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ABSTRACT

In this work, we will explore the relation between topological dynamical systems and their
reduced crossed product C'*-algebras. More precisely, we mainly study some dynamical properties
and how they imply various of regularity properties of C*-algebras, say, stably finiteness, pure
infiniteness, finite nuclear dimension and Z-stability.

Let o : G ~ X be a minimal free continuous action of an infinite countable amenable group on
an infinite compact metrizable space. Under the hypothesis that the invariant ergodic probability
Borel measure space Fg(X) is compact and zero-dimensional, we show that the action « has the
small boundary property. This partially answers an open problem in dynamical systems that asks
whether a minimal free action of an amenable group has the small boundary property if its space
M¢(X) of invariant Borel probability measures forms a Bauer simplex. In addition, under the
same hypothesis, we show that dynamical comparison implies almost finiteness, which was shown
by Kerr to imply that the crossed product is Z-stable. This also provides two classifiability results
for crossed products, one of which is based on the work of Elliott and Niu.

When the group G is not amenable it is possible for action o : G ~ X not to have a G-invariant
probability measure, in which case we show that, under the hypothesis that the action « is topolog-
ically free, dynamical comparison implies that the reduced crossed product of « is purely infinite
and simple. This result, as an application, shows a dichotomy between stable finiteness and pure
infiniteness for reduced crossed products arising from actions satisfying dynamical comparison.
We also introduce the concepts of paradoxical comparison and the uniform tower property. Under
the hypothesis that the action « is exact and essentially free, we show that paradoxical comparison
together with the uniform tower property implies that the reduced crossed product of «v is purely
infinite. As applications, we provide new results on pure infiniteness of reduced crossed products
in which the underlying spaces are not necessarily zero-dimensional.

Finally, we study the type semigroups of actions on the Cantor set in order to establish the

equivalence of almost unperforation of the type semigroup and comparison. This sheds a light to
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a question arising in the paper of Rgrdam and Sierakowski. In addition, we construct a semigroup
associated to an action of countable discrete group on a compact Hausdorff space, that can be
regarded as a higher dimensional generalization of the type semigroup. Using this generalized type
semigroup we obtain a new characterization of dynamical comparison. This answers a question of
Kerr and Schafhauser. Furthermore, we suggests a definition of comparison for dynamical systems

in which neither necessarily the acting group is amenable nor the action is minimal.
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1. INTRODUCTION

In this Chapter, we mainly recall some definitions and introduce our basic framework for our
study on topological dynamical systems and their crossed product C*-algebras. We begin with an

introduction to regularity properties and the classification theory of C*-algebras.
1.1 (C*-algebras

1.1.1 Regularity Properties of C*-algebras

1.1.1.1 Finite Nuclear Dimension

For a general introduction to C*-algebras, we refer to [9]. The nuclear dimension of a C*-
algebra was introduced by Winter and Zacharias in [77] as a noncommutative analogue of covering

dimension of a topological space. We recall the definition here. Let A be a C*-algebra.

(i) A completely positive map ¢ from a C*-algebra B to A is said to be of order zero if

@(a)p(b) = 0 whenever a, b are self-adjoint elements in B satisfying ab = 0.

(i) We say that a completely positive map ¢ from a finite-dimensional C*-algebra B to A is
n-decomposable if we can write B = By & - - - & B, so that the restriction of ¢ to each B;

has order zero.

Definition 1.1.1. The nuclear dimension of A, denoted by dim,,.(A) is the least integer n such
that for every finite set /' C A and € > 0 there are a finite-dimensional C*-algebra B, a completely

positive contraction ¢ : A — B, and a completely positive map ¢ : B — A such that
(i) [[¢op(a) —a|l < eforall a € F, and

(i1) 1 is n-decomposable with contractive order zero components.

1.1.1.2  Z-stability

The Jiang-Su algebra Z was defined in [31]. It is an infinite-dimensional unital simple sepa-

rable nuclear C*-algebra that is KK-equivalent to C. We say that a C*-algebra A is Z-stable if
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A~ A® Z. A typical example of a Z-stable algebra is Z itself, i.e., Z ® Z ~ Z. We remark
that Z-stable C*-algebras have some every nice properties. We say a pre-ordered group (G, G)
is weakly unperforated if, whenever x € G has the property that nx € G for some n € N, x be-
longs to G In [25], Gong, Jiang and Su showed that, for a simple unital C*-algebra A, the group
Ky (A® Z) is weakly unperforated. Therefore, if A is Z-stable then K((A) is weakly unperforated.
In addition, they showed that if Ky(A) is weakly unperforated then one has Ky(A) ~ Ky(A ® Z)
as pre-ordered groups. Thus, this result implies that if one wants to use K-theory to classify a class
consisting of unital simple C*-algebras with weakly unperforated K, groups, the members in this

class have to be Z-stable.
1.1.1.3  Strict Comparison and the Cuntz Semigroup

The Cuntz semigroup W (A) of a C*-algebra A defined on positive elements is an analogue
of the semigroup of Murray-von Neumann equivalence classes of projections. The study of the
Cuntz semigroup was initiated by Cuntz in [14] and has come to the forefront of research on the
classification of C*-algebras. We recall the definition of the Cuntz semigroup.

For Cuntz comparison, we refer to [3] as a reference. Let A be a C*-algebra. We write
My (A) = U2, M,(A) (viewing M, (A) as an upper left-hand corner in M,,(A) for m > n).
Let a, b be two positive elements in M,,(A) and M,,(A),, respectively. Set a & b = diag(a,b) €
M, +m(A), and write a 3 4 b if there exists a sequence (7,) in M, ,(A) with 7% br, — a. If there
is no confusion, we omit the subscript A by writing a = b instead. We write a ~ bif a = b and

b = a. Then the Cuntz semigroup is defined to be

equipped with the operation

and the partial order



We also denote by (a — €) the element in M,,(A) defined via the functional calculus as f.(a)
in the C*-algebra M, (A) where f.(t) = max{t —¢,0} and a € M, (A). A dimension function
on A is a order preserving map ¢ from W(A) to R such that o((14)) = 1. We write DF(A)
for the set of all dimension functions on A and LDF(A) for the set of the lower semi-continuous
dimension functions.

We denote by QQT'(A) the set of all normalized 2-quasitraces and by 7'(A) the tracial states on
A. We remark that a celebrated result of Haagerup shows that Q7'(A) and T'(A) coincide if A is
exact. For each 7 € QT'(A), we define a lower semi-continuous dimension function by

d(a) = lim 7(a'/™).

n—o0

fora € M. (A). In [6], Blackadar and Handelman proved that the map 7 — d, from QT'(A) to
LDF(A) is bijective.

Strict comparison, roughly speaking, means that lower semi-continuous dimension functions
on a C*-algebra determine the order of elements in the Cuntz semigroup. By the discussion above,

we have the following formal definition of strict comparison for unital exact C*-algebras.

Definition 1.1.2. Let A be a unital exact C*-algebra. we say A has strict comparison if a 3 b

whenever a,b € My, (A)y and d.(a) < d,(b) forall 7 € T'(A).

It has been proved by Rgrdam in [59] that a simple unital C*-algebra A has strict comparison
if and only if its Cuntz semigroup W (A) is almost unperforated, i.e., (n + 1) - (a) < n - (b) for
some n € N implies (a) < (b).

1.1.2 Finiteness of C*-algebras

A projection p in a C*-algebra A is said to be infinite if it is equivalent in the Murray-Von

Neumann sense to a proper subprojection of itself. Otherwise, p is called finite. If A is unital, we

say A is infinite if it contains an infinite projection, and it is called finite if 1 4 is a finite projection.

If M,,(A) are finite for all n € N then we say A is stably finite.



We denote by ~ the Murray-Von Neumann equivalence relation for projections in A. We can
abuse the symbol ~ from the Cuntz equivalence relation because these two equivalence relations
coincide on projections. We call a projection p properly infinite if there are mutually orthogonal
projections py,ps € A such that py + p» < pand p ~ p; ~ po. Note that proper infniteness
of projections expresses some paradoxical phenomenon in C*-algebras. In fact, this paradoxical
phenomenon can even be defined on all positive elements. A non-zero positive element @ in A is
said to be properly infinite if a @ a = a in the sense of Cuntz subequivalence. A C*-algebra A is
said to be purely infinite if there are no characters on A and if, for every pair of positive elements
a,b € A such that b belongs to the closed ideal in A generated by a, one has b = a. See [38] and
[39]. It was also proved in [38] that a C*-algebra A is purely infinite if and only if every non-zero
positive element a in A is properly infinite.

It is not hard to see that if A is purely infinite then it is traceless. In [14], Cuntz shows that
for unital simple C*-algebras, A is stably finite if and only if Q7T'(A) is not empty. It was thus
hoped that the trace/traceless alternative would determine a dichotomy between stably finite and
purely infinite unital simple separable and nuclear C*-algebras. However, Rgrdam [56] shattered
this hope by providing an example of a unital simple separable nuclear C*-algebra containing both
an infinite and a non-zero finite projection. Nevertheless, Winter and Zacharias showed that every
unital simple separable nuclear C*-algebra having finite nuclear dimension satisfies this dichotomy
(see Theorem 5.4 in [77]). We will see in the Chapter 3 that a special class of reduced crossed
product C*-algebras also satisfies this dichotomy.

To end this subsection we record the following proposition, which was proved by Rgrdam and

Sierakowski in [60].

Proposition 1.1.3. ([60, Proposition 2.1]) Let A be a C*-algebra and G ~ A be a C*-dynamical
system with GG discrete. Suppose that A separates the ideals in A x,. G. Then A X, G is purely
infinite if and only if all non-zero positive elements in A are properly infinite in A x,. G and

E(a) 2 a for all positive elements a in A X, G, where E is the canonical conditional expectation

from A x, G to A.



1.1.3 Toms-Winter Conjecture and Elliott’s Program

The programme of classifying unital simple separable nuclear C*-algebras by the Elliott in-
variant, that is, ordered K-theory paired with traces, has been ongoing for a long time. The origin
of this classification programme dates back to Elliott’s work on the classification of AF-algebras
[18]. In the late 1980’s, Elliott [17] extended this result to the classification of AT-algebras with
real rank zero. We refer to the survey papers [58] and [76] for general background on the clas-
sification programme for separable nuclear C*-algebras. Nowadays, in order to classify a certain
class of separable nuclear C*-algebras it is often sufficient to show that the algebras in the class
have certain regularity properties such as finite nuclear dimension or Z-stability. In 2008 Toms and
Winter conjectured that the three properties of strict comparison, finite nuclear dimension, and Z-
absorption discussed above are equivalent for unital separable simple infinite-dimensional nuclear
C*-algebras (see [77], for example). As a result of work of several authors, this conjecture, known
as the Toms-Winter conjecture, has been fully confirmed under the hypothesis that the extreme tra-
cial states form a compact set with finite covering dimension (see [7], [37], [47], [48], [59], [62],
[63], [70], [74] and [75]). In addition, a recent progress by Castillejos-Evington-Tikuisis-White-
Winter [11] and [12] shows that finite nuclear dimension is equivalent to Z-stability in general for
unital separable simple infinite-dimensional nuclear C*-algebras.

We write € for the class of all stably finite infinite-dimensional unital simple separable nu-
clear C*-algebras satisfying UCT and having finite nuclear dimension, which has recently been
classified in terms of the Elliott invariant as a consequence of the combined works of Elliott-Gong-

Lin-Niu [20], Gong-Lin-Niu [26] and Tikuisis-White-Winter [69].

Theorem 1.1.4. The class € of infinite-dimensional stably finite simple separable unital C*-algebras

satisfying the UCT and having finite nuclear dimension is classified by the Elliott invariant.

We write © for the class of all unital Kirchberg algebras (i.e., separable nuclear simple purely
infinite C"*-algebras) satisfying the UCT, which, like the class €, is classified by the Elliott invari-

ant, as shown by Kirchberg and Phillips (see [50]).



Theorem 1.1.5. The class © of all unital Kirchberg algebras satisfying UCT is classified by the

K-theory.

Theorem 1.1.4 and 1.1.5 are the main tools for classifying reduced crossed products for my
purpose. We remark that actually Theorem 1.1.4 and 1.1.5 can be combined into one theorem by
deleting the words “stably finite” in the statement of Theorem 1.1.3 because we mentioned above
that Theorem 5.4 in [77] asserts that for a unital simple separable C*-algebra A, if its nuclear
dimension is finite then A is either purely infinite or stably finite. In addition, Theorem 7.5 in [77]
shows that all C*-algebras in the class © has finite nuclear dimension.

We split this theorem by writing Theorem 1.1.4 and 1.1.5 respectively because stably finiteness
and pure infiniteness reflect different natures. If we restrict to the class of reduced crossed products,

these different natures are also mirrored in the study of dynamical systems.
1.2 Topological Dynamical Systems
1.2.1 Basic notations

Dynamical systems have been one of the central topics in various of fields of mathematics. An
action o of a group G on a topological space X, as a topological dynamical system, is a group
homomorphism G — Homeo(X '), where Homeo(X) denotes the group of all homeomorphism
from X to itself. We usually denote by o : G ~ X for the action «. In this dissertation, we only
focus on the case that the group G is countable discrete and the space X is compact and Hausdorfft.
For general background on topological dynamics on compact Hausdorff spaces we refer to the
book of Kerr and Li [35]. We say an action o : G ~ X is minimal if every orbit G- x in X is dense
in X. Wesay a : G ~ X is free if sx = x for some x € X and s € G implies s = e. There are
also many weak version of freeness. An action o : G ~ X is said to be essentially free provided
that, for every closed G-invariant subset Y C X, the subset {z € Y : G, = {e}} of points in YV’
with trivial isotropy is dense in Y, where G, = {t € G : tx = x} (see [55]). An action is said to
be topologically free provided that the set {x € X : G, = {e}} is dense in X, which is equivalent

to the fixed point set {x € X : tz = x}, of each nontrivial element ¢ of GG, being nowhere dense. It



is not hard to see that essential freeness means that the action restricted to each G-invariant closed
subspace is topologically free with respect to the relative topology and thus these two concepts
coincide when the action is minimal.

Motivated by Zimmer’s notion of amenability for measurable dynamical systems, Anantharaman-
Delaroche introduced the topological analogue [1], namely tolopogical amenability of a topolog-
ical dynamical systems. We denote by P(G) the set of all probability measures on a group G,

which is identified with norm one positive functions in ¢, (G).

Definition 1.2.1. An action a : G ~ X is said to be (topologically) amenable if there is a net of
continuous maps m; : X — P(G) with the weak*-topology such that ||m;* — s-m?||; — 0 for all

s € G, where s - m?(t) = m¥(s't).

]

We remark that if the acting group G is amenable then the action « is automatically amenable.

We will see in the next subsection that how to define the exactness of an action.
1.2.2 Crossed product C'*-algebras

We refer to [9] as a standard reference for full and reduced crossed product C*-algebras for
C*-dynamics. Let A be a C*-algebra on which there is a G-action, which means there is a group
homomorphism G — Aut(A). We usually denote this action by G ~ A. Given a C*-dynamical
system o : G ~ A, we briefly recall the construction of this kind of C*-algebras here. We denote

by C.(G, A) the linear space of finitely supported functions on G with values in A4, i.e.,

C.(G,A) = {Z ass :as € A},
seG
where involved sum is a finite sum. For S = Y . a.s, T )", . bit € Cc(G, A) we declare

ST = Z asas(by)st and S* = Z a1 (a)st.

s,teG seG

To make C.(G, A) a C*-algebra, we complete C..(G, A) with respect to some C*-norm. A co-

variant representation (u,m, H) of the G-C*-algebra A consists of a unitary representation (u, H)
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*

of G and a *-representation (7, H) of A such that usm(a)u? = m(as(a)) for every s € G and

a € A. This induces a *-representation of C.(G, A) by

Z ass — Z 7(as)us,

se€G seG

which is denoted by u x 7. Note that every *-representation of C.(G, A) arises this way.

Definition 1.2.2. ([9, Definition 4.1.2]) The full crossed product of a C*-dynamical system « :

G ~ A, denoted by A x G, is the completion of C.(G, A) with respect to the norm

]| = sup [|(w > m) ()],

where the supremum is over all covariant representations (u, 7w, H) of o : G ~ A.

To define the reduced crossed product, we first fix a fuithful representation A C B(H). Define

a new representation of A on H ® (5(G) by
m(a)(h @ s) = (as-1(a)(h)) @ 05,

where {0; }sc¢ is the canonical orthonormal basis of ¢5(G). Denote by A the left regular represen-
tation of G on (5(G), i.e., As(6;) = ds. Then it can be verified that (1 ® \) x 7 is a covariant

representation of o : G ~ A, which is called a regular representation.

Definition 1.2.3. ([9, Definition 4.1.4]) The reduced crossed product of a C*-dynamical system
a : G ~ A, denoted by A X, G, is defined to be the norm closure of the image of a regular

representation C.(G, A) — B(H ® (5(G)).

In particular, note that an action o : G ~ X induces an action o : G ~ C(X) by o(f)(x) =
f(as-1(x)). The converse also holds by Gelfand duality, i.e., every action of G on C'(X) also
induces an action of G on X. Thus, beginning with an action o : G ~ X, we have the full crossed

product C'(X) x G and the reduced crossed product C'(X) x,. G following the process described

8



above. In this dissertation, we mainly study reduced crossed product C'*-algebras. However, they
coincide when C'(X) x,. G is nuclear, which is the case that we are interested most. The following

result shows when C'(X) x,. G is nuclear.

Proposition 1.2.4. ([9, Theorem 4.4.3]) The action o : G ~ X is amenable if and only if its

reduced crossed product C'(X) X, G is nuclear.

For other properties of crossed products, it is well known that if the action G ~ X is topologi-
cally free and minimal then the reduced crossed product C'(X) x,. G is simple (see [4]). Archbold
and Spielberg [4] showed that C'(X) x G is simple if and only if the action is minimal, topolog-
ically free and regular (meaning that the reduced crossed product coincides with the full crossed
product). These imply that C'(X) %, GG is simple and nuclear if and only if the action is minimal,
topologically free and amenable. See more details in the introduction of [60].

By using the crossed products, it is also possible to define exactness of an action. For every

G-invariant ideal [ in A, the natural maps in the following short exact sequence:

(¥) 0—I—sA—LsA/T—0

extend canonically to maps at the level of reduced crossed products, giving rise to the possibly

non-exact sequence
(%) 0T, G- A5, G0 AJT %, G—0

(see [73, Remark 7.14]). The action of GG on A is said to be exact if (x) is exact for all G-invariant
closed two-sided ideals in A ([65, Definition 1.5]).

In particular, suppose A = C'(X) is unital and commutative. We call the action o : G ~ X
exact if the induced action o/ : G ~ C(X) is exact. If G is exact then it can be verified that o/

defined above is always exact.
Definition 1.2.5. ([65]) A C*-algebra A is said to separate the ideals in A x,. G if the (surjective)

map J — J N A, from the ideals in A x,. GG into the G-invariant ideals in A is injective.

9



It was shown in [65] that if C'(X) separates ideals in C'(X) X, G then the induced action of
G on C'(X) must be exact. In the converse direction, it was also shown in [65] that if the action

a: G ~ X is exact and essentially free then C'(X) separates ideals in C'(X) x,. G.
1.2.3 Dynamical Comparison

Dynamical comparison is a well-known dynamical analogue of strict comparison from the C*-
setting. The idea dates back to Winter in 2012 and was discussed in [10] and [34]. We record here
the version that appeared in [34].

We write M (X) for the convex set of all regular Borel probability measures on X, which is a
weak™* compact subset of C'(X)*. We write M (X) for the convex set of G-invariant regular Borel
probability measures on X, which is a weak™ compact subset of M (X'). We write E¢(X) for the

set of extreme points of Mg (X ), which are precisely the ergodic measures in Mg (X).

Definition 1.2.6. ([34, Definition 3.1]) Let m € N. Let I be a closed subset of X and O an open
subset of X. We write F' <,,, O if there exists a finite collection ¢/ of open subsets of X which
cover F', an sy € G foreach U € U, and a partitionf = | |* ,U; such that foreach: = 0,1,...,m
the images sy U for U € U; are pairwise disjoint subsets of O. When m = 0 we also write ' < O.
Now, let A, B be open sets in X. We write A <,, B if for every closed set /' C A one has

F <, B.

Definition 1.2.7. ([34, Definition 3.2]) Let m € N. The action o : G ~ X is said to have
dynamical m-comparison (m-comparison for short) ift A <,, B for all open sets A, B C X
satisfying p(A) < p(B) for all u € Mg(X). When m = 0, we will also say that the action has

dynamical comparison (comparison for short).

We will see in Chapter 2 and 3 that dynamical comparison is an essential property for establish-
ing certain structure theorems for reduced crossed product C*-algebras. Then a natural question is
to determine when an action has comparison. Before the formal definition of comparison, it was
well-known that all minimal Z-actions on the Cantor set have this property as a consequence of

the Kakutani-Rokhlin clopen tower partition (see [24]). More recently, Downarowicz and Zhang
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[16] showed that all continuous actions on the Cantor set of groups whose every finitely generated
subgroup has subexponential growth have comparison. On the other hand, it is still open whether
all continuous actions on the Cantor set of amenable countable infinite groups have comparison.
However, by combining Theorem A in [36] and Theorem 4.2 in [13], the property of comparison is
generic for minimal free actions of a fixed amenable countable infinite group on the Cantor set. In
the setting of non-amenable groups, when there is no invariant measure for the action, we will see
in Chapter 3 that the strong boundary actions introduced in [41] and n-filling actions introduced in
[32] are natural examples of dynamical comparison.

On the other hand, Definition 1.2.8 behaves well only when G is amenable or «v is minimal. The
following provides a generalized version of dynamical comparison regardless of the amenability of
the groups or the minimality of the actions. Theorem 4.3.7 and Corollary 4.3.8 in the final chapter
will validate this generalization.

Recall that a premeasure 1 on an algebra A of sets is a function p : A — [0, o] satisfying the

following (see [22, p. 30])

(i) pu(0) =05

) w2, An) = >o07 u(Ay) for any disjoint sequence {A,, € A : n € N} such that
LI, A, € A

Note that the classical theorem of Carathéodory states that each premeasure y on an algebra A
extends to a measure on the o-algebra generated by A (see [22, Theorem 1.14]). In addition, if
is o-finite then the extension is unique.

Throughout A, denotes the algebra generated by the open sets in X. We denote by Prg(X) the
set of all G-invariant premeasures on .4, which are regular, i.e., having inner regularity ;(B) =
sup{u(F) : F C B, F compact} and outer regularity u(B) = inf{x(O) : B C O, O open} for all
B € Ay. We say a premeasure i1 € Prg(X) a probability premeasure if (X) = 1. We remark
that the extension of a premeasure ;1 € Prg(X) in the sense of Carathéodory is still G-invariant.

If 4 € Prg(X) is o-finite then the unique extension is regular as well.
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Definition 1.2.8. The action o : G ~ X is said to have (generalized) dynamical comparison if

A < B holds for all open sets A, B C X satisfying
(i) ACG- B;
(ii) p(B) > 0 for all probability premeasures i € Prg(X);
(iii) p(A) < p(B) for every p € Prg(X) with u(B) = 1.

1.2.4 Almost Finiteness

In [34] Kerr introduced the following dynamical concept of (m-)almost finiteness as a higher
dimensional generalization of Matui’s notion of the same name. This can be viewed as a topologi-

cal version of the Ornstein-Weiss tower decomposition.

Definition 1.2.9. ([34, Definition 4.1]) A rower is a pair (S, V') consisting of a subset ' of X and
a finite subset S of GG such that the sets sV for s € .S are pairwise disjoint. The set V' is the base of
the tower, the set S is the shape of the tower and the sets sV for s € S are the levels of the tower.
We say that the tower (S, V') is open if V' is open. A finite collection of towers {(5;,V;) : i € I} is

called a castle if S;V; N S;V; =( foralli # j € I.

The chromatic number of a family C of subsets of a given set is defined to be the least d € N

such that there is a partition of C into d subcollections each of which is disjoint.

Definition 1.2.10. ([34, Definition 11.2]) Let m € N. We say that a free action o : G ~ X
is m-almost finite if for every n € N, finite set K C G, and 6 > 0 there are a finite collection

{(S;,V;) : i € I'} of towers with following properties:
(i) V; is an open subset of X for every i € [;
(ii) S;is (K, d)-invariant for every i € I;

(iii) diam(sV;) < & forevery i € I and s € S; and the family {S;V; : i € I} has chromatic

number at most m + 1;

12



(iv) there are sets S; C .S; for each ¢ € I such that |S]| < |S;|/n and X \ ,c; SiVi < U;e; SiVie

el
If m = 0, we say a : G ~ X is almost finite for short. In this case {(S;,V;) : ¢ € I} is a castle.

Note that the Definition 1.2.11 here seems to be stronger than the definition of almost finiteness
in [34] in which all towers are open. However, it can be shown that they are actually equivalent.
We remark that it has been proved in [34] that they are equivalent when m = 0. In general, first
we fix a metric d on X. Given n € N, finite X C G, and § > 0, suppose that we have an open
castle {(S;,V;) : i € I} satisfying the conditions of m-almost finiteness above. We start from
condition (iv) and write I for the set X \ | |,.; S;V; for simplicity. Since I’ < | |,.; S;V; holds
for the original castle, there are open subsets O1, ..., O, of X and group elements ¢;,...,9, € G

such that F C J!, O, and | |, :0; C |J,c; S/Vi. A partition of unity argument allows us

iel
to find open subset W; C O, such that Wj C Oj foreach j = 1,2,...,n and {Wj )=
1,2,...,n} still forms a cover of F. This allows us to find a 6 > 0 to define a new open subset
O; = {r € X : d(z,X \ O;) > §} such that W; C O C Oj foreach j = 1,2,... n. This
implies that {O; :j = 1,2,...,n} also forms a cover of F' and thus there is another &' > 0
such that B(F,d') = {z € X : d(z,F) < ¢'} C Uj_, O}. Then by the definition of O} and

the uniformly continuity of homeomorphisms induced by g; ', ..., ¢! there is a v > 0 such that

d(gjz, X \ g;O;) >y forallx € Of and all j = 1,2,...,n. Thus one has

d(| ] 9,05 X \| |Sivi) > d(| | 9,05 X\ | |9;05) > .
j=1 iel j=1 j=1

Forann > 0 and an open set U we write U~ = {x € X : d(z, X\U) > n} for the open subset
of U shrunken by 7). Observe that for each i € I, there is a 7; > 0 such that V; \ V,”" C B(F,?’).
Then by uniform continuity one can find an n > 0 such that X \ | |,_, S;V;™" C B(F,d'/2) by
shrinking all n; if necessary. In addition, by the same reason one can shrink 7 furthermore so that

X\ Uier SiVi™" € B(X \ User SiVi,7/2). This entails that X \ | |, SiV;™" C Uj_, O} while

el

LIj—1 9505 C Uic;r SiV;™". This verifies that the new castle {(.S;, V;™") : i € I} satisfies condition

(iv). In addition we see that this new castle satisfies the other conditions of m-almost finiteness

13



above trivially and thus {(S;,V;"") : i € I'} is what we want. The converse direction is trivial.
Using the above almost finiteness, Kerr showed the following theorem, which shows that the
notion of almost finiteness can be regarded as a dynamical analogue of Z-stability from the C*-

algebra world.

Theorem 1.2.11. ([34, Theorem 12.4]) Let o : G ~ X be a minimal free action of a amenable

group. If av is almost finite, then the crossed product C(X) %, G is Z-stable.

1.2.5 The Small Boundary Property

The small boundary property was introduced by Lindenstrauss and Weiss in [45]. We record

its definition here.

Definition 1.2.12. An action o : G ~ X is said to have the small boundary property if for
every point x € X and every open U > x there is an open neighborhood V' C U of x such that

w(0V) = 0 for every u € Mg(X).

The small boundary property implies mean dimension zero in general, and particularly is equiv-
alent to mean dimension zero for Z-actions [44] and Z“%-actions [28] with marker property and thus
in particular this equivalence holds if the action is minimal and free. However it is still open for ac-
tions of a general amenable group whether mean dimension zero and the small boundary property
are equivalent.

In addition, the relationship between the small boundary property and the structure of Eg(X)
has been studied for a long time. It was proved in [45] and [64] that if the invariant ergodic
probability Borel measure space E7(X) of an action « : Z ~ X is at most countable then the
action has the small boundary property. However, it is a general open problem in dynamical
systems whether a minimal free action of an amenable group has the small boundary property if its
space Mq(X) of invariant Borel probability measures forms a Bauer simplex, that is, Fq(X) =
0. Mg (X) is compact in the weak*-topology. In addition, the small boundary property also plays
an important role in the recent work of Elliott and Niu [21] on crossed products induced by minimal

Z-actions. It is proved in [21] that if such a Z-action has the small boundary property then the
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crossed product is Z-stable. Motivated from these two perspectives it is worth investigating when
minimal free actions have the small boundary property. We will address this question in Chapter

2.
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2. DYNAMICAL SYSTEMS OF AMENABLE GROUPS *

In this chapter, we study minimal free actions of amenable groups and their crossed products.
We first prove the following key lemma. This shows that for every finite disjoint collection of
closed subsets of F(X) we can find disjoint collections of closed subsets of X that correspond
to it in a nice way. This decomposition result in the following section is essential to establish our

main theorems in this chapter.
2.1 Decomposition of Ergodic Invariant Probability Measures

We recall the notion of central sequence algebra. Let A be a separable C*-algebra. Set
A = (N, A) H{(an)n € £°(N, A) : lim ||a,|| = 0}.
n—oo

We identify A with the C*-subalgebra of A, consisting of equivalence classes of constant se-
quences. We call A, N A’ the central sequence algebra of A, which consists of all equivalence
classes whose representatives (x,,), € (*°(N, A) satisfy ||[z,,a]|| = 0asn — oo for all a € A.
Each such representing sequence (x,,),, is called a central sequence.

The following lemma is due to Lin [42] based on work of Cuntz and Pedersen [15]. This lemma

enables us to realize strictly positive elements of Aff(T'(A)) via positive elements of A.

Lemma 2.1.1. ([42, Theorem 9.3]) Let A be a simple separable unital nuclear C*-algebra such
that T(A) # 0 and let f be a strictly positive affine continuous function on T(A). Then for any
€ > 0, there exists v € AT with (1) = 7(x) forall T € T(A) and ||z|| < || f]| + €.

The following lemma is due to Toms, White and Winter [70].

Lemma 2.1.2. ([70, Lemma 3.4]) Let A be a separable unital C*-algebra with non-empty trace

space T(A). Let Ty C T(A) be non-empty and suppose that (€l),., . .., (eL), are sequences of pos-

*Reprinted with permission from “Invariant ergodic measures and the classification of crossed product C*-
algebras” by Xin Ma, 2019. Journal of Functional Analysis, Volume 276, 1276-1293, Copyright 2019 by Elsevier
B.V.
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itive contractions in A representing elements of A NA' such that lim,, o sup, cq, |T(e$f el ))| =

0 for 1l #l'. Then there exist positive elements ég) < el so that:
(i) (é,(f))n represents an element of A, N A’;

(if) im0 SUP, 7, |T(En s® _ (l))| =0;
oy (D) <) . , ,
(iii) €, L ép ' in A NA forl #1.

Denote by A the reduced crossed product C*-algebra C'(X ) x,.G arising from a free action. For
every measure j in M¢(X), the function 7, defined on A by 7,(a) = [, E(a) dy is a tracial state
on A, where FE is the canonical faithful conditional expectation from A onto C' (X ). In the converse
direction, every tracial state induces an invariant measure on X by restricting to C'(X). Actually
Theorem 15.22 in [51] shows that the function H : Mg(X) — T'(A) defined by H(p1) = 7, is an
affine bijection and it is not hard to see H is actually an affine homeomorphism with respect to the
weak*-topology. Therefore, we will usually identify the spaces M (X) and T'(A). In addition,

E¢(X) and 0.T(A) correspond to each other under the same map.

Lemma 2.1.3. Let o : G ~ X be a minimal free action such that Eq(X) is compact in the weak*-
topology. Then for every e > 0 and set W = |_|]L:1 W; which is a disjoint union of closed subsets
of Eq(X), there are pairwise disjoint compact subsets { K;}I_, of X such that u(K;) > 1 — ¢ for
all p € Wj.

Proof. Given an € > 0 and denote by A the C*-algebra C'(X) x,. G, which is simple since the
action is minimal and free. We write H : Mg (X) — T'(A) for the homeomorphism defined by
7, = H(p) such that 7,(a) = [, E(a)dpu. Note that 9, T(A) = H(E¢(X)) is compact under the
weak*-topology. We also define V; = H(W;) for all j = 1,2,..., L, which are closed subsets
of 9. T(A). Foreach j = 1,2,..., L and n € N*, choose a strictly positive continuous function
f2:0.7(A) — [0,1] with the norm || f|| =1+ 1/nsuchthat f =14 1/nonV;and fI = 1/n
on | | ;12; V. This is possible by Urysohn’s lemma as the V4, ...,V are pairwise disjoint closed

subsets of 9, T(A). Since 9.T(A) is compact, for each j and n we can extend fJ to a strictly
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positive continuous affine function on T'(A) with the same norm, which we also denote by f7. Now
apply Lemma 2.5 to obtain a sequence (¢?),, of positive elements of A such that ||el| < 1+ 2/n

and

fa(r) = 7(e})

for all 7 € T(A). Define the functions h/ = F(e)) on X, where E is the faithful conditional
expectation from A onto C(X). Observe that |1/ || < ||e?|| < 1+ 2/n. Now, since (e ) = 7(h?)

forall 7 € T'(A), we have
falr) = 7(h3)

forall 7 € T(A). Define g/ = ; Jf;b/n. Then for each n € N* one has

T(g.) = (n+1)/(n+2)
for every 7 € V; while
7(gs) =1/(n+2)

forevery 7 € | |;i; Vjr.
Therefore, for the given ¢, for each j = 1,..., L there is an N; such that 7(¢?) > 1 — ¢

whenever 7 € V; and n > N;. In addition, for 1 < j, j;* < L with j # ;' one has

lim sup T(glg))=0.

n—oo L
TELL Vs

Now apply Lemma 2.1.3 to the abelian C*-algebra C(X) with T = |_|f:1 V; and sequences
(g ) » (g1), (they are trivially central since C'(X) is abelian). Then we have sequences

(G1)nse .-, (G1), such that for each 1 < j # j' < L one has
@ g1, < g3;

(i) limy, e HgZL-g%/H =0;
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(iii) T o0 SUD, ¢ 24 |7(3 — g2)| = 0.

Thus we may assume lim,,_,., ||g7.¢7 || = 0 by replacing g/ with §/. Then for each pair 1 < j #
j' < L, there is an M, ;; € N such that ||g/ ¢/’ || < €2 whenever n > M, ;.

For the given € > 0, choose an n > max{N;,M;; : 1 < j # j/ < L} so that for all
45" = 1,2,...,Land 7 € Vj one has 7(g}) > 1 — e and ||g/g} | < €*if j # j. Define
K;={x € X:¢gl(x) >¢€}forj=1,2,...,L. Thesets K1,..., K|, are pairwise disjoint since
x € K;NK; implies g (v)g? (v) > ¢2, which is impossible. We write U; = {x € X : ¢/ (x) > 0}

forj =1,2,..., L. Then for each u € W; we have the inequality

Tu(gi)z/xgi;duz/K

J

g?;d/H/ ghdp>1—e¢
Uj\K;

while [\, ghdp < € u(U; \ K;) < e This implies that u(K;) = 1- u(K;) > [, ghdu >
1 —2e. ]

2.2 Dynamical Comparison and Almost Finiteness

In this section, we address the relationship between m-almost finiteness and dynamical m-
comparison. Note that for a fixed open subset O of X, the function f on M (X) given by f: u —
1(0) is lower semicontinuous. Similarly, if F' is closed, f defined on M (X) by f: u — p(F) is

upper semicontinuous. The following lemma is a slightly stronger version of Lemma 9.1 in [34].

Lemma 2.2.1. Let X be a compact metrizable space with a compatible metric d and let §) be a
weak* closed subset of M (X). Let A\ > 0. Let A be a closed subset of X such that u(A) < X for

all p € §). Then there is a 69 > 0 such that
p({xr € X:d(x,A) <d}) < A

forall i € .

Proof. For each § > 0set Ny = {z € X : d(x,A) < §}. Then for every u € Q, u(A) < A

implies that there is a § > 0 such that (N5) < A. Now, write Os = {u € M(X) : u(Ns) < A}
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Then {Os : 6 > 0} is an open cover of 2 since p(Ns) is an upper-semicontinuous function of
p as mentioned above. By the compactness of €2, one has @ C [J_, O, for some subcover
{Os, i =1,2,...,n}. Let §o = min{é; : i = 1,2,...,n}. It follows that 2 C Os, and thus

K3

wu(Ngy) < Aforall p €. O

The following lemma allows us to adjust the collection of Borel towers arising in the Ornstein-
Weiss tiling argument (Theorem 4.46 in [35]) to be a castle of a form that appears in the definition

of m-almost finiteness.

Lemma 2.2.2. Let a: G ~ X be a free action. Fixa j1 € Mg (X) and an integer n € N. For every
finite subset F C G and ¢,m > 0, there is a castle {(Ty, V}.) : k = 1,2, ..., K} such that for each
k, Vi is open, Ty is (F,n)-invariant while diam(sV},) < 1 for all s € Ty, u(|_|£(:1 TVi) >1—¢€

and the interval [5-|Ty|, L |T},|] contains an integer dj.

Proof. Since the action ov: G ~ X is free, for all x € X, one has u({z}) = 0 and thus p is
atomless. Now, the Ornstein-Weiss theorem (Theorem 4.46 in [35]) implies that there is a castle
{(Ty,Bx) : k = 1,2,..., K} such that the shapes T} are (F,n)-invariant and the bases B}, are
Borel forall k = 1,2,..., K with ;L(|_|,€K:1 Ty Byr) > 1 —¢/2. Since G is infinite, we may enlarge
F and shrink 7 sufficiently so that for each k < K there is an integer dy, in [5= |}, =|T%].

By uniform continuity, there is an 0 < 7’ < 7 such that for all s € U,le Ty and z,y € X, if
d(x,y) < 1, then d(sx, sy) < n. For each By, there is an open cover of By, say {O; : i € I},
such that diam(O; ;) < 7'/2 for every i € I,. Then by compactness there is a finite subcover
of By, say By C U™, Oix. Write D;j. = Oy \ U;;ll O;r and C;, = By N D;, the latter
of which satisfies diam(C; ;) < 7'/2. Taking the sets C;; now to be bases, we have a castle
(T, Cip) i =1,2,...,m, k = 1,2,..., K}, which satisfies u(| [r, | [*, TkCix) > 1 — €/2.
For each i and k, there is a compact set M, , C C; . such that pu(C; . \ M; ) < m and
hence yu( iy LI TeMig) > 1 —e.

We enlarge each M, to an open set N, such that diam(XN; ;) < 0" and {(T}, Nix) @ @ =

1,2,...,np, k=1,2,..., K} is acastle. To do this, by normality, for the disjoint family {sM; ;.
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s € Ty, i < ny, k < K}, we can first find another disjoint family {Us;x D sM,; : s € Ty, i <
ng,k < K}. Then for each i < ny and k < K, one can define N;, = {x € X : d(z, M;;) <
n'/2} N (ﬂseTk s Uy ; ). Furthermore, for each pair (4, k), there is a V;  such that M; ,, C V;;, C
Vir C Nix. The castle {(Ty, Vig) : i = 1,2,...,np,k = 1,2,..., K} is now the one that we
want. Indeed, diam(V; ;) < n' implies that diam(sV; ;) < 7 for all s € Ty. Since M, C V;, we
have si(|_li_; LI™ ThVix) > 1 — €.

[

Now we are ready to prove the following theorem, which may be regarded as a dynamical
analogue of the known result on the Toms-Winter conjecture which states that strict comparison
implies Z-stability when the set of extreme tracial states is compact and finite-dimensional ([37],

[62] and [70]).

Theorem 2.2.3. Let a: G ~ X be a minimal free action, where Eq(X) is compact and of cov-
ering dimension m in the weak*-topology. If o has dynamical comparison, then it is m-almost

finite.

Proof. First we fix an integer n € N, a finite subset ' C (G, and real numbers 7 > 0 and ﬁ >
¢ > 0. Then for every 7 € Eg(X), Lemma 2.2.2 implies that there is a castle 7, = {(Sk, Vi): k =
1,2,..., K} where the sets V; are open, the shapes S}, are (F,n)-invariant, diam(sV})< 7 for all
s € S, 7(L_, SkVi) > 1 — ¢, and the interval [5=|Sk|, £|Sk|] contains an integer dj, ;. Define
T, = |_|£(:1 Sk Vi, which is open. Then, by the remark above, the function on E¢(X) defined by
p — p(T;) is lower semicontinuous.

For every 7 € Eg(X), we define the open neighborhood U, = {p € Eq(X): p(T;) > 1 — €}
of 7, which is open by the semicontinuity of p(7;). The compactness of Eq(X) then implies
that there is an I € N such that Eq(X) = |J._, U,,. Since dim(Eg(X)) < m, there is a finite
cover W of E¢(X) consisting of closed sets such that W refines Y = {U,,,...,U,,} and a map
c: W —{0,1,...,m} such that ¢(W) = ¢(W’) implies WNW' = (). Foreachi € {0,1,...,m},

write W) = {Wl(i), cee WIEZ)} Then for each © < m and j < L, there is a 7']@ such that Wj(i) C
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”vmzmmﬂ%:

U - This implies that there is a finite collection of towers {(S},;,
1,2,...,L;i = 0,...,m} such that for each p € I/VJ one has p(TTJ@) = p(Ll, K( Y S Z)V )
1—e

Now fix ai € {0,1,...,m}. Apply Lemma 2.1.3 to R, = |_|]L;'1 Wj(i) to obtain a collection
of pairwise disjoint compact sets {C’@}Lil such that for all p € W-(i) one has p(C’@) > 1 -

%. For {C(l M4, there are collections of pairwise disjoint open sets {N} (@) M

(Sl 1502
(MY suchthat O ¢ N ¢ N9 ¢ M. Define Y, = 0 s 'N.

7
j=1 iy and

Note that towers in the collection {( k],Vk(])ﬂY ): k—1,2,...,K(l) j=1,2,...,L;} are

pairwise disjoint. Indeed, for all j, 7' < L;, s € Skm. andt € S,(c;j, one has s(Vk(h)j N Yj(i)) - N](i)

and t(V N Y( )) C Nj(f). Then for all p € Wj(i):

K
p(V\ ey =p( | ) < Z S
seukj(l) S(g k=1 (Zk 1 |Skj|)
€
K
(X xls 1Sk

It follows that
€

p(Va) NY;) > p(Vi)) = PEVCI
(2221 1Sk

and thus
K(Z K('L)
(1 €
|_|Skj kme >Z|Sk1 K® )
@m@m
J- i
i i) i €
=2 1851pVi) = D ISl —m—

k=1

k=1 >k |Sk‘]|)
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forall p € I/Vj(i) .

Then, since Eq(X) = U, R = U, |_|]L:1 I/Vj(i), for all p € Eg(X) one has:

(i
L; X

)
SOV NY ) =1 - 2e.

ol

i=0j=1 k

Define O = (J;~, |_|L" |_|kK”<) S,;(?(V,E?QY“ ) where S,w C Sk with |S z)| = d [%|S,(;3 ,%|S,213H
and F = X\{J", |_| |_|kj S (Vk] ﬂY(’)) This implies that p(O) > 5-(1— 26) and p(F) < 2e
forall p € Eq(X). Applying Lemma 2.2.1 to F, there is an open set U D F such that p(U) < 2¢
for all p € Eg(X). In the same manner, applying Lemma 2.2.1 to O¢, there is a closed set D C O
such that p(D) > 5-(1 — 2¢) for all p € E¢(X). Then since our € is chosen to be less than +2,

one has 5-(1 — 2¢) > 2¢. It turns out that for every p € Eg(X) one has:

(#) p(D) > 5-(1-20) > 2 > p(U):

By convexity, (4) also holds for all p € conv(Eg(X)). Now, let 7, — 7 where 7,, €
conv(Eg(X)) and 7 € Mg(X). By the portmanteau theorem (Theorem 17.20 in [33]), 7(D) >
lim sup,, o, 70 (D) > 5-(1 —2¢) and 7(U) < liminf, o 7,(U) < 2¢, which implies that p(D) >
+(1 = 2€) > 2e > p(U) holds for all 7 € Mg(X). Therefore, 7(0) > 7(D) > 7(U) > 7(F) for
all 7 € Mg(X).

Therefore, since the action o has dynamical comparison, one has:

(%) (4)
L; Kj m Ly KJ

XU S0 0y <UL LT S0 nv)

i=0 i=0 j k
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Finally, we write 7; for the collection of towers {(S,(jz, Vk(? N Yj(i)): k= 1,2..., K", ]

1,2,...,L;} fori = 0,1,...,m. Observe that towers in each 7; are pairwise disjoint. This implies
that the collection of towers {7; : i = 0,1, ..., m} witnesses that « is m-almost finite.

]

The theorem below arises from the one above if we assume F¢(X) is compact and zero-
dimensional, but weaken “comparison” to “m-comparison’” in order to arrive at almost finiteness.
The idea of the proof of the following theorem comes from Theorem 9.2 in [34]. Then we have

the following theorem.

Theorem 2.2.4. Let o: G ~ X be a minimal free action such that E¢(X) is compact and zero-
dimensional in the weak*-topology. If o has dynamical m-comparison for some m € N, then it is

almost finite.

Proof. First, we fix n € N, a finite set /' C G, n > 0 and —5 > € > 0. Then by the same

1
4(m+1)n

proof of Theorem 2.2.3, there exists a castle {(.S;, V;) : i € I} where the sets V; are open, the shapes

S; are (F,n)-invariant, diam(sV;)< n forall s € S; and (| ], ., SiV;) > 1—2e¢ forall u € Mg(X).

iel
In addition, since G is infinite we can enlarge F' to make all .S; have large enough cardinality so

that there is an Sj , C S; satisfying mwll < |Siol < mwﬂ Write O = | |

SioVi and

i€l

F = X\ |;c; SiVi- Then we have the following inequality for all . € Mg (X):

1
2(m + 1)n<

pn(0) > 1 —2¢) > 2e > u(F).

Since o has m-comparison, there is a finite collection ¢/ of open subsets of X which cover F', an
sy € GforeachU € U, and a partitionf = |_|;71:0 U; such that foreach 7 = 0,1, ..., m the images
syU for U € U; are pairwise disjoint subsets of O. For each i € I, since |S; | < m\éﬂ, we
can choose pairwise disjoint sets .S; ;, of the same cardinality, for k = 1,2, ..., m, which allows us
to choose a bijection ; ; : S7 5 — S ;.

ForU € U,i € Tandt € S;O we denote by Wy, the open set U N s,}lt% For each

Jj€{L,2,...,m}and U € U, the family {Wy,, : i € I,t € S} forms a partition of U. This
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implies that the sets ¢, ;(sy)t tsyWy,, for U € U;,i € I,t € S; o are pairwise disjoint and

contained in | |, S; ;V;. This entails F' < | ],., S;V; where S; = | |, S} ; with |Sj| < }|S;| and

icl
thus verifies that « is almost finite.

]

Combined with (i)=(ii)=>(iii))=(iv) in Theorem 9.2 in [34], the theorem above yields the same

conclusion as this theorem from [34] under a weaker hypothesis.

Corollary 2.2.5. Let o« : G ~ X be a minimal free action. If Eq(X) is compact and zero-

dimensional, the following conditions are equivalent.
(i) « is almost finite;
(ii) « is m-almost finite for some m > 0;
(iii) « has comparison;
(iv) « has m-comparison for some m > 0.

2.3 The Small Boundary Property Revisited

Now, we would like to bring the small boundary property into the picture. The following

proposition was communicated to me by Gabor Szabd.

Proposition 2.3.1. Let o : G ~ X. Suppose that for every 6 > 0, ¢ > 0 there is a collection
U of pairwise disjoint open sets such that maxyey diam(U) < 6 and (X \ JU) < e for all

i€ Mg(X). Then o : G ~ X has the small boundary property.

Proof. Fix a metric d on the space X. We firstly claim that given ' C O where F'is closed and O
is open, for every € > 0 there is an open neighbourhood V of F suchthat F C V c V C O and
u(0V) < e.

To show this claim firstly observe that | = d(F, O¢) > 0, which implies that F' C B(F,1/2) C
B(F,1) C O where B(F,1/2) is defined to the set {x € X : d(x, F) < 1/2} while B(F,l) is

defined to be the set {x € X : d(x, F') < l}. Now, for the number [ /2 and a given positive number
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€ > 0 one can find a collection U/ of pairwise disjoint open sets such that max ¢, diam(U) < [/2
and u(X \ JU) < eforall p € Mg(X).

Now define K = F \ JU C X \ U which entails that u(K) < € for all p € Mg(X).
Then Lemma 2.2.1 implies that there is an open subset M such that K ¢ M C M C O such that
(M) < eforall p € Mg(X). Now consider {U € U : FNU # @}U{M} form an open cover of F
and thus has a finite subcover, say, {U1, ..., U,, M } by compactness. For each i = 1,...n since
diam(U;) < I/2 and U;NF # (), one has U; C B(F,1/2) and thus U; C B(F,1/2) C B(F,l) C O.
Now define V' = (||, U;) U M, which satisfies that F C V C V C O.

In addition, consider OV C |J;_, OU;UOM. Since the family / is disjoint, each OU; C X \|JU
and thus |J;_, oU; € X \ JU. Combining with the fact 9M C M, one has u(0V) < 2¢ for all
i € Mq(X). This completes the claim.

Now, let z € O where z € X and O is an open subset of X. Then we proceed by induction to
construct sequences x € Uy C Uy C --- C Oand O D Z; D Zy D ... such that 90U, C Z,, and
w(Z,) < 1/nforall u € Mg(X)andn € N*. Firstly, the claim above allows us to choose an open
neighbourhood U; of z such that x € U; C U; C O such that u(0U;) < 1 for all u € Mg(X).
Then apply Lemma 2.2.1 to OU; to obtain an open neighbourhood Z; of OU; such that Z; C O
and p1(Z;) < 1forall 4 € Mg(X). Suppose that we have constructed U; C Uy C --- C Uy C O
and O D 7y D Zy D --+ D Zj, such that U, C Z, and u(Z,) < 1/n forall 4 € Mg(X) and
n=1,..., k. Now we define Uy and Z; . Apply the claim above to U}, C U, U Z; then there is
an open subset Uy, such that U, C Uyy1 C U1 C UpU Zy, C O with u(0Uy41) < 1/(k+1) for
all 4 € M (X). Observe that Zj, is an open neighbourhood of OUy ;1. Then by Lemma 2.2.1 again
there is an open subset Zj,; such that OUyy1 C Zy11 C Zpy1 C Zg and pu(Zy11) < 1/(k + 1) for
all 1 € M¢(X). This finishes our construction.

Now define U = |J7~,U,. Then z € U C O. In addition, our construction implies that

U, C U C U, U Z, for each k € NT. Therefore one has

OU=U\UCU,UZ\U, C Z
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for each k € N*. This entails that 4(OU) = 0 for all 4 € Mg(X). This verifies the small boundary

property. [

We remark that the converse of the proposition above is also true (see Theorem 5.4 in [36]).
But the direction in the proposition above is good enough for our purpose to prove the following

theorem.

Theorem 2.3.2. Let G be a countable infinite discrete amenable group, X an infinite compact
metrizable space and o : G ~ X a minimal free continuous action of G on X. Suppose that

E¢(X) is compact and zero-dimensional in the weak*-topology. Then o has the small boundary

property.

Proof. Let o : G ~ X be a minimal free action. We revisit the proof of Theorem 2.2.3. Given a
finite set ' C G, € > 0 and 0 > 0, if Eg(X) is compact and zero-dimensional, then the process

allows us to construct a finite open castle {(7;,V;) : i € I} such that
(i) T;is (F,d)-invariant for every i € I;
(ii) diam(tV;) < d forallt € T; and all i € I;
(i) (X \ |;e; TiVi) < eforall p € Eg(X) (i.e. inequality () ).

Then, the same argument as in the proof of Theorem 2.2.3, together with Lemma 2.2.1 and the
portmanteau theorem, imply that:
(ii") w(X\ | ;c; Vi) < eforall p € Mg(X).

At last, Proposition 2.3.1 implies that « : G ~ X has the small boundary property. [

We close this section by remarking that the property that requires the existence of castles sat-
isfying properties (i), (ii) and (iii’) is called “almost finiteness in measure” and was introduced in
[36] of Kerr and Szabd in which it is proved that a minimal free action a : G ~ X has the small

boundary property if and only if it is almost finite in measure.
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2.4 Classification Results

In this section, we explore some properties of the crossed products arising from a minimal free

almost finite action o : G ~ X. We recall the following theorem due to Kerr.

Theorem 2.4.1. ([34, Theorem 12.4]) Let o : G ~ X be a minimal free action. If « is almost

finite, then the crossed product C(X) %, G is Z-stable.

We observe that any crossed product C*-algebra A = C'(X) x,. G arising from a minimal action
o : G ~ X is stably finite since 7(a) = [ E(a)dp is a faithful tracial state on A, where y is
an invariant probability measure on X (such a G-invariant probability measure always exists since
the group G is assumed to be amenable) and ' is the canonical faithful conditional expectation
from A to C(X). Therefore, if the action « is also free and almost finite, then A = C(X) %, G
has stable rank one by Theorem 2.4.1 above and Theorem 6.7 in [59]. We remark that both Kerr
[34] and Suzuki [66] generalize the notion “almost finiteness” from [46]. Both generalizations
coincide with the original one if the space X is the Cantor set. They differ in general since “almost
finiteness” in [66] does not necessarily imply Z-stability.

Compared with stable rank, it is much harder to determine the real rank as well as the tracial
rank of a C*-algebra arising from minimal free almost finite actions of an infinite amenable group.

The following result is due to Rgrdam.

Theorem 2.4.2. ([59, Theorem 7.2]) The following conditions are equivalent for each unital, sim-

ple, exact, finite, Z-absorbing C*-algebra A.
(i) rr(A) = 0;
(ii) p(Ko(A)) is uniformly dense in Aff(T(A))
where p is defined by p(g)(7) = Ko(7)(9).

A crossed product C*-algebra A = C'(X) %, G arising from minimal free almost finite actions

of an infinite amenable group certainly satisfies the assumption of the theorem above. However, it
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is generally very difficult to verify whether A satisfies condition (ii) in the theorem above. Known
examples are the irrational rotation algebras, which are included in a collection of more general
examples constructed by Lin and Phillips in [43]. Note that every irrational rotation on T is indeed
almost finite by Theorem 2.2.3 since it is uniquely ergodic and has dynamical comparison (see
[10]). It is worth mentioning that the result of Lin and Phillips in fact recovers the Elliott-Evans
Theorem [19] stating that every irrational rotation algebra is an AT-algebra with real rank zero.
On the other hand, if the space X is the Cantor set, Phillips [52] worked on almost AF Cantor
groupoids and proved that the crossed product arising from a minimal free action Z? ~ X has real
rank zero. Suzuki [66] then generalized the result of Phillips by a different approach by proving

the following theorem in [66].

Theorem 2.4.3. ([66, Remark 4.3]) Let o : G ~ X where X is the Cantor set. If « is almost

finite, then the crossed product C'(X) X, G has real rank zero.

Suzuki [66] also proved that o : G ~ X is almost finite if GG is abelian and X is the Cantor
set. Then, as an application of Theorem 2.4.3, C'(X) %, G has real rank zero if G is abelian and
X is the Cantor set.

We close this section by establishing Theorem 2.4.4 and Corollary 2.4.5 below.

Theorem 2.4.4. Let G be a countable infinite discrete amenable group, X an infinite compact
metrizable space and o : G ~ X a minimal free continuous action of G on X. Suppose
that Eq(X) is compact and zero-dimensional in the weak*-topology and « has dynamical m-
comparison for some m € N. Then « is almost finite and thus the crossed product C(X) %, G is

Z-stable and belongs to the class €.

Proof. Since Eg(X) is compact and zero-dimensional, Theorem 2.2.4 and Theorem 2.4.1 imply
that the crossed product A = C'(X) %, G is Z-stable and has finite nuclear dimension. In addition,
C(X) X, G is isomorphic to a C*-algebra of a Hausdorff, locally compact, second countable

amenable transformation groupoid and thus satisfies UCT by a result of Tu [71]. Then the crossed
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product A = C(X) x, G belongs to the class &, which is classified by the Elliott invariant by

Theorem 1.1.4 above. [

We remark that this result has been strengthened by Kerr-Szabé in [36]. They use the small
boundary properties to replace the condition that F (X ) is compact and zero-dimensional, which
implies the small boundary property by Theorem 2.3.2.

Combining Theorem 2.4.4 with Corollary 4.9 in [21], we have the following corollary. In this
paper, however, instead of using Corollary 4.9 in [21], we directly verify that the crossed product

under the assumption below has finite nuclear dimension and thus belongs to the class €.

Corollary 2.4.5. Let X be an infinite compact metrizable space, and let h : X — X be a minimal
homeomorphism. Suppose that Ez(X) is compact and zero-dimensional in the weak*-topology.

Then C(X) %, Z belongs to the class C.

Proof. Suppose E7z(X) is compact and zero-dimensional, then « : Z ~ X has the small boundary
property by Theorem 2.3.2. Then [21] implies that A = C'(X) %, Z is Z-stable and therefore A
has finite nuclear dimension. In addition, the result of Tu [71] shows that A satisfying UCT as
mentioned above. Then the crossed product A = C'(X) x, Z belongs to the class €, which is

classified by the Elliott invariant by Theorem 1.1.4 above. [
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3. PARADOXICALITY IN DYNAMICAL SYSTEMS

In this chapter, we mainly investigate dynamical systems which has no invariant probability
measures. This implies necessarily that the acting group is not amenable and the reduced crossed
product is traceless. In this setting, some paradoxical phenomenon may happens inside the dynam-

ical system, which is essential in the study of pure infiniteness.
3.1 Dynamical Comparison and Paradoxical Phenomenon

We first recall the definition of dynamical comparison.

Definition 3.1.1. Let m € N. The action o : G ~ X is said to have dynamical comparison if

A < B for all open sets A, B C X satisfying p(A) < p(B) for all p € Mg(X).

From the definition, we first remark that when there is no G-invariant regular Borel probability
measure on X, if @ has dynamical comparison then it can be verified that o has to be minimal and
the space X has to be perfect. Indeed, for every x € X and non-empty open subset O of X there is
a group element g € G such that g{z} C O since o has dynamical comparison. This verifies that
the action is minimal. In addition, it is not hard to see |F'| < |O] for every closed set I and open
set O satisfying /' < O by Definition 1.2.7. Suppose that there is an open set whose cardinality
is one. Observe that then any closed set containing exactly two points is subequivalent to this
open set since o has dynamical comparison, which is a contradiction to the cardinality inequality
mentioned above. This implies that the cardinality of an open set cannot be one and thus the space
is perfect.

In addition, we remark that if Mg(X) = ) then dynamical comparison has paradoxical flavor
as every two open sets are subequivalent to each other in the sense of Definition 1.2.7. Thus, it
is a good candidate for a property that implies pure infiniteness of the crossed product. On the
other hand, to establish the pure infiniteness of the reduced crossed products, before dynamical
comparison, Laca and Spielberg [41] showed that the reduced crossed product C'(X) %, G is

purely infinite provided that the action G ~ X is also a strong boundary action, which means that
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X is infinite and that any two non-empty open subsets of X can be translated by group elements to
cover the entire space X. Jolissaint and Robertson [32] generalized this result and showed that it
is sufficient to require that the action is n-filling, which means the entire space can be covered by
translations of n open subsets instead of two open subsets of X. We show below that dynamical
comparison is a generalization of the n-filling and thus also a generalization of the strong boundary
actions.

Indeed, suppose that the action o : G ~ X is n-filling. Then there is no GG-invariant measure
on X and it suffices to show V' < O for two arbitrary non-empty open sets O, V. For every closed
set F' C V, choose n pairwise disjoint non-empty open subsets O1, Os, ..., O, of O where all of
these open sets contain more than one point. Since the space is Hausdorff and perfect, we can do
this by choosing n different points x1, x5, ..., z, € O and non-trivial open neighbourhoods O; of
x;foralli = 1,2,--- ,nsothat O; N O; = () whenever i # j . Then there are ty,1s,...,t, € G
such that |J!, ;0; = X D F,whence {t;' :i=1,2,...,n}and {0, : i = 1,2,...,n} witness
that © < O. Then one has V' < O because F' is an arbitrary closed subset of V. In particular,
suppose now that o : G ~ X is a strong boundary action. It is 2-filling and thus has dynamical
comparison.

In this section, under the hypothesis that there is no G-invariant regular Borel probability mea-
sure on X we show that if the action o : G ~ X is topologically free and has dynamical com-
parison then the reduced crossed product A = C(X) x, G is simple and purely infinite. To do
this, we follow the idea in [41]. What we will actually show is the existence, for every nonzero
element © € A, of elements y,z € A such that yrz = 14. In the simple case, this condition is
well-known to be equivalent to the definition of pure infiniteness recalled in the first chapter (see

[57, Proposition 4.1.1]).

Definition 3.1.2. ([5, Definition 1.1]) An element x in a C*-algebra is called a scaling element if

*

x*x # xx* and (v*z)(xx*) = xx*.

1/2

Note that if x is a scaling element in a C*-algebra A, then v = = + (1 — z*x)"/* is an isometry.

1/2

To see this, it suffices to verify that (1 — z*x)"“x = 0. Because (z*x)(zz*) = zz*, one has

32



(1 — x*x)vx* = (1 — z*z)|z*|*> = 0, which implies that (1 — z*z)'/2|z*| = 0 by functional
calculus. Thus (1 — z*z)"%z = (1 — 2*z)"/?|2*|u = 0, where © = u|z| = |z*|u is the polar
decomposition of x in A**. Throughout the paper, for a function f € C(X), we denote by supp( f)
the set supp(f) = {# € X : f(z) # 0}, which is an open subset of X. The following lemma

strengthens Lemma 3 in [41].

Lemma 3.1.3. Suppose that o : G ~ X has dynamical comparison and there is no G-invariant
regular probability Borel measure on X. Let ¢ € C(X) be a non-zero positive function. Then there
is an isometry v € C(X) X, G such that vv* lies in the hereditary subalgebra A(¢) of C'(X) %, G

generated by ¢.

Proof. Choose g € C'(X) with 0 < g < 1, g = 1 on a neighborhood of ¢~ ({0}), and supp(g) #
X. Let U be open and nonempty with U N m = (). Let V be open with M cV cC
V c U". Now, define F = U LV and we have F' < U since « has dynamical comparison.
This means that there is an open cover W = {Wy,... W, } of F and ty,...,t, € G such that
{t;W,; i =1,...,n} contains pairwise disjoint subsets of U. Now, let {f; : i =1,2,...,n} bea

partition of unity subordinate to VV. We have
i) 0L fi<lforalli=1,2,...,n;
(i) 3o, fily) = Lforally € F;
(i) supp(f;) c W; foralli=1,2,... n.

Definex = ", uy, fil/ ?. We claim that z is a scaling element. At first, observe that ¢;1V; Nt W; =
() whenever ¢ # j. Therefore one has fil/ 2Ut;1Utj fjl/ 2 = ut;l(uti fil/ Zutfl)(utj fjl/ 2Utj—l)utj =0if

1 # j. Then we have

v = ) u £
=1 i=1

=2 fi+ X K upn £
i=1

1<i#j<n
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and

vt = O un £ f )
=1 =1

= Z utifi1/2fjl/2utj_1
1<i,j<n
= Z (utifil/ijl/Qutfl)utiutfl'
1<i,j<n ’
Foralli = 1,2,...,n one has supp(utifilmfjlmuti—l) C t;W; Cc U. In addition t;W; Cc U C F
implies that Y, f;(y) = 1 for every y € ¢;W;. This implies that (> ., f;)(u, fil/zfjl/Qufl) -

Utifi1/2fj1/2ut'—1 foralli =1,2,..., n. Therefore, we have:

(2"x) (") = (Zfi)( > (utifimfjmut;l)utiutj—l)

1<i,j<n

1/2 (1/2
(D (i f P uy g )

1<i,j<n

= zz”.

If the set {¢; : ¢ = 1,2,...n} contains at least two different group elements then xx* is not a
function while z*x is. On the other hand, if there isat € G such that¢; = t foreveryi =1,2,...n
then zz* =), <ij<n Ut fil/ 2 fjl/ 2ut71, which is a function supported in U while z*x is constant one
on F. Therefore, in any case, one has xz* # z*x. These show that x is a scaling element. Define

1/2 35 mentioned above.

an isometry v = x + (1 — z*x)
Observe that 1 — z*x = 1 — ) " | f; is constant zero on F' D supp(g). This implies that

g(1 — z*z)¥/2 = 0. In addition, for all i = 1,2, ..., one has guy, f"* = g(uq, f}"*u,—1)us, = 0
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since supp(uy, f;” 2uti—1) C t;W; C U. This implies that gv = 0 and thus gvv* = 0.

Since 0 < g < 1 and vv* is a projection, one has g + vv* < 1. Observe that supp(l — g) C
supp(¢) so that 1 — g = ¢ in C(X) in the sense of Cuntz comparison by Proposition 2.5 in [3].
Hence 1 — g € A(¢) since there is a sequence {r,,} in C'(X) such that ¢'/?r%r,¢*/? = r:¢r, —
1 — g. Then because vv* < 1 — g, one has vv* € A(¢) by the definition of hereditary sub-algebras.

O

Using the lemma above, the same proof of Theorem 5 in [41] establishes the following theorem.

To be self-contained, we write the proof here.

Theorem 3.1.4. Let G be a countable discrete infinite group, X a compact Hausdorff space and
a : G ~ X a minimal topologically free continuous action of G on X. Suppose that there is no
G-invariant regular Borel probability measure on X and o has dynamical comparison. Then the

reduced crossed product C'(X) %, G arising from « is purely infinite and simple.

Proof. Since the action « is minimal and topologically free, the reduced crossed product is simple.
Therefore, it suffices to show that the reduced crossed product A = C'(X) %, G is purely infinite.
Let z € A with x # 0. We will find y, 2 € A with yzz = 1. Observe that E(x*x) is a nonzero
positive element in C'(X) since E is the canonical faithful conditional expectation. Define a =
x*z/||E(x*z)||. Then one has a > 0 and ||E(a)| = 1. Choose an element b € C.(G,C(X))+
with [|a — b|| < 1/4. Write b = ), byu; where F' is a finite subset of G containing the identity
element e € G. Then E(b) = b, is a non-zero positive function and ||E(b)|| > 3/4 because
1E(®) = E(a)|| <1/4.

Since the action « is topologically free, the open set O = {x € X : tx # x forall t €
FIF\ {e}} = Micr-1p\(p12 € X : tz # x} is dense in X. Let Uy be the non-empty open set
of all z € X such that E(b)(x) > 3/4. Choose an element xy € Uy N O and a neighbourhood U
with zp € U C Uy N O such that (F,U) is an open tower. We can do this since the space X is
Hausdorff.

Choose ¢ € C'(X) with 0 < ¢ < 1, supp(¢) C U and ¢ = 1 on a nonempty open set. Then we
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observe that E(b) > (3/4)¢. Now let ¢; € C'(X) be another non-zero function, with 0 < ¢; < 1
and supp(¢;) C ¢~ *({1}). By Lemma 3.1.3 there is an isometry v € A with vv* € A(¢1). We
now claim that v*bv = v*E(b)v. To show this, first observe that v*bv = v*(vv*bvv*)v since v is

an isometry. Then for every element of the form ¢;a¢; in A(¢;), one has

(¢rad1)b(dradn) = D (dr1agn)biw(dragn) = (dradn) E(b)(¢ra¢y)

tel

since one can check that ¢, byu;p1 = by - uppru—1uy = 0 if ¢ # e by using the fact that supp(¢;)
and supp(u¢ u,-1) are disjoint. Then since vv* € A(¢y), one has vv*bvv* = vo* E(b)vv*. This
proves the claim that v*bv = v*E(b)v. Using the same method and the fact that supp(¢;) C

¢ 1({1}), one can also show that v*¢v = v*v = 1. Thus we have

3 3 3
v'bv = v E(b)v > v*(Zgb)v = Zv*v =71

Then v*av is invertible since |[v*av —v*bv|| < 1/4. Lety = || E(x*z)|| "} (v*av) v*z* and z = v.

Then we have yrz = 14. Thus A = C(X) %, G is purely infinite. O

An application of this theorem is the following dichotomy result for reduced crossed products
that trace/traceless may determine a dichotomy between stably finite and purely infinite unital
simple separable and nuclear C"*-algebras. In fact the dichotomy holds even the reduced crossed
products is neither nuclear nor separable. Indeed, suppose that & : G ~ X is a minimal and
topologically free action. Every tracial states on C'(X) %, G induces a G-invariant regular Borel
probability measure on X when it restrict to C'(X). On the other hand, suppose that y is a G-
invariant regular Borel probability measure on X. It induces a faithful tracial state 7 on the reduced
crossed product C(X) x, G defined by 7(a) = [, F(a)du, where E is the canonical faithful
conditional expectation from C'(X) x,. G onto C'(X). In this case it is well-known that C'(X) %, G

is stably finite. Combining this fact with the theorem above, we obtain the following dichotomy.

Corollary 3.1.5. Let G be a countable discrete group, X an infinite compact Hausdorff space and
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a : G ~ X a minimal topologically free continuous action of G on X. Suppose that the action «
has dynamical comparison. Then the reduced crossed product C'(X) %, G is simple and is either

stably finite or purely infinite.
Based on Theorem 3.1.4, we also have the following corollary.

Corollary 3.1.6. Let o : G ~ X be an action on a compact metrizable space X such that there is
no G-invariant regular Borel probability measure on X. Suppose that the action « is topologically
free, amenable and has dynamical comparison. Then the reduced crossed product C'(X) %, G is a

Kirchberg algebra.

We close this section by remarking that reduced crossed products occurring in Example 2.1,
2.2 in [41] and Example 2.1, 3.9, 4.3 in [32] are covered by the corollary above since the actions
are known to be topologically free, amenable, and n-filling for some integer 2 < n < 6 and thus

have dynamical comparison without G-invariant regular Borel probability measures.
3.2 Paradoxical Comparison for Non-minimal actions

Beyond the issue of classification, whether a reduced crossed product is purely infinite is of its
own interest. In order to establish this pure infiniteness for a reduced crossed product one usually
needs to formalize the phenomenon of paradoxicality in the framework of dynamical systems.
Roughly speaking, the idea of paradoxicality dating back to the work of Hausdorff and playing
an important role of the work of Banach-Tarski (see [72]), is that one object somehow contains
two disjoint copies of itself. The following notion introduced by Rgrdam and Sierakowski exactly
follows this philosophy and is sufficient to show pure infiniteness of reduced crossed products if
the space X is zero-dimensional. Motivated by their work, we come up with another notion in
this section called paradoxical comparison. This notion is weaker than dynamical comparison if
the action is not minimal, but it still implies the pure infiniteness of the reduced crossed product if
the action has an additional property which we call the uniform tower property. One advantage of
considering dynamical comparison and paradoxical comparison is that they allow us to unify all of

the above known sufficient criteria for pure infiniteness into one framework.
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3.2.1 Paradoxical Comparison

Before introducing paradoxical comparison, we recall a definition and a theorem of Rgrdam

and Sierakowski first.

Definition 3.2.1. [60, Definition 4.2] Given a discrete group I' acting on a topological space

(Y, 7v), anon-empty set U is called (I", 7y )-paradoxical if there exist non-empty open sets Vi, Vo, ..., Vi
and elements ¢, ts, ..., ¢, in ' such that
n n—+m
vi= Jvi=v
i=1 i=n+1

and such that (¢;V},)721" are pairwise disjoint subsets of U.
Using this notion, they obtained the following result.

Theorem 3.2.2. [60, Corollary 4.4] Let o : I' ~ X with I" discrete and exact. Suppose that o is
essentially free and X has a basis of clopen (G, Tx)-paradoxical sets. Then C(X) %, I" is purely

infinite.

For each nonempty open subset O of X we write (O, 0) < O if for every closed subset F’
of O there are disjoint nonempty open subsets O; and O, of O such that F' < Oy and F' < Os.

Similarly we write

(0,...,0)< 0
N——
n many
if for every closed subset ' C O there are disjoint family of nonempty open subsets O, ...,0,
of O such that ' < O; for every i = 1,...,n. Based on this notation, we arrive the following

definition.

Definition 3.2.3. Let o : G ~ X. We say that a has paradoxical comparison if one has (O, O) <

O for every nonempty open subset O of X.

This definition also exactly follows the philosophy of paradoxicality since each open subset

of X contains two disjoint copies of itself in the sense of subequivalence and therefore it can be
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viewed as a dynamical analogue of properly infiniteness of positive elements in C*-setting. In
addition, we remark that an action o : G ~ X, where X is zero dimensional, has paradoxical
comparison if and only if every clopen subset of X is (G, 7y )-paradoxical. Indeed, first observe
that a clopen subset of X is (G, 7x )-paradoxical if and only if it satisfies the condition of paradox-
ical comparison. Thus it suffices to show that if one has (A, A) < A for every clopen subset A
of X then the action has paradoxical comparison. Let F' be a closed subset of an open set O. By
compactness there is a clopen set P such that 7 C P C O. Since (P, P) < P one can find disjoint
nonempty open subsets O, and Oy of P such that F' < O; C O for j = 1, 2. This verifies that the
action « has paradoxical comparison. In light of Theorem 3.2.2, our paradoxical comparison then
is also a candidate to show pure infiniteness of reduced crossed product in which the underlying
space X has a higher dimension.

We remark that if o : G ~ X has paradoxical comparison then X has to be perfect because
there is no two nonempty disjoint open subsets of an open set whose cardinality is one. In addition
there is no G-invariant regular Borel probability measure on X. Indeed, suppose to the contrary
that there is such a measure, say p. For X itself there are disjoint nonempty open subset O; and
O such that X < O; for i = 1,2, which implies that ;(O;) = 1 for i« = 1,2. Then one has
1= pu(X) > pu(O1) + u(Oz) = 2, which is a contradiction. Furthermore, if the space X is zero-
dimensional then o : G ~ X has no G-invariant non-trivial Borel measure by applying the same
argument to a clopen set O with 0 < v(O) < oo to obtain a contradiction whenever there is such a
measure v.

The following definition was suggested by David Kerr. We call this definition weak paradoxical
comparison in this paper. To justify this name, Proposition 3.1.6 below will show that paradoxical
comparison implies weak paradoxical comparison. The reason we introduce this concept is that it

helps in proving pure infiniteness of crossed products.

Definition 3.2.4. Let o : G ~ X. We say a has weak paradoxical comparison if for every closed

subset F' and nonempty open subset O of X one has F' < O whenever F' C G - O.

Before we prove the proposition 3.2.6, we need the following lemma which records elementary
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but useful properties of the relation of subequivalence.

Lemma 3.2.5. Let o : G ~ X be an action and F a closed subset of X. Denote by A, B,C, M, N

nonempty open subsets of X. Then:
(i) F < Aifand only if there is an open subset M such that F < M C M C A.
(ii) IfF <N C N < B then F < B.
(iii) If A < Band B < C then A < C.

Proof. For the claim (i) we begin with F' < A. There are open sets Uy, . . ., U,, and group elements
Gis---,9n € Gsuchthat F C (J,U; and | |, ¢;U; C A. Then choose a partition of unity
{f1,..., fn} subordinate to the open cover {Uj,...,U,} of F such that m C U; for all
i =1,...,n. Define W; = supp(f;) for each i. Then {W, : i = 1,...,n} also forms an open
cover of F'and | |, g;W; C A. Define M = | |, g;W; and thus M = | |, ¢;WV;, which is a
closed subset of A. The converse is trivial.

For the claim (ii) suppose that ¥ < N C N < B holds. Then there are open sets Oy, ..., 0,
and group elements gy, ..., g, € G such that ¥ C |J! , O; and | |, ¢;0; C N. In addition, for
N < B there are opensets Uy, . . ., U, and group elements Ay, . .., h,, € G suchthat N C U;nzl U;
and | |, h;U; C B. Observe that | [, 3;0; ¢ N C U, U;. Then {O; N g 'U; : i =
1,...,n,5 = 1,...,m} form a cover of F and {h;g; - (O; N g;'U;) = h;(¢:0; NU;) : i =
1,...,n,j=1,...,m} is disjoint in B. This shows that F' < B.

The claim (iii) follows from the two claims before. Since one has A < B, for every closed

subset I of A there is an open subset M such that F < M C M C B < C. Then claim (ii)

implies that /' < C'. Then A < C'since F' is arbitrary. [

Proposition 3.2.6. Let o : G ~ X be an action such that there is no G-invariant regular Borel

probability measure on X. Consider the following properties:

(1) « has dynamical comparison;
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(i1) « has paradoxical comparison;
(ii1)) « has weak paradoxical comparison;
Then (i)=-(i1)=-(ii1). In addition, if « is minimal then these three conditions are equivalent.

Proof. (1)=(ii) Let F' be a closed subset and O an open subset such that F* C O. Since the space
X is Hausdorff and perfect, there are nonempty disjoint open subset O, 02 of O. Observe that
O < O; for 1 = 1, 2 since the action has dynamical comparison. Then F' < O; fori = 1, 2.

(i))=-(iii). Suppose that a : G ~ X has paradoxical comparison. Now given a closed subset
K and an open subset O of X such that X' C GG - O. Then there is a finite subset £ of GG such that
K CUpeph-O. Letn = |E|. We first claim

n many

Indeed, let F be a closed subset of O and k an integer such that 2% > n. By induction we construct
two collections of open subsets of O, say { M, 4. : i1,...,im = 1,2 and 1 < m < k} and

{Oiig..iv, 2015+ yim = 1,2and 1 < m < k} such that

1. F< M, fori=1,2;

2. forevery 1 <m < k—1andi,.1 = 1,2, one has < M,

i182.0m 162 bt 1

3. Milig...im C Oi1i2...im for any integer m & [1, ]f} and ’il, ig, Ce ,’im = 1, 2,
4. for any integer m € [1, k| the collection {O;;,. i : i1, ..,im = 1,2} is disjoint.

To do this, since & : G ~ X has paradoxical comparison, (O,0) < O implies that for F’
there are nonempty disjoint open subsets O; and O, of O such that F' < O; for i = 1,2. Then
for each ¢ there is an open subset M; such that F' < M, C M,; C O, by Lemma 3.2.5(i). Then
for each i = 1,2, because (O;, 0;) < O, for M; one can find disjoint nonempty open subsets O;;

and O;, of O; such that M; < O;; for 7 = 1,2. Then Lemma 3.2.5(i) again implies that there are
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open subsets M;; such that M, < M;; C m C O;j for 7,5 = 1,2. Then suppose that we have
obtained { M s, i :11,...,im = 1,2and 1 < m <1} and {O;iy. 4, i1, im = 1,2and 1 <
m < [} for [ < k so that they satisfies the conditions above. Then since the action has paradoxical

comparison, for each M, ;, ;, C O,,,. ., there are disjoint nonempty open subsets O of

i189.. 0641

Oiyiy...iy such that M;;, 5, < Oiyiy. i, Where 4,17 = 1,2. Then Lemma 3.2.5(i) entails that

there are open subsets M;, i, ..ii,,, such that M; i, 5 < Miiy ;. C Miyiy. iy, C Oigiy.igigy -

Observe that {O d1,...,441 = 1,2} is indeed disjoint. This finishes our construction,

1820141

from which for ¢, ..., = 1,2 we have

F =< Mil C Mil =< Mi”’2 C Mi1i2 << M’ili2-~~ik

Now we rewrite {U1, . .., Uy } for the disjoint collection {M;,, 4, : i1,...,9 = 1,2}. Then
(i1) in Lemma 3.2.5 implies that F' < U, forall 1 < < 2% This shows the claim since 2F > n.

Now write E = {hy,...,h,} and K C |J_, h;O. Then by the partition of unity argument
exactly used in the proof of Lemma 4.5(i) there are open subsets W; C W; C h;Ofori =1,...,n
such that K C |JI_, W;. Define V; = h;'W; and thus V; = h;'W,. This implies that K C
Ui, h;V; where V, C O for eachi = 1,...,n. Define a closed subset [ = U, V; € O. Now

consider

n many
Then there is a collection of disjoint open subsets {O; : i = 1,...,n} such that F” < O; for each
i = 1,...,n. Then for the collection {V; : i = 1,...,n} there is a collection of open subsets
{U]@ cj=1,...,k,i=1,...,n} and group elements {gj(-i) eG:j=1,...,k,i=1,...,n}
such that V; ¢ F C Uf;l U ]@ and |_|f‘:1 g](.i) Uj@ C O, foreach i = 1,...,n. This implies that
the collection of open subsets {g](i)U](i) cj=1,...,k,i=1,...,n} is disjoint in O. Therefore,
{hiU]@ :j=1,...,ki,i = 1,...,n} form an open cover of K and {g](‘i)hi_1 : (h,-U]@) —
1,...,k;,i=1,...,n} is a disjoint collection of open subsets of O. This verifies KX < O.

(i)=-(iii)( if the action is minimal). It suffices to show that for every nonempty open subsets
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A, B of X one has A < B. Indeed for every closed subset F' C A one alwayshas F C G-B = X
since the action o : G ~ X is minimal. Then F' < B because the action has weak paradoxical

comparison. Therefore one has A < B since F is arbitrary. [

On the other hand, to make the proposition above more sense we need to show that, unlike
dynamical comparison, paradoxical comparison does not necessarily imply that the action is min-
imal. Otherwise, paradoxical comparison is equivalent to dynamical comparison in general and it
suffices to apply Theorem 3.1.4 to establish the pure infiniteness of a reduced crossed product from
paradoxical comparison. We will construct an explicit example (Example 3.3.6 below) in which

the action has paradoxical comparison but is not minimal.
3.2.2 Uniform Tower Property and Pure Infiniteness

We will show reduced crossed products is purely infinite if the action has the paradoxical

comparison and the following property.

Definition 3.2.7. We say an action o : G ~ X has the uniform tower property if for all open
subsets O, U of X such that O C U and all finite subsets 7" of G there are a nonempty closed set

F" and an open set W with F' C W C U such that
(i) (T, W) is an open tower;
(i) ONY = () implies that F'N'Y # () for all G-invariant closed subsets Y of X.

Note that if an action is minimal and topologically free then it has the uniform tower property

trivially. The following lemma is a generalization of Lemma 3.4 in [29].

Lemma 3.2.8. Let o« : G ~ X. For non-zero positive functions f,g € C(X)y, if supp(f) <
supp(g) then f 3 gin C(X) %, G

Proof. In order to show f = g in C(X) %, G it suffices to show that (f —€),. = ¢ for all
e > 0 by Proposition 2.17 in [3]. We observe that for f € C(X) and F' € Cy((0,1]) one has
F(f)(z) = F(f(z)) by functional calculus. Therefore, (f — €),(z) = f(z) — e if f(x) > e while
(f —€)4(x) = 0if f(z) <e.
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For every ¢ > 0, define C. = {x € X : f(x) > €}. Then supp((f —¢€);) C C. C

supp(f), which entails that supp((f —€);) < supp(g) since supp(f) < supp(g). Then we

have a family U = {U,, Us, ..., U,} of open sets forming a cover of supp((f — €)) and elements
YyY2s - Y € G sothat {7;U; : i =1,2,... n} is a disjoint family of open subsets of supp(g).

Let {f;:i=1,2,...,n} be a partition of unity subordinate to { so that

1.0 fy<1foralli=1,2,...,n;

2. Y%, filz) =1forall z € supp((f —€)+):
3. supp(f;) C U;foralli =1,2,...,n.

Then we have supp((f — €)4) C supp(> ., f;) and this implies that (f — €)+ Zcx) Doiey fi-
Define u = @], u.,. We have

S LB fi~ul@ i =P an(f):
=1 i=1 i=1 =1

Then since supp(a., (fi)) C U; forevery i = 1,2,...n and supp(>_;, o, (fi)) C i, Ui C

supp(g), we have

@a’ﬁ(fi) ~ Za%(fz) 39
=1 =1

Therefore, we have (f —¢); = ¢gin C(X) %, G and thus f = ¢gin C(X) %, G because the € is

arbitrary. [

Proposition 3.2.9. Suppose that the action o« : G ~ X has paradoxical comparison. Then f&® f =

fin C(X) %, G for every non-zero function f € C'(X);.

Proof. Let f be a non-zero element in C'(X) and ¢ > 0. Denote by O = supp(f) and F' =
supp(f — €);. Then there are nonempty disjoint open subsets O, O of O such that ' < O,
and I < O,. Choose two positive functions hy,hy € C(X) such that supp(h;) = O; for i =

1,2. Then one has (f —€), = h; for i = 1,2 by the proof of Lemma 3.2.8. This implies that
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(f—€)+®(f—€)y Zhi@hy~h+hy 3 finC(X) %, G. Thus, by proposition 3.3 in [38]

one has f @ f = f since the € is arbitrary. O

Lemma 3.2.10. Suppose that an action o : G ~ X has weak paradoxical comparison. Let F' be
a closed subset and O an open subset of X . Suppose that F N'Y # () implies O NY # 0 for all

closed proper G-invariant subspaces Y. Then F' < O.

Proof. Since the action has weak paradoxical comparison, it suffices to verify F' C G - O. Indeed,
let x € F and define Y = G -z. Now we have ' NY # () and thus O N'Y # () holds by the
assumption. This implies that there is a ¢ € G such that gr € O which implies that x € G - O.

Since x is an arbitrary element of F', one has F' C G - O. O

The proof of the following proposition contains ideas from Lemma 7.8 and 7.9 in [53].

Proposition 3.2.11. Suppose that an action « : G ~ X has weak paradoxical comparison as well

as the uniform tower property. Then F(a) = ain C'(X) %, G for every positive a € C(X) x, G.

Proof. Tt suffices to show the case that a is a non-zero positive element in C'(X) x,. G with ||a|| = 1.
Observe that E(a) # 0 since F is faithful. Define O = supp(F(a)). Fix an € € (0, ||E(a)||) and
define U = supp(E(a) — €)y = {x € X : E(a)(z) > €} by the functional calculus argument in
the proof of Lemma 3.2.8. Then choose a 0 € (0,¢/4) and a ¢ € C.(G,C(X)) with ||¢| < 2 and

e —az| < 8. This implies that

1 1 1 3 )
lce = all < lle” = az|lllell + llaz|[lle — az]| < = < 53

and

1 1 1 30
[ec® —all < le —a2|[[|c*]| + [[a2||[|c* — 2| < 5 <

N

We write b = c¢*c = ), byuy, where T is a finite subset of . Since b is positive non-zero

element in C'(X) %, G and the canonical conditional expectation £ is faithful, one has E(b) =
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be # 0 and e € T. We also observe that |E(b) — E(a)|| < §/2, which implies that U C {x €
X : E(a)(z) > £} C {z € X : E(b)(z) > £ — $}. We write M for the open subset {z € X :
E(b)(x) > £ — 2} for simplicity. One observes that M C {z € X : E(b)(z) > £ — 2} C {z €
X :E0)(z) > 5 — 4}

Now apply the uniform tower property to M C {z € X : E(b) > § — 6} so that one obtains
a nonempty closed set /" and an open set W with /' C W C {z € X : E(b) > § — 0} such that
(T, W) is a tower and

MNY #0= FNY #£0

for all closed G-invariant subsets Y of X.

Then choose a continuous function f € C'(X) satisfying
0< f<1, supp(f) C W, and f|p=1.
Then one has

fof =fEGf + Y fouf = FEG)f+ D foai(f)w.
teT\{e} teT\{e}
Since supp(a;(f)) C tW and {tW : t € T'} is an open tower, fbiaq(f) = by fou(f) = 0 whenever

t # e. This entails that

Jof = FE()f € C(X)..

In addition, since F' C {z € X : E(b) > § — 6}, for every x € F one has (fE(b)f)(z) =

E(b)(z) > § — & > 0 by our choice of §. This implies that F' C supp((fE(b)f — 0)+). Thus

FNY # () implies that supp((fE(b)f — §)5) NY # ( for all closed G-invariant subspaces Y~ of

X. Therefore, by the argument above we have

UNY #0= MNY £0= FNY # 0 = supp((fED)f —38))NY £
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for all closed proper G-invariant subspaces Y of X. Then Lemma 3.2.10 implies that

supp(E(a) — €)= U < supp((fE(b)f — 8)+).

Now the proof of Lemma 3.2.8 entails that

(E(a) =€)y S(fED)f —0)y = (f0f —6)+.

On the other hand, Lemmas 1.4 and 1.7 in [53] imply that

(fof =0)y = (fe'ef = 8)y ~ (cf*c* =8)y Z(ec” = 0)1 Za

Therefore, we have (E(a) — €)+ 3 ain C(X) X, G. Since € is arbitrary one has F(a) =X a as

desired. U]
Now, we are able to establish the following theorem.

Theorem 3.2.12. Let GG be a countable infinite discrete group, X a compact Hausdorff space and
a : G ~ X an exact essentially free continuous action of G on X. Suppose that the action o has
paradoxical comparison as well as the uniform tower property. Then the reduced crossed product

C(X) . G arising from « is purely infinite.

Proof. Suppose that the action o : G ~ X is exact and essentially free. In addition, suppose that a
has paradoxical comparison as well as the uniform tower property. It was shown in [65] that if the
group action a : G ~ X is exact and essentially free then C'(X) separates ideals in C(X) %, G.
In addition, by Proposition 3.2.9 and 3.2.11, we have verified that all non-zero positive elements in
C(X) are properly infinite in C'(X) %, G and E(a) = a for all positive elements a in C'(X) x,. G.

Then Proposition 1.1.3 implies that the reduced crossed product C'(X) x,. G is purely infinite. [J
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3.3 Applications and Examples
3.3.1 Finite Many Ideals Case

In this section we will provide some applications of Theorem 3.2.12 by proving the following

corollaries.

Corollary 3.3.1. Let G be a countable infinite discrete group, X a compact Hausdorff space and
a : G ~ X an exact essentially free continuous action of G on X. Suppose that the action o has
paradoxical comparison and there are only finitely many G-invariant closed subsets of X. Then
the reduced crossed product C(X) %, G arising from « is purely infinite and has finitely many

ideals.

Proof. Recall the setting that the action o : G ~ X is exact and essentially free. In addition, we
assume that it has paradoxical comparison. Then to show pure infiniteness by Theorem 3.2.12 it
suffices to show that the action a : G ~ X has the uniform tower property. To this end, we begin
with open sets O, U such that O C U and a finite subset T of . Since there are only finitely many
G-invariant closed subsets of X, thesetZ ={Y C X : ONY # (), Y closedand G-Y = Y} has
minimal elements with respect to the partial order “C”, where a minimal element Y € Z means
that there is no G-invariant subset Z € Z such that Z C Y. Denote by {Y7,...,Y,,} the set of all
minimal elements in Z. Then we claim ON (Y;\ U, Y;) # 0 foreachi = 1,..., m. Suppose not,
let ON(Yi\U,. ;) = (ONY;)\U,,; Y; = 0 for some i. This implies that @ # ONY; C U, Y;
and thus O NY; NY; # () for some j # i. However, this implies that Y; N'Y; € Z, which is a
contradiction to the minimality of Y; and Y} in Z. This shows the claim.

Define Dy = {z € X :tx # zforallt € T'T\ {e}} = ep-1p\ {7 € X : tx # 2}
Since the action o : G ~ X is essentially free, Dy N'Y is open dense in Y with respect to the
relative topology for all G-invariant proper closed subset Y of X. From the claim above we see ON
(Yi\U,; Y;) is a non-empty relatively open subset of Y; and thus M; r = DrNON(Y;\U,,; Yj) #
(). Now choose x; € M;r foreachi = 1,...,m. Since each Y; \ U#i Y; is a G-invariant subset,

the points in {tx; : i = 1,...,m,t € T} are pairwise different. Then since the space is Hausdorff,
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there is a disjoint collection of open subsets of X, say {Oy,, C X : i =1,2,...,m,t € T} such
that tx; € Oy, fort € Tandi =1,...,m. Now define W; = (,crt 'Oy, NO fori =1,...,m.
Then (T, W;) form an open tower and TW; N TW; = () for 1 < i # j < m. In addition we may
choose a closed subset F; of X such that z; € F; C W, for: =1, ..., m by normality of the space
X. Now define W = | |, W; C O C Uand F = ||, F;. Then (T, W) form an open tower by
our construction. In addition, let Y € Z. Then there is a minimal element Y; € Z such thatY; C Y
where 1 < i < m. Then F'N'Y; # () by our construction and thus F' N'Y # (). This shows that the
action & : G ~ X has the uniform tower property.

On the other hand, since the action o : G ~ X is essentially free, C'(X) separates ideals in the
crossed product C'(X) %, G. Therefore the number of G-invariant closed subsets is equal to the

number of ideals in C'(X) x,. G and thus the crossed product has finitely many ideals. O]

3.3.2 Product of Spaces Case

We also have the following result for “amplifications” of minimal topologically free actions,
1.e., products of such an action with a trivial action. Indeed, the space Y in the corollary below
may be viewed as an index set so that « : G ~ X x Y decomposes into |Y'|-many disjoint copies
of minimal subsystems of 5 : G ~ X. Denote by 7y, my projection maps from X x Y to X and

Y respectively. We start with lemmas.

Proposition 3.3.2. Let 3 : G ~ X be a minimal topologically free action that has no GG-invariant
regular Borel probability measure. Suppose that S has dynamical comparison. Let Y be another

compact Hausdorff space. Let o : G ~ X x Y be an action defined by o, ((z,y)) = (54(x),y).

(i) If M C X x Y is a G-invariant closed subset of the action « then M = X x my (M).

(i1) The action « is essentially free.

Proof. For (i) it suffices to show X x my (M) C M since the converse direction is trivial. Fix
ay € my(M). For every x € X and every neighbourhood O of z, there is a ¢ € G such that

Bg(x) € O. This implies that oy (2, y) = (By(x),y) € O x {y} and thus the restriction of o on

49



X x {y} is minimal with respect to the relative topology. Then since M N (X x {y}) is a closed
G-invariant subset of X x {y}, one has M N (X x {y}) = X x {y} and thus X x {y} C M.
Therefore one has X x my (M) C M.

For (ii) it suffices to show that the action « is topologically free when it restrict to every G-
invariant closed subset X x P for some closed P C Y by (i). Indeed, for each ¢ € G, one
has:

{(z,y) € X X P:ag(e,y) = (z,9)} ={r € X : fy(z) =2} x P

whose interior in X x P is empty since the interior of {z € X : ,(z) = x} is empty in X. This

shows that action « is topologically free on X x P and thus « is essentially free. [

Proposition 3.3.3. Suppose that o : G ~ X x Y is the action in Proposition 3.3.2. Then « has

paradoxical comparison.

Proof. Let O be an open subset and F' be a closed subset of X x Y such that F* C O. For all
(x,y) € F there is an open neighbourhood M, x N, of (z,y) such that (z,y) € M, x N, C O.
all of these neighbourhoods form an open cover of F' so that we can choose a finite subcover, say
F c UX, M; x N;. Then by the argument of partition of unity appeared in the present paper
many times, there is a collection of closed subsets {F; : i = 1,...,m} such that F; C M; x N;
and F C J;", F;. Then since the space X is perfect we choose a collection of different points
{z;j € M; :i=1,...,m,j = 1,2}. Then since X is Hausdorff there is a collection of disjoint
open sets {O;; 3 x;; : i = 1,...,m,j = 1,2}. For each i, j we may assume O;; C M; by
redefining O;; := O;; N M;. Now for j = 1,2 we define O; = |_|:i1 O;; x N; C O. Then it suffices
to verify F' < O; for j =1, 2.

Now fix ;7 € {1,2}. Foreachi = 1,...,m, since F; C M; x N; one has 7x(F;) is a

compact subset of A/;. Since 3 : G ~ X has dynamical comparison, one has M; < O;; for each

1 = 1,...,m, which means that there is a collection of open subsets of X, {Pl(i), e P,&”} and a
collection of group elements {g\”, ..., ¢/} such that wx (F}) ¢ |J', P{” and | [“ 0 (P") c
k
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O;; fori =1, ..., m. Then one has

ng

F, C nx(F) x my(F) (| PY) x N; = U x N;);

k=1 k=1

while

ng

|_Z|agg)(P,§i) N;) = |_|(5<>( X N;) € Oy x N;.
k=1

k=1

Therefore, one has:

FcLﬁWCLHJ P x Ny);
i=1 k=1
while
’L (i) " _
|_| |_| Oég,(:)<Pk X Nl) C |_|OZ] X Nl = Oj.
i=1k=1 i=1
This verifies that under the action «, one has F' < O, for j = 1, 2 as desired. O

Proposition 3.3.4. Suppose that « : G ~ X X Y is the action in Proposition 3.3.2. Then « has

the uniform tower property.

Proof. Let O, U be open subsets of X x Y such that O C U. Let T be a finite subset of G. For
every (x,y) € O there is an open neighbourhood M, x N, of x such that (x,y) € M, x N, C U.
all of these neighbourhoods form an open cover of O so that we can choose a finite subcover, say,
OcUL, M;xN;CcU

Now, since the action 5 : G ~ X is topologically free, Dr = {x € X : B;(z) # x forall t €
T7'T\ {e}} is open dense in X. Now, for eachi = 1,2, ..., n choose a point z; € M; N D7 and
an open neighbourhood O; of z; such that x; € O; C M; and (T, O;) form an open tower in X.
In addition, {z;,0; : i = 1,2,...,n} can be chosen properly such that 770; N T'O; = () whenever
1<i#j<n

We can do this since the space X is Hausdorff and perfect. We do this by induction until n. First
choose z; € M; N Dr. Then the points in {5;(x1) : t € T'} are pairwise different. Suppose that for
a k < n the set of different points {3;(z;) : t € T,i = 1,2, ...k} has been defined. Then choose

Thp1 € (Mp i NDp)\{Be(z;) : t € T~ 'T,i =1,2,...k}. We can do this since the space is perfect.
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This finishes construction of points z; € M; since the points in {S;(z;) : t € T,i = 1,2,...,n}
are pairwise different. Then for the set {5;(x;) : t € T,i = 1,2, ...,n} there is a disjoint family of
open subsets {Oy,, : t € T,i =1,2,...,n} such that f;(z;) € Oy, fort € Tandi = 1,2,...,n.
Then define O; = (o Bi-1(Op,) N M fori =1,2,...,n

Then for each i = 1,2, ..., n choose an open set P; such that P, C O; C M;. Now consider
7y (O) is a compact subset of U, N;. Then by the argument of partition of unity, for each
i = 1,2,...,n there is an open set H; such that H; C N; and my(O) C |Ji_, H;. Now define
W =|]",0; x Nyand F = | |, P, x H;. Observe that F C W C U.

Then (T, W) is a tower. Indeed for two distinct elements ¢, s € T', one has

N
™
3
X
=
'|:
&
S
X
=

a(W)Nas(W) = (

|||:3 5

|_| i) N B:(0;)) x (N; N N;) = 0.

Finally, we see O N Z # () implying F N Z # () for all G-invariant closed subsets Z of X. First

one has
= UE D) 7Ty(6) D) Wy(O).
i=1

Then let Z be a G-invariant closed subset of X x Y. Then Z necessarily is of the form X x P
for some closed P C Y by Proposition 3.3.2. Suppose that O N Z # (). Then ) # my (O N Z) C
7y (O) N P and thus 7y (F) N P # (). This implies that F N Z = F N (X x P) # () as desired. [J

Corollary 3.3.5. Let G be a countable infinite exact discrete group, X a compact Hausdorff space
and 8 : G ~ X a minimal topologically free continuous action of G on X. Suppose that there is
no G-invariant regular Borel probability measure on X and (5 has dynamical comparison. Let'Y
be another compact Hausdorff space. Let o : G ~ X X Y be an action defined by o,((x,y)) =
(Bg(x),y). Then C(X X Y) X, G is purely infinite.

Proof. Since the group G is exact, the action o : G ~ X x Y is exact. In addition, Proposition

3.3.2,3.3.3 and 3.3.4 show that the action o : G ~ X X Y is essentially free and has paradoxical
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comparison as well as the uniform tower property. This means that « satisfies all conditions of

Theorem 3.2.12 and thus C(X X Y') X, G is purely infinite. O
The following explicit example is a direct application of the corollary above.

Example 3.3.6. In particular, for an exact group G consider a topologically free, amenable strong
boundary action 8 : G ~ X on a compact metrizable space X. Such an example exists, like
Example 2.2 in [41]. Let Y be a compact Hausdorff space and oo : G ~ X x Y be the action

mentioned above. Then C'(X x Y) %, G is purely infinite.

33



4. SEMIGROUPS OF DYNAMICAL SYSTEMS

Dynamical comparison and paradoxical comparison also relate to the almost unperforation of
the type semigroups of actions on the Cantor set. It has been asked in [54] and [60] to what extent
the type semigroup of an action on Cantor set is almost unperforated. For a minimal free action
a : G ~ X of an amenable discrete infinite group G, Kerr [34] showed that if the type semigroup
of «, denoted by V' (X, ), is almost unperforated then e has dynamical comparison. In addition,
he showed that if the action « satisfies a notion called almost finiteness then V (X, G) is almost
unperforated. A recent work of Kerr and Szab6 [36] showed that for such an action « on the Cantor
set X, it has dynamical comparison if and only if it is almost finite. Therefore V' (X, G) is almost
unperforated if and only if « : G ~ X has dynamical comparison provided that G is amenable
and the action « is minimal and free. In this section, we claim the same conclusion under the
hypothesis that the action « is minimal and has no G-invariant Borel probability measures.

Furthermore, in this chapter, we extend the notion of the type semigroup to dynamical systems
that the space is not necessarily the Cantor set. This leads to another characterization of dynamical

comparison.
4.1 The Type Semigroup

Throughout this section X denotes the Cantor set. We will study the type semigroup associated
to an action o : G ~ X. To begin the story, we recall some general background information.

A state on a preordered monoid (W, +, <) is an order preserving morphism f : W — [0, oo].
We say that a state is non-trivial if it takes a value different from 0 and co. We denote by S(W)
the set consisting of all states of W and by SN (W) the set of all non-trivial states. We write
S(W,z)={f € S(W): f(x) =1}, which is a subset of SN (V).

We say that an element € W is properly infinite if 2o < x. We say that the monoid W is
purely infinite if every x € W is properly infinite. In addition, we say that the monoid W is almost

unperforated if, whenever x,y € W and n € N are such that (n + 1)z < ny, one has < y. The
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following proposition due to Ortega, Perera, and Rgrdam is very useful.

Proposition 4.1.1. ([49, Proposition 2.1]) Let (W, 4, <) be an ordered abelian semigroup, and let

x,y € W. Then the following conditions are equivalent:

(i) There exists k € N such that (k + 1)z < ky.
(ii) There exists kg € N such that (k + 1) < ky for every k > ky.

(iii) There exists m € N such that z < my and f(z) < f(y) for every state f € S(W,y).

For an action o : G ~ X, we can associated to it a preordered monoid called the type semi-
group (see [34], [60], [54] and [72]) .We will use the following formulation that appears in [34] and
[54]. We again write « for the induced action on C'(X), which is given by a,(f)(z) = f(s™'x)
foralls € G, f € C(X), and z € X. On the space C(X,Z>() consider the equivalence rela-
tion defined by f ~ g if there are hy, hy,...h, € C(X,Z>o) and s1, S2,...,S, € G such that
Yo hi=fand > " | a,(h;) = g. We write V (X, G) for the quotient C(X, Zx()/ ~ and define
an operation on V' (X, G) by [f] + [g] = [f + g]. Moreover, we endow V' (X, G) with the algebraic
order, i.e., fora,b € V (X, G) we declare that a < b whenever there exists a ¢ € V (X, G) such that
a + ¢ = b. Then it can be verified that V (X, ) is a well-defined preordered Abelian semigroup.
We call it the type semigroup of a.

In this Cantor set context, we can rephrase the dynamical comparison in the language of the
type semigroup. In fact Proposition 3.5 in [34] implies that for all clopen subsets A, B of X one
has A < B if and only if [14] < [1g]. In addition, if there is no G-invariant Borel probability
measure on X, Proposition 3.6 in [34] shows that the action has dynamical comparison if and only
if [14] < [1p] for all clopen subsets A, B of X.

We remark that SN (V' (X, G)) = () if the action is minimal and there is no G-invariant Borel
probability measure. Indeed, Lemma 5.1 in [60] shows that of the acition is minimal then every
state in SN (W (X, 7)) induces a non-trivial Borel probability measure on X . Therefore M (X) =
() implies that SN (V' (X, G)) = 0 provided the action is minimal.

The proof of the following proposition contains ideas from Lemma 13.1 in [34].
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Proposition 4.1.2. Let o : G ~ X be a minimal action such that there is no GG-invariant Borel
probability measure on X. Then V (X, G) is almost unperforated if and only if « has dynamical

comparison.

Proof. Suppose that V (X, ) is almost unperforated. To show that o has dynamical comparison,
by the discussion above it suffices to show that for all clopen subsets A, B C X we have [14] <
[1p]. Since the action « is minimal, X is covered by finitely many translates of B. This implies that
[14] < [1x] < m[1p] for some m € N. Observe that S(W (X, G),[15]) € SN(V(X,G)) = 0 by
the remark above. It follows from Proposition 6.1 that there exists an n € N such that (n+1)[14] <
n[1p]. Then the almost unperforation of V' (X, G) entails that [1 4] < [15] as desired.

For the converse direction, we show that if o has dynamical comparison then [f] < [g] for
all [f], [¢] € V(X,G), which trivially implies almost unperforation. First, since « has dynamical
comparison then for all clopen subsets A, B of X one has [14] < [1g]. Let f,g € C(X,Z>¢), we
can write f =3 14, andg = 7" 1p,, where A; = {z € X : f(z) > i} and B; = {z € X :
g(x) > 7} with n = max,cx f(x) and m = max,cx g(z). Since [14,] < [1p,] for every ¢ < n, if

n < m, we have

n n

Suppose that n > m. Choose n — m + 1 many pairwise disjoint nonempty clopen subsets of 5,,,
denoted by {C}, : K =0,1,...,n —m}. Then dynamical comparison implies that [1,4,,,,] < [1¢,]

fork =0,1,...,7n —m. Now we have

-1 -1

1= S lad+ Y (] € Sl1s ]+ D l1ed <3,

3
3
. /3

e
Il

This verifies that [f] < [¢] for all [f], [¢] € V (X, G). O

Recall that under the assumption that G is amenable and « is minimal and free the results of

Kerr [34] and Kerr-Szabé [36] show that V (X, ) is almost unperforated if and only if the action
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a : G ~ X has dynamical comparison. Combining Proposition 6.2 with this result, we obtain the

following corollary.

Corollary 4.1.3. Let « : G ~ X be an amenable minimal free action. Then V (X, G) is almost

unperforated if and only if o has dynamical comparison.

In veiw of this result, it is a natural problem to try to determine the relation between paradoxical
comparison and almost unperforation of the type semigroup of a non-minimal action on the Cantor
set. To this end, we now proceed to establish our main theorem in this section (Theorem 4.1.5
below). Recall that we have shown that paradoxical comparison on the Cantor set implies that
there is no non-trivial Borel measure. Then the answer hides in the following theorem, which is
a slightly stronger version of Theorem 5.4 in [60]. This theorem shows the relationship among
the type semigroup, C*-algebras and paradoxical comparison. We need to say that we add no
new condition at all to Theorem 5.4 in [60] since our paradoxical comparison is equivalent to the
condition that every clopen subset of X is (G, 7x )-paradoxical on the Cantor set. However, what

is new here is the equivalence of (1), (ii) and (iii) without the hypothesis of almost unperforation.

Theorem 4.1.4. Let o : G ~ X be an continuous action with G exact and X the Cantor set.

Suppose that the action « is essentially free. Consider the following properties.
(i) « has paradoxical comparison;
(ii) V (X, G) is purely infinite;
(iii) Every clopen subset of X is (G, Tx)-paradoxical;
(iv) The C*-algebra C'(X) X, G is purely infinite;

(v) The C*-algebra C(X) X, G is traceless in the sense that it admits no non-zero lower semi-

continuous (possibly unbounded) 2-quasitraces defined on an algebraic ideal (see [39]);

(vi) There are no non-trivial states on V (X, G).
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Then (i)<(ii)<(iii)=(iv)=(v)=(vi). Moreover, if V (X, G) is almost unperforated then (vi)=(i),

whence all of these properties are equivalent.

Proof. Tt has been proved in [60] that (ii)=-(iii)=-(iv)=-(v)=-(vi) and (vi)=-(ii) whenever V' (X, G)
is almost unperforated. We have verified (ii1)<>(i) in general in the paragraph after Definition 3.2.3.
Therefore it suffices to show (1)=-(ii).

()=-(ii). Fix an element [f] € V (X, G). Write one of its representative f tobe f = " | 14,,
where A; = {z € X : f(xz) > i} with n = max,cx f(x). Since « has paradoxical comparison,
for each A; one finds two disjoint open subsets U; ; and U, » of A; such that A; < U, and A; <
Uio. Then for j = 1,2, Proposition 3.5 in [34] allows us to find a finite clopen partition PU) =
{Vl(j), ce Vrg)} of A; and group elements sgj), e s,%) € G such that | ];”, s,(gj)V,fj) C U;j. We
may assume each U, ; is clopen by redefining U; ; := | |;”, sfj )Vk(j ) for each J = 1,2. This implies

that [14,] < [1y, ] for j = 1, 2. This implies that
[1Az] + [1141] < [1Ui,1] + []‘Ui,2] < [1Az]

Therefore we have 2[f] = 2[>""  14,] < [>_1, 14,] = [f], which means that V' (X, G) is purely

i=1

infinite.

Now we are ready to prove the following theorem.

Theorem 4.1.5. Suppose that o : G ~ X is an action on the Cantor space X such that there
is no G-invariant non-trivial Borel measure on X. Then the type semigroup V (X, G) is almost

unperforated if and only if the action has paradoxical comparison.

Proof. Recall that Lemma 5.1 in [60] shows that every non-trivial state on V' (X, ) induces a
non-trivial G-invariant Borel measure. Then from the assumption that there is no non-trivial Borel
measure one has that SN(V (X, G)) = 0.

Now suppose that the type semigroup V' (X, G) is almost unperforated. The proof of (v)=-(i)

of Theorem 5.4 in [60] (i.e. (vi)=-(ii) in our Theorem 4.1.4) implies that V' (X, 7) is purely infinite

58



and thus the action o has paradoxical comparison by Theorem 4.1.4. We remark that the proof of
this implication does not require the action to be essentially free.

For the converse direction, suppose that o has paradoxical comparison. We have shown in the
proof of Theorem 4.1.4 that the type semigroup V' (X, () is purely infinite, which means 2[f] < [f]
for every [f] € V(X,G). By induction we have m[f] < [f] for every m € N. Now suppose that
(n 4+ 1)[g] < n[f] for some n € N and [f],[g] € W(X,G). Then Proposition 4.1.1 implies that
there is some m € N such that [g] < m[f], which implies that [g] < [f] because m[f] < [f] as

noted above. This shows that the type semigroup is almost unperforated. [

Rgrdam and Sierakowski [60] asked that whether there is an example where the type semigroup
is not almost unperforated and to what extent the type semigroup V' (X, G) is almost unperforated
(or purely infinite). P. Ara and R. Exel [2] constructed an action of a finitely generated free group
on the Cantor set for which the type semigroup is not almost unperforated. Our Theorem 4.1.5
then sheds a light to the second part of Rgrdam and Sierakowski’s question in the case that there is
no G-invariant non-trivial Borel measure on the Cantor set X. What we actually show in this case
is that the action has paradoxical comparison if and only if the type semigroup V' (X, () is almost

unperforated if and only if the type semigroup V' (X, G) is purely infinite.
4.2 The Generalized Type Semigroup

In the final two sections, we introduce a new semigroup associated to a dynamical system
a : G ~ X, where X is not necessarily the Cantor set. In the C*-setting, it has been proved by
Rgrdam in [59] that a simple unital C*-algebra A has strict comparison if and only if its Cuntz
semigroup W (A) (or Cu(A)) is almost unperforated. Therefore, as a dynamical analogue of strict
comparison, dynamical comparison is expected to have a characterization of the same type, without
using invariant probability measures. The author was communicated by David Kerr this question,
which was raised by David Kerr and Christopher Schathauser. For the final two sections, we ad-
dress this question and obtain Corollary 4.3.8 as a new characterization of dynamical comparison,

which has the flavour of almost unperforation. To accomplish this goal, we consider the follow-
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ing order motivated by the type semigroup on zero-dimensional spaces. Using this order we will

construct a partially ordered semigroup W (X, G).

Definition 4.2.1. Suppose that o : G ~ X is a continuous action of a countable infinite discrete
group G on a compact Hausdorff space X. Let Oy,...,0, and Vi, ..., V,, be two sequences of

open sets in X, We write

U@xﬁ}<U%xﬂ}

if for every i € {1,...,n} and every closed set F; C O; there are a collection of open sets,
U, = {Ul(i)7 e Uf,?} forming a cover of £}, sgi), e ,sf]? € G and k:ii), o kf,? e {1,...,m}

such that
n J; m
||| sPu® < {67y < | i x {13
i=1j=1 1=1
In particular, we write (n + 1)O < nV for simplification if one has
n+1 n

qu&}<UVxU}

Remark 4.2.2. We remark that the relation (n + 1)O < nV can be described within X. Indeed,
(n + 1)O < nV holds if and only if for every closed subset F' C O there are a family of open
sets {UJ@ 7 =1,....J;i = 1,...,n+ 1}, and a family of group elements {sy) € G,j =

1,...,Ji,i=1,...,n+ 1} satisfying:
O FcUl, U fori=12...,n+1,
(i1) sgi)Uj(i) CVforallj=1,...,J;,2=1,...,n+ 1, and
(iii) {sy)U;i) :j=1,...,J;;i=1,...,n+ 1} has chromatic number at most .

Definition 4.2.3. Let o : G ~ X be a continuous action of a countable infinite discrete group GG on
a compact Hausdorff space X. Leta = (f1,..., f,) € C(X)®" and b = (g1,...,9m) € C(X)®™.

We write ¢ < b if

Usupp(fi) x {i} < | |supp(gr) x {1}

60



holds in the sense of Definition 4.2.1.

We write K(X,G) = J.—, C(X)®" and observe that the relation < described above is in fact
defined on K (X,G). We remark that Definition 4.2.1 allows us to describe the subequivalence
relation < by simply using open sets like the classical type semigroup in the context of zero-
dimensional spaces. However, we insist on considering functions because the relation < between
two sequences of functions a,b € K (X, () is naturally related to the Cuntz subequivalence = for
a and b in the C*-algebra C'(X) X, G (see Proposition 4.2.5 below). To investigate properties of

the relation <, we first show that this relation is transitive.
Lemma 4.2.4. Let a,b,c € K(X,G) be such that a < band b < c. Then a < c.

Proof. First we write a = (f1,..., fn), b= (g1,...,91) and ¢ = (hq,. .., hys) for some integers
N,L,M € N*. Since a < b, one has that for every n € {1,..., N} and closed set F;, C supp(f,)
there are a collection of open sets U, = {U ® Uﬁ:)} forming a cover of F,, s\, .. ., sf,z) eqG

and k%n), . kS:) € {1,..., L} such that

N Jn L
|_| I_l sgn)U;") X {kj(")} C Usupp(gl) x {l}.
n=1j=1 =1

Then compactness and normality of the space X shows that there is a family of open sets {Vj(n) :

j=1,...,J,,n=1,..., N} such that for each n the collection V,, = {Vj(n) cjg=1,...,J,}isa

cover of F, and V}(") cU ](”) forevery j = 1,...,.J,. Therefore, one has
N Jn L
LI L5 < 485y < | supplan) = {23
n=1j=1 =1

Define D; = {s\'V\" : k" = 1,5 = 1,...,J,n = 1,...,N} and write K; = | |D,
which is closed and a subset of supp(g;). Now because b < ¢, for all K; C supp(g;) there are

a collection of open sets W, = {Wl(l), U Wg)} forming a cover of K, t&l), o ,t%) € G and

61



d,....d% € {1,...,M} such that

L B
|_||_|tl)W x{d )} c |_|supp x {m}.
1=1p=1
—1
Define R, j,; = V N o gn)) W for n, j, p, | satisfying k](”) = [. Then we observe that the

family
Ro={Rujpi 5 =1, Jul=1..  LE"=1p=1,.... P}

forms an open cover of F,,. Indeed, first fix an « € F,,. Then there is an V(") such that x € Vj(n)

Now taking [ = k( we have s; )V( C K, C U WP, which implies that s 'z € sg.n)Vj(") N

W( ) for some p < P,. Thus, we have x € R,
_ t(l) (n

7] p:

In addition, we define 7, ;,; € G for n, 7, p, [ satisfying k = [. Now, we claim
that the family T = {11, R jpy X {dy)} 5= 1,0 Jul =1, LK =1,p=1,..., P}
is disjoint. To simplify the notation, we write T}, ; p; = 7' jpiBnjps X {dV'} and have

Tjps = 0V A tOWO) 5 (aD} < tDWD x {dD}.

p 7

Now, suppose that T}, ;, » 1, and Ty, j, ., 1, are different. If [; # Il or py # p, then by our

construction one has

(ty < {dyP) N (1 Wi > {di2}) = 0,

which implies that 75, j, 511y N Ty jopets = 0. Otherwise we have ny # ny or j; # jo while there
are [ and psuch that [y = I, = [, p; = p» = p and kj?l = k](.;”) = [. In this case, first by the
construction one has

(S(-nl)v-(nl) « {kj(:ll)}) N (857212)‘/](:2 {k na) }) — @

J1 J1

Thus, 5"V 0 s8IV = () because k™) = k") = I This fact shows Ty, j, s N

J1 J2 J2
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Ty jopats = 0 as desired. So far we have verified that the family 7 above is disjoint.

On the other hand, considering the fact that

T ipi C t(l ) % {d(l)} - |_| supp(hm) x {m}

m=1

for all 7T;, ; ,;, we have established the relation

L P
|_||_||_| |_| rnjszngsz{d '} c |_|Sllpp m) x {m},
which verifies that a < ¢ as desired. ]

Now we can define an equivalence relation on K (X, G) by setting a ~ bif a < b fora,b €
K(X,G) and b < a by Lemma 4.2.4. To see that this relation is indeed an equivalence relation,
first it is not hard to verify directly that a ~ a for all « € K (X, G) . In addition, by the definition

46 2

of the relation ,a =~ bimplies b =~ a trivially. Now suppose a =~ b and b = c. By definition one
hasa < b < cand ¢ < b < a. Then Lemma 4.2.4 entails that a < ¢ and ¢ < a. This establishes
arc.

We write W (X, G) for the quotient K (X,G)/ ~ and define an operation on W (X, G) by
[a] + [b] = [(a,b)], where (a,b) is defined to be the concatenation of a = (f1,..., f,) and b =
(915 -y 9gm),1e., (a,0) = (f1,-- - fu, 915+ -+, gm)- It is not hard to see that if a; < as and by < by
then (ay,b1) < (ag,by). Then Lemma 4.2.4 implies the operation is well-defined and it can be
additionally verified that the operation is abelian, i.e, [a] + [b] = [b] + [a]. Moreover, we endow
W (X, G) with the natural order by declaring [a] < [b] if a < b. Thus W (X, G) is a well-defined
abelian partially ordered semigroup.

The following proposition shows that our relation < naturally relates to the Cuntz subsequiva-

lence relation in the context of C*-algebras. Recall that (f — ¢),(z) = f(x) —eif f(z) > e while

(f = )+ @) = 0if f(x) < e
Proposition 4.2.5. Let a = (fy,...,f,) and b = (g1,...,9m) € K(X,G). If a < b then
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Diag(fi,..., fn) 2 Diag(gi, ..., gm) in the C*-algebra C(X) X, G.

Proof. In light of Proposition 2.17 in [3], it suffices to prove that Diag((fi — €)1, ..., (fn—€)+) 2

~

Diag(g1,...,gm) forall € > 0. Now, let ¢ > 0 and define F; = supp((f; —€)4) fori =1,...,n.
Since a < b, fori = 1,...,n there are a collection of open sets, U; = { Ui("), cey UL(,Z)} forming a

cover of F}, s\" ...,s}i €Gand k", .. .,kf,? € {1,...,m} such that

n J; m
|_| |_| sgz)U]@ X {k:](-z)} C Usupp(gl) x {l}.
i=1j=1 =1

Let {h; . j = 1,...,J;} be a partition of unity subordinate to the cover U; of F;. Then
F;, C Supp(z - I%), which implies that (f; —€)4 < S°7 ki by Proposition 2.5 in [3]. Then we

j=1""]

have
n

n Ji n J;
Diag((f1 = €)4,..., (fa —€)4) = EB(fz -6+ 3 EB(Z h;) N @@h;

i=1 i=1 j=1 i=1 j=1
Define a unitary u = @7, @7, u_), where all u_¢ are canonical unitaries in the crossed prod-
y i=1 =1 s;’)’ S;L) P

uct. Then we have

n J;
D~ DD - DB oo
i=1 j=1 i=1 j=1 i=1 j=1
To simplify the notation, we define the index set Z; = {(4,7) : j =1,...,Ji,i=1,...,n, k](i) =
I}. Then observe that the collection {supp(a ) (h})) C s( )U @ (i,7) € T,} is disjoint for each
J

[l =1,...,m. This implies that

DD o0 ~D @ 0~ Y i
=1 j=1 =1 (i,j)eL; I=1 (i,j)€T;
Finally, note that
supp( Y o (h)) = | | supp(a(h)) C supp(a)
(6.5)€n (4,5)€T;



foreach [ = 1,..., m. This implies that > o (h%) < g1, which further entails that

(imj)EIl
P> o (; J P g = Diag(g1.- - - , gm)-
I=1 (i,j)€T; =1

We have verified that

Dlag((fl - E)Jr? SRR (fn - G)Jr) r-j Diag(gla s 7gm)

for every € > 0 and thus we have Diag(fi,..., f.) = Diag(g1,- .-, gm)- O

We end this section by remarking that like the original type semigroup, our generalized type
semigroup W (X, G) can also be used to study paradoxical decomposition in the context of topo-
logical dynamics. The paradoxical decomposition can be formulated by 2[a] < [a] in W (X, G)
for all a € K (X, G). Note that this condition is equivalent to paradoxical comparison introduced

in Section 3.2.1
4.3 A New Characterization of Dynamical Comparison

In this section, we always assume that the space X is metrizable. In addition, for a =
(f1,--., fn) € K(X,G), we denote by (a—e¢), the element ((f1—¢€)4,...,(fn—¢€)s)in K(X,G).
It is not hard to verify ((a —€); —0)y = (a —€ —0)y fora € K(X,G),e > 0andd > 0.

In parallel with the Cuntz semigroup, we have the following fact.
Proposition 4.3.1. For all a,b € K (X, G), the following are equivalent.
) a<bd
(ii) forall € > 0 one has (a —€), < b;

(iii) for all € > 0 there exists ad > 0 such that (a —€); < (b— )43

Proof. Write a = (f1,...,f,) and b = (g1,...,gm). Then by definition we have (a — €), =
((fi — €)4,...,(fn —€)+). Consider for each 1 < i < n, one has supp((f; — €)1) C supp(f;),

which implies that (a — €); < a. This fact shows that (i)=(ii).
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To show (ii)=-(i), first for every 1 < ¢ < n and closed set F; C supp(f;), there is an¢; > 0
such that F; C {x € X : fi(x) > ¢} C supp(f;). Define ¢ = min{¢; : 1 < i < n}. Then,
F, c{x € X : fi(x) > €} = supp((fi — €)+) C supp(f;) for all i. Now, since (a — €); < b,
there are a collection of open sets U; = {Ul(i)7 e Uy)} forming a cover of F;, sgi), e sS? ed

and kgi), e ky) € {1,...,m} such that

|_| |_| sy)U;i) X {kj(l)} C Usupp(gl) x {l}.
i=1j=1 =1
But this implies that a < b.

Now, suppose that (iii) holds. Then for every ¢ > 0, by combining arguments in the two
directions, one has (a — €); < (b— 0)+ < b and thus a < b. This establishes (iii)=-(i). It is left to
show (ii)=(iii). It suffices to show that if a < bthenthereisa ¢ > O suchthata < (b—0),. Indeed,
by the definition of a < b and the compactness and normality of the space, forevery i € {1,...,n}
and closed set F; C supp(f;) there are a collection of open sets U; = {Ul(i), e U}l)} forming a
cover of Fj, sgi), . ,Sf]? € GG and ky), . ky) € {1,...,m} such that

m

sV x (K7} | |supp(ar) x {1}

1 =1

N

n J;

(2

1j

Define D; = {s"U" . j = 1,...,Jii = 1,...,n, k" = I} and write K; = || D;, which
is closed and a subset of supp(g;). Then there is a §; such that K; C {z € X : g/(x) > §;} C

supp(g;). Setting § = min{d; : 1 <! <m} wehavea < (b —0).. O

Definition 4.3.2. A state D on the semigroup W (X, G) is called lower semi-continuous if D([a]) =

SUP~o D([(a —€)4]) forall a € K(X, G).

For every state D € S(W (X, Q)), define D([a]) = sup,., D([(a — €)]), which is always a

lower semi-continuous state on W (X, G).

Proposition 4.3.3. For each state D € S(W (X, G)), the induced state D is lower semi-continuous.
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Proof. Let a < b. Then by the proposition above, for all ¢ > 0 there is a 6 > 0 such that
(a— €)1 < (b—20),. Thus, D([a]) = lim.o D([(a — €),]) < lims_,o D([(b — 6)4]) = D([b]).
This shows that D is monotone.

Leta,b € K(G,X). If D([a]) or D([b]) is infinite then D([a] + [b]) = D([a]) + D([b]) holds
trivially since D is monotone. We then assume that both of them are finite. Then in this case one
has

D([a] + [b]) = lim D([((a,b) — €)+]) = lim D([((a — €)+, (b — €)+)])

e—0 e—0

— lim D([(a — )+]) + lim D([(b — ¢).)

e—0 e—0

= D([a]) + D([t))-

This verifies that D is a state.

For lower semi-continuity, note that

D([(a — ¢)+]) = lim D([((a — )+ — 6).]) = lim D([(a — ¢ - 8)-]).

6—0 6—0

Thus we have

lim D([(a — €)4]) = limlim D([(a — € — 0)]) = D([a]).

e—0 e—00—0

]

For every premeasure y in Pr(X) define a state D, on W (X, G) by D, ([a]) = > ", p(supp(fi))
fora = (f1,..., fn) € K(X,G).

Proposition 4.3.4. D,, defined above is a lower semi-continuous state on W (X, G).

Proof. The additivity of D, is clear from the definition of D, above. Since y € Prg(X) is
G-invariant and inner-regular, we see that if a < b then D,([a]) < D,([b]). Now, let a =
(fi,...,fn) € K(X,G). Forevery 1 < i < n and a closed set F; C supp(f;) there is

an ¢; such that F; C supp((fi — €)y) = {x € X : fi(z) > ¢} C supp(fi). Now let
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e = max{e : 1 < i < n}andthus Y . w(F) < D,([(a —€)i]) < D,([a]), which implies

that sup,..o D, ([(a — €)1]) = D([a]) because p is inner-regular for every supp( f;). O

We will show in Lemma 4.3.5 that the converse of Proposition 4.3.4 is also true, that is, every
lower semi-continuous state D is of the form D, for a premeasure ;u € Pre(X). The proof of this
fact has a classical flavour. It is routine but quite long. In the Cuntz semigroup setting, Blackadar
and Handelman provided a version concerning bounded dimension functions, which are bounded
states of the Cuntz semigroup (see [6, Proposition 1.2.1]). However, they omitted the proof. In
addition, Rgrdam and Sierakowski proved the result for the type semigroup (see [60, Lemma 5.1])
in the zero-dimensional setting. Their proof relies on the zero-dimensionality of the space and
cannot be generalized to higher dimensional cases. Therefore, for the convenience of the readers,
we present the proof here. We denote by Lsc(W (X, 7)) the set of all lower semi-continuous states

on W(X,G).

Lemma 4.3.5. Every lower semi-continuous state D € Lsc(W (X, G)) induces a G-invariant

premeasure [ip € Pra(X).

Proof. First for every open set O, define up(O) = D([f]) where O = supp(f) for some [ €
C(X)4. Then by the definition of state, i is G-invariant on open sets. In addition, it is finitely

subadditive on open sets, i.e., if Oy, ... O, are open then

MD(iQ 0;) < ZZ: 1p(0;).
Moreover, if the Oy, . .. O,, are pairwise disjoint then we have additivity:
MD([| 0;) = g 1p(0).

=1

Finally, ;1 is monotone for open sets, i.e., O; C Oy implies pp(O1) < pp(O;). For every closed

set F, define pup(F') = inf{up(O) : FF C O, O open}. Since the space X is normal, up is additive
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with respect to disjoint closed sets {F}, ..., F,,}, i.e.,
po(|_|F2) =) un(F).
i=1 i=1
Claim 1. Let F be a closed set and {F,} an increasing sequence such that F = | F,. Then
pip(F) = sup,, pup(Fy).

Proof. 1If one of pup(F),) is infinite, then this equality holds trivially. Thus, we may assume each
of up(F,) is finite. Fix an € > 0. By the definition of yp(F},), for each n there is an open set

O,, D F,, such that

[ (Fn) = pp(On)| < €/27.

Then F C |J2°, O, and thus there is an N > 0 such that F ¢ |J"_, O,,. Note that

(UOn>\FN - U(On\Fn)7
which implies that
MD((U On) \ Fy) < MD(U(On \ Fp)) < ZMD(On \ F,) <e

Write O = ngl O,, for simplicity. We have (O \ Fy) Ll Fiy = O. Now for every open set

U D Fy,onehas O C O\ Fy UU, which entails that

1p(U) = pp(O) — pp(O \ Fu).

Therefore, one has pp(Fy) > pup(O) — pp(O\ Fn) > up(O) — e. As F' C O, one has

ip(Fn) 2 pp(0) — € = pp(F) — ¢,

which establishes the claim. O]
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Now, since D is lower semi-continuous we can verify that for every open set O one has
up(O) = sup{up(F) : F C O, F closed}. This shows that yp is inner regular on open sets.

Motivated by this equality, we define
pup(A) =sup{up(K) : K C A, K closed}

for every F, set A. This definition is consistent to the original definition of ;i for all open sets

and shows that y.p is monotone for all £, sets.

Claim 2. Let A = |J.2, F, for an increasing sequence of closed sets {E,}. Then pp(A) =

sup,, {pun (Fn)}-

Proof. By definition it suffices to show pp(A) = sup{up(K) : K C A, K closed} < sup,{up(Fn)}.
The proof is similar to that of Claim 1. If one of up(F),) is infinite, then the equality above holds
trivially. Thus, we may assume each up(F),) is finite. Fix an € > 0 and a closed set K’ C A. By

the definition of pp(F},), for each n there is an open set O,, O F}, such that

lip(Fn) — pp(On)| < €/27.

Then K C A C |J°, O, and thus there is an N > 0 such that K C (J_, O,,. Then because { F}, }

is increasing, one has

K\ Fy c (|J O\ Fnv c |J(Ox\ F),

Note that K\ Fly is also a F,, set. Then we have

pp(K\ Fy) SN((UOH)\FN) SZND(OH\Fn) <e

since fip is monotone on F, sets. We write K \ Fy = |J -, P, for an increasing sequence of

closed sets { P, }. Then K = (K \ Fx)U(KNFy) =1, ((KNFx)UP,). Then claim 1 entails
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that pp(K) = sup, {up((K N Fy) U P,)}. Now there is a M > 0 such that

pp((K N Fx)) + pp(Pu) = pp((K N Fy) U Py) 2 pp(K) — €.

Thus, we have

pp(Fn) > pp((K N Fy)) > pp(K) — 2.
This establishes Claim 2. ]

Now, consider the semialgebra S = {O N F : O open, F closed} in the sense of [61, p. 297].
Since our X is metrizable, every set O N F' € S is a F,, set. Observe that the algebra A, equals
{U~,C; : C; € §,n € N}. Then every member of A is an F,, set. We restrict the definition of

MUD to .Ao.

Claim3. If A, Ay, ..., Ay, ... € Agwith A= | |°_| Ay, then one has up(A) = > up(An).
Proof. 1f there is one A,, such that ;1p(A,,) = oo, the equality holds trivially. Therefore we may
assume that each y.p(A,,) is finite. Since each A,, is an F, set, we can write A,, = J~ | F},, ,, for

an increasing sequence of closed sets { F},, : n € N}. Thus A = | |°_ ", F},,. Fixane > 0.

By Claim 2 for each m € N we can choose NV,,, big enough such that

\p(Am) — up(Fmn,, )| < €/2™.

In addition, we can make the sequence { N, } strictly increasing. Now Define P, = |_|n]‘f:1 UNM Fon=

n=1

|_|n]‘i[:1 F.n,, for M > 0. Note that { Py, : M € N} is an increasing sequence of closed sets such
that A = |J3,_; Py Then Claim 2 shows that yup(A) = sup,,{up(Pu)}-
Observe that pup(Pyy) = 2%21 pp(Eny) < Do ip(Ay,) for each M. This implies that

pup(A) <3 pup(Am). Now if up(A) = oo then equality holds trivially. So we consider the
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case that ;up(A) < oo. In this case, for every M > 0, one has

S

1(Par) = pp(Am)l <7 1pn(Frv) — <D 62 <e

m=1

This implies that

00 > up(A) > up(Py) > pp(Am) — €,

1=

and thus we have

o0

pp(A) > pp(An)

m=1

since € was arbitrary.

]

Claim 3 shows that yp on Ay is indeed a premeasure. In addition, it also shows that ;. has

subadditivity for countably many sets in Ay, i.e., for Ay, -+ € Ay,

D(U An) < ZND(A )

the definition of yp implies that it is G-invariant and satisfies inner regularity for all sets in A
and outer regularity for closed sets. We verify the outer regularity for all sets in 4y. Let B € Ay,
which is a F,, set, say, B = |J,__, F,, for a increasing sequence of closed sets { F}, }. If up(B) = oo
then it satisfies the outer regularity trivially since pp is monotone on F), sets. Now suppose that
pp(B) < oo. Then Claim 2 shows that pp(B) = sup, ey ftp(Fr) < 0o. Then since we have outer
regularity for all closed sets, for € > 0 and each n € N, there is an open set O,, such that F;,, C O,

and

pp(Fn) > pup(On) — /2"

Then define O = |, ; O,,. Then one has B C O and

w(O\ B) < up(|J(On\ F)) <ZMD <e

n=1
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This shows that up(B) = inf{up(O) : B C O, O open} and thus up satisfies the outer regularity
and thus belongs to Prg(X). O

Recall that the measure (.5 can be extended to a Borel measure on X. The extension is unique if

wp is o-finite on Ay. This happens, in particular, in the case that D is bounded. i.e., D([1x]) < oc.

Theorem 4.3.6. The map S : D — up is an affine bijection from Lsc(W (X, G)) to Prg(X). In
particular, there is an affine bijection between Lsc; (W (X, G)) and Mg (X ) where Lscy (W (X, G))
is the set of all states D in Lsc(W (X, G)) with D([1x]) = 1.

Proof. By Lemma4.3.5, 5 : D — up is well defined. It is not hard to see that S is affine. We first

show that S is injective. If up, = pup, then for every f € C'(X), one has

Dy([f]) = pp, (supp(f)) = pp, (supp(f)) = Da([f]),

which shows that D; = D,. To see that S is surjective, it suffices to observe that S(D,,) = p for
every p € Prg(X).
Now if D([1x]) = 1 then pup is a probability premeasure on .4, and extends uniquely to a

probability Borel measure on X by the remark above. This establishes the last conclusion. [
Now we are able to prove the following theorem.

Theorem 4.3.7. Suppose that o : G ~ X is a continuous action of a countable infinite discrete
group G on a compact metrizable space X. Let A, B be open sets in X. The following are

equivalent.
(i) Thereis ann € NT such that (n + 1)A < nB.
(ii) There is an N € N7 such that (n + 1)A < nB foralln > N.

(iii) A C G- Band n(A) < u(B) for every u € Prg(X) with (B) = 1.
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Proof. (i)<(ii). Let A, B be open sets in X . Choose functions f,g € C'(X), such that supp(f) =
A and supp(g) = B. It suffices to show (i)=-(ii). If there is an n € N such that (n + 1)A < nB
then (n + 1)[f] < n[g] holds in W (X, G). Then Proposition 4.1.1. implies that there is an N € N
such that (m + 1)[f] < m][g] for all m > N. This shows (ii).

(i)=(iii). Suppose (n + 1)A < nB holds for some n € N. Then first by remark 4.2.2, one has
A C G - B trivially. Now fix a u € Prg(X) with p(B) = 1. The definition of (n + 1)A < nB
implies (n + 1)u(F) < nu(B) = n for all closed sets F' C A. Since p is inner regular, we have
(n+ 1)u(A) < nu(B)and thus pu(A) <n/(n+1) < 1= u(B).

(iii)=-(i). Suppose that A, B satisfy the assumption in (iii). Choose functions f,g € C(X),
such that supp(f) = A and supp(g) = B. First we claim that for all y € Prg(X) with 0 <
w(B) < 1 one still has p(A) < p(B). Indeed, define 1/(-) = pu(-)/u(B), which is a premeasure
in Prg(X) with ¢/(B) = 1. Then one has p/(A) < 1/(B) by the assumption of (iii), which shows
that u(A) < u(B).

Fix an € > 0. Then first one has supp((f — €)+) C supp((f —€)+) C A C G - B, which

implies that for some m € N and s4,...,s,, € G one has

m

supp((f —e)1) C | Js:B

=1

This entails that [(f — €)+] < m][g].

On the other hand, the condition that p(A) < p(B) for every 1 € Prg(X) with 0 < pu(B) <1
implies that D'([f]) < D'([g]) for all D’ € Lsc(W(X,G)) with 0 < D'([g]) < 1 by Theorem
4.3.6.

Therefore, for every state D € S(W (X, G)) with D([g]) = 1, since D is always lower semi-

continuous by Proposition 4.3.3, we have

D([(f - €)+])) < D([f]) < D(lg]) < D(lg]) = 1.

Then Proposition 4.1.1 implies that there is an n € N such that (n + 1)[(f — €)4] < n[g]. Since
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the € is arbitrary, one has (n + 1)[f] < n[g| by Proposition 4.3.1. This means (n + 1)A < nB as
desired. [

We then have the following corollary.

Corollary 4.3.8. Suppose that o : G ~ X is a continuous action of a countable infinite discrete
group G on a compact metrizable space X. Suppose in addition that G is amenable or « is

minimal. The following are equivalent.

(i) Whenever A, B are open sets in X such that u(B) > 0 for all u € Mg (X), if there is an
n € NT such that (n + 1)A < nB, then A < B.

(ii) o : G ~ X has dynamical comparison in the sense of Definition 1.2.8.

Proof. (i)=(ii). Let A, B be open sets in X. Suppose that v(A) < v(B) for every v € Mg (X).
First this implies v(B) > 0 for all v € M¢(X) and, in particular, B is not empty. When « is
minimal or (G is amenable, we claim that X = G - B. In the case that o is minimal, one has
X = G- B trivially. Suppose that GG is amenable and X # G - B, there is a G-invariant probability
measure \ for the closed subsystem C' = X \ G - B # () since G is amenable. However \ induces
a probability measure A’ on X with N'(E) = A(E N C)/A(C) for every Borel set £. Observe that
N(B) = 0 and this is a contradiction. Therefore one has A C X = G - B. In addition, since
X is actually covered by finitely many translates of B, for every u € Prg(X) with u(B) = 1,
one has p(X) is finite. Define v(-) = pu(-)/u(X), which is a probability premeasure in Prg(X).
Now extend v to obtain a probability measure in Mq(X'), which we still denote by v. Then since
v(A) < v(B) holds by assumption, one has (A) < u(B) = 1. Then Theorem 4.3.7 shows that
there is an n € N such that (n + 1)A < nB. This shows that A < B by (i) and thus we have
dynamical comparison in the sense of Definition 1.2.8.

(ii)=-(i). Let A, B be open sets in X such that v(B) > 0 for all v € Mg (X) and there is an
n € N7 such that (n + 1)A < nB. Theorem 4.3.7 shows that (A) < u(B) for all i € Prg(X)

with u(B) = 1. Now let v € M(X). Define v/(-) = v(-)/v(B). The measure v/ is well-defined
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since v(B) > 0 and satisfies v/(B) = 1. Note that v/ also belongs to Pr(X) when one restricts
it to Ap. This implies that v/(A) < v/(B) and thus v(A) < v(B). Now since « has dynamical

comparison, we have A < B.
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5. SUMMARY AND CONCLUDING REMARKS

The main theme of this work is establishing regularity properties of nuclear reduced crossed
product C*-algebras from dynamical systems, in particular, from dynamical comparison. This
provides new examples of nuclear simple unital separable C*-algebras satisfying Toms-Winter
conjecture and being classfied by the Ellitott invariant.

In chapter 2, we studied minimal free actions of amenable groups. Under the hypothesis that
E¢(X) is compact and zero-dimensional in the w*-topology we showed that dynamical compar-
ison implies the Z-stability of the reduced crossed prodcuts. In chapter 3, we looked at minimal
free amenable actions without invariant probability measures, which are opposite to that in Chapter
2. We then established pure infiniteness, thus Z-stability, of reduced crossed products for this kind
of actions satisfying dynamical comparison. These two chapters thus provide a quite complete
framework of the study of nuclear simple reduced crossed product C*-algebras because nuclearity
of reduced crossed products is equivalent to the amenbility of the actions. In this case, we have the
dichotomy that either the acting group is amenable or there are no invariant probability measures.

In addition, our work validates the motivation of dynamical comparison as a dynamical ana-
logue of strict comparison in the C*-setting. From this motivation, in Chapter 4, we established a
new charaterization of dynamical compasion of the flavour of almost unperforation as Rgrdam did
for strict comparison. This part of work was done through a construction of a new semigroup in
dynamical systems. This also provides us a generalized version of dynamical comparison.

We end our discussion by mentioning a few interesting questions and avenues for future re-
search.

Theorem 2.3.2 settles the case that Eg(X) is zero-dimensional. It is unknown to the author
whether the zero-dimensionality of E(X) in the assumption of Theorem 2.3.2 can be replaced by
finite dimensionality of Fg(X).

In view of Theorem 2.4.1, it is natural to ask whether m-almost finiteness, as a higher order

version of almost finiteness also implies Z-stability of reduced crossed product C*-algebras for
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minimal free actions of amenable groups.

In Chapter 3, we established pure infiniteness of reduced crossed product C*-algebras for es-
sentially free actions satisfying paradoxical comparison under some mild assumptions. However,
since the C*-algebras under consideration here may not be simple, it will be worth investigating
whether paradoxical comparison also implies strongly pure infiniteness of reduced crossed product
C*-algebra. This will provide us O -stability results.

Finally, in the view of all examples satisfying dynamical comparison lised in Section 1.2.3, a
nutural question is that what class of countable discrete group actions have dynamical compas-
rion? It may be too ambitious to conjecture that all actions on the Cantor set of amenable groups
automatically have dynamical comparison. However, we at least should ask that are there more
examples of actions satisfying dynamical comparison beyond that of Downarowicz and Zhang? It
is also unknown to the author whether there are more examples beyond n-filling actions in the case

of actions of non-amenable groups.
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