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ABSTRACT

Many engineering problems have multiscale features. These problems usually require some
model reduction since the computational cost of a fine-scale solution is extremely expensive. Ex-
isting model reduction methods such as Generalized Multiscale Finite Element Method (GMs-
FEM) and Non-local multi-continuum approach (NLMC) have shown extensive success in solving
multiscale problems especially on various flow simulation problems.

However, there are still challenges in developing effective multiscale models for flow in more
complicated heterogeneous media. The geometries of domain, coexistence of multiple continuum,
and lack of observation data can all give rise to the difficulty of developing the reduced-order
model. In this thesis, I will concentrate on the development of novel multiscale methods following
the idea of the existing model reduction methods to address such problems. Moreover, deep learn-
ing techniques are combined to overcome certain difficulties met along model construction. These
proposed models are targeted to tackle specific problems, where the performance is verified both
numerically and analytically.

For instance, flow simulation within a heterogeneous thin domain is one of such challenging
problems. Though homogenization methods are proven to be successful when the media have clear
scale separation, that’s not always the case for flow simulation within a capillary system. Using
only one basis function in each coarse region can lead to large errors. We thus design a customized
GMSsFEM instead, which is able to automatically enrich the approximation space and significantly
reduce the error.

When simulating flow in a fractured vuggy reservoir, on the other hand, I develop a coarse
solver under the framework of GMsFEM by combining it with multi-continuum model and Dis-
crete Fracture Model (DFM). Instead of treating the media as a single continuum, I treat the mul-
tiscale formation hierarchically and consider it as a coupled system of matrix, fractures and vugs.
This allows us to explicitly represent the mass transfers between continuum as well as model the

local effects of the discrete fractures.
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We further investigate how deep learning can facilitate multiscale model construction for non-
linear flow dynamics. Utilizing a multi-layer neural network to approximate the reduced order
model, the observed data can be easily incorporated to adjust the model. Deep learning techniques
are also used to conduct model reduction. With a soft thresholding operator as an activation func-
tion, a novel neural network is proposed which can identify important multiscale features that are
crucial in modeling the underlying flow. The forward input-output maps are thus learned in a
reduced way.

Extensive applications to engineering problems and numerical analysis are presented in supple-
ment of the proposed approaches. It is shown that our proposed methods can significantly advance
the computational efficiency and accuracy for multiscale flow simulation in various heterogeneous

media.
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1. INTRODUCTION AND LITERATURE REVIEW

1.1 Introduction

Modeling of multiscale process has been of great interest in diverse applied fields. These
include flow in porous media, mechanics, biological applications, and so on. Among many tools
that have been developed to address the characteristics of such problems, an easy and convenient
way to explore such process is to use a fine scale simulation. A common fine scale simulation can
be conducted under the frameworks such as the Finite Element Method (FEM) [1], Finite Volume
Method (FVM) or Finite Difference Method (FDM). However, resolving the fine-scale features of
such processes could be computationally expensive due to scale disparity.

For example, when considering mass transfer process in porous media, the media properties
can vary over many scales. Due to the multiscale nature of the medium and the coexistence of
different continua, the fine-grid resolution gives rise to a large number of degrees of freedom.
Thus, simulating flow in a multiscale media could be considerably demanding.

Therefore, some types of reduced-order models are derived to cut down the computational cost.
Such models are commonly constructed following a local model reduction scheme. In particular,
researchers find ways to bring the fine-grid information to the coarse grid. This generally reduces
to constructing appropriate low-order approximation spaces when solving a governing PDEs nu-
merically. A fine partition is first required to divide the domain into local pieces and then a global
description of the flow is obtained by putting the local solutions together.

Homogenization is one commonly used local model reduction method. The domain of interest
is first partitioned into many coarse blocks, and the effective properties are then calculated for
each coarse block. The idea is to homogenize local heterogeneous media using information in
finer scales within the block. These pre-computed properties can thus catch and average fine-scale
characteristics and further calibrate the coarse solution accordingly [2]. This up-scaling scheme

has been proved to be quite effective for simulations on media with scale separation or periodicity



[3], but it fails to model other cases especially when multiple continuum coexist [4, 5, 6,7, 8,9, 10].

In order to overcome the limitations of the homogenization scheme and enrich the hetero-
geneous information at the local fine-scale region, many other multiscale methods and solvers
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 9, 24, 25, 26, 27, 28] are also designed.
These methods usually construct coarse spaces and sustain unresolved scales to a desired accu-
racy via additional computing. Examples include the Multiscale Finite Element Method (MsFEM)
[29, 30, 31, 32], the Generalized Multiscale Finite Element Method (GMsSFEM), the Nonlocal
Multicontinuum Method (NLMC), etc.

For these methods, like homogenization, the computational domain is first partitioned with a
coarse grid 7. A local model reduction methods is then able to identify the local multiscale basis
functions supported in each coarse region on the fine grid 7", which is essentially a refinement
of TH that resolves all multiscale features. Therefore, the macroscopic equations can then be
formulated as a coarse-scale system using the local multiscale basis functions. Moreover, the
space that formed by these basis functions has a much smaller dimension compared to that of a
fine-scale space.

As in many model reduction techniques, the computations of multiscale basis functions, can be
performed in an offline manner. For a fixed multiscale parameter, these multiscale basis functions
are reusable for any force terms and boundary conditions. Therefore, these methods provide a
substantial computational savings in the online stage, in which a coarse-scale system is constructed
and solved on the reduced-order space.

The GMSFEM was first developed in [33]. It has been proven that GMSFEM can strengthen
the ability of MSFEM on solving multiscale problems. By conducting a spectral decomposition
over the local snapshot space, GMsFEM can identify basis functions corresponding to dominant
modes of local heterogeneous regions and eliminate unnecessary degrees of freedom on a coarse-
grid level. This makes automatic enrichment of the multiscale space possible [34, 35]. In the
paper [36], a one-on-one correspondence between GMsSFEM basis functions and high-conductivity

networks was presented. This property of basis makes GMsSFEM a necessity when dealing with



practical examples like carbonate reservoir simulations, as many fracture channels may coexist in a
single local region. Additionally, GMsSFEM can also be easily adopted to couple with other models
such as DFM and Multi-continuum Models, which provides a way to describe a fractured vuggy
reservoir in a hierarchical fashion. It allows us to consistently develop an approximation space that
contains prominent sub-grid scale information based on the multi-continuum and DFM.

NLMC [37], on the other hand, identifies the coarse-grid parameters in each cell and their
connectivity to neighboring variables. This approach derives its foundation from the Constraint
Energy Minimizing Generalized Multiscale Finite Element Method (CEM-GMsFEM) [38], which
has a convergence rate H/A, where A represents the local heterogeneities. Using the concept
of CEM-GMSsFEM, NLMC defines new basis functions such that the degrees of freedom have
physical meanings (in this case, they represent the solution averages). In this dissertation, we will
limit our study of model reduction methods to GMsFEM and NLMC.

These methods have been successfully applied to construct reduced-order model for various
multiscale process. Though the accuracy and affordability of them are widely celebrated, greater
demands have been placed on such models. We expect the models to reflect not only the governing
PDE but also the observation data from the realistic process. However, such forward models are
difficult to construct.

The deep learning concepts, on the other hand, provides a straightforward approach to con-
struct data-based models. Taking the observed data as training data, a deep neural network can
be optimized to "learn" the underlying true process. Mathematically speaking, the neural network
will approximate the operator that maps inputs to output from the given examples.

We thus would like to apply the deep learning in multiscale model constructions. Hence, we
remove the limitations that current multiscale models have in honoring observation while main-
taining their advantages as successful coarse solvers. In fact, for nonlinear problems that are in
the presence of observed data, deep learning can be used to construct multiscale models that are
conditioned to these data [39, 40, 41]. Alternatively, by supplementing observation training data

with the data simulated using a coarse model, a deep neural network can build a desired model that



interpolates between observation and simulation.

A common neural network is usually composed of a relatively large number of layers of non-
linear processing units, called neurons, for feature extraction. The neurons are connected to other
neurons in the successive layers. The information propagates from the input, through the inter-
mediate hidden layers, and to the output layer. In the propagation process, the output in each
layer is used as the input in the consecutive layer. In between layers, a nonlinear activation func-
tion is used as the nonlinear transformation on the input, which increases the descriptive power of
neural networks. Extensive applications show that neural networks can accurately represent and
approximate a large class of non-linear functions with complicated forms or even without explicit
expression. Convincing cases include speech recognition, image recognition, as well as natural
language processing[42, 43, 44].

Scientists have also explored other ways to apply deep learning to model reductions and partial
differential equations. In [8], the authors studied deep convolution networks for surrogate model
construction on dynamic flow problems in heterogeneous media. In [45], the authors studied the
relationship between the residual networks (ResNet) and characteristic equations of linear trans-
port, and proposed an interpretation of deep neural networks by continuous flow models. In [46],
the authors combined the idea of the Ritz method and deep learning techniques to solve elliptic
problems and eigenvalue problems. In [47], a neural network has been designed to learn the phys-
ical quantities of interest as a function of random input coefficients. The concept of using deep
learning to generate a reduced-order model for a dynamic flow has also been applied to proper
orthogonal decomposition (POD) [48].

In this dissertation, we concentrate on constructing reduced-order model for multiscale process
under the framework of GMsSFEM and NLMC. Moreover, the multiscale models are improved

when the deep learning techniques are combined.
1.2 Outline of the Dissertation

In Chapter 2, we present preliminary background materials. We first state the physical model

that we are interested in. Later, the constructions of multiscale models following GMsFEM and



NLMC are illustrated. Additionally, a general introduction of deep learning is provided.

In Chapter 3, we propose a numerical scheme based on the GMsFEM and a triple-continuum
model to simulate flow in a highly heterogeneous reservoir. We aim to obtain a more efficient
numerical approach that can explicitly represent the interactions among different continua. To
enhance the applicability of our proposed model, we also combine the Discrete Fracture Model
(DFM). In the proposed model, the GMsSFEM, as an advanced model reduction technique, enables
capturing the multiscale flow dynamics. This is accomplished by systematically generating an ap-
proximation space through solving a series of local snapshot and spectral problems. The resulting
eigenfunctions can pass the local features to the global level when acting as basis functions in the
global coarse problems. Several numerical experiments are conducted to confirm the success of
our proposed method, and a rigorous convergence proof is also given.

In Chapter 4, we further study GMsFEM for simulation of flow in a narrow domain. In par-
ticular, we consider the mixed form of the elliptic equation. We aim to analyze how the geometry
affects the convergence rate of our multiscale approximation. We limit our study to the case when
the length/width ratio of the domain is large. Numerical results also validate the necessity of using
GMSsFEM as adopting more than one basis function in each coarse neighborhood can significantly
improve the accuracy.

In Chapter 5, we introduce the idea of deep learning to the construction of multiscale model.
We would like to model the fluid dynamics within a heterogeneous domain utilizing field data. The
neural network is used to model the forward map underlying the fluid dynamics. The network is
defined in a way that the connections between layers are decided by the NLMC. The observation
data are then used as training data together with computational data to condition the model. Nu-
merical examples show that the design can naturally lighten the network training. Moreover, the
learned model is able to honor the realistic physical process under observation.

In Chapter 6, we further develop the idea of multiscale learning. We reformulate the feed-
forward neural network as the solution to an optimization problem with /; regularization. The

weights and biases learned can then be shown to have a solid relationship with the operator been



approximated. Based on this understanding, we then present a neural network architecture that can
conduct further global model reduction to the reduced-order solutions while sustaining accurate
flow simulation.

Finally, Chapter 7 concludes this dissertation.



2. PRELIMINARY

In this chapter, we present an overview of the problems in heterogeneous domains, as well as
the construction of some multiscale models. We also introduce the general concepts of the deep

learning.
2.1 Problems of Interest

In this dissertation, we consider the flow problem in highly heterogeneous media

—diV(li Vu) =g, infd (2.1)
We also consider a time-dependent flow problem in heterogeneous domain , that is

% —div(kVu) = g(t), inQ, (2.2)

where (2 is the computational domain, « is the permeability coefficient in L>°(€2), and ¢ is a source
function in L?(2) while u represents the solution to be sought. We assume the coefficient # is
highly heterogeneous with high contrast in space (see Figure 2.1 for an illustration). The classical

finite element method for solving (2.1) is given by: find u; € V}, such that
a(up,v) = (f,v), veEV, (2.3)

For (2.2), that is:

(%, v) + a(up,v) = (g,v), forallve V,. (2.4



Here, V}, is a standard conforming finite element space over a partition 7" of 2 with mesh size h,

and the bilinear forms a(-, ) and (-, -) are defined as

a(u,v) = / kVu - Vo dz,
Q

mm:éwm

However, with the highly heterogeneous property of coefficient x, the domain has to be parti-

(2.5)

tioned into extremely small elements to capture the underlying fine-scale features of x. This ends

up with a large computational cost.

18001

- 15001

- 12001

- 9001

- 6001

3001

1

(a) Random channel (b) Channelized high-contrast domain

Figure 2.1: Examples of heterogeneous domain.

2.2 Multiscale Basis Construction

To reduce the dimension of the resulting system, we would like to construct an approxima-
tion space Vi, that has less degrees of freedom while sustaining the approximation accuracy. As
discussed in 1.1, such approximation space can be taken as the expansion of multiscale basis func-

tions, which are constructed following GMsFEM or NLMC.



2.2.1 Construction of Basis Functions for GMsFEM

For GMsFEM, basis functions are computed locally to capture the underlying dominant modes[33].
More specifically, a local snapshot space is first constructed followed by a spectral decomposition

aiming at keeping only the dominant degrees of freedom.

e Step 1: Partition of domain

We first partition the computational domain 2 with a coarse mesh 7. The coarse mesh is
then refined to a fine mesh 7" with mesh size h < H, which is fine enough to restore the
multiscale properties of the problem. Let VI := {z; |1 <14 < N,} be the set of nodes of the
coarse mesh 7. For each coarse grid node z; € V¥, the coarse neighborhood w; is defined
by

wi = | J{K; e T" |2 € K}, (2.6)

J

that is, the union of the coarse elements K; € T that contains the coarse grid node z;. An
example of the coarse and fine mesh, coarse blocks and a coarse neighborhood is shown in

Figure 2.2.

Figure 2.2: An illustration of coarse mesh (left), a coarse neighborhood and coarse blocks (right).



. . . . - Lo,
For each coarse neighbourhood w;, we construct multiscale basis functions {¢; "}, . Fur-
ms,w;

ther, the global multiscale finite element space Vs is constructed with all such ¢, in each

coarse neighborhood w;. Moreover, we have dim(V},s) < dim(V},).

Step 2: Snapshot problem

To construct the GMSFEM basis functions, we first construct a snapshot space Vi, spanned

by local snapshot basis functions ¢, " for each coarse neighborhood w;. The snapshot

snap,w;

basis function ¢, is the solution to the local problem

—div(kVe, ") =0, inw;,
2.7

snap,w; <&
e =0, ondw;.

The fine grid functions ¢}, is a function defined for {z, | z5 € Ow;} which denotes the fine

degrees of freedom on the boundary of w;. In specific,

A 1, ifs=Fk,
O (7s) =
0, ifs=k.

The linear span of these harmonic extensions forms the local snapshot space

snap °

| spkan{gzbznap’“i}. (2.8)
One can also use randomized boundary conditions to reduce the computational cost associ-
ated with snapshot calculations [49].

Step 3: Spectral problem
Next, an analysis-based spectral problem is used to further reduce the dimension of the local

multiscale space. More precisely, we seek for eigenvalues A}’ and corresponding eigenfunc-
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tions ;" € V& satisfying

snap

a; (P, v) = N s (v, v), Yve Vgl (2.9)

snap’

where the bilinear forms in the spectral problem are defined as
a;(u,v) = / kVu - Vo,

si(u,v):/ Ruv,
w;

and i = 3 _; x|Vx;|?, while y; denotes the multiscale partition of unity function for each

(2.10)

coarse block K, C w;. We arrange the eigenvalues A}’ of the spectral problem (2.9) in
ascending order, and select the first L,,, eigenfunctions {dz,‘j}ﬁil corresponding to the small

eigenvalues as the multiscale basis functions.

An alternative way to construct the multiscale basis function is using the idea of simplified basis

functions. This approach assumes the number of channels and positions of the channalized perme-
. . . . . Lo . .

ability field are known. Therefore, we can obtain multiscale basis functions {t;"},“ using this

information without solving the spectral problem [37].
2.2.2 Construction of Basis Functions for NLMC

In the NLMC approach, the multiscale basis functions are selected such that the degrees of
freedom have physical meanings and correspond to average solutions[50]. This method derives its
foundation from CEM-GMsFEM [38], and starts with the definition of the auxiliary space. The
idea here is to use a constant as auxiliary basis for the matrix in each coarse block, and another
constant for each separate fracture network within the block. The simplified auxiliary space uses
only essential degrees of freedom in each continua, thus one can obtain an upscaled equation with
a minimal size where each degree of freedom represents the average of the solution over each
continua.

In this section, we describe NLMC in detail following [37]. We consider the time dependent

11
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Figure 2.3: Example of a fractured media.

flow equation (2.2) in a fractured media (see Figure 2.3 for an illustration).

e Step 1: Partition of the domain

0= QM@CZSQES. (2.11)

where M and F' correspond to matrix and fracture respectively, and d; is the aperture of
fracture (2r;. Denoted by k() = k,, the permeability in the matrix, and x(z) = k the
permeability in the s-th fracture. The permeabilities of matrix and fractures can differ by

orders of magnitude.

Assume T is a coarse-grid partition of the domain (2 with a mesh size H which is fur-
ther refined into a fine mesh 7" (see Fig3re 2.4 for an illustration of the fine and coarse
mesh, where coarse elements are blue rectangles and fine elements are unstructured black
triangles). Denoted by {K;| i = 1,---, N,} the set of coarse elements in 7, where N,
is the number of coarse blocks. We also define the oversampled region K" for each Kj,
with a few layers of neighboring coarse blocks, see Figure 2.4 for the illustration of K;
and K;". We further define the set of all fracture segments within the coarse block K as

Fi={f91<n<L;} = {UQp,} NK; where L; = dim(F?).

12



K"

Figure 2.4: Illustration of coarse and fine meshes.

e Step 2: Computation of local basis functions in K.

The basis for each over-sampled region Tb%) solves the following local constraint minimizing

problem on the fine grid

a@@ )+ ué”/ vt Y ufﬂ/(_)v =0, Vve V(K
K s

K;CK; 1<s<L;

/ 0D = §.60m, VK; C K} (2.12)
K;

" YD = 6i6m, VP e FY, VK; C K},
where a(u,v) = fQM KmVu - Vo + > fQF ksVyu - V. uéj) and 1Y are Lagrange
multipliers while Vo(K;") := {v € V(K )|v = 0on 0K} and V(K;") is the fine grid
space over an over-sampled region K;". By this way of construction, the average of the basis
w(()i) equals 1 in the matrix part of the coarse element K;, and equals 0 in other parts of the
coarse blocks, K; C K ;’ as well as any fracture inside K f . As for @b%), m > 1, it has an
average of 1 on the m-th fracture continua inside the coarse element K, and an average of

0 in other fracture continua as well as the matrix continua of any coarse block K; C K. It

13



indicates that the basis functions separate the matrix and fractures, and each basis represents

one continua.

2.2.3 Multiscale Approximation Space

Once the multiscale basis functions {¢;"} are constructed, the span of the multiscale basis

functions will form the offline space Vi,

Vi) = span{yy 1y,
A (2.13)
Vins = @V,
The multiscale solution u,, € Vi, is then defined such that it satisfies
a(ums,v) = (g,v), forall v € Vs, (2.14)
or
Qs
(W, v) + a(ups,v) = (g,v), forall v € V. (2.15)

These multiscale approximation spaces are justified by their construction such that they sustain
the fine-level information while having reduced dimensions. Therefore, the multiscale solutions
can be accurately approximated in such space with fewer degrees of freedom. However, difficulties
arise in situations with uncertainties in the media properties in some local regions. To quantify
the uncertainties, one needs to sample realizations of media properties and construct a distinct
approximation spaces for each realization. The computational cost can thus grow very huge. To
this end, building a functional relationship between the media properties and the multiscale model
in an offline stage can avoid repeating computations and thus vastly reduce the computational
complexity. Cases are common in which one needs to construct a nonlinear map when building
a multiscale model. Modelling such a relationship typically involves high-order approximations.
Therefore, it is natural to use machine learning techniques to derive such complex models. In

particular, we adopt deep learning to facilitate the construction.
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2.3 Deep Learning

As discussed in Section 1.1, deep learning techniques are introduced to construct data-aware
multiscale models by using a training data set that is constituted by both simulation and observation
data. Therefore, the network will learn an interpolated map from the existing data sampled from
both models. Investigations have also been made in using deep learning for fast computation of
multiscale basis [51]. Using the existing data, we can learn the complicated forward map between
heterogeneous coefficients and the corresponding basis. Thanks to the ability of the neural net-
works to generalize, predictions of basis functions from multiscale coefficients become effortless
once the network is well-trained.

In either case, when adopting deep learning in multiscale problems, we take advantage of
the neural network that it is able to express complicated maps. This is guaranteed by its unique
structure together with supporting algorithms for optimization. In this section, we will focus on
these aspects of the neural networks and provide a general procedure to construct and tune a general
deep neural network. Our later discussion will be based on the general cases provided in this
section.

Specifically, if we are given samples {(z;,vy;)}~, from the map F : X — Y, ie., F(z;) =
y; for 1 < ¢ < L, and would like to learn the map from existing data and further predict the
values of F(x;) fori = L +1,--- , L + M, we first reformulate this problem as an optimization
problem with the help of neural network. The optimization takes {(z;,y;)}, as training samples
and produces a proper network coefficient 8* starting from some initialization chosen at random
such that NN (+;0*) =~ F(-). Moreover, if the neural network N A/ (-) has a feed-forward fully-

connected structure, then

NN (x;0) := Wyo(---o(Weo(Wiz + by) +b2) -+ ) + by. (2.16)

Here, 0 represents all tuneable coefficients in the neural network A/ (-) and o(+) is some nonlinear

activation function. There are many choices of such nonlinear functions [52], while the most
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common ones used are ReLU and tanh.
For the network NN (-) defined above, we will use the output N'N(x;) to approximate the
desired output y;. The difference between them will be measured using a cost function C(-). For

example, we can take the mean square error as the loss function:

N

> (yi = NN (z;;0))*, 2.17)

=1

1
C0) = —
(6) N
which measures the average squared difference between the estimated values and the observed

values. The neural network is then optimized by seeking #* to minimize the loss function, i.e.

6" = argminC (). (2.18)
0

Numerically, this optimization problem can be solved with a stochastic gradient descent (SGD)
type method [53]. By calculating the gradient of the loss function, the coefficient 6 is iteratively
updated in an attempt to minimize C(6). This process is also referred to “training.” Once the
loss is minimized to a satisfactory small level, the neural network parameters 6* is decided, and
further, the overall neural network architecture NN (+; 0*) is constructed. The predictions can then
be given by NN (z;;0*) fori = L +1,--- L + M.

In this dissertation, we not only utilize deep learning as a powerful tool to approximate sophis-
ticated maps but also aim to understand why it works. We further develop the neural networks
such that they are tailored to the targeted multiscale problems based on the underlying multiscale
concepts. On the other hand, by deepening the understanding of the mechanism behind, we utilize
neural networks to direct the model reduction in return. The in-depth discussions over these topics

are presented in Chapter 5 and Chapter 6.
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3. GENERALIZED MULTISCALE MULTICONTINUUM MODEL FOR FRACTURED
VUGGY CARBONATE RESERVOIRS

In this chapter, a coarse solver is designed for flow simulations in a fractured and vuggy do-
main. We especially focus on the case that multiple discrete fractures locate in a single coarse
neighborhood when MsFEM fails. Fractures and vugs are treated hierarchically with DFM and
multicontinuum model. Highly developed fractures with only global effects are modeled as a frac-
ture continuum, while fractures that have local effects are embedded as discrete fracture networks.
For independent vugs, a continuum is used to represent their effects with specific configurations
such that no intra-flow is considered. The heterogeneous media is then described as a coupled
system of three continuum: matrix, fractures, and vugs. The system coupling DFM and three con-
tinuum is discretized spatially following GMSFEM to reduce the degrees of freedom while sustain
its accuracy.

This chapter is organized as follows: In Section 3.1, the problem under discussion is clarified,
followed by Section 3.2 which briefly reviews the multi-continuum model. In Section 3.3, a step-
by-step illustration on GMsFEM together with a priori error estimate is provided. The details of
time discretization of our problem is also discussed in this section. In Section 3.4, we present
multiple numerical results to verify the effectiveness of the proposed methods. Lastly, this chapter

is concluded by Section 3.5.
3.1 Problem Setting

In this chapter, we consider a 2-dimensional flow problem in a multiscale porous media. In
specific, we consider a Darcy flow. For simplicity, we ignore the gravity and the capillary pressure

effects.
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3.1.1 Equation for Slightly Compressive Flow in Porous Media
In specific, we consider the following equation for slightly compressive flow in a heterogeneous

porous media, we remark that this equation is just a special case of (2.1),

bcou_1
Beot pu

V. (%Vu) —g inQ. 3.1)

Here, €2 is the computational domain. ¢ is compressibility and p is viscosity of the liquid. B° is the
formation volume factor (FVF) at reference pressure 1° and B is a FVF at reservoir condition. They
are used to quantify the compressibility of the target liquid. ¢ represents porosity of the fractured
vuggy media, while x is a permeability function that bears multiscale features (See Figure 3.1 for

an illustration). The solution to be sought is pressure u, given a production rate g.

1530e-15 1.3e-13 26e-13 39e-13 5222e-13

S KX
/7 \

Figure 3.1: Permeability field x(x) with multiscale features.

Limiting our interests to slightly compressible liquid, we can further employ the simplified
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correlation between the formation volume factor B and the pressure u that

BO
B= — —~ 3.2
1+ c(u—ud) 3-2)
to rewrite (3.1) and get
dcOu 1 1+ c(u —u°) ,
Y (g— "7 = Q. .
Bot  n (k B Vu) =g, in (3.3)

In the following sections, we will derive our method based on (3.3) along with Dirichlet or Neu-
mann boundary conditions on 0f2.

Throughout this chapter, we assume ¢, ¢ ;1 and B° are constants. (3.2) can then be reformulated

as
b% — V- (k(z)a(u)Vu) =g (3.4)
where
_ %
b= B

1s a constant, while

1 0
a(u)z;-(l%—c(u—u))

is a linear map in w.
3.1.2 Fine-scale Spatial Discretization

For flow in a fractured and vuggy media, the multiscale flow problem described in (3.4) be-
comes more complicated as the fractures and vugs have very different hydraulic properties from
its background matrix. They can bring in extra transfer and storage mechanics to the flow. The
fractures amplify the complexity of modeling as they can have a wide range of scales and topology.
In order to delicately model the their effects on flow, we apply a hierarchical approach. Fractures

that have only local effects can be resolved by fine mesh. Thus, the computational domain can be
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partitioned as in (2.11)

Q= Q0 P dQp..

Those fractures that have global effects and are not resolved by mesh can later be handled by
representing them as one continua. So are the effects of vugs, which will be discussed in details in
next section.

For a fine-scale approximation of u, we discretize the PDE on a fine grid, and apply Finite
Element Method as well as the Discrete Fracture Model (DFM). Specifically, all integrations in
the weak form of (3.4), will now be taken separately in both €2, and 25, with distinct hydraulic
parameters. To compromise arbitrary fractures (25 ;, one need to adopt an unstructured fine-scale

mesh. The resulting semi-discrete numerical system is

8uh j/
byr——uvy, dx + bs Udac
f g+ 3 [ onn

+ / v (2)(pn) Vup Vuy, dz + Z Kps(x)a(up)V pupV poy, da (3.5)
Qum QFs

:/ gup dx, Yo, € V.
Q

Here, v, is a standard FEM basis function. Vy means taking directional derivative along the

Oum €
Bo

degenerated 1-D fracture 25,. Note that the aperture effects are considered in g (). by =

Prs
Be

and by, = are constants.

3.2 Multi-continuum Model

To explicitly represent the global effects of unresolved fractures, vugs and matrix, we introduce
the multi-continuum methods. We consider the media as a coupled system of three parallel con-
tinua: matrix, unresolved fractures (usually natural fractures), and vugs. They coexist everywhere
in our computational domain, while they interact with each other via mass transfer (see Figure
3.2 for an illustration). Without of loss of generality, we assume that all continuum interact with
each other. If we denote the flow pressure for continua ¢ as u’, and write the interaction between

continua i and j as %/, we can then establish a system of PDEs following (3.4) to describe the
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f

Figure 3.2: Illustration of triple-continuum model.

flow mechanism in each continua as:

;ou
’ ot

— V- (K(2)a(u’)Vu') = ¢" — Z Q" (3.6)
J#

i
B°’
respectively. We further assume that there is no intra-flow inside the vugs and all vugs only act as a

with b’ =

Here ¢ can be m, f,or v which stands for matrix, unresolved fractures and vugs

storage in this system. That is to say, we only consider the case when all vugs are independent from
each other. Mass transfer due to inflow of liquid along vugs can be disregarded in any element of

the domain. Therefore, flow equation for vugs can be written as

ou?

by
ot

=g¢"+Q"+Qm". (3.7)

The term Q7 represents the mass transfer from continua 7 to continua j. This transfer can be

modeled using [54, 55]

KZ 7.7

QY=o
L

(0~ ) = g’ = ),

where ¢*/ = ¢*. Here o is a shape factor, and '/ is taken to be the harmonic mean of the
permeability x’ and 7.

With (3.6) and (3.7), we can derive the weak formulation of our proposed triple-continuum
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system. For matrix and unresolved fractures, we have

/Qb’%i / (@) (u) Vi vy dm+Z/Q”” dﬂf—/givim i=mf. (38)

J#i Q

For vugs, we have

/bv(?u v /Qmﬂ’v” d:c—/@f’”v” dx:/gvvvdx- (3-9)

Here, v’ is any testing function in the same space as . We mention that equation of ™, u/ and u"

are coupled through term Q7. Thus, this coupled system should be solved in a Cartesian product
space (u™,u/,u?) € V™ x V/ x V¥, In our proposed approach, we take V: = H}(2) for all
continuum.

To express the effects of both unresolved and resolved fractures on flow dynamics, we manage
to incorporate DFM when solving this multicontinuum equation system (3.8)—(3.9). Like what
we have in (3.5), we assume (2, corresponds to a 1-D domain that serves as a resolved fracture
region. All integrations on ) can thus be rewritten as me +>°, fQF For example, (3.8) can be

rewritten as

Qnr Qr,

+/ K'(2)a(u ) Vu' Vo' do + Z/ kps(2)a(u)V pu'V et do (3.10)
Qs s JOrs

—i—Z/Q”U dx—/gzv dx
J#i

for: = m, f, after applying DFM to its original form. Similarly, incorporating DFM in (3.9) yields

/ b“ —" da:JrZ bFS —/Qm’”v” da:—/Qf’”v” dx:/g“v” dz. (3.11)
Qm Qp,s Q Q 9)

The fine-scale FEM solution (u™, u/, u") should be sought in V}, = V;™ x Vhf x V}?, where the V}/
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is a conforming finite element space of the continuum 7 on a fine partition 7" of the domain. We
also remark that the shape factor ¢ is taken to be proportional to h~2.

For the purpose of simpler notations in the analysis presented in Appendix A.l, we rewrite
the derived system (3.10)— (3.11) in a more general N-continuum setting. First, we denote the
Sobolev space V = [H}(Q)]Y. On each continuum, given a fixed w' € HZ (), we define the

bilinear forms:

bi(u',v") = / biu'v' dw + Z/ brsu'v' dz,
Qm

QF@
(3.12)
a'(u', v w') = / K'a(w)Vu' - Vo' do + Z/ kpsa(w)Veu' - V' do.
QA{ QFS
Given a fixed w € V, we further define the following coupled bilinear forms on V'
= Vo),
a(u,v;w) = Z a'(u', v w'), (3.13)
1<i<N
ZZQ” / u' — )" da.
1 jFi
Then the generalized weak formulation (3.10)—(3.11) can be written as: find u = (u!, u?, -+, u"),
where u(t,-) € V, we have such that for all v = (vt,v? -+ oY), where v(t,-) € V,
ou
b el + a(u, v;u) + q(u,v) = (g,v), te (0,7). (3.14)

Specifically, for N = 3 case in this paper, the continuum indices representing the matrix, fractures

and vugs components in order.
3.3 GMsFEM

In order to reduce the computational cost, we would like to solve the equation system (3.6) and

(3.7) on a coarse mesh. However, permeability coefficient x(x) is heterogeneous in space, thus a
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standard FEM solution on coarse mesh will be inaccurate as it loses subgrid information. There-
fore, we use GMsFEM to construct multiscale basis that contains local heterogeneous permeability
information. By replacing the standard FEM basis with GMsFEM basis, we are able to obtain a
better accuracy and sustain an affordable computational cost.

In this section, we briefly review the procedure for GMsFEM. Roughly speaking, the construc-
tion of GMSFEM basis consists of two stages: solving snapshot problems and conducting spectral
decomposition. Both steps are performed locally as discussed in Section 2.2.1. The fine and coarse
partition of the computational domain {2 is same as in 2.2.1. We remark that the fine mesh should

be taken in surrendering the discrete fracture network (see Figure 3.3b for an illustration).
3.3.1 Snapshot Space

Recall that the coarse neighborhood w; of node x; on a coarse mesh 7 is defined as:

w; = U{KJ S TH |$Z c K]}

J

A snapshot space is an auxiliary space constructed within each coarse neighborhood w;. We omit
the subscript ¢ for simplicity. There are a few different ways to construct snapshot space [33].
In this chapter, we take solutions to the following coupled harmonic extension problems as the
snapshot basis functions.

The snapshot problems are designed analogue to the steady state equation of (3.6) and (3.7).

We consider a coupled snapshot system in a coarse neighborhood w, in which we find

snap,w 1,snap,w 2,snap,w N ,snap,w
k,s - ( k,s » Yk,s )T Vs S Vh((,d)
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such that

K! ; . .
_y .\ ( zsnapw+§ : zj zqnapw_ {C,Zﬂap,w):o? inw 221727.”7]\7_1’
/_,L b

JF
1] % sndpw j,snap,wy . .
E q — ™) =0, inw, i=N, (3.15)
J#v
snap,w
ks = Oks, ONOw.

ks is defined on all fine-scale nodes of dw. If the set {z¥|1 < i < N} represents all fine-scale

nodes on boundary, we have

€s 1=k,
516,5(1)?) =
0 i # k.

Here, {e,}V, are standard basis in R". So far, we construct the local snapshot space as:

Vi = span{¢, /7 | 1 <k < N, 1 < s < N}

snap

The global snapshot space is defined as the sum of all local snapshot spaces, i.e.

‘/énap Span{¢5ﬂdp ,Wi

1<i<N,1<k<N“ 1<s<N}.

Remark When solving local snapshot problem (3.15) on the fine mesh within w, one should also
apply the idea of DFM and replace all integral f by fwM +>°, wa and all coefficients corre-
spondingly.

3.3.2 Spectral Problem

To further reduce the dimension of the resulting system, we conduct a spectral decomposition
on V¥ . More precisely, we sought eigenpairs (A%, 1% ) € Rx V¥ ~for the following local spectral

snap* snap

problem

au (Vi v) = Nsu(Y),v), Vv € Vi, (3.16)
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where

a,(u,v) = Z al (u',v") + Z Z ¢ (u' — ' da,

ie{m,f} i i YW

Sp(u,v) = — Z / K'(z)u'v' dz.
pe= L

The form of a,(u,v) and s, (u,v) are inspired by analysis which will be demonstrated in next

section along with Appendix A.1. We sort the eigenvalues { Ay} of (3.16) in ascending order, and

we take the first L, eigenfunctions ¢ = (¢ 2 -+ ,iv *’). Then the k-th multiscale basis
function Y™ = (™, 2™ -+ ™) in w is defined by

LMS,w _  w, W .
wk =X w}ga 2_1727'“7]\[7

where x“ is a partition of unity function for coarse grid 7% on a coarse neighborhood w. By
multiplying x“, we obtained a set of conforming multiscale basis functions supported in w. Using

ms,w;

the multiscale basis functions {t; "} for all coarse regions w;, we construct the multiscale space

Ving = span{e,>*

1<k<Ly,, 1<i<N,}.

We remark that dim(Vys) < dim(V;,), where Vi, = [V{]V is the standard FEM approximation
space on 7". When the multiscale space is established, we can then find a coarse-scale solution on
Vins With less computational effort.

Once the multiscale space is constructed, the general GMsSFEM solution is given by: find u,, =

(uby, - ul), where tng(t, -) € Vi, such that for all v = (v, v2, -+ | vV), where v(t, ) € Vi,
Qg
b Y + a(Ups, V3 Ums) + q(ums, v) = (f,v), t€(0,T). (3.17)
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3.3.3 A-priori Error Estimates

In this section, we present some a-priori error estimates of the semi-discrete problem. The
proofs of these estimates will be left to Appendix A.1.
We suppose + has a upper bound ™ and a lower bound £~ in §2. We further assume that o(u")

and (v’ ) has a uniform upper bound ot and a uniform lower bound o, i.e.
0<a <a(u),al)<a’. (3.18)
Next, we introduce some metrics on V. The bilinear form b(-, -) can further induce a norm
lully = (b(u, w)".
We also define a norm | - [[4,, by

1
lullag = (Julz + Jul3)?, (3.19)

where|u|? := Z (/ K'|Vu'|? dr + Z/ sV pu'? dx) and |ul? := q(u, u).
1<i<N Qe s YQFs
The first theorem provides an estimate of the error between the weak solution u and the multi-

scale solution un by the projection error of v onto the multiscale space Vj,s in various metrics.

Theorem 3.3.1. Let u be the weak solution in (3.14) and u,,; be the multiscale numerical solution

in (3.17). Assume Vu € L*(Qyr) and Viu € L*(Qr). Then we have

T
) = et G + [ = w2
T 0w —u) T
< 3 A\ "2 - 2 N . 2.
< € inf ([ 1P bt [ =l i+ a0.) = w0, ))

(3.20)

In light of Theorem 3.3.1, we have to establish an estimate of the projection error of u onto
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the multiscale space Vi, on the right hand side of (3.20), in order to complete the convergence
analysis. With the assumption that the irreducible error between the Sobolev space V' and the
snapshot space Vip,p 1s small, which holds when a sufficiently large number of snapshot solutions

is taken, we define an approximation usnap(~, t) € Vinap Of (-, t) in the snapshot space by

N, N, N
Ugnap (T, ) ZZZu Tp, 1) leip’wi(x), (3.21)

i=1 k=1 s=1

and provide an estimate of the projection error of s, onto the snapshot space V.

Theorem 3.3.2. Let u and ug,,, be the reference solution and the snapshot projection of u as

defined in (3.14) and (3.21). We then have

. r auj_usna T
it [ I Rtk [t e+ [100.0) = 0.

weV J, ¢ o . (3.22)
2 2
< ST 1Ge, e [l e+ o, 12,

with A = min{\}” _;}.
J “i

3.3.4 An Implementation View

In this section, we derive the fully discrete system and present the implementation details.
We adopt the implicit Euler scheme for time discretization to the semi-discrete GMSFEM system
(3.17). Suppose the time domain (0,7") is partitioned into equal subintervals of length At, and

denote the n-th time instant by ¢,, = nAt. Using backward difference, the fully discrete GMsFEM

scheme is to, successively forn = 1,2, ..., find u],, € Vs such that
ugs - uﬁil
(g +a(ul,, v;ul) 4 qul,,v) = (g™, v), Vv € Vi, (3.23)

where the subscript n denotes the evaluation of a time-dependent function at the time instant ¢,, and
for an given initial condition u% . At each time instant ¢,,, (3.23) gives rise to a nonlinear algebraic

system with respect to the multiscale basis functions. With a sufficiently small time step size, we
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can adopt a direct linearization approach by replacing the field a/(u™,) by a(u”; ') and derive

n _ ,n—1
’ (ums Atums"”> +alupgviup ') +q(unv) = (9" v), Yo EVn. (324

Alternatively, we can use an iterative approach. More precisely, we can construct a sequence
{ufsm =0 C Vims whose fixed point is the solution u; and truncate the successive iterations

when a stopping criterion is fulfilled. In this case, we start with an initial guess u,, , = uf; " and

solve for

u” o un—l
b (—ms’mAt = ,v> + a(Ughs s Vs Unts 1) + Q(Uing i, V) = (9", 0), YU € Vis. (3.25)

We remark that it is equivalent to the linearization approach if we stop after one iteration.
3.4 Numerical Results

In this section, we apply our proposed methods to a realistic fractured and vuggy reservoir. All
three continuum have heterogeneous permeability background (see Figure 3.1 for the permeability
of matrix) and discrete fracture networks are embeded in this reservoir like in Figure 3.3a. An
unstructured fine mesh is used to resolve the discrete fractures networks (see Figure 3.3b). The de-
scriptive parameters of this reservoir are listed in Table 3.1. All numerical results are implemented
using FEniCS Library.

The numerical experiments are conducted from different aspects. Performances are compared
between MSFEM and GMsFEM, nonzero source term and nonzero mixed boundary condition.
We also discuss the impact of the number of basis functions selected to the solution accuracy. We
remark that all examples are conducted using direct linearization approach as the iterative approach

do not significantly improve the results for our problem.
3.4.1 Comparison of MSFEM and GMsFEM

In this subsection, we discuss the necessity to apply GMsSFEM. From Figure 3.4, we can tell

that, even with similar number of degrees of freedom, the MSFEM is not able to recover the true
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Quantity Value
Size of model | 15000 ft x 15000 ft

o 0.2

¢’ 0.01

o 0.1

OF, 1

k! 10712

K" 10713

KF,j 8.2606 x 10~
c 1.4504 x 1078
Ju 8 x 1073
u? 2.0684 x 107
B° 1.1
) 1/h2,

Table 3.1: Values of all quantities.

(a) Idealized discrete fracture net- (b) Unstructured fine mesh
work(DFN)

Figure 3.3: DFN and fine scale mesh.

solution, thus GMsFEM must be applied to generate meaningful results. This is especially true
when there are multiple discrete fracture networks coexist in a single coarse neighborhood. Many
numerical experiments have shown that MSFEM basis functions are not able to handle homoge-

neous background and multiple discrete fracture networks simultaneously. Figure 3.4 shows the
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solution we obtained using MsFEM and GMsFEM respectively when a single source is placed at

the bottom left corner. The relative error of MSFEM solution can be as large as 30%.

SANFIM Sokson.
GODMHG Vet Rdett  dbert  ATebe

Figure 3.4: Comparison between GMsSFEM and MsFEM solution with heterogeneous background
and discrete fracture network. Left: GMsFEM solution with DOF=2646. Right MsFEM solution
with DOF =2400.

3.4.2 GMSsFEM Solution for Different Boundary Condition and Source

In this subsection, we demonstrate the performance of our proposed triple continuum GMs-
FEM methods applied to problem (3.6) and (3.7), where lagging coefficient scheme is used to
linearize the problem. Different boundary conditions and source term settings are tested for cou-

pled GMsFEM approach.

Number of Basis | Day 1 | Day 10 | Day 20
2 17.21 | 27.22 | 66.44
4 14.88 | 17.27 | 43.65
8 472 11.86 | 13.31
16 424 12.05| 12.58

Table 3.2: L? relative errors(%) of numerical results for mixed boundary condition. Nonzero
Dirichlet boundary condition is imposed on top and bottom boundary. Zero Neumann boundary is
applied to left and right boundary.
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u u u
69e+06 le+71.2e+71.4e+71.6e+7 2.0e+07 5.5e+06 7e+68e+t9e+ble+.1e+i2e+7 14e+07 27e+06 Se+be+de+Be+Be+bed7le+7 1.4e+07

Day 1 Day 10 Day 20

Figure 3.5: Triple-Continuum, heterogeneous background flow simulation of matrix with top and
bottom nonzero Dirichlet boundary condition. Zero Neumann boundary is applied to left and right
boundary. First row: fine-scale reference solution, DOF = 80229. Second row: Coupled coarse-
scale GMSFEM solution with 8 basis, DOF = 3528.

Relative L2 error of GMSFEM solution with mixed boundary condition
90

80
70
60

50

Error(%)

40
30

20
0
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Days

e basis =4 basis 8 basis 16 basis

Figure 3.6: Illustration of error trend with time for different number of basis for dirichlet boundary
condition case.

From both error tables and solution figures , we come to the conclusion that: 1) For nonzero
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Day 1 Day 10 Day 20

Figure 3.7: Flow simulation results for a triple continuum heterogeneous background matrix with
no flow boundary condition. Injector locates at bottom left corner. First row : Fine-scale reference
solution. Second row: Coupled coarse-scale GMsFEM solution. DOF is same as in Figure 3.5.

Number of Basis | Day 1 | Day 10 | Day 20
2 1579 | 10.05 | 11.42
4 548 5.89 8.53
8 2.84 6.20 8.51
16 1.12 6.30 8.49

Table 3.3: L2 relative errors(%) of numerical results for zero Neumann boundary condition.

mixed boundary condition case, the GMsFEM solution can obtain a good result when using 8 basis
or more. 2) For zero Neumann boundary and single point source term case, the coupled approach
can obtain good approximation of fine-scale solution with 4 basis or more. 3) For both cases, the
coupled approach can give us an acceptable solution.

From Figure 3.8 , Figure 3.6, Table 3.3 and Table 3.2, we can tell that the error of solution

decreases when we increase the number of eigenfunctions used.
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LA2 Relative error of GMsSFEM solution with zero Neumann boundary condition
and a source
18
16
14

12

Error(%)

o mN &~ @ @

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Days

1 basis 4 basis 8 basis 16 basis

Figure 3.8: Illustration of error trend with time for different number of basis for single source case.

3.5 Conclusion

In this chapter, we proposed a triple continuum GMsFEM method as a fast solver of flow
problems in a heterogeneous domain. A fractured and vuggy reservoir is modeled as a system of
three continuum. Coupled assembling is provided to construct GMsFEM multiscale space. The
convergence of our proposed method is proved strictly following mild assumptions. Later, the
performance is tested using multiple examples with different settings. We conclude that with a
GMSFEM framework, a multicontinuum model, and the discrete fracture network, our proposed
method can inherit the merits of the three. By coupling them together, we improved the capability
as well as accuracy of our simulation and obtained competitive approximations for both mixed
boundary conditions and a single source case.

In short, we claim that our proposed method can accomplish the flow simulation task with
both accuracy and efficiency. Nevertheless, we notice that our proposed method is only good for
the case when discrete fracture network is known. For reservoirs containing uncertainties, further
exploration is desired. Besides, for vugs with turbulent flow inside, one will end up with a coupled
PDE system containing Navier-Stokes equation. Future investigations are required to expand our

work to such cases.
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4. GMSFEM FOR MIXED ELLIPTIC EQUATION IN A NARROW DOMAIN

When simulating flow in capillary or fissured systems, homogenization method is commonly
used. However, when there is no scale separation of the media, for example, modeling blood circu-
lation within a nonuniform vessel, using only one basis function will result in imprecise solutions
due to the loss of local multiscale information [56]. Thus, we would like to address such prob-
lems using GMsFEM instead. By constructing multiscale basis functions, we pass microscopic
information from the local system to the global system instead of averaging it out. Moreover,
by the design of GMsFEM, we are able to construct an approximation space with rich multiscale
information where the leading basis correspond to the dominant feature modes.

Additionally, we want to study how the geometry of the computational domain influences the

approximation accuracy of our proposed method through rigorous analysis.
4.1 Problem Setting

In this chapter, we aim to solve a mixed elliptic equation in a narrow domain, especially for
the case when a single basis in each coarse neighborhood is not enough to represent the underlying

multiscale features of the domain.
4.1.1 Mixed Formulation of Flow Equation

We consider the steady state flow equation (2.1),

—diV(K Vu) =g, in{).

Here, x represents the heterogeneous permeability of the medium, u is pressure, {2 is a narrow
domain with large length/width ratio and g is a source or sink function. If we assume the flow is

governed by Darcy’s Law, and the viscosity of the target liquid is 1, then the flux o satisfies

o= —kVu. (4.1)
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Now we introduce the new variable ¢ (which is vector-valued), we have the mixed formulation of

the above PDE:

ko 4+ Vu =0, (4.2a)

V.o—g (4.2b)

More specifically, Dirichlet Boundary condition is imposed to pressure u for left and right
boundary while a no flow boundaries condition is imposed to flux o on both top and bottom bound-

aries, 1.€.

u=—1, ondfy, (4.3a)
u=1, on 03, (4.3b)
oc-n=0, ond,. (4.3¢)

Here, n denotes the outward normal vector on 2 4. For source term g, we let:
g=0. (4.3d)

We will derive GMSFEM solution based on (4.2) for the rest of this chapter.
4.1.2 Variational Forms and Fine-scale Discretization

We first derive the weak form of the system (4.2). After multiplying Equation (4.2) by test
functions 7 and v, integrating over the domain, and integrating the gradient term by parts, one

obtains the following variational formulation of the problem: find ¢ and w satisfying

/H‘la'de—/uV~de— —/ ur -nds, Ve X, (4.4a)
Q Q o0

/ V - ovdx = / gudx, YveU. (4.4b)
Q Q
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By summing up (4.4) and applying the boundary conditions, we obtain a bilinear form acting on
the trial function (o, u) and test function (7,v). The problem is then formulated as: find ¢ € °

and © € U such that
a((o,u), (1,v)) = L(t,v), V¥(r,v) € X% x U, 4.5)

where the bilinear form a(-, -) is defined as

a((o,u), (1,v)) := /

/ilU'Td.T—/UV'Td$+/V'Ode
Q Q 0

and L(-) is defined as

L(v,q) ::—/ u7'~nds—|—/gvdx:/ T-nds—/ T-nds+/gvdx.
o9 Q o 093 Q

We also define the space X0 := {7 € H(div) | 7 - n|sq,, =0}, and U := L*(1).

To discretize the above formulation in fine mesh 7", two discrete function spaces Z?L c X0
and U, C U are needed to form a mixed function space 22 x Up. A common choice of finite
element space is Raviart—-Thomas space . Specifically, we use a standard lowest order R space

[57]. Then, the fine-scale problem can be written as:

/ Kk top, -, de — / upV -, dr = —/ upTy -nds, V1, € 22, (4.6a)
Q 0 b1

/ V -opup dax = / gup dx,  Yu, € Up. (4.6b)
Q Q

or similar to (4.5):

an((on, un), (Thyvn)) = Lu(mh,vn),  ¥(7h,04) € B9 x U, 4.7)
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where

1
an((on,up), (Th,vp)) == / —op, - T dr — / upV - 1, dx + / V - oy dx
ok Q Q

and

Ly (vp,vp) ::—/ uhTh-nds+/gvhdx:/ Th-nds—/ Th-nds—l—/gvhdx.
a0 Q a0 Qs Q

We finally obtain a discrete fine-scale system:

Ah Bh Op - bh (48)

B}T; 0 Up 0

4.2 Coarse Problem
4.2.1 Coarse Partition of Domain

We let TH be a coarse partition of the computational domain {2 with a mesh size H. The fine
grid 7" should be a refinement of 7% with a mesh size h. Generally, h < H. Let £ be the set
of all faces in the coarse grid 7%, and the number of coarse faces is defined to be N,. A coarse

neighborhood of E; € £¥ is then defined as:

wi = J{K; € T" | E; € 0K}, (4.9)
J
See Figure 4.1 for an illustration. With a coarse partition of the domain, we aim to construct a
GMSFEM space Y, = span{t), "} for o corresponds to 7 which has a smaller dimensional
ik
size while containing the dominant information of the local region. Note that we will construct

ms,w;

. ' 1naway that it is supported only in the coarse neighborhood w;.
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Figure 4.1: Illustration of the coarse partition 7 of (2 and the coarse neighborhood w; associated
with coarse face F;.

4.2.2 Variational Form for Coarse Problem

Similar to the fine-scale problem (4.5), the coarse problem can be formulated as: find (s, Ums) €

Yms X Upns such that:
a((oms, Ums), (T,0)) = L(1,0), VY(7,0) € Tns X Uns. (4.10)

Here, we take U, = {u € L*(Q)| ul[x € P°(K),VK € T"} to be a discontinuous piece-
wise constant space, and >, will be constructed using GMsFEM in the following sections. The

corresponding numerical system then writes as :

R, AWRT  R,ByRT| |oms R,by
R,BIRT 0 Unms 0

where
RU:[w17”’7ng]7 Ru:[rl7‘.’77nNu]~
Here, {1;}1\°, are multiscale basis functions for flux o and {r;}~* are restriction basis functions
from U}, into Uy. N, and N, are the dimensions of space X, and space Uy, respectively.
4.2.3 Construction of Snapshot Space

The key feature of GMsSFEM is that it can construct a set of basis functions that capture
the micro-fine characteristics of the media. We first construct a snapshot space that can reflect

the multiscale features of this particular coarse region. As discussed in (2.2.1), we can obtain
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the snapshot basis functions by solving the local harmonic extension problems. For mixed for-
mulation of the flow equation, the snapshot problem is defined locally on w; as follows: find

( Znap,wi’ Znap7wi) c Zh(wi) X Uh(wi) such that

Lop P L VEMY =0, inw;, (4.11a)
Vg™ = ¢l inw;, (4.11b)
TP my = 6),  on B, (4.11c)
WY n; =0 on, Quw;. (4.11d)

Here, n; denotes the outward unit-normal vector on dw; and m; is a fixed unit-normal vector on

E;. Constant ¢!, is defined as

i 1 / snap,w; 1 / j -
=1 | G mids=—7 [ dpds, j=12
SRV ST [Kil Jg, "

In this scenario, w; = K¢ U K. Notice that the coarse edge E; is constituted by fine edges ¢y, i.e.

b, = Uiizlek. 5,@ is defined as a piece-wise constant function on £; such that

' 1, oney,
=
0, one,s+#k.
The snapshot space on wj is then defined as
Y = splfm{qﬁznap’wi}. (4.12)

Moreover, the global snapshot space is defined

Yisnap = DX (4.13)

Y “~snap*
i p
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4.2.4 Construction of GMsFEM Basis

To further reduce the space dimension, we want to select those multiscale modes that directly
reflect the major features of the media. By conducting a spectral decomposition to the snapshot
space, we are able to construct the offline multiscale space >..,,. We first seek eigen-functions

L e Xeito the spectral problem

snap

ai(ihy " 0) = Asi(Up T v), Vo € X,

(4.14)

where

a;(u,v) := /El k(- my)(v-my) ds

and

si(u,v) ::/uvdx—i-/ V-uV- vdz.

We then sort the eigenvalues in ascending order and choose the first L, eigenfunctions that corre-

spond to the smallest eigen-values. The multiscale space is then formed as

Yins := span{ty

1<k<L,,1<i<N.D}. (4.15)

4.3 Stability Analysis

In this subsection, we would like to present a precise analysis of the approximation error of our
proposed multiscale space. The large length/width ratio of the domain is also taken into consider-

ation. We first define the following norms and symbols:

]2 = / o2 da,
Q

for a scalar function v € L*(Q):

[ / kol de,

41



for vector function v;
||O-||%I(div,ﬂ);n—1 = ||0||i—1,ﬂ + [V - U||%2(Q) dzx,
for vector function o; we further denote
a=p

if there exist a constant C' > 0 such that o < Cf5.
Let K be any coarse block from 7. Then, the projection of o onto > snap Testricted to each K

is defined to be ¢ as following:

Lemma 4.3.1. Let (o4, up) € Xp, X Uy, be fine solution of (4.7) and & be the weak fine-scale

solution of (4.16)

k6 4+Vai=0, ink, (4.16a)
V-(6)=g, inkK, (4.16b)
oc-n=o,-n, ondk, (4.16¢)

subject to the condition

/a:/ . 4.17)
K K

1
Here, n is the outward normal vector on OK and g := W / g. We then have
K

Ne
-1 ~12 —112
/Q £ on = o do < max (k1) ; 19 = 9700, (4.18)

Proof. We first notice that by the construction of ¢ and that of Y,,,, we have & € Xj, N Xgpap.
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Then, in each corase block K, by subtracting the variational form (4.5) from (4.7), we have

/ Kk Hop —6) -7, do — / V- () (up — ) de =0, Vr, € L0 (K), (4.19a)
K K
/ V. (op —0)v, dox = / (9 — g)vp dz, Vv, € Up(K). (4.19b)
K K

Taking 75, = 05, — ¢ and vy, = u, — @ in (4.19), we can then get

/K kK Hop—6)*dr = / (9 — g)(up — 1) da. (4.20)

K

Since Raviart-Thomas space enjoys an inf-sup condition, i.e. it satisfies

S V- (Th)vp da

||UhHL2(K) = sup , Y, € Uh(K) 4.21)
rnex0 (k) || Thl [ div, o)
Combining condition (4.21) with (4.19), we can get:
_1 .
lun — @l L2y 2 Fminrellon — Olla-1., (4.22)

where, Kmin i 18 the minimum value of x over K. Then, by (4.20)

_1
[un — @[ L2y = Fmin i ll9 — Gll-1 k- (4.23)
Now, summing up the results for all coarse blocks, we obtain the desired conclusion. L]

To simplify, we only consider the type of "thin domain" Q@ = [0,1] x [0, Ly|, where € :=
% < 1. We generate the coarse grid by dividing the "z-axis" of the rectangle. Since Ly < 1,
H = Ly = e. No-flow condition is imposed merely on the upper and bottom sides of the rectangle.
Thus, the multiscale basis is only taken at the vertical edges of the coarse grid.

Before we state and prove inf-sup condition for our approximation space >.,s X Uy,s, we consider

a snapshot problem on a reference coarse neighborhood @; = [x;_1, z;41] X [0, Ly]. We aim to find
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( Jsnap,w; Fsnap,w;

p DR € H(div, @) x Ly(@;) that solves the following snapshot problem. For simplicity,

7snap,w; Fsnap,w;

we denoted (¢;P" £"P“) as (¢, £1). The reference snapshot problem is defined as

FloL 4+ VE =0, inay, (4.242)
V-¢i=¢, ina;, (4.24b)
5 m; =0, onEj (4.24¢)
¢t -f; =0, ondw;. (4.24d)
where
_ K(, €y) 0
R(x,y) = ;

0 € 2k(x, ey)

62, n; and m; are defined similar to c}%, n; and m,; in the reference coarse neighborhood w;. We

solve this problem weakly, i.e., we seek the solutions to

a;"" (01, &), (7,0)) = L™ (7,0),  V(7,0) € Ba(@i) x Un(@y), (4.25)
where
a"((9,), (1,v)) = / E g1 dr — [g-vf dx+/‘ V - ¢v dz,
£ (7, ) = / L d:c.z | |
Let

Viap = sp:ln{f/?i;}-
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By proper scaling, we can get

( snap,w;

Sy = | O htme )
O N, )

Eulr,y) = & (@, ey).
Similarly, we have a reference spectral problem in w;:

G, 7) = Nig (0L, F), Vo eV

snap’

where 3;(0,7) == [, F o Tdr+ [ (V-0)(V-7)dz, and a;(0,7) :

Moreover, by scaling, we are able to get
€ai(dl, UL) = (U, ),

Theorem 4.3.2. Assume Ulx;, x;11] is an partition of [0, 1]. Thus, )

For any given u € Uy with fQ u = 0, we have

V - oudzx
[ullr2@) < C sup —fQ
UEme HUH(Z

for some constant C. Here, || - ||, is defined as

(NI

lolla := (D ailo, )2

i

Proof. We consider

0;=  argmin 9] |2,
wezms(&)i),fEi d%mi:l
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(4.26a)

(4.26b)

(4.28)

U |2, 2441 x [0, Ly].

1<i<N.

(4.29)



where || - ||z is defined similar to || - ||, i.e. ||o]|s := (D, @i(o, o))z. We then let
(Gi(z, e 'y))
04 = )
6(6’i($,€_1y))2
and

where [u],, = u;+1 — u;. Therefore, we have

Lv-audx:zi:—[u]zi/u)iv-ai d:v:Z[u]x/ g - m; ds:Ze[u]i:Z/E[u}il ds.

i 12

Similarly to the proof of Poincare Inequality, we can easily prove that

HZ/ ds>/u dz,

thus we have

/ V.oudr > ||u||iz(9)
Q

and
lol2 <2 [ul2 ||oi]|2
-2 30 ol
< 22/ ml 1nt§up
1 -
where Cipgqp 18 defined to be Cippop = (sup inf || |§)% Therefore, we finally have

Hz i e Vins, [ 5, -mi=1

= > >
||U||a ||0-Ha \/_Cmfsup

JoViouds 3 [p 3, d ZfE 2 ds)2 /uzdx.
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O]

Theorem 4.3.3. Let oy, be the fine-grid solution obtained in (4.6) and oy be the mixed GMsFEM

solution obtained in (4.10). Then, the following estimate holds:

/ k- on —onl? de 2 Chp A ai(6,6) + max (k1) Y g — 91172k,
Q i i

KeTy

where N = min)\7., | and G is the projection problem solution of (4.16).

Proof. By (4.6), (4.10) and the fact that >, C 22 we get that

/ kK top —og) T dr+ / V- (1) (up —ug) dz =0, Vg € X0,
QO 0

/V'(O’h—O'H)UHdiCIO, Yog € Ug.
Q
Recall (4.19a), we have
/ V-(Jh—6)Tde:/(g—g)Tde:O, Vg € Ug.
K K

Let uy € Uy, such that

/K (4) dz = /K (i) dz, VK € Th.

(4.30)

(4.31)

Since vy is a constant in each coarse block K, and so is V - 7, by (4.16c¢) and (4.17), we have

/ V- (tg)up dx = / V- (ty)t de = / V- (1)l dz.
Q Q Q
Therefore, (4.31) can be written as

//f_l(ah—UH)'THdQT—/V'TH(ﬁH—UH)d.%:O, VTHEZ?HS,
Q Q

/V'(a'—O'H)UHdLE:O, Yog € Ug.
Q
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Since o € Xgnap, We can rewrite o as

where J; = dim(3%: ). We then define 6,5 € Y5 as

snap

Oms = > Y Gt (4.33)

Here, L, is the number of eigenfunctions we select for coarse neighborhood w; . We can further

write (4.32) as

/ kK Yop —og) - T dr — / V- 1tg(tyg —uy)dr =0, V71g € Z&S,
@ @ (4.34)

/V-(6mS—UH)de:L’:/V-(&ms—&)dezz:, Yog € Ug.
Q Q

Let 7y = 0s — oy and vy = Uy — uy and plug back to (4.34). If we add up the equations, we get
/ 5 (o0 — on) - (G — oa1) dt = / V - (6 — &) (it — ) d. 435
Q Q

Since ity — uy € Uy and by inf-sup condition (4.29) and (4.34), we have

JoV-ol(tig —uy) dx

||€LH - uH||L2(Q) j Cinfsup sup

€Y ms ||0-||a
k Yoy —oy)-odr
= C'infsup sup fQ
O'EEms HUHCL

llon — oulle—1allolle1.0

__< C1infsup SUP
TEYms | |O-| |a

Since X, is a finite dimensional space, all norms are equivalent. Therefore,

g — vurllr2@) = Cintspl|on — or|c-1,0- (4.36)
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By the definition of bilinear form s;(+, ), we have

Ne Ne
/(v (s — 7))% dz =< Z/ (V- (6ms — 6))7 dz 2> 5i(0ms — 0, 0ms — 6).
@ i=1 Jwi

=1

Then, by (4.35) and the Cauchy—Schwarz Inequality, we can obtain
low = aull- = [ 7o —on) do

<|/ (0 — 01) (O — ) m/ Yon — o) (s — o10)|
/ O'h—O'H( O'mg |—|—|/V Umg_ (’LLH—UH)l

= low = oulle-1,0 - llon = Omslle—1.0 + IV - (Oms — )| 2200 - [1Ur — vur||220)

Ne

~ ~ A A ANy L
= |lon = onlli-1.0 llon = Guslle-1.0+ (Y 8i(Gms = 6, s — )2 - Cinssupllon — oarllx-1,0.
i=1

By deviding ||o}, — op||x-1 o for both sides of the inequality, we then have

Ne
~ ~ ~A A A\ L
llon = onlli1.0 2 llon = Guslla-r0 + (Y $i(Gms — 6, 6ms — 6))3
i=1

: C’infsup' (437)

For the first term on the right-hand, by triangle inequality, we have

Ho-h - a'ms||n—1,ﬂ < Hah - a'Hn—l,Q + ||a-ms - a-H/{—l,Q-

Moreover, by the definition of the spectral problem we have

Ne Ne
16ms = 110 2D Ems — &llx-1.0; = Z (Gms — G, Gms — 6.
=1 i=1
Thus, the following inequality holds:

Ne

. . A AL

lon = onlli-1.0 2 low = 8lle-10 + (D 5:(6ms — 6, ms — 6))7
i=1

: C(infsup- (438)
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By (4.18) in Lemma 4.3.1, we can estimate the first term on the right hand side and determine the

second term as all eigenfunctions are orthogonal. We then have

Ne Ji N, Ji
5i(Tms = &, 0ms = 7)) = Sl(z Z Gty Z Z Gty )

i=1 k=L, +1 i=1 k=L, +1
Ji
_ wi\—1/22 ) ms,w; ms,w;
= k_LZ:H()‘k ) (Gi)ai(hy o) (4.39)
=Lu;
< (/\O[J,i,i-s-l)ilai(a-ms g, a'ms - a-)

i -1 AoA
< () ai(6,9).
We thus proved the conclusion in the theorem. 0

From this theorem, we actually conclude that the approximation error can be reduced if more

eigenfunctions are used in each coarse neighborhood.
4.4 Numerical Results

In this section, we conduct a few numerical examples to test the performance of the proposed
GMSFEM on the thin domains where the length/width ratio is taken to be 40 : 1 in Example 1
and 80 : 1 in Example 2. Additionally, we also test the proposed methods on a wavy thin domain
to assess its performance in a more realistic case. Notice that some channelized heterogeneous
permeability will be used in Example 1 and Example 2. Besides, no sink or source is placed in the

computational domain for all examples.
4.4.1 Example 1

In this example we let the length/width ratio of the domain to be 40/1, the domain is partitioned
into 10 coarse blocks as shown in Figure 4.1. In this example, the permeability is taken as in Figure
4.2. k(x) = 1.0 for the background while x(x) = 0.01 in the channelized region. Figure 4.3 and
Figure 4.4 demonstrate the comparison of fine and coarse solutions for equation (4.4). Different

numbers of GMsSFEM basis functions are selected in each attempt.
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Figure 4.2: Example 1: heterogeneous permeability ().

L? relative error (%) | oy U
1 basis 30.55 | 12.77
2 basis 5.90 | 12.01
4 basis 1.79 | 12.01
8 basis 1.01 | 12.01

Table 4.1: Example 1: L, relative errors (%) of oy and uy with different numbers of GMsFEM
basis functions.

4.4.2 Example 2

In this example we let the length/width ratio of the domain to be 80/1, and the domain is again
partitioned into 10 coarse blocks. In this example, the permeability is taken as in Figure 4.5.

Figure 4.6 and Figure 4.7 show GMSsFEM solutions for different numbers of basis functions.

L? relative error (%) | oy | uy
1 basis 772 | 11.27
2 basis 093 | 11.22
4 basis 0.72 | 11.22
8 basis 0.52 | 11.22

Table 4.2: Example 2: L, relative error(%) of oy and uy with different numbers of GMsFEM
basis.
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u
-1.000e+00 -05 0 05 1.000e+00

MIIIIIIII“IIIIIIIIM

(a) Fine-scale reference pressure uy,, DOF = 11278
u

-1.000e+00 05 0 0.5 1.000e+00

MIIIIIIII“IIIIIIIIW

(b) GMSFEM pressure solution vy with 1 basis in each coarse neighborhood, DOF =
10

ux
-9.236e-01 -0.46 0 0.46 ©.107e-01

W,IIIHIIIUIIIIIIIIM

(c) GMSFEM pressure solution uz with 2 basis in each coarse neighborhood, DOF =
10

ux
9.236e-01 -046 0 0.46 9.107e-01

WIIIIIIIIUIIIIIIIIM

(d) GMSFEM pressure solution vy with 4 basis in each coarse neighborhood, DOF =
10

ux
9.233e-01 -0.46 0 0.46 ©.103e-01

MHIIIIIJ“IIIHIII“

(e) GMsSFEM pressure solution u; with 4 basis in each coarse neighborhood, DOF =
10

Figure 4.3: Example 1: pressure solution with different numbers of basis functions.
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ux
1.177e-04 0.03 0.06 0.09 1.199e-01

T

(a) Fine-scale flux solution o, DOF = 5580

ux
-1.207e-02 0.045 0.09 0.14  1.685e-01

T

(b) GMSFEM flux solution o7 with 1 basis in each coarse neighborhood, DOF =9

uXx
1.177e-04 0.036 0.071 0.1 1.430e-01

WIIIHII“IIIIIIIW

(c) GMsFEM flux solution o with 2 basis in each coarse neighborhood, DOF = 18

uXx
1.179e-04 0.03 0.06 0.09 1.198e-01

MIIIHII“IIIIIHM

(d) GMsSFEM flux solution oz with 4 basis in each coarse neighborhood, DOF = 36

ux
1.177e-04 0.03 0.06 0.09 1.199e-01

T

(e) GMsSFEM flux solution oy with 8 basis in each coarse neighborhood, DOF = 72

Figure 4.4: Example 1: flux solutions with different numbers of basis functions.

4.4.3 Example 3

In this example, we let the computation domain to have curvy boundaries as shown in Figure

4.8. Here, we make use of a homogeneous permeability x(x) = 1.0 everywhere of the domain

53



u
10e-02 02 03 04 05 06 07 08 1.0e+00

_\ | \ \ \ \ \-

Figure 4.5: Example 2: heterogeneous permeability x(z).

to focus on studying the impacts of the domain geometry. The solution comparisons are then

presented as in Figure 4.9, Figure 4.10 and Table 4.3.

L? relative error (%) | op Up
1 basis 1.38 | 10.00
2 basis 0.23 | 10.00

Table 4.3: Example 3: L, relative error(%) of oy and uy with different numbers of GMsFEM
basis in a thin domain with wavy boundaries.

4.5 Conclusion

From both error tables and solution figures of Example 1, 2, and 3, we come to the conclusion
that: 1) When we have heterogeneous coefficients, GMsSFEM solutions with a single basis in each
coarse neighborhood will lead to large errors. This necessitates using multiscale methods. 2) We
can obtain a good approximation of fine-scale solutions with 2 basis or more. 3) GMsFEM can be
easily extended to thin domains with more complicated geometry.

Both numerical and analytic results have shown the effectiveness of applying GMsFEM in such
problems. However, challenges can be foreseen if a more complex geometry of vessel (e.g. thin

domain with junctions) is considered in future works.
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ux
2.996e-01 05 0 05 9.996e-01

m———

(a) Fine scale reference pressure up, DOF = 22524

uXx
9.139e-01 -045 0 045 8.718e-01

i

(b) GMSFEM pressure solution vy with 1 basis in each coarse neighborhood, DOF =
10

uXx
-9.133e-01 -045 0 0.45 8.699e-01

WLHIIIIJI‘HIIIIIIW

(c) GMSFEM pressure solution u with 2 basis in each coarse neighborhood, DOF =
10

uX
9.133e-01 -045 0 045 8.699e-01

MIIIIHIII\IIHIIIHW

(d) GMSFEM pressure solution vy with 4 basis in each coarse neighborhood, DOF =
10

uX
-9.133e-01 -0.45 0 045 8.699e-01

W:IIIIIIIIIIHIIIIIILM

(e) GMsSFEM pressure solution u; with 8 basis in each coarse neighborhood, DOF =
10

Figure 4.6: Example 2: pressure solution with different numbers of basis functions.
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ux
3.195e-04 0.02 0.039 0.059 7.852e-02

WIIHIIJI‘“JIIIIIIIW

(a) Fine scale flux solution o, DOF = 11263

uXx
1.655e-05 0.02 0.039 0.059 7.899e-02

WIIIIHII“IIIIIIHW

(b) GMSFEM flux solution o with 1 basis in each coarse neighborhood, DOF =9

ux
3.195e-04 0.02 0.039 0.059 7.851e-02

(c) GMSFEM flux solution oy with 1 basis in each coarse neighborhood, DOF = 18
ux
3.195e-04 0.02 0.039 0.059 7.852e-02

(d) GMsSFEM flux solution oz with 1 basis in each coarse neighborhood, DOF = 36

uX
3.195e-04 0.02 0.039 0.059 7.852e-02

MIHIIIJ“IIIIIIIIM

(e) GMsSFEM flux solution oy with 1 basis in each coarse neighborhood, DOF = 72

Figure 4.7: Example 2: flux solution with different numbers of GMsFEM basis.

Figure 4.8: Coarse mesh of a wavy thin domain.
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u
-1.0e+00 -0.6-04-02 0 02 04 06 1.0e+00

—— | o—

[ e e

(a) Fine-scale reference solution u;,, DOF = 108316

u
-1.0e+00 -0.6-04-02 0 02 04 06 1.0e+00

—— o —

L

(b) GMSFEM pressure solution vy with 1 basis in each coarse neighborhood, DOF =
10

u
-1.0e+00 -0.6-04-02 0 02 04 06 1.0e+00
| I | | |

(c) GMSFEM pressure solution u with 2 basis in each coarse neighborhood, DOF =
10

Figure 4.9: Example 3: pressure solution with different numbers of GMsFEM basis.

u
2.0e-02 0.01970%8 6D 90DD20TRWOR015 2.0e-02
| |

(a) Fine scale reference solution o, DOF = 54159

u
2.0e-02 0.016070%8 680 T 20DD20MRMP015 2.0e-02

\\\I\\\_

T T e T e, e, T T = T = =, =, =

(b) GMsFEM flux solution oz with 1 basis in each coarse neighborhood, DOF =9

u
2.0e-02 0.01670%8 60T 26DD20WROR015 2.0e-02

— e

(c) GMSFEM flux solution o with 2 basis in each coarse neighborhood, DOF = 18

Figure 4.10: Example 3: flux solution with different numbers of GMsFEM basis.
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5. DEEP MULTISCALE MODEL LEARNING

In this chapter, we aim to construct a robust deep learning architecture for reduced-order model
of fluid dynamics. More precisely, the flow dynamics can be thought of as multi-layer networks,
where each layer, in general, is a nonlinear forward map and the number of layers relates to the
internal time steps. The network structure is designed in a sparsely-connected manner. We utilize
a reduced order model to determine the connectivity between the input layer and the first hidden
layer while each neuron in the input layer stands for a degree of freedom in the coarse model.
Specifically, we utilize the non-local multi-continuum approach [37] as our upscaled model.

Due to the lack of available observation data, the training data is supplemented with compu-
tational data as needed. Therefore, the trained network provides a model that inherits the merits
from both the computational model and the true model underlying the physical observations.

In this chapter, we will present the main ingredients of our approach as well as the numerical
results. In Section 5.1, we present the general multiscale concepts. Section 5.2 is dedicated to

neural network construction while in Section 5.3, we present numerical results.
5.1 Preliminaries

In general, we study

% = F(x,t,u,Vu,I), (5.1)
where I denotes the input, which can include the media properties, such as the permeability field,
source terms (well rates), or initial conditions. F'(-) can have a multiscale dependence with respect
to space and time. The coarse-grid equation for (5.1) can have a complicated form for many
problems (cf. [37]). This involves multiple coarse-grid variables in each computational coarse grid,
non-local connectivities between the coarse-grid variables, and complex nonlinear local problems
with constraints. In a formal way, the coarse-grid equations in the time interval [t,,t,1] can
be written as u{’”, where ¢ is the coarse-grid block, 7 is a continuum representing the coarse-grid

variables, and n is the time step. More precisely, for each coarse-grid block 7, one may need several
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coarse-grid variables, which will be denoted by j. The equation for uf” in general, has a form

-t = F (et At VE ), (5.2)

i
2

where ﬂ{” is the average solution at time t", for the j;, continuum within i;, coarse block, and
the sum is taken over some neighborhood cells and corresponding connectivity continuum. The
computation of F can be expensive and involves local nonlinear problems with constraints. In
many cases, researchers use general concepts from upscaling, for example, the number of continua,
the dependence of F', and the non-locality, to construct multiscale models. We propose to use the
overall concept of the complex upscaled models in conjunction with deep learning strategies to
design novel data-aware coarse-grid models.

In this chapter, we consider a special case of (5.1), the diffusion equation in a fractured media

% —div(k(x)A(t,z)Vu) = g(t), in €, (5.3)

subject to some boundary conditions. Our numerical examples consider the zero Neumann bound-
ary condition Vu - n = 0. Here, (2 is the computational domain, u is the pressure of flow, g(?)
is a time dependent source term, and «(z) is a fixed heterogeneous fractured permeability field.
The \(¢, ) is some given mobility which is time-dependent and represents the nonlinearities in the
two-phase flow. Our approach can be applied to nonlinear equations. Regarding the input param-
eter I, we will consider source terms g(¢, '), which correspond to well rates. In general, we can
also consider permeability and initial conditions as the input parameters. In this chapter, we will

only solve the PDE for different source term configurations.
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5.1.1 Multiscale Model: Non-local Multi-continuum Approach

The fine-scale solution of (5.3) on the fine mesh 7" can be obtained using the standard finite
element scheme, with the backward Euler method for time discretization:

ut T —
<thf,v> + (RA"IVUET, Vo) = (" v). (5.4)

Here, (-, -) denotes the L? inner product. In the matrix form, we have
Mfu?“l —|— AtA u”“ Atbf —f— Mfu;}, (55)

where My and Ay are fine-scale mass matrix and stiffness matrix respectively, and b is the right
hand side vector.
With a proper construction of NLMC basis functions {wffb)} as discussed in Section 2.2.2, we

then define the transmissibility matrix 7" by

J) _ a(@/}(z), wflj)). (5.6)

We note that m and n denote different continua, and ¢, 7 are the indices for coarse blocks. Since
the multiscale basis are constructed in oversampled regions, the support of multiscale basis for
different coarse degrees of freedom will overlap, and this results in non-local transfers. The mass
transfer between continua m in coarse block ¢ and continua 7 in coarse block j is Tk )([uT]&Z )

[uT]gﬁ?), where [ur] is the coarse scale solution.

With a simple index, we can write 7' (transmissibilities) in the following form

t11 tia ... tin
to1 T2 ton 5.7)
_tnl th tnn_
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where n = ZiNzl(l + L;) is the total number of coarse degrees of freedom. L; is the number of
discrete fracture segments in the coarse block K, 1 stands for the degree of freedom in the matrix
and N is the number of coarse blocks.

The upscaled model for the diffusion problem (5.3) will be formed as follows
Mpru™t + AtApu™™ = Atby + Mpu™, (5.8)

where Ar is the NLMC coarse scale transmissibility matrix, i.e.

— Zj tlj t12 R tin
to1 — Zj t2j R ton
to to =ty

and M7y is an approximation of the coarse scale mass matrix [37]. We note that both A; and M
are non-local and defined for each continua.
To this point, we obtain an upscaled model from the NLMC method. We remark that the results

in [37] indicate that the upscaled equation in our modified method can use small local regions.
5.2 Deep Multiscale Model Learning (DMML)

We will utilize a rigorous NLMC model as stated in the previous section and Section 2.2.2
to solve the coarse scale problems and use the resulting solutions in deep learning framework to
approximate the operator F'(-) in (5.1). The advantages of NLMC approach are that one can get not
only very accurate approximations compared to the reference fine grid solutions, but also coarse
grid solutions that have important physical meanings. That is, the coarse grid parameters are the
average pressure in the corresponding matrix or fracture in a coarse block. Usually, F is difficult
to compute and it is conditioned to data. The idea of this work is to use the coarse grid information

and available real data in combination with deep learning techniques to overcome the computation

difficulty of F.
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It is clear that the solution at the time instant n + 1 depends on the solution at the time instant
n as well as input parameters, such as permeability/geometry of the fractured media and source
terms. Here, we would like to learn the relationship of the solutions between two consecutive time
instants using a multi-layer network. If we simply take only computational data in the training
process, the neural network will provide a forward map to approximate our reduced-order models.

To be specific, let m be the number of samples in the training set. Suppose for a given set of
various input parameters, we use NLMC method to solve the problem and obtain the coarse grid

solutions

1 n+1
{ulj .. 7u1 s
1 n+1
u2’ PR ’u2 s
Sy
1 n+1
um’ o« .. ’um }

at all time steps for these m samples. Our goal is to use deep learning to learn fluid dynamics from
the coarse grid solutions and find a network A/(-) to describe the push-forward map between u™

and ™! for any training sample such that:

"t~ N (u", 1), (5.9)

where I™ is some input parameter which can also change with respect to time, and A/ (+) is a multi-
layer network to be trained.

Remark: The proposed framework also considers nonlinear elliptic PDEs, where the map
N (+) corresponds to the linearized discrete system.

In deep network, we call ©™ and I" the inputs, and u"*! the output. One can take the coarse
solutions at time step 1 (initial time instant) to time step n as the inputs, and solutions at time 2 to
n + 1 (final time instant) as corresponding outputs in the training process. In this case, a universal

neural net NV (-) can be obtained. The solution at time 1 can be forwarded all the way to time n + 1
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by repeatedly applying the universal network n times, that is,

u"t ~ NNV N T - T T, (5.10)

Then, in the future testing/predicting procedure, given a new coarse scale solution at initial time

1

new?

U, We can also easily obtain the solution at final time step by the deep neural network

u' St~ NN N(uk TN - T, 1), (5.11)

new

One can also train independent forward maps for any two consecutive time instants as needed.
That is, we will have w/** ~ Nj(u/, I7), for j = 1,--- ,n. In this case, to predict the final time

solution ! given the initial time solution u.,, we use n different networks N;(-),- - , N, (*)

Upaw ~ NaNa1 - Ni(tgey 1) -+ "), 17).

new

Besides the previous time step solutions, the other input parameters ™ such as permeability or
source terms can be different when entering the network at different time steps.

As mentioned previously, we can also take the input in the sense of “region of influence”.
It is important to use reduced-order model, since it will identify the regions of influence and an
appropriate number of variables. In NLMC approach, we construct a non-local multi-continuum
transmissibility matrix, which provides us information about the connections between coarse pa-
rameters. It has been shown in [37] that, due to the exponential decay of the global basis function
away from the target coarse region, one can use the constructed local basis functions to solve the
problem. These basis functions are only supported in a small oversampling local region and can
still provide us with a good accuracy in solutions compared with those using global basis functions.
Moreover, the transmissibility matrix formed by these local basis functions also indicates local
connections (in a slightly larger oversampling region) between a target coarse degree of freedom

(dofs) with others. Taking advantage of the underlying NLMC model, we can simplify the problem
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when designing neural networks. Typically, for specific coarse degrees of freedom (corresponding
to a coarse block matrix or a fracture in the coarse block) of the solution at time instant n + 1,
we can only activate the connections between this coarse degree of freedom and the coarse scale
degrees of freedom in some oversampling neighborhood at time instant n. The advantage of defin-
ing regions of the influence is to reduce the complexity of the deep network. An illustration of the
comparison between deep neural nets with full connections and a network with local connections
indicated by region of influence is shown in Figure 5.1. In Figure 5.1 (a), we illustrate the deep
network using full connections, where the input layer and the first hidden layer of the network are
fully connected. This means, for example, the matrix continua parameter in any coarse block £ is
always connected with all the dofs in the matrix continua (blue shaded coarse blocks/neurons) and
all the dofs on the fracture continua (purple shaded coarse blocks/neurons). On the other hand, in
Figure 5.1 (b), the network applies some local connections in the first layer. For the coarse block
K, it only connects with a few matrix continua dofs (pink shaded areas/neurons) and a limited
number of fracture continua dofs (yellow shaded areas/neurons).

Besides all the ideas stated above, in this work, we also aim to incorporate available observed
data in the neural net, which will modify the reduced order model and improve the performance
of the model such that the new model will take into account real data effects. First, we introduce
some notations. We denote the simulation data by

{ul T 7u?+1}

R

and denote the “observation” data by

{ul T ,UZ+1}

0

at all time steps for these m samples. To get the observed data, we can (1) perturb the simulation
data, (2) perturb the permeability or geometry of the fractured media, run a new simulation and use

the results as observed data, (3) use available experimental data. We want to investigate the effects
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(b) Deep network using local connections indicated by the region of influence.

Figure 5.1: Comparison of deep nets with full connections and neural net with local connections
indicated by "region of influence".
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of including observation data in the output of the deep neural nets.

As a comparison, we will consider three networks:

e Network A: N, (+) uses all observation data as outputs,

ultt ~ N (ul, T). (5.12)

o

e Network B: V,,(+) uses a mixture of observation data and simulation data as output,

u o~ N (g, I). (5.13)

mixed mixed»

e Network C: N;(-) uses all simulation data (no observation data) as output,

u™ ~ N (ul, I). (5.14)
where upixeq 18 @ mixture of simulation data and observed data.

In Network A, we assume the observation data is sufficient, and consider the observation data
at time n + 1 as a function of the observation data at time n. In this case, the map fits the data well
but will ignore the simulation model if the data are obtained without using underlying simulation
model in any sense. This is usually not the case in reality, since the observation data are expensive
to get and deep learning requires a large amount of data to make the training effective. In Network
C, we simply take all data from simulation in the training process. One will get a network describ-
ing the simulation model (in our example, the NLMC model) as best as it can but ignoring the
observational data effects. This network can serve as an emulator (simplified forward map, which
avoids deriving/solving coarse-grid models) to do a fast simulation. We will utilize Network A
and C results as references and investigate more about Network B. Network B is the one where we
take a combination of computational data and observational data to train. It will not only take into

account the underlying physics but also use the real data to modify the model, thus resulting in a
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data-driven approach.
We expect that the proposed algorithm to provide a new upscaled model that can honor the data

while it follows our general multiscale concepts.
5.2.1 Network Structures

In our example, without loss of generality, we suppose that there are uncertainties in the in-
jection rates g, i.e., the value or the position of the sources can vary among samples. Suppose we
have a set of different realizations of the source {g1, g2, - , gm }» where m is a sufficiently large
number, we need to run simulations based on NLMC model and take the solutions as data for deep
learning. To obtain the observation data, we will solve the problem with the same set of source
realization using the fine scale model.

As discussed in the previous section, we consider three different networks, namely NO()
Nn(+) and N(+). For each of these networks, we take the vector x = (u”, g") (v = o,m, s)
constituted by the coarse scale solution vector and the source term vector at a particular time step
as the input. As discussed before, we can take the input coarse scale parameters in the whole do-
main € or in the region of influence K*. Based on the availability of the observational data in the

example pairs, we will define an appropriate network among (5.12), (5.13) and (5.14) accordingly.
ple p pprop g gly

n+1
a

The output y = u/2™" is taken to be a coarse scale solution in the next time step, where « = 0, m, s
corresponds to three networks. Assume for a large set of samples of the source terms, there exist
both corresponding computational data us and observation data u,. We will use these data to train
deep neural networks N (-), such that they can approximate the function F(+) in (5.1) well, with
respect to the loss functions. Then for some new source term g,,, .1, given the coarse scale solution
at time instant n, we expect the networks output A'(u”, g% . ,; 6*) is close to the output data u**.

Here, we briefly summarize the architecture of the network N,, where @ = 0, m, s for three

networks we defined in (5.12), (5.13) and (5.14), respectively.

e Input: x = (u?, g") is the vector containing the coarse scale solution vector and the source

term at a particular time step t,,.
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e Output: y = u™! is the coarse scale solution at the next time step.

e Sample pairs: N = mn example pairs of (x;,y;,) are collected, where m is the number of

samples of flow dynamics and n is the number of time steps.

e Loss function: The typical cost function for regression problems is the mean squared error

N
. 1 : : .
function: N Z ly; — Na(z4;0)|)5- In our numerical examples, our output is the coarse grid
j=1
solution vector, so we would like to consider the relative L? error as the loss function, i.e.

N
lz [ly; — Na(z;;0)]|22
N = [yjl|z2

e Weighted loss function: In building a network in A,,(-) by using a mixture of N; pairs of

observation data {(z;, yj)}j-\[:ll and NN, pairs of computational data {(z;,y;)}_y, 1, where
N
~ |ly; — Na(zj;0)]] 22

N1+N; = N, we may consider using weighted loss function, i.e., w; Z

2 iyl
N
N (0
Wa Z 1 o(25; 0)l |12 , where w; > ws, are user-defined weights.
e Tl

e Activation function: The popular ReLU function (the rectified linear unit activation function)
is a common choice for activation function in training deep neural network architectures
[58]. In our numerical examples, we use ReLLU activation in the hidden layers and use a

linear activation in the output layer.

e DNN structure: The number of layers and the number of neurons in each layer are specified
in the following numerical examples. For the connection between the input neurons and first
layer neurons, we will use dense connections or our self-designed local connections, and

compare their performance in the numerical examples.

e Training Optimizer: We use AdaMax [59], a stochastic gradient descent (SGD) type algo-

rithm well-suited for high-dimensional parameter space, in minimizing the loss function.
5.3 Numerical Results

In this section, we present some representative numerical results. We consider the fractured

media as shown in the Figure 5.2, where the red lines denotes the fractures. The permeability of the
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matrix is ,,, = 1, and the permeability of the fractures are x; = 10°. We assume that the observed
data samples are obtained from the fine scale model solutions for different source terms. As for
the corresponding computational data, we compute the NLMC solutions on a 20 by 20 coarse
grid as shown in Figure 5.2, using the same set of source terms and permeability coefficients. As
discussed in [37], the local basis are constructed in the oversampled regions of each coarse block.
In our numerical examples, we choose two layers of oversampling. With this small oversampling
size, the NLMC simulation is fast, but as a trade-off, it sacrifices a little accuracy. Generally, in
practice, the relative upscaling errors for the NLMC solution and averaged fine scale solution are
5% — 15%. This guarantees the NLMC solutions acceptable errors and room for improvement.
We will train the networks Ny(-), N,(-) and N,,(+) using the computational samples (from NLMC
model), observation samples (from fine scale model), and the mixture of them, respectively.

All the network training are performed using the Python deep learning API Keras [60] with

TensorFlow framework.
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Figure 5.2: Geometry (permeability) for obtaining both simulation and observation data.

5.3.1 Example 1

In our first example, we use a time independent, constant mobility coefficient A\ = 1. For the

source term, we use a piece-wise constant function. Namely, in one of the coarse blocks, the value
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of g is a positive number c. In another coarse block, the value of g is —c, and g = 0 elsewhere. This
represents a two-well source; one of the blocks is the injection well, the other is the production
well. Randomly selecting the location of the two wells, with the constraint that the two wells
are well separated in the domain, we get source samples g1, - - - , g1000- In this example, we set the
values of the source to be time independent. The equation (5.3) is solved using both the fine scale
and NLMC model, where we set 7' = 0.1, and divide 7" into 10 time steps.

For the 1000 source terms, we use the solutions correspond to the last 100 for validation, i.e,
they will not be seen in the training process. We will use 300, 500 and 900 out of the first 900
solutions to train the network separately.

As discussed before in (5.9), we would like to find a universal deep network to describe the
map between two consecutive time steps. We use the solution at time step n as input, and solution
at time step n + 1 as corresponding output, where n = 1,2, 3,4.....9. That is, each sample pair is
in the form of (u",u™*1),n = 1,2, ...9. For example, the solutions corresponding to 300 different
training source terms result in 300 * 9 = 2700 samples, and the solutions corresponding to 100
testing source terms result in 100 * 9 = 900 testing samples, where the multiplier 9 stands for 9
time steps (time steps 1 to 9, or time 2 to 10).

We will test the performance of the three networks (5.12), (5.13), and (5.14). For N,(-), we
take all training samples to be the NLMC solutions. In this case, there is no observation data
in training, and the network will only approximate the NLMC model. For N,(-), we use all the
fine scale solutions as training samples, thus the network aims to approximate the fine grid model
and will be used as reference. As for N,,(-), we take half training samples from us and the other
half from u,. Specifically, we assume the observation data are given for some well configurations
while for other configurations observation data can only be replaced by simulation data due to their
rarity. This is the case when the network is trained partially with true data. We expect the trained
network N,,(-) to produce an improved model compared with NV, () In the training process, we also
consider both the full connections and local connections indicated by the region of influence input

(see Figure 5.1), where we use multiscale concepts to reduce the region of influence (connections)
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between the nodes.
5.3.1.1 Full connection

The three networks are firstly constructed adopting the structure of DNN with densely con-
nected layers. The dimension of the input is 445, which is the degree of freedom in the NLMC
model associated to the 20 by 20 coarse grid and the fracture configuration as shown in Figure 5.2.
For this example, since the mobility coefficient is a constant which makes the map linear, we only
take 1 layer with 445 neurons. The activation function is chosen to be linear at the output layer.
The training was performed over 50 epochs, and the batch size is chosen to be 100. We use the
Adam algorithm as the optimizer, and the learning rate is 0.002. The number of trainable parame-
ters in this network is 198, 470. For the loss function, we use the relative L? error between the true
data (samples computed from fine grid model) and predicted data (obtained from the output of the

neural networks) , i.e.
|lug*t = Na(ug, 1" 2

g™

, Qa=0,5m.

The training and validation losses for N,(-) are plotted in the left of Figure 5.3, and they have
similar behavior for the other two networks. We remark that, in order to compare the performance
for different sizes of the training data set (namely 2700, 4500, 8100), in the figure, the training
losses (vs epochs) are depicted at the end of learning all samples in the whole data set instead of
after every batch. We observe that, for each data set, the validation loss is very close to the training
loss, which indicates that the network performs and generalizes well.

Next, in the testing procedure, we input an identical input data set to three networks defined
in (5.12), (5.13), (5.14), and compare the predicted outputs from the three networks with the cor-
responding observation data. The errors are computed in relative L? norm. The results are shown
in Table 5.1. We can see that, by mixing the computational and observation data (the second col-
umn in the table), we can get a better model, since the mean error of | N, (u?, I") — u™!|| among

testing samples is closer to that of ||, (u?, I"™) — u?*||.
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Relative Errors (%)

Number of Training Samples | [|u2 .y, = || | [4)reqm = ]| | |4hreqs — 12]]
2700 6.5 6.7 7.1
4500 4.8 5.1 5.7
8100 3.7 4.0 4.7

Table 5.1: Example 1, fully connected network. Number of network parameters: 198, 470. Mean
error between prediction and true solutions for two consecutive time steps, 900 samples are tested
for three different networks.

5.3.1.2 Sparse connection: region of influence

Though we have obtained promising results using fully connected networks, the number of
trainable parameters is quite large. In this section, we would like to design a locally-connected
layer in the neural network by taking advantage of the region of influence in the underlying model.
This can help to reduce the trainable parameters in the network.

The idea is to reduce the full connections among the neurons between two layers. Thanks to
the NLMC model, we derive the transmissibility matrix 7' that describes the nonlocal connections
of coarse degrees of freedom, not only spatially but also across continua. This provides us a way
to define the connections between the input neurons to the first layer. That is, we design a layer
with the number of trainable weight parameters equal to the nonzero entries in the matrix 7'. This
can reduce the number of parameters due to the sparsity of 7. The defined sparse weight will
only activate the connections between the input and nodes in the next layer as indicated in the
transmissibility matrix. The following hidden layers will still be fully connected if they exist.

Remark: We remark that a direct application of Convolutional Neural Network (CNN) is not
trivial for our problem. Since the samples we used in the network training are the coarse scale
solutions for the multi-continuum model, which contains the degrees of freedom from both matrix
and fracture continuum. In our example, the degrees of freedom for the matrix continuum lies in the
20 by 20 coarse grid (which is 400), but the additional fracture degrees of freedom only lies in the
coarse blocks which contain the fractures (which is 45 in the geometry as shown in Figure 5.2). The

multi-continuum solutions thus can not be directly represented by a square image which is needed
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for CNN. Furthermore, according to the NLMC model, the transmissibility connections exist not
only among coarse blocks but also among different continua, and the effects of the fracture continua
should not be ignored. We then try to extend the fracture continua solution to the 20 by 20 grid
using zero padding, and input the matrix and fracture continua solutions as two-channel images to
train CNN network. But the zero padding procedure increases the number of training parameters
(instead of decreasing as expected when using CNN), since we enlarge the input dimension from
445 to 800. And the training accuracy is also affected in a bad sense because the network has the
additional burden to learn the zeros in the second channel. Thus, a self defined locally connected
layer is needed.

We would like to compare the predicted results from the neural networks trained with different
types of coarse parameters. Specifically, two types of networks are trained with the coarse param-
eters in the whole domain and parameters only in the region of influence, respectively. Comparing
Table 5.1 and Table 5.2, we can see that, using the region of influence idea can result in similar re-
sults for all three networks N,(-), N,,(+) and N;(-) when we use similar network parameters such
as the number of layers, number of neurons (445) in each layer, training epochs (50), learning rate
(0.002), loss functions (relative [? error) and activation functions (linear). The training/validation
losses are plotted in the right of Figure 5.3 for Locally Connected Networks (LCN). We observe
that the losses of LCN decay faster compared with those in DNN. As for the number of trainable
parameters, it is 198,470 for the fully connected network, but is only 28, 107 for the sparsely con-
nected network. This suggests that, the data in the region of influence of the underlying model is

of dominant importance in deciding the outputs and thus enables reduction in training effort.
5.3.2 Example 2

In our second example, we use heterogeneous time-dependent mobility and source term. Here,
we fix the location of the source term and vary the value of the source. The distributions of the
mobility in some time steps are shown in Figure 5.4, which is from two-phase flow mobility. The
source term in the right hand side is defined as follows. At 0 < x < 0.1,0 < y < 0.1, we have

g = 10[(sin(ax))? + (sin(By))?] denotes an injection well, and at 0.9 < z < 1.0,0.9 < y < 1.0

73



Relative Errors (%)

Number of Training Samples | [|u2 .y, = || | [4)reqm = ]| | |4hreqs — 12]]
2700 6.2 6.4 6.7
4500 5.1 5.3 5.8
8100 4.3 4.6 5.1

Table 5.2: Example 1, locally connected network. Number of network parameters: 28, 107. Mean
errors between prediction and true solutions for two consecutive time steps, 900 samples are tested
for three different networks.

T T
raining loss (LCN): 900 samples
loss (LCN): 4500 samples

T T
loss (DNN): 900 samples
loss (DNN): 4500 samples

] n loss (LCN): 900 samples
4500 samples | Validation loss (LCN): 4500 samples
L Validation loss (LCN): 8100 samples |4

Figure 5.3: DNN (left) and Locally-connected Network (right) training/validation losses over
epochs for N,(-), with different number of samples.

we have g = —10[(sin(ax))? + (sin(By))?] denotes an production well, where the parameters «
and (3 are randomly chosen in each time step, and are different among samples (which are obtained
using these different source terms g). So, for each sample, we have different values of the source
term, and, in each sample, the source term is time dependent.

For the computational data s, we use the solution obtained from NLMC model for n random
source terms. We note that, n = 200, 600 and 1000 in this example, and we take solutions asso-
ciated with 100, 500, 900 sources out of them for training correspondingly, and the other 100 for

validation/testing.
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Figure 5.4: Tllustration of mobility A(z, ).

For the observation data u,, we first solve the system from the fine grid model using the same
set of source terms, and use the coarse degrees of freedom fine solution average as the observation
population. As for the mixture u,, of computational and observation data, we take the samples
relating to half of the sources from wu,, and the samples relating to another half of the sources from
u,. In practice, to explain the mixture data u,,, we can assume we have the observation data in
the whole domain given some well configurations, but for some other well configurations, we only

have simulation results.
5.3.2.1 Full connection

We first build the three deep neural networks with densely connected layers. Due to the non-
liearity of the underlying problem in this example, we will take 4 hidden layers with ReLLU acti-
vation function, and use linear activation at the output layer. The input vector has dimension 445
as before, which is the degree of freedom in the NLMC model. The first hidden layer also has 445
neurons, and they are fully connected with the input. We take 50 neurons in the other three hidden
layers. And the output has the dimension 445.

We solve the equation (5.3) with 7" = 0.1. Similarly, we use the solutions at time step 1 to time
step 9 as input data, and solutions at time step 2 to time step 10 as output data. In this example, we

have 900, 4500, 8100 training sample pairs, respectively. The validation set then has 900 samples
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in each case.

In the training process, we take the batch size to be 100. For the loss function, we use the
relative L? error between the samples (computed from fine grid model/ NLMC model) and the pre-
dicted data (the output of the neural networks), same as in Example 1. We remark that (u", ["*1)
is taken to be (u", At - ") in this examples, where g is the time dependent source term. The

training and validation loss for the network IV, (-) are shown in Figure 5.5, the loss history for N(-)

and N,,(-) are similar.

T T T T T
—— Validation loss: 100 source term samples

—— Training loss: 100 source term samples.
00 sourt ~—— Validation loss: 500 source term samples
Validation loss: 900 s

—— Training loss: 51 term samples

Training loss: 900 source term samples ource term samples |

%)

Training loss(%)
Validation loss(’

UV A SN FEAE WIS W Yoy S Myl

Epochs

(a) Training loss (b) Validation loss

Figure 5.5: DNN training/validation loss vs. epochs for NV, (-), with different number of samples.

As we discussed before, we can use (5.10) or (5.11) to forward the solution from the initial
time step to the final time step using the “universal” deep neural nets. Assume we have 10 time
steps in total, for a given solution w; at the initial time, we will apply N, (-) for &« = o,m, s for 9

times to obtain the final time predictions. That is,

ull = NyoNyo--oN,(u')

pred,o Y,

9 times

fora = o, m, s.
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Finally, we compare the final time predictions u. (for & = 0, m, s) with the observation

pred «

data u!° at the final time step given u!. The results are shown in Table 5.3. There are 100 samples

to test in total. As we increase the number of training samples, it is clear that Humed o iOH
is decreasing. For Hupredm

better and better prediction results. When we take 900 samples, the mean of Hupmd o — ull H over
testing samples is 16.8%, which is very close to the reference case where Hupred 0 u})OH has a

mean error of 13.5%. This indicates that using a mixture of computational data and observation
data can enhance the performance of NLMC model induced by deep learning, as we compared the
predictions to the observation data (which is the fine grid solution). We also show the comparison
for one of the samples in Figure 5.6, where the solution produced by the network N, (+) has almost

the same accuracy as the solution produced by NV, (-), and is much more accurate than that of N(-).

Relative Errors (%)

Number of Training Samples | [[u0.z, — || | [[tmvedm — o || | [[tmoeds — 1]
900 20.2 30.6 31.1
4500 14.6 17.8 37.1
8100 13.5 16.8 45.9

Table 5.3: Example 2, fully connected network. Mean error between final time step prediction and
true solutions over 100 testing samples for three different networks.

5.3.2.2 Sparse connection: Region of influence

In this section, we examine the region of influence input for this example. Different from
Example 1, the DNN network here has more layers. We will just replace the first fully connected
layer with a locally connected layer. In this section, we only show the results for the case that the
training samples are generated corresponding to 500 different source terms. The other two sample
sets perform similarly. The training and validation loss over some epochs are shown in Figure 5.7.

Compared the fully connected network and locally connected network, we can see that the training
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Figure 5.6: Example 2, fully connected network. DNN predicted solutions’ comparison for one of
the samples.
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loss decays faster for locally connected network, and the validation loss have very similar behavior
for both networks. We remark that, the number of trainable parameters in fully connected network
is 318, 315, and that number in locally connected network is 154,422, where we only replace the
first layer by a self defined locally connected layer. All the other hyperparameters in both networks
are chosen to be the same. The mean errors for the same testing samples as in the previous section
are presented in Table 5.4. Compared with Table 5.3, we observe slightly better results are obtained

by locally connected network.

—— Training loss: Full input —— Valdation loss: Full input
—— Training loss: Region of influence input o —— Valdation loss: Region of influence input

rce term samples
ce term samples

l055(%), 500 sout
%), 500 sour
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o . .

1500 2000 2500 2 100
Epochs Epochs

(a) Training loss (b) Validation loss

Figure 5.7: Comparison of fully connected network and locally connected network. Train-
ing/validation loss vs. epochs for N, (-), number of source samples is 500.

Relative Errors (%)

Number of Training Samples | [t s, — || | [[tavedm — U || | [[tmoeds — 1]

4500 13.7 17.9 33.5

Table 5.4: Example 2, locally connected network. Mean error between final time step prediction
and true solutions over 100 testing samples for three different networks.

79



5.4 Conclusion

In this chapter, we use deep learning techniques to derive and modify upscaled models for
nonlinear PDEs. In particular, we combine multiscale model reduction (NLMC) with deep learning
techniques in obtaining better approximations of the underlying models, which takes into account
observed data. We show that the regions of influence derived from upscaling concepts can lighten
the neural network. Because of the coarseness of the upscaled model, the prediction is more robust
and computationally inexpensive. On the other hand, incorporating observation data in the training
can improve the coarse grid model. Numerical examples shows that DMML can obtain accurate
approximations, which also honors the observed data.

In conclusion, we believe DMML can be used as a new coarse-grid model for complex non-
linear problems with observed data, where upscaling of the computational model is expensive and

may not accurately represent the true observed model.
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6. REDUCED-ORDER DEEP LEARNING FOR FLOW DYNAMICS

6.1 Introduction

In this chapter, we investigate applying neural networks to multiscale simulations and discuss
a design of a novel deep neural network model reduction approach for multiscale problems.

The main contributions of the chapter are the following: (1) We study how neural network
captures the important multiscale modes related to the features of the solution. (2) We relate ¢,
minimization to model reduction and derive a more robust network for our problems using a soft
thresholding. (3) We suggest an efficient strategy for some class of nonlinear problems that arise
in porous media applications. (4) We use multi-layer networks for combined time stepping and
reduced-order modeling, where at each time step the appropriate important modes are selected.
We remark that we can use observed data to learn multiscale model as in [61].

The chapter is organized as follows. Section 6.2 will be a preliminary introduction of the mul-
tiscale problem. Section 6.3 mainly focuses on discussions on the reduced-order neural network.
The structure of the neural network is presented. Section 6.4 later discusses the proposed neural
network from different aspects and proposes a way to conduct model reduction with the neural
network coefficient. We also present the relation between the soft thresholding neural network and
a /1 minimization problem in this section. Section 6.5 provides various numerical examples to
verify the predictive power of our proposed neural network and provide support to the claims in

Section 6.4. Lastly, the chapter is concluded with Section 6.6.
6.2 Preliminaries

We consider a nonlinear flow equation

% —div(k(t,z,u)Vu) = g, (6.1)
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in the domain (0,7) x €. Here, € is the spatial domain, « is the permeability coefficient which
can have a multiscale dependence with respect to space and time, and g is a source function. The
weak formulation of (6.1) involves finding u € H*(£2) such that

(%,v) + (k(t, ,u)Vu, Vv) = (g,v), Yo € H'(Q). (6.2)

If we numerically solve this problem in a m-dimensional approximation space V;, C H'(2), and

use an Euler temporal discretization, the numerical solution can be written as

un(tn, ) = ujp = > alfby(x), (6.3)

j=1
where {1/;}7, is a set of basis for V},. Moreover, the problem (6.2) can then be reformulated as:
find u;, € V), such that

n+l __ n
(—uh Al uh,?]h) + (K(tngr, @, up) Vupt V) = (" o), Yo, € Vi, (6.4)

where v = n or n + 1 corresponds to linear and nonlinear system respectively. Here, (-, -) denotes

the L5 inner product.

For problems with multiple scales, a multiscale basis function for each coarse node is com-
puted following the idea of upscaling, i.e., the problem can be solved with a local model reduction.
Instead of using the classic piece-wise polynomials as the basis functions, we construct the local
multiscale basis following NLMC [61] and use the span of all such basis functions as the approxi-
mation space V},. More specifically, for a fractured media (Figure 2.4), the basis functions of (6.1)
can be constructed following NLMC as discussed in Section 2.2.2.

Thus, the solution coefficient U™ = (af, o, ..., a™ )T satisfies the recurrence relation
U™ = (M + AtA”) 1 (MU™ + AtF™), (6.5)
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where M and A" are the mass matrix and the stiffness matrix with respect to the NLMC basis

{1}, v can be n or n + 1 depending on the temporal scheme that we use. We have

My = [ ditayiste) de
A = [l ) V(0) - V5 (o) o

We claim that a global model reduction can be conducted to the problem described above, as
solution u} (x) in many cases can be sparse in V}, even if V}, is already a reduced-order space.
For instance, uy(t,,x) is strongly bonded to initial condition uy (o, ). It can be foreseen that if
initial conditions are chosen from a small subspace of V;,(2), u}'(x) = uy(t,, z) is also likely to
accumulate somewhere in V},. In other words, the distribution of coefficients U™ can hardly expand
over the entire R™ space but only lies in a far smaller subspace.

Other physical restrictions to the problem could also narrow down the space of solution. This
indicates that uy(t,,z) can be closely approximated with less degrees of freedom compared to
dim(V},). Section 6.3 and Section 6.4 will be discussing how to identify dominant modes in the

space of U™ using a neural network.
6.3 Reduced-order Neural Network

In this section, we present the construction of the reduced-order neural network. We propose a
reduced-order neural network that can model a time series. Moreover, if there exists a basis that can
represent the solutions for each time step with sparse coefficients, then the proposed neural network
can identify such basis from the training samples. Specifically, Subsection 6.3.1 will discuss the
macroscopic structure of the proposed neural network while Subsection 6.3.2 will discuss two
designs of the sub-network of the network with more details. Subsection 6.3.3 later assembles the

full multi-layer neural network.
6.3.1 Reduced-order Neural Network Structure

We propose a reduced-order neural network as shown in Figure 6.1a. Here, the full network

is constituted by several sub-networks. Each sub-network N/"(-) is expected to model a one-step
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0 1

temporal evolution from x” to x"*! in a time series X = [x", x!, .-+ | x"].

Sub-networks should have a general structure as shown in Figure 6.1b. The specific design
will vary depending on the problem we are modeling (see discussions in Subsection 6.3.2). The
sub-network is built in a way that the input x™ will first be fed into a multi-layer fully-connected
network named as “operation layer”. This layer is intended for the neural network to capture the
map between two solutions at consecutive time steps. The output of the operation layer is then
fed into a soft thresholding function to impose sparsity to the solution coefficient. Lastly, the data
will be processed with a “basis transform layer” in which a new basis set will be learned. With the

new basis set, one can represent the solution with sparse coefficients assuming such representation

exists.

Sub Network

- 0-0 &0

(a) Multi-layer reduced-order neural network N/ ()

Soft
Thresholding Basis

Sy Transform
Operation Layer
Layer

6.3.2 Sub-network

In this subsection, we present two designs of the sub-network A/"(-). One is for modeling

linear dynamics while the other is designed for nonlinear dynamics. One can choose from these

(b) Sub-network N (-)

Figure 6.1: Reduced-order neural network structure.
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two options when assembling the full network depending on the dynamics of interest. Both sub-
network designs are intended to learn a new set of basis and then impose the sparsity to the solution

coefficient in the new system while learning dynamics.
6.3.2.1 Sub-network for linear process

We first present the sub-network for modeling linear dynamics. It can be used to model the

one-step flow described in (6.1), where we define the sub-network for the n-th time step as

N™(x"0,) == WES, (W} . x" +b,). (6.6)

Here, for the sub-network parameter 6,, = (W}, W2 b,,), W,! and b, are in the operation layer and
W2 works as the basis transformation layer. S, is the soft thresholding function defined point-wise
as S, R—R

(

Sy(x) = sign(z)(|z] —v)+ S 0 if —y<z<y, (6.7)

r+v ifzx < —n.
\

We further require W2 to be an orthogonal matrix, i.e. (W?)? - (W?2) = I. To this end, we train

the network (6.6) with respect to the cost function
C"(0n) = [Ix" ™ = N"(x"; 0,) |3 + ma [ (W) - (W) = I]h (6.8)

with a penalty on the orthogonality constraint of W2. 7 is a hyper coefficient for adjusting the
weight of the ¢; regularization term. Here, x™ is the input of N (-;6,,), and C"(-) measures the
mismatch between true solution x"*! and the prediction N(x™) while forcing 7?2 to be orthog-
onal. We remark that this cost functions is only a part of the full cost function that we will be
discussing in Subsection 6.3.3.

With such a design, the trained neural sub-network N/™(; 6%) will be able to model the input-

output map specified by the training data while producing a matrix W whose columns forms an
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orthogonal basis in R™.
6.3.2.2  Sub-network for nonlinear process

Similar to the linear case, a sub-network for nonlinear process can also be designed. When the
output x"*! is non-linearly dependent on input x”, we make use of a d,,-layer feed-forward neural
network A/(-) to approximate the input-output map. N (-) will work as the operation layer of the
sub-network. The output of N (+) is then processed with soft-thresholding and a basis transforma-
tion layer W?2. We define the sub-network to be

N (x";0,) = WS, (N (x"6,)),

(6.9)
N(x™0,) = Whin (oo (a(WE3a(W2a(WIx™ + L) +b2) - + bin),

where 0, = (Wt W2 o Whin W2 bL b2, ..., b%) is the sub-network parameter, and o(-)
is a nonlinear activation function. The cost function for training the sub-network parameter is again
defined in (6.8). We also remark that if d,, = 1 and 0 = 1 is the point-wise identify function, then
the network structure (6.9) is reduced to (6.6).

Another approach to reduce the difficulty of reproducing a nonlinear process is clustering.
Instead of using a single network to approximate complicated nonlinear relations, we use different
networks for different data clusters as the clusters of the solutions can be predicted in many cases.
Thus, separate the training samples by cluster can be an easy and effective way to accurately

recover complicated process. Discussions on clustering and numerical examples are presented in

Section 6.5.5.
6.3.3 Multi-layer Reduced Order Network

Now we construct the full neural network NN (+; #) by stacking up the sub-network N (+; 6,,).

More precisely, NN (+;0) : R™ — R™ is defined as:

NN (X% 0) = N"(- - N NO(x%60);0,) -+ ;6,), (6.10)
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where N"(+;6,,) is defined as in (6.6) or (6.9) depending the linearity of the process, and 6 =

(0,01, .. .,0,) is the full network parameter. We use such NN (-;6) to approximate time series
X = [x% x!, .-+ x""!]. Denote the output of (¢ + 1)-fold composition of the sub-network N(-)
as

o= N (- - NN (%Y 60);01) - - 5 6y). (6.11)

Then o'*! works as a prediction of the solution at time ¢ + 1. The full cost function is then defined
as

CO) =Y _ [0 —x"3 +n (WA - (W) — I, (6.12)
t=0

where X is the true time sequence, and 7); is a hyper-parameter stands for the weight of the regular-
izer while 6 represents all tuneable parameters of N'A/(+). Each layer (sub-network) corresponds
to a one-step time evolution of the dynamics.

Suppose we have L training samples,

The optimal parameter 0* of NN (-) is then determined by optimizing the cost function C(6) sub-
ject to this training set {X;}~ , as discussed Section 2.3. Once #* is decided, predictions can be

made for testing samples [x!, - -+, x"] by NN (x?), fori > L.
6.4 Discussions and Applications

In this section, we discuss some theoretical aspects of the proposed neural networks. Specifi-
cally, we use the proposed network to model fluid dynamics in heterogeneous media, as described
in (6.1). First, we relate the soft thresholding network with ¢; optimization problem. Secondly,
we explore how learned coefficients of neural network are related to the map that is being approx-
imated. Thirdly, based on the understanding of the proposed neural network, we present a way to

utilize the trained network coefficients to construct a reduced-order model.
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Specifically, we consider a one-layer neural network for single-step linear dynamics

NN (x;0) = N(x;0) := WS, (W'x +b), (6.13)

omitting the indices for time step n. We train the neural network N'A/(-;0) with data pairs
{(Ur, U1)}E |, which are NLMC solution coefficients (see Section 2.2.2 for more details of
data generation) to (6.1) at t" and t"!, respectively. More precisely, we consider the linear case
of (6.1), when (¢, ) is independent of «}. In this case, the one step fluid dynamics (6.5) is indeed
a linear revolution such that A” is only dependent on time. Further, we denote W and b by
W= (M + AtA™) ' M,
(6.14)
b= (M + AtA™) TAtF".

Then

UMt = WU +b, 1<i<IL, (6.15)

for all training samples that we use in this section. We further define the linear map between U,

and U as £(-) : R™ — R™

L(x) := Wx +b. (6.16)

From now on, when there is no risk of confusion, we drop the optimal network parameter
6* in the trained network N'A/(-). We expect N'A() to learn the map £(-) from the data while

extracting a system W? in which the data U**" can be represented sparsely.
6.4.1 Sparsity and /; Minimization
To understand the trained neural network NN (-), we first assume the following.
Assumption 1. For a subspace S C R™, there exist some orthogonal matrix W2 e R™™ such

that (W?2)T L(x) can be approximated by a sparse vector in R™ for any x € S. More precisely,

there exist an approximation error function €(-) : N — R, such that for any x € S, there exist a
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corresponding s-sparse vector'ys € R™ satisfies
IOV*)TL(x) = yslla < e(s). (6.17)

We then take {U"}£_, from S and define U;LH’WZ = (W2)TU™! for all training pairs(U?", U"*!)

of NN (-). By Assumption 1, there exist an s-sparse vector U7 € R™ such that
o7 = U3l < e(s) (6.18)

forl1 << L.

Additionally, for any orthogonal matrix W? € R™ ™ we define Ui”H’WZ = (WHTyrt

2 2 . .
and denote it as [a;’ mth we aZérl’W S ozZ;ll’W ]T. Recall (6.3), and the corresponding numerical
solution u”+1 at time step n + 1 can be written as

uz—l— 1 V] Un+1

letting ¥ = [¢)1,)s, - -+ ,%,,] be the multiscale basis functions, and U"*! be the corresponding

coefficient vector. By the orthogonality of W2, uﬂl can be further written as

uptt = w(WR U = gt (6.19)

with U defined by
AL /37 7e (6.20)

We further denote the columns of U™ as ¢!*’s. Then {¥!"*}"™, is actually a new set of

multiscale basis functions such that uZJ;I can be written as

m

uptt =3 "artt Wiy, (6.21)

=1
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If W2 is taken to be TW/2 as in Assumption 1, we will obtain

m
n+l __ n+1,W2 12
Upi = E :O‘m' Vi
Jj=1
. 1,2 1,2 1,2 1,2 .
where the coefficient U """ = [TV oSBT Lo o PVYIT can be closely approximated

by a sparse vector U;’.
We then claim that our proposed neural network NN () is able to approximate such W2 and
a sparse approximation of the output from data. This is guaranteed by the following lemma from

[62]:

Lemma 6.4.1. We define N'(-),R™ — R™ as
N(x) := S, (Wx +b).
The output of N (x) is the solution to the {,-regularized problem

1
y* :argmm§||y— (Wx+b)||§ +9|lylh (6.22)
yeR™

by proximal gradient update.

Proof. It is straightforward to see that the directional derivative of the residual with respect to y is
given by y — (Wx +b). On the other hand, the soft thresholding operator is the proximal operator

of the ¢, norm, i.e.

A
Sy(x) = prox, y, (x) = argmin <§|ly — x| + 7“3’”1) :
yeR™

With a zero initial guess, the 1-step proximal gradient update of (6.22) with a step size -y is therefore
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Thus, for the one-step neural network A/ (-) defined in (6.13), Lemma 6.4.1 implies that

1
NN (x) = argmin §||y — WWhx + W22 + 4[| (WH Ty ||, (6.23)

y ER””

That is to say, the output of the trained neural network NN () is actually the solution to a ¢,
optimization problem. We further define the linear operator £(-) : R — R™ from the coefficients
of NN (-) as

L(x) := W*W'x + W?b. (6.24)

Equation (6.23) actually implies that
L)~ NN() (6.25)

as NN (x) minimizes |y — W?W'x + W?2b||3. Moreover, the output of NA/(-) is sparse in the
coordinate system W? as it also minimizes the ||(W?)Ty]||; term.

S., is widely used in ¢;-type optimization for promoting sparsity and extracting important fea-
tures as discussed above. It is therefore also brought into neural network to extract sparsity from the
training data. For other network defined with activation functions such as ReLLU, we also remark

there’s an correlation between .S, and ReLU. Recall its definition in (6.7) :

x—r, ifxz>7,

Sy (z) = sign(z)(|z[ —7)+ {0, if —y <<,

x4+, ifzx < —v.
\
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and that of ReLU : R — R

x, ifx >0,
ReLU(z) = max{z,0} =

0, ifz<O.

We can explicitly represent the soft thresholding operator S, by the ReLU function as
S,(z) =ReLU(x — ) —ReLU(—z — ), Vz eR, (6.26)
or in an entry-wise sense, one can write
S, (x) = JuReLU(JEx — v1y,,), Vx € R™, (6.27)

where J,,, = [I,,, —I,,]. Activation functions S, (-) can thus be easily implemented with the help
of ReLLU. Further, it also means that our proposed neural network is only a special class of neural

networks that are defined with ReLLU.
6.4.2 Linear Operator £ ~ NN

For neural network A/ (-) as defined in (6.13)
NN (x) = W?S, (W'x +b),

we claim the following

Lemma 6.4.2. We assume Assumption I holds. Then, there exist a set of parameters (W', W2 b) €

R™X™ 5 R™*™ x R™ such that
INN(x) = L(X)||l2 < 2¢(s) + s2y, Vo€ S (6.28)
Proof. By Assumption 1, there exist some orthogonal matrix W2 e R™*™ such that for all x € S,
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we have

IV L(x) = yill2 < e(s),

(6.29)

where y, is an s-sparse vector. Next, we consider W' = (W2)TW, W2 = W2 and b = (W?2)7b.

We recall the definition of £(-)
L(x) :=Wx +b.

The difference between A'A/(x) and £(x) can then be estimated by

INN(x) = £x)l2 = 728, (W2) W+ (W2)7h) — £(x)]|3
— (s

( W2 TWX_|_ WQ)Tb> B (WQ)Tﬁ(X)>||2
— 12 (s, ((W)T£&)) = (W)TL)) I

= 11, (W7 Lx)) = (W7 L))o

Since |S,(22) — Sy(21)] < |22 — 21, V21,22 € R, we have
15, (727 £6x)) = 5, (vl < |57 L0x) — 3l < e(s).
Thus, we obtain

18, (W7 £(x)) = (W)L
<I1, ((WATL60)) = S35l + 195 (75) = yolla + llys = (V3)TE)]

<2€(s)4lys — Sy (ys)l-

Since |(S4(ys) — ¥s)i| <7, we have

19:(ys) — vsllz = Z 1(S5(ys) — ys)il? < 597,

(ys)i¢0
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and therefore we have
INN (%) = £(x)]|2 < 2¢(s) + 527,
letting W' = (W2)TW, W2 = W2 and b = (W?2)7b. O

Since NN (-) is trained with (U”, U"*!), where U” € S and £(U") = U"*!, we have
NN (x) ~ L(x), xeb. (6.30)

More specifically, this approximation error || NN (x) — £(x)]|2 is small for all x € S providing suf-
ficient training. Therefore, by Lemma 6.4.2, we claim the trained parameters closely approximate

the optimal choice to guarantee the small error indicated in (6.28) , i.e.
W2x=W? WW'a~W, and W2 =0b.

However, due to the high dimension of W, full recovery of W requires enormous number of
training and is thus impractical. However, by enforcing NNV (x) = ﬁ(x) for x € S, the neural
network learns a set of parameters W2W?! = W, and W2b # b such that they function similarly
as ﬁ() on the subset S in the sense of linear operator. A validation of this is later provided in
Subsection 6.5.1. Recall definition of £(-) in (6.24) and the fact that it can approximate NN () as

in (6.25), we claim the linear operator have the following property:
L(x)~ L(x) VxeS&. (6.31)

In the following subsection, we further construct a reduced-order model with the help of L(-).
6.43 Model Reduction with 172

In this subsection, we further assume the s-sparse vector y, in Assumption 1 has non-zero
entries only at fixed coordinates for all x in S. That is to say, we have a fix reordering {j }}*, for

{1,2---m}, such that (y;);, =0fors+1 <k <m.
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Then, we will be able to utilize the coordinate system W? ~ W2 learned through training
network to construct a reduced-order operator L,(-), such that it can approximate the linear map
£(-) and maps x in S to a s-sparse vector in R™. To do so, we first define £(-) from the learned
coefficients of NN (+) as in last subsection, and L(-) will be exactly a truncation of it.

Moreover, let the new basis set {zﬂ]WQ }7L, be defined with trained coefficient W? as in (6.20).
When truncating W2 in £(-), we also determine the dominant basis among {@b}w }iL, simultane-
ously. Thus, we can view the model reduction from another aspect that we actually drop the basis
with less significance and represent the solution with only the dominant multiscale modes.

To construct such L£,(-), we follow the steps:
1. Find the dominant coordinates of the outputs NA/(+) in the system W2,

(a) Compute W2 system coefficients of NN (U?) for all training samples by
oW — WATNN(UP), 1<i<L,

where i refers to the sample index. Notice (W?)T NNV (x) is sparse for x € S by (6.23),

therefore O

Lw2 .
" s also sparse.

. 2 . .
(b) Calculate the quadratic mean of { O;‘H’W L | over all samples, coordinate by coordi-
nate:
2y - -

1
=IO RE, 1< <m.

(c) Sort the quadratic mean value S; in descending order and denoted the reordered se-

quence as {5, }7" ;.

2. Keep the dominant jj-th columns of W2 for k = 1,---,s. Then let the rest columns be
zero. Thus, we construct a reduced-order coordinate system W2 € R™*™_ Consequently,

y = ﬁ(x) for any x € S can be approximated with the reduced-order system W2 as an
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s-sparse vector y"*" := (W%*)Ty, and
yW2,5 ~ (W2)Ty. (6_32)

.. . 2,s 2
As a result, for training/testing samples, we have UZLH’W ~ Ui”H’W . Thus, the func-
tion u}t! can be approximated with only basis {1/);-/}:2|1 < k < s} correspond to dominant

multiscale modes.
S

n+l o qW27rm+1,W2s n+1,W2 w2
Uy N vU; = Q; @Z)jk . (6.33)
k=1

3. We finally define the reduced linear operator L4(-) : R™ — R™ as
Ly(x)=W>W!. x+ W%, xeR™ (6.34)

Here, the output of L(-) is an s-sparse vector in R™.

This algorithm is designed based on the fact that O" """ ~ (W2)Tyrtt = yr+tWe g
NN (+) is fully trained with (U, U"*"). Thus, the order of S; can reflect not only the significance
of the coordinates of the output of A’ (+) but also that of (W?)” £(x) for all x in S. Moreover, the
existence of the sparse approximation y to (WQ)Tﬁ(x) as described in Assumption 1 guarantees
the effectiveness of the ordering.

We then claim that this reduced-order linear operator £,(-) can approximate the true input-

output map £(-) on S: Since L,(-) is simply a truncation of £(-), we have:
L;— L, ass—m. (6.35)

Moreover, recall (6.31)
L(x)~ L(x), VxeSI,

it implies the following

L(x) ~ Ls(x), Vx€ES. (6.36)



This property of £,(-) provides us a way to represent the projected vectors £(x) for x € S
using a vector with only s nonzero coefficients, which corresponds to a reduced multiscale model
to represent the class of solution ! that we are interested in.

Numerical examples are presented in Subsection 6.5.3 to verify this claim, from which we

actually observe that s can be taken as a fraction of the original number of multiscale basis m to

give the approximation in (6.36).
6.5 Numerical Examples

In this section, we present numerical examples in support of the previous discussions on the
reduced-order neural network. Specifically, Subsection 6.5.1 demonstrates that the £(-) and ﬁ()
functions similarly on a subspace by comparing the eigenvalues of the two operators; Subsection
6.5.2 later shows that a one-layer soft thresholding neural network can accurately recover a linear
dynamics with a sparse coefficient vector; Subsection 6.5.3 then uses the learned coefficient W2
from the one-layer neural network to conduct model reduction as described in Subsection 6.4.3;
Subsection 6.5.4 later presents the predicting results for multi-layer reduced-order neural network
which corresponds to Subsection 6.3.3; and Subsection 6.5.5 applies the clustering scheme to
the nonlinear process modeling. All training are performed using the Python deep learning API

TensorFlow [63].
6.5.1 L ~ L in a Subspace of R™

We recall that the one-layer neural network for a single-step linear dynamics in (6.13)
NN (x) = WS, (W'x +b),
and the definition of £(-) and £(-) in (6.16) and (6.24) respectively:

A

L(x) := Wx +b, L(x) = W*W'x + W3,
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where W andb are defined as in (6.14), while W2, W are trained parameters of NN/ (+). We also
recall (6.31):
‘C|S ~ ‘CA|57

for S C R™.

To support this claim, we design a special subspace S C R™. For r < m, we then let
S =V, :=span{v;,1 <i<r} C span{v;,1 <i<m}=R", (6.37)

where {v; }*, are eigenvectors of IV corresponding to eigenvalues )\; in descending order. We also
define matrix V" as

Vo= [v1, 09, Ul (6.38)

We then randomly pick training input U € V. such that U = ), ¢;v;. The NN (-) is then
trained with (U, £(U))-like training pairs, and we obtain a corresponding operator £(-) with the
trained coefficients. The linear operators of £(-) and £(-) are compared by their eigenvalues, i.e.
VIWV and VIW2W'V. By the definition of V, the former will exactly be a diagonal matrix with
\; be its diagonal value. We expect W2W! functions similarly to W on V,, and further the r-by-r
sub-matrix of V7 W2W'V should be similar to that of VI WV,

Figure 6.2 compares VI W2W'V and VIWV for the case when V; is constructed letting r =
30. We can tell that the first 30 x 30 submatrix are very much alike. That is to say, despite the fact
that the operator £(-) and £(-) are different on R™, their behavior on the subspace V; are the same.
Moreover, Figure 6.3, shows that such similarity only exist in V. as for the 7;, diagonal values of
VIW2W'V and that of VT WV distinct when i > s. This also makes sense as the operator L(+)

is defined from the trained parameters of A'A/(-) where only subspace V; is visible to the network.
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(@ VIWv (b) 30 x 30 sub-matrix of VI WV
) VIw2wly (d 30 x 30 sub-matrix of

vVIwiwly

Figure 6.2: W and W2W! function similarly on .S, where r = 30.

true
train

eigen value in respect to V

5 10 15 20 25 30 35 40 45 50

Figure 6.3: Comparison of the eigen-values of W and W2W?! when r = 30.
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6.5.2 One-layer Reduced Order Neural Network

In this example, we consider the one-layer reduced-order neural network as defined in (6.13).
We use this neural network to predict one-step fluid dynamics, where the data are taken to be
NLMC solution coefficients to (6.1) in the form of (U?,U}). We fix x(t,x) and f(¢,z) among
samples, thus all data describes linear dynamics for different initial conditions.

We take 2% out of all data pairs as testing samples and the remaining 98% as training sam-
ples and use only the training sample to train N'A/(-). We then evaluate the neural network by

examining the accuracy of the following approximation for the unseen testing samples:
U = NN (U°).

The /5 relative error of the prediction is computed by

|U* = NN(UO)]]

07T, (6.39)

Table 6.1 is the error table for the case when we use 500 data pairs with 490 to be training
samples and 10 to be testing samples. These data are generated with different choices of initial
condition U?. To match the realistic physical situation, we took all initial conditions to be the
NLMC terminal pressure of a mobility driven nonlinear flow process.

From Table 6.1, we can see that the prediction of our proposed network N'N(U?) is rather
effective with an average /5 error of 5.34%.

We also verify that U! is sparse in the learned WW?2-system for all data (training and testing).
We first reorder the columns of 1?2 by their dominance as discussed in Subsection 6.4.3, then
compute the corresponding W 2-system coefficients U LW? “which should be a roughly decreasing
vector. From Figure 6.4, we can tell that the ¥ 2-system coefficients U LW? are sparse. This can
be an reflection of successful learning of W2 in Assumption 1. Moreover, only a few dominant

. . . 1,W?2
modes are needed to recover the solution as the quadratic averages of coordinates |U ; W | decays
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Sample Index | Error(%)
#1 0.25
#2 043
#3 10.02
#4 991
#5 3.90
#6 8.18
#7 17.27
#8 1.57
#9 1.13

#10 0.76
Mean 5.34

Table 6.1: /5 relative error of NN(+) prediction.

fast when 5 > 100.
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U LW? for all data samples (b) quadratic average of U Lw? among all data
samples

Figure 6.4: Sparsity of the output of NA(U°) in W2 .

To summarize, the proposed neural network can indeed learn the dominant multiscale modes

needed to represent U from training data while properly reproducing the map between U° and U*.
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6.5.3 Model Reduction with 1172

As discussed in Subsection 6.4.3, we would like to use the reduced-order system W2 to further
conduct a model reduction. The reduced-order solution coefficient is defined with the reduced-
order linear operator L(-):

Uit = £,(U™). (6.40)

We notice that Uy ! is the coefficient of u}f“ in the original basis system {;}_, and it is sparse

in W2-system. In fact,

LW? . .
Urs is sparse and has a maximum s nonzero elements.

The numerical experiments is conducted based on a one-layer neural network as defined in

(6.13) for one-step linear dynamics. We would like to compare the following coefficient vectors:

Uly = L U°) = W*W?. U° + Wb,

UL, =WU°+b,
and
Uy = NN(U?).
Here U}, is the true solution to (6.15), while U}, is the prediction of NN (-).

Figure 6.5 shows the error decay of U}, compared to U}

rue- As s grows, the error gets smaller.

This figure actually verified (6.36), i.e. the reduced operator £,(-) can approximate £(-). More-
over, this approximation gets more accurate as s gets larger. The error in Figure 6.5 at s = m = 445
is also an expected consequence of the training error. Besides, we observe that the error decays
fast when s > 40 for our training samples.

Table 6.2 further facilitates such conclusion. The errors of U}y in testing samples are less than
12% when s > 80. We can thus represent the multiscale solution u;, using s = 80 basis with little
sacrifice in the solution accuracy. We notice that the order of the reduce operator L£,(-) is only
around 18% that of the original multiscale model.

We lastly present the comparison between U}, U, and Ul,,. From Table 6.3, we can tell that

true?
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Figure 6.5: Decay of relative error

HU;N_Ul}ueHQ

as s grows for training samples.

Ustuel2
s

Sample Tndex 5 10 20 40 80 160 | 320
#1 66.71 | 46.80 | 29.02 | 17.01 | 844 | 353 | 1.11
#2 66.55 | 46.58 | 29.03 | 17.41 | 948 | 4.62 | 1.59
#3 66.35 | 46.77 | 29.70 | 18.59 | 12.26 | 10.92 | 10.16
#4 67.95 | 48.58 | 31.23 | 19.87 | 12.59 | 10.03 | 9.90
#5 66.22 | 46.31 | 2899 | 17.73 | 1049 | 6.49 | 4.34
#6 66.47 | 46.76 | 29.40 | 17.89 | 10.86 | 9.12 | 8.33
#7 69.59 | 51.33 | 36.01 | 27.42 | 22.33 | 18.62 | 17.29
#8 66.60 | 46.61 | 28.81 | 16.39 | 747 | 3.86 | 1.96
#9 66.90 | 47.13 | 29.21 | 1694 | 8.02 | 3.58 | 1.67
#10 67.14 | 47.39 | 2944 | 17.23 | 823 | 3.19| 132
Mean 67.05 | 47.43 | 30.08 | 18.65 | 11.02 | 7.40 | 5.77

Table 6.2: Decay of error
for testing samples.

||U;N_Ut}ue||2

HUL}ueH2

103

with respect to number of selected dominant modes in W?*




for a single testing sample, we have

1Usy = Uellz _ 10N = Uniells  [1Usw = Uniellz _ [1Usy = Uxll2
[ Usruel |2 Uuell2 [ Utue 2 U2
which are as expected since ”UﬁVUZU‘l}'“;”Qand ”UTlf\C’;ﬁiV 2 are exactly the two components of error
true N

HUslN_Ul}ueHQ
||U11 HQ

rue

. These components stand for neural network prediction error and £ truncation error,
respectively. The latter can be reduced by increasing s, while the former one can only be improved

with more effective training.

#1 0.25 6.48 6.41
#2 0.43 7.65 7.55
#3 10.02 11.59 5.81
#4 9.91 11.28 5.83
#5 3.90 8.93 8.38
#6 8.18 10.00 5.80
#1 17.27 20.98 10.25
#8 1.57 5.85 5.83
#9 1.13 6.13 6.03
#10 0.76 6.17 6.12
Mean 5.34 9.50 6.80

Table 6.3: Relative error percentage of solutions obtained in full 2 system and reduced-order
system W2 for s = 100.

6.5.4 Multi-layer Reduced Order Neural Network

In this example, we use a multi-layer reduced-order neural network N'A/(-) to predict multi-

step fluid dynamics. Recall (6.10), it is defined as

NN (") = N (- - NENO(x)).
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The input of NA/(-) is taken to be U°, the initial condition, while the outputs are the collection
of outputs at n,-layer sub-network A/™(-) which correspond to the true values [U*, U?, --- U]
Here, U™ are all taken to be the NLMC solutions of (6.1) at time step n for n = 0,---,8.

Prediction accuracy is measured with the /5 relative error that is defined similar to (6.39).

Sample Index Ut vl ud| ut| U’ U° U’ Us U?
#1 1.62 | 1.17 | 1.69 | 191 | 1.95| 192 | 192 | 191 | 1.96
#2 333 1.86 210|198 |2.15| 1.53| 1.04| 094 | 0.77
#3 11.62 | 13.32 |1 9.39 | 9.57 | 8.89 | 10.36 | 11.67 | 11.86 | 12.97
#4 9.74 | 9.00 | 421 345|346 | 3.17| 293 | 287 | 281
#5 5.63 | 468 265|228 252 | 18| 149 | 1.74 | 1091
#6 9.54 | 11.50 | 9.30 | 9.70 | 9.14 | 10.50 | 11.73 | 12.00 | 13.09
#7 2146 | 1482 | 542 | 424 | 327 | 506 | 6.52| 6.77 | 7.8l
#8 572 140 0.67 | 0.77 | 1.11 1.49 1 195 | 254 | 3.20
#9 403 | 2.16 | 3.21 | 3.66 | 347 | 436 | 5.15| 535| 5.97

#10 462 | 1.01 | 3.14 | 384 | 381 | 447 | 505| 524 | 5.68
Mean 7773 | 6.09 | 4.18 | 4.14 | 398 | 447 | 495 | 5.12| 5.62

Table 6.4: (5 relative error (%) of prediction of U™ using NN (-).

In Table 6.4, the columns show the prediction error for U™ n = 0,1, - - - 8 where the average
error is computed for all time steps among testing samples which are less than 10% in average.
Therefore, we claim that the proposed multi-layer reduced order neural network NN (+) is effective
in the aspect of prediction. We also claim that the coefficients U ntLWE for p = 0,1,---,8 are

sparse in the independent systems W 2. These systems are again learned simultaneously by training
NN().
6.5.5 Clustering

In this experiment, we aim to model the fluid dynamics correspond to two different fractured
media as shown in Figure 6.6. More specifically, the permeability coefficient of matrix region is

km = 1 and the permeability of the fractures is k; = 10°. The one-step NLMC solution pairs

(U2, U}),1 < i < L, generated following these two different configurations of fractures are then
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referred as “Cluster 17 and “Cluster 2” (see Figure 6.7 for an illustration). We will then compare
the one-step prediction of networks NN, NN, with that of NNV ixeq. The inputs are taken to
be U?, which are the terminal solutions of mobility driven 10-step nonlinear dynamics, while the
output is an approximation of U}

NN 1,NN3 and NN ixeq share the same one-layer soft thresholding neural network structure
as in (6.13) while the first two network are trained with data for each cluster separately and the

latter one is trained with the mixed data from two clusters.

(a) Cluster 1 (b) Cluster 2

Figure 6.6: Fracture networks for two clusters.

Figure 6.6 shows the fracture networks we use to generate data for two clusters, while Figure
6.7 shows an example of solution U® and U* for each cluster (sample index i is omitted for sim-
plicity). As observed from the profiles of U° and U for both clusters, we can see that the solutions
to Cluster 1 and Cluster 2 are very different due to the translation of the fractures. Moreover, since
the data resulted from both clusters have non-uniform map between U O and U', the mixed data set
can be considered as obtained from a nonlinear map.

Table 6.5 demonstrates the comparison of the prediction accuracy when the network is fed
with a single data cluster and when the network is fed with mixed data. This simple treatment can

significantly improve the accuracy. For Cluster 1, the average prediction error of A/} is around
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(a) Coarse-scale NLMC solution u° — (b) Coarse-scale solution of pressure
Cluster 1 u? — Cluster 2

(c) Coarse-scale solution of pressure (d) Coarse-scale solution of pressure
u' — Cluster 1 u' — Cluster 2

Figure 6.7: Example solution pairs for two different clusters.
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Sample Index | Cluster | Cluster Sample Index | Cluster | Cluster
1 Error | 2 Error 1 Error | 2 Error
#1 0.87 0.26 #1 36.25 84.83
#2 3.19 0.45 #2 35.08 84.20
#3 13.62 0.79 #3 28.20 111.05
#4 12.36 0.49 #4 44.60 69.35
#5 7.64 0.43 #5 32.32 89.30
#6 10.69 1.00 #6 30.03 106.41
#7 19.08 0.53 #7 48.61 57.76
#8 2.57 0.92 #8 35.63 88.46
#9 0.77 0.46 #9 36.89 88.67
#10 3.70 0.38 #10 38.78 83.85
Mean 7.45 0.57 Mean 36.64 86.39

(a) Relative /5 prediction error(%) of N7 and (b) Relative /5 prediction error(%) of Npixed-
Na.

Table 6.5: Prediction error of N, Ny and NMpixed-

7.45% while that of NN pixeq 15 around 36.64%. Similar contrast can also be observed for Cluster

2.
6.6 Conclusion

In this chapter, we discussed a novel deep neural network approach of model reduction for mul-
tiscale problems. To numerically solve the multiscale problems, a fine mesh needs to be used but
leads to large degrees of freedom. To this end, non-local multicontinuum (NLMC) upscaling [37]
is used as a dimensionality reduction technique. In flow dynamics problems, multiscale solutions
at consecutive time instants are regarded as an input-output mechanism and learnt with the deep
neural networks techniques.

By exploiting a relation between a soft-thresholding neural network and a ¢; minimization
problem, multiscale features of the coarse-grid solutions are extracted using neural networks. This
provides us with a new network-based construction of a reduced-order model, which involves
extracting appropriate important modes at each time step. We also suggest an efficient strategy
for a class of nonlinear flow problems. Finally, we present numerical examples to validate the

effectiveness of our method.
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7. SUMMARY AND CONCLUSIONS

In this thesis, our discussions mainly focused on two topics. The application of current mul-
tiscale methods and the development of deep learning techniques. In specific, in Chapter 3 and
Chapter 4, we considered elliptic equations in heterogeneous domain. Chapter 3 targeted on de-
signing a coarse solver that can hierarchically treat the fractured and vuggy domain while Chapter
4 concentrated on analyzing the impacts of the geometry to the multiscale model. In both chapters,
we obtained accurate solutions with the reduced-order model following GMsSFEM and reduced the
computational cost significantly.

In Chapter 5 and Chapter 6, we investigated the neural networks applied to multiscale simu-
lations and discussed designs of a novel deep neural network model reduction approach for mul-
tiscale problems. In Chapter 5, low-order models are used to construct sparsely connected neural
networks. We formulated and learned input-output maps constructed with NLMC on a coarse grid.
Further, observation data are included to fine-tone the learned model. Chapter 6, on the other hand,
focused on deepening the order reduction of the multiscale model. By relating the input-output op-
timization to /; minimization of PDE solutions, we proposed a multi-layer networks with a soft
thresholding activation function. Such neural network can learn the forward multiscale operators
in a reduced way by selecting the important multiscale features for modeling the underlying flow.
For a class of nonlinear problems, we also suggested clustering for effective modeling.

In all chapters, numerical examples are presented to confirm the success of our proposed
method along with in-depth discussions and rigid analysis. We finally conclude that our proposed
methods indeed improved the existing multiscale methods and some has been extended to more
complicated engineering applications. The novel neural network architecture has the potential to

be extended to broader areas.

109



[1]

(2]

[3]

[4]

[5]

[6]

[7]

[8]

REFERENCES

R. Baca, R. Arnett, and D. Langford, “Modelling fluid flow in fractured-porous rock masses
by finite-element techniques,” International Journal for Numerical Methods in Fluids, vol. 4,

no. 4, pp. 337-348, 1984.

L. J. Durlofsky, “Numerical calculation of equivalent grid block permeability tensors for

heterogeneous porous media,” Water resources research, vol. 27, no. 5, pp. 699-708, 1991.

B. Hassani and E. Hinton, “A review of homogenization and topology optimization
i—homogenization theory for media with periodic structure,” Computers & Structures,

vol. 69, no. 6, pp. 707-717, 1998.

L. Bilionis and N. Zabaras., “Solution of inverse problems with limited forward solver evalu-

ations: a bayesian perspective,’ Inverse Problems, vol. 30, no. 015004, 2013.

X. Ma, M. Al-Harbi, A. Datta-Gupta, and Y. Efendiev, “A multistage sampling approach to
quantifying uncertainty during history matching geological models,” SPE Journal, vol. 13,

no. 10, pp. 77-87, 2008.

I. Bilionis, N. Zabaras, B. A. Konomi, and G. Lin., “Multi-output separable gaussian pro-
cess: Towards an efficient, fully bayesian paradigm for uncertainty quantification,” Journal

of Computational Physics, vol. 241, pp. 212-239, 2013.

A. Mondal, Y. Efendiev, B. Mallick, and A. Datta-Gupta, “Bayesian uncertainty quantifica-
tion for flows in heterogeneous porous media using reversible jump Markov Chain Monte-

Carlo methods,” Adv. Water Resour., vol. 33, no. 3, pp. 241-256, 2010.

Y. Zhu and N. Zabaras, “Bayesian deep convolutional encoder—decoder networks for surro-
gate modeling and uncertainty quantification,” Journal of Computational Physics, vol. 366,

pp. 415-447, 2018.

110



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

A.-M. Matache and C. Schwab, “Two-scale fem for homogenization problems,” ESAIM:

Mathematical Modelling and Numerical Analysis, vol. 36, no. 04, pp. 537-572, 2002.

T. Arbogast, J. Douglas, Jr, and U. Hornung, “Derivation of the double porosity model of sin-
gle phase flow via homogenization theory,” SIAM Journal on Mathematical Analysis, vol. 21,

no. 4, pp. 823-836, 1990.

Y. Efendiev, J. Galvis, and T. Hou, “Generalized multiscale finite element methods (gms-

fem),” Journal of Computational Physics, vol. 251, pp. 116135, 2013.

I. Lunati and P. Jenny, “The multiscale finite volume method: A flexible tool to model phys-
ically complex flow in porous media,” in /0th European Conference on the Mathematics of

Oil Recovery, (Amsterdam, The Netherlands), 2006.

G. Allaire and R. Brizzi, “A multiscale finite element method for numerical homogenization,”

SIAM J. Multiscale Modeling and Simulation, vol. 4, no. 3, pp. 790-812, 2005.

Y. Efendiev, J. Galvis, and X. Wu, “Multiscale finite element methods for high-contrast
problems using local spectral basis functions,” Journal of Computational Physics, vol. 230,

pp. 937-955, 2011.

T. Arbogast, “Implementation of a locally conservative numerical subgrid upscaling scheme

for two-phase Darcy flow,” Comput. Geosci, vol. 6, pp. 453-481, 2002.

E. T. Chung, Y. Efendiev, and G. Li, “An adaptive GMsFEM for high contrast flow problems,”
J. Comput. Phys., vol. 273, pp. 54-76, 2014.

D. L. Brown and D. Peterseim, “A multiscale method for porous microstructures,” arXiv

preprint arXiv:1411.1944, 2014.

E. Chung, Y. Efendiev, and S. Fu, “Generalized multiscale finite element method for elasticity

equations,” International Journal on Geomathematics, vol. 5(2), pp. 225-254, 2014.

A. Abdulle and Y. Bai, “Adaptive reduced basis finite element heterogeneous multiscale

method,” Comput. Methods Appl. Mech. Engrg., vol. 257, pp. 203-220, 2013.

111



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

M. Drohmann, B. Haasdonk, and M. Ohlberger, “Reduced basis approximation for nonlinear
parametrized evolution equations based on empirical operator interpolation,” SIAM J. Sci.

Comput., vol. 34, no. 2, pp. A937-A969, 2012.

J. Fish and W. Chen, “Space—time multiscale model for wave propagation in heteroge-
neous media,” Computer Methods in applied mechanics and engineering, vol. 193, no. 45,

pp. 48374856, 2004.

J. Fish and R. Fan, “Mathematical homogenization of nonperiodic heterogeneous media sub-
jected to large deformation transient loading,” International Journal for numerical methods

in engineering, vol. 76, no. 7, pp. 1044-1064, 2008.

H. Owhadi and L. Zhang, “Metric-based upscaling,” Comm. Pure. Appl. Math., vol. 60,
pp. 675-723, 2007.

P. Henning and M. Ohlberger, “The heterogeneous multiscale finite element method for el-
liptic homogenization problems in perforated domains,” Numerische Mathematik, vol. 113,

no. 4, pp. 601-629, 2009.

E. T. Chung, Y. Efendiev, W. Leung, M. Vasilyeva, and Y. Wang, “Online adaptive local
multiscale model reduction for heterogeneous problems in perforated domains,” Applicable

Analysis, vol. 96, no. 12, pp. 2002-2031, 2017.

E. Chung, M. Vasilyeva, and Y. Wang, “A conservative local multiscale model reduction
technique for stokes flows in heterogeneous perforated domains,” Journal of Computational

and Applied Mathematics, vol. 321, pp. 389—-405, 2017.

E. Chung, Y. Efendiev, and W. T. Leung, “Generalized multiscale finite element method for
wave propagation in heterogeneous media,” SIAM Multicale Model. Simul., vol. 12, pp. 1691—
1721, 2014.

E. Chung and W. T. Leung, “A sub-grid structure enhanced discontinuous galerkin method for
multiscale diffusion and convection-diffusion problems,” Communications in Computational

Physics, vol. 14, pp. 370-392, 2013.

112



[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Y. Efendiev, J. Galvis, and X.-H. Wu, “Multiscale finite element methods for high-contrast
problems using local spectral basis functions,” Journal of Computational Physics, vol. 230,

no. 4, pp. 937-955, 2011.

Y. Efendiev and T. Hou, Multiscale Finite Element Methods: Theory and Applications, vol. 4

of Surveys and Tutorials in the Applied Mathematical Sciences. New York: Springer, 2009.

T. Hou and X. Wu, “A multiscale finite element method for elliptic problems in composite

materials and porous media,” J. Comput. Phys., vol. 134, pp. 169-189, 1997.

P. Jenny, S. Lee, and H. Tchelepi, “Multi-scale finite volume method for elliptic problems in

subsurface flow simulation,” J. Comput. Phys., vol. 187, pp. 47-67, 2003.

Y. Efendiev, J. Galvis, and T. Y. Hou, “Generalized multiscale finite element methods (gms-

fem),” Journal of Computational Physics, vol. 251, pp. 116-135, 2013.

Y. Efendiev, S. Lee, G. Li, J. Yao, and N. Zhang, “Hierarchical multiscale modeling for flows
in fractured media using generalized multiscale finite element method,” GEM-International

Journal on Geomathematics, vol. 6, no. 2, pp. 141-162, 2015.

M. Wang, C. Wei, H. Song, Y. Efendiev, Y. Wang, et al., “Generalized multiscale coupling of
triple-continuum model and discrete fracture network for carbonate reservoir simulation,” in

SPE Annual Technical Conference and Exhibition, Society of Petroleum Engineers, 2017.

E. T. Chung, Y. Efendiev, T. Leung, and M. Vasilyeva, “Coupling of multiscale and multi-
continuum approaches,” GEM-International Journal on Geomathematics, vol. 8, no. 1, pp. 9—

41, 2017.

E. T. Chung, Efendiev, W. T. Leung, M. Vasilyeva, and Y. Wang, “Non-local multi-continua
upscaling for flows in heterogeneous fractured media,” arXiv preprint arXiv:1708.08379,

2018.

E. T. Chung, Y. Efendiev, and W. T. Leung, “Constraint energy minimizing generalized mul-

tiscale finite element method,” arXiv preprint arXiv:1704.03193, 2017.

113



[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

Y. Efendiev, T. Hou, and V. Ginting, “Multiscale finite element methods for nonlinear prob-

lems and their applications,” Comm. Math. Sci., vol. 2, pp. 553-589, 2004.

V. Calo, Y. Efendiev, J. Galvis, and M. Ghommem, “Multiscale empirical interpolation for

solving nonlinear pdes using generalized multiscale finite element methods,” Submitted.

M. Alotaibi, V. M. Calo, Y. Efendiev, J. Galvis, and M. Ghommem, “Global-local nonlinear
model reduction for flows in heterogeneous porous media,” Computer Methods in Applied

Mechanics and Engineering, vol. 292, pp. 122-137, 2015.

G. Hinton, L. Deng, D. Yu, G. Dahl, A.-r. Mohamed, N. Jaitly, A. Senior, V. Vanhoucke,
P. Nguyen, B. Kingsbury, et al., “Deep neural networks for acoustic modeling in speech

recognition,” IEEE Signal processing magazine, vol. 29, 2012.

K. He, X. Zhang, S. Ren, and J. Sun, “Deep residual learning for image recognition,” in

Proceedings of the IEEE conference on computer vision and pattern recognition, pp. 770—

778, 2016.

C. D. Manning, C. D. Manning, and H. Schiitze, Foundations of statistical natural language

processing. MIT press, 1999.
Z. Li and Z. Shi, “Deep residual learning and pdes on manifold,” arXiv:1708.05115., 2017.

E. Weinan and B. Yu, “The deep ritz method: A deep learning-based numerical algorithm for

solving variational problems,” Communications in Mathematics and Statistics, vol. 6, no. 1,

pp- 1-12, 2018.

Y. Khoo, J. Lu, and L. Ying, “Solving parametric pde problems with artificial neural net-

works,” arXiv:1707.03351, 2017.

S. W. Cheung, E. T. Chung, Y. Efendiev, E. Gildin, and Y. Wang, “Deep global model reduc-

tion learning,” arXiv preprint arXiv:1807.09335, 2018.

V. Calo, Y. Efendiev, J. Galvis, and G. Li, “Randomized oversampling for generalized multi-

scale finite element methods,” arXiv preprint, arXiv: 1409.7114,2014.

114



[50] E. T. Chung, Y. Efendiev, W. T. Leung, M. Vasilyeva, and Y. Wang, “Non-local multi-
continua upscaling for flows in heterogeneous fractured media,” Journal of Computational

Physics, 2018.

[51] M. Wang, S. W. Cheung, E. T. Chung, Y. Efendiev, W. T. Leung, and Y. Wang, “Prediction

of discretization of gmsfem using deep learning,” arXiv preprint arXiv:1810.12245, 2018.
[52] P. Ramachandran, B. Zoph, and Q. V. Le, “Searching for activation functions,” 2018.

[53] D. P. Kingma and J. Ba, “Adam: A method for stochastic optimization,” arXiv preprint

arXiv:1412.6980, 2014.
[54] J. Warren, P. J. Root, et al., “The behavior of naturally fractured reservoirs,” 1963.

[55] L. K. Thomas, T. N. Dixon, R. G. Pierson, et al., “Fractured reservoir simulation,” Society of

Petroleum Engineers Journal, vol. 23, no. 01, pp. 42-54, 1983.

[56] G. i. P. Panasenko, Multi-scale modelling for structures and composites, vol. 615. Springer,

2005.

[57] P.-A. Raviart and J.-M. Thomas, “A mixed finite element method for 2-nd order elliptic prob-

lems,” in Mathematical aspects of finite element methods, pp. 292-315, Springer, 1977.

[58] X. Glorot, A. Bordes, and Y. Bengio, “Deep sparse rectifier neural networks,” in Proceedings
of the Fourteenth International Conference on Artificial Intelligence and Statistics, pp. 315—

323, PMLR, 2011.

[59] D. P. Kingma and J. Ba., “Adam: A method for stochastic optimization.,” arXiv preprint

arXiv:1412.6980, 2014.
[60] F. Chollet et al., “Keras.” https://keras.io, 2015.

[61] Y. Wang, S. W. Cheung, E. T. Chung, Y. Efendiev, and M. Wang, “Deep multiscale model
learning,” arXiv preprint arXiv:1806.04830, 2018.

[62] A.Beck and M. Teboulle, “A fast iterative shrinkage-thresholding algorithm for linear inverse

problems,” SIAM journal on imaging sciences, vol. 2, no. 1, pp. 183-202, 2009.

115


https://keras.io

[63] M. Abadi, A. Agarwal, P. Barham, E. Brevdo, Z. Chen, C. Citro, G. S. Corrado, A. Davis,
J. Dean, M. Devin, S. Ghemawat, I. Goodfellow, A. Harp, G. Irving, M. Isard, Y. Jia, R. Joze-
fowicz, L. Kaiser, M. Kudlur, J. Levenberg, D. Mané, R. Monga, S. Moore, D. Murray,
C. Olah, M. Schuster, J. Shlens, B. Steiner, 1. Sutskever, K. Talwar, P. Tucker, V. Vanhoucke,
V. Vasudevan, F. Viégas, O. Vinyals, P. Warden, M. Wattenberg, M. Wicke, Y. Yu, and
X. Zheng, “TensorFlow: Large-scale machine learning on heterogeneous systems,” 2015.

Software available from tensorflow.org.

[64] I. Farago, “Finite element method for solving nonlinear parabolic equations,” Computers &

Mathematics with Applications, vol. 21, no. 1, pp. 59-69, 1991.

116



APPENDIX

A.1 Proofs of error estimates
In this section, we present the proofs of the error estimates in Theorem 3.3.1 and Theorem 3.3.2.
A.1.1 Proof of Theorem 3.3.1

Proof. Using (3.14) and (3.17), we have

O(U — Ups)

S

7U)+ Z (a'i(uhvi;ui)_ai(ufnyUi;ufns))"{'Q(u_ummU) =0 Vv € Vms> te (07T>

1<i<N
Let w € Vs and take v = w — upys, We have

O(W — Upys)
ot
O(w — u)
ot

b( W — Ups) + QW — Upg, W — Upg) — Z a'(u, w' —ul cul)

1<i<N

=0

W — Ums) + (W — Uy W — Upg) — Z a'(u', w' — ul ;ub)
1<i<N

From this equation ,we can further get the following by the definition of a’ and the bounded con-

dition (3.18) of a(u),

8 - Yms — — ;
b(%,w — Ups) + (W — U, W — Upng) + @ |w — i’ |?
Ow —
§|b(%,w — Ums)| + T |q(w — u, w — ums)| + T |w — ulo|w — Umsla
+ 3 [ @) — aw)w V- V! )| da
0

1<i<N
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By Cauchy-Schwarz Inequality, this implies

1d _
Sgplw = sy + @ [[w — I3,
O(w — u)
SI=—g7 Mlellw = wmsllo + @™ [ = ullag | = tumsllaq (A.1)
+ Z /\ ul ) — a(u))k'Vu' - V(w' —ul )| do
1<i<N

The last term on the right-hand side of (A.1) can be written as

/| uh) — (KT - V(' — ul,)] do
= [ laluh) =)V V(' = )| do (A2)

+ Z/ — a(u')kpsVru' - Ve(w' — uy)| de

QFs

Following [64], we employ generalized Holder’s Inequality and the definition of «(-) to obtain

/ (i) — a(u))R' Vil - V(wh —uiy)| de
Qnr
< a(ui) — alu) ]zl (62T [ 1) V2V (0 — i) [y (AD)

= ;Hums — || agaan | (K20 | agap | (59 2V (w0 = iy ) 200

Further, with Ladyzhenskaya’s Inequality, there exists some constant C'; > 0 dependent only on €2
such that

I 7 i 1/2 i 1/2
[t = | agy) < Cillubyg — 'l o5, IV (g — 0l oy, (A.4)

There also exist some constant /&, K5 such that

IV (s — ) |20, = / (V (U — u'))* dov < Kl/ (V (uly, — u'))? do,

Q]\/[ Q]M H’
b, — w2,y = / (g — ) di < IS, / b, — ') d,
Qs Qs

where K| = max; ;eo{ %} and Ky = max;{;-}.
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For the fracture part, again from generalized Holder’s Inequality, we have

/‘|@@49—awﬂmas%w-VAwﬂwQde
Qp,s (A-S)

< Colluts — 'l 220 | (57s) 2V (W' = tms) | 220050

for Cy = ﬁmaxi,s ||(/€F,s)1/2VUiHL°°~

To sum up, we have for any ¢ > 0,

||U’m§ —u ||b + 3 |ufn§ - ul|fl) ' |u)Z - u:ns|a

/ [(a(ul,) — a(u'))x'Vu' - V(w' — )| dr < 03( 5
Q

(A.6)

for some constant C5. Plug back to (A.1), and notice that | - |, < || - we can use Young’s

lag

Inequality to derive

;jtﬂw Uns 5 + 7 [lw — umdll2,

< ool X+ G - %m+QJW‘W 5l
+ %3( 1<Zi<:Nbi(wi —u'w' —u') + ﬂ”w — s[5 + Cg_sf”w B uHiQ
+ 9 g2, + S o 2

Rearrange the inequality we obtain that

1d 9 Cs 2 _aff G0 CseC 2
gl el <2€ R e L o=ty
( at 05 2 '
< bz w' —ut,w' —ut) + w—ul|;

< oI 2+ 1;;V )+ (G + Sl -l
We carefully choose € = 1, ( = 303 =, &= 3-=,n=1and let

Cs 3C?2

K= - __9
eC I 20 +5
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then the previous equation can be simplified as

1d 1 o~

- o 2 - o 2 - o 2
9 dt”w Unms [ KHw U + ( 1 )w umSH As)
1, 0(w i (a™)? .
< 2D 35S )+ (T
1<i<N

To get rid of term ||ums — wl|?, we multiply a e™** < 1 to the above inequality and integrate

over t from O to T" for both sides, then we have

o KT o e KT T
Wdﬂd—umﬂ%mﬁ+————j/!W—ﬂmeﬁ
0

2 1
1 (T O(w—u) , (@) o (T )
< = el St et —
<3/ B b =50 [ =l @ (A9)
2
ﬁ b (w' — u',w' — u') dt + =||w(0,-) — um(0,-)||7.
4o . 2
1<i<N

We further define initial value (0, -) € Vi, s.t.
b(ums(0,-),v) = b(u(0,-),v) Vv € V.
Thus,

[0(0, ) = ums (0, ) [lo < [w(0,-) — (0, )]s (A.10)

Making use of the Poincare Inequality, we also have for some constant K3 > 0

> b(w = w' — ') < Ksllw—ul]2,. (A11)

1<i<N

Combining (A.9), (A.10) and (A.11), we conclude that there exist a constant C; > 0, such that

T
WMﬂ»—umuum33/|m—mmeﬁ
0

T ow—u T
<o [ N e [ -l de 0. - w0 )

(A.12)
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With (A.12), we can start derive the inequality for Theorem 3.3.1,

T
HMﬂ»—uma»mayArm—umeﬁ
T T
ﬂmuuw—wﬂoM+wwﬂo—umaumayA|m—quw+[:wu—%m@dt

(A.13)
For the first term on the right hand side of Inequality (A.13), we have

w — ; 2

()~ u(T )l < 2 [ 12 a2, - w0, 1R

Combining the last estimate with (A.13) and (A.12), we conclude that for any w € Vj, the in-

equality holds for a constant C' > 0, such that

T
nwro—umuumag/|W—umeﬁ
0

T T (A.14)
o(w —u) 2 2
<O = llpdt+ | llw—ulg, dt+[lw(®,-) = u(0,-)l).
0 0
This completes our proof.
O
A.1.2 Proof of Theorem 3.3.2
Proof. Since Ugap € Vinap, WE can write
tanap(t, ) = D> AP (DX (@) (), (A.15)
ik
and we define the local component of ., by
uQo(t, ) =D e (O (w). (A.16)
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We define w € Vi, as the projection of gy, onto Vi, by

0= D (1) = 3 D () (2.

j ok ik

From the definitions (A.15) and (A.17) ,we have

U —w = D Y e (X (@) (x),

J k>Lu;

(A.17)

(A.18)

The desired result follows from the estimates in Lemma A.1.1, Lemma A.1.3 and Lemma A.1.4.

]

Lemma A.1.1. Let ug,y, € Vi be defined in (3.21) and w € Vs be defined in (A.17). Then there

exists a constant C' > 0 such that

2

ou

ot

O (Usngp — W)
, A

2 C’
<
ot

aQ

Proof.

Thus, for some constant D; > 0, we have

O(Usnap — W)

|l =y < D S Y (e O @I,
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and the right-hand side can be estimated as

|32 (S @) @R

= / Mb%k;(%c; o e 3 [ e 3 jtc,@(t)) ()2 da

<D 3 ([ 55 Gl 0w e 5 / Y G o @)
([ M<,€§(%C’(f)”) DY / (e o o) )

-0l 3 (f Z(Z(%( O e Y / dic;%)) ()2 do)
([ (Z <%c§5><>; ) do 3 / (3 (5 ) o o )

=D 3 %c,@(t» P 2 <§t (1) :f(x))

for some constant Dy > 0.

By spectral problem (2.9) and the orthogonality of eigenfunctions {1}’ };, we have

: d d ; wj
s (e ) (@), Y (e (0)uy (@)
k> L k> Lo
L o) 4 G)(pyy,2 4 G) )y
< N ag ( Z (Eck (0)vy (), Z (Eck )Yy (2))
Luj+1 k> Lo, k> Lo, (A21)
L o) 4 G) (1)) 4 G) )y,
< e (Z(%Ck )y, (ﬂf),Z(ack )Yy (2))
Lej+1 k k
J
_ 1 a(j)(au&jlgp au&rjlgp)
g9 o ot
J
Substituting this equation back to (A.20), we obtain
||(9(Usnap _w)HQ < DD Z 1 a(])(augﬁgp aus{lgp) A2
ot b= TR L\ ot ot (A22)

j ij +1
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Since ugp,p 18 the projection of u in each w; by definition (A.16), so we have

ap(u?,v) = ap(uf,v) Vv e Vi

More specifically, let v = ugﬂgp we have

a’Q( 5?12@7 ug)‘)ip) aég (u(j)7 uggz)ip)u

Husnde — ”usnapHaQHU’ HCLQ'
aQ

Therefore,
agy(uly uly) < agy(ut?,u).
Similarly, | |
aQ(a?;ap, aqg;ap) < ag(ag—j), ag_:) (A.23)

Thus, from (A.22), we have

O (Uspap — W) 19 1 - ou9) oyl DD, ou
Alsap = W2  p p M , < — TR (a2
H ot Hb 1 2ZALi}j+1 Q( ot ot ) j{)\L +1}HatH Q

J
This completes the proof. O

Lemma A.1.2. For coupled multiscale basis function, if u satisfies the following

Z / K'Vul'V' do+ Z ZH;’S/ ks Vru'Vpv' de+ q(u,v) :/fv dzr, Vv € V;n{l)p,
wj Wj F.s w

1<i<N 1<i<N s
(A.25)
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there exists some constant C, such that

2/ Z X*) VU 2 dx + Z Z Kfs(X VFU) dz + (X u, x*u)

1<i<N J,M 1<i<N s Wj,F,s
w] 2
<C{Z / w)2 ZdCE+/ (UVX“’] dl’+2/ /{/FS’U,VFX ) d[L‘]
1<Z<N |VX ! | K Wi, M Wi F,s

e (X)?
/(f ’ [V x“i |2 dr}

(A.26)

Proof. Letv = (x“7)?u and obtain

> [ svevierias Y3 [ 0E

1<i<N Y %“5,M 1<i<N s Wj,F,s

Z/wf(x“j)gu da.

This can be further rewrite as

Z/ RO (Ve de+ Y Y kps (X2 (Veu')? de + (X7 u, x“/u)

((¢)*u’) da + q(u, (x*)*u)

1<i<N Y %i,M 1<i<N s YW Fs
j
= ) / \/_uVXw] dm+/f viwf dx
1<i<N VXWJ

—2 Z / KVUY iy de — 2 Z Z/ ,{Estuivawjuinj dx

1<i<N VWi M 1<i<N s YW F;s

2 Z /w (7Y |va]‘2,4 Z /w K (u'Vx9)? d

1<’L<N 1<z<N 3, M

| /\

wj)4

€ N (X 1 N2
— d — d
+ 2 /w](f ) |vaj’2 x+ % /WLM(U“ v) x
1 i 2 1 N 2
+ Z ZE/UJjFS/@F,S(uVF) dx+ZZ/ijs(u Vr) dx

1<i<N s
K (i Vu')? dm+— Z/ WUV ) da

1<i<N Y %i.M 1<z<N Wi, M
+ € g E Krs(X “iV put) dx+ g g / Kps(u Vrx“)? dx.
1<i<N s Wj,F,s 1<z<N S Wj,F,s
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Let e = 1/2 and rearrange the inequality. Then, for some constant C' > 0, we obtain the conclusion

of (A.20).

]

Lemma A.1.3. Let ug,y, € Vi be defined in (3.21) and w € Vs be defined in (A.17). Then there

exists a constant C' > 0 such that

T ) C T )
| =gl e < 5 [l

Proof. By (A.18), we have

I = vaapllZ, = 1> D" el (0 (2) 5 (2)II2, < N, an

J k>Lu;

Let

V=3 A O (@),

k>LwJ

then

||><°“(96)6(j)||2
- L

1<i<N J,M ’u 1<i<N Y ¥i,M

+zz/ AT e+ 30 Y [

1<i<N s Wj,F,s 1<i<N s Wj,F,s

126

(A.27)

S e (@),
k>Lw

(A.28)

X2 [Vel)? dx + Z/ vxwﬂ )2[eV))? da

KFS w. [6(]’)77;]2 dx



where

S [ Swentu £ 5[ o

1<i<N 1<i<N s Wy, F,s

<p, Y / D de+ Dy Y Z/ FEs 102 gy

1<i<N Y Wi, M ’u 1<i<N s Wi, F,s

< DysW) (eV), e(j))

for some constant D3. From Lemma A.1.2, there exists some constant [, such that

Z/w )2[VeD)? da

1<i<N Y %iM M

K S w j),% w; j wj j
+ D Z/ 22 ()2 [V pe D da + q(x (z)eD), X ()e?)

1<i<N s Wy, F,s

KFs o ,
<D / P dr Y / £219 o (e da)

1<i<N Y W¥i,M K 1<i<N s Wj,F,s

< DyDy s (W), 60y,

By bilinearity of a/) and s\) as well as the orthogonality of {47 }1. ,we finally have

[Jw — usnap”aQ < Ny ZHX% [ o < Ds 23])

(A.29)
1 D5 Ds
< D5 Z )\wj (QJ)( (g ), 6( )) < TGQ(usnam usnap) A ||u9napHaQ7
g eyl
for a properly selected constant Ds.
O

Lemma A.1.4. Let Uy, € Vi be defined in (3.21) and w € V5 be defined in (A.17). Then there

exists a constant C' > 0 such that

C
(0, -) = tsnap (0, )l < £ (0, )l (A.30)
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Proof. Using a similar idea as in Lemma A.1.3, we let

o = > a0 (@),

k> L,

Then we have

Jtsip (0 ) = ||b—||Z><“’J > a0 7:J'<a:>|\z:||waj<x>eé”||2

k>LwA
<DIZ||60])||I)<D1D Z A ‘7) ) < D1Dy— Za 60 ,e(()j))
(A.31)
<DiDoy 3 0y (0,2), w0, ) = DD 3 (0,210 0.)
J
LNEITIAE
::[hl)QKﬂhL (anHaQ
This completes the proof.
]
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