chosen as output parameters.

9 = [herpero Terpews Pere Rprecro Tprecro Rvecero Tvecero Prec] (71)

f (x,u) vector is presented in detail in Table 17 with j respresenting the j evaporator in

parallel.
Table 17: f vector for linearization
f(7] - 6) mPTP,eri (j)hPTP,eri(i) + Oprpeil (i)APTP,ei(TPTP,ewl (l) - TPTP,erl (]))
f(7j=5) 0
f(7] - 4’) mPTP,eri (])
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Table 17: Continued

f(7j—=3) ApTp eil (j)APTP,ei(TPTP,ewl U) = Terpert (])) + Q@)
f(7j—2) 0
f(7j—-1) 0
f(7) 0
—Mprp crolpre f +
L
Aprp,ci2ApTP i ( YL el) ( w2~
Lprpc2 2 Lyccer ; Lvee
PTP,c2— LV 1
TPTP,ch) + aprp ci2ApTp ci (%) (Tws —
f(7n + 1) total
TPTP,ch)
—Mprp crolpre f +
Lprp,c2 2 Lyccer L
Aprp,ci2ApTP i ( TP CZ) (Twz TPTP,ch)
F7n+2) 0
Mprp crofpre,r —Mprp cropTP cro +
Lprp,c2 2 Lycce L
Aprp cisAprp ci ( :tTP 63) (Twa — Tprp,cr3)
f(7n +3) Mprp crolpre, f —MMprp croftprp cro +
L -L
Lprp ez < Lycc et Aprp ci2ApTp ci (W) (Tws — Tprp,er3) +
L
aprp,ci3ApTp ci (%) (Twa = Tprpcr3)
total
f(7n + 4’) _mPTP,cro
F(7n+5) 0
f(7n+6) Aprp cizApTp ci (TPTP,ch - Twz) + aVCC,EilAVCC,ei(TVCC,erl - Twz)
Aprp,ci2ApTP i (TPTP,ch - Tw3) +
Lprpc2 2 Lyccer
a’vcc,eizAvcc,ei(Tvcc,erz - Tw3)
f(In+7)
aPTP,ci3APTP,ci(TPTP,cr3 - Tw3)
Lprpc2 < Lyccer
+ aVCC,eilAVCC,ei(TVCC,erl - Tw3)
f(7n +8) Aprp cizApTp ci (TPTP,cr3 - Tw4) + aVCC,eiZAVCC,ei(TVCC,erZ — Tw4)
F(7n+9) 0
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Table 17: Continued

f(7n+10) 0
f(7n+11) 0
Myccerilveceri — Myccerovee,g +
Lprp,c2 2 Lyccier Lyccol
AycceirAvec,ei (_L ) (Twz - TVCC,erl)
total
f(7n+12) Myccerilvecexri — mVCC,erthCC,g +
LpTpc2 )
Ay ccoiAvec e ( 2 (T, s —T +
LPTP,CZ < LVCC,el VCC,eilflvcCc,ei Leotal ( w3 VCC,erl)
Lycce1 —LpTP,c2
AycceirAvec,ei (—L ) (Tw4 - TVCC,erl)
total
mVCC,eri(hVCC,g - hVCC,ero) +
Lprpc2—Lyvccer
AycceizAvecei (—L ) (Tw3 -
total
Lprpc2 2 Lyccer 5
PTP,c3
TVCC,erZ) + ayecennlvecei (_Ll: - ) (Tw4 -
f(7n+ 13) ota
TVCC,erZ)
Myccero (hVCC,g — hyccero) +
Lprpc2 < Lyccer Lycc.es
AycceizAvec,ei ( L ) (Tw4 - TVCC,erZ)
total
f(7n+ 14) Mycc,eri — Mycc,ero
f(7n + 15) 0
f(7n+ 16) 0

F, matrix elements are listed in Table 18. The evaporator and the first region in the

condenser are two-phase fluid, which is a combination of saturated liquid and saturated vapor.

The two-phase fluid region properties, pprp r g, hprp f,g, and the refrigerant temperatures

Tprp,er1 and Tprp ¢ are only a function of the PTP heat exchanger pressure. The same rule

applies to the VCC evaporator two-phase zone. In the condenser subcooled region, the average

refrigerant properties were calculated as Tprp 3 = T(Pprp, Aprp cr3) and pprp cr3 =
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hprp g+hpPTP CcroO

T (P, hprp cr3). However, because hprp o3 = >

s Tprp,crs =

. o .. dT
, for the partial derivatives of Tprp (3, the approximations _a’::;,;m —

Tsat(Pprp)+T(PpTP.RPTP cr0)
2

l ( deat aTPTP,cro | )
2 \dPprp oPprp PTPcr3 OhpTPcro 2

d OTprpcrs _ 1 (0Tprpers
Pprp

) were used. Similarly, the
Ohprp,crs

. o ar 1(dr
partial derivatives in the VCC evaporators were calculated as —~="2 = = (ﬂ
dPycc 2 \dPycc

dTVCC,ero 6TVCC,er2 _ l aTVCC,erZ
vcce

dPycc /)’ Ohyccero 2 \Ohvccerz P

The partial derivatives of the heat-transfer coefficient with respect to the state were not
included in the derivation because the system is not expected to experience large system

condition changes and because the linearization was performed locally. E, is listed in Table 19.

Table 18: F, matrix elements

af(7j — 6) FE.(7] —6,7j _
—ar aprp it J)ApTp ei
0Tprp ew —4)
af(7j—6) | FE(7j—67n —dorpais (D Aprpan (deat>
aPPTP n 11) PTP,eil PTP,ei dPPTP
af(7j — 3) E.(7] —4,7j ,
—ar ¥ —QApTpeil (I)APTP,ei
0Tprp ew —4)
af(7j—3) | FE(7j—47n aorp o) Aorp (deat>
aPPTP n 11) PTP,eil PTP,ei dPPTP
Lprp ez 1
Aprp,ci2ApTP ci (L_) (Tws — TPTP,CTZ)
af(7n + 1) Fx(7n +1,7n = LVCC,el tota
aLPTP,CZ + 1) LPTP,CZ 1
Aprp,ci2ApTP ci (L_) (Twz — TPTP,CTZ)
< LVCC,el tota
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Table 18: Continued
LPTP,CZ a A <LVCC,€1)
PTPci2ApPTPci\ 5
of(Tn+1) | E(7Tn+17n 2 Lycc,er “ “Nleorar
aTwz + 5) LPTP,CZ LPTP,CZ
> Aprp,ci2ApTP ci 7 l
= bycc,el tota
Lprp ez o 2 <LPTP,CZ - LVCC,el)
PTP,ci2APTP ci
f(7n+1) | F(n+17n 2 Lycc,er “ “ Leotar
0Tws +6) Lprp,c2 0
< Lyccer
af(7n + 1) FX(7n +1,7n . dhprp f Lprpc2 dTsat
W £11) ~Mprp.cro p, + Aprp,cizApTp ci ( Leotn: ) (— dPPTP)
L c
Lprp c2 aprp,ci2ApTp ci ( ZL:) (Twz - TPTP,ch) -
L c
af(7n+1) F.(Tn+1,7n Z Lyccer Aprp cizApTP ci (ZT_I:IZ) (Tws — Tprp,cr2)
dLyccer +12) -
Lprp ez 0
< Lyccer
Lprp,c2 0
of(Tn+3) | E(Tn+3,7n 2 Lyccer
aLPTP,CZ + 1) LPTP,CZ 1
—Qprp cizAprp ci (_) (Tws — TPTP,CT3)
< LVCC,el Ltota
Lprp ez 1
Aprp,ci3sApTp ci (L_) (Twa — TPTP,cr3)
6f(7n + 3) Fx(7n +3,7n = LVCC,el tota
OLprp.c3 +2) Lprp c2 0
< Lyccer
0f(Tn+3) | E(7n+3,7n i ta 4 _ (LPTP,C3> (_ O-SdTPTP,cr0>
ahPTP,cro n 3) PTP,cro PTP,ci34*PTP,ci Ltotal thTPcro
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Table 18: Continued

of (7n + 3) E.(7n+3,7n Lprp c2 0
a’I‘W3 + 6) = LVCC,el
Lprp,c2 Lyccer — Lprp,cz
Aprp,cisApTP,ci I
< LVCC,el total
LPTP,CZ LPTP,C3
Aprp,ci3ApTp,ci I
of (Tn+ 3) E.(7n+3,7n 2 Lyccer total
aTW4 + 7) LPTP,CZ LVCC,@Z
Aprp,ci3sApTp ci 7
< Lyccer total
dhprp N
mPTP cro T
of(Tn+3) | E(n+37n e Lprecs
0Pprp +11) + aprp cisApTp ci ( Ltotal) (=0.5) (dPPTP
dTPTP,cro)
dPprp
Lprp,c2 0
=L
f(7Tn+3) | FE(7n+3,7n recet :
achc,e1 + 12) LPTP,CZ aPTP,ci3APTP,ci (L_) (Tw3 - TPTP,cr3) -
< Lvccen Aprp,cisAprp ci ( ) (Twa — Terpcr3)
df(7n+6) E.(7n+ 6,7n
S v— —Qprp cizAprp ci — AvcceirAvecei
0Ty +5)
of(Tn+6) | E(/n+67n . 4 ATsqt
aPPTP n 11) PTP,ci241PTP,ci dPPTP
of (7n + 6) E(7Tn+6,7n . 4 ATy g
aPVCC n 16) VCC,eil4lvcc,ei dPVCC
Lprp c2 0
of(7n+7) | E(Tn+77n 2 Lyccer
Ohprp,cro +3) Lprp,c2 ATprp cro
Aprp,ci3ApTp,ci dh—
< LVCC,el PTP,cro
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Table 18: Continued

Lprp,c2
—aprp cizAprp ci — AycceizAvecei
of (7n+7) E(7n+7,7n < Lyccer
0Ty3 +6) Lprp,c2 —Qprp cizAprp ci — AveceitAvec,ei
< Lyccer
af(7n + 7) Fx(7n + 7,777. LPTP,CZ dTS(lt
—ap aprp,cizApPTP ci AP
+11) < Lycc,er TP
L dT dT
PTP,c2 tprp oi3(0.5) (dpsat dl;‘P,cro)
< Lyccot PTP PTP
Lprp,c2 dr
0.5aycceizAvcc,ei (dhL)
af(In+7) | E(n+77n | <Lyccer vetere
ahVCC,ETi + 13) LPTP,CZ 0
< Lyccer
Lprp c2 dTsar | dTvecero
aycc.eizAvec,ei(0.5) (dp - d‘;,cc' )
Af(In+7) | E(n+77n | <Lyccen vee vee
0Pycc + 16) Lprp,c2 dTsqr
<l AycceirAvec,ei (decc)
vee,el
8f(7n + 8) Fx(7n + 8,777. O 50! . A . dTPTP,cro
ahPTP,cro n 3) . PTP,ci34'PTP,ci thTprcm
df(7n+ 8) E.(7n + 8,7n
T +7) —Qprp cizAprp ci — AvcceizAvec,ei
w4
f(7Tn+8) | E(/m+87n ar ar
. A . 05 sat PTP,cro
—aPPTP £11) aprp cizAprp il )(dPPTP + AP prp )
8f(7n + 8) Fx(7n + 8,777. a ) A (O 5) (dTVCC,erO)
ahVCC,ero n 13) Vcce,ei24lvcc,ei\V- dhycc.ero
0f(7n + 8) F(7Tn +8,7n dTsat , 4Tvccero
W +16) aVCC,eiZAVCC,ei(O-S) (decc + dPycc )
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Table 18: Continued

Lprp ez 0
> L
df(Tn+12) | F(7n+12,7n recet
aLPTP,cz +1) LPTP,CZ Qycc, euAvcc ei ( ) (Twz TVCC,erl) -
<Lvecer AycceinAvecei (me[) (Tw3 - TVCC,erl)
LPTP,CZ LVCC,el
AycceirAvec,ei (L_>
af(7n + 12) Fx(7n + 12,7n = LVCC,el total
aTwz + 5) LPTP,CZ LPTP,CZ
AycceinAvecei (L_)
< LVCC,el total
Lprp,c2 0
0f(Tn+12) | E(Tn+12,7n | 2 Lyccer
0Tys + 6) Lprp,c2 Lyccer — Lprpc2
AycceirAvec,ei ( 7 )
< LVCC,el total
Lprp ez
AycceinAvecei ( 7 ) (Twz TVCC,erl)
6f(7n + 12) Fx(7n +12,7n = LVCC,el tota
OLyccer +12) Lprp 2 1
AycceinAvecei ( 7 ) (Tw3 TVCC,erl)
< LVCC,el tota
i dhycc J
LPTP,CZ VCC,ero dPVCC
>L Lycce1 ATsq;
vecet + aVCC,eilAVCC,ei( Lw:u ) (— dP;(clc)
dhycc g
mVCC ero” 3p
Af(Tn+12) | F(Tm+12,7n dPycc
0Pycc +16) + 4 <LPTP,c2 ) ( deat)
Lorp.c2 Qycceirtvec,ei Leotal dPycc
< Lyccer Lprpc2 — Lyccer
— AycceirAvecei 7
total
<_ deat)
dPycc
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Table 18: Continued

Lprp ez 1
AycceizAvecei (L_) (Tw3 - TVCC,erZ)
6f(7n + 13) Fx(77’l + 13,7n = LVCC,el tota
aLPTP,CZ + 1) LPTP,CZ 0
< Lyccer
Lprp ez 1
AycceizAvecei (L_) (Tw4- - TVCC,erZ)
6f(7‘l’l + 13) Fx(77’l +13,7n = LVCC,el tota
OLprpcs +2) Lprp c2 0
< Lyccer
Lprp,c2 Lprpca—Lvece
AycceizAvecei (PTP'L:—t;/CC'l)
Of(Tn+13) | E(Tn+13,7n | = Lyccer ot
0Tws +6) Lprp,c2 0
< Lyccer
LPTP,CZ LPTP,C3
AycceizAvec,ei L—
of(7n+13) | F(7n+13,7n = Lyccer total
Tws +7) Lprp,c2 Lycce1—LpTP,c2
AycceizAvecei (L—z)
< Lyccer tota
LPTP,CZ 1
—aycceizAvecei (L_l) (Tw3 - TVCC,erZ)
Of(Tn+13) | F,(Tn+13,7n | = Lyccer tota
OLycc.er +12) Lprp c2 1
—QycceizAvecei (ﬁ) (Tw4 - TVCC,erZ)
< Lyccer ora
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Table 18: Continued

_mVCC,ero
L —L
+ aVCC,eiZAVCC,ei( e VCC,el)
Lprp,c2 Leotar
dTVCC,ero
of(Tn+13) | F(7n+137n | =Llvecer (‘0'5 dhvcc,em> *
Ohycc,ero + 13) 4 _ (LPTP,C3) (_0 5 dTVCC,ero)
aVCC,elZ VeCet Ltotal ' thCC,ero
LPTP,CZ _mVCC,ero +
Lycce2 [ _ dTsat
<Lyccer | QvcceizAvecei (_Ltotal ) ( 0.5 decc)
. dhyccg
mVCC,ero dPycc
Lprpc2—Lyccer
aycceizAvecei (—Ltotal ) +
Lprp,c2
4 (_05) (;I;Tsat + dZI;CC,ero) +
2 LVCC,el vce vce
Lprpcs) o ATsat
af(7n+13) | F(7n+13,7n @veceizdvecei ( Leotal ) (=0.5) (dPVCC +
0Pycc + 16) —dTVCC'e”’)
dPycc
. dhyccg
Myccero TVCC
Lprp,c2 Lycce ar.
aycceizAvec,ei ( LVCC' 2) (=0.5) (dP -+
< Lyccer total vee
dTVCC,ero)
dPycc
Table 19: F,, matrix elements
. daprpei1(J) .
af(7j — 6) hprperi() + —deTP 1,(]-) APTP,ei(TPTP,ewl 0 -
aﬁl— Fu(7] _ 6,3_] _ 2) PTP,eri
PTP,eri :
ert TPTP,erl (]))
. . da el (]) .
df (7j — 6) Mprperi(j) + —thTP 1,(].) Aprp.ei(Torpewr () —
ah Fu(7] _ 6,3] _ 1) PTP,eri
PTP,eri .
ert TPTP,erl (]))
f(7j — 6) . . daprp ei1 () . .
—GQ E, (7] — 6,3)) —P;&j)l APTP,ei(TPTP,ewl U) — Terpert (]))
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Table 19: Continued

f(7j —4)
—— | E,(7j—4,3j—2 1
OMprp eri w(7] / )
f(7j —3) . . . . .
m E,(7j—33j—2) aPTP,eil(])APTP,ei(TPTP,ewl U) = Terpert (]))
f(7j —3) . . daprp,ei(j) . .
o F(7j-33/—-1) —dz};z’ 1,(;) Aprp ei(Torp.ewt () = Tprp,er1 (1)
PTP,eri £rl
of(7j —3
% E,(7j — 3,30) 1
Af(Tn+1)
Y Fu(7n + 1,3n + 1) _hPTPf
a‘mvPTP,cro '
af(7n + 3)
F E,(Tn+33n+1) hprp,r — hprp cro
PTP,cro
af(7n + 6) d ei
T E,(7Tn+6,3n+ 2) ﬁAvcc,ei(Tvcc,erl - Twz)
VCCeri ert
af(7n + 6) d ei
6h— Fu(7n + 6,3n + 4) ﬁAVCC,ei(TVCC,erl - TWZ)
VCC,eri ert
d ei
OF (T +7) Lprp c2 = Lyccer —d:l‘;cccc e:i AVCC,ei(TVCC,erl - Tw3)
T Fu(7n +7,3n+ 2)
vecert Lprp,c2 < Lyccer 0
of(Tn +7) Lprp,c2 2 Lyccer 0
anl— Fu(7n +7,3n+ 3) dayccor
el
VCCero LPTP,CZ < LVCC,el mAVCC,ei(TVCC,eTZ - TW3)
da ei
af(Tm+7) E,(Tn+73n+4) Lprp.c2 = Lyccer ﬁAvcc,ei(Tvcc,erl —Tws)
S n n .
oh i u ’
VeCert Lprp,c2 < Lyccer 0
df(7n + 8) daycc,ei
T F,(7n+8,3n+3) #Avcc,ei(TVCC,erz - Tw4)
VCC,ero ero
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Table 19: Continued

daycc ei1 Lyccer
h L el . - T -
LPTP,CZ VCC,eri diCC,eri VCC,el Liotal ( w2
=L
vecel Tyecerr)
n N daycc.eil Lprp,c2 (
af(7Tn+12) F,(7n+12,3n VeCeri T dryccerit V9 Liotar w2
om i
vecC,eri +2
) Lorper | Tvecert) +
da i L —L
< Lycc.e1 tveCeiy vec ei( VCCel PTP,CZ) (Tw3 _
dmycceri ! Ltotal
TVCC,erl)
daycc.eil Lyccer
Lprp,c2 _hVCC,g dmyccero AVCC’ei (TWZ
=L
vecet| Tyccert)
E,(7n+12,3n _h davecenn 4 ' (LPTP cz) (
6f(7n + 12) + 3) vees dmycc,ero Vet Ltotai w2z
a"lVCC,ero L T,
PTP,c2 Vcc,erl) +
da i L —L
< Lyccer| dvecen 4 - (w) (Tyys —
dmyccero ’ Ltotal
TVCC,erl)
. dav(:c eil LVCC el
L Mycceri + * AVCC i 2
PTP,c2 T dhyccerd et ( v
=L
vecet| Tyccert)
. n daycceit A LpTp,c2 (T —
af(7Tn+12) F,(7Tn+12,3n Mvec,eri dhycceri VeCei\ Liotar we
Ohyceeri +4) L T. ) +
PTP,c2 vccerl
da i L —L
< Lycc e1| d9vccein e ei( VCCel PTP,CZ) (Tw3 _
dhycceri ' Leotal
TVCC,erl)
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Table 19: Continued
(hVCCC,g — hVCC,ero) +

daveceiz 4 ' (LPTP,cz— LVCC,el) (T _
LPTP,CZ dmycc,ero veGer Ltotal w3

da ei Lprpc
6f(7n + 13) Fu(7n + 13,371 = LVCC,el TVCC,erZ) + MAVCC,ei (%) (TW4 —

diCC,ero total

om
veeero +3) Tycc.erz)

Lprp.c2 (hVCC,g — hyccero) +

daycc,eiz LpTp,c3
< Lyccer | === Ayccei < (Tw4 — Tyec erz)
! dmyccero ! Ltotal !

df(Tn+14) | FE,(7n+ 14,3n

: 1
d0Mycc eri + 2)

af (7Tn+ 14) E,(7n+ 14,3n )
aﬁlVCC,ero + 3)

The matrix elements g, are listed in Table 20. The element of g,, equals zero because the

output does not relate directly to the inputs.

Table 20: G, matrix elements

dg3j — 2 1
993/ ~2) G,(3i—2,7j — 5)
ahPTP,ero
dg3j—1 1
Q9T= D1 37— 177 - 4
aTPTP,eW
dg(3n
9B | Bn 7+ 11) 1
aPPTP
Jdg(3n+1 1
M G,(3n+1,7n+ 13)
ahVCC,ero
ag(3n + 2) dTPTP cro
—_— | G (Bn+2,n+3 TR
0 hPTP,cro x ( ) thTP,cro
dg(3n+ 2) dTprp cro
| G,(B3n+2,/n+ 11 —_—
aPPTP x( ) dPPTP
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Table 20: Continued

dg(3n+ 3) G,(3n+3,7n
C0Perr | +13)
dg(3n +4) G,(3n+4,7n
Ohyccero + 13)
dg(3n + 4) G,(3n+4,7n
dPycc +16)
dg(3n +5) G,(3n+5,7n
0Pycc +16)

The eigenvalues of the A matrix in the state-space model provide information about

stability and the relative speed of response. A large-magnitude eigenvalue is “faster” than a

small-magnitude eigenvalue. A is the eigenvalue of A matrix with the original cross-sectional

areas. 4, is the eigenvalue of A matrix with 10 times the VCC evaporator original cross-sectional

area. Equations (72) and (73) list the eigenvalues in the two cases. The smallest absolute

eigenvalue in the VCC evaporator cross-sectional area at 10 times the original was smaller than

the original case, resulting in a slower system response. Increasing the volume of the VCC

evaporator resulted in slower eigenvalues. By doing this, the disturbance in the PTP cycle could

be separated by increasing the volume of the VCC evaporator.

—68.036
—43.276
—5.7499 + 0.83934i
—5.7499 — 0.83934i
—3.3544
—2.6103
—0.4663
—0.09782
—0.01284
—0.007983
0
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—14583 7 (73)
—5.4524 + 1.5698i
—5.4524 — 1.5698i

—3.3544

—2.3085
A, = ~1.0203
—0.40808
—0.37825
—0.011859
—0.001236

0

5.2.2. Valve, Pump, Compressor Linearization
Valves, pump, and compressor were defined by equation y = f(u). A local linearization
was given as y = Du. The matrix D was found by correlating inputs to outputs.
The inlets of the valves in the PTP cycle were connected to the constant reservoir. Thus,
the pressure and enthalpy feeding into the valves were not considered in the inputs. The inputs
and outputs are defined in Equations (74) and (75), where D is defined in Equation (76). The

evaluation of the matrix yields the following values in Equation (77):

Uy = [uv on]T (74)
Yy = [mv hvo]T (75)
of  — 1dy din (76)
ou b= [ 0 0 ]
_10.0006 —0.000439 77
D _[ 0 0 ]

The outlets of the pump in the PTP cycle also were connected to the constant reservoir.
Thus, the pump outlet pressure was not considered in the pump inputs. The inputs and outputs of
the pump model are defined in Equations (78) and (79), where D is defined in Equation (80). The

evaluation of the matrix yields the following values in Equation (81):

116



u, = [a)p Ppi hpi]T (78)

p
Vp = [Mp  hpo]” (79
of _p= di1  diz d13] (80)
ou 0 dyy dys
D= [0.000024 —1.2e7° —0.00027] (81)
0 —0.45 1.02

For the VCC valve model, the value inputs and outputs are defined in Equations (82) and
(83), where matrix D is presented in Equation (84). The evaluation of the matrix yields the

following values in Equation (85):

U, = [uv Py Py hvi]T (82)
Yo = [y hyol” (83)
g =D = dll d12 d13 d14] (84)
au O O O d24
D= 0.0002 0.000013 -0.0019872 —1.139_5] (85)
0 0 0 1

In the VCC compressor model, the value inputs and outputs are defined in Equations (86)
and (87), where matrix D is presented in Equation (88). The evaluation of the matrix yields the

following values in Equation (89):

U = [k P Pro huil” (86)
Vi = [T hiol” (87)
i =D = dll d12 d13 d14] (88)
ou 0 dy; dyz dys
o _p_ [3.35e-6 2¢7% 2e~7 —0.0000446 89
ou 0 —0.09 0.048 1.12
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The linearization of the VCC condenser was similar to that of the combined heat
exchanger. Details are not included; the overall system model can be found by appropriately
defining the component model inputs in terms of system input and component output. This
procedure can be done numerically by using algorithms available in MATLAB.

Figure 56 presents the eigenvalue comparison of the system with the initial PTP
condenser cross-sectional area and the initial VCC evaporator cross-sectional area and the initial
PTP condenser cross-sectional area and 10 times the initial VCC evaporator cross-sectional area.
The eigenvalues close to the origin reveal that increasing the volume of the external VCC
evaporator could slow down the coupling between the PTP and VCC.

A4 1s the eigenvalue of A matrix with the original cross-sectional area. A, is the
eigenvalue of A matrix with 10 times the VCC evaporator original cross-sectional area. The

eigenvalues are listed in Equations (90) and (91).
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Figure 56: Comparison of eigenvalues
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—133.45
—45.111
~21.867
—6.5816 + 2.378i
—6.5816 — 2.378i
—6.4529
—5.0869
—5.0494
M= —26.1446945 (90)
~0.30831
~0.21968
—0.13449
—0.088951
~0.0059107 + 0.021182i
~0.0059107 — 0.021182i
—0.0081869
0

—19.618
—6.6764 + 3.1484i
—6.6764 — 3.1484i

—6.4521

—5.103

—4.6598

—2.5245
—0.92544 + 0.6831i
A, = 0.92_58}.1413.568311 ©1)

—0.30725
—0.21943
—0.13529

—0.088935
—0.000264 + 0.007163i
—0.000264 — 0.007163i

—0.0075039

0

To verify that the model fidelity is not compromised significantly by linearization
procedure, the linearized model was compared with the nonlinear model with the same heat load

step changes. Pressure and wall temperatures are plotted in Figure 58 and Figure 59. Althrough
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there are small differences between the nonliner model and the linearized model, the linearized

model adequately follows the transient response of the nonlinear system model.
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Figure 57: Heat loads step changes on nonlinear and linearized model
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Figure 58: Pressure comparison of nonlinear model and linearized model
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Figure 59: Wall temperatures comparison of nonlinear model and linearized model

5.3. Control Architecture Comparison

Two control architectures for PTP-VCC system are compared in this section. On the PTP
side, decoupled PI controllers with estimated evaporator exit quality feedback control were
adopted in the control architecture while decoupled PI controllers were used on the VCC side to
maintain constant VCC evaporator pressure and superheat. The control architecture schematic is
shown in Figure 60, where PI controllers were used in C; (s) to Cs(s). The exact evaporator exit
quality was used as the feedback signal for C3(s) in the control architecture to test alongside
with in the proposed control architecture as a comparison to test the effectiveness of estimating
evaporator exit quality. The other tested control architecture used heat flux feedforward
controller to replace the estimated evaporator exit quality feedback controller in the PTP-VCC as

shown in Figure 61 where C5(s) represents the heat flux feedforwad controller.
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Figure 60: Control architecture with estimated evaporator exit quality feedback for
integrated PTP-VCC system
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Figure 61: Control architecture with heat flux feedforward for integrated PTP-VCC
system
The PTP-VCC system was tested with evenly distributed heat loads at 450 Watts, 250
Watts and 90 Watts to represent high heat load, medium heat load, and low heat load conditions.
10% of maximum heat load step changes are given to evaporator 1. Figure 62 shows the heat
loads. All the evaporators were set up symmetrically with identical physical parameters. Heat

load step changes on evaporator 1 can represent heat load changes on any evaporator.
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Figure 62: Evenly distributed heat load - PTP-VCC

The PTP system pressures of the tested control architectures are plotted in Figure 63. All

the control architectures showed good performance in maintaining constant system pressure.

Larger pressure fluctuation was observed at the lower heat load condition due to increased

system sensibility at a low heat load condition.
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Figure 63: PTP system pressure under evenly distributed heat load - PTP-VCC

125



= = =Decoupled P| Controllers with Exact Evaporator Exit Quality Feedback Control

Decoupled Pl Controllers with Estimated Evaporator Exit Quality Feedback Control
Decoupled Pl Controllers with Heatflux Feedforward Control

40

35

30

40

35

[}
=

I
o

Wall Temperature { C)

35

30

40

35

30

Figure 64: PTP wall temperatures under evenly distributed heat loads — PTP-VCC
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Figure 65: Enlarged PTP wall temperatures under evenly distributed heat loads — PTP-
VCC
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Figure 66: PTP evaporator exit qualities under evenly distributed heat loads - PTP-VCC
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Figure 67: Enlarged PTP evaporator exit qualities under evenly distributed heat loads -

PTP-VCC
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PTP wall temperatures are plotted in Figure 64. An enlarged views during the heat step
changes are plotted in Figure 65. All the tested control architectures showed the ability to
maintain constant PTP wall temperatures.

PTP evaporator exit qualities are plotted in Figure 66 with an enlarged view during heat
step changes in Figure 67. The exit quality setpoint was set to be 0.8. The exit qualities when
using the estimated evaporator average exit quality in the control are of particular interest. The
comparison between the exact exit qualities and the estimated exit quality is plotted in Figure 68.
The estimated exit quality was very close to the exact exit qualities when the system has evenly

distributed heat loads on the evaporators.
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Figure 68: Comparison between evaporator exact exit qualities and estimated exit quality
under evenly distributed heat loads - PTP-VCC.

The VCC evaporator and condenser pressures are plotted in Figure 69. In all the three test
cases, the VCC evaporator and condenser pressures showed the same results. With decreasing
heat load, the VCC evaporator pressures were well maintained at a constant value. The
condenser pressures were regulated by the compressor to maintain system performance. VCC

superheat is plotted in Figure 70. The superheats in the three test cases were kept at 10 °C. Small
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oscillations were observed in low heat load conditions due increasing system sensitivity under

low heat load condition.
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Figure 69: VCC pressure under evenly distributed heat loads
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Figure 70: VCC superheat under evenly distributed heat loads
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The cases were tested again under unevenly distributed heat loads shown in Figure 71.
Evaporator 1 was given different heat loads at high load condition, medium load condition and
low load condition while the heat loads on evaporator 2, 3 and 4 remain constant. Figure 72 plots
the system pressures with the control architectures. All the control architectures showed good
performance in maintaining constant system pressure. At steady state, the system pressure was
well maintained at 760 kPa. During the heat impulses, the magnitude of the oscillations was

slightly higher at the low heat load condition because of the increased sensitivity of low heat

loads.
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Figure 71: Unevenly distributed heat loads - PTP-VCC
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Figure 72: PTP system pressures under unevenly distributed heat loads - PTP-VCC.

Evaporator wall temperatures are shown in Figure 73 to compare different control

architectures. The enlarged view of evaporator wall temperatures during the heat load step

changes were plotted in Figure 74. Both the decoupled PI controllers with estimated evaporator

average exit quality feedback control architecture and decoupled PI controllers with heat flux

feedforward control architecture maintain constant wall temperatures and avoid CHF. On

Evaporators 2, 3, and 4, the wall temperatures were stable at a setpoint of 32.5 °C. On evaporator

1, the wall temperature difference between using estimated average evaporator exit quality as

feedback and using exit evaporator exit quality as feedback signal was less than 0.3 °C. During

the heat load step changes, temperature fluctuations were observed on all evaporators. With each

control architecture, the temperature fluctuations all fell within 1 °C.
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Evaporator exit qualities are plotted in Figure 75. The enlarged views of evaporator exit
quality during heat load changes are present in Figure 76. Both the decoupled PI controllers with
estimated evaporator average exit quality feedback control architecture and decoupled PI
controllers with heat flux feedforward control architecture effectively maintained exit quality at
0.8 under steady state conditions. During the heat impulses, the exit quality changes were less
than 0.1 under all heat load conditions. On Evaporator 1, the exit quality in Case 2 decreased
while heat load decreased.

The estimated exit quality was well maintained at 0.8, while Evaporator 1 exit quality
increased with heat load and Evaporator 2, 3, and 4 exit qualities slightly increased above 0.8 as
shown in Figure 77. This result was caused by the uneven distribution of the heat loads. The
evaporator with higher heat load tended to have an exit quality lower than the estimated value,
while the evaporator with lower heat load had an exit quality higher than the estimated value.
This result was due to fact that all the evaporator inlet valves were using the same estimated
average exit quality feedback signal. With a system of largely uneven heat distribution, the gains
of the refrigerant wall temperature feedback should be tuned with a larger value, in which the
control signals of the valves from the refrigerant wall feedback control compensate for the
uneven distribution of the heat loads. In a PTP system with a large number of evaporators in
parallel, the worst-case scenario of uneven heat load distribution is one evaporator with a high
heat load and the remaining ones with low heat loads. By properly choosing the setpoint and

gains of the control architecture, all the exit qualities can be maintained to avoid CHF.
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Figure 73: PTP wall temperatures under unevenly distributed heat loads - PTP-VCC.
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Figure 74: Enlarged PTP wall temperatures under unevenly distributed heat loads - PTP-

VCC.
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Figure 75: PTP evaporator exit qualities under unevenly distributed heat loads - PTP-VCC
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The VCC evaporator and condenser pressures are plotted in Figure 78. In the test cases,
the VCC evaporator and condenser pressures showed the same results. With decreased heat load,
the VCC evaporator pressures were well maintained at a constant value. The condenser pressures

were regulated by the compressor to maintain system performance. VCC superheat is plotted in

Figure 79. The superheats in the three test cases were kept at 10 °C.
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6. CONCLUSION

6.1. Summary of Research Contribution

This dissertation presents dynamics modeling and control architecture design for a multi-
evaporator pumped two-phase (PTP) system with an integration of a vapor compression cycle
(VCC). The primary contributions include (1) model development and simulation of a control-
oriented multi-evaporator PTP cooling system; (2) control architecture design for multi-
evaporator PTP cooling system for variable heat load conditions; (3) model development and
simulation of an integrated multi-evaporator PTP system and VCC; (4) control architecture
design for integrated multi-evaporator PTP system and VCC with variable heat load conditions.

(1) Dynamic modeling for multi-evaporator PTP cooling system

PTP system schematics were studied and tested to find the appropriate system setup to
keep the advantages of two-phase cooling while favoring controller implementation. With the
valves before each evaporator, refrigerant flow can be controlled to compensate different load
conditions without causing clogging. The evaporators and condenser were modeled together
(unconventionally) to overcome the issue of lacking mass flow rate components in between.
Both the moving boundary (MB) and finite control volume (FCV) methods were tested. The
FCV method can provide more spatial detail about system conditions, while the MB method has
a faster real-time factor with more evaporators in parallel. With the switched moving boundary
(SMB) method, the combined heat exchanger model revealed the ability to handle a large
number of evaporators in parallel within a reasonable timeframe.

(2) Control architecture design for multi-evaporator PTP cooling system
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The system schematic was designed to be suitable for applying control architectures for
CHF avoidance. Simple Proportional-Integral (PI) controllers are not sufficient for PTP systems
to ensure CHF avoidance. Two control architectures were proposed and compared. Decoupled
Proportion-Integral (PI) controllers with estimated evaporator exit feedback control and
decoupled PI controllers with heat flux feedforward showed promising results under different
load conditions. These approaches ensure system operational safety with high exit quality.
However, heat flux cannot be predicted in a majority of cases, and feedback control is easier than
feedforward control in application. These two reasons make decoupled PI controllers with
estimated evaporator exit feedback control more suitable for most applications.

The decoupled control architecture consists of valve feedback controllers, a pump-speed
feedback controller, and a decoupling matrix to compensate for coupled dynamics among
multiple evaporators. A key design of this architecture is using the estimated evaporator exit
quality to suppress superheat to heat load disturbances. This control architecture has significant
practical applications. With certain temperature and pressure measurements, the PTP cooling
system becomes robust to 110% maximum external heat loads. Furthermore, this control
architecture allows the system to operate with high exit qualities and good energy efficiency.

(3) Dynamic modeling for integrated multi-evaporator PTP-VCC system

The multi-evaporator PTP system was integrated with a VCC that provides the necessary
heat rejection for the PTP condenser. The VCC evaporator was used to remove the heat from the
PTP condenser. Thus, the condenser in the combined heat exchanger was modeled as a
refrigerant-to-refrigerant heat exchanger. A multi-evaporator PTP-VCC system was developed to
study the interaction dynamics among the two cycles to provide a more intuitive for design.

(4) Control architecture design for integrated multi-evaporator PTP-VCC system
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The same decoupled control architecture was applied on the PTP cycle. A separate
control architecture was implemented on the VCC to maintain constant superheat and
evaporating pressure. A time-scale separation analysis was performed to identify the physical
mechanism for the coupling between the two cycles.

A linearized dynamic system model was derived to identify the dynamic modes and their
associated time scales. Increasing the volume of the VCC evaporator can help reduce the
pressure interaction between the two cycles.

6.2. Future Research

The control architectures were successful in the simulation test cases, and we anticipate
that they could be applied directly to the prototype system. Further experimental validation is
needed to determine the effectiveness of the estimated exit quality feedback control with valves

and pump feedback control.
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APPENDIX
This appendix presents the detailed model derivation for switched moving boundary
evaporator, switched moving boundary condenser and the multi-evaporator combined heat
exchanger.
The governing Partial Differential Equations (PDE) of a heat exchanger is based on
conservation of refrigerant mass as shown in Equation A-1, conservation of refrigerant energy as

shown in Equation (2) and conservation of refrigerant wall energy as shown in Equation (3).

d(pAcs) 9(m) A-1
ot + 0z 0
d(pAcsh — AcsP)  0(1h) A-2
= at = + aZ = plal(TW - TT)
(CopADw(Ty) = a;Ai(Ty — Tp) + ao Ao (Ty — Tyy) A-3

Switch Moving Boundary Evaporator Model Derivation
Evaporator with Only Two-phase Fluid
When there is only two-phase fluid in the evaporator, the length of the two-phase region
equals to the total length of the tube as,
Ly = Liotar A-4
Integrating Equation A-1 along the tube length, conservation of mass for the refrigerant

in the heat exchanger is calculated as,

LiTa(pA a(n A-5
f l (pAcs) + (m) dz
0 ot 0z
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Organizing Equation A-3, conservation of mass for the refrigerant in the heat exchanger

has the form as,
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Integrating Equation A-2 part by part along the tube length,
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Combining Equation A-7, A-8, A-9 and A-10, conservation of energy for the refrigerant

in the two-phase only heat exchanger is represented as,

({24 )+ [

P) + P1) h] AcsLiotal

A-11
= minhin - mouthout + ailAi(Twl - Trl)
Conservation of energy for the heat exchanger wall temperature is represented as,
(CPPA)W(Twl) = ailAi(Twl - Trl) + a4, (Ta - TW1) A-12
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Evaporator with Two-phase Fluid and Superheated Vapor
When both two-phase fluid and superheated vapor are present in the evaporator, the two-

phase region fluid properties can be presented as,

p1=pr(L—=7)+py(¥) A-13
p1hy = pfhf(l -7+ pghg(y) A-14

Superheated vapor region fluid properties can be presented as,

hout + h
hy = % Tr, = T(P,h2), p2 = p(P, hy) A-15

The interface refrigerant mass flow rate between the two-phase fluid region and
superheated vapor region is defined as m;,,;. Integrating Equation A-1 along the tube length in

the two-phase region, the conservation of refrigerant mass in two-phase region as be calculated

as,
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The final conservation of refrigerant mass in the two-phase can be presented as,

_ dpy :

Acs(L=7)(pg = pp)Lr + [ > 1=7 + (Y) + ( Py — pf)] AcsLyP
A-17

= Min mint
Integrating Equation (1) along the tube length in the superheated vapor region, the
conservation of refrigerant mass for superheated vapor region as be calculated as,
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L at 0z
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dz

_ thotal d(pAcs) g+ thotal o(m)
L ot L z

1

Ltotal ap )
= Acs f Edzl + Myyr — Mint
L,

[ d Ltotal ) )
E-]; (,0) dzl + Moyt — Myt
L 1

[ d . .
= Acs a (Psz)] + Moyt — Mint
= Acs [szz + Psz + Png] + Moy — Mine

= Acs|pals — pals + ngl] + Moy — Mine

dp; : dp;
(ﬁ h2>P+ (dh ho

— Mint

: dp,
—_ P +
h2> <dh2

= Acs

LZ + (pg pZ)Ll + mout

houe + 1 .
>< = > g)l L, +(Pg —p2)L,
P

. 1/d
>P+—<ﬂ
) " 2\dhyl,

+ (Pg - Pz)zq

1(dp,| \dhy 1 dpz
2 <dh2 P) ap ) Acsl2P +3 dh,

+ (Pg - Pz)AcsL1 + Moyt — Mint

. 1 dp2

+ Moyt — Myt

thL
dP 2

_ (4P
dp |,

>ACSL2hout
P
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Based on Equation A-18, the conservation of refrigerant mass for superheated vapor

region as be presented as,

dp, dpz| \dhy 1 6p2 . A-19
—-— AcsL,P + AcsLoh A L
[(ap h2>+2<ah2p ap | Aeste > ath cslahout + cs(Pg p2)Ly
= Mine — Moye
Adding Equation A-17 and A-19 together,
_ i A-20
S -7+ 227 + 5 (g~ )| Acsta?
dap, 1(dpy| \dhy .
+ | == += AcsLoP + Acs(1 — L
l(ap h2> <6h2 , 4p | st cs( V)(Pf Pg) 1
apz . . .
+= AcsLahoye + Acs(Pg pa)Ly = 1y — Mgy,
2 ahz P
Rearranging Equation A-19, m,,,; can be presented as,
ap, 1/0p,| \dhy 1 apz . A-21
Nine = || == +=| = AcsL,P + = AcsLoh
mmt [( aP h2> 2 (ahz b dP CS 2 ahz b cSt2out
+ ACS(Pg — p2)Ly + Mgy,
The conservation of refrigerant energy for two-phase region is calculated as,
L1 g(pAcsh) A-22
[ atest,,
0 dt
L19(ph)
= Acsf ——dz
o Ot
[d (= .
= Acs at (ph)dz — pgthll
(4t Jo

d '
= Acs E(pfhf(l —7)+pghg(y )) Ly — Pgth1]
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_ d(Pfhf) _ d(pghg) _
—<T(1—V)+T(V)

dy .
+ (pghg — prhy) ﬁ) AcsLiP

+ (1 -Y )(pfhf - pghg)ACSLl

le 0(AcsP) A-23
. 0t

“19(P)
s [
cS o ot

d )
= Ags [E (PLy) — Pi,

ES Acsle

f L1 g(mh) A-24
dz
o 0z

= 7hinthgg — Mipthin
Ly A-25
f piai(Tw - Tr)dZ
0

(T, = Ty)

= a;, A;
Ltotal

Combining Equation A-22, A-23, A-24 and A-25, conservation of refrigerant energy in

the two-phase fluid region can be presented as,
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d(pghy) A-26

1-7)+ 1P

(d(Pf hy)

_ dy )
4P )+ (pghg — ,thf) ar 1> AcsL, P

+ (1 -y )(pfhf - pghg)ACSLl
. . L,
= Minhin — minthg + ailAi I (TW1 - TT1)
total

Substituting Equation A-21 in to Equation A-26, conservation of refrigerant energy in the

two-phase fluid region can be presented as,

d(pshy) d(pghy) ,_ dy . A27
( 5oL =7) + = () + (pghg = prhy) 75— 1) AcsLa?
dp; dp,| \dhg
thy K P > 2 (ah2 ) AP AcsLoP
+ (1 =7)(prhs = pghg)Acsiy + Acshy(pg — p2)L1
1 ap .
+= > hy <6h2 >ACSL2hout

. . Ly
= minhin — mouthg + ailAi —Ltotd (TW1 — Trl)

The conservation of refrigerant energy for superheated vapor region is calculated as,

j'Ltotal a(pACSh) p A-28
: ac -

1

Ltotai 0 (ph)
=A j dz
CS L at

Ltotal

= Acs dt (ph)dz + pghgi‘ll
jatJg,

[ d .
= Acs I (pzhal2) + Pgth1]
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= Acs[chsz + (p2ha + chz)Lz + Pgthl]

. 0p>
P+ (=2
hz) (ahz

. dp
= Acs [(Pghg - chz)L1 + Ka_PZ

)hzl h,L,
P
+ chszl
= Acs l(pghg - chz)L1
op, ) :
+ K— :
0P Ip,
dp; Roue + hg hour + hy
*\an 2 2 )b
2'p
Rout + R
ol
2
= Acs [(Pghg - thZ)Ll
op, ) :
+ K— :
OP lp,
dp, houe  1dhy \|(hout + Ry
+<ath><z T 2 )l

h 1dh, .
+ps (O—’“+——9P> Lzl

2 2 dP
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= ACS(pghg - chz)L1

9p,
" KW
1dh
2 dp

4z 1 aPz

2|\\an,

jl’total a(ACSP) p A-29
: at -

dhy
dP

1/0
)4
hy 2\0h,l,

Pz ACSLZP

) h, + ,02] AcsLohoue
P

1

Ltotala(P)
—4 f 20 4y
CcS L at

d .
= Ags [E (PL,) + PLl]
= Acs[PLz +PL2 +PL1]

=Acs[PL2 _PL1 +PL1]

= Acstp

J‘Ltotal d(mh) 4 A-30
L 9z~

= Moythour — minthg
Leotal A-31
j plalz (TWZ - TTz)dZ
L

1

Ly

plalthOtalL (Twz - Trz)
total
L,
= a,4; L. . (TWZ - TTz)
total
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Combining Equation A-28, A-29, A-30 and A-31, conservation of refrigerant energy in

the superheated vapor region can be presented as,

i/ap, 0py| \dhy|,  1dh, .
Acs(pghg — p2hy) Ly + (ﬁ h2> +5 > <6h2 ,)ap h, +5 > P —2 p, — 1| AgsLP
dp, .
+5 > Kahz P> h, + le AcsLahoye A-32

: : L,
= minthg — Moythour + aizAi Ltotal(TWZ - TTz)

Substituting Equation A-21 into Equation A-32, conservation of refrigerant energy in the

superheated vapor region can be presented as,
90\, 1(%:

oP Iy, 2\0h,l,
dp,

~h KW )

. 1{/0dp,

- ACShg(pg - pZ)Ll + E <6h2

1 0
—Zh, 9p2
2 dh,

dh 1dh,
@z

dapP 2de2

apz dhy .
2 +2 ahz P ACSL2P+ACS(pg — p2hy)Ly

A-33

> h, + le AcsLahot
P

) ACSLZ hout

. . 2
= mouthg — Mouthour + aizAi Ltotal(Twz - TTz)

Integrated conservation of refrigerant wall energy along the tube length in the two-phase

fluid region, Equation A-3 can be presented as,

: Tw, = Tine ; A-34
(CopA (T, + 2200 ) = @, Ay(Ta, = T,) + oo (T — T,)
1

Integrated conservation of refrigerant wall energy along the tube length in the

superheated vapor region, Equation (3) can be presented as,
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A-35

T, =T
(CopA (T, = 22" Ly ) = @ Ai(Tu, = T,) + oo (Ta — T,
2

Switch Moving Boundary Condenser Model Derivation
Condenser with Superheated Vapor, Two-phase Fluid and Subcooled Liquid
When all superheated vapor, two-phase fluid and subcooled liquid are present in the
evaporator, the superheated vapor region fluid properties can be presented as,

b 4 h A-36
1 =%1 TT1 = T(Prhl)l pP1= p(P,hl)

Two-phase fluid refrigerant properties can be expressed as,

p2 =pr(1—7)+ py(¥) A-37
p2h2 = pfhf(]- - ]7) + pghg(f) A-38

Subcooled liquid region fluid properties can be presented as,

By + h A-39
3 = %f' TT‘3 = T(P,hg), pP3 = P(P; h3)

The interface refrigerant mass flow rate between superheated vapor region and two-phase
fluid region is defined as 1m;y,;, . While the interface refrigerant mass flow rate is defined as
Mint,- Integrating Equation A-1 along the tube length in the superheated vapor region, the

conservation of refrigerant mass for superheated vapor region as be calculated as,

f lla(pAcs) +6(Th) dz A-40
0 at 0z
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_ lea(PAcs) dz+jL16(m) dz
0 0

Jt 0z

- Ly op
= Acs Edzl + Mype, — My
| /0

[d (* . .
= Acs E () dzl + Mype, — Mip
| 0

[ d . . .
= Acs i (p1L1) — ngl] + Mine, — Mip

= Acs [plLl + P1L1 - ngl] + mintl — My

d ) d
Kﬂ ) i <ﬂ
dP 1, dh,

+ Mint, — Min

: dp;
P+
h1> (dhl

+ Mint, — Min

. 1/d
>P+—<ﬂ
w) T2\dn

+p1ly — pgls

1/dp, >dhgl i 1<dp1
+==—| |=2|A4csLP + ==
m) 2<dh1P ap |7 T 2\dh,

+ (Pl - pg)ACSLl

= Acs

) h1l Ly +piLy — PgL1]
P

_ A ﬂ hin + ilg
1\ dp ,

2

l Ly +pily — ngl

. 1/dp;
h.,, +——
3G

+ Mint, — Min

dhy . l
_P Ll
)

s

Based on Equation A-40, the conservation of refrigerant mass for superheated vapor

region as be presented as,
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dpl 1 dpl dhg . 1 dpl . . A-41
— === |==|AcsL1P +=|==| |AcsL1h; — pg)AcsL
[(dP h1>+2<dh1p ap | Aest +2 dhy, csLihin + (1 Pg) csla
= mintl — My
Integrating Equation A-1 along the tube length in the two-phase fluid region, the
conservation of refrigerant mass for the two-phase fluid region as be calculated as,
ti+2 [9(pAcs) | 0(h) A-42
f + dz
L ot 0z
1
L1+L2 a A L1+L2 a m
- (pcs)de )
L dat L dz
[ (2 0p . .
= ACS _-];1 E dZ + mintz - mmt1
[ d L1+L2 . .
= Acs E (P) dzl + Mine, — Mine,
|4t UL,
[ d L1+L2 ~ ~ .
|4t JL,

- przl + mintz - mintl

= es |3 ((r (L= 7+ 9y ) 12) + (05 — 1)l — sl
+ mintz - mintl

= Acs [(Pf(l -7+ pg(V)) Lz
+ (=7 + pr (L =7) + (P

+pg () Lz + (pg = py)ia = prla| + thine,
- 7hintl
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= Acs [(Pg —pr)Ly + (pg = pr)7Ls
+ (b =7+ @) + (pg — pr)P)) Lo
+ Thine, — Tine,

= Acs(pg — pr)Ly + Acs(pg — pf)7Ls

dpy
-7+ L)

dy .
aP ( pf)] ACSLZ + mmtz mint1

Based on Equation A-42, the conservation of refrigerant mass for superheated vapor

region as be presented as,
Acs(pg = pr)Ly + Acs(pg — pr)7 L2 A-43
dps dy . .
+ [5(1—7)"‘_(7)"‘ ( g_pf)]ACSLZ = Mint, — Mine,
Integrating Equation (1) along the tube length in the subcooled liquid region, the

conservation of refrigerant mass for subcooled liquid region as be calculated as,

]L 0phcs) 9G] A-44
L at 0z

1+L2

dz

B j'Ltotal a(pACS) g+ .[Ltotal a(m)
A at L 0z

1 +L2 1+L2

Ltotal ap .
- ACS lf a7 dzl + mout Mint,
L

1+L2
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[ d Ltotal
dt (P) dz| + Moyt — Myne,
| Li+L,

E (p3L3)] + mout - mintz

= Acs[p3L3 + P3L3 + pf(Ll + Lz)] + Moy — Thintz

= ACS[p3L3 - P3(L1 + Lz) + Pf(Ll + Lz)] + Moy — Mine,

:AC

dps
S{(\ arP

+ (py

dps
S\ ap

+ (py

I

: dps
P+
h3> (dh’

+ Moyt

>P+
h3

- P3)(L1 + Lz)

1/d
) 4z ( P3
hs 2\dh,

+ Acs(Pf

>h3l L+ (o — p3) (i + 1)

- Th’intz
: dps

—_ P+
h3> (dh’3

- p3)(L1 + LZ) + mout

)£

- mintz

Jar:
3
,) dP

- mintz

1 dP3
2 dh3

e 3 (G

+ Moy

)ACSL3hout

dh 1(d
f P3
> dP)ACSL P +2<dh3 ,

- P3)(L1 + Lz) + Moy — mintz

Based on Equation A-44, the conservation of refrigerant mass for subcooled liquid region

can be presented as,

168



A-45

dp,
dP |y,

1(dp3| \dhs 1(dp;
AcsLsP
>+2<dh3 P> dP) ¢ +2<dh3

+ Acs(Pf - P3)(L1 + Lz) = Mine, = Moyt

)ACSL3hout
P

Adding Equation A-41, A-43 and A-45 together and reorganizing the equation, the

conservation of refrigerant mass in the heat exchanger can be presented as,

dp, 1/dps| \dhy A-46
st ApcL; P
[( dP h1> t3 (dhl st

dP
d .
+[%(1—)/) _(V)+ (g_pf)]ACSLZP

d 1/d
n aps 4z aps
dP Iy, 2 dh3

+ Acs(Pg - Pf)L1 + Acs(Pf —ps3)Ly + Acs(Pg - Pf)VLz

dhy .
1P AcsLsP + (py — pg)ACSLl
P

. 1/dp
+ Acs(Pf - P3)L2 +5 > (dh3 >ACSL Rout
. . 1(dp
= Mijp — Moyt — > (dhi )ACSLlhm

The conservation of refrigerant energy for superheated vapor region is calculated as,

le 0(pAcsh) A-47
. at
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= Acs(.01h1 - pghg)Ll

dp1
+ [(ﬁ

1dh,,
2°dpP

" 11(0p;

2|\dhy

le d(AcsP) dz A-48
0 dt

1/0
)3
n) " 2\on

AcsLy P

3|
,) dp

+ P1

) + .01] AcsLihin
P

d )
= Ags [E (PLy) — Pi,

= ACSPLI

j‘ Lig(mh) p A-49
0 0z d

= mintlhg — Myphin

Ly A-50
j pi&; (Tw - Tr)dZ
0

L
— (TW1 - TT1)

= a;, A;
Ltotal

Combining Equation A-47, A-48, A-49 and A-50, conservation of refrigerant energy in

the two-phase fluid region can be presented as,
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AcsL, P

ACS(plhl - pghg)z'l

0 1/0
n 9p1 4z P1
JP hy 2\0h,

)
+ 9p1
2 ahl

= Miphin — Mine by + @i A;

dhy ], 1dhy
J)ap | Tzap T

) + p1| AcsLihin A-51
P ]

L
L - (TW1 _Tr1)
total

Substituting Equation A-41 into Equation A-51, conservation of refrigerant energy in the

two-phase fluid region can be presented as,

0 1/0 dh 1dhy
L B P Il +==Zp, —1
aPl,, ) " 2\oml,) ap | " 2°ap

dp; 0p1
~hg KW h1> t3 (ah1

— hy(p1 = pg)Acsiy A-52

AcsL, P

dhg .
P AcsLiP + Acs(pihy — pghy )Ly
P

: : Ly
= Minhin — minh’g + ailAi L (TW1 - TT1)

total
4 aP1
2|\ an,

The conservation of refrigerant energy for two-phase fluid region is calculated as,

1 6p1 .
, hy + py | AcsLihin + 5 > s hy 8h1 AcsLihip

fL1+L2 0(pAcsh) | A-53
: at

1

dy .
+ (pghg = prhy) ﬁ) AcsLzP
+ (pghg — prhe)Acsiy +7(pghg — prhy)AcsLy
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fL1+L2 a(ACSP)d A-54
. ot

1

19(P)
e[,
cs o ot

d .
= Acs [E(PLz) —PL,

= ACSPLZ

Li+lz 3 (1ivh) A-55
f dz
L 0z
= mintzhf - mintlhg
Li+L, A-56
J- piai(Tw - Tr)dZ
L

1

- plalsz(TWZ - 2)

L
= a,Ai——(T,, = T;,)

2
Ltotal

Combining Equation A-53, A-54, A-55 and A-56, conservation of refrigerant energy in

the two-phase fluid region can be presented as,

(d(F’f hy) (Pg hy)

d7 .
(1- — =)+ (,Dg — prhy) ap 1> AcsL, P

. B . A-57
+ (pghy — prhs)Acshy +7(pghg — prhs)Acsiy

. . L,
= mintlhg - mintzhf + aizAi ml(’rwz - Trz)

Substituting Equation A-41 and A-42 into Equation A-57, conservation of refrigerant

energy in the two-phase fluid region can be presented as,
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(Pg hy) A-58

dy .
—— 5= @)+ (pghg — prhy) T 1> AcsLyP
1/dp, >dh l
+=-|= AsgL, P
h1> 2 <6h1 T
1/d
e
w) | 2\dhy
+hg(p1 = pg)Acshy + 7(pghg = prhy)Acsly + he(pr — p3)AcsLy

1 dp3
h
"2 <6h3

ap 4

(d(Pf hy)

[ (0P,

[(dps

dhy .
T AcsLsP + (pghy — prhs)Acsiy

>ACSL3hout

. : L,
= minhg - mouthf + aizAi L_ (TWZ - TTz)

total
1 d
—Zh, 9p1
2 9\oh,

) AcsLihin
The conservation of refrigerant energy for subcooled liquid region is calculated as,

.[Ltotal a(pACSh) p A-59
’ a7

1+L2

= ACS[(pfhf - P3h3)L1 + (pfhf - Pshs)Lz]

9 .
+AC5[<£}1>P
3

(223 Vi oty Ags Loy
g,
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ACS[(pfhf - P3h3)L1 + (pfhf - P3h3)L2]

d . 1/0 dh
+ ﬁ P+ — ﬁ _f h3
oP hs 2\0h; P dpP
1dhs )
+§d_,03 AcsLsP
1{/0dps .
+§ 6_h3 , hs + p3| AcsLzhoyt
Ltotal a(ACSP) A-60
j Rlest) 1z
Li+L, at
= AcsL3P
Ltotar d(mh) A-61
f dz
Li+L; 0z

= Moythour — Mint, hf

Ltotal A-62
f pl alz (TWZ - Trz)dZ
L

1+L2

Ls
= piai3LtotalL_ (Tw3 - Tr3)

total

o (Tw, = T)

s lLtotal

Combining Equation A-56, A-57, A-58 and A-59, conservation of refrigerant energy in

the superheated vapor region can be presented as,
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ACS[(pfhf - P3h3)L1 + (Pfhf - Pshs)Lz] A-63
aps| \. 1(9ps| \[dhs 1dh;
sl Vp oy 2 (283 (22| n, 1
+ l(ap n3> +2<ah3p ar )| T zap T
1 6P3
+5 > 8h3 hs + ps| AcsLshout

: : Ls
= Mine, hf — Moythoue + ai3Ai (TW3 - TT3)
Ltotal

AcsLsP

Substituting Equation A-45 into Equation A-63, conservation of refrigerant energy in the

subcooled liquid region can be presented as,

ACS[(Pfhf - P3h3)L1 + (Pfhf - P3h3)L2] A-64
Kﬁh)”z(ahg J\ap )| tzap st
1 aP3
+3 2|\an, , hs + ps| AcsLshoue
dp; 1(dp; dhf .1 dp3
—h AcsL3P — = hy
! (( dP ) "2 (dh3 dp )¢50 T 27 \dhy

- ACShf(pf - P3)(L1 + Lz)

+ AcsL3P

>ACSL hout

. . Ls
= mouthf — Moyt Rout + ai3Ai Ltotal(TW3 - TT3)

Integrated conservation of refrigerant wall energy along the tube length in the superheat
vapor region, Equation A-3 can be presented as,

T, =T, . A-65
(CopA (T, + 2200 ) = @, Ai(Ta, = T,) + oo (T = T,)
1

Integrated conservation of refrigerant wall energy along the tube length in the two-phase

fluid region, Equation (3) can be presented as,
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(CPPA)W(TWZ) = aiZAi(Twz - TT'z) + a,4, (Ta - TWz) A-66

Integrated conservation of refrigerant wall energy along the tube length in the subcooled

liquid region, Equation A-3 can be presented as,

. Two =Tt . . A-67
(CrpAw (TW3 - WL—gt (Ly + L2)> = @i, Ai(Tw, = Tr,) + @040 (Ta = T,)

Condenser with Two-phase Fluid and Subcooled Liquid
When there is two-phase fluid and subcooled liquid in the condenser, the interface mass
flowrate between the superheated vapor region and the two-phase fluid region m;;,,, is equal to
the inlet refrigerant mass flow rate m;,, as shown in Equation A-68. Conservation of refrigerant

mass for two-phase fluid, and subcooled regions are presented as in Equation A-69 and A-70.

Ming, = Mip A-68

. dp dy ) -
Aesps — py )7l + |2 (1 —7) + F2 ) + 5L (o, — )] Acsta A-69

= Mint, — Mine,

d 1(dps| \dh 1(d
E0 ) (23] )\ EL ) aglap + = (S22
apl,, ) " 2\dhsl ) ap 2\dh,

+ Acs(Pf - P3)(L1 + Lz) = Mint, — Moyt

A-70

>ACSL hout
P

Adding Equation A-68, A-69 and A-70 together, the resulting conservation of refrigerant

mass for the heat exchanger is presented as,
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dpf _ dpg _ d)7 .
[ﬁ(l —7) +W(V) +ﬁ(pg —Pf)]AcstP
d 1/d
n aps 4z aps
dPl,, )" 2\dh,
dps

+Acs(Pf P3)(L1+L2)+ <dh

dh
f _ -
)dP>ACSL3P+ACS(pg Pf)VLz A-71
P

>ACSL3hout = Myp — Moyt

Conservation of refrigerant energy in the two-phase fluid region can be presented as,

d(pshy) . d(pghg)
(T(l—y) + =5 7)) + (pghg o) 1) AcsloP
+7(pghg — prhs)AcsL, A-T2

. . L,
= My hin — Mine, Ny + @i, 4; _Ltotal(Twz -T,)

Substituting Equation A-70 into Equation A-72 and eliminating 1, ,, the final

presentation of conservation of refrigerant energy in the two-phase fluid region is shown as,

<d(Pf hy)

h dy .
-7+ 4 g)(7)+(pghg—pfhf)£—1>ACSL2P

dP
dps 1(dps
—h
fl(dP >+2<dh3
6p3

. 1 .
- hf(pf - p3)AC5L2 hf AcsLzhoye
ah 3lp

dhy] . ,
) dlf AcsLsP +7(pghg — prhs)Acsly
p . A-73

. . L,
= minhin — mouthf + aizAi —Ltotal(TWZ — Trz)

Conservation of refrigerant energy in the subcooled liquid region can be presented as,
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ACS(pfhf - P3h3)L2

+ (|| == P+—-(— — || hs3 1| AcsLsP
Kap h3> 2<6h3 )\ap )| Fagp e T | Aests
A-74
1 6.03
+3 2|\an, , hs + p3 | AcsLahoue
: : Ls
= Mint, hf — Moyt Nout + ai3Ai L— (Tw3 - Tr3)
total
Substituting Equation A-70 into Equation A-74 and eliminating 1, ,, the final
presentation of conservation of refrigerant energy in subcooled liquid region is shown as,
— P — || hs 1|(AcsLsP
K aP h3> 2 <ah3 ap )|t 2ap P T | Aests
dp; 1(dp; dhf .
+ hy (( T >+2<dh3 T AcsLsP + Acs(prhs — pshs)L;
A-75

1(/0dp
+ Acshe(ps — p3)La + l(@hz

1 dps
t3 2 2 <dh3

) hs + P3l AcsLzhou:
P

)ACSL3hout

L
L : (TW3_T7‘3)
total

= mouthf — Mouthout + ai3Ai
Integrated conservation of refrigerant wall energy along the tube length in the two-phase
fluid region, Equation A-3 can be presented as,

T,. —T; . )
WZ_thLZ) = aizAi(Twz - TTz) + avo(Ta —Tw ) A

(CppAw (Tw2 + L
2

Integrated conservation of refrigerant wall energy along the tube length in the subcooled

liquid region, Equation A-3 can be presented as,
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Ty, — T A-77

. int,
(CopAli (T, = 221, ) = ag Ai(Tu, = T,,) + @ Ao (Ta = T,
3

Combined Heat Exchanger Model Derivation
This section presents the detailed model derivation of the combined heat exchanger. Mass
flow rates and refrigerant energy are conserved at the interface of evaporator and condenser. The
total mass flow rates at the outlet of the evaporators equal to the condenser inlet mass flow rate
as shown in Equation A-78.
- A-78
D titera, = tery
j=1
Refrigerant energy at the outlet of the evaporators equal to the condenser inlet refrigerant
energy as shown in equation A-79.

A-79

r

~.
1l
[N

herojmeroj = Meriferi

Combining Equation A-78 and A-79 and the above switch moving boundary evaporator
and switch moving boundary condenser governing equations, the combined multi-evaporator
heat exchanger has the general form of Equation A-80. Equation A-81 shows an example of two-
evaporator combined heat exchanger model. Substituting the detailed x states and f vectors
shown in Equation A-82 to A-87 to Equation A-81, detailed matrix elements of two evaporators
in parallel combined model are shown in Equation A-88. The detailed elements in z matrix and f

vector are listed in Table A and Table B.
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Zel,l
ZEZ,l
Ze,

f31 = [fl,evapl
f31 = [fl,evapl
fe = [fl,cond fz,cond

1

2

Xe = [LZ,C

_Zel,l Ze1,2 0
Ze,y1 0 Z,.
Zeoa 0 0
Ze,1 0 0

: 0 0

Zeo 1 0 0

L Zey, Zeyt Zeyp

Xe, = [[L1,31 h1,31

Xe, = [[Ll,ez hl,ez

0 0 0 09r P71 [fe,
0 0 0 0 |lx| [f
Zey2 0 0 0 Xe, fes
0 Z,. 0 0 Xey | = | fos
0 0 ~ 0| : :
0 0 Z.. 0 ||x, fe,
ZC2,4— ZCZ,TL ZC3_ --X.'C 'f‘C J
P
Ze, 2 0 0 i fe,
0 Ze, O xel = |fe,
ZC2,1 ZCZ,Z ZC3 -e2 f;f
Xc
fz,evapl f3,evap1 ﬁ},evapl fS,evapl]T
fz,evapl f3,evap1 ﬁ},evapl fS,evapl]T
f3,cond ﬁL,cond fS,cond f6,cond f7,cond]T
_ T
TW1'6’1 TW2'6’1 yel]]
_ T
TW1'32 TWz'ez yez]]
L3,c hcr3 Twl,c Twz,c Tw3,c 70]

180

A-80

A-81
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fl,evapl
1. p fZ,evap1
Z16 Lel,l f
Zs6 3 3,evap,
P eroq f
36 T 4evap,
e1,W1 f
Tel,wz 5,evap,
Zer  Zeg Zg11 ".lerol fl,evapz
Zz77  Zyg Z7,11 Le, 2 fZ,evap2
Z Z Z h
87 88 8,11 i eroy f3,evap2
7*1/ 7‘1‘1 TeZVWI = f4 A'88
Z107 Z10,10 T v
) ) ey,Wy f
Zi16 Z1111 21112 | 21113 Zi14 Mero, 5,evap,
Zi212 | Z1213  Zi214 L, f1cond
Z Z Z ;
13,12 13,13 13,14 Lc3 f2,cond
Z‘IA.,A Z1/L'11 Z1/1’1’) Z1/1'1Q Z1/1’1/1 h f
3,cond
cro ’
Zis12 | Z15:13 Zis515 ;
Tcw f4- cond
Z1612 Z16,16 T’ ' f '
Zl7,13 217'17_ .C,Wz 5,cond
L Tc,W3 - f6,c0nd
-f7,cond-
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Table A: Z Matrix Elements

Condition 1

Condition 2

Z d(p1,e;h1eq) d(preshre;) d(pgeihge;)
11 ACS,elLtotalel (%_ 1 f€1 fe1 (1 31 ) + —fgearge) ge1 g.e1 ( 31) +
d]/e
(p9'91hg,31 Py, e1hf 31) - 1) AC561L31P +
0p2.e
g,e1 oP h2’31
1 0p2,e, dhg.e, .
2 <6h2,e1 P> dP ACS,e1L2,31P
Z 0
21 apz,el + 1 apz,el dhg e, h +
a5 S\ 5 T 2,
P lp,,, 2\Ohze |, ) apP €1
1dhge
2 ap . P2e; — 1‘ AcseiLe, —
apZ,el
2,eq1
1 apz,el dhg e,
2 <6h2 e1 P) dp AcserLze,
Z31 0Py, dpf e1 pg e1 y€1 _
ACS,elLtotalel 71 L (1 31 ) +— (V€1 ) + (pg €1
1,6‘1
apZ,el
pf,el)] ACS,e1L1,61 + [( P hy ) +
,e1
1(09p2e, dhge,
2 <ah2,e1 p) dp AcserL2e,
Z 0 -y
12 Acse, (1 Ve, )(pf.elhf'el ’09 e1h9 el)
+ ACS,elhg,el (pg,el - p2,e1
Z13 dy,, 0
(p9,€1hg:€1 - pf.e1hf.e1) dt Ltotale1
Z1e her01 hg,61
Z 1 _ _ _
22 ACS,e1 (pg,91 hg,91 pZ,eth'el) ACS,el (pg,61
p2,€1)
Z33 0 1[0
P2e
2|\ on,.. ei ) hoe, + P2e, | Acse Lae, —
1 apZ,el
5 9.1\ ah, el P>ACS,e1L2,e1
Zz6 0 hero, — hg,e1

178




Table A: Continued

Condition 1

Condition 2

Acse,(1=Ve, ) (Pro, = Pge,) +

Z3 0
ACS,el (pg,e1 - p2,e1
a
VA ACSe Liotaje “ ——1 1 0Pz, A L
33 1 1 a 1lp 2 ah2,91 b CSe1t2,eq
Zag 1 1
T, —Te. i
Z4r 0 (CppA)we, <_61'le1 e el'mt)
€1
m (CppAwe, (CppA)w e,
T, —Te. i
Zs; 0 —(CopAwe, (—el'wfz - el'mt)
1
255 1 (CP:DA)W e
d(pfe hfe ) d(pge hge )
( 2 2 (1 ez ) 4 ~P9e2 gez) ( ez) +
(pg,ezhg,ez - pf,ezhf,ez) d_PZ - 1) ACS'ezLezp +
7 d(pl,ez hl,ez)
61 Acse,Ltotale, T 1 h 0Pz,
9.2 op hZ ) +
l apZ,ez dhg,ez >
2 (ahz,ez P> dp AcserLize,P
apZ,ez l apZ,ez dhg “rge
“( op h2rez> ¥ 2 (ahz'ez P) ap "2 ez
1dhg,
2 d‘i £p2e, — 1| Acse,Lae, —
Z7q1 0
apZe
h ol )+
e [( op h2'6’2>
l apZ,ez dhg,ez
2 <ahz e P) dp Acserlize,
dpfe dp e ]/e
[ 2(1 €2)+ g2(€2)+ap2(g€2_
ap 9p2
1e =2
Zg1 Acs.e,Ltotaie, 6P2 pf,ez)] ACS,ele,ez + l( P p, . +
hl,ez '
l apZ,ez dhg,ez
2 <6hz,e2 P) dp Acsiey Lz,
Z 0 Acs.e, (1 B T/ez ) (pf,ezhf'ez N pg,ezhg'QZ) +
67
ACS,eZ hg,ez (pg,ez - p2,e2)
&
Zes v 0

e
(pg,ez hg,ez ~ Pfe, hf,ez) d_tz Ltotale2
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Table A: Continued

Condition 1 Condition 2
Z6,11 heroz hg'eZ
ACS,eZ (pg,ez hg,ez - pZ,ez hZ,eZ) - ACS,eZ (pg,ez -
Z77 1
p2,e2)
1|[0pze
E [(ahz ez > h2,€2 + pZ,ezl ACS,EZLZ,QZ -
Z7g 0 e
1 apZ,e
E hg,ez (ahz_gz P) AC5,€2L2,€2
Z7’11 O heroz - hg,ez
Z87 O ACS'ez (1 o }762 ) (pfﬁeZ - ’09,92)
+ ACS,eZ (pg,ez - p2,e2)
0Py, 1[0p2,
Z88 ACS,ethfotale2 ﬁ p E (WZZ ACS,ezLZ,ez
, el p
Zg11 1 1
T, s _Te R
Zg7 0 (CPpA)W,ez (Nil—zmt)
,€2
Zyg (CppA)w e, (CppA)w e,
T, B _Te R
Z10,7 0 _(CPPA)W,ez (Niz—zmt>
,€2
Z10,10 1 (CP,DA)W,eZ
d(Pf,chf,c) = Py
( dpP (1 Yc ) + ACS CL1 c P1,c +
d(Pg,chg,c) (— ) + ( h ' ' opP hi,c
dp Ve Pg,clg,.c 1 (apl,c )dhg,C l he o+la oo dhg,cp
ay, == == - —2=p . —
Zi1 pf.chf.C)d_; - 1) Acs,cloc — 2\0hyc|p) ap |THE T 27CSCTLC gp FLC
’ dps, _ 0p1,c
ACS,CLZ,C + hf,c [(ﬁ h > + ACS,CLl,C hg,c [( P hlc) +
3,c ,
1 (dpsc| \dhre 1(0pic| \dhgc
E(dhs,c p) ap lACS’CL3'C 2 <ah1'c p/ 4P Acsichue
d(pf.chy,c) _ d(pgchg.c) /-
(FELMe (1 -7, ) + S8R0 (7, ) +
day.
(pg,chg,c - pf,chf,c) d_PC - 1) ACS,CLZ,C +
0p1,c
hoo (222 )+
Z121 0 o K op hLC)

1(0p1,c dhgc
L (2ene < Ags el e +
2 (a’h,c P dP CcS,cH1,c

0p3,c 1(0ps3c dhf,c
ht.c K P lp,, +3 dhscl,) ap Acsclac
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Table A: Continued

Condition 1

Condition 2

ap
ACSCL3C l( O;C h > +
3,c

=

1(0p3c dhy ¢
+3 (5] ) e o+
h3 ¢ 3clp

1 <0P3,c ) dhgc l h
P) f,c 1dhy,
fac dny dhye E§p3 c 1} ACS,CL3,C -
Z13,1 ACS cL3 cP3.c dp ACS cL3 c s
5 hf c p3,C +
P3,c + ’ aop R3¢
apP Iy '
> psc| \ahre |4
1 0ps3,c dhgc A L. R 0h3c AP CS,c™~3,c
2 \0hs b dp CcS,ct3,clteri
dp1,c > 1 (apl,c ) dhg,c l
PPrel ) 4o (2Rl )22 Apg Ly +
d _ d _ CS,cH1,c
[ﬂ (1 —Ye ) + pg,c (Vc) + (pg,c - l( ade hie z ahl;pp ap
dyc 0p3 ¢ [ Le (1 — Ve ) + g'C (Vc) + (pg,c -
p c ACS cLZ c ' +
Z 1 P
14,1 h3c dyc Ane L 9p3,c
pf c cS,ch2,c ? +
1 <% ) ahf,c A L h3 ¢
2 6h3'(; P dapP CS,c™3c 1 6p3,c dhf,c A L
2\ohsc|p) ap €S,c™3,c
le,6 her01 hg,c - her01
le,ll -1 -1
Zl4,6 heroz hg,c - herog
Zl4-,11 -1 -1
Acs,c(Pg,chgc = Prchye)Ve +
211,12 i‘l( gc( 9. _ fc)];lc) ¢ (—hl,c + hg.C)pl,cACS,C
CS,c pf,c p3,c f.c
Z11,13 0 (_hl,c + hg,c)pl,cACS,c
ap
Z11,14 (ahzz )ACSCL3 chyc 0
7 1 ACS,C(]- - Vc )pf,chf,c
12,12 —
+ ACS,chg,c (YCpg,c - pl,c)
212,13 1 Acs c(P3 che — pl,chg,c)
ap
Z12,14 0 2 hf c (ahzz P) Acs,cLsc
Z13,12 ACS,cp3,c(hf,c - hs,c) 0
Zl3,13 0 ACS,C(]- - Vc )(h3,c - hf,c)
0 1|(9ps3,
ACS cL3 c [ < Pac ) (h3 c cri) + 2 [(ahzz >h3,c + p3,c] ACS,CL3,C -
Zl3,14— P
l ap3 C A L
E,D3'C 2 e ahch cS,c3,c
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Table A: Continued

Condition 1 Condition 2
Zl4r12 ACS,c(pg,C - pf,c)yc ACS,ch(pg,c - pf,c)
+ ACS,c(pf,c B p3,c)
Z1413 0 Acs c(.03,c — pf,c)
0p3c 0p3 c
Z14,14 <6h3c AcscLac Ohsel AcscLsc
Tc W1 TC intq
Z15,12 0 —(CppAw,c (L—c
Tcw1 Tc inty
215,13 0 _(CP,DA)W c (L—c
Zi5.5 1 (CopA)w
Tc,wz _Tc,intz
21612 (CPPA)W,C <—L2 C 0
Zi616 (CPPA)W,C (CPPA)W,C
TC,W3 _Tc,intz TC,W3 _Tc,intz
Z17,13 (CP.DA)W,C <T (CPPA)W,C T
Z1717 (CopAw,c (CppA)w
Table B: f Vector Elements
merilheril - merolherol . h + A Ll,e1 T
A T meri1 eriq ail,el ieq I wi,eq
fl,evap1 + ail,el i,el( wy,e1 totaleq
— TT1,91) — TT1,91)
LZ e
€1
fZ,evap1 0 ai2,€1Al,e1 TWz,€1 - TTz,e1)
Lt otaleq
f3,evap1 meri1 meri1
f;Levap ail,elAi,el (Twl,el - Trl,el) + ail,elAi,el (Twl,el Tl el) +
) 1
ao,ele,el (Ta,el - Twl,el) ao,ele,el (Ta,el Twl,el)
fs k (T -T ) ai2,€1Ai'6’1 (TW2,€1 Trz 6’1) +
evap, e\lwy,e wy,e
o o a0'31A0'31 (Ta,e1 TW1, )
. . . Ll,ez
f merizheriz - merozheroz + merizheriz + ail,ezAi,ez L . (Tw1,32
1,evap, totale,
ail,ezAi,ez (Twl,ez - Trl,ez) _ T )
71,62
2,@2
fZ,evapz 0 alz,ezAl ez TWz,ez - TTz,ez)
Lt otale,
f3,evapz meriz merlz
ﬁevap ail,ezAi,EZ (Twl,ez - Trl,ez) + ail,ezAi,EZ (Twl,ez Tl ez) +
) 2
aO,EZAO,EZ (Ta,ez - Twl,ez) ao,eon,ez (Ta,ez Twl,ez)
fs k (T -T ) aiz,ezAi,ez (Twz,ez TTz ez) +
,evap, e\lwye wy,e
vz 22 ao,eon,ez (Ta,ez TW1, )
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Table B: Continued

L,
ah,cAcht vale (Twye = Tryc) —
. L2 c
—Merohy e + @ A ic Wa,C 1{(2p1c
fi.cond T ’111 Ltotal,c ( 2 2|\an, hlc + Pp1c|Acs,cly, chcrl +
7'2.0) 1 (0P1,c )A L h
2°9.C¢ dhy . b CS,cH1,c'cri
mcrihg,c - mcrohf,c +
Lac
fz,cond 0 i1,c4i,c Lmtal,c( Wo,C rz,c)
1 0p1,c 3
1y (— Ags oLy chiars
2°9.C¢ dhy b CS,c™H1,c'cri
f mcrohcrl mcrohcro + Mero hcri — Meyo hcro +
L
3,cond 3,¢
: a; ;. Ao —2~(T,. . —T,
L3, C i,c Ltotalc( w3, C 7'3.6') 13,c7L,C Ltotalc( W3, C 7”3.0)
. 0p1,c 3
ﬁl,cond —Mero mcro -7 <6h1 . ACS,CLl,Ch'CTi
kAT T ail,cAi,c(Trl,c - Twl,c) + ao,cAo,c(Ta,c -
fS,cond c( wq,C wz,c) T )
wWiy,C
f aiz,cAi,c(Trz,c - Twz,c) + aiz,cAi,c(Trz,c - Twz,c) + ao,cAo,c(Ta,c -
6,cond
ao,cAo,c (Ta,c B Twz,c) Twz,c
f ai3,cAi,c(Tr3,c - Tw3,c) + ai3,cAi,c(Tr3,c - Tw3,c) + ao,cAo,c(Ta,c -
7,cond
ao,cAo,c (Ta,c B Tw3,c) Tw3,c
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