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ABSTRACT

This research explores the application of a reduced order modeling technique known as proper
generalized decomposition (PGD) to models commonly employed in nuclear science and engineer-
ing. PGD is an a priori reduced order modeling technique that seeks a separated representation of a
multi-dimensional variable. A separated representation involves decomposing a multi-dimensional
variable into a sum of products of 1-D dimensional functions. It is conjecture that this represen-
tation can significantly reduce the burden of evaluating multi-dimensional linear systems. To in-
vestigate PGD’s capability for this computational expediency and reduction in dimensionality, this
research applies a PGD approach to four different types of problems: nuclear reactor criticality,
multigroup neutron diffusion, neutron transport, and parameterized neutron diffusion. This disser-
tation first discusses the impetus of reduced order modeling and the methodology behind PGD. It
then details the mathematics of the PGD algorithm and its application to several simple examples,
including tailoring the algorithm for heterogeneous domains. The rest of the dissertation discusses
the various new applications of this PGD approach.

In the criticality application, PGD is utilized to reduce the computational burden of evaluat-
ing multigroup neutron diffusion eigenvalue problems. In this application, each multigroup flux
is sought as a finite sum of separable one-dimensional functions. With this representation, PGD
is used to evaluate the linear systems within the power iteration process of the eigenvalue prob-
lem. The dissertation discusses the implementation of PGD to these eigenvalue systems including
a derivation of PGD operators for multigroup neutron diffusion problems with standard power it-
eration and power iteration accelerated with adaptive Wielandt shift. To illustrate PGD’s effective-
ness, the implementation is applied to eigenvalue problems ranging from homogeneous to highly
heterogeneous geometries with one-, two-, and four-group material properties. With comparison
to full-order model evaluation with MOOSE, the effectiveness of PGD is found to be problem-
dependent. PGD always out performs the full-order model with close to homogeneous problems,

but its performance degrades with more realistic reactor problems.
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In the space-energy approach, two different approaches are analyzed that utilize PGD to eval-
uate multigroup neutron diffusion problems, or more generally, coupled diffusion-reaction prob-
lems. This dissertation gives an overview of the PGD methodology and neutron diffusion with
multigroup energy discretization. The first PGD approach performs a space-only decomposition,
where a spatial separated representation is sought for each multigroup flux. The second approach
is a full space-energy decomposition, where the energy dimension is included in the PGD sepa-
rated representation. The dissertation also explores the prospect of performing a decomposition
for different energy regions, effectively creating macro groups that retain fine-group structure. An
algorithm for decomposing the linear operators to create an efficient PGD iteration process is ex-
plained for each of the approaches. The results include two 2-D, two-group examples and a 3-D
seven-group example. When comparing with the full-order model, evaluated using MOOSE, both
PGD approaches prove effective for mildly heterogeneous geometries, but show difficulty when
dealing with more complex geometries. Furthermore, the space-energy representation is much
slower than the space-only approach for the two-group problem, but proves more effective for the
seven-group problem. The results also include a 145-group graphite block example, where PGD
with space-energy separation significantly reduces the computational time compared to a special-
ized deal . IT implementation.

In the neutron transport application, two different PGD approaches are utilized to evaluate
the linear systems involved with Sy neutron transport. In the first approach, each Sy angular
flux is sought as a finite sum of separable one-dimensional functions. In the second appoach, a
space-angle decomposition is investigated, whereby including the angular decomposition in the
separated representation. PGD has been applied extensively to advection-diffusion problems, but
none that include pure advection and scattering-type variable coupling. This discussion discusses
these implementations of PGD to the source iteration strategy for solving the neutron transport
equation. To illustrate the effectiveness of PGD to evaluate these problems, it is applied a two-
dimensional homogeneous example with a volumetric source with various scattering ratios. It is

found that PGD is ineffective for pure absorption problems due to the extensive number of terms
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required in the separated representation, which is verified by singular value decomposition of the
full-order model. However, potential is found in utilizing PGD for problems requiring source
iteration where the difference in two iterations’ solution is much more separable.

In the parameterization application, a PGD approach is employed for uncertainty quantification
purposes. The neutron diffusion equation with external sources, a diffusion-reaction problem, is
used as the parametric model. The uncertainty parameters include the zone-wise constant mate-
rial diffusion and reaction coefficients as well as the source strengths, yielding a large uncertain
space in highly heterogeneous geometries. The PGD solution, parameterized in all uncertain vari-
ables, can then be used to compute mean, variance, and more generally probability distributions of
various quantities of interest. In addition to parameterized properties, parameterized geometrical
variations of 3D models are also considered. To achieve and analyze a parametric PGD solution,
algorithms are developed to decompose the model’s parametric space and semi-analytically inte-
grate solutions for evaluating statistical moments. Varying dimensional problems are evaluated in

order to showcase PGD’s ability to solve high-dimensional problems and analyze its convergence.
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1. INTRODUCTION

1.1 Curse of Dimensionality

One of the most significant contributions to the complexity of computational science and engi-
neering is the multi-dimensional nature of physical systems, or the so called “curse of dimension-
ality". The computational burden of solving highly-dimensional problems is especially prevalent
in nuclear science and engineering. Despite the impressive advances in computer science and nu-
merical modeling, many problems remain intractable. The following itemizes various phenomena

in order of ascending difficulty:

e To simulate physics in a realistic fashion, variables often must be expressed as spatially
dependent quantities. Typically this involves evaluating the variable in a three dimensional
space, (z, y, z) in Cartesian geometries. If this space was discretized with M nodes in each
dimension, the resulting system would involve M/® unknowns. Therefore, if a more accurate
answer is desired, a uniform refinement would increase the size of the system by a factor of

eight at each refinement.

e The neutron transport equation, the gold standard for modeling neutron population behavior,
includes a variable (angular flux) which lives in a phase-space of seven dimensions: three for
position (), two for travel direction (ﬁ), one for energy (£), and one for time (). This high-
dimensional physics is often formidable to simulate with the system size easily reaching
into the trillions of unknowns. Furthermore, the time dependence leads to a stiff system of
equations and thus must use implicit time discretization. It is common in nuclear reactor
analysis to remove the angular dependence (Q). However, this 4-D+time neutron diffusion

problem often still requires high performance computing resources to solve.

e Mathematical models used to represent physical systems often have many parameters whose
values are not known exactly, but with some level of uncertainty. A technique for gather-

ing the dependence of the solution with these parameters for uncertainty propagation is to



parameterize the solution, whereby adding the the parameters as extra dimensions to the nat-
ural dimensions, discussed in the previous points. When the number of parameters is large,
the propagation of uncertainty on the system’s output becomes computationally challeng-
ing; this is known as the curse of dimensionality in parametric uncertainty quantification
(UQ). Using common methods like polynomial chaos, a modest uncertain space may require
millions of system evaluations. Further, when the model itself is expensive to evaluate, the

problem as posed may become intractable.

This list is by no means an exhaustive description of all the difficulties in modeling and sim-
ulation of nuclear science and engineering. However, it is meant to show how the complexity of
problems increase dramatically as more realistic and accurate simulations are desired. The purpose
of this dissertation is to investigate the potential of a reduced order modeling technique known as
proper generalized decompositions to alleviate the computation expense of evaluating these prob-

lems.
1.2 Background on Reduced Order Modeling

Reduced order modeling (ROM) is a technique that aims to decrease the size of a system by
extracting the relevant information into a much smaller subspace. Typically, the application of
ROMs reduces the solution space a posteriori, that is, after a full-order (or high-dimensional)
model has been exercised for a range of parameters to determine the proper subspace where the
physics solution evolves. Many techniques for a posteriori ROM exist, one example is Proper
Orthogonal Decomposition (POD) [1, 2, 3]. Some applications of POD include computational
fluid dynamics [4, 5, 6], shallow water [7, 8], and mechanics [9, 10]. Some recent applications
of POD for ROMs in the nuclear engineering community include reactor kinetics [11], particle
transport [12], and criticality [13], for instance. In order to further illustrate the purpose of ROM,

the following subsections gives a brief overview of POD with simple examples.



1.2.1 Reduced Order Modeling with Proper Orthogonal Decomposition

Suppose, after discretization, that a solution to a given physical system involves K degrees of
freedom. POD finds and truncates an orthogonal basis to this solution such that the number of
degrees of freedom for the truncated system is less than K. For a simple example, suppose there
is a RGB image that is 1186-by-2048 pixels, which equates to a solution with K = 7.3 x 10°. To
find the ROM of this image, it is restructured as a 2-D array were the columns are RGB values of

the pixels in the y direction and the rows are values in the x direction, shown by the array A:

R, Rio ... Rigous
Ry, Roo ... Roous
Rige1 Riise2 - Ii1s6.2048
Gia Gia ...  Giaoas
G Gao ... Gaaous
A= . (1.1)
Gussg Grise2 - Giise 2048
Bia Biso ...  DBias
By, Byo ... Baaug
Biige1 Biiss2 --- Diige204s

Singular value decomposition (SVD) is then used to find the orthogonal basis of the array, which is
shown by Equation (1.2a) [14, 15]. U is the left orthonormal basis of size 1186 x3-by-2048, V' is
the right orthonormal basis of size 2048-by-2048, and ¥ is a diagonal matrix containing the 2048
singular values. The ROM is then found by truncating the bases such that some percentage of the

singular values are still present, shown by Equation (1.2b).

A=UxVvT (1.2a)



A~UXVT (1.2b)

Assuming 3. is truncated to n singular values, U is then 1186 x3-by-n and Vis 2048-by-n. Fig-
ure 1.1 shows an example image and what the image looks like when truncating to various numbers
of singular values. Figure 1.1d shows that when n = 100, the image is visually identical. With this
truncation, the number of values in the resulting reduced order model is a tenth of the number of

values in the original full-order image.
1.2.2 Proper Orthogonal Decomposition for a Physical System

A common application of POD is to produce a ROM of a physical system whose given input
parameters are not known exactly. The idea is that this ROM can be evaluated at arbitrary parameter
values much more quickly than the full-order counterpart. As an example, Equation (1.3) shows a
discretized system with a solution u, operator L, and source g that depend on the parameter values

i with K unknowns.

L(i)u(ii) = q(fi) (1.3)

The goal is to find a new operator L that is much smaller than L so that the solution can be
evaluated more quickly for different values of ji. POD performs this model order reduction by first
solving the solution by evaluating the full-order model at various parameter values or snapshots

(f4;). These solutions are then stored as an array:

uy (i) ua(fia) s (fin)
A u2(.ﬁ1) Uz(‘ﬁz) e U2(.ﬁn) | (L4)
| uk(fi1)  uk(fiz) wrc (fin) |

and an orthogonal basis is found by performing SVD on matrix A, shown by Equation (1.2a).
The decomposition is then truncated to 7 based on a percentage of the singular values, shown

by Equation (1.2b), such that 7 < min(n, K). POD makes the assumption that w is a linear



combination of the columns of U:

U; = Z&jﬁi]’ . (15)
j=1

(d) 100 singular values (61%) (e) 500 singular values (90%)

Figure 1.1: Image when performing various POD approximations



The system defined by Equation (1.3) is then projected onto the subspace described by Equa-
tion (1.5):
U'L(ilUa =U"q(ji) . (1.6)

This system now involves 7 unknowns. This reduced order system, or model, can then be used to
sample more values of /i at a significantly reduced computational cost.

These two examples are meant to illustrate the potential of ROM, particularly POD, to reduce
the computational rigor of evaluating large systems for UQ purposes. A major drawback of POD
is that producing an initial basis by taking snapshots of different parameter values can be over-
whelming when the number of unknowns K is very large. Contrary to POD, this research utilizes
an a priori ROM, known as proper generalized decomposition, whereby producing a reduced basis

on-the-fly to system simulation.
1.3 Introduction to Proper Generalized Decomposition

Proper generalized decomposition (PGD) aims at reducing the dimensionality of a system.
To combat the difficulty in evaluating a multi-dimensional system, PGD decomposes the system
solution into a separated representation [16, 17]. PGD represents a multi-variate function as a sum
of products of one-dimensional functions. A D-dimensional solution is sought as /N sums of D
products, shown in Equation (1.7a), where /V is large enough to represent the solution to a certain

tolerance.

< D N D
u(zy, e, ..., Tp) = ZHuflﬂ(%) ~ ZHU?(:U]) : (1.7a)

n=1 j=1 n=1 j=1
For instance, a two-dimensional variable u(x, y) can be decomposed into N sums of products of

functions of x and y, shown in Equation (1.7b).

u(@,y) =D X(@)Yaly) = Y Xo(2)Ya(y) - (1.7b)

As such, the advantage of PGD is readily apparent. If a solution to a problem involves D di-

mensions with A/ nodes in each dimension, the problem will involve solving a system with A"



unknowns. With PGD, the number of unknowns would be N x D x M. Put simply, usually
a system size will increase exponentially with the number of dimensions, while PGD increases
linearly. Additionally, if the system is uniformly refined, the system size increases as 2 x D,
while an unreduced system size increases as 2. One of the disadvantages of PGD is that a linear
problem now requires a non-linear solution process because the solution is sought as products of

one-dimensional solutions.
1.3.1 Current PGD Applications

As stated in the previous section, PGD seeks a separated representation of a multi-dimensional
variable. This representation is not a new concept. This form as been utilized in quantum chemistry
for decades, particularly the Hartee-Fock representation of wave functions [18]. Additionally, a
space-time separated representation has been utilized by Ladeveze’s group in the development of
the LATIN method for nonlinear structural mechanics [19, 20, 21]. However, PGD has only been
developed in the past decade. Despite its adolescence, PGD has been applied to a wide range of
subjects. Some of the first applications of PGD include the multi-bead-spring model of polymetric
fluids [22, 23, 24]. PGD for the separation of physical space has been applied to heat flow [25, 26]
and structural mechanics [27, 28]; especially interesting is the x-y/z separated representation for
plate geometries [28, 29, 30, 31].

One of the hallmarks for the PGD method is its capability to parameterize models by adding
uncertain parameters as extra coordinates. Thus, the dimensionality of a model includes the natural
space and temporal coordinates, but also extra dimensions for each parameter under investigation.
These parameters and types of models investigated using PGD vary widely across literature. Some
of these applications include parametrizations of source locations [32], boundary conditions [27],
geometric parameters [33], and material properties [34]. Most of these applications involve param-
eterizing only one or two properties, where the material properties are homogeneous. One notable
exception can be found in Lamari et al. [35], where a parameterization of the heat conduction
coefficient in every region of a heterogeneous domain is performed, with homogenization as the

ultimate goal of their study. These parameterized models can then be utilized to perform many



useful types of analyses for physical systems. Some of these include process optimization [36],
shape optimization [33, 37], inverse problems for real-time simulation [29, 32, 38, 39, 40], and
uncertainty quantification [41, 42, 43].

This review is by no means a exhaustive list of current applications and developments of the
PGD method. Luckily, PGD books [16, 44, 45] and review papers [46, 47, 48] have detailed lists

of PGD methods and applications.
1.3.2 PGD in Nuclear Science and Engineering

PGD is a relatively new method and its applications are currently very scarce in the field of nu-
clear science and engineering. There are mainly two publications applying PGD to neutron diffu-
sion models. Gonzalez et al. [49] implemented PGD to solve a 2-D, mono-energetic k-eigenvalue
problem. This paper investigated the use of an Arnoldi-like algorithm within the PGD process
to resolve the eigenvalue problem. Senecal & Wi [50] applied PGD using the MOOSE library
(Multi-physics Object Oriented Simulation Environment) to 2-D steady-state neutron diffusion
problems, including two-group diffusion. This paper is very detailed in the PGD implementation
for two-group diffusion, but no generalized procedure for multigroup problems exists and only
mildly heterogeneous problems have been investigated.

Beyond published manuscripts, there are some presented research on PGD application to tran-
sient diffusion and transport. Alberti & Palmer [51, 52] investigated application to space-time
separation in 1-D transient diffusion, with nonlinear model considerations. Dominesey et al. [53]

investigated space-angle separation for 1-D homogeneous transport problems.
1.4 Objectives of the Dissertation

The goal of this research is to tailor the PGD algorithm for application in nuclear science
and engineering and analyze its capability for reducing the computational cost of evaluating these
models. In achieving this goal, the PGD approach presented in this dissertation is applied to prob-
lems and governing laws that have not been investigated in previous PGD works. The following

subsections describe each of these applications.



1.4.1 Multigroup Neutron Diffusion Criticality Calculations

In this application, PGD is used to evaluate the linear systems involved in the generalized
eigenvalue problem for nuclear reactor criticality calculations. This application goes beyond the
work by Gonzalez et al. [49] by investigating the multigroup version of the neutron diffusion
problems. This extension to PGD applications is crucial for analyzing the capability of PGD to
solve realistic reactor-physics problems. The research investigates the use of PGD within the

standard power iteration procedure for resolving the nonlinear eigenvalue-eigenvector coupling.
1.4.2 Fixed-Source Neutron Diffusion with Space-Energy Separated Representations

In this application, PGD is used to evaluate fixed-source, steady-state multigroup neutron diffu-
sion problems. These types of problems are subject of the work by Senecal & Wi in [50]. In their
approach, each multigroup flux was separated in space-only, like in Equation (1.7b). The work
presented in this dissertation compares the space-only approach with a full space-energy separa-
tion, whereby including the energy dimension in the PGD separated representation. This approach
has the potential to significantly reduce the computational burden of evaluating fine-group calcula-
tions. This application applies both approaches to heterogeneous multigroup problems, where the

potential of PGD to solve realistic models is analyzed.
1.4.3 Neutron Transport

As stated in Section 1.1, the neutron transport equation lives in a seven-dimensional phase
space, which indicates that PGD could significantly reduce the dimensionality of these problems.
In this research, the capability of PGD to serve as a reduced order model is analyzed by investigat-

ing the separability of a transport solution.
1.4.4 Parameterized Neutron Diffusion

Often parameters of a model are not known exactly, but with some degree of uncertainty. These
parameters can include material properties, geometric features, boundary conditions, etc. Paramet-

ric modeling considers these uncertain parameters by expanding the model in the parameter space.



Developing parameterized models are important for uncertainty quantification (UQ), which mea-
sures the impact of the uncertainty of a system’s properties. Parameterizing a model can be viewed
as adding many more dimensional coordinates. Typically, the dimensionality of a model includes
space and temporal coordinates. Parametric models include these natural coordinates as well as
the total number of properties being parameterized. Parametric modeling is inherently high dimen-
sional and when the full-order model is expensive to evaluate, the problems as posed may become
intractable. In this work, PGD is utilized to develop a parameterized neutron flux which has un-
ambiguous dependence on the uncertain parameters. This solution can then be used to propagate
uncertainties, compute statistical moments, and perform design optimization with little computa-

tional effort.
1.5 Dissertation Structure

The chapters of this dissertation are as follows:

e Section 2 introduces the PGD solution process. This includes a generalized algorithm that
can be applied to any linear system. Additionally, the chapter includes a methodology to de-
compose material properties for heterogeneous geometries. Several results are also included
that apply PGD to the Poisson equation with method of manufactured solutions (MMS)
for verification purposes. Finally, this chapter includes several diffusion-reaction examples

which compare run-times and error with full-order model evaluation.

e Section 3 involves the PGD application to multigroup neutron diffusion criticality calcu-
lations. Here, the multigroup neutron diffusion equation is presented with descriptions of
various power iteration techniques to evaluate the generalized eigenvalue problem. The tech-
nique in which PGD is applied to the power iteration procedure is also discussed with modi-
fications to the underlying algorithm, including solution compression, eigenvalue projection,
and adaptive enrichment tolerance. Results are presented for several reactor criticality prob-

lems and performance comparisons are made with full-order model evaluation.

e Section 4 involves the PGD application to neutron diffusion with space-energy separated
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representations. This chapter presents the fixed-source, stead-state multigroup neutron dif-
fusion equation. The PGD system construction is also presented for the additional energy
dimension to the PGD solution decomposition. Results are presented for varying number
of energy groups comparing the space-energy representation with space-only PGD and full-

order model evaluation.

Section 5 investigates PGD’s application to neutron transport problems. This chapter intro-
duces the mono-energetic neutron transport equation with Sy discretization of the angular
dimension. Two different PGD approaches are also explained, including space-only decom-
position of each direction’s flux and space-angle decomposition (adding angle into the PGD
separated representation). These approaches are analyzed by observing the separability of

the decomposed solution and convergence of the PGD iteration scheme.

Section 6 involves utilizing PGD to produce parametric models for neutron diffusion. This
chapter introduces parametric modeling in neutron diffusion and utilizing a parameterized
solution for uncertainty quantification. Application of PGD to these models is described
and the unique construction of PGD operators is explained. The results illustrate the abil-
ity of PGD to evaluate very high dimensional models, otherwise impossible for full-order

evaluation.

Section 7 makes the concluding remarks on all these applications and remarks on potential

future work.
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2. PROPER GENERALIZED DECOMPOSITION

2.1 PGD Solution Process

Proper generalized decomposition (PGD) is an a priori reduced order modeling technique,
where the subspace is built on-the-fly to system evaluation. This section describes the PGD evalu-
ation process with two approaches: variational form and matrix form. For the sake of exposition,

the governing law is written as,

L(z,y)u(z,y) = q(z,y), (2.1)

where L£(z,y) is a linear operator acting on the solution u and ¢(x,y) is the source term. The
derivation is restricted to two dimensions for brevity, but higher dimensional systems can easily be

extracted.
2.1.1 Variational Form

As an introduction to the PGD methodology, the PGD solution process is explained for a 2-D
model and thus seek a separated representation of the solution in = and y, as shown in Equa-
tion (2.2a) [16]. In the PGD process, both £ and ¢ are decomposed in sums of one-dimensional

operators and source terms:

u(@,y) =Y Xu(@)Yaly) , (2.2a)

Lz, y)ulz,y) =Y > Li(x)Xn(@) L (y)Yaly) , (2.2b)
n=1 /(=1
Q

q(z,y) = > qi(z)qi(y) - (2.2¢)
k=1

N is again the number of terms needed to represent the solution  to a certain tolerance. L and ()
are the number of terms needed to fully represent the operator and source using products of one-

dimensional operators and sources, respectively. For a homogeneous diffusion-reaction operator in
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2D Cartesian coordinates, L would equal 3: one for the diffusion operator in each spatial dimension

and one for the absorption/reaction operator, as shown in Equation (2.3).

al X a2,
Lu(z,y) == =V - DVu+ 3,u = Z {—D dxann - DX, ——— dy + 2o XnY, | . (2.3)
n=1

For an operator whose coefficients are dependent on material properties, L and () are dependent
on the decomposition of the heterogeneous geometry. Section 2.3.1 describes the method used for
obtaining this decomposition.

The solution w is built iteratively, one term in the summation at a time, starting with the first
term, X;(x)Y:(y) all the way to Xy (z)Yn(y). This process is known as enriching the solution.
For the first enrichment, the solution is assumed to be a direct separation of variables (u(x,y) =
X1 (2)Y1(Y)). To evaluate X (x) and Y (y), the separated solution is substituted into the governing
law, the equation is multiplied by a test function (v(x,y)), and the equation is integrated over the

full domain,

> [ wcitoxito) | actnitnty
Q
= / dgy(x /Q dyqi(y)v(z,y)dy . (2.4)

k=1 y

Equation (2.4) is now a nonlinear equation between X (x) and Y} (y). To resolve this nonlinearity,
Xi(z) and Yi(y) are solved separately by defining different test functions. When solving for
X (), the test function is v(z,y) = X*(x)Y1(y); and when solving for Y (y), the test function is
v(z,y) = X1(z)Y*(y). Where X*(x) and Y*(y) are the respective 1-D test functions in z and ¥,
and X () and Y} (y) are the last computed solutions. Applying these test functions, the equations

for X (x) and Y;(y) are shown by Equations (2.5a) and (2.5b), respectively.

L Q
S8, / X DE@X e =3ty [ X @i, .58

-1 2
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Q
S B / Y LYy =S At / Y*(y)gl(y)dy (2.5b)

where,

ue/ Xi(2)Li(2)X;(w)dz (2.62)
%k—/ Xi(z)q; (x (2.6b)
o= | YLKy @60
Tk = /Q Yy (2.6d)

Once X;(z) and Y7 (y) have converged to a certain tolerance, the enrichment process continues by
then evaluating X, () and Y3 (y).

Suppose all terms up to index N — 1 are known, and now enrichment N is being evaluated.
This is done similarly as before by applying the assumed solution u(z,y) = Zfil Xi(2)Yi(y),
multiplying by the test function v(z,y) = X*(z)Yn(y) or v(z,y) = Xy (2)Y*(y), and integrating

over the full domain,

~

Q
> B | X @0 Xnla)dr =D ¥ | X @

(=1

Note that all the previously computed enrichments (j = 1,..., N — 1) appeared on the right-hand-

side and are known quantities when solving for enrichment V.
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To summarize, the solution process for PGD involves sequentially adding terms to the sum in
Equation (2.2a), also known as enriching the solution. The first enrichment is a direct separation of
variables (u(x,y) = X;(y)Y1(y)) and each dimension is solved individually using Equation (2.4).
However, this is a nonlinear process because the resulting system for X;(z) depends on Yi(y),
and vice versa. This nonlinear process is resolved using a fixed-point iteration or an alternating
direction strategy [16]. Once resolved, a new enrichment term is added to the decomposed solu-
tion, until the contribution of the latest term is less than a certain tolerance. The PGD process is
shown in Figure 2.1 for the case of a two-dimensional z-y problem. This PGD process, adapted
to heterogeneous domains, is further discussed in Section 2.3.1. For additional details regarding
PGD, see the following PGD books [16, 44, 45] and review papers [46, 47].

Since the PGD solution process involves two nested loops, enrichment and alternating direc-

tion, convergence criteria must be defined. This work defines the enrichment criteria as,

v _ _NXNv@[YN @)
L XK@Y W)

< €enr (enrichment tolerance), (2.8)

and the alternating direction criteria as,

vt _ XN (@) = X @)Y () = YR W)l

HXPH(%)H HYPH(:U)H < €,q (fixed-point tolerance), (2.9)
N N

where p is the iteration index.
2.1.2 Matrix Form

This section describes the PGD solution process where the variables and operators are in dis-
cretized form, namely matrix form. The majority of this research utilizes continuous finite elements
(CFEM) to discretize variables. For reference, Equation (2.10) shows the CFEM discretization of

a 2-D variable in a full-order model on a uniform mesh.

o
u(z,y) ~ u(z,y) ZZUUS@W (z,y) (2.10)

=1 j=1
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Enrich:
u(@, y) = Y00y Xn(@)Yaly) + Xn (@)Y (y)

Vv

W

no no Solve for Xy (z):

N=N+1 v(z,y) = X*(2)Yn(y)

N

yes

W

Solve for Yy (y):
v(@,y) = Xn(2)Y*(y)

XN({E) and YN(y>

yes converge?

Figure 2.1: Visualization of the PGD solution process when solving a two-dimensional x-y prob-
lem

where u; ; are coefficients and ¢; ;(z,y) are 2-D basis functions, with / and J nodes in z and v,

respectively. Within the PGD framework, each term in Equation (2.2a) is discretized using 1-D

CFEM:
1
Xo(2) = Xp(z) =Y Xyl (x) (2.11a)
=1
A J
Ya(y) = Yaly) =D Yol (y) - (2.11b)
j=1

The coefficients in Equations (2.10) and (2.11) can be related if the PGD model is designed such
that ¢ ; (2, y) = ¢7 ()¢} (y):
N
wig = XniYoj. (2.12)
n=1

The relation shown by Equation (2.12) is known as projecting the PGD solution into the full-order

space.
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Here, it is convenient to represent the unknowns in vector form, where u; ; — U, X,,; — X,,,

and Y, ; — Y,,. The PGD and full-order model can now be related by,
N
UZZXn®Yn, (2.13)
n=1

where ® is the Kronecker product. The 2-D governing law, shown in variational form in Equa-

tion (2.1), can now be represented in matrix form:

LU =Q . (2.14)
with corresponding PGD representation:
L N N L
LU = (Z Lj® L%) (Z X, ® Yn) =>"> (LiX, o LlY,) (2.15a)
(=1 n=1 n=1 (=1
Q
Q= Q; 2 Q7. (2.15b)
k=1

For information regarding the construction of the multi-dimensional and 1-D matrices with CFEM,
please see [54].

Now, regarding the evaluation of the 1-D PGD coefficient vectors, these unknowns are solved
by the enrichment and alternating direction strategies described in the previous section. Equa-

tion (2.16) shows the matrix form of Equation (2.7).

M:Xy = RY (2.16a)

MYy =RY, (2.16b)

where M and R are matrices and residual vectors, respectively, defined by,

Mh

M =S (Y, L'Y,) L}, (2.17a)

/=1
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L
MY =) (X, LiX,) L, (2.17b)

=1
Q n—1
=2 (Y Q@I -3 (Yu L) LiX;, 2.17¢)
k=1 j=1
Q n—1
=Y (X, QDQL-Y (X, LiX;) LYY, . (2.17d)
k=1 j=1

In this formulation, M and R need to be computed at each alternating direction iteration. However,
if all the L*, LY, Q*, and QY terms are constructed before the PGD process is initiated, then
the computation of M and R involves matrix-vector and vector-vector operations; very efficient

algorithms have been developed for these operations [55, 56].
2.2 PGD for the Poisson Equation

This section analyzes the PGD application to the multi-dimensional Poisson equation,

— Au(7) = ¢(7) , (2.18)
where 7 is of arbitrary dimensionality: in two dimension ¥ = [z,y], in three dimensions ¥ =
[z,y, 2], and in D dimensions £ = [zy,2s,...,xp]. The linear operators, described in Equa-

tion (2.2b), for the 2-D Poisson equation are defined as:

d*X

LEXn(2)LTYnly) = —— 5 Ya (2.19a)
2
Y,

L5 X (2) L5V (y) = —chii? (2.19b)

In the following subsections, PGD is applied to four different Poisson problems. The first is a
2-D and 3-D problem with a homogeneous source, where run-times are compared with full-order
model evaluation. The second and third are problems that involve the method of manufactured so-
lutions (MMS), where error convergence is verified and compared with full-order evaluation. The

fourth problem analyzes PGD with D dimensional Poisson problems. The PGD process, described
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in the previous section, is implemented in MATLAB where the 1-D solution terms are discretized
using CFEM and the linear systems are evaluated using the MATLAB sparse LU solver. The
full-order models are evaluated using the Multiphysics Object Oriented Simulation Environment
(MOOSE), which utilizes a conjugate gradient solver preconditioned with algebraic multi-grid

(AMG). The MOOSE solver is a HYPRE implementation with default numerical parameters.
2.2.1 Homogeneous Poisson Results
2.2.1.1 Visualization of Enrichment Procedure

To illustrate the enrichment procedure, PGD is applied to a 2-D homogeneous Poisson prob-
lem. For comparison purposes, the solution of this problem is decomposed using three different
techniques. The first technique is using PGD to solve the original equation. The second technique
performs SVD on the converged solution. SVD is known to produce the optimal decomposition for
a 2-D array of values [57], see Appendix A for a description on how SVD is used for this purpose.

The third technique uses the 2-D Fourier series representation of the exact solution,

u(z,y) = Z Z A= DML = ()] sin(mmx) sin(nmy) , (2.20)

mimn (m? + n?)

see Appendix B for the derivation of this representation. This representation produces a sum of
separable functions, similar to a PGD formulation, that are orthogonal. Figure 2.2 shows the
enrichment convergence of each of these techniques with the L., error at each enrichment step.

The contribution and L. error at enrichment n are defined as,

Lo X[ 1Yn]|
Contribution(n) = =5 , (2.21a)
> i 1 Xl 1Y
and,
n N
Lo Error= max Y Xi(2)Yi(y) = Y Xi(x)Yi(y)| (2.21b)

TE€Q: YEQy
=1

respectively. From Figure 2.2, PGD is far from the optimal decomposition of SVD and the conver-

gence is not uniform. However, the error between each enrichment decreases, which indicates that
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each enrichment term contributes to reducing the error. Furthermore, both PGD and SVD converge
much more quickly than the analytical Fourier series, which implies that orthogonal decomposi-
tion does not necessarily provide the best decomposition. Figures 2.3a and 2.3b show the first six

enrichment terms of PGD for x and v, respectively.
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=
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=
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%C 10
=
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=
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~ 10"0F |=—PGD
——SVD
A2 Fourier Series
10 R ;
Contribution
= = L Error
14 ‘ :

0 5 10 15 20 25 30
Enrichment (n)

Figure 2.2: Enrichment convergence for PGD, SVD, and the Fourier series representation of the
exact solution to the 2-D homogeneous Poisson equation.

2.2.1.2 Speed Comparison with MOOSE

In order to show the computational efficiency of PGD, a homogeneous two- and three-dimensional
Poisson problem was executed with PGD and MOOSE with various mesh sizes. The linear tol-
erance in MOOSE and PGD enrichment tolerance were set to 107°, Table 2.1 shows the timing
results for each mesh. These results illustrate how PGD can significantly reduce the computational
effort in evaluating multi-dimensional problems. Additionally, the increase in timing confirms that
PGD scales linearly with number of elements in each dimension (/ + .J), while the full-order model

scales by the power of the number of dimensions (/ x J).
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Figure 2.3: First six 1-D terms in PGD solution, scaled by their L, norm.

Table 2.1: Homogeneous Poisson problem execution times

Elements Execution Time (sec)

per 2-D 3-D
Dimension | PGD MOOSE | PGD MOOSE
100 0.0229 0.2649 0.3135 78.662
200 0.0447 1.0974 0.3309 653.08
400 0.0415 4.3070 04705 -

800 0.0620 20.392 0.8091 -

1,600 0.0968 81.285 1.4265 -
3,200 0.1827 324.05 1.6930 -

6,400 0.3613 - 4.1863 -
12,800 0.7810 - 11.677 -
25,600 2.1407 - 29.493 -
51,200 6.1579 - 56.872 -
102,400 17.491 - 112.95 -

Results with "-" could not be computed, system did not have enough memory

2.2.2 Method of Manufactured Solutions Results

In order to verify the PGD implementation and compare error convergence with full-order mod-
eling, two different manufactured solutions are constructed and executed with PGD and MOOSE.

The first is shown by Equation (2.22a), which can analytically be decomposed into two terms.
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The second is shown by Equation (2.22b), which cannot be expressed by a finite sum of separable
functions.

u(z,y) = sin(zm)y*(1 — y) + sin(ym)2z?(1 — ) (2.22a)

u(z,y) = sin (zyn) sin(zm) sin(yn) (2.22b)

Figures 2.4a and 2.5a shows the L., error as a function of mesh refinement for the first and
second manufactured solutions, respectively. These plots show that the PGD implementation has
proper error convergence for first and second order CFEM, even with an inseparable reference
solution. Figures 2.4b and 2.5b show the enrichment convergence for the PGD solution at 256
elements per dimension. These plots also show the relative magnitude of the singular values,
obtained from singular value decomposition (SVD), of the MOOSE solution and the exact solution
projected on the same mesh. SVD of the first MMS shows the separability of the equation, where
both the MOOSE and exact decompositions converge to approximately machine precision after
the second term. However, PGD needs many more enrichments to converge. SVD of the second
MMS shows the inseparability of the resulting solution. Additionally, PGD has more difficulty
converging, compared to the first MMS, which indicates that the performance of PGD is dependent

on the separability of the solution itself.
2.2.3 Results for Poisson with Varying Dimensionality

In this section, PGD is applied to the Poisson equation with various number of dimensions.
The purpose of this analysis is to observe how PGD scales with dimensionality. For the sake of
exposition, the Laplacian operator (A) in D dimensions is expressed as:

0* 02 0?

A= s tost ot oy
dx?  0x3 oz,

(2.23)

The problem was executed with PGD for 2, 3, 4, 5, 10, and 20 dimensions with 100 elements in

each dimension. Included is an 11 dimension result which has 144 elements in 10 dimensions and
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Figure 2.4: Error and enrichment convergence of first Poisson manufactured solution (Equa-
tion (2.22a)
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Figure 2.5: Error and enrichment convergence of first Poisson manufactured solution (Equa-
tion (2.22b)

157 in the other. Table 2.2 details the results of each of PGD simulations including run-times, the
number of enrichments required for a tolerance of 1075, and a comparison between the size of the
PGD solution and the expanded full-order solution. These results show that PGD does not scale

linearly with the number of dimensions, due to the increase in the number of enrichments required
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when the dimensionality is increased. However, difference between the FOM and PGD solution

size is improved significantly at each increase in dimensionality.

Table 2.2: Results for PGD execution with varying dimensionality of the Poisson equation

Number of Dimensions | Run-time (s) Enrichments PGD DOF FOM DOF
2 0.0176 7 1.4e+03 10*

3 0.129 17 5.1e+03 106

4 0.427 35 1.4e+04 108

5 1.71 63 3.15e+04  10%

10 1.3e+03 722 7.22e+05  10%°

11 1.41e+04 1304 2.08e+06  6.02 x 10?3
20 5.85e+04 1760 3.52e+06  10%

2.3 PGD for Diffusion Reaction

This section discusses the PGD application for diffusion reaction problems. The purpose of
this application is two-fold. Diffusion-reaction problems involve heterogeneous material prop-
erties, which gives an opportunity for analysis of PGD performance in heterogeneous materials.
Additionally, this application serves as a first step toward application to neutron diffusion, which

is a type of diffusion-reaction problem. The diffusion-reaction equation is defined as,

— V- D(M)Vo(r) + La(F)o(r) = Q(7) , (2.24)

where D is the diffusion coefficient (cm), X, is the reaction coefficient or the absorption cross
section in neutron diffusion (cm~1!), and Q is the source (n-cm3-s~!). In neutron diffusion, the
solution ¢ is known as the neutron flux (n-cm™2-s71).

In the following subsections, the PGD operator construction is discussed where heterogeneous
properties are considered, namely piece-wise constant gridded domains. Furthermore, results are
presented for several diffusion-reaction problems in nuclear reactor-like geometries and an analysis

is performed for PGD performance in varying amounts of heterogeneity.
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2.3.1 Spatial Decomposition of Material Properties

This section discusses how to decompose an operator that contains a spatially dependent ma-
terial property, such that it conforms to separated form in Equation (2.2b). Suppose that a linear
operator is defined as a material constant (k(x, y)) times the solution (u(x, y)). For diffusion reac-
tion, this material constant represents D(z,y), X.(z, y), and Q(x, y). In order to find the separated

form of the operator, the property must be decomposed as,
Ly
k(z,y) =Y ki(@)k] (y) . (2.25)

/=1

With this description of the material constants, the PGD operator, Equation (2.2b), can be ex-

pressed as,
i d [ . dX;
- y . d AN E
Liop XLl Yi = Df@)X,— | DY) =t | (=1, La, (2.26b)
x dy
ﬁ?—l—?LdXi‘CngQLd}/; = Z?(x)Xlzg(y)}/tu (= 17 ceey Lo’ ) (226C)

where L, and L, are the number of terms required to represent D and Y., in a separated repre-
sentation, respectively. Consequently, L = 2L, 4 L, from Equation (2.2b), and more generally in
dim spatial dimensions, L = dimlLg + L.

In reactor physics, it is common for material properties to be defined in material zones, i.e.
piecewise constant for separate material zones. Obtaining the decomposed spatial description of a
given material, k(z, y), requires a general decomposition of the property zones. In two dimensions,
this entails finding slices in one dimension that are common in the other dimension. Each product
of the decomposition will have one dimension describing the quantities of the slice, where the other
describes the position of the slice. For instance, if there is a domain describing the cross section
shown in Figure 2.6, then the resulting material decomposition is shown in Equation (2.27), where

H(z) is the Heaviside step function.
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Figure 2.6: Domain showing property values for an example of property decomposition

K¥(z) = H2L — 1) , (2.27a)
KY(y) = kyH(2L — ) + by H(z — 2L) (2.27b)
Ki(z) = H(z —2L) , (2.27¢)
KY(y) =k . (2.27d)

In three-dimensional geometries, common planes are found for a given dimension; then, the
same two-dimensional decomposition is applied to each of such planes, resulting in a product of the
two-dimensional decomposition and a function describing the position of the plane. This process
is general for any given set of material properties.

The slice decomposition shown by Equation (2.27) is not the only possible choice when deter-
mining a separated representation for a material property. Other approaches include (1) singular
value decomposition (SVD) and (2) PGD decomposition of the material property. As an example,
the resulting decompositions for each of these three approaches in Figure 2.7 for the material lay-
out of Figure 2.6. However, the slice-decomposition approach can yield a significant advantage
when integrating the decomposed operators (right-hand-side of Equation (2.7)); indeed, comput-

ing these inner products is computationally cheaper due to the sparse nature afforded by the use of
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step/Heaviside functions. When many enrichment terms are needed, these integrations take up a
sizable amount of time to evaluate. Additionally, decomposing a 3-D heterogeneous domain is not
as simple when employing SVD and is prone to round-off errors when using a PGD process, thus

this implementation prefers the slice-decomposition process presented here.

Ki(2)K] (y)
2(y)

Ky (2)K}

3L

(a) Slice Decomposition - first term (b) Slice Decomposition - second term

K (2) K {y)
K () K (y)

2L 3L

(c) SVD/PGD - first term (d) SVD/PGD - second term

Figure 2.7: Visualization of terms from decomposition of material properties using analytical
slices, SVD, and PGD methods. The SVD and PGD methods resulted in the exact same decompo-
sition.
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2.3.2 2-D Heterogeneous Diffusion Reaction Results

In this section, the PGD algorithm and the material property decomposition is tested for a het-
erogeneous diffusion reaction problem in a reactor-like geometry. The chosen problem geometry is
based on the IAEA benchmark from the ANL Benchmark Problem Book problem 11-A1 [58]. The
2-D geometry is a cross-section of the core between 20-100 cm along its height where the reflec-
tor is extended to make the domain rectangular, shown in Figure 2.8. The material properties are
described by Table 2.3. To illustrate the material property decomposition used, Figure 2.9 shows

each 1-D function in the decomposition of 3., and the resulting slices each product produces.

— Fuel 1

pAl — Fuel 1 + Rod
RY — Fuel 2

ﬂ — Reflector

170 cm

Figure 2.8: Geometry of 2-D IAEA Benchmark problem

Table 2.3: Material properties of 2-D IAEA Benchmark problem

Region Material D X, Q
1 Fuel 1 0.4 0.085 10
2 Fuel 1 + Rod 04 0.13 10
3 Fuel 2 04 0.08 10
4 Reflector 03 001 O
5 Reflector + Rod | 0.3 0.055 0
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Figure 2.9: Visualization of terms from decomposition of X, (z,y) using slice technique for the
IAEA 2-D problem

To illustrate the performance of PGD, the 2-D model was executed with various spatial refine-
ments. The same configurations were solved using standard multi-dimensional FEM techniques in
MOOSE as well. The MOOSE linear tolerance and PGD enrichment tolerance were set to 1075,
Table 2.4 shows the execution times for the various spatial resolutions and the corresponding L,
error computed against a highly refined reference solution, obtained using MOOSE. These results
show that PGD performance is poor on the coarse mesh, but surpasses the full-order model evalu-
ation at high refinements because the PGD run-time increase linearly with the number of elements

per dimension, while MOOSE increases quadratically. Figure 2.10 shows the resulting solution
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and relative error at each nodal point for the 2-D problem. The error plot shows that much of
the difference between the MOOSE and PGD occurs at the material discontinuities, indicating the

PGD model has difficulty resolving the heterogeneous regions.

Table 2.4: 2-D TAEA benchmark problem execution times and error comparison

Elements Execution Relative L, Difference

per Dim. Time (s) max |¢ — Pres|/ max [P
(z,) PGD MOOSE | PGD MOOSE
(34,34) 1.1104 0.1444 | 4.078E-2 (100) 4.081E-2
(68,68) 2.3357 0.1975 1.498E-2 (121) 1.483E-2

(136,136) 3.1999 0.7727 | 3.941E-3 (112) 3.917E-3
(272,272) 6.0488 3.1535 1.021E-3 (106) 9.981E-4
(544,544) 10.358 13.604 | 2.862E-4 (102) 3.431E-4
(1088,1088) | 51.120 230.60 1.422E-4 (94)

(+) Indicates the number of enrichment terms needed

150

100

@

50

200

(a) PGD solution

(b) Difference from MOOSE model

Figure 2.10: Solution and node-by-node relative difference of 2-D heterogeneous problem with
(136,136) elements.
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2.3.3 3-D Heterogeneous Diffusion Reaction Results

In this section, PGD is applied to the 3-D version of the IAEA benchmark problem described
in the previous section. The 3-D extrusion into the z dimension is shown by Figure 2.11 and the

material properties are desribed by Table 2.3.

&
20 cnz — Fuel 1
p — Fuel 1 + Rod
i %0 em R} — Fuel 2
ﬂ — Reflector
| — Reflector + Rod
260 cm
H
20 cm H

Figure 2.11: Axial geometry for the IAEA 3-D Benchmark

Again, the 3-D model was executed with PGD and MOOSE with various spatial refinements.
The MOOSE linear tolerance and PGD enrichment tolerance were set to 1075, Table 2.5 shows
the execution times for the various spatial resolutions for the 3-D problem. PGD again performs
worse than MOOSE for coarse meshes, but significantly improves as the mesh is refined. MOOSE,
as expected, scales cubically with the number of elements per dimension, while PGD scales ap-
proximately linearly, slightly better because less enrichments are required at higher refinements.
Additionally, the number of enrichments for the 3-D version is significantly higher than the 2-D

version, which is expected based on the results from Section 2.2.3.
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Table 2.5: 3-D IAEA benchmark problem execution times

Elem. per Dim. | Execution Time (s) | No. of PGD

(x,y, 2) PGD MOOSE | Terms
(34,34,38) 157.22 5.6114 350
(68,68,76) 250.40 49.476 339

(136,136,152) | 365.22 403.79 311
(272,272,304) | 555.22 ~3200 289
(544,544,608) | 770.66 ~25600 | 252

Results with "~" could not be computed, system did not have enough memory. Values are extrapolated based on
AMG scaling properties.

2.3.4 Study of PGD in Heterogeneous Domains

Throughout the results presented thus far, PGD seems to require more terms in the separated
representation (more enrichments) when solving models with heterogeneous domains. This can
easily be seen when comparing the number of enrichments required for 2-D homogeneous Poisson
problem and the 2-D diffusion-reaction problem. This section analyzes the effect heterogeneity
has on PGD. For this study, two different parameters are investigated: contrast of the material
properties and the degree of heterogeneity. Two different problem types are investigated. The first
involves only two material zones in a checkerboard patter, similar to geometries seen in reactor
physics applications, and is meant to study effect of contrast only. The second takes into account

the degree of heterogeneity and contrast.
2.3.4.1 Study of Contrast on a Checkerboard Domain

This study involves a five-by-five checkerboard domain shown by Figure 2.12. Two different
parameters are varied in this experiment: >., and the diffusion length window. Diffusion length is
defined as L, = \/m In this experiment, the efect of the variation in D and X, are studied
independently. The variation of these properties in each zone is defined by a factor «, for instance,
when varying D,

1
D=k, Dy=—, (2.28a)
K
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and when varying >.,,

Yg1=—, Xa2=K. (2.28b)

From these definitions, it is apparent that when x = 1, the domain is homogeneous and when x =
10, the property varies by a factor of 100. When varying D or X.,, the counterpart is homogeneous
with a value defined by a set maximum diffusion length (L max)-

Figures 2.13a and 2.13b show the number of enrichments required for PGD process to reach an
enrichment tolerance of 10~% with varying D and Y, respectively. From these plots, it is imme-
diately apparent that having any type of heterogeneity affects the number of required enrichments
significantly. For the variation in D, the magnitude of « after 1 has very little impact, while a more
diffusive domain requires more enrichments. This observation indicates that a smoother transition
within the material discontinuities is more difficult to capture with a separated representation, but
the inflection at the boundaries of the discontinuities is inconsequential. For the variation in X,
at small diffusion lengths, the the variation does not affect the separability of the solution. This
observation indicates that when a solution has sharp transitions (visually blocky), the difference in
the solution peaks does not affect the separability. However, when the solution is smooth at higher

diffusion lengths, this magnitude affects separability significantly.

X

Figure 2.12: 100-by-100 cm checkerboard geometry, all boundaries are set such that ¢ = 0.
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Figure 2.13: Number of enrichments required for varying contrast in D and >, with various diffu-
sion length windows.

For a simpler look, the domain was decreased to 4-by-4 cm, where each block is 1-by-1 cm.

D and 3, are varied independently, with definitions described by Equation (2.28). When one

property is heterogeneous, the other is homogeneous with a value of 1. Figure 2.14 shows the

resulting number of enrichments required for various values of «. This result shows the significant

difference in effect that D and X, have on the separability of the solution.
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Figure 2.14: Number of enrichments required for varying contrast in D and .,.
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2.3.4.2  Study of Degree of Heterogeneity and Contrast

This study investigates the effect of the degree of heterogeneity as well as the contrast in mate-
rial properties. The degree of heterogeneity is defined as simply the number of different material
zones. For simplicity, this study only involves a 2-D geometry shown by Figure 2.15 with vary-
ing degrees of heterogeneity. The contrast in the material properties is based on the ratio of the

maximum and minimum values of the property between the material zones:

kmax
Contrast = —1. (2.29)

min

The value of the property in each zone is picked randomly between the maximum and minimum
values. To reduce uncertainty in the results, each configuration is run 25 times with different

randomly selected material properties.

Material 1
Material 1
Material 2
Material 1 o ..
Material 3
] Material 2
Yy 4
T

Figure 2.15: 2-D geometry with varying degrees of heterogeneity: 1, 2, 4, ... The geometry is
100-by-100 cm with reflecting boundaries along the = and y axis.

For this numerical experiment, the effect of D and X, are studied independently. For D,
D nin = 0.2 where ¥, and () are homogeneous with values of 0.1 and 10, respectively. For X,
Yamin = 0.02 where D and () are homogeneous with values of 0.5 and 10, respectively. The
quantity of interest is the number of enrichments required for an enrichment tolerance of 1075,

Figure 2.16 shows this quantity as a function of the degree of heterogeneity and contrast for D
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and X,. It is apparent from these results that heterogeneous domains have a significant effect on
PGD performance. The number of materials have a larger effect than the contrast, but the impact
of contrast increases when more materials are present. Furthermore, having ., be heterogeneous
is much more impactful than having varying D. If a full-order model was executed on these
models, there would be no difference in system size between each configuration. However, the

configuration could affect the PGD system size by a factor of more than 50.

Average Number of Enrichments
Average Number of Enrichments

Contrast Contrast

Degree of Heterogeneity Degree of Heterogeneity

(a) D is heterogeneous (b) X4 is heterogeneous

Figure 2.16: Number of enrichments required for varying degrees of heterogeneity and contrast.
Each point is the average of 25 different property values.
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2.4 Discussion

This chapter gives an overview of the PGD methodology and the solution process for partial
differential equations. The theory of the PGD solution process is generalized for any given linear
operator and the discretized formulation includes an methodology to maximize the efficiency of the
process. Included are results that apply PGD to the Poisson equation with varying dimensionality
and two manufactured solution. Additionally, PGD is applied to a diffusion-reaction equation,
which serves as a first step towards applying PGD to neutron diffusion problems.

Even from these preliminary results, it is evident that PGD does not scale linearly with di-
mensionality and exhibits poor performance in heterogeneous domains. Although PGD needs
significantly more enrichments to resolve higher dimensional problems, the reduction in solution
size at high dimensions shows PGD is still a highly effective reduced order model. The issue of
heterogeneity for PGD could prove problematic for reactor-physics applications, since the geome-
tries involved are highly heterogeneous with a myriad of different materials. However, the run-time

comparisons with the reactor geometries shows PGD has promise when the mesh is highly refined.
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3.  APPLICATION OF PROPER GENERALIZED DECOMPOSITION TO MULTIGROUP
NEUTRON DIFFUSION EIGENVALUE CALCULATIONS

3.1 Introduction

Despite the advances in computer architectures and numerical analysis, eigenvalue calculations
for full-core nuclear reactors are still CPU-intense task, even more so when in the context of
core reload optimization. The computational burden in these computations is partly due to the
dimensionality of the problem, or the size of the phase space. A neutron diffusion eigenvalue
problem involves a four dimensional phase-space, three for space and one for energy.

The multigroup neutron diffusion criticality equations form an eigenvalue problem where the
scalar flux (& = [¢!, ..., ¢"]) is the eigenvector and the neutron multiplication factor (k) is the
eigenvalue [59, 60]. Being an eigenvalue problem, evaluating ¢ and k requires a nonlinear pro-
cess. A standard approach to evaluating the eigenvalue problem is power iteration. However,
the convergence rate of power iteration is directly related to the dominance ratio (the ratio of
second largest to the first largest eigenvalue), which can be close to unity for nuclear core prob-
lems [61, 62]. Therefore, acceleration techniques are often employed, including utilizing Cheby-
shev polynomials [63, 64, 65] or Wielandt shift [66, 67, 68]. Projection-based approaches, like
the Arnoldi algorithm, are also commonly employed, particularly the implicit restarted Arnoldi
method (IRAM) [69, 70, 71]. Krylov subspace methods are also utilized, including the Davidson
method [72, 73, 74] and Jacobian-free Newton-Krylov approaches [75, 76, 77], which is a Newton-
based method based on Krylov subspaces. Gonzalez et al. in [49] investigated the use of PGD with
a Arnoldi-like process for a single-group k-eigenvalue problem. However, this process does not
guarantee the evaluation of the largest eigenvalue or the convergence of the eigenvector. This work
utilizes standard power iteration accelerated with a Wielandt shift, more specifically, an adaptive
shift [68].

The goal of this work is to analyze and comment on the capability of the PGD approach for

38



evaluating criticality problems for reactor-physics calculations. This chapter presents three ex-
tensions to the PGD technique: (1) the application of PGD to accelerated power iterations for
eigenvalue problems, (2) the design of an effective iteration procedure for PGD applied to eigen-
value problems, including compression of the fission integral at each iteration, (3) the construction
of PGD operators for multigroup neutron diffusion in highly heterogeneous configurations and its
effective implementation. The outline of the chapter is as follows: Section 3.2 briefly reviews
multigroup diffusion criticality problems and their numerical solution using accelerated power it-
eration techniques. Section 3.3 discusses the the application of the PGD solution process to power

iterations. Results are presented in Section 3.4.
3.2 Overview of the Multigroup Eigenvalue Problem

This section recalls the multigroup k-eigenvalue problem and discusses the power iteration
and shifted power iteration process. For criticality calculations, the eigenvalue-eigenvector pair of
interest is the one associated with the largest eigenvalue (fundamental mode). The largest value
of k, known as the effective neutron multiplication factor or k., can be computed using power

iteration, for example, or an accelerated variant of power iteration.
3.2.1 Multigroup Eigenvalue Problem

The multigroup neutron diffusion k-eigenvalue equations are

G G
! ! 1 / !
— VDIV + D =Y 0o 4 EXQE WL, g=1,..G. (3.1)

g'=1 g'=1
Each term in this equation is defined as:
G - total number of energy groups
@9 - multigroup scalar neutron flux
D9 - multigroup diffusion coefficient

Y.{ - total macroscopic cross section
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»99" - macroscopic scattering cross section from group ¢’ to group g
x? - fraction of neutrons generated in group g from fission (fission spectrum)

/ . . . .
VE? - product of the macroscopic fission cross section and the average number of neutrons emit-

ted per fission in group ¢

The equations in (3.1) can then be written into matrix form,

1

(D+A—&@:EF@ (3.2)
where

(@), = ¢, (3.3a)
(D)yy = =V - DIN5,y , (3.3b)
(A)gg’ = Eg(sgg’ ) (3.3¢)
(8)gq = 299, (3.3d)
(F)gy = V5T . (3.3¢)

The neutron diffusion criticality equations form a generalized eigenvalue problem, which can be

written in operator notation as:

A = %BCD, (3.4)

with

A=D+A—-S and B=F.

This is a nonlinear problem for the eigenpair (k, ). Numerous methods have been devised to
solve this eigenproblem; see, for instance, the references cited in the introduction. This work will

focus on the application of power iteration and shifted power iteration.
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3.2.2 Power Iteration and Shifted Power Iteration

The standard power iteration process proceeds as follows. Given a previous iterate ¢ for the

pair (k, @), the new iteration is obtained by solving
1 Lo
AP = pBCD , (3.5a)

for the new estimate of the eigenvector; the next estimate of the eigenvalue is then computed using

k@—i—l <c1)€+1 q)£+1> g L fD g q)é-«—l)gdf

- , 3.5b
(@F 1, ADFT) — 50 T (@) (ADHT) (320

where /¢ is the iteration index and the definition of % is known as the (inverse of the) Rayleigh
quotient [78]. This iterative technique is simple to implement, but suffers from slow convergence
behavior in reactor physics where the dominance ratio can be close to one [61]. Shifted power
iteration is an example of accelerated power iterations whereby a shifting parameter is introduced
to move the dominance ratio away from unity. This shift is applied as

(A—0o'B) @ = (% — af> B, (3.6)

where k*! is computed using Equation (3.5b). The parameter o is known as the Wielandt shift.
Selecting 0 = 0 would equate to a standard power iteration process. Application of shift can
greatly improve the convergence of the iteration procedure, a value of o closest to the value of
ﬁ is optimal [78]. The Rayleigh quotient iteration uses a shift equal to the last computed eigen-
value, i.e., of = 1 / k‘. This choice of the Wielandt shift can result in a cubic convergence of the
eigenvalue, while a constant shift converges linearly [79]. However, since the eigenvector typi-

cally converges more slowly than the eigenvalue, the system defined in Equation (3.6) can become

ill-conditioned before the eigenvector is fully converged. Yee et. al [68] analyzed several other
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adaptive approaches for o, the one chosen for this work is defined as,

o' = max ( L L) , 3.7

- — G — Co,
k* Kmax

1 1
W

where c;, ¢, and k. are tuning parameters chosen to be 10, 0.01, and 3, respectively, in this
paper. These specific values for the parameters were chosen for analysis in [68]. Different values
may prove to be more optimal for specific eigenvalue problems, but finding these optimal values is
beyond the scope of this work.

The systems of equations defined by Equations (3.5a) and (3.6) are linear systems that can
be represented in the form £L$ = ¢. Solving such systems requires an inversion of the operator
L, given a source ¢. It is at this stage that the PGD method is applied. PGD seeks a separated
representation as an approximation to ®. As discussed earlier, there are iterative steps associated
with PGD, (1) solving for the various one-dimensional components of the separated representation
and (2) enrichment of the representation with enough terms. These PGD iterations will thus be
nested inside the power iteration process. The nesting of power iteration and PGD solver, as well
as special considerations regarding the PGD operator decompositions, are discussed in the next

section.
3.3 Proper Generalized Decomposition

So far, this chapter discussed the derivation multigroup criticality as a generalized eigen-
value problem and the power iteration procedure to resolve the nonlinearities of the eigenvalue-
eigenvector pair. This section discusses the application of PGD within a power iteration. Figure 3.1
illustrates the design of this application.

As stated earlier, PGD seeks a separated representation, as shown in Equation (1.7b), for the
solution of a system. For brevity, PGD process is described in the case of a two-dimensional
problem, but the 3-D derivation can easily inferred from this exposé. Note that once a solution
is approximated (and sought) as products of one-dimensional functions, it is advantageous from

an implementation point-of-view to represent the operators in a similar manner. This operator
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Figure 3.1: Design of PGD application to power iteration procedure

decomposition is discussed in Section 3.3.1. After the operator has been defined and a certain
iteration’s solution established, the resulting linear system can be solved using the PGD technique,
discussed in Section 3.3.2. Once a solution from the linear system is resolved, the separated form
can be compressed in order to alleviate the cost of eigenvalue evaluation and source construction.
PGD compression is explained in Section 3.3.3. Finally, Section 3.3.4 discusses the computation
of the eigenvalue after a PGD projection step; the error definitions for the iteration procedures are

also introduced at that moment.
3.3.1 Operator Decomposition

In the case of a two-dimensional problem, a PGD representation (decomposition) of the eigen-

vector as given by Equation (3.8a) [16].

zy) = Y Xi(®)Yily). (3.82)

The operators of the generalized eigenvalue problem can be similarly decomposed:

A
A(z,y) = Z Al () A (y) . (3.8b)
B(z,y) = Z B2 (z)BY(y) . (3.8¢)
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The generalized eigenvalue problem of Equation (3.4) can be re-written using a PGD representa-
tion:
N A

S Y A@X@AWYE) = 1 3 S BN @B WY), (8

i=1 j=1 i=1 j=1
where A and B are the number of terms needed to fully decompose the A and B operators,

respectively. Details on the formulation of these operators is discussed in Section 3.3.5.
3.3.2 Linear System Solves using PGD

At each power iteration (Equations (3.5) and (3.6)), one needs to solve a linear system, where
the source term is the lagged fission integral from the previous power iteration. These linear sys-
tem can be generalized by Equation (2.1) with the corresponding PGD representation in Equa-

tion (2.2b). In the context of shifted power iteration, these decomposed operators are defined as

z Ay _
ﬁifﬂﬁﬁﬂ — AmAm m 1’ o A , (393)

—o*ipr B, m=A+1,..,A+B

gttt = BI X (x)BYY (y), n=(i—1)B+j. (3.9b)

The total number of terms in the linear operator is then L. = A + B. It should be noted that
Equation (3.9a) applies for the shifted power iteration approach; in the unshifted case (¢ = 0)
the terms due to B are not present and thus . = A. The total number of terms in the source is
() = B x N, which can become quite large if NV is large, which can occur in highly heterogeneous
media. Decreasing /V in a power iteration decreases the computational effort for future iterations.
Methods for minimizing N are discussed in Section 3.3.3. The rest of the PGD solution process is

discussed in detail in Section 2.1, which can be applied directly here.
3.3.3 Solution Compression

In the power iteration process, the latest iterate is used to compute the next fission source. Here,
the latest iteration is a PGD-decomposed solution and may not be optimal in terms of the number

of expansion terms when used to compute the fission integral. Therefore, there is an opportunity
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to compress the PGD solution, i.e., find a new decomposition such that the number of summation
terms, NV in Equation (3.8a), is reduced. This compression would reduce the number of terms in
the source term of the next power iteration (() in Equation (2.2¢)) resulting in faster evaluation of
all the terms in Equation (3.9b) and the right-hand-side of Equation (2.7). An obvious candidate
for PGD compression is employing Singular Value Decomposition (SVD) on the two-dimensional
array representation of the full solution; SVD is known to yield an optimal decomposition [57].
However, SVD is only applicable to two-dimensional array representations and requires the full-
order solution, which PGD attempts to avoid in the first place. Another possibility is to use a PGD
approach to compress the PGD solution (see, for instance, Chapter 3 of [16]). This work utilizes
the latter approach.

To compress the current power iteration iterate obtained from the PGD process described in
Section 3.3.2, the PGD process from Section 2.1 is utilized, but applied to a purely algebraic

equation this time:
> Ki@)¥ily) = 3 X (@)Yi(y) (3.10)

The right-hand-side of Equation (3.10) is known and the terms on left-hand-side are solved pro-
gressively through the aforementioned alternating direction and enrichment process. For instance,
when evaluating the term X 3 (z), a test function of v(z,y) = X*(2)Y5(y) is applied and inte-

grated over the domain, resulting in:

[ X@Xsla)in [ st =Y [ X @) Xela)dn [ Ty
> [ Xk [ Vs G

Noticeably, Equation (3.11) involves no differential operators, thus the strong form of this equation

for X5 can be written as,

ﬁJyVNXN(x) - ny]yf/,i’Xi/(x) - A% . X;(x) . (3.12a)



where 3 and + are scalars defined as,

Y= / Yi(y)Y;(y)dy (3.12b)

Y

Vi = / Yi(y)Y;(y)dy . (3.12¢)

Y

An equation for }7];, can be found similarly. The additional computational effort in evaluating this
compressed solution is minuscule relative to cost of a single power iteration solve since Equa-
tion (3.12a) only requires the evaluation of 1-D integrals and does not result in a linear system of

equations.
3.3.4 Eigenvalue Projection

This section describes the projection step of the PGD solution, whereby each term in the PGD
solution is rescaled optimally. This projection is similar to the projection described in early PGD
works [22, 27, 49]; for this application, this projection is exploited too obtain an improved eigen-
vector through a reduced eigenvalue problem. In this projection, one attempt at improving the PGD
decomposition by assuming the optimal separated representation is a linear combination of the one
found from the enrichment process. Using this methodology, the solution found from enrichment

and compression is defined as ®‘+1/2 and the projected solution as:
N
O (2, y) =Y o X, (@)Y (), (3.13)
o
where the « coefficients are to be determined. To compute the « coefficients, Equation (3.13) is

applied to the generalized eigenvalue problem Equation (3.5a). Multiplying by different enrich-

ment terms from the current PGD solution (Xf +1/2 (x)YfH/ 2(y)) and integrating over space, an

eigenvalue problem appears for these coefficients:

Ao = —Ba, (3.14)
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where

()i = oy, (3.15a)
A
(A = / XAz x PP / YAy Ry (3.15b)
j=1 7 Qy
B
B =Y / X VPR X T dy / YRRy Py (3.15¢)
PR Q,

The eigenvalue problem given in Equation (3.14) is much smaller than the full-order version be-
cause the spatial variables have been integrated out; it is therefore significantly cheaper to evalu-
ate than a single PGD linear system solve. After this projection step, the improved PGD solution
(®*1) is the latest power iteration solution and it is employed to obtain the latest eigenvalue (k‘*1).

With the combination of the PGD solution process and the power iteration technique, vari-
ous nested iterations are present. To summarize the resulting iteration loops next: (1) eigenvalue
(power) iteration, (2) PGD enrichment, and (3) alternating direction iteration for a given PGD

enrichment step. The power iteration convergence criteria is defined as,

0+1 ’kHl — kél .
B = — < € (eigenvalue tolerance), (3.16a)
¢ |2 — of|
E¢+1 = W < €4 (eigenvector tolerance), (3.16b)

and the enrichment and alternating direction criteria are defined by Equations (2.8) and (2.9),
respectively. Because of the nested iteration, it may be beneficial to tighten the inner iteration
tolerances as the power iteration converges, allowing for looser convergence checks in the earlier
stages of the power iteration process. This “inexact” approach to the PGD solution process prevents
“over solving" each power iteration. Therefore, the enrichment error in this work for a particular

power iteration is defined as:

enr

e = 0.01 X max (Ey, EY) . (3.17)
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The resulting procedure for shifted power iteration with PGD is shown by Algorithm 1.

Algorithm 1 2D Generalized Eigenvalue Problem using PGD

1: procedure [®,k] = PGDEIGENVALUE(A,B)

R A Al o

— et
W NN = O

14:

A= [AT, A AY LAY
B:=[Bf,.. By, BY, .. BY
Initialization: ¢ = 0, Ef = 1, Eﬁ =1,0" = 1/kmax
Define initial eigenvector: ®*
Compute eigenvalue: k’ «+— Equation (3.5b)
while E{ < ¢; and Eﬁ < ey do

Build linear operator: £’ < Equation (3.9a)

Build linear source: ¢° « Equation (3.9b)

Define enrichment tolerance: ¢ < Equation (3.17)

Solve linear system: ®/+1/2 .= SV X, (2)Y;(y) «Figure 2.1
Compress eigenvector: ®+1/2 .= SNV X (2)Y;(y) «+ Equation (3.10)
Project solution and compute eigenvalue: k1, ®“*! +— Equation (3.14)
Compute shift: o“*! < Equation (3.7)

t=0+1

end while

15: end procedure

3.3.5 PGD for Multigroup Neutron Diffusion

multigroup equations. Generally speaking, the application of the PGD process to the multigroup
setting is relatively straightforward, just like extending a traditional one-group solver to the multi-
group case, as in [80, 81], for instance. To begin, the scalar neutron flux and the linear operators is

described as a decomposed spatial variable for each group (using a 2D example for brevity),

VDV [D%W—W(x)— 0oy S prvy O

This section discusses the application of PGD to the operators and variables in the case of

! (z,y) = Z X (2)Y(y),

0 0 0 0

oxr oz dy dy
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S (x, ) Zz x) S (y (3.18¢)
S99 (2, ) Zzg*g ()BT (y) (3.18d)

V2% (x,y) Zyz 2)vSEY(y) . (3.18¢)

The decomposed description of the material properties are described in Section 2.3.1. Note that
the number of terms in each expansion (IV, Ny, N, Ny) is independent of the group or group pair.
Therefore, the number of terms for each group property description is equal to the number of terms
of the group that has the largest expansion. In this work, the fission spectrum x? is independent of
the material zone.

The one-dimensional variables for this work are discretized using CFEM. With this framework,

the multigroup flux and operators can be represented in matrix notation:

X7 ()Y (y) = (Xi)y ® (Y5),, (3.19a)

0 0 0 0
Dg” — K?* MY — DY () — M* KY 3.19b
5o DI @), = (K, @ MY, 2 DIYy) g = M7 @ (K]), (3.19b)
Eé]’,]ﬂﬁ(x>zz7]y( ) (th])gg (Mty])gg ’ (3190)
ST ()05 (y) = (M) gy © (MY)gyr (3.19d)
XSS (@S] () = (MF)ag @ (MY,))gy - (3.19)

The group structure of the resulting matrices are equivalent to the ones described in Equation (3.3).
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One can now easily define the eigenvalue problem operators described in Equation (3.8):

K? j=1,.. N,
M= j=Ng+1,..,2N,
Aj = , (3.20a)
ng*QNd ]:2Nd+1a72Nd+Nt
| M5 ony-n, T = 2Na+ Ny+-1,..,2Ng + Ny + N
4
MY =1, .. N,
K j=N;+1,..2N,
A= T , (3.20b)
MtZ{ijNd J=2Ng+1,...,2Ng+ N,
L Msy,j—QNd—Nt J=2Ng+ Ny +1,...,2Ng+ N; + N,

Using these discretized operators for the multigroup neutron diffusion equation, the generalized

eigenvalue problem can be evaluated using Algorithm 1.
3.4 Results

To illustrate the capability of our PGD algorithm for multigroup criticality problems, it is ap-
plied to four different problems. The first is a bare homogeneous cube with four-group cross sec-
tions, which is meant to verify the implementation with an analytic solution. The second example
is a mildly heterogeneous 2-D two-group problem that Senecal & Wi analyzed as a fixed source
problem in [50]. The third and final problems use the geometry and material properties of the
BIBLIS benchmark [82], the analysis includes the one-group version from [49] and the two-group
benchmark version.

The PGD method was implemented in MATLAB and utilizes first-order CFEM for the 1D so-
lutions. The linear systems in the PGD iteration process are evaluated using MATLAB’s sparse LU

solver. To produce a reference solution and compare performance with a full-order model, each
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problem was also implemented in the MOOSE. The MOOSE implementation also uses first-order
CFEM and linear solvers are performed using algebraic multi-grid techniques from the HYPRE
package with default numerical parameters. Both PGD and MOOSE solve each problem on the
same uniform meshes with rectangular elements. The meshes are uniformly refined for each prob-
lem to gauge accuracy versus run-time, these refinements are identified by the number of elements

in the = and y dimensions, the total number of elements is therefore this number squared.
3.4.1 Four-Group Bare Homogeneous Reactor

This first example is a 3-D four-group, homogeneous reactor, which has an derivable analytical
solution. The reactor is 300 x 300 x 300 cm with cross-section values described in Table 3.1. The

analytical kg is 1.13530390 and eigenfunction is

¢! (x,y,2z) = CYcos (;mx) oS (%y) oS (%z) , (3.21)

where C'Y are group-dependent constants.

Table 3.1: Material property values for homogeneous bare reactor

Group | DY 9 vEg P DY S YA D YA DA
1 2.500 0.0668 0.00835 0.75 0 0 0 0
2 1.050 0.0623 7.89e-4 0.25 | 0.668 0 0 0
3 0.676 0.0707 0.0101 0 | 4.77e-4 0.0630 0 0.00161
4 0.379 0.0909 0.117 0 0 3.0e-6 0.0482 0

The full-order model, evaluated using MOOSE, was run with 10 to 40 elements per dimension,
and the PGD model was run with 10 to 160 elements per dimension. The eigenvalue and eigenvec-
tor convergence tolerance (e,e,) were set to 1077, Figure 3.2 shows the resulting eigenvalue and
eigenvector error for MOOSE with power iteration and PGD with and without adaptive Wielandt
shift. These errors show that both the full-order and PGD models have proper error convergence

when the spatial mesh is refined. Figure 3.3 shows the resulting run-time for each simulation.
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For this problem, PGD shows far superior performance compared to MOOSE evaluation. Since
the exact solution is analytically separable, only one or two enrichments are needed as the power
iteration converges, making this a computationally trivial problem for the PGD method. Table 3.2
shows the relative computational efficiency of linear system evaluation for each spatial refinement
for the unshifted PGD model and full-order MOOSE model. The efficiency of a numerical scheme

is defined as
1
Eegs Error x CPU Time per PI

Efficiency = (3.22)

Efficiency is higher for methods with low error and low CPU time. Because unaccelerated and
accelerated power iterations are employed, the efficiency values use the average CPU time per
power iteration. Table 3.2 shows the efficiency of the MOOSE solver and the PGD unshifted
solver, relative to that of the PGD with shift approach. The efficiency of the unshifted PGD solver
is greater than that of the shifted one is because the shifted operator appearing on the left-hand-side
is more complex due to the Wiedlandt shift acting on the fission operator, making the unshifted
PGD operator quicker to invert. The relative efficiency of the unshifted PGD scheme also increases
with mesh refinement because the PGD solver spends less time in the tight enrichment tolerance
range, due to the decrease in power iterations needed. When compared with the full multi-D solves
performed using MOOSE, the PGD approaches become significantly more efficient as the mesh is

refined.

Table 3.2: Relative computational efficiency for unshifted PGD and MOOSE, homogeneous four-
group problem (baseline is the PGD method with shift; values < 1 denote a less efficient technique)

Elements per Dim. | PGD MOOSE
10 1.3002  0.3919
20 1.3826  0.0528
40 1.5803  0.0103
80 1.7943 —
160 1.9274 —
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Figure 3.2: Relative eigenvalue and L, eigenvector error for the homogeneous four-group problem
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Figure 3.3: Run-time in seconds for each simulation of the homogeneous four-group problem

3.4.2 2-D Two-Group Problem

This next example is a simple heterogeneous 2-D, two-group example based on Problem 5.7

from [83]; a fixed-source version of this problem was analyzed in [50]. Figure 3.4 shows the ge-
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ometry of the problem and the material properties can be found in Table 3.3. The full-order model,
evaluated using MOOSE, was run with 35 to 1,120 elements per dimension, and the PGD model
was run with 35 to 2,240 elements per dimension. The eigenvalue convergence tolerance () was
set to 107, A MOOSE model with 2,240 elements per dimension was used for the reference eigen-
value and eigenvector with ke = 0.99010305; this solution required high performance computing

to evaluate, so the performance results for this simulation are not included.

0 40cm 350 cm

— 350 cm

997 _

¢g:O ox

— 40 cm

¢ =0

Figure 3.4: Geometry of 2-D two-group problem (figure not to scale)

Figure 3.5 shows the resulting eigenvalue and eigenvector error for MOOSE with power itera-
tion and PGD with and without adaptive Wielandt shift. These errors show that both the full-order
and PGD models have proper error convergence when the spatial mesh is refined. The eigenvalue
errors in the last two refinements begin to deviate slightly between each method. This is most
likely due to the fact that the error at these points are relatively close to the tolerance set for the

power iteration. Figure 3.6 shows the resulting run-time for each simulation. For this problem,
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Table 3.3: Material properties of 2-D two-group problem

Material Group | DY (cm) X (cm™') v (cm™") X9 (ecm™)
1 1 1.264 7.86e-4 4.562e-3 0.0

2 0.9328 4.10e-3 0.0 7.368e-3
> 1 1.310 0.0 0.0 0.0

2 0.8695 2.117e-4 0.0 1.018e-2

x'=1.0,x*=0.0

PGD shows far superior performance compared to MOOSE execution. Since this problem has
very little heterogeneity, it is another relatively simple problem for PGD. Figure 3.7 shows the
contribution of each enrichment for the PGD runs at 560 elements per dimension and the magni-
tude of each term of the SVD of the full-order model solution. Both the SVD and PGD enrichment
convergence shows that a relatively few number of terms are needed to represent the converged
solution to the iteration tolerance. The shifted PGD requires more enrichments than the unshifted
simulation because the last power iteration had a tighter enrichment tolerance for the shifted sim-
ulation. This is due to the adaptive enrichment tolerance procedure defined by Equation (3.17).
Table 3.4 shows the relative computational efficiency for each refinement of the unshifted PGD
model and full-order MOOSE model. The unshifted PGD efficiency shows the same trend as in
the previous example. As noted earlier, the efficiency of the full multi-D solves (using MOOSE)

decreases significantly as the mesh is refined, compare to that of PGD-based approaches.

Table 3.4: Relative computational efficiency for unshifted PGD and MOOSE, 2-D two-group prob-
lem (baseline is the PGD method with shift; values < 1 denote a less efficient technique)

Elements per Dim. | PGD MOOSE
70 0.3901  0.2598
140 0.4544  0.0447
280 0.6578  0.0260
560 0.5371  0.0135
1120 0.7804  0.0072
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3.4.3 BIBLIS Benchmark Problem

These next two examples use a geometry based on the BIBLIS benchmark problem, which is
shown in Figure 3.8. This problem is meant to illustrate PGD performance for highly heteroge-
neous geometries and compare between mono-energetic and multigroup systems. The first of these

examples is the single-group version and second is the two-group version.

7]1]4]3

1[1]4]3
2 711]4]3
6 1[8]4]3
1[8]2[8]2[5]4]3]3
711[7]1]5]4]4]3]3
1[1]1[8]4]4]3]3]3
4]4]4]4]3]3]3]3]3
313]3[3]3]3]3]3]3

Figure 3.8: BIBLIS benchmark geometry: each block is 23.1226 cm x 23.1226 cm

3.4.3.1 One-Group Version

The material property values for one-group version of the BIBLIS benchmark can be found in
Table 3.5. The full-order model, evaluated using MOOSE, was run with 34 to 1,088 elements per
dimension, and the PGD model was run with 34 to 2,176 elements per dimension. The eigenvalue
convergence tolerance (¢;,) were set to 107, A MOOSE model with 2,176 elements per dimension
was used for the reference eigenvalue and eigenvector with k. = 0.618502168; this solution
required high performance computing to evaluate, so the performance results for this simulation

are not included.
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Table 3.5: Material properties for one-group BIBLIS benchmark problem

Material | D (cm) X, (cm™') vy (cm™Y)
1 1.4360 0.0095042 0.0058708
2 1.4366 0.0096785 0.0061908
3 1.3200 0.0026562 0.0000000
4 1.4389 0.0103630 0.0074527
5 1.4381 0.0100030 0.0061908
6 1.4385 0.0101320 0.0064285
7 1.4389 0.0101650 0.0061908
8 1.4393 0.0102940 0.0061908

Figure 3.9 shows the resulting eigenvalue and eigenvector error for MOOSE with power itera-
tion and PGD with and without adaptive Wielandt shift. These errors show that both the full-order
and PGD models, again, have proper error convergence when the spatial mesh is refined. To com-
pare the solution between each model, Figure 3.10 shows the full-order solution at 272 elements
per dimension with the difference from the PGD models at the same refinement. These plots show
that the MOOSE and PGD evaluations converge to approximately the same solution in the power

iteration process.
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Figure 3.9: Relative eigenvalue and L, eigenvector error for one-group BIBLIS problem
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Figure 3.10: Full-order (MOOSE) solution and difference from PGD solutions at 272 elements per
dimension, one-group BIBLIS problem

Figure 3.11 shows the resulting run-time for each simulation. These run-time results show
that PGD has more marginal performance than the previous problem, which is mainly due to the
increase in the number of enrichment terms needed to represent the converged solution. Table 3.6
shows the relative computational efficiency for each refinement of the unshifted PGD model and
full-order MOOSE model, definition of these numbers are described in Section 3.4.1. It can be seen
here that the unshifted PGD efficiency is far smaller than the shifted one, this due to the fact that

there is no group coupling and inverting the shifted operator is essentially the same as inverting the
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unshifted one. As noted previously, the multi-D solve efficiency gets worse with mesh refinement.

Figure 3.12 shows the contribution of each enrichment for the PGD runs at 272 elements per

dimension and the magnitude of each term of the SVD of the full-order model solution. The PGD

enrichment contributions follow very closely with the SVD reference, but significantly more terms

are needed fully characterize the solution when compared to the previous problem.

104_

—&—PGD (No Shift)
—#—PGD (Shifted)
MOOSE

CPU Time (sec)

2

10
Elements per

Dimension

Figure 3.11: Run-time in seconds for each simulation of the one-group BIBLIS problem

Table 3.6: Relative computational efficiency for unshifted PGD and MOOSE, one-group BIBLIS
problem (baseline is the PGD method with shift; values < 1 denote a less efficient technique)

Elements per Dim.

PGD MOOSE

34

68
136
272
544
1088

0.3737
0.3384
0.3699
0.3441
0.2971
0.2633

6.0264
1.7264
0.4959
0.0613
0.0282
0.0089
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Figure 3.12: Enrichment contribution of converged PGD solutions and SVD of the full-order solu-
tion, one-group BIBLIS problem

3.4.3.2  Two-Group Version

To illustrate the performance of PGD for a multigroup example with more realistic reactor het-
erogeneities, the PGD algorithm is applied to the two-group version of the BIBLIS benchmark.
The material property values for this problem can be found in Table 3.7. The full-order model,
evaluated using MOOSE, was run with 34 to 1,088 elements per dimension, and the PGD model
was run with 34 to 2,176 elements per dimension. The eigenvalue convergence tolerance (¢;) were
set to 107°. A MOOSE model with 2,176 elements per dimension was used for the reference eigen-
value and eigenvector with ke = 1.02510305; this solution required high performance computing
to evaluate, so the performance results for this simulation are not included.

Figure 3.13 shows the resulting eigenvalue and eigenvector error for MOOSE with power itera-
tion and PGD with and without adaptive Wielandt shift. These errors show that both the full-order
and PGD models, again, have proper error convergence when the spatial mesh is refined. To com-
pare the solution between each model, Figure 3.14 shows the full-order solutions at 272 elements
per dimension with the difference from the PGD models at the same refinement. These plots show
that the MOOSE and PGD evaluations converge to approximately the same solution in the power

iteration process.
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Table 3.7: Material properties of two-group BIBLIS benchmark problem

Material Group | DY (cm) X9 (em™') »X%(cm™) X! (em™)
| 1 1.4360  0.0095042 0.0058708 0
2 0.3635  0.0750580 0.0960670  0.017754
’ 1 1.4366  0.0096785 0.0061908 0
2 0.3636  0.0784360 0.1035800  0.017621
3 1 1.3200  0.0026562 0 0
2 0.2772  0.0715960 O 0.023106
4 1 1.4389  0.0103630 0.0074527 O
2 0.3638  0.0914080 0.1323600 0.017101
5 1 1.4381  0.0100030 0.0061908 0
2 0.3665  0.0848280 0.1035800  0.017290
6 1 1.4385 0.0101320 0.0064285 O
2 0.3665 0.0873140 0.1091100 0.017192
7 1 1.4389  0.0101650 0.0061908 0
2 0.3679  0.0880240 0.1035800  0.017125
2 1 1.4393  0.0102940 0.0064285 0
2 0.3680  0.0905100 0.1091100  0.017027
' =1.0,x*=0.0
107"
102 T~ -
g S i
10 _ s R o :IZ
, m PGD (No Shift) B
g % PGD (Shifted)
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Figure 3.13: Relative eigenvalue and L, eigenvector error for two-group BIBLIS problem
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Figure 3.14: Full-order (MOOSE) solution and difference from PGD solutions at 272 elements per
dimension, two-group BIBLIS problem. Left column: group 1 flux. Right column: group 2 flux.
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Figure 3.15 shows the resulting run-time for each simulation. These run-time results show that
PGD has even more marginal performance than the one-group version. Table 3.8 shows the relative
computational efficiency for each refinement of the unshifted PGD model and full-order MOOSE
model. Figure 3.16 shows the contribution of each enrichment for the PGD runs at 272 elements
per dimension and the magnitude of each term of the SVD of the full-order model solution. SVD
has similar enrichment convergence as the one-group version, but PGD does not show the same
convergence. From the poorer convergence of the shifted PGD model, the difference from SVD
appears to be caused by the coupling between group fluxes in the PGD linear system evaluation.
The unshifted operator only has scattering, coupling from group 1 to 2, for a given source term;
while the shifted operator has scattering and fission, coupling both groups together. The group-1
convergence is better than the group-2 for unshifted operator because group 1 is independent, but

they are approximately the same for the shifted operator.
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Figure 3.15: Run-time in seconds for each simulation of the two-group BIBLIS problem
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Table 3.8: Relative computational efficiency for unshifted PGD and MOOSE, two-group BIBLIS
problem (baseline is the PGD method with shift; values < 1 denote a less efficient technique)

Elements per Dim. | PGD MOOSE
34 1.2906 138.3303

68 0.8220  25.4305

136 0.5271  5.9563

272 0.9528  6.5240

544 1.4271  2.4053

1088 1.2823  0.9485

Group 1 - PGD (No Shift)
Group 1 - PGD (Shifted) |4
Group 1 - SVD

— = Group 2 - PGD (No Shift)
— = Group 2 - PGD (Shifted) |3
Group 2 - SVD

Enrichment Contribution
>

0 50 100 150 200 250 300 350 400
Enrichment Term

Figure 3.16: Enrichment contribution of converged PGD solutions and SVD of the full-order solu-
tion, two-group BIBLIS problem

3.4.4 Analysis of PGD Algorithm

The purpose of this section is to analyze some of the features of the implemented PGD algo-
rithm. These include the shifting parameter, solution compression, eigenvalue projection, and the
adaptive enrichment tolerance. The two-group version of BIBLIS example from Section 3.4.3 with

34 elements per dimension will be used for this analysis.
3.4.4.1 Wielandt Shift

As stated in Section 3.2.2, there are many different choices for the Wielandt shift parameter

o. In the previous sections, an adaptive shift was utilized, defined by Equation (3.7). Here the
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adaptive shift results are compared with fixed shifts:

e No shift: g =0

e Adaptive shift: 0,4apt <— Equation (3.7)

o Maximum Keg: Opin = 1/kmax = 1/3

e Maximum infinite medium: o, = 1/ max(k,) = 0.8525

max (ks ) is determined by the material zone with the largest k., Table 3.9 shows the number

of iterations required for 1077, eigenvalue and eigenvector error, eigenvalue tolerance, total run-

time, and number of enrichments required for the last power iteration. These results show that the

adaptive shift is the best method for this problem, with a tenth of the number of power iterations

compared to no shift. However, these results also indicate that having a shift for this problem

increases the run-time per power iteration significantly, due to the increase in the number of en-

richment evaluations per power iteration. It is also worth noting that the number of enrichments

increases as the efficiency of the shift improves.

Table 3.9: Performance results of PGD with various shifting parameters for two-group BIBLIS

problem
Shift Type | PI.  kegError ® Error Run-time (s) No. of Enrichments
00 117 0.0001906 0.005983 1031 73
Oadapt 11 0.0001906 0.005003 149.9 175
Omin 96 0.0001907 0.006334 1523 89
Ooo 28 0.0001906 0.005100 423.9 108

This is by no means an exhaustive list of all the possible shifting parameters. See [78] and

[68] for more options and analysis, especially for criticality problems. It is also important to note

that a shift based on the Rayleigh quotient was attempted, explained in Section 3.2.2, but the PGD

systems became severely ill conditioned after a few power iterations.

66



3.4.4.2  Solution Compression, Eigenvalue Projection, and Adaptive Enrichment Tolerance

In Sections 3.3.3 and 3.3.4, several methods are explained to potentially improve PGD perfor-
mance for generalized eigenvalue problems. This analysis attempts to quantify how much these

methods improve our PGD algorithm. Five different variations were run with no shift:

e Type 1 - All methods implemented

Type 2 - No compression, projection, or adaptive tolerance

Type 3 - No compression

Type 4 - No projection

Type 5 - No adaptive tolerance

Table 3.10 shows the number of iterations required for 10~7, eigenvalue and eigenvector error,
eigenvalue tolerance, difference in run-time from Type 1, and number of enrichments required for
the last power iteration. These results show that each of the methods implemented improve PGD
performance significantly, without affecting the final error of the solution. Most significant is the

adaptive enrichment tolerance, which shows that the method prevents “over-solving".

Table 3.10: Performance results of PGD with various efficiency methods turned off for two-group
BIBLIS problem. The run-time for the Type 1 simulation is 1031 s.

Type | PI.  kegError ® Error A Run-time (s) No. of Enrichments
1 117 0.0001906 0.005983 0 73
2 139 0.0001906 0.005823 +7586 (+736%) 143
3 117 0.0001906 0.006157 +260 (+25%) 73
4 139 0.0001906 0.005957 +769 (+75%) 77
5 117 0.0001906 0.005970 +4143 (+402%) 143
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3.5 Discussion

This chapter investigates the implementation of PGD to multigroup neutron diffusion critical-
ity problems. The eigenproblems are solved using standard power iteration and accelerated power
iteration with an adaptive Wielandt shift. PGD is utilized as a linear system solver to obtain the
eigenvector at each iteration. The theory sections discuss the PGD solution process and its imple-
mentation within the power iteration process. In order to avoid re-evaluating the PGD operators
for each spatial dimension, a PGD-favorable decomposition of the multigroup diffusion operators
is discussed for an efficient implementation of the technique. This is particularly needed for highly
heterogeneous geometries, such as the ones of found in modern nuclear cores. Because the itera-
tive PGD process is located in the innermost loop (power iteration being the traditional outer loop),
several techniques to reduce the computational burden of the PGD iterations have been proposed,
including compression of the current PGD iteration, solution projection to optimize the current
PGD solution, and adaptive tolerance criteria.

The results for this chapter involve four different criticality problems. For comparison pur-
poses, a non-PGD approach is also employed, solved using the MOOSE FEM library. The first
test case is a four-group 3D homogeneous bare cube. PGD shows far superior performance com-
pared to MOOSE; this problems admits an (analytical) solution that is separable in space, so the
PGD evaluation requires very few terms to converge. The second problem is a two-group, 2-D
two-material geometry. The domain is large and mostly consists of one material. Again, PGD
shows superior performance compared to MOOSE for this problem because relatively few number
of enrichments are needed to represent each power iteration’s eigenvector; this problem was used
in previous PGD applications [50]. The third and fourth problems have the same highly hetero-
geneous 2D geometry, representative of a more realistic core layout. For these problems, PGD
shows a much more marginal performance compared to the previous examples, especially for the
two-group version (fourth problem).

The difference in the PGD performance for these more heterogeneous problems highlights that

the effectiveness of PGD may hinge on the problem’s heterogeneity. The material-layout depen-
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dence is evident when comparing the results from the two-material problem and the two-group
BIBLIS problem. Both of the eigenvectors have a similar enrichment convergence, as assessed by
an SVD analysis. This is compounded in the multigroup case, for example when comparing the
1-g and 2-g BIBLIS results where about 4 times more enrichments are needed in the PGD pro-
cess than the ideal value (computed by performing an SVD of the solution). This increase in the
number of enrichments renders PGD slower because added enrichments require more alternating
direction iterations, each one being more computationally demanding than the previous one (resid-
ual evaluation with more terms). In addition, the multigroup coupling dependence is evident when
comparing the one-group and two-group versions of the BIBLIS problem. The SVD convergence
for these problems are very similar. However, the PGD enrichment convergence for the two-group
version is much slower than the one-group version.

To conclude, PGD can be an effective technique for a certain class of neutron diffusion prob-
lems. Some intuition must be applied concerning the nature of the resulting solution in order to
determine if PGD will have better performance than a full multi-D model evaluation. In general,
this PGD approach performs more poorly for highly heterogeneous geometries. For more homo-
geneous geometries, PGD appears to always outperform its full-order modeling counterpart in a

significant manner.
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4. SPACE-ENERGY SEPARATED REPRESENTATIONS FOR MULTIGROUP NEUTRON
DIFFUSION USING PROPER GENERALIZED DECOMPOSITION

4.1 Introduction

In this chapter, the PGD methodology is formulated to include the energy dimension of neutron
diffusion into the PGD separated representation. This application serves as an extension to the PGD
approaches from Chapter 3 and the work of Senecal & Wi [50]. The model problem in this work
is the fixed-source, steady-state multigroup neutron diffusion equation. The variable of interest
is the space-energy dependent neutron flux (¢(7, £')). The work by Senecal & Ji used the PGD
methodology to seek a space-only separated representation for each group flux. This work takes
a different approach, whereby seeking a full space-energy separated representation. The chapter
analyzes the properties of such a phase-space PGD decomposition and provide results for various
energy discretizations, from 2 groups to 145 groups.

This chapter includes three key extensions of the PGD method. Firstly, it includes a derivation
of the construction of a PGD operator for space-energy separated representation that decomposes
the four-dimensional (spacex group) cross sections. This operator construction allows for the
construction of 1-D linear systems before the PGD solution process is initiated; this is especially
optimized for highly heterogeneous two- and three-dimensional spatial geometries. Second, PGD
is applied to a variety of multigroup neutron diffusion problems, ranging from a course two-group
problem to a fine-group problem on the order of 100 energy groups. Finally, this chapter includes
a characterization of the performance of PGD for these problems, remarking on its capability for

realistic calculations.
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4.2 PGD for Neutron Diffusion

The model problem for this work is the steady-state neutron diffusion equation with a fixed-

source, shown in Equation (4.1).

V- D(7, E)V(F, E) + 547, E)6(7, E) :/0002( E = B)o(F, E')dE'

+\(E) /0 VS (F, EVO(F, E)AE + Q(F, ) . (4.1)

The most common discretization technique for the energy dimension is multigroup, whereby sep-

arating the flux and cross sections into energy groups:

gb(F’ E) = gbg(?:j ) IONS [E_(]?Eg—l] . (42)

With this discretization, Equation (4.1) becomes the multigroup neutron diffusion equations:

= V- D7)V (F) + 2 (7) 6 (F) =ZEW
+ )7 Zuxg Ao (F)+ QI(F), g=1,....,G. (4.3)

For brevity in the remaining sections and without loss of generality, all the reaction terms are

combined into a single cross section,
299 (7) = £{(7)0,9 — TL70(7) = XVEF (7). (4.4)
The multigroup neutron diffusion equations then become:

-V Dg(f')ngﬁgF)—l—ZZgg Me? (7) = Q) , g=1,...G. (4.5)

g'=1

With multigroup discretization, there are two different ways to perform the PGD separation of
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variables: First, one may perform PGD for each multigroup flux separately,

N
=S XI@YP ), 9=1...G, (4.60)

or the entire phase-space (spatial coordinates + energy variables) can be treated with PGD all at

once
N

$(x,y, E) =Y X,(2)Yi(y)&(E) ,E = |Eg, ..., B (4.6b)

i=1
Equation (4.6a) represents a PGD representation in space only, this type is implemented in the
previous chapter, for example. The representation in Equation (4.6b) is a full dimensional decom-
position and is the subject of analysis in this work. The following sections detail the construction

of a PGD operator for the multigroup neutron diffusion with space-energy separation.
4.2.1 Operator Construction for Space-Only Separation

This section gives a brief overview on the construction of PGD operators for space-only sepa-
rated multigroup neutron diffusion (Equation (4.6a)). In this representation, each group-by-group
operator must be decomposed separately in the form of Equation (2.2b). Utilizing the method of

decomposing material properties in Section 2.3.1, the linear operator for group ¢’ to g becomes:

N L9

£ (o, ) (w,y) = 3 D LY (@)XE ()£ ()Y () =

=1 (=1

N

d? X9 a2y’

_ Z Z {Dgx i Dg ng _l_Dg,xXing,y dyzz ] 8yg
i=1 =1

/
M9

+) XISy (@)

The group solution and group-by-group operator can then be concatenated to construct a single

system:
ng'
(L)gy = L9 =) LF" @ LFY (4.82)

(=1
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N
— =3 XPRY! . (4.8b)

With this multigroup construction of the PGD operator, and similarly for the source, the PGD

solution process from Section 2.1 can be applied directly.
4.2.2 Operator Construction for Space-Energy Separation

This section gives an overview on the construction of PGD operators for space-energy sep-
arated multigroup neutron diffusion (Equation (4.6b)). In order represent the operator shown in
Equation (2.2b), the domain describing each material property must be decomposed in products
of one-dimension functions, similarly to the flux representation of Equation (4.6b). For a space-

energy dependent material property, the separated representation is,

M

k(z,y,E) =Y k*(x,y)ki(E Z <Z k(2 ) kE(E) . (4.9)

=1

In this representation, k§(E) is the energy-dependent property value of material zone ¢ and £ (z, y)
describes the position of that zone. k;¥(z,y) is obtained by utilizing the process in Section 2.3.1
with material property in zone ¢ set to 1 and all others to 0. In the simple example of Figure 2.6,
one can readily obtain the spatial representation of &y, i.e., k{¥ from Equation (4.9) by setting
k1 = 1 and ky = 0. For the application of multigroup material properties, k{ becomes a matrix
of size G x G. For the diffusion coefficient: (kf),, — DJd,,. For the combined cross section:
(k)gg = T

The resulting description of the linear operator is shown in Equation (4.10), where M is the
number of terms required to fully represent each material property, M = Zf\il M; from Equa-
tion (4.9). Consequently, L = 3M from Equation (2.2b), and more generally in dim spatial dimen-

sions, L = (dim + 1) x M.

d dx,
LEXLUYILLE = — [

e Df(m)d—;} Di(y)YiDy&;, (4.10a)
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LZJFQMXiLZQMYiﬁZgM& = X7 () X: X7 (y)YiXe&s, (4.10¢)
with
(=1,..,M.

In multigroup discretization, the energy dimension operators D, and 3., are matrices describing

the within group and cross group material properties:
(Df>gg’ = Dgégg/ 5 (4113)

(B0)gg = X049 — 2157 — xwEY, (4.11b)

for
—1 1
ZMi/ <0< ZM .
i'=1 i'=1

With this space-energy separated construction of the PGD operator, and similarly for the source,

the PGD solution process from Section 2.1 can be applied directly.
4.2.3 Multi-Space-Energy Separation

This section introduces multi-space-energy PGD, which is where different space-energy sep-
arated representations are sought for the neutron flux for different energy ranges. The impetus of
this modified decomposition is that the spatial profile of the neutron flux can vary significantly
for different energy groups. The worst case scenario is that each group flux has a completely dif-
ferent separated representation, which would require an unwieldy number of enrichments while
using a unique space-energy decomposition. In the four-group problem in [84] there is a signifi-
cant difference in the spatial profile between the fast and thermal energy ranges. In [85] there is
a difference between the fast, epithermal, and thermal energy ranges. However, the fact that, for
energy groups within a certain energy range, the flux spectrum exhibits similar profiles provides an

opportunity for space-energy decomposition to prove effective, especially as the number of energy
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groups increases.
For instance, the energy-dependent neutron flux can be separated into fast and thermal energy

ranges, which is analogous to multigroup:

O™ (F E E € fast range
o(7, E) = .5) = (4.12)
¢ (7, E) FE € thermal range

A space-energy separation is then sought for each of these energy ranges, which in multigroup

discretization looks like:

N

6 (2, y, E) = > XP@)Y ()& (Bw) , B = [Brt, -, B (4.13a)
=1
N

oM,y E) = > XM@) V" (9)EM(Ew) , Bn = [Eq, ., Bu) (4.13b)

i=1
where Ej is the lowest energy group of the fast region and Ey, is the highest energy group of the
thermal region. The linear operator is defined by combining the methodologies from Section 3.3.5
and Section 4.2.2. A separate linear operator is found for each energy region and the coupling
between them, in the form similar to Equation (4.10). These operators are then concatenated
similarly to Equation (4.8). Thus, the PGD solution process in Section 2.1 can be applied.

It should be noted that the differentiation between fast and thermal energy ranges is for illustra-
tion; separation into any number of energy ranges is possible and is straightforward to infer from

the above example.
4.3 Results

In order to test our PGD implementation with space-energy separation, five different examples
are applied. The first example is a mildly heterogeneous 2-D two-group problem that is analyzed
as a criticality problem in Section 3.4.2. The second example is a 2-D, two-group heterogeneous
reactor geometry based on the ITAEA benchmark in the ANL Benchmark Problem book [58]. The

third and fourth examples are 3-D, seven-group problems based on an example from [86]. Each
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of these four problems were evaluated using three different techniques: full-order modeling using
MOOSE [87], PGD with space-only separation (PGD-MG, Equation (4.6a)), and PGD with space-
energy decomposition (PGD-DE, Equation (4.6b)). The fifth example is a 3-D 145-group graphite
block with an embedded AmBe source. This fourth example only analyzes the PGD-DE technique
and full-order model is evaluated using the deal . IT library, more details on this implementation
are in Section 4.3.4.

The PGD implementations use CFEM for each of its 1-D spatial functions. The full-order
model (FOM) is applied with an equivalent multi-dimensional CFEM discretization. The linear
systems incurred by the PGD solution process are evaluating using MATLAB’s LU solver. The
MOGOSE linear solves are performed using the generalized minimal residual method (GMRES)
with algebraic multi-grid (AMG) techniques from the HYPRE package with default numerical
parameters.

Two different types of error are analyzed in the following results. One is a full phase-space error

defined in Equation (4.14a). The other is a group dependent error, defined by Equation (4.14b).

G g g
Brror — 2ot 197~ Fullie , (4.14a)

G
2 g1 |l reel |z

_ 197 — diegll e

E) = EelFE,, F, 1]. 4.14b
6( ) ||¢g||L2 ) e[ gy) g 1] ( )

4.3.1 2-D Two-Group Problem

This example is a simple heterogeneous 2-D, two-group example based on Problem 5.7 from
[83]; the criticality version of this problem was analyzed in Section 3.4.2. The geometry is shown
by Figure 3.4. The material properties can be found in Table 3.3 with the addition of a group
one source term in Material 1, Q' = 0.01. The full-order model and both PGD models involve
a uniform mesh and run with various levels of refinement, ranging from 35 to 2240 elements in

the = and y dimensions. The MOOSE linear tolerance was set to 107> and the PGD enrichment

g

tolerance was set to 10~%. To compute error, a reference solution (¢%,

) is used from evaluating the
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full-order model on a 2240-by-2240 element mesh.

Table 4.1 shows the error of each simulation and number of enrichments required for the PGD
methods. Figure 4.1 shows the run-time for each simulation. All the methods show very similar
error, but the run-times for PGD-MG are significantly lower than the MOOSE and PGD-DE eval-
uations. Although both PGD methods are significantly faster than MOOSE at higher refinements,
the space-energy separated PGD suffers heavily from the increase in required enrichments. The
increase in the number of enrichments is due to the addition of the energy dimension and this

two-group addition does not significantly decrease the dimensionality of the PGD solution.

Table 4.1: Resulting error and number of enrichments required for 2-D two-group example

Elem. per Dim. | MOOSE PGD-MG PGD-DE

(x,y) Error Error Enrichments Error Enrichments
(35,35) 0.002067 | 0.002068 14 0.001941 237
(70,70) 0.0005192 | 0.0005197 17 0.0004721 282
(140,140) 0.0001297 | 0.0001305 16 7.778e-05 222
(280,280) 3.207e-05 | 3.245e-05 12 2.788e-05 197
(560,560) 7.637e-06 | 9.029e-06 12 6.598e-06 241
(1120,1120) 1.527e-06 | 3.72e-06 15 9.045e-07 246

4.3.2 Two-Group Reactor Geometry

This example involves a 2-D heterogeneous reactor geometry with two-group cross sections.
The chosen problem geometry is based on the ANL Benchmark Problem Book problem 11-Al
[58]. The one-group version of this problem is analyzed in Section 2.3.2. The 2-D geometry is
shown in Figure 2.8. The two-group material properties are detailed in Table 4.2.

The system was evaluated with the three techniques on various levels of spatial refinement.
Figure 4.2 shows the run-time for each method and each refinement level. Table 4.3 details result-
ing error for each evaluation, compared to a highly refined full-order solution, as well as number of
enrichments required for the PGD methods. As expected, the MOOSE run-times have a quadratic

dependence on the number of spatial elements per dimension, while the PGD methods have a linear
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Figure 4.1: Run-time results for 2-D two-group example

Table 4.2: Material properties of two-group, 2-D IAEA Benchmark problem

Material [ Group | D | ¥, | X! [ x'wEi | Q
Fuel 1 ; (l)i 8(2)3 0.02 | 0.135 100
Fuel 1 + Rod ; éi 09'20635 0.02 | 0.135 100
Fuel 2 ; (l)i O(?'20135 0.02 | 0.135 100
Fuel 1 + Rod é (2)(3) 8841L 0.04 0 8

dependence. Although both PGD methods are significantly faster than MOOSE at higher refine-
ments, the space-energy separated PGD suffers heavily from the increase in required enrichments,

due to addition of the energy dimension in the decomposition.
4.3.3 3-D Seven-Group Example

These next two examples are based on the problem in Section 4.3 of [86], where the geometry
and material properties can be found. Because the multiplicity for this problem is greater than

1, all the fission cross sections are halved to avoid negative flux values. Two different instances
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Figure 4.2: Runtime results for the 2-D IAEA Problem

Table 4.3: Relative error of fast group flux for various refinements. Error defined by Equa-
tion (4.14a)

Elm. per Dim. Error

(z,y) MOOSE PGD-MG PGD-DE
(34,34) 1.229E-2 1.227E-2(99) 1.229E-2 (161)
(68,68) 4.059E-3 4.076E-3 (118) 4.001E-3 (177)
(136,136) 1.263E-3 1.193E-3(112) 1.330E-3 (149)
(272,272) 4.634E-4 3.903E-4 (97) 6.391E-4 (137)
(544,544) 2.761E-4 3.759E-4 (91) 3.756E-4 (136)

(+) Indicates the number of enrichment terms needed

of the geometry are considered. First, the fuel region is identical, but the reflector is extended to
make the geometry rectangular. Second, to see how PGD performs in a more homogeneous 3-D
geometry, the fuel region is homogenized so that the entire region consists of only Material 1. The
full-order model and both PGD models involve a uniform mesh and run with various levels of
refinement. The full-order model was run with (17,17,20) to (68,68,80) elements in (z, y, z). The
PGD models were run with (17,17,20) to (136,136,160) elements. The MOOSE linear tolerance
was set to 1075 and the PGD enrichment tolerance was set to 1075, To compute error, a reference
solution (¢? ;) is used from evaluating the full-order model on a 272-by-272-by-320 element mesh.

Due to the burden of evaluating this reference model, it was run on a high performance computer
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with 8 processors; consequently, the performance of this evaluation is not included.

Table 4.4 shows the error of each simulation and number of enrichments for the fully hetero-
geneous fuel region example. Figure 4.3a shows the run-time for each simulation in this geometry.
For this example, MOOSE greatly out performs the PGD methods because the number of enrich-
ments required for PGD to evaluate is quite large, especially for the PGD-DE method. However,
if extrapolating the MOOSE run-time for higher refinements based on AMG scaling properties,
PGD would have eventually out performed MOOSE. The difference in run-time between PGD-
MG and PGD-DE is marginal. In this seven-group example, PGD-DE reduces the dimensionality
significantly for a given enrichment term. However, the larger number of enrichments required for
PGD-DE eliminates any run-time savings from this reduction.

Table 4.5 shows the error of each simulation and number of enrichments for the homogeneous
fuel region example. Figure 4.3b shows the run-time for each simulation in this geometry. The
MOOSE performance for this example is identical to the previous example because the size of the
system is unchanged. However, the performance of PGD is significantly improved because this
more homogeneous material requires less enrichments to evaluate. Furthermore, the difference
in the number of enrichments between PGD-DE and PGD-MG is smaller, which is the reason

PGD-DE is faster in this example.

Table 4.4: Resulting error and number of enrichments for 3-D seven-group example with hetero-
geneous fuel region. Error defined by Equation (4.14a)

Elm per Dim. | MOOSE PGD-MG PGD-DE
(z,y,2) Error Error Enrichments Error Enrichments
(17,17,20) 0.08994 | 0.07162 333 0.07178 1537
(34,34,40) 0.05564 | 0.02382 468 0.02396 1737
(68,68,80) 0.004522 | 0.006574 492 0.007089 1577
(136,136,160) — 0.001518 501 0.003165 1727

Values with — could not be run because system did not have enough memory
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Table 4.5: Resulting error and number of enrichments for 3-D seven-group example with homoge-
neous fuel region. Error defined by Equation (4.14a)

Elm per Dim. | MOOSE PGD-MG PGD-DE
(z,y,2) Error Error Enrichments Error Enrichments
(17,17,20) 0.07073 | 0.07073 192 0.07098 633
(34,34,40) 0.02295 | 0.02295 264 0.02298 790
(68,68,80) 0.006109 | 0.006116 277 0.006555 413
(136,136,160) — 0.001321 285 0.002162 506

Values with — could not be run because system did not have enough memory
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g g —8—MOOSE
] e ——PGD-MG
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(a) Heterogeneous fuel region (b) Homogeneous fuel region

Figure 4.3: Run-time results for 3-D seven-group examples

4.3.4 145-Group Graphite Block with AmBe source

This example involves a 3-D graphite block with 145-group cross sections, the source of
neutrons comes from a small AmBe block embedded in the graphite. The geometry is shown
in Figure 4.4. The materials assumed to have no fission, total cross section is shown in Fig-

ures 4.5a and 4.5b, and the AmBe source spectrum is shown in Figure 4.5c.

The full-order model solution was evaluated using a specialized deal.ITI implementation
[88], most similar to the step-28 tutorial, which is described in [86]. Typically, this type of sim-

ulation utilizes a block Gauss-Seidel iteration to resolve the thermal upscattering. However, this
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Figure 4.4: 3-D graphite block geometry (not to scale)

technique’s spectral radius for the corresponding infinite medium version of this problem is ap-
proximately 0.99. Therefore, we elected to utilize the two-grid acceleration method, which has a
corresponding spectral radius of 0.53 [89, 90]. The full-order model utilizes a conjugate gradient
(CG) solver for each group flux with an AMG preconditioner. The PGD implementation uses a
direct LU solver for the energy dimension linear system evaluation.

Four types of PGD separation are implemented for this problem: full space-energy decom-
position (Equation (4.6b), PGD-DE) and three different mult-space-energy decomposition (Equa-

tion (4.13), PGD-MSE). The three different range separations for PGD-MSE are:

1. Separation of pure down-scattering and upscattering regions. The down-scattering region is
defined as groups 1 through 39 (11.0 MeV > £ > 316 eV) and the upscattering region is
defined as groups 40 through 145 (316 eV > E > 0eV).

2. Separation of the graphite resonance region and thermal region. The resonance region is
defined as groups 1 through 26 (11.0 MeV > E > 0.562 MeV) and the thermal region is
defined as groups 27 through 145 (0.562 MeV > E > 0 MeV).

3. Separation of resonance region, pure down-scattering region, and upscattering region: 1

through 26 (11.0 MeV > E > 0.562 MeV), groups 27 through 39 (0.562 MeV > E > 316
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eV), and groups 40 through 145 (316 eV > E > 0eV).

The geometry was discretized using a uniform grid of 100 elements in the x and y direction and
400 in the z direction. The two-grid accelerated Gauss-Seidel iteration tolerance for the full-order
model was set to 1075, which resulted in 21 thermal upscattering iterations, with a total of 2,286
single-group diffusion solves for the entire problem. The PGD enrichment tolerance was set to
10~7 for all types. The full-order evaluation was performed with domain decomposition across 12

processors. The PGD evaluation was performed on a single processor in MATLAB.
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Figure 4.5: Material properties for graphite block example
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Table 4.6 details the performance of each method and the error for each of the PGD methods.
Error is a comparison between the full-order deal.IT solution (FOM) and the resulting PGD
solutions. From these results, all PGD methods show far superior performance compared to the
deal. IT evaluation. All the errors are lower than tolerance set for the Gauss-Seidel iteration and
the run-time is less than 10% of the full-order evaluation. Additionally, without two-grid acceler-
ation, the full-order evaluation would have likely required an order of magnitude more diffusion
solves and increasing the run-time to the scale of weeks. However, there appears to be no sig-
nificant difference in the performance between each of the PGD methods for this problem. The
PGD-MSE approaches indicate that PGD has an exorbitant amount of difficulty resolving the fast
region, requiring four to five times the number of enrichments as the thermal region. Furthermore,
splitting between the graphite resonance and slowing down regions actually impairs PGD perfor-
mance significantly, indicated by the Type 2 and 3 results. To further the analysis, the individual

multigroup flux errors across the spectrum are inspected.

Table 4.6: Performance and error comparison of full-order model evaluation and PGD with space-
energy separation for 145-group graphite problem. Number of enrichments are for each energy
range. Error computed with FOM solution as ¢,s.

System Enrichment | Run-time | Error Number of
Evaluation Type Tolerance (sec) Equation (4.14a) | Enrichments
FOM — 1.61e+05 | — —

107° 197 6.387e-05 289
PGD-DE 10°¢ 1860 5.595e-06 1027

1077 7920 8.159¢e-07 2337

107° 252 2.992e-05 320, 90
PGD-MSE Type 1 | 107¢ 1305 3.935e-06 898, 162

1077 7490 9.996e-08 2290, 402

107° 339 3.099¢-05 2717, 253
PGD-MSE Type 2 | 10~¢ 2443 4.290e-06 710, 883

1077 1.14e+04 | 6.862e-07 1695, 2017

107° 312 2.186e-05 277,252,771
PGD-MSE Type 3 | 107° 1723 3.599¢-06 710, 548, 117

1077 9070 1.245e-07 1695, 1367, 389
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Figures 4.6a and 4.6b show the resulting space integrated spectrum for the full energy range

and fast region, respectively. The integrated spectrum is defined as:

— fQT ny fQZ ng(l‘, Y, Z)dxdydz 1
= Qp x Q, xQ, AE,’

o(E) E € By, Ey ). (4.15)
Figures 4.6¢c and 4.6d show the multigroup flux errors in the corresponding regions. These results
show that all the PGD methods have the same difficulty resolving the fast region, which is where
PGD-MSE spends most of its time solving. Each method especially has difficulty solving the flux
at very specific energies. The peaks in error in Figure 4.6d align with the graphite resonances
(Figure 4.5b) and the dips in the flux spectrum (Figure 4.6b). The peaks in the thermal spectrum
align with the AmBe resonances in Figure 4.5a. The flux in the thermal region is more accurate
when utilizing PGD-MSE. Additionally, the thermal region solution is improved when separating
between pure down-scattering and upscattering regions versus thermal-resonance separation.

The PGD-MG approach was also attempted for this 145-group problem, but the process took
too long to produce viable results. One enrichment with this method took 3 hours and evaluating
only the group 1 flux required 100 enrichments. Therefore, a very conservative estimate for the
run-time with PGD-MG is about two weeks. Thus, a PGD approach which includes the energy
dimension is a significantly more efficient approach than a PGD solution tackling only the spatial

coordinates, for large number of energy groups.
4.4 Discussion

This chapter introduces and investigates the utilization of proper generalized decomposition
to evaluate multigroup neutron diffusion problems with space-energy separation. The theory sec-
tion discusses two types of decomposition for the multigroup neutron flux: space-only and space-
energy separated representation. The former is utilized for criticality problems in Section 3 and
the latter is the subject of analysis in this work. The chapter also discussed how to decompose the
multigroup linear operators for both types of flux representations which is generalized for hetero-

geneous media. Finally, the section introduced the multi-space-energy decomposition of the flux
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Figure 4.6: Visualization of 145-group graphite block spectrum and PGD error. Error defined by
Equation (4.14a) with FOM solution as ¢,

which allows for different separated representation for different regions of the energy domain.

In order to test the PGD implementations, they are applied to five different examples: two 2-D
two-group examples with mildly heterogeneous and reactor geometries, two based on a 3-D seven-
group reactor geometry, and a 3-D 145-group graphite block. For performance comparison, the
examples also employ a full-order model equivalent, evaluated using MOOSE and deal.II. The
results from the two-group problems show that PGD performance surpasses the full-order evalua-
tion when the mesh is highly refined. The space-only representation is much better for this problem

than the space-energy representation. This is due to the fact that the addition of the energy dimen-
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sion does not reduce the dimensionality of the problem significantly, since it is only two-group,
and this representation requires significantly more enrichments to evaluate to fully represent the
multigroup solution. The third and fourth examples are differentiated by heterogeneous and homo-
geneous fuel regions. In the heterogeneous version, the PGD approaches have nearly identical per-
formance and significantly slower than MOOSE. In the homogeneous version, PGD performance
is significantly improved and the space-energy approach proves most effective. These results indi-
cate that PGD has the best performance when the geometry is more homogeneous, which requires
less enrichments to evaluate in the solution process. The space-energy decomposition also shows
the best results in more homogeneous geometries and improves on the performance when more en-
ergy groups are discretized. The final example investigates the multi-space-energy representation.
The results of this 145-group problem showed that the space-energy decomposition was a far more
efficient technique than the full-order evaluation, even with iteration acceleration and parallel pro-
cessing. The results also showed that the multi-space-energy representation did not significantly
affect the global error or the run-time. However, the MSE technique did affect the spatial error in
different energy regions. In general, PGD had difficulty resolving the flux at the resonance ener-
gies and the errors in the fast region were unaffected by the MSE technique. However, separation
of fast and thermal energies reduced the error in the thermal region and required significantly less
enrichments.

The results presented in this chapter show that PGD is a highly efficient method and the space-
energy separation is especially effective for fine-group calculations. For the fine-group results, the
global error for PGD was impressive, but some of the multigroup flux errors were large. If these
fluxes need to be more accurate, significantly more enrichments are required, which may deem
PGD ineffective. The multi-space-energy representation helps the error in the thermal regions, but
does not affect the fast region. Since the full-order evaluation is very efficient in the fast region, a
possible alternative would be to use the full-order model in this region and PGD with space-energy

decomposition in the upscattering region.
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5. INVESTIGATING THE APPLICATION OF PROPER GENERALIZED
DECOMPOSITION TO NEUTRON TRANSPORT

5.1 Introduction

Modeling and simulation of neutron transport problems is often a daunting task due to the
high dimensionality of its phase-space. Steady-state, mono-energetic neutron transport has a five-
dimensional phase-space: three for spatial description and two for particle direction. Due to its
large phase-space, neutron transport suffers heavily from the “curse of dimensionality". This chap-
ter investigates the capability of PGD to reduce the dimensionality of this phase space. Two differ-
ent PGD approaches are investigated: space-only decomposition of each directional angular flux

and full space-angle decomposition. For reference, the model equation is shown in Equation (5.1).
Q- V(7 Q) + DM Q) = S (M) + Q) - (5.1)

This chapter is broken up into two sections. Section 5.2 utilizes PGD for the spatial decompo-
sition of the Sy neutron transport equations. This section includes different PGD operator formu-
lations and analysis of various angular quadratures and scattering ratios. Section 5.3 explores the
prospect of space-angle decomposition. Dominesey et al. in [53] provide an analysis for 1-D trans-
port problems; therefore, this work focuses on extending the implementation to multi-dimensional
transport problems. PGD is not directly applied to these problems; however, a formulation of the
PGD operators is presented and a SVD analysis on 2-D problems is included. In this work, the
investigation is limited to pure absorption and isotropic scattering problems with unaccelerated

source iteration.
5.2 Space-Only Decomposition of Neutron Transport

The model problem for this work is the steady-state, mono-energetic neutron transport equa-

tion, shown in Equation (5.1). A common discretization technique for the angular dimensions
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utilizes discrete ordinates or S, where the angular flux (¢)) is evaluated at discrete directions [91].

The resulting approximation to the angular flux is then:

N
Y7, Q) =D (7)o - ) (5.22)
n=1
N
O(F) =D wa)"(7) . (5.2b)
n=1
With this discretization, Equation (5.1) is then converted into an equation for each direction (/N
total):
o 1 1
Q- VY™ (F) + (P (F) = EES(F)QS(F) + EQ(F) , n=1,..,N. (5.3)

With this model equation, PGD with space-only decomposition represents each Sy angular flux

and scalar flux as spatially decomposed variables,

R,
VM, y) =Y X (@)Y () (5.42)
=1
N Ry
Sla,y) =Y wn Yy XI(2)Y"(y) . (5.4b)
n=1 =1

The rest of this section presents the PGD operator formulation necessary to apply the PGD solution
process to Equation (5.4a), operator symmeterization typically used for unsymmetrical operators,

source iteration approach, and several results.
5.2.1 Operator Construction

This section describes the “Galerkin" operator formulation specifically for neutron transport
with heterogeneous properties, shown by Equation (5.3), where the cross section and source term
are spatially dependent (e.g., piece-wise constant per zone). In order to represent the operator
shown in Equation (2.2b), the domain describing each material property must be decomposed into

products of one-dimension functions, similarly to the flux representation of Equation (5.4a). For a
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space-dependent cross section, the separated representation is,

Rs
E@w=ZW@¥M- (5.5)

The resulting description of the linear operator is shown in Equation (5.6). Consequently,

L =2 + R, from Equation (2.2b), and more generally in dim spatial dimensions, L = dim + R,.

LEXLYY, = QY (5.62)
oY,
L3X L5V = QX — | (5.6b)
dy
L7o(Xi) L7, (Ys) = X () XiXZ (v)Ys, £=1,.., Ry (5.6¢)

Acquiring the one-dimensional material property functions for the description of the material
zones requires decomposition of the heterogeneous media. This technique is described in Sec-
tion 2.3.1. With this description of the PGD-decomposed operator, the process from Section 2.1
can be directly applied here. However, the “Galerkin" formulation described from this section can
cause convergence difficulties in the solution process because of the asymmetry of the differential

operator. The following subsection describes a technique to symmeterize PGD operators.
5.2.2 Residual Minimization

The differential operators described by Equation (5.6) produce a non-symmetric system of
equations. PGD applications to these types of systems show very poor convergence of PGD al-
ternating direction iterations [16, 17]. Therefore, techniques to symmetrize the PGD operator
are often employed to overcome this difficulty. Gonzalez et al. in [92] utilizes the streamline-
upwind/Petrov-Galerkin (SUPG) method to perform the symmetrization on advection-diffusion
problems. A more generic method is the residual minimization technique. The minimal residual
technique is used exclusively in the LATIN multiscale method [20, 19]. However, for more general
PGD applications, the method was proposed in [93] and further investigated in [34, 94, 95].

Residual minimization entails finding the minimum of the Euclidean norm of the residual. The
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PGD residual for enrichment R is defined as:

L J
Res =Y LiXpLiYp—» RIRY, (5.7)
/=1 7j=1
where J = () + L X R and,
T » =k
Re={ ! , (5.8)

J

—LEX;, j=k4l+LGi—1)

Y L
re={ % . (5.8b)
LYY, j=k+0+L3G—1)

The euclidean norm (|| - ||) of this residual is then defined as:

L
||Res||? = ZZ (LS X R, L5 XR) (LR, LYYR)) —

=1 /=1
L J
23N (L X, RE) (LYYR, RY)) +ZZ ((RZ,R%) (RY,RYL)) . (5.9)
(=1 j=1 j=1j4'=1

where (-, -) is defined as an integration over the one-dimensional phase space,

(a(x), b(x)) = [o, a(x)b(z)dz , (c(y),d(y)) = Jq, c(y)d(y)dy . (5.10)

This residual is then minimized dimension by dimension, an alternating direction approach, by
setting the derivative of the residual norm with respect to variable being solved equal to zero:
AlResl> _ 5 and 6IIRGS\I2 —0. (5.11)
Yr

TO0Xgp

With this formulation, a system of equations can be written for Xz and Y. For instance, the
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system for Xp, is then:

L L L J
Zzﬁw (LF, Lo XR) :Z 7 (L7, R (5.12)
=1 ¢'=1 =1 j=1
where,
BZW = <£gYR7 E%YR> (5.13a)
¥y = (L{Yr.RY) . (5.13b)

The equation for Y5 can be derived similarly.

Although this derivation is complete, it is quite tedious to implement. Another approach is to
redefine the linear operator £ and source ¢ in its PGD residual minimization form. This is done by
multiplying each side of Equation (2.1) by the adjoint of £. The new PGD operators, ﬁ;f and /3;’

and source, dg and (jz, are then defined as:
LiX; L0 = Ly L X, £y LYy, D=0+ LU - 1) (5.14a)

=Ll Lyl k=04 Lk—1), (5.14b)

where T signifies the adjoint of the operator. In discrete form, the adjoint is simply the transpose
of the operator matrix. With this definition of the linear operators and source, the process from
Section 2.1 can be applied directly. However, the number of terms in the decomposed operators
becomes L2, which could become quite taxing for the PGD process.

This work utilizes both the “Galerkin" and residual minimization formulations for the S trans-
port operator and compares their convergence. For more information regarding the residual mini-

mization approach, see Chapter 6 of [16] or Section 3.4 of [17].
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5.2.3 Source Iteration

Although the neutron transport equation represented by Equation (5.3) is linear, an iteration
scheme is required to evaluate the angular fluxes effectively, due to the integral scattering operator.
Source iteration is the most traditional and historically robust iteration technique. The source

iteration scheme is represented by,

Ty () 4 B () = 84 (5.15)

where k is the iteration index and,
Sk () = B,(F) " (7) + Q(F) . (5.16)

The convergence of this iteration technique is dependent on the scattering ratio (¢ = ¥4/3;), which
is often very close to unity. There are many types of acceleration methods, including diffusion syn-
thetic acceleration (DSA) [96], nonlinear diffusion acceleration (NDA) [97], and nonlinear Krylov
acceleration (NKA) [98], see [99] for an overview of common acceleration schemes. However, this
work will only address the performance of PGD with straight source iteration without acceleration.

Due to the versatility of the PGD methodology, there are numerous theoretical techniques to
perform this type of iteration within the PGD solution process. This section will discuss two such

techniques, which are described in the following subsections.
5.2.3.1 PGD Source Iteration: Type 1

The first type of source iteration with PGD is essentially using the full PGD solution process as
a linear system evaluation method. This is done by evaluating the system defined by Equation (5.6)
with a source term defined by the previous iteration’s scalar flux. The resulting angular flux from

this evaluation is then,
Rk+1

P () = 0 X @Y ) (5.17)

=1
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which is computed from the source term,

N R, R R,
=D wa Y S @)X @)SL W)Y W) + ) (@)al(y) - (5.18)
n=1 (=1 i=1 =1

5.2.3.2  PGD Source Iteration: Type 2

This second type of source iteration with PGD attempts to optimize the linear system evaluation
discussed in the previous section. The idea is to utilize the information gained from the previous
iteration’s solution to ease the evaluation of future iterations. This is done by defining the next

iteration’s angular flux as:

K RE Ryt!
wn,k—l—l ¢nk + 577Z)n Kk+1 Z ZX”k Y”k + Z Xn k+1Y” k+1 (519)
k=1 i=1

In this scheme, the PGD process is only solving for ¢/"**! which presumably requires signifi-
cantly less separated terms than ¢)"***!, and therefore requires less enrichments to solve for. This
scheme starts every PGD evaluation in the source iteration process by assuming all the previous

iterations are part of solution, then enriching from there.
5.2.4 Results

To analyze the performance of PGD, it is applied to a simple 2-D example, a homogeneous
geometry with a volumetric source. Two different instances of this problem are analyzed: a purely
absorbing media where the solution in a single direction is evaluated and a scattering material
where the two different source iteration techniques are employed. The performance metric for
PGD is based on the number of enrichments that are required to evaluate. Although PGD does
not have a rigorous definition of the rate of enrichment convergence, singular value decomposition
(SVD) is used to illustrate the optimal convergence. Diamond difference discretization is used for
each 1-D variable in the PGD solution. SVD is performed on the same mesh but with a full-order

model (FOM) solution.
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5.2.4.1 Pure Absorber

In this example, PGD and SVD are used to decompose 2-D angular flux in a homogeneous,
purely absorbing geometry with volumetric source. Two different instances of the domain are
chosen: a domain consisting of 1 mean free path between each edge and a domain with 10 mean
free paths. These problems employ the “Galerkin" and residual minimization operator construction
with diamond difference discretization. Application of PGD to this problem is meant for analysis
of the different operator formulations and enrichment convergence.

A single simulation was run for each operator construction on a uniform mesh with 1000 uni-
form nodes in each dimension. Since this problem is purely advective, only a single angle was
considered with {2 = [\1[ 7 \[] An analytic solution is also available utilizing ray tracing. To

portray a optimized decomposition, this solution was projected on the same mesh and decomposed

using SVD. The resulting angular fluxes are shown by Figure 5.1.
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Figure 5.1: Visualization of angular flux for pure absorber problem

Figure 5.2 shows the normalized contribution of each enrichment term for each of the methods
in both geometries. Figure 5.2a shows that PGD has very poor convergence for this problem. After

1000 enrichments, the PGD solution is no longer a reduced order model, as the size of the solution
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is larger than the full order solution. This poor convergence is caused by the fact that the full order
solution is non-separable, which is indicated by the poor convergence of SVD on the analytical
solution. Figure 5.2b shows an improved convergence for both PGD and SVD. It is also important
to note that the residual minimization approach allows for better convergence of the alternating

direction iteration, but more sporadic convergence of the enrichment procedure.

——PGD (Galerkin) ——PGD (Galerkin)

- = =PGD (Residual Minimization) - = =PGD (Residual Minimization)
SVD (Ray Tracing) H SVD (Ray Tracing)

10 ¢ 107 H)
Tgh \ "
| o 1
v 0 g oy
"'|||
L] 0

Contribution || X;Y;]|/]]¢||
Contribution || X;Y;]|/]]¢]|

|
R

0 200 400 600 800 1000 0 200 400 600 800 1000
Enrichment /Term (i) Enrichment /Term (i)

(a) Domain with 1 mean free path (b) Domain with 10 mean free paths

Figure 5.2: Enrichment convergence for PGD and SVD techniques

5.2.4.2 Isotropic Scattering

In this example, PGD is utilized within the source iteration process to evaluate angular flux in
a isotropic scattering material. The domain with 10 mean free paths was chosen for this analysis.
The purpose is to see how both source iteration techniques perform and analyze the separability
of the solution with various scattering ratios and angular quadratures. Nine different scenarios are
presented including So, S4, and Sg angular discretizations and scattering ratios of 0.1, 0.5, and
1.0. The PGD functions use a 1-D diamond difference discretization with 100 elements in each
dimension. The FOM uses 2-D diamond difference on an equivalent mesh.

Figure 5.3 shows the number of enrichments required to solve for an enrichment error of 106
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at each source iteration. Enrichment error is defined as:

[ Xa[[ YR
- .
> i |IXG Y]]

(5.20)

enr —

The FOM 1 and 1) results are meant to show the SVD equivalent to the type 1 and 2 source
iteration techniques, respectively. Figure 5.4 shows the L, error of the scalar flux at each source
iteration (k), where the reference is the fully converged flux at iteration /K. From these plots, one
can conclude that the type 2 source iteration is a much more efficient process than type 1. The
separability of the flux does not seem to be dependent on the amount of scattering, the number
of discrete ordinates, or the number of source iterations. However, d7 is highly dependent on all
these quantities. In general, PGD type 2 performs best with a more refined angular quadrature and

larger scattering ratio.
5.2.5 Discussion

This section introduces the prospect of utilizing PGD for two-dimensional Sy transport. It
presents an overview of the PGD solution process in its “Galerkin" formulation and introduce
residual minimization to symmeterize the PGD operator, which is common in advection-diffusion
PGD applications. The main difference in this transport application is that the problems are purely
advective. Two techniques are also introduced to incorporate the PGD process within source iter-
ation procedure in order to resolve the angular coupling in the scattering term.

To investigate the implementation, PGD is applied to a 2-D homogeneous, isotropic scattering
domain with a fixed volumetric source. Two types of problems are applied: pure absorption and
isotropic scattering. Analysis of the pure absorbing application shows that PGD convergence is
very poor for both “Galerkin" and residual minimization formulations in a small domain. Utiliz-
ing SVD on the analytical solution indicates that the cause of the poor convergence is the non-
separability of the solution. However, convergence of enrichment terms significantly improves
with a larger domain. The scattering application investigates nine different cases with various an-

gular quadratures and scattering ratios. The results indicate that the amount of scattering does not

97



affect the separability of the angular flux, but the separability of 97/, computed from source itera-
tion, is vastly improved through the source iteration procedure. Therefore, evaluating d¢ instead

of 1 using PGD could prove effective.
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Figure 5.3: Number of enrichments required for an enrichment tolerance of 10~ at each source
iteration, averaged over all angular flux solutions.

98



20 40 60 80 100 120

(a) So, c=1.0

llg* — o 11/11e"l

20 40 60 80

(d) S4,c=1.0

100 120

10

20 40 60 80 100 120

(g) Sg, c=1.0

102 e
107 \
10
2 4 6 8 10 12
(b) So, c=0.5
10°
s
102 =
104 el
10
2 4 6 8 10 12
(e) S4, c=0.5
10°g
1072 ¢
1077 - b
10
2 4 6 8 10 12
Source Iteration (k)
(h) Sg, ¢c=0.5

——PGD Type 1
-e-PGD Type 2
- —=FOM
| | | ]
2 3 4 5
(c) So, c=0.1

2 3 4 5
(f) S4, c=0.1

e
2 3 4 5
(i) Ss, c=0.1

Figure 5.4: Scalar flux error at each source iteration. Error is computed relative to the fully con-
verged FOM solution.

5.3 Space-Angle Decomposition for Neutron Transport

In this section, the solution (7", Q) is decomposed in both space and angle. The differentiation

between space-only and space-angle decomposition is similar to that of the space-energy decom-

position in Section 4. Now, there are several possible representations that serve this purpose. The

least intrusive technique is to only separate space and angle as,

(5.21a)



The next technique is to perform a full spatial decomposition,

B 0) Y Xi(@)Yi(2)Zi(2)0:(9) (5.21b)

However, based on the results of the previous section, this decomposition would most likely prove
ineffective. The angular dimensions are typically represented as 0= [, ¢|, where p is the cosine
of the polar angle and ¢ is the azimuthal angle. If the discrete ordinate grid is uniform in these

angles, then the PGD representation of these angular dimensions can be split into 1-D functions,

(7 Q) ~ ZXi(F)Mi(u)fbi(ap) . (5.21¢)

From these descriptions of the angular flux, any type of discretization technique for the angular
dimensions is feasible. For this work, Sy is utilized where the ;z dimension uses Gauss-Legendre
quadrature and ¢ uses Chebyshev quadrature [91].

These three representations include the angular variables in the separated representation, re-
sulting in a full space-angle decomposition. However, in order to account for boundary conditions
in a Cartesian mesh, there needs to be a different PGD solution for each octant of the angular do-

main. The solution for the angular flux in the octant where €2, > 0, €2, > 0, and €2, > 0 is then

R+
Y Q> [0,0,0) & Y X (RO (@) (5.22a)
i=1
for the Equation (5.21a) representation and
R
e,y 2,0 > [0,0,00) & Y X (@)Y (1) 2 (2)07(2), (5.22b)

i=1

for the Equation (5.21b) representation. where 2 C [ﬁl, 0 ~]. The (+ + +) superscripts

indicate that the solution lives in the all positive octant; the solution where it is (+ + —) lives
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where (2, < 0. For the Equation (5.21c¢) representation,

R+

Y > 0,0 <o <m/2) R Y X (AMT ()0 (97) (5.22¢)
=1

where pu* C [p1, .., pun] and @™ C [p1, ..., oN]-

This section is meant to introduce the possibility of performing a space-angle decomposition
of a multi-dimension angular flux. Making an informed decision of the best type of decomposition
would require extremely extensive analysis and any type of conclusion on this question would be
premature at this stage of PGD application. Consequently, this chapter focuses on investigating the
possibility of using a space-angle decomposition to serve as a reduced order model. Therefore, the
following section utilizes the least intrusive decomposition of Equation (5.21a) and investigate the

separability of simple angular flux solution in this form.
5.3.1 Results

To investigate the separability of a angular flux solution, these results utilize the same geometry
from Section 5.2.4 with a domain of 10 mean free paths. Two different instances are considered:
pure absorption and pure isotropic scattering. For this analysis, a full-order model is executed
with varying angular quadratures and a diamond-difference discretization. These solutions are
then decomposed using SVD to determine the optimal decomposition for the representation by
Equation (5.21a). Figures 5.5a and 5.5b shows the convergence of the SVD execution for the pure
absorption and pure scattering cases, respectively. These results show that optimal separability
of the space-angle decomposition, thus PGD will undeniably perform worse. The convergence of
each angular quadrature shows a steep dive at the enrichment equal to the number of directions per
quadrature, which is where the separated representation is no longer a reduced order model. Only
the S50 and Sgo have an enrichment error below 10~% before this threshold. However, at least 250
enrichments are needed for this error. In the PGD process, approximately 50 alternating directions
are needed for this difficult, asymmetric problem for each enrichment, meaning a total of 12,500

2-D sweeps are required, conservatively. Therefore, performing the full-order model evaluation
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would be significantly faster than a PGD implementation.
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Figure 5.5: Enrichment convergence for space-angle SVD with various angular quadratures
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6. PARAMETRIC UNCERTAINTY QUANTIFICATION USING PROPER GENERALIZED
DECOMPOSITION APPLIED TO NEUTRON DIFFUSION !

6.1 Introduction

Mathematical models used to represent physical systems often have many parameters whose
values are not known exactly, but with some level of uncertainty. When the number of parameters is
large, the propagation of uncertainty on the system’s output becomes computationally challenging;
this is known as the curse of dimensionality in parametric uncertainty quantification. Further, when
the model itself is expensive to evaluate, the problem as posed may become intractable. Surrogate
models, or ROMs, are often sought to reduce the computational cost of the full-order physical
models, while retaining its parametrization, i.e., its dependency on the input parameters. Typically,
the application of ROMs aims at reducing the solution space a posteriori, that is, after a full-order,
or high-dimensional, model has been exercised for a range of parameters to determine the proper
subspace where the physics solution evolves. Section 1.2.2 gives a simple application of POD.

This chapter presents a different perspective, whereby parameterizing a model can be viewed
as adding extra dimensions, in addition to the standard spatial and temporal dimensions typically
present in governing laws. Thus, the dimensionality of a model includes the natural space and tem-
poral coordinates, but also extra dimensions for each parameter under investigation. The solution
from such a model lives, by definition, in a high dimensional space. With PGD, a high-dimensional
problem is solved through a series of one-dimensional problems. When the extra dimensions in-
clude model parameters, PGD can be viewed as an a priori ROM method. This chapter applies
PGD to uncertainty quantification for a diffusion-reaction (neutron diffusion) problem often em-
ployed in nuclear reactor physics. One of the features of nuclear reactor core modeling is that the
physical domain is highly heterogeneous, with often a large number of material zones. Each ma-

terial zone can have different properties, each of them only known within a certain accuracy due

'Reprinted with permission from “Parametric uncertainty quantification using proper generalized decomposition
applied to neutron diffusion" by Z. M. Prince and J. C. Ragusa, 2019. International Journal for Numerical Methods
in Engineering, Copyright 2019 by John Wiley and Sons.
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to uncertainty in nuclear models and experimental data. Furthermore, strong neutron absorbers
may be inserted in localized zones of the nuclear core, resulting in strong solution gradients. The
main goal of this chapter is to assess the ability of PGD to handle large heterogeneous physical
domains and to carry out uncertainty propagation with PGD for a certain number of input/model
parameters.

So far, the PGD methodology for decomposing natural coordinates is presented in detail, with
a separated representation similar to Equation (6.1a). A parametric model would add more dimen-
sions to the decomposition. For example, parameterizing a property & present in the model results
in a four-dimensional solution variable u(x,y, z, k). The PGD separated representation of that
variable is sum of products of functions of x, y, z, and k, shown in Equation (6.1b). In that sense,
PGD can be seen as an a priori ROM technique, whereby the solution « is explicitly parameterized
in the uncertain model parameters. Once the PGD representation is obtained, evaluating u at any

point z, y, z in space and for any value of £ is a straightforward application of Equation (6.1b).

u(z,y, z ZX (2) ~ ZXi(a:)Yi(y)Zi(z), (6.1a)

u(z,y, 2, k) = ZX ZiKi(k) = 3 Xi(@)Viy) Zi(2)Kalk) . (6.10)

The main advantage to the representation given by Equation (6.1b) is that the resulting PGD solu-
tion will have an unambiguous dependence on the parameterized properties, resulting in a trivial
post-processing step for Uncertainty Quantification (UQ) purposes.

The model problem for this work is represented by the one-group, steady-state, neutron dif-
fusion equation with an external source, given by Equation (2.24). Parameterizing this model
involves including D, ¥, and () as extra dimensions in the PGD solution process. In a homoge-

neous domain, this parameterization yields the following solution decomposition:
N

O(7, D, %0, Q) = Y Xi(2)Yi(y) Zi(2)Di(D)Si(£a) Qi(Q) - 6.2)

=1
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In reactor physics, the material properties (diffusion coefficient, absorption cross section) and
sources are typically piece-wise constant per material zone (for instance, when fuel assemblies
are loaded with different fissile contents, or when neutron absorbers are locally inserted). In such
situations, the PGD expansion of Equation (6.2) needs to be amended to reflect the heterogeneous
character of the material layout in the domain; this is further discussed in Section 6.2. For the
reader interested in the generation of material properties for neutron diffusion, please see Chapter
5 of the textbook by Duderstadt and Hamilton [59]. For the purpose of this dissertation, a 3-D
heterogeneous nuclear core layout and the associated (possibly uncertain) material properties are
assumed given.

Having a parameterized solution, as shown in Equation (6.2), is advantageous for uncertainty
quantification and design of nuclear reactors. Several important quantities of interest (QOI) can be
readily obtained as functional of the solution and model parameters can be optimized for a desired
QOI. Some examples of QOIs in reactor physics include (1) the average flux solution over a region
of interest, (2) the maximum value of the flux in the domain (the “peaking factor”), and (3) the
total neutron population in the core (proportional to the volume integral of the flux). These QOIs
are obviously dependent upon model parameters. With a PGD expansion that accounts for the
parameters, uncertainty quantification for these QOIs is straightforward.

Parametrizing models has become a hallmark of the PGD method, with applications to a myriad
of problems, see 1.3.1 for a detailed overview. Most of these applications involve parameterizing
only one or two properties, where the material properties are homogeneous. One notable exception
can be found in Lamari et al. [35], where a parameterization of the heat conduction coefficient in
every region of a heterogeneous domain is performed, with homogenization as the ultimate goal
of their study. The work presented here is similar to this parameterization of material properties.
The key differences in this work are the subject of application and the capability of parameterizing
select and discontinuous material zones. Furthermore, none of the neutronic applications from
Section 1.3.2 involve the investigation of a parametric model with PGD. This chapter includes

three key extensions of the PGD method. First, this chapter presents an application of PGD to a
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high-dimensional uncertainty quantification problem. Second, this work applies parametric PGD
to a model problem not considered previously. Finally, it presents an algorithm for decomposing
parametric material properties that allows for the construction of 1-D linear systems before the
PGD solution process is initiated; this is especially optimized for highly heterogeneous two- and
three-dimensional geometries.

The outline of the remainder of the chapter is as follows. In Section 6.2, the PGD process
is expanded upon to include extra dimensions to enable parametric studies for neutron diffusion
problems. Section 6.3 describes the uncertain quantification procedures performed in the chap-
ter, including descriptions of the quantities of interest and the integration method for computing
mean and variance. Section 6.4 describes the decomposition of material properties for paramet-
ric models, so that the 1-D matrices of the PGD-decomposed multi-D operator can be computed
once and for all. Results are presented in Section 6.5; a one-dimensional parametric neutron dif-
fusion problem (for which an analytical solution can be obtained) is presented first, followed by a
more complex and realistic parametric model for a full 3-D nuclear reactor core. Conclusions and

outlook are proposed in Section 6.6.
6.2 PGD for Parametric Models

The equation of interest in this work is the parameterized one-group neutron diffusion equation,
shown in Equation (2.24), where its solution ¢ is the neutron flux, D is the diffusion coefficient,
3], is the absorption cross section, and () is a neutron source. In the case of a homogeneous do-
main, the parameterized solution, ¢, can be expressed as ¢(7, D, ¥,, Q). The expression for the
resulting decomposed solution in a three-dimensional domain is given in Equation (6.2). However,
for the vast majority of applications, and the problems at hand here, the physical domain is not ho-
mogeneous and material variations should be accounted for. Here, it is assumed that the material
properties are piece-wise constant in each material zone. In this case, the parameterized solution is
expressed as ¢(77, Dy, ..., Dary, Xats oo By, > @1 -, Qg ). The subscripts of the material prop-

erties are the indices for the material zones, with My, M, , M, materials for D ,%,, and (). The
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resulting decomposed flux is represented by Equation (6.3) :

(b(f: Dla "'7DMd7 Za,17 ceey Ea,Mc;?Qh sy QMq) =

> <Xi<xm<y>zi<z>HD?Wﬁsmza,j)ﬁng'(@j)) - 63)

The dimensionality of the parametric problem is now 3+M,+ M, + M, (3 for z, y, and z and M;+
M+ M, for the model parameters). The PGD process, described in Section 2.1, is applied here, but
on a higher dimensional space. The weak forms for each decomposed spatial term (X, Y;, Z;) yield
three 1-D neutron diffusion equations, as before. The weak forms for the decomposed parameter
terms (D;, S;, Q;) result in purely algebraic equations due to the lack of derivative operators. They
are obtained by integrating the three spatial dimensions and the other parameter dimensions. The
parameter basis functions are simply finite volume (order-0 discontinuous Galerkin method). For
instance, a simple example for a one-dimensional homogeneous heat conduction equation is given

in Chapter 5 of Chinesta et al. [16].
6.3 Uncertainty Quantification

Uncertainty quantification (UQ) is an integral part of computational science and engineering.
This section describes several ways a PGD solution can apply to UQ. In general, UQ applies to
a set of quantities of interest (QOIs). For example, a QOI, either evaluated at a point in space or
over a region of interest, will depend on the input/model parameters of a system. This process is
depicted below for a generic QOI (denoted by I), in the case of a homogeneous 1-D single-material
neutron diffusion problem:

N

o(x,y, 2, D, %0, Q) = ZXz-(JJ)YZ-(?J)ZZ-(Z)Di(D)Si(Ea)Qi(@) — 1(¢) = I(D,S,9), (64)

with

—

5 = [D17D27"'7DN] ) g: [817827 7SN] ) Q = [Qla Q27 ) QN] .
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Once the parametric PGD solution is obtained, sampling for any QOI only involves a trivial eval-

uation of each decomposed term in the PGD decomposition for /. The parametric description for

the QOI, as represented by the expression for 7, is often straightforward to derive, as discussed in

[100]. In cases where it is not, an alternate approach based on regression techniques can be used;

see [101], for instance. This latter approach is more general but has not been pursued in this work.

6.3.1 Mean and Variance

Statistical moments (such as mean and variance) of an uncertain QOI can be computed using

the PGD solution as well, without the need for Monte Carlo sampling of the distribution. Denoting

a given joint probability distribution for the uncertain parameters by f(D,%,, @), the mean and

variance of a QOI (7 and 0%) can be computed as follows:
mr = E [I] )
o] =B [(I — )] = E[I*] -y,
where the expectation for a generic function is given by

E[¢(D, %0, Q)] = / aD / 0s, / 1Q 9(D, %0, Q) (D, 50, Q).

In the case of independent uncertain parameters,

f(D, %6, Q) = fp(D)fr.(3a) fo(Q)

and the expectation becomes

o0 o0

EG(D.%.Q)) = [ aDso(D) [

—00 —00 —
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(6.5b)

(6.5¢)

(6.6)
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Now, if the QOI is based on a PGD expansion of the solution as shown below

N

I(D,%,,Q) = ZaiDi(D)Si(Ea)Qi(Q) 5 (6.8)

i=1

where «; are scalar coefficients, then the mean and variance expressions can be obtained through

one-dimensional integrations:

=3 [ oo )o0) [ assmon. ) [ d0@s@. @

N oo

of =) iy /OO dDDi(D)Dj(D)fD(D)/ d%48i(Xa)S;(a) fr, (Xa) X

—0o0 —00

i=1 j=1

/_ ) dQQ:(Q)Q;(Q) fo(Q) — 17 - (6.9b)

Equation (6.9) indicates that the mean and variance from a PGD-evaluated parametric quantity can

be computed from straight integration of the separated solution. In this chapter, these integrations
are performed on the same finite-volume grid used for the parameter discretization. The calculation
of the statistical moments using the separated representation of the parameter distribution and QOI
is discussed more generally in [100].

Alternatively, a standard Monte Carlo sampling technique [102] can be used to obtain these
statistical moments, by sampling from the joint probability distribution fp (D) fs, (X.) fo(Q) and
evaluating Equation (6.8) at these samples.

Finally, recall that the above expressions have been provided in the case of a homogeneous
domain. Starting from the parameterized PGD solution for a heterogeneous domain (see Equa-
tion (6.3)), the same procedure can be repeated here. The numerical results for heterogeneous

cases employ such expressions (they are omitted here for brevity but are straightforward to derive).
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6.3.2 Quantities of Interest

Defining quantities of interest is pivotal for uncertainty quantification and design optimization.
QOIs in reactor analysis typically include zone-averaged flux values, peaking factors, and total
neutron population (other QOIs are used in the field but this exposition is limited to a few of

these). The average flux in a region of interest (ROI) is given by:

Jral o(F)d’r

gbROI N f Rol d3fr

(6.10)

When the ROI is the entire domain (ROI= (), this simply denoted as ¢. The peaking factor is the

ratio of the largest flux in the spatial domain to the average flux:

P, = maxreo (1) 6.11)
¢
Also of interest is the change in the total neutron population, say, for example, when an absorber
material (labelled “rod” here) is introduced in the core. A good measure for this quantity is the

difference in the average fluxes:

AQE = (50 - Qgrod ) (612)

where gf_)o denotes the average flux before the absorber rod insertion and ggmd denotes the average
flux after insertion.

With these quantities of interest defined, one can now specialize Equation (6.8) and formulate
their PGD expressions, using the separated representation of the solution shown Equation (6.2), as

follows:

(D, 2., Q) = Za oo D;(D)Si(5,)2:(Q) | (6.13a)

MaX(ey e | Loy Xi(2)Yi(y) Zi(2)Di(D)S:(£0) Qi(Q)

P D: Em =
" ? S afalaiDi(D)S;(£.) Qi(Q)

: (6.13b)
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with
Jo, Xi(x)dx y ny Yi(y)dy y Jo, Zi(2)dz
wi dx ny dy fQZ dz

For the change in total neutron population, the material zones received the absorber rod must be pa-

(6.13c)

T Y z
QO Oy =

rameterized separately. Here, it is assume that only the absorption cross section value is affected by
the presence of the inserted rod. Thus, the functional representation for functions S is as follows,
S(X,) — Stuel(xhvel)Grod(Fiuel) when the rod is not present and S(X,) — Steel(Bfuel)Grod(Frod)

when it is inserted. This yields the following expression for the change in total neutron population:
N

Ag = Z af o D; (D)8 (B8 Q,(Q) [Sid(Bhe!) — Sred(zied)] (6.14)
=1

Statistical moments (e.g., mean and variance) of QOIs based on flux averages (i.e., for ¢ and A¢)

can be computed directly with 1-D integrations in the parameter dimensions.
6.4 Material Property Decomposition

This section describes the construction of the PGD operator for neutron diffusion (diffusion+reaction)
in the form shown in Equation (2.2). It is first worth noting that, in the parametric model, the mate-
rial properties not only depend on space, but also on the magnitude of the property in each material
zone. Therefore, a material property in a 3-D domain with M material zones will have M + 3
independent variables. In order to formulate the separated form of the operator, shown in Equa-
tion (2.2), these material properties must be decomposed similarly to the solution. This formulation
allows for the 1-D matrices and source vectors to be constructed before the PGD process is started,
instead of being re-computed on-the-fly during the PGD iterations. The number of terms used in
the decomposition of a given material property (i.e., N4,N,,N,) depends on the number of material
zones and the heterogeneity of the domain. A simple example is shown in Equation (6.15) for a
generic property labeled k. Here, k corresponds to either D, X, or () and M}, corresponds to the
number of material zones for property k, (e.g., My, M,, or M,). The goal is to find a material

property decomposition K (7, k1, ..., kps) in a PGD manner; the argument k; denotes the magni-
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tude of property k in material zone j. The PGD decomposition reads as a product of a spatial

description of the material zone and the magnitude of the material property itself.

M,
K(F ko ki) = > K3 (2, y, 2)k; | (6.15a)
j=1
where Kfyz describes the spatial position of material zone j. This characteristic function for

material j is obtained via a PGD decomposition as follows :

N 1 if (x,y,%) € material zone j
szxy, Z )Kz()_ e :

0 otherwise
(6.15b)

where N;** is the number of terms needed to decompose it.

The methodology for finding K7**(x,y, 2) can be found in Section 2.3.1. This process is
general for any given set of material properties. In the simple example of Figure 2.6, one can
readily obtain the spatial representation of k1, i.e., K7V* from Equation (6.15b) by setting k; = 1
and k2 = 0. An algorithm for decomposing a material property in a general domain is shown
in Algorithm 2. This process consists of two parts. The first is to find the decomposed form of
the property in the regions that are not parameterized (material property values are known). The
second part finds the spatial description of each parameterized material zone (uncertain material

property values).
6.4.1 Parameterized Insertion of an Absorber Rod

In order to assess the change in the total neutron population when an absorber is inserted
locally by a certain amount (length) in the core, the section parameterizes that insertion length in
a three-dimensional model. Parameterizing such control rod length is important in understanding
the absorbing strength of the rod versus its location in the reactor. Parameterizing the insertion

length is akin to a parametric geometrical condition. The decomposed form of the flux for this
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Algorithm 2 Parameterized Material Property Decomposition

1: procedure K = PARAMETERIZEDDECOMPOSITION(G,P,E)
GG — Grid with M material zones
P C[1,..., M] — Zones to be parameterized
k= k1, ..., kas) — Nominal values of material properties

K :=YM <Kf(a:)K§/(y)Kf(y) [Licp Kikj (/@)) — Output of decomposed parameter func-

tion

2: 1=10

3: Setk; =0,j¢€ P

4: (2.27) — ZQET K*(z)KY(y)KZ(z) > Decompose known (non-parametric) material

properties.

5 for all n <+ 1, N;¥* do > Transfer decomposition to output
6: i=1+1 5 .

7 Ki(z) = Ki(x) . K(y) = K(y) , K(y) = K3(y)

8 K Zk (kj)=1,j€P > All parametric dimensions are 1 for these terms
9: end for

10: for all m € P do > Loop over parameterized zones
11: Setk,, =1

12: Setk; =0, j #m

13: (2.27) — Zfﬁiz K*(x)KY(y)KZ(2) > Spatial description of material zone
14: for all n < 1, N’¥* do > Transfer decomposition to output
15: t=1+1 3 3

16 Ki(x) = Kz(a) , K2 (y) = Ki(y) , KY(y) = K2(y)

17: K7 (kj)=1,j€P, j#m > Parametric dimensions not in zone m
18: K™ (k) = km > Zone m dimension
19: end for
20: end for
21: Ny, =1

22: end procedure

parameterized problem is described then given by:
M .
O, A1y du) = Y Xi(@)Yi(y) Zi(z) [T AL (ON) - (6.16)
, e

A; is the insertion length of control rod j, where there are M rods in total. This solution rep-
resentation is analogous to the representation in Equation (6.3), except that it replaces the terms

dependent on material property values with terms dependent on the insertion length. Again, this
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solution decomposition requires that the material properties be similarly decomposed, as in Equa-
tion (6.15a). Since the insertion of a control rod is typically done along the z-dimension of the
reactor, a material property can be decomposed as a sums of products of functions in x,y with

functions in z:
M

KA,y dr) = Ko(z,y, 2) + ZKj(x,y)Xj(z,)\j) ) (6.17)

j=1
Ko(z,y, z) is the decomposition of the material properties with all rods fully extracted. K is the
x-y description of the position of rod 7, it does not have a z component. ; represents the change
in the material properties due to the addition of the rod at location z, dependent on the insertion

length of control rod j. These values can then be described explicitly as:

No

oy, 2 ZK& VG () G i(2) = K"z, y, 2) | (6.182)

Ty

1 if (x,y) € rod jlocation

Z _ ’ , (6.18b)

0 otherwise

Nz
J (krod . knorod) if 2 S s
) = DG (G = T (6.18¢)
= 0 if 2 >\

The number of terms required to represent Y, i.e., NV jz’\, is relatively large since it may be equal to
the number of axial layers in the z-dimension for the discretization of A;. If the variable J; is dis-
cretized using finite volume with N jz’\ intervals (Xj = [S\jgl, o S\j’ N]_zx]), the resulting decomposed

form of x; is

X;Z(Z> = H(Z — 5\]’71',1/2) — H(Z — 5‘j,i+1/2) , 1= 1, cees N;)\ s (6193)

Xj)\,z()\_?) = (kmd — k,norod)H()\j — 5‘j,i+1/2) s 1= 1, ey sz)\ s (619b)

where S\MH /2 and 5\3-71»_1 /2 are the nodes of interval 7 in the “insertion length” parametric dimen-

sion.
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6.5 Results

To illustrate the ability to perform parametric modeling and uncertainty quantification for neu-
tron diffusion with PGD, this section presents four different problems. First, a 1-D homogeneous
example, for which an analytical solution is available and used in order to verify the parametric
solution. Second, a 1-D two-region problem, where the exact solution is also available, which is
used to investigate how heterogeneity affects a PGD parametric solution. The third problem in-
creases the problem complexity by employing a 2-D heterogeneous nuclear core geometry in order
to analyze the ability to parameterize multiple material zones. Finally, a 3-D nuclear core geome-
try is used to showcase the PGD implementation for a problem that would be quite demanding for
traditional uncertainty propagation methods. Each of these applications performs an error analysis
of the PGD solution against either an analytical solution or a solution to the non-parametric model
(the non-parametric situation is a much lower dimensional problem and can be solved effectively
with traditional techniques and PGD equally). The application of the 3-D example goes further by

parameterizing the insertion of control rods, which is only possible for 3-D geometries.
6.5.1 One-Dimensional Homogeneous Example

To begin the analysis of parameterizing properties in the neutron diffusion equation, PGD was
applied to a parametric one-dimensional homogeneous problem. The neutron diffusion equation

and its boundary conditions are given in Equation (6.20).

—D%msz, z€[0,10], ¢z =0)=¢(x=10)=0. (6.20)

The analytical solution is provided in Equation (6.21), where the A and B constants depend on the

boundary conditions and material properties.

_ [ Za o Ze) L @
o(z, D, %,, Q) = Aexp < 5 af) + Bexp ( o) x) + 5 (6.21a)
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with

—1
[ 2a
A= _E% (exp (10 5) + 1> , (6.21b)
Q B B
B = Sh (exp (—10 3> + 1) . (6.21c)

The parameters D, >, and () are uncertain and can range between 0.1 and 10 (in units of cm, cm’!,

and n/cm?®-s, respectively). The probability distribution for each parameter can either be uniform
or normal. The total number of dimensions in the parametric model is four (one for the physical
space x, and three for the uncertain space in D, ¥, and ()). First-order continuous finite elements
are used for the x dimension with 100 elements, while a finite volume discretization is used for the
parameter dimensions, with 100 elements in each dimension, spanning 0.1 to 10. The enrichment
tolerance is set to 107¢ and 119 enrichment terms are required to satisfy that tolerance value. The
resulting decomposition to the neutron flux is shown by Equation (6.22). Figure 6.1 shows the

solution evaluated for some material property values; the analytical solution is also plotted.

b= Z b; = Z Xi(2)D;(D)Si(2.)Q:(Q) . (6.22)

Figure 6.2a shows the relative error of the PGD solution as a function of the full parameter space.
This error plot illustrates where, in the parameter space, the PGD solution deviates from the exact
solution. We note an independence of the error with respect to the source strength (), as expected
because the problem is linear in that parameter. The error is greater for large values of D and
small values of X, as the the solution has a steeper spatial variation for such values. Figure 6.2b
shows the enrichment error (current enrichment level compared to current solution) and cumulative

solution error at each enrichment step, respectively defined as:

enr _ _ |%ll

N
€O — sol_”Zi:lﬁbi—Zf:lﬁbiH
e b .
© X 4l

© 132 &l

and ¢
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Figure 6.1: Flux solution for some chosen property values, PGD parametric model and analytical
solution
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Figure 6.2: Convergence of the parameterized PGD solution for homogeneous 1-D example.
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The magnitude of the enrichment error for each enrichment step is an important point of compari-

son for higher dimensional and more complex problems in the following sections. The cumulative

solution error is monotonically decreasing for each additional enrichment. Figure 6.3 shows four

different normalized enrichment terms for each dimension. The first, second, fifth, and hundredth

enrichment terms were selected for comparison to show how the terms evolve through the enrich-

ment process. The legend of these plots show the L, of each enrichment function, illustrating how

these functions decay as a function of the enrichment level.
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Figure 6.3: 1-D enrichment terms at 1, 2, 5, and 100 enrichments for each dimension for homoge-

neous 1-D example.
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6.5.1.1 Uncertainty Quantification for 1-D Homogeneous Diffusion

This section shows the UQ analysis for the homogeneous neutron diffusion example using both
the PGD and the analytical (exact) solutions, Equations (6.22) and (6.21). Two QOIs (average flux
and peak flux) are sampled with a standard Monte Carlo technique, assuming either a uniform or a
normal distribution for the uncertain material parameters. The parameter distributions are defined

as:

f(D,%4,Q) ~U(up — 0p, up + op)U(ps, — 03,, s, + 05, )U(Lg — 0Q, g +0q) ,  (6.23a)

f(D,%4,Q) ~ N(up,op)N(ps,, 05, )N (g, 0q) , (6.23b)

where U(a, b) is the uniform distribution in the interval [a, b] and N (a, b) is the normal distribu-
tion with mean a and standard deviation b. In our numerical tests, we have chosen pp = py, =
g = 5.0 and op = oy, = og = 2.5. Table 6.1 provides the mean and variance for the QOIs.
These sampled means and variances are also compared against the analytical integration of the sta-
tistical moments of the PGD solution and the exact solution, see Equation (6.9) for the integration
technique. Figure 6.4 shows the probability distribution functions for the QOIs, obtained using
10° samples. There is an excellent agreement between the distributions obtained using the exact
solution and those computed with the PGD solution. For this example, the uncertainty quantifica-
tion with a parameterized PGD solution can yield accurate results. Generating a large number of

samples from a PGD solution is a fast process, even in a high dimensional uncertain pace.
6.5.2 One-Dimensional Two-Region Example

To further the analysis of parameterizing properties in the neutron diffusion equation, PGD was
applied to a parametric one-dimensional two-region problem. The neutron diffusion equation and

its boundary conditions are given in Equation (6.24).

d2

—Dx djs; + Ea,l(b = Ql ;T E [07 25] ’ (6243)
d* s

Dy s+ Rapd=Qx, w€[25,5], (6.24b)
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Table 6.1: Mean and variance for average flux and peaking factor (10° samples) for homogeneous
1-D example.

Average Flux ¢ Peaking Factor P
Uniform Normal Uniform Normal
o o 0 o ! o W o

Sampling - Exact | 0.8624 0.3541 | 1.0447 1.0836 | 1.2349 0.0471 | 1.2377 0.0805
Sampling - PGD | 0.8624 0.3543 | 1.0444 1.0785 | 1.2351 0.0471 | 1.2379 0.0805
Integration - Exact | 0.8623 0.3545 | 1.0449 1.0865
Integration - PGD | 0.8637 0.3591 | 1.0445 1.0785

[ Uniform - PGD [ Uniform - PGD

[ JUniform - Exact 81 i [ JUniform - Exact

[ |Normal - PGD [ INormal - PGD
]Normal - Exact [ Il ]Normal - Exact

é Py

(a) Average flux, d; (b) Peaking Factor, Py

Figure 6.4: Probability distributions for average flux and peaking factor(10® samples) for homoge-
neous 1-D example.

doy B B
I T 2(5) =0, (6.24¢)
d d
$1(2.5) = ¢2(2.5), % = % . (6.24d)
r=2.5 r=2.5

The parameters D; o, 2,12, and (); o are uncertain and have uniform probability in the range

between 0.1 and 10 cm, cm™!, and n/cm?-s, respectively. The resulting decomposition to the neutron
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flux is shown by Equation (6.25).

1000 1000

2
6= 0= Xi(a) [[ D (D)8 (£05) Q¥ (Q;) - 6.25)
=1 =1 j=1

In a 1D M -region domain, the PGD system contains 2M linear spatial operators (one for diffu-
sion in z in each region, one for reaction in x in each region). The total number of dimensions on
the parametric model is 3M + 1 (one for the physical space z, and three for the uncertain space in
D, %, and @ for each region). First-order continuous finite elements are used for the x dimension
with 100 elements, while a finite volume discretization is used for the parameter dimensions, with
100 elements in each dimension spanning from 0.1 to 10. The enrichment process was stopped at
1000 terms, which resulted in a final enrichment error of ~ 10~°. Four snapshots of the solution
were taken of the PGD parametric solution: one homogeneous and three heterogeneous. Table 6.2
details these snapshots and the resulting L, error from the exact solution. Figure 6.5 shows the
resulting solutions from the snapshots; the analytical solution is also plotted. These global er-
rors show that the accuracy of the PGD parametric solution is highly dependent on the inputted

parameter values.

Table 6.2: Cases chosen to compute relative difference from exact solution

Case | D1 Dy | Xg1 Zap | Q1 Q2 | |0 — dretl| /|| Pret]|
1 50 50| 50 50|50 50 0.000155867

2 92 76| 08 7.8 |57 34 0.0709736

3 29 39106 94 |47 1.7 0.0734167

4 76 57154 13 102 8.0 0.0979055

To confer the results from the snapshots, the following shows how error depends on the full
parameter space. Figures 6.6a and 6.6b show the error of the PGD solution as function of the
diffusion coefficient and absorption in each region, respectively. This error plots are meant to

show where in the parameter space the PGD solution deviates from the exact solution. These
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Figure 6.5: Flux solution for some chosen property values for two-region 1-D example, PGD
parametric model and analytical solution

profiles indicate that error is highest when D is large and ., is small, with a dip where the two
regions’ values are equivalent. This observation demonstrates two features of the accuracy of the
PGD solution. First, the locations of highest error show that error from the spatial discretization is

evident. Second, the dip where the two regions’ properties equal indicate that the PGD solution is
highly dependent on the degree of heterogeneity of the material.
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Figure 6.6: Relative error W;d’%“' for the full parameter space at x = 5 for 1-D two-region

problem
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To illustrate the applicability of the parametric PGD, we perform a UQ analysis of the 1D
neutron diffusion example using the analytical (exact) solution and the PGD solution. As stated
previously, the probability for each parameter is uniformly distributed between 0.1 and 10. Fig-
ures 6.7a and 6.7b show the probability density functions for average flux and changed flux, respec-
tively, computed from sampling 10° times. The center region (z € [0, 2.5]) is the rod region. The
uncertainty distribution from sampling the PGD solution a million times has reasonable agreement
with the distribution of the exact solution with the same samples. If more accuracy is needed, then
more enrichment terms would be required. However, even for this example, the later enrichments
converge quite slowly: about an order of magnitude more terms for another order of magnitude of
accuracy. This issue is only exacerbated as the number of uncertain space dimensions (i.e., number

of material regions) is increased [103].

1 1r
I PGD, = L.16, o = 1.084 IPGD, u = 0.1733, 0 = 1.86
n [ Exact, p = 1.183, 0 = 1.223 Exact, p = 0.1471, 0 = 1.813
m
08 Hﬁﬁﬁ 08
06F 086 HM
- | 2 |
0471 0471 [
I
I
0.2r 0.2r
0 INNNNI NN NENERES 0 I
0 1 23 4 5 5 4 3 -2 4 0 1 2 3 4 5
] A¢p
(a) Average flux, ¢ (b) Change in neutron population, A¢

Figure 6.7: Probability distributions for average flux and change in neutron population (10° sam-
ples) for two-region 1-D example.

123



6.5.3 2-D IAEA Benchmark Problem

In this second case, we apply PGD to a heterogeneous 2-D configuration in order to examine its
performance with a more complex geometry. The chosen problem is based on the ANL Benchmark
Problem Book problem 11-A1 [58] (the 3-D version of this benchmark problem is analyzed in the
next section). The 2-D geometry layout is shown in Figure 2.8, where the numbers indicate the the
material index. Only a quarter core is represented, with symmetry lines at the top and left. Each
square cell (of size 20 cm x 20 cm) contains one material. There are four material types in the 2-D

version of the problem.
6.5.3.1 Parameterizing 2-D IAEA Problem

Parameterizing the properties of this geometry results in a PGD decomposition in 13 dimen-
sions: two in space (x and y), four for the diffusion coefficient of the different materials, four for
the absorption cross section, and three for neutron source (there are no sources in the reflector
zones). After decomposing the material properties in a manner suitable for a fast PGD process, the
neutron diffusion operator contained a total of 66 linear operators (L in Equation (2.2b)) in each
dimension. The spatial and parameter dimensions are discretized using continuous finite elements
and finite volume, respectively. Table 6.3 provides discretization details for each parameter (mini-
mum and maximum value in each of the 13 dimensions). The resulting PGD solution is given by

the expression shown in Equation (6.26):

¢(x7ya Dla "'7D47 ZJ17 cey E47Q17 "'7Q3) =

2000 3
S X)) [[ 27 00 ]S (Sai) [T QX (@)) - (6.26)
=1 j=1 j=1 j=1

The PGD solution required 2000 enrichment terms, for an enrichment error of approximately
10~%. The memory consumed by the PGD solution is 23 MB, while a non-PGD solution in a
13-dimensional space would likely consume twenty orders more. Table 6.4 shows the parameter

values of four arbitrary cases chosen to illustrate how well the parameterized PGD solution per-
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Table 6.3: Details on the discretization of the PGD parametric model

Dimension No. of Elements Min. Max.
T (cm) | 170 0 170
Y (cm) | 170 0 170
Dy, Dy, D3 (cm) | 100 0.2 0.8
D, (cm) | 100 0.15 0.6
Ya,1 (cm™%) | 100 0.0425 0.17
Ya2 (cm™1) | 100 0.065 0.26
Ya3 (cm™b) | 100 0.04 0.16
Yad (cm™) | 100 0.005 0.02
Q1,Q2,Q3 (n/cm?®-s) | 100 5.0 20

forms against a non-parametric solution; the relative error between the PGD parametric solution
and a reference, non-parametric solution, are also provided. Figure 6.8 shows the parametric so-
lution from the four cases as well as their relative errors when compared against non-parametric
solutions. The non-parametric counterparts are computed using the PGD method with just a spatial
decomposition of the flux (i.e., a 2-dimensional problem only), the material properties being set to

the specific case values.

Table 6.4: Cases chosen to compute relative difference from non-parametric solution

Value in Material Zone Relative Error
Case | Prop. | 1 2 3 4 |6 — Pretl| /|| Pret|
D 0.4 0.4 0.4 0.3
1 Y 0.085 0.13 0.08 0.01 2.760e-3
Q 10 10 10 0
D 023 053 077 03
2 Y 0.085 0.13 0.08 0.01 3.287e-3
Q 10 10 10 0
D 0.4 0.4 0.4 0.3
3 Y 0.049 0.075 0.154 0.01 5.460e-3
Q 10 10 10 0
D 023 053 077 03
4 Y 0.049 0.075 0.154 0.01 7.185e-3
Q 10 10 10 0
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Figure 6.8: Parametric solutions and relative errors compared to non-parametric solutions

126



[[¢ = drefl| /|| drerl] = 0.00718491

250
200
150
100

50

¢ (n/cm?s)
16 = reyl/ mex e

-50
200 T ] >

~ = — 100
~ P 100 50 S~ —

y (cm) (; "o z (cm) y (cm) 0 o z (cm)
(g) Case 4 Solution (h) Case 4 Difference

Figure 6.8: Continued

The errors given in Table 6.4 and Figure 6.8 show that the spatial error is approximately an
order of magnitude higher than the enrichment error. Using the enrichment convergence rate shown
in Figure 6.9, one can infer that reducing the enrichment error by another order of magnitude would
require another order of magnitude in number of enrichments. This slow rate of convergence is due
to the high-dimensionality of the problem; see also [103] for another such instance. However, in
the context of UQ for neutronic applications, the uncertainty due to the parameters are often much
larger than this level of convergence error.

Figure 6.10 shows how the parameterized PGD solution varies as a function of the material
property only. To obtain these one-dimensional functions, an integration is performed over all other
dimensions (space and the other parameters); the resulting one-dimension functions are normalized
for plotting convenience. As expected, the dependence of the solution of the source parameter is
linear; see Figure 6.10c. The rest of these one-dimensional functions are meant to give a qualitative
relative sensitivity of the average flux with respect to each material property. Figure 6.10a shows
that the closer the material zone is to the outer edge of the domain, the greater the effect the
uncertainty of diffusion coefficient has on the flux average. Figure 6.10b shows that effect of the

absorption cross-section uncertainty is directly related to the volume of each material zone.
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6.5.3.2  Uncertainty Quantification of 2-D Heterogeneous Problem

This section details the relevant UQ results from the obtained PGD solution of 2-D IAEA
benchmark problem. The quantities of interest for this analysis are the average neutron flux and
the change in total neutron population. The uncertain parameters are, again, assumed to be inde-
pendent variables, thus the joint probability distribution function is the product of the univariate
probability distribution functions. Uniform and normal probability distributions are employed.
The mean for each parameter distribution is set to Case 1 of Table 6.4 and the standard deviation o
is chosen to be 33% of the mean. Figure 6.11 shows the probability distribution as a result of sam-
pling the PGD solution as well as a normal distribution with mean value and variance computed

using Equation (6.9) (direct integration of the PGD solution).

0.03 1 0251
[ Sam -U, p = 7872, 0 = 15.12 ISam.-U, pu = 2.071, ¢ = 1.987
[ 0Sam.-N, pp=81.99, 0 = 23.27 [ 1Sam-N, p = 2.029, 0 = 2.879
——PGDU, o= 7515, 0 = 17.79 ozl i, | ——PGD-U, 1= 1.989, 0 = 1.992
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Figure 6.11: Probability distributions for average flux and changed population. Sampling results
computed using 10° samples. PGD results are a normal distribution with the mean and variance
computed using Equation (6.9).

The results in Figure 6.11 are meant to illustrate the ability of the PGD solution to generate
a probability distribution for some quantities of interest and estimate the propagated uncertainty.

The normal distributions in Figure 6.11 are meant to visually compare the actual probability dis-
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tributions obtained from sampling against Gaussian distributions that have means and variances
calculated using Equation (6.9). For the change in the total neutron population distribution, a
Gaussian distribution would be an appropriate fit to the the actual probability distribution assump-
tion. For the average flux QOI, the obtained probability distribution deviates significantly from a

Gaussian distribution.
6.5.4 3-DIAEA Benchmark Problem

This fourth and final case examines the effectiveness of PGD for a 3-D heterogeneous problem,
the 3-D version of the ANL Benchmark problem used in the previous section. The x—y layout of the
2-D geometry of Figure 2.8 is extruded in the z direction. This extrusion is shown in Figure 2.11
with the addition of a fifth material region. Material properties in each region of the domain
are parameterized. Additionally, in Section 6.5.4.3, the position of the each control rod is also

parameterized (the x—y locations of the control rods can be found in Figure 2.8).
6.5.4.1 Parameterizing 3-D IAEA Problem Material Properties

Parameterizing the properties of this geometry results in a PGD process in 16 dimensions:
three in space, five zones for the diffusion coefficient, five zones for the absorption cross sec-
tion, and three zones for the neutron source The PGD system contains 116 linear operators (L in
Equation (2.2b)) in each dimension. The spatial and parameter dimensions are discretized using
continuous finite elements and finite volume, respectively. Table 6.3 and 6.5 provide discretization

details for each dimension. The PGD solution is given by Equation (6.27):

¢(x7ya Z>D17 "'7D57217 ceey zS?Qla QS) =
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The solution contains 1300 enrichment terms, with in a relative enrichment error of approxi-

mately 5 x 10~*. The memory consumed by the PGD solution is 21 MB, while a full solution in
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Table 6.5: Details on the discretization of the 3-D PGD parametric model

Dimension No. of Elements Min. Max.
z (cm) | 380 0 380
Ds (cm) | 100 0.15 0.6
Yas (cm™) | 100 0.0275 0.11

16 dimensions would consume many orders of magnitude more. Table 6.6 shows the parameter
values of four arbitrary cases chosen to illustrate how accurate the parameterized solution against a
non-parametric solution. Figure 6.12 shows the parametric solution from the one of the four spec-
ified cases and its error when compared against a non-parametric solution. The non-parametric
solutions are obtained using the PGD technique over spatial coordinates only, while the material
properties are set to the values for each specific case.

The errors reported in Table 6.6 and Figure 6.12 show a performance similar to the 2-D results.
The convergence shown in Figure 6.13 shows approximately the same convergence as for the 2-D,
while the dimensionality of the problem (16 dimensions now, as opposed to 13 in the 2-D case) in-
creased only slightly. One may infer that, for this type of problems, the rate of convergence is more
dependent on the total number of dimensions in the problem rather than the number of expansion

terms needed in the decomposition of the linear operator (the value of L in Equation (2.2b)).
6.5.4.2 Uncertainty Quantification for 3-D IAEA Problem

This section details the relevant UQ results from the obtained PGD solution of the 3-D IAEA
benchmark problem. The quantities of interest and parameter distributions are the same as for the
2-D example in Section 6.5.3.2. Figure 6.14 shows the probability distributions for two QOls,
obtained from sampling the PGD solution. Gaussian distributions with the mean and variance
computed directly from the PGD solution (Equation (6.9)) are also included in the graph. The
graph legends display the mean and variance values, obtained from Monte Carlo sampling or direct
integration of the PGD solution.

The results in Figure 6.14 are meant to exemplify the ability of sampling multiple times a

PGD solution in a cost-effective manner, hence generating well-resolved probability distribution
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for the quantities of interest and propagating uncertainty. These distributions show a very similar
behavior as the 2-D results, with the same conclusions on the accuracy of the Gaussian distribution

assumptions.

Table 6.6: Cases chosen to compute relative difference from non-parametric solution

Value in Material Zone Relative Error
Case | Prop. [T 2 3 4 5 | |6~ duell/lloetl
D 0.4 0.4 0.4 03 03
1 Y 0.085 0.13 0.08 0.01 0.055 4.515e-3
Q 10 10 10 0 0
D 023 053 077 03 03
2 Y 0.085 0.13 0.08 0.01 0.055 5.343e-3
Q 10 10 10 0 0
D 0.4 0.4 04 03 03
3 Y 0.049 0.075 0.154 0.01 0.055 1.142¢e-2
Q 10 10 10 0 0
D 023 053 077 03 03
4 Y 0.049 0.075 0.154 0.01 0.055 1.366e-2
Q 10 10 10 0 0
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Figure 6.12: Parametric solution and relative error compared to non-parametric solution
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Figure 6.13: Enrichment error at each enrichment step
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Figure 6.14: Probability distributions for the average flux and change in total neutron population.
Sampling results computed using 10° samples. PGD results are a normal distribution with the
mean and variance computed using integration method.

6.5.4.3 Parameterized Control Rod Movement

This section presents results from parmeterizing the insertion length of each control rod for the

3-D IAEA problem. The insertion length for control rod 7 is \;, where the index for each rod is

133



labeled in Figure 2.8 and the length is the distance from the top of the fuel height, as shown in
Figure 2.11. Parameterizing this geometry results in eight dimensions: three for space and one
for each of the five control rods, shown in Equation (6.28). The spatial dimensions are discretized
similarly to those of the previous sections, the parameter dimensions are discretized using 18 finite
volume elements spanning the entire length of the fuel region (340 cm). The resulting PGD system
contains 118 linear operators in each dimension (L in Equation (2.2b)). The PGD solution contains
1000 enrichment terms, with an enrichment relative error of approximately 5 x 10~°. Table 6.7
shows the parameter values of four arbitrary cases chosen to illustrate the solution and compute
the relative difference from a reference, non-parametric solution. Figure 6.15 shows the z-direction

profile of the parameterized and reference solution for each of the four cases in Table 6.7.

1000

5
i=1 j=1

Table 6.7: Cases chosen to compute the relative error between parametric and non-parametric
solutions

Rod Insertion Length (cm) Relative Error
Case | 1 2 3 4 5 ||[¢— ¢reill/llreil|
1 80 140 120 260 300 1.192e-3
2 80 100 360 140 60 1.702e-3
3 60 180 200 360 100 1.358e-3
4 140 160 200 60 200 1.076e-3

The errors reported in Table 6.7 (and also given in Figure 6.15) show that the PGD solution is
quite accurate compared to a non-parametric solution, with errors less than 0.17%. The accuracy
of these results surpass those of the material property parameterizations of Section 6.5.4 while
using a smaller number of enrichment terms. This observation seems to indicate that the number

of linear operators, the value of L in Equation (2.7) (118 terms for 3-D rod movement parameteri-
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Figure 6.15: Axial profiles for parametric and reference solutions with different rod insertions.

zation versus 66 for 2-D property parameterization), may not directly impact the number of PGD
enrichments terms necessary (~1000 for the 3-D rod parameterization versus ~1300 for the 2-D
material parameterization).

An important metric for reactor design is the change in neutron population depending on the
insertion depth of each control rod. Figure 6.16 shows this quantity (A¢) for each control rod.
To compute A¢ for rod i, ¢y was computed by extracting all the rods (A; = 0), then Proa Was
computing by extracting all rods except rod 7. The worth in Figure 6.16 are scaled by the number
of each rod in the entire reactor. The results in Figure 6.16 are meant to illustrate the ability
of a PGD approach to produce design-relevant results in much simpler manner than traditional
methods, which would require a full 3-D evaluation for every possible configuration of the control

rods’ layout and insertion length.

135



0.2

0.18 -

0.16

0.14 |

012

Ag (per no. of rods)
o
o ©
g =

(q
e
=}
&

g
=}
=

0.02 -

Figure 6.16: Change in total neutron population for each control rod location (z = 1, ..., 5 and all
rods together).

6.6 Discussion

In this chapter, uncertainty quantification (UQ) and design optimization have been performed
using PGD techniques applied to neutron diffusion problems. The neutron diffusion equation with
external sources, a diffusion-reaction problem with forcing terms, is used as the parametric model.
For heterogeneous domains, the dimensionality of the uncertain space can become quite large.
Thus, a parameterized PGD solution is sought in a high dimensional space, the natural spatial
coordinates as well as each zone-dependent material property. This PGD solution, parameter-
ized in all uncertain variables, can then be used to compute mean, variance, and more generally
probability distributions of various quantities of interest. In addition to parameterized properties,
parameterized geometrical variations of 3D models have also been considered in this work.

The theory section of this chapter shows an in-depth derivation of the PGD system for para-
metric heterogeneous problems. The linear operators are decomposed into zone-dependent 1-D
operators; although this system construction seems complex, it is purely analytical and completely
contained in the pre-processing stage, ultimately resulting in a efficient solution process. The the-
ory section also discusses the utilization of a PGD solution for uncertainty quantification. It shows

how a resolved PGD solution can be sampled trivially with a Monte Carlo technique and also dis-
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cuss how a PGD solution can be directly integrated to compute the mean and variance of some
quantities of interest, given specific types of parameter probability distributions. Finally the sec-
tion discusses the quantities of interest analyzed for this application of neutron diffusion, including
the average solution (average flux), the maximum of the solution (peaking factor), and change in
the total neutron population.

In the results section, parametric PGD solutions are applied to four different geometries. The
first and second are 1-D problems with a known analytical solution, meant to verify the PGD sys-
tem construction and solution process. The error and basis functions of the resulting PGD solution
show that the solution follows the physics of the problem quite well, but are somewhat depen-
dent on the heterogeneity of the geometry. UQ results are also presented for these problems and
show that evaluating the parameterized PGD at sampled values of the uncertain parameters yield
accurate results. The third and fourth geometries involve 2-D and 3-D heterogeneous domains, re-
spectively. The results obtained using these models illustrates the applicability of PGD techniques
to propagate uncertainties effectively in such high dimensional problems, a task often impractical
with traditional methods. The 3-D application also investigates parameterizing control rod inser-
tion for design optimization considerations. All of these application also show the behavior of the
enrichment convergence for highly-dimensional problems. It is observed that convergence of the
PGD solution depends noticeably on the total number of dimensions in the parametric problem.

In summary, this PGD application to parameterized neutron diffusion models shows promising
results for practical application of realistic uncertainty propagation and design optimization. Con-
siderations for the future development of this work would include increasing the complexity of the
governing law, e.g., including application to multigroup criticality neutron diffusion and neutron
transport problems. In addition, there is also a need to better understand enrichment convergence

in highly dimensional spaces for UQ calculations.

137



7. CONCLUSIONS AND FUTURE WORK

7.1 Conclusions

In this work, a proper generalized decomposition approach was implemented and investigated
for various nuclear science and engineering applications. The goal of the research was to tailor
the PGD algorithm for neutron diffusion and transport problems and asses the viability of the
method to reduce the computational burden of evaluating these multi-dimensional systems. These

applications include,

1. Multigroup neutron diffusion eigenvalue calculations

2. Fine-group neutron diffusion problems

3. Neutron transport problems

4. Parametric uncertainty quantification for neutron diffusion

The detailed conclusions for each these applications can be found in their corresponding chapters.
However, several general conclusions can be made based on collective observations.

Broadly speaking, PGD is an highly efficient method and its ability to reduce the dimensionality
of certain multi-dimensional models is without question. PGD performance is impressive when
compared to its full-order counterpart for many of the problems presented in this dissertation and
in the myriad of other PGD works. However, it is apparent from these applications that PGD
performance is heavily dependent on several features of the models at hand: number of dimensions,
heterogeneity of the domain, and separability of the full-order solution. Admittedly, these factors
are not independent, but it is difficult to correlate them quantitatively.

Contrary to the idealistic vision of PGD, the burden of evaluating a model with PGD is not
linearly dependent on the number of dimensions, as the number of enrichments required increases
significantly when dimensionality is increased. However, the resulting run-time and system size

when compared to the full-order model improves continuously with increasing dimensions, if a
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reasonably accurate solution is desired. The efficiency of PGD evaluation suffers heavily if highly
accurate solutions are needed. PGD can be highly useful if only a rough picture of the model is
needed, which is generally the purpose of reduced order models.

A recurring theme throughout this dissertation is that PGD performance suffers heavily in its
application to highly heterogeneous domains. PGD dependence on heterogeneity seems to be the
primary drawback of its application to reactor physics. The domains involving nuclear reactors,
especially for high fidelity simulations, contain multitudinous materials with severe discontinuities
in property values. For these models, utilizing full-order evaluation methods is most likely the best
approach. However, simplified models exist and are common practice for reactor analysis, these
simplifications is where PGD can prosper.

The performance of PGD ultimately hinges on the separability of the model’s solution, that
is the number of separated terms, or enrichments, required to represent the solution to a certain
accuracy. If the optimal decomposition of a solution requires a certain amount of terms, then
PGD requires at least that many enrichment evaluations, most likely more. In the analysis of this
dissertation, the separability of 2-D models is quantified using SVD, which provides the optimal
decomposition. It is observed that PGD follows the SVD convergence closely for the first few
enrichments, but diverges significantly when more terms are added. Furthermore, solutions that
contain discontinuities or non-smoothness not aligned with any of the coordinates requires an
exorbitant number of enrichments, to the point where the separated representation is no longer a
reduced order model. These kind of solutions are especially prevalent in transport solutions, where
no diffusion is present. To conclude, a decent amount of knowledge about the physics and the
domain is needed in order to determine, a priori, if PGD will be an effective technique.

The PGD methodology is still very much in its adolescence, especially in its application to
nuclear science and engineering. For the applications presented in this dissertation, PGD shows
a great amount of promise as a reduced order modeling technique and a method for reducing the
computational burden for neutron diffusion problems. However, much more development and

analysis is required to conclusively determine the proper place in which PGD can reside in the
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nuclear community. The decomposition of spatial dimensions is a huge crux in the PGD method-
ology; more promising is the decomposition of other coordinates including energy, angle, time,

and parametric dimensions, where PGD can truly serve its purpose.
7.2 Recommendations for Future Work

The main recommendation for future work with PGD is to apply it to more complex examples
and perform more analysis on its convergence. This section details potential avenues of PGD for
each of the applications presented in this dissertation. The following subsections itemizes these

recommendations.
7.2.1 Mulitgoup Criticality

For PGD in criticality calculations, more analysis and verification is needed on PGD for
reactor-physics problems including more complex geometries and finer-group problems, which
usually exist in realistic reactor benchmarks. Although, it is expected this PGD approach will have
much more difficulty evaluating highly heterogeneous geometries. Some advanced PGD tech-
niques exist that could mitigate this difficulty, including adaptive subspace methods [104], AMG
methods [105], and domain decomposition [106], for instance. Furthermore, PGD algorithms
should be compared with more traditional reactor physics codes, like TRIVAC and PARCS, as

examples.
7.2.2 Space-Energy Decomposition

PGD with space-energy decomposition showed very promising results, especially when the
domain was only mildly heterogeneous. To eliminate the performance ambiguity with heterogeity,
a possile approach would be to remove the decomposition in space, where the solution has a sepa-
ration of the 3-D spatial dimension and energy. Furthermore, since PGD seemed to have difficulty
resolving the fast-resonance region in the fine-group calculation, a full-order model could be used
for this region, since no Gauss-Seidel iteration is required, and use PGD for the thermal region.
Additionally, different energy discretizations could be explored including multiband methods [107]

and finite element methods [108, 109]. Since the evaluation of the energy dependent variables in
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the PGD space-energy separation involve an algebraic equation, continuous energy representation

is also feasible.
7.2.3 Neutron Transport

The results from Section 5 show that transport, in general, is a very difficult problem to capture
using PGD with space separation. Using PGD by itself may not be viable method to improve
performance for these problems. However, it is feasible that PGD could be used as a corrective
measure to improve source iteration convergence. For instance, using a FOM evaluation technique
for the uncollided flux, then using PGD for source iteration, due to the separability of dy). PGD
could also be used as an accelerator, solving for ) between each FOM source iteration using a
small number of enrichments to correct the solution. Finally, the Residual Monte Carlo technique
could also be utilized in conjunction with PGD, whereby performing a very coarse PGD evaluation

then using Monte Carlo methods to correct the residual [110].
7.2.4 Parameterized Neutron Diffusion

In this chapter, PGD proved to be effective for producing parameterized solutions for very
high-dimensional problems. The work only used these solutions for the purposes of rudimentary
UQ. Therefore, potential avenues of future would be to apply these PGD parametric solutions
for realistic and more useful engineering purposes. A very promising and exciting research in-
volves the dynamic data-driven application system (DDDAS) [38, 39, 100, 111, 112]. DDDAS is
real-time simulation tool that is able to represent physical models under real-time perturbations,
develop data-driven models, and consider control environments. Including these functionalities in-
dividually is commonly employed with traditional computing platforms, but embracing all of them
is significantly more difficult and a possible avenue of relief is utilizing PGD. In addition to UQ
and data-based simulation, PGD can also be applied to more complex nuclear engineering mod-
els including multigroup problems, criticality calculations, and the megalomaniac that is neutron

transport.
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APPENDIX A

PRODUCING A SEPARATED REPRESENTATION USING SINGULAR VALUE
DECOMPOSITION

In many of the results throughout this dissertation, PGD is compared to SVD for analysis on
the separability of a 2-D solution. This appendix explains explicitly how SVD is used to produce a
separated representation of a full-order solution. To begin, it is assumed that the full-order solution

is known and has the discretized form described by,

K
T, y) N Zuk%(ﬂf,y) : (A.1)

In all of the applications presented, the domain is discretized with a uniform mesh, that is the

solution can be defined as,

I J
~ Z Z w; ;05 ()4 (y) , (A.2)

i=1 j=1

where [ and J are the number of nodes in the = and y dimension, respectively, and K = [ x J.
Now, the unknown coefficients (u;) are combined into a vector w. In a uniform grid, this vector

can be rearranged into a J-by-/ matrix:

U1 U1 ... U
U2 U22 ... Uy 2

A= . (A.3)
ULJ UQ’J U]”]
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Without loss of generality, the full-order solution on a uniform mesh can be described as,

9] 00 1 J
TEVED SRS 91 0 SEREIE) | ouVETIY BT

n=1 n=1 \i=1 j=1
The coefficients X, ; and Y,, ; are combined into the vectors X, and Y,,, respectively. The array

A can then be described as,

A= i Y, X!, (A.5)

n=1

To relate each term X, and Y, to the matrix A, SVD is performed on the matrix, which produces,
A=UxVT, (A.6)

where U is a J-by-N array, X is a diagonal N-by-N array, V is a [-by-N array, and N =
min(/, J). The coefficients X, ; and Y, ; can then be related to A by,
Xni=V)inA/ )y, n=1.,N,i=1,..1, (A.7a)

Yn,j = (U)],n (2>n,n , = 1, ...7N, j = 1, ceey J, (A7b)
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APPENDIX B

DERIVATION OF FOURIER SERIES REPRESENTATION OF HOMOGENEOUS POISSON
PROBLEM

This appendix section shows the derivation of the Fourier series solution to the 2-D homoge-

neous Poisson problem. The problems is defined as,

— Au(z,y) =1,z €[0,1]y € [0, 1] (B.1a)

uw(0,y) = u(l,y) = u(x,0) = u(z,1) =0 (B.1b)

To begin, the source term is expanded into a 2-D Fourier series:

1= Z Z Fon sin(mmz) sin(nmy) | (B.2a)
m=1n=1
where,
1 1 4
Fon = 4/0 sin(mmc)dx/o sin(nmy)dy = - 1—(=1)"[1—-(=1"]. (B.2b)

With this representation for the source, it is easy to see that the solution must take the form:
oo o
u(z,y) = Z Z Upn sin(mmz) sin(nmy) (B.3)
m=1 n=1

This representation already satisfies the boundary conditions, so to find the coefficients U,,,, Equa-

tions (B.2) and (B.3) are substituted into Equation (B.1a):

[e.9]

Z ((mm)? + (n7)?) Uy, sin(marz) sin(nry) = Z Z Fopsin(mmz) sin(nmy) . (B.4)

m=1 n=1 m=1 n=1
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Relating the coefficients:
4= (=DM = (=11

mimn (m? + n?)

Umn =

(B.5)
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APPENDIX C

COMPARING CONTRIBUTION-BASED AND RESIDUAL-BASED PGD CONVERGENCE

Most of the results throughout this dissertation showed a spurious convergence of enrichment

contribution, which was used as the stopping criteria for the enrichment process. Another common

criteria in PGD works is to use a residual based approach. Here, these approach are compared to

determine if the residual-based approached produces a more uniform convergence. For exposition,

the contribution-based error estimator is defined as:

. . || X0 ||
Enrichment Magnitude(n) = —; )
D i Xl IY
and the residual-based error estimator is defined as:
. . ||Res,|
Residual Magnitude(n) = — ,
> i XY
where,
Q L n
Res, = q(z,y) — L(z, y)un(x,y) = > qi(@)gi(y) = Y > LiXu LYY, ,
k=1 (=1 i=1
and,
IResq |2 = / [ lae9) = £ p)unle, o) = (a.) = 20, L) + (L, L)
Qy
Q Q Q L n
ZZ qlqu/ quqIZ’>_QZZ kaLfX <QIZ’L2Y;>+
k=1 k'=1 k=1 (=1 i=1

3

\E

L
(=1 i=1 ¢'=1i'=1

L
SN ALEXG LX) (LYY, LYY

(C.1)

(C.2a)

(C.2b)

(C.20)



The convergence of these quantities is studied for the 2-D homogeneous Poisson problem. Fig-
ure C.la shows the contribution-based convergence and Figure C.1b shows the residual-based
convergence. These results show that the residual-based convergence is just as spurious as the
contribution-based one used throughout the results of the dissertation. This observation indicates
that a residual-based enrichment tolerance is most likely a no better error estimator than a the

contribution-based one.

10°

= PGD
e SVD
Fourier Series

— PGD
e SVD
Fourier Series

10-10 L

Relative Enrichment Magnitude
Relative Residual Magnitude

1012 F
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107

(a) Contribution-based convergence (b) Residual-based convergence

Figure C.1: 2-D Homogeneous Poisson enrichment convergence for PGD, SVD, and Fourier se-
ries.
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APPENDIX D

PGD DERIVATION FOR SPECIFIC APPLICATIONS

This appendix is meant to show the specific derivations of the PGD algorithm of the governing
laws specified in this dissertation. For the sake of exposition and brevity, the materials are homo-
geneous and the domain is 2-D. The weak form for each dimension’s solve is presented for the

Nth enrichment. For additional brevity, the one dimensional integrals are represented by:

(a,b)r:/ abdr, (D.1)

where r is the dimension being integrated over, x, y, or E for instance.
D.1 Multigroup Neutron Diffusion Criticality

This section presents the PGD derivation for space-only decomposition of the multigroup neu-
tron diffusion equation within the power iteration process, described by Equation (3.1). For the
Nth enrichment and the ¢ + 1 power iteration, the solution is assumed to be,

N£+1
¢7 " a,y) = Y XPTH @)Y ) g =1,.,G (D.2)
i=1

Solving for X9+ (z):

Qg

Y97f+1 Yg,€+1>
de ' dx dx < NN

Y

* L+1 L+1
Dg<dX X% > oy dXE

0
Qy

£+1 L+1 £+1

+ <X* ngf“> D? <de3 ¥y > - DQYngf*l—de%
’ 2 dy  d d

y v/, y

0

Yy

G
T Yy T
g'=1
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de ' dx x
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SERRA

- Yy
_]:1 0
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Y

Solving for Y+ (y):
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, dz = dx dx o y
J=1 T 0
. g.0+1 9,041 |y
b (g xeet) (e (D2 T pey T
J = dy dy dy 0
Yy

Y <X]g\,’£+1,Xf’£+1> <Y*,ng’HI>

Y

G
_ Z E?—g/ <X]g\;,e+1’ng/7e+1> <Y*’Y}g/7£+1> ] ,g=1,...G, (D.3b)
T Y

g'=1
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D.2 Space-Only Multigroup Neutron Diffusion

This section presents the PGD derivation for space-only decomposition of the multigroup neu-
tron diffusion equation described by Equation (4.5). For the Nth enrichment, the solution is as-

sumed to be,

N
=Y X{(@)Y{(y),g9=1,...G. (D.4)
=1
Solving X3 (z):

Qz

0

<Dg<dx* dX]"V> DQX*df

dr = dx x

) (YR, YR),

ayg | < / ,
- DA >+2299’ (x,x4) (vevi)
0 r—1 z
Qq

Y

+<X*’X}gv>r( <dY9 dY9>
~(xva) (3va), -3 (o <>—

1
Qy>

J
9 dY? dYg
+ (X", XY), (Dg< Iy J> DIVt
L g=1,..,G, (D.5a)

0

o),

dy ~ dy Ndy
G

#3m (xnx) (Vi)

g=1 Y

Solving Y (y):
dX4 dX? dxy %
DY - DIXY Y Yy
( <d:v7dx>$ d0><’N>y
o o , /dY" dvyd N 4 W N S T S A
O XE, (D0 (T ) — DY + 3w (X%, XY <Y,YN>y
0 g'=1 z

Qg

- (x0.a), (V) -3 [(m<d§§ad§>w— g

) j=1
Qy>

dy* dy? LAY
,g=1,...,G. (D.5b)

G
S ) ),

g'=1

),

0
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D.3 Space-Energy Multigroup Neutron Diffusion

This section presents the PGD derivation for space-energy decomposition of Equation (4.5).

For the Nth enrichment, the solution is assumed to be,
$(x,y, B) = Xi(x)Yi(y)&i(E) . (D.6)

Solving Xy (z):

dX* dXy\ . ,dXy “
de ' dzr [ dz

0

) dYy dYx Yy

> (Y, Yn), (En, DEN)

+ (X7, Xw), (YN, Y, (En, BEN) p = (X7, 1), (YN, 1), (En, QEN)

E(c ).l

) (Yv.Y)), (En, DEj)
0

dYy dY; dy;

X, X; — L) vy

+< ’ ]):c (< dy7dy>y N

Qy

> <5N7 D€j>E

0

+ <X*’ Xj>a: <YN7 Yj>y <5N7 E‘C;J'>E - (D.72)

Solving Yy (y):
dXn dXn dXn |
SON TN L Xy Y*, Yy (Ex, DE
<<dx,dx>z Ndx0)< V), (Ex. DEX),
dY* dYy dYy |
Xy, X — =Ny oy N Ex,DE
+ (Xn, N>’“"<<dy’dy>y dy 0><N> N)

+ (XN, Xn), (Y5, V), (En, BEN) = (X, 1), (Y7, 1), (En, QEN)

Z dX X X, |
x dfﬂ 0

dy* dy, dY;

Xn. X 20N oy
s X5l << dy ~ dy >y dy
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Qy

0

> (En, DEj) gy



+ (XN, X,), (YY), (En, BE)) ] . (D.7b)

Solving Ex(E):

<<dXN dXN> X dXN
- N

de ' dz dzr |,

dYy dY; dYw |
s (2525 e

> <YN7YN>y <5*7D8N>E

dy * dy dy |,

y) <5*7D5N>E
+ (X, Xn), (Y, Yoo, (€7, 28 = (X, 1), (Yiv, 1), (€5, QEN)
dXN dX; dx; |
‘Z [(< T,

dYy dY; dY;
DOID N (N QEAT\NLLE I S VLt
< N> j>x << dy ) dy >y

) (Yn,Y;), (€7, DE;)

Qy

+(Xn, X)), (Y, Y3), (€5, 2E) | . (D.T0)

With multigroup discretization of the energy dimension, the integrals in energy are defined as:

€]
(&, DE}) =Y EIDIEY (D.8a)
g=1
(&, 2E;) Z Z N (D.8b)
g=1 ¢g’'=1
a
(£, QE) =Y EIQUEY (D.8c)
g=1
where £ is defined by:
E(E)=€, E€|E, E, . (D.9)

Finally, the basis function £*(E) = 1.
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D.4 Space-Only Neutron Transport

This section presents the PGD derivation for space-only decomposition of the Sy neutron trans-
port equation described by Equation (5.3). For the Nth enrichment of £ + 1 source iteration, the

angular flux is assumed to be,

Ry k41

¢n,k+l(x7y>: Z X;L’k“(x)y;”’k“(y) (D.10)
i=1

Solving for X" (z):

Ry kg1

dXZ,k+1
* n, n,k n,k
V1 — 12 cos(ip) <X ,— k1 > <YRn¢;11’ YR,L,;11>y

dx

dY
VTt () (.
Y

Z N Rn’,k Q
= 23w 30 (X (ke v ey, (vt
Rnk«&»l*l le“rl
’ *dX’ n,k+1 n,k+1
- > [\/1—M2COS(<P)<X, - ><YR;,;1,13»*>y
J=1 T

k+1 k+1 dYﬁ’kJ’_l
+/1— 2sin(p) <X*,X;L’ + >x vk, Jd—y (D.11a)
Yy

Solving for Ygﬂkﬁl (v):

dx

dXTL,k"rl
n,k Ry, * n,k
V1 — 2 cos(p) <XRn,:jl7 k1 > <Y ,YRW:fl>y
dyphtt
. n,k+1 n,k+1 * n,
+ /1 — p2sin(p) <XRn,k+17XRn,k+l>x <Y 7 dykﬂ >
Yy

N Rn/ k
ZS 7 n.k+1 n'k * n' .k Q n,k+1 *
B ir Z o z; <XR””“+17Xi >a; <Y i >y * 4r <XRn,k+1’ 1>$ e 1>y
n'=1 i=
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Rn,k+171

dX%kJrl
n,k+1 J * n,k+1
- [Ml—uzcos(go) <X nk+1>T> (v >y

Jj=1

n,k+1
/1 — 2sin(yp) <X”k+1 X"k’+1> <Y* 4, > (D.11b)
nk+1’ J z ’ dy :
Yy

D.5 Parameterized Neutron Diffusion

This section presents PGD derivation of the parameterized version of the mono-energetic neu-

tron diffusion equation. For the Nth enrichment, the solution is assumed to be:
N
¢y, D, %, Q) = Y Xi(x)Yi(y)Di(D)S;(£) Qi(Q) (D.12)
i=1
Solving for X (z):

dX* dXN> dX N “ D =
- X Oy NN NN a® + (X, Xn), BX /BNNB
<< de ’ dv [/, dr |, NN AT A o NN

+ (X*, Xn), ’Yzyv,N’YJl\)/,N’YJ%?N’VJ%,N = (X", 1), 6% 686N 51%

N-1 . Q
dX dX X
— . dx

xT
D > Q D px Q
) a0y N o T (X7 XG) By i8N 8NN
0

.

+ (XX, %yv,ﬂﬁ,ﬂﬁ?ﬂﬁ,j} . (D.13a)
Solving for Yy (y):

dy* dYy\ o .d¥y
dy

O‘f\f,N (Y=, YN>y a]DV,Na]EV(,INa]C\?LN + /BJ%N (<d_y’ d_y

)BNNﬁNN N,N

0

vk (Y YN, YNNI N YRy = 0% (Y7, 1), RN 6%

N-1
dY* dY; ay;
T D
OZNJ aNJaN]aN]+6N]<< dyad_yj>y—yd—y

J=1

Qy
) B BN BN

+7x <Y*a5/j>y7£,ﬂﬁj’jf&j] . (D.13b)
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Solving for Dy:

T * Ya T *
ay Ny (D%, DDy) OéN,NO‘%,N + By N8B n (D, DDy) ﬁNN N,N

+ YN, N’Yzl(fN (D*,Dn)p ’VJ%JQN’YI%,N = 0nox (D 1)) 51%151%

_Z [OéNjCYN] (D, DDj) OdN]aNJ—I—ﬂNJﬁN] (D, DD;),, 6 BNJ
+ 87 (D5 Dj)p ’)/J%rj‘j%%j . (D.13c¢)

Solving fo Sy:

D * Q D * Q
Ay Ny NN N (ST SN) s, af n T+ BN O NBy N (ST SN)s, Brn

+ %I\/,N%yv,N%e,N (8", XuSN)s, 71?/,1\/ = 0 0%0N (S*, Dy, 0%

1

- [Q?V,j@?v,j&]DV,j (S7, 8j>za O‘%,j + 51@35}1/\73511\?3 (S7, 8j>za 51?1]
J=1

=

YR TRV (ST BaS))s, %%J] . (D.13d)

Solving for Qy:

N NN, NOX, NQNN (Q", On)g + 5%,Nﬁ]y\[,Nﬂﬁ,Nﬁffth (Q%, Qn)g
+ ’ngif,N’VJZ(r,N’YJl\?,N’Yz%fLN (Q, Qn)g = SxO%ONON (D7, Qo
N-1
= [oak,0R 0%, (Q7 Qg + B, B%,08,0% (€1, Qg
1

Jj=

R TR ING (D, Q)| - (D.13e)

Where a, 3, v, and § are coefficients defined as:

aﬁj:<dXi dﬁ> —XdX

’ lxj = 7@] = <Xian>x ) 5? = <Xi, 1> (D.14a)

x

de ' dz dx

0
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5?j:<

(67

Za
Z‘?j

Qy

dy’ dy

gy | el ==Y, L o= ),

i?j - (2

dy; de> Y
Yy

0

afj :53 = <Di7DDj>D ) 75] = <Di7Dj>D ) 5ZD = <D7,71>D 5

= ﬁfj‘f = <S7:7Sj>2a , ")/E;L = <Si7ZaSj>Ea s (57:2“ = <S7,7 1>Ea N

o, =% =1 =(Qi, Qg . 67 = (20, Q)q -
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APPENDIX E

SOLUTIONS TO SELECT PROBLEMS

This appendix is meant to show the solutions to select problems presented in the dissertation
that were not already disclosed. These results are not meant for analysis or draw any conclusions,

they are included for the sake of exposition.

07
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[
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02
0.05

01

€T £

(a) First manufactured solution (Equation (2.22a))  (b) First manufactured solution (Equation (2.22b))

Figure E.1: Visualization of both Poisson manufactured solutions
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Figure E.2: Full-order (MOOSE) solution and difference from PGD solutions at 170 elements per
dimension, two-group two-region eigenvalue problem. Left column: group 1 flux. Right column:
group 2 flux. Top row: solution. Middle row: unshifted PGD difference. Bottom Row: shifted
PGD difference
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Figure E.3: Full-order (MOOSE) solution and difference from PGD solutions at 170 elements
per dimension, two-group two-region fixed-source problem. Left column: group 1 flux. Right
column: group 2 flux. Top row: solution. Middle row: PGD-MG difference. Bottom Row: PGD-
DE difference

172



400

300

= 200

100

0.04

2
u 0.02

¥
PROM
(=]

-0.02

Lk |l"i1:]
I ‘Il\ll‘ !ES!& i

150

Figure E.4: Full-order (MOOSE) solution and difference from PGD solutions at 136 elements per

dimension, 2-D IAEA multigroup problem. Left colu

mn: group 1 flux. Right column: group 2

flux. Top row: solution. Middle row: PGD-MG difference. Bottom Row: PGD-DE difference
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Figure E.7: Visualization of 145-group graphite block flux
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