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Editorial

Andreas Czylwik
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Thomas Kaiser
Department of Communication Systems, Faculty of Engineering, University of Duisburg-Essen, 47048 Duisburg, Germany
Email: thomas.kaiser@uni-duisburg.de

Smart antennas have recently emerged as a key technology
for third (3G) and higher generations of wireless communi-
cation systems. They are able to add a new spatial dimension
on top of the currently used time, frequency, and code multi-
ple access schemes. The past of 3G wireless systems licensing
process in Europe has shown that spectral bandwidth may
cost wireless system providers billions of Euros. In light of
this fact, smart antennas offer an elegant and relatively in-
expensive opportunity of increasing data rate, system capac-
ity and flexibility, and quality of service. Today developments
and progress in this area are still away from cost-efficient
practical implementations, and further theoretical and ex-
perimental studies are crucial to enable successful applica-
tions of smart antennas in the future.

The aim of this special issue is to present recent advances
of the smart antenna research. The contributions cover a
broad range of topics. We classified them into three major
categories, namely, link level, system level, and applications.

The first ten papers of the issue are related to the link-
level study of smart antennas. In the paper by Meurer et al.,
the MIMO transmitter design approach with a priori given
structure of the receiver (the so-called receiver-oriented de-
sign scheme) is compared to the case when the MIMO re-
ceiver design is performed for a fixed transmitter struc-
ture (the so-called transmitter-oriented design scheme). The
paper by Khaled et al. is devoted to the optimization of
the MMSE-based joint MIMO transmitter and receiver de-
sign from the BER perspective. In the paper by Jiang and
Sidiropoulos, a new algorithm for blind identification of out-
of-cell CDMA users is developed for the case when multi-
ple antennas are used at the base station. The paper by Chen
et al. investigates a nonlinear detection technique for multi-
antenna receivers. In the next paper, Uysal and Georghiades

study the performance of space-time block codes (STBCs)
which are concatenated with outer trellis codes. The study
of STBC schemes is continued in the paper by Sharma and
Papadias, where a class of full-rate full-diversity linear qua-
siorthogonal STBCs is proposed and their practical decoding
algorithm is studied, and in the paper by Zhao et al., which
develops a linear precoder for OSTBCs when the channel co-
variance matrix is available at the transmitter. In the paper
by Liu and Li, a new soft detector for MIMO systems is pro-
posed which combines the advantages of the LS soft detector
and sphere decoder. The paper by Tubbax et al. compares the
multiple-antenna generalizations of the OFDM and single-
carrier schemes, and the paper by Jin and Acampora investi-
gates the outage capacity regions for a multiuser SDMA sys-
tem with multiple antennas at the base station.

The next four papers consider system level aspects. The
paper by J.-S. Kim et al. considers the link quality in a sin-
gle cell of a CDMA-based system using adaptive antenna ar-
rays and proposes a receiver which combines beamforming
and RAKE reception. The analysis of CDMA-based systems
is extended towards multicellular systems with adaptive an-
tennas in the paper by Czylwik and Dekorsy. A more specific
problem of angle-of-arrival estimation at base stations with
multibeam antennas is investigated in the paper by Bevan et
al. In the next paper, Biguesh and Gershman study down-
link channel estimation techniques in cellular systems using
training signals.

The next two papers are devoted to multiantenna channel
measurements. Kotterman et al. focus on diversity properties
of multiple antennas at hand-held terminals. The paper by
Pesavento et al. proposes an algorithm for simultaneous esti-
mation of MIMO channel parameters from channel sounder
measurements.
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The last five papers are devoted to hardware and appli-
cations issues of smart antennas and MIMO technologies.
The first paper by Sun and Karmakar studies the use of ac-
tive single port antennas with surrounding parasitic anten-
nas in order to perform direction-of-arrival estimation. In
the second paper by Zekavat et al., an oscillating antenna
array pattern with fixed main lobe direction is introduced
to provide transmit diversity. This approach is applied to
CDMA systems. The next paper by Rodrı́guez-Osorio et al.
deals with a practical implementation of a W-CDMA mul-
tiantenna testbed with the main focus on the most rele-
vant digital signal processing operations such as modulation,
demodulation, synchronization, and beamforming. Another
multiantenna testbed for ISM band transmission is presented
in the paper by Rinas et al. In this paper, the hardware con-
cepts are highlighted and the feasibility of current single- and
multicarrier MIMO algorithms is studied via measurements.
The last paper by S. Kim et al. studies the use of smart anten-
nas in another relevant 3G standard, CDMA2000.

In summary, the twenty-one papers published in this is-
sue cover a broad range of recent advances of smart antenna
research and a variety of their applications to existing and
future wireless systems.

We thank the authors, the reviewers, the publisher, and
the Editor-in-Chief for their efforts which were critical for
the success of this special issue.

Andreas Czylwik
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In conventional transmission schemes, the transmitter algorithms are a priori given, whereas the algorithms to be used by the
receivers have to be a posteriori adapted. Such schemes can be termed transmitter (Tx) oriented and have the potential of simple
transmitter implementations. The opposite to Tx orientation would be receiver (Rx) orientation in which the receiver algorithms
are a priori given, and the transmitter algorithms have to be a posteriori adapted. An advantage of the rationale Rx orientation is
the possibility to arrive at simple receiver structures. In this paper, linear versions of the rationales Tx orientation and Rx orienta-
tion are applied to radio transmission systems with multiantennas both at the transmitter and receiver. After the introduction of
adequate models for such multiple-input multiple-output (MIMO) systems, different system designs are evaluated by simulations,
and recommendations for proper system solutions are given.

Keywords and phrases: MIMO systems, transmitter orientation, receiver orientation.

1. INTRODUCTION
In conventional transmission schemes the transmitter algo-
rithms are a priori given and made known to the receiver,
whereas the algorithms to be used by the receivers have to be
a posteriori adapted, possibly under consideration of channel
information. For this approach, where the transmitter (Tx)
is the master and the receiver (Rx) is the slave, the authors
propose the term Tx orientation. The opposite to Tx orien-
tation would be Rx orientation in which the receiver algo-
rithms would be a priori given and made known to the trans-
mitter, and the transmitter algorithms, again possibly under
consideration of channel information, have to be a posteri-
ori adapted correspondingly. Since the early times of radio
communications, the rationale Tx orientation has been pre-
ferred because, seemingly, it has some kind of natural appeal
to system designers. It was not before the 1990s that the first
ideas of Rx orientation came up (cf. Table 1). It took another
couple of years to clearly formulate this rationale in 2000 [1].
From then on, it attracted broader attention so that a sys-
tematical study could begin. This late perception of Rx ori-

entation is astonishing because each of the two approaches,
depending on the particular field of application, has its dis-
tinct pros. In the case of Tx orientation, the transmitter algo-
rithms to be a priori determined can be chosen with a view
to arrive at particularly simple transmitter implementations.
On the other hand, in the case of Rx orientation, the receiver
algorithms can be a priori determined in such a way that the
receiver complexity is minimized. If we consider, as an im-
portant example of a radio transmission, mobile radio sys-
tems, the complexity of the mobile terminals (MT) should
be as low as possible, whereas more complicated implemen-
tations can be tolerated at the base stations (BS). Having in
mind the above-mentioned complexity features of the ratio-
nales Tx orientation and Rx orientation, this means that in
the uplink (UL), the quasi natural choice would be Tx ori-
entation, which leads to low-cost transmitters at the MTs,
whereas in the downlink (DL), the rationale Rx orientation
would be the favourite alternative because this results in sim-
ple receivers at the MTs. In [1, 2], the application of the ra-
tionale Rx orientation to mobile radio DLs is considered.
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Table 1: Selected early publications on Rx-oriented transmission in
chronological order.

References
Type of system, proposed techniques,

and further remarks

[3, 4]
SISO, CDMA with spreading at Tx, design of FIR
prefilter (MF criterion)⇒ Pre-Rake

[5]
SISO, CDMA with spreading at Tx, pre-decorrelator
(ZF criterion)

[6]
SISO, CDMA with spreading at Tx, pre-decorrelator
(ZF criterion)

[7]
SISO, CDMA with spreading at Tx, pre-decorrelator
(ZF criterion) and pre-MMSE (MMSE criterion)

[8]
MISO, CDMA with spreading at Tx, design of FIR
prefilter (MF / ZF / MMSE criterion)⇒ Pre-Rake

[9]
SISO, CDMA with spreading at Tx, design of FIR
prefilter (MF criterion)⇒ Pre-Rake

[10] MIMO, MMSE processing (MMSE criterion)

[11] MISO, CDMA, joint transmission (ZF criterion)
⇒ TxZF

[12] MISO, CDMA, joint predistortion (ZF criterion)
⇒ TxZF

[13]
SISO, CDMA with spreading at Tx, design of FIR
prefilter (ZF criterion)

[14] MISO, CDMA, joint transmission (ZF criterion)
⇒ TxZF

As mentioned above, in the case of Tx orientation, chan-
nel knowledge would be desirable at the MTs, whereas in the
case of Rx orientation, such knowledge should be available
at the BSs. This means that, in the case of mobile radio sys-
tems, the above proposed combination of Tx orientation in
the UL and Rx orientation in the DL is particularly easily fea-
sible, if the utilized duplexing scheme is time division du-
plexing (TDD). In TDD, the UL and the DL use the same
frequency in temporally separated periods so that, due to the
reciprocity theorem, both links experience the same channel
impulse responses as long as the time elapsing between UL
and DL transmissions is not too large. Therefore, the chan-
nel knowledge needed by the BS receivers in the Tx-oriented
UL and obtainable for instance based on the transmission
of training signals by the MTs can be used also as the chan-
nel knowledge required for the Rx-oriented DL transmission.
This approach to exploit channel knowledge available in the
BS for DL transmission has the additional advantage that no
resources have to be sacrificed for the transmission of train-
ing signals in the DL, which is, anyhow, capacity-wise the
more critical one of the two links.

An important asset with respect to increasing the spec-
trum efficiency of radio transmission systems is the use of
multiantennas instead of single antennas at both the trans-
mitter and the receiver [15, 16]. Such multi-antenna struc-
tures were given the designation multiple input multiple out-
put (MIMO). A series of theoretical results concerning the
capacity of MIMO systems [17, 18] and the implementation
of such systems [19, 20] came up in recent years. The present
paper has the goal to study and compare the rationales Tx

M H D
d t e r

n

d̂
+

Transmitter Channel Additive
noise

Receiver

Figure 1: Generic model of a linear transmission system.

orientation and Rx orientation and to show some dualities
and differences, if linear versions of these schemes are uti-
lized in combination with MIMO antenna structures. Lin-
ear systems have, in contrast to nonlinear systems as for in-
stance considered in [21], the advantage of lower complex-
ity [22, 23]. Nevertheless, also in linear systems, a beneficial
nonlinear feature can be introduced by operating the linear
inner MIMO system in combination with outer FEC coding
at the transmitter and FEC decoding at the receiver.

In Section 2, a generic model of linear transmission sys-
tems is developed. The topic of Section 3 is the detailed de-
scription of the rationales Tx orientation and Rx orienta-
tion under inclusion of the linear algorithms to be applied
at the transmitters and receivers. In this section, also the
quantity signal-to-noise-plus-interference ratio (SNIR) suit-
able for performance of comparisons of the two rationales is
introduced. The generic model developed in Section 2 and
the findings of Section 3 are adapted to linear MIMO trans-
mission systems in Section 4. Section 5 presents the results
of system simulations; these results help to decide in which
cases Tx orientation or Rx orientation should be chosen. Fi-
nally, Section 6 summarizes the paper.

The investigations are performed in the time-discrete
equivalent low-pass domain under utilization of the vector-
matrix representation of signals and system components
[24]. Consequently, signals and channel impulse responses
are represented by complex vectors or matrices which are
printed in bold face. In the analysis, [·]n,n designates the nth
diagonal element of a square matrix in brackets, [·]n stands
for the nth row of a matrix in brackets or the nth element of
a vector in brackets, and ‖·‖2 denotes the Euclidean norm of
the vector in brackets. Moreover, the operation diag(·) yields
a copy of the matrix in brackets with the diagonal elements
being set to zero.

2. GENERIC MODEL OF LINEAR
TRANSMISSION SYSTEMS

Figure 1 shows the generic model of a linear transmission
system. In this model, the transmitter, the channel, and the
receiver are described by the matrices M, H, and D, respec-
tively [1]. M, H, and D are termed modulator matrix, chan-
nel matrix, and demodulator matrix, respectively. The signals
occurring in the structure of Figure 1 are represented by the
following column vectors:

(i) d: data signal to be transmitted,
(ii) t: transmit signal,

(iii) e: useful receive signal at the channel output,
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Table 2: Dimensions of the vectors and matrices used in the struc-
ture of Figure 1.

Vector or matrix, respectively Dimensions

d = (d1, . . . ,dN )T CN×1

M CQ×N , Q ≥ N

t CQ×1

H CS×Q

e CS×1

n CS×1

r CS×1

D CN×S

d̂ CN×1

(iv) n: Gaussian noise signal at the receiver input,
(v) r: disturbed signal at the receiver input,

(vi) d̂: linear estimate of d at the receiver output.

The dimensions of the vectors and matrices used in the struc-
ture of Figure 1 are specified in Table 2.

The elements dn, n = 1, . . . ,N , of d are the data symbols
to be transmitted and are taken from a finite symbol set

V = {
v1 · · · vM

}
(1)

of cardinality M. d and n are assumed to be wide-sense sta-
tionary with zero mean and the covariance matrices

Rd = 2σ2
d IN×N , (2)

Rn = 2σ2IS×S, (3)

respectively. In the system of Figure 1, the estimate d̂ of d
obtained at the receiver output can be expressed as

d̂ = (
d̂1 · · · d̂N

)T = D r = D
(

e + n
) = D

(
H t︸︷︷︸

e

+n
)

= D
(

H M d︸ ︷︷ ︸
t

+n
) = D H M d + D n.

(4)

D H M is a square matrix of dimension N × N . Generally,
each data symbol dn, n = 1, . . . ,N , has an influence on all Q
elements of t. Therefore, Q can be considered as a spreading
factor, where, as we will see in Section 4, spreading can have
a temporal and a spatial component.

According to (2) and (4), the mean radiated energy in-
vested for the data symbol dn becomes

Tn = 1
2

∥∥[MT]
n

∥∥2
22σ2

d , (5)

where the factor “1/2” results from the low-pass domain rep-
resentation used within this contribution [25]. By averaging
over all N data symbols dn, n = 1, . . . ,N , we obtain the mean

radiated energy

T = σ2
d

N

N∑
n=1

∥∥[MT]
n

∥∥2
2 (6)

per data symbol.
The estimate d̂n of the transmitted data symbol dn con-

sists of the sum of a useful part

duseful,n = [D H M]n,ndn, (7)

of an interference part

dint,n =
[
diag(D H M)d

]
n, (8)

and of a noise part

dnoise,n = [D n]n; (9)

see also [24]. In (8) and (9), the terms in brackets are column
vectors. A concise and obvious quality measure for the esti-
mates d̂n of (4) are the SNIRs γn [24]. With (2), (3), (7), (8),
and (9), we obtain

γn =
E
{∣∣duseful,n

∣∣2
}

E
{∣∣dnoise,n

∣∣2
}

+ E
{∣∣dint,n

∣∣2
}

=
∣∣[D H M

]
n,n

∣∣2
σ2

d∥∥[D]n
∥∥2

2σ
2 +

∥∥[diag(D H M)
]
n

∥∥2
2σ

2
d

.

(10)

Even though in this paper, γn is adopted as the quality mea-
sure and quantitatively studied, ultimately the symbol er-
ror probabilities would be the proper measure. Fortunately,
in many cases, noise plus interference can be modeled as
white Gaussian noise with sufficient accuracy. Then, the er-
ror probabilities immediately follow from the values γn. Oth-
erwise, also the probability density function of noise plus in-
terference has to be taken into account.

3. TRANSMITTER ORIENTATION AND
RECEIVER ORIENTATION

The a posteriori determination of D in the case of linear Tx
orientation or of M in the case of linear Rx orientation have
to be performed under the consideration of certain criteria.
Depending on these criteria, different matrices D or M, re-
spectively, result. In what follows, first expressions for deter-
mining D or M, respectively, are presented, and only then it
will be explained which criteria stand behind these expres-
sions. The authors believe that this procedure facilitates the
understanding of the presentation, even though the said ex-
pressions are consequences of the related criteria.

In the case of Tx orientation, M and H are a priori given,
whereas D is a posteriori determined at the Rx based on the
knowledge of M and H. Well-known approaches for deter-
mining D are the receive matched filter (RxMF), the receive
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zero forcer (RxZF), and the receive minimum mean square
error estimator (RxMMSE) [24]. In these three cases, the
demodulator matrix is a posteriori determined according to
[24]

D =




(H M)H (RxMF),

[
(H M)HH M

]−1
(H M)H (RxZF),

[
(H M)HH M + σ2IN×N

]−1
(H M)H (RxMMSE).

(11)

In the case of Rx orientation, H and D are a priori given,
and M is a posteriori determined at the Tx based on the
knowledge of H and D. Approaches meanwhile quite well
known to determining M are the transmit matched filter
(TxMF) and the transmit zero forcer (TxZF) [1, 2]. For these,
the modulator matrix is a posteriori determined as follows:

M =




(D H)H, (TxMF)

(D H)H
[

D H(D H)H
]−1

. (TxZF)

(12)

Other options for Rx orientation are various kinds of trans-
mit minimum mean square error modulators (TxMMSE). In
one version, which leads to a closed-form expression for M,
we set out from a given average transmit energy T , see (6),
and, under this condition, determine M with a real scalar k
according to

M = k(D H)H
[

D H(D H)H +
σ2

NT
trace

(
D DH)IN×N

]−1

,

s.t.
σ2

d

N

N∑
n=1

∥∥∥[MT
]
n

∥∥∥2

2

!= T by proper choice of k (TxMMSE).
(13)

Equation (13) was first published in [26] in a somewhat dif-
ferent form.

Now we come to the said criteria behind the expressions
(11) to (13). The criterion being fulfilled by the Tx-oriented
schemes of (11) and the Rx-oriented schemes of (12) is the
maximization of γn of (10) for a given mean transmit energy
Tn per data symbol dn, see (5), and under different side con-
ditions, namely [2, 24], the following.

(1) RxMF, TxMF: the impact of the interference term
‖[diag(D H M)]n‖2σ2

d in the denominator on the
right-hand side of (10) is neglected.

(2) RxZF, TxZF: the impact of the interference term
‖[diag(D H M)]n‖2σ2

d in the denominator on the
right-hand side of (10) is eliminated by forcing this
term to zero.

(3) RxMMSE: an optimum compromise between the im-
pact of the noise term ‖[D]n‖2σ2 and the interference
term ‖[diag(D H M)]n‖2σ2

d is brought about.

M

H

D
d 1

...
KT

1
...

KR

n

d̂...
...

Transmitter Channel Additive
noise

Receiver

+

+

Figure 2: Linear MIMO transmission system.

In the case of the TxMMSE of (13), an average SNIR de-
fined as

γTxMMSE = σ2
d

∑N
n=1

∣∣[D H M]n,n
∣∣2

∑N
n=1

{∥∥[D]n
∥∥2

2σ
2 +

∥∥[diag(D H M)
]
n

∥∥2
2σ

2
d

}
(14)

is maximized for a given mean transmit energy T of (6) [26].
An important issue when evaluating the transmission

schemes of (11) to (13) is the determination of the SNIRs
for given mean transmit energies Tn of (5) or T of (6).
Therefore, the question arises how these energies can be pre-
determined. In the case of the Tx-oriented schemes of (11),
the mean transmit energies Tn per data symbol can be pre-
determined based on (5) when a priori establishing M in a
straightforward way. In the case of the TxMF and the TxZF,
see (12), the predetermination of Tn has to be accomplished
as follows:

(i) determine M by using (12),
(ii) column-wise scale this M in such a way that (5) yields

the desired mean energies Tn.

In the case of the TxMMSE, see (13), the mean radiated en-
ergy T per data symbol can again be predetermined in a
straightforward way.

The above theory is valid under the implicit understand-
ing that the matrices to be inverted in (11) to (13) are non-
singular. This condition is usually fulfilled in reasonably de-
signed systems. However, a closer look at this problem has
yet to come.

4. LINEAR MIMO TRANSMISSION SYSTEMS

Figure 2 shows a linear MIMO transmission system with KT

antennas at the transmitter and KR antennas at the receiver.
The question is how in the case of such a MIMO system the
vectors and matrices introduced in the generic transmission
system of Section 2 have to be adjusted in order to make the
equations derived in Sections 2 and 3 applicable.

We assume that each data symbol dn is temporally spread
over Qt chips [2]. Then, with the KT matrices

M(kT) =




M(kT)
1,1 M(kT)

1,2 · · · M(kT)
1,N

M(kT)
2,1 M(kT)

2,2 · · · M(kT)
2,N

...
...

. . .
...

M(kT)
Qt ,1 M(kT)

Qt ,2 · · · M(kT)
Qt ,N



∈ CQt×N (15)
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termed transmit antenna specific modulator matrices, the
(total) modulator matrix takes the form [2]

M =
(

M(1)T
M(2)T · · · M(KT)T

)T

,

M ∈ C(QtKT)×N .
(16)

According to (16), the spreading factor Q introduced in
Table 2 now reads

Q = QtKT. (17)

This shows that the total spreading quantified by Q results
from a temporal spreading and a spatial spreading repre-
sented by Qt and KT, respectively.

The radio channel between transmit antenna kT, kT =
1, . . . ,KT, and receive antenna kR, kR = 1, . . . ,KR, can be
characterized by the transmit and receive antenna specific
impulse response

h(kR,kT) = 1
W

(
h(kR,kT)

1 h(kR,kT)
2 · · · h(kR,kT)

W

)T

(18)

of dimension W [2]. Taking into account that each of the
KT transmit antennas radiates a signal of dimension Qt × 1,
the signal transmission from the transmit antenna kT, kT =
1, . . . ,KT, to the receive antenna kR, kR = 1, . . . ,KR, can be
described by the transmit and receive antenna specific chan-
nel matrix

H(kR,kT)=




h(kR,kT)
1 0 · · · 0

h(kR,kT)
2 h(kR,kT)

1
. . .

...
... h(kR,kT)

2
. . . 0

h(kR,kT)
W

...
. . . h(kR,kT)

1

0 h(kR,kT)
W

. . . h(kR,kT)
2

...
. . .

. . .
...

0 · · · 0 h(kR,kT)
W




,

H(kR,kT) ∈ C(Qt+W−1)×Qt .

(19)

The KRKT transmit and receive antenna specific channel ma-
trices H(kR,kT) of (19) can be stacked to the (total) channel
matrix

H =




H(1,1) H(1,2) · · · H(1,KT)

H(2,1) H(2,2) · · · H(2,KT)

...
...

. . .
...

H(KR,1) H(KR,2) · · · H(KR,KT)




,

H ∈ C[(Qt+W−1)KR]×(QtKT).

(20)

According to (20), the quantity S introduced in Table 2 can
be expressed as

S = (
Qt + W − 1

)
KR (21)

in the case of the considered MIMO system. Therefore, the
signals e, n, and r, see Table 2, have the dimension [(Qt +
W − 1)KR]× 1. Consequently,

D ∈ CN×[(Qt+W−1)KR] (22)

holds for the demodulator matrix.
With the matrices M, H, and D defined by (16), (20), and

(22), respectively, the different transmission schemes speci-
fied by (11), (12), and (13) can be immediately applied to
linear MIMO transmission systems.

5. SYSTEM EVALUATIONS BY SIMULATIONS

Based on the performance measure SNIR of (10), different
versions of linear MIMO transmission systems can be com-
pared and assessed. Questions to be answered by such com-
parisons concern

(i) the performance difference of Tx-oriented and Rx-
oriented systems,

(ii) the influence of the antenna numbers KT and KR on
the system performance.

Because a closed-form analysis is not possible, these ques-
tions will be addressed by simulations in what follows. Con-
cerning the design of linear MIMO transmission systems,
besides the distinction between Tx orientation and Rx ori-
entation, we can choose from a great variety of system
parametrizations and channel realizations. In this paper, only
a limited selection of such variants can be considered, which,
nevertheless, will allow some generally valid statements. In
all simulations, we set

N = Qt =W = 4. (23)

Simulations are performed for different pairs KT, KR of an-
tenna numbers. For each such pair, many system realizations
are investigated. In each realization, the elements of h(kR,kT)

of (18) and—in the case of Tx orientation—the elements of
M, or—in the case of Rx orientation—the elements of D are
chosen as independent realizations of a complex Gaussian
random variable with variance 1 of its real and imaginary
parts. For a given T/σ2, by averaging over all N values γn of
(10) and all realizations, the mean SNIR γ can be obtained
as a function of T/σ2. Concerning the predetermination of
T , see the last paragraph of Section 3. The determination of
h(kR,kT) described above means that all KTKR channel impulse
responses are totally uncorrelated. The opposite to this ex-
treme case would be totally correlated channel impulse re-
sponses, which, however, are not considered in this paper.

In Figures 3a, 3b, 3c, 3d, 3e, and 3f, the mean SNIR γ is
plotted versus T/σ2 for different pairs KT, KR and different
transmission schemes. The curves in these figures allow the
following conclusions.

(1) Both in the case of Tx orientation and Rx orientation,
the MF outperforms the ZF for small values of T/σ2,
and the ZF outperforms the MF for large values of
T/σ2. See Figures 3a, 3b, 3c, and 3d.
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Figure 3: Mean SNIR γ versus T/σ2 for the rationales Tx orientation and Rx orientation and for different combinations KT,KR; N = Qt =
W = 4.
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(2) Both in the case of Tx orientation and Rx orientation,
the MMSE outperforms the MF and the ZF. For small
values of T/σ2, the performance of the MMSE con-
verges to the performance of the MF, and for large val-
ues of T/σ2 to the performance of the ZF. See Figures
3a, 3b, 3c, and 3d.

(3) If the number KR of receive antennas is larger than
the number KT of transmit antennas, Tx orientation
should be chosen because it outperforms Rx orien-
tation. If KR is smaller than KT, the opposite is true.
Compare Figures 3a and 3b, and Figures 3c and 3d.

(4) The performance is enhanced with growing KT and
KR. See Figures 3e and 3f.

If we compare the Tx-oriented schemes for KT = 1 and
KR = 4 (see Figure 3a) with the Rx-oriented schemes for
KT = 4 and KR = 1 (see Figure 3d) or if we compare the
Tx-oriented schemes for KT = 4, KR = 1 (see Figure 3c) with
the Rx-oriented schemes for KT = 1, KR = 4 (see Figure 3b),
we can find a very interesting result: if the number of an-
tennas in the two considered schemes both at the a priori
given sides and at the a posteriori adapted sides are equal,
then the Rx-oriented schemes perform worse than the Tx-
oriented schemes. This effect results from the assumption of
totally uncorrelated channel impulse responses of dimension
W , which is larger than one.

6. SUMMARY

A system model for linear MIMO transmission systems is
developed, and this model is worked out for the cases of
Tx-oriented and Rx-oriented systems. Based on the system
model, performance comparisons and evaluations are made
in which the performance measure is the mean SNIR, and the
recommendations concerning the system design are given.
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To approach the potential MIMO capacity while optimizing the system bit error rate (BER) performance, the joint transmit and
receive minimum mean squared error (MMSE) design has been proposed. It is the optimal linear scheme for spatial multiplexing
MIMO systems, assuming a fixed number of spatial streams p as well as a fixed modulation and coding across these spatial streams.
However, state-of-the-art designs arbitrarily choose and fix the value of the number of spatial streams p, which may lead to an
inefficient power allocation strategy and a poor BER performance. We have previously proposed to relax the constraint of fixed
number of streams p and to optimize this value under the constraints of fixed average total transmit power and fixed spectral
efficiency, which we referred to as spatial-mode selection. Our previous selection criterion was the minimization of the system sum
MMSE. In the present contribution, we introduce a new and better spatial-mode selection criterion that targets the minimization
of the system BER. We also provide a detailed performance analysis, over flat-fading channels, that confirms that our proposed
spatial-mode selection significantly outperforms state-of-the-art joint Tx/Rx MMSE designs for both uncoded and coded systems,
thanks to its better exploitation of the MIMO spatial diversity and more efficient power allocation.

Keywords and phrases: MIMO systems, spatial multiplexing, joint transmit and receive optimization, selection.

1. INTRODUCTION

Over the past few years, multiple-input multiple-output
(MIMO) communication systems have prevailed as the key
enabling technology for future-generation broadband wire-
less networks, thanks to their huge potential spectral efficien-
cies [1]. Such spectral efficiencies are related to the multi-
ple parallel spatial subchannels that are opened through the
use of multiple-element antennas at both the transmitter and
receiver. These available spatial subchannels can be used to
transmit parallel independent data streams, what is referred
to as spatial multiplexing (SM) [2, 3]. To enable SM, joint
transmit and receive space-time processing has emerged as
a powerful and promising design approach for applications,

where the channel is slowly varying such that the channel
state information (CSI) can be made available at both sides of
the transmission link. In fact, the latter design approach ex-
ploits this CSI to optimally allocate resources such as power
and bits over the available spatial subchannels so as to either
maximize the system’s information rate [4] or alternatively
reduce the system’s bit error rate (BER) [5, 6, 7, 8].

In this contribution, we adopt the second design alter-
native, namely, optimizing the system BER under the con-
straints of fixed rate and fixed transmit power. Moreover,
among the possible design criteria, we retain the joint trans-
mit and receive minimum mean squared error (joint Tx/Rx
MMSE), initially proposed in [5] and further discussed in
[7, 8], for it is the optimal linear solution for fixed coding and
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Figure 1: The considered (MT ,MR) spatial multiplexing MIMO system using linear joint transmit and receive optimization.

symbol constellation across spatial subchannels or modes.
The latter constraint is set to reduce the system’s complexity
and adaptation requirements, in comparison with the opti-
mal yet complex bit loading [9].

Nevertheless, state-of-the-art contributions initially and
arbitrarily fix the number of used SM data streams p [5,
6, 7, 8]. We have previously argued that, compared to their
channel-aware power allocation policies, the initial, arbi-
trary,1 and static choice of the number of transmit data
streams p is suboptimal [10]. More specifically, we have high-
lighted the highly inefficient transmit power allocation and
poor BER performance this approach may lead to. Conse-
quently, we have proposed to include the number of streams
p as an additional design parameter, rather than a mere ar-
bitrary fixed scalar as in state-of-the-art contributions, to
be optimized in order to minimize the joint Tx/Rx MMSE
design’s BER [10, 11]. A remark in [7] previously raised
this issue without pursuing it. The optimization criterion,
therein proposed, was the minimization of the sum MMSE
and has been also investigated in [10, 11] for flat-fading and
frequency-selective fading channels, respectively. The sum
MMSE minimization criterion, however, is obviously sub-
optimal as it equivalently overlooks the joint Tx/Rx MMSE
design p parallel modes as a single one whose BER is min-
imized. Consequently, it fails to identify the optimal MSEs
and BERs on the individual spatial streams that would actu-
ally minimize the system average BER. In the present contri-
bution, a better spatial-mode selection criterion is proposed
which, on the contrary, examines the BERs on the individual
spatial modes in order to identify the optimal number of spa-
tial streams to be used for a minimum system average BER.
Finally, spatial-mode selection has also been investigated in
the context of space-time coded MIMO systems in presence
of imperfect CSI at the transmitter [12, 13]. The therein de-
veloped solutions, however, do not apply for spatial multi-
plexing scenarios, which are the focus of the present contri-
bution.

The rest of the paper is organized as follows. Section 2
provides the system model and describes state-of-the-art
joint Tx/Rx MMSE designs. Based on that, Section 3 derives
the proposed spatial-mode selection. In Section 4, the BER
performance improvements enabled by the proposed spatial-

1It is set to either the rank of the MIMO channel matrix [7] or an arbi-
trary value [6, 8], p ≤ Min(MT ,MR).

mode selection are assessed for both uncoded and coded
systems. Finally, we draw the conclusions in Section 5.

Notations

In all the following, normal letters designate scalar quantities,
boldface lower case letters indicate vectors, and boldface cap-
itals represent matrices; for instance, Ip is the p × p identity
matrix. Moreover, trace(M), [M]i, j , [M]·, j , [M]·,1: j , respec-
tively, stand for the trace, the (i, j)th entry, the jth column,
and the j first columns of matrix M. [x]+ refers to Max(x, 0)
and (·)H denotes the conjugate transpose of a vector or a ma-
trix. Finally, ||m||2 indicates the 2-norm of vector m.

2. SYSTEM MODEL AND PRELIMINARIES

2.1. System model

The SM MIMO wireless communication system under con-
sideration is depicted in Figure 1. It consists of a transmit-
ter and a receiver, both equipped with multiple-element an-
tennas and assumed to have perfect knowledge about the
current channel realization. At the transmitter, the input
bit stream b is coded, interleaved, and modulated accord-
ing to a predetermined symbol constellation of size Mp.
The resulting symbol stream s is then demultiplexed into
p ≤ Min(MR,MT) independent streams. The latter SM op-
eration actually converts the serial symbol stream s into a
higher-dimensional symbol stream where every symbol is a
p-dimensional spatial symbol, for instance, s(k) at discrete-
time index k. These spatial symbols are then passed through
the linear precoder T in order to optimally adapt them to
the current channel realization prior to transmission through
the MT-element transmit antenna. At the receiver, the MR

symbol-sampled complex baseband outputs from the MR-
element receive antenna are passed through the linear de-
coder R matched to the precoder T. The resulting p output
streams conveying the detected spatial symbols ŝ(k) are then
multiplexed, demodulated, deinterleaved, and decoded to re-
cover the initially transmitted bit stream. For a flat-fading
MIMO channel, the global system equation is given by

ŝ1(k)
...

ŝp(k)


︸ ︷︷ ︸

ŝ(k)

= RHT


s1(k)

...
sp(k)


︸ ︷︷ ︸

s(k)

+R


n1(k)

...
nMR(k)


︸ ︷︷ ︸

n(k)

, (1)
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where n(k) is the MR-dimensional receiver noise vector at
discrete-time index k. H is the MR × MT channel matrix
whose (i, j)th entry [H]i, j represents the complex channel
gain between the jth transmit antenna element and the ith
receive antenna element. In all the following, the discrete-
time index k is dropped for clarity.

2.2. Generic joint Tx/Rx MMSE design

The linear precoder and decoder T and R represented by an
MT×p and p×MR matrix, respectively, are jointly designed to
minimize the sum mean squared error (MSE) on the spatial
symbols s subject to fixed average total transmit power PT
constraint [6] as stated in the following:

MinR,T Es,n
{∥∥s − (RHTs + Rn)

∥∥2
2

}
subject to: Es · trace

(
TTH

) = PT.
(2)

The statistical expectation Es,n{·} is carried out over the data
symbols s and the noise samples n. We assume uncorrelated
data symbols of average symbol energy Es and zero-mean
temporally and spatially white complex Gaussian noise sam-
ples with covariance matrix σ2

nIMR .
We introduce the thin [14, page 72] singular value de-

composition (SVD) of the MIMO channel matrix H:

H =
(

Up Up

)(Σp 0
0 Σp

)(
Vp Vp

)H
, (3)

where Up and Vp are, respectively, the MR× p and MT× p left
and right singular vectors associated to the p strongest singu-
lar values or spatial subchannels or modes2 of H, stacked in
decreasing order in the p × p diagonal matrix Σp. Up and
Vp are the left and right singular vectors associated to the re-
maining (Min(MR,MT) − p) spatial modes of H, similarly
stacked in decreasing order in Σp. The optimization prob-
lem stated in (2) is solved using the Lagrange multiplier tech-
nique which formulates the constrained cost-function as fol-
lows:

C = MinR,T Es,n
{∥∥s − (RHTs + Rn)

∥∥2
2

}
+ λ
(
Es · trace

(
TTH

)− PT
)
,

(4)

where λ is the Lagrange multiplier to be calculated to satisfy
the transmit power constraint. The optimal linear precoder
and decoder pair {T, R}, solution to (4), was shown to be [6]

T = Vp · ΣT · Z,

R = ZH · ΣR · (Up
)H

,
(5)

where Z is an optional p × p unitary matrix, ΣT is the p × p
diagonal power allocation matrix that determines the trans-
mit power distribution among the available p spatial modes

2We will alternatively use spatial subchannels and spatial modes to refer
to the singular values of H, as these singular values represent the parallel in-
dependent spatial subchannels or modes underlying the flat-fading MIMO
channel modeled by H.

and is given by

Σ2
T =

[
σn√
Esλ

Σ−1
p − σ2

n

Es
Σ−2
p

]+

subject to: trace
(
Σ2
T

)
= PT

Es
,

(6)

and ΣR is the p × p diagonal complementary equalization
matrix given by

ΣR =
√
Esλ

σn
ΣT . (7)

The joint Tx/Rx MMSE design of (5) essentially decou-
ples the MIMO channel matrix H into its underlying spa-
tial modes and selects the p strongest ones, represented by
Σp, to transmit the p data streams. Among the latter p spa-
tial modes, only those above a minimum signal-to-noise ra-
tio (SNR) threshold, determined by the transmit power con-
straint, are the actually allocated power as indicated by [·]+

in (6). Furthermore, more power is allocated to the weaker
ones in an attempt to balance the SNR levels across spatial
modes.

2.3. Problem statement

The discussed generic joint Tx/Rx MMSE design has been
derived for a given number of spatial streams p which are ar-
bitrarily chosen and fixed [5, 6, 7, 8, 15]. These p streams
will always be transmitted regardless of the power alloca-
tion policy that may, as previously highlighted, allocate no
power to certain weak spatial subchannels. The data streams
assigned to the latter subchannels are then lost, leading to
a poor overall BER performance. Furthermore, as the SNR
increases, these initially disregarded modes will eventually be
given power and will monopolize most of the available trans-
mit power, leading to an inefficient power allocation strategy
that detrimentally impacts the strong modes. Finally, it has
been shown [16] that the spatial subchannel gains exhibit de-
creasing diversity orders. This means that the weakest used
subchannel sets the spatial diversity order exploited by the
joint Tx/Rx MMSE design. The previous remarks highlight
the influence of the choice of p on the transmit power al-
location efficiency, the exhibited spatial diversity order, and
thus on the joint Tx/Rx MMSE designs’ BER performance.
Hence, we alternatively propose to include p as a design pa-
rameter to be optimized according to the available channel
knowledge for an improved system BER performance, what
we subsequently refer to as spatial-mode selection.

2.4. State-of-the-art joint Tx/Rx MMSE designs

Before proceeding to derive our spatial-mode selection, we
first introduce two state-of-the-art designs that instantiate
the aforementioned generic joint Tx/Rx MMSE solution and
that are the base line for our subsequent optimization pro-
posal. While preserving the joint Tx/Rx MMSE design’s core
transmission structure {ΣT ,Σp,ΣR}, these two instantiations
implement different unitary matrices Z. As will be subse-
quently shown, the latter unitary matrix can be used to
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enforce an additional constraint without altering the result-
ing system’s sum MMSEp, formally defined in (2). In order
to explicit it, we introduce the MSE covariance matrix MSEp,
associated with the considered fixed p data streams and fixed
symbol constellation across these streams, defined as follows:

MSEp = Es,n
{

(s − ŝ)(s − ŝ)H
}
. (8)

Clearly, the diagonal elements of MSEp represent the MSEs
induced on the individual spatial streams. Consequently,
their sum would result in the aforementioned sum MMSEp

when the optimal linear precoder and decoder pair {T, R} of
(5) is used. In the latter case, MSEp can be straightforwardly
expressed as follows:

MSEp = ZH ·
(
Es
(

Ip − ΣTΣpΣR
)2

+ σ2
nΣ

2
R

)
· Z. (9)

MMSEp is then simply given by [6]

MMSEp

= trace
[

ZH ·
(
Es
(

Ip − ΣTΣpΣR
)2

+ σ2
nΣ

2
R

)
· Z
]
.

(10)

Since the trace of a matrix depends only on its singular val-
ues, the unitary matrix Z, indeed, does not alter the MMSEp

that can be reduced to

MMSEp = trace
(
Es
(

Ip − ΣTΣpΣR
)2

+ σ2
nΣ

2
R

)
. (11)

2.4.1. Conventional joint Tx/Rx MMSE design

The conventional3 joint Tx/Rx MMSE design only aims at
minimizing the system’s sum MSE. Since, as aforementioned,
the unitary matrix Z does not alter the system’s MMSEp, this
design simply sets it to identity Z = Ip [6, 7, 8]. Nevertheless,
this design exhibits nonequal MSEs across the data streams
as pointed out in [7, 15]. Thus, its BER performance will be
dominated by the weak modes that induce the largest MSEs.
To overcome this drawback, the following design has been
proposed.

2.4.2. Even-MSE joint Tx/Rx MMSE design

The even-MSE joint Tx/Rx MMSE design enforces equal
MSEs on all data streams while maintaining the same over-
all sum MMSEp. This can be achieved by choosing Z as the
p × p IFFT matrix [15] with [Z]n,k = (1/

√
p) exp( j2πnk/p).

In fact, taking advantage of the diagonal structure of the in-
ner matrix in (9), the pair {IFFT, FFT} enforces equal diago-
nal elements for MSEp,4 what amounts to equal MSEs on all
data streams. Through balancing the MSEs across the data
streams, this design guarantees equal minimum BER on all

3It is the most wide-spread instantiation in the literature, simply referred
to as the joint Tx/Rx MMSE design. The term “conventional” has been added
here to avoid confusion with the next instantiation.

4The common value of these diagonal elements will be shown later to be
equal to the arithmetic average of the diagonal elements of the inner diago-
nal matrix MMSEp /p.

streams for the given fixed number of spatial streams p and
fixed constellation across these streams. Nevertheless, the use
of the {IFFT, FFT} pair induces additional interstream inter-
ference in the case of the even-MSE design.

3. SPATIAL-MODE SELECTION

As previously announced, we aim at a spatial-mode selec-
tion criterion that minimizes the system’s BER. In order to
identify such criterion, we subsequently derive the expres-
sion of the conventional joint Tx/Rx MMSE design’s average
BER and analyze the respective contributions of the individ-
ual used spatial modes. To do so, we rewrite the input-output
system equation (1) for this design, using the optimal linear
precoder and decoder solution of (5) and setting Z to iden-
tity:

ŝ = ΣRΣpΣTs + ΣRn. (12)

Remarkably, the conventional joint Tx/Rx MMSE design
transmits the p available data streams on p parallel indepen-
dent channel spatial modes. Each of these spatial modes is
simply Gaussian with a fixed gain, given by its corresponding
entry in ΣpΣT , and an additive noise of variance σ2

n .5 Con-
sequently, for the used Gray-encoded square QAM constella-
tion of size Mp and average transmit symbol energy Es, the
average BER on the ith spatial mode, denoted by BERi, is ap-
proximated at high SNRs (see [17, page 280] and [18, page
409]) by

BERi ≈ 4
log2

(
Mp
) ·
1 − 1√

Mp

 ·Q

√√√√3

σ2
i σT

2
i(

Mp − 1
) Es
σ2
n

,

(13)

where σi denotes the ith diagonal element of Σp, which rep-
resents the ith spatial mode gain. Similarly, σT i is the ith
diagonal element of ΣT whose square designates the trans-
mit power allocated to the ith spatial mode. Since the used
square QAM constellation of size Mp and minimum Eu-
clidean distance dmin = 2 has an average symbol energy
Es = 2(Mp − 1)/3 and Q(x) can be conveniently written as
erfc(x/

√
2)/2, BERi can be simplified into

BERi ≈ 2
log2

(
Mp
) ·
1 − 1√

Mp

 · erfc


√√√√σ2

i σT
2
i

σ2
n

. (14)

The argument σ2
i σT

2
i /σ

2
n is easily identified as the average

symbol SNR normalized to the symbol energy Es on the ith
spatial mode. For a given constellation Mp, the latter average
SNR clearly determines the BER on its corresponding spatial
mode. The conventional design’s average BER performance,

5Which is calculated according to the actual Eb/N0 value.
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however, depends on the SNRs on all p spatial modes as fol-
lows:

BERconv

≈ 2
log2

(
Mp
) ·
1 − 1√

Mp

 · 1
p

p∑
i=1

erfc


√√√√σ2

i σT
2
i

σ2
n

.
(15)

Consequently, to better characterize the conventional de-
sign’s BER, we define the p × p diagonal SNR matrix SNRp

whose diagonal consists of the average SNRs on the p spatial
modes:

SNRp = Σ2
p · Σ2

T

σ2
n

. (16)

Using the expression of the optimal transmit power alloca-
tion matrix Σ2

T formulated in (6), the previous SNRp expres-
sion can be further developed into

SNRp =
[

1

σn
√
λEs

Σp −
Ip
Es

]+

. (17)

The latter expression illustrates that the conventional joint
Tx/Rx MMSE design induces uneven SNRs on the differ-
ent p spatial streams. More importantly, (17) shows that the
weaker the spatial mode is, the lower its experienced SNR is.
The conventional joint Tx/Rx MMSE BER, BERconv, of (15)
can be rewritten as follows:

BERconv

≈ 2
log2

(
Mp
) ·
1 − 1√

Mp

)
· 1
p

p∑
i=1

erfc
(√[

SNRp
]
i,i

)
.

(18)

The previous SNR analysis further indicates that the p spa-
tial modes exhibit uneven BER contributions and that of
the weakest pth mode, corresponding to the lowest SNR
[SNRp]p,p, dominates BERconv. Consequently, in order to
minimize BERconv, we propose as the optimal number of
streams to be used popt, the one that maximizes the SNR on
the weakest used mode under a fixed rate R constraint. The
latter proposed spatial-mode selection criterion can be ex-
pressed as follows:

Maxp
[

SNRp
]
p,p

subject to: p × log2

(
Mp
) = R.

(19)

The rate constraint shows that, though the same sym-
bol constellation is used across spatial streams, the selec-
tion/adaptation of the optimal number of streams popt re-
quires the joint selection/adaptation of the used constellation
size such that Mopt = 2R/popt . Adapting (17) for the consid-
ered square QAM constellations (i.e., Es = 2(Mp − 1)/3), the

spatial-mode selection criterion stated in (19) can be further
refined into

popt

= arg Maxp

 1

σn
√

(2/3)
(
2R/p − 1

)
λ
σp − 1

(2/3)
(
2R/p − 1

)
+

.

(20)

The latter spatial-mode selection problem has to be solved
for the current channel realization to identify the optimal
pair {popt,Mopt} that minimizes the system’s average BER,
BERconv.

We have derived our spatial-mode selection based on
the conventional joint Tx/Rx MMSE design because this de-
sign represents the core transmission structure on which
the even-MSE design is based. Our strategy is to first use
our spatial-mode selection to optimize the core transmis-
sion structure {ΣT ,Σpopt ,ΣR}, the even-MSE, then addition-
ally applies the unitary matrix Z, which is now the popt × popt

IFFT matrix to further balance the MSEs and the SNRs across
the used popt spatial streams.

4. PERFORMANCE ANALYSIS

In this section, we investigate the uncoded and coded
BER performance of both conventional and even-MSE joint
Tx/Rx MMSE designs when our spatial-mode selection is
applied. The goal is manifold. We first assess the BER per-
formance improvement offered by our spatial-mode selec-
tion over state-of-the-art full SM conventional and even-
MSE joint Tx/Rx MMSE designs. Then, we compare our
spatial-mode selection performance and complexity to those
of a practical spatial adaptive loading strategy. Last but not
least, we evaluate the impact of channel coding on the rel-
ative BER performances of all the above-mentioned designs.
In all the following, the MIMO channel is stationary Rayleigh
flat-fading, modeled by an MR × MT matrix with i.i.d unit-
variance zero-mean complex Gaussian entries. In all the fol-
lowing, the BER figures are averaged over 1000 channel real-
izations for the uncoded performance and over 100 channels
for the coded performance. For each channel, at least 10 bit
errors were counted for each Eb/N0 value, where Eb/N0 stands
for the average receive energy per bit over noise power. A unit
average total transmit power was considered, PT = 1.

4.1. Uncoded performance

Considering the uncoded system, we first compare the rel-
ative BER performance of the conventional and even-MSE
joint Tx/Rx MMSE designs when full SM is used. We later
apply our spatial-mode selection for improved BER perfor-
mances, which we further contrast with that of a practical
spatial adaptive loading scheme inspired from [19].

4.1.1. Conventional versus even-MSE
joint Tx/Rx MMSE

For a fixed number of spatial streams p and fixed symbol
constellation Mp, BERconv given by (15) approximates the
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Figure 2: Average uncoded BER comparison for a (2, 2) MIMO
setup at R = 4 bps/Hz.

conventional joint Tx/Rx MMSE design BER performance
in the high SNR region, where the MMSE receiver reduces
to a zero-forcing receiver. Associated to this assumption,
the conventional design approximately reduces the ith spa-
tial mode into a Gaussian channel with noise variance equal
to σ2

n/σ
2
i σT

2
i . The latter noise variance represents also the

equivalent MSE at the output of the ith spatial mode, which
can be denoted by [MSEp]i,i = 1/[SNRp]i,i. Hence, using
the same zero-forcing assumption, the even-MSE enforces
an equal MSE or noise variance across p streams equal to∑p

i=1(σ2
n/σ

2
i σT

2
i )/p = ∑p

i=1(1/[SNRp]i,i)/p; thus its average
BER, BEReven−MSE, is approximately given by

BEReven−MSE

≈ 2
log2

(
Mp
) ·
1 − 1√

Mp

 erfc

√√√ p∑p
i=1 1/

[
SNRp

]
i,i

.
(21)

Recalling Jensen’s inequality [20, page 25] and the com-
parison of (18) and (21) where the MSEs ([MSEp]i,i =
1/[SNRp]i,i)i would be denoted as variable (xi)i, we can state
that

BEReven−MSE ≤ BERconv (22)

when fp(x) = erfc(1/
√
x) is convex. The analysis of the func-

tion { fp(x), x ≥ 0}, provided in Appendix A, shows that
it is convex for values of x smaller than a certain xinf ; for x
larger than xinf , the function turns out to be concave. Since
x stands for the MSEs on the spatial modes, which decrease
when the average receive energy per bit over noise power

Full SM + conventional design (4QAM)
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Even-MSE design + spatial-mode selection
Spatial adaptive loading
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Figure 3: Average uncoded BER comparison for a (3, 3) MIMO
setup at R = 6 bps/Hz.

(Eb/N0) increases, we can relate the convexity of fp(x) to the
relative BER performance of the conventional and the even-
MSE joint Tx/Rx MMSE designs as follows:

BEReven−MSE ≤ BERconv

for Eb/N0 ≥ Eb/N0inf
(

MSEs ≤ MSEinf
)
.

(23)

Eb/N0inf is the Eb/N0 value needed to reach fp(x)’s inflec-
tion point xinf = MSEinf . This BER analysis is further con-
firmed by the simulated results plotted in Figures 2, 3, and 4.
More specifically, the latter figures illustrate that the full SM
even-MSE outperforms the full SM conventional design af-
ter a certain Eb/N0 value, previously referred to as Eb/N0inf .
As it turns out, the latter value occurs before 0 dB for both
the (2, 2) MIMO setup at R = 4 bps/Hz and the (3, 3) MIMO
setup at R = 6 bps/Hz, respectively, plotted in Figures 2 and
3. For the case of the (3, 3) MIMO setup at R = 12 bps/Hz of
Figure 4, however, the even-MSE design surpasses the con-
ventional design only for SNRs larger than Eb/N0inf = 10 dB.
This is due to the fact that, for a given (MT ,MR) MIMO sys-
tem with fixed average total transmit power PT , the larger
the constellation used and the larger the rate supported, the
larger the induced MSEs at a given Eb/N0 value or alterna-
tively the larger the Eb/N0inf needed to fall below MSEinf on
the used spatial streams, which is required for the even-MSE
design to outperform the conventional one.

4.1.2. Spatial-mode selection versus
full spatial multiplexing

Applying our spatial-mode selection to both joint Tx/Rx
MMSE designs leads to impressive BER performance
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Figure 4: Average uncoded BER comparison for a (3, 3) MIMO
setup at R = 12 bps/Hz.

improvement for various MIMO system dimensions and
parameters. Figure 2 illustrates such BER improvement for
the case of a (2, 2) MIMO setup supporting a spectral ef-
ficiency R = 4 bps/Hz. Our proposed spatial-mode selec-
tion is shown to provide 12.6 dB and 10.5 dB SNR gain over
full SM conventional and even-MSE designs, respectively, at
BER = 10−3. Figures 3 and 4 confirm similar gains for a
(3, 3) MIMO setup at spectral efficiency R = 6 bps/Hz and
R = 12 bps/Hz, respectively. These significant performance
improvements are due to the fact that our spatial-mode se-
lection, depending on the spectral efficiency R, wisely dis-
cards a number of weak spatial modes that exhibit the lowest
spatial diversity orders, as argued in [16]. The same weak
modes that dominate the performance of both full SM joint
Tx/Rx MMSE designs. According to (20), our spatial-mode
selection restricts transmission to the popt strongest modes
only. The latter popt modes exhibit significantly higher spa-
tial diversity orders and form a more balanced subset6 over
which a more efficient power allocation is possible, leading to
higher transmission SNR levels and consequently lower BER
figures. Furthermore, it is because the subset of popt selected
modes is balanced that the additional effort of the even-MSE
joint Tx/Rx MMSE to further average it brings only marginal
BER improvement over the conventional joint Tx/Rx MMSE
when spatial-mode selection is applied. Clearly, the pro-
posed spatial-mode selection enables a more efficient trans-
mit power allocation and a better exploitation of the available
spatial diversity.

6The difference between the popt spatial mode gains is reduced.

4.1.3. Spatial-mode selection versus
spatial adaptive loading

The spatial adaptive loading, herein considered, is simply the
practical Fischer’s adaptive loading algorithm [19]. The lat-
ter algorithm was initially proposed for multicarrier systems.
Nevertheless, it directly applies for a MIMO system where
an SVD is used to decouple the MIMO channel into parallel
independent spatial modes, which are completely analogous
to the orthogonal carriers of a multicarrier system. Hence,
the considered spatial adaptive loading setup first performs
an SVD that decouples the MIMO channel into parallel in-
dependent spatial modes. Fischer’s adaptive loading algo-
rithm [19] is then used to determine, using the knowledge
of the current channel realization, the optimal assignment
for the R bits on the decoupled spatial modes such that equal
minimum symbol-error rate (SER) is achieved on the used
modes. Consequently, strong spatial modes are loaded with
large constellation sizes, whereas weak modes carry small
constellation sizes or are dropped if their gains are below a
given threshold. This scheme, indeed, exhibits excellent per-
formance, as shown in Figures 2, 3, and 4, mostly outper-
forming both joint Tx/Rx MMSE designs even when spatial-
mode selection is used. This is due to spatial adaptive load-
ing’s additional flexibility of assigning different constellation
sizes to different spatial modes. This higher flexibility, how-
ever, entails a higher complexity and signaling overhead, as
later on highlighted.

When the spectral efficiency is low and there is major
discrepancy between available spatial modes, as occurs be-
tween the two spatial modes of a (2, 2) MIMO system [16],
both spatial adaptive loading and spatial-mode selection in
conjunction with joint Tx/Rx MMSE designs converge to the
same solution, basically single-mode transmission or max-
SNR solution [21], as illustrated in Figure 2. Figure 3 illus-
trates the case of a (3, 3) MIMO system when the spectral
efficiency is low R = 6 bps/Hz. In this case, the two first
channel singular values corresponding to the two strongest
spatial modes out of the three available spatial modes have
relatively close diversity orders and close gains [16]. Con-
sequently, spatial adaptive loading can optimally distribute
the available R = 6 bits between these two strongest modes
while using a lower constellation on the second mode to
reduce its impact on the BER, whereas spatial-mode selec-
tion has to stick to the single-mode transmission with 64
QAM to avoid the weak third mode that would be used by
the next possible constellation (4 QAM7 over all three spa-
tial streams). In this case, spatial-mode selection suffers an
SNR penalty of 2 dB compared to spatial adaptive loading at
BER = 10−3. When the spectral efficiency is further increased
to R = 12 bps/Hz, spatial adaptive loading’s flexibility mar-
gin is reduced and so is its SNR gain over spatial-mode se-
lection, which is now only 0.7 dB at BER = 10−3 for the con-
ventional joint Tx/Rx MMSE design, as shown in Figure 4.

78 QAM is excluded since, for all designs considered in this contribution,
only square QAM constellations {4 QAM, 16 QAM, 64 QAM} have been al-
lowed.
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Furthermore, the even-MSE design, when spatial-mode se-
lection is applied, even outperforms spatial adaptive loading
for high SNRs. The latter result is related to these two designs’
BER minimization strategies. On the one hand, the even-
MSE joint Tx/Rx MMSE design guarantees equal minimum
MSEs on each stream and hence equal minimum SER and
BER since the same constellation is used across streams. On
the other hand, spatial adaptive loading enforces equal min-
imum SER across streams; the BERs on the latter streams,
however, are not equal since they bear different constella-
tions. Thus, the weak modes, carrying small constellations,
exhibit higher BERs. The latter imbalance explains the fact
that the even-MSE design surpasses spatial adaptive load-
ing when spatial-mode selection is applied. For target high
data-rate SM systems, the latter regime is particularly rele-
vant and our spatial-mode selection was shown to tightly ap-
proach spatial-adaptive-loading optimal BER performance
while exhibiting lower complexity and adaptation require-
ments. The comparison of the complexity required by our
spatial-mode selection to that of spatial adaptive loading, as-
sessed in [22, page 67], shows that both techniques exhibit
similar complexities when the available number of modes or
subchannels is small. When the number of modes increases,8

however, spatial adaptive loading requires an increased num-
ber of iterations to reach the final bits assignment, and con-
sequently, its complexity significantly outgrows that of our
spatial-mode selection. More importantly, adaptive loading
requires the additional flexibility of assigning different con-
stellations sizes to different modes, whereas our spatial-mode
selection assumes a single constellation across modes. This
higher flexibility comes at the cost of a higher signaling over-
head between the transmitter and receiver.

4.2. Coded performance
In Section 4.1, we established our spatial-mode selection as
a diversity technique that successfully exploits the spatial di-
versity available in MIMO channels to improve the perfor-
mance of state-of-the-art joint Tx/Rx MMSE designs. In a
practical wireless communication system, however, it will
not be the only such diversity technique to be present. In-
deed, channel coding will also be used, together with the lat-
ter state-of-the-art designs, to exploit the same spatial diver-
sity. Therefore, in this section, we undertake a coded system
performance analysis to confirm that our spatial-mode se-
lection remains advantageous over the state-of-the-art full
SM approach when channel coding is present. We further
verify whether our conclusions, concerning the relative per-
formance of all previously discussed schemes, are still valid.
We consider a bit-interleaved coded modulation (BICM) sys-
tem, as shown in Figure 1, with a rate-1/2 convolutional en-
coder with constraint length K = 7, generator polynomials
[1338, 1718],9 and optimum maximum likelihood sequence
estimation (MLSE) decoding using the Viterbi decoder [23].

8For instance, when both techniques are applied for multicarrier MIMO
systems in presence of frequency-selective fading.

9The industry-standard convolutional encoder used in both IEEE
802.11a and ETSI Hiperlan II indoor wireless LAN standards.

4.2.1. Conventional versus even-MSE
joint Tx/Rx MMSE

To gain some insight into both designs’ coded perfor-
mances, we derive the equivalent additive white Gaussian
noise (AWGN) channel model describing the output of the
linear equalizer R for each of the two designs. Such a model
highlights the diversity branches available at the input of the
Viterbi decoder and hence the achievable spatial diversity for
the corresponding joint Tx/Rx MMSE design. Furthermore,
it was used to calculate the bit log-likelihood ratios (LLR),
which form the soft inputs for soft-decision Viterbi decoding
as in [24].

The output of the linear equalizer R for the conventional
joint Tx/Rx MMSE design is described in (12). Accordingly,
the detected symbol ŝi on the ith spatial mode can be ex-
pressed as the output of an equivalent AWGN channel having
si as its input:

ŝi = σRiσiσT i︸ ︷︷ ︸
µconv i

si + σRini. (24)

The latter equivalent AWGN channel is described by a gain
µconv i and a zero-mean white complex Gaussian noise of
variance σR

2
i σ

2
n . Similarly, the AWGN channel equivalent

model for the even-MSE design can be shown to be (See
Appendix B)

ŝi = 1
p

( p∑
i=1

σRiσiσT i

)
si + ηi, (25)

where ηi stands for the equivalent zero-mean white com-
plex Gaussian noise of variance σ2

η . In this case, however,
the latter equivalent noise contains, in addition to scaled re-
ceiver noise, interstream interference induced by the use of
the {IFFT, FFT} pair. The equivalent noise variance σ2

η was
found to be (See Appendix B)

σ2
η = σ2

n

p

p∑
i=1

σR
2
i︸ ︷︷ ︸

noise contribution

+
Es
p2

p p∑
i=1

µconv
2
i −

( p∑
i=1

µconv i

)2


︸ ︷︷ ︸
interstream interference contribution

.

(26)

Clearly, the conventional joint Tx/Rx MMSE design provides
symbol estimates (ŝi)1≤i≤p, and consequently coded bits, that
experienced independently fading channels with different di-
versity orders, which enables the channel coding to exploit
the system’s spatial diversity, whereas the even-MSE design,
through the use of {IFFT, FFT}, creates an equivalent aver-
age channel for all p spatial streams, as shown in (25) and
(26). Consequently, the even-MSE design prohibits the chan-
nel coding from any diversity combining and only allows for
coding gain. In other words, the coded even-MSE design ex-
hibits the same diversity order as the uncoded one. The lat-
ter diversity order is the one exhibited, at high Eb/N0, by the
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Figure 5: Comparison of the diversity orders exhibited by the spatial modes for (a) full SM and (b) spatial-mode selection for a (3, 3) MIMO
setup at R = 12 bps/Hz and average receive Eb/N0 = 20 dB. Conventional mode 3 SNRconv3 does not appear in (b).

average10 received bit SNR on the p spatial streams. At high
Eb/N0, the MMSE receiver ΣR reduces to a zero-forcing re-
ceiver equal to Σ−1

T Σ−1
p . In that case, the average received bit

SNR on the p spatial streams, denoted as SNReven−MSE, can
be defined as follows:

SNReven−MSE = Es/ log2

(
Mp
)

σ2
η

, (27)

where σ2
η is the asymptotic equivalent noise variance equal to

(σ2
n/p)

∑p
i=1 1/σ2

i σT
2
i , corresponding to the evaluation of (26)

at high Eb/N0. Consequently, SNReven−MSE can be developed
into

SNReven−MSE = p∑p
i=1 1/σ2

i σT
2
i

· Es/ log2

(
Mp
)

σ2
n

. (28)

The previous SNReven−MSE statistics should be contrasted
with those of the average received SNRs on the p parallel
modes of the conventional joint Tx/Rx MMSE design, de-
noted as (SNRconv i)i. Based on (24), the latter received SNRs
are simply given by

SNRconv i = σ2
i σT

2
i ·

Es/ log2

(
Mp
)

σ2
n

(
1 ≤ i ≤ p

)
. (29)

Furthermore, the spatial diversity exhibited by SNReven−MSE

should also be compared to the maximum spatial diversity

10Carried out over data symbols and noise samples.

order achievable by channel coding,11 given by maximum-
ratio combining (MRC) across the conventional design’s p
spatial modes. Since the latter p spatial modes can be con-
sidered independent diversity paths of SNRs (SNRconv i)i, the
aforementioned maximum achievable spatial diversity order
is described by the statistics of SNRMRC [17, page 780]:

SNRMRC =
p∑

i=1

σ2
i σT

2
i ·

Es/ log2

(
Mp
)

σ2
n

. (30)

Figure 5 provides such a spatial diversity comparison, as it
plots the cumulative probability density functions (cdf) of
(28), (29), and (30) for a full SM (3, 3) MIMO setup at spec-
tral efficiency R = 12 bps/Hz and average receive Eb/N0 =
20 dB. The steeper the SNR’s cdf is, the higher the diversity
order of the corresponding spatial mode or design is. Conse-
quently, Figure 5 confirms the decreasing diversity orders of
the conventional design’s p spatial modes. More importantly,
it shows that the diversity order exhibited by the even-MSE
design is closer to that of the weakest spatial mode, which ob-
viously dominates the even-MSE design’s equivalent channel
of (25). The even-MSE design’s diversity order is also lower
than the diversity order achievable by the conventional de-
sign when channel coding is applied. The latter observation

11It is assumed that channel coding is able to exploit all the available spa-
tial diversity, based on the assumption that the code’s free distance dmin is
large enough [17, page 812]. The latter assumption is fulfilled for the con-
sidered (3, 3) MIMO system and convolutional code dmin = 10 [17, page
493].
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Figure 6: Average coded BER comparison for a (3, 3) MIMO setup
and R = 6 bps/Hz with hard-decision decoding.

explains the coded BER results of Figures 6 and 7 where,
contrarily to the uncoded system, the full SM conventional
design now significantly outperforms the SM even-MSE de-
sign. Furthermore, comparing Figures 3, 6, and 7 confirms
that channel coding, as previously argued, does not improve
on the spatial diversity exploited by the even-MSE design,
whereas it does significantly improve the performance of the
conventional design through exploiting the different diver-
sity branches this design provides.

4.2.2. Spatial-mode selection versus
full spatial multiplexing

Figure 5 further depicts the evolution of the previous spatial
diversity comparison when our spatial-mode selection is ap-
plied. Clearly, only the two highest diversity spatial modes are
selected for transmission. As previously explained, these two
strong modes form a more balanced subset on which a more
efficient power allocation is possible and consequently larger
experienced SNR values on the spatial modes are achieved.
Moreover, since the weakest mode has been discarded, the
even-MSE design now averages the two strongest spatial
modes and obviously exhibits a higher equivalent diversity
order. However, the latter diversity order is still lower than
that achievable through channel coding across the conven-
tional design’s two parallel spatial modes. Hence, the coded
conventional design still outperforms the coded even-MSE
when our spatial-mode selection is applied, as illustrated in
Figures 6 and 7. More importantly, our spatial-mode selec-
tion still significantly improves the performance of both joint
Tx/Rx MMSE designs in presence of channel coding. Figures
6 and 7 report 6 dB and 3.5 dB SNR gains at BER = 10−3,
respectively, for hard- and soft-decision decoding provided
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Figure 7: Average coded BER comparison for a (3, 3) MIMO setup
and R = 6 bps/Hz with soft-decision decoding.

by our spatial-mode selection over full SM for the conven-
tional design. The gains are more dramatic for the even-MSE
design, as channel coding is prohibited to access the spatial
diversity in the full SM case.

4.2.3. Spatial-mode selection versus
spatial adaptive loading

Although our spatial-mode selection significantly improves
the BER performance of the uncoded conventional joint
Tx/Rx MMSE design, the latter design performance will al-
ways be dominated by the weakest mode among the popt se-
lected ones. The latter remark explains the better BER perfor-
mances of both even-MSE design and spatial adaptive load-
ing in Figure 3. Channel coding and interleaving mitigate
this problem as they spread each information bit over sev-
eral coded bits that are transmitted on all popt spatial modes
and eventually optimally combined before detection. Conse-
quently, channel coding suppresses the SNR gap previously
observed between the conventional design and spatial adap-
tive loading, as illustrated in Figure 6. Soft-decision decod-
ing is shown in Figure 7 to further favor the conventional
joint Tx/Rx MMSE design as it is the design that provides the
more diversity branches at the output of the equalizer R. This
is because spatial adaptive loading, in order to achieve equal
SER across used spatial modes, enforces equal SNR across the
latter modes which reduces the equivalent spatial diversity
branches it provides to the Viterbi decoder.

5. CONCLUSIONS

In this paper, we proposed a novel selection-diversity tech-
nique, so-called spatial-mode selection, that optimally selects
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the number of spatial streams used by the spatial multiplex-
ing joint Tx/Rx MMSE design in order to minimize the sys-
tem’s BER. We assessed the significant improvement in BER
performance that our spatial-mode selection provides over
the two state-of-the-art full SM joint Tx/Rx MMSE designs,
namely, the conventional and even-MSE. Such significant
improvements were shown to be due to the more efficient
transmit power allocation and the better exploitation of the
available spatial diversity achieved by our spatial-mode se-
lection. Furthermore, when our spatial-mode selection is ap-
plied, both conventional and even-MSE designs were shown
to tightly approach the optimal performance of spatial adap-
tive loading while exhibiting lower complexity and signal-
ing overhead requirements. Finally, we confirmed that our
spatial-mode selection is still advantageous when channel
coding is present in the system.

APPENDICES

A. CONVEXITY ANALYSIS OF fp(x) = erfc(1/
√
x)

The function fp(x) = erfc(1/
√
x) for x ≥ 0 is explicitly de-

fined as follows:

fp(x) = 2√
π

∫ +∞

1/
√
x

exp
(− t2)dt. (A.1)

To determine the convexity of the latter function, we need
to evaluate the sign of its second derivative f ′′p (x) for x ≥
0. To do so, we first calculate the first derivative f ′p(x) =
d/dx[ fp(x)]. For that, we use the identity provided in [25,
page 275], which differentiates an integral of the form∫ v(x)
u(x) f (x, t)dt with respect to x as follows:

∂

∂x

∫ v(x)

u(x)
f (x, t)dt = v′(x) f

(
x, v(x)

)− u′(x) f
(
x,u(x)

)
+
∫ v(x)

u(x)

∂

∂x
f (x, t)dt.

(A.2)

Accordingly, the first derivative f ′p(x) can be easily shown to
be

f ′p(x) = 1√
π
x−3/2 exp

(
− 1

x

)
. (A.3)

The second derivative f ′′p (x) = d/dx[ f ′p(x)] can then be
straightforwardly expressed as follows:

f ′′p (x) = 1√
π

(
− 3

2
+

1
x

)
x−5/2 exp

(
− 1

x

)
. (A.4)

Consequently, the sign of f ′′p (x) for x ≥ 0 is solely deter-
mined by the sign of (−3/2 + 1/x) for x ≥ 0. Accordingly,
fp(x) is convex ( f ′′p (x) ≥ 0) when x ≤ 3/2, whereas it is con-
cave ( f ′′p (x) ≤ 0) for x ≥ 3/2.

B. DERIVATION OF (25) AND (26)

First, we instantiate the input-output system (1) for the even-
MSE design using the optimal linear precoder and decoder
solution of (5), where Z is the p × p IFFT matrix with
{[Z]n,k = (1/

√
p) exp( j2πnk/p); 0 ≤ k,n ≤ (p − 1)}, as fol-

lows:

ŝ = ZH · ΣRΣpΣT · Z + ZH · ΣRn. (B.1)

As earlier mentioned, taking advantage of the diagonal struc-
ture of the inner matrix ΣRΣpΣT , the {IFFT, FFT} pair en-
forces equal diagonal elements for ZH ·ΣRΣpΣT ·Z. Since the
{IFFT, FFT} pair is unitary, the trace ZH · ΣRΣpΣT · Z is the
trace of the inner diagonal matrix. Consequently, the diago-
nal elements of ZH ·ΣRΣpΣT ·Z are equal to

∑p
i=1 σRiσiσT i/p.

Hence, the input-output equation (B.1) can be simply devel-
oped into

ŝ1
...
ŝp

 = 1
p

p∑
i=1

σRiσiσT i


s1
...
sp



+


ZH
.,0 · ΣRΣpΣT · [Z]·,1:(p−1) · s1:(p−1)

...
[Z]·,p−1

H · ΣRΣpΣT · [Z]·,0:(p−2) · s0:(p−2)



+ ZH · ΣR


n1
...
np

 .
(B.2)

The last two terms, respectively, represent the interstream in-
terference caused by the {IFFT, FFT} pair and the AWGN
resulting from the unitary filtering of the receiver noise. To
draw the equivalent AWGN channel model of the even-MSE
design, these two terms are merged into a single term, de-
noted η, approximated [24] as a zero-mean white Gaussian
noise vector of variance σ2

η . Accordingly, the even-MSE de-
sign’s AWGN-channel equivalent model can be drawn as fol-
lows:

ŝ = 1
p

p∑
i=1

σRiσiσT is + η. (B.3)

The evaluation of the previous model for the ith spatial
stream leads to (25). We now calculate the equivalent noise
variance σ2

η . First, using the statistical independence of the
elements of n and the effect of the {IFFT, FFT} pair on in-
ner diagonal matrices, it can be easily shown that the filtered
noise term of (B.2) has a covariance matrix σ2

n

∑p
i=1 σR

2
i / p·Ip.

Second, recalling the Vandermonde structure of Z and the
fact that for all {k,n} : [Z]

p
n,k = 1, we can show that

[Z]H·,0 · ΣRΣpΣT · [Z]·,1:(p−1)

= [Z]H·, j · ΣRΣpΣT ·
[

[Z]·,( j+1):(p−1) [Z]·,1:( j−1)

]
;

1 ≤ j ≤ (p − 1).
(B.4)
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Analyzing the term of interstream interference in (B.2), in
light of the latter equality, allows us to see that the vari-
ance of the interstream interference on the p streams is the
same. Straightforward calculations on the first stream show
that the latter common variance is equal to Es[p

∑p
i=1 µconv

2
i −

(
∑p

i=1 µconv i)
2]/p2, where µconv i stands for σRiσiσT i. Finally,

since the filtered receive noise and the interstream interfer-
ence are statistically independent, the sum of their above cal-
culated variances coincides with the variance of their sum η
as stated in (26).
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In the context of multiuser detection for the DS-CDMA uplink, out-of-cell interference is usually treated as Gaussian noise,
possibly mitigated by overlaying a long random cell code on top of symbol spreading. Different cells use statistically independent
long codes, thereby providing means for statistical out-of-cell interference suppression. When the total number of (in-cell plus out-
of-cell) users is less than the spreading gain, subspace identification techniques are applicable. If the base station is equipped with
multiple antennas, then completely blind identification is possible via three-dimensional low-rank decomposition. This works
with more users than spreading and antennas, but a purely algebraic solution is missing. In this paper, we develop an algebraic
solution under the premise that the codes of the in-cell users are known. The codes of out-of-cell users and all array steering
vectors are unknown. In this pragmatic scenario, we show that in addition to algebraic solution, better identifiability is possible.
Our approach yields the best known identifiability result for three-dimensional low-rank decomposition when one of the three
component matrices is partially known, albeit noninvertible. Simulations show that the proposed identification algorithm remains
close to the pertinent asymptotic (symbol-independent) Cramér-Rao bound, which is also derived herein.

Keywords and phrases: cellular systems, smart antennas, interference mitigation.

1. INTRODUCTION

In the context of uplink reception for cellular DS-CDMA
systems, interference can be classified as either (i) interchip
(ICI) and intersymbol (ISI) self-interference, (ii) in-cell mul-
tiuser access interference (commonly referred to as MUI or
MAI), or (iii) out-of-cell multiuser access interference. The
latter is typically ignored or treated as noise; however, it has
been reported [1] that in IS-95 other cells account for a
large percentage of the interference relative to the interfer-
ence coming from within the cell. MUI is usually a side-effect
of propagation through dispersive multipath channels. The
conceptual difference between in-cell and out-of-cell inter-
ference boils down to what the base station (BS) can assume
about the nature of interfering signals. Typically, the codes of
interfering in-cell users are known to the BS, whereas those
of out-of-cell users are not. Specifically, in the presence of
ICI, the receive-codes of the in-cell users can be estimated
via training or subspace techniques (e.g., cf. [2]), using the
fact that the transmit-codes are known. This is not the case
for out-of-cell users.

Appealing to the central limit theorem, the total inter-
ference from out-of-cell users is usually treated as Gaussian
noise. In IS-95, a long random cell-specific code is overlaid
on top of symbol spreading, and cell despreading is used
at the BS to randomize out-of-cell interference. This helps
mitigate out-of-cell interference in a statistical fashion. To
see how random cell codes work, consider the simplified
synchronous flat-fading baseband-equivalent received data
model

x = DinCinsin + DoutCoutsout + n, (1)

where x holds the received data corresponding to one sym-
bol period, Cin (resp. Cout) is the spreading code matrix, sin

(resp. sout) is the symbol vector, Din (resp. Dout) is a diagonal
matrix that holds a portion of the random cell code for the
in-cell (resp. out-of-cell) users, and n models receiver noise.
For simplicity, assume that the in-cell symbol-periodic codes
are orthogonal of length P, and all codes and symbols are
BPSK (+1 or −1). Let c1 stand for the code of an in-cell user
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of interest. Then

z1 := 1
P

cT1 Dinx

= sin(1) +
1
P

cT1 DinDoutCoutsout + ñ.
(2)

The interference term is zero-mean; under certain condi-
tions, its variance is O(1/P). This is easy to see for a sin-
gle out-of-cell user. It follows that random cell codes work
reasonably well in relatively underloaded systems with large
spreading gain (e.g., 128 chips/symbol), but performance can
suffer from near-far effects, and cell codes cannot help iden-
tify out-of-cell transmissions. Although the latter may seem
of little concern in commercial applications, it can be impor-
tant for tracking, handoff, and monitoring.

In a way, a structured approach towards the explicit iden-
tification1 of out-of-cell users is the next logical step beyond
in-cell multiuser detection and is motivated by considera-
tions similar to those that stimulated research took from
matched filtering to multiuser detection. Note that, unlike
the case of in-cell interference, out-of-cell interference can-
not be mitigated by power control, simply because the BS
does not have the authority to exercise power control over
out-of-cell users. For a power-controlled in-cell population,
near-far effects may be chiefly due to out-of-cell interference.
Unfortunately, out-of-cell detection is compounded by the
fact that it has to be blind, since the BS has no control and
usually no prior information on out-of-cell users. This places
limitations on the number and nature of out-of-cell trans-
missions that can be identified.

The literature on out-of-cell blind identification is scarce.
Assuming that (i) the codes of the in-cell users are known, (ii)
the total number of (in-cell plus out-of-cell) users is less than
the spreading gain and the combined spreading code matrix
is full column rank, and (iii) given the correlation matrix of
the vector of chip samples taken over a symbol interval, it
is possible to cancel out the effect of out-of-cell users [3],
then adopt linear or nonlinear solutions for in-cell detection.
This approach is appealing, but it has two drawbacks. First,
it can be unrealistic to assume that the total number of users
is less than the spreading gain. This is especially so in loaded
systems and urban areas. Second, in practice one uses sample
estimates of the correlation matrix. This yields cancellation
errors for finite samples, even in the noiseless case.

Recently, a novel code-blind identification approach has
been proposed, exploiting uniqueness of low-rank decom-
position of three-way arrays [4]. This requires the use of a BS
antenna array, but in return allows the identification of both
in-cell and out-of-cell users without requiring knowledge
of the code or steering vector of any user. More users than
spreading and antenna elements can be supported. There are
two drawbacks to this approach. First, a direct algebraic solu-
tion is generally not possible, thus iterative estimation tech-

1Here, by identification we mean explicitly modeling and estimating all
user signals (as opposed to treating certain user signals as unstructured
noise).

niques must be employed. Although these iterative methods
generally work very well, they are computationally intensive.
Second, in-cell code information, which may be available, is
not directly exploited (except numerically, by constraining
certain parameters during the iterations). In this paper, we
develop an algebraic solution that exploits the fact that the
codes of the in-cell users are known. In this scenario, we show
that in addition to algebraic solution, better identifiability is
possible. Our approach yields the best known identifiability
result for three-dimensional low-rank decomposition when
one of the three component matrices is partially known, al-
beit noninvertible.

Note that the group-blind multiuser detection approach
of [3] can be easily extended to handle multiple BS antennas,
but this requires that the array steering vectors, in addition
to the spreading codes2 of all the in-cell users, are known.
Estimating steering vectors is more difficult than estimating
codes, partly because they are generally unstructured, but
also due to mobility-induced fast fading. Note that the ap-
proach developed herein (see also [4]) does not assume any
parameterization of the manifold vectors.

For clarity of exposition, we will begin our analysis
by assuming that both in-cell and out-of-cell user trans-
missions are synchronized at the BS. In practice, this can
be approximately true in synchronous CDMA systems, like
CDMA2000.3 Quasisynchronism (i.e., timing offsets in the
order of a few chips) can be handled by dropping a short
chip prefix at the receiver. We will refer to both cases as
synchronous CDMA for brevity. Synchronization is usually
achieved via pilot tones emitted from the BS, or a GPS-
derived timing reference for synchronous networks involving
multiple cells. Out-of-cell transmissions will typically not be
synchronized with in-cell transmissions. Notable exceptions
include synchronous microcellular networks for “hotspot”
coverage, and calls undergoing hand-off at cell boundaries
(hence approximately equidistant from the two base sta-
tions). As we will see, when delay spread is small relative to
the symbol duration, this can be handled by treating each
out-of-cell user as two virtual users. Hence our analysis gen-
eralizes to the interesting case of a quasisynchronous in-cell
population plus asynchronous out-of-cell interference, as in
Wideband CDMA (WCDMA). We will refer to this situation
as asynchronous CDMA.

The rest of the paper is organized as follows. The main
ideas and concepts are exposed in Section 2.1, which treats
the idealized case of a synchronous DS-CDMA uplink sub-
ject to flat fading. This is then extended to frequency-
selective multipath and quasisynchronous transmissions in
Section 3, which also discusses a suitable admission protocol

2In the literature, it is common to use the term “(spreading) codes”
for the transmit codes, and “signatures” for the effective receive codes. For
brevity and to avoid confusion with spatial signatures, we adopt the term
“spreading codes” throughout, with the understanding that in the presence
of ICI/ISI, the term “codes” means the receive codes.

3CDMA2000 uses (universal coordinated time UTC) system time refer-
ence, derived from GPS. Mobile stations use the same system time, offset by
the propagation delay from the BS to the mobile station.
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that avoids explicit code estimation for the in-cell users.
Note that in the presence of strong out-of-cell interference
and frequency selectivity, estimating the codes of the in-
cell users is a difficult task in itself. Section 4 discusses is-
sues related to our choice of a pertinent symbol-independent
asymptotic Cramér-Rao Bound (CRB) to benchmark perfor-
mance of steering vector and spreading code estimation. As-
sociated derivations are deferred to the appendix. Section 5
provides analytical and simulated performance comparisons,
and Section 6 summarizes our conclusions.

Notation

(·)T and (·)H denote transpose and Hermitian transpose, re-
spectively; δ(·) stands for Kronecker’s delta. rA stands for the
rank of matrix A, while kA stands for the k-rank (Kruskal-
rank) of matrix A: the maximum k ∈ Z+ such that every
k columns of A are linearly independent (kA ≤ rA). ‖ · ‖F
stands for Frobenius norm; (·)−1 and (·)† stand for the ma-
trix inverse and pseudoinverse, respectively. Di(A) stands for
the diagonal matrix constructed out of the ith row of A. In
stands for the n× n identity matrix. E(·) denotes the expec-
tation operator. 〈 f , g〉 denotes the L2 inner product between
functions f and g.

2. MULTIUSER DETECTION FOR BLIND
IDENTIFICATION OF OUT-OF-CELL USERS

2.1. Data model

Consider a DS-CDMA uplink with M users (in-cell plus out-
of-cell), normalized chip waveform ψ of duration Tc, and
spreading gain P (chips per symbol). The mth user is as-
signed a binary chip sequence (cm(1), . . . , cm(P)). The result-
ing signature waveform for the mth user is

φm(t) =
P∑
i=1

cm(i)ψ
(
t − iTc

)
, 0 ≤ t ≤ Ts, (3)

where Ts = PTc is the symbol duration. All spreading codes
are assumed short (symbol periodic).

The baseband-equivalent signal received at the BS for a
burst of L transmitted symbols can be written as

x(t) =
M∑

m=1

L∑
l=1

αm
√
Emsm(l)φm

(
t − lTs − τm

)
+ w(t), (4)

where M is the total number of active users, αm is the com-
plex path gain, Em is the incident power for the mth user
loaded at the transmitter, sm(l) is the lth transmitted symbol
associated with the mth user, τm is the delay of the mth user’s
signal, and w(·) is additive white Gaussian noise (AWGN).
Since in-cell users are synchronized with the BS, the delays
τm for all in-cell users are taken to be zero. For out-of-cell
users, the associated delays can be assumed to lie in [0,Ts],
without loss of generality.

If K receive antennas are employed at the BS, the base-
band signal at the output of the chip-matched filter of the

kth antenna for the pth chip in the nth symbol interval can
be written as

xk,n,p = 〈x(t),βkψ
(
t − nTs − pTc

)〉
=

Min∑
m=1

αk,mβk
√
Emsm(n)cm(p)

+
M∑

m=Min+1

L∑
l=1

αk,mβk
√
Emsm(l)νpm(n, l) + w(k,n, p)

=
Min∑
m=1

αk,mβk
√
Emsm(n)cm(p)

+
M∑

m=Min+1

αk,mβk
√
Em
[
sm(n)νpm(n,n)

+ sm(n− 1)νpm(n,n− 1)
]

+ w(k,n, p),
(5)

where Min (≤ P) denotes the number of in-cell users and
Mout the number of out-of-cell users (M = Min +Mout); βk is
the antenna gain associated with the kth antenna; νpm(n, l) =∑P

i=1 cm(i)
∫ Tc

0 ψ(t + (n − l)Ts + (p − i)Tc − τm)ψH(t)dt;

w(k,n, p) = ∫ Tc

0 w(t + nTs + pTc)ψH(t)dt.
Note that, due to asynchronism, each out-of-cell user is

viewed by the BS as two synchronous users, whose symbol
sequences are time-shifted versions of one another. The as-
sociated spreading codes are given by νpm(·, ·).

From (5), in a frequency-flat block-fading scenario, the
baseband-equivalent chip-rate sampled data model for a
synchronous DS-CDMA system with short symbol-periodic
spreading codes and K receive antennas at the BS can be writ-
ten as

xk,n,p =
M∑

m=1

am(k)cm(p)sm(n) + wk,n,p, (6)

for k = 1, . . . ,K , n = 1, . . . ,N , p = 1, . . . ,P, where N is
the number of symbol snapshots, xk,n,p denotes the baseband
output of the kth antenna element for symbol (time) n and
chip p, am(k) is the compound flat fading/antenna gain asso-
ciated with the response of the kth antenna to the mth user.

It is useful to recast this model in matrix form. We de-
fine P received data matrices Xp ∈ CK×N with (k,n)-element
given by xk,n,p, and AWGN matrices Wp ∈ CK×N with
(k,n)-element given by wk,n,p. We also define the steering
matrix A ∈ CK×M with mth column [am(1) · · · am(K)]T ,
the spreading code matrix C ∈ CP×M with mth column
[cm(1) · · · cm(P)]T , and the signal matrix S ∈ CN×M with
mth column [sm(1) · · · sm(N)]T . Without loss of generality,
we assume that the submatrices Ain ∈ CK×Min , Cin ∈ CP×Min ,
Sin ∈ CN×Min , consisting of the first Min columns of A, C,
S, respectively, correspond to the in-cell users; and simi-
larly for Aout, Cout, and Sout. Thus, we have A = [Ain Aout],
C = [Cin Cout], S = [Sin Sout].
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Xp admits the factorization

Xp = ADp(C)ST + Wp

= AinDp
(

Cin
)

ST
in + AoutDp

(
Cout

)
ST

out + Wp

= Xin
p + Xout

p + Wp,

(7)

for p = 1, 2, . . . ,P.
It is also worth mentioning that we can write the above

set of matrix equations into more compact form if we intro-
duce the so-called Khatri-Rao product � (column-wise Kro-
necker product, see [4] and references therein). Stacking the
matrices in (7), we obtain

XKP×N :=


X1

X2
...

XP



=


AD1(C)

AD2(C)
...

ADP(C)

 ST +


W1

W2
...

WP


= (C � A)ST + WKP×N

= (Cin � Ain
)

ST
in +

(
Cout � Aout

)
ST

out + WKP×N .

(8)

Due to the symmetry of the model (6), we may also recast
(8) in the following form

X̃PN×K = (S � C)AT + W̃PN×K , (9)

where W̃PN×K is a reshuffled AWGN matrix (see [4]).
In what follows, we consider detecting the signal matrix S

transmitted from all active users given only knowledge of Cin

and M. As a byproduct, we will be able to recover the steering
matrix A and the unknown spreading code matrix Cout from
the received data X as well.

2.2. Preliminaries

In the sequel, we will need to invoke certain preliminary
results in order to prove our main identifiability result in
Theorem 1. Identifiability means that, in the absence of noise,
it is possible to recover the sought signals (model parame-
ters) without error; that is, it is possible to pin down the
sought parameters exactly. For this reason, we drop noise
terms in the discussion that follows. The basic ideas behind
preliminary results leading to Theorem 1 are due to Harsh-
man [5]. We begin by recalling the definition of k-rank.

2.2.1. Definition

Definition 1. The k-rank [6] of A is equal to kA if every kA

columns drawn from A are linearly independent, and either
there exists a collection of kA + 1 linearly dependent columns
in A or A has exactly kA columns. Note that kA ≤ rank(A),
for all A.

2.2.2. Eigenanalysis

Consider two matrices X1 = AD1(C)ST , X2 = AD2(C)ST ,
where both A ∈ CK×M and S ∈ CN×M are full column rank
(M), C ∈ C2×M contains no zero entry, and all elements
on the diagonal of D := D2(C)D−1

1 (C) are assumed4 dis-
tinct. Consider the singular value decomposition (SVD) of
the stacked data matrix

[
X1

X2

]
=
[

A
AD

]
D1(C)ST = UΣVH. (10)

The linear space spanned by the columns of U is the same as

the space spanned by the columns of
[

A
AD

]
since SD1(C) has

full column rank; hence there exists a nonsingular matrix P
such that

UP =
[

U1

U2

]
P =

[
A

AD

]
. (11)

Next, construct the auto- and cross-product matrices

R0 = UH
1 U1 = P−HAHAP−1 := QP−1,

R1 = UH
1 U2 = P−HAHADP−1 := QDP−1.

(12)

Note that since both A and S are assumed full column rank,5

the matrices R0, R1, Q, P, and D in (12) are M ×M full rank
matrices. Solving the first equation in (12) for Q, then sub-
stituting the result into the second, it follows that

(
R−1

0 R1
)

P = PD, (13)

which is a standard eigenvalue problem with distinct eigen-
values. P can therefore be determined up to permutation and
scaling of columns based on the matrices X1 and X2. After
that, A can be obtained as A = U1P, CD−1

1 (C) can be re-
trieved with all ones in the first row, and the entire second
row taken from the diagonal of D, and finally SD1(C) can be

4Note that the columns of C correspond to chip-rate samples of the re-
ceived codes (or signatures) of the users, that is, the convolution of the trans-
mit codes and the respective multipath channels. Without such multipath,
BPSK or other finite-alphabet codes would violate the condition that the
diagonal elements of D2(C)D−1

1 (C) are distinct. However, note that we do
not advocate using this result for actual separation—it is merely listed here
as background needed in the proof of our main result in Theorem 1. Due
to the use of the left pseudoinverse of Cin employed to bring C in canon-
ical form, the Cout in Theorem 1 holds code cross-correlations, rather than
actual codes. For some binary codes, for example, Gold and Kasami codes,
the conditions in Theorem 1 hold with high probability. With random mul-
tipath taps, the condition can be shown to hold almost surely. Furthermore,
the condition can also be sustained with real- or complex-valued spreading
codes.

5This implies that K ≥ M and N ≥ M, but note again that we do not
advocate using this argument as is for separation; we rather present it as a
building block to be used later in Theorem 1.
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recovered as SD1(C) = (A†X1)
T

, all under the same permu-
tation and scaling of columns, which carries over from the
solution of the eigenvalue problem in (13).

Repeated values along the diagonal of D2(C)D−1
1 (C) give

rise to eigenvalues of multiplicity higher than one. In this
case, the span of eigenvectors corresponding to each distinct
eigenvalue can still be uniquely determined. This will be im-
portant when we discuss the case of asynchronous out-of-cell
users later in Section 3.

More generally, we have the following claim.

Claim 1. Given matrices Xp = ADp(C)ST for p = 1, . . . ,P ≥
2, A, C, and S can be found up to permutation and scaling of
columns provided that both A and S are full column rank, and
kC ≥ 2.

Since kC ≥ 2, we know that the spreading code matrix C
does not contain any zero columns. Note that kC ≥ 2 does
not necessarily imply that there always exists a submatrix of
C which comprises two rows of C such that the k-rank of this
submatrix is 2. For instance, consider

C =
1 1 1

1 2 2
1 2 1

 . (14)

It can be seen that rC = kC = 3, whereas none of the 2×3
submatrices of C has k-rank greater than 1. From this exam-
ple, it is evident that one cannot prove Claim 1 by eigende-
composition applied to a pair of Xp’s. For this, we will need
the following claim.

Claim 2. Given C ∈ CP×M with kC ≥ 2, there always exists a
2 × P matrix G such that the k-rank of GC is two.

For a proof of Claim 2, note that the objective can be eas-
ily shown equivalent to proving that there exists a 2 × P ma-
trix G such that the determinants of all 2 × 2 submatrices of
GC are not zero. G is determined by its 2P complex entries.
The determinant of each 2 × 2 submatrix of GC is a polyno-
mial in those 2P variables, and hence analytic. Since kC ≥ 2,
for each specific 2×2 submatrix of GC, for instance, the sub-
matrix comprising the first two columns of GC, it is not hard
to show that there always exists a G0 such that the determi-
nant of the corresponding submatrix of G0C is not zero. In-
voking [7, Lemma 2], we conclude that the set of G’s which
yield zero determinant for any specific submatrix of GC con-
stitutes a measure zero set inC2P . The number of all 2×2 sub-
matrices of GC is finite, and any finite union of measure zero
sets is of measure zero. The existence of the desired G thus
follows. Not only does such a G exist, but in fact a random G
drawn from, for example, a Gaussian product distribution,
will do with probability one. This establishes Claim 2.

The existence of such G implies that the elements on the
diagonal of D2(GC)D−1

1 (GC) will be distinct. Therefore, the
eigenanalysis steps can be carried through to solve for A and
S from the two mixed slabs AD1(GC)ST and AD2(GC)ST .
With the recovered A and S, C can be computed from Xp.
Therefore Claim 1 follows.

2.2.3. Lemma

In the proof of our main theorem, we will need the following
lemma.

Lemma 1. Given[
1 0 ∗ · · · ∗
0 1 ∗ · · · ∗

]
∈ C2×M , (15)

where ∗ stands for a nonzero entry, it holds that for almost
every (µ1,µ2) ∈ R2 (i.e., except for a set of Lebesgue measure
zero), the matrix

E :=
[

1 1
µ1 µ2

][
1 0 ∗ · · · ∗
0 1 ∗ · · · ∗

]

=
[

1 1 • · · · •
µ1 µ2 ∗ · · · ∗

] (16)

contains no zero entry in the second row; and the first two ele-
ments on the diagonal of D1(E)D−1

2 (E) are distinct and distinct
from the remaining elements.

Proof. Having a zero entry in the second row occurs when
(µ1,µ2) lies on the union of M lines. Since a finite union of
lines cannot cover the plane, zeros in the second row are ex-
cluded almost surely. The second claim can be proven in the
same manner.

2.3. Main theorem on identifiability

Without loss of generality, we assume that Cin is in canonical
form. The general case can be reduced to canonical form as
explained in the following section.

Theorem 1. Given Xp = ADp(C)ST , p = 1, . . . ,P, 2 ≤ Min ≤
P, where A ∈ CK×M , C ∈ CP×M , S ∈ CN×M , and C in canoni-
cal form

C =
[

IP
(
1 : Min

)
Cout

]
, (17)

where IP(1 : Min) denotes the first Min columns of IP , if
the first Min rows of Cout contain no zero entries, and kC ≥
2, min{kA, kS} ≥ Mout + 2, then the matrices A, C, and S are
unique up to permutation and scaling of columns.

Proof. We will show that we can first recover Ain and Sin up
to permutation and scaling of columns from the given Xp,
and then obtain Aout, Cout, and Sout afterwards.

We begin by recovering the first two columns of Ain and
Sin. Start from

X1 = AD1(C)ST

= A diag

[
1 0

Min−2︷ ︸︸ ︷
0 · · · 0

Mout︷ ︸︸ ︷∗· · ·∗
]

ST

= Ā diag
[

1 0 ∗ · · · ∗
]

S̄T ,

X2 = AD2(C)ST

= A diag
[

0 1 0 · · · 0 ∗ · · · ∗
]

ST

= Ā diag
[

0 1 ∗ · · · ∗
]

S̄T .

(18)
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Recall that ∗ stands for a nonzero entry; Ā (S̄) is a column-
reduced submatrix of A (S). Invoking Lemma 1, we always
can pick a pair (µ1,µ2) ∈ R2 such that

E :=
[

1 1
µ1 µ2

][
1 0 ∗ · · · ∗
0 1 ∗ · · · ∗

]

=
[

1 1 • · · · •
µ1 µ2 ∗ · · · ∗

] (19)

contains no zero entry in the second row; and the first two
elements on the diagonal of D1(E)D−1

2 (E) are distinct and
distinct from the remaining elements. We also note that both
Ā and S̄ have Mout + 2 columns from the original A and S; by
definition of k-rank, it follows that

kĀ ≥ min
(
kA,Mout + 2

)
,

kS̄ ≥ min
(
kS,Mout + 2

)
.

(20)

Due to the fact that min{kA, kS} ≥ Mout + 2, both Ā and S̄
are full column rank. Therefore, eigendecomposition as in
Section 2.2.2 can be applied to the following mixed slabs,

Y1 = X1 + X2 = Ā diag[1 1 • · · · •]S̄T ,

Y2 = µ1X1 + µ2X2 = Ā diag[µ1 µ2 • · · · •]S̄T ,
(21)

to recover the first two columns of A and ST up to permu-
tation and scaling. We can repeat this procedure with Xi and
Xi+1 to recover the ith and the (i + 1)th columns of Ain and
Sin for i = 2, . . . ,Min − 1 until both Ain and Sin are recovered.
The matrices Xin

p := AinDp(IP(1 : Min))ST
in corresponding to

the in-cell users can be constructed, and we thus obtain the
matrices Xout

p by subtracting Xin
p from Xp for p = 1, . . . ,P.

Xout
p is nothing but AoutDp(Cout)Sout. Since Aout, Cout,

and Sout are all Mout-column submatrices of A, C, and S, re-
spectively, we have

kAout ≥ min
(
kA,Mout

) = Mout,

kSout ≥ min
(
kS,Mout

) = Mout,

kCout ≥ min
(
kC,Mout

) = min
(
2,Mout

)
.

(22)

The first two inequalities hold due to the condition that
min{kA, kS} ≥ Mout + 2, and imply that both Aout and Sout

are full column rank matrices.
If Mout ≥ 2, we know that kCout ≥ 2; therefore Claim 1

can be invoked, and eigenanalysis of two mixed slabs can be
carried out to recover Aout, Cout, and Sout, up to permutation
and scaling of columns.

When Mout = 1, it is known that rank-one matrix de-
composition is unique up to scaling.

Remark 1. Note that C in Theorem 1 can be a fat matrix. A
similar result can be derived for Min = 1, with slightly differ-
ent conditions on Cout.

Remark 2. The assumption that the first Min rows of Cout

contain no zero entries is posed mainly for simplicity of proof

of Theorem 1. Theorem 1 holds, provided that none of the
columns of the submatrix comprising the first Min rows of
Cout is proportional to a column of IMin . We chose to prove
the slightly restricted Theorem 1 due to space considerations.

Remark 3. The model identifiability conditions of Theorem
1 are usually met in practice deterministically or statistically
with proper system parameters. For instance, if we assume
that A and C are drawn from a continuous distribution, and
S drawn from an i.i.d. BPSK source, it can be shown that kA ≥
Mout + 2, kC ≥ 2 holds almost surely, provided K ≥ Mout + 2,
P ≥ 2, while kS ≥ Mout + 2 occurs with high probability
provided that N is moderately higher than M.

2.4. Algorithms

The proof of Theorem 1 is constructive; it directly yields a se-
quential eigenvalue-based solution that recovers everything
exactly in the noiseless case, under only the model identifi-
ability condition in the theorem. In the noisy scenario, this
eigenvalue approach can be coupled with an iterative LS-
based refinement algorithm that yields good estimation per-
formance for moderate signal-to-noise ratio (SNR) and be-
yond.

Assuming that Cin is known, the two major steps of our
algorithm are summarized next.

(1) Algebraic initialization

Arrange the received noisy data xk,n,p into a set of matrices,

X̃k ∈ CP×N , for k = 1, . . . ,K . The (p,n) entry of X̃k is xk,n,p.
It can be shown that

X̃k = CDk(A)ST + W̃k, (23)

where W̃k is the AWGN matrix. Left multiply by the pseudo-
inverse of Cin to get Z̃k ∈ CMin×N :

Z̃k = C†
inX̃k. (24)

Form another set of matrices Xm ∈ CK×N , for m = 1, . . . ,Min

such that the (k,n) entry of Xm is equal to the (m,n) entry of
Z̃k. It can be shown that

Xm = ADm
(

C†
inC
)

ST + Wm, (25)

where Wm is the rearranged Gaussian noise matrix. Note that
C†

inC is in canonical form, and thus we may apply the ap-
proach described in the proof of Theorem 1 to estimate A,
C†

inCout, and S. C can also be estimated as

C =




AD1(S)
...

ADN (S)


† 

X1
...

XN



T

, (26)

where the (k, p) element of Xn ∈ CK×P is given by xk,n,p (cf.
[4] for details).
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(2) Joint constrained Least Squares refinement

Use the A, Cout, and S obtained in the first step and the
known Cin as initialization for constrained trilinear alternat-
ing least squares (CTALS) regression applied to the original
data xk,n,p. The basic idea behind TALS is to compute a con-
ditional LS update of A given C, S, then repeat for S, and so
forth in a circular fashion until convergence [4]. For CTALS,
the Cin part of C is fixed, and only Cout is updated in the iter-
ations.

3. EXTENSION TO QUASISYNCHRONOUS SYSTEMS
AND MULTIPATH CHANNELS

There are two issues that must be addressed in order to es-
tablish the usefulness of our algorithm in a realistic cellu-
lar CDMA environment. One is synchronization; the other
is frequency selectivity.

In so-called quasisynchronous CDMA (QS-CDMA) the
symbol timing of the in-cell users may be off by as much
as a few chips. This causes ISI, but, as already mentioned, it
can be circumvented by dropping a short chip-prefix for each
symbol at the receiver—the associated performance degra-
dation is negligible when the prefix is short relative to the
spreading gain.

Quasisynchronism is a reasonable assumption for the
in-cell user population in the context of 3G systems (e.g.,
CDMA2000), but much less so for out-of-cell users, who ac-
tually attempt to synchronize with a different BS. The key
here is (5) asynchronous out-of-cell users appear as two vir-
tual synchronous users, with “split” code pieces, and symbol
sequences that are offset by one symbol. Note that splitting
and offset generally preserve linear independence; however,
the steering vectors (spatial responses) will be colinear for
each such pair of virtual users. Fortunately, by exchanging
the roles of A and C and invoking the remark on repeated
eigenvalues in Section 2.2.2, it can be shown that the parame-
ters of all in-cell users can still be uniquely determined, along
with the span of each pair of virtual out-of-cell users.

Frequency selectivity is realistically modeled by convolu-
tion with a relatively short chip-rate FIR filter that models
the discrete-time baseband-equivalent channel impulse re-
sponse, including transmit chip pulse-shaping and receive
chip-matched filtering. The effective spreading codes seen at
the receiver are the convolution of the transmit codes with
the corresponding multipath channels. This means that the
in-cell receive codes must be estimated before our basic ap-
proach developed in the above section can be applied. This
estimation is compounded by the cochannel out-of-cell in-
terference, which is not under the control of the BS. In or-
der to deal with the problem of receive-code estimation for
the in-cell users, we propose the following admission proto-
col “as new in-cell users come into the system, they are ini-
tially treated as out-of-cell: their receive-codes are thereby es-
timated blindly, and they are subsequently added to the list
of in-cell users. Initially, the process is started by solving a
blind problem,” as in [4]. In this way, the problem of receive-
code estimation for the in-cell users is never explicitly solved.

Once the in-cell receive-codes have been estimated at the BS,
the proposed algorithm can be carried over to the quasisyn-
chronous frequency-selective DS-CDMA systems.

4. ASYMPTOTIC CRAMÉR-RAO BOUND

In order to benchmark the performance of our estimation al-
gorithm, it is useful to derive pertinent bounds. While low bit
error rate (BER) is of primary concern, accurate estimates of
the out-of-cell user’s receive-codes and both in-cell and out-
of-cell steering vectors are also of interest. CRBs can be de-
veloped for the latter, owing to the fact that unlike symbols,
steering vectors and receive-codes are continuous parame-
ters.

The conditional CRB for low-rank decomposition of
multidimensional arrays has been derived in [8], assuming
all matrices are fixed unknowns. In our present context, how-
ever, we are more interested in bounds that are independent
of the symbol matrix S. Towards this end, we can aim for one
of two options: computing an averaged (or modified) CRB,
or an asymptotic CRB. The former turns out to be far more
complicated to derive in closed form; we therefore opt for the
latter.

In the appendix, wherein the detailed CRB derivations
can be found, we begin by developing a compact form of
the conditional CRB in [8]. The new compact form is much
simpler to compute than the expression given in [8]. Then,
following the approach developed in [9], we work out the
asymptotic CRB as the number of symbols, N , goes to in-
finity. The key to this computation is that the limit and the
CRB operator can be exchanged, since the latter is continu-
ous; and when N tends to infinity, the sample estimate of the
correlation matrix of S approaches the exact correlation ma-
trix of S. For the sake of brevity, in what follows, we assume
that the entries of S are drawn from an i.i.d. BPSK source.
This implies that

E
(
sm1

(
n1
)
sm2

(
n2
)) = δm1,m2δn1,n2 . (27)

Note that the asymptotic CRB derived in the appendix
is valid for arbitrary C—it is not necessary to have Cin in
canonical form. The main limitation of the asymptotic CRB
is that it is valid for large enough N , but for small N there
will be some mismatch.

5. SIMULATION RESULTS

In this section, we provide computer simulation results to
demonstrate the performance of the proposed algorithm.

As per Theorem 1, scaling ambiguity for all active users
and the permutation ambiguity among out-of-cell users is
inherent to this blind separation problem. We remove the
column scaling ambiguity among the estimated symbol ma-
trix S via differential encoding, and assume differentially en-
coded user signals throughout the simulations. For the pur-
pose of performance evaluation only, the permutation ambi-
guity among the out-of-cell users is resolved using a greedy
least square matching algorithm [4]. This permutation
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Figure 1: No out-of-cell user interference.

ambiguity among the out-of-cell users cannot be solved at
the BS without additional side information, but this indeter-
minacy is irrelevant in practice.

Let Xp = ADp(C)ST + Wp be the received noisy data, for
p = 1, . . . ,P, where Wp are the AWGN matrices. We define
the sample SNR at the input of the multiuser receiver as

SNR := 10 log10

∑P
p=1

∥∥ADp(C)ST
∥∥2
F∑P

p=1

∥∥Wp

∥∥2
F

dB. (28)

We first show that the proposed algebraic initialization
significantly accelerates the convergence of least square re-
finement and improves the performance. In order to have
a benchmark, we consider cases wherein the TALS-based
COMFAC algorithm [4] is also applicable, but note that the
approach developed herein can work well when COMFAC
fails. When both methods are applicable, our simulations
show that the new approach yields better performance.

Figure 1 plots BER versus average SNR, without out-of-
cell interference and for Min = 4, DE-BPSK, K = 2, N = 50,
and P = 4. Results are averaged over 102 i.i.d. Rayleigh
channels (A—no power control is assumed), and 106 real-
izations per each Rayleigh channel. Note that total averag-
ing is O(108). The spreading codes are randomly drawn from
a continuous distribution and fixed throughout the simula-
tions. Figure 2 depicts average BER for the in-cell users for
Min = 4, Mout = 2, K = 4, N = 50, P = 4, and otherwise the
same simulation setup. Note that in the second experiment,
both the number of antennas and spreading gain are less than
the number of total active users. It is seen from those fig-
ures that, as expected, the proposed algorithm has provided
better BER performance than COMFAC; in particular, such

COMFAC
Algebraic approach
Constrained LS refinement
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Figure 2: More active users than spreading gain.

improvement is significant in the high SNR regime. In addi-
tion, the proposed algorithm has been observed to converge
at least 70 percent faster (in terms of time) than the gen-
eral TALS with random initialization, and comparably with
respect to the computation-efficient TALS-based COMFAC,
especially in the high SNR regime.

Next, the performance of the proposed algorithm and
that of the linear group-blind decorrelating detector [3] with
two different sample sizes is shown in Figure 3. The orig-
inal group-blind multiuser detector is designed for uplink
CDMA with a single receive antenna, but the approach of
[3] can be easily extended to handle multiple BS antennas,
provided that the array steering vectors, in addition to the
spreading codes, of all the in-cell users are known. Estimat-
ing steering vectors is more difficult than estimating codes,
because the former vary faster due to mobility-induced fast
fading. In our simulation, in contrast to the proposed algo-
rithm, the linear group-blind decorrelating detector assumes
perfect knowledge of in-cell user’s steering matrix Ain, that
is, we provide the linear group-blind decorrelating detector
with perfect knowledge of (Cin � Ain) in (8). Figure 3 de-
picts the performance of the two competing detectors for
two different sample sizes, N = 25, N = 50. It is observed
that the linear group-blind decorrelating detector exhibits
an error floor in the high SNR regime due to using sam-
ple estimates of the correlation matrix. This yields cancel-
lation errors which persist for any number of finite samples,
even in the noiseless case. However, such error floor is ac-
ceptable when we use large sample sizes. With 50 snapshots,
the linear group-blind decorrelating detector provides bet-
ter BER performance than the proposed detector in the high
SNR regime even though the error floor surfaces at about
24 dB. With a small sample size of N = 25, the proposed
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Figure 3: Small sample performance compared to the group-blind
approach with known in-cell steering (K = 4,P = 8,Min = 4,M =
6).

detector clearly outperforms the linear group-blind decor-
relating detector, despite the fact that it uses less side infor-
mation. In both cases, the proposed detector outperforms
the linear group-blind decorrelating detector in the low SNR
regime. We emphasize that the proposed algorithm performs
well even for very small sample sizes (e.g., N = 10) in the
high SNR regime, whereas the group-blind approach hits the
error floor at very low SNR in this case.

Our proposed detector is also robust to strong out-of-
cell interference. We have compared the user 1’s BER per-
formance of proposed approach against the usual minimum
mean squared error (MMSE) receiver, which assumes ex-
act knowledge of the in-cell user codes and steering vectors,
but treats out-of-cell users as Gaussian interference. The soft
MMSE solution for S is

ŜT
in =

((
Cin � Ain

)H(
Cin � Ain

)
+

1
SNR

I
)−1(

Cin � Ain
)H

XKP×N .
(29)

Figure 4 shows that as the power of out-of-cell users in-
creases, the performance of the MMSE receiver deteriorates
significantly whereas the degradation of the proposed detec-
tor is marginal.

The proposed algorithm is capable of accurately estimat-
ing the steering matrix of all active users and the code matrix
of out-of-cell users. In order to illustrate this, we compare the
(mean squared error MSE) performance of the proposed ap-
proach against the associated asymptotic CRB. Throughout,

MMSE: no out-of-cell info
Proposed algorithm
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Figure 4: Robustness to strong out-of-cell interference (SNR1 =
8 dB,K = 4,N = 25,P = 8,Min = 3,M = 4).

the asymptotic CRB is first normalized in an elementwise
fashion, that is, each unknown parameter’s CRB is weighed
with weight proportional to the inverse modulus square of
respective parameter. The average weighted CRB of all the
unknown parameters is then used as a single performance
metric. The average MSE for all free model parameters is cal-
culated in the same fashion. The SNR is defined as

SNR := 10 log10
‖C � A‖2

F

KPσ2
dB, (30)

which can be shown consistent with the definition (28) when
we take the expectation of (28) with respect to S.

Figure 5 depicts simulation results comparing TALS per-
formance to this asymptotic CRB for two different snapshots.
In this simulation, K = 4, P = 4, M = 6, and the true
parameters were used to initialize TALS. The point here is
to measure how tight the asymptotic CRB is for various N ;
for this reason, we use the sought parameters as initializa-
tion in order to ensure the best possible scenario for TALS.
It can be seen that TALS with good initialization remains
very close to the CRB from medium to high SNR and rela-
tively large sample size, N = 64. Note that N = 64 is a rea-
sonable number of symbol snapshots in practice. When the
sample size is relatively small, the MSE performance of TALS
is naturally worse than what is predicted by the asymptotic
CRB.

Figure 6 presents the average MSE performance of COM-
FAC and the proposed algorithm against the CRB bound.
We note that the performance of the proposed algorithm ex-
ceeds that of COMFAC considerably once SNR goes beyond
the low SNR regime. This is because the new algebraic ap-
proach can provide fairly accurate initializations for CTALS,
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Figure 5: TALS versus asymptotic CRB.
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Figure 6: MSE performance of COMFAC and the proposed algo-
rithm versus asymptotic CRB (K = 4,P = 4,Min = 4,M = 6,N =
64).

whereas the COMFAC is forced to use random initializations
in this case, wherein no two modes are full column rank. The
average MSE of the proposed algorithm deviates from CRB
about two to three dB. This is mainly because the initializa-
tions the algebraic approach provides are still not perfect,
and the pre-specified tolerance threshold used to terminate
the iterative refinement algorithm is set higher than in previ-
ous simulations, due to complexity considerations.

6. CONCLUSIONS

Out-of-cell interference in DS-CDMA systems is usually
treated as noise, possibly mitigated using random cell codes.
If the total number of in-cell plus out-of-cell users is smaller
than the spreading gain, subspace-based suppression of out-
of-cell users is possible. The assumption of more spreading
than the total number of users can be quite unrealistic, even
for moderately loaded cells. Completely blind reception is
feasible under certain conditions (even with more users than
spreading) with BS antenna arrays. We have proposed a new
blind identification procedure that is capable of recovering
both in-cell and out-of-cell transmissions, with sole knowl-
edge of the in-cell user codes. The codes of the out-of-cell
users and the steering vectors of all users are also recovered.
The new procedure remains operational even when com-
pletely blind or subspace-based procedures fail. Interestingly,
if the in-cell codes are known, then algebraic solution is pos-
sible.

APPENDIX

ASYMPTOTIC CRB AS N TENDS TO INFINITY

To derive a meaningful CRB, following what has been done
in [8], we assume that the first row of A and S is fixed (or
normalized) to [1 · · · 1]1×F (this takes care of scale ambigu-
ity), the first row of Cout is known and consists of distinct
elements (which subsequently resolves the permutation am-
biguity) and Cin is in canonical form. In turn, the number of
unknown complex parameters is (N+K−2)M+(P−1)Mout.
Let

θ := [aT2 ; . . . ; aTK ; cout
T
2 ; . . . ; cout

T
P ; sT2 ; . . . ; sTN ; aH2 ; . . . ; sHN

]
∈ C(N+K−2)M+(P−1)Mout×1,

(A.1)

where ak denotes the kth row of A, cout p denotes the ith row
of Cout, and sn denotes the nth row of S.

It has been shown in [8] that the Fisher information ma-
trix (FIM) is given by

Ω(θ) = E
{(

∂ f (θ)
∂θ

)H(∂ f (θ)
∂θ

)}
=
[
Ψ 0
0 Ψ∗

]
, (A.2)

where f (θ) is the log-likelihood function and

Ψ =


Ψaa Ψac Ψas

ΨH
ac Ψcc Ψcs

ΨH
as ΨH

cs Ψss

 (A.3)

with obvious notation. In addition,[
CRBaa CRBac

CRBH
ac CRBcc

]

=
([

Ψaa Ψac

ΨH
ac Ψcc

]
−
[
Ψas

Ψcs

]
Ψ−1

ss

[
ΨH

asΨ
H
cs

])−1

.

(A.4)
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The elements of Ψ can be given6 as follows

E

{
∂ f (θ)
∂a∗k1,m1

∂ f (θ)
∂ak2,m2

}

= 1
σ2

eHm1

( N∑
n=1

(
sn � C

)H(
sn � C

))
em2δk1,k2

= 1
σ2

eHm1

( N∑
n=1

sHn sn

)
 (CHC

)
em2δk1,k2 ,

k1, k2 = 2, . . . ,K , m1,m2 = 1, . . . ,M,

(A.5)

where we have used the identity

(
CHC

) (DHD
) = (C � D)H(C � D), (A.6)

and  stands for the Hadamard product. Similarly, we have

E

{
∂ f (θ)
∂c∗p1,m1

∂ f (θ)
∂cp2,m2

}
= 1

σ2
eHm1

(
AHA

) ( N∑
n=1

sHn sn

)
em2δp1,p2

p1, p2 = 2, . . . ,P; m1,m2 = Min + 1, . . . ,M.
(A.7)

In addition, we have

E

{
∂ f (θ)
∂s∗n1,m1

∂ f (θ)
∂sn2,m2

}
= 1

σ2
eHm1

(C � A)H(C � A)em2δn1,n2

= 1
σ2

eHm1

(
CHC

) (AHA
)

em2δn1,n2 ,

n1,n2 = 2, . . . ,N ; m1,m2 = 1, . . . ,M,

E

{
∂ f (θ)
∂a∗k,m1

∂ f (θ)
∂cp,m2

}

= 1
σ2

( N∑
n=1

s∗n
(
m1
)

sn
(
m2
))

c∗
p

(
m1
)

ak
(
m2
)
,

E

{
∂ f (θ)
∂a∗k,m1

∂ f (θ)
∂sn,m2

}

= 1
σ2

s∗n
(
m1
)( P∑

p=1

c∗
p

(
m1
)

cp
(
m2
))

ak
(
m2
)
,

E

{
∂ f (θ)
∂c∗p,m1

∂ f (θ)
∂sn,m2

}

= 1
σ2

s∗n
(
m1
)( K∑

k=1

a∗
k

(
m1
)

ak
(
m2
))

cp
(
m2
)
.

(A.8)

Since we have assumed that

E
(

s∗n1

(
m1
)

sn2

(
m2
)) = δn1,n2δm1,m2 , (A.9)

6The forms given here can be shown to be mathematically equivalent to
those in [8]. The new forms are computationally much simpler.

it follows that

lim
N→∞

1
N
E

{
∂ f (θ)
∂a∗k1,m1

∂ f (θ)
∂ak2,m2

}

= 1
σ2

eHm1

(
lim
N→∞

1
N

N∑
n=1

sHn sn

)
 (CHC

)
em2δk1,k2

= 1
σ2

eHm1
IM  (CHC

)
em2δk1,k2 ,

lim
N→∞

1
N
E

{
∂ f (θ)
∂c∗p1,m1

∂ f (θ)
∂cp2,m2

}
= 1

σ2
eHm1

(
AHA

) IMem2δp1,p2

lim
N→∞

1
N
E

{
∂ f (θ)
∂a∗k,m1

∂ f (θ)
∂cp,m2

}

= 1
σ2

(
lim
N→∞

1
N

N∑
n=1

s∗n
(
m1
)

sn
(
m2
))

c∗
p

(
m1
)

ak
(
m2
)

= 1
σ2

c∗
p

(
m1
)

ak
(
m2
)
δm1,m2 ,

(A.10)

hence

lim
N→∞

1
N

[
Ψaa Ψac

ΨH
ac Ψcc

]
= 1

σ2

[
Ψaalimit Ψaclimit

ΨH
aclimit

Ψcclimit

]
(A.11)

with obvious notation.
From (A.8), we know that

Ψss = 1
σ2

×



(
CHC

)(AHA
)

0 · · · 0

0
(
CHC

)(AHA
) · · · 0

...
...

. . .
...

0 0 · · · (CHC
)(AHA

)


∈ C(N−1)M×(N−1)M.

(A.12)

Let H := ((CHC)  (AHA))−1, then

Ψ−1
ss = σ2


H 0 · · · 0

0 H · · · 0
...

...
. . .

...

0 0 · · · H

 ∈ C(N−1)M×(N−1)M. (A.13)

Recall

E

{
∂ f (θ)
∂a∗k,m1

∂ f (θ)
∂sn,m2

}
= 1
σ2

s∗n
(
m1
)( P∑

p=1

c∗
p

(
m1
)

cp
(
m2
))

ak
(
m2
)
,

E

{
∂ f (θ)
∂c∗p,m1

∂ f (θ)
∂sn,m2

}
= 1
σ2

s∗n
(
m1
)( K∑

k=1

a∗
k

(
m1
)

ak
(
m2
))

cp
(
m2
)
,

(A.14)
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from which it is not difficult to see that[
Ψas

Ψcs

]
= 1

σ2

[
U2R, U3R, . . . , UNR

]
∈ C((K−1)M+(P−1)Mout)×(N−1)M ,

(A.15)

where

Un = diag

([ 1︷ ︸︸ ︷
s∗n (1), . . . , s∗n (M), . . . ,

K−1︷ ︸︸ ︷
s∗n (1), . . . , s∗n (M),

1︷ ︸︸ ︷
s∗n
(
Min + 1

)
, . . . , s∗n (M), . . . ,

P−1︷ ︸︸ ︷
s∗n
(
Min + 1

)
, . . . , s∗n (M)

])
∈ C((K−1)M+(P−1)Mout)×((K−1)M+(P−1)Mout)

R =



(( P∑
p=1

c∗
p

(
m1
)

cp
(
m2
))

ak
(
m2
))

{(k−1)M+m1,m2}(( K∑
k=1

a∗
k

(
m1
)

ak
(
m2
))

cp
(
m2
))

{(p−1)Mout+m1,m2}


∈ C((K−1)M+(P−1)Mout)×M.

(A.16)

Let

G :=
[
Ψas

Ψcs

]
Ψ−1

ss

[
ΨH

asΨ
H
cs

]
∈ C((K−1)M+(P−1)Mout)×((K−1)M+(P−1)Mout),

(A.17)

then

G = 1
σ2

N∑
n=2

UnRHRHUH
n . (A.18)

With Z := RHRH , we have

G = 1
σ2

N∑
n=2

UnZUH
n , (A.19)

and from

E
(

s∗n1

(
m1
)

sn2

(
m2
)) = δn1,n2δm1,m2 , (A.20)

we obtain

lim
N→∞

1
N

G = 1
σ2

lim
N→∞

1
N

N∑
n=2

UnZUH
n = 1

σ2
Z  Q, (A.21)

where

Q = lim
N→∞

1
N

N∑
n=2

diag
(

Un
)

diag
(

Un
)H

. (A.22)

Therefore, we have[
CRBaa CRBac

CRBH
ac CRBcc

]
limit

= lim
N→∞

[
CRBaa CRBac

CRBH
ac CRBcc

]

= 1
N

(
lim
N→∞

1
N

[
Ψaa Ψac

ΨH
ac Ψcc

]

− lim
N→∞

1
N

[
Ψas

Ψcs

]
Ψ−1

ss

[
ΨH

asΨ
H
cs

])−1

= σ2

N

([
Ψaalimit Ψaclimit

ΨH
aclimit

Ψcclimit

]
− Z  Q

)−1

.

(A.23)
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A nonlinear detection technique designed for multiple-antenna assisted receivers employed in space-division multiple-access sys-
tems is investigated. We derive the optimal solution of the nonlinear spatial-processing assisted receiver for binary phase shift
keying signalling, which we refer to as the Bayesian detector. It is shown that this optimal Bayesian receiver significantly out-
performs the standard linear beamforming assisted receiver in terms of a reduced bit error rate, at the expense of an increased
complexity, while the achievable system capacity is substantially enhanced with the advent of employing nonlinear detection.
Specifically, when the spatial separation expressed in terms of the angle of arrival between the desired and interfering signals is
below a certain threshold, a linear beamformer would fail to separate them, while a nonlinear detection assisted receiver is still
capable of performing adequately. The adaptive implementation of the optimal Bayesian detector can be realized using a radial
basis function network. Two techniques are presented for constructing block-data-based adaptive nonlinear multiple-antenna as-
sisted receivers. One of them is based on the relevance vector machine invoked for classification, while the other on the orthogonal
forward selection procedure combined with the Fisher ratio class-separability measure. A recursive sample-by-sample adaptation
procedure is also proposed for training nonlinear detectors based on an amalgam of enhanced κ-means clustering techniques and
the recursive least squares algorithm.

Keywords and phrases: smart antenna, adaptive beamforming, mean square error, bit error rate, Bayesian classification, radial
basis function network.

1. INTRODUCTION

Spatial processing invoking adaptive antenna arrays has
shown real promise in terms of attaining substantial capacity
enhancements in mobile communication [1, 2, 3, 4, 5, 6, 7,
8]. Multiple-antenna aided receivers are capable of separating
signals transmitted on the same carrier frequency, provided
that signals are sufficiently separated in the spatial domain.
Classically, beamforming algorithms create a linear combi-
nation of the signals received from the different elements of
an antenna array. We refer to this classic beamforming prin-
ciple as linear beamforming. A traditional approach to lin-
ear beamforming is based on the minimum mean square er-
ror (MMSE) principle that minimizes the mean square error
(MSE) between the desired output generated from a known
reference signal and the actual array output. Adaptive imple-
mentations of the linear MMSE (LMMSE) beamforming so-

lution can readily be realized using the well-known family of
temporal reference techniques [2, 3, 9, 10, 11, 12, 13]. Specif-
ically, block-data-based beamformer weight adaptation can
be achieved using the sample matrix inversion (SMI) algo-
rithm [9, 10], while sample-by-sample based array-weight
adaptation can be carried out using the least mean square
(LMS) algorithm [11, 12, 13]. Recent work [14, 15] has in-
vestigated a linear beamforming technique based directly on
minimizing the system’s bit error rate (BER) rather than the
MSE and developed both block-data-based and sample-by-
sample adaptive algorithms for implementing linear mini-
mum BER (LMBER) beamforming. The results of [14, 15]
have demonstrated that LMBER beamforming is capable of
providing considerable performance gains in terms of a re-
duced BER over the usual LMMSE beamforming.

In the context of space-division multiple access (SDMA),
the spatial separation in angles of arrival between the desired
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Figure 1: Multiantenna receiver configuration for the multiuser space-division multiple-access system.

signal and the closest interfering signal dominates the achiev-
able system performance and hence the system’s user capac-
ity. When this angular separation is below a certain thresh-
old, linear beamforming ultimately fails since the signals
transmitted by the individual users become linearly insep-
arable, a situation that has also been observed in the con-
text of single-user channel equalization and multiuser de-
tection designed for code-division multiple access (CDMA)
[16, 17, 18, 19, 20]. In fact, it has been observed even in lin-
early separable scenarios that a nonlinear processing tech-
nique is capable of providing a better performance than a
linear one, although this is typically achieved at the cost of
an increased complexity. In conjunction with nonlinear spa-
tial processing, the achievable system capacity can be signifi-
cantly increased since an adequate performance can be main-
tained even in case of a low angular separation compared
to linear beamforming. These considerations motivate this
study of nonlinear detection techniques contrived for multi-
antenna aided systems.

The outline of the paper is as follows. Section 2 intro-
duces the system model, while Section 3 outlines our lin-
ear beamforming-based benchmarker. In Section 4, we de-
rive the optimal solution of the nonlinear spatial processing
assisted receiver for binary phase shift keying (BPSK) sig-
nalling, which is referred to as the Bayesian detection solu-
tion. It is shown that this Bayesian solution has an identi-
cal form to a radial basis function (RBF) network [17, 21].
In Section 5, two schemes are proposed for realizing block-
data-based adaptive RBF detectors. One of them is based
on the relevance vector machine (RVM) invoked for clas-
sification [22, 23] and the other one is the orthogonal for-
ward selection (OFS) procedure using the Fisher ratio class-
separability measure [24]. Finally, in Section 6, an adaptive
sample-by-sample implementation of the RBF detector is
also considered using an amalgam of the enhanced κ-means
clustering and the recursive least squares (CRLS) algorithm
[19, 25] before offering our conclusions in Section 7.

2. SYSTEM MODEL

We consider the multiple-antenna aided receiver configura-
tion of Figure 1 invoked for assisting the operation of a mul-
tiuser SDMA system. It is assumed that the system supports
M users (signal sources), and each user transmits a BPSK
modulated signal on the same carrier frequency of ω = 2π f .
Let k denote the bit instance. Then the baseband signal of
user i, sampled at symbol rate, is given by

mi(k) = Aibi(k), 1 ≤ i ≤ M, (1)

where the complex-valued coefficientAi models the multipli-
cation of the channel coefficient of user iwith the transmitted
signal power of user i and therefore |Ai|2 denotes the received
signal power for user i, and bi(k) ∈ {±1} is the kth bit of user
i. Without any loss of generality, source 1 is assumed to be
the desired user and the rest of the sources are the interfering
users. A linear antenna array is considered which consists of
L uniformly spaced elements, and the signals received by the
L-element antenna array are given by

xl(k) =
M∑
i=1

mi(k) exp
(
jωtl

(
θi
))

+ nl(k) = x̄l(k) + nl(k) (2)

for 1 ≤ l ≤ L, where tl(θi) is the relative time delay
at element l for source i, θi is the direction of arrival for
source i, and nl(k) is a complex-valued white Gaussian noise
with zero mean and E[|nl(k)|2] = 2σ2

n . The desired user’s
signal-to-noise ratio is defined as SNR = |A1|2/2σ2

n , and
the desired signal-to-interference ratio with respect to in-
terfering user i is defined by SIRi = |A1|2/|Ai|2 for i =
2, . . . ,M. In vectorial form, the antenna array output x(k) =
[x1(k) x2(k) · · · xL(k)]T can be expressed as

x(k) = x̄(k) + n(k) = Pb(k) + n(k), (3)

where n(k) = [n1(k) n2(k) · · · nL(k)]T has a covariance
matrix of E[n(k)nH(k)] = 2σ2

nIL with IL denoting the L × L
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identity matrix, the system matrix P is given by

P =
[
A1s1 A2s2 · · · AMsM

]
, (4)

the steering vector for source i is formulated as

si=
[

exp
(
jωt1

(
θi
))

exp
(
jωt2

(
θi
)) · · · exp

(
jωtL

(
θi
))T] ,

(5)
and the transmitted bit vector is

b(k) =
[
b1(k) b2(k) · · · bM(k)

]T
. (6)

The task of the spatial-processing assisted receiver is to
provide an estimate b̂1(k) of the desired user’s transmit-
ted bit b1(k), given the input x(k). To keep our notations
and the associated concepts relatively simple, we have used
a BPSK modulation scheme, a narrowband channel model,
and narrowband beamforming (space-only processing). The
approach can be extended to other modulation schemes
and wideband channels that induce intersymbol interference.
The same idea can also be applied to broadband beamform-
ing (space-time processing).

3. LINEAR BEAMFORMING ASSISTED RECEIVER

The output of the linear beamformer is given by

y(k) = wHx(k) = wH x̄(k) + wHn(k) = ȳ(k) + e(k), (7)

where w = [w1 w2 · · · wL]T is the complex-valued beam-
former weight vector, and e(k) is Gaussian distributed with
a zero mean and a variance E[|e(k)|2] = 2σ2

nwHw. The esti-
mate of the transmitted bit b1(k) is given by

b̂1(k) = sgn
(
yR(k)

) =
+1, yR(k) > 0,

−1, yR(k) ≤ 0,
(8)

where yR(k) = �[y(k)] denotes the real part of y(k). Classi-
cally, the linear beamformer’s weight vector is determined by
minimizing the MSE term of E[|b1(k) − y(k)|2] between the
desired user’s transmitted bit and the beamformer’s output,
which leads to the following LMMSE solution:

wMMSE = (PPH + 2σ2
nIL
)−1

p1 (9)

with p1 being the first column of P. Using a temporal refer-
ence technique aided approach [7], the LMMSE beamform-
ing solution can be readily realized using the block-data-
based SMI algorithm [7], and recursive sample-by-sample
adaptation can be performed using the LMS or RLS algo-
rithm [21].

In order to derive the BER formula of the linear beam-
former with the weight vector w, firstly note that there are
Nb = 2M possible sequences of b(k), which are denoted as
bq, 1 ≤ q ≤ Nb. Furthermore, denote the first element of bq,
corresponding to the desired user, as bq,1. As expected, the

noiseless part of the beamformer input signal, x̄(k), assumes
encountering values only from the signal set defined as

X �
{

x̄q = Pbq, 1 ≤ q ≤ Nb
}
. (10)

This set can be partitioned into two subsets depending on the
specific value of b1(k) as follows:

X(±) �
{

x̄(±)
q ∈ X : b1(k) = ±1

}
. (11)

Similarly, ȳ(k) takes values from the scalar set

Y �
{
ȳq = wH x̄q, 1 ≤ q ≤ Nb

}
(12)

which can be divided into the two subsets defined as

Y(±) �
{
ȳ(±)
q ∈ Y : b1(k) = ±1

}
. (13)

Thus, ȳR(k) can only take values from the set

YR �
{
ȳR,q = �[ ȳq], 1 ≤ q ≤ Nb

}
(14)

which can be partitioned into the two subsets conditioned on
the value of b1(k):

Y(±)
R �

{
ȳ(±)
R,q ∈ YR : b1(k) = ±1

}
. (15)

It can be readily seen that the conditional probability
density function (pdf) of y(k) given b1(k) = +1 is a Gaus-
sian mixture given by

p(y| + 1) = 1
Nsb

Nsb∑
q=1

1
2πσ2

nwHw
exp

(
−
∣∣y − ȳ(+)

q
∣∣2

2σ2
nwHw

)
,

(16)

where ȳ(+)
q ∈ Y(+) and Nsb = Nb/2 is the number of the

points in Y(+). Therefore, the conditional marginal pdf of
yR(k) given b1(k) = +1 is formulated as follows:

p
(
yR
∣∣ + 1

) = 1
Nsb

Nsb∑
q=1

1√
2πσ2

nwHw
exp

(
−
(
yR − ȳ(+)

R,q

)2

2σ2
nwHw

)
,

(17)

where ȳ(+)
R,q ∈ Y(+)

R . Thus, it can be shown that the BER of
the linear beamformer associated with the weight vector w is
given by [14, 15]

PE(w) = 1
Nsb

Nsb∑
q=1

Q
(
gq,+(w)

)
, (18)

where

Q(u) = 1√
2π

∫∞

u
exp

(
− v2

2

)
dv,

gq,+(w) = sgn
(
bq,1
)
ȳ(+)
R,q

σn
√

wHw
= sgn

(
bq,1
)�[wH x̄(+)

q
]

σn
√

wHw
.

(19)
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Figure 2: Locations of the desired source and the interfering
sources with respect to the two-element linear antenna array hav-
ing λ/2 element spacing, where λ is the wavelength.

The LMBER beamforming solution is then defined as fol-
lows:

wMBER = arg min
w

PE(w). (20)

Unlike the LMMSE solution (9), there exists no closed-form
LMBER solution. In [14, 15], a simplified conjugate gradient
method [26, 27] is used to obtain numerical solutions. Both
the block-data-based gradient and LMS-style stochastic gra-
dient adaptive algorithms have been derived in [14, 15] to
realize the LMBER beamforming solution.

For the linear beamformer to work adequately, the un-
derlying system must be linearly separable. The linear separa-

bility means that there exists a weight vector w such that Y(−)
R

and Y(+)
R are completely separated by the decision threshold

yR = 0. When the minimum spatial separation expressed
in angles of arrival between the desired user and interfer-
ing users is below a certain threshold, the system inevitably
becomes linearly inseparable. In such a situation, the linear
beamformer will have a high irreducible BER floor, and non-
linear processing has to be adopted for the sake of achieving
an adequate BER performance. In general, nonlinear spatial
processing is capable of achieving a better performance than
a linear receiver, regardless whether the output of the system
is linearly separable or not. The limitation of a linear beam-
forming assisted receiver is illustrated in the following exam-
ple, which is also used throughout this paper for investigating
the proposed nonlinear multiantenna detection techniques.

Simulation example

The example consisted of four signal sources and a two-
element antenna array. Figure 2 shows the locations of the
desired source and the three interfering sources in a graphi-
cal form. The simulated channel conditions were Ai = 1+ j0,
1 ≤ i ≤ 4. The desired user and all the three interfering users
had equal signal power, and therefore we had SIRi = 0 dB
for i = 2, 3, 4. The minimum spatial separation in this exam-
ple was the difference in angles of arrival between the desired
user 1 and the interferer 2, which was θ ≤ 30◦. Figure 3 com-

pares the BERs of the LMMSE and LMBER beamformers for
the two cases of θ = 30◦ and θ = 10◦, respectively. It can
be seen from Figure 3a that for θ = 30◦, the underlying sys-
tem scenario was linearly separable as was confirmed by the
performance of the LMBER beamformer, while the LMMSE
beamformer was unable to achieve the linear separability of
the signal constellation and hence exhibited a high BER floor.
Figure 4 plots the conditional pdfs p(y| + 1), the conditional
marginal pdfs p(yR| + 1), and the conditional subsets Y(+)

and Y(+)
R for the LMMSE and LMBER beamformers, given

θ = 30◦ and SNR = 10 dB, which represented a typical
condition in Figure 3a. It is clearly seen from Figure 4 that
the LMBER beamformer was “smarter” than the LMMSE
scheme and hence achieved the desired linear separability.
However, when the minimum spatial separation was reduced
to θ = 10◦, the system became inherently linearly insepara-
ble, and any linear beamformer failed to perform adequately
as can be seen in Figure 3b. Figure 5 depicts the conditional
pdfs p(y|+ 1), the conditional marginal pdfs p(yR| + 1), and

the conditional subsets Y(+) and Y(+)
R for the LMMSE and

LMBER beamformers, given θ = 10◦ and SNR = 10 dB,
which provided a typical condition in Figure 3b. The results
of Figure 5 confirm that the underlying system was linearly
inseparable, and it also explains why the LMBER solution
did better than the LMMSE scheme, resulting in a lower BER
floor. This example clearly demonstrates the need for invok-
ing a nonlinear spatial-processing assisted receiver structure.

4. BAYESIAN DETECTION SCHEME

Given the observation vector x(k), the optimal solution to
the multiantenna aided spatial processing problem in terms
of the achievable BER is the maximum a posteriori probabil-
ity solution, which is similar to the case of single-user chan-
nel equalization [17, 18], and therefore can readily be for-
mulated. The posterior probabilities or decision variables for
b1(k) = ±1 given x(k) are given by

η(±)(k) =
Nsb∑
q=1

ξ(±)
q(

2πσ2
n

)L exp

(
−
∥∥x(k) − x̄(±)

q
∥∥2

2σ2
n

)
, (21)

where ξ(±)
q are a priori probabilities of x̄(±)

q and ‖x‖2 = xHx.

Typically, all the states x̄(±)
q are equiprobable, and thus we

have ξ(±)
q = 1/Nb. The optimal decision regarding the trans-

mitted bit b1(k) is given by

b̂1(k) =
+1, η(+)(k) ≥ η(−)(k),

−1, otherwise.
(22)

We redefine a single decision variable as

yB(k) =
Nb∑
q=1

υq exp

(
−
∥∥x(k) − x̄q

∥∥2

2σ2
n

)
, (23)
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Figure 3: Comparison of the bit error rates of three theoretical detection schemes: the LMMSE and LMBER beamformers, and the optimal
Bayesian detector. (a) θ = 30◦. (b) θ = 10◦.
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Figure 4: Conditional pdfs p(y| + 1) (surface), conditional marginal pdfs p(yR| + 1) (curve), and conditional subsets Y(+) (symbol ∗) and

Y(+)
R (symbol ◦), given θ = 30◦ and SNR = 10 dB. Beamformer weight vector has been normalized to a unit length. (a) LMMSE beamformer.

(b) LMBER beamformer.

where

υq = sgn
(
bq,1
)

Nb
(
2πσ2

n

)L . (24)

Then the optimal decision (22) is equivalent to

b̂1(k) = sgn
(
yB(k)

) =
+1, yB(k) ≥ 0,

−1, yB(k) < 0.
(25)
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Figure 5: Conditional pdfs p(y| + 1) (surface), conditional marginal pdfs p(yR| + 1) (curve), and conditional subsets Y(+) (symbol ∗) and

Y(+)
R (symbol ◦), given θ = 10◦ and SNR = 10 dB. Beamformer weight vector has been normalized to a unit length. (a) LMMSE beamformer.

(b) LMBER beamformer.

Note that (23) has the exact form of the RBF network in con-
junction with a Gaussian kernel function.

The BER performance of the optimal Bayesian detec-
tion scheme was evaluated using the simulation example of
Section 3 under the two conditions of having minimum spa-
tial separations of θ = 30◦ and θ = 10◦, and the results
are plotted in Figures 3a and 3b, respectively, in compari-
son to the BERs of linear beamformers. It can be seen from
Figure 3a that the Bayesian detector achieved an SNR im-
provement of 4 dB at the BER of 10−4 over the LMBER beam-
former. In the linearly inseparable case, the achievable per-
formance improvement over the linear beamformer was even
greater. In particular, Figure 3b shows that the Bayesian spa-
tial processing assisted receiver removed the irreducible BER
that was experienced by the linear beamforming aided re-
ceiver. The Bayesian detection scheme (23) may be viewed
as a nonlinear “beamforming” process, and this nonlinear
beamformer is clearly more complex than the simple linear
beamformer (7). Therefore, the performance improvement
achieved by the Bayesian detection scheme is attained at the
expense of considerably increased computational complex-
ity.

5. BLOCK-DATA KERNEL-BASED NONLINEAR
DETECTOR CONSTRUCTION

In reality, the signal subsets X(±) are unknown and have
to be estimated in order to realize the Bayesian solution.
We will adopt a temporal reference technique to construct
a nonlinear detector. Given a block of N training data
{x(k), b1(k)}Nk=1, consider the nonlinear detector of the form

y(x) =
N∑
l=1

βlφl(x), (26)

where βl represents the real-valued weights and φl(x) =
φ(x, x(l)) are the appropriately chosen kernel basis functions
with x(l) denoting the lth training input. In our spatial pro-
cessing aided application, φ(·, ·) can be chosen as the Gaus-
sian kernel function of the form

φ
(

x, x(l)
) = exp

(
−
∥∥x − x(l)

∥∥2

2ρ2

)
, (27)

where the kernel variance ρ2 is an estimate of the noise vari-
ance σ2

n . Define the modelling residual as

ε(k) = t(k) − y(k) = b1(k) − y
(

x(k)
)
. (28)

Then the kernel model (26) generated for the training data
set can be formulated as

t = Φβ + ε, (29)

where the target vector t is defined as

t =
[
t(1) t(2) · · · t(N)

]T
=
[
b1(1) b1(2) · · · b1(N)

]T
,

(30)

the kernel weight vector is given by β=[β1 β2 · · · βN ]T , the
residual vector is formulated as ε = [ε(1) ε(2) · · · ε(N)]T ,
and the regression matrix Φ is given by

Φ =
[
φ1 φ2 · · · φN

]
(31)

with

φi =
[
φi(1) φi(2) · · · φi(N)

]T
=
[
φ
(

x(1), x(i)
)

φ
(

x(2), x(i)
) · · · φ

(
x(N), x(i)

)]T
,

(32)
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for 1 ≤ i ≤ N . We adopt two different techniques for con-
structing a sparse detector model having Nspa(� N) number
of terms from the full model (26).

5.1. Relevance vector machine for sparse kernel
detector construction

The RVM method [22, 23] can readily be applied for con-
structing a sparse kernel model having Nspa number of terms
from the full model (26). The introduction of an individual
hyperparameter αi for every weight βi of the model (26) is
the key feature of the RVM, and is ultimately responsible for
the sparsity properties of the RVM method [22]. During the
optimization process, many of the αi coefficients are driven
to large values so that the corresponding model weights βi
are effectively pruned out. Thus the corresponding model
terms φi(·) can be removed from the trained model. The con-
struction procedure produces a beamformer having a sparse
final kernel structure consisting of Nspa number of signifi-
cant terms. The detailed RVM method used is summarized
in Appendix A.

The RVM method is known to be able to produce very
sparse models while exhibiting excellent generalization capa-
bilities [22]. A drawback of the RVM method is its high com-
putational complexity. The algorithm contains two loops,
with the inner loop used for updating the kernel weights
and the outer loop for the associated hyperparameters (see
Appendix A). Both loops involve “expensive” nonlinear op-
timization, and therefore converge relatively slowly, while in-
curring high computational costs. Furthermore, the RVM
method starts with the full model set Φ and removes those
kernel terms that have large values in their associated hy-
perparameters. In other words, it is based on the backward
elimination principle. Since the Hessian matrix H associ-
ated with the full model set ((A.8) in Appendix A) is typ-
ically ill-conditioned and may even be non invertible, the
RVM method is inherently ill-conditioned and its iterative
procedure may converge at a slow rate, requiring numer-
ous iterations. The threshold Lg employed by the prun-
ing process (see Appendix A) is problem-dependent and has
to be determined empirically. Provided that the value of
Lg is tuned appropriately, the RVM algorithm is in gen-
eral capable of identifying a sparse detector from the full
model (26), which closely approximates the Bayesian perfor-
mance.

5.2. Orthogonal forward selection with Fisher ratio
class-separability measure for sparse kernel
detector construction

An alternative way of constructing a sparse kernel model
from the full model (26) is offered by the OFS procedure
based on Fisher ratio class-separability measure [24], which
is computationally attractive and numerically very robust.
Let an orthogonal decomposition of the regression matrix Φ
be

Φ = UD, (33)

where

D =


1 d1,2 · · · d1,N

0 1
. . .

...
...

. . .
. . . dN−1,N

0 · · · 0 1

 ,

U =
[

u1 u2 · · · uN

]
=


u1,1 u1,2 · · · u1,N

u2,1 u2,2 · · · u2,N
...

...
...

...
uN ,1 uN ,2 · · · uN ,N

 ,

(34)

with orthogonal columns that satisfy uT
i uq = 0 if i �= q. The

kernel model (29) can alternatively be expressed as

t = Ug + ε, (35)

where the orthogonal weight vector g = [g1 g2 · · · gN ]T

satisfies the triangular system Dβ = g.
A sparse Nspa-term model can be selected by incremen-

tally maximizing a class separability measure in an OFS pro-
cedure, as is presented in [24]. Define the two class sets
X± = {x(k) : d(k) = ±1}, and let the numbers of points
in X± be N±, respectively, with N+ +N− = N . The means and
variances of training samples belonging to class X+ and class
X− in the direction of basis ul are given by

m+,l = 1
N+

N∑
i=1

δ
(
t(i) − 1

)
ui,l,

σ2
+,l =

1
N+

N∑
i=1

δ
(
t(i) − 1

)(
ui,l −m+,l

)2
,

m−,l = 1
N−

N∑
i=1

δ
(
t(i) + 1

)
ui,l,

σ2
−,l =

1
N−

N∑
i=1

δ
(
t(i) + 1

)(
ui,l −m−,l

)2
,

(36)

respectively, where δ(x) = 1 for x = 0 and δ(x) = 0 for x �= 0.
Fisher ratio is defined as the ratio of the interclass difference
and the intraclass spread encountered in the direction of ul,
which is given by [28]

Fl =
(
m+,l −m−,l

)2

σ2
+,l + σ2

−,l

. (37)

Based on this Fisher ratio for class separability measure, sig-
nificant kernel terms can be selected with the aid of an OFS
procedure. At the lth stage, a term is chosen as the lth term
in the selected model if it produces the largest Fl among the
candidate terms ui, l ≤ i ≤ N . The procedure is terminated
with a sparse Nspa-term model when we have

FNspa∑Nspa

l=1 Fl
< ξ, (38)
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Figure 6: Performance comparison of the Bayesian detector with the RBF detectors constructed by the RVM algorithm and the OFS with
Fisher ratio, respectively. (a) θ = 30◦. (b) θ = 10◦.

where the threshold ξ determines the sparsity of the selected
model. The appropriate value for ξ depends on the applica-
tion concerned, and in our spatial processing oriented ap-
plication, we have found out empirically that the appropri-
ate values for ξ is in the range of 0.005 to 0.01. The least
square solution for the corresponding sparse model weight
vector βNspa

is readily available given the least square solution
of gNspa .

The detailed construction algorithm is summarized in
Appendix B. This algorithm involves only linear optimiza-
tion and is computationally significantly more attractive
compared with the RVM method. In the selection procedure,
if uT

i ui is too small, this term will not be selected. Thus, any
ill-conditioning problem or singular situations are automati-
cally avoided. The construction process is guaranteed to con-
verge and, to arrive at the sparsest possible kernel detector
that is also capable of closely approximating the optimum
Bayesian performance, the only algorithmic parameter that
requires tuning is the threshold ξ.

5.3. Simulation study

The example given in Section 3 was used for testing the two
block-data kernel-based construction algorithms. Two con-
ditions of θ = 30◦ and θ = 10◦ were simulated, representing
the linearly separable and inseparable cases, respectively. In
each case, the OFS algorithm employing the Fisher ratio and
the RVM algorithm were used for constructing a RBF detec-

tor. The number of training data used for each SNR value was
N = 160. The Gaussian kernel variance ρ2 was determined
empirically and the appropriate values of ρ2 were found to
be in the range spanning from 2σ2

n to 10σ2
n , depending on

the SNR. The number of RBF centers or kernel terms iden-
tified by the two algorithms for the given SNR values was
similar, ranging from Nspa = 14 to 20, having typical val-
ues of Nspa = 18. The BERs of the RVM and OFS detectors
are compared in Figure 6. It can be seen that both kernel-
based detectors had a similar performance at a similar model
sparsity, and the two RBF detectors constructed from noisy
training data closely approximated the optimal Bayesian per-
formance. However, the OFS algorithm based on the Fisher
ratio is known to have considerable computational and nu-
merical advantages over the RVM algorithm.

6. RECURSIVE ADAPTIVE RBF DETECTOR USING THE
COMBINED CLUSTERING AND RLS ALGORITHM

In practice, it is often desirable to update a detector on a re-
cursive sample-by-sample basis. Consider again the RBF de-
tector of the form

y
(

x(k)
) = Nc∑

i=1

βiφ
(

x(k), ci
)
, (39)

where ci are the complex-valued kernel centers and the num-
ber of kernel centers Nc is assumed to be given. We propose
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to apply a combined enhanced κ-means clustering and RLS
algorithm [19, 25] for a recursive sample-by-sample based
adaptation of this RBF detector.

The enhanced κ-means clustering algorithm [29], which
recursively updates the RBF centers, is described by

ci(k) = ci(k − 1) + Mi
(

x(k)
)(
ḡc
(

x(k) − ci(k − 1)
))

(40)

for 1 ≤ i ≤ Nc, where 0 < ḡc < 1.0 defines the learning rate,
the membership function Mi(x(k)) is defined as follows:

Mi(x) =
1, if v̄i

∥∥x − ci
∥∥2 ≤ v̄l

∥∥x − cl
∥∥2 ∀l �= i,

0, otherwise,
(41)

and v̄i is the variation of the ith cluster. In order to esti-
mate the associated variation v̄i, the following updating rule
is used:

v̄i(k) = ḡvv̄i(k − 1)

+
(
1 − ḡv

)(
Mi
(

x(k)
)∥∥x(k) − ci(k − 1)

∥∥2
)

,
(42)

where ḡv is a constant slightly less than 1.0. The initial vari-
ations v̄i(0), 1 ≤ i ≤ Nc, are set to the same small number.
The learning rate ḡc can either be set to a fixed small positive
number or be self-adjusting, based on an entropy formula
[29].

The traditional κ-means clustering algorithm [28] can
only achieve a local optimal solution in partitioning the in-
put data set into Nc clusters, and the solution obtained de-
pends on the initial locations of cluster centers. A conse-
quence of this local optimality is that some initial centers may
become trapped in regions of the input domain, which have
only a few or no input patterns, and never move to regions
where they are needed. This wastes resources and results in
an unnecessarily large network. The enhanced κ-means clus-
tering algorithm [29] overcomes the above-mentioned draw-
back. When using a cluster variation-weighted measure, we
always achieve an optimal center configuration in the sense
that after convergence, all clusters have an equal cluster vari-
ance. The above-mentioned enhanced κ-means clustering al-
gorithm is an unsupervised one. In order to take full advan-
tage of training, the algorithm can be modified in order to
create a semisupervised one. Let the RBF center set be di-
vided into the two subsets

C(+) =
{

ci, 1 ≤ i ≤ Nc

2

}
,

C(−) =
{

ci, 1 +
Nc

2
≤ i ≤ Nc

}
,

(43)

corresponding to the two classes b1(k) = ±1. During the
training instance k, the enhanced κ-means clustering algo-
rithm is applied only to the center subset C(+) if we have
b1(k) = +1. Otherwise, it is applied to C(−) provided that
we have b1(k) = −1. This “semisupervised” clustering tech-
nique was found to be more effective in dealing with linearly
inseparable cases.

The RBF weights βi are updated using the classic RLS
algorithm. Thus the combined CRLS algorithm used for
training the RBF detector (39) can readily be summa-

rized as follows. At the instance k, given the center set
{ci(k − 1), 1 ≤ i ≤ Nc} and weight vector β(k − 1) =
[β1(k − 1) β2(k − 1) · · · βNc(k − 1)]T , we invoke the fol-

lowing procedure:

RBF center updating: use the enhanced κ-means clustering
algorithm for obtaining an updated RBF center set
{ci(k), 1 ≤ i ≤ Nc};

RBF weight updating: employ the RLS algorithm for obtain-
ing an updated RBF weight vector β(k).

The enhanced κ-means clustering process is guaranteed
to converge to the optimal center configuration if either the
learning rate ḡc is self-adjusting based on an entropy formula
or it is fixed to a positive constant that is not too large [29].
The convergence properties of the standard RLS algorithm
are well known. It is therefore reasonable to believe that the
above-mentioned combined κ-means clustering and RLS al-
gorithm is capable of guaranteeing convergence, provided
that the algorithmic parameters are set appropriately.

The example given in Section 3 was employed again for
investigating the CRLS algorithm used for training the RBF
detector of (39). Two conditions associated with θ = 30◦

and θ = 10◦ were simulated. For this example, the num-
ber of states that defined the Bayesian detector was Nb = 16,
and Nc = 16 was assumed for the RBF detector. The train-
ing data length was N = 1000. The first Nc number of
samples x(k) were used as the initial RBF centers and the
two adaptive parameters of the clustering algorithm were
set to ḡc = 0.2 and ḡv = 0.995. Half of the RBF weights
were set initially to +0.001 and the other half to −0.001.
The initial condition of the RLS algorithm was chosen as
Ψ(0) = diag{1000.0, 1000.0, . . . , 1000.0} with the forgetting
factor given by µ = 0.995. Figure 7 depicts the achievable
BER of the CRLS RBF detector in comparison to the opti-
mal Bayesian performance. For the CRLS RBF detector, the
results obtained using the unsupervised and semisupervised
clustering algorithms were similar in the linearly separable
case (θ = 30◦). By contrast, for the linearly inseparable sce-
nario of θ = 10◦, it was observed that the semisupervised
clustering performed better than the unsupervised one. The
results given in Figure 7 are those obtained with the aid of
semi-supervised clustering. From Figure 7, it can be seen that
the performance of the CRLS RBF detector closely matched
the optimal Bayesian performance.

7. CONCLUSIONS AND DISCUSSIONS

A nonlinear detection technique has been investigated in the
context of a multiantenna assisted receiver. The optimal so-
lution of the nonlinear spatial processing aided receiver has
been derived for binary phase shift keying signalling. It has
been shown that this optimal Bayesian detector significantly
outperforms the linear beamformer in terms of a reduced bit
error rate, at the expense of an increased complexity. The re-
sults presented in this paper have demonstrated the potential
system capacity enhancements that may be achieved by em-
ploying nonlinear spatial processing. Both block-data-based
and recursive sample-by-sample adaptive implementations
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Figure 7: Performance comparison of the Bayesian detector with the RBF detector trained by the CRLS algorithm. (a) θ = 30◦. (b) θ = 10◦.

of the optimal Bayesian detector have been considered using
a radial basis function network. For block-data-based adap-
tation, both the RVM algorithm and the orthogonal forward
selection procedure employing the Fisher-ratio-based class
separability measure have been considered. Both algorithms
have been shown to produce similarly good performance, but
the latter is known to have considerable computational ad-
vantages. For recursive sample-by-sample based adaptation,
the combination of the enhanced κ-means clustering and the
recursive least squares algorithm has been invoked.

The nonlinear detection scheme proposed in this paper
is based on what we refer to as a “direct” approach, namely,
on estimating the RBF centers directly from received train-
ing data contaminated by the channel. Alternatively, an “in-
direct” approach can be adopted, where the system matrix P
defined in (4) is first identified and then used for construct-
ing the nonlinear detector. This indirect approach has the
advantage of requiring a significantly shorter training time,
since estimating the channel matrix needs a shorter training
sequence than estimating the noiseless channel states that de-
fine RBF centers. This indirect approach is not applicable in
the SDMA assisted multiuser downlink, since the receiver in
this case only has access to the one desired user’s training se-
quence. However, this indirect scheme becomes attractive in
the uplink, as the receiver has to detect all the users’ data and
has access to the training sequences of all the users. Moreover,
numerous complexity-reduction schemes can be adopted for
the RBF detector [21]. Indeed, it was demonstrated in [21]
that the complexity of the RBF detector may be rendered
comparable to that of classic linear detectors. For example,

decision feedback can be employed not only to improve the
performance significantly but also to reduce the complexity
dramatically of the RBF detector, similar to the case of single-
user channel equalization [18, 30]. This nonlinear detection
scheme designed for the SDMA assisted multiuser uplink is
currently under investigation.

APPENDICES

A. RELEVANCE VECTOR MACHINE METHOD

The posterior probability of the kernel detector weight vector
β is defined by

p(β|t,α) = p(t|β,α)p(β|α)
p(t|α)

, (A.1)

where p(β|α) is the prior with α = [α1 α2 · · · αN ]T de-
noting the vector of hyperparameters, p(t|β,α) is the likeli-
hood, and p(t|α) the evidence. Following the Bayesian clas-
sification framework [22, 23], the likelihood is expressed as

p(t|β,α)

=
N∏
l=1

(
f
(
y
(

x(l)
)))(t(l)+1)/2(

1 − f
(
y
(

x(l)
)))(1−t(l))/2

,
(A.2)

where

f (y) = 1
1 + exp(−y)

(A.3)
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is the logistic sigmoid function. The Gaussian prior is chosen:

p(β|α) =
N∏
l=1

√
αl√
2π

exp

(
− αlβ

2
l

2

)
. (A.4)

As the marginal likelihood p(t|α) cannot be obtained analyt-
ically by integrating out the weights from (A.1), an iterative
procedure is necessitated [22].

With a fixed given α, the maximum a posteriori prob-
ability (MAP) solution β̂ can be obtained by maximizing
log(p(β|t,α)) or, equivalently, by minimizing the following
cost function:

J(β|t,α) =
N∑
l=1

(
αlβ

2
l

2
− t(l) + 1

2
log
(
f
(
y
(

x(l)
)))

− 1 − t(l)
2

log
(
1 − f

(
y
(

x(l)
))))

.

(A.5)

The gradient of J with respect to β is

∇J = Aβ + ΦT
(

f − 1
2

(
t + 1N

))
, (A.6)

where

A = diag
{
α1,α2, . . . ,αN

}
,

f =
[
f
(
y
(

x(1)
))

f
(
y
(

x(2)
)) · · · f

(
y
(

x(N)
))]T

,

1N =
[

1 1 · · · 1
]T

,

(A.7)

and Φ is the regression matrix defined in (31). The Hessian
of J is

H = ∇2J = ΦTBΦ + A, (A.8)

where

B = diag
{
f
(
y
(

x(1)
))(

1 − f
(
y
(

x(1)
)))

, . . . ,

f
(
y
(

x(N)
))(

1 − f
(
y
(

x(N)
)))}

.
(A.9)

The hyperparameters α are updated using

αnew
i = 1 − αold

i γi,i

β̂2
i

(A.10)

with γi,i being the diagonal elements of Γ which is defined by

Γ = (H|β̂
)−1

. (A.11)

The following simple iterative procedure can be adopted
to construct a sparse RVM detector.

Initialization

The N × Nspa kernel matrix Φ is initialized with Nspa = N ,
that is, every training data point is considered as a candidate
kernel. Each weight βi is initially associated with the same
value of the hyperparameter αi.

Step 1. Given current value α, find β̂ by minimizing the cost
function (A.5). A simplified conjugate gradient algorithm
[26, 27] is used in our application.

Step 2. The hyperparameters are updated using (A.10). If a
αi > Lg, where Lg is a preset large positive value, Nspa :=
Nspa − 1, the corresponding column in Φ is removed, and
thus the corresponding weight βi and model term φi(·) are
pruned out the model.

Test

If the hyperparameters α remain sufficiently unchanged in
two successive iterations (no removal of hyperparameters) or
a preset maximum iteration number is reached, stop; other-
wise, go to Step 1.

B. ORTHOGONAL FORWARD SELECTION ALGORITHM

The modified Gram-Schmidt orthogonalization procedure
[31] calculates the D matrix row by row and orthogonal-
izes Φ as follows: at the lth stage, make the columns φi,
l + 1 ≤ i ≤ N , orthogonal to the lth column and repeat the

operation for 1 ≤ l ≤ N − 1. Specifically, denoting φ(0)
i = φi,

1 ≤ i ≤ N , then

ul = φ(l−1)
l ,

dl,i = uT
l φ

(l−1)
i(

uT
l ul
) , l + 1 ≤ i ≤ N ,

φ(l)
i = φ(l−1)

i − dl,iul, l + 1 ≤ i ≤ N ,

(B.1)

where l = 1, 2, . . . ,N − 1.
The last stage of the procedure is simply uN = φ(N−1)

N .
The elements of g are computed by transforming t(0) = t in a
similar way:

gl = uT
l t(l−1)(
uT
l ul

) ,

t(l) = t(l−1) − glul,

(B.2)

where 1 ≤ l ≤ N .
This orthogonalization scheme can be used to derive a

simple and efficient algorithm for selecting subset models in
a forward-regression manner [31]. First define

Φ(l−1) =
[

u1 · · ·ul−1 φ(l−1)
l · · ·φ(l−1)

N

]
. (B.3)

If some of the columns φ(l−1)
l , . . . ,φ(l−1)

N in Φ(l−1) have
been interchanged, this will still be referred to as Φ(l−1)

for notational convenience. With the notation φ(l−1)
q =

[φ(l−1)
1,q φ(l−1)

2,q · · · φ(l−1)
N ,q ]T , the lth stage of the selection

procedure is given as follows.
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Step 1. For l ≤ q ≤ N , compute

m
(q)
+,l =

1
N+

N∑
i=1

δ
(
t(i) − 1

)
φ(l−1)
i,q ,

(
σ

(q)
+,l

)2 = 1
N+

N∑
i=1

δ
(
t(i) − 1

)(
φ(l−1)
i,q −m

(q)
+,l

)2
,

m
(q)
−,l =

1
N−

N∑
i=1

δ
(
t(i) + 1

)
φ(l−1)
i,q ,

(
σ

(q)
−,l

)2 = 1
N−

N∑
i=1

δ
(
t(i) + 1

)(
φ(l−1)
i,q −m

(q)
−,l

)2
,

F
(q)
l =

(
m

(q)
+,l −m

(q)
−,l

)2

(
σ

(q)
+,l

)2
+
(
σ

(q)
−,l

)2 .

(B.4)

Step 2. Find

Fl = F
(ql)
l = max

{
F

(q)
l , l ≤ q ≤ N

}
. (B.5)

Then the qlth column of Φ(l−1) is interchanged with the lth
column of Φ(l−1), and the qlth column of D is interchanged
with the lth column of D up to the (l − 1)th row. This effec-
tively selects the qlth candidate as the lth kernel term in the
subset model.

Step 3. Perform the orthogonalization as indicated in (B.1)
to derive the lth row of D and to transform Φ(l−1) into Φ(l).
Calculate gl and update t(l−1) into t(l) in the way shown in
(B.2).

The selection is terminated at the Nspa stage when the
criterion (38) is satisfied and this produces a sparse subset
model containing Nspa significant kernel terms.
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Space-time block coding (STBC) provides substantial diversity advantages with a low decoding complexity. However, these codes
are not designed to achieve coding gains. Outer codes should be concatenated with STBC to provide additional coding gain. In
this paper, we analyze the performance of concatenated trellis-coded STBC schemes over shadowed Rician frequency-flat fading
channels. We derive an exact pairwise error probability (PEP) expression that reveals the dominant factors affecting performance.
Based on the derived PEP, in conjunction with the transfer function technique, we also present upper bounds on the bit error rate
(BER), which are further shown to be tight through a Monte-Carlo simulation study.
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1. INTRODUCTION

Space-time trellis coding was introduced in [1] as an effective
transmit diversity technique to combat fading. These codes
were designed to achieve maximum diversity gain. However,
for a fixed number of transmit antennas, their decoding com-
plexity increases exponentially with the transmission rate.
Space-time block coding (STBC) [2] was proposed as an
attractive alternative to its trellis counterpart with a much
lower decoding complexity. The work in [2] was inspired by
Alamouti’s early work [3], where a simple two-branch trans-
mit diversity scheme was presented and shown to provide
the same diversity order as maximal-ratio receiver combining
with two receive antennas. Alamouti’s scheme is appealing in
terms of its performance and simplicity. Assuming the chan-
nel is known at the receiver, it requires a simple maximum-
likelihood decoding algorithm based only on linear process-
ing at the receiver. STBC generalizes Alamouti’s scheme to an
arbitrary number of transmit antennas and is able to provide
the full diversity promised by the transmit and receive anten-
nas. However, these codes are not designed to achieve a cod-
ing gain. Therefore, outer codes should be concatenated with
STBC to achieve additional coding gains. A pioneering work
towards this end is presented in [4] where concatenation of
trellis-coded modulation (TCM) with STBC is considered.
In [4], it is shown that the free distance of the trellis code

dominates performance; therefore, the optimal trellis codes
designed for additive white Gaussian noise (AWGN) are
also optimum for concatenated TCM-STBC over quasistatic
Rayleigh fading channels. We studied the same concatenated
scheme combined with an interleaver in [5] over Rician fad-
ing channels. In this paper, we generalize our work to shad-
owed Rician channels. The shadowed Rician channel [6] is
a generalization of the Rician model, where the line-of-sight
(LOS) path is subjected to a lognormal transformation due
to foliage attenuation or blockage, also referred to as shadow-
ing. Specifically, we derive an exact pairwise error probabil-
ity (PEP) for concatenated TCM-STBC schemes. Our exact
evaluation of PEP is based on the moment-generating func-
tion technique [7, 8], which has been successfully applied
to the analysis of digital communication systems over fad-
ing channels. Using the classical transfer function technique
based on the exact PEP, we obtain upper bounds on bit error
rate (BER) performance, which are further verified through
simulation. Our analysis also reveals the selection criteria for
trellis codes which should be used in conjunction with STBC.

The organization of the paper is as follows. In Section 2
we explain our system model, where the concatenated TCM-
STBC is described and the channel model under considera-
tion is introduced. In Section 3 an exact expression for PEP is
derived for the TCM-STBC scheme using the MGF approach.
Based on the derived PEP, we discuss the selection criteria
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for trellis codes which should be used with space-time codes
for optimal performance and compare them with the clas-
sical selection criteria for trellis codes over fading channels
without transmitter diversity. In Section 4, using the transfer
function technique in conjunction with the derived PEP ex-
pressions, we obtain upper bounds on the BER performance.
Analytical performance results are presented for two example
trellis codes, which are further confirmed through Monte-
Carlo simulation.

2. SYSTEM MODEL

We consider a wireless communication scenario where the
transmitter is equipped with M antennas and the receiver is
equipped with N antennas. The binary data is first encoded
by a trellis encoder. After trellis coded symbols are interleaved
and mapped to constellation symbols, they are fed to the
STBC encoder. An STBC is defined [2] by an L × M code
matrix, where L represents the number of time intervals for
transmitting P symbols, resulting in a code rate of P/L. For
Tarokh et al.’s orthogonal space-time block codes [2], the en-
tries of the code matrix are chosen as linear combinations of
the transmission symbols and their conjugates. For example,
the code matrix for the well-known Alamouti’s scheme (i.e.,
STBC for 2 transmit antennas) is given by[

x1 x2

−x∗
2 x∗

1

]
(1)

with M = P = L = 2.
We assume that the transmission frame from each an-

tenna consists of a total of FL symbols (i.e., consecutive F
smaller inner-frames, each of them having duration L sym-
bols corresponding to the STBC length). The received signal
at receive antenna n (n = 1, 2, . . . ,N) at time interval l of
the f th ( f = 1, 2, . . . ,F) inner-frame is a superposition of M
transmitted signals:

r
f
n (l) =

M∑
m=1

α
f
m,n x

f
m(l) + η

f
n (l), (2)

where x
f
m(l) is the modulation symbol transmitted from the

mth transmit antenna at time interval l of the f th frame

and η
f
n (l) is additive noise, modeled as a complex Gaussian

random variable with zero mean and variance N0/2 per di-

mension. α
f
m,n represents the fading coefficient modeling the

channel from the mth transmit to the nth receive antenna
during the f th inner frame and are assumed to be indepen-
dent and identically distributed (i.i.d.). The fading coefficient
is assumed to remain constant over an inner-frame period
(i.e., L symbol intervals). This assumption is necessary to
make use of the orthogonal structure of STBC to guarantee
full spatial diversity. The assumption of quasistatic behavior
of the channel over an inner-frame period can be justified
using an L-symbol interleaver over a moderately slow vary-
ing channel. In our case, the fading amplitude is described
by the shadowed Rician fading model. In this model, the

LOS component is not constant but rather a lognormally dis-
tributed random variable. The fading coefficient can be ex-
pressed (dropping the subscripts and superscripts for nota-
tional convenience) as α = µ + ξ0 + jξ1, where ξ0 and ξ1 are
independent Gaussian random variables with zero mean and
variance σ2. Here, the LOS component is given as µ = exp(ξ2)
where ξ2 is a Gaussian random variable with mean mµ and
variance σ2

µ , and independent of ξ0 and ξ1. The conditional
probability density function of the fading amplitude |α| is

p|α| |µ
(|α| |µ)

= |α|
σ2

exp
(
− |α|2 + µ2

2σ2

)
I0

( |α|µ
σ2

)
, |α| ≥ 0,

(3)

where I0(·) is the zero-order modified Bessel function of the
first kind, and the probability density function of the LOS
component is given by

pµ(µ) = 1√
2πσµµ

exp

(
−
(

lnµ−mµ
)2

2σ2
µ

)
. (4)

The parameters σ , σµ, and mµ in (3) and (4) specify the de-
gree of shadowing. Denoting by Cm×n the vector space of m-
by-n complex matrices, and defining1

r
f
n = (r fn (1), r

f
n (2), . . . , r

f
n (L)

)T ∈ CL×1,

α
f
n = (α f

1,n,α
f
2,n, . . . ,α

f
M,n

)T ∈ CM×1,

η f
n = (η f

n (1),η
f
n (2), . . . ,η

f
n (L)

)T ∈ CL×1,

(5)

the received signal can be written in matrix notation as

r
f
n = X f α

f
n + η f

n , n = 1, 2, . . . ,N , f = 1, 2, . . . ,F, (6)

where X f ∈ CL×M consists of space-time encoded symbols
(which have been already trellis encoded) for the f th in-
ner frame. At the receiver, first the received signal is passed
through the space-time decoder, which is essentially based
on linear processing for STBC from orthogonal designs [2].
After deinterleaving, the processed sequence is fed to the trel-
lis decoder implemented by a Viterbi algorithm. If a multiple
TCM (MTCM) scheme with M symbols per branch is used
(note that the number of transmit antennas is also given as
M), the decoding steps can be combined in one step with a
proper modification of the metric employed in the Viterbi al-
gorithm. In this case, the received signal is just deinterleaved
and fed directly to the Viterbi decoder without any further
processing.

3. DERIVATION OF EXACT PEP

In this section, we analyze the PEP of the concatenated
scheme over shadowed Rician fading channels assuming

1Throughout this paper, we use (·)T and (·)H for the transpose and
transpose conjugate operations, respectively. Upper case bold face letters
represent matrices and lower case bold face letters represent vectors.
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perfect channel state information is available at the receiver.
Assuming equal transmitted power at all transmit antennas,
the conditional PEP of transmitting code matrix X (which
consists of X f , f = 1, 2, . . . ,F) and erroneously deciding in
favor of another code matrix X̂ at the decoder is given by

P
(

X, X̂ | α f
m,n,µ

f
m,n, m = 1, . . . ,M,

n = 1, . . . ,N , f = 1, . . . ,F
)

= Q


√√√√√ F∑

f=1

N∑
n=1

(
α
f
n
)H

A f α
f
n

,

(7)

where Q(·) is the Gaussian Q-function and A f is given by

A f = 1
M

Es
2N0

(
X f − X̂ f

)H(
X f − X̂ f

)
. (8)

Here, Es is the total signal power transmitted from all M
transmit antennas and N0/2 is the noise variance per dimen-
sion. In order to find the unconditional PEP, we need to take
expectations with respect to α

f
m,n and µ

f
m,n. The expectation

with respect to fading coefficients can be obtained through
use of the alternative form of the Gaussian Q-function [8] as

P
(

X, X̂ | µ f
m,n, m = 1, . . . ,M, n = 1, . . . ,N , f = 1, . . . ,F

)
= 1

π

∫ π/2

0
ΦΓ

(
− 1

2 sin2 θ

)
dθ,

(9)

where ΦΓ(s) is the moment generating function (MGF) of

Γ =
F∑
f=1

N∑
n=1

(
α
f
n
)H

A f α
f
n . (10)

Γ is a quadratic form of complex Gaussian random variables
and its MGF is given as [9, 10]

ΦΓ(s) =
F∏
f=1

N∏
n=1

M∏
m=1

1
1 − sχm

exp

(
sχm
∣∣dm∣∣2

1 − sχm

)
, (11)

where χm are the eigenvalues of ΣA f and dm are the ele-
ments of M-length vector d = µΣ−1/2. Here µ and Σ rep-

resent the mean vector and the covariance matrix of α
f
n , re-

spectively. Making use of the assumed i.i.d. properties of the
fading channel, we obtain |dm|2 = µ2/2σ2. Furthermore, in
our case, A f is a diagonal matrix due to the orthogonality of
STBC and the eigenvalues χm are simply equal to the diagonal
elements of ΣA f , that is,

Es
2N0

2σ2 β

M

P∑
p=1

∣∣∣x f
p − x̂

f
p

∣∣∣2
, (12)

where β = 1 for M = 2 and β = 2 for M > 2 due to the spe-
cial matrix structure of STBC based on orthogonal designs
[2]. Inserting (11) into (9) and using the i.i.d. properties for

fading coefficients, we obtain

P
(

X, X̂|µ)
= 1
π

∫ π/2

0

F∏
f=1

[
1

1+Ω f / sin2 θ
exp

(
− µ2

2σ2

Ω f / sin2 θ

1+Ω f / sin2 θ

)]MN

dθ,

(13)

where

Ω f = Es
4N0

2σ2 β

M

P∑
p=1

∣∣∣x f
p − x̂

f
p

∣∣∣2
. (14)

To find the unconditional PEP, we still need to take an expec-
tation of (13) with respect to µ, whose distribution is given
by (4). This expectation yields

P
(

X, X̂
)=1

π

∫ π/2

θ=0

F∏
f=1

[
1

1 + Ω f / sin2 θ

1√
2πσµ

×
∫∞

µ=0

1
µ

exp

(
− µ2

2σ2

Ω f / sin2 θ

1 + Ω f / sin2 θ

)

×exp

(
−
(

lnµ−mµ
)2

2σ2
µ

)
dµ

]MN

dθ.

(15)

Introducing the variable change u = (lnµ −mµ)/
√

2σ2
µ , (15)

can be rewritten as

P
(

X, X̂
)

= 1
π

∫ π/2

θ=0

F∏
f=1

[
1

1 + Ω f / sin2 θ

1√
π

×
∫∞

u=−∞
exp

(− u2)
× exp

(
− 1

2σ2

Ω f / sin2 θ

1 + Ω f / sin2 θ

×exp
(
2
√

2σµu + 2mµ
))
du

]MN

dθ.

(16)

The inner integral has the form of
∫∞
−∞ exp(−u2) f (u)du,

which can be expressed in terms of an infinite sum (see the
appendix). This yields the final form of the exact PEP as

P
(

X, X̂
) = 1

π

∫ π/2

θ=0

F∏
f=1

 1

1 + Ω f / sin2 θ
exp

(− ∆ f (θ)
)

×
1 +

∞∑
k=2
k:even

(k − 1)!!
k!

(
2σµ
)k

×
k∑

d=1

gk,d
(
∆ f (θ)

)d

MN

dθ,

(17)
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where

∆ f (θ) = 1
2σ2

Ω f / sin2 θ

2σ21 + Ω f / sin2 θ
exp

(
2mµ

)
(18)

and (k−1)!! = 1.3·· · ··k [11, page xlv]. The coefficients gk,d

in (17) can be computed by the recursive equation given in
the appendix. It is worth noting that even considering only
the first term in the infinite summation in (17) gives a very
good approximation for practical values of shadowing. Set-
ting k = 2 and noting that g2,1 = −1 and g2,2 = 1, we have

P
(

X, X̂
) ∼= 1

π

∫ π/2

θ=0

F∏
f=1

{
1

1 + Ω f / sin2 θ
exp

(− ∆ f (θ)
)

×
[

1−2σ2
µ∆ f (θ)+2σ2

µ

(
∆ f (θ)

)2
]}MN

.

(19)

In our numerical results, taking more terms (i.e., k > 2) did
not result in a visible change in the plots.

It is also interesting to point out how (17) relates to the
unshadowed case. Assuming there is no shadowing, µ is no
longer a log-normal random variable, but just given as a con-
stant equal to its mean µ = exp(2mµ). Furthermore, inserting
σ2
µ = 0 in (17) and using the relationships σ2 = 0.5/(1 + K)

and µ = √
K/(1 + K) in terms of the well-known Rician pa-

rameter K , we obtain

P
(

X, X̂
)

=1
π

∫ π/2

θ=0

F∏
f=1

 1 + K

1+K+
(
Es/4N0

)(
β/ sin2 θ

)∑P
p=1

∣∣∣x f
p − x̂

f
p

∣∣∣2

×exp

− K
(
Es/4N0

)(
β/ sin2 θ

)∑P
p=1

∣∣∣x f
p − x̂

f
p

∣∣∣2

1+K+
(
Es/4N0

)(
β/ sin2 θ

)∑P
p=1

∣∣∣x f
p − x̂

f
p

∣∣∣2



MN

dθ,

(20)

which was previously presented in [5]. It is also interesting
to note that simply by setting θ = π/2 in (17) and (20), the
classical Chernoff bound would be obtained for shadowed
and unshadowed Rician channels, respectively.

For sufficiently large signal-to-noise ratios (i.e., Es/N0 �
1), evaluating the integrand in (17) at θ = π/2, we obtain a
Chernoff-type bound as

P
(

X, X̂
)

≤
(
Es

4N0

)−|Ψ|NM |Ψ|∏
f=1

(
β

M

P∑
P=1

∣∣∣x f
P−x̂ f

P

∣∣∣2
)−NM[

q
(
σ , σµ,mµ

)]|Ψ|NM
,

(21)

where

q
(
σ , σµ,mµ

)
= 1

2σ2
exp

(
− 1

2σ2
exp

(
2mµ

))

×
1 +

∞∑
k=2
k:even

(k − 1)!!
k!

(
2σµ
)k k∑

d=1

gk,d

(
1

2σ2
exp

(
2mµ

))d.
(22)

Here, Ψ is the set of inner frames (with a length of L sym-
bols) at nonzero Euclidean distance summations and |Ψ| is
the number of elements in this set. This can be compared to
effective length (EL) in TCM schemes [12], which is defined
as the smallest number of symbols at nonzero Euclidean dis-
tances. Contrary to the symbol-by-symbol count in the def-
inition of EL, frame-by-frame count is considered here as a
result of the multidimensional structure of STBC spanning
an interval of L symbols. It should also be noted that symbol-
by-symbol interleaving is considered for the single antenna
case while an L-symbol interleaver is employed in our case. In
(21), the slope of the performance curve, which yields the di-
versity order, is determined by |Ψ|NM and it can be defined
as generalized effective length (GEL) for multiple antenna sys-
tems in an analogy to the effective length for single antenna
case.

The second term in (21) contributes to the coding gain,
which corresponds to the horizontal shift in the performance
curve. Recalling the definition of product distance (PD) for
the single antenna case (which is given as the product of
nonzero branch distances along the error event), we now de-
fine the generalized product distance (GPD)

|Ψ|∏
f=1

(
β

M

P∑
p=1

∣∣∣x f
p − x̂

f
p

∣∣∣2
)−NM

(23)

which involves the product of nonzero branch distance sum-
mations, where the summation is over P terms based on the
STBC used.

The third term in (21) is completely characterized by
channel parameters. Since maximization of diversity order
is the primary design criterion, the first step in “good” code
design is the maximization of |Ψ|, since M and N are already
fixed. Once diversity order is optimized, the third term be-
comes just a constant. This makes us conclude that the GEL
and GPD are the appropriate performance criteria in the se-
lection of trellis codes over shadowed Rician channels. This
also shows that the trellis codes designed for optimum per-
formance (based on classical effective code length and min-
imum product distance) over fading channels for the single
transmit antenna case are not necessarily optimum for the
multiple antenna case.

To derive the upper bound on bit error probability from
the exact PEP, we follow the classical transfer function ap-
proach. The upper bound is given in terms of the transfer
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Figure 1: (a) Code A2, optimum for AWGN, (b) Code F2, optimum for Rayleigh fading channels with one transmit antenna, (c) 8-PSK
signal constellation.

function of the code T(D, I) by [8, 12]

Pb ≤ 1
π

∫ π/2

0

1
nb

∂

∂I
T
(
D(θ), I

)∣∣
I=1dθ, (24)

where nb is the number of input bits per transition and
T(D(θ), I) is the modified transfer function of the code,
where D(θ), is given in our case, by

D(θ) =
(

1 +
Ω f

sin2 θ

)−MN

exp
(−MN∆ f (θ)

)

×
1 +

∞∑
k=2
k:even

(k − 1)!!
k!

(
2σµ
)k k∑

d=1

gk,d
(
∆ f (θ)

)d
MN

(25)

based on the derived PEP in (17).

4. EXAMPLES

In this section, we consider two different TCM schemes as
outer codes whose trellis diagrams are illustrated in Figure 1.
These are 2-state 8-PSK-MTCM codes with 2 symbols per
branch, which are optimized for best performance over
AWGN and Rayleigh fading channels, respectively [12]. For
convenience, we summarize the important parameters of
these codes from [12]. The free distance of the code A2 is
d2

free = 3.172. Its minimum EL is determined by the error
event path of {s0, s4}, which differs by one symbol from the
correct path (the all-zeros path is assumed to be the correct
path based on the uniform properties of the code) achieving

Table 1: Parameters for various degrees of shadowing.

Parameter Light Average Heavy

σ2 0.158 0.126 0.0631

mµ 0.115 −0.115 −3.91

σµ 0.115 0.161 0.806

EL = 1. The corresponding PD is d2
4 = 4. On the other hand,

the code F2 has a free distance of d2
free = 2.343 and it achieves

EL = 2 with a product distance of d2
1 × d2

5 = 2, which is
determined by the error event path of {s1, s5}. Since EL is
the primary factor affecting performance (PD as a secondary
factor) over fading channels, F2 is expected to have better
performance than A2.

As an example of the shadowed Rician model, we con-
sider the Canadian mobile satellite channel [6]. Table 1
shows the values of shadowing parameters for this chan-
nel, which are determined by empirical fit to measured data
within Canada. In this table, the terms light, average, and
heavy are used to represent an increasing effect of the shad-
owing.

The upper bounds for both codes with the single transmit
antenna are illustrated in Figure 2. No STBC is considered in
this case. As expected for the single transmit antenna case,
F2 performs better than A2, where the performance is deter-
mined by the choices of EL and PD. This observation holds
for all considered degrees of shadowing.

In Figure 3, upper bounds for the concatenated scheme
are illustrated. Here we use the STBC designed for 2-TX an-
tenna (i.e., Alamouti’s code). Based on this code, we have
P = L = M = 2 and β = 1. Our results demonstrate that
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Figure 2: Upper bounds for codes A2 and F2 with single transmit
antenna over shadowed Rician channels (1-TX and 1-RX antenna).

the concatenated schemes using A2 and F2 as outer trellis
codes achieve roughly the same performance. This is a result
of the fact that the dominant factors for the single antenna
case no longer determine performance. In the 2-TX antenna
case, both schemes achieve GEL equal to 2 and GPD equal to
4, that is, [(d2

1 + d2
5)/2]2 = 4 for F2 and [(d2

0 + d2
4)/2]2 = 4

for A2, based on (23). Since both of them have equal GEL
and GPD, their performances turn out to be almost identical.
This observation holds to be true independent of considered
degrees of shadowing.

Comparison between the one- and two-transmit-
antenna cases also reveals interesting points on the perfor-
mance. In both figures, code F2 gives a diversity order of 2
(i.e., slope of the curve), regardless of antenna numbers. Only
an additional coding gain (i.e., horizontal shift in the curve)
is observed with the use of two antennas. However, this result
is somewhat a coincidence because of the particular choice of
the parameters characterizing this specific example. For the
single transmit antenna case, the code F2 has EL = 2 and the
performance curve varies with (Eb/N0)−2. On the other hand,
for the 2-TX antenna case we have |Ψ| = 1, since an L = 2-
symbol interleaver is used. However, the overall diversity is
determined by GEL (i.e., |Ψ|NM = 1 · 1 · 2 = 2), resulting
again in the same slope as in the single transmit antenna case.

To examine the tightness of upper bounds, we also eval-
uate the performance of codes A2 and F2 through computer
simulation, assuming 2-TX antennas. Simulation results for
the code F2 are illustrated in Figure 4 with the corresponding
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Figure 3: Upper bounds for concatenated MTCM-STBC schemes
with codes A2 and F2 as outer codes over shadowed Rician channels
(2-TX and 1-RX antenna).
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Figure 4: Upper bounds versus simulation results for code F2
(solid: upper bounds, dashed: simulation).
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upper bounds (plotted as solid lines) computed by (24) and
(25). The upper bounds are in very good agreement with
simulation results, demonstrating the tightness of the new
upper bounds based on the exact PEP. As expected (based on
our previous discussion on upper bound expressions), code
A2 yields nearly identical simulation results to those of code
F2, which we do not include here for brevity.

5. CONCLUSION

We analyzed the performance of trellis-coded STBC schemes
over shadowed Rician fading channels. Our analysis is based
on the derivation of an exact PEP through the moment
generating function approach. The derived expression pro-
vides insight into the selection criteria for trellis codes which
should be used in conjunction with STBC over fading chan-
nels. Our results also show that the trellis codes designed
for optimum performance over Rician channels with single
transmit antenna are not necessarily optimum for the mul-
tiple transmit antenna case. Using transfer function tech-
niques based on the new PEP, we present upper bounds on
the bit error probability for the concatenated scheme. We also
provide simulation results, which seem to be in good agree-
ment with the derived upper bounds.

APPENDIX

This appendix evaluates the inner integral in (16) in terms of
an infinite sum. Defining

a = 1
2σ2

Ω f / sin2 θ

1 + Ω f / sin2 θ
, b = 2

√
2σµ, c = 2mµ,

(A.1)

we can write the inner integral in (16) as

∫∞

−∞
exp

(− u2) f (u)du (A.2)

with f (u) = exp(−a exp(bu + c)). Expanding f (u) in Taylor
series, we obtain

∫∞

−∞
exp

(− u2) f (u)du =
∞∑
k=0

f k(0)
k!

∫∞

−∞
uk exp

(− u2)du,

(A.3)

where f k(0) are the Taylor series coefficients and, in our case,
they can be determined as

f k(0) = exp
(− a exp(c)

)
bk

k∑
d=1

gk,d
(
a exp(c)

)d
, (A.4)

where gk,d can be computed by the recursive equation

gk,d = dgk−1,d − gk−1,d−1 with gk,1 = −1 for k = 1, 2, . . . ,

gk,d = 0 for d > k.
(A.5)

Using the integral form given by [11, page 382, equation
3.462.1], it can easily be shown that the integral in (A.3) is
zero for the odd values of k. For even values of k, we can use
the result [11, page 382, equation 3.461.4] and express (A.3)
as

∫∞

−∞
exp

(− u2) f (u)du = √
π

∞∑
k=0

f k(0)
k!

(k − 1)!!
2k/2

. (A.6)

Replacing (A.2) by (A.6) with a, b, and c values given as in
(A.1), one can obtain the final form for the inner integral of
(16) leading to (17).
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We construct a class of linear quasi-orthogonal space-time block codes that achieve full diversity over quasistatic fading channels
for any transmit antennas. These codes achieve a normalized rate of one symbol per channel use. Constellation rotation is shown
to be necessary for the full-diversity feature of these codes. When the number of transmit antennas is a power of 2, these codes are
also delay “optimal.” The quasi-orthogonal property of the code makes one half of the symbols orthogonal to the other half, and
we show that this allows each half to be decoded separately without any loss of performance. We give an iterative construction of
these codes with a practical decoding algorithm. Numerical simulations are presented to evaluate the performance of these codes
in terms of capacity as well as probability of error versus SNR curves. For some special cases, we compute the pairwise probability
of error averaged over all the channel states as a single integral that shows the diversity and coding gain more clearly.

Keywords and phrases: multiple antennas, space-time codes, diversity, orthogonal designs, wireless communications.

1. INTRODUCTION
Multiple antenna systems have been of great interest in recent
times because of their ability to support higher data rates at
the same bandwidth and noise conditions; see, for example,
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] and references therein.

For two transmit antennas, Alamouti’s orthogonal de-
sign gave a full-rate space-time block code with full diversity
[6, 12]. More general orthogonal designs were later proposed
by Tarokh et al. and Tirkkonen that had simple single symbol
decoders while offering full diversity [7, 13]. Recently, com-
plex orthogonal designs with maximal rates have been pro-
posed by Liang where the entries are restricted to be the com-
plex modulated symbols or their conjugates with or without
a sign change [14]. The upper bounds of the rates of general-
ized complex orthogonal space-time block codes were given
in [15].

One of the key aspects of orthogonal designs has been to
ensure diversity for any symbol constellation. For more than
two transmit antennas and complex constellations, these
codes offered on the average a rate of less than one symbol
per channel use, where each symbol time period corresponds
to a channel use. The highest theoretical code rate for full-

diversity code when the symbols are constrained to be cho-
sen from the same constellation was shown to be one symbol
per channel use (see [5, Corollary 3.3.1]). (This constraint is
relaxed by using rotated constellations and indeed many of
the recent papers give space-time codes that offer full diver-
sity for more than one symbols per channel use [16, 17]. We
discuss this point further below.)

More recently, a different approach has been attempted
to yield the full diversity where the notion of diversity is
made specific to a constellation, and this is also referred to
as modulation diversity [18]. More specifically, it has been
shown that full-rate and full-modulation diversity is achiev-
able with constellation rotation or linear constellation pre-
coding [18, 19], where the transmitted signal is a multiplica-
tion of a unitary matrix with a diagonal matrix whose diago-
nal elements are a function of linearly precoded (or rotated)
information symbols. This makes the test of full diversity or
the rank criterion trivial by ensuring with proper precoding
or constellation rotation that no element in the diagonal be-
comes zero while taking the difference of two distinct code-
words. A similar idea has been presented before in [20] for
rotated binary phase shift keying (BPSK) modulation.
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The issue of smaller code rate (less than one symbol per
channel use) for complex orthogonal designs has been ad-
dressed in recent times by the design of quasi-orthogonal
codes for achieving higher data rates [21, 22, 23, 24]. The
quasi-orthogonal codes were given for 4 transmit antennas
with rate 1, and 8 transmit antennas with rate 3/4. These
codes sacrificed some orthogonality by making subsets of
symbols orthogonal to each other instead of making every
single symbol orthogonal to any other. Because of this re-
laxation of constraints, these codes achieve higher code rates
that were hitherto not possible with orthogonal codes. It
was shown in [25] that performance of the above quasi-
orthogonal codes can be improved with constellation rota-
tion. Constellation rotation has also been discussed in [26] as
a technique to improve the performance of space-time block
codes.

In this paper, we build on earlier work on orthogonal de-
signs and achieving modulation diversity by constellation ro-
tation to propose a quasi-orthogonal structure to iteratively
construct full-diversity space-time codes for any transmit an-
tennas. These codes have half the symbols orthogonal to the
other half, which allows each orthogonal half to be decoded
separately without any loss of performance. Hence the de-
coding complexity of such a code is considerably smaller. We
show that these codes achieve full diversity with appropriate
constellation rotations. If the transmit antennas are a power
of 2, then these codes are also delay “optimal,” that is, the
length of block code in symbol periods is same as the number
of transmit antennas [27]. We present the numerical results
for these codes in terms of probability of error and we also
provide a Shannon capacity perspective to these codes.

We use the following notation throughout the paper: T
and H denote the transpose and conjugate transpose, re-
spectively, of a matrix or a vector; IM and 0M are M × M
identity and null matrices, respectively; ‖A‖F and Tr(A) de-
note Frobenius norm and trace of matrix A, respectively; Q-
function is given by Q(x) �

∫∞
x e(−u2/2)du/

√
2π; n! denotes

the factorial of n for any nonnegative integer n; C denotes
the complex number field; CP denotes a vector of length P
whose elements are taken from C; CP×Q denotes a P×Q ma-
trix whose elements are taken from C; j denotes an integer
index or

√−1, where the actual value will be evident from the
context; Re(x) and Im(x) denote the real and imaginary parts
of a complex number x respectively; CN (0, 1) indicates a
zero mean and circularly symmetric complex Gaussian vari-
able with unit variance; det{A} denotes the determinant of a
square matrix A.

2. SYSTEM MODEL

Consider a system of M transmit and N receive antennas that
we refer to as (M,N) system in this paper. The modulated
information symbols to be transmitted are taken Q at a time
to form a Q × 1 vector denoted by c = (c1, . . . , cQ)T . This
information vector is precoded (i.e., multiplied) by a Q × Q
unitary rotation matrix denoted by RQ. Let s = (s1, . . . , sQ)T

and

s = RQc. (1)

This precoded vector s is then passed on to a linear space-
time block code that generates a T × M matrix GQ[s] given
by

GQ[s] =
Q∑
q=1

(
Cqsq + Dqs

∗
q

)
, (2)

where C’s and D’s are T ×M complex matrices, which com-
pletely specify the code. This matrix is transmitted in T chan-
nel uses (each channel use is a symbol time period). The aver-
age code rate for this system is hence Q/T symbols per chan-
nel use.

For quasistatic fading channel, the received signal is given
by

X(s) =
√

ρ

M
GQ[s]H + V , (3)

whereX andV are theT×N received and noise matrices, and
H is the M×N complex channel matrix that is assumed to be
constant over T channel uses and varies independently over
the next T channel uses and so on. The entries ofH andV are
assumed to be mutually independent and CN (0, 1), and ρ is
the average SNR per received antenna. We assume that the
channel is perfectly known at the receiver but is unknown at
the transmitter.

2.1. Design criterion

It has been shown in [5] by examining the pairwise proba-
bility of error between two distinct information vectors (say
c, e ∈ CQ) that for full diversity, in quasistatic fading chan-
nels, GH

Q [RQ(c − e)]GQ[RQ(c − e)] should have a rank of M
(rank criterion). We assume here that T ≥ M. If for some M,
T = M, then the rank criterion could be modified to yield
the following: for full diversity, and c �= e,

det
{
GQ
[
RQ(c − e)

]} �= 0. (4)

We will examine this criterion in the context of proposed
codes. In addition, we will examine the coding gain for qua-
sistatic fading channels that is defined to be

min
c,e

( M∏
i=1

λi

)1/r

, (5)

where λi, i = 1, . . . , r, are the nonzero eigenvalues of the
M × M matrix GH

Q [RQ(c − e)]GQ[RQ(c − e)]. For T = M
and for a full-diversity achieving code, the coding gain can
be simplified as

min
c,e

∣∣det
{
GQ
[
RQ(c − e)

]}∣∣2/M
. (6)

3. LINEAR QUASI-ORTHOGONAL CODES

Partition vector s (defined in Section 2) into Q/L parts where
L divides Q. These partitions are disjoint and for the pur-
poses of this paper, we will assume that all partitions con-
tain L symbols. We describe these partitions by a set of func-
tions Ai, i = 1, . . . ,Q/L, where Ai(s) is a Q length vec-
tor that has symbols in indices belonging to it and zeros in



1248 EURASIP Journal on Applied Signal Processing

all other indices. For example, if the first partition has the
first two and the last symbols belonging to it, then A1(s) =
(s1, s2, 0, . . . , 0, sQ). If the kth element of the vector denoted
by Ak

i (s) is nonzero, then Ak
j (s) = 0 for all j �= i, j =

{1, . . . ,Q/L}. This follows since the partitions are disjoint.
For disjoint partitions, it follows from linearity that

GQ[s] =
Q/L∑
i=1

GQ
[
Ai(s)

]
. (7)

We define a linear quasi-orthogonal code over partitions
given by Ai, i = 1, . . . ,Q/L, to be the one that satisfies

GH
Q [s]GQ[s]

�=
Q/L∑
i=1

GH
Q

[
Ai(s)

]
GQ
[
Ai(s)

] ∀s ∈ CQ. (8)

Hence the partitions are completely decoupled from each
other when we take this product and this is true for any com-
plex vector s. Note that the quasi-orthogonal property is de-
fined for any s ∈ CQ, while the approach we adopt later to
prove full diversity is specific to the choice of modulation
constellation.

3.1. Properties

Proposition 1. A Linear space-time code is a quasi-orthogonal
code if and only if any of the following holds:

GH
Q

[
Ai(s)

]
GQ
[
A j(s)

]
+GH

Q

[
A j(s)

]
GQ
[
Ai(s)

]=0M , i�= j;
(9)

CH
i Cj + DH

j Di = CH
i Dj + CH

j Di = 0M , si, s j �∈ Ak(s) ∀k;
(10)

GH
Q [s]GQ[c] =

Q/L∑
i=1

GH
Q

[
Ai(s)

]
GQ
[
Ai(c)

] ∀s, c ∈ CQ.

(11)

Proof. Using linearity in (7), the left-hand side of (8) is given
by

Q/L∑
i=1

GH
Q

[
Ai(s)

]
GQ
[
Ai(s)

]
+

Q/L∑
i=1

Q/L∑
j=i+1

GH
Q

[
Ai(s)

]
GQ
[
A j(s)

]
+ GH

Q

[
A j(s)

]
GQ
[
Ai(s)

]
.

(12)

Using (9) in the above equation, (8) follows. Suppose that (9)
does not hold, then using equation (12), it follows that

GH
Q [s]GQ[s] �=

Q/L∑
i=1

GH
Q

[
Ai(s)

]
GQ
[
Ai(s)

]
, (13)

which contradicts (8).
Let GQ[Al(s)] = ∑L

k=1 Clk slk + Dlk s
∗
lk

with l = i, j. Then
the left-hand side of (9) is given by

L∑
p,q=1

X1sip s jq +
(
X1siq s jq)H + X2sip s

∗
jq + (X2sip s

∗
jq

)H
, (14)

where X1 = DH
ip Cjq +DH

jqCip and X2 = CH
jqCip +DH

ip Djq . Using

(10), X1 = X2 = 0M , hence (9) and (8) hold. Conversely,
if (10) does not hold, then X1 �= 0M and X2 �= 0M , which
contradicts (9) and hence also (8).

Define a new vector z whose ith and jth partitions are the
same as s and c with i �= j. Then using (9), we have

GH
Q

[
Ai(s)

]
GQ
[
A j(c)

]
+ GH

Q

[
A j(c)

]
GQ
[
Ai(s)

] = 0M. (15)

We can do this over all i, j with i �= j. Then expanding the
left-hand side of (11) along similar lines as in (12), (11) fol-
lows immediately. Conversely, if (11) is not true, then substi-
tuting s = c contradicts (8).

Proposition 2. Maximum likelihood (ML) decoding of a linear
quasi-orthogonal code with received signal model given by (3)
is equivalent to ML decoding of each partitions individually by
taking the channel model as

X
(
Ai(s)

) = √ ρ

M
GQ
[
Ai(s)

]
H + V. (16)

Proof. ML decoding is given by

ŝ = arg min
z

∥∥∥∥X(s) −
√

ρ

M
GQ[z]H

∥∥∥∥2

F

= arg min
z

Tr
{
ρ

M
HHGH

Q [z]GQ[z]H

− 2
√

ρ

M
Re
[
XH(s)GQ[z]H

]}
(17a)

= arg min
z

Tr

 ρ

M

Q/L∑
i=1

HHGH
Q

[
Ai(z)

]
GQ
[
Ai(z)

]
H

− 2
√

ρ

M
Re
(√

ρ

M
HHGH

Q [s]GQ[z]H

+ VHGQ[z]H
)

(17b)

= arg min
z

Tr

 ρ

M

Q/L∑
i=1

HHGH
Q

[
Ai(z)

]
GQ
[
Ai(z)

]
H

−2
√

ρ

M
Re

√ ρ

M
HH

Q/L∑
i=1

GH
Q

[
Ai(s)

]
GQ
[
Ai(z)

]
H

+ VH
Q/L∑
i=1

GQ
[
Ai(z)

]
H


(17c)

= arg min
z

Q/L∑
i=1

Tr
{
ρ

M
HHGH

Q

[
Ai(z)

]
GQ
[
Ai(z)

]
H

−2
√

ρ

M
Re
[
HHXH

(
Ai(s)

)
GQ
[
Ai(z)

]
H
]}

(17d)

=
Q/L∑
i=1

arg min
Ai(z)

Tr
{
ρ

M
HHGH

Q

[
Ai(z)

]
GQ
[
Ai(z)

]
H

−2
√

ρ

M
Re
[
HHXH

(
Ai(s)

)
GQ
[
Ai(z)

]
H
]}

,

(17e)
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which is similar to (17a) and hence the effective channel
model is given by (16). In (17a), we have used the fact that
‖A‖2

F = Tr(AHA); in (17b), we have used (3) and (8); in
(17c), we have used (7) and (11); in (17d), we have used the
definition of XH(Ai(s)) from (16); and in (17e) the fact that
Tr(·) is a linear operation.

3.2. Construction of a class of linear quasi-orthogonal
codes for any M

We construct a class of quasi-orthogonal codes that achieve
full rate for any transmit antennas. The construction of the
code is iterative that ensures its quasi-orthogonal structure.
We will first consider the case of M being a power of 2. A case
of other M is dealt with later in this section.

3.3. M a power of 2

Consider an M × M code for M transmit antennas that en-
codes M symbols together and transmits the block code in M
channel uses, where M is a power of 2. Hence Q = T = M
and the code rate for this code is 1. We will consider quasi-
orthogonal codes with two disjoint partitions with M/2 sym-
bols in each of them (i.e., L = M/2) that are orthogonal to
each other in the sense of (9). The two partitions forM trans-
mit antennas are denoted by AM,1(s) and AM,2(s), where a
subscript M is added to show that they are for M transmit
antennas.

We first define the code and partitions for a single trans-
mit antenna as

G1[s] � s1 ∀s ∈ C1, (18)

and A1,1(s) = s1 and A1,2(s) = 0, where s ∈ C1.
We assume that the following properties are true for any

M, where M is a power of 2, and for any s, e ∈ CM :

(P1) GH
M[AM,1(s)] = GM[AM,1(s∗)];

(P2) GH
M[AM,2(s)] = −GM[AM,2(s)];

(P3) GM[AM,1(e)]GM[AM,1(s)]=GM[AM,1(s)]GM[AM,1(e)];

(P4) GM[AM,2(e)]GM[AM,2(s)]=GM[AM,2(s∗)]GM[AM,2(e∗)];

(P5) GH
M[AM,1(s)]GM[AM,2(s)]+GH

M[AM,2(s)]GM[AM,1(s)]
= 0. Note that by using (P1) and (P2), this
can be rewritten as GM[AM,1(s∗)]GM[AM,2(s)] =
GM[AM,2(s)]GM[AM,1(s)].

Iterative construction

We construct a code for 2M transmit antennas that takes a
2M×1 precoded vector s as input. For simplicity of notation,
we will denote the first M elements of s by sM,1 and the last
M by sM,2. Then the quasi-orthogonal code for 2M antennas
is constructed as

A2M,1(s) = AM,1
(

sM,1
)

+ AM,2
(

sM,2
)
, (19)

A2M,2(s) = AM,2
(

sM,1
)

+ AM,1
(

sM,2
)
, (20)

Table 1: Indices of the first partition of the code for various M.

M Indices of first partition, IM,1

2 1

4 I2,1, 4

8 I4,1, 6, 7

16 I8,1, 10, 11, 13, 16

32 I16,1, 18, 19, 21, 24, 25, 28, 30, 31

and the code for each partition is written as

G2M
[
A2M,1(s)

]=[ GM
[
AM,1

(
sM,1

)]
GM
[
AM,2

(
sM,2

)]
−GM

[
AM,2

(
s∗M,2

)]
GM
[
AM,1

(
s∗M,1

)
]

]
,

G2M
[
A2M,2(s)

]=[ GM
[
AM,2

(
sM,1

)]
GM
[
AM,1

(
sM,2

)]
−GM

[
AM,1

(
s∗M,2

)]
GM
[
AM,2

(
s∗M,1

)]] .
(21)

By using the linearity equation (7), we have

G2M[s] = G2M
[
A2M,1(s)

]
+ G2M

[
A2M,2(s)

]
=
[
GM
[

sM,1
]

GM
[

sM,2
]

−GM
[

s∗M,2

]
GM
[

s∗M,1

]] . (22)

For M = 1, this gives the Alamouti’s code [6]. For M = 2
case, this iterative structure along with some similar ones
were presented in [23]. Table 1 gives the indices of the first
partition denoted by IM,1 for M = 2, 4, 8, 16, and 32. Sym-
bols with the same indices as those given in the table form
the first partition for the code. These indices come from the
construction above. Note that from (19), IM,1 is a subset of
I2M,1. The second partition can be obtained by excluding the
indices from the first partition.

Proposition 3. The constructed code for 2M transmit anten-
nas in (19) and (20) satisfies properties (P1)–(P5) for any M,
where M is a power of 2.

Proof. Omitted.

Note that (P1)–(P5) are true for M = 1. If we assume
that they hold for any M with M a power of 2, then using
Proposition 3, it holds for 2M. It follows from induction that
the constructed code satisfies (P1)–(P5) for any M, where M
is a power of 2.

3.3.1. Properties

Proposition 4. For any 2M × 1 vector z, a transformation de-
noted by ẑ is defined that interchanges the two halves of z with
a sign change for the second half, that is, ẑ = [−z(M + 1 :
2M)z(1 : M)]. Then for any 4M × 1 vector s,

det
{
G4M

[
A4M,1(s)

]} = det
{
G2M

[
A2M,1(s2M,1 − ŝ2M,2)]

}
× det

{
G2M[A2M,1(s2M,1 + ŝ2M,2)]

}
,

(23)

where s2M,1 = s(1 : 2M) and s2M,2 = s(2M + 1 : 4M).
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Proof. See the appendix.

It can similarly be shown that

det
{
G4M

[
A4M,2(s)

]} = det
{
G2M

[
A2M,1

(
s2M,2 − ŝ2M,1

)]}
× det

{
G2M

[
A2M,1

(
s2M,2 + ŝ2M,1

)]}
.

(24)

We omit the proof because of similarity with Proposition 4.
We will use Proposition 4 to prove the full diversity. For
M = 2, we obtain by calculation det{G2[A2,1(s)]} = |s1|2.
For 4M = 4, we use (23) to get det{G4[A4,1(s1)]} = |s1 −
s4|2|s1 + s4|2 and for 4M = 8, we get

det
{
G8
[
A8,1(s1)

]} = ∣∣s1 − s7 + s4 + s6
∣∣2∣∣s1 − s7 − s4 − s6

∣∣2

× ∣∣s1 +s7 + s4 − s6
∣∣2∣∣s1 +s7 − s4 + s6

∣∣2
.

(25)

Proposition 5. Let A2M,1(s) = {sk1 , . . . , skM} and define a con-
stellation C = {∑M

j=1 skj}. Let dM,min(C) denote the minimum
distance of this constellation. Then to ensure that the code sat-
isfies the rank criterion with a modulation constellation that
is invariant under multiplication with ±1, it suffices to show
that there exists a pre-coding RM (defined in (1)) that makes
dM,min(C) > 0. Further, the coding gain of such a system is
d2
M,min(C).

Proof. Firstly, we note that due to quasi-orthogonal structure
of the code, we need to prove rank criterion for the partitions
instead of the full code. Because of the iterative structure in
(23), it is clear that for any M ≥ 2 and M a power of 2,
det{G2M[A2M,1(s)]} is the product of M terms of the form

∣∣∣∣∣∣
M∑
j=1

(−1)bj skj

∣∣∣∣∣∣
2

, (26)

where bj = {0, 1}. If the modulation constellation used for
modulated information symbols in c in (1) is invariant under
the multiplication with ±1, then modulation constellations
for precoded symbols s are also invariant under the multi-
plication with ±1, and hence constellation {∑M

j=1(−1)bj sk, j}
is the same as the constellation C for any choice of bj , j =
1, . . . ,M. If dM,min(C) > 0, then for any difference between
two distinct precoded vectors s and e, det{G2M[A2M,1(s −
e)]} �= 0, which ensures full rank.

The coding gain denoted by δ2M is given by (using (6) for
2M transmit antennas)

δ2M = min
s,e

∣∣det
{
G2M

[
A2M,1(s − e)

]}∣∣1/M

= d2
M,min(C).

(27)

The proof for G2M[A2M,2(s)] follows along similar lines.
The existence of a precoding to guarantee that dM,min(C) �= 0
is shown in [18, 19, 28, 29, 30] and references therein.

We note here that for 2M transmit antennas, M sym-
bols are precoded together due to quasi-orthogonal struc-
ture, while in [18, 19], all 2M are precoded together. Since
minimum distance typically decreases as M increases, we ex-
pect the coding gain to be higher than [18, 19]. From [18,
equation (6)], the minimum distance for a class of real con-
stellation rotations is dependent on M as d2

M,min ∼ (M)−M .

3.3.2. M not a power of 2

Until now we have dealt with only those number of transmit
antennas that are a power of 2. To address this issue, we have
the following proposition.

Proposition 6. A full-diversity quasi-orthogonal code for M
transmit antennas, whereM is not a power of 2, can be obtained
by deleting any P −M columns of GP , where P = 2�log2(M)�.

Proof. We first prove that this code is quasi-orthogonal. As-
sume that the last P − M columns of GP are deleted. Then
modified received signal model for this code can be rewrit-
ten, without any loss of performance using (3), as

X(s) =
√

ρ

M
GP[s]Ĥ + V , (28)

where Ĥ is a P × N matrix whose first M rows are the same
as that M × N matrix H , and the last P − M rows are null
vectors; X and V are M × N matrices. Since GP is quasi-
orthogonal allowing the partitions to be separately decoded
for any channel realization, then decoding for any M can also
be accomplished by decoding each partition separately.

It follows from linearity that GM[AM,i(s)] (i = 1, 2) is ob-
tained from GP[AM,i(s)] by deleting its last P −M columns.
Since GP[AP,1(s)] is full rank, that is, with rank P, then delet-
ing P −M columns makes its rank as M, which is a full-rank
P ×M matrix and hence has full diversity. This proof is valid
if any other P −M columns of GP are deleted instead of the
last ones.

We note here that if M is not a power of 2, then the quasi-
orthogonal code formed above will require P = 2�log2(M)�

channel uses for transmission of one code block. Since P >
M, the code is not delay optimal in this case.

3.4. Decoding

While (16) implies that performance of a ML decoder will be
the same as that of ML decoding of each partition separately
by assuming that only one partition is transmitted, it does
not give a practical way of decoding these codes when all the
partitions are indeed sent together. We provide a practical
way of achieving a low complexity ML decoding done over
a single partition. We will do this for M being a power of 2.
If M is not a power of 2, then one can form a new channel
whose rows are a power of 2 as in (28).

We note first that any row of the constructed code ei-
ther contains the symbols or its conjugates (with possible
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sign change). This can be seen from the iterative construc-
tion in (22) where this property is preserved. It is trivially
true for M = 1 in (18). For any h ∈ CM×1, define a transfor-
mation denoted by T that takes conjugates of those elements
of M × 1 vector GM[s]h that contains conjugates of elements
of s. Hence we can write

T
(
GM
[
AMi(s)

]
h
) = EM,i(h)vM,i(s), (29)

where EM,i’s are M × (M/2) matrices dependent only on h,
and vM,i’s are (M/2) × 1 vectors that contain symbols from
partition i, with i = 1, 2.

Proposition 7. For any h ∈ CM×1, EH
M,1(h)EM,2(h) = 0.

Proof. It follows from (P5) for any h that

0M = {GM
[
AM,1(s)

]
h
}H{

GM
[
AM,2(s)

]
h
}

+
{
GM
[
AM,2(s)

]
h
}H{

GM
[
AM,1(s)

]
h
} (30a)

= (T {GM
[
AM,1(s)

]
h
})H(

T
{
GM
[
AM,2(s)]h

})
+
(
T
{
GM
[
AM,2(s)

]
h
})H(

T
{
GM
[
AM,1(s)

]
h
}) (30b)

= vHM,1(s)EH
M,1(h)EM,2(h)vM,2(s)

+ vHM,2(s)EH
M,2(h)EM,1(h)vM,1(s),

(30c)

where (30a) follows from (P5), and (30b) follows by noting
that taking conjugates of elements at the same indices of any
vectors M × 1 g1 and g2 leaves the product gH

1 g2 + gH
2 g2 un-

changed. Note that since the partitions are disjoint, (30c) can
be true only if EH

M,1(h)EM,2(h) = 0 for any h ∈ CM .

By taking conjugates appropriately, we can derive a mod-
ified signal model from (3) for receive antenna n (n =
1, . . . ,N) as

X̂n(s) =
√

ρ

M

[
EM,1

(
Hn
)
vM,1(s)+EM,2(H)vM,2(s)

]
+V̂n, (31)

where Hn is the nth column of H and X̂n and V̂n are de-
rived from the nth column of X and V , respectively, by taking
the conjugates of some or all their elements. Let the singu-
lar value decomposition (SVD) [31] of EM,i(Hn) be given by
EM,i(Hn) = UiSiW

H
i , whereUi andWi are unitary and Si is an

M× (M/2) diagonal matrix. Let Ŝi be an M× (M/2) diagonal
matrix whose diagonal elements are the inverse of diagonal
elements of Si and hence

ŜiS
H
i =

IM/2 0M/2

0M/2 0M/2

 (32)

and ŜiS
H
i Si = Si. Multiplying both sides of (31) by

UiŜiW
H
i EH

M,i(Hn) = UiŜiS
H
i U

H
i , we get after simplification

UiŜiS
H
i U

H
i X̂n(s) =

√
ρ

M
EM,i

(
Hn
)
vM,i(s) + UiŜiS

H
i U

H
i Vn,

(33)

where we have used (29) to cancel the contribution of
the other partition. Note that using (32), it follows that
UiŜiS

H
i U

H
i Vn has the same statistics as Vn. Using (21), one

can iteratively generate the equivalent channels for each par-
titions as

E2M,1(h) =
[
EM,1

(
hM,1

)
EM,2

(
hM,2

)
E∗
M,1

(
hM,2

) −EM,2
(

hM,1
)] ,

E2M,2(h) =
[
EM,2

(
hM,1

)
EM,1

(
hM,2

)
E∗
M,2

(
hM,2

) −EM,1
(

hM,1
)] ,

(34)

where hM,1 = h(1 : M) and hM,2 = h(M + 1 : 2M).

4. NUMERICAL RESULTS

In this section, we provide the numerical results for the con-
structed codes. We provide both the Shannon capacity per-
spective of these codes along with the probability of error
curves for modulated symbols.

4.1. Capacity of quasi-orthogonal codes

The capacity of quasi-orthogonal codes is computed by using
(33) to get the equivalent channel for the nth receive antenna.
One can write the overall channel matrix taken over all the
receive antennas by stacking them as

HM,i =


EM,i

(
H1
)

...

EM,i
(
HN
)
 , (35)

which is an MN × (M/2) matrix. The channel model in this
case is given by

X =
√

ρ

M
HM,i + V. (36)

Note that elements of V are CN (0, 1).
By using the above model, we compute the ergodic capac-

ity of quasi-orthogonal codes and plot this along with open-
loop Shannon capacity in Figure 1 for an (8, 1) system. We
also plot the capacity of a rate 1/2 complex orthogonal code
[7]. As shown in the figure, the proposed quasi-orthogonal
codes are quite close to the Shannon capacity. Note that the
Shannon capacity is achievable by an ideal rate 1 complex or-
thogonal code though such a code is known to exist only for
M = 2. In Figure 2, we plot the capacities for an (8, 2) system.
The quasi-orthogonal code is not as close to the Shannon ca-
pacity in this case though it still performs much better than
the orthogonal code.



1252 EURASIP Journal on Applied Signal Processing

7

6

5

4

3

2

1

0

R
at

e
(b

ps
/H

z)

0 2 4 6 8 10 12 14 16 18 20

SNR (dB)

Logdet
QO
Orthogonal

Figure 1: Ergodic capacity of quasi-orthogonal codes along with
open loop Shannon capacity and that of a rate 1/2 orthogonal code
for (8, 1).

4.2. Probability of error

We plot the symbol error rate (SER) versus the average SNR
per receive antenna in Figure 3 with QPSK modulation for
M = 4, 8, 16, 32 and N = 1. The elements of H are assumed
to be i.i.d. and CN (0, 1). For M = 4, we use the rotations
described in [25] that were obtained by maximizing the min-
imum distance of constellation C defined in Proposition 5
and the precoding matrix is given by diag[1, exp(0.52 j)]. For
higher M, instead of exhaustive search to find the best pre-
coding matrix, we rotate the ith symbol, i = 1, . . . ,M/2, with
a phase of (i− 1)π/M. A better choice is also possible. Hard-
decision sphere decoding was done for each partition sepa-
rately by using (33). For comparison, we also plot the per-
formance of an ideal full-rate orthogonal code (though un-
available) that has equivalent channel SNR as ‖H‖2

F ρ/M and
of uncoded QPSK over a channel with only additive white
Gaussian noise and no fading for M = N = 1.

Note that the performance is better than that given in
[18] and [19, Figure 11]. Also note that because of the or-
thogonality built into the proposed codes, our codes have
lower decoding complexity. For a constellation of size q, the
decoding complexity after the preprocessing to separate the
two partitions is ∼ qM/2 for the proposed codes, while the
decoding complexity is ∼ qM for both [18, 19] under ML de-
coding. Under sphere decoding [32, 33], the decoding com-
plexity is approximately cubic with the number of symbols
that are jointly decoded: the decoding complexity for the
proposed codes is 2O(M3/8), and for the codes in [18, 19],
the decoding complexity is O(M3). Hence there is a signif-
icant saving in decoding complexity while there is perfor-
mance improvement by using the proposed codes.

For higher M, note that the performance of the proposed
codes is very close to the ideal codes. Hence any other full-
rate code will offer very marginal gains over the proposed
codes for higher transmit antennas.
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Figure 2: Ergodic capacity of quasi-orthogonal codes along with
open loop Shannon capacity and that of a rate 1/2 orthogonal code
for (8, 2).
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Figure 3: Simulated SER versus SNR for various M and N = 1, and
M = 1 with no fading, for QPSK modulation.

5. PERFORMANCE ANALYSIS FOR
SELECTED CODES

For M = 4, the constructed code is the same as given in [23].
The equivalent channel model for the first partition can be
written using (29) as

E4,1(h) =


h1 h4

h∗
2 −h∗

3

h∗
3 −h∗

2

h4 h1

 . (37)

By taking SVD of E4,1(h) and discarding the last two rows, we
get a simpler 2×2 receive signal model by discarding the null
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rows as

ri1 =
√

ρ

M

√
γi + αi

2

(
z1 + exp( jθ)z2

)
+ ni1,

ri2 =
√

ρ

M

√
γi − αi

2

(
z1 − exp( jθ)z2

)
+ ni2,

(38)

where

γi =
4∑

k=1

∣∣hk,i
∣∣2

,

αi = 2 Re
(
h∗

1,ih4,i − h∗
3,ih2,i

)
,

(39)

and θ is the rotation applied to increase the minimum dis-
tance of constellation C = z1 + exp( jθ)z2 as in Proposition 5
(see also [25] for more details). The symbols z1 and z2 are the
symbols in the first partition, where the indices are chosen as
1, 2 for convenience.

In addition to this code, it was shown in [25] that the rate
3/4 quasi-orthogonal code for 8 transmit antennas given in
[23] has also two interfering signals and its equivalent chan-
nel model can also be written like (38) with

γi =
8∑

k=1

∣∣hk,i
∣∣2

,

αi = 2 Re
(
h∗

1,ih5,i − h2,ih
∗
6,i − h3,ih

∗
7,i − h∗

4,ih8,i
)
.

(40)

While this code does not belong to the class of proposed
codes (it is not a full-rate code and the interfering symbols
for the proposed code for 8 transmit antennas are 4), we in-
clude it here since its analysis is similar to the 4-transmit-
antenna code.

We now determine the pairwise probability of error for
these two codes by assuming that the transmitted pair (z1, z2)
is mistaken as (e1, e2). The pairwise probability of error for a
given H is given by

Pe
[(
z1, z2

) −→ (
e1, e2

)∣∣H] = Q

(√
ρ

4M
D

)
, (41)

where

D =
N∑
i=1

[(
γi + αi

)∣∣δ1
∣∣2

+
(
γi − αi

)∣∣δ2
∣∣2
]

=
(∣∣δ1

∣∣2
+
∣∣δ2
∣∣2
) N∑
i=1

γi +
(∣∣δ1

∣∣2 − ∣∣δ2
∣∣2
) N∑
i=1

αi,

(42)

where δ1 = ((z1−e1)+ j exp( jθ)(z2−e2)) and δ2 = ((z1−e1)−
j exp( jθ)(z2 − e2)). We now invoke the clever representation
of the Q-function given in [34] to have

Pe
[(
z1, z2

) −→ (
e1, e2

)∣∣H]
= 1

π

∫ π/2

0
exp

(
− ρD

8M sin2(θ)

)
dφ.

(43)

We now wish to average this integral over the channelH . This
may appear to be a formidable exercise, but it can be simpli-
fied easily by noting that for some constants a1 and a2 with
a1 > 0 and (1 + a1) > a2, and for two independent real Gaus-
sian random variables x1 and x2, each of variance 0.5, we have

Ex1,x2

{
exp

(− a1
(
x2

1 + x2
2

)
+ 2a2x1x2

)} = 1√
(1 + a1)2 − a2

2

,

(44)

where E{·} denotes the expectation. Note that the integrand
in the right-hand side of (43) can be decomposed (by us-
ing expressions for γi and αi) into MN/2 terms of the form
a1(|hi,k|2 +|hi,l|2)+2a2 Re(h∗

i,khi,l), that in turn can be written
in two independent terms of the form a1(x2

1 + x2
2) + 2a2x1x2,

where a1 = ρ(|δ1|2 + |δ2|2)/[8M sin2(φ)] and a2 = ρ(|δ1|2 −
|δ2|2)/[8M sin2(φ)], and x1, x2 are real random variables
with the statistics defined above. Hence, we can write (43)
averaged over the channel as

Pe
[(
z1, z2

) −→ (
e1, e2

)]
= 1
π

∫ π/2

0

dφ
1+

ρ
(∣∣δ1
∣∣2

+
∣∣δ2
∣∣2
)

8M sin2(φ)

2

−
ρ
(∣∣δ1

∣∣2−∣∣δ2
∣∣2
)

8M sin2(φ)

2

MN/2

= 1
π

∫ π/2

0

dφ1 +
ρ
(∣∣δ1

∣∣2
+
∣∣δ2
∣∣2)

4M sin2(φ)
+

(
ρ
∣∣δ1δ2

∣∣
4M sin2(φ)

)2
MN/2 .

(45)

This is a much simpler expression to handle being a single in-
tegral. We note that this expression holds true for both M = 4
and M = 8. Note that we have thus far made no assumptions
about the constellations used for z1 and z2. We now consider
the following cases.

Suboptimal constellations

We define the chosen constellations as suboptimal if for any
two distinct pairs, that is, (z1, z2) �= (e1, e2), we have at least
one among δ1 or δ2 to be zero. A simple example for such
a case would be for θ = 0 and z1, z2 chosen from the same
constellation that is invariant under a rotation of π such as
QPSK, 16-QAM, and so forth. We say for the chosen pair,
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δ2 = 0 and δ1 �= 0; then

Pe
[(
z1, z2

)−→(e1, e2
)] = 1

π

∫ π/2

0

(4M)MN/2 sinMN (φ)dφ[
4M sin2(φ) + ρ

∣∣δ1
∣∣2
]MN/2

>
(4M)MN/2Γ((1 + MN)/2)

2
√
πΓ(1+MN/2)

(
4M+ρ

∣∣δ1
∣∣2
)MN/2 ,

(46)

where Γ(·) denotes the Gamma function and we have used
the integral that

∫ π/2
0 sinn(x)dx = √

πΓ((1+n)/2)/2Γ(1+n/2).
The diversity of this system is clearly MN/2.

Diversity ensuring constellations

We define the chosen constellations to be diversity ensuring if
for any two distinct pairs, neither δ1 or δ2 is zero. The design
of such constellations by rotation for the considered cases can
be found [25]. In this case, the pairwise probability of error
is upper bounded by

Pe
[(
z1, z2

) −→ (
e1, e2

)]
<

1
π

∫ π/2

0

(4M)MN sin2MN (φ)dφ(
ρ
∣∣δ1δ2

∣∣)MN

=
(

4M
ρ
∣∣δ1δ2

∣∣
)MN

Γ
(
(1 + 2MN)/2

)
2
√
πΓ(1 + MN)

,

(47)

where the inequality follows by taking an upper bound of the
integrand in (45). This proves the full diversity of the chosen
quasi-orthogonal codes for appropriately designed constella-
tions.

6. CONCLUSIONS

A class of linear quasi-orthogonal codes have been con-
structed that offer full-rate and full diversity with constella-
tion rotation for any transmit antennas. Due to orthogonal
structure in the code, two disjoint partitions containing one
half of symbols constituting the code can be decoded sepa-
rately. A practical decoding algorithm is described to utilize
the orthogonality. These codes are closer to the Shannon ca-
pacity curves for (M, 1) systems than to the orthogonal codes
except for M = 2 in which case the constructed code is the
same as an orthogonal code that achieves the Shannon ca-
pacity. It may be possible to construct more classes of quasi-
orthogonal codes in an iterative fashion as described in this
paper.

APPENDIX

PROOF OF PROPOSITION 4

We first prove the following Lemma.

Lemma 1. For any 2M × 1 vector x,

G2M
[
A2M,2(x̂)

]
G2M

[
A2M,2

(
x∗)] = −G2

2M

[
A2M,1(x)

]
.

(A.1)

Proof.

left hand side =
[
−GM

[
AM,2

(
x2
)]

GM
[
AM,1(x1)

]
−GM

[
AM,1

(
x∗

1

)] −GM
[
AM,2

(
x∗

2

)]]

×
[
−GM

[
AM,2

(
x∗

2

)]
GM
[
AM,1

(
x∗

1

)]
−GM

[
AM,1

(
x1
)] −GM

[
AM,2

(
x2
)]]

=
[

GM
[
AM,1

(
x1
)
] GM

[
AM,2

(
x2
)]

−GM
[
AM,2

(
x∗

2

)
] GM

[
AM,1

(
x∗

1

)]]

×
[
−GM

[
AM,1

(
x1
)] −GM

[
AM,2

(
x2
)]

GM
[
AM,2

(
x∗

2

)] −GM
[
AM,1

(
x∗

1

)]]
= −G2

2M

[
AM,1(x)

]
,

(A.2)

where the second equality follows by interchanging the last
M columns and changing the sign with the first M columns
of the first matrix, and by interchanging the first M rows and
changing the sign with the last M rows of the second matrix,
that leaves the product unchanged.

Now we have

det
{
G4M

[
A4M,1(s)

]}
= det

{[
G2M

[
A2M,1

(
s1
)]

G2M
[
A2M,2

(
s2
)]

−G2M
[
A2M,2

(
s∗2
)
] G2M

[
A2M,1

(
s∗1
)]]} (A.3)

= det
{
G2M

[
A2M,1

(
s∗1
)]}

×det
{
G2M

[
A2M,1

(
s1
)]

+G2M
[
A2M,2

(
s2
)]
G−1

2M

[
A2M,1

(
s∗1
)]
G2M

[
A2M,2

(
s∗2
)]}

(A.4)

= det
{
G2

2M

[
A2M,1

(
s1
)]

+ G2M
[
A2M,2

(
s2
)]
G2M

[
A2M,2

(
s∗2
)]} (A.5)

= det
{
G2

2M

[
A2M,1

(
s1
)]−G2

2M

[
A2M,1

(
ŝ2
)]}

(A.6)

= det
{
G2M

[
A2M,1

(
s1
)]−G2M

[
A2M,1

(
ŝ2
)]}

×det
{
G2M

[
A2M,1

(
s1
)]

+ G2M
[
A2M,1

(
ŝ2
)]} (A.7)

= RHS of (23), (A.8)

where (A.4) follows from the relation of the determinant of a
block matrix to that of its constituent matrices, (A.5) follows
by applying (P5) (which is valid for different vectors since
partitions are disjoint) and simplifying, (A.6) follows using
(A.1), (A.7) follows by applying (P3), and (A.8) follows from
linearity of the code.
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This paper develops the optimal linear transformation (or precoding) of orthogonal space-time block codes (STBC) for minimiz-
ing probability of decoding error, when the channel covariance matrix is available at the transmitter. We build on recent work
that stated the performance criterion without solving for the transformation. In this paper, we provide a water-filling solution
for multi-input single-output (MISO) systems, and present a numerical solution for multi-input multi-output (MIMO) systems.
Our results confirm that eigen-beamforming is optimal at low SNR or highly correlated channels, and full diversity is optimal at
high SNR or weakly correlated channels, in terms of error probability. This conclusion is similar to one reached recently from the
capacity-achieving viewpoint.
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1. INTRODUCTION

In wireless communications, the adverse effects of channel
fading can be mitigated by transmission over a diversity of
independent channels. A large, and growing, body of re-
sults have firmly established the potential of space-time cod-
ing [1, 2, 3] in multi-input multi-output (MIMO) systems,
which use antenna arrays at the transmitter and the receiver
to provide spatial diversity at both ends of a communications
link.

In [3], Tarokh et al. introduced the well-known rank
and determinant criteria for the design of space-time codes
without channel knowledge at the transmitter. Furthermore,
it was argued [2, Section II-C] that these criteria apply to
both spatially independent and dependent fading channels.
In other words, without channel state information (CSI) at
the transmitter, space-time codes should be designed us-
ing the rank and determinant criteria, even when the spa-
tial channels are correlated. This result was confirmed by

El Gamal [4, Proposition 7], who proved that with spatial
correlation and quasistatic flat fading, full-diversity space-
time codes such as orthogonal space-time block codes (OS-
TBC) extract the maximum diversity gain achievable, with-
out CSI at the transmitter.

While spatial correlation does not affect diversity gain,
Shiu and Foschini showed that correlation between spatial
channels leads to a loss in capacity [5]. It is also known that
spatial correlation results in a smaller coding advantage [2,
Section II-C]. This paper explores practical approaches to
recover this performance loss. However, given that nothing
can improve the performance of current state-of-the-art full-
diversity space-time codes without CSI at the transmitter, it
is natural to consider performance improvements when this
assumption is relaxed.

In this paper, we study the design of a linear precoder
for OSTBC in spatially correlated, quasistatic, flat fading
channels with knowledge of the channel covariance at the
transmitter. The objective is to minimize the probability of
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Figure 1: Precoded STBC transmitter and receiver block diagrams.

decoding error. The channel covariance information may be
fed back from the receiver. Such a system may be considered
more practical than the case when true CSI is available at the
transmitter, because in that case the feedback channel may be
too heavy an overhead on the communication system. Prior
work done on this topic developed the optimality criterion
[6] to be satisfied by the precoding matrix, but no closed-
form or numerical solution was provided. In this paper, a
numerical solution is provided for MIMO systems with an
arbitrary number of transmit and receive antennae. Further-
more, we derive an exact water-filling solution for MISO sys-
tems. Assuming uncorrelated fading at the receiver as in [7],
we show that this solution is exact in MIMO systems as well.

This problem setting ties in with recent work on de-
termining the capacity-achieving signal correlation matrix
when the channel covariance matrix is available at the trans-
mitter [7, 8, 9]. In contrast, our research is focused on min-
imizing the error probability, given a linear precoding struc-
ture based on orthogonal STBC. Because of the orthogonal
structure of the code matrices used, this transmitter has com-
plexity only linear in the number of transmit antennas de-
spite the use of a maximum-likelihood (ML) receiver [10].

The rest of the paper is organized as follows. Section 2
presents the background material needed in the rest of the
paper, Section 3 discusses the optimal precoding under var-
ious scenarios, while Section 4 introduces three simplified
strategies that are shown to result in minimal performance
loss. Simulation examples are presented in Section 5. Finally,
Section 6 presents conclusions.

2. BACKGROUND

Consider a MIMO system with M transmit and N receive
antennae. OSTBC is used, and a linear transformation unit
is applied prior to transmission to take account of the chan-
nel covariance information. The transformation matrix W ∈
CM×M is to be determined to minimize the maximum pair-

wise error probability (PEP) between codewords in corre-
lated fading. An ML receiver is used. Illustrations of the
transmitter and receiver for such a system are shown in
Figure 1.

The MIMO channel between the transmitter and the re-
ceiver, assumed flat and Rayleigh, is described by the N ×M
matrix

H =


h11 h12 · · · h1M

h21 h22 · · · h2M
...

...
. . .

...
hN1 hN2 · · · hNM

 , (1)

where the element hnm is the fading coefficient between the
mth transmit antenna and the nth receive antenna. The chan-
nel correlation matrix is

R = E
[

hh†],
h = vec(H),

(2)

where (·)† denotes Hermitian transpose, and vec(·) denotes
the vectorization operator which stacks the columns of H.
Note that this definition is identical to the one in [3].

The STBC encoder organizes data into an M×L matrix C
and successive columns of this matrix are transmitted over L
time indices. The corresponding N×L received signal matrix
X can be written as

X = HWC + E, (3)

where E is an N × L matrix with i.i.d. complex Gaussian ele-
ments representing additive thermal noise. The receiver em-
ploys an ML decoder, thus the decoded codeword Ĉ can be
expressed as

Ĉ = arg min
C

‖X − HWC‖2
F , (4)
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where ‖ · ‖F is the Frobenius norm [11]. Note that, because
HW is equivalent to a modified channel matrix H̃, ML de-
coding of C requires only the simple linear operation de-
scribed in [10].

It is known that the exact probability of error is hard to
compute, so in much of the literature (see e.g. [6]), we work
with the maximum PEP, which is the dominating term of the
probability of error, and try to minimize a bound on it. This
approach was taken in [6] and the result is that the tight up-
per bound on the Gaussian tail for the maximum PEP is min-
imized by a transformation matrix W that satisfies

Zopt = WoptW
†
opt

= arg max
Z�0,

tr(Z)=M
det
[(

IN ⊗ Z
)
η + R−1], (5)

where Z has to be positive semidefinite because Z = WW†,
and the trace constraint is necessary to avoid power amplifi-
cation. ⊗ denotes the Kronecker product, while η = µmin/4σ2

with

µmin = arg min
µkl

{
µklI = (Ck − Cl

)(
Ck − Cl

)†}
, (6)

among all possible codewords. In this paper, we follow this
approach as well and solve the optimization problem defined
in (5).

3. OPTIMAL TRANSFORMATION

3.1. General solution

To solve the optimization problem (5), we begin by introduc-
ing a reasonable assumption of the channel correlation: the
correlation between two subchannels is equal to the prod-
uct of the correlation at the transmitter and that at the re-
ceiver [12]. In matrix form, letting RT = (1/M)E{HHH}
denote the correlation between different transmit antennae,
and RR = (1/N)E{HHH} the correlation between receive an-
tennae, the channel correlation is

R = RR ⊗ RT . (7)

It has been shown that the validity of this assumption is sup-
ported by measurement results for mobile links [12]. With
this assumption, the optimal Z matrix is

Zopt = arg max
Z=Z∗�0,
tr(Z)=M

det
[(

IN ⊗ Z
)
η + R−1

R ⊗ R−1
T

]
, (8)

since R−1 = R−1
R ⊗ R−1

T [13].
The problem is to choose a positive semidefinite matrix

Z to maximize det[(IN ⊗Z)η+R−1
R ⊗R−1

T ] subject to the trace
constraint tr(Z) = M. Notice that the correlation matrices RR

and RT are both positive semidefinite and we can decompose
them into

RT = UTΛTU†
T , where UTU†

T = IM ,

RR = URΛRU†
R, where URU†

R = IN ,
(9)

then

det
[
(I ⊗ Z)η + R−1

R ⊗ R−1
T

]
= det

[
(I ⊗ Z)η +

(
URΛ

−1
R U†

R

)⊗ (UTΛ
−1
T U†

T

)]
= det

[
(I ⊗ Z)η +

(
UR ⊗ UT

)(
Λ−1
R ⊗Λ−1

T

)(
UR ⊗ UT

)†]
= det

[(
UR ⊗ UT

)[(
UR ⊗ UT

)†
(I ⊗ Zη)

(
UR ⊗ UT

)
+ Λ−1

R ⊗Λ−1
T

](
UR ⊗ UT

)†]
= det

[
UR ⊗ UT

]
det
[(

U†
RIUR

)⊗ (U†
TZηUT

)
+ Λ−1

R ⊗Λ−1
T

]
det
[

U−1
R ⊗ U−1

T

]
= det

[
IN ⊗ B + Λ−1

R ⊗Λ−1
T

]
,

(10)

where B = U†
TZηUT . The intermediate steps above come

from the fact that [13]( N∏
i=1

Ai

)
⊗
( N∏

i=1

Bi

)
=

N∏
i=1

Ai ⊗ Bi, (11)

and det[UR ⊗ UT] = 1. The trace constraint becomes

tr(B) = tr
(

U†
TZηUT

)
= tr

(
UTU†

TZη
)

= tr(Zη) = ηM,

(12)

since tr(AB) = tr(BA).
The problem therefore reduces to finding a positive

semidefinite matrix

Bopt = arg max
B�0,

tr(B)=ηM
det
[(

IN ⊗ B
)

+ Λ−1
R ⊗Λ−1

T

]
. (13)

Since Λ−1
T and Λ−1

R are both diagonal, B must be also di-
agonal [14]. Let the ith diagonal element of ΛT and B, and
the jth diagonal elements of ΛR be λti, bi, and λr j , respec-
tively. The problem (8) becomes finding a set of nonnegative
bi’s to maximize

M∏
i=1

N∏
j=1

(
bi + λ−1

r j λ
−1
ti

)
(14)

under the trace constraint tr(B) = ∑
i bi = ηM. This prob-

lem is an extension of the water-filling problem to two pa-
rameters (i and j), so we can view it as a generalized wa-
terfilling problem. The closed form solution to this prob-
lem is unknown. However, we can find the solution by nu-
merical methods such as sequential quadratic programming
(SQP) [15]. Results of the numerical scheme are provided in
Section 5.2.

Since Zη = UTBU†
T , the diagonal matrix B is actually the

eigenvalue matrix of Zη. Thus Z and W can be derived from
B as follows:

Z = 1
η

UTBU†
T ,

W = 1√
η

UT

√
BΦ,

(15)
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where Φ can be any M × M unitary matrix, so Wopt is not
unique. For simplicity we choose the identity matrix in this
paper, that is, Φ = IM .

3.2. Water-filling solution for MISO systems

We now consider the special case of a multi-input single-
output (MISO) system, that is, a system with only a single
receive antenna (N=1). This is a reasonable model for the
downlink of mobile communication systems since it may be
impractical to employ more than one antenna at the mobile
terminal. Under this assumption, the Kronecker product in
(13) disappears and we need to solve

Bopt = arg max
B�0

tr(B)=ηM
det
[

B + Λ−1
T

]
, (16)

where B is still a positive semidefinite diagonal matrix. This is
identical to the water-filling problem in information theory
[14], which has the solution

bi = max
(
ν − λ−1

ti , 0
)
, for i = 1, . . . ,M, (17)

where ν is a constant chosen to satisfy the trace constraint
and B = diag(b1, . . . , bM). The optimal transformation ma-
trix is

Wopt = 1√
η

UT

√
Bopt. (18)

With Wopt given by (18), the transmitted signal is

Wx = (ut1, . . . , utM
)


√
b1

η
. . . √

bM
η



x1
...
xM



=
M∑
i=1

uti

√
bi
η
xi,

(19)

and thus occupies the subspace spanned by the subset of
eigenvectors of RT corresponding to nonzero bi in (17). No-
tice that

rank
(

WCk − WCl
)

= rank
[

UTB
(

Ck − Cl
)] = rank(B),

(20)

since both UT and (Ck − Cl) are full rank. Therefore, the di-
mension of this subspace is equal to the transmit diversity
order, as defined in [2].

In the case of very high correlation, only one bi—the
one corresponding to the principal eigenvector—is nonzero,
and we have eigen-beamforming. On the other hand, all the
eigenvectors are used when the correlation is low, and we
have full diversity. In the uncorrelated channel where R = I,
it can easily be shown that W = I, meaning that OSTBC is
already optimal, as expected. In between beamforming and
full diversity, the water-filling scheme determines the num-
ber of active eigenchannels, and distributes the power over
them with more power devoted to the stronger ones. In this

transition region, the optimal scheme may be considered to
have a partial diversity order. In all cases, the diversity order
is equal to the number of nonzero bi’s.

3.3. Relation to capacity analyses
There has been much interest in the information theory
community in MIMO channels with covariance feedback
[7, 8, 9]. In those works the goal is to find the input covari-
ance matrix Sx,opt necessary to achieve ergodic channel ca-
pacity, while in contrast our goal is to find the optimal lin-
ear transformation to achieve minimum error probability.
Interestingly, the conclusions reached are strikingly similar
for both approaches, and warrant some comment.

(1) Transmitting over the eigenvectors of the transmit cor-
relation matrix is optimal assuming only the chan-
nel correlation is available at the transmitter. The two
schemes both result in allocating transmission power
over the eigenvectors of the transmit correlation ma-
trix. The strategy is similar: the stronger eigen-channel
gets more power. However, the exact amount allocated
to each eigen-channel may differ for the two schemes
since different optimization criteria are applied.

(2) Beamforming is optimal at high correlation/low SNR.
When the channels are highly correlated, both mini-
mizing error probability and maximizing capacity re-
quire transmission over the strongest eigen-channel
only. This statement is also true for the low SNR re-
gion where the errors are caused mainly by Gaussian
noise. Thus focusing all the energy into one particular
direction results in maximizing the received SNR. Di-
versity is not helpful as it is noise, and not fading, that
limits performance.

(3) Optimal diversity order increases with SNR. At low
SNR, only the strongest eigen-channel is used. As the
SNR increases, more eigenchannels come into use, so
the diversity order increases until full-diversity order
is achieved. However, the SNR points where the diver-
sity order changes may not be the same for the two
schemes.

(4) Full diversity is optimal in uncorrelated channels. For
the extreme case of an uncorrelated channel, no trans-
formation of STBC is required to minimize error rate,
while uncorrelated transmit signals maximize bit rate.
Similarly, in the high-SNR region, the optimal scheme
should use all the eigen-channels because in this case
diversity can be taken advantage of.

Besides these similarities, the transmitter structures of
the two schemes are very similar. The channel signals (STBC
codewords in our scheme or randomly coded Gaussian sig-
nals in capacity-achieving scheme) are first modulated on the
eigenvectors of the transmit correlation matrix. Then these
vectors are transmitted with different powers, determined by
the eigenvalues of the channel correlation matrix. These two
steps can be implemented with a linear transformation unit.
Therefore, if we replace the STBC encoder with a random
encoder and Gaussian signal modulator, the linear transfor-
mation structure becomes a capacity-achieving one.
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4. SIMPLIFIED SCHEMES

From Section 3 we know that the optimal transformation
scheme is not simple to determine. For the general MIMO
systems, the computation of the transformation matrix in-
volves complex numerical algorithms. Even for the simpler
case of MISO systems, the water-filling solution still requires
an iterative process. In this section, we introduce several sim-
plified schemes to reduce the complexity. Simulation results
in Section 5 will show that these schemes can achieve per-
formance very similar to the optimal one with much lower
complexity.

4.1. Ignoring the receive correlation

Due to differences in their physical surroundings, the trans-
mitter and receiver on the downlink of a mobile network
have different correlation properties. The extended “one-
ring” model introduced in [5] is a well-known scattering
model for channel correlation. If we use this model to sim-
ulate the downlink of a mobile connection, the correlation
of the fading coefficients between transmit antennae p and q
and receive antenna m is

[
RT
]
p,q = E

[
hmph

∗
mq

] ≈ J0

(
∆

2π
λ
dT(p, q)

)
, (21)

where ∆ is the angle spread, which is defined as the ratio
of the radius of the scatterer ring around the receiver and
the line-of-sight distance between the transmitter and the re-
ceiver, λ is the wavelength, dT(p, q) is the distance between
the two transmit antennae, and J0(·) is the zeroth-order
Bessel function of the first kind. The correlation between two
receive antennae l and m is[

RR
]
l,m = E

[
hlph

∗
mp

] = J0

(
2π
λ
dR(l,m)

)
, (22)

where dR(l,m) is the distance between the two receive anten-
nae.

In practice, the angle spread ∆ is usually small. As a re-
sult, from (21) and (22) we see that the receive correlation is
usually small compared to transmit correlation. For instance,
if the distance between two transmit antennae equals λ/2 and
∆ = 0.1, the correlation between these two transmit antennae
is J0(0.1π) = 0.97. But the correlation between two receive
antennae with the same separation is just J0(π) = −0.30.

In dealing with receive diversity, a correlation below 0.5
is considered negligible [16]. Therefore we can simplify our
algorithm by ignoring the receive correlation. Under this ap-
proximation, the rows of H become independent and the
channel correlation matrix can be written as R = IN ⊗ RT .
In this case, (13) becomes

Bopt = arg max
B�0

tr(B)=ηM
det
[

IN ⊗ B + IN ⊗Λ−1
T

]
= arg max

B�0
tr(B)=ηM

det
[

B + Λ−1
T

]N
.

(23)

Therefore, the solution is exactly the same as in (17), and
generalized water filling is avoided.

4.2. Switching between beamforming and STBC
The water-filling scheme in Section 3.2 changes from beam-
forming to full diversity as a function of SNR. In the transi-
tion region, the diversity order is determined by the number
of the active eigenchannels, and the optimal power allocation
is determined by water filling. This iterative process must be
recalculated for each SNR. We can introduce a simplifying
scheme to avoid water filling altogether by switching between
beamforming (W is rank one) and O-STBC (W = I) at a pre-
computed threshold SNR level. This threshold is found by
equating the error probability performance with beamform-
ing and O-STBC. In particular, for a MISO system, we want
to find the η that solves the equation

det
[

Zbeamη + R−1
T

] = det
[
ηIM + R−1

T

]
, (24)

where Zbeam is the Z matrix for beamforming, that is,

Zbeam = 1
η

UT diag[Mη, 0, . . . , 0]U†
T = Mut1u†

t1, (25)

where ut1 is the eigenvector corresponding to the largest
eigenvalue of UT . With the solution of η, the SNR threshold
can be set as

SNRth = 4η
µmin

. (26)

It is self-evident that the simplified strategy incurs a
greater loss in performance relative to the full-complexity
scheme when the transition region between beamforming
and O-STBC grows. There are however cases when the tran-
sition region is so small that no difference in performance is
discernible.

One example is when the correlation between antennae is
low. In this case all the eigenvalues are close to 1, so the tran-
sition region is small. Another example is when the channel
correlations are equal, in which case the eigenvalues of RT

take on only two values so that the transition region has zero
width. To show this, consider

RT =


1 ρ · · · ρ
ρ 1 · · · ρ
...

...
. . .

...
ρ ρ · · · 1

 . (27)

This matrix has only two eigenvalues: (1 + ρ) and (1− ρ) (re-
peated (M − 1) times). As a result, the water-filling scheme
has no transition region. In the low SNR region, only the
eigen-channel corresponding to eigenvalue (1 + ρ) is used,
so we have beamforming. All the other M − 1 channels will
come into use together when the SNR exceeds the threshold
level, so the performance is quite close to STBC. Therefore,
the switching scheme can achieve very good performance un-
der this correlation model.

Although the switching scheme is designed for MISO sys-
tems to simplify the water-filling process, it can be easily ex-
tended to MIMO systems by changing (24) into

det
[
ηIN ⊗ Zbeam + R−1

R ⊗ R−1
T

]
= det

[
ηIN ⊗ IM + R−1

R ⊗ R−1
T

]
.

(28)
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Figure 2: Water filling with M = 2, N = 1, and BPSK modulation.

4.3. Equal power allocation (EPA) scheme

The switching scheme cannot guarantee good performance
for arbitrary channel correlation since it only provides a di-
versity order of 1 or M whereas the optimal scheme may re-
quire partial diversity order. As an alternative to the switch-
ing scheme, we propose the equal power allocation (EPA)
scheme. It automatically chooses the optimal diversity order,
and assigns equal power to each active eigen-channel and so
numerical water filling is avoided.

Similar to the switching scheme, the first step of EPA is
to set SNR thresholds at the points where diversity order
changes. These M − 1 thresholds can be found by solving
equations similar to (24). The ith threshold is obtained by
solving

det
[
ηIN ⊗ Zi + R−1

R ⊗ R−1
T

]
= det

[
ηIN ⊗ Zi+1 + R−1

R ⊗ R−1
T

]
,

(29)

where Zi denotes the Z matrix corresponding to EPA over the
i strongest eigenchannels, or

Zi = Mη

i
UT

[
Ii 0i×(M−i)

0(M−i)×i 0(M−i)×(M−i)

]
U†

T . (30)

The SNR axis is then divided to M regions, each cor-
responding to a diversity order. The transmitter can check
those thresholds to determine which region the true SNR be-
longs to. The corresponding diversity order for transmission
is used. To reduce the complexity, instead of going through
the water-filling process to compute the power distribution,
the transmitter now allocates power equally among all the ac-
tive eigenchannels. We can expect this scheme to have better
performance than the switching scheme in Section 4.2, but
the complexity is also higher.
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Figure 3: Water filling with M = 4, N = 1, and BPSK modulation.

5. SIMULATION RESULTS

5.1. MISO channels

This section examines the performance of the water-filling
scheme derived in Section 3.2. Figure 2 shows the perfor-
mance of the proposed algorithm, O-STBC, and eigen-
beamforming when there are two transmit and one receive
antennae. The modulation scheme is BPSK and the vertical
axis plots the bit error probability (BEP). SNR is defined as
the ratio of the transmitted bit energy to power spectral den-
sity (i.e. Eb/N0 at the transmitter). Figure 3 is for the case of
four transmit antennae.

For the two simulation examples below, the transmit cor-
relation matrices are chosen to be

RT2 =
[

1 0.9755
0.9755 1

]
, (31)

RT4 =


1 0.9755 0.9037 0.79

0.9755 1 0.9755 0.9037
0.9037 0.9755 1 0.9755

0.79 0.9037 0.9755 1

 , (32)

respectively. They are obtained by using (21) from the ex-
tended “one-ring” model. The distance between two adjacent
antennae is λ/2, and the angle spread is ∆ = 0.1 radian.

From the plots, we can see that for very low SNR, the
optimal transformation is equivalent to beamforming, as ex-
pected. For the other SNR regions, the performance of the
optimal scheme is better than both beamforming and STBC.
Furthermore, the optimal scheme approaches STBC as SNR
increases, again as expected.

Figure 4 shows the performance of the optimal scheme
with two transmitters when the channel correlation varies
from 0 to 1. The SNR value is fixed at 5 dB. From this plot we
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Figure 4: BEP versus channel correlation ρ. M = 2, N = 1, SNR =
5 dB. Performance of three schemes.

can see that when the correlation coefficient is low (ρ < 0.3),
the performance of the optimal scheme is a little better than
STBC; while with high correlation (ρ > 0.8), the optimal
scheme is the same as beamforming. In between, a relatively
large performance improvement can be achieved by using the
optimal scheme. This plot is remarkably similar to the corre-
sponding plot in [17] which deals with a capacity analysis.

5.2. Numerical solutions for MIMO systems

As discussed in Section 3.1, the optimal transformation for
MIMO system is found through a generalized water-filling
problem. No closed-form solution has been found, but nu-
merical methods, such as SQP, can be used to solve (14)
with a trace constraint. Here we use the MATLAB function
fmincon to solve the problem.

Figures 5 and 6 show the performance curves obtained
with the optimal transformation. In both cases the receive
correlation is set to be

RR2 =
[

1 −0.3042
−0.3042 1

]
, (33)

which is based on (22), and RT is the same as in MISO cases.
It is clear that the same conclusions about the optimality of
water filling versus beamforming and O-STBC mentioned in
the last section apply in this scenario as well.

5.3. Simplified schemes

Figure 7 shows the performance when we ignore receiver cor-
relation. A system with four transmit and two receive anten-
nae is considered. The transmit correlation is given in (32),
and at the receiver side, the correlation between the two an-
tennae is set to be a very high value of 0.7. From the figure we
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Figure 5: Optimal scheme for MIMO system. M = 2, N = 2.
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Figure 6: Optimal scheme for MIMO system. M = 4, N = 2.

can find that there is nearly no performance loss when ignor-
ing the receive correlation, even when the correlation is quite
large.

Figure 8 shows the performance of the simplified switch-
ing scheme compared to the water-filling scheme for MISO
systems with two or four transmit antennae. The transmit
correlation uses the “all-equal” model and the correlation is
set as ρ = 0.8. For M = 4, the SNR threshold was found to be
4 dB; for M = 2, it was 6.5 dB. As analyzed in Section 4.2,
the switching scheme achieves the same performance as
water-filling in the low SNR region; in high SNR region, it
should come very close to water filling. A relatively larger loss
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Figure 7: BEP curves when receive correlations are ignored. M = 4,
N = 2.

occurs in the intermediate SNR region, in the vicinity of the
threshold SNR. But considering the much simpler transmit-
ter structure and low computation complexity, the switching
scheme can be seen as a good alternative to the water filling
scheme, if the SNR is known at the transmitter.

Figure 9 shows the performance of the EPA scheme for a
MISO system with 4 transmit antennae. The transmit corre-
lation is again set as in (32). We can see that the switching
scheme has a large performance loss in this unequal correla-
tion case, while the EPA scheme performs very close to the
optimal water-filling scheme.

6. CONCLUSIONS

Orthogonal space-time block codes (OSTBC) are widely
used in MIMO systems to achieve diversity gain, but the per-
formance of the conventional OSTBC over correlated fading
channels deteriorates rapidly with increasing channel corre-
lation. With feedback of the channel correlation matrix, the
transmitter can employ a linear transformation unit follow-
ing the STBC encoder to improve performance. One such
scheme chooses the transformation matrix which minimizes
the maximum pairwise error probability.

Based on the performance criterion derived in previous
work, we provide a water-filling solution for the optimal
transformation matrix for a MISO system. The same scheme
is proven to be optimal for a receive-uncorrelated MIMO sys-
tem. More generally, for arbitrary MIMO systems, we derive
a “generalized water-filling” solution which can be found us-
ing numerical algorithms such as sequential quadratic pro-
gramming.

Interestingly, the water-filling scheme to minimize error
probability is quite similar to capacity-achieving schemes.

Switching, M = 4
Optimal, M = 4
Optimal, N = 2
Switching, N = 2
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Figure 8: Switching scheme versus water filling.
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Figure 9: Performance of the EPA scheme. M = 4, N = 1.

The best transmission strategy is allocating power over the
eigenchannels of the transmit correlation matrices according
to their eigenvalues. For both approaches, beamforming is
shown to be optimal for low SNR or high correlation, while
full diversity is best for high SNR and low correlation.

Based on the “one-ring” model, the correlations between
receive antennae are much smaller than those between trans-
mit antennae in the downlink of the cellular system. A sim-
plified scheme for MIMO system is introduced by ignoring
the receive correlation and using water-filling scheme with
the transmit correlation only. Finally, two schemes are intro-
duced to reduce the complexity of implementing the optimal
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technique. The switching scheme uses STBC or beamform-
ing directly based on the SNR level and channel correlation.
It reduces the transmitter complexity dramatically. The EPA
scheme uses the same diversity order as the optimal one, but
all the active eigenchannels have the same power. We show
that these schemes suffer from minimal performance loss in
realistic scenarios.
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We present a hybrid soft detector that has a good performance/complexity trade-off for a multiple-input multiple-output (MIMO)
wireless communication system with known channel information. The new soft detector combines the merits of a simple unstruc-
tured least-squares (LS)-based soft detector and a list sphere decoder (LSD)-based soft detector for data bit detection. The former
is computationally much more efficient than the latter at the cost of poorer performance. The poor performance of the former
occurs mainly when the channel matrix is ill-conditioned. Whenever this happens, we use the LSD-based soft detector in the hy-
brid soft detector; otherwise, we use the LS-based one. Moreover, we provide a tight radius for a sphere decoder, a hard detector,
via using the output of an LS-based hard detector. These two hard detectors are needed to determine if LS or LSD should be
used in the hybrid soft detector. As an application example, we consider doubling the maximum data rate of the IEEE 802.11a
conformable wireless local area networks by a MIMO system with two transmit and two receive antennas. For this application,
the new soft detector is about 10 times faster than the LSD-based one and is about 10 times slower than the LS-based one. Yet the
packet error rate due to using the new soft detector is quite close to that of using the LSD-based one.

Keywords and phrases: BLAST, MIMO, soft detector, convolutional codes, OFDM, WLAN.

1. INTRODUCTION

High transmission data rate is of particular importance for
future wireless communication services. One promising way
of increasing the transmission data rate is to deploy mul-
tiple antennas at both the transmitter and receiver ends to
exploit the huge channel capacity offered by such a system
in a multipath-rich environment [1, 2]. The correspond-
ing system is referred to as a multiple-input multiple-output
(MIMO) wireless system.

In practical communication systems, forward error cor-
rection codes, such as the convolutional code, are often used
to lower the transmission error rate to an acceptable level
[3, 4] by adding redundancy in the transmission. Soft detec-
tors have been preferred to hard detectors since the former
can lead to better detection/decoding performance. For the
single-input single-out (SISO) systems, soft detectors have
been well studied [3, 4]. Lately, much attention has been paid
to the soft detectors for the MIMO systems.

The space-time bit-interleaved coded modulation
(STBICM) scheme [5, 6] seems to be the best (in terms of
performance) soft detector for a Bell-lab layered space-time

(BLAST) system [7, 8, 9], an especially attractive form of
the MIMO systems. However, STBICM can only be imple-
mented via the extremely inefficient brute-forth search. In
practice, soft detectors with good performance/complexity
trade-offs are desired.

Among the other existing soft detectors, the following
two are particularly attractive. One is the unstructured least-
squares (LS)-based soft detector of [10], which focuses more
on the computational efficiency side. The other is the list
sphere decoder (LSD)-based soft detector of [11], which fo-
cuses more on the performance side. The former is very
simple since, for example, it decouples a multidimensional
QAM symbol detection into multiple one-dimensional QAM
symbol detections. However, the performance of this detec-
tor can be poor, especially when the channel matrix is ill-
conditioned. The latter has a performance close to that of
STBICM with a significantly improved computational effi-
ciency; it is based on the STBICM principle but searches
in a small sphere, via modifying the sphere decoder (SPD),
which is a hard detector [12]. (SPD is an efficient algorithm
to implement the computationally expensive maximum-
likelihood (ML) hard detector.) However, the LSD-based soft
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detector still requires orders of magnitude with more com-
putations than its LS-based counterpart.

In this paper, we combine the merits of the LS- and LSD-
based soft detectors to obtain a new soft detector, referred to
as the hybrid soft detector, which has a better performance
than the LS-based one and a higher computational efficiency
than the LSD-based one. The poor performance of the LS-
based soft detector is mainly due to providing poor soft in-
formation to the Viterbi decoder as a result of the channel
matrix being ill-conditioned. Whenever this happens, we use
the LSD-based soft detector in the new hybrid soft detec-
tor; otherwise, we use the LS-based one. To decide if LS or
LSD should be used in the hybrid detector, we check to see
whether or not the output of the LS-based hard detector is
the same as the output of SPD. If so, we choose LS; otherwise,
we use LSD. To further improve the computational efficiency,
we provide a tight radius for SPD based on the output of the
LS-based hard detector.

As an example, we consider doubling the maximum data
rate of the IEEE 802.11a [13] conformable wireless local area
networks (WLANs) by a BLAST system with two transmit
and two receive antennas. At the receiver, we use soft detec-
tors for data bit detection. We compare the performance of
the new hybrid soft detector with that of the LS- and LSD-
based soft detectors. The hybrid detector is about 10 times
faster than the LSD-based one and is about 10 times slower
than the LS-based one. Yet the packet error rate (PER) due to
using the hybrid soft detector is quite close to that of using
the LSD-based one.

The remainder of this paper is organized as follows.
Section 2 describes the channel encoding and decoding for
a BLAST system that employs the convolutional encoder.
Section 3 gives the data model and formulates the soft in-
formation, that is, bit metric. Section 4 presents the pro-
posed new hybrid soft detector. Simulation results are given
in Section 5. Finally, we provide our comments and conclu-
sions in Section 6.

2. CHANNEL CODING

Consider a BLAST system with M transmit and N (N ≥ M)
receive antennas, as shown in Figure 1. Figures 2 and 3, re-
spectively, show the diagrams of the BLAST transmitter and
receiver. At the transmitter, a convolutional encoder (CC) is
employed, and an interleaver is used to break the memory
of bad channels of the transmission. At the receiver, a dein-
terleaver is used before the convolutional (channel) decoder,
for example, the Viterbi algorithm, to recover the order of
the coded bit sequence. A 1 : M DEMUX and M : 1 MUX
pair is used at the transmitter and receiver, respectively, to
accommodate the BLAST scheme.

At the transmitter, as shown in Figure 2, the CC, which
has a constraint length KC , takes a block (also called packet)
of bits d = {d1,d2, . . . ,dK} ∈ {−1, +1}1×K [with (KC − 1)
(−1)’s at the tail to reset the CC] as its input and gives a larger
block of bits u = C(d) = {u1,u2, . . . ,uK̆} ∈ {−1, +1}1×K̆

as its output, where −1 and +1 denote the binary digits 0

M H N

Transmitter ...
Receiver...

Figure 1: Diagram of a MIMO system.

and 1, respectively. The CC coding rate is then defined as
RC = K/K̆ . We can puncture the CC output block u to obtain
a smaller block of bits v = {v1, v2, . . . , vK̃} ∈ {−1, +1}1×K̃

(K̃ < K̆) to increase the transmission data rate. The punctur-
ing rate is RP = K̃/K̆ , and the coding rate of the punctured
CC is R = RC/RP = K/K̃ . The output v of the (punctured)
CC is then fed to the interleaver whose output is denoted as
v̌ = {v(1), v(2), . . . , v(K̃)} ∈ {−1, +1}1×K̃ . Let K ′ = K̃/M be
an integer. Then the outputs of the 1 : M DEMUX are M

independent layers, denoted as v̌m = {v(1)
m , v(2)

m , . . . , v(K ′)
m } ∈

{−1, +1}1×K ′
, m = 1, 2, . . . ,M. The modulator maps each

layer of the bits into data symbols through the mapping
f : {−1, +1}1×B → C, where C denotes the data symbol con-
stellation and B = log2 |C| is the number of bits represented
by a data symbol. Let K̄ = K ′/B be an integer, which is the
number of data symbols in each layer. Then the outputs of

the modulators can be denoted as x̌m = {x(1)
m , x(2)

m , . . . , x(K̄)
m },

m = 1, 2, . . . ,M. Finally, the M × 1 data symbol vector

x(k̄) = [
x(k̄)

1 x(k̄)
2 · · · x(k̄)

M

]T
, where (·)T denotes the trans-

pose, is transmitted through the M transmit antennas at the
same time, with k̄ denoting the time index, k̄ = 1, 2, . . . , K̄ .
The bits corresponding to x(k̄) are denoted as a BM × 1 vec-

tor b(k̄) = [
b(k̄)

1 b(k̄)
2 · · · b(k̄)

BM

]T
, with b(k̄)

i ∈ {−1, +1},

i = 1, 2, . . . ,BM. Note that x(k̄) is a one-to-one map of b(k̄),
and if needed it can be written as x(k̄) = x(b(k̄)) to stress its
dependence on b(k̄).

At the receiver, as shown in Figure 3, the soft detector

first generates the bit metrics {l(k̄)
1 , l(k̄)

2 , . . . , l(k̄)
BM}, with l(k̄)

i be-

ing the bit metric corresponding to b(k̄)
i , i = 1, 2, . . . ,BM, at

time k̄ = 1, 2, . . . , K̄ . The soft detector then rearranges the

bit metrics to obtain {v̂([k̄−1]B+1)
m , v̂([k̄−1]B+2)

m , . . . , v̂(k̄B)
m } for the

bits {v([k̄−1]B+1)
m , v([k̄−1]B+2)

m , . . . , v(k̄B)
m }, which were mapped to

the data symbol x(k̄)
m . Let ˆ̌vm = {v̂(1)

m , v̂(2)
m , . . . , v̂(K ′)

m }, m =
1, 2, . . . ,M, denote the bit metric sequence corresponding
to the mth transmitted layer. The M bit metric sequences
are combined into one longer bit metric sequence ˆ̌v =
{v̂(1), v̂(2), . . . , v̂(K̃)} by the M : 1 MUX. Passing the above
bit metric sequence ˆ̌v through the deinterleaver, we obtain
the deinterleaved bit metric sequence v̂ = {v̂1, v̂2, . . . , v̂K̃}.
For the punctured CC codes, we need the bit metric for
each punctured bit as well before using the Viterbi algo-
rithm. This can be done easily by using zero as the bit met-
ric for each punctured bit. Once we get the bit metric se-
quence û = {û1, û2, . . . , ûK̆} corresponding to the CC output
u, we can use the Viterbi algorithm to obtain the estimate
d̂ = {d̂1, d̂2, . . . , d̂K} of the source bit sequence d.
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Figure 2: Diagram of a BLAST transmitter employing convolutional channel coding.
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Figure 3: Diagram of a BLAST receiver employing Viterbi decoding for convolutional codes.

In the sequel, we focus on the calculation of the bit met-
rics for the bits in the QAM symbol, due to our WLAN ap-
plication.

3. DATA MODEL AND BIT METRIC

We now give the data model and formulate the bit metric for
the BLAST system.

3.1. Data model

The channel matrix of a MIMO time-varying flat Rayleigh-
fading channel at time k̄ can be written as

H(k̄) =



h(k̄)
1,1 h(k̄)

1,2 · · · h(k̄)
1,M

h(k̄)
2,1 h(k̄)

2,2 · · · h(k̄)
2,M

...
...

. . .
...

h(k̄)
N ,1 h(k̄)

N ,2 · · · h(k̄)
N ,M


∈ CN×M , (1)

where h(k̄)
n,m is the gain from the mth transmit antenna to the

nth receive antenna at time k̄, which is assumed to be known.
With x(k̄) = [x(k̄)

1 x(k̄)
2 · · · x(k̄)

M

]T
denoting the M×1 QAM

symbol vector being sent at time k̄, the received signal can be
written as

y(k̄) = H(k̄)x(k̄) + n(k̄) ∈ CN×1, k̄ = 1, 2, . . . , K̄ , (2)

where n(k̄) ∼ N(0, σ2
k̄

IN ) is the additive zero-mean white cir-
cularly symmetric complex Gaussian noise.

With an appropriate pair of interleaver and deinterleaver,
the MIMO channel can be assumed to be block flat Rayleigh
fading [14, 15], that is, H(k̄) is constant at time k̄ for the trans-
mission of x(k̄) but changes independently from one time in-
dex to another. In the sequel, we focus on obtaining the soft
information given that we know the channel matrix H(k̄), the
noise variance σ2

k̄
, and the received data vector y(k̄). For no-

tational convenience, we drop the superscript k̄ in (2) to get

the data model

y = Hx + n ∈ CN×1, (3)

or

y = Hx(b) + n. (4)

3.2. Bit metric

The bit metric (also known as the L-value) for the ith bit,
i = 1, 2, . . . ,BM, is defined as

li = log
P
(
bi = +1

∣∣y, H
)

P
(
bi = −1

∣∣y, H
) . (5)

Assuming equal probability for each data bits and using
Bayes’ theorem, the bit metric can be written as

li = log

∑
b∈Bi,+1

P
(

y
∣∣b, H

)∑
b∈Bi,−1

P
(

y
∣∣b, H

) , (6)

where Bi,+1 and Bi,−1 are the set of 2BM−1 bit vectors b with
bi being +1 and −1, respectively.

With the assumption of additive zero-mean white cir-
cularly symmetric complex Gaussian noise for the received
data, the above equation can be written as

li = log

∑
b∈Bi,+1

e−(1/σ2)‖y−Hx(b)‖2∑
b∈Bi,−1

e−(1/σ2)‖y−Hx(b)‖2 , (7)

which, by using the max-log approximation [16], can be
written as

li ≈ max
b∈Bi,+1

{
− 1

σ2

∥∥y − Hx(b)
∥∥2
}

− max
b∈Bi,−1

{
− 1

σ2

∥∥y − Hx(b)
∥∥2
}

= 1
σ2

[
min

b∈Bi,−1

∥∥y − Hx(b)
∥∥2 − min

b∈Bi,+1

∥∥y − Hx(b)
∥∥2
]
.

(8)
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This is in fact the optimal but extremely inefficient STBICM
soft detector.

In the sequel, we present the hybrid soft-detector, which
has a good performance/complexity trade-off, for calculating
the bit metric.

4. THE PROPOSED SOFT DETECTOR

The proposed soft detector is based on the combination of
the LSD- and LS-based soft detectors. As a result, before pre-
senting the new soft detector, we summarize and comment
on the merits of these two existing detectors, which are dif-
ferent approximations of (8) with different focuses on the
performance/complexity trade-off.

4.1. The LSD-based soft detector

The LSD-based soft detector focuses mainly on the per-
formance side of the performance/complexity trade-off. It
maintains the framework of the STBICM detector and im-
proves the efficiency of (8) by searching in much smaller sub-
sets B̃i,+1 ⊂ Bi,+1 and B̃i,−1 ⊂ Bi,−1 with |B̃i,+1| � 2BM−1

and |B̃i,−1| � 2BM−1. The LSD-based soft detector is imple-
mented in the following two steps.

Step SD1. Obtain the set B̃ of vectors b which satisfies∥∥y − Hx(b)
∥∥ ≤ dl, ∀b ∈ B̃, (9)

by using the modified SPD algorithm that has
a fixed sphere radius dl, determined by the an-
tenna numbers and noise variance [11].

Step SD2. For each i = 1, 2, . . . ,BM, calculate B̃i,+1 =
Bi,+1 ∩ B̃ and B̃i,−1 = Bi,−1 ∩ B̃ and obtain
the bit metric by

l(SD)
i = 1

σ2

[
min

b∈B̃i,−1

∥∥y − Hx(b)
∥∥2 − min

b∈B̃i,+1

∥∥y − Hx(b)
∥∥2
]
.

(10)

At the cost of some performance degradation, the LSD-
based soft detector improves the computational efficiency of
the STBICM detector significantly due to limiting the search
over the much smaller sets. (We do not know the exact degra-
dation for our WLAN application since the STBICM detector
is too slow to make a reasonable comparison.) However, the
LSD-based soft detector is not as efficient as SPD due to the
following reasons: (a) LSD in Step SD1 uses fixed sphere ra-
dius whereas SPD uses changing sphere radius that shrinks
with the finding of a new point in the sphere with a shorter
distance and (b) the bit metric calculation in Step SD2 needs
additional computations.

4.2. The LS-based soft detector

The LS-based soft detector focuses mainly on the computa-
tional complexity side of the performance/complexity trade-
off. While the LSD-based soft detector improves the effi-
ciency of (8) by limiting the search on smaller sets, the LS-
based soft detector decreases the computation of (8) by de-
coupling the distance ‖y − Hx‖2 into M separate distances,

that is, it decouples a MIMO channel into multiple SISO
channels that are processed independently of each other. The
LS-based soft detector has the following two main steps.

Step LS1. Ignore the discrete constellation of x to obtain
an unstructured LS symbol estimate x(LS) of x
as

x(LS) = (HHH
)−1

HHy

= x +
(

HHH
)−1

HHn
�= x + e.

(11)

Step LS2. For j = 1, 2, . . . ,B and m = 1, 2, . . . ,M, obtain
the bit metric for each bit using the scheme
(similar to (8), but for the SISO case) given in
[17]

l(LS)
j,m = 1

σ2
m

[
min

bm∈Bm, j,−1

∣∣x(LS)
m − x

(
bm
)∣∣2

− min
bm∈Bm, j,+1

∣∣x(LS)
m − x

(
bm
)∣∣2
]

,
(12)

where Bm, j,+1 and Bm, j,−1 are the set of 2B−1

bit vectors bm ∈ {−1, +1}B×1 with the jth

bit being +1 and −1, respectively, x(LS)
m is

the mth element of x(LS), x(bm) ∈ C, and
σ2
m = σ2[(HHH)−1]m,m with [A]m,m denoting

the (m,m)th element of matrix A.

We remark that for the SISO systems, we usually con-
sider an ordinary QAM symbol as two PAM symbols (e.g.,
a 64-QAM symbol can be considered as two 8-PAM sym-
bols) due to the orthogonality between the real and imagi-
nary parts of a QAM symbol as well as the independence be-
tween the real and imaginary parts of the additive circularly
symmetric Gaussian noise. The same is true for the BLAST
systems employing the LS-based soft detector since the real
and imaginary parts of em, the mth element of e in (12),
m = 1, 2, . . . ,M, are independent of each other, as shown
below:

E
[

eeT
] = (HHH

)−1
E
[

nnT
]

H∗
[(

HHH
)−1
]T = 0, (13)

where we have used the fact that E[nnT] = 0.
The LS-based soft detector is orders of magnitude more

efficient than the LSD-based soft detector due to the decou-
pling, as will be analyzed later. However, the performance of
the former is worse than the latter (more than 2 dB for the
M = N = 2 case for our WLAN application, to be shown by
the simulation examples later).

By rounding x(LS)
m , m = 1, 2, . . . ,M, to the closest point

in the constellation C, we obtain the output of the LS-based
hard detector, which will be used latter.

Note that the minimum mean-squared error (MMSE)-
based soft detector is often deemed to be better than the LS-
based one [18]. Although this can be true for the constant-
modulus constellations, such as PSK, it is not necessarily
true for QAM symbols, as suggested by our simulation re-
sults (not provided here) due to the different power levels
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of the QAM symbols. Hence the LS-based soft detector is
more preferable than the MMSE-based one since the former
is slightly more computationally efficient than the latter.

4.3. The hybrid soft detector

The above two soft detectors provide different perfor-
mance/complexity trade-offs for data bit detection, with the
LSD-based one focusing on the performance and the LS-
based one on the computational efficiency. In practice, it is
desirable to have a soft detector that is better than the LS-
based one in performance and faster than the LSD-based one
in computational complexity. We show that this can be done
by combining these two soft detectors, and the correspond-
ing new detector is referred to as the hybrid soft detector.

Now, we examine what hinders the performance of the
LS-based soft detector. We can readily see that when HHH
is close to a scaled identity matrix, the bit metrics from
the LS-based soft detector will not be worse than those
from the LSD-based one. However, when HHH becomes ill-
conditioned, the bit metrics from the former will be much
worse than those from the latter, because of the following
reasons: (a) some elements of the noise vector e in (11) are
magnified drastically due to the poor channels and (b) useful
information is lost due to the decoupling. Hence, these (bad)
bit metrics corresponding to the ill-conditioned channels can
be seen as the bottleneck for the performance of the LS-based
soft detector. If we can identify these bad bit metrics and re-
place them by those from the LSD-based soft detector, we can
improve the detection performance significantly.

We identify the bad bit metrics by comparing the LS-
based hard detector output x̂(LS) and the SPD output x̂(SPD).
If they are not the same, x̂(LS) is more likely to have error(s)
since x̂(SPD) is an ML estimate, which is better than the for-
mer theoretically. In this case, the corresponding bit metrics
from the LS-based soft detector are considered bad; other-
wise, these bit metrics can be considered reliable.

In view of the above, we have the following steps for the
hybrid soft detector.

Step HY1. Obtain the LS symbol estimate x(LS) by using
(11) of Step LS1.

Step HY2. Determine the LS hard detection result x̂(LS).
Step HY3. Calculate the SPD detection result x̂(SPD).
Step HY4. Check the hard detection results—if x̂(LS) =

x̂(SPD), then go to Step HY5; otherwise, go to
Step HY6.

Step HY5. Obtain bit metrics by (12) of Step LS2 based
on x(LS) from Step HY1 and then stop.

Step HY6: obtain bit metrics by performing Steps SD1
and SD2 and then stop.

The computational complexity of the hybrid soft detec-
tor is dominated by SPD and the LSD-based soft detector,
that is, Steps HY3 and HY6. To speed up the calculation of
SPD in Step HY3, we need to consider the determination of
its initial radius, which is a crucial issue for SPD. If the initial
radius is too small, there will be no point (x) in the sphere—
SPD cannot find the ML solution. On the other hand, if the
initial radius is too large, SPD will be very slow due to the un-

necessary additional searches. The number of the additional
searches can be reduced by using a modified searching ap-
proach given in [19]. However, it complicates the algorithms
itself. Here, we give a tight sphere radius, based on the LS-
based hard-detector output x̂(LS), by using

dr =
∥∥y − Hx̂(LS)

∥∥ + εd, (14)

where εd > 0 is a very small value. Note that this radius will
contain at least one point—the output of the LS-based hard-
detector. Note also that, for most cases (98 out of 100 for the
signal-to-noise-ratios (SNRs) of interest in our WLAN appli-
cation, as will be shown by the simulation results in the next
section), this radius contains only one point. By using this
tight radius, our preliminary simulation results show that
SPD can be as efficient as the interference cancellation and
nulling algorithm [8] and uses only 5 times as many flops as
the LS-based soft detector.

The computational complexity, in terms of flops, for each
step of the LSD-based soft detector, can be estimated as fol-
lows. (We assume M = N for convenience.)

Step HY1: O(M3) for matrix multiplications and inver-
sion. For example, a calculation using Matlab
indicates that the number of flops is 444 for
the M = 2 case.

Step HY2: Negligible.
Step HY3: O(M3) to O(M6) for SPD, depending on the

SNR and B [12, 20]. For example, preliminary
calculations using Matlab show that, by using
the tight radius, SPD uses only 5 times as many
flops as LS in Step HY1 for 64-QAM, M = 2,
and the SNRs of interest.

Step HY4: Negligible.
Step HY5: Negligible by table checking for the PAM sym-

bols.
Step HY6: (a) O(M3) to O(M6) for LSD, which, as shown

by simulation results, uses typically 2 to 10
times as many flops as SPD in Step HY3, that
is, 10 to 50 times as many flops as LS in Step
HY1. (We use the average 25 in the sequel.)
(b) O(N2

CBM) for bit metric calculation,
where NC is the number of candidates in the
list for LSD and the operation of finding the
minimum is performed by using the conven-
tional bubbling algorithm; for example, for
M = 2, B = 6, and NC = 120 (which is
typical for a good performance), this amounts
to about 43200 flops (assuming |Bi,+1| =
|Bi,−1| = 60, i = 1, 2, . . . , 12, for convenience),
which is about 95 times as many flops as LS in
Step HY1.

As will be seen from the simulation results in the next
section, less than 2% of the cases have different SPD and LS
hard detection results. Hence, we can see that the hybrid soft
detector is about

1︸︷︷︸
LS

+ 5︸︷︷︸
SPD

+ 0.02 ×
 25︸︷︷︸

LSD

+ 95

 = 8.4 (15)
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Figure 4: Packet structure of the IEEE 802.11a standard.

times as slow as the LS-based soft detector, which indicates
that the hybrid soft detector is about 10 times slower than the
LS-based soft detector. We can also see that the LSD-based
soft detector needs 120 times as many flops as the LS-based
one, which means that the hybrid soft detector is about 10
times faster than the LSD-based one. (This will be elaborated
in the next section based on the parameters of our WLAN
application.) Note that the new hybrid soft detector is more
efficient for high SNRs than for low SNRs since at high SNRs
the probabilities of x̂(LS) = x̂(SPD) are high and the chances of
using the computationally expensive LSD-based soft detector
are low. Note also that the above analysis of the complexity
is only intended to give a feeling about the efficiency of the
hybrid soft detector and is by no means very accurate. More
accurate analysis of the complexities, including those for SPD
and LSD, is still an open topic.

We remark that the bad bit metrics can also be identi-
fied by using the condition number (CN) of HHH, and the
resulting soft detector can be referred to as the CN-hybrid
soft detector. However, the CN-hybrid soft detector is infe-
rior to its hybrid counterpart due to the following reasons.
First, it is hard to determine a threshold for the CN. If the
threshold is too high, many bad bit metrics from the LS-
based soft detector will be used in the hybrid soft detector,
which will lead to degraded performance. On the other hand,
if the threshold is too low, the computationally expensive
LSD-based soft detector will be used too often, which will re-
sult in increased computational complexity. Second, a large
CN does not necessarily result in detection differences be-
tween SPD and the LS-based hard detectors. Neither does a
small condition number guarantee the same detection result
for the two hard detectors. As will be demonstrated using the
simulation results in the next section, for a practical choice of
CN, say 100, the CN-hybrid soft detector has a comparable
(0.06 × (25 + 95) = 7.2 times as many flops as LS) complex-
ity with the hybrid soft detector; yet, the performance of the
former is inferior to the latter.

5. SIMULATION RESULTS

Our results obtained under the flat fading channel condition
can be readily extended to the orthogonal frequency-division
multiplexing (OFDM)-based WLAN systems operating over
frequency-selective fading channels [21]. This is because for
each subcarrier the channel is a flat fading one. In our simu-
lations, we follow the IEEE 802.11a 5 GHz band high-speed
WLAN standard [13] whenever possible.

The OFDM-based WLAN system, as specified by the
IEEE 802.11a standard, uses packet-based transmission.
Figure 4 shows the packet structure specified by the standard.

Each packet consists of many OFDM symbols. Each OFDM
symbol occupies 64 subcarriers, among which 48 are used
for data symbols and 4 for pilot symbols. There are also 12
null subcarriers. The OFDM symbols are obtained via taking
the inverse fast Fourier transform (FFT) of the data, pilots,
and nulls on these subcarriers. The nominal bandwidth of
the OFDM signal is 20 MHz and the I/Q sampling interval is
50 nanoseconds. Due to the fact that the modulation and de-
modulation are done in the frequency domain, a frequency
domain bit-level interleaver is used to segment the encoded
bit sequence according to the transmission data rate and to
scatter them over the 48 different data-carrying subcarriers.
Before interleaving, an industrial standard constraint length
7 and RC = 1/2 CC is employed to code the source bit se-
quence. In the IEEE 802.11a standard, the maximum trans-
mission data rate is 54 Mbps; in this case the 64-QAM con-
stellation is used and the channel coding rate is R = 3/4,
which comes from puncturing the RC = 1/2 convolution-
ally encoded sequence with the puncturing rate RP = 2/3.
The channel is assumed to be fixed during the packet trans-
mission.

We consider doubling the maximum 54 Mbps transmis-
sion data rate by using a BLAST system with two trans-
mit and two receive antennas, that is, M = N = 2. This
OFDM-based BLAST WLAN system is backward compat-
ible with its SISO counterpart, with the packet structure
shown in Figure 5. (See [21] for more detailed description
of the MIMO system design.) In our simulations, each of
the MN = 4 time domain MIMO channels is generated ac-
cording to the exponential channel model [22] with the root-
mean-square spreading time trms being 50 nanoseconds; the
4 channels are statistically independent of each other. After
FFT at the receiver, the channel matrix for each subcarrier
has the same form as in (1), with the k̄ being the subcar-
rier index in this case. This subcarrier index is equivalent to
the time index for time-varying flat fading channels since the
channel for the OFDM-based WLANs is assumed to be fixed
for the entire packet, with the changes across the subcarri-
ers due to the delay time spreading. (Note that the intersym-
bol interference is avoided in the OFDM-based systems due
to using the cyclic prefix [13].) We consider the case of per-
fect channel knowledge, where the carrier frequency offset,
symbol timing, channel response, and noise variance are all
known in all our simulations; in practical applications, these
parameters can be estimated via applying the channel param-
eter estimation methods, such as those in [21, 23, 24, 25], to
the packet preambles.

Due to the fact that 52 out of 64 subcarriers are used in
the OFDM-based SISO WLAN system, the SNR used herein
is defined as 52σ2/64 for the 64-QAM constellation whose
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Figure 5: Packet structure for the OFDM-based BLAST WLAN system.
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Figure 6: PER versus SNR comparisons for the soft detectors.

average energy is normalized to 1. For the OFDM-based
BLAST WLAN system, we keep the same total transmission
power and maintain the same subcarrier structure as its SISO
counterpart.

We give two simulation examples to demonstrate the per-
formance and computational complexity of our hybrid soft
detector.

Example 1 (Performance). The PER (one packet consists of
1000 bytes, which are contained in 19 OFDM symbols) is
an important parameter for the OFDM-based WLAN sys-
tems. (In an OFDM-based WLAN system, even if only one
error occurs, the entire packet is considered to be wrong.) In
Figure 6, we show the PER comparison for the LS-based soft
detector, the CN-hybrid soft detector (with CN being 100),
the hybrid soft detector, and the LSD-based soft detector as a
function of SNR for the OFDM-based BLAST WLAN system
at the 108 Mbps data rate. We also give the PER curve of using
the soft detector for the SISO system at the 54 Mbps data rate
as a reference. We can see from the simulation results that for
the OFDM-based BLAST WLAN system, the performance
of the hybrid soft detector is close to that of the LSD-based
soft detector. We can also see that the hybrid soft detector
outperforms its CN-hybrid counterpart. Moreover, the PER
curve of the hybrid soft detector has nearly the same slope
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Figure 7: Probabilities of using LSD in the hybrid and CN-hybrid
soft detectors as SNR varies.

as the LSD-based one, which means that at high SNRs, the
hybrid soft detector can offer much better performance than
the LS-based one. Also, by comparing the solid line with the
dashed line, we can see that if we use the hybrid soft detector
at the receiver, we need about 1.5 dB more SNR to keep the
same 10% PER (we are currently mostly interested in PERs
of 10%) to double the data rate with M = N = 2. Note that
even with the need of this 1.5 dB extra SNR, that is, 1.5 dB
more total transmission power, the PER performance of the
OFDM-based BLAST WLAN system with the hybrid soft de-
tector is still impressive since even if we wish to double the
transmission data rate using two separate SISO systems over
two different physical channels by doubling the bandwidth,
we still need 3 dB extra SNR or total transmission power. If
we consider the case of 1% PER, we can double the data rate
with about 0.5 dB less total transmission power.

Example 2 (Complexity). To facilitate the analysis of the
complexity of the hybrid and CN-hybrid (with CN being
100) soft detectors, we provide a simulation example to
demonstrate the probability of using the LSD-based soft de-
tector in these soft detectors. We can see from Figure 7 that
for the SNRs of interest, the probability of using the LSD-
based soft detector in the CN-hybrid soft detector is about
6% and less than 2% in the hybrid soft detector.
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6. CONCLUDING REMARKS

We have proposed a hybrid soft detector with a good perfor-
mance/complexity trade-off by combining the LS- and LSD-
based soft detectors. The combination is performed based on
comparing the outputs of SPD and the LS-based hard de-
tector. To speed up the computation of SPD, we have also
provided a tight sphere radius that can be used to guarantee
the finding of at least one solution. Simulation results have
shown that the performance of our hybrid soft detector is
close to that of the LSD-based soft detector in our WLAN
application. The new detector is about 10 times faster than
the LSD-based and about 10 times slower than the LS-based
soft detectors.
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There is an ongoing discussion in the broadband wireless world about the respective benefits of orthogonal frequency division
multiplexing (OFDM) and single carrier with frequency domain equalization (SC-FD). SC-FD allows for more relaxed front-end
requirements, of which the power amplifier efficiency is very important for battery-driven terminals. OFDM, on the other hand,
can yield improved BER performance at low complexity. Both schemes have extensions to multiple antennas to enhance the spec-
tral efficiency and/or the link reliability. Moreover, both schemes have nonlinear versions using decision feedback equalization
(DFE) to further improve performance of the linear equalizers. In this paper, we compare these high-performance OFDM and
SC-FD schemes using multiple antennas and DFE, while also accounting for the power amplifier efficiency. To make a realistic
comparison, we also consider most important digital imperfections, such as channel and noise estimation, transmit and receive
filtering, clipping and quantization, as well as link layer impact. Our analysis shows that for frequency-selective channels the rel-
ative performance impact of the power amplifier is negligible compared to the frequency diversity impact. The higher frequency
diversity exploitation of SC-FD allows it to outperform OFDM in most cases. Therefore, SC-FD is a suitable candidate for broad-
band wireless communication.

Keywords and phrases: single carrier, OFDM, multi-antenna, power amplifier, decision feedback equalization.

1. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) is a
popular, standardized technique for broadband wireless sys-
tems: it is used for wireless LAN [1, 2], fixed broadband wire-
less access [3], digital video & audio broadcasting [4, 5] and
so forth. OFDM can reach high spectral efficiency at low
equalization complexity [6]. In recent years, single carrier
with frequency domain equalization (SC-FD) has received

a lot of attention as an alternative technique for broadband
wireless communications [7]. Studies [8, 9] show that SC-FD
can allow for a more power efficient transmitter, which is a
very important aspect for battery-operated mobile terminals.

Multiple antennas allow to increase the spectral effi-
ciency and/or to improve the link reliability. Therefore, more
and more systems, both in theory and in practice, make
use of multiple antennas. Space division multiple access
(SDMA) implements multiuser access spectrally efficiently
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[10]. Moreover, [10] shows that decision feedback equal-
ization (DFE) improves the performance of OFDM-SDMA,
namely by applying the so-called per-carrier successive inter-
ference cancellation (OFDM-pcSIC).

Recently, a single-user SC-FD scheme with frequency
domain processing and DFE (SC-FD-DFE) has been intro-
duced [11, 12]. The time domain DFE allows to eliminate in-
tersymbol interference (ISI) based on previous decisions and
thus to improve performance over linear equalization. More-
over, it explicitly assumes the feedforward equalization in the
frequency domain, which enables a low complexity solution.

These properties make SC-FD-DFE a suitable scheme for
a broadband wireless uplink: it can achieve high spectral ef-
ficiency, while at the same time it implies a simple and ef-
ficient transmitter, which is a real plus for mobile terminals
with limited battery and processing power. Moreover, it puts
all the processing complexity at the receiver, that is, a base
station, where typically more processing power is available.

The authors of [11, 12] derived the SC-FD-DFE for a
single-user single-antenna (SISO) case. To compare OFDM-
pcSIC fairly to SC-FD, we need to compare it to a multiuser
SC-FD-DFE. Therefore, we extend this scheme to incorpo-
rate multiple users and multiple antennas (MIMO).

We compare the performance between the SC-FD-DFE
and OFDM-pcSIC. Since the introduction of OFDM and
SC-FD schemes, the advantages and disadvantages between
them have been compared frequently [7, 8, 9, 11, 12, 13]. Re-
cently, this comparison has gained more attention, since both
schemes have been included in the IEEE 802.16a standard for
fixed broadband wireless access [3].

Two very important points of comparison are the per-
formance in a multipath environment and the impact of
the power amplifier (PA). OFDM and SC-FD are designed
for transmission over a frequency-selective channel and their
cyclic extension is useful only over such a channel. On the
other hand, the back-off of the power amplifier determines
the power efficiency of the transmitter, a very important as-
pect for a wireless uplink as the terminal is likely to be battery
powered.

Previous comparisons have not investigated the impact of
the power amplifier on the bit error rate (BER) performance
over a multipath channel. For example, [7, 11, 12, 13] only
compare the ideal multipath performance and do not con-
sider the impact of the power amplifier. Struhsaker and Grif-
fin [9] only consider the spectral regrowth due to the power
amplifier, but not the impact on the performance, while [8]
considers the effect on the BER performance only for AWGN
channels.

In this paper, we compare SC-FD and OFDM in a real-
istic multiuser scenario with DFE. In other words, we com-
pare SC-FD-DFE and OFDM-pcSIC, taking into account the
impact of the power amplifier and most important digital
imperfections, such as channel and noise estimation, clip-
ping and quantization, transmit and receive filtering. More-
over, we account for coding and retransmission enabling us
to compare the useful throughput.

The paper is structured as follows. In Section 2, we briefly
introduce OFDM and SC-FD as well as the multi-antenna

DFE concept for both schemes. In Section 3, we derive the
multi-antenna SC-FD-DFE scheme and assess its perfor-
mance. Section 4 evaluates the performance of both SC-FD-
DFE and OFDM-pcSIC under realistic multi-antenna con-
ditions. Finally, the conclusions obtained in this paper are
presented in Section 5.

2. OFDM VERSUS SC-FD

In this section, we briefly compare the basic properties of
OFDM and SC-FD and indicate the main differences and
similarities. We introduce the decision feedback concept for
both schemes.

2.1. OFDM

The basic idea of OFDM [6] transmission is to divide the
available bandwidth into N subcarriers. If the number of
subcarriers is large enough, the bandwidth per subcarrier
is narrow compared to the coherence bandwidth of the
channel. Therefore, each subcarrier experiences approxi-
mately flat fading. A spectrally and computationally efficient
method to modulate the data on the frequency domain sub-
carriers is by means of an IFFT.

The addition of a cyclic prefix ensures that the channel al-
ways appears cyclic and thus the linear convolution with the
channel can be considered a circular convolution. This guar-
antees that the received signal can be equalized by means of
a single-tap equalizer per subcarrier. This operation is per-
formed in the frequency domain, thus after the received sig-
nal is passed through an FFT.

Uncoded OFDM loses all frequency diversity inherent in
the channel: a dip in the channel erases the information data
on the subcarriers affected by the dip and this information
cannot be recovered from the other carriers. This mecha-
nism results in a poor BER performance. Adding sufficiently
strong coding spreads the information over multiple subcar-
riers. This recovers frequency diversity and improves the BER
performance.

2.2. SC-FD

SC-FD [7] transmits the data in the time domain. The cyclic
extension is added before transmission which ensures the
channel appears cyclic at the receiver. This again allows to
have the same simple one-tap equalizer in the frequency do-
main. The decisions have to be taken in the time domain, so
after the equalization an IFFT is needed.

Compared to OFDM, SC-FD uses the same building
blocks, but with the IFFT moved from the transmitter to the
receiver. This also means single carrier transmits the data
in the time domain, whereas OFDM puts the data in the
frequency domain. This has a very important consequence:
the information of each SC-FD symbol is spread out over
the complete frequency band. This means that dips in the
channel do not wipe out complete symbols, because the
information of each symbol can be recovered from the other
carriers. Therefore, SC-FD exploits the frequency diversity in
the channel and thus has a better uncoded performance than
OFDM [7].



An OFDM versus Single Carrier Comparison 1277

OFDM
P

SD

−10 −8 0 8 10

Frequency (MHz)

Fs = 20 MHz

4µs

0.8µs 3.2µs

CP

16 64

80

SC-TS

P
SD

−10 −8 0 8 10

Frequency (MHz)

Fs = 16 MHz

4µs

3µs 1µs

TS

1648

64

Figure 1: OFDM with cyclic prefix versus single carrier with TS.

To obtain a scalar (and thus low complexity) feedforward
equalization section in the frequency domain, we need to in-
sert a cyclic extension at the transmitter. We can obtain this
by either inserting a cyclic prefix (as in OFDM) or a train-
ing sequence (TS). However, only the TS approach yields the
same spectral efficiency as OFDM (as indicated in Figure 1)
which is essential for a fair comparison: both schemes trans-
mit 48 data symbols in a 4 microseconds period, compliant
to the IEEE 802.11a standard. Note that the two schemes re-
quire a slightly different sampling rate (Fs) to use the same
bandwidth. Moreover, the edges of the spectrum are filled
with zero carriers for OFDM, while single carrier needs pulse
shaping (see Section 4.2).

The TS offers some additional advantages: because it is a
known sequence, it can be used for synchronization, track-
ing, and training [14] and to start up the DFE [12].

Coding improves the SC-FD performance, whereas for
OFDM coding is needed to exploit the frequency diversity
and improve the performance.

2.3. Decision feedback equalization

The knowledge of (part of the) data helps to reconstruct and
thus to eliminate (part of) the interference on other data. In
turn, this (partial) elimination of interference improves per-
formance.

In this section, we aim to exploit DFE to eliminate inter-
ference caused by multipath or by other users.

2.3.1. For OFDM

In single-user (uncoded) OFDM, the data on one subcarrier
is not related to the data on any other subcarrier. Since the
multipath channel effect is also separated per carrier, DFE
reduces to the linear MMSE solution.

In a multiuser scenario, each subcarrier contains a super-
position of data from different users. In this case, the knowl-

edge of one user’s data (and channel coefficients) on a given
subcarrier allows to eliminate this user’s interference when
making decisions on other users’ data on that particular car-
rier. This basic idea is exploited in the so-called OFDM-
SDMA with per-carrier successive-interference cancellation
(pcSIC) [10].

In SDMA,U user terminals communicate with a base sta-
tion with A receive antennas. The A received signals are si-
multaneously combined (equalized) into the U user streams.

Vandenameele et al. [10] describe a nonlinear OFDM
SDMA equalizer, (OFDM-pcSIC). On a per-carrier basis, the
users are sorted according to decreasing power. Per carrier,
the most powerful user is detected using MMSE equaliza-
tion. Using the decision and the channel estimates, the sig-
nal transmitted by the strongest user on the given carrier is
reconstructed and subtracted from the received signal. This
eliminates the interference caused by this user on the given
carrier and thus improves performance when detecting the
other users. This process is repeated for the second strongest
user and so on until all users on all carriers are detected.

pcSIC can considerably improve the MMSE performance
with a reasonable complexity increase, for example, [10]
presents a case study with U = A = 4 with a 5 dB improve-
ment for a 20% increase in complexity. This clearly illustrates
the attractive features of OFDM-pcSIC for multiuser wireless
communication.

2.3.2. For SC-FD

For SC-FD, data symbols are transmitted in the time domain.
The multipath channel spreads a data symbol across a num-
ber of subsequent symbols, equal to the order of the channel.
Consequently, knowledge of previous symbols (and channel
information) allows to eliminate some interference on subse-
quent data symbols and thus to improve performance. This
idea is exploited in SC-FD-DFE in [11, 12], which describe a
DFE method with similar complexity as OFDM pcSIC.

To make a fair comparison with OFDM pcSIC, we need
to extend this single-user SC-FD-DFE to the multiuser case:
each user data symbol does not only experience interfer-
ence from its own preceding symbols from that user, but
from other users as well. Therefore, previous decisions from
all users can be used to cancel interference and to improve
performance. We derive the necessary equations for such a
scheme in the following section.

3. MULTI-ANTENNA SINGLE CARRIER WITH DFE

3.1. Scheme

In [11, 12] SC-FD-DFE is presented as in Figure 2, with a
feedforward part in the frequency domain and a feedback
section with Ldfe taps in the time domain.

Throughout the rest of the paper, matrices are denoted
by bold capital letters, vectors have a bold normal font and
scalars have a normal font. Frequency domain signals are in-
dicated by a tilde. a represents the modulated data, H is the
channel matrix (it reduces to a vector for a SISO channel), n
is the noise, r is the received time domain signal, while r̃ is
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Figure 2: Single-carrier scheme with FD-DFE.

the received signal in the frequency domain. z is the equal-
ized signal just before the slicer, ā are the decisions and F
the feedback coefficients matrix (it reduces to a vector in the
single-user case).

Since the TS is a known sequence, it can be used to start
up the feedback process. Therefore, SC-TS suits the DFE
structure better than the cyclic prefix approach.

We now derive the SC-FD-DFE equations for a scenario
with U users and A receive antennas. The variables are indi-
cated in Figure 2.

3.2. Derivation of the coefficients

The equalizer output just before the slicer at time n is

zn = 1
N

N−1∑
l=0

W̃l · r̃l · exp
(
2π

nl

N

)
− F∗ · ān−k. (1)

For each frequency tap l, r̃l is an A × 1 vector with the
received signal in the frequency domain and W̃l is a U × A
equalization matrix representing the feedforward part; F is a
U × (U · Ldfe) matrix containing the feedback coefficients;
ān−k is a (U · Ldfe) × 1 vector with the data decisions selected
for feedback, for all users. N is the number of time domain
symbols per SC-FD block.

The derivation of the feedforward coefficients W̃l and the
feedback coefficients F extends the analysis by [11] to multi-
ple antennas and multiple users and can be found in the ap-
pendix. The solution for the optimal feedforward coefficients
W̃l is for every l

W̃l = F̃lH̃∗
l

(
H̃lH̃∗

l + σ2IA
)−1

(2)

with H̃l an A × U matrix containing the coefficients for the
channels from the U users to the A receive antennas at carrier
l, IA the A× A identity matrix and σ2 the noise power and

F̃l = IU + F∗ · X∗
l ,

Xl =


exp

(
2π

lk1

N

)
· · · 0

...
. . .

...

0 · · · exp
(
2π

lkU

N

)

 ,
(3)

where ki is a 1×Ldfe vector containing the selected indices of
the feedback taps for user i and IU the U×U identity matrix.

The optimal feedback coefficients F are

F = −T−1 · t (4)

with

t = 1
N

N−1∑
l=0

Xl
∗(H̃∗

l H̃l + σ2IU
)−1

,

T = 1
N

N−1∑
l=0

Xl
∗(H̃∗

l H̃l + σ2IU
)−1

Xl,

(5)

W̃l is a U × A matrix transforming the A antenna streams
into U user streams. F is of size U × (U · Ldfe) and contains
for each user the optimal feedback coefficients to feed back
the U · Ldfe selected decisions, Ldfe from each user.

Tap selection
By selecting the number of feedback taps, complexity can be
exchanged for performance. With Ldfe = 0, the SC-FD-DFE
scheme reduces to the SC-FD MMSE solution: (2) reduces to
the linear equalization coefficients and there is no feedback
part. A physically meaningful maximum of Ldfe = L−1 feed-
back taps (with L the order of the channel) can be selected,
yielding the largest performance improvement. In this case,
Xl and F are of maximum size and thus this operating point
also introduces most processing power.

In the SISO case, the indices of the feedback taps are se-
lected according to the strength of the channel response: the
Ldfe taps that contain most power are used. As we assume
a channel of L equal (average) power taps (see the following
section), all channel taps can yield a significant improvement
in the feedback process. Therefore, we set Ldfe = L−1, which
we assume to be known. The tap selection for the multiuser
case is done for each user separately. In all multi-antenna
simulations, we set the number of feedback taps Ldfe equal
to L− 1 for each user to provide the maximum performance
gain. This means the feedback taps to be used are simply the
indices from 1 to Ldfe.

3.3. Performance

We apply the multi-antenna SC-FD-DFE to two cases: first,
we simulate an uplink SDMA scenario. Secondly, we inves-
tigate uplink receive diversity. The simulations presented in
this section are performed for uncoded BPSK transmission
with perfect channel knowledge, to illustrate basic DFE prop-
erties. More real-life results are presented in Section 4.

For all simulations in this paper, we apply a multipath
channel with L = 4 Rayleigh fading taps; the taps are as-
sumed to be independent and of equal average power. The
channel is considered fixed for the duration of the data burst
following the preamble. For the multiple-antenna simula-
tions, we assume uncorrelated channel realizations.

3.3.1. SDMA

We present the results for which each of the U mobile ter-
minals has one transmit antenna and the base station has a
number of receive antennas A equal to the number of users
U. At the base station, the user streams are received at the A
antennas. This multiuser-multi-antenna scenario has a dou-
ble effect on performance. On one hand, the A receive anten-
nas increase the receive diversity, which improves the perfor-
mance. On the other hand, the U user streams cause interuser
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Figure 3: Performance of single-carrier SDMA: linear MMSE ver-
sus MMSE-DFE.

Interference (IUI) which degrades the performance. Vande-
nameele et al. [10] show that overall the performance slightly
improves as the number of users (equal to the number of an-
tennas) increases for the linear MMSE receiver.

By applying DFE, Ldfe decisions on the user’s preceding
symbols are used to eliminate the ISI, while (U − 1) · Ldfe

decisions on preceding symbols of the other users are used
to eliminate the IUI. This nonlinear approach improves the
performance over the linear SDMA. Figure 3 shows the per-
formance curves comparing linear SDMA to DFE for 1 up to
4 users.

We observe a 3 to 4 dB gain at a BER of 10−3 for the SC-
FD-DFE over the conventional linear MMSE. The DFE ad-
vantage over the linear SDMA slightly increases as the num-
ber of users increases: more users mean more IUI for both
schemes, but also mean more decisions available for the DFE
to eliminate part of this interference. Therefore, as the num-
ber of users increases, so does the interference the DFE can
eliminate relative to the linear SDMA and the DFE perfor-
mance advantage.

3.3.2. Receive diversity

In this case, one mobile terminal in the system is active and
the base station has A receive antennas. This means the re-
ceive diversity increases with the number of antennas, but
there is no IUI, only ISI caused by the frequency selective
channel. The DFE can eliminate part of this ISI and thus cre-
ates a frequency diversity advantage. However, this frequency
diversity advantage becomes relatively less important as the
receive diversity increases.

Figure 4 shows that the DFE gain relative to the linear
MMSE solution decreases if the number of receive antennas
is increased.
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Figure 4: Performance of single carrier with receive diversity: linear
MMSE versus MMSE-DFE.

3.3.3. Summary

The results from the previous sections show that DFE im-
proves the performance over the linear equalizer. Therefore,
DFE can offer a targeted performance at lower signal-to-
noise ratio (SNR) and thus at lower transmit power. This
transmit power reduction comes at the cost of added re-
ceiver complexity. For uplink communication, the receiver
is a base station and the transmitter is a user terminal. This
means DFE allows to reduce terminal power consumption
(which is crucial for battery-driven devices) by adding com-
plexity at the base station (where the extra complexity is
more easily accommodated). This clearly shows that DFE
is a very useful technique for SC-FD uplink communica-
tion.

4. MULTI-ANTENNA SC-FD-DFE
VERSUS OFDM-PCSIC

Section 3 illustrates the performance of SC-FD-DFE un-
der ideal multipath conditions: an ideal analog front end
is assumed, with a linear power amplifier; the channel and
noise characteristics are assumed to be perfectly known;
digital imperfections, such as clipping and quantization as
well as transmit and receive filtering, are not taken into
account. OFDM and SC-FD react differently to the devia-
tions from these ideal conditions, so they need to be con-
sidered in order to make a fair comparison between both
schemes.

We discuss the modeling and impact of the power am-
plifier, channel and noise estimation, clipping and quantiza-
tion, and transmit and receive filtering. When presenting the
performance results, we take the link layer efficiency into ac-
count as well.
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Figure 5: Transfer function of a class A power amplifier.

4.1. Power amplifier
For nonconstant envelope signals, a linear power amplifier is
needed. We assume a class A power amplifier with back-off
because of its linearity. The back-off determines the power
consumption of the power amplifier and also its linear dy-
namic range. Since the linear dynamic range directly relates
to the distortion, the back-off also determines the BER.

The linearity of the power amplifier is quantified by the
1-dB-compression point P1 dB, defined as the input power at
which the nonlinearity lowers the output power by 1 dB com-
pared to the ideal amplifier (Figure 5).

Since we want to perform baseband simulations because
of simulation speed, we use the baseband representation of
the power amplifier. The transfer function of a class A power
amplifier with linear amplification G and a cubic nonlinear-
ity is [15]

y = x ·G ·
(

1 − α
3
4
|x|2

)
, (6)

with x the input baseband representation of the signal and y
the output.

The coefficient α can be expressed as a function of P1 dB

as

α = 4
3
(
1 − 10−1/20

)
P2

1 dB
. (7)

In our setup, we set the average input power Pin = 6 dBm;
the linear gain of the power amplifier is 23 dB, such that we
operate at 29 dBm average output power, which is a speci-
fied maximum average output power for the 5 GHz band [1].
The higher the P1 dB compression point, the further the signal
is separated from the distortion area of the power amplifier
transfer characteristic. The smaller the distortion added by
the power amplifier, the smaller the BER performance degra-
dation is. However, the larger the back-off between Pin and
P1 dB the smaller the power amplifier efficiency, as can be seen
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Figure 6: Power efficiency of a class A power amplifier as a function
of the back-off P1 dB − Pin.
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Figure 7: The impact of PA back-off P1 dB = [∞ 6.4 4.4 2.4] dBm
on SC-FD and OFDM in multipath with perfect channel knowledge
and coding (R = 3/4).

in Figure 6. A class A power amplifier has a theoretical max-
imum efficiency of 50%. This efficiency drops rapidly with
increasing back-off.

OFDM has a large dynamic range compared to SC-FD
[9]. Therefore, the P1 dB-Pin back-off needs to be larger for
OFDM to accommodate the signal in the linear range of the
power amplifier transfer function. Theory and simulations
indeed show that in an AWGN channel the performance ad-
vantage of SC-FD over OFDM increases as the PA back-off
decreases.

However, the comparison in a multipath environment
yields different conclusions. Since uncoded OFDM only
reaches frequency diversity 1, the additional degradation
caused by the power amplifier nonlinearity is much smaller
than over an AWGN channel. This is shown in Figure 7 for
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uncoded BPSK transmission over a multipath channel: the
OFDM performance curves for decreasing back-off are situ-
ated quite close together as are the SC-FD curves. The domi-
nating degradation for OFDM compared to SC-FD is caused
by the lack of frequency diversity: with infinite back-off, SC-
FD has an 8 dB performance advantage over OFDM at a BER
of 10−4. The additional gain for SC-FD because of the power
amplifier back-off of [6.4 4.4 2.4] dBm is only [0.6 1 1.6] dB.
This clearly illustrates that the exploitation of the frequency
diversity is dominant over the power amplifier back-off im-
pact.

This is a noteworthy result, especially since BPSK is the
modulation scheme which yields the largest power amplifier
advantage for SC-FD over OFDM.

Coding helps to overcome the lack of frequency di-
versity, bringing the OFDM and SC-FD curves closer to-
gether. However, coding does not change the impact of
the power amplifier back-off. This means that even on
coded OFDM, the impact of the power amplifier back-
off is comparable to that of coded SC-FD. The differ-
ence in performance between OFDM and SC-FD remains
dominated by the difference in frequency diversity; this, in
turn, is determined by the code rate. For high code rates
(and uncoded transmission) SC-FD outperforms OFDM;
for lower code rates, the performance becomes compara-
ble.

These results only indicate the impact of the power am-
plifier back-off in a single-user multipath scenario with per-
fect channel knowledge. In the following sections, we intro-
duce other imperfections which need to be taken into ac-
count, together with the multi-antenna aspect.

4.2. Digital imperfections

To make a realistic comparison, we include transmit and
receive filtering, channel and noise estimation, and clip-
ping and quantization in our simulation model as shown in
Figure 8.

Transmit and receive filtering

The OFDM and SC-FD symbols are not transmitted as such,
but they need to be filtered to limit the out-of-band radia-
tion. Therefore, we apply a square root raised cosine (SRRC)
filter as a transmit pulse shaping filter gT and a receive fil-
ter gR with a rolloff α = 0.2, a delay of 5 taps, and an over-
sampling by 4. Moreover, at the receiver, an optimal channel
matched filter is added in the frequency domain before the
equalization.

Channel and noise estimation
Until now, we assumed perfect channel knowledge. In prac-
tice, the channel needs to be estimated and quite often a noise
estimate is required as well. We use the estimation methods
as described in [16].

The channel estimation is based on the C sequence
(BPSK symbol t̃) of the OFDM-based IEEE 802.11a standard.
The following frequency domain estimation can also be di-
rectly applied to SC-FD, ensuring a fair comparison. In prac-
tice, a time domain sequence will be used for SC-FD channel
estimation, which is designed to have a frequency response
which is as flat as possible, but that is beyond the scope of
this paper.

For a channel with frequency response c̃ and noise n, we
obtain the channel estimate h̃ as

h̃ = t̃�
(

g̃R � c̃�
(

g̃T � t̃ + FFT{n}))
= g̃R � c̃� g̃T + ñ′,

(8)

with� the elementwise vector multiplication, ñ′ = g̃R � t̃�
FFT{n} and g̃T, g̃R the frequency responses of the transmit
pulse shaping filter gT and the receive filter gR respectively.

Since the channel as well as the transmit, and receive fil-
ters have a limited number of taps in the time domain (as-
suming the total number of taps to be L), we know that all
the power in the taps ≥ L+ 1 can be attributed to noise. This
allows us to remove part of the noise on the time domain
channel estimate. This has two consequences: first, it allows
to have an improved channel estimate, since we remove part
of the noise. Second, the power of the noise which is removed
is used to obtain a noise estimate. The analysis of these esti-
mates can be found in [16].

In case of multiple transmit and/or receive antennas, we
repeat the above process for each antenna pair separately.
Vandenameele et al. [10] show that more performant multi-
antenna channel estimation schemes exist. However, we do
not need the most performant scheme; we just want to make
a realistic and fair comparison between the OFDM and SC-
FD schemes.

Clipping and quantization
OFDM is clipped and quantized to limit the signal’s dynamic
range or the so-called peak-to-average power ratio (PAPR).
This is beneficial since the limited dynamic range enables a
smaller back-off. Côme et al. [15] show clipping at 4σ and
a quantization of 8 bits to be a good solution for a realistic
OFDM system. SC-FD needs to be clipped and quantized as
well, but because of its limited dynamic range the impact is
smaller.
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Figure 9: The impact of PA back-off P1 dB = [∞ 6.4 4.4 2.4] dBm
on SC-FD and OFDM in multipath with coding (R = 3/4), chan-
nel/noise estimation, clipping (4σ) and quantizing, (8 bits) and
SRRC filtering (α = 0.25).

4.3. Performance

We present the simulation results of the OFDM versus SC-
FD comparison for a WLAN case study: we use the system
parameters for OFDM as described in the IEEE standard [1]
and choose the equivalent SC-FD such that the comparison
is fair. For both schemes, the results for coded BPSK trans-
mission (R = 3/4) are presented.

We first show the SISO results and extend them to the
multipleantenna multiple-user case: we compare OFDM to
SC-FD for SDMA and receive diversity, both schemes in the
linear MMSE and the nonlinear DFE version.

4.3.1. Single user

The single-user single-antenna performance results also ap-
ply to a multiuser scenario if the multiple access to a single-
antenna base station is provided by TDMA or FDMA.

As shown in Figure 9, the impact of the PA for P1 dB =
[6.4 4.4 2.4] dBm is a [0.75 1.1 1.9] dB degradation compared
to the reference case (with infinite back-off) for SC-FD and
[0.75 1.2 2.2] dB for OFDM at a BER of 10−4. This means that
the additional advantage for SC-FD to a decreasing back-off
P1 dB = [6.4 4.4 2.4] dBm is only [0 0.1 0.3] dB, while the dif-
ference in frequency diversity is still 8 dB.

This again clearly illustrates that in a realistic system the
advantage of SC-FD over OFDM comes almost completely
due to its effective use of the frequency diversity present in
the channel. The impact of the PA power efficiency is negli-
gible in the comparison of OFDM and SC-FD in a multipath
scenario.

Another way of quantifying the difference in per-
formance is not based on (SNR, BER) curves, but on
(PTx ,Goodput) curves.

Goodput indicates the actual throughput at MAC level. It
starts from the raw physical throughput (based on the con-
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Figure 10: The goodput as a function of the total consumed
transmitter power PTx and the impact of PA back-off P1 dB =
[6.4 4.4 2.4] dBm on SC-FD and OFDM in multipath with coding
(R = 3/4), channel/noise estimation, clipping (4σ) and quantizing
(8 bits), and SRRC filtering (α = 0.25).

stellation size and the sampling time) and takes all overhead
up to MAC level into account; it accounts for coding, the
number of actual data symbols, the cyclic extension, and pro-
tocol overhead. Since we have chosen our system parameters
to make a fair comparison between OFDM and SC-FD, both
schemes can achieve the same maximum effective through-
put or goodput Rmax. Therefore, we can normalize Rmax = 1
without loss of generality. Finally, erroneously received pack-
ets need to be retransmitted: (1-PER) accounts for the loss of
actual throughput because of retransmissions. This leads to

Goodput = Rmax · (1 − PER)

= 1 − PER .
(9)

The same relative measure can be derived for the total
power consumed at the transmitter. If we assume the path
loss, noise power, noise figure, and implementation loss are
identical for OFDM and SC-FD (which is necessary for a fair
comparison), we define the relative consumed power at the
transmitter as

PTx = SNR
µ
(
P1 dB

) . (10)

This means the total consumed power at the transmitter
is proportional to the SNR (since higher SNR means more
transmitted power) and inversely proportional to the PA ef-
ficiency µ(P1 dB), which is determined by the back-off from
the 1 dB-compression point P1 dB (Figure 6). We assume the
power consumption at the transmitter is largely determined
by the PA power consumption, thus by the transmitted power
and the PA efficiency.

The (BER / PER, SNR) curves as in Figure 9 can be trans-
formed into (Goodput,PTx ) curves as in Figure 10 through
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Table 1: SC-FD advantage (dB) over OFDM for MMSE SDMA as a
function of the number of antennas (A).

Number of antennas 1 2 3 4

Goodput = 0.90 6.8 4.8 3.7 2.9

Goodput = 0.95 7.2 5.5 4.5 3.6

Table 2: SC-FD advantage (dB) over OFDM for DFE SDMA as a
function of the number of antennas (A).

Number of antennas 1 2 3 4

Goodput = 0.90 7.2 1.4 0.8 0.6

Goodput = 0.95 8.0 1.5 0.7 0.5

(9) and (10). These (Goodput,PTx ) curves consist of three
parts. Below a certain threshold (in Figure 10 around 10 dB)
no useful transmission is possible: the SNR is too low, (al-
most) all packets are erroneously received and an increase
in transmission power results in (virtually) no increase in
goodput. Above the threshold we observe a ramp-up region:
as the SNR increases, packets start to get received correctly,
the number of retransmissions decreases and the goodput in-
creases; an increase in transmit power also increases the effec-
tive throughput. Beyond another threshold, saturation starts
occurring: the PER is very low and decreasing it further (by
increasing the transmit power) has a negligible effect on the
goodput, because of the (1 − PER) in (9).

If we target 90% of the maximum achievable goodput,
then SC-FD can deliver this at 6.8 dB less consumed trans-
mitter power than OFDM. The back-off P1 dB−Pin has a dou-
ble influence on the (goodput,PTx ) curves. First, for decreas-
ing back-off, the additional distortion increases and thus the
BER/PER increases. This decreases the goodput through (9).
On the other hand, a lower back-off results in a higher PA
efficiency µ (as shown in Figure 6) and a higher efficiency
in a lower consumed transmitter power PTx through (10).
Figure 10 shows the combined effect has a small impact on
the effective throughput, compared to the frequency diver-
sity impact.

The larger the goodput we target, the larger the SC-
FD advantage becomes: larger goodput requires a smaller
PER. Since SC-FD exploits the frequency diversity better than
OFDM, their PER/BER curves diverge for lower PER/BER as
in Figure 9. Therefore, also their goodput curves diverge for
large goodputs. For a goodput of 95% of the maximum, SC-
FD is 7.2 dB more efficient.

4.3.2. Multiuser SDMA

In this scenario, we consider U users (each with one antenna)
transmitting to a base station with A receive antennas, equal
to the number of users. As the number of receive antennas
and the number of users increase, so does the receive diver-
sity and the IUI for both schemes. The receive diversity helps
OFDM to overcome the lack of frequency diversity. There-
fore, as the number of antennas goes up, the relative diver-
sity difference between OFDM and SC-FD becomes smaller

Table 3: SC-FD advantage (dB) over OFDM for MMSE receive di-
versity as a function of the number of antennas (A).

Number of antennas 1 2 3 4
Goodput = 0.90 6.8 2.6 1.8 1.5

Goodput = 0.95 7.2 3.0 2.1 1.7

Table 4: SC-FD advantage (dB) over OFDM for DFE receive diver-
sity as a function of the number of antennas (A).

Number of antennas 1 2 3 4

Goodput = 0.90 7.2 2.9 2.1 1.6

Goodput = 0.95 8.0 3.3 2.3 1.8

and their performances converge. Table 1 shows that the SC-
FD advantage gradually decreases as the number of users
increases. The number in the following tables are given for
P1 dB = 4.4 dBm; as shown in Figure 10, the impact of P1 dB

on the performance comparison is negligible.
Also in a multiuser scenario, the SC-FD advantage in-

creases if a larger goodput is targeted.
DFE allows to eliminate interference. In case of OFDM,

pcSIC allows to eliminate precursor and postcursor ISI,
whereas in case of SC-FD, SC-FD-DFE only eliminates
postcursor ISI [12, 17]. This means OFDM possibly can
eliminate the IUI completely, while SC-FD can only partly.
Therefore, the SC-FD advantage over OFDM is smaller for
DFE (Table 2) than for MMSE (Table 1).

4.3.3. Multi-antenna receive diversity

In this scenario, we consider one active user with one antenna
while the base station has A receive antennas.

As the number of receive antennas increases, the receive
diversity rapidly increases the performance of both schemes,
since there is no extra IUI to counter the diversity benefit.
Since the receive diversity also helps to compensate the lack
of frequency diversity, both OFDM and SC-FD converge to
the same performance. Simulations show that the SC-FD ad-
vantage over OFDM, rapidly decreases with increasing num-
ber of receive antennas.

In the single-user case, SC-FD performs the DFE through
the SC-FD-DFE as described in [11, 12], while for single-user
OFDM, the pcSIC algorithm reduces to linear equalization.
Therefore, the single-user SC-FD advantage over OFDM in-
creases for the DFE (Table 4) compared to MMSE (Table 3).

Again we remark that the SC-FD advantage increases if
larger goodputs are targeted.

4.4. Summary of the results

The comparison between OFDM and SC-FD can be sum-
marized as follows. The comparison is dominated by the
frequency diversity rather than the power amplifier impact.
SISO SC-FD outperforms OFDM by 4–5 dB in our case
study, because of its higher frequency diversity exploitation.
Adding multiple antennas increases the receive diversity for
both schemes and thus decreases the relative diversity gap.
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This decreases the SC-FD advantage over OFDM until the
linear MMSE performances converge for a large number of
antennas. In single-user scenarios (such as SISO and the re-
ceive diversity scenario), DFE further increases the SC-FD
advantage, while for multi-user SDMA with DFE, the SC-
FD advantage decreases with increasing number of users, be-
cause of OFDM-pcSIC’s better IUI elimination. Targeting a
larger goodput always increases the SC-FD advantage over
OFDM.

4.5. Remarks

Power amplifier
Apart from impact on the BER/PER performance or good-
put, we should note that other considerations have to be
made. The power amplifier nonlinearity also determines the
amount of out-of-band radiation for which specifications ex-
ist. This has been studied in [9]. The authors indicate OFDM
is indeed more sensitive to PA impact as far as out-of-band
radiation is concerned. Therefore, a large back-off might still
be required for OFDM, if not to assure link performance,
then at least to limit out-of-band radiation.

Code rate
The difference in performance between OFDM and SC-FD
depends also on the code rate R and the constellation size.
In this paper, we have taken R = 3/4 as specified in both the
IEEE802.11a and HIPERLAN-II standards for BPSK trans-
mission. The code R = 3/4 is a frequently used code rate,
making a tradeoff between code performance and code over-
head. For code rates larger than R = 3/4, the frequency di-
versity advantage of SC-FD increases, while for smaller code
rates it decreases. For example, Table 5 indicates the perfor-
mance advantage of SC-FD for BPSK R = 1/2, which is de-
creased by about 3 dB compared to the R = 3/4 case.

While the absolute numbers of the respective degra-
dations change, the general conclusions as formulated in
Section 4.4 remain valid.

Modulation

The BPSK transmission is the modulation scheme with the
largest range and applicability area and will be used quite of-
ten. Moreover, for BPSK the power amplifier back-off creates
the largest impact difference between SC-FD and OFDM.
Since we have seen that this impact is small in a multipath
environment, BPSK simulations provide the strongest sup-
port for this assertion. Therefore, we believe the (R = 3/4,
BPSK) setting is a relevant case study.

Multipath channel

As the SC-FD advantage over OFDM is based on frequency
diversity exploitation, the channel characteristics are of key
importance. The results presented here are obtained for a
channel length L = 4. For longer channel lengths, the in-
herent channel frequency diversity is larger and thus the SC-
FD advantage will be larger as well, while for shorter channel
lengths, the frequency diversity and the corresponding SC-
FD advantage is smaller.

Table 5: SC-FD advantage (dB) over OFDM for SISO BPSK R =
1/2.

Goodput 0.90 0.95

MMSE 4.5 4.6

DFE 4.7 4.8

5. CONCLUSIONS

In this paper, we compared the performance of OFDM and
SC-FD as modulation schemes for broadband wireless com-
munication. In high-performant systems, multiple antennas
are used to increase spectral efficiency and/or link reliabil-
ity and DFE is used to improve the linear performance. For
OFDM, this results in the so-called OFDM-pcSIC scheme,
while for SC-FD we first extended the single-antenna SC-FD-
DFE scheme to multiple-antenna scenarios. We have taken
into account most important nonidealities to obtain a realis-
tic comparison: the power amplifier of the transmitter is very
important for battery-driven terminals; we included most
digital imperfections, such as channel and noise estimation,
clipping and quantization, transmit and receive filtering, as
well as link layer efficiency.

Our analysis shows that for frequency-selective channels
the relative impact of the power amplifier on the multipath
performance is negligible compared to the frequency diver-
sity impact. Because of its higher frequency diversity ex-
ploitation, SISO SC-FD outperforms OFDM by about 7 dB
in our case study. Adding multiple antennas decreases the rel-
ative diversity gap between both schemes and thus decreases
the SC-FD advantage over OFDM until the linear equalizer
performances converge for a large number of antennas. DFE
increases the SC-FD advantage in single-user scenarios, while
it decreases the advantage in a multiuser context.

In summary, the higher frequency diversity exploitation
of SC-FD allows it to outperform OFDM in frequency-
selective channels. Therefore, SC-FD is a suitable scheme for
broadband wireless communication.

APPENDIX

DERIVATION OF THE FEEDFORWARD
AND FEEDBACK COEFFICIENTS

The equalizer output just before the slicer at time n is as in
(1). As mentioned, for each frequency tap l, r̃l is an A×1 vec-
tor with the received signal in the frequency domain and W̃l

is a U × A equalization matrix representing the feedforward
part; F∗ is a U × (U · Ldfe) matrix containing the feedback
coefficients; ān−k is a (U · Ldfe) × 1 vector with the data deci-
sions selected for feedback, for all users. N is the number of
time domain symbols in an SC-FD block.

For the mathematical tractability of the analysis, we as-
sume perfect feedback (i.e. no decision errors, ān−k = an−k);
for the simulated performance assessment, we do take deci-
sion errors into account.

The derivation of the coefficients extends the analysis by
[11] to multiple antennas and multiple users.
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Because of the use of a TS the channel and the data sym-
bols appear cyclic at the receiver and thus at each frequency
tap l we can write

r̃l = H̃lãl + ṽl, (A.1)

with

H̃l =
N−1∑
n=0

Hn exp
(
− 2π ln

N

)
,

ãl =
N−1∑
n=0

an exp
(
− 2π ln

N

)
,

ṽl =
N−1∑
n=0

nn exp
(
− 2π ln

N

)
,

(A.2)

where H̃l is an A × U matrix containing the coefficients for
the channels from the U users to the A receive antennas at
carrier l, an is the U × 1 vector with the user data and nn is
the A× 1 noise vector.

The autocorrelation functions associated with the data
and the noise are

E
[

ãl1 ãl2

] = Nδ
(
l1 − l2

)
modN IU,

E
[

ṽl1 ṽl2

] = Nσ2 · δ(l1 − l2
)

modN IA,
(A.3)

IU is the identity matrix of size U ×U ; IA of size A× A. The
error just before the slicer can be written as a U × 1 vector
containing the error for each user at each timing instant n:

en = zn − an. (A.4)

The average error is

MSE = E
[

en · e∗
n

] = E
[(

zn − an
)(

z∗
n − a∗

n

)]
= 1

N

N−1∑
l=0

(
W̃lH̃l − F̃l

)(
H̃∗

l W̃∗
l − F̃∗

l

)

+
σ2

N

N−1∑
l=0

W̃lW̃∗
l ,

(A.5)

with (3), where ki is a 1 × Ldfe vector containing the selected
indices of the feedback taps for user i. Minimizing the MSE
from (A.5) with respect to the feedforward coefficients means
solving the following equation:

δMSE
δW̃l

=
N−1∑
l=0

(
H̃lH̃∗

l + σ2IA
)

W̃∗
l − H̃lF̃∗

l = 0. (A.6)

The solution for the optimal feedforward coefficients W̃l is,

for every l,

W̃l = F̃lH̃∗
l

(
H̃lH̃∗

l + σ2IA
)−1

. (A.7)

The matrix inversion lemma states that

(A + BCD)−1 = A−1 − A−1B
(

C−1 + DA−1B
)−1

DA. (A.8)

Applying this lemma to our case results in

H̃∗
l

(
H̃lH̃∗

l + σ2IA
)−1

H̃l = IU − σ2(H̃∗
l H̃l + σ2IU

)−1
. (A.9)

Substituting (A.9) and (A.7) in (A.5) gives us

MSE = σ2

N

N−1∑
l=0

F̃l
(

H̃∗
l H̃l + σ2IU

)−1
F̃∗

l . (A.10)

Minimizing (A.10) with respect to the feedback coefficients
F means solving

δMSE
δF

= σ2

N

N−1∑
l=0

(
IU + F∗X∗

l

)(
H̃∗

l H̃l + σ2IU
)−1

Xl = 0.

(A.11)
This leads to

− 1
N

N−1∑
l=0

X∗(H̃∗
l H̃l + σ2IU

)−1

︸ ︷︷ ︸
t

= 1
N

N−1∑
l=0

X∗(H̃∗
l H̃l + σ2IU

)−1
X︸ ︷︷ ︸

T

·F

(A.12)

from which we get the final result

F = −T−1 · t. (A.13)

Using (A.7) and (A.13) realizes the SC-FD-DFE.
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Space-division multiple-access (SDMA) systems that employ multiple antenna elements at the base station can provide much
higher capacity than single-antenna-element systems. A fundamental question to be addressed concerns the ultimate capacity
region of an SDMA system wherein a number of mobile users, each constrained in power, try to communicate with the base station
in a multipath fading environment. In this paper, we express the capacity limit as an outage region over the space of transmission
rates R1,R2, . . . ,Rn from the n mobile users. Any particular set of rates contained within this region can be transmitted with an
outage probability smaller than some specified value. We find outer and inner bounds on the outage capacity region for the two-
user case and extend these to multiple-user cases when possible. These bounds provide yardsticks against which the performance
of any system can be compared.

Keywords and phrases: outage capacity, space-division multiple-access, capacity region.

1. INTRODUCTION

Time-varying multipath fading is a fundamental phe-
nomenon affecting the availability of terrestrial radio sys-
tems, and strategies to abate or exploit multipath are cru-
cial. Recent information theoretic research [1, 2] has shown
that in most scattering environments, a multiple-antenna-
element (MAE) array is a practical and effective technique to
exploit the effect of multipath fading and achieve enormous
capacity advantages.

Next-generation wireless systems are intended to provide
high voice quality and high-rate data services. At the same
time, the mobile units must be small and lightweight. It ap-
pears that base station complexity is the preferred strategy for
meeting the requirements of the next-generation systems. In
particular, MAE arrays can be installed at the base stations to
provide higher capacity.

A primary question to be addressed is the ultimate capac-
ity limit of a single cell with constrained user power and mul-
tipath fading. Since there are multiple users in the cell, the
capacity limit is expressed as a region of allowable transmis-
sion rates such that information can be reliably transmitted
by user 1 at rate R1, user 2 at rate R2, and so on. For a static
channel condition with fixed fade depth at each mobile, the
capacity region of the multiple-access channel is then the set

of all rate vectors R = {R1,R2, . . . ,Rn} that can be achieved
with arbitrarily small error probability [3, 4]. However, when
the channel is time varying due to the dynamic nature of the
wireless communication environment, the capacity region
is characterized differently depending on the delay require-
ments of the mobiles and the coherence time of the channel
fading. Two important notions are used in the dynamic chan-
nel case [2, 5]: ergodic capacity and outage capacity. Ergodic
capacity is defined for channels with long-term delay con-
straint, meaning that the transmission time is long enough
to reveal the long-term ergodic properties of the fading chan-
nel. The ergodic capacity is given by the appropriately aver-
aged mutual information. In practical communication sys-
tems operating on fading channels, the ergodic assumption
is not necessarily satisfied. For example, in the cases with
real-time applications over wireless channels, stringent de-
lay constraints are demanded and the ergodicity requirement
cannot be fulfilled. No significant channel variability occurs
during a transmission. There may be nonzero outage prob-
ability associated with any value of actual transmission rate,
no matter how small. Here, we have to consider the infor-
mation rate that can be maintained under all channel condi-
tions, at least, within a certain outage probability [6, 7, 8, 9].
The maximal rate that can be achieved with a given outage
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percentile p is defined as the p percent outage capacity. Both
the ergodic capacity and outage capacity notions originated
from single-user case. They are easily extended to cases with
multiple users.

The outage capacity issue for single-user multiple-input
multiple-output (MIMO) case was studied extensively. In
[1], the authors characterized the outage capacity for a point-
to-point MIMO channel subject to flat Rayleigh fading. The
cumulative distribution functions for the outage capacity
were presented such that given a specific outage probability,
we will know at what rate information can be transmitted
over the MIMO channel. Biglieri et al. [10] considered the
outage capacity of a MIMO system for different delay and
transmit power constraints.

However, there are limited results on the outage capac-
ity region of multiple-access system with multiple antennas
at the base station. Most previous studies are constrained to
either fixed channel condition [11, 12] or ergodic capacity
region [13]. The space-division multiple-access (SDMA) ca-
pacity regions under fixed channel conditions were consid-
ered in [11] with both independent decoding and joint de-
coding schemes. An iterative algorithm was proposed in [12]
to maximize the sum capacity of a time invariant Gaussian
MIMO multiple-access channel. The ergodic capacity region
for MIMO multiple-access channel with covariance feedback
has been studied in [13].

In this paper, we consider the outage capacity region for
single-cell flat fading SDMA systems with MAEs at the base
station and multiple mobiles, each with a single antenna el-
ement. From the outage capacity region, we can determine
with what outage probability a certain rate vector can be
transmitted with arbitrarily small error probabilities. Specif-
ically, we derive outer and inner bounds on the outage ca-
pacity region for the two-user case and explain how the same
principles can be extended to multiple-user case.

To find an outer bound on the capacity region, coop-
eration among the geographically separated mobile stations
is assumed to take place via a virtual central processor, and
there is a total power constraint. The total capacity is found
for all combinations of n,n − 1, . . . , 2, 1 mobile stations in
the system. For example, if there are two mobiles, the capac-
ity of each, in isolation, is found, along with the combination
of both, treated as having a single transmitter with two geo-
graphically remote antenna elements.

By definition, any realizable approach for which the ca-
pacity region can be found forms an achievable inner bound
to the capacity region. Time sharing among users provides
a simple inner bound [14]. We also derive a tighter inner
bound by allowing users to transmit at the same time while
performing joint decoding at the base station. It is noted that
construction of the inner bound also provides a method for
achieving the inner bound.

Most of our derivations and discussions will be focused
on the two-user case since the results in this case can be eas-
ily displayed graphically and provide significant physical in-
sight. However, along our way, we will point out wherever
the results are extensible to cases involving more than two
mobiles.

Figure 1: Space-division multiple-access systems.

This paper is organized as follows. Section 2 contains a
description of the channel model which we use, and also in-
troduces the concept of outage capacity region. Outer and
inner bounds on the outage capacity region are derived in
Section 3. Numerical results are presented in Section 4, along
with discussions.

2. CHANNEL MODEL AND DEFINITION
OF THE OUTAGE CAPACITY REGION

We consider a single-cell system where a number of geo-
graphically separated mobile users communicate with the
base station. The system is shown in Figure 1. We con-
sider the reverse link from the mobiles to the base station
and model this as a multiple-access system. All mobile are
equipped with single antenna element, and the base station
is equipped with multiple receive antenna elements to ex-
ploit spatial diversity. We assume that the channel between
each mobile station and each base station antenna element
is subject to flat Rayleigh fading and that the fading be-
tween each mobile and each base station antenna element
is independent of the fading between other mobile-base sta-
tion pairs. Also present at each antenna element is additive
white Gaussian noise (AWGN). Rayleigh fading between mo-
bile j and base station antenna element i is represented by a
zero mean, unit variance complex Gaussian random variable
Hij = N(0, σ2)+

√−1N(0, σ2), where E|Hij|2 = 2σ2 = 1. The
noise components observed at all the receiving antennas are
identical, and independent white Gaussian distributed with
power σ2

n . Each mobile’s transmitted power is limited such
that the average received signal-to-noise ratio at each base
station antenna element is ρ if only one mobile is transmit-
ting.

Suppose there are n mobile stations and m antenna el-
ements at the base station. Then the received signal can be
represented as

y = Hx + n, (1)

where y is an m-element vector representing the received sig-
nals, x is a vector with n elements, each element representing
the signal transmitted by one mobile station, H is the channel
fading matrix with m× n complex Gaussian elements, and n
is the received AWGN noise vector with covariance σ2

nIm×m.
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Consider first the simple case where the channel condi-
tions are fixed, that is, H is constant. The capacity region of
the multiple-access channel is then the set of all rate vectors
R = {R1,R2, . . . ,Rn} satisfying [3]

∑
k∈T

Rk ≤ I
(

y; xk, k ∈ T | xl, l ∈ T̄
)
, (2)

where I stands for mutual information, T denotes any subset
of {1, 2, . . . ,n}, T̄ its complement, and ρ denotes the power
limitation. In essence, the sum rate of any subset of the mo-
biles {1, 2, . . . ,n} needs to be smaller than the mutual infor-
mation between the transmitted and received signals if only
the mobiles with the subset are transmitting. We can express
the capacity region concisely as follows:

C(H, ρ) =
{

R

∥∥∥∥∥ ∑
k∈T

Rk ≤ I
(

y; xk, k ∈ T | xl, l ∈ T̄
)}

. (3)

All the rate vectors R within the region C(H, ρ) can be
achieved with arbitrarily small probability.

Now, since the channel matrix is a set of random vari-
ables, the capacity region is random and a key goal is to find
the cumulative distribution functions of the regions, from
which we can determine the probability that a specific rate
vector can be transmitted. With this in mind, we define the
outage capacity region as

C(p, ρ) = {R
∥∥Prob(N ) ≥ p

}
, (4)

where N is defined as the set of the channel conditions under
which the rate vector R is achievable with arbitrarily small
error probability. The set N can be written as

N = {H
∥∥R ∈ C(H, ρ)

}
. (5)

In (4), 1 − p is the outage probability and ρ represents the
power limitation. The outage capacity region C(p, ρ) con-
tains all the rate vectors that can be achieved with a proba-
bility greater than or equal to p. Alternatively speaking, the
probability that a rate vector contained in C(p, ρ) cannot be
achieved is less than 1 − p.

To simplify notation, we write C(p, ρ) as C(p) and
C(H, ρ) as C(H), with the implication that the power limi-
tation is always specified by ρ unless otherwise stated.

For the two-mobile case, we define h1 and h2 as the chan-
nel response vectors from mobiles 1 and 2, respectively, to the
base station antenna elements, and they can be expressed as
h1 = {H11,H21, . . . ,Hm1}T and h2 = {H12,H22, . . . ,Hm2}T ,
where T denotes the transpose operation. As a result, the
channel fading matrix H = [h1h2]. Then the outage capacity
region is given as

C(p) = {(R1,R2
)∥∥Prob(N ) ≥ p

}
, (6)

where N is the set of channel response matrices which satisfy
the following three conditions:

R1 ≤ C1
(

h1
)
,

R2 ≤ C2
(

h2
)
,

R1 + R2 ≤ C12(H),

(7)

where C1(h1), C2(h2), and C12(H) define the capacity region
under the fading condition specified by H. For convenience,
we write this as follows:

N =
H

∥∥∥∥∥∥∥
R1 ≤ C1

(
h1
)

R2 ≤ C2
(

h2
)

R1 + R2 ≤ C12(H)

. (8)

In (6), C(p) has the same interpretation as in (4); it con-
sists of the rate pairs (R1,R2) simultaneously achievable with
a probability greater than or equal to p, that is, the outage
probability is smaller than or equal to 1 − p.

3. OUTAGE CAPACITY BOUNDS

In this section, we derive bounds on the outage capacity re-
gion with a focus on the two-mobile case. The base station
is equipped with m antenna elements. As we will see, most
of our derivations are not constrained by the number of mo-
biles, and thus are applicable to cases with an arbitrary num-
ber of mobiles.

3.1. Outer bound

To obtain an outer bound on the outage capacity region, we
start out by defining the following rate regions:

B1(p) = {(R1,R2
)∥∥Prob

(
M1
) ≥ p

}
,

B2(p) = {(R1,R2
)∥∥Prob

(
M2
) ≥ p

}
,

Ba(p) = {(R1,R2
)∥∥Prob

(
Ma
) ≥ p

}
,

(9)

where M1, M2, and Ma are different sets of channel condi-
tions. The three sets are defined by the following conditions,
respectively:

M1 = {H
∥∥R1 ≤ C1

(
h1
)}

,

M2 = {H
∥∥R2 ≤ C2

(
h2
)}

,

Ma = {H
∥∥R1 + R2 ≤ C12(H)

}
.

(10)

The values C1(h1), C2(h2), and C12(H) are the same as those
in (8); they jointly define the multiple-access capacity region
under the fading condition H. As a result of the definition,
the rate pairs in B1(p) and B2(p) only satisfy the constraint
on the individual rates R1 and R2, respectively; the rate pairs
in Ba(p) only satisfy the constraint on the sum rate R1 + R2.
We can now prove the following:

Claim 1. C(p)⊂B1(p), C(p)⊂B2(p), and C(p)⊂Ba(p).
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Virtual CPU

Figure 2: Space-division multiple-access systems with coordinated
users.

Proof. For a given (R1,R2), if H ∈ N , where N is defined in
(8), then C1(h1) ≥ R1, C2(h2) ≥ R2, and C12(H) ≥ R1 + R2.
By definition, H ∈ M1, H ∈ M2, and H ∈ Ma. As a result,
N ⊂ M1. This implies that Prob(M1) ≥ p if Prob(N ) ≥
p. Therefore, C(p) ⊂ B1(p). Similarly, we can show that
C(p) ⊂ B2(p) and C(p) ⊂ Ba(p).

If a set is contained in each of several sets, then it is also
contained in the intersection of those sets. Consequently, we
can obtain the following outer bound for the outage capacity
region.

Claim 2. C(p) ⊂ U(p), where U(p) = B1(p) ∩ B2(p) ∩
Ba(p).

In order to obtain the outer bound given in Claim 2, we
need to evaluateC1(h1),C2(h2), and C12(H) under every spe-
cific fading condition H. The sum capacity C12(H) is usually
difficult to find. Fortunately, upper bounds on the sum ca-
pacity are easily obtained. We can use these upper bounds to
find looser outer bounds on the outage capacity region that
are easy to evaluate.

An upper bound C′
12(H) on the sum capacity C12(H) can

be obtained by assuming that both users are connected via
some error free channel to a central coordinator as shown in
Figure 2. We also assume that the virtual transmitter formed
this way has perfect knowledge about the channel; thus sin-
gular value decomposition and water-filling techniques [2, 3]
can be used to achieve the highest possible capacity. In water-
filling, more power is allocated to better subchannels with
higher signal-to-noise ratio so as to maximize the sum of data
rates in all subchannels. If we define N ′ as

N ′ =
H

∥∥∥∥∥∥∥
R1 ≤ C1(h1)
R2 ≤ C2(h2)

R1 + R2 ≤ Cw(H)

, (11)

where Cw(H) is the water-filling capacity under channel con-
dition H and it is always greater than the actual sum capacity
C12(H), it follows that the set N defined in (8) is always a
subset of N ′. Consequently, we can use N ′ to define the fol-
lowing outer bound on the outage capacity region:

C′(p) = {(R1,R2
)∥∥Prob(N ′) ≥ p

} ⊃ C(p). (12)

Now we define the following region:

B′
a(p) = {(R1,R2

)∥∥Prob
(
M′

a

) ≥ p
}

,

M′
a = {H

∥∥R1 + R2 ≤ Cw(H)
}
.

(13)

Region B′
a(p) contains all the rate pairs whose sum rates are

constrained by the water-filling capacity. Following the steps
used to prove Claim 1, the following readily shown.

Claim 3. C′(p) ⊂ B1(p), C′(p) ⊂ B2(p), and C′(p) ⊂
B′

a(p).

Consequently, the following claim provides an outer
bound on the outage capacity region.

Claim 4. C(p) ⊂ C′(p) ⊂ {B1(p) ∩ B2(p) ∩ B′
a(p)}.

The outer bounds given in both Claims 2 and 4 are very
easy to evaluate since the outer bounds consist of a set of re-
gions defined by straight lines.

The above derivation can be used to an outer bound for
multiple-user outage capacity region. The only difference is
that the outer bound on the outage capacity region will be
defined by a series of planes rather than straight lines, and is
therefore in the shape of a polyhedra instead of a polygon as
in the two-user case. Each plane will correspond to an outer
bound on the capacity of one combination of users chosen
from the entire set of users. For example, if there are three
mobile users, then we can find the bounding rate regions for
each of the following combinations of the users: {1}, {2},
{3}, {1, 2}, {1, 3}, {2, 3}, and {1, 2, 3}, and then take their
intersection as the outer bound as we have done in Claims 2
and 4.

In deriving the outer bound in Claim 4, we assumed that
the mobiles are coordinated by a central processing unit,
and the channel condition is known at both the base sta-
tion and the virtual coordinated transmitter. Thus, for our
outer bound, the SDMA system is reduced to a point-to-
point MIMO system. For such a system, it has been shown
[2] that the forward and reverse channels are reciprocal and
have the same capacity. Therefore, the outage capacity region
outer bound given by Claim 4 for the multiple-access chan-
nel is also a bound for the broadcast channel.

3.2. Time-share bound

We now turn our attention to obtaining inner bounds on the
outage capacity region for the two-mobile case. As we have
said previously, any realizable approach for which the capac-
ity region can be found forms an achievable inner bound
to the capacity region. One such inner bound is the time-
share bound, attained by time-sharing the base station be-
tween the two mobiles [14]. For every fading state (h1, h2), if
only mobile 1 is allowed to transmit, then it can achieve ca-
pacity C(h1). Similarly, if only mobile 2 is allowed to trans-
mit, it can achieve capacity C(h2). An achievable time-share
capacity region is given by {(R1,R2)‖R1 ≤ aC(h1), R2 ≤
(1 − a)C(h2), 0 ≤ a ≤ 1}.
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We define an outage capacity region

CT S(p) = {(R1,R2
)∥∥Prob(S) ≥ p

}
, (14)

where

S = {H
∥∥R1 ≤ aC

(
h1
)
, R2 ≤ (1 − a)C

(
h2
)
, 0 ≤ a ≤ 1

}
.

(15)
Then, CT S(p) contains all the rate pairs that can be achieved
by time sharing with an outage probability smaller than 1 −
p. Thus, CT S(p) is an inner bound on the outage capacity
region defined by (6) since the time-sharing capacity region
is an achievable region, and an achievable is, by definition,
an inner bound on the actual capacity region. The following
claim reiterates this observation.

Claim 5. CT S(p) ⊂ C(p).

The boundary of the region CT S(p) is defined by all
(R1,R2) pairs that can be achieved with an outage probability
exactly equal to p, as expressed in the following condition:

p = Prob
({

H
∥∥R1 ≤ aC

(
h1
)
,

R2 ≤ (1 − a)C
(

h2
)
, 0 ≤ a ≤ 1

})
= Prob

({
h1
∥∥R1 ≤ aC

(
h1
)})

× Prob
({

h2
∥∥R2 ≤ (1 − a)C

(
h2
)})

,

(16)

since h1 and h2 are independent random vectors.
We now show how the boundary given in (16) can be

derived in closed form. Each value C(h1) and C(h2) is the
capacity of an AWGN channel with a single antenna element
at the transmitter and m antenna elements at the receiver.
Thus [1],

C
(

hi
) = log

(
1 + ρ

∣∣hi

∣∣2
)

, (17)

where
∣∣hi

∣∣2 = ∑m
j=1

∣∣Hij

∣∣2
is a random variable following

chi-square distribution with 2m degrees of freedom, and m is
the number of receive antennas at the base station. The com-
plementary cumulative distribution function F̄(·) of

∣∣hi

∣∣2
is

given as [15] follows:

F̄(t) = Prob
(∣∣hi

∣∣2
> t
)
=

m−1∑
k=0

tke−t/2σ2

k!
(
2σ2
)k =

m−1∑
k=0

tke−t

k!
. (18)

We have 2σ2 = 1 in the above equation because the Rayleigh
fading gain Hij between mobile i and base station antenna
element j is zero mean, unit variance complex Gaussian
random variable, as specified in Section 2. As a result, the
boundary of LT S(p) is given as follows:

p =


m−1∑
k=0

1
k!

(
eR1/a − 1

ρ

)k
exp

(
− eR1/a − 1

ρ

)
×


m−1∑
l=0

1
l!

(
eR2/(1−a) − 1

ρ

)l
exp

(
− eR2/(1−a) − 1

ρ

)
= F̄

(
eR1/a − 1

ρ

)
F̄
(
eR2/(1−a) − 1

ρ

)
.

(19)

Given a certain probability p, the maximum R1 can be
found by setting R2 to zero and a to 1 in (19). Then for every
R1 between the maximum and zero, we can always sweep out
the possible R2’s by varying a between 0 and 1 and solving
the equations numerically.

The same principle and derivations can be applied to
multiple-user cases to obtain time-sharing bounds. The only
difference is that the boundary will be defined by multiple
rates and the condition in (19) will be given by the product
of multiple complementary cumulative functions.

3.3. Joint decoding inner bound

The time-share inner bound may be quite pessimistic since
one mobile may transmit at any time. A tighter inner bound
may be obtained by allowing the two mobiles to transmit si-
multaneously, but without the coordinating virtual central
processing unit that was used to obtain an outer bound. We
now find such an inner bound by allowing the base station
to jointly detect the information from both mobile stations.
In this way, an achievable capacity region for SDMA under a
particular channel condition (h1, h2) is given by [3, 11]

C′
1

(
h1
) = log

∣∣1 + ρh1
Hh1

∣∣ = log
∣∣1 + ρa1

∣∣, (20)

C′
2

(
h2
) = log

∣∣1 + ρh2
Hh2

∣∣ = log
∣∣1 + ρa2

∣∣, (21)

C′
a(H) = log

∣∣∣I + ρ
[

h1 h2
]H[h1 h2

]∣∣∣
= log

(
1 + ρa1 + ρa2 + ρ2a1a2 − ρ2a1a2 cos2 θ

)
,

(22)

where

a1 = ∣∣h1
∣∣2

,

a2 = ∣∣h2
∣∣2

,

θ = cos−1

{ ∣∣h1
H · h2

∣∣∣∣h1
∣∣ · ∣∣h2

∣∣
}
.

(23)

The scalars a1 and a2 are the squared magnitude of the vec-
tors h1 and h2, respectively, and θ is the angle between h1

and h2. The three scalars a1, a2, and θ are independently
distributed random variables. a1 and a2 are chi-square dis-
tributed with 2m degrees of freedom and θ is uniformly dis-
tributed over (0, 2π]. Thus, their joint probability density
function is given by the product of the individual probability
density functions [16]:

pdf
(
a1, a2, cos 2θ

) = g
(
a1
)
g
(
a2
)
h(cos 2θ), (24)

where

g(x) = 1
σn2n/2Γ(n/2)

xn/2−1e−x/2σ
2
, 0 ≥ x < ∞, (25)

h(x) = 1
π
√

1 − x2
, |x| ≤ 1. (26)

In (25), the function Γ(·) is the Gamma function as defined
in [15]. As with the time-sharing case, we can define a rate re-
gion based on this joint decoding achievable capacity region:

CLB(p) = {(R1,R2
)∥∥Prob(U) ≥ p

}
, (27)
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where

U =
H

∥∥∥∥∥∥∥
R1 ≤ C′

1

(
h1
)

R2 ≤ C′
2

(
h2
)

R1 + R2 ≤ C′
a(H)

. (28)

The region CLB(p) contains all the rate pairs that fall into
the achievable region with an outage probability smaller than
1 − p. Again, since it is derived from an achievable region,
CLB(p) forms an inner bound to the actual outage capacity
region.

The boundary of the region CLB(p) is defined by all the
rate pairs that can be achieved with a probability Prob(U)
exactly equal to p. Next, we show how this probability can be
expressed in terms of R1 and R2. First, we define the following
dummy variables:

t1 = eC
′
1(h1) = 1 + ρa1,

t2 = eC
′
2(h2) = 1 + ρa2,

ta = eC
′
12(H) = 1 + ρ

(
a1 + a2

)
+ ρ2a1a2 − ρ2a1a2 cos2 θ

= 1 + ρ
(
a1 + a2

)
+
ρ2a1a2

2
− ρ2a1a2 cos 2θ

2
.

(29)

The values of t1, t2, and ta are functions of a1, a2, and θ, and
their joint distribution is given by

f
(
t1, t2, ta

) = g
(
a1
)
g
(
a2
)
h(cos 2θ)|J|

= g
(
t1 − 1
ρ

)
g
(
t2 − 1
ρ

)

× h
(

2
(
t1 + t2 + 1 − ta

)(
t1 − 1

)(
t2 − 1

) + 1
)

2
ρ2
(
t1−1

)(
t2−1

) ,

(30)

where the square matrix J is the Jacobian matrix of the trans-
form from (a1, a2, cos 2θ) to (t1, t2, ta) given by

J =



1
ρ

0 0

0
1
ρ

0

2
(
ta − t2

)(
t1 − 1

)2(
t2 − 1

) 2
(
ta − t1

)(
t1 − 1

)(
t2−1

)2
−2(

t1−1
)(
t2−1

)

 .
(31)

As a result, the probability Prob(U) defining the boundary of
the capacity bound given by (27) can be evaluated as follows:

Prob(U) = Prob
(
R1 ≤ C′

1, R2 ≤ C′
2, R1 + R2 ≤ C′

a

)
= Prob

(
eR1 ≤ t1, eR2 ≤ t2, eR1+R2 ≤ ta

)
=
∫∞

eR1
dt1

∫∞

eR2
dt2

∫∞

eR1+R2
f
(
t1, t2, ta

)
dta

= T1 + T2 + T3,

(32)

where T1, T2, and T3 in the above equation are defined as
follows:

T1 =
∫ a−eR1

eR1
dt1

∫ a−t1

eR2
dt2

∫ c

eR1+R2
f
(
t1, t2, ta

)
dta,

T2 =
∫ a−eR2

eR1
dt1

∫∞

a−t1
dt2

∫ c

b
f
(
t1, t2, ta

)
dta,

T3 =
∫∞

a−eR2
dt1

∫∞

eR2
dt2

∫ c

b
f
(
t1, t2, ta

)
dta.

(33)

The variables a, b, and c in the above equations are defined
as follows:

a = eR1+R2 + 1,

b = t1 + t2 − 1,

c = t1 + t2 − 1 +
(
t1 − 1

)(
t2 − 1

)
.

(34)

In the appendix, we will show that T2 and T3 are fairly
easy to evaluate. Following the steps used to prove Claim 5, it
can be shown the following.

Claim 6. L(p) = {(R1,R2)‖T2+T3 ≥ p} ⊂ CLB(p) ⊂ C(p).

The rate region L(p) gives another inner bound on the
outage capacity region. The boundary of the region L(p) is
formed by the rate pairs that satisfy the following equation:

p = T2 + T3. (35)

Given every possible R1, we can trace out the correspond-
ing R2 by solving (35) numerically using the expressions ob-
tained for T2 and T3 in the appendix.

Although the approach used in this section may, in
principle, also be applied to multiple-mobile cases, the in-
creased complexity needed to derive the joint probability
distribution functions and evaluate the relevant probabili-
ties prevents us from obtaining closed-form expressions for
multiple-mobile cases similar to those shown in (A.2) and
(35).

4. NUMERICAL RESULTS

The bounding techniques introduced in the previous section
will now be applied to generate numerical results for inner
and outer bounds on the outage capacity region for various
values of number of antennas, outage percentage, and signal-
to-noise ratio. Here, we focus our attention only on the two-
mobile case since they are graphically friendly and offer sig-
nificant physical insight.

Shown in Figure 3 is the outer bound on the outage ca-
pacity region with 2 and 16 antenna elements at the base
station, plotted for outage probabilities of 1%, 10%, and
50%. In all cases, the signal-to-noise ratio ρ is 10 dB. Since
these are outer bounds on the outage capacity region, no
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Figure 3: Outer bound on outage capacity regions for (a) 2 and (b)16 antenna elements at the base station with SNR=10 dB for both cases.
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Figure 4: Time-share bound on 10% outage capacity region with
SNR=10 dB.

rate pair outside the capacity region can ever be achieved
with an outage probability smaller than the designated value
p. Rate pairs inside the outer bound region may or may
not be achievable with an outage probability smaller than
p. For example, with 2 antenna elements at the base sta-
tion, any rate pair with one rate higher than 0.9 nat per sec-
ond (1 nat = 1.44 bites) has an outage probability greater
than 1%. We note that the number of antenna elements has
a very significant effect, not only on significantly enlarging

the outer bound on the capacity region but also in reducing
the differences between low outage and high outage objec-
tives.

Figure 4 shows the time-share bound for the 10% out-
age capacity region for base station with 2, 4, 8, and 16 an-
tenna elements, respectively. Since these are inner bounds,
all rate pairs within the bound can be achieved with an out-
age probability smaller than 10%. For example, with 2 an-
tenna elements, both mobiles can transmit at 0.76 nat per
second while achieve an outage probability smaller than 10%.
With 16 antenna elements at the base station, both mobiles
can transmit at 2.25 nat per second while achieving an out-
age probability of 10%. We notice that all the time-sharing
bounds are concave.

When both users are allowed to transmit at the same time
and joint decoding is performed at the base station, we get a
tighter inner bound on the outage capacity region. Figure 5
shows the joint decoding inner bounds for the 10% and 1%
outage capacity regions with 2, 4, 8, and 16 antenna ele-
ments at the base station. With 2 antenna elements at the
base station, both mobiles can simultaneously transmit at
0.72 nat per second with an outage probability smaller than
1%; with 16 antenna elements at the base station, the mobiles
can simultaneously transmit at 2.65 nat per second with an
outage probability smaller than 1%. The inner bound given
by Claim 6 is obviously much tighter than the time-sharing
bound in Claim 5. Unfortunately, this joint decoding bound
cannot be easily obtained for more than two mobiles. Once
again, we notice that increasing the number of antenna ele-
ments greatly reduces the separation between the 1% outage
and 10% outage results.

Figure 6 shows both the outer and inner bounds on the
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Figure 5: Inner bound on (a) 10% and (b) 1% outage capacity regions with different numbers of antenna elements at the base stations and
where SNR=10 dB.

2 ant., lower
2 ant., upper

8 ant., lower
8 ant., upper

0 0.5 1 1.5 2 2.5 3 3.5 4

Rate of user 1 (nat)

0

0.5

1

1.5

2

2.5

3

3.5

4

R
at

e
of

u
se

r
2

(n
at

)

(a)

2 ant., lower
2 ant., upper

8 ant., lower
8 ant., upper

0 0.5 1 1.5 2 2.5 3 3.5

Rate of user 1 (nat)

0

0.5

1

1.5

2

2.5

3

3.5

R
at

e
of

u
se

r
2

(n
at

)

(b)

Figure 6: Both outer and inner bounds on (a) 10% and (b) 1% outage capacity regions for 2 and 8 antenna elements at the base stations
with SNR=10 dB.

10% and 1% outage capacity regions with both 2 and 8 an-
tenna elements. It can be seen from the plot that the inner
bound is reasonably tight for the 2 antenna elements case.
The bounds are very tight near the corners where one mo-
bile is transmitting at its maximum allowable rate. We also
notice that when the required outage probability is low, as in

the 1% case, there is more performance improvement by in-
creasing the number of antenna elements than that when the
required outage probability is high, as in the 10% case. This is
no surprise since the cumulative distribution function of the
allowable rates is much sharper when the number of antenna
elements is large.
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Figure 7: Inner bound on capacity region for (a) 2 and (b) 8 antenna elements under different outage probability with SNR=10 dB.
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Figure 8: Inner bound on 10% outage capacity region under different SNRs for (a) 2 and (b) 8 antenna elements.

Figure 7 shows the tight inner bound for both 2 and 8 an-
tenna elements at the base station with different outage prob-
abilities. We can see from the plot that when the number of
antenna elements is large, the outage capacity regions at dif-
ferent outage probabilities are not significantly different. This
can be explained by noting that a large number of antenna
elements at the base station is very efficient at combating se-
vere fading, thereby keeping the allowable transmitting rates

relatively constant, and producing a sharper cumulative dis-
tribution function for the allowable rates.1

1Note that the capacity depends on chi-square distributed variables with
mean M and variance 2M through a log operation in (17). As a result, the
distance between different outage capacities is determined by the ratio of
different percentage points along the chi-square CDF. Or, equivalently, the
distance is determined by the normalized CDF curve.
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Figure 8 shows the tight inner bound for the 10% out-
age capacity region with 2 or 8 antenna elements at the base
station and different SNRs. From (22), we would expect, for
large SNR and any fading condition, that the capacity region
should increase linearly in each dimension as ρ increases lin-
early in dB. As a result, we would also expect the outage ca-
pacity region to increase linearly in each dimension as ρ in-
creases. This trend is confirmed from the regions shown in
Figure 8.

5. CONCLUSION

In this paper, we have studied the use of MAE array at the
base station to increase system capacity. The fundamental
question addressed is the ultimate capacity achievable with a
MAE array equipped base station communicating with mul-
tiple mobile stations. Since there are multiple mobiles, the
capacity is expressed as a region over the space of transmis-
sion rates from the mobiles. Any particular set of rates con-
tained in the region can be transmitted with a certain outage
probability.

We have obtained both outer and inner bounds for the
outage capacity regions. The outer bounds indicates what
is beyond the capability of the SDMA system while the in-
ner bounds indicates what is achievable. As expected, the use
of multiple antennas at the base station can greatly increase
the allowable transmission rates from the mobiles. For ex-
ample, with 2 and 16 antenna elements and joint decoding
at the base station, two mobiles can simultaneously transmit
at 0.72 nat per second and 2.65 nat per second, respectively,
and achieve an outage probability smaller than 1%.

Our results show that although the capacity region can
be expanded by allowing higher outage probability, the in-
crease in allowable rates is much greater when the number
of antenna elements is small. In cases with a large number of
antenna elements at the base station, the strong protection
against severe fading provided by the antenna array can keep
the maximum allowable rates relatively constant. We also ob-
serve that the outage capacity regions can increase dramati-
cally with an increase in the signal-to-noise ratio; the capac-
ity regions expand almost linearly in every dimension as the
signal-to-noise ratio increases.

The capacity region bounds derived in this paper pro-
vide a yardstick against which the performance of any space-
division multiple-access technique can be compared.

APPENDIX

EVALUATION OF T2 AND T3 IN SECTION 3.3

Now we examine T2 and T3 more closely. It is easily verified
that ∫ c

b
h

(
2
(
t1 + t2 + 1 − ta

)(
t1 − 1

)(
t2 − 1

) + 1

)
dta

=
∫ 1

−1
h(x)

(
t1 − 1

)(
t2 − 1

)
2

dx

=
(
t1 − 1

)(
t2 − 1

)
2

.

(A.1)

Using this result and the complementary cumulative distri-
bution function for chi-square random variables given in
(18), we can further simplify the expressions for T2 and T3:

T3 =
∫∞

a−eR2
dt1

∫∞

eR2
g
(
t1 − 1
ρ

)
g
(
t2 − 1
ρ

)
1
ρ2
dt2

=
∫∞

(a−eR2−1)/ρ
g(x)dx

∫∞

(eR2−1)/ρ
g(y)dy

= F̄
(
a− eR2 − 1

ρ

)
F̄
(
eR2 − 1

ρ

)
,

T2 =
∫ (a−eR2−1)/ρ

(eR1−1)/ρ
g(x)dx

∫∞

(a−ρx−2)/ρ
g(y)dy

=
∫ x2

x1

g(x)dxF̄
(
a− 2
ρ

− x
)

=
∫ x2

x1

g(x)
m−1∑
k=0

(
(a− 2)/ρ − x

)k
k!

ex−(a−2)/ρdx

=
m−1∑
k=0

e−(a−2)/ρ
∫ x2

x1

xm−1
(
(a− 2)/ρ − x
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(m− 1)!k!
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An improved antenna array (AA) has been introduced, in which reverse-link synchronous transmission technique (RLSTT) is
incorporated to effectively make better an estimation of covariance matrices at a beamformer-RAKE receiver. While RLSTT is
effective in the first finger at the RAKE receiver in order to reject multiple-access interference (MAI), the beamformer estimates
the desired user’s complex weights, enhancing its signal and reducing cochannel interference (CCI) from the other directions.
In this work, it is attempted to provide a comprehensive analysis of user capacity which reflects several important factors such
as the shape of multipath intensity profile (MIP), the number of antennas, and power control error (PCE). Theoretical analysis,
confirmed by the simulations, demonstrates that the orthogonality provided by employing RLSTT along with AA may make the
DS-CDMA system insensitive to the PCE even with fewer numbers of antennas.

Keywords and phrases: antenna arrays, reverse-link synchronous DS-CDMA, frequency-selective fading channel, power control
error.

1. INTRODUCTION

DS-CDMA systems exhibit a user capacity limit in the sense
that there exist a maximum number of users that can simul-
taneously communicate over multipath fading channels and
maintain a specified level of performance per user. This lim-
itation is caused by cochannel interference (CCI) which in-
cludes both multiple-access interference (MAI) between the

multiusers, and intersymbol interference (ISI) which arises
from the existence of different transmission paths. A promis-
ing approach to increase the system capacity is the use of spa-
tial processing with an antenna array (AA) at base station
(BS) [1, 2, 3, 4, 5, 6]. Generally, the AA system consists of
spatially distributed antennas and a beamformer which gen-
erates a weight vector to combine the array output. Several al-
gorithms have been proposed in the spatial signal processing
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to design the weights in the beamformer. For example, a new
space-time processing framework for the beamforming with
AA in DS-CDMA has been proposed in [2], where a code-
filtering approach was used in each receiving antenna in or-
der to estimate the optimum weights in the beamformer.

For a terrestrial mobile system, reverse-link synchronous
transmission technique (RLSTT) has been proposed to re-
duce interchannel interference over a reverse link [7]. In the
RLSTT, the synchronous transmission in the reverse link can
be achieved by adaptively controlling the transmission time
in each mobile station (MS). In a similar way to the closed-
loop power control technique, the BS computes the time dif-
ference between the reference time generated in the BS and
the arrival time of the dominant signal transmitted from each
MS, and then transmits timing control bits, which order MSs
to “advance” or “delay” their transmission times. The consid-
ered DS-CDMA system uses orthogonal reverse-link spread-
ing sequences and the timing control algorithm that allows
the main paths to be synchronized.

In this paper, an improved AA has been introduced, in
which RLSTT is incorporated to effectively make better an es-
timation of covariance matrices at a Beamformer-RAKE re-
ceiver. While RLSTT is effective in the first finger at the RAKE
receiver in order to reject MAI, the beamformer estimates the
desired user’s complex weights, enhancing its signal and re-
ducing CCI from the other directions. In this work, it is at-
tempted to provide a comprehensive analysis of user capac-
ity which reflects several important factors such as the shape
of multipath intensity profile (MIP), the number of anten-
nas, and power control error (PCE). Of particular interest
are the trade-offs encountered among parameters such as the
number of receiving antennas and PCE. The paper is orga-
nized as follows. In Section 2, channel and system models
are described. The AA system with RLSTT is introduced and
its theoretical analysis is derived to investigate the trade-offs
among the system parameters in Section 3. Section 4 shows
numerical results mainly focusing on the system capacity. Fi-
nally, a concluding remark is given in Section 5.

2. CHANNEL AND SYSTEM MODEL

We consider a BPSK-modulated DS-CDMA system over a
multipath fading channel. Assuming K active users (k =
1, 2, . . . ,K), the low-pass equivalent signal transmitted by
user k is presented as

s(k)(t) =
√

2Pkb(k)(t)g(k)(t)a(t) cos
[
ωct + φ(k)

]
, (1)

where a(t) is a pseudonoise (PN) randomization sequence
which is common to all the channels in a cell to maintain
the CDMA orthogonality, g(k)(t) is an orthogonal channel-
ization sequence, and b(k)(t) is user k’s data waveform. In
(1), Pk is the average transmitted power of the kth user, ωc

is the common carrier frequency, and φ(k) is the phase angle
of the kth modulator to be uniformly distributed in [0, 2π).
The orthogonal chip duration Tg and the PN chip interval
Tc is related to data bit interval T through processing gain
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λ
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θ
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Figure 1: Antenna array model geometry.

N = T/Tc. We assume, for simplicity, that Tg equals Tc. The
complex lowpass impulse response of the vector channel as-
sociated with the kth user may be written as [3]

hk(τ) =
L(k)−1∑
l=0

β(k)
l exp

(
jϕ(k)

l

)
V
(
θ(k)
l

)
δ
[
τ − τ(k)

l

]
, (2)

where β(k)
l is the Rayleigh fading strength, ϕ(k)

l is its phase

shift, and τ(k)
l is the propagation delay. The kth user’s lth path

array response vector is expressed as

V
(
θ(k)
l

)
=[

1 exp

(− j2πd cos θ(k)
l

λ

)
· · · exp

(− j2(M−1)πd cos θ(k)
l

λ

)]T
.

(3)

Throughout this paper, we consider that the array geometry,
which is the parameter of the antenna aperture gain, is a uni-
form linear array (ULA) of M identical sensors in Figure 1.
All signals from MS arrive at the BS AA with mean angle of

arrival (AOA) θ(k)
l which is uniformly distributed in [0,π).

Assuming Rayleigh fading, the probability density function
(pdf) of signal strength associated with the kth user’s lth
propagation path, l = 0, 1, . . . ,L(k) − 1, is presented as

p
(
β(k)
l

)
= 2β(k)

l

Ω(k)
l

exp

−
(
β(k)
l

)2

Ω(k)
l

, (4)

where Ω(k)
l is the second moment of β(k)

l with
∑∞

l=0 Ωl = 1,
and we assume it is related to the second moment of the ini-
tial path strength Ω(k)

0 for exponentially decaying MIP as

Ω(k)
l = Ω(k)

0 exp(−lδ), for 0 < l ≤ L(k) − 1, δ ≥ 0, (5)

where δ reflects the rate at which the decay of average path
strength as a function of path delay occurs. Note that a more
realistic profile model may be the exponential MIP.

The receiver is a coherent RAKE receiver with AA, where
the number of fingers Lr is a variable less than or equal to
L(k) which is the number of resolvable propagation paths as-
sociated with the kth user. Perfect estimates of the channel
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parameters are assumed. The complex received signal is ex-
pressed as

r(t) = √
2P

K∑
k=1

√
λk

L(k)−1∑
l=0

β(k)
l V

(
θ(k)
l

)
b(k)
(
t − τ(k)

l

)
× g(k)

(
t − τ(k)

l

)
a
(
t − τ(k)

l

)
cos
[
ωct + ψ(k)

l

]
+ n(t),

(6)

where P is the average received power and ψ(k)
l is the phase

of the lth path associated to the kth carrier. λk corresponds to
the PCE of the kth user which is a random variable due to im-
perfect power control [8]. We consider λk to be log-normally
distributed with standard deviation σλk dB. In other words,
λk = 10(x/10), where the variable x follows a normal distribu-
tion. n(t) is an M × 1 spatially and temporally white Gaus-
sian noise vector with a zero mean and covariance which is
given by E{n(t)nH(t)} = σ2

nI, where I is the M × M iden-
tity matrix, σ2

n is the antenna noise variance with η0/2, and
the superscript H denotes the Hermitian-transpose operator.
When the received signal is matched to the reference user’s
code, the lth multipath matched filter output for the interest
user (k = 1) can be expressed as

y(1)
l =

∫ τ(1)
l +T

τ(1)
l

r(t) · g(1)
(
t−τ(1)

l

)
a
(
t−τ(1)

l

)
cos
[
ωct + ψ(1)

l

]
dt

= S(1)
l + I(1)

l,mai + I(1)
l,si + I(1)

l,ni.
(7)

When a reference signal is not available, a common crite-
rion for optimizing the weight vectors and this criterion is to
maximize the signal-to-interference plus noise ratio (SINR).

In (7), u(1)
l = I(1)

l,si + I(1)
l,mai + I(1)

l,ni is a total interference plus
noise for the lth path of interest user. By solving the follow-
ing problem, we can obtain the optimal weights to maximize
the SINR [9]:

W(1)
l(opt) = max

W�=0

W(1)H

l RyyW(1)
l

W(1)H

l RuuW(1)
l

, (8)

where Ryy and Ruu are the second-order correlation matri-
ces of the received signal subspace and the interference plus
noise subspace, respectively. Here, Ruu can be estimated by
the code-filtering approach in [2], which is presented as

Ruu = N

N − 1

(
Rrr − 1

N
Ryy

)
, (9)

where Rrr means the covariance matrix of the received sig-
nal prior to RAKE. The solution corresponds to the largest
eigenvalue (λmax) of the generalized eigenvalue problem in
the matrix pair (Ryy , Ruu). Therefore, we can obtain the max-

imum SINR when the weight vector W(1)
l(opt) equals the prin-

cipal eigenvector of the matrix pair, which is presented as

Ryy · W(1)
l(opt) = λmax · Ruu · W(1)

l(opt). (10)

From (7) and (8), the corresponding beamformer output for
the lth path of interest user is

ẑ(1)
l = W(1)H

l · y(1)
l

= Ŝ(1)
l + Î(1)

l,mai + Î(1)
l,si + Î(1)

l,ni,
(11)

where

Ŝ(1)
l =

√
Pλ1/2β

(1)
l C(1,1)

ll b(1)
0 T ,

Î(1)
l,mai =

√
P/2

K∑
k=2

√
λk

L(k)−1∑
j=0

β(k)
j C(l,k)

l j

×
{
b(k)
−1RWk1

[
τ(k)
l j

]
+ b(k)

0 R̂Wk1

[
τ(k)
l j

]}
cos
[
Ψ(k)

l j

]
,

Î(1)
l,si =

√
Pλ1/2

L(1)−1∑
j=0
j�=l

β(1)
j C(1,1)

l j

{
b(1)
−1RW11

[
τ(1)
l j

]

+ b(1)
0 R̂W11

[
τ(1)
l j

]}
cos
[
Ψ(1)

l j

]
,

Î(1)
l,ni =

∫ τ(1)
l +T

τ(1)
l

W(1)H

l · n(t)g(1)
(
t − τ(1)

l

)
× a
(
t − τ(1)

l

)
cos
[
ωct + ψ(1)

l

]
dt,

(12)

with b(1)
0 being the information bit to be detected, b(1)

−1 the

preceding bit, τ(k)
l j = τ(k)

j − τ(1)
l , and ψ(k)

l j = ψ(k)
j − ψ(1)

l .

W(1)
l = [w(1)

l,1 w
(1)
l,2 · · ·w(1)

l,M]T is the M × 1 weight vector for

the lth path of the first user. C(1,k)
l j = W(1)H

l · V(θ(k)
j ) rep-

resents the spatial correlation between the array response
vector of the kth user at the jth multipath and the weight
vector of the interest user at the lth path. RW and R̂W are
Walsh-PN continuous partial cross-correlation functions de-
fined by RWk1(τ) = ∫ τ0 g(k)(t − τ)a(t − τ) · g(1)(t)a(t)dt and

R̂Wk1(τ) = ∫ T
τ g(k)(t − τ)a(t − τ)g(1)(t)a(t)dt. From (11),

we can obtain the Rake receiver output from MRC combin-
ing ẑ(1) = ∑Lr

l=0 β
(1)
l · ẑ(1)

l and see that the outputs of the lth
branch, l = 0, 1, . . . ,Lr − 1, consist of four terms. The first
term represents the desired signal component to be detected.
The second term represents the MAI from (K − 1) other si-
multaneous users in the system. The third term is the self-
interference (SI) for the reference user. Finally, the last term
is AWGN.

3. PERFORMANCE OF AA WITH RLSTT IN RAYLEIGH
FADING CHANNEL WITH PCE

In our analysis, the evaluation is carried out for the case in
which the arrival time of paths is modeled as synchronous in
the first branch (i.e., for main paths) but as asynchronous in
the rest of the branches (i.e., for multipaths). With the well-
known Gaussian approximation, we model the MAI terms in
the first branch and the other branches as a Gaussian process
with variances equal to the MAI variances for l = 0 and for
l ≥ 1, respectively. Extending the derived results in [7], the
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variance of MAI for l = 0, conditioned on the values of β(1)
l

and λk, is

σ2
mai,0 = EbT(2N − 3)

12N(N − 1)

{
β(1)

0

}2 K∑
k=2

λk

L(k)−1∑
j=1

Ω(k)
j ζ (1,k)2

0 j . (13)

Similarly, the variance of MAI for l ≥ 1 is

σ2
mai,l =

EbT(N − 1)
6N2

{
β(1)
l

}2 K∑
k=2

λk

L(k)−1∑
j=0

Ω(k)
j ζ (1,k)2

l j , (14)

where Eb = PT is the signal energy per bit, and ζ (1,k)2

l j =
E�{C(1,k)

l j }2 is the second-order characterization of the spa-
tial correlation between the array response vector of the kth
user at the jth multipath and the weight vector of interest
user at the lth path, of which more detailed derivation is de-
scribed in the appendix. The conditional variance of σ2

si,l is
approximated by [10]:

σ2
si,l ≈

Ebλ1T

4N

{
β(1)
l

}2 L(1)−1∑
j=0
j�=l

Ω(1)
j ζ (1,1)2

l j . (15)

The variance of the AWGN term, conditioned on the value of
β(1)
l , is calculated as

σ2
ni,l =

Tη0ζ
(1,1)2

ll

4M
·
{
β(1)
l

}2
. (16)

Therefore, the output of the receiver is a Gaussian random
process with mean

Us =
√

Ebλ1T

2

Lr−1∑
l=0

{
β(1)
l

}2
ζ (1,1)
ll (17)

and the total variance equal to the sum of the variance of all
the interference and noise terms. From (13), (14), (15), and
(16), we have

σ2
T = σ2

mai,0 +
Lr−1∑
l=1

σ2
mai,l +

Lr−1∑
l=0

(
σ2

si,l + σ2
ni,l

)
= EbTΩ0

×


(2N − 3)
{
q
(
Lr , δ

)− 1
}
λIζ

2
0 ·
{
β(1)

0

}2

12N(N − 1)

+
(N − 1)q

(
Lr , δ

)
λIζ2 ·∑Lr−1

l=1

{
β(1)
l

}2

6N2

+
λ1
{
q
(
Lr , δ

)−1
}(
ζ2

0 ·
{
β(1)

0

}2
+ζ2·∑Lr−1

l=1

{
β(1)
l

}2
)

4N

+
η0

(
ζ

′2
0 ·

{
β(1)

0

}2
+ ζ

′2 ·∑Lr−1
l=1

{
β(1)
l

}2
)

4MEbΩ0

 .

(18)

At the output of the receiver, SNR may be written in a more
compact form as γs:

γs=
 (2N−3)

{
q
(
Lr , δ

)−1
}
λI

6N(N − 1)
·

ζ2
0 ·
{
β(1)

0

}2

ζ ′0·
{
β(1)

0

}2
+ ζ ′·∑Lr−1

l=1

{
β(1)
l

}2

+
(N − 1)q

(
Lr , δ

)
λI

3N2
·

ζ2 ·∑Lr−1
l=1

{
β(1)
l

}2

ζ ′0 ·
{
β(1)

0

}2
+ζ ′ ·∑Lr−1

l=1

{
β(1)
l

}2

+

{
q
(
Lr , δ

)− 1
}
λ1

2N
·
ζ2

0 ·
{
β(1)

0

}2
+ ζ2 ·∑Lr−1

l=1

{
β(1)
l

}2

ζ ′0 ·
{
β(1)

0

}2
+ ζ ′ ·∑Lr−1

l=1

{
β(1)
l

}2

+
η0

2MΩ0Eb
·
ζ

′2
0 ·

{
β(1)

0

}2
+ ζ

′2 ·∑Lr−1
l=1

{
β(1)
l

}2

ζ ′0 ·
{
β(1)

0

}2
+ ζ ′ ·∑Lr−1

l=1

{
β(1)
l

}2


−1

×
λ1

(
ζ ′0 ·

{
β(1)

0

}2
+ ζ ′ ·∑Lr−1

l=1

{
β(1)
l

}2
)

Ω0
,

(19)

where q(Lr , δ) = ∑Lr−1
l=0 exp(−lδ) = 1 − exp(−Lrδ)/1 −

exp(−δ), λI = ∑K
k=2 λk, and Ω(k)

0 = Ω0. ζ (k,m)2

l j = ζ2
0 when

k �= m or l �= j for l = 0, ζ (k,m)2

l j = ζ2 when k �= m or l �= j

for l > 0, ζ (k,m)2

l j = ζ
′2
0 when k = m and l = j for l = 0, and

ζ (k,m)2

l j = ζ
′2 when k = m and l = j for l > 0. In [11], the pdf

of λI = ∑K
k=2 λk for K − 1 users is an approximately lognor-

mal distribution, with the following logarithmic mean and
variance, which is presented as

p
(
λI
) = 1√

2πσλI λI
exp

[
−
(

ln λI −mλI

)2

2σ2
λI

]
, (20)

where

σ2
I = ln

(
1

K − 1
exp

(
σ2
λI

)
+
K − 2
K − 1

)
,

mI = ln(K − 1) + m +
σ2
λI

2

− 1
2

ln
(
K − 2
K − 1

+
1

K − 1
exp

(
σ2
λI

))
.

(21)

This method is valid for a logarithmic standard deviation σλ
less than 4 dB. To evaluate the average bit error probability,
Pl
e(λ1, λI), conditioning on the values of λ1 and λI follows as

Pl
e

(
λ1, λI

)
=
∫∞

0

∫∞

0
Q
(√

γs
)Lr−1∑
k=1

πk
Ωk

exp
(−x/Ωk

)· 1
Ω0

exp
(−y/Ω0

)
dx dy,

(22)

where πk = ΠLr−1
i=1,i�=k(xk/(xk − xi)) = ΠLr−1

i=1,i�=k(Ωk/(Ωk −Ωi)),
Q(x) = (1/

√
2π)

∫∞
x exp(−u2/2)du. The average bit error
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Figure 2: Analytical results versus simulation results. (Number of users = 12, M = 4, Lr = L(k) = 2, PCE = 0 and 3 dB.) (a) δ = 1.0, (b)
δ = 0.2.

probability Pe is calculated as

Pe = 1√
π

∫∞

−∞
1√
π

∫∞

−∞
Pl
e

(
exp

(√
2σλ1z1 + mλ1

)
,

exp
(√

2σλI zI + mλI

))
× exp

[− z2
1

]
dz1 exp

[− z2
I

]
dzI ,

(23)

where z1 = (ln λ1 −mλ1 )/
√

2σλ1 and zI = (ln λI −mλI )/
√

2σλI .
This integration can be easily obtained by using the Hermite
polynomial approach, which requires only summation and
no integration [12]:

Pe = 1
π

h∑
l=1

wl

h∑
n=1

wnP
l
e

(
exp

(√
2σλ1xn + mλ1

)
,

exp
(√

2σλI xl + mλI

))
.

(24)

4. NUMERICAL RESULTS

In this section, we have investigated the user capacity of AA
system both with RLSTT and without RLSTT, considering
several important factors such as the shape of MIP, the num-
ber of antennas, and the PCE. In all evaluations, processing
gain is assumed to be 128, and the number of paths and taps

in RAKE is assumed to be the same for all users and denoted
by two. The decaying factor is considered as 1.0 or 0.2 for
the exponential MIP. The sensor spacing is half of the carrier
wavelength.

Figure 2 shows uncoded BER performance as a function
of Eb/N0, when the number of users is twelve and the number
of antennas is four in the exponential MIP. Two decay factors
are considered, and both perfect power control (PCE = 0 dB)
and imperfect power control (PCE = 3 dB) are assumed. The
results confirm that the analytical results are well matched
to the simulation results. It is noted that using RLSTT to-
gether with AA may enhance the performance, since RLSTT
tends to make better the estimation of covariance matrices
for beamformer-RAKE receiver.

The BER curves are plotted as functions of the number
of users in Figure 3 when Eb/N0 = 20 dB and power con-
trol is perfect. The number of antennas is chosen among
one, four, or eight. It is shown that AA with RLSTT demon-
strates significant performance gain when the number of
users increases, even though the performance improvement
decreases when the number of antenna increases. For exam-
ple, in the case of four antennas, while AA without RLSTT
supports 60 users, AA with RLSTT supports more than 96
users at a BER of 10−3, showing an enhancement of 50%.

Figure 4 shows the BER system performance as a func-
tion of the number of users, when M = 4, Eb/N0 = 20 dB,
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Figure 3: BER versus number of users in AA with RLSTT and AA without RLSTT (Eb/N0 = 20 dB, M = 1, 4, and 8, Lr = L(k) = 2,
PCE = 0 dB). (a) δ = 1.0, (b) δ = 0.2.
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Figure 4: BER versus number of users in AA with RLSTT and AA without RLSTT (Eb/N0 = 20 dB, M = 4, Lr = L(k) = 2, PCE =
0, 1, 2, 3, and 4 dB). (a) δ = 1.0, (b) δ = 0.2.

and power control is imperfect. The curves are parameter-
ized by different PCE values such as PCE = 0, 1, 2, 3, and
4[dB], and show that RLSTT makes DS-CDMA system with
AA insensitive to the PCE and thus increases the achievable
overall system capacity. At BER = 5 × 10−4, AA with RLSTT

when PCE = 2 dB can support even greater number of users,
about 35% more than AA without RLSTT when power con-
trol is perfect (PCE = 0 dB), even though its capacity when
PCE = 2 dB is degraded about 28% in comparison to the
perfect power control.
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Figure 5: Number of users versus PCE in AA with RLSTT and AA without RLSTT (Eb/N0 = 20 dB, M = 4 and 8, Lr = L(k) = 2, BER = 10−4)
(a) δ = 1.0 (b) δ = 0.2.

In Figure 5, the maximum allowable number of users to
achieve BER of 10−4 is shown as a function of PCE when
the number of antenna elements is four or eight. The fig-
ure demonstrates while in eight-element AA without RLSTT
PCE is required to keep less than 1 dB in order to achieve the
user capacity of 50 users, AA with RLSTT may make loose
the requirement to 3 dB. The figure can also be used to find
the overall system capacity for a given PCE and the num-
ber of antenna elements. These results, however, do not take
into account effects such as coding and interleaving. Addi-
tionally, it is apparent that RLSTT has superior performance
and/or reduces the complexity of the system since AA with
RLSTT with fewer numbers of antennas can obtain better
performance than AA without RLSTT.

5. CONCLUSIONS

In this paper, we presented an improved AA, in which RLSTT
is incorporated to effectively make better an estimation of co-
variance matrices at a beamformer-RAKE receiver, and inves-
tigated the user capacity and the performance analysis which
reflects several important factors such as the shape of mul-
tipath intensity profile (MIP), the number of antennas, and
power control error (PCE). The results show that the orthog-
onality provided by employing RLSTT along with AA may
make the DS-CDMA system insensitive to the PCE even with
fewer numbers of antennas. Additionally, RLSTT has supe-
rior performance and/or reduces the complexity of the sys-
tem since AA with RLSTT with fewer numbers of antennas
can obtain better performance than AA without RLSTT. The
consideration of estimation technique such as diagonal load-
ing employed in the proposed system may be an interesting
issue for future study.

APPENDIX

SPATIAL CORRELATION STATISTICS

From (10), we can obtain the optimal beamformer weight
presented as

W(k)
l = ξ · R(k)−1

uu,l V
(
θ(k)
l

)
; (A.1)

since ξ does not affect the SINR, we can set ξ = 1. When
the total number of paths is large, a large code length yields

R(k)
uu,l = σ (k)2

s,l ·I [2]. However, it means that the total undesired
signal vector can be modeled as a spatially white Gaussian

random vector. Here, σ (k)2

s,l is the total interference-plus-noise
power. From (7), the total interference-plus-noise for the lth
path of the kth user in the matched filter output is shown as

u(k)
l = I(k)

l,si + I(k)
l,mai + I(k)

l,ni. (A.2)

If we assume that the angles of arrival of the multipath com-
ponents are uniformly distributed over [0,π), the total inter-

ference vector I(k)
l,si + I(k)

l,mai will be spatially white [2, Chapter
6]. In this case, the variance of the undesired signal vector is
calculated as

E
⌊

u(k)
l · u(k)H

l

⌋
= σ (k)2

s,l · I

=
(
σ (k)2

mai,l + σ (k)2

si,l + σ (k)2

ni,l

)
· I,

(A.3)

where σ (k)2

mai,l and σ (k)2

si,l are the noise variance of MAI and SI in
one-dimension antenna system. For the RLSTT model [7],
all active users are synchronous in the first branch. Therefore,
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we can obtain the different variance of the total interference-
plus-noise for l = 0 and for l ≥ 1, conditions on the value of
λk, respectively, expressed as follows:

σ (k)2

s,0

(
λ1, λI

)
= EbTΩ0

(
(2N − 3)λI

{
q
(
Lr , δ

)− 1
}

12N(N − 1)

+
λ1
{
q
(
Lr , δ

)− 1
}

4N
+

η0

4EbΩ0

)
for l = 0,

σ (k)2

s,l

(
λ1, λI

)
= EbTΩ0

(
(N − 1)λIq

(
Lr , δ

)
6N2

+
λ1
{
q
(
Lr , δ

)− 1
}

4N
+

η0

4EbΩ0

)
for l ≥ 1.

(A.4)

Using the Hermite polynomial approach, we can evaluate the
average total interference-plus-noise power per AA element.

With these assumptions, the optimal beamformer weight
of the kth user at the lth multipath can be shown to be

W(k)
l = σ (k)−2

s,l ·V(θ(k)
l ). Therefore, between the array response

vector of the mth user at the hth multipath and the weight
vector of the kth user’s lth path, the spatial correlation can be
expressed as

C(k,m)
lh =

VH
(
θ(k)
l

)
V
(
θ(m)
h

)
σ (k)2

s,l

= CR(k,m)
lh

σ (k)2

s,l

, (A.5)

where

CR(k,m)
lh =

M−1∑
i=0

exp
(
jπ si cos

(
θ(k)
l

))
exp

(
− jπ si cos

(
θ(m)
h

))
,

s = 2d
λ
.

(A.6)

The second-order characterization of the spatial correla-
tion is calculated as

ζ (k,m)2

lh = E
[{

C(k,m)
lh

}2
]
=

E
[{

CR(k,m)
lh

}2
]

σ (k)4

s,l

, (A.7)

where{
CR(k,m)

lh

}2 = A
(
θ(k)
l , θ(m)

h

)
=

M−1∑
i=0

(i + 1) exp
(
jπ si cos θ(k)

l

)
exp

(
− jπ si cos θ(m)

h

)

+
2(M−1)∑
i=M

(2M − i− 1) exp
(
jπ si cos θ(k)

l

)
× exp

(
− jπ si cos θ(m)

h

)
.

(A.8)

The mean angles of arrival θ(k)
l and θ(m)

h have uniform distri-
bution in [0,π) independently. So,

E
[{

CR(k,m)
lh

}2
]

=
∫ π

0

∫ π

0
A
(
θ(k)
l , θ(m)

h

)
dθ(k)

l dθ(m)
h

=



M−1∑
i=0

(i + 1)J0(π si)J0(−π si)

+
2(M−1)∑
i=M

(2M − i− 1)J0(π si)J0(−π si), k �= m or l �= h,

M2, k=m, l=h,
(A.9)

where J0(x) is the zero-order Bessel function of the first
kind.
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Smart antennas exploit the inherent spatial diversity of the mobile radio channel, provide an antenna gain, and also enable spatial
interference suppression leading to reduced intracell as well as intercell interference. Especially, for the downlink of future CDMA-
based mobile communications systems, transmit beamforming is seen as a well-promising smart antenna technique. The main
objective of this paper is to study the performance of diverse antenna array topologies when applied for transmit beamforming in
the downlink of CDMA-based networks. In this paper, we focus on uniform linear array (ULA) and uniform circular array (UCA)
topologies. For the ULA, we consider three-sector base stations with one linear array per sector. While recent research on downlink
beamforming is often restricted to one single cell, this study takes into account the important impact of intercell interference on
the performance by evaluating complete networks. Especially, from the operator perspective, system capacity and system coverage
are very essential parameters of a cellular system so that there is a clear necessity of intensive system level investigations. Apart
from delivering assessments on the performance of the diverse antenna array topologies, in the paper also different antenna array
parameters, such as element spacing and beamwidth of the sector antennas, are optimized. Although we focus on the network
level, fast channel fluctuations are taken into account by including them analytically into the signal-to-interference calculation.

Keywords and phrases: cellular system, system level simulation, beamforming, uniform linear array, uniform circular array, sec-
torized system.

1. INTRODUCTION

Mobile radio communication represents a rapidly growing
market since the global system for mobile communications
(GSM) standard has been established. Since then, third gen-
eration mobile radio systems like universal mobile telecom-
munication system (UMTS) or IMT-2000 have already been
standardized [1, 2] and fourth generation systems are cur-
rently investigated. They will probably employ code divi-
sion multiple access (CDMA) as a multiple access technique.
In this paper, we focus on a CDMA-based system with fre-
quency division duplex (FDD) like W-CDMA. A fundamen-
tal limitation on the capacity as well as coverage of CDMA-
based mobile communication systems is the mutual interfer-
ence among simultaneous users.

Smart antennas exploit the inherent spatial diversity of
the mobile radio channel, provide an antenna gain, and also
enable spatial interference suppression leading to reduced in-
tracell as well as intercell interference. However, the imple-
mentation of this advanced technique in a handset is difficult

with today’s hardware due to its limitations in size, cost, and
energy storage capability while it is feasible to adopt antenna
arrays at base stations.

In such a setting, transmit beamforming at base stations
provides a powerful method for increasing downlink capac-
ity [3, 4, 5, 6]. But, full exploitation of the spatial properties
of the downlink channel requires meaningful transmit chan-
nel information at the base station. Third generation mobile
systems are designed only with a low rate feedback informa-
tion channel [5], hence, we focus in this paper on downlink
beamforming strategies which are exclusively based on up-
link information. While the instantaneous fading is normally
uncorrelated between uplink and downlink, it is known that
especially for UMTS, the long-term spatial and fading char-
acteristics of the uplink channel can be used for transmit
beamforming.

Recent research on downlink beamforming is either re-
stricted on the direct link between a base station and mo-
bile station or by considering only one single cell with few
mobile stations. However, it is well known that especially for



System-Level Performance of Antenna Arrays 1309

the downlink, the impact of intercell interference on over-
all system performance plays an important role in CDMA-
based systems [5, 7]. Thus, detailed investigations of down-
link beamforming on the network level are strongly required.
Note that especially from the operator perspective, system ca-
pacity and system coverage are very essential also enhancing
the necessity of detailed system level investigations.

The main objective of this paper is to study the perfor-
mance of diverse antenna array topologies when applied for
transmit beamforming in the downlink of CDMA-based net-
works. In literature, some performance comparisons of sys-
tems with different array topologies can be found [8, 9, 10,
11, 12], but either no real cellular system is considered or im-
portant aspects like downlink transmission, maximum ratio
combining at the receivers, or specific array topologies are
not taken into account. In order to obtain a clear compari-
son and work out the performance improvement by trans-
mit beamforming, we study omnidirectional as well as 3-
sector networks whereby the latter concept represents the to-
day’s standard antenna configuration. Apart from delivering
assessments on the performance of different antenna array
topologies in a cellular network, the paper also evaluates and
optimizes different antenna array parameters. Note that for
the parameter optimization, again, we take into account net-
work level aspects rather than only being focused on the ar-
rays itself.

Our investigations are based on the evaluation of the
signal-to-interference ratio (SIR) after RAKE reception at a
mobile station. Although we are merely interested in system
level results we include fast (instantaneous) fading properties
in our investigations. Fast fading is analytically included in
the calculation of the SIR values at the mobile stations. This
analytical method is a new approach in the area of system
level investigations. The key parameter of our investigations
is the outage probability that is based on the calculation of
the cumulative distribution function (CDF) of the SIR val-
ues. An outage occurs if the SIR of a mobile falls below a
required SIR threshold.

Finally, it has to be mentioned that the results are based
on a simulative approach. Thus, the propagation model plays
an important role. Within this paper, we applied a quite re-
alistic propagation model also taking into account the prob-
abilistic nature of all parameters.

The paper is structured as follows. First, Section 2 intro-
duces the basic signal model. Section 3 describes the main
parameters for transmit beamforming and also gives a first
insight on how to perform downlink beamforming by uti-
lizing long-term uplink spatial mobile radio channel proper-
ties. Section 4 deals with the evaluation of the downlink path
pattern which is composed of the beamformed pattern, the
element-specific pattern, and the azimuthal power spectrum
of the individual propagation paths. The latter results from
the fact that each (macro)path consists of a large number of
micropaths which cause an angular spread of each individ-
ual path. Within Section 4, we also calculate the SIR values.
Next, in Section 5, the simulation model and simulation pa-
rameters are described. Section 6 shows extensive simulation
results, and, finally, Section 7 concludes the paper.

2. SIGNAL MODEL

For the purpose of this paper, either a uniform linear ar-
ray (ULA) or a uniform circular array (UCA) is considered
for the base station, where the number of array elements for
both array topologies is M. Mobile stations use one single
antenna for transmission and reception only. For notational
clarity, it is assumed that the multipath components of the
frequency-selective mobile radio channel can be lumped into
spatially or temporally resolvable (macro)paths. The number
of resolvable paths is determined by the angular resolution of
the antenna array and the angular power distribution of the
propagation scenario as well as by the relation of the delay
spread to the symbol duration of the signal of interest. It is
assumed that the number of resolvable paths is the same for
uplink and downlink. Here, the number of resolvable paths
between the kth mobile station and the jth base station is
denoted by Lk, j . The total number of users in the entire net-
work is K and the number of base stations is J . Throughout
the whole paper, uplink parameters and variables will be de-
noted by “ˆ” and correspondingly downlink parameters and
variables by “ˇ”.

In the following, we focus on uplink transmission at first.
The mobile station k is assigned to the base station j(k).
At the receiver, the base stations see a sum of resolvable
distorted versions of the transmitted signals ŝk(t) of users
k = 0, . . . ,K−1. The complex baseband representation of the
antenna array output signal vector of base station j is given
by

r̂ j(t) =
K−1∑
k=0

√
P̂k

Lk, j−1∑
l=0

ĥl,k, j ŝk
(
t − τ̂l,k, j

)
+ n̂ j(t), (1)

where P̂k is the transmitted power from the kth user and ĥl,k, j

represents the channel vector of length M of path l between
user k and base station j. It is assumed that the channel is
quasi time-invariant within the period of interest. The kth
user uplink signal ŝk(t) includes the complete baseband sig-
nal processing as channel encoding, data modulation, and
spreading in case of CDMA transmission and τ̂l,k, j is the time
delay of the lth path between user k and base station j. Fi-
nally, n̂ j(t) is a spatially and temporally white Gaussian ran-
dom process with covariance matrix

R̂N = E
{

n̂ j n̂H
j

} = σ̂2
NI for j = 0, . . . , J − 1, (2)

where E{· · · } denotes the expectation.
The angular spread of the individual incoming resolv-

able paths determines the amount of spatial fading seen at
an antenna array [4] and the size of the array employed will
affect the coherence of the array output signals as well as
which detection algorithms are applicable. For the rest of this
paper, we assume closely spaced antenna elements yielding
highly spatially correlated signals at the array elements. For
this case, we can express the channel vector as

ĥl,k, j = α̂l,k, j â
(
θ̂l,k, j

)
, (3)
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where α̂l,k, j is the channel coefficient which is composed of
path loss, log-normal shadow fading as well as fast Rayleigh
fading. The vector â(θ̂l,k, j) denotes the array response or
steering vector to a planar wave impinging from an azimuth
direction θ̂l,k, j . In our model, we assume that the angles of

arrival θ̂l,k, j with l = 0, . . . ,Lk, j − 1 are Laplacian-distributed
variables with mean θk, j , the line-of-sight direction between
user k and base station j [13, 14].

With the assumption of planar waves and uniformly
located array elements, the frequency-dependent array re-
sponse of a ULA is given by [13, 15, 16]

aL(θ) =
[

1, e−j2π(d/λ) sin(θ), . . . , e−j2π(M−1)(d/λ) sin(θ)
]T

. (4)

The interelement spacing of the antenna array is d, and λ rep-
resents the wavelength of the impinging wave. For the UCA,
we have [15]

aC(θ)

=
[

1, e−j2π(R/λ) cos(θ−2π/M), . . . , e−j2π(R/λ) cos(θ−2π(M−1)/M)
]T

,

(5)

where R represents the radius of the array.
In order to form a beam for user k and detect its sig-

nal at base station j(k), the received vector signal r̂ j(k)(t) is
weighted by the weight vector ŵk,

ŷk(t) = ŵH
k r̂ j(k)(t). (6)

These weights depend on the optimization criterion, for ex-
ample, maximizing the received signal energy (equivalent
to SNR), maximizing the SINR, and minimizing the mean
squared error between the received signal and some reference
signal to be known at the base station [4].

Equation (6) can be rewritten with (1), (3) and either (4)
or (5) to

ŷk(t) =
√
P̂k

Lk, j(k)−1∑
l=0

α̂l,k, j(k)ŵH
k â
(
θ̂l,k, j(k)

)
ŝk
(
t − τ̂l,k, j(k)

)

+
K−1∑
κ=0
κ�=k

√
P̂κ

Lκ, j(k)−1∑
l=0

α̂l,κ, j(k)ŵH
k â
(
θ̂l,κ, j(k)

)
ŝκ
(
t − τ̂l,κ, j(k)

)
+ ŵH

k n̂ j(k)(t).
(7)

The first term describes the desired signal, the second term
represents the intercell as well as intracell interference, and
the last expression describes additive Gaussian noise. Assum-
ing that the data signals ŝk(t − τ̂l,k, j(k)) and the additive noise
n̂ j(k)(t) are zero-mean and statistically independent random
processes, the total received uplink signal power of the user

of interest at the base station can be expressed in the form

P̂R,k = E
{∣∣ ŷk(t)

∣∣2
}

= P̂k

Lk, j(k)−1∑
l=0

∣∣α̂l,k, j(k)
∣∣2 · ∣∣ŵH

k â
(
θ̂l,k, j(k)

)∣∣2

+
K−1∑
κ=0
κ�=k

P̂κ

Lκ, j(k)−1∑
l=0

∣∣α̂l,κ, j(k)
∣∣2 · ∣∣ŵH

k â
(
θ̂l,κ, j(k)

)∣∣2

+ E
{∣∣ŵH

k n̂ j(k)(t)
∣∣2
}

= ŵH
k R̂S,kŵk + ŵH

k R̂I,kŵk + ŵH
k R̂Nŵk,

(8)

where the expectation operation is carried out with respect
to the fast varying data signal and the additive noise. Note
that the expectation is not carried out with respect to the
fast fading processes, since we assume that the channel re-
mains unchanged during a block of data. Here, it has been
assumed that also time-delayed versions of the same data sig-
nal are uncorrelated. The kth user signal is normalized by
E{|sk|2} = 1 for k = 0, . . . ,K − 1. The essential elements in
antenna array beamforming design are the spatial covariance
matrices R̂S,k for the desired signal as well as the spatial co-
variance matrices R̂I,k for the interference of user k. Both ma-
trices are instantaneous covariance matrices which are fluc-
tuating according to fast fading. According to (8), these ma-
trices are given by

R̂S,k = P̂k

Lk, j(k)−1∑
l=0

∣∣α̂l,k, j(k)
∣∣2 · â

(
θ̂l,k, j(k)

)
â
(
θ̂l,k, j(k)

)H
, (9)

R̂I,k =
K−1∑
κ=0
κ�=k

P̂κ

Lκ, j(k)−1∑
l=0

∣∣α̂l,κ, j(k)
∣∣2 · â

(
θ̂l,κ, j(k)

)
â
(
θ̂l,κ, j(k)

)H
. (10)

These covariance matrices include all the spatial information
necessary for beamforming. They can be measured in the up-
link by correlating all antenna array output signals,

E
{

r̂ j(k)r̂Hj(k)

}
= R̂S,k + R̂I,k + R̂N. (11)

The only remaining task is to distinguish between the con-
tribution of the desired signal and the contribution of inter-
ference plus noise. This can be accomplished by evaluating
user-specific training sequences.

Next, downlink transmission is considered. A mobile ter-
minal receives the desired signal from the base station to
which it is connected. But it also receives interference from
all other base stations. The received signal is given by

y̌k(t) =
√
P̌k

Lk, j(k)−1∑
l=0

α̌l,k, j(k)w̌H
k ǎ
(
θ̌l,k, j(k)

)
šk
(
t − τ̌l,k, j(k)

)
+ ǐk(t) + ňk(t).

(12)

The first term in (12) is the desired signal and the second
term ǐk(t) is interference which is composed from intracell as
well as intercell interference. The last term ňk(t) is additive
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white Gaussian noise which is created from thermal and am-
plifier noise. Assuming that the data signals for different mo-
bile stations are statistically independent and that also time-
delayed versions of the same data signal are uncorrelated, the
power of the received signal at mobile station k yields

P̌R,k = E
{∣∣ y̌k(t)

∣∣2
}

= P̌k

Lk, j(k)−1∑
l=0

∣∣α̌l,k, j(k)
∣∣2 · ∣∣w̌H

k ǎ
(
θ̌l,k, j(k)

)∣∣2

+ E
{∣∣ǐk∣∣2

}
+ E
{∣∣ňk∣∣2

}
= w̌H

k ŘS,kw̌k + E
{∣∣ǐk∣∣2

}
+ E
{∣∣ňk∣∣2

}
.

(13)

Here, ŘS,k denotes the downlink covariance matrix for the
desired signal component

ŘS,k = P̌k

Lk, j(k)−1∑
l=0

∣∣α̌l,k, j(k)
∣∣2 · ǎ

(
θ̌l,k, j(k)

)
ǎ
(
θ̌l,k, j(k)

)H
. (14)

For an FDD system, fast fading processes in uplink and
downlink are almost uncorrelated. Therefore, the instanta-
neous uplink covariance matrix cannot be used directly for
downlink beamforming. But on the other hand, measure-
ments have shown that the following spatial transmission
characteristics for uplink and downlink are almost the same
if the frequency spacing between uplink and downlink bands
is not too large (see [17], [18, Section 3.2.2], [19]):

θ̂l,k, j
∼= θ̌l,k, j , (15)

τ̂l,k, j
∼= τ̌l,k, j , (16)

E
{∣∣α̂l,k, j

∣∣2
} ∼= E

{∣∣α̌l,k, j
∣∣2
}
. (17)

In (17), the expectation is taken over the fast fading pro-
cesses. The equation implies that fading processes from shad-
owing are almost the same for uplink and downlink. Because
of this reason, a part of the spatial information which is avail-
able from the uplink covariance matrices can be utilized also
for the downlink.

Since the instantaneous full spatial information is not
available for the downlink, downlink beamforming has to be
based on averages (with respect to fast fading) of the covari-
ance matrices.

3. DOWNLINK BEAMFORMING

The scope of this paper is to investigate different antenna ar-
ray topologies for downlink beamforming. To fully exploit
spatial filtering capabilities, complete downlink spatial infor-
mation is required at the base station to reduce intercell as
well as intracell interference. Complete spatial information
comprises the knowledge of the covariance matrices which
include the knowledge of instantaneous magnitudes of the
channel coefficients |αl,k, j(k)|, the angles of arrival θl,k, j(k), and
transmitted powers Pk. The beamforming strategy which will
be discussed later in this section is directly based on covari-
ance matrices.

Usually, spatial information is only available for uplink
transmission by evaluating user-specific training sequences
at base stations. For the downlink, a backward transmission
of channel state information from the mobile stations to the
base stations would be necessary. Since mobile communica-
tion systems are commonly designed with low data rate sig-
nalling feedback channels in order to obtain high bandwidth
efficiency (e.g., UMTS [5]), neither the instantaneous chan-
nel coefficients nor steering vectors are known at the base
station. Although the fast fading processes for uplink and
downlink are uncorrelated, the averaged (with respect to fast
fading) magnitudes of channel coefficients can be assumed
to be insensitive to small changes in frequency. Thus, the av-
eraged channel coefficients and angles of arrival can be es-
timated from the time-averaged uplink covariance matrices.
For power control procedures which are controlled by base
stations, all transmitted power levels are also known at the
base stations.

The following methods can be used to estimate the
downlink covariance matrices.

(i) After estimation of angles of arrival and power trans-
fer factors with high resolution estimation methods
[20] from the time-averaged uplink covariance matri-
ces, the downlink covariance matrices are calculated
using (14).

(ii) Alternatively, the covariance matrices are transformed
directly from uplink to downlink carrier frequency
by linear transformations as proposed in literature
[21, 22, 23].

(iii) Furthermore, it is possible to feedback the averaged
downlink covariance matrix which may be measured
at the mobile station. But this concept requires a high
data rate feedback channel which allows to feedback
the analog values of the elements of the covariance ma-
trix. This concept can also be used for interference, but
only within the considered cell—the contribution of
intercell interference cannot be taken into account.

Of course, estimation errors cause some degradation com-
pared with the ideal case where the covariance matrices
are exactly known. For simplicity and in order to esti-
mate the ultimate performance, in this paper we assume
perfectly known time-averaged downlink covariance matri-
ces.

The beamforming strategy in the present paper is to max-
imize the received signal power at mobile station k. The in-
stantaneous received power at mobile station k is given by

P̌S,k = w̌H
k ŘS,kw̌k, (18)

where ŘS,k denotes the instantaneous downlink covariance
matrix of the desired signal (14). As mentioned before, the
instantaneous downlink covariance matrix is not known at
the base station. Instead, we are using the time-averaged
version which can be calculated with the above described
methods. Therefore, the beamforming algorithm is based on
the time-averaged downlink covariance matrix R̃S,k which
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corresponds to the expectation

R̃S,k = E
{

ŘS,k
}

= P̌k

Lk, j(k)−1∑
l=0

E
{∣∣α̌l,κ, j(k)

∣∣2
}
· ǎ
(
θ̌l,κ, j(k)

)
ǎ
(
θ̌l,κ, j(k)

)H
.

(19)

Be aware that the steering vectors have to be determined at
downlink frequency. Because we are averaging with respect
to Rayleigh fading, the actual beamforming for the downlink
is to maximize the average downlink power

P̃S,k = w̌H
k R̃S,kw̌k, (20)

while keeping the average total intracell and intercell inter-
ference power P̃I,k transmitted from base station j(k) and re-
ceived from all undesired mobile stations constant

P̃I,k =
K−1∑
κ=0
κ�=k

E
{∣∣ y̌κ(t)

∣∣2
}

= P̌k

K−1∑
κ=0
κ�=k

Lκ, j(k)−1∑
l=0

E
{∣∣α̌l,κ, j(k)

∣∣2
}
· ∣∣w̌H

k ǎ
(
θ̌l,κ, j(k)

)∣∣2

= w̌H
k R̃I,kw̌k.

(21)

Here, R̃I,k denotes the downlink interference covariance ma-
trix (averaged with respect to the data signals and Rayleigh
fading processes):

R̃I,k = P̌k

K−1∑
κ=0
κ�=k

Lκ, j(k)−1∑
l=0

E
{∣∣α̌l,κ, j(k)

∣∣2
}
· ǎ
(
θ̌l,κ, j(k)

)
ǎ
(
θ̌l,κ, j(k)

)H
.

(22)
Considering an interference-limited system and therefore ne-
glecting the additive noise powers E{|ňk(t)|2}, the described
beamforming strategy corresponds to maximizing the (vir-
tual) SIR per user, which is given by

SIRk = w̌H
k R̃S,kw̌k

w̌H
k R̃I,kw̌k

. (23)

Note that the SIR of (23) cannot be measured at any termi-
nal since the denominator contains the sum of interference
powers measured at different mobile stations. Therefore, we
call it virtual SIR.

The optimization problem to maximize the SIR can
mathematically be expressed as

w̌
opt
k = arg max

w̌k

w̌H
k R̃S,kw̌k

w̌H
k R̃I,kw̌k

, (24)

where w̌
opt
k represents the optimum solution. Since both co-

variance matrices are positive definite, the maximum SIR cri-
terion is satisfied when the weight vector equals the princi-
pal eigenvector of the matrix pair associated with the largest
eigenvalue [4, 13, 21], that is,

R̃S,kw̌
opt
k = λmaxR̃I,kw̌

opt
k , (25)

where λmax denotes the largest eigenvalue.
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Figure 1: Antenna diagram of a single antenna element (main beam
direction, 240◦), backward attenuation aR = 20 dB and aR = 60 dB.

4. DOWNLINK SIR

The total gain of the antenna array is given by [15],

Ǧtot
k (θ) = ∣∣w̌

opt
k ǎ(θ)

∣∣2 ·Gele(θ), (26)

where the first term is due to the applied beamforming
method and dependent on the topology used, ǎ(θ) is given by
(4) or (5), respectively. The second term takes into account
the antenna element specific antenna pattern. Typical pat-
terns of base station sector antennas show a smooth behavior
within the main beam. Such a characteristic can be modelled
quite well with a squared cosine characteristic. Within this
paper, we apply antenna elements with squared cosine shapes
in the form

Gele(θ) =


cos2

(
π

2
· θ

θ3 dB

)
for |θ| ≤ θ0,

10−aR/10 for |θ| ≥ θ0,

(27)

with θ0 = θ3 dB · 2/π · arccos 10−aR/20. In (27), the angle θ3 dB

is the 3 dB two-sided angular aperture of an antenna element
(often termed half-power beamwidth) and aR denotes the
backward attenuation. By taking very large values for θ3 dB, an
omnidirectional antenna characteristic can be modelled. The
specific shape of the antenna characteristic plays only a sub-
ordinate role as is shown later in this paper. Even if the 3 dB
angular aperture is changed in a large range, no significant
performance difference is found. If not otherwise declared, a
3 dB angular aperture of 120◦ is used. Figure 1 illustrates the
antenna element-specific diagram. For ULAs, Figure 2 shows
the orientation of 120◦ sectors in the cellular system and il-
lustrates the sectorization of cells.

As introduced before, each resolvable path at the base sta-
tion receiver is composed of micropaths (often modelled by
many small scatterers) with slightly different angles of arrival
at the antenna arrays. Thus, the power is spread around the
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Figure 2: Single cell with antenna diagrams of the sector antennas.

average angle of arrival θ̌l,k, j(k) of each resolvable path and a
(path-specific) azimuthal power spectrum has to be incorpo-
rated in the calculation of the signal and interference power
for downlink transmission. To carry out the calculation we
again fall back on the long-term reciprocity of the uplink and
the downlink channel, refer to (15), (16), and (17). For the
rest of this paper, we assume identical Laplacian-shaped az-
imuthal power spectra pl,k, j(θ) = p(θ) for all paths in the
system [13, 24]. With this assumption, the resulting gain fac-
tor seen by the lth departing path of user k at base station
j(k) can be evaluated by convolving the total antenna gain
diagram (26) with the azimuthal power spectrum,

G
path
k

(
θ̌l,k, j

) = ∫ π

−π
Ǧtot
k (θ)p

(
θ − θ̌l,k, j

)
dθ. (28)

Within this paper, G
path
k is also referred to as path diagram

[25].
In the following, we will give an expression for the SIR at

a mobile station based on beamformed antenna diagrams at
all base stations in the network. We consider CDMA systems
with RAKE reception and assume the systems to be interfer-
ence limited. Thus, the influence of thermal and amplifier
noise can be neglected. With these assumptions and with ref-
erence on (13), the (instantaneous) postdespreading SIR per
path of the user of interest (indexed with k) is given by

γl,k = GSP̌l,k
P̌cross
l,k + P̌intra

k + P̌inter
k

, l = 0, . . . ,Lk, j(k) − 1, (29)

with path power

P̌l,k = P̌k
∣∣α̌l,k, j(k)

∣∣2
Ǧ

path
k

(
θ̌l,k, j(k)

)
(30)

and path-crosstalk interference [26]

P̌cross
l,k =

Lk, j(k)−1∑
l′=0
l′�=l

P̌k
∣∣α̌l′ ,k, j(k)

∣∣2
Ǧ

path
k

(
θ̌l′,k, j(k)

)
. (31)

Here, P̌k with k = 0, . . . ,K−1 denotes the transmitted power
to be adjusted by power control [27, 28, 29]. In the present
paper, we neglect the effect of power control and therefore as-
sume P̌k = P̌ for k = 0, . . . ,K − 1. Since we focus on CDMA
systems, GS denotes the processing gain (despreading gain)
[5, 26]. The variable α̌l,k, j(k) is given by (17) and includes sig-
nal fading. In implementable CDMA receivers, the number
of paths to be evaluated is determined by the applied number
of RAKE fingers [26]. Since we are interested in upper bound
assessments for beamforming concepts, we neglect this re-
striction and assume all paths to be exploited by the RAKE
receiver. Note that this leads to the highest degree of achiev-
able path diversity in the time domain [26]. The intracell in-
terference power yields

P̌intra
k =

∑
κ∈Ak

Lk, j(k)−1∑
l=0

P̌κ
∣∣α̌l,k, j(k)

∣∣2
Ǧ

path
κ
(
θ̌l,k, j(k)

)
. (32)

The set Ak contains intracell interferers of user k. Note that
the intracell interference signals pass through the same mo-
bile channel as the signals of the user of interest, but they
are weighted with their corresponding user-specific path di-

agram Ǧ
path
κ . Finally, the intercell interference power can be

expressed as

P̌inter
k =

∑
κ∈Bk

Lk, j(κ)−1∑
l=0

P̌κ
∣∣α̌l,k, j(κ)

∣∣2
Ǧ

path
κ
(
θ̌l,k, j(κ)

)
, (33)

where Bk, k = 0, . . . ,K − 1, describes the set of users causing
intercell interference seen by the kth user. The interference
signals differ from the signals of interest by the mobile chan-
nels as well as path diagrams. Note that a large number of
interfering signals arrives at each mobile. Thus, it is valid to
approximate the path cross talk interference by including the

path of interest, that is, P̌cross
l,k ≈∑l P̌k|α̌l,k, j(k)|2Ǧ

path
k (θ̌l,k, j(k)).

This leads to identical interference powers (identical denomi-
nators in (29)) for all paths and simplifies the following anal-
ysis.

System level simulations often neglect short-term aspects
as fast fading. Within this paper, we introduce a new ap-
proach which takes fast fading into account. First, it has to
be mentioned that combining the resolvable paths is done
by maximum ratio combining (MRC). Secondly, rather than
explicitly modelling fast fading, we mathematically incorpo-
rate it in the evaluation of the SIR distribution when MRC is
applied for different path power transfer factors [24, 26].

The key parameter of our investigations is the CDF of
the SIR. It is assumed that all channel coefficients α̌l,k, j are
complex Gaussian random variables which correspond to
Rayleigh fading magnitudes. We furthermore presume that
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the channel coefficients α̌l,k, j are statistically independent.

The path gain factor Ǧ
path
k (θ̌l,k, j(k)) in (30) depends on the op-

timum beam pattern (solution of (25)) which changes only
very slowly with time since it is based on time-averaged co-
variance matrices. Because of the large number of terms in
the denominator of (29), we can neglect the fluctuations of
the denominator. Therefore, the only variables which fluc-
tuate because of the Rayleigh fading are the channel coef-
ficients α̌l,k, j . The Gaussian distribution of channel coeffi-
cients results in an exponentially distributed signal power
per path (numerator of (29)). Since the interference power
and all other terms of (29) (except the coefficients α̌l,k, j) are
assumed to be fixed or very slowly fluctuating, the signal-to-
interference power ratios γl,k per path are distributed accord-
ing to an exponential distribution [26], that is,

fγl,k
(
γl,k
) = 1

γl,k
e−(γl,k)/(γl,k), (34)

where γl,k denotes the average SIR of a single path (ensem-
ble average with respect to fast fading). Assuming that the
interference in each path is independent, the SIR after MRC
results in

γk =
Lk, j(k)−1∑

l=0

γl,k. (35)

Furthermore, it is assumed that the small scale fading of the
individual desired paths is statistically independent. Since γk
is the sum of the random variables γl,k, the resulting prob-
ability density function (PDF) is obtained from convolving
the individual PDFs,

fγk
(
γk
) = fγ1,k ∗ fγ2,k ∗ fγ3,k ∗ · · · ∗ fγLk,n(k)−1,k . (36)

Utilizing the characteristic functions of the PDFs, the result-
ing PDF of γk can be found to be [24, 26]

fγk
(
γk
) = Lk, j(k)−1∑

l=0

cl,k
γl,k

e−γk/γl,k (37)

with the coefficients

cl,k =
Lk, j(k)−1∏
l′=0
l′�=l

γl,k
γl,k − γl′,k

. (38)

In order to compare the different beamforming concepts, the
CDF has to be averaged over all mobiles and possibly over
several simulations, where different locations for the mobiles
and different radio channels are determined. Most informa-
tion can be extracted from the averaged distribution function
of the SIR,

Fγk =
∫ γk

0
E
{
fγk (u)

}
du, (39)

where the expectation is taken over all mobile stations and
snapshots.
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Figure 3: Cellular simulation model with reference cells (grey) in
the center and randomly distributed mobile stations.

5. CELLULAR SIMULATION MODEL
AND METHODOLOGY

5.1. Simulation model
The simulations are carried out with a regular hexagonal cel-
lular model (see Figure 3). In order to be able to ignore fringe
effects, the SIR is calculated only in a central area (reference
cells). Mobile stations are randomly distributed in the cel-
lular system according to a spatially uniform distribution.
Note that a realistic model of the wave propagation plays an
important role for the significance of the simulation results.
One common approach, especially in context of downlink
beamforming, is to use deterministic propagation scenarios
[21, 30] or to apply propagation models which do not take
into account the probabilistic nature of all parameters (e.g.,
the number of paths) [31, 32]. In the present paper, a com-
pletely probabilistic propagation model between each base
station and each mobile is used which is characterized by the
following properties.

The number of resolvable propagation paths is random
and exhibits a binomial distribution (according to personal
communication with U. Martin at Deutsche Telekom AG,
1999). Shadowing is modelled by a log-normal fading of
the total received power [18, Section 3.1.1.2]. The random
distribution of the total (log-normal fading) power to indi-
vidual propagation paths (often denoted as macropaths or
paths from scattering clusters) is modelled by applying an
additional log-normal fading to the delayed paths with re-
spect to the direct path (line of sight). Furthermore, a ba-
sic path attenuation and an extra attenuation that is pro-
portional to the excess delay are taken into account. The ba-
sic attenuation is determined by the COST-Hata model [33]
and a break point limits the attenuation to a certain mini-
mum value for small distances. The excess delay of reflected
paths is exponentially distributed leading to an exponen-
tial power delay profile [18, Section 3.1.1.3.3]. As mentioned
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Table 1: Simulation parameters.

Average number of mobiles per cell 6
Maximum number of mobiles per cell 10
Cell radius 1 km
Carrier frequency 2 GHz
Antenna height of base stations 30 m
Antenna height of mobile stations 1.7 m
Break point that limits the attenuation at small distances 100 m
Standard deviation of slow fading 8 dB
Average number of paths 3
Maximum number of paths 6
Standard deviation of the attenuation of the delayed paths
with respect to the direct path 6 dB

Average attenuation of the delayed paths with respect to the direct path 8 dB
Additional attenuation proportional to the excess delay 4 dB/µs
Standard deviation of the DoAs with respect to the direct path 20◦

Standard deviation of the angular spread of each individual path 1◦

Table 2: Antenna arrays.

Circular antenna array

Number of antenna elements 12

Radius of the array 0.12 m

Uniform linear array

Number of elements per sector 4

Number of sectors 3

Element spacing λ/2 = 0.075 m

before, the directions of arrival which are denoted by θ̂l,k, j(k)

obey a Laplacian distribution with respect to the direct path
(standard deviation = several tens of degrees) [18, Section
3.2.2.1]. Moreover, according to (28), the azimuthal power
spectrum of each individual path is also incorporated in the
simulations. As mentioned before, the azimuthal power spec-
tra follow also a Laplacian shape (standard deviation in the
order of one degree or less) and are identical for the differ-
ent paths. In order to reduce the computational complexity,
fast fading processes are included analytically as described in
Section 4.

In the simulations, power control issues are completely
neglected for downlink as well as uplink. The downlink
transmit power values are assumed to be the same for all mo-
bile stations, that is, P̌k = P̌ for k = 0, . . . ,K − 1. It has
to be mentioned that the capacity of the system increases
when adopting power control since intracell interference is
reduced. However, intercell interference is only marginally
affected by power control. Finally, no handover issues are
considered within this paper.

5.2. Simulation methodology and parameters

One main objective of this paper is to compare the perfor-
mance gain for different smart antenna topologies. The key
parameter to express performance is the outage probability
for the given antenna concept. An outage occurs if the SIR of

the mobile station after RAKE reception with maximum ra-
tio combining falls below the service dependent required SIR
threshold. Thus, the outage probability is given by the CDF
of the SIR calculated versus all mobile stations in the refer-
ence cells. Since the SIR depends on the spreading gain and
the spreading gain is determined by the specific service, we
do not take into account the spreading gain. For all following
numerical results, we set GS = 1. Note that the simulations
are based on snapshots with fixed mobiles, where for each
snapshot a CDF can be calculated. For each snapshot, we dice
the locations of the mobiles as well as all other random vari-
ables. The following list gives a short overview of the main
simulation steps.

(1) Based on the uplink transmission and using the reci-
procity of uplink and downlink, we calculate the spa-
tial covariances for downlink as well as the optimum
beamforming weights.

(2) In a second step, the path diagrams are evaluated tak-
ing into account the beamformed diagram, the ele-
ment specific diagrams, as well as the azimuthal power
distribution of each resolvable path.

(3) With this, the user-specific SIRs after RAKE reception
are known and can be used for CDF calculation.

(4) Finally, in order to compare the different array topolo-
gies, we average the CDF over all mobiles and over
several snapshots, where different locations for the
mobiles and different radio channels are determined.
The averaged CDF allows to directly read the instan-
taneous outage probability of the downlink transmis-
sion.

The main simulation parameters are summarized in Ta-
bles 1 and 2. It has to be mentioned that for the system inves-
tigations we simulate 6 · 7 mobile stations within reference
cells in average and 100 snapshots are carried out. Thus, the
resulting CDF is calculated by averaging over 6·7·100 = 4200
mobile stations.
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Figure 4: Example for an optimized path diagram in a sectorized
system for a single sector (main beam direction is 240◦). The ULA
consists of 4 elements.

For illustration purposes, Figures 4 and 5 show exam-
ples of path diagrams for an identical propagation scenario.
A system with three sectors and a ULA with 4 elements per
sector (12 antenna elements in total) is compared with a sys-
tem with circular arrays each of 12 elements. The bars in
the diagrams correspond to the gain factors of the individ-
ual paths—for the displayed example only one desired path
(at beam direction of 186◦) exists.

Figure 4 shows the path diagram for the sectorized sys-
tem. The backward attenuation of the antenna elements is
aR = 60 dB. It can be observed in the figure that the beam-
forming algorithm tries to suppress the undesired paths. Ob-
viously, the four element antenna array does not exhibit suf-
ficient degrees of freedom to generate all required nulls.

For the same propagation scenario, Figure 5 shows the
optimization result for the circular array with 12 elements.
Due to the larger number of antenna elements, the circular
array is much more able to suppress the strong undesired
paths.

6. SIMULATION RESULTS

Overall performance comparison

Figure 6 shows the different CDFs for the diverse antenna ar-
ray topologies that are under investigation. The topologies
we are interested in are as follows:

(a) one omnidirectional antenna per base station,
(b) three-sector base stations with one antenna element

per sector and squared cosine characteristic,
(c) three-sector base stations where we apply one ULA

with four elements per sector and squared cosine char-
acteristic,

(d) one UCA with 12 omnidirectional antenna elements
per base station.
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Figure 5: Example for an optimized path diagram for a circular
antenna array with 12 omnidirectional elements.
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Figure 6: Averaged CDF of the instantaneous SIR. Comparison be-
tween (a) reference system with omnidirectional antenna elements,
(b) sectorized system with a single sector antenna per sector, (c) sec-
torized system with ULAs in each sector, four antenna elements per
sector, and (d) system with circular antenna arrays and 12 omnidi-
rectional antenna elements.

The omnidirectional topology is used as reference, while (b)
is practically implemented today, and topologies (c) and (d)
are under discussion for future implementation.

Figure 6 shows that for an outage probability of 10−2,
simple sectorization yields a gain of about 4 dB compared
to the omnidirectional configuration. The application of the
linear array leads to an additional gain of about 3 dB. The
circular array is superior and indicates an extra gain of
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Figure 7: SIR for an outage probability of 10−2 versus ULA element
spacing for sectorized system. Dark curve: 6 mobile stations per cell,
light curve: 20 mobile stations per cell.

approximately 4 dB compared to the linear array topology.
The latter gain can be explained as follows.

(i) The circular array is able to form narrower beams due
to the larger number of antenna elements (4 per ULA
compared to 12 per UCA). This means that nulls and
maxima in the path diagram can be arranged more
densely.

(ii) Due to the larger number of antenna elements, the cir-
cular array exhibits more nulls in the diagram. These
nulls can be arranged more flexibly in order to per-
form nulling of the undesired and amplification of the
desired paths. For example, if many strong undesired
paths are located in a certain angular range, the circu-
lar array is more capable to suppress them while the
ULA suffers due to its less powerful nulling capability
in that range.

(iii) It is well known [15] that a ULA exhibits a low angular
resolution for large angles (with respect to the main
beam direction) while for the UCA this is not the case.

It has to be mentioned that the ULA performance is
improved by handover between sectors of one base station
(softer handover) [5]. But this technology is out of scope for
this paper and might be an interesting task for future inves-
tigations.

Spacing of antenna elements, backward attenuation,
and half-power beamwidth
An important parameter of an antenna array is the spacing
of its elements. In the following, we discuss the impact of
the antenna element spacing on the SIR. For the 3-sector sys-
tem with ULAs, Figure 7 shows the SIR which is achieved for
an average outage probability of 10−2 versus the antenna ele-
ment spacing. We consider system loads of an average num-
ber of 6 and 20 mobile stations per cell, respectively. The
higher the SIR for a given load the better the performance of
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Figure 8: SIR for an outage probability of 10−2 versus circular array
radius. Dark curve: 6 mobile stations per cell, light curve: 20 mobile
stations per cell.

the antenna array, since the array is more capable to suppress
the interference. We observe that the antenna spacing should
be at least λ/2 ≈ 7.5 cm independent of the given system
load. For larger element spacing, the performance changes
only slightly, while for small spacing it extremely degrades.
The degradation can be explained by a reduced number of
nulls in the path diagram for small antenna distances. A sys-
tem with circular arrays is analyzed in Figure 8. The radius of
the circular array should be at least 12 cm. This value corre-
sponds to an antenna spacing of approximately 6.4 cm which
is slightly less than λ/2. Note that for all considered angular
spread and spacings between the antenna elements, high cor-
relation between antenna elements is still assumed. Figures 7
and 8 show curves for an average density of 6 and 20 mobiles
per cell. It can be observed that the shape of the curves does
not depend significantly on the average number of mobiles
per cell.

From a practical perspective, antenna arrays with smaller
dimensions are easier to adopt. Because of this aspect and
because of the results of Figures 7 and 8, it can be concluded
that half of the wavelength is the best suitable antenna spac-
ing.

Next, Figure 9 shows the performance of a sectorized sys-
tem (single antenna and ULA) for different backward atten-
uations of the antenna elements. No performance difference
can be noticed between antenna elements with backward at-
tenuations of 20 and 60 dB. This result indicates that in sec-
torized systems, the requirements for the backward attenua-
tion are less severe.

Up to here, we assumed a half power beamwidth (3 dB
angular aperture) of 120◦ for sectorized systems. In the fol-
lowing, we study the impact of this design parameter on the
system performance. Remember that we consider neither ad-
ditive noise nor broadcast channels. Thus, the same maxi-
mum gain can be used for all antennas independently from
the angular aperture. Corresponding to Figures 7 and 8, in
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Figure 9: Averaged CDF of the instantaneous SIR. Comparison
between (a) reference system with omnidirectional antenna ele-
ments, (b) sectorized system with a single sector antenna per sec-
tor (aR = 20 dB), (c) sectorized system with ULAs in each sector,
four sector antennas per sector (aR = 20 dB), (d) sectorized system
with a single sector antenna per sector (aR = 60 dB), (e) sectorized
system with ULAs in each sector, four sector antennas per sector
(aR = 60 dB).

Figure 10 the SIR for an outage probability of 10−2 is shown
versus the half-power beamwidth. It can be seen that an an-
gular aperture of 120◦ is not optimum. The optimum value
is of about 150◦. But, the optimum reveals to be very wide
leading to almost no performance degradation if the angular
aperture is in the range 120◦–220◦.

Circular array with sector elements

In our final investigations, we analyze the system perfor-
mance of a circular array when sector antenna elements are
applied instead of elements with omnidirectional antenna
patterns. The beam of each antenna element is pointing in ra-
dial direction (see Figure 11). Such an antenna array models
an array that surrounds an inner mast where the shadow-
ing of the antenna mast cannot be neglected. For simplicity,
antenna diagrams described by (27) are applied. Figure 12
depicts the SIR for a given outage probability of 10−2 ver-
sus the 3 dB beamwidth of the sector antennas. For a 12 ele-
ment circular array it can be observed that already for small
beamwidths of about 40◦ the optimum performance of om-
nidirectional antennas is achieved.

The importance of adopting sector antennas in circular
antenna arrays has to be emphasized since because of the mu-
tual coupling between antenna elements and even without a
mast in the center, it is difficult to develop circular antenna
arrays with omnidirectional antenna patterns. An additional
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Figure 10: SIR for an outage probability of 10−2 versus 3 dB
beamwidth of sector antennas.
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Figure 11: Antenna diagrams of all elements of a 12 element an-
tenna array with a beamwidth of 30◦. Backward attenuation aR =
40 dB.

advantage of using sector antennas is that their mutual cou-
pling is weaker than between omnidirectional antenna ele-
ments.

7. CONCLUSION

A cellular model for system level investigations of antenna
arrays has been presented. A new simulation methodology
has been applied, which takes into account the gain of path
diversity in a realistic manner. With the described assump-
tions and approximations it was possible to determine upper
limits for the SIR gain when smart antennas are applied in
CDMA-based mobile radio networks.

The CDF (outage probability) of the SIR after RAKE
reception with maximum ratio combing is compared for
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Figure 12: SIR for an outage probability of 10−2 versus 3 dB
beamwidth of sector antennas of a system with circular antenna ar-
rays. For comparison, the beamwidth of 360◦ corresponds to omni-
directional antenna elements.

networks with and without sectorization, as well as with and
without smart antenna arrays. For a fair comparison of di-
verse smart antenna array topologies, we considered net-
works with the same number of antenna elements at each
base station. The lowest outage probability was found for
networks applying circular antenna arrays. The gain with re-
spect to the 3-sector system with one ULA per sector is of
about 4 dB.

Furthermore, the parameters of the antenna arrays have
been optimized by extensive simulations. The observed re-
sults indicate that the element spacing should be approxi-
mately half of the wavelength—independently from the an-
tenna topology. Only slight performance changes have been
observed for larger element spacings, while for small element
distances the performance degrades.

Concerning the backward attenuation of the element-
specific antenna diagrams, the results show that the back-
ward attenuation can be as low as 20 dB without any perfor-
mance degradation. Furthermore, the 3 dB beamwidth is also
an uncritical parameter—it may be within the range 120◦–
220◦.

Finally, no performance degradation has been observed
for circular arrays if sector antennas with reasonably large
beamwidths are used instead of omnidirectional antenna el-
ements.
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A model of an angle-spread source is described, termed the “Gaussian channel model” (GCM). This model is used to represent
signals transmitted between a user equipment and a cellular base station. It assumes a Gaussian law of the scatterer occurrence
probability, depending upon the scatterer distance from the user. The probability density function of the angle of arrival (AoA)
of the multipath components is derived for an arbitrary angle spread. The “wandering” of the “centre of gravity” of the scattering
source realisation is investigated, which is in turn due to the nonergodicity of the angle-scatter process. Numerical results obtained
with the help of the sum-difference bearing method show the dependence of the AoA estimation accuracy on the spread-source
model.

Keywords and phrases: scattering, angle spread, channel model, angle-of-arrival estimation, multibeam.

1. INTRODUCTION

The implementation of smart antennas at macrocellular base
stations (BSs) is expected significantly to enhance the capac-
ity of wireless networks [1, 2]. Various algorithms for adap-
tive array signal processing have been proposed and investi-
gated [2, 3, 4]. The effectiveness of these algorithms depends
on the behaviour of the fading channel and in particular on
the degree of azimuthal dispersion in the channel. Therefore,
accurate statistical channel models are required for the test-
ing of these adaptive algorithms. These models must be re-
alistic and close to real-life channels in order to replicate the
angle of arrival (AoA) distribution of the multipath compo-
nents.

The propagation channel between the BS and the user
equipment (UE) is generally held to be reciprocal in most
respects. However, the azimuthal angle dispersions seen at

the BS and UE antenna differ significantly from each other.
The classical Clarke channel model [5] assumes a uniform
probability density function (pdf) of the incoming rays at
the UE antenna. However, if the BS antenna array is ele-
vated above the surrounding scatterers, then the rays incom-
ing to the BS are concentrated in some smaller range of az-
imuth angles than those incoming to the UE. Note also that
Clarke’s model provides the well-known “rabbit-ear” charac-
teristic of the classical Doppler spectrum of signals seen both
at the BS and at the UE. Some statistical propagation mod-
els which include the azimuthal dispersion at the BS have
been developed in [6, 7, 8]. For example, the channel model
proposed in [7] is based on a geometrical construction, and
assumes that scatterers are uniformly distributed within the
area of a circle centred at the UE antenna. This means that
the AoA of the multipath components at the BS will be re-
stricted to an angular region dependent both upon the circle
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radius and upon the distance between BS and user. However,
in a real-life channel, the scatterer distribution around the
UE can differ significantly from uniform. Therefore, other
researchers [9, 10, 11] have proposed other more realistic
models based on a Gaussian distribution of scatterer loca-
tion.

The goal of this paper is to analyse further the Gaussian
proposal for the scatterer distribution. We assume that the
scatterers can be situated in any point in the horizontal plane.
In this model, the probability of occurrence of the scatterer
location decreases in accordance with a Gaussian law when
its distance from the UE antenna increases. Therefore, we call
this model the “Gaussian channel model (GCM).” We believe
that such an assumption about the scatterer location is closer
to the real-life environment than some of the other models
mentioned above. Therefore, as we will demonstrate later, the
comparison of the obtained pdf of AoA of the multipath for
the GCM with the measured results presented in [8] gives
very good agreement. Note also that, like Clarke’s model,
the proposed GCM also provides the classical Doppler sig-
nal spectrum.

It is a likely supplementary requirement for future cellu-
lar communication systems that they will be capable of de-
termining the user position within a cell site. One way of do-
ing this is via “triangulation,” whereby the angular bearing
of the user is estimated at multiple cellsites (this process is
also known as “direction finding”). UE position is estimated
as the point where these bearing lines intersect. Thus, in or-
der to carry out triangulation, an estimate of the AoA of the
UE signal is required. We consider the “sum-difference bear-
ing method” (SDBM) algorithm for AoA estimation. It was
selected from a number of techniques that had been investi-
gated (see, e.g., [12, 13, 14]). The SDBM algorithm is similar
to the principle used in monopulse tracking radars, wherein
a hybrid junction is used to extract the sum and difference
of a received pulse [12]. Note that the tracking radar is able
to serve just one user. However, the multibeam antenna ar-
rays at the BS can serve all the users located in the given
cell. More details of this SDBM algorithm will be provided
later.

One of the major aims of the BS is to achieve a high
capacity. To maximise the downlink capacity, it has been
proposed elsewhere to use multibeam or beamformed an-
tenna arrays to cover each sector of the cell handled by
the BS [15]. Such an antenna array could also be ap-
plied to estimate the AoA. Therefore, in this paper, the de-
pendence of the AoA estimation accuracy on the spread
source model is also considered for the BS using a multi-
beam antenna. In this configuration, the beamformer cre-
ates three fixed beams per 120◦-azimuth sector, generated
from a facet containing 6-off λ/2-spaced columns of dual-
polar antenna elements. These beams improve the cover-
age and capacity of the macrocell, and are expected to
have greatest application within the urban macrocellular en-
vironment, where the need for maximum capacity is the
greatest. Simulation results are presented for the case of
a Rayleigh fading channel and for this antenna configura-
tion.

y(y′)
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θeff

D

Rθ

BS
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Figure 1: Illustration of the Gaussian channel model.

2. GAUSSIAN CHANNEL MODEL AND THE PDF OF
THE AOAS OF MULTIPATH COMPONENTS SEEN AT
THE BASE STATION

The signal received by the BS is a sum of many signals re-
flected from different scatterers randomly situated around
the UE antenna. The AoAs of the multipath signal compo-
nents are thus various and random. Therefore, the set of the
scatterers can be considered collectively as a spread source,
and the angle spread is a measure used to determine the an-
gular dispersion of the channel.

Here we present the details of the GCM and derive an
analytical expression for the pdf of the AoAs of multipath
components as observed at the BS.

First of all, we list the initial assumptions used for creat-
ing the channel model. We assume that

(i) the scattered signals arrive at BS in the horizontal
plane, that is, the proposed GCM is two dimensional
and the elevation angle is not taken into account;

(ii) each scatterer is an omnidirectional reradiating ele-
ment and the plane wave is reflected directly to the BS
without influence from other scatterers (i.e., we have
only “single-bounce” scattering paths);

(iii) the direct path from the UE to BS antenna is infinitely
attenuated;

(iv) the reflection coefficient from each scatterer has unity
amplitude and random phase;

(v) the probability of the (random) scatterer location is in-
dependent of azimuth angle (from the UE), and de-
creases if its distance from the UE antenna increases.
This dependence has a Gaussian form.

The last of these assumptions distinguishes our channel
model from many of the other known models [5, 6, 7].

Thus we can write that

p(r,ϕ) = 1
πr2

eff

exp

(
− r2

r2
eff

)
, (1)

where (r,ϕ) is the polar coordinate system centred at the UE,
r is the distance to a given scatterer from the UE antenna, and
reff is the radius at which the pdf decreases by a factor of e,
that is, p(reff ,ϕ) = e−1p(0,ϕ). Figure 1 illustrates the GCM,
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where D is the distance between the BS and UE antennas, and
(x, y) are the rectangular coordinates.

In [7], a uniform scatterer distribution within the cir-
cle of radius r0 around the UE was assumed. So for the
model of [7], this means that the AoAs of multipath com-
ponents seen at the BS are limited to the angular region
[−θmax · · · θmax], where θmax = sin−1(r0/D). However, for
our GCM model, the AoAs of scattered signals as received
at the BS are not restricted to any constrained angular re-
gion.

In order to derive the ensemble pdf of the AoA for
the GCM (i.e., averaged over many model realisations), we
choose the origin of the system coordinates (x′, y′) to be the
location of the BS. This means that x′ = x and y′ = y + D.
We then transform to the polar coordinates (R, θ), where
x′ = R sin θ, y′ = R cos θ, and the angle θ is measured rela-
tive to the line joining the BS and UE antennas. It is straight-
forward to show that the Jacobian of this transformation is
equal to R. Furthermore, we have

r2 = x2 + y2 = x′2 +
(
y′ −D

)2 = R2 − 2RD cos θ + D2. (2)

As a result of substituting (2) into (1), we obtain that

p(R, θ)

= R

πr2
eff

· exp

(
− D2

r2
eff

)
· exp

(
− R2 − 2RD cos θ

r2
eff

)
.

(3)

In order to derive the one-dimensional pdf of the AoA
(i.e., the power angle density) of the multipath components
as seen at the BS, an integration over the radius R must be
carried out. Therefore, the pdf is expressed as the following
integral:

p(θ) =
∫∞

0
p(R, θ)dR

= 1
πr2

eff

·exp

(
−D2

r2
eff

)∫∞

0
exp

(
−R2 − 2RD cos θ

r2
eff

)
RdR.

(4)

This integral can be calculated analytically and a closed-
form solution is obtained. To do this, take into account that
(see [16, equation 3.462.1])

∫∞

0
xv−1 exp

(− βx2 − γx
)
dx

= (2β)−v/2Γ(v) exp
(
γ2

8β

)
C−v

 γ√
2β

,

(5)

where Re(v,β) > 0, Γ(v) is the gamma function, and Cp(z)
is the function of the parabolic cylinder. In our case, we have
v = 2, β = r−2

eff , and γ = −2Dr−2
eff cos θ. If v = 2, then the

function C−2(z) can be expressed in terms of the probability

integral Φ(z) (see [16, equation 9.254.2]1), that is,

C−2(z)

= − exp

(
z2

4

)√
π

2

{
z
[

1 −Φ
(

z√
2

)]
−
√

2
π

exp

(
− z2

2

)}
,

(6)

where the probability integral Φ(x) = (2/
√
π)
∫ x

0 exp(−t2)dt.
Take into account that z = −√

2Dr−1
eff cos θ, Γ(2) = 1,

and Φ(z) is an odd function of its argument z. As a result of
straightforward transformations, we can obtain from (5) and
(6) that the desired one-dimensional pdf p(θ) of AoA of the
multipath components is given by

p(θ) = 1
2π

· exp

(
− D2

r2
eff

)

×
{

1+
√
π
D

reff
cos θ·exp

(
D2

r2
eff

cos2θ

)
·
[
1+Φ

(
D

reff
cos θ

)]}
.

(7)

It is convenient to introduce the angle θeff = sin−1(reff /
D). Then (7) can be rewritten as

p(θ) = 1
2π

· exp

(
− 1

sin2 θeff

)

×
{

1+
√
π

cos θ
sin θeff

·exp

(
cos2 θ

sin2 θeff

)
·
[

1+Φ

(
cos θ

sin θeff

)]}
.

(8)

Thus the pdf p(θ) depends only upon cos θ. The effective
angle spread for this pdf can be introduced as ∆ = 2θeff . The
pdf p(θ) is an even function of its argument θ.

The expression (8) is true in the general case. However,
this formula takes a very simple form for the case of small
angle spread θeff � π when sin θ ≈ θ. In this case, the pdf is
approximately given by

p(θ) ≈ 1√
πθ2

eff

· exp

(
− θ2

θ2
eff

)
(9)

and described by a (one-dimensional) Gaussian pdf with
zero mean and variance σ2 = 0.5θ2

eff .
Figure 2 shows the pdf p(θ) of the AoA of the multi-

path components for the different values θeff = 10◦, 30◦, and
50◦. The solid and dashed curves correspond to the exact
formula (8) and to its Gaussian approximation (9), respec-
tively. We can see that the exact and Gaussian PDFs are very
close to each other for a large interval of θeff up to θeff ≤ 0.5
(or θeff ≤ 30◦). Actually, it is quite simple and intuitive to
see how the complex pdf of the exact formula (8) should

1N.B. There is a minor typographical error (a missing factor of −1) in
the version of this equation printed in [16], which is corrected within the
addenda of the original Russian version.
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Figure 2: The pdf of the AoA of the multipaths at the BS. The angle
spread is equal to 20, 60, and 100 degrees (curves 1, 2, 3, respec-
tively). The solid and dashed curves correspond to the exact formula
(8) and its Gaussian approximation (9), respectively.

equal a one-dimensional pdf for small angle spreads. At these
small angles, the lines bounding different small “slices” of
the two-dimensional pdf are nearly parallel, and so it is as if
we are calculating the marginal pdf of the two-dimensional
spatial pdf along the x-axis. Since the marginal pdf of a
two-dimensional Gaussian distribution is a one-dimensional
Gaussian distribution, our approximate result (9) is intu-
itively of the correct form.

The comparison of the theoretical pdf against real mea-
surement data is of course of interest in order both to val-
idate and to parameterise the GCM. Histograms of the es-
timated azimuthal power angle density and scatterer occur-
rence probabilities are presented by the authors of [8]. This
measurement data was obtained in Aarhus with a BS antenna
located 12 m above the rooftop level. We wish to take this
measured data and compare it to the three proposed theoreti-
cal channel models: (1) our GCM of (8), (2) the geometrical-
based single-bounce model (GBSBM) developed in [7] (in
which the scatterers are assumed to be uniformly randomly
distributed within the area of a circle), and (3) Clarke’s model
[5, 17] (in which the scatterers are assumed to lie on the cir-
cumference of a circle).

It was derived in [7] that the pdf of the AOA of the mul-
tipath components for GBSBM is given by

p(θ) =


2 cos(θ)

√
sin2 θmax − sin2 θ

π sin2 θmax
, −θmax ≤ θ ≤ θmax,

0, otherwise,
(10)

where θmax = sin−1(r0/D) and r0 is the radius of the circle
within which all the scatterers are uniformly distributed.

Whilst we omit the derivation here, for reasons of brevity,
it can be shown that the pdf of the AOA of the multipath
components for Clarke’s model is equal to

p(θ) = 1
π

1
cos2 θ

1√
tan2 θmax − tan2 θ

, (11)

where in this case, when calculating θmax, r0 has the meaning
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Figure 3: The PDFs for the AoA of the multipath components at
the BS for GCM, GBSBM, Clarke’s models, and for the measured
histograms.

of the radius of the circle periphery on which the scatterers
are uniformly distributed.

Figure 3 shows the PDFs for the AoA of the multipath
components at the BS for GCM, GBSBM, Clarke’s mod-
els, and the measured scatterer occurrence probability his-
tograms taken from [8]. We have chosen the model param-
eters (θmax, θeff ) so that the best agreement was obtained for
each model. For both the GBSBM and Clarke’s models, the
value chosen was θmax = 10◦, and for GCM, θeff = 8.8◦. It
can be seen that the GCM ensures the best agreement with
real-life results for the whole angular region and especially
for the tails of histogram. Clarke’s model produces the worst
match to the real-life data.

The measured data and experimental models described
above discuss the “ensemble” statistics of the spread source.
By ensemble statistics, we mean that these statistics are aver-
aged over a large number of individual measurements or in-
dividual model realisations. However, in practice, we would
deal with single cases (i.e., in “real-life”) or single-model re-
alisations (i.e., during simulation). It seems reasonable to
postulate that the angle-spread behaviour of the source will
be nonergodic. That is to say, the statistics of any given re-
alisation (averaged over time) will, in general, be different
from the ensemble statistics (averaged over all realisations
and all time). So in practice, in any single realisation of the
angle-spread model, we will see a limited number of discrete
scattering centres creating a “lumpy” AoA distribution func-
tion, rather than an infinite number of scatterers creating a
continuous “smooth” distribution, as observed from the en-
semble statistics. If this limited number of discrete scatter-
ing centres is particularly small, then their “centre of grav-
ity (CofG)” may “wander” about the true bearing of the UE.
The CofG, to be defined in more detail below, is simply a
power-weighted average AoA. As an example, in one realisa-
tion of the scattering model, all of the scattering centres may,
purely by chance, be located on the left-hand side of the true
UE bearing, which would bias the apparent (i.e., estimated)
bearing of the UE to the left. Conversely, in another reali-
sation, all of the scattering centres may, again by chance, be
located on the right-hand side of the true UE bearing, which
would bias the apparent bearing of the UE to the right. So this
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apparent change of the UE bearing for different realisations
of the scattering model, which we term the “wandering” of
the “CofG” is a direct consequence of the nonergodicity of
the angle-scattering model. This wandering is more marked
when the mean number of scattering sources is low, because
if we have a large number of scattering sources, then it would
be extremely unlikely for all of them to be lying on the same
side of the UE (assuming that all scatterer locations are in-
dependent). In fact, we will show later that this “wandering
of the CofG” phenomenon is a significant contributor to the
overall estimation error of the UE bearing.

For reasons described above, the variance of the wander-
ing of the CofG depends on the number of scatterers situated
around the UE antenna. Let N be the number of scatterers
and θ1, θ2, . . . , θN some random values of AoAs of the signal
from these scatterers. Assume, for simplicity, that all of the
sources have equal power. Then the CofG of the received sig-
nal for this particular realisation is equal to

θ̃ = 1
N

(
θ1 + θ2 + · · · + θN

)
. (12)

The expectation of the random value θ̃ is equal to zero

(i.e., 〈θ̃〉 = 0) and its variance can be obtained from the in-
tegral

σ2
Nθ =

∫∫
· · ·

∫
1
N2

(
θ1 + θ2 + · · · + θN

)2

× p
(
θ1, θ2, . . . , θN

)
dθ1dθ2 · · ·dθN ,

(13)

where p(θ1, θ2, . . . , θN ) is the joint pdf of the AoAs
θ1, θ2, . . . , θN . Since these AoAs are assumed to be inde-
pendent random values, the joint pdf can be presented as
the product of individual PDFs, that is, p(θ1, θ2, . . . , θN ) =
p(θ1)p(θ2) · · · p(θN ), where the function p(θi) (i =
1, 2, . . . ,N) is given by formula (8).

The expected azimuth angle of each angle-spread source
is equal to zero due to the symmetry of the pdf (8) of the
multipath component AoAs, that is, 〈θi〉 = 0. Thus the N-
dimensional integral (13) can be rewritten as the sum of N
identical one-dimensional integrals, that is,

σ2
Nθ = 1

N2

N∑
i=1

∫
θ2
i p
(
θi
)
dθi = σ2

1θ

N
, (14)

where σ2
1θ is the variance of the AoA of a single scatterer, equal

to

σ2
1θ =

∫
θ2p(θ)dθ (15)

and pdf p(θ) is defined by formula (8).
So (14) and (15) give the mean squared value for the

wandering of the CofG of the spread source when we assume
N scatterers of the same amplitude.

For small θeff � 1, the pdf p(θ) has Gaussian form (9).
Substituting (9) into (15) and carrying out the integration
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Figure 4: The source C of G wandering versus angle spread ∆ for
the different numbers of scatterers N = 1, 3, 12 (curves 1, 2, 3, re-
spectively). The solid and dashed curves correspond to the exact
formula (8) and its Gaussian approximation (9), respectively.

in (15), we obtain that σ1θ = θeff /
√

2. Hence it can be found
from (14) that the wandering of the CofG is equal to

σNθ = θeff√
2N

. (16)

Figure 4 shows the wandering σNθ of the CofG of the
source versus angle spread ∆ for different numbers of scatter-
ers N = 1, 3, 12 (curves 1, 2, 3). The solid and dashed curves
correspond to the exact formula (8) and its Gaussian approx-
imation (9), respectively. We can see that the exact and Gaus-
sian PDFs are very close to each other for a large interval of
θeff up to ≈ 40◦.

The CofG of the scattering sources gives the best unbi-
ased estimate of the true UE bearing, albeit that it is an esti-
mate with high variance (i.e., high mean squared error) when
the number of scattering centres is small. So the aim of our
AoA estimation processing is to estimate this CofG from a
limited-time snapshot of noisy received signal. The receiver
noise will add an additional error term to the final bearing
estimation error. However, it can be seen from the forego-
ing analysis that even using “perfect” CofG estimation algo-
rithms on long samples of high signal-to-noise-ratio (SNR)
received signal, there will still be a residual irreducible error
if the number of scattering centres is small. This is because
of the wandering of the CofG, which in turn is due to the
nonergodicity of the spread source.

3. AOA ESTIMATION INCORPORATING THE GCM

We have stated above that the best estimate of the true UE
bearing is given by estimating the CofG of the received signal
(i.e., for a given single realisation of the scattering). How-
ever, even using a “perfect” AoA estimation algorithm, we
would suffer from irreducible errors due to the “wandering”
of the scatterer CofG. For reasons of implementation sim-
plicity, we may well in practice contemplate using a less-than-
perfect AoA estimation algorithm if (a) the implementation
of this less-than-perfect algorithm is simple, and hence cheap
to implement, and (b) the additional errors introduced by
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the less-than-perfect algorithm (compared to an optimal al-
gorithm) are small compared to the irreducible CofG wan-
dering error which we must allow for in any case. So in this
section, we consider just such a simplified AoA estimation
process, which we term SDBM. This method was selected
from a number of similar techniques which had been inves-
tigated because it was found to give the overall most accurate
and most robust performance. The mathematical details of
the SDBM technique will be presented later. However, the
essence of the technique is to measure, average, and com-
pare received signal powers (or amplitudes) received at the
BS, as measured in adjacent beams. We assume, for the use
of SDBM, that the BS already employs a multibeam antenna
(typically with three deep-cusp beams) in each 120◦-azimuth
sector. The scattered signal from the user is received by each
of the beams of the antenna, and the two adjacent beams
receiving the highest signal powers are selected. For these
beams, a set of functions, which we term “bearing curves,”
must be precalculated and stored. The exact form of these
bearing curves depends upon the multibeam antenna pat-
terns and upon the expected ensemble angle-spread distri-
bution (which we argued earlier tends to Gaussian form at
small angle spreads).

First of all, we determine the dependence of the average
received power G at an arbitrary beam output on the angle
location of the source with an angle spread ∆. Let F(θ) be the
reception gain pattern of this beam and θ0 be the centre of the
spread source (i.e., the “true” UE bearing). Then the function
G(θ0) can be presented in form of a mathematical convolu-
tion of (i) a function representing the power beam pattern
|F(θ0)|2 of this beam as a function of the azimuth angle (θ)
and (ii) a function p(θ) representing the (ensemble) pdf of
the AoAs of signals received by the BS due to reflections from
scatterers as a function of azimuth angle (θ), that is,

G
(
θ0
) = ∫ π

0

∣∣F(θ)
∣∣2
p
(
θ − θ0

)
dθ. (17)

We can refer to the function (17) as a “beam pattern for
a spread source,” that is, what we call a “spread” beam pat-
tern. If the spread of signals is a negligibly small quantity
(θeff → 0), then we have a point source, and the pdf p(θ) in
(8) tends to a delta function (i.e., p(θ) → δ(θ − θ0)). In this
case, the function G(θ0) is given by G(θ0) = |F(θ0)|2, that is,
it is simply equal to the power gain pattern of the beam, or to
what we will term the “point source” beam pattern.

Now we provide the mathematical definition of what we
have termed earlier the “bearing curves.” If L is the number of
the beams generated by the multibeam antenna, then we have
a set of beam patterns Gi(θ) (i = 1, 2, . . . ,L) and each beam
pattern is oriented in a given direction. The bearing curves
bi+1,i (i = 1, 2, . . . ,L − 1) for each adjacent beam pair (i +
1, i) may be represented by a function bi+1,i(θ) of the azimuth
angle θ of the antenna according to the following equation:

bi+1,i(θ) =
√
Gi(θ) − √Gi+1(θ)√
Gi(θ) +

√
Gi+1(θ)

. (18)
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Figure 5: Applying the SDBM algorithm.

These bearing curves are precalculated and stored by the
network. The precalculation takes place based on equation
(17), and hence takes into account both the known multi-
beam patterns and the expected angle-spread distribution of
the scattering channel (which we model as Gaussian with a
given θeff ). There is more discussion later about how we de-
termine the expected angle spread.

To estimate the bearing of any given source, the received
power from each beam of the antenna is measured over a
predetermined observation interval by averaging over a large
number of samples. The observation interval should be cho-
sen to be long enough so that the effects of Doppler signal
fading do not significantly impact the measured power.

The application of SDBM algorithm is shown in Figure 5.
Let pi = |si(t) + ni(t)|2 be the mean power measured at the
output of the ith (i = 1, 2, . . . ,L) antenna beam, where si(t)
and ni(t) are the useful signal and additive white Gaussian
noise (AWGN), respectively. The AWGN variance σ2

0 is as-
sumed to be the same for all of the different antenna beams.
The bearing curves, per (18), are produced without regard
to AWGN. That is to say, they only take into account ratios
of sums and differences of expected signal amplitudes (with-
out including noise or interference contributions). There-
fore, for a more accurate estimation of AoA based on mea-
sured noisy samples, we need to take into account an expected
noise power contribution for the measured signal, the value
of which we subtract from the measured power signal of each
beam after the averaging. In practice, this means that we use
an estimated output signal power equal to p̃i = |pi − σ2

0 |.
The estimates p̃i for all i = 1, 2, . . . ,L are compared with
each other and the two adjacent beams receiving the high-
est signal powers are selected. If the jth and ( j + 1)th beams
have the highest output powers, then the sum-difference ra-

tio b̂ j+1, j = (
√
p̃ j−

√
p̃ j+1)/(

√
p̃ j +

√
p̃ j+1) is calculated and the

AoA is estimated by looking up the bearing θ corresponding
to this ratio from the corresponding bearing curve bj+1, j(θ)
of (18).

Now we present simulation results for the SDBM tech-
nique in order to estimate the accuracy which can be
achieved. Any one of a number of possible multibeam an-
tenna designs could have been assumed for this simulation,
but for this work, we have used the “deep-cusp” multibeam
antenna design of [15]. The deep-cusp beamformer cre-
ates three fixed beams per each 120◦-azimuth sector, gen-
erated from a facet containing 6-off λ/2-spaced columns of
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Figure 6: Bearing curves b21(θ) (left-hand curves) and b32(θ)
(right-hand curves) for the point (∆ = 0◦) and spread (∆ = 17◦)
sources (thin and thick curves, respectively).

dual-polar antenna elements (although only a single polari-
sation is considered here). The angular spread of the source
will be assumed to be equal to 17◦, which corresponds to ex-
perimental results obtained in [8]. Two representative cases,
for which the number of scatterers is specified as N = 3 and
N = 12, will be simulated. There are two bearing curves
b21(θ) and b32(θ) for the antenna configuration with three
beams.

The bearing curves b21(θ) and b32(θ) for the point (∆ =
0◦) and spread (∆ = 17◦) sources are presented in Figure 6
(thin and thick curves, respectively). The left-hand curves
are b21(θ) and the right-hand curves are b32(θ). It can be
seen that these bearing curves have the steepest slope at the
points where the beams cross. Estimation of the bearing of
the point source is possible only in the angle intervals [−30◦,
−10◦] and [10◦, 30◦]. For the spread source, estimation of
the bearing is possible over wider angle intervals [−35◦, 35◦].
It is assumed, of course, that to estimate the bearing of UEs
for angles outside this range, we would construct additional
bearing curves relating to the beam at the edge of this sector
and its neighbour at the edge of the adjacent sector.

When estimating the AoA, the estimates p̃1, p̃2, and p̃3 of
the mean signal power at the output of the ith (i = 1, 2, 3)
antenna beam are compared with each other. If p̃1 > p̃3, then
the ratio b̂21 is calculated and the AoA is estimated using the
bearing curve b21(θ). If p̃1 < p̃3, then the value b̂32 is calcu-
lated and the AoA is estimated according to the bearing curve
b32(θ).

Within the simulations, the samples of the complex sig-
nals were generated with a sampling period equal to 1 mil-
lisecond for three antenna beams. The maximum Doppler
frequency fd was set equal to 50 Hz. The observation inter-
val was chosen to be 400 milliseconds, that is, approximately
50 times longer than the fading correlation interval. Various
SNRs equal to 30, 20, 10 and 0 dB were simulated, where
the SNR is defined by what the received SNR is for a point
source located at the peak of the central beam. In order to
average the results over all source directions, the true source
angle θtrue was varied from −40◦ to +40◦ with a step size
equal to 0.5◦. A thousand experiments were carried out for
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Figure 7: The rms of bearing estimation error for various SNRs and
for the number of scatterers N = 3.

each source direction, and different realisations of the (non-
ergodic) source model were applied for each of these experi-
ments. For each source position, the root-mean-square (rms)
∆θ of the bearing estimation error and the cumulative den-
sity function (CDF) of absolute value of AoA estimation er-
ror |θ̂ j − θtrue| were calculated.

The rms of the bearing estimation error is shown in
Figure 7 for the number of scatterers N = 3 and for the given
SNRs. We can see that, as expected, the rms of the bearing
estimation error decreases when the SNR increases. For large
SNRs (20 and 30 dB), the bearing estimation error lies within
the range 2◦ to 6◦ (depending on the true source bearing)
and is solely due to the random wandering of the CofG of the
angle-spread source. For the lower SNRs, the bearing estima-
tion error is larger, and depends also on AWGN power. The
corresponding CDFs are presented in Figure 8. The CDFs in
Figure 8 can be approximated by the CDF of a Gaussian func-
tion. Using this Gaussian approximation, we obtain that the
standard deviation of the bearing estimation error is ≈ 4◦ for
high SNRs and N = 3. As can be seen from Figure 4 (curves
2), this standard deviation is approximately equal to the stan-
dard deviation of the wandering of the CofG of the source
with an angle spread ∆ = 2θeff = 17◦ (θeff = 8.5◦). Thus
we can see that the bearing estimation error for high SNRs is
conditioned by the nonergodicity of the source model. The
highest bearing estimation errors are observed in the cross-
ing area of the antenna beam patterns. This is because the
beam gains are lower in this angular region, and so the ef-
fective received SNR is also lower in this region compared to
what it would be for a source located close to the peak of the
central beam. The CDF of the bearing estimation error for a
larger number of scatterers N = 12 is also shown in Figure 8.
Compared to the results for N = 3, the standard deviation
of the bearing estimation error has decreased by a factor of
approximately two for high SNRs, from ≈ 4◦ to ≈ 2◦. Like
the results for N = 3, this also corresponds to Figure 4 and
(14).

As is evident from the earlier discussion, the form of the
bearing curves is different for different assumed channel an-
gle spreads. This is because the first stage of the generation
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Figure 8: The CDFs of the bearing estimation error for various
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of the bearing curves involves a convolution of the actual
beam pattern with the assumed angle-spread ensemble pdf.
What if we didn’t apply the preconvolution in the genera-
tion of the bearing curves, but simply used the bearing curve
corresponding to “point source” beam patterns, even when
the channel itself does exhibit angle spread? To answer this,
it is interesting to examine the bearing errors when bearing
curves generated for the point source are actually used for es-
timating AoA in a channel with angle spreading. Such com-
parative simulation results for the CDF of the bearing error
are presented in Figure 9 for SNR = 30 dB and number of
scatterers N = 12. The angle spread in the channel is equal
to 17◦. We can see that the bearing error has increased sig-
nificantly due to the use of “nonmatched” bearing curves. In
order to generate “matched” bearing curves, we need at least
to have a reasonable estimate of the (ensemble) angle spread
of the channel. In practice, this would be obtained through
examination of published measured angle-spread data such
as [8], and by matching the environment in which the multi-
beam BS is deployed (e.g., urban, suburban, rural) to the ex-
pected angle spread of the channel.

4. CONCLUSIONS

In this paper, we have developed a model for an angle-spread
source which we term the Gaussian channel model (GCM).
This model is suitable for representing the signal seen at the
base station (BS) antenna, and assumes that the probabil-
ity of the scatterer occurrence decreases in accordance with
a Gaussian law when its distance from the user equipment
(UE) antenna increases. Such an assumption about the scat-
terer location is closer to the real-life environment than some
of the other known models. An analytical expression for the
probability density function (pdf) of the multipath angle of
arrival (AoA) at the BS has been derived for the general case
of an arbitrary angle spread. It is shown that this pdf can be
approximated by a Gaussian curve for sources with a small
spread. The comparison of the obtained pdf of AoA of the
multipath for the GCM with the published experimental re-
sults gives a better agreement than for some other known
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Figure 9: The CDF of the bearing estimation error using the
“spread” bearing curve (thick curve) and “point source” bearing
curve (thin curve) for SNR = 30 dB, angle spread ∆ = 17◦, and
number of scatterers N = 12.

angle scattering models. However, in a real-life situation, we
deal with a single realisation of the angle-spread source, that
is, with a fixed finite number of discrete scattering centres. If
this number is particularly small, then their center of grav-
ity (CofG), defined as a power-weighted average AoA, may
“wander” about the true bearing of the UE. The variance of
this wandering of the CofG has been obtained. The depen-
dence of the AoA estimation accuracy on the parameters of
the spread source model has also been considered for a BS us-
ing a multibeam antenna, by carrying out simulations of the
so-called sum-difference bearing method (SDBM) AoA esti-
mation algorithm. It has been shown that for high SNRs, the
bearing estimation errors are dominated by the wandering
of the CofG of the spread source. This wandering is a con-
sequence of the nonergodicity of the angle scattering process
and is greater when the number of scattering sources is small.
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In mobile communication systems with multisensor antennas at base stations, downlink channel estimation plays a key role
because accurate channel estimates are needed for transmit beamforming. One efficient approach to this problem is channel
probing with feedback. In this method, the base station array transmits probing (training) signals. The channel is then estimated
from feedback reports provided by the users. This paper studies the performance of the channel probing method with feedback
using a multisensor base station antenna array and single-sensor users. The least squares (LS), linear minimum mean square
error (LMMSE), and a new scaled LS (SLS) approaches to the channel estimation are studied. Optimal choice of probing signals
is investigated for each of these techniques and their channel estimation performances are analyzed. In the case of multiple LS
channel estimates, the best linear unbiased estimation (BLUE) scheme for their linear combining is developed and studied.

Keywords and phrases: antenna array, downlink channel, channel estimation, training sequence.

1. INTRODUCTION

In recent years, transmit beamforming has been a topic of
growing interest [1, 2, 3, 4, 5]. The aim of transmit beam-
forming is to send desired information signals from the base
station array to each user and, at the same time, to mini-
mize undesired crosstalks, that is, to satisfy a certain quality
of service constraint for each user. This task becomes very
complicated if the transmitter does not have precise knowl-
edge of the downlink channel information for each user.
Therefore, the beamforming performance severely depends
on the quality of channel estimates and an accurate down-
link channel estimation plays a key role in transmit beam-
forming [6, 7, 8, 9]. One of the most popular approaches to
downlink channel estimation is channel probing with user
feedback [1, 2]. This approach suggests to probe the down-
link channel by transmitting training signals from the base
station to each user and then to estimate the channel from
feedback reports provided by the users.

In this paper, we study the performance of channel prob-
ing with feedback in the case of a multisensor base sta-
tion antenna array and single-sensor users [2]. We develop
three channel estimators which offer different tradeoffs in

terms of performance and a priori required knowledge of
the channel statistical parameters. First of all, the traditional
least squares (LS) method is considered which does not re-
quire any knowledge of the channel parameters. Then, a re-
fined version of the LS estimator is proposed (which is re-
ferred to as the scaled LS (SLS) estimator). The SLS esti-
mator offers a substantially improved performance relative
to the LS method but requires that the trace of the channel
covariance matrix and the receiver noise powers be known
a priori. Finally, the linear minimum mean square error
(LMMSE) channel estimator is developed and studied. The
latter technique is able to outperform both the LS and SLS
estimators, but it requires the full a priori knowledge of
the channel covariance matrix and the receiver noise pow-
ers. For each of the aforementioned techniques, the opti-
mal choices of probing signal matrices for downlink chan-
nel measurement are studied and channel estimation errors
are analyzed. Moreover, in the case of multiple LS channel
estimates, an optimal scheme for their linear combining is
proposed using the so-called best linear unbiased estima-
tion (BLUE) approach. The effect of such a combining on
the performance of downlink channel estimation is investi-
gated.
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2. BACKGROUND

We assume a base station array of L sensors and arbitrary
geometry and consider the case of flat block fading1 [2]. In
this case, the signal received by the ith mobile user can be
expressed as follows:

ri(k) = s(k)wHhi + ni(k), (1)

where s(k) is the transmitted signal, w is the L× 1 downlink
weight vector, hi is the L × 1 vector which describes an un-
known complex vector channel from the array to the ith user,
ni(k) is the user zero-mean white noise, and (·)H stands for
the Hermitian transpose.

In order to measure the vector channel for each user, the
method of [2] suggests to use the so-called probing mode to
transmit N ≥ L training signals s(1), . . . , s(N) from the base
station antenna array using the beamforming weight vectors
w1, . . . , wN , respectively. The received signals at the ith mo-
bile can be expressed as follows:

ri = WHhi + ni, (2)

where

W = [s∗(1)w1, s∗(2)w2, . . . , s∗(N)wN
]

(3)

is the L × N probing matrix, ri = [ri(1), . . . , ri(N)]T , ni =
[ni(1), . . . ,ni(N)]T , and (·)∗ and (·)T stand for the complex
conjugate and the transpose, respectively.

Then, each receiver (mobile user) employs the informa-
tion mode to feed the data received in the probing mode
back to the base station where these data are used to estimate
the downlink vector channels. Alternatively (to decrease the
amount of feedback bits), channel estimation can be done
directly at each receiver. In the latter case, receivers feed the
corresponding channel estimates back to the base station.

3. LS CHANNEL ESTIMATION

Knowing ri, the downlink vector channel between the base
station and the ith user can be estimated using the least LS
approach as [2]

ĥi = W†ri, (4)

where W† = (WWH)−1W is the pseudoinverse of WH . As-
sume that the transmitted power in the probing mode is con-
strained as:

‖W‖2
F = P, (5)

where P is a given power constant. We find W which min-
imizes the channel estimation error for the ith user subject
to the transmitted power constraint (5). This is equivalent to

1The flat fading assumption is valid for narrowband communication sys-
tems.

the optimization problem

min
W

E
{∥∥hi − ĥi

∥∥2
}

subject to ‖W‖2
F = P, (6)

where E{·} is the statistical expectation. Using (2) and (4),
we have that hi − ĥi = W†ni and, hence, the objective func-
tion in (6) can be rewritten as

JLS = E
{∥∥hi − ĥi

∥∥2
}
= E

{∥∥W†ni

∥∥2
}

= σ2
i tr
{

W†W†H
}
= σ2

i tr
{(

WWH
)−1
}

,
(7)

where we use the fact that E{ninH
i } = σ2

i I. Here, σ2
i is the

noise power of the ith user, I is the identity matrix, and tr{·}
denotes the trace of a matrix.

Using (7), the optimization problem (6) can be equiva-
lently written in the following form:

min
W

tr
{(

WWH
)−1
}

subject to tr
{

WWH
} = P. (8)

We obtain the solution to this problem using the Lagrange
multiplier method, that is, via minimizing the function

L(W, λ) = tr
{(

WWH
)−1
}

+ λ
(

tr
{

WWH
}− P

)
, (9)

where λ is the Lagrange multiplier.
To compute ∂L(W, λ)/∂WH , the following lemma will be

useful.

Lemma 1. If a square matrix F is a function of another square
matrix G = A + BX + XHCX, then the following chain rule is
valid:

∂ tr{F}
∂X

= ∂ tr{G}
∂X

∂ tr{F}
∂G

, (10)

where A, B, and C are constant matrices and the dimensions of
all the matrices in (10) are assumed to match.

Proof. See Appendix A.

Furthermore, the following expressions for the matrix
derivatives of traces will be used [10]:

∂ tr{XXH}
∂XH

= XT , (11)

∂ tr{X−1}
∂X

= −X−2T . (12)

Inserting F = (WWH)−1, X = WH , and G = WWH into
(10), we have

∂ tr
{(

WWH
)−1
}

∂WH
= ∂ tr

{
WWH

}
∂WH

∂ tr
{(

WWH
)−1
}

∂WWH
. (13)
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Applying (11) and (12) to (13), we can transform the latter
equation as

∂ tr
{(

WWH
)−1
}

∂WH
= −WT

(
WWH

)−2T
. (14)

Using (14) and applying (11) to compute ∂ tr{WWH}/∂WH

in the second term of (9), we have that

∂L(W, λ)
∂WH

= WT
(
λI − (WWH

)−2T
)
. (15)

Setting (15) to zero, we obtain that any probing matrix is the
optimal one if it satisfies the equation(

WWH
)−2 = λI. (16)

Since WWH is Hermitian and positive definite, we can write
its eigendecomposition as

WWH = QΓQH , (17)

where Γ is a diagonal matrix with positive eigenvalues on the
main diagonal. Using the positiveness of the eigenvalues of
WWH and taking into account that Q is a unitary matrix
(QHQ = QQH = I), we have from (16) that

QΓ−2QH = λI (18)

and, therefore,

Γ = 1√
λ

I. (19)

Inserting (19) into (17) and using the identity QQH = I, we
obtain that W is an optimal probing matrix if

WWH = 1√
λ

I. (20)

Using the power constraint (5), we can rewrite (20) as

WWH = P

L
I. (21)

Therefore, any probing matrix with orthogonal rows of the
same norm

√
P/L is an optimal one. Note that the similar

fact has been earlier discovered from different points of view
in [11, 12]. With such optimal probing, the LS estimator re-
duces to the simple decorrelator-type estimator.

According to (21), there is an infinite number of choices
of the optimal probing matrix. It is also worth noting that
each optimal choice of W is user independent. Therefore, any
probing matrix that satisfies (21) is optimal for all users.

It should be stressed that additional constraints on W
may be dictated by particular implementation issues. For ex-
ample, the peak transmitted power per antenna may be lim-
ited. In this case, we have to distribute the transmitted power
uniformly over the antennas and, therefore, the additional
constraint is that all the elements of the optimal probing ma-
trix should have the same magnitude. To satisfy this con-

straint, a properly normalized submatrix of the DFT matrix
can be used, that is,

W =
√

P

NL



1 1 1 · · · 1
1 WN W2

N · · · WN−1
N

1 W2
N W4

N · · · W2(N−1)
N

...
...

...
...

...

1 WL−1
N W2(L−1)

N · · · W (L−1)(N−1)
N

 , (22)

where WN = e j2π/N .
Using (21) along with (7), we obtain that the minimum

downlink channel mean-square estimation error becomes

min
W

JLS = σ2
i L

2

P
. (23)

We stress that the error in (23) is proportional to the square
of the number of transmit antennas and this may lead to a
certain restriction of the dimension of the transmit array.
However, one can compensate for this effect by increasing
the total transmitted power in the probing mode.

Another interesting observation is that the error in (23)
is independent of the channel realization hi and the array ge-
ometry.

4. SCALED LS CHANNEL ESTIMATION

Obviously, the LS estimate (4) does not necessarily minimize
the channel estimation error because its objective is to min-
imize the signal estimation error rather than the channel es-
timation error. Therefore, it may be possible to use an addi-
tional scaling factor γ to further reduce this error. Using this
idea, applying (2) and (4), and dropping the user index i for
the sake of simplicity, we can write the channel estimation
error in the following form:

E
{∥∥h − γĥLS

∥∥2
}
= tr

{
E
{(

h − γĥLS
)(

h − γĥLS
)H}}

= (1 − γ)2 tr
{

Rh
}

+ γ2σ2 tr
{(

WWH
)−1
}

= (JLS + tr
{

Rh
})(

γ − tr
{

Rh
}

JLS + tr
{

Rh
})2

+
JLS tr

{
Rh
}

JLS + tr
{

Rh
} ,

(24)

where ĥLS is the LS channel estimate of (4), Rh = E{hhH}
is the channel correlation matrix, and JLS is given by (7).
Clearly, (24) is minimized with

γ = tr
{

Rh
}

JLS + tr
{

Rh
} (25)

and the minimum of (24) with respect to γ is given by

JSLS = min
γ

E
{∥∥h − γĥLS

∥∥2
}

= JLS tr
{

Rh
}

JLS + tr
{

Rh
} < JLS.

(26)
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Note that the optimal γ in (25) is a function of the trace of
the channel correlation matrix Rh and the noise variance σ2.
Therefore, these values have to be known (or preliminary es-
timated) when using the SLS approach. In practice, the esti-
mate of tr{Rh},

t̂r
{

Rh
} = ĥH

LSĥLS, (27)

can be used in (25) in lieu of tr{Rh}. Assuming that the val-
ues of tr{Rh} and σ2 are given in advance, defining the SLS
channel estimate as

ĥSLS = γĥLS, (28)

and using (4) and (25), we have

ĥSLS = tr
{

Rh
}

σ2 tr
{(

WWH
)−1
}

+ tr
{

Rh
}W†r. (29)

The optimal probing matrix for channel estimation us-
ing the SLS method can be found by means of solving the
following optimization problem:

min
W

JSLS subject to tr
{

WWH
} = P. (30)

Since tr{Rh} > 0, we see from (26) that JSLS is a monoton-
ically increasing function of JLS. Note that tr{Rh} is not a
function of W, and, therefore, JLS is the only term in (26)
which depends on W. This means that the optimization
problems (6) and (30) are equivalent. Therefore, the opti-
mal choice of probing matrix for the SLS channel estimation
technique is the same as for the LS approach.

5. LMMSE CHANNEL ESTIMATION

In this section, we consider the LMMSE estimator of h which
is given by [13]

ĥLMMSE = RhW
(

WHRhW + σ2I
)−1

r

= σ−2(R−1
h + σ−2WWH

)−1
Wr.

(31)

The performance of this estimator is characterized by the er-
ror e = h − ĥLMMSE whose mean is zero, and the covariance
matrix is given by [13]

Re = E
{

eeH
} = (R−1

h + σ−2WWH
)−1

. (32)

The LMMSE estimation error is given by

JLMMSE = E
{∥∥h − ĥLMMSE

∥∥2
}
= tr

{
Re
}
. (33)

To minimize (33) subject to the transmitted power constraint
tr{WWH} = P, we can use the Lagrange multiplier method.
The problem can be written as follows:

L = tr
{(

R−1
h + σ−2WWH

)−1
}

+ λ tr
{

WWH
}
. (34)

Using the chain rule (10), it can be readily shown that the
optimal probing must satisfy

WWH = σ2
√
λ

I − σ2R−1
h . (35)

Using the constraint tr{WWH} = P, (35) can be rewritten as
follows:

WWH = 1
L

(
P + σ2 tr

{
R−1

h

})
I − σ2R−1

h . (36)

Interestingly, in the high signal-to-noise ratio (SNR) case
(σ2 → 0), (36) transforms to (21). Therefore, in the high
SNR domain, the LS, SLS, and LMMSE approaches all have
the same condition on optimal probing matrices.

Using (36), we obtain that in the optimal probing case,

Re = σ2L

P + σ2 tr
{

R−1
h

} I. (37)

Therefore,

min
W

JLMMSE = σ2L2

P + σ2 tr
{

R−1
h

} . (38)

If the channel coefficients are all i.i.d. random variables,
we have Rh = ξ2I, where ξ2 can be viewed as the channel
attenuation parameter. In this case, (36) transforms to (21)
and, therefore, the optimal probing matrix for the LS estima-
tor is also optimal for the LMMSE estimator. Furthermore,
in such a situation, the minimum of the channel estimation
error is given by

min
W

JLMMSE = ξ2σ2L2

ξ2P + σ2L
. (39)

Interestingly, if Rh = ξ2I, then (26) and (39) are identical
which means that the performances of the SLS and LMMSE
estimators are similar in this case.

6. COMBINING OF MULTIPLE LS CHANNEL
ESTIMATES

In Sections 3, 4, and 5, the specific case of a single channel es-
timate has been considered. In this section, we extend the op-
timal probing approach to the case of multiple LS channel es-
timates. If there are multiple probing periods available within
the channel coherency time, it may be inefficient from the
computational and buffering viewpoints to store and process
dynamically long amounts of data that are formed by accu-
mulation of multiple received data blocks corresponding to
different probing periods. A good alternative here is to obtain
a particular channel estimate for each probing period and
then to store these estimates dynamically rather than stor-
ing the data itself, and to compute the final channel estimate
based on a proper combination of such (previously obtained)
particular estimates.

Let us have K estimates ĥi,1, . . . , ĥi,K of the downlink
channel corresponding to the ith user. Let each estimate
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be computed using (4) based on some probing matrices
W1, . . . , WK , respectively. The channel is assumed to be qua-
sistatic (fixed) at the interval of K probings, and Pk = ‖Wk‖2

F

is the transmitted power during the kth probing.
We aim to improve the performance of downlink channel

estimation by combining the estimated values ĥi,k for k =
1, . . . ,K in a linear way as follows:

ĥi =
K∑
k=1

αi,kĥi,k, (40)

where αi,k are unknown weighting coefficients.
Let us obtain the optimal weighting coefficients by means

of minimizing the error in (40). Then, these coefficients can
be found by solving the following optimization problem:

min
αi,1,...,αi,K

E


∥∥∥∥∥hi −

K∑
k=1

αi,kĥi,k

∥∥∥∥∥
2
 subject to

K∑
k=1

αi,k = 1,

(41)

where the constraint in (41) guarantees the unbiasedness of
the final channel estimate. This problem corresponds to the
so-called BLUE estimator [13].

The solution to (41) is given by the following lemma.

Lemma 2. The optimal weights {αi,k}Kk=1 for the ith user are
given by

αi,k = 1

tr
{(

WkWH
k

)−1
}∑K

n=1 1/ tr
{(

WnWH
n

)−1
} . (42)

Proof. See Appendix B.

It is worth noting that the optimal weighting coefficients
αi,k are user independent (i.e., they are the same for each
user).

Choosing optimal orthogonal weighting matrices in each
probing, we have

tr
{(

WkWH
k

)−1
}
= L2

Pk
,

K∑
n=1

1

tr
{(

WnWH
n

)−1
} = Ptot

L2
,

(43)

where

Ptot =
K∑
k=1

Pk (44)

is the total transmitted power during the K probings.
Inserting (43) into (42), we obtain that in the case of us-

ing optimal orthogonal weighting matrices, the expression
for optimal weighting coefficients can be simplified to

αi,k = Pk
Ptot

. (45)

In this case, the downlink channel estimation error is
given by

E
{∥∥hi − ĥi

∥∥2
}
= E


∥∥∥∥∥hi −

K∑
k=1

Pk
Ptot

ĥi,k

∥∥∥∥∥
2


= E


∥∥∥∥∥

K∑
k=1

Pk
Ptot

(
hi − ĥi,k

)∥∥∥∥∥
2


= L2

P2
tot

E


∥∥∥∥∥

K∑
k=1

Wkni,k

∥∥∥∥∥
2


= σ2
i L

2

P2
tot

tr

{ K∑
k=1

WkWH
k

}
= σ2

i L
2

Ptot
,

(46)

where ni,k is the zero-mean white noise vector of the ith user
in the kth probing. When deriving (46), we have used the
property E{ni,knH

i,l} = σ2
i δk,lI, where δk,l is the Kronecker

delta.
We observe that, similar to (23), the error in (46) is in-

dependent of the channel realization and the array geome-
try. Comparing (46) with (23), we see that the optimal linear
combining of multiple estimates reduces the estimation er-
ror by a factor of Ptot/P. For example, if each probing has the
same power (Pk = P, K = 1, 2, . . . ,K), then Ptot = KP and
the estimation error is reduced by a factor of K .

7. NUMERICAL EXAMPLES

In our simulations, we compare the performance of the LS,
SLS, and LMMSE channel estimators in the cases of optimal
and nonoptimal choices of probing matrices. Throughout all
our simulation examples, we assume that N = L. The chan-
nel coefficients and the receiver noise are assumed to be cir-
cular complex Gaussian random variables with the unit vari-
ance.

We assume that the base station has a uniform linear ar-
ray and the downlink channel correlation matrix Rh has the
following structure:[

Rh
]
n,m = r|n−m|, 0 ≤ r < 1, (47)

where n and m are the indices of the array sensors. This
model of the array covariance is frequently used in the lit-
erature; see [14, 15, 16] and references therein.

The elements of L× L probing matrices W in the case of
nonoptimal probing have been drawn independently from
a zero-mean complex Gaussian random generator in each
simulation run. However, to avoid possible computational
inaccuracy of the LS estimator, we have ignored all probing
matrices that have resulted in a condition number of WWH

greater than 104. Each simulated point is obtained by averag-
ing 5000 independent simulation runs.

In Figure 1, we display the mean of the norm squared of
the channel estimation error (MNSE) of the LS channel esti-
mator in the optimal and nonoptimal probing matrix cases.
In this figure, MNSEs are plotted versus the probing power
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L = 2, nonoptimum probing
L = 2, optimum probing
L = 4, nonoptimum probing
L = 4, optimum probing
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Figure 1: MNSEs versus P/σ2 for the LS estimator.

L = 2, nonoptimum probing
L = 2, optimum probing
L = 4, nonoptimum probing
L = 4, optimum probing
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Figure 2: MNSEs versus P/σ2 for the SLS estimator.

P/σ2. Note that the performance of the LS estimator is inde-
pendent of the parameter r. The parameter L is varied in this
figure.

In Figure 2, the performance of the SLS estimator is
tested under the similar conditions. Similar to the LS
method, the performance of the LS estimator is independent
of the parameter r.

Figures 3 and 4 display the performance of the LMMSE
estimator in the cases of r = 0 and r = 0.25, respectively.

L = 2, nonoptimum probing
L = 2, optimum probing
L = 4, nonoptimum probing
L = 4, optimum probing
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Figure 3: MNSEs versus P/σ2 for the LMMSE estimator in the case
of uncorrelated channel coefficients (r = 0).

L = 2, nonoptimum probing
L = 2, optimum probing
L = 4, nonoptimum probing
L = 4, optimum probing
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Figure 4: MNSEs versus P/σ2 for the LMMSE estimator in the case
of correlated channel coefficients (r = 0.25).

In both figures, the channel covariance matrix Rh is assumed
to be known exactly. Other conditions are similar to that of
Figures 1 and 2.

From Figures 1, 2, 3, and 4, it can be seen that the opti-
mal probing improves the quality of channel estimation sub-
stantially for all methods. Note that this improvement is es-
pecially pronounced for large values of P/σ2 if the SLS or
LMMSE method is used. Comparing Figures 3 and 4, we also
see that these figures give nearly the same results. This means
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L = 2, estimated tr{Rh}
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Figure 5: MNSEs versus P/σ2 for the SLS estimator.

that moderate correlation of the channel coefficients does not
affect the LMMSE approach.

As it has been mentioned before, the SLS channel estima-
tor requires the knowledge of tr{Rh}. However, note that the
LS estimator can be applied to estimate this parameter using
(27). In Figure 5, the MNSEs of the SLS estimator with opti-
mal probing are plotted versus P/σ2 in the cases when the ex-
act and estimated values of tr{Rh} are used. In the latter case,
the LS method is applied to obtain the estimate of tr{Rh}
which is then inserted into the SLS estimator. All other con-
ditions are similar to that of the previous figures.

In the LMMSE method, the full knowledge of the channel
correlation matrix Rh is required either at the base station or
at the mobile station to estimate the channel (depending on
where the channel estimation is done). Also, the base station
transmitter has to know this matrix in order to compute the
optimal probing matrix. However, one may use the following
rank-one estimate of this matrix:

R̂h = ĥLSĥH
LS. (48)

In Figure 6, the performance of the LMMSE channel estima-
tor is tested versus P/σ2 in the cases when Rh is known ex-
actly and when its estimate (48) is used. In the latter case, the
optimal LS probing is used (note, however, that in the gen-
eral case, such a probing is nonoptimal for the LMMSE ap-
proach). The value of L is varied in this figure and r = 0.25 is
taken.

From Figures 5 and 6, we see that there are only small
performance losses caused by using the estimated values of
tr{Rh} and Rh in the SLS and LMMSE estimators, respec-
tively, in lieu of the exact values of tr{Rh} and Rh. Also, from
Figure 6, we see that the optimal LS probing becomes nearly

L = 2, estimated Rh

L = 2, exact Rh

L = 4, estimated Rh

L = 4, exact Rh
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Figure 6: MNSE versus P/σ2 for the LMMSE estimator in the case
of correlated channel coefficients (r = 0.25).

L = 2, LS estimation (orthogonal probing)
L = 2, SLS estimation (orthogonal probing)
L = 2, LMMSE estimation (orthogonal probing)
L = 2, LMMSE estimation (optimum probing)
L = 4, LS estimation (orthogonal probing)
L = 4, SLS estimation (orthogonal probing)
L = 4, LMMSE estimation (orthogonal probing)
L = 4, LMMSE estimation (optimum probing)
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Figure 7: Comparison of the performances of the LS, SLS, and
LMMSE estimators versus P/σ2 in the case of correlated channel
coefficients (r = 0.25).

optimal for the LMMSE approach starting from moderate
values of SNR. This observation supports theoretical results
of Section 5.
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K = 2, W nonoptimum, α nonoptimum
K = 2, W nonoptimum, α optimum
K = 2, W optimum, α optimum
K = 4, W nonoptimum, α nonoptimum
K = 4, W nonoptimum, α optimum
K = 4, W optimum, α optimum

0 2 4 6 8 10 12 14 16 18 20

P/σ2 (dB)

10−2

10−1

100

101

102

103

M
N

SE

Figure 8: MNSE versus P/σ2 for the case of multiple LS channel
estimates (the BLUE estimator).

Figure 7 compares the performances of the LS, SLS, and
LMMSE estimators versus P/σ2. In this figure, we assume
that r = 0.25, and two variants of the LMMSE estimator
are considered. Both these variants assume that the estima-
tor knows Rh exactly, but the first variant uses the optimal
probing signal that satisfies (36), while the second one em-
ploys the matrix which satisfies (21) and, therefore, is op-
timal only for LS and SLS estimators and/or for the un-
correlated channel case (r = 0). From this figure, we ob-
serve that the difference in performance between the first
and second variants of the LMMSE estimator is negligi-
ble at all the tested values of SNR. Therefore, the LS/SLS
probing appears to be suboptimal for the LMMSE estima-
tor.

In the last example, the case of multiple LS channel esti-
mates are assumed. In Figure 8, the parameter L = 4 is cho-
sen and the performance of the BLUE estimator is compared
for K = 2 and K = 4. Three cases are considered in this fig-
ure:

(i) both the probing matrices and the coefficients αi,k are
optimal;

(ii) the probing matrices are nonoptimal but the coeffi-
cients αi,k are optimal;

(iii) both the probing matrices and the coefficients αi,k are
nonoptimal.

In the third case, the coefficients αi,k = 1/K are assumed
for all i and k.

Figure 8 demonstrates substantial improvements which
can be achieved when the BLUE estimator is used in the case

of multiple channel estimates. This figure also shows that the
choice of optimal probing matrices and coefficients αi,k is
critical for the estimator performance as nonoptimal choices
of one or both of these parameters may cause a severe perfor-
mance degradation.

8. CONCLUSIONS

We have studied the performance of the channel probing
method with feedback using a multisensor base station an-
tenna array and single-sensor users. Three channel estima-
tors have been developed which offer different tradeoffs in
terms of performance and a priori required knowledge of the
channel statistical parameters. First of all, the traditional LS
method has been considered. The LS estimator does not re-
quire any knowledge of the channel parameters. Then, a new
(refined) version of the LS estimator has been proposed. This
refined technique is referred to as the SLS estimator. It has
been shown to offer a substantially improved channel esti-
mation performance relative to the LS method but requires
that the trace of the channel covariance matrix and the re-
ceiver noise powers be known a priori. Finally, the LMMSE
channel estimator is developed and studied. The latter tech-
nique has been shown to potentially outperform both the LS
and SLS estimators, but it requires the full a priori knowl-
edge of the channel covariance matrix and the receiver noise
powers.

For each of the above mentioned techniques, the opti-
mal choices of probing signal matrices for downlink channel
measurement have been studied and channel estimation er-
rors have been analyzed. In the case of multiple LS channel
estimates, the BLUE scheme for their linear combining has
been developed.

Simulation examples have demonstrated substantial per-
formance improvements that can be achieved using optimal
channel probing.

APPENDICES

A. PROOF OF LEMMA 1

First of all, we prove the chain rule for the particular case
when G = BX. Writing this equation elementwise, we have
gi,l =

∑
k bi,kxk,l and, therefore,

∂gi,l
∂xm,n

= δl,nbi,m, (A.1)

where the Wirtinger derivatives for complex variables are
used, δi,n is the Kronecker delta, and

bi,m = ∂ tr{G}
∂xm,i

. (A.2)

Since F is a function of G, then tr{F} can be a function of all
elements of G. Thus, applying the extended derivative chain
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rule ([17, page 99]) and (A.1)-(A.2), we have[
∂ tr{F}
∂X

]
m,n

= ∂ tr{F}
∂xm,n

=
∑
i

∑
l

∂ tr{F}
∂gi,l

∂gi,l
∂xm,n

=
∑
i

∂ tr{F}
∂gi,n

bi,m =
∑
i

∂ tr{G}
∂xm,i

∂ tr{F}
∂gi,n

=
[
∂ tr{G}
∂X

∂ tr{F}
∂G

]
m,n

(A.3)

and the proof for the particular case G = BX is completed.
To extend the proof to the general case G = A + BX +

XHCX, we notice that this equation can be rewritten as G =
A + (B + XHC)X and, therefore, the established result for the
particular case G = BX can be applied taking into account
that the matrix A is constant and that ∂ tr{B + XHC}/∂X = 0.
In other words, replacing the matrix B by the matrix B+XHC,
we straightforwardly extend our proof to the general case.

B. PROOF OF LEMMA 2

To solve (41), we insert (4) into the objective function of (41)
and, using (2), rewrite it as

E

tr


( K∑

m=1

αi,mW†
mni,m

)( K∑
n=1

αi,nW†
nni,n

)H



= tr


( K∑

m=1

K∑
n=1

αi,mα
∗
i,nW†

mW†H
n E

{
ni,mnH

i,n

})
= tr

{
σ2
i

K∑
n=1

∣∣αi,n∣∣2(
WnWH

n

)−1
}

,

(B.1)

where ni,m is the noise vector of the ith user during the mth
probing interval and the property E{ni,mnH

i,n} = δmnI is used.

To minimize (B.1) subject to the constraint
∑K

k=1 αi,k = 1,
we have to find the minimum of the Lagrangian

L(α, λ) = tr

{
σ2
i

K∑
k=1

∣∣αi,k∣∣2(
WkWH

k

)−1
}

− λ

( K∑
k=1

αi,k − 1

)
,

(B.2)

where the vector α captures all the coefficients αi,k.
The gradient of (B.2) is given by

∂L(α, λ)
∂αi,k

= 2σ2
i αi,k tr

{(
WkWH

k

)−1
}
− λ. (B.3)

Setting it to zero, we have

αi,k = λ

2σ2
i tr
{(

WkWH
k

)−1
} . (B.4)

Noting that
∑K

k=1 αi,k = 1, we obtain (42).
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Experimental data are presented on the viability of multiple antennas on small mobile handsets, based on extensive measurement
campaigns at 2.14 GHz with multiple base stations, indoors, from outdoor to indoor, and outdoors. The results show medium to
low correlation values between antenna branch signals despite small antenna separations down to 0.16λ. Amplitude distributions
are mainly Rayleigh-like, but for early and late components steeper than Rayleigh. Test users handling the measurement handset
caused larger delay spread, increased the variability of the channel, and induced rather large mean branch power differences of
up to 10 dB. Positioning of multiple antennas on small terminals should therefore be done with care. The indoor channels were
essentially flat fading within 7 MHz bandwidth (−6 dB); the outdoor-to-indoor and outdoor channels, measured with 10 MHz
bandwidth, were not. For outdoor-to-indoor and outdoor channels, we found that different taps in the same impulse response are
uncorrelated.

Keywords and phrases: mobile radio channel, small multiantenna devices, measurement analysis, branch correlation, Doppler
spectrum, user influence.

1. INTRODUCTION

Research on smart antennas or smart algorithms seem to
have focused on base stations (BSs) and fixed terminals with
relatively little research being devoted to the benefits of mul-
tiple antennas on small mobile terminals. A reason for this
surely must be the still frequently expressed opinion that a
separation between antennas of at least half a wavelength is
needed to get branch correlation coefficients under a thresh-
old of 0.7 needed for exploiting the diversity potential. In this
context, one often quotes Jakes [1], but he considered am-
plitude correlation coefficients for early narrowband mobile
systems, whereas for GSM-like systems, it was shown that
at least for some forms of diversity, such a threshold does
not exist. Diversity gain then increases continuously with de-
creasing correlation [2]. Moreover, Vaughan and Andersen
[3] showed that in the ideal case, the antenna patterns are
orthogonal with respect to the incoming wave field, which
theoretically can be achieved even at zero separation for par-

ticular environments. This of course implies that the achiev-
able diversity gain depends on both the antenna design and
the specific propagation environment. In this respect, spa-
tial separation is merely a factor in decorrelation between
antenna signals as are polarisation properties. Experimental
confirmation has been documented from the early 1990’s on-
wards [4, 5, 6, 7]. Please note that the overriding importance
of handset antennas being small, while efficient and wide-
band, leaves little room for engineering radiation patterns.

In the framework of a project on smart antennas for
small handsets at Aalborg University (AAU), three mea-
surement campaigns were organised in different propaga-
tion environments with and without users, as users have
a strong influence on the reception by handheld terminals
[8, 9]. During these campaigns, we used our proprietary
measurement system [10] with our “optical” handset with-
out conducting cables, but using signal transport by op-
tic fibre instead [11]. This paper reports on the findings,
with some emphasis placed on the three classical quantities
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Figure 1: Measurement situations and BS configurations for the indoor campaign: (a) star configuration for the new building (left) and
inline configuration for the new building (right); (b) star configuration for the old building (left) and inline configuration for the old
building (right). The new buildings’ first route is to the right, walked from left to right, while the second route is to the left, walked from
right to left.

determining diversity gain: branch correlation coefficients,
amplitude distributions, and (mean) branch power differ-
ences [12]. The structure of this paper is as follows: first, the
measurement setup is discussed with the chosen scenarios,
the use of test users, and the equipment. Next, the processing
of the data is described, followed by results and discussion.
Conclusions form the last section.

2. MEASUREMENT SETUP

The measurement campaigns should provide realistic data
for channel models to be used for research into smart anten-
nas for small handsets. Therefore, the data should be gath-
ered in a way that reflects typical use of handheld devices and
typical handheld devices themselves, including size, antenna
types, and locations of major components like display, key-
pad, and antennas. This means measuring in different cel-
lular scenarios, with users handling the terminal in different
ways. Some aspects of the choices made for the campaigns
will be treated in the next sections.

2.1. Cellular scenarios

Three cellular scenarios were chosen: indoor, outdoor-to-
indoor, and outdoor.

For the indoor campaigns, we selected two different
buildings as the type of construction determines the prop-
agation regime. One is the university building in downtown
Aalborg as example of the early twentieth-century building
style: heavy walls with single-sheet windowpanes, favouring
penetration through the windows with only limited guid-
ing in corridors. As for the second building, a modern of-
fice building at the campus was selected, having a reinforced
concrete structure with plasterboard partitioning and metal-
coated windows as in Figure 1. Little penetration from out-
side should be expected as most signals are guided inside.

For the outdoor-to-indoor campaigns, the old university
building was selected. In this campaign, the link budget was
improved, which allowed placing BSs at more distant and
more obstructed locations as in Figure 2. Free-in-air mea-
surements were added too, with the handset on a pole with-
out the user as a form of reference.
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Figure 2: Measurement situations and BS configurations for the outdoor-to-indoor campaign: (a) star configuration for the old building
and (b) inline configuration for the old building.
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Figure 3: Measurement situation for the outdoor campaign: (a) BSs in the centre of Aalborg with the measurement area shaded (2.75 ×
2.5 km2) and (b) enlarged outdoor measurement area with the four measurement trajectories encircled (245 × 180 m2).

For the outdoor campaigns, the measurements were
aimed at medium size cells in a European downtown area
with propagation conditions and path lengths clearly differ-
ent from the two other environments. Path lengths ranged
from 1 to 2 km as in Figure 3. The area in Aalborg with the
smallest ratio of street width to rooftop height was chosen
and for link budget reasons, relatively high BSs were em-
ployed. Here only results will be shown for the handset tied
to a torso phantom in a trailer behind the measurement van
due to low signal-to-noise ratio (SNR), with the test users
inside the van.

2.2. Interference situations

The choice for measuring multiple BSs simultaneously is
based on the fact that interference certainly is one of the

major aspects of cellular network operation. In CDMA sys-
tems, intercell interference may be less important than in
TDMA systems, but in CDMA, the best candidate for soft
handover/macrodiversity is most likely the strongest inter-
ferer.

Two different BS configurations have been chosen,
a “star” BS configuration and an “inline” configuration.
Figure 1 gives an example of the two configurations for
the indoor measurements, and Figure 2 for the outdoor-to-
indoor measurements. Of the outdoor measurements, repre-
sented in Figure 3, only the inline data is used.

The star configuration imitates the conditions at the edge
of a cell, with three BSs surrounding the mobile station at
comparable distances. This maximises interference levels but
the correlation between interfering signals and the desired
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(a) (b) (c) (d)

Figure 4: The four ways of handling the handset measurement by a test person. (a) portrait, (b) landscape, (c) at the ear, and (d) at the hip.

signal is most likely low. In the inline configuration, the lev-
els of interference differ but the correlation between the in-
terferers and the serving BS could be higher than in the star
configuration, especially under waveguiding conditions.

2.3. Use of test persons

The use of a number of test persons is based on the expe-
rience that the user has a major impact on handset perfor-
mance [9], for instance, due to body-induced losses (hand,
head), due to orientation of the handset, due to specific
movements of the user, and so forth. Therefore, we aimed
at having at least ten users run the prescribed test route.
The users were also asked to hold the handsets in a number
of different ways, at the ear and in the hand in two differ-
ent ways. For the outdoor-to-indoor campaign, enough link
budget was available to incorporate placement at the hip too.
Figure 4 gives an impression of the various positions.

The position of the terminal in the hand, called “por-
trait,” imitates the present use of a phone when updating the
calendar or SMS directory. The “landscape” mode refers to
using the newly developed models with large displays. Car-
rying the terminal at the hip mainly simulates the idle mode.
As mentioned earlier, for the outdoor campaign, only phan-
tom measurement results will be presented.

2.4. Equipment

The measurement equipment used was AAU’s proprietary
equipment [10], based on a correlating receiver, sampling the
received signal in I and Q on baseband signal, with corre-
lation of the 511-chips long m-sequence in postprocessing.
Simultaneous sounding of BSs was achieved in the code do-
main. Throughout the campaigns, we used our optical hand-
set, in two versions, that truly represents a small receiving de-
vice without the radiation pattern disturbing effects of con-
ducting cables [11]. The antennas employed on these hand-
sets were chosen to reflect practical implementations and de-
signed to occupy as small volume as possible for the required
bandwidth. This leads to monopole-like antennas that act as
matching or coupling to the terminal casing that then acts
as the main radiator. In this way, very small antennas can
show good efficiency and bandwidth compared to the size of
the antenna elements because the casing is the main radiator,
not the antenna element itself. However, this approach allows

the designer but little control over the antenna radiation pat-
terns and polarisation properties. Also, radiation characteris-
tics are dissimilar for similar antenna elements placed at dif-
ferent positions on the terminal, but this on the other hand
contributes significantly to the decorrelation of the antenna
signals. We used two different approaches frequently seen
with handsets at that time: stubs that are either monopoles
or helices, and integrated antennas, in our case planar in-
verted F antennas (PIFAs), to see whether this would make
a difference.

The first version of the handset was used in the in-
door campaign with either two monopoles or PIFAs, seen in
Figure 5a with monopoles. Chassis dimensions are 103×48×
35 mm3(h × w × t). During the measurements, the wire el-
ements were stabilised with a foam radome. The PIFAs were
screwed directly onto the SMA connectors visible at the front.
The element size was 0.1λ × 0.1λ × 0.05λ(h × w × t), but
due to the use of dielectrics, the free in air size was some-
what smaller, making it possible to have a distance between
the antennas of only 0.16λ centre to centre. The second ver-
sion was used in the other two campaigns. For outdoor-to-
indoor, it was used with both four helices and PIFAs (differ-
ent from those used indoors) as in Figures 5b and 5c. For the
outdoor campaign, the second handset was only equipped
with four small (dielectric) PIFAs as in Figure 5d. The first
change of antennas was mainly motivated by the mechanic
vulnerability of the antenna elements and the wish to have a
smooth surface for the second handset. The open PIFA struc-
tures used for outdoor-to-indoor proved to be vulnerable
too. Consequently, solid dielectric PIFAs were used for the
outdoor campaign. Chassis dimensions of the second hand-
set are 92 × 51 × 37 mm3(h × w × t). For protection of the
antennas, this handset was used with a plastic lid, visible in
Figure 4. The antennas of the second handset have all been
measured in the anechoic chamber, spherically, and dual-
polarised. Figure 6 shows an example of the radiation pat-
terns for the top two PIFAs antennas in Figure 5c used in the
outdoor-to-indoor campaign. For reasons of clarity and due
to the limited space, only one plane cut is shown, normal
to the faceplate and parallel to the length axis of the hand-
set. Although the patterns are quite similar to each other in
both polarisations, the achievable decorrelations are substan-
tial as will be shown in Section 4. Those decorrelations result
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(a) (b) (c) (d)

Figure 5: Antenna placements on handsets: (a) first handset with monopoles for indoor; (b and c) second handset with helices and PIFAs for
outdoor-to-indoor; and (d) second handset with dielectric PIFAs for outdoor. All handsets are shown without radome or protective cover.
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Figure 6: Measured radiation patterns (copolar and cross-polar) for two of the PIFAs in the outdoor-to-indoor campaign (Figure 5c) in
the plane perpendicular to the faceplate and parallel to the length axis of the terminal: (a) top left antenna and (b) top right antenna. The
amplitudes along the radial are in dB.

from the projection of the angular distributions of the in-
coming wave field onto the radiation patterns (in both polar-
isations) of the antennas, (see Vaughan [3]). However, seeing
the similarities of the antenna patterns, detailed knowledge
is required of the angular distributions of the incoming wave
field when analysing antenna performance. We did not mea-
sure such angular distributions for the environments in these
campaigns and considered that to be out of scope for these
investigations too. Consequently, we will not expand on the
performance of specific antenna types.

Due to a different chip rate, the effective bandwidth
was 7 MHz (−6 dB) for indoor campaign and 10 MHz for
outdoor-to-indoor and outdoor campaigns. For indoor and
outdoor-to-indoor campaigns, the impulse response acquisi-
tion was triggered equidistantly in time, and for the outdoor
one, equidistantly in distance. All these changes in the equip-
ment resulted from insight gained during the campaigns,
spanning more than a year. The main system parameters
of the sounding equipment for the different campaigns are
summarised in Table 1.
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Table 1: Main parameters of channel sounding equipment used in the different campaigns.

System parameter Indoor Outdoor-to-indoor Outdoor

PN code length 511 511 511

PN code chip rate (MHz) 3.8325 7.665 7.665

Bandwidth (−6 dB) (MHz) 7 10 10

Baseband sampling (MHz) 15.36 15.36 15.36

IR acquisition rate 30(s−1) 25(s−1) 1/0.0544(m−1)

Carrier frequency (MHz) 2140 2140 2140

Optical handset type No. 1 No. 2 No. 2

Number of HS antennas 2 4 4

Antenna types (separation)
Monopoles (0.29λ) Helices (0.21λ/0.51λ)

PIFAs (0.21λ/0.51λ)
PIFAs (0.16λ) PIFAs (0.21λ/0.51λ)

3. DATA PROCESSING

The purpose of the measurements is to provide data for
tapped delay line models. Therefore, the data processing
should render suitable tap delays and find the characteristics
per tap signal over time or distance measurement. Relations
between tap signals should be established too. The character-
istics considered are

(1) amplitude/power distribution per tap;
(2) cross-correlation between fading patterns of antenna

branch signals per tap;
(3) mean branch power differences;
(4) Doppler spectrum per tap;
(5) cross-correlation between fading patterns of BS signals

for the same tap and antenna branch;
(6) cross-correlation between fading patterns of tap sig-

nals for the same antenna branch.

The first three are the classical parameters determining di-
versity gain: the Doppler spectrum determines the evolution
of tap signals over time/distance, the cross-correlation be-
tween tap signals could influence equalising strategies, and
cross-correlation between BSs or interferers influences the
gain by both antenna and macrodiversity [13, 14, 15]. The
amplitude distribution has also implications on the coverage
and the outage performance of system cells; see, for example,
[16, 17, 18]. The indoor measurements were essentially flat
fading, so only a single tap was used. For the outdoor mea-
surements, no total signal power was computed, so no mean
branch power differences were derived.

3.1. General preprocessing

Directly after every campaign, the full set of measurement
equipment is taken into a shielded room and calibrated back
to back, using attenuators and coaxial cables instead of an-
tennas. The measured data is scaled with the calibration data
and correlated with the back-to-back system responses.

3.1.1. Processing specifics for indoor

The indoor responses were essentially single tap. Therefore,
the processing consisted of determining the tap delay per BS

and per antenna branch and of separation of slow and fast
fading signals from the extracted tap signal. The purpose of
using these fading types is to connect to existing modelling
schemes in which the fading is modelled as the product of a
slow fading term and a fast fading term instead of modelling
Nakagami distributions.

The tap excess delay τm of the single tap was deter-
mined per measurement run from the power over all im-
pulse responses h(τ, ti) as τm = argmaxτ{|h(τ, ti)|2}, with
ti ∈ {t1, . . . , t512} the measurement instance. The slow fading
power pslow was defined as the lowpass filtered output of the
received power |h(τm, ti)|2 at delay τm, by convolution with a
real-valued Hanning window WH of length 48:

pslow
(
ti
)∣∣h(τm, ti

)∣∣2 ⊗WH
(
ti
)

(1)

with WH(k) = 0.5−0.05·cos(2π ·k/48); k ∈ {1, . . . , 48}. The
length of the Hanning window was not critical, but the length
of 48 rendered fast fading signals that matched Rayleigh dis-
tributions quite well, corresponding to 1.6 seconds or a few
metres at walking speed. The complex fast fading signal hfast

is the complex received signal divided by the square root of
the slow fading power:

hfast
(
ti
) = h

(
τm, ti

)√
pslow

(
ti
) . (2)

Further processing is done on both the fast fading signal and
the (square root of the) slow fading power.

3.1.2. Processing specifics for outdoor and
outdoor-to-indoor cases

For the outdoor and outdoor-to-indoor measurement
results, tap delays and tap signal characteristics were ex-
tracted by using a two-dimensional SAGE algorithm [19].
Based on the rendered estimates, the tap signals (over time
for the outdoor-to-indoor case and over distance for the out-
door one) were constructed as described in [20]. The tapped-
delay line structure is determined by the BS, so it is the same
for the different antenna branches and users. This means that
each antenna branch and each user signal has the same tap
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delays for the response to a particular BS on a particular mea-
surement location, only differing from other branches/users
in complex amplitude and Doppler values. For these tap sig-
nals, no fast or slow fading signals were extracted. The SAGE
estimation process operated on twenty consecutive impulse
responses at a time, with the next estimation cycle half over-
lapping the former. Not always were the estimates available
for every tap delay, so on certain measurement intervals, gaps
occurred in the constructed tap signals, making the interpre-
tation of slow and fast fading very hard.

3.2. Power distributions

Power distributions were derived for indoor data for both the
fast and the slow fading power. For outdoor and outdoor-to-
indoor data, power distributions were derived for the power
in individual tap signals under the constraint that for at least
25% of the tap signal duration, SAGE estimates were avail-
able. Data were pooled over measurement runs before deter-
mining cumulative distribution functions (CDFs).

3.3. Antenna branch correlations

For indoor data, antenna branch correlations for the same
BS were determined for both fast and slow fading for the two
antenna branches. For outdoor and outdoor-to-indoor data,
correlations between each of the six combinations of two
out of the four antenna branches were determined for each
tap. The correlation per tap was performed over those points
where both branches in a combination had (constructed) sig-
nal under two constraints: the first being that the tap signal in
both branches should have a mean power higher than −12 dB
below the highest mean tap power for the respective branch,
and the second that the number of common points was larger
than 127 (25% of the tap signal duration). The mean power
threshold was imposed because of the observed increasing
inaccuracy of the SAGE algorithm with decreasing tap pow-
ers.

All correlations are complex correlations between varia-
tions around the mean. The values given are mean and stan-
dard deviation of the magnitude of the correlation coeffi-
cients, pooled over users/measurement runs, antenna types,
use positions (if applicable), BSs, BS configurations, and an-
tenna branch combinations (for outdoor and outdoor-to-
indoor cases).

3.4. Mean branch power differences

The mean branch power difference was determined as the
difference in the mean power received per branch from a sin-
gle BS over a single measurement run. For the indoor case,
this was the difference in mean values of the slow fading
power per antenna branch (fast fading power has mean 1).
For the outdoor-to-indoor case, the impulse response pow-
ers were integrated over the impulse response duration. For
each measurement run, this total received power was aver-
aged per antenna branch. The mean branch power difference
per measurement run for each of the six combinations of two
out of the four antenna branches was the difference in the re-
spective average total received powers. For the outdoor case,

no mean branch power differences were determined as the
computation of the total received power was too sensitive to
the influence of noise on the integration interval. As the ac-
tual values were often uniformly spread over a large interval
symmetric around zero, the mean and standard deviations
are given for the absolute values of the differences. The val-
ues are pooled over measurement runs, antenna types, use
positions, BSs, BS configurations, and antenna branch com-
binations (for outdoor-to-indoor case).

3.5. Doppler spectra

Doppler spectra were made up per measurement run over
the full length of each tap signal. For the indoor case, the fast
fading signal was used. For plotting purposes, the individ-
ual spectra were added powerwise (over measurement runs).
The presented results in Table 2 are the average values and the
standard deviation of the absolute value of the mean Doppler
shift and the Doppler spread determined for each individ-
ual spectrum after pooling over users/measurement runs, an-
tenna types, use positions (if applicable), BSs, BS configura-
tions, antenna branches, and taps. Results from tap signals
with a mean power lower than −12 dB below the highest
mean tap power for the respective branch were discarded. For
comparison, the shifts and spreads are normalised with re-
spect to the Nyquist rate of the impulse response acquisition,
15 Hz in the indoor case, 12.5 Hz in the outdoor-to-indoor
case, and 9.2 m−1 in the outdoor case.

3.6. Interferer correlation

Interferer correlation was defined as the correlation between
two BS signals received on the same antenna branch for a sin-
gle measurement run. For the indoor case, these (complex)
correlations were determined for both antenna branches for
all three combinations of two out of three BSs, for both the
fast and slow fading signals. For the outdoor-to-indoor case,
these correlations have been derived from the total received
power. As the power still showed fading in this scenario,
the slow fading power was extracted from the total received
power by the same smoothing operation as in (1). The fast
fading power was defined as the total received power divided
by the slow fading power. The interferer correlation was de-
termined as the correlation between either the slow or fast
fading powers for all three combinations of two out of three
BSs, for all four antenna branches separately. The correlation
is of the covariance type. No interferer correlation was deter-
mined for the outdoor case. The values given are mean and
standard deviation of the absolute value of the correlation
coefficients, pooled over measurement runs, antenna types,
use positions, BS configurations, antenna branches, and BS
combinations.

3.7. Intertap correlations

Intertap correlations are the complex correlations between
fading patterns of the same tap of the same BS signal on
two antenna branches, determined per measurement run.
For outdoor and outdoor-to-indoor cases, these correlations
were computed for each of the possible combinations (no
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Table 2: Results of data processing for the different measurement campaigns. Given are the averages of the magnitudes of the considered
variable, with standard deviations of the magnitudes in parentheses.

Channel characteristic
Indoor new

building
Indoor old

building
Outdoor-to-indoor

trolley
Outdoor-to-indoor

test persons Outdoor

Amplitude
distributions

Fast
fading

Rayleigh Rayleigh
Mainly
Rayleigh

Mainly
Rayleigh

Mainly
RayleighSlow

fading
Lognormal
(σ ∼ 3–7 dB)

Lognormal
(σ ∼ 3–7 dB)

Branch
correlations

Fast
fading 0.48 (0.26) 0.53 (0.24)

0.33 (0.15) 0.32 (0.16) 0.42 (0.23)Slow
fading

0.82 (0.16) 0.77 (0.18)

Mean branch power
differences (dB)

2.2 (1.5) 1.8 (1.2) 2.3 (1.6) 4.4 (3.0) Not determined

Doppler
Mean‡ 0.25 (0.15) 0.23 (0.17) 0.22 (0.16) 0.41 (0.22) 0.52 (0.29)
Spread‡ 0.59 (0.10) 0.67 (0.14) 0.43 (0.07) 0.45 (0.10) 0.34 (0.21)

Interferer
correlation

Fast
fading 0.14 (0.12) 0.08 (0.05) 0.05 (0.05)† 0.05 (0.05)†

Not determinedSlow
fading

0.60 (0.23) 0.42 (0.23) 0.31 (0.20)† 0.29 (0.20)†

Intertap
correlations

N.A. N.A. 0.19 (0.12) 0.23 (0.14) 0.08 (0.10)

‡ Values in fractions of Nyquist rate, determined by snapshot repetition rate.
† Based on total received power, not on complex signal.

permutations) of two out of all tap signals for a given an-
tenna branch and BS under two constraints: the first being
that each tap signal should have a mean power higher than
−12 dB below the highest mean tap power for the branch
and the second that the tap signals should have at least
127 points in common. For the indoor case with essentially
single-tap channels, no intertap correlations were computed.
The values given are mean and standard deviation of the
magnitude of the correlation coefficients, pooled over mea-
surement runs, antenna types, use positions (if applicable),
BSs, BS configurations, antenna branches, and tap combina-
tions.

4. RESULTS AND DISCUSSION

The results of the data processing are summarised in Table 2.
These results will be discussed in more detail in the following
sections.

4.1. Power delay profiles

The indoor power delay profiles were the shortest; within
the measurement bandwidth, they were factually single tap
as mentioned. The tap extraction by the SAGE algorithm
rendered two to four taps for the outdoor-to-indoor chan-
nels with the largest delay spreads for the outside BS, about
80 nanoseconds. The two other BSs showed delay spreads
of around 60 nanoseconds. Differences in use positions or
antenna types had no large influence on the spreads or the
shape of the power delay profiles. For the outdoors case,
widely different results were found from almost single-tap
channels to 14-tap channels, with the last number maybe

limited by the fact that the SAGE extraction gave 15 estimates
at a time. The effect of test users seen in the outdoor-to-
indoor campaign is that users’ responses tend to larger de-
lay spread, and so more taps. Also, the variations between
responses make it difficult to cluster data from the SAGE
algorithm and to arrive at a common tapped-delay repre-
sentation, especially in cases where the head or body blocks
paths to a BS. Therefore, the data for test users of outdoor-
to-indoor in Table 2 are for the data terminal portrait use po-
sition for BS1 and BS3 only in the star configuration.

4.2. Amplitude distributions

The amplitude/power distributions that were found are
rather classical. For the indoor campaign, the fast fading
showed Rayleigh distributions, while the slow fading power
was more or less lognormally distributed. The short mea-
surement runs probably did not allow registering a fully de-
veloped slow fading pattern. In the star BS configuration, one
BS showed a slow fading pattern with a standard deviation
of 6–7 dB, while the other two showed rather low values of
3–4 dB. In the inline configuration, two BSs showed higher
standard deviations. For outdoor and outdoor-to-indoor
cases, the strongest tap signals were Rayleigh distributed,
with the weaker taps before or after strong taps showing some
Ricean behaviour; see Figure 7 for a typical example.

Outdoor weak taps could show Ricean distributions with
strong dominant components but we are not sure how to
interpret this. One explanation is that, for these cases al-
most always, the very small Doppler spread, and therefore
the very slow fading pattern [21], did not allow us to mea-
sure a fully developed fading pattern over the measurement
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Figure 7: Comparison between CDFs of (a) a weak early tap (first tap BS3, average power = −9.8 dB) and (b) a stronger next tap (second
tap BS3, excess delay = 73 nanoseconds, average power =−1.7 dB) in the outdoor campaign. Dashed lines indicate CDF of power of Rayleigh
distributed process.

Table 3: Indoor antenna branch correlations for diverse situations. Given are the averages of the magnitudes of the complex correlation
coefficients, standard deviations of the magnitudes in parentheses.

Fading type Building type
BSs in star BSs inline

Monopole
antennas

PIFAs
Monopole
antennas

PIFAs

Fast fading
New 0.33(0.16) 0.70(0.19) 0.32(0.17) 0.48(0.26)

Old 0.39(0.17) 0.70(0.16) 0.33(0.17) 0.72(0.17)

Slow fading
New 0.80(0.16) 0.88(0.15) 0.80(0.16) 0.79(0.18)

Old 0.72(0.18) 0.80(0.13) 0.74(0.19) 0.81(0.18)

run. Another reason is that the cut-off criterion of −30 dB
for the SAGE extraction “cuts the tail” of the distribution of
weak components.

4.3. Antenna branch signals correlations

As regards the antenna branch correlations, Table 2 shows
that differences were found between slow and fast fading. Be-
sides, for the fast fading in the indoor case, apparent differ-
ences were found between the antenna types. Table 3 illus-
trates this fact. The monopole antennas show low correla-
tions for fast fading throughout, of about 0.35 on average.
The values for the PIFAs are appreciably higher, on average
around 0.75 but at a separation of only 0.16λ compared to
0.29λ for the monopoles. We have insufficient data to deter-
mine what causes this higher cross-correlation: the smaller
separation, narrower antenna patterns, better similarity of
patterns, a stronger cross-coupling between antennas, or a
combination of these.

The slow fading is clearly stronger correlated than the fast
fading, with mean values around 0.8. There was little differ-
ence between BS configurations, use positions, and antenna
types, be it that the PIFAs still had slightly higher correla-

tion values (Table 3). Possible consequences of slow fading
correlation coefficients lower than 1 are increased instanta-
neous branch power differences, as short-term differences in
the mean power, even with zero-mean branch power differ-
ence, are added to it. As a possible explanation for slow fad-
ing not being fully correlated, it has been suggested that it is
a coherent propagation effect rather than a result of blocking
or shadowing [22, 23].

For outdoors, or for the outdoor-to-indoor case, the val-
ues for the antenna branch correlation for the same tap are
lower than the values seen indoors, with the lowest values
recorded for outdoor-to-indoor, probably due to the larger
angular/Doppler spread in this scenario. Outliers for the out-
door scenario were recorded in the middle of the short street,
where main contributions to the incoming field showed the
smallest Doppler spreads, especially for BS3 (see Section 4.5).
In this case, average figures were 0.61 for BS2 and 0.81 for
BS3. Line-of-sight connections can be excluded in this street.

In the outdoor-to-indoor case, the helix antennas showed
magnitudes of correlation values that on average were 80% of
those recorded for the PIFAs, both for free-in-air measure-
ments and with test persons.
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Figure 8: Histograms of mean branch power differences for all measurements in the old building for (a) indoor and (b) outdoor-to-indoor
with test persons excluding use position “at the hip.”

4.4. Mean branch power differences

Mean branch power differences for the outdoor-to-indoor
case are quite large, roughly spanning the interval −10 to
+10 dB (Figure 8), confirming results from others [8, 9].
However, during the indoor measurements in the same
building, lower values were measured of about half that span.
We attribute this to the constructional details of the differ-
ent handsets used in both campaigns. The first handset used
indoors has SMA connectors on the face plate, effectively
keeping users’ fingers away from the ground plane of the
monopoles, in this way reducing most of the influences on
the radiation efficiency. The dielectric PIFAs used indoors are
not so sensitive to proximity effects.

Additionally, the distance between the head and antenna
elements could be slightly larger in the first handset. Dur-
ing the outdoor-to-indoor campaign, the handset had a fully
smooth surface allowing the user more freedom in handling
the phone. The types of antennas used in this campaign
could also be more sensitive to proximity effects. In Figure 8,
use position “at the hip” is excluded as here much lower val-
ues were found, showing more or less the same distribution
as the indoor values, as did the free-in-air measurements,
again a strong indication that the hands and/or fingers of the
users are involved.

Note that the instantaneous branch power differences
will be larger than the mean value due to the added effect
of (uncorrelated) fast fading and partially uncorrelated slow
fading on the branches. The values shown here should be re-
garded as a conservative estimate.

4.5. Doppler spectra

From Table 2, it can be seen that none of the Doppler spec-
tra were symmetric for any of the scenarios. For the indoor

environment, the peak in the spectrum was oriented towards
the BS, indicating guiding through the corridors (Figure 9a).
The ratio of mean Doppler shift and Doppler spread steadily
increases when going from the indoor environment, via out-
door to indoor, to outdoor. For the outdoor environment,
this means that signal transport is mainly along street orien-
tation, with low angular/Doppler spread. Figure 9a shows an
extreme example for a main tap in the mid of the short street.
The guiding effects in the corridors of the indoor environ-
ment are less pronounced and the differences between the
two buildings are in this respect not as large as anticipated.
However, the more “open” old building showed a slightly
lower mean Doppler shift with higher Doppler spread due
to the larger angular spread of the incoming wave fields.

It is not clear why the ratio of the Doppler shift to the
Doppler spread has been increased in the old building, from
the indoor campaign to the outdoor-to-indoor one. The BS
antennas had narrower antenna beam widths in order to in-
crease the link budget, probably at the expense of the angular
spread at the measurement spot. Maybe the receiving anten-
nas were more directional too. It could also be that in the
outdoor-to-indoor campaign, we managed better to keep the
differences in walking speed between the users small.

The differences between PIFAs and helix antennas are on
average small and can often be understood from differences
in the radiation patterns. For the outdoor-to-indoor case, a
seemingly large difference is shown in Figure 10, where the
response of the helices on BS2 has a weak first tap, compared
to the PIFAs’ response. However, as the second tap of the
helices’ response strongly resembles the PIFAs’ first tap, the
most likely explanation is that the helices’ first tap is the ob-
structed first arrival of BS2 and is not seen at all by the PIFAs.
As we did not record absolute delays, we are not able to check
this assumption.
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Figure 9: (a) Typical Doppler spectra indoor in the new building: first route, BSs in star, monopole antennas, at the ear (curve BS2 offset by
+10 dB, curve BS3 offset by −5 dB). (b) Highly directive main tap (tap 2) outdoor for BS3 in the middle of the short street (Figure 3).
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Figure 10: Average Doppler spectra outdoor-to-indoor for (a) helix (τ1 = 0 nanoseconds, p1 = −10.6 dB) and (b) PIFAs (τ1 = 0 nanosec-
onds, p1 = 0 dB): tap 1 of star BS2 configuration, handset free in air, “at the ear.”

Test persons’ Doppler spectra were generally broader, or
smeared out, when compared to those measured free in air,
which is reflected in the larger Doppler spread in Table 2.
Some influences could be seen in the spectra from shield-
ing by the body or head but the largest influence comes from
averaging over ten persons, each walking at a different speed.
The effect of different antenna types is comparable to that
free in air.

4.6. Interferer correlations

The cross-correlations between BS signals for the same an-
tenna branch (interferer correlation) show higher values for

the slow fading than for the fast fading, just as with the an-
tenna branch correlations. The interferer correlation coef-
ficients are throughout clearly lower than the branch cor-
relations. Fast fading is barely correlated between BSs and
slow fading is only in the new building indoors, and is on
average moderately correlated. A histogram of all the inter-
ferer coefficients measured in the new building indoors re-
veals a bimodal distribution as in Figure 11a. Note that two
real signals are correlated here. The most probable correla-
tion values, around −0.65 and +0.85, are actually not so low.
Bimodal distributions in the old building were not found
for the star BS configuration (Figure 11b), suggesting more
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Figure 11: (a) Histogram of all (real-valued) slow fading interferer correlation coefficients measured in the new building indoors. (b) Values
in star BS configuration in the old building indoors.

similar propagation paths for inline than for star. We have
no explanation for the fact that most of the coefficients are
negative. The fact that in the new building the distribu-
tion of correlation coefficients did no strongly depend on
the BS configuration hints on guiding as the main propaga-
tion mechanism as opposed to penetration in the old build-
ing. Effects of guiding in the new building were even sug-
gested by the fast fading correlation. The combination of BSs
that were likely to propagate along the same route to the
measurement location had on average three to four times
higher correlation coefficients than the other two combina-
tions, irrespective of the antenna type. The maximum aver-
age value measured was 0.32 for BS1 and BS2, inline with
PIFAs.

4.7. Intertap correlations

Correlations between tap signals, for the same antenna
branch and BS, are low, both in the outdoor-to-indoor and
the outdoor cases. The highest average value found was 0.65.
These values confirm the generally assumed uncorrelated
scattering for our measurement environments.

5. CONCLUSIONS

We measured a number of characteristics that determine the
potential diversity gain of multiple antennas on a small hand-
set such as branch correlations, amplitude/power distribu-
tions, Doppler spectra, and mean branch power differences.
We measured simultaneously on three base stations for three
different typical mobile environments: indoor, outdoor-to-
indoor, and outdoor.

The channel characteristics are generally inline with clas-
sical assumptions as regards Rayleigh amplitude distribu-

tions and uncorrelated scattering. Doppler spectra, how-
ever, are only seldom of classical shape. The branch cross-
correlation values are favourably low, especially for the fast
fading, down to very small separations between antennas on
a mobile handset if the environment allows. In our outdoor
scenario, this was not always the case. Interfering base sta-
tion signals can show moderate to high correlation values,
positive or negative, with respect to their slow fading com-
ponents under guiding conditions as in one of our indoor
environments. A handset design optimised for handling by
users should take into account the spread in channel charac-
teristics caused by users and especially should seek a solution
to the problem of large mean branch power imbalances be-
tween the antennas.
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Prasad are gratefully acknowledged for their realisation of the
data acquisition system software and their support during
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Lehrstuhl für Signaltheorie, Ruhr-Universität Bochum, 44780 Bochum, Germany
Email: boehme@sth.rub.de

Received 28 May 2003; Revised 25 November 2003

A novel algebraic method for the simultaneous estimation of MIMO channel parameters from channel sounder measurements
is developed. We consider a parametric multipath propagation model with P discrete paths where each path is characterized
by its complex path gain, its directions of arrival and departure, time delay, and Doppler shift. This problem is treated as a
special case of the multidimensional harmonic retrieval problem. While the well-known ESPRIT-type algorithms exploit shift-
invariance between specific partitions of the signal matrix, the rank reduction estimator (RARE) algorithm exploits their internal
Vandermonde structure. A multidimensional extension of the RARE algorithm is developed, analyzed, and applied to measurement
data recorded with the RUSK vector channel sounder in the 2 GHz band.
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1. INTRODUCTION

Multidimensional harmonic retrieval problems arise in a
large variety of important applications like synthetic aper-
ture radar, image motion estimation, chemistry, and double-
directional channel estimation for multiple-input multiple-
output (MIMO) communication systems [1]. Also certain
signal separation problems can be solved under this frame-
work.

The 4D parameter estimation problem for MIMO chan-
nel sounder measurements applies to the following double-
directional MIMO channel model in which the signal is as-
sumed to propagate from the transmitter to the receiver
over P discrete propagation paths. Each path (p = 1, . . . ,P)
is characterized by the following parameters: complex path
gain wp, direction of departure (DOD) θp, direction of ar-
rival (DOA) φp, propagation delay τp, and Doppler shift νp.

We assume an idealized data acquisition model for
MIMO channel sounders. In this model, data consists of si-
multaneous measurements of the individual complex base-
band channel impulse responses between all M transmit an-
tenna elements and all L receive antenna elements after ideal
lowpass filtering. These are assembled in a 3-way array with

dimensions K × L × M. Such a 3-way array is in the fol-
lowing referred to as a “MIMO snapshot” and consists of
K time samples at sampling period Ts. A MIMO snapshot
is acquired in a duration Ta. We repeat N MIMO snapshot
measurements consecutively in time and assemble a 4-way
array of dimensions K × L × M × N which we refer to as
a “Doppler block.” We assume that all path parameters wp,
θp, φp, τp, νp remain constant within the acquisition time
NTa of each Doppler block. Individual Doppler blocks are
indexed by i = 1, . . . , J . Between any two Doppler blocks,
the complex path gain wp may vary arbitrarily while the re-
maining path parameters are constant for p = 1, . . . ,P. In
Section 5.2, we describe the data acquisition with MEDAV’s
RUSK-ATM channel sounder [2] (http://www.medav.de),
(http://www.channelsounder.de) which was used for the ex-
periment.

The ith Doppler block is modelled as

xk,�,m,n(i) =
P∑

p=1

wp(i) sinc
(
k − τp

Ts

)
b�pc

m
p d

n
p

+ noise,

(1)
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where

bp = e− j(2πdR/λ) cosφp , cp = e− j(2πdT /λ) cos θp ,

dp = e− j(2π/N)νp .
(2)

The first index k represents the time sample, the second in-
dex � represents the Rx element number, the third index m
represents the Tx element number, and the fourth index n
represents the Doppler block number. We have assumed uni-
form linear receive and transmit arrays, λ is the wavelength,
dR and dT denote the elemental spacings of the receive and
transmit side, respectively.

After a discrete Fourier transform over the time sample
index k, we obtain

yk,�,m,n(i) =
P∑

p=1

wp(i)apkbp
�cp

mdp
n + noise,

i = 1, . . . , J , k = 1, . . . ,K ,

� = 1, . . . ,L, m = 1, . . . ,M,

n = 1, . . . ,N ,

(3)

where

ap = e− j(2π/K)τp , bp = e− j(2πdR/λ) cosφp ,

cp = e− j(2πdT /λ) cos θp , dp = e− j(2π/N)νp .
(4)

We study a joint parameter estimator for the parameters of
interest {ap, bp, cp,dp}Pp=1, where |ap| = |bp| = |cp| =
|dp| = 1, and wp(i) is considered as an unknown nuisance
parameter.

Numerous parametric and nonparametric estimation
methods have been proposed for the one-dimensional expo-
nential retrieval problem. Only few of these techniques allow
a simple extension of the multidimensional case at a reason-
able computational load [3]. Simple application of 1D results
separately in each dimension is only suboptimal in the sense
that it does not exploit the benefits inherent in the multidi-
mensional structure, leading to difficulties in mutually asso-
ciating the parameter estimates obtained in the various di-
mensions and over-strict uniqueness conditions [4]. Con-
trariwise, many parametric high-resolution methods specif-
ically designed for multidimensional frequency estimation
require nonlinear and nonconvex optimization so that the
computational cost associated with the optimization proce-
dure becomes prohibitively high.

In this paper a novel eigenspace-based estimation
method for multidimensional harmonic retrieval problems
is proposed. The method can be viewed as an extension to
the rank reduction estimator (RARE) [5], originally devel-
oped for DOA estimation in partly calibrated arrays. The
method is computationally efficient due to its rooting-based
implementation, makes explicit use of the rich Vandermonde
structure in the measurement data, and therefore shows im-
proved estimation performance compared to conventional
search-free methods for multidimensional frequency estima-
tion.

The multidimensional RARE (MD RARE) algorithm es-
timates the frequencies in the various dimensions sequen-
tially. The dimensionality of the estimation problem and
the computational complexity of the estimator is signifi-
cantly reduced exploiting the Vandermonde structure of the
data model. This approach yields high estimation accuracy,
moderate identifiability conditions, and automatically asso-
ciated parameter estimates along the various dimensions.
The performance of the algorithm is illustrated at the ex-
ample of MIMO communication channel estimation based
on the double-directional channel model. Numerical exam-
ples based on simulated and measured data recorded from
the RUSK vector channel sounder at 2 GHz are presented.

2. SIGNAL MODEL

For simplicity of notation, we formulate the signal model
for the 2D case in detail. Here, the original MIMO chan-
nel estimation problem reduces to a single-input multiple-
output (SIMO) channel problem, where the parameters of
interest are the propagation delays τp and the DOAs φp for
p = 1, . . . ,P. Extensions of the proposed algorithm to higher
numbers of dimensions are straightforward. Consider a su-
perposition of P discrete-time 2D exponentials corrupted by
noise and let (ap, bp) ∈ C1×2, |ap| = |bp| = 1, denote
the generator pair corresponding to the pth discrete 2D har-
monic,

yk,�(i) =
P∑

p=1

wp(i)apkbp
� + nk,�(i),

i = 1, . . . , J , k = 1, . . . ,K , � = 1, . . . ,L.

(5)

Here, ap = e− j(2π/K)τp , bp = e− j(2πdR/λ) cosφp , K and L mark the
sample support along the a- and the b-axis, respectively, and
J is the number of SIMO snapshots available. The Khatri-Rao
product (columnwise Kronecker product) of matrix U and
matrix V is defined as, U ◦ V = [u1 ⊗ v1, u2 ⊗ v2, . . .], where
uk ⊗ vk is the Kronecker matrix product of the kth column
uk of U and the kth column vk of V. Introducing the vector
Ω = [(a1, b1), . . . , (aP , bP)] containing the parameters of in-
terest, and defining the Vandermonde matrices [A]i, j = (aj)i,
A ∈ CK×P , and [B]i, j = (bj)i, B ∈ CL×P , the 2D harmonic re-
trieval problem can be stated as follows. Given the measure-
ment data y(i) = [y1,1(i), y2,1(i), . . . , yK−1,L(i), yK ,L(i)]T ∈
CKL×1,

y(i) = H(Ω)w(i) + n(i), i = 1, . . . ,N , (6)

determine the parameter vector Ω associated with all 2D har-
monics. Here, the 2D signal matrix H(Ω) is formed as the
Khatri-Rao product of the Vandermonde matrices B and A,
that is,

H(Ω) = B ◦ A ∈ CKL×P , (7)

y(i) denotes the measurement vector, w(i)= [w1, . . . ,wP]T ∈
CP×1 stands for the complex envelope of the P harmonics,
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n(i) is the vector of additive zero-mean complex (circu-
lar) Gaussian noise with covariance matrix E{n(i)nH(i)} =
σ2IKL. In this paper the linear parameters w(i) and the noise
variance σ2 are treated as nuisance parameters. Once the pa-
rameter vector Ω is determined the estimation of these pa-
rameters is straightforward [6]. Equation (6) describes the
2D harmonic retrieval problem which can be solved by the
conventional ESPRIT algorithm [7] and the multidimen-
sional ESPRIT (MD ESPRIT) algorithm [3]. In the follow-
ing we derive a new search-free eigenspace-based estimation
method for the general case in (6) which yields highly accu-
rate estimates of the parameters of interest.

Let the data covariance matrix be given by

R = E
{

y(i)yH(i)
} = ESΛSEH

S + ENΛNEH
N , (8)

where (·)H denotes the Hermitian transpose, and E{·}
stands for statistical expectation. The diagonal matrices ΛS ∈
R(P×P) and ΛN ∈ R(KL−P)×(KL−P) contain the signal-subspace
and the noise-subspace eigenvalues of R, respectively. In
turn, the columns of the matrices ES ∈ C(KL×P) and EN ∈
CKL×(KL−P) denote the corresponding signal-subspace and
noise-subspace eigenvectors. The finite sample estimates are
given by

R̂ = 1
J

J∑
i=1

y(i)yH(i) = ÊSΛ̂SÊH
S + ÊN Λ̂N ÊH

N . (9)

Definition 1. We define the two Vandermonde vectors a =
(1, a, a2, . . . , aK−1)T and b = (1, b, b2, . . . , bL−1)T . Let In be
the n × n identity matrix. We define two “tall” matrices Ta

and Tb via

Ta = IL ⊗ a ∈ CKL×L,

Tb = b ⊗ IK ∈ CKL×K .
(10)

3. THE 2D RARE ALGORITHM

In the derivation of the 2D RARE algorithm, we use the fol-
lowing assumptions.

Assumption 1. The number of harmonics does not exceed the
smaller of the two numbers (K − 1)L andK(L− 1), that is,

P ≤ KL− max{K ,L}. (11)

Assumption 2. The signal matrix H(Ω) ∈ CKL×P (7) has full
column rank P.

Assumption 3. The column-reduced signal matrices

Ha(Ω) = [ha,1, . . . , ha,P
] = (B ◦ Ar

) ∈ C(K−1)L×P ,

Hb(Ω) = [hb,1, . . . , hb,P
] = (Br ◦ A

) ∈ CK(L−1)×P (12)

with Vandermonde matrices[
Ar
]
i, j =

(
aj
)i ∈ C(K−1)×P ,[

Br
]
i, j =

(
bj
)i ∈ C(L−1)×P (13)

have full column rank. Note that the matrices Ar , Br can be
obtained from A, B by deleting the last row.

Remark 1. In most realistic applications, Assumptions 2 and
3 hold true almost surely, that is, with probability 1. Specif-
ically, it can be shown that if the generators {(ap, bp)}Pp=1

are drawn from a distribution PL(C2P) that is assumed to
be continuous with respect to the Lebesgue measure in C2P ,
then the violation of Assumptions 2 and 3 is a probability-
zero event [4].

Remark 2. Note that Assumption 3 implies that each gener-
ator ai and bj occurs with multiplicity Ma < L and Mb < K
in the generator sets {ai}Pi=1 and {bj}Pj=1, respectively.

See Appendix A for the proof.

Proposition 1. Provided that Assumptions 1, 2, and 3 are sat-
isfied, the augmented matrix

Ga = [Ta

∣∣H(Ω)
] ∈ CKL×(L+P) (14)

has full column rank if and only if a �= ap, for p = 1, . . . ,P,
P ≤ L(K − 1). Similarly, provided that Assumptions 1, 2 and 3
are satisfied, the augmented matrix

Gb = [Tb

∣∣H(Ω)
] ∈ CKL×(K+P) (15)

has full column rank if and only if b �= bp for p = 1, . . . ,P,
P ≤ (L− 1)K .

See Appendix B for the proof.
With Proposition 1 and provided that {a1, . . . , aP} are the

true signal generators along the a-axis, the quadratic form

FR,a(a) = γHH(Ω)H
(

IKL − Ta
(

TH
a Ta

)−1
TH
a

)
H(Ω)γ

= 0, for a ∈ {a1, . . . , aP
}

,

> 0, otherwise,

(16)

for arbitrary vector γ ∈ CP\{0}, |a| = 1, and P ≤ L(K − 1).
It can readily be verified that the signal matrix H(Ω) and the
signal-subspace matrix ES span the same subspace [6], that
is, there exist a full-rank matrix K such that H(Ω) = ESK.
From identity (16), we can formulate one of the main results
of the paper.

Proposition 2. Provided that {a1, . . . , aP} are the true signal
generators along the a-axis, then

FR,a(a) = γ̃HEH
S

(
IKL − Ta

(
TH
a Ta

)−1
TH
a

)
ESγ̃

= 0, for a ∈ {a1, . . . , aP
}

,

> 0, otherwise,

(17)

where γ ∈ CP\{0}, γ̃ = Kγ, |a| = 1, P ≤ L(K − 1), and K is
defined as above.
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Since γ̃ is an arbitrary nonzero vector, identity (17) easily
translates into an equivalent condition on the harmonic a
given by

FR,a(a) = det
{

EH
S

(
IKL − Ta

(
TH
a Ta

)−1
TH
a

)
ES

}
= 0, for a ∈ {a1, . . . , aP

}
,

> 0, otherwise.

(18)

In other words, the 1D matrix polynomial

Ma(a) � EH
S

(
IKL − Ta

(
TH
a Ta

)−1
TH
a

)
ES ∈ CP×P (19)

becomes singular (i.e., rank deficient) at exactly P locations
a with |a| = 1. These locations a are the true generators
{ap}Pp=1. In accordance with (18), the fundamental idea of
the 2D RARE algorithm consists in determining the P true
harmonics from the roots of the RARE matrix polynomial
Ma(a) located on the unit circle, that is, the true generators
{ap}Pp=1 are given by the solutions of the polynomial equa-
tion

FR,a(a)||a|=1 = det
{

EH
S

(
IKL − Ta

(
TH
a Ta

)−1
TH
a

)
ES

}
= 0.

(20)

Up to now we have considered estimating the generator a
along a single data dimension, that is, the a-axis. The solu-
tion of (20) corresponds to the 1D RARE algorithm for har-
monic retrieval originally proposed in [5]. Following similar
consideration as above, Proposition 1 reveals that the true
generators {bp}Pp=1 are given by the roots of the 1D matrix
polynomial in b,

Mb(b) � EH
S

(
IKL − Tb

(
TH
b Tb

)−1
TH
b

)
ES ∈ CP×P , (21)

evaluated on the unit circle. The associated RARE polyno-
mial equation reads

FR,b(b)||b|=1 = det
{

EH
S

(
IKL − Tb

(
TH
b Tb

)−1
TH
b

)
ES

}
= 0.

(22)

In the finite sample case, the true signal-subspace eigenvec-
tors ES in (20) and (22) are replaced by their finite sample
estimates defined in (9). Due to finite sample and noise ef-
fects, the signal roots of the RARE polynomial equations are
displaced from their ideal positions on the unit circle. In this
case the signal roots are determined as the P roots of (20)
and (22) inside the unit circle that are located closest to the
unit circle [8].

In the preceding considerations, the estimation criteria
provided by (20) and (22) were derived from Proposition 1
to separately determine the generator sets {ap}Pp=1 and
{bp}Pp=1. Interestingly, Proposition 1 can further be exploited
to develop a parameter association procedure from which the
true parameter pairs {(ap, bp)}Pp=1 are efficiently obtained.

Corollary 1. Given the true generator sets {ap}Pp=1 and
{bp}Pp=1, we construct the 2D matrix polynomial via the convex
linear combination of (19) and (21),

M̄(a, b) = αMa(a) + (1 − α)Mb(b). (23)

This 2D matrix polynomial becomes singular for real 0 < α <
1 if and only if (a, b) is a true generator pair. Specifically, if
(ap, bp) denotes the generator pair of the pth harmonic, then
M̄(ap, bp) contains exactly one zero eigenvalue (ρp,0 = 0) with
the associated eigenvector γ̃p,0 = kp denoting the pth column of
the full-rank matrix K defined through relation H(Ω) = ESK,
here equivalence holds up to complex scaling of the columns of
K.

See Appendix C for the proof.
Corollary 1 provides a powerful tool for associating the

two sets of parameter estimates {âi}Pi=1 and {b̂ j}Pj=1 that were
separately obtained from the RARE criteria (20) and (22)
along the a- and the b-axis, respectively. For a specific har-
monic âi of the first set, the corresponding harmonic b̂ j of

the second set is given by the element of {b̂ j}Pj=1 that mini-
mizes the cost function

Fpair,i( j) = λmin
{

M̄
(
âi, b̂ j

)}
= λmin

{
αM
(
âi
)

+ (1 − α)M
(
b̂ j
)} (24)

for an appropriately chosen α between 0 and 1. Here,
λmin{M̄(âi, b̂ j)} denotes the smallest eigenvalue of M̄(âi, b̂ j)
(23).

4. IMPLEMENTATION

In this section we provide a short description of the 4D-
RARE algorithm for estimating the 4D harmonics associated
with the general channel estimation problem in (3) for the fi-
nite sample case. Define the generator sets Φ1 = {a1, . . . , aP},
Φ2 = {b1, . . . , bP}, Φ3 = {c1, . . . , cP}, and Φ4 = {d1, . . . ,dP}
and initialize source index S = 0.

Step 1. Estimate the sample covariance matrix R̂ and the
signal-subspace eigenvectors ÊS, for example, from (9).

Step 2. Find the roots of the RARE polynomials along the
four dimensions

FR,a(a) = det
{

ÊH
S

(
I − Ta

(
TH
a Ta

)−1
TH
a

)
ÊS

}
= 0,

FR,b(b) = det
{

ÊH
S

(
I − Tb

(
TH
b Tb

)−1
TH
b

)
ÊS

}
= 0,

FR,c(c) = det
{

ÊH
S

(
I − Tc

(
TH
c Tc

)−1
TH
c

)
ÊS

}
= 0,

FR,d(d) = det
{

ÊH
S

(
I − Td

(
TH
d Td

)−1
TH
d

)
ÊS

}
= 0

(25)
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for

Ta = ILMN ⊗ a ∈ CKLMN×LMN ,

Tb = IMN ⊗ b ⊗ IK ∈ CKLMN×MNK ,

Tc = IN ⊗ c ⊗ IKL ∈ CKLMN×NKL,

Td = d ⊗ IKLM ∈ CKLMN×KLM ,

(26)

and we substitute TH
a � TT

1/a, TH
b � TT

1/b, TH
c � TT

1/c, and
TH
d � TT

1/d.

Step 3. Determine estimates of the generator sets Φ1, Φ2, Φ3,
and Φ4 as the roots located closest to the unit circle of the
polynomials in (25) and denoted byΦ(P)

1 ,Φ(P)
2 ,Φ(P)

3 andΦ(P)
4 ,

respectively. Here, the superscript “(P)” indicates the num-
ber of elements in the set. Let ûi,k denote the kth element of
the ith set.

Step 4. Set S := S + 1. Pick a well-separated1 generator ûi,k
from any of the sets {Φ(P−S+1)

i } for i = 1, . . . , 4.

Step 5. For j = 1, . . . , 4 with j �= i, find the corresponding

root û j,m from the set Φ(P−S+1)
j such that the cost function

F
(i, j)
pair,k(m) = λmin

{
M̄
(
ûi,k, û j,m

)}
= λmin

{
αM
(
ûi,k
)

+ (1 − α)M
(
û j,m

)} (27)

is minimized for fixed α between 0 and 1. Store the solution
û j,m in the ( j, S)th entry of the (4 × P) association matrix Ẑ

and remove it from the set Φ(P−S+1)
j .

Step 6. Repeat Steps 4 and 5 until S = P and all entries of the
(4 × P) association matrix Ẑ are filled. Matrix Ẑ represents
the RARE estimate of the true generator matrix Z,

Z =


a1 a2 · · · aP
b1 b2 · · · bP
c1 c2 · · · cP
d1 d2 · · · dP

 (28)

with mutually associated harmonic estimates along its
columns.

Step 7. For each 4D harmonic (âi, b̂i, ĉi, d̂i), i = 1, . . . ,P, ob-
tained in the previous step, determine the corresponding de-
lay τ̂i, the direction of arrival φ̂i, the DOD θ̂i, and the Doppler
shift ν̂i according to the arguments of the estimates in (4).

The source parameter association procedure in Steps 5, 6,
and 7 is based on the pairwise association of all 4D harmon-
ics and stems from the observation that all 4D harmonics are

1In order to guarantee uniqueness and best performance in the pa-
rameter association, it is recommended to pick a root ûi,k (and an asso-

ciated set Φ
(P−S+1)
i ) which is well separated in terms of angular distance

di(k, l) = | arg{ûi,k} − arg{ûi,l}| from the remaining roots {ûi,l}(P−S+1)
l�=k, l=1 in

the set.

Table 1: Generators of the 3D harmonics used for simulation with
synthetic data in Section 5.1.

P = 3 ap bp cp

p = 1 e j0.550π e j0.719π e j0.906π

p = 2 e j0.410π e j0.777π e j0.276π

p = 3 e j0.340π e j0.906π e j0.358π

separated in at least one dimension. With Corollary 1, this
observation facilitates the parameter association in the sense
that the general 4D parameter association problem can be re-
duced to the much simpler pairing problem of multiple 2D
harmonics.

5. NUMERICAL RESULTS

5.1. Simulation with synthetic data

In this section simulation results using synthetic data are
presented. Computer simulations are carried out for the 3D
case. The signal model is defined in (3), but without the har-
monics dp and the last dimension n collapses to a singleton
n = 1. The sample sizes along the a-, b-, and c-axes are
chosen as K = L = M = 5 and the y(i) vectors have di-
mension 53. The (53 × 53) data covariance matrix is com-
puted from J = 10 independent snapshots and a number of
P = 3 equi-powered exponentials is assumed with the gen-
erators Ω = vec{Z} = [(a1, b1, c1), (a2, b2, c2), (a3, b3, c3)]T

given in Table 1. Forward-backward averaging is used to in-
crease the effective snapshot number in order to obtain from
(9) a covariance matrix estimate of sufficiently high rank.
The simulations are carried out according to the signal model
(6) with complex Gaussian c(i), zero mean, with covariance
E{c(i)cH(i)} = I3 and E{c(i)cT(i)} = 0. Complex zero-mean
Gaussian noise n(i) is added according to (6) with covari-
ance matrix E{n(i)nH(i)} = σ2I125 and E{n(i)nT(i)} = 0.
The root mean squared error (RMSE) of the parameter es-
timates obtained by the multidimensional RARE algorithm
averaged over R = 100 simulation runs are plotted versus the
signal to noise ratio (SNR) in Figure 1. We used the following
definitions:

SNR = 1
σ2

,

RMSE(a) =
(

1
RP

R∑
r=1

P∑
p=1

∣∣ arg
((
âp
)
r

)− arg
(
ap
)∣∣2
)1/2

,

(29)

where (âp)r denotes the estimate for ap obtained in the rth
simulation run (and similarly for the b- and c-generators). A
comparison to the corresponding Cramer-Rao bound (CRB)
[9] and to results obtained from the unitary ESPRIT algo-
rithm [3] reveals that the new method yields estimation per-
formance close to the CRB and clearly outperforms the pop-
ular unitary ESPRIT estimator which is based on the joint
Schur decomposition.

In Figure 2 we investigate the effect of the weighting
parameter α used in Step 5 on the parameter association
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Figure 1: Root mean squared error of 3D RARE versus SNR.

performance. For this purpose we sorted the estimates
{(arg âi, arg b̂i, arg ĉi)}3

i=1 obtained by the 3D RARE algo-
rithm according to {arg âi}3

i=1 and plotted the RMSE of the
estimates {arg b̂i}3

i=1 and {arg ĉi}3
i=1 against the choice of α

for the SNR values −5, 0, 5, and 10 dB. From the simulations,
we observe that the proposed parameter association proce-
dure is robust against the choice of α and performs well for
a wide range of α taken around the intuitively expected uni-
form weighting factor α = 0.5. We observe that a particular
choice of α may only affect the performance of the param-
eter association procedure close to threshold domain while
asymptotically the choice of the weighting factor becomes
less crucial.

5.2. Measurement data

Measurement data were recorded with the RUSK-ATM vec-
tor channel sounder, manufactured and marketed by ME-
DAV [2]. The measurement data used for the numerical ex-
periments in this paper were recorded during a measure-
ment run in Weikendorf, a suburban area in a small town ap-

proximately 50 km north of Vienna, Austria, in autumn 2001
[10, 11]. The measurement area covers one-family houses
with private gardens around them. The houses are typically
one floor high. A rail-road track is present in the environ-
ment which breaks the structure of single placed houses. A
small pedestrian tunnel passes below the railway. A map of
the environment with the position of the receiver and trans-
mitter is shown in Figure 3.

The sounder operated at a center frequency of 2000 MHz
with an output power of 2 Watt and a transmitted signal
bandwidth of 120 MHz. The transmitter emitted a period-
ically repeated signal composed of 384 subcarriers in the
band 1940–2060 MHz. The repetition period was 3.2 mi-
croseconds. The transmitter was the mobile station and the
receiver was at a fixed location. The transmit array had a
uniform circular geometry composed of 15 monopoles ar-
ranged on a ground plane at an interelement spacing of
0.43λ ≈ 6.45 cm. The mobile transmitter was mounted on
top of a small trolley together with the uniform circular ar-
ray at a height of approximately 1.5 m above ground level. At
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Figure 2: Root mean squared error of 3D RARE versus α.
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Figure 3: Map of the measurement scenario in Weikendorf.

the receiver site, a uniform linear array2 composed of 8 ele-
ments with half wavelength distance (7.5 cm) between adja-
cent patch-elements was mounted on a lift in approximately
20 m height.

With this experimental arrangement, consecutive sets of
the (15 × 8) individual transfer functions, cross-multiplexed
in time, were acquired. The receiver calculates the discrete
Fourier transform over data blocks of duration 3.2 microsec-
onds and deconvolves the data in the frequency domain with
the known transmit signal. The effects from mutual coupling
between Rx antenna elements are reduced by multiplying the
measurement snapshots y(i) with a complex-symmetric cor-

2A uniform linear array was provided by T-Systems NOVA, Darmstadt,
Germany.

rection matrix [12]. The acquisition period of 3.2 microsec-
onds corresponds to a maximum path length of approxi-
mately 1 km. During the measurements the receiver moved at
speeds of approx. 5 km/h on the sidewalk. Rx position and Tx
position as well as the motion of the transmitter are marked
in the site map in Figure 3. The transmitter passed through
a pedestrian tunnel approximately between times t = 25 sec-
onds and t = 30 seconds of the measurement run.

We estimated the data covariance matrix from J = 10
consecutive snapshots in time. The measurement system in
this experiment differs from the data acquisition model de-
scribed in the Introduction (1), (2), (3), and (4) in that a uni-
form circular array instead of a uniform linear array was used
at the transmitter side. Therefore we can not simply apply the
estimation procedure for the 4D parameter estimation prob-
lem described in Section 4 to estimate the directions of de-
parture. In this experiment we only consider the 2D model
(5) instead of the general 4D model (1), (2), (3), and (4). In
specific we are interested in estimating only the directions of
arrival and the time delays. In order to still exploit the com-
plete 4D measurement block that was recorded as described
above, we use smoothing over frequency bins and averaging
over Tx samples in order to increase the number of snap-
shots and to obtain a full-rank covariance matrix estimate
of reduced variance. Due to the smoothing over frequency
bins, the original sample support of K = 384 frequency bins,
along the a-axis is reduced to a sample support of K ′ = 12.
For further variance reduction we apply forward-backward
(FB) averaging [3]. Making use of the notation of the general
4D model in (3) the smoothed FB sample covariance matrix
corresponding to (8) reads

R̂ = 1
D

J∑
i=1

K−K ′∑
k=1

M∑
m=1

(
ỹk,m(i)ỹH

k,m(i) + Jỹ∗
k,m(i)ỹT

k,m(i)J
)
, (30)
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Figure 4: Estimates of propagation delay versus snapshots in time.

where D = J(K − K ′)M,

ỹk,m(i)

= vec




yk,1,m,1(i) yk,2,m,1(i) · · · yk,L,m,1(i)
yk+1,1,m,1(i) yk+1,2,m,1(i) · · · yk+1,L,m,1(i)

...
...

. . .
...

yk+K ′,1,m,1(i) yk+K ′,2,m,1(i) · · · yk+K ′,L,m,1(i)




,

(31)

M = 15, L = 8, J denotes the 96 × 96 exchange matrix,
and x = vec{X} denotes the vectorization operator, stack-
ing the columns of a matrix X on top of each other to form
a long vector x. Propagation delay and DOA estimates ob-
tained with 2D RARE are displayed in Figures 4 and 5 rela-
tive to the orientation of the array.3 We have assumed P = 10
paths and applied 2D RARE for the joint estimation of prop-
agation delay and DOA. In these two figures, the estimates
are plotted as colored marks (“·” and “∗”) versus measure-
ment time in seconds. The pairing of the estimates is indi-
cated by the chosen mark and its color. In these figures, the
circles (“◦”) mark the line of sight path, dots (“·”) mark the
consecutive early arrivals whereas the asterisks (“∗”) mark
the late ones.

We see that the propagation scenario is dominated by a
strong line-of-sight (LOS) component surrounded by local
scattering paths from trees and buildings during the first 25
seconds of the experiment (shown with the “◦” mark in the
figures). The trace of the DOA estimates in Figure 5 and the
corresponding propagation delay estimates in Figure 4 match
exactly the motion of the transmitter depicted in Figure 3 for
the direct path. At time 25 seconds, the trolley reaches the
pedestrian tunnel and a second path resulting from scattering

3An animated movie generated from these results can be downloaded
from FTW’s MIMO measurements, http://www.ftw.at/measurements.
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Figure 5: Estimates of directions of arrival versus snapshots in time.

at the building (see Figure 5) appears at a DOA of approxi-
mately −3◦. This path corresponds to a significantly larger
access delay of approx. 0.55–0.58 microseconds. By the time
the Tx moves out of the tunnel, the dominant LOS compo-
nent with local scattering is newly tracked by the 3D RARE
algorithm. In Figure 5 we observe a path emerging at a con-
stant DOA of approx. 22◦ between snapshot time 0 second
and 25 seconds. Similarly, a path emerging at a constant
DOA of approx. 17◦ between time 28 seconds and 52 sec-
onds. These paths are interpreted as contributions from the
two ends of the pedestrian tunnel. Furthermore, it is interest-
ing to observe that those propagation paths that show large
delay estimates generally yield corresponding DOA estimates
with large angular deviations from the line of sight.

6. SUMMARY AND CONCLUSIONS

A novel method for K-dimensional harmonic exponential
estimation has been derived as a multidimensional extension
of the conventional RARE algorithm. High-resolution fre-
quency parameter estimates are obtained from the proposed
method in a search-free procedure at relatively low computa-
tional complexity. The parameters in the various dimensions
are independently estimated exploiting the rich structure of
the multidimensional measurement model and the estimates
of the parameters of interest are automatically associated.
Simulation results based on synthetic and measured data of
a MIMO communication channel underline the strong per-
formance of the new approach. Finally, we conclude that the
double-directional parametric MIMO model (3) is very suit-
able for describing wireless MIMO channels.

APPENDICES

A. PROOF OF REMARK 2

We prove by contradiction that Ma < L is necessary for
Hb(Ω) to be full rank. Without loss of generality, we assume
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that P = Ma = L with a1 = a2 = · · · = aL = a. In this
case we have Hb(Ω) = (Br ◦ A) = (TaBr) where Ta is defined
according to Definition 1. Due to the orthogonality of the
columns of Ta, we have rank{Ta} = L. Applying Sylvester’s
inequality yields

rank
{

Ta
}

+ rank
{

Br
}− P

≤ rank
{

TaBr
} ≤ min

(
rank

{
Ta
}

, rank
{

Br
})
.

(A.1)

With P = L, it is easy to see that in the most general case (i.e.,
for distinct generators {bj}Pj=1), the Vandermonde matrix Br

is of rank L− 1. Equation (A.1) can then be rewritten as

(L− 1) ≤ rank
{

TaB
} ≤ (L− 1). (A.2)

In other words, the matrix Hb(Ω) ∈ CK(L−1)×L does not have
full rank{Hb(Ω)} = rank{TaB} = L − 1 < L which contra-
dicts Assumption 3. Similarly we can prove that Mb < K is
necessary for Ha(Ω) to be nonsingular. Further it is simple
to show that the validity of Assumption 3 implies that also
Assumption 2 is satisfied.

B. PROOF OF PROPOSITION 1

In order to prove that Ga has full column rank, it is sufficient
to consider the limiting case P = L(K−1) where Ga becomes
a square matrix. The proof is based on the application of ap-
propriate elementary matrix operations applied on the rows
of Ga. More precisely, we exploit that adding a multiple of
the row of a matrix to any other row does not change the
determinant of the matrix. Similar to the procedure used in
Gaussian elimination, we wish to bring the first L columns
of Ga into “triangular” form. Towards this aim, we subtract
a times the (k − 1)th row of Ga from the kth row of Ga, for
k = 2, . . . ,K ,K + 2, . . . , 2K , 2K + 2, . . . , 3K , . . . , (L−1)K , (L−
1)K + 2, . . . ,LK , that is, for all k ∈ {1, . . . ,KL} such that
(k)K �= 1, where (k)K denotes k modulo K . The kth row of
the resulting matrix denoted by Ḡa is given by

[
0, . . . , 0︸ ︷︷ ︸

L

| b�k/K 
1 a((k)K−2)

1

(
a1−a

)
, . . . , b�k/K 

P a((k)K−2)
P

(
aP−a

)︸ ︷︷ ︸
P

]
(B.1)

for (k)K �= 1. For (k)K = 1, the rows of Ḡa remain un-
changed and identical to the corresponding rows of Ga. Note
that det{Ḡa} = det{Ga}. It can readily be verified that each
of the L first columns of Ḡa contain only a single nonzero
element. These columns form a matrix T0 = Ta|a=0 =
[e1, eK+1, e2K+1, . . . , e(L−1)K+1] where ek denotes the kth col-
umn of a KL×KL identity matrix IKL. Making use of a well-
known expansion rule for determinants, it is immediate to
show that

det
{

Ga
} = det

{
Ḡa
} = det

{[
T0
∣∣Ha(Ω)∆a

]}
= ±det

{
Ha(Ω)

}
det
{
∆a
}

= ±det
{

Ha(Ω)
} P∏
p=1

(
ap − a

)
,

(B.2)

where ∆a = diag{[(a1 − a), . . . , (aP − a)]} and “±” in-
dicates that equality holds up to “+” or “−” sign. Pro-
vided that Ha(Ω) has full rank, we observe from (B.2)
that for a �= ap, (p = 1, . . . ,P, P ≤ L(K − 1)) the
determinant det{Ga} �= 0 and det{Ga} = 0, other-
wise. For Gb the proof follows in a similar manner from
(B.2).

C. PROOF OF COROLLARY 1

Without loss of generality, we assume that a = a1, . . . , aMa is
a true generator of multiplicity Ma ≤ K that is associated
with the first Ma harmonics, that is, the first Ma columns
of H(Ω) (See Remark 2). From (B.2) we conclude that ma-
trix H(Ω)H(IKL − Ta(TH

a Ta)−1TH
a )H(Ω) in (16) has exactly

Ma zero eigenvalues µ1,0 = · · · , µMa,0 = 0. Furthermore,
the eigenvectors corresponding to the zero eigenvalues are
equivalent to the first Ma columns of a P × P identity ma-
trix. The last property follows from the fact that (B.2) and
consequently (16) hold true for any choice of harmonics with
P ≤ L(K−1) including the single harmonic case, where P = 1
and H(Ω) = h(a1, b1) = b1◦a1. This observation implies that
in the multiharmonic case, and with h(ap, bp) denoting the
pth column of the signal matrix H(Ω) identity,

FR,a(a) = hH
(
ap, bp

)(
IKL − Tap

(
TH
apTap

)−1
TH
ap

)
h
(
ap, bp

)
= eHp H(Ω)H

(
IKL − Tap

(
TH
apTap

)−1
TH
ap

)
H(Ω)ep

= 0
(C.1)

holds true for p = 1, . . . ,Ma. That is for a = a1, . . . , aMa and
Ma ≤ K , the unit vectors {ep}Ma

p=1 form an orthogonal ba-
sis for the nullspace of H(Ω)H(IKL − Ta(TH

a Ta)−1TH
a )H(Ω).

With H(Ω) = ESK, it is immediate that the vectors {γ̃p,0 =
Kep = kp}Ma

p=1 span the nullspace of M(a) (19) denoted by
N {M(a)}.

Similarly, assuming b = b1, . . . , bMb to denote a true gen-
erator of multiplicity Mb ≤ L, we obtain that the vectors
{γ̃p,0 = Kep = kp}Mb

p=1 span the nullspace N {M(b)} (21).
Since by Assumption 2 all 2D harmonics can uniquely be re-
covered from (8), at least one of the generators ap and bp
of a specific generator pair (ap, bp) is of multiplicity one.
Hence, we conclude that for a true generator pair (ap, bp),
the associated nullspaces N {M(ap)} and N {M(bp)} share
exactly one common nullspace vector given, for example, by
kp. Moreover, the two nullspaces do not intersect if ap and
bp solve the individual RARE polynomial equations (20) and
(22) but (ap, bp) does not correspond to a true generator
pair. That is, for a true generator pair (ap, bp), the vector
kp marks the intersection of the nullspaces N {M(ap)} and
N {M(bp)} while the nullspaces do not intersect otherwise.
It immediately follows that Corollary 1 holds true for arbi-
trary 0 < α < 1.
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A novel direction of arrival (DOA) estimation technique that uses the conventional multiple-signal classification (MUSIC) al-
gorithm with periodic signals is applied to a single-port smart antenna. Results show that the proposed method gives a high-
resolution (1 degree) DOA estimation in an uncorrelated signal environment. The novelty lies in that the MUSIC algorithm is
applied to a simplified antenna configuration. Only 1 analogue-to-digital converter (ADC) is used in this antenna, which features
low power consumption, low cost, and ease of fabrication. Modifications to the conventional MUSIC algorithm do not bring
much additional complexity. The proposed technique is also free from the negative influence by the mutual coupling among an-
tenna elements. Therefore, it offers an economical way to extensively implement smart antennas into the existing wireless mobile
communications systems, especially at the power consumption limited mobile terminals such as laptops in wireless networks.

Keywords and phrases: smart antennas, direction finding, multiple-signal classification, digital beamforming array antennas,
parasitic array antenna.

1. INTRODUCTION
The wireless industry is growing 6 times faster than the
fixed line services. The number of the mobile subscribers has
grown from 0.5 billion in 1999 to 1.3 billion in 2003. The
global revenue from the wireless market has been doubled
from 1999 to 2003 as more than 400 billion dollars [1]. Wire-
less communication systems are evolving from the second
generation systems to the third and fourth generation sys-
tems, which will provide high data rate multimedia services
as video transmission. New value-added services such as the
position location (PL) services for emergency calls, the fraud
detection, intelligent transportation systems, and so forth,
are also coming into reality [2, 3, 4].

Efforts have been focused on the developing coding, pro-
tocol, and modulation of the second generation system, while
the role of the antennas has been overlooked. Recently, in the
form of adaptive array or smart antennas, they attract inter-
ests among researchers. Deployed at the base station of the
existing wireless infrastructures, they bring an outstanding
capacity improvement to the frequency resource limited ra-
dio communication systems by an efficient frequency reuse
scheme, for example, space division multiple-access (SDMA)
scheme [5]. The direction-finding ability of the smart anten-

nas is important to the PL services. Furthermore, they also
benefit the design of the routing protocol in recently thriving
ad hoc networks [6].

Various beamforming and direction of arrival (DOA) es-
timation algorithms have been designed [1]. Simulations and
experiments carried out by many researchers have shown the
abilities of these algorithms. Most of these algorithms are de-
signed based on the digital beamforming (DBF) array anten-
nas (Figure 1). Signals received by the individual antenna el-
ements are converted down into baseband signals, digitized
and fed into a digital signal processing (DSP) chip where the
algorithms reside. However, RF circuit branches connected
to the array elements, analog to digital converters (ADCs)
and the baseband DSP chip consume a considerable amount
of DC power. Furthermore, each channel connected to the
array elements has the same structure, so the cost of fabri-
cation increases with the number of array elements [7]. All
these factors make the DBF antenna arrays unsuitable for
low power consumption and low cost systems and hinder the
mass implementation of the smart antenna technologies. It
could be too costly to equip a DBF array antenna at battery-
powered laptops or mobile-computing terminals within a
wireless network.
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Figure 1: Functional block diagram of the DBF array antennas.

To circumvent the problems with the DBF array an-
tennas, we propose a novel smart antenna structure, which
has only 1 RF port. It is a parasitic array antenna [8]. One
central element connected to the sole RF port and a num-
ber of surrounding switched and reactively loaded para-
sitic elements form the array (Figure 2). We call the antenna
“switched and reactively loaded parasitic array (SARLPA).”
Since the system has only 1 RF port connected to the ac-
tive central element and 1 subsequent down conversion cir-
cuit, it obviously consumes much less power than a DBF
antenna array. Beam steering of parasitic array antennas is
achieved by either selecting different sets of parasitic ele-
ments with a switching control circuitry in a manner sim-
ilar to switched beam antennas (called “switched parasitic
antennas” [9, 10, 11, 12]), or by controlling the reactive
loading at the parasitic elements to steer the beam contin-
uously (called “reactively controlled directive arrays” [13]
or electronically steerable parasitic array radiator (ESPAR)
[14, 15, 16, 17, 18]). The SARLPA antenna is half wavelength
in diameter. It may not be suitable for mobile phones, but
could be easily mounted on mobile terminals in wireless net-
works. For example, the physical dimension of the array op-
erating at 2.4 GHz is 62.25 mm, which is suitable for mount-
ing on laptops.

In this paper, a high-resolution direction finding using
the multiple-signal classification (MUSIC) algorithm with
periodic signals is employed on this single-port smart an-
tenna. Activating different beam patterns by switching on
and off different parasitic elements, while the signal is pe-
riodically transmitted, the received scalar signal from the RF
port can be stacked into a vector over one period. The beam
pattern is shifted with a predefined angle. So, for the applica-
tion of MUSIC, it is sufficient to know these angular shifts,
without knowing exactly the response to one subset. This
is similar to a uniform circular or linear antenna array in
which we know the phase shift between consecutive antenna
responses, without having to know those responses exactly.
The MUSIC algorithm is carried out with the constructed
signal vector over 1 period and the modified steering vector
based on the beam pattern angle shift. Simulation justifies
the proposal. Our heuristic study demonstrates the feasibil-
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Figure 2: Functional block diagram of the SARLPA.
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ity of employing the eigenstructure-based direction-finding
algorithm with a parasitic array that has only 1 RF port.

The paper is organized as follows: Section 2 presents the
configuration and the working principle of the SARLPA. The
algorithm for DOA estimation is presented in Section 3. Re-
sults are produced in Section 4, followed by conclusions and
recommendations in Section 5.

2. DESIGN OF THE ANTENNA

Figure 2 shows the functional block diagram of a SARLPA
antenna. Figure 3 gives the top view of the antenna. One ac-
tive central element (monopole) is surrounded by 36 para-
sitic elements on a circle of radius R on the circular grounded
baseplate. The length of each monopole (L) and the radius
(R) are one quarter wavelength (λ/4) of the transmitting RF
signal. The baseplate transforms the monopoles with their
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Figure 4: Equivalent representation of an SARLPA when subset #1 is activated. The DOA in the azimuth plane of the impinging wave is also
shown in the figure.

images to dipoles with a length of 2L. The central monopole
is connected to an RF receiver and each parasitic monopole
is loaded with a tunable reactor and is controlled by a switch.
The circuitry could be simply implanted as in [19]. Since
both the switches and the tunable reactances are imple-
mented at each individual parasitic elements, the antenna
provides great flexibility of operation. It can be reconfigured
into a switched parasitic array or a reactively controlled di-
rective array antenna.

As shown in Figure 3, the 36 parasitic monopoles are
grouped into 6 subsets. Each subset consists of 6 parasitic
elements equispaced on the circle of radius R. The central
monopole is designated as #0, whereas the parasitic element
#m–n (m = 1, . . . , 6; n = 1, . . . , 6) refers to the nth element
of the subset #m. The antenna is operated in such a way that
at any time only 1 subset is switched on and the rest of the
subsets are switched off. The switched-off elements do not
contribute to beam forming and can be viewed as “trans-
parent” to other switched-on elements. This is realized ei-
ther by switching the parasitic monopoles to open circuit as
in [9, 10], or by tuning the load reactance value to make
the element invisible electrically [20]. The central element
is always activated as signals pass through the sole RF port.
Therefore, at any time, only 6 parasitic monopoles from the
selected subset and 1 active central monopole are in opera-
tion. Figure 4 gives an equivalent representation of each sub-
set comprised of the active central monopole and the 6 para-
sitic monopoles.

During operation, the first subset (parasitic monopoles
#1–1, #1–2, #1–3, #1–4, #1–5, and #1–6) is selected. After a
certain period, the subset #2 (parasitic monopoles #2–1, #2–

2, #2–3, #2–4, #2–5, and #2–6) is selected. As this process
continues, the antenna array is virtually rotating anticlock-
wise on its vertical axis. The loads at parasitic monopoles
are tuned in the same manner for all subsets. We have se-
lected 36 parasitic and 1 active monopoles to satisfy the mod-
ified MUSIC algorithm as applied to the proposed SARLPA
configuration. For practical applications, the number of the
monopoles could be chosen with the tradeoff between the
complexity and the performance (number of waves to be es-
timated, beam pattern directivity, etc.).

At any configuration, the antenna has the form of a reac-
tively controlled directive array or an ESPAR. We explain the
working principle based on the equivalent structure as the
subset #1 is activated as shown in Figure 4. The beam form-
ing of a SARLPA is different from that for a DBF. The an-
tenna generates a directional beam based on tuning load re-
actances (x1, x2, . . . , x6) on the parasitic monopoles. Signals
received or transmitted from the central RF port excite the
passive parasitic monopoles with substantial induced mutual
currents on them. In the following discussion, we assume
that the antenna is working in the transmitting mode. Vec-
tors I and V represent the currents and the voltages on the
monopoles, respectively:

I =
[
i0 i1 i2 i3 i4 i5 i6

]T
,

V =
[
v0 v1 v2 v3 v4 v5 v6

]T
.

(1)

Superscript T represents the transpose. Mutual admittances
are represented by the matrix Y with each entity yi j denotes
mutual admittance between two elements [16]. There, the
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induced mutual currents are represented by mutual admit-
tances,

I = YV =



y00 y01 y02 y03 y04 y05 y06

y10 y11 y12 y13 y14 y15 y16

y20 y21 y22 y23 y24 y25 y26

y30 y31 y32 y33 y34 y35 y36

y40 y41 y42 y43 y44 y45 y46

y50 y51 y52 y53 y54 y55 y56

y60 y61 y62 y63 y64 y65 y66


×



v0

v1

v2

v3

v4

v5

v6


. (2)

The voltages at monopoles are

v0 = vs − z0i0 (3)

(for the active central element.) z0 = 50Ω is the impedance
at the RF port.

vl = − jxlil (4)

(for parasitic elements l = 1, . . . , 6), vs represents the trans-
mitted voltage signal source with amplitude and phase from
the driving RF port at the central element #0. We represent
(3) and (4) with a matrix form,

V =
[
vs 0 0 0 0 0 0

]T − X I = vsU1 − X I , (5)

and define

X = diag
[
z0, jx1, . . . , jx6

]
,

U1 =
[

1 0 0 0 0 0 0
]T

.
(6)

Combining (2) and (5), we get

I = YV = Y
(
vsU1 − X I

)
. (7)

After a simple mathematical manipulation, we obtain the
equation as

I = vs
(

I(7) + YX
)−1

YU1 = vsE1. (8)

In (8), (I(7) + YX)−1YU1 is represented by a (7 × 1)-
dimensional vector E1. I(7) is a (7 × 7)-dimensional identity
matrix. The far field radiation pattern is formed by the su-
perposition of radiation patterns of all monopoles on the an-
tenna ground plane [8, 21]. The far field current signal with
its amplitude and phase in direction φk is

yfar(t) = α
(
φk
)
I = vsα

(
φk
)
E1. (9)

We assume that signals arrive in the azimuth plane. k is the
signal sources index. α(φk) is the steering vector correspond-
ing to the signal impinging direction φk and is given based
on the array geometry (Figure 3). Please note that only one

parasitic set and the active element are in operation,

α
(
φk
) = [1 e1

(
φk
)
e2
(
φk
)
e3
(
φk
)
e4
(
φk
)
e5
(
φk
)
e6
(
φk
)]

ei
(
φk
) = exp

{
j
2π
λ
R cos

(
φk − 2π

6
(i− 1)

)}
= exp

{
j
π

2
cos
(
φk − π

3
(i− 1)

)}
(i = 1, . . . , 6).

(10)

Setting vs in (9) as unity, we can get the array factor α̂(φk) of
the SARLPA antenna when any one subset is activated as

α̂
(
φk
) = α

(
φk
)
E1. (11)

Thus, the far field signal in (9) is represented as

yfar(t) = α̂
(
φk
)
vs. (12)

According to the reciprocity theory for radiation patterns
[22], the received voltage signal u(t) at the RF port is

u(t) = α̂
(
φk
)
sk(t) + n(t), (13)

sk(t) represents the kth far field incident current wave with
amplitude and phase in the azimuth plane. n(t) is the ad-
ditive white Gaussian noise (AWGN) with the power of σ2.
When there are totally K signal sources, the output from the
RF port is

u(t) =
K∑
k=1

α̂
(
φk
)
sk(t) + n(t). (14)

Since α̂(φk) is dependent on the reactance matrix X, the de-
sired antenna beam patterns are formed by adjusting the re-
actance values. In practice, the variable reactance can be eas-
ily achieved by changing the bias voltage of Schottky [22] or
varactor diodes loaded at parasitic monopoles.

In our proposed DOA estimation technique, the antenna
is not used for adaptive beamforming, though it still has the
ability to do so. Desired beam patterns are formed to explore
the spatial information of the signal sources.

3. FORMING OF THE CORRELATION MATRIX
WITH SINGLE-PORT SARLPA

The MUSIC algorithm, proposed by Schmidt [23], is a rela-
tively simple and high-resolution eigenstructure approach. It
has been widely used as a model-based approach for DOA es-
timation and source location problems. There are also many
improved forms, such as the root MUSIC algorithm and the
beamspace MUSIC algorithm [24]. All these algorithms re-
quire snapshots of signals from antenna linear or circular ar-
ray elements to form the signal correlation matrix.

It is obvious that we cannot apply the conventional MU-
SIC algorithm to the SARLPA antenna, because it has only
1 RF port. Forming the signal sample vector is impossi-
ble at one time. This is the distinction between the MU-
SIC algorithm based on a single-port smart antenna and the
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conventional MUSIC algorithm based on a DBF array an-
tenna. However, we can see from the explanation in the fol-
lowing part that the received signals from the RF port contain
signal sources direction information, and the signal correla-
tion matrix can still be formed.

In operation, 6 subsets of parasitic elements are se-
lected sequentially as indicated in Figure 3. The beam pat-
tern rotates 10◦ for 6 times consecutively. Therefore, the an-
tenna is virtually rotated. The sample signal vector U(t) =
[u1(t), . . . ,um(t), . . . ,u6(t)]T is constructed with signal sam-
ples from the RF output. Each entity um(t), m = 1, . . . , 6 is
obtained in the sampling period when the subset #m is in
operation. The maximum number of sampling periods M
equals the number of subsets. For the SARLPA antenna with
6 subsets, after rotating 6 + 1 times, the beam pattern returns
to the original status. The load reactance values of parasitic
monopoles are the same for all the sampling periods. E1, de-
fined in (8), remains constant as the antenna rotates virtually.
However, the signal directions with respect to the antenna
X-Y coordinate (Figure 4) change as the antenna is virtually
rotated. According to (14), the received signal sample at each
sampling period is represented as:

um(t) =
K∑
k=1

α̂
(
φk − 2π

36
(m− 1)

)
sk(t) + nm(t),

m = 1, 2, . . . , 6.

(15)

For the simplicity, we define

α̂m
(
φk
) = α̂

(
φk − 2π

36
(m− 1)

)
, (16)

α̂m(φk) contains the kth signal source direction information
φk. nm(t) is the noise component at the mth sampling pe-
riod. Suppose each individual signal source transmits peri-
odic signals and the length of 1 signal period is the same
as the sampling period. Then received signal samples are the
same for all sampling periods. Therefore, the received signal
vector U(t) after 6 sampling periods can be written into the
following matrix multiplication form:

U(t) =



u1(t)
u2(t)
u3(t)
u4(t)
u5(t)
u6(t)

 =



α̂1
(
φ1
)

α̂1
(
φ2
) · · · α̂1

(
φK
)

α̂2
(
φ1
)

α̂2
(
φ2
) · · · α̂2

(
φK
)

α̂3
(
φ1
)

α̂3
(
φ2
) · · · α̂3

(
φK
)

α̂4
(
φ1
)

α̂4
(
φ2
) · · · α̂4

(
φK
)

α̂5
(
φ1
)

α̂5
(
φ2
) · · · α̂5

(
φK
)

α̂6
(
φ1
)

α̂6
(
φ2
) · · · α̂6

(
φK
)



×


s1(t)
s2(t)

...

sK (t)

 +


n1(t)
n2(t)

...

n6(t)

 .
(17)

Equation (17) has the same form as the output from an
array antenna with 6 elements. In the first matrix on the
right-hand side of the equation, we define each column as

vector �α(φk). It corresponds to the steering vector [25] for
a 6-element array antenna as reported in array signal pro-
cessing literature. But each entity is not a phase delay of a
source signal induced when the plane passes the array with
an impinging angle relative to the antenna. We call �α(φk)
“SARLPA-direction vector” to differentiate it from the “steer-
ing vector” for conventional antenna arrays. The signal cor-
relation matrix at the antenna output is RUU :

RUU = E
(
U(t)UH(t)

) = 1
Ns

UUH. (18)

E(·) is the expected value operator. U without a time ar-
gument represents the discrete samples with sample block
length Ns. Superscript H denotes conjugate transpose. We
assume that all the noise components nm(t), m = 1, . . . , 6
at each sampling period #m are independent identically dis-
tributed (i.i.d.) AWGN with the power of σ2. RUU is then rep-
resented as

RUU =
[
�α
(
φ1
)
�α
(
φ2
) · · · �α(φK)]× RSS

×
[
�α
(
φ1
)
�α
(
φ2
) · · · �α(φK)]H + σ2I(6)

(19)

I(6) is a (6×6)-dimensional identity matrix. The source signal
correlation matrix RSS is

RSS = E
([

s1(t)s2(t) · · · sk(t)
]

×
[
s1(t)s2(t) · · · sk(t)

]H )
.

(20)

Based on (18), the MUSIC algorithm is executed in a
similar procedure as the conventional MUSIC algorithm.
Figure 5 gives the flowchart. The SARLPA direction vector is
used to obtain the MUSIC spectrum. The algorithm requires
the signals to be periodic. That means proposed technique
cannot be applied when mobile terminals are transmitting
message signals, because message signals are quite indeter-
ministic. It could, however, be implemented in a pilot or a
command channel or by assigning periodic codes at message
channels. Therefore, we call it “MUSIC algorithm with peri-
odic signals.” Its procedure is described below.

(i) Construct the signal sample vector given by U(t) =
[u1(t), . . . ,um(t), . . . ,u6(t)]. um(t), m = 1, . . . , 6, is the
signal sample when the antenna is at sampling period
#m. With U(t), we form the signal correlation matrix
RUU .

(ii) Eigendecompose the signal correlation matrix RUU ,
and form the noise subspace EN with eigenvectors cor-
responding to the small eigenvalues.

(iii) Evaluate the MUSIC spectrum pMU versus the signal
direction φ,

pMU = 1∣∣EH
N�α(φ)

∣∣2 , (21)

�α(φ) is the SARLPA direction vector corresponding to
the azimuthal looking direction φ.
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Figure 5: Flowchart of the conventional and the proposed MUSIC
algorithm and the proposed MUSIC algorithm based on a single-
port smart antenna.

(iv) Finally, extract the impinging waves direction infor-
mation.

Besides the additional procedure for forming the signal
sample vector, the proposed technique follows same proce-
dure as that for the conventional MUSIC algorithm. An extra
amount of time is required for storing the data to form the
signal sample vector.

4. SIMULATION

In our simulation, 3 binary phase shift keying (BPSK) sig-
nals with equal power levels are randomly generated. The sig-
nal impinging directions are set arbitrarily to 120◦, 150◦, and
300◦ in the azimuth plane, respectively. During each of the 6

antenna sampling periods, the length of signal samples is 16
bits. This indicates that Ns is 16 in (18).

The monopoles on the ground plane of the SARLPA an-
tenna are oriented vertically. The impinging signals are as-
sumed copolarized with the antenna. The cross-polarization
coupling typically produced by scatters and reflectors in mul-
tipath propagation environment [26] is not considered.

4.1. Influence of parasitic load reactance

We study four different reactance load settings to investigate
their influence on the performance of the DOA estimation.
Table 1 summarizes the reactance values for these 4 cases.

MUSIC spectra with different reactive load settings in
uncorrelated signal environments where the signal-to-noise-
ratio (SNR) is 40 dB for each individual signal source are pre-
sented and explained as follows.

4.1.1. Case 1. Equal load reactance of 30Ω

In Case 1, we set all the parasitic load reactances to 30Ω. The
antenna exhibits a nearly omnidirectional beam pattern. It
could not be virtually rotated in a way as described previ-
ously. The MUSIC spectrum is plotted in Figure 6. From the
figure, we can observe, that the signal direction could not be
extracted.

4.1.2. Case 2. Ordered but unequal load
reactances of 0Ω and 30Ω

In Case 2, we set the load to x1 = 0Ω, x2 = 30Ω, x3 = 0Ω,
x4 = 30Ω, x5 = 0Ω, and x6 = 30Ω. The beam pattern for
rotation is shown in Figure 7. The MUSIC spectrum is plot-
ted in Figure 8. It also cannot give the direction information.
From the simulation studies in Cases 1 and 2, we conclude
that we should not set the loads “ordered,” which will result
in insufficient beam patterns for rotation.

4.1.3. Case 3. Random load reactances
of 0Ω and 30Ω

In Case 3, we arbitrarily set x1 = 0Ω, x2 = 30Ω, x3 = 0Ω,
x4 = 30Ω, x5 = 30Ω, and x6 = 30Ω. The beam pattern is
shown in Figure 9. The signals DOA information is clearly
resolved from the MUSIC spectrum as shown in Figure 10.

4.1.4. Case 4. Random load reactances

Finally, we randomly set the reactance values to x1 = 0Ω,
x2 = 10Ω, x3 = 0Ω, x4 = −30Ω, x5 = 70Ω, and x6 = 30Ω.
The MUSIC spectrum is plotted in Figure 10. From the figure
we can see that if the reactance is not set ordered, they only
slightly influence the MUSIC spectrum but not the perfor-
mance. All the spectra reach the peak values at the respective
signal directions. The beam pattern for this case is shown in
Figure 11. Note that the proposed technique is used for DOA
estimation and not for beam forming. So the beam pattern
does not necessarily correspond to the signals directions.

From the above investigations, we conclude that the
manner of load settings greatly influences the algorithm’s
DOAs estimation performances. When setting the reactive
loads, we should avoid setting them ordered, which produces



1370 EURASIP Journal on Applied Signal Processing

Table 1: Setting of six parasitic loads of each subset at the sampling period #m (m = 1, . . . , 6). Once the setting is decided, the values do not
change during the process of the DOA estimation.

Case
Load reactances (Ω)

MUSIC spectrum DOA information
x1 x2 x3 x4 x5 x6

1 30 30 30 30 30 30 Figure 6 Not shown in the spectrum
2 0 30 0 30 0 30 Figure 8 Not shown in the spectrum
3 0 30 0 30 30 30 Figure 10 Shown in the spectrum
4 0 10 0 −30 70 30 Figure 10 Shown in the spectrum
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Figure 6: MUSIC spectrum for Case 1 is xl = 30Ω (l = 1, . . . , 6),
SNR = 40 dB, and the signal directions are 120◦, 150◦, and 300◦ in
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Figure 7: Beam pattern in the azimuth plane for the antenna sam-
pling periods #1 to #6. Load setting is x1 = 0Ω, x2 = 30Ω, x3 = 0Ω,
x4 = 30Ω, x5 = 0Ω, and x6 = 30Ω.

symmetric azimuthal beam patterns. With a symmetric pat-
tern, signals impinging from different directions may pro-
duce the same output at the RF port. Analogous to linear ar-
ray antenna, image peaks appear. Rather, we can set the reac-
tance values arbitrarily to precisely estimate the DOA infor-
mation.
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Figure 8: MUSIC spectrum for Case 2 is x1 = 0Ω, x2 = 30Ω, x3 =
0Ω, x4 = 30Ω, x5 = 0Ω, and x6 = 30Ω, SNR = 40 dB, and the signal
directions are 120◦, 150◦, and 300◦ in the azimuth plane.
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Figure 9: Beam pattern in the azimuth plane for antenna sampling
periods #1 to #6. The load setting is x1 = 0Ω, x2 = 30Ω, x3 = 0Ω,
x4 = 30Ω, x5 = 30Ω, and x6 = 30Ω.

Forming directive beam patterns is not important to the
performance. The technique is dependent of the angular
shifting of the beam pattern. If only the pattern is not sym-
metric, the DOA can be estimated correctly. However, the
load setting that gives deep nulls in radiation patterns in cer-
tain directions should be avoided for the DOA estimation,
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periods #1 to #6. The load reactance is x1 = 0Ω, x2 = 10Ω, x3 = 0Ω,
x4 = −30Ω, x5 = 70Ω, and x6 = 30Ω.

because signals coming from that regions could be received
with low power levels, or even be nulled out. Consequently,
the DOA information of signal in this null region could not
be extracted.

4.2. Performance in different SNRs environments

We also simulated the MUSIC spectra in signal environments
with different SNRs. We suppose that all signal sources are to-
tally uncorrelated and have the same power. The individual
SNR for each signal source is set equal. The MUSIC spec-
tra with 3 different SNRs from 0 dB to 40 dB are shown in
Figure 12. The performance of our proposed MUSIC algo-
rithm degrades as SNR decreases, but all three MUSIC spec-
tra reach nearly the same peak values at the signal direc-
tions.
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Figure 12: MUSIC spectra in different SNRs signal environments.
Signal directions are 120◦, 150◦, and 300◦ in the azimuth plane. The
load setting is same as in Case 4.
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Figure 13: MUSIC spectra. The load setting is the same as for Case
4. SNR = 30 dB. Signal directions are 120◦, 150◦, and 300◦ in the
azimuth plane.

4.3. Performance in a multipath propagation
environment

Our study assumes a line of sight (LOS) propagation envi-
ronment (Ricean channel). In a macroscopic area, where PL
services, such as intelligent transportation services, are em-
ployed, base station antennas are mounted well above the
roof of the buildings to provide LOS propagations between
base stations and mobile terminals [27].

Ideally, signals arrive at the antenna without phase de-
lays. The plotted MUSIC spectrum is shown in Figure 13
with a “×”-marked solid line. In a practical wireless commu-
nication environment, multipath propagation delays of the
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Figure 14: MUSIC spectrum. The load setting is the same as for
Case 3. SNR = 30 dB. Two signal directions are 149◦ and 150◦ in the
azimuth plane, respectively.

signals are expected. Received signals contain the LOS com-
ponent and the multipath components from each far field
signal source. We assume that the LOS components are un-
correlated with the multipath components [28] and that the
LOS components have much higher signal power level, we
could still reasonably represent the received signals at the an-
tennas as a summation of only the LOS components from
different directions with phase differences induced by the
propagation delays. Signal directions are set as 120◦, 150◦,
and 300◦ in the azimuth plane. The MUSIC spectrum for de-
layed signals is shown in Figure 13 with a circle-marked solid
line. The signal direction information is obtained from the
spectrum.

In a microscopic area, the base station antennas are
mounted below the rooftop level to confine the signal cov-
erage into a small local area [29]. In this case, the base sta-
tions are located in a rich scattering environment. There are
no LOS components. Signals received at the base station an-
tenna are a collection of multipath components with angu-
lar spreads, which are possible to be correlated. Figure 13
shows the resulting MUSIC spectrum with a “∇”-marked
solid line. Two multipath components from 1 far field signal
source arriving at the antenna from 120◦ and 150◦ in the az-
imuth plane are correlated. The MUSIC algorithm could not
resolve correlated signals. To circumvent the rich multipath
problem, the mobile terminal’s spatial signature [30] could
be used to locate the mobile terminal’s location.

4.4. Resolution and limitation in number
of resolvable signals

The proposed technique is capable to estimate the DOAs of
two signal sources with 1◦ angular separation. As seen from
Figure 14, 2 signals impinging from 149◦ and 150◦ in the
azimuth plane could be clearly resolved from the spectrum.
The SNR is 30 dB.

The maximum number of uncorrelated waves to be es-
timated is M-1. M is the number of subsets, the number of
sampling periods, and is also the dimension of the formed
signal correlation matrix RUU . The scenario is similar to the
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Figure 15: MUSIC spectrum. Load setting is the same as for Case 3.
SNR = 30 dB. Signal directions are 50◦, 120◦, 150◦, 200◦, and 300◦
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Figure 16: Periodic signal time slots and antenna virtual sampling
periods in the proposed DOA estimation technique. Each signal
contains 6 slots. The antenna rotates 6 sampling periods. Time off-
sets are expected in a multipath environment.

conventional MUSIC algorithm, in which RUU with a dimen-
sion of M could produce up to M-1 signals [23, 31]. In our
design, there are 6 parasitic monopoles, thus we can estimate
up to 5 DOAs as shown in Figure 15. Signal directions are set
to be 50◦, 120◦, 150◦, 200◦, and 300◦ in azimuth plane.

4.5. Sampling period and periodicity
of transmitted signals

Finally, we discuss the requirement of the periodicity of the
transmitted signals for employing the proposed DOA esti-
mation technique. In the derivation of RUU , we require that
each individual signal source transmits periodic signals. In a
practical wireless communication environment, time offsets
among periodic signals and the antenna sampling periods,
induced by different propagation path delays are expected.

However, the signal period does not need to be aligned
with the sampling period (Figure 16). This is true because
the signal source transmits signals longer than the length of
total 6 sampling periods; and each signal period is the same
as the antenna sampling period T . The received signals at the
antenna are still periodic, therefore, (17) is still valid. The
requirement means that when doing DOA estimation, mo-
bile terminals will transmit periodic signals instead of mes-
sage signals. With the a priori knowledge of the location of
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wireless base stations, where the antennas are mounted, and
with the database of the map of the local area, PL service
could be provided at the expense of a short message period.
This is applicable in cases when mobile subscribers are in
dangerous situations and need to make a rescue calls, such
as the E999 call in Singapore and the E911 call in America.
For applications in ad hoc networks where the DOA infor-
mation is required for data package routing, the periodical
signal could be assigned during the network setup period.

4.6. Speed of DOA estimation

In our design, 16 signal bits are stored at each sampling pe-
riod. A minimum length of 16 × 6 = 96 bits of the periodic
signals for 6 antenna sampling periods is required. For time-
division multiple-access (TDMA) IS-136 System, 1 frame
comprises 6 time slots with the length of 6.67 millisecond
each. In each time slot, 260 data bits are transmitted. This in-
dicates that the DOA estimation is possible to be carried out
within 1 TDMA time slot. The tuning of the reactance could
be done in nanoseconds [22], and the off-the-shelf diodes
can realize state switching in a few nanoseconds.

5. CONCLUSION

In this paper, a novel approach for executing the high-
resolution MUSIC algorithm based on a single RF port smart
antenna has been proposed. After presenting the configura-
tion and the working principle of the antenna, the perfor-
mance of the proposed technique for various aspects have
been studied. The results justified that the technique is capa-
ble for a high-resolution DOA estimation of 1 degree, which
is comparable with a conventional MUSIC algorithm based
on DBF array antennas. The proposed technique for DOA
estimation based on a signal RF port parasitic antenna has
many advantages over that on a DBF. They are as follows.

(1) In operation, only six parasitic elements are switched
on. The switches consume a few milliwatt of power and
the leakage current of a reverse biased diode is negli-
gible. The SARLPA antenna features low power con-
sumption and low complexity. It is suitable for com-
mercial implementations at mobile terminals such as
laptops in ad hoc wireless networks [7, 19] to provide
direction information. It can also be easily mounted
on vehicles to realize position-based services.

(2) Contrary to the DOA estimation based on a DBF, the
mutual coupling is utilized to steer the beam [13].
Thus the modified MUSIC algorithm is free from the
negative influences of the mutual coupling among an-
tenna elements. In a DBF, this influence has to be
compensated for the enhancement of system perfor-
mance in a high-resolution DOA estimation as studied
in [32, 33].

(3) The technique gives high-quality performance in low
SNR signal environments. The performance in an SNR
= 0 dB environment is shown in Figure 12.

(4) The proposed technique is very flexible in operation.
The parasitic elements are reactively loaded and con-

trolled with switches. The antenna can be configured
into a reactively controlled directive array with a cer-
tain amount of reactance-loaded parasitic elements.
Adaptive beamforming algorithm could be employed
at the baseband to tune the beam direction [16] as
an adaptive directional antenna helping to reduce the
channel interferences and improve the channel capac-
ity. If the directions of the impinging waves are known,
the antenna could be reconfigured into a switched par-
asitic antenna. Beam patterns could be controlled by
simply switching on and off different parasitic ele-
ments to function as a switched beam antenna, or sec-
tor antenna [2].

(5) Parasitic elements are arranged to form a circular array
antenna. When used for DOA estimation, it could give
the signal direction information covering 360◦ in the
azimuth plane.

Simulation studies have also pointed out that further im-
provements are needed to enhance system performances to
make it more applicable to practical wireless communication
systems. The areas of improvements are as follows.

(1) The proposed technique works in an uncorrelated sig-
nal environment. New methods should explore signal
sources spatial signatures in a correlated signal envi-
ronment for PL services.

(2) The proposed antenna will not suffer from the nega-
tive influence from the mutual coupling between an-
tenna elements. However, the calibration of the an-
tenna aperture over DOA, frequency and temperature,
weather environment, and fabrication error are still
unavoidable and they influence the antenna perfor-
mances.

(3) The Doppler effect of the fast moving mobile terminals
needs to be investigated.

(4) The antenna having 36 parasitic monopoles equi-
spaced on the circle surrounding the active central ele-
ment has been used to theoretically demonstrate the
idea of eigenstructure-based direction finding algo-
rithm with a single RF port smart antenna. For prac-
tical implementations, using less parasitic antenna el-
ements could reduce the complexity. Furthermore, the
proposed SARLPA with elements in the form of mi-
crostrip patch also renders a much compacter design.

The smart antennas, a critical technology for the third
and beyond generation wireless communications, are un-
der extensive studies. Many testbeds and field trials have
been built to justify their potential benefits. Employed at
the base stations, they could bring a higher-system capac-
ity, coverage extension, and new services such as the cellu-
lar infrastructure-based PL services. At the wireless mobile
terminals, they could bring the benefits as lower power con-
sumption, reduced interference level. This paper offers an
economical approach to implement smart antennas into the
existing terrestrial wireless mobile communications system
to serve as an essential and fundamental technique.
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We introduce a novel merger of direct sequence code division multiple access (DS-CDMA) and smart antenna arrays. With re-
gard to the DS-CDMA scheme, we employ carrier interferometry DS-CDMA (CI/DS-CDMA), a novel implementation of DS-
CDMA where chips are decomposable into N narrowband frequency components. With regard to the antenna array, we deploy
the oscillating-beam smart array. Here, applying proper time-varying phases to the array elements, we create small movement
(oscillation) in the antenna array’s pattern, while steering the antenna pattern main lobe to the position of the intended user. The
oscillating antenna pattern creates a time-varying channel with a controllable coherence time. This, in turn, provides transmit
diversity in the form of a time diversity gain at the mobile receiver side. At the receiver, three stages of combining are available:
combining time components of the received signal within symbol duration TS (each experiencing a different fade) to enhance
performance via time diversity; combining frequency components which make up the CI/DS-CDMA chip to enhance the perfor-
mance via frequency diversity; and combining across chips to eliminate the interfering users on the system. Merging CI/DS-CDMA
with the oscillating-beam smart antenna at the base station, we achieve very high capacity via the merger of SDMA (available
through directionality of the antenna array) and code division multiple access (inherent in CI/DS-CDMA), and very high perfor-
mance via the construction of receivers that exploit both transmit diversity and frequency diversity. We present the performance
gains of the proposed merger.

Keywords and phrases: smart antennas, antenna arrays, DS-CDMA systems, transmit diversity, carrier interferometry.

1. INTRODUCTION

Antenna arrays located at the base station (BS) enhance
wireless communication systems via (1) directionality, which
supports space division multiple access (SDMA); or (2)
more recently, a transmit diversity benefit, that is, a diver-
sity scheme that uses the antenna array at the BS to exploit
diversity at the mobile (see, e.g., [1, 2]). Recently, the authors
have introduced a new antenna array scheme in [3, 4, 5, 6]
which offers both (1) high capacity via SDMA and (2) ex-
cellent probability-of-error performance at the mobile via its
transmit diversity benefits. Both benefits are available while
maintaining low mobile receiver complexity.

In the authors’ proposed antenna array of [3, 4, 5, 6], a
unique, carefully controlled time-varying phase shift is ap-
plied to each antenna array element, sweeping the beam pat-
tern directed to the mobile such that (1) the beam pattern
maintains a constant large scale fade for the symbol dura-
tion TS; (2) the beam pattern ensures L independent fades
within each TS; (3) after each TS, the antenna beam returns
to its initial position, and sweeps same area of space over TS

(leading to an oscillating antenna pattern and easing param-
eter estimation); (4) the movement of the beam pattern, as
a percentage of half-power beamwidth (HPBW), is small, al-
lowing the beam pattern to maintain directionality; and (5)
the bandwidth expansion due to beam pattern movement is
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negligible. In this paper, we merge this novel antenna array
technique with DS-CDMA systems.

Direct-sequence code division multiple access (DS-
CDMA) [7] is the world’s most popular CDMA architecture.
In DS-CDMA, each user’s bit is multiplied by a sequence
of N chips (short pulses of duration TC), where each chip
has amplitude +1 or −1. By careful selection of +1 and −1
values (spreading sequences), the receiver can separate users
one from another. To enhance performance via path diversity
(e.g., [8]), most DS-CDMA systems employ RAKE receivers,
which attempt to separate and linearly recombine the multi-
ple paths.

Recently, a novel chip shape referred to as the CI (carrier
interferometry) chip shape was introduced to DS-CDMA
[9, 10, 11, 12, 13]. Here, each chip is decomposable into N
orthogonal carrier components. As a result, when applying
these chip shapes, (1) the DS-CDMA receiver: achieves a fre-
quency diversity benefit (rather than a path diversity bene-
fit) by decomposing chips into carrier components and fre-
quency combining; and (2) the use of frequency combin-
ing in place of path combining (as done in RAKE receivers)
leads to a significantly improved performance via the ability
to avoid interpath interference [9, 10, 11, 12, 13].

In this work, we innovatively apply the oscillating-beam
antenna arrays of [3, 4, 5, 6] to DS-CDMA systems with CI
chip shapes (CI/DS-CDMA) of [9, 10, 11, 12, 13]. This en-
ables (1) very high capacity via the merger of SDMA (di-
rectionality of the antenna array) and CDMA (inherent in
CI/DS-CDMA); and (2) very high performance via the con-
struction of receivers that exploit both transmit diversity and
frequency diversity. We focus on the performance benefits of
the proposed merger.

In this work, we assume carrier frequency ( f0) much
larger than system bandwidth (BW) (e.g., f0 > 100 · (BW)),
a reasonable assumption in today’s mobile systems. Hence,
the antenna pattern is identical for the entire transmit band-
width. With this in mind, the CI/DS-CDMA signal is fed into
a single M-element smart antenna array. By carefully design-
ing the phase shifts applied to antenna array elements, the re-
sulting beam pattern corresponds to an oscillating beam pat-
tern similar to that in [3, 4, 5, 6]. This leads to a time-varying
channel with a controllable coherence time. The controllable
coherence time is used by the mobile to exploit time diversity
and enhance performance.

The benchmark for comparison in this work is a CI/DS-
CDMA system employed in conjunction with a conventional
smart antenna array (an antenna array which creates an
adaptive beam pattern directed toward the intended user,
leading to increased capacity via SDMA, but, unlike the pro-
posed scheme, offers no improvements in the performance
of CI/DS-CDMA system). This work highlights the perfor-
mance benefits that can be achieved by small oscillations in
the beam pattern of the smart antenna array.

Receivers are constructed to exploit both the transmit di-
versity, which corresponds to an induced time diversity pro-
vided by the antenna array, as well as the diversity inherent
in the CI/DS-CDMA system (an exploitable frequency di-
versity). Thus, at the receiver, three stages of combining are

present: (1) a combining of the time components with differ-
ent fades (to exploit time diversity), (2) a combining across
frequency components (to exploit frequency diversity), and
(3) a combining across chips (to eliminate users in a tradi-
tional DS-CDMA manner). We can apply the combining first
on the frequency components or first on the time compo-
nents, that is, the first and the second combining stages can
be interchanged.

Assuming (a) rich scattering environment (where, up to
7-fold time diversity is achievable via beam pattern move-
ment [5, 6]), (b) fully loaded CI/DS-CDMA with a process-
ing gain of N = 32 (i.e., K = 32 orthogonal users are available
in the system), and (c) 4-fold frequency diversity over the en-
tire bandwidth, simulation results demonstrate that the pro-
posed system achieves 14 dB gain over a CI/DS-CDMA sys-
tem with a conventional smart antenna array at a probability
of error of 10−3. Performance gains are even more impres-
sive when the proposed system is compared to a traditional
DS-CDMA system with a conventional smart antenna array.
(These performance benefits are, in addition to the usual net-
work capacity gains, provided via SDMA.)

Section 2 introduces the merger of the beam-sweeping
smart antenna arrays and CI/DS-CDMA. Section 3 presents
receiver structures employing equal gain combining (EGC)
across frequency components followed by minimum mean
square error combining (MMSEC) across time domain com-
ponents. Section 4 presents simulated performance results,
while Section 5 presents a conclusion.

2. THE MERGER OF CI/DS-CDMA AND
BEAM-SWEEPING ANTENNA ARRAYS

2.1. The CI/DS-CDMA system

In DS-CDMA, considering a binary phase shift keying
(BPSK) modulation, a unique time sequence (N chips, each
with amplitude +1 or −1) is assigned to each user. Hence, the
kth user’s data bit, bk, is sent as

sk(t) = Re
{
bk · Ck(t) · e j2π f0t

}
, (1)

where bk is +1 or −1, f0 is the center or carrier frequency,
and Ck(t) is the kth user spreading code, corresponding to

Ck(t) =
N−1∑
i=0

cik · h
(
t − iTC

) · g(t). (2)

Here, cik ∈ {−1, +1} is the ith element of user k’s spreading
code, TC = TS/N is the chip duration, and g(t) is a rectangu-
lar waveform limiting the chip shape to duration TS. In the
proposed CI/DS-CDMA system of [9, 10, 11, 12, 13], the chip
shape h(t) corresponds to a multicarrier signal. Specifically,
the chip shape h(t) is a superpositioning of N narrowband
subcarriers equally spaced in frequency by ∆ f :

h(t) =
N−1∑
n=0

e j2πn∆ f t . (3)
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Figure 1: (a) h(t) and (b) {h(t − iTC), i = 0, 1, . . . ,N − 1} (N = 16).

Here, ∆ f ≥ 1/TS to ensure orthogonality (separability) be-
tween subcarriers of the chip shape. The magnitude of h(t)
is shown in the Figure 1a assuming ∆ f = 1/TS and the set
{h(t − iTC), i = 0, 1, . . . ,N − 1} is shown in Figure 1b. It
is important to note that h(t − jTC) and h(t − kTC) (k �= j)
are orthogonal to one another, and hence chips are separable.
Referring to (3) and Figure 1, the CI chip shape corresponds
to a frequency sampled version of the sinc(·) shape.

2.2. Proposed antenna array structure

The CI/DS-CDMA signal characterized by (1), (2), and (3)
is fed into a single M-element antenna array (see Figure 2).
The mth array element applies the phase shift mθ(t,φ), m ∈
[0,M − 1].

The beam pattern oscillation is created by careful selec-
tion of the antenna element’s phase offset, θ(t,φ). The an-
tenna array’s beam pattern movement will be designed to en-
sure (1) constant large scale fading, that is, the mean of the
Rayleigh fading is constant over the symbol duration TS; and
(2) that L independent fades are generated within each par-
tition TS. In other words, the antenna array beam pattern is
swept in a manner which ensures constant large scale fading
over symbol duration TS while ensuring L independent fades
within each TS.

Criterion 1: Constant large-scale fading

To ensure constant large-scale fading over each symbol time
duration TS, the beam pattern must remain in the antenna
array HPBW. That is [4]∣∣∣∣TS · dφ

dt

∣∣∣∣ = κ · HPBW, 0 < κ < 1, (4)

where φ is the azimuth angle, dφ/dt is the rate of antenna pat-
tern movement, and TS · (dφ/dt) is the amount of antenna
pattern movement in TS. The parameter κ, selected such that
0 < κ < 1, guarantees that the received antenna pattern am-
plitude is within the 3 dB beamwidth for the entire symbol
duration. This parameter κ is referred to throughout as the
antenna array control parameter as it determines (restricts)
the amount of beam pattern movement permitted in time
duration TS. Equation (4) corresponds to selecting the phase

Element #M(M − 1)θ(t,φ)

...
...

Element #32θ(t,φ)

Element #2θ(t,φ)
d0

Element #1

Sk(t)

Figure 2: The antenna array structure over which the CI/DS-
CDMA signal is sent.

offset applied to the antenna elements according to [4]

θ(t,φ) = κ · 2πd0 · ∣∣ sin(φ)
∣∣ · HPBW

λ0TS

·
(
t − TS

2

)
, t ∈ [0,TS

]
,

(5)

where d0 is the distance between the adjacent antenna ele-
ments as shown in Figure 2, λ0 is the average wavelength ap-
plied to the antenna array, and, for ease in presentation, we
have assumed a mobile located at φ0 ≈ π/2. After each time
duration TS, θ(t,φ) returns to its t = 0 value (returning the
beam pattern to its original position) and θ(t,φ) then recre-
ates an identical spatial movement over the next TS duration.
Assuming a small HPBW, (5) can be simplified to

θ(t) ∼= κ · 2πd0 · HPBW
λ0TS

·
(
t − TS

2

)
, t ∈ [0,TS

]
. (6)

Criterion 2: Independent fades

Movement of the antenna array beam pattern based on the
time-varying antenna array phases in (5) or (6) results in a
time varying channel, and rate of variation of the channel is
measured by coherence time, TC . Coherence time, in turn,
determines the number of independent fades over duration
TS. Computation of the coherence time requires modeling a
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channel in the presence of a moving beam pattern. In [5, 6]
a linear time-varying impulse response model is introduced
to characterize the channel with a beam pattern oscillation
based on (6). The channel impulse response was character-
ized using the so-called geometric-based stochastic channel
model (GSCM) [14, 15]. Simulation results with the antenna
array control parameter restricted to 0.0005 < κ < 0.05
demonstrated that the channel coherence time due to beam
pattern movement leads to an available diversity gain of up
to L ≈ 7 [5, 6].

Specifically, based on our earlier work in [5, 6], we
demonstrated how a 7-fold time diversity benefit is achieved
(by beam pattern movement) in a mid-sized city center as-
suming three scatterers with an average size of 20 m in every
1000 m2, κ = 0.05 (i.e., beam pattern movement corresponds
to 5% of the HPBW), BS-mobile distance x0 = 1000 m,
and HPBW = 0.3 radian (i.e., HPBW ≈ 17◦). (To create
HPBW ≈ 17◦ requires M = 6 antenna array elements—
hence, the number of elements may be a small value.)

3. RECEIVER DESIGN

User k’s signal, input to the antenna array of Figure 2, corre-
sponds to (using (1) and (2))

sk(t) = Re

{
bk · e j2π f0t ·

N−1∑
i=0

cik · h
(
t − iTC

) · g(t)

}
, (7)

which, using h(t) in (3), leads to

sk(t)=Re

{
bk · e j2π f0t ·

N−1∑
i=0

cik ·
N−1∑
n=0

e j2πn∆ f (t−iTC) · g(t)

}
,

sk(t)=bk · g(t) ·
( N−1∑

i=0

cik·
N−1∑
n=0

cos
(
2π
(
f0 + n∆ f

) · t − βin
))

,

t ∈ [0,TS
]
,

(8)

where βin = 2πi · n∆ f TC . The output of the mth element of
the antenna array, after application of phase offset mθ(t), is
simply

smk (t) = bk · g(t)

·
( N−1∑

i=0

cik ·
N−1∑
n=0

cos
(
2π
(
f0 + n∆ f

) · t − βin+mθ(t)
))
.

(9)

The presence of θ(t) creates a frequency offset; how-
ever, with θ(t) selected according to (6) (and considering
κ < 0.05), and assuming the distance between the antenna
elements d = λ/2, antenna HPBW = 0.3, and M = 6 ele-
ments, it is easily shown that the frequency offset induced by
θ(t) is less than 5% of a 1 MHz bandwidth. Hence, we ignore
this frequency offset in our presentation. The total downlink
transmitted signal, considering all antenna elements (all m)

and all users (all k) in t ∈ [0,TS], is (from (9))

s(t) =
K∑
k=1

bk · g(t) ·
( N−1∑

i=0

cik·
N−1∑
n=0

1
M

·
M−1∑
m=0

cos
(

2π
(
f0 + n∆ f

)

· t − βin + mθ(t)
))

, t ∈ [0,TS
]
,

(10)

where 1/M is a normalization factor compensating for trans-
mission over M array elements.

At the receiver side, the transmit diversity (due to an-
tenna array movement generated by θ(t)) corresponds to an
L-fold time diversity. Hence, the received signal in duration
[0,TS] can be divided into time slots [lTS/L, (l + 1)TS/L],
where l ∈ [0,L − 1], and each time slot contains a signal
with an independent frequency-selective fade. The received
signal corresponds to

rl(t) =
K∑
k=1

bk · g(t) ·
( N−1∑

i=0

cik ·
N−1∑
n=0

αln · AF(t,φ)

· cos

(
2π
(
f0 + n∆ f

) · t − βin

+
M−1

2
γ(t,φ) + ξln

))
+ nl(t),

t ∈
[
lTS

L
,

(l + 1)TS

L

]
, l = 0, 1, . . . ,L− 1.

(11)

First, we explain the αln and ξln terms in (11). Because each
chip shape is a multicarrier signal, the frequency selectivity
of the fade is resolved by the multicarrier components (as in
OFDM [16] and MC-CDMA [17]). That is, each carrier n,
n ∈ {0, 1, . . . ,N − 1}, that makes up the chip shape, experi-
ences a unique flat fade. αln is the fade on the nth carrier in
the lth time slot (due to fading) and ξln is the phase offset in
the nth carrier and lth time slot (due to fading) (hereafter,
this phase is assumed to be tracked and removed). The fades
αln over the subcarriers that make up each CI chip, that is,
{αl0,αl1, . . . ,αlN−1} are correlated Rayleigh random variables
with correlation coefficient between the p subcarrier fade
and the q subcarrier fade characterized by [18]

ρp,q = 1

1 +
(
(p − q) · (∆ f /(∆ f )C

))2 , (12)

where (∆ f )C is the coherence bandwidth of the channel. In
addition, in (11), the nl(t) term represents the white Gaus-
sian noise in the lth time slot, and the antenna array intro-
duces the phase offset γ(t,φ) corresponding to

γ(t,φ) =
(

2πd0

λ0

)
· cosφ + θ(t). (13)

Here, (2πd0/λ0) · cosφ represents the phase offset due to the
difference in distance between antenna array elements and
the mobile (assuming the smart antenna array is mounted
horizontally). Moreover, in (11), the antenna array also
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Figure 3: User h (a) mobile receiver and (b) chip j receiver.

introduces the normalized gain AF(t,φ), corresponding to

AF(t,φ) = 1
M

·
[

sin
(
(M/2)γ(t,φ)

)
sin
(
(1/2)γ(t,φ)

) ]. (14)

Assuming the mobile is located on the antenna beam main
axis (φ0 = π/2), and assuming a small beam pattern move-
ment (κ < 0.05), we can simplify (11) by assuming γ(t,φ) ∼=
γ(t) = θ(t) and AF(t,φ) ∼= 1 at the mobile’s position for all
t ∈ [0,TS].

The CI/DS-CDMA receiver is shown in Figures 3a and
3b, where Figure 3a shows the overall receiver structure for
user h, and Figure 3b details the block entitled “chip j re-
ceiver” (in Figure 3a). In other words, the receiver operates as
follows: first, the received signal is processed through a total
of N chip receivers, where chip j’s receiver (a) decomposes its

chip into N carrier components, and (b) recombines across
the carrier components to recreate the chip while achieving a
frequency diversity benefit. In addition, because a time di-
versity benefit is available (via transmit diversity), chip j’s
receiver also (c) combines across time components to recre-
ate the chip with a frequency-time diversity gain. Next, once
each chip is recreated with an enhanced diversity benefit, the
receiver of Figure 3a performs a combining across chips in a
usual DS-CDMA manner to eliminate interfering users’ sig-
nals.

Mathematically, the receiver operates as follows. First, the
received signal enters chip j’s receiver. Here, the carrier com-
ponent is removed from the incoming signal, and the signal
is split into N branches (one per carrier component). On the
nth branch, the nth carrier is returned to baseband and sep-
arated from other carriers by application of a lowpass filter.
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(To ensure perfect separability of the carriers (that make up
the jth chip) via filtering, we select ∆ f = 2/TS.)

Each baseband signal (one per carrier) is integrated over
each interval over which the fade is constant, that is, over t ∈
[lTS/L, (l+1)TS/L], l ∈ [0,L−1]. After applying phase offsets
to the N frequency components (phase offsets corresponding
to the delay jTC , separating the jth chip from other chips),
the signal in the jth chip’s receiver, for each carrier n, n ∈
[0,N − 1], and time interval l, l ∈ [0,L− 1], corresponds to

r
l, j
n,h = 1

L

√
ES · αln · bh · c jh +

1
L

√
ES · αln · bh ·

N−1∑
i=0
i�= j

cih · ρi, jn

+
1
L

√
ES · αln ·

K∑
k=1
k�=h

c
j
k · bk

+
1
L

√
ES · αln ·

 K∑
k=1
k�=h

bk ·
N−1∑
i=0
i�= j

cik · ρi, jn

 + n
l, j
n,h,

(15)

where
√
ES = √TS/2. In (15), the first term represents the de-

sired nth frequency component and lth time component of
chip j for the desired user (user h); the second term is the
interchip interference due to other chips from the same user

(where ρ
i, j
n = cos(βin − β

j
n) is the correlation between the ith

chip and the jth chip in carrier n); the third term is the inter-
ference due to the same chip from other users, and the fourth
term represents the interference from different chips of dif-

ferent users. Moreover, n
l, j
n,h is a zero mean Gaussian random

variable with variance (N0/2)/(N2 · L), independent across
different carriers n and different time slots l, but correlated
across chips, with correlation ρ

i, j
n between the ith chip noise

and the jth chip noise.
It is also important to note the factor of 1/L in the first

term (desired term) in (15), which is a direct result of the
division of the received signal interval into L partitions (to
create L-fold time diversity) (i.e., a direct result of the L-fold
oversampling strategy).

Following the decomposition of the jth chip into its time
and frequency components, each with a unique fade, a lin-
ear combining strategy is employed to recreate the jth chip
with a joint time-frequency diversity benefit. Using the lin-
ear combining scheme discussed in the next paragraph, we

combine the r
l, j
n,h over time components (l) and frequency

components (n) (with L × N diversity components, L over
time and N over frequency) to simultaneously reduce the in-
terchip interference and the noise, and achieve high diver-

sity gains. This leads to the output, R
j
h, which (referring to

Figure 3a) is combined across the N chips in the usual DS-
CDMA manner to eliminate other users interference (term 3
in (15)). The chip combiner output for user h corresponds to

Rh =
N−1∑
j=0

c
j
h · Rj

h. (16)

This Rh term enters a hard decision device which generates
the final decision, b̂h. The time-frequency combiner recre-
ating the jth chip from its time-frequency components (in
Figure 3b) is designed using EGC-MMSEC, that is, EGC
across L time components followed by MMSEC across N fre-
quency components. Applying EGC in time, then the Wien-
ner filter principle [19] to determine the MMSEC across car-
riers, the decision variable corresponds to

R
j
h =

N−1∑
n=0

√
ES · αn/L

P · K · (αn)2
+ N ′

0n/2
· r jn,h, (17)

where

r
j
n,h =

L−1∑
l=0

r
l, j
n,h = 1

L

√
ES · bh · c jh · αn

+
1
L

√
ES · bh · αn ·

N−1∑
i=0
i�= j

cih · ρi, jn

+
1
L

√
ES · αn ·

K∑
k=1
k�=h

c
j
k · bk

+
1
L

√
ES · αn ·

 K∑
k=1
k�=h

bk ·
N−1∑
i=0
i�= j

cik · ρi, jn
 + n

j
n,h,

(18)

αn =
L−1∑
l=0

αln, (19)

n
j
n,h =

L−1∑
l=0

n
l, j
n,h, (20)

P = ES
L2

·


N for n = 0 or

N

2
,

N

2
else,

(21)

and N ′
0n/2 is the noise variance of n

j
n,h in (20), that is,

(N0/2)/N2.

4. SIMULATED PERFORMANCE

For simulation purposes, we consider (1) CI/DS-CDMA with
a processing gain of N = 32; (2) each CI/DS-CDMA chip is
composed of N = 32 carriers (see (3)); (3) the CI/DS-CDMA
system is fully loaded with K = 32 orthogonal users employ-
ing Hadamard-Walsh codes; (4) the frequency selectivity of
the channel results in 4-fold frequency diversity over the en-
tire bandwidth, that is, (∆ f )C/BW = 0.25, and (5) beam pat-
tern movement results in L = 7 independent fades in the du-
ration TS (see Section 2 and [5]).

In Figure 4, a typical simulation result is provided for the
proposed CI/DS-CDMA—oscillating beam antenna-array
merger. The simulation results in Figure 4 are compared with
those of CI/DS-CDMA with a conventional smart antenna
at the BS. Here, MMSEC is applied to the subcarriers of the
received CI/DS-CDMA signal [9, 10, 11, 12, 13]. It is ob-
served that the introduction of a smart antenna array with
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Figure 4: Simulation results.

beam-pattern oscillation at the BS introduces an improve-
ment of more than 14 dB at a probability of error of 10−3

(at the mobile via EGC-MMSEC combining technique) com-
pared to CI/DS-CDMA with traditional smart antenna ar-
rays. When compared to traditional DS-CDMA with RAKE
reception (e.g., [8]) combined with a conventional smart an-
tenna array, even larger performance gains are achieved, as
shown in Figure 4. In Figure 4, EGC-MMSEC technique is
compared with EGC-EGC and EGC-MRC (maximal ratio
combining) schemes. EGC-MMSEC achieves excellent per-
formance relative to other combining options.

5. DISCUSSION AND CONCLUSION

CI/DS-CDMA signals are sent via a single antenna array at
the BS, and received by a single antenna at the mobile station.
The phase shifts introduced to the BS antenna array elements
are designated to control the antenna pattern movement (os-
cillation) such that it achieves directionality and transmit di-
versity.

Receivers employ diversity combining in the frequency
and time domains, and significant performance improve-
ment is shown when compared to the CI/DS-CDMA system
with a conventional antenna array. This performance gain
highlights the significance of small beam pattern movement
in smart-antenna-array CDMA systems. This performance
leads to high network capacity in terms of number of users.
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Adaptive-type smart antennas do not usually operate on the deployed universal mobile telecommunication system (UMTS) sce-
narios, although UTRA (UMTS terrestrial radio access) foresees their operation and they would improve capacity especially in
mixed-service environments. This paper describes the implementation of a software radio-based version of an adaptive antenna,
named ADAM, that can be used with any standard Node B, both in the up- and downlinks. This transparent operational feature
has been made possible by the partial cancelation algorithm applied in the uplink by means of a common beamforming vector.
Firstly, a general description of the system as well as the theory of its operation are described. Next, the hardware architecture is
presented, showing the real implementation. Also a complete software description is done. Finally, results are presented, obtained
from both simulation and real implementation, showing the improvement obtained with the adaptive antenna as compared with
a typical sectored one. Performance results obtained in the initial tests show that ADAM prototype provides an SINR increase of
12.5 and 6.5 dB over a conventional sectored antenna in the uplink and downlink, respectively. System-level simulation results are
presented, showing the throughput increase obtained with ADAM. These findings provide evidence of the capacity improvement
achieved with the ADAM prototype.

Keywords and phrases: smart antenna prototype, beamforming, wireless communications, synchronization, DSP, UMTS.

1. INTRODUCTION
The smart antenna concept is applied to several kinds of an-
tenna arrays. Phased arrays, switched multibeam antennas,
and adaptive array antennas are usually included under the
smart antenna concept with the only condition of includ-

ing the possibility to somehow control the radiation pattern.
Great advantages have been reported for the smart antenna
implementation in base stations for mobile telephone com-
munications, but this kind of antenna has not been exten-
sively applied to those systems yet.



ADAM: A Realistic Implementation for a W-CDMA Smart Antenna 1385

If capabilities of phased array, switched-beam array, and
adaptive array antennas are compared, the last type shows
considerable advantages over the others [1]. Not only can
adaptive arrays improve antenna gain in the user direction
but they can also cancel interferences inside the angular
range of control. This ability implies an increase of the signal-
to-interference-plus-noise ratio (SINR) for each user. For
code division multiple access (CDMA) systems, an increase
of sector capacity is obtained for those cells with base sta-
tions equipped with smart antennas. The capacity increase is
higher in cells with high interference levels, usually produced
by high bit rate users.

Adaptive antenna systems can be implemented using a
space or time reference-based algorithm. In spatial reference
adaptive arrays, interference directions are computed and the
array weights are obtained to cancel or minimize them. In
time reference adaptive arrays, time series from the input sig-
nal at each array element are processed to form the array vec-
tor of weights. The array factor implemented for each user
increases the SINR and improves the energy per bit to noise
density ratio (Eb/N0) due to the correlation of the received
signals. This strategy is appropriate for CDMA signals since a
time reference can be obtained applying the user code. In the
particular case of universal mobile telecommunication sys-
tem (UMTS), the physical layer has been designed to work
with adaptive antennas both in uplink and downlink [2].

A significant research effort has taken place in the last
years to introduce smart antenna systems in cellular sce-
narios. However, the deployment of these antenna systems
has not become a reality yet due to their cost and com-
plexity. In practice, only switched-beam antennas for second
generation (2G) systems have been commercially deployed
[3, 4, 5, 6, 7, 8]. This is due to the complexity of adaptive
antennas in third generation (3G) systems. In contrast to 2G
systems, where beamforming can be done in radio frequency
(RF), beamforming in 3G must be applied after demodu-
lating the CDMA signal so that adaptive antenna functions
need to be integrated into the (digital and intermediate fre-
quency (IF)) baseband-processing sections of the base sta-
tion. Therefore, the implementation of adaptive antennas in
3G base stations requires a reconfigurable and flexible archi-
tecture. These features can be obtained using software radio
platforms [9, 10, 11].

Many of the existing smart antenna solutions for 3G have
been developed for a unique base station equipment manu-
facturer [12, 13]. This fact makes the deployment of smart
antenna systems unfeasible for mobile communications op-
erators due to the high associated cost and manufacturer de-
pendency. A plug and play smart antenna solution, appropri-
ate for any base station from any manufacturer, has not been
developed yet.

This paper details a practical implementation of an adap-
tive plug and play smart antenna for 3G mobile communi-
cation systems based on wideband-CDMA (W-CDMA) like
UMTS [14, 15]. Unlike currently existing adaptive antenna
arrays, the implementation described here implies an easy
deployment over any base station, not only on those specifi-
cally developed to be used with smart antennas [16]. ADAM

stands for “adaptive antenna for multioperator scenarios,” as
it can be connected to any base station site even shared by
several operators.

As a plug and play functionality is demanded, the UMTS
signals are demodulated and remodulated again, allowing a
direct connection between the smart antenna outputs and
the base station inputs [16]. Due to this process, in the up-
link, only those interferences common to the intracellular
users and all the extracellular interferences are canceled. The
relationship between the extracellular and intracellular inter-
ferences is called the extracellular interference factor F and
has a value between 0.4 to 1.4 depending on the environment
and the service [15]. This implies that more than 50% of the
interferences are canceled on average as the common intra-
cellular interferences should also be taken into account.

This antenna will take profit of hot spots, improving the
capacity in the vicinity of high occupied cells. In these situa-
tions, mainly higher power external interferences from mul-
timedia services are canceled by ADAM prototype, as it is
demonstrated by simulation in this paper. In these situations,
the antenna would help the cells in the vicinity of a hot spot
to expand their coverage and to compensate the “cell breath-
ing” of high occupied cells. Moreover, in mixed and asym-
metric services scenarios, typical of 3G systems, ADAM will
increase the capacity in terms of total throughput.

According to the software radio concept, the analog-to-
digital conventers (ADCs) and digital-to-analog conventers
(DACs) are located just before the analog RF-to-IF chains,
hence working with IF signals instead of the typical base-
band signal. This allows most of the system modules to be
implemented in software, which is a great advantage with re-
spect to pure hardware implementations because the system
can be easily reconfigured and updated with more advanced
versions. Therefore, a great flexibility is achieved with this
structure.

The beamforming module has been implemented just
before the W-CDMA modulation. In the uplink, classical
beamforming algorithms have been adapted to the special
extracellular cancelation scheme implemented [17, 18]. Al-
though different beamforming algorithms can be used, the
normalized least mean squares (NLMS) algorithm has been
selected initially due to its reduced computational complex-
ity. In the downlink, beamforming aims to cancel all intra-
and extracellular interferences, thus a full cancelation algo-
rithm has been selected.

Apart from NLMS, some tests have been done using the
recursive least squares (RLS) algorithm in order to study
the performance improvement obtained in the convergence
speed and final SINR.

It is important to remark on the implementation of the
synchronization algorithms in UMTS [19, 20, 21]. This prob-
lem has been solved using a two-step approach, initially do-
ing a coarse synchronization that is followed by a continuous
fine synchronization. The implemented algorithm has been
intensively optimised.

As the smart antenna should be transparent for the base
station, it should not implement the base stations physical
procedures, such as power control and handover, which are
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Figure 1: Implementation architecture of the ADAM smart antenna to be deployed in connection with a standard Node B.

performed by the base station (Node B) itself. Moreover, po-
larization diversity is performed by the base station, and the
ADAM antenna is connected to both base station ports and
processes each polarization independently.

2. UMTS SMART ANTENNA ARCHITECTURE
AND OPERATION OF ADAM PROTOTYPE

The implemented architecture of the ADAM smart antenna
prototype is shown in Figure 1. In the downlink, the RF sig-
nal from Node B is downconverted to IF, digitized, demod-
ulated, beamformed (with a set of different weights for each
user), and finally, upconverted to RF. In the uplink, an equiv-
alent process is performed but using a common beamform-
ing vector for all the users. This architecture performs a total
interference cancelation in the downlink but only a partial
cancelation in the uplink.

However, a higher flexibility is achieved because ADAM
antenna can be plugged to any base station, even those not es-
pecially designed to work with a smart antenna system [16].
All the commercial Nodes B have a standardized RF interface
(Uu interface). In case of using a baseband interface for the
connection of the smart antenna with the base station, the
interface definition would depend on each particular man-
ufacturer, and ADAM prototype would lose its transparent
operation feature. Therefore, once the array output has been
computed, it must be upconverted again to the original RF
carrier in order to interface adequately with any standard
Node B, as it can be seen in Figure 1.

According to the physical layer of UMTS, time refer-
ence and user synchronization may be obtained in the uplink
from the dedicated channel (DCH) (in particular, dedicated
physical control channel (DPCCH)) [17]. However, down-
link allows several ways to obtain time reference and user
synchronization: common pilot channel (CPICH), primary
common control physical channel (P-CCPCH), secondary-
CCPCH (S-CCPCH), and even pilot symbols or diversity pi-
lots [15]. ADAM implementation gets user synchronization
from DPCCH in the uplink, and from CPICH in the down-
link. Tables 1 and 2 summarize which physical channels are
processed in up and down streams to get system information
and which channels are beamformed or not by the ADAM
prototype.

In the uplink, both common and dedicated channels are
beamformed since the beamformer for dedicated channels

Table 1: Beamforming of uplink physical channels. (PRACH: phys-
ical random access channel.)

Channel Function in smart antenna Beamforming

DPCCH
User synchronization and uplink

channel characterization
Yes

DPDCH —– Yes
PRACH —– Yes

Table 2: Beamforming of downlink physical channels. (AICH: ac-
quisition indicator channel; CSICH: common packet channel status
indicator channel; PICH: page indication channel; PDSCH: physi-
cal downlink shared channel.)

Channel Function in smart antenna Beamforming

SCH Cell slot synchronization No
CPICH Downlink frame synchronization No

User synchronization
(scrambling code identification)

P-CCPCH —– No
S-CCPCH —– No
AICH —– No
CSICH —– No
PICH —– No
DPCH —– Yes
PDSCH (DPCH) —– Yes

adapts simultaneously the common channels coming from
the users directions. Figure 2 shows the proposed architec-
ture for the uplink, where the DPCCH from each user is syn-
chronized and demodulated to perform the computation of
individual beamforming weights. At this stage, the common
set of weights are computed and applied to the composite re-
ceived UMTS signal.

In the downlink, common and broadcast channels are
bypassed and transmitted to the whole sector in parallel with
the beamformed dedicated channels, as it can be seen in
Figure 3. The synchronization is performed using primary-
CPICH (P-CPICH) information and applied to every user to
be demodulated, beamformed, and remodulated again be-
fore being sent to each antenna element. Downlink weights
are obtained from uplink weights, as it will be explained in
Section 4.2.

The performance improvement that may be achieved
with an adaptive antenna depends on the following aspects:
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antenna array geometry, adaptive algorithm that controls the
beamforming process, and propagation and interference en-
vironment. Those issues have been studied by simulation and
are presented in Section 6. The ADAM array prototype uses
four commercial sectored antennas for the UMTS band, each
with a −3 dB beamwidth of 65◦ and ±45◦ polarization ports
[22]. The individual antennas are put together in a uniform
linear array structure, as shown in Figure 4. With this config-
uration, interelement separation is 15 cm (wide dimension
of each sectored antenna), which is equivalent to 0.975λ and
1.070λ at the uplink and downlink frequencies, respectively.

3. HARDWARE ARCHITECTURE

The overall system proposed in this paper is formed by sev-
eral hardware devices. Their characteristics, as well as the fi-
nal selected hardware architecture, are presented below for
both the uplink and downlink. Although a general descrip-
tion of the adaptive antenna has been made in Section 2, we
focus here on the specific selected hardware solutions.

In the uplink, the received analog signal is downcon-
verted by the RF-to-IF chains and digitalized. Afterwards, it
is processed in the digital signal processing module, where
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Figure 4: ADAM prototype: antenna array structure.

several digital signal processors (DSPs) work in parallel. The
processed baseband signal is then analog-converted again,
sent to an IF-to-RF chain and then to the Node-B RF input
port. Conversely, the signal received from the Node-B out-
put port follows similar steps in the downlink (RF-to-IF con-
version, digitalization, digital processing, analog conversion,
and RF upconversion), being finally transmitted through the
antenna array.

Figure 5 shows a general architecture of the hardware im-
plementation, where the blocks for the two polarizations are
identical. The digital processing module, formed by several
processors, is common to both polarizations. Analog RF-to-
IF and IF-to-RF chains are not thoroughly explained here
since it is out of the scope of this paper, mainly focused on the
digital signal processing stages. Figure 6a shows the develop-
ment system for software radio modules, whereas Figure 6b
shows the test equipment.

Due to the software radio implementation, the IF fre-
quency value offered to the rest of the modules must be care-
fully selected. A high IF would simplify the design of the
analog chains, especially the filtering of the image frequency,
but it would increment the processing capacity requirements.
Also the current state of the art in ADCs and DACs should be
taken into account since there is a tradeoff between the ver-
tical resolution and sample frequency that can be achieved.
With this in mind, an IF of 44 MHz was selected as a com-
promise solution.

Several aspects were taken into consideration to prop-
erly select the ADCs and DACs. The first one was the ver-
tical resolution (or number of bits in conversion) required
for this application. The quantification noise is lower with
a high vertical resolution, but the available maximum sam-
pling frequency decreases as the number of bits in conver-

sion are incremented. The recommended number of bits to
use in a UMTS application is at least 12 [1]. As for the maxi-
mum sampling frequency fs,max, it should be high enough to
correctly receive or transmit the desired signal without loss
of information. Also related to the fs,max, we have to take
into account the conversion bandwidth parameter. Finally,
the dynamic range of the input voltage should be considered,
especially in the analog chains design, to properly adjust its
gain to the ADC input and DAC output levels.

After the ADC, the signal must be downconverted to
baseband by means of an IQ demodulator. One possibil-
ity could be to implement it directly in a general DSP. But
due to the high UMTS sampling rate, the required compu-
tational capacity to accomplish that operation would make
the implementation unfeasible. Another interesting solution
would be to use on-chip IQ demodulators or broadband
downconverters, usually called front-ends. These devices can
process the signal independently of the general DSPs, which
can be used then to do the subsequent processing. The lat-
ter option has been chosen to implement the downconver-
sion to baseband; so a general-purpose receiver has been se-
lected from the commercially available devices. The selected
receiver boards1 consist of two broadband IQ demodula-
tors plus two ADCs so that two identical receiver channels
per receiver board are available [23]. The vertical resolution
for the ADCs is 12 bits, and its maximum sampling fre-
quency is 80 MHz. The ADC sampling frequency must be
carefully selected. It has to be a multiple of the UMTS base-
band signal rate 3.84 Mchip/s, multiplied by the number of
samples per chip, which is Nspc = 4 in this prototype. Nei-
ther 15.36 MHz nor 30.72 MHz can be used as sampling fre-
quencies since it would cause aliasing in the sampled sig-
nal. On the other side, the ADC features restrict the possi-
ble sampling frequency to a maximum of 100 MHz. Thus,
fs = 61.44 MHz has been chosen. Since fs does not meet the
Nyquist theorem ( fs is lower than 2 · IF), the resulting sig-
nal is undersampled. This does not involve a loss of infor-
mation because the signal is bandlimited to 5 MHz. A dia-
gram of the main parts of one receiving channel is shown in
Figure 7.

Similarly, an IQ modulator is required before each DAC.
Also the front-end solution has been adopted here. The se-
lected digital upconversion boards2 provide two identical
and independent broadband channels [23]. The DAC accepts
12-bit digital signal as input, and its maximum sampling fre-
quency is 200 MHz. A block diagram of one channel can be
seen in Figure 8.

Once the signal has been digitally converted and IQ de-
modulated, it has to be processed by the synchronization and
beamforming modules, which are implemented in general-
purpose digital processors. A few characteristics have been
considered to select the DSPs that have been used to imple-
ment the software modules. The most important features are
the arithmetic type, the clock rate and, in connection with

1Pentek 6235-board.
2Pentek 6229-board.
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Figure 6: Hardware modules of ADAM prototype and test equipment. (a) Development system. (b) Measurement and test system.

this, the computational capacity. Fixed-point arithmetic is
preferred instead of floating-point arithmetic since a higher
speed processing for linear operations, like the ones required
in this application, can be achieved. As regards the clock rate,
the higher it is, the greater the number of instructions per
second that can be executed, and the higher the computa-
tional capacity that can be obtained. In order to increase the
computational capacity, a structure of various DSPs in paral-

lel can be used. The selected digital processing structure con-
sists of six 4-DSP boards,3 referred to as Quads [23]. Each
Quad is formed by four 300-MHz fixed-point DSPs along
with other interfaces between DSPs. Every Quad is capable of

3Pentek 4292-Quad VME board, with four Texas instrument

TMS30C6203 processors.
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delivering a combined peak processing power of 9600 MIPS
(millions of instructions per second).

In order to increase the data transfer rate between Quads,
a high-speed data bus has been used4 [23, 24]. This de-
vice is a high-speed backplane fabric capable of deliver-
ing 32-bit word transfers between versa module eurocard
(VME) boards, such as the Quads presented previously. It
provides multiple, simultaneous high-speed communication
paths between DSPs which make the bus a valuable asset to
real-time applications. The bus is capable of communicating
up to eight VME boards at a data transfer rate of 267 MBps,
which means an aggregate transfer rate up to 1068 GBps.

For monitoring tasks, a personal computer can be con-
nected to the digital processing module to control the process
and allow viewing of key variables and parameters.

4. PRINCIPLES AND IMPLEMENTATION
OF SOFTWARE RADIO MODULES

The software implementation has been divided into two
main submodules: the set-up, synchronization and modem
module, and the adaptive beamforming module. They are
thoroughly explained below.

4Pentek 8251 Race++ interlink modules.

4.1. Set-up, synchronization, and MODEM stages

As it is known [2], each physical channel in W-CDMA
is spread combining two types of codes with complemen-
tary properties: orthogonal variable spreading factor (OVSF)
channelization codes and scrambling codes (Gold codes,
with excellent correlation properties). Basic information
needed in a W-CDMA process is the used codes and, like any
spread-spectrum technique, the timing reference [25]. The
function of the set-up stage is to find the essential data needed
before the demodulation process in uplink and downlink.

4.1.1. Set-up procedure

Basic synchronization algorithms employed in the modem
will be detailed in Section 4.1.2, and they are common for
uplink and downlink. The main difference between uplink
and downlink synchronization stages lies in which physical
channels are used as reference signals.

In the downlink, all the physical channels (common sig-
nalling channels and dedicated user channels) use the same
synchronization reference, that is, if the synchronization of
one channel is known, the timing of the other channels is au-
tomatically known. The procedure to find the common tim-
ing reference for all downlink channels is called cell search
procedure. Typically, cell search procedure is completed af-
ter three steps: slot synchronization, frame synchronization,
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Table 3: Number of clock cycles and acquisition time for the coarse synchronization algorithm.

Branches Clock cycles/bit Acquisition time (number of frames)

Serial search 1 3000 1

Parallel search

2 5700 0.5

3 8700 0.33

4 10800 0.25

10 27300 0.1

code-group identification, and finally scrambling code iden-
tification [2]. Common signalling channels needed in this
stage are the synchronization channel (SCH) and the P-
CPICH.

The first and second steps use SCH codes. During the
first step, the cell slot synchronization is acquired; it can be
done by correlating the received signal of the base station
with the primary SCH codes, employing the coarse synchro-
nization algorithm, as it will be explained in Section 4.1.2.1.
After the cell slot timing is achieved, the frame synchro-
nization procedure is initiated. In this second step, the sec-
ondary SCH codes must be used. Once the combination of
secondary SCH codes used by the base station is identified,
it is possible to acquire the general frame synchronization
for downlink and the primary code group of cell simultane-
ously.

Finally, the exact primary scrambling code used by the
cell is determined in the third step. This search is limited to
the set of eight different scrambling codes determined by the
primary code group. The reference channel employed in this
step is the P-CPICH, which is transmitted continuously over
the entire cell. The P-CPICH is an unmodulated code chan-
nel, which is scrambled with the cell-specific primary scram-
bling code of the cell. The P-CPICH is unique for each cell.
After the primary synchronization code has been identified,
the cell search procedure is finished and it is possible to ap-
ply the general fine synchronization algorithm in downlink
with the P-CPICH channel. At the same time, the P-CCPCH
is demodulated in order to extract the specific parameters
necessary for user’s demodulation, which are the channeliza-
tion code, spreading factor, and the specific timing delay, for
the downlink, and the scrambling and channelization codes,
spreading factor, and DPCCH format, for the uplink. The
combination of the cell search procedure and extraction of
user’s specific information is denoted as set-up stage of the
modem.

Unlike downlink, each user has a specific synchroniza-
tion reference in the uplink. If the modem knows the pa-
rameters of active users for uplink (obtained in the downlink
set-up stage), the synchronization scheme is very simple. For
each user, the timing reference is extracted from the DPCCH,
applying the coarse and fine synchronization algorithms di-
rectly.

4.1.2. Synchronization algorithms

The timing information of the transmitted frame is essential
in order to properly demodulate the despread signal. Even

if there is a single chip duration error, the received spread
spectrum signal cannot be properly demodulated.

Once the used codes in physical channels have been ob-
tained, the appropriate timing reference is extracted. This
synchronization issue is resolved following a two-step ap-
proach [20]. Firstly, coarse synchronization or initial code
acquisition accomplishes the synchronization of the received
signal and the corresponding code, with an uncertainty of
half a chip period (±Tc/2). Secondly, fine synchronization or
code tracking performs and maintains the synchronization
between the received signal and the code with a precision al-
ways lower than half a chip period.

To perform the synchronization, the scrambling code
properties are used. These codes have an autocorrelation
function that reaches its maximum when the code and the
received signal are aligned.

4.1.2.1. Coarse synchronization

As stated before, the objective of the coarse code synchro-
nization is to achieve an initial code acquisition between the
received signal and the corresponding scrambling code. This
is equivalent to matching the phase of the spreading signal
with the code.

There are different general acquisition techniques [19, 20,
21]. In the serial search, all the possible phases are tested one
by one sequentially. The complexity for this method is quite
low but the associated acquisition time is high. In the parallel
search, all the possible phases are tested simultaneously. The
complexity is higher but the acquisition time is much lower
than in the serial search. An intermediate approach between
the serial and parallel search strategies has been implemented
in order to achieve the coarse synchronization with a mod-
erate computational load, considering the complexity versus
acquisition trade-off. A study of the computational load re-
quired by the different implementation approaches is shown
in Table 3.

Considering the capacity of the used DSP’s, the three-
branches serial-parallel approach has been implemented.
The block diagram of the coarse synchronization stage is
shown in Figure 9.

In the figure, several blocks can be distinguished: corre-
lators, thresholds generator, signal control modules, and a
scrambling code generator. The received match-filtered sig-
nal is correlated with different cycle-delayed code versions.
The maximum correlation value from the branches is com-
pared with the first threshold γ1 which is obtained taking into
account the second maximum correlation value. In order to
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avoid situations in which the background noise may cause a
wrong correlation which exceeds the first threshold, it is nec-
essary to set another threshold to minimize this effect. This
second threshold γ2 is calculated from the average of all the
correlations except the maximum value. If the input signal
surpasses both thresholds, then it is coarse-synchronized and
fine synchronization is triggered.

4.1.2.2. Fine synchronization
The purpose of code tracking is to perform and maintain the
synchronization. Code tracking starts its operation only after
coarse synchronization has been achieved. After coarse syn-
chronization, a small phase error is still present. In order to
correct this error, the loop structure shown in Figure 10 is
used [19].
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The first block is a decimator that selects the correct sam-
ple at the right time, depending on the correlation value.
In the second step, the decimated signal is delayed or ad-
vanced half a chip period, creating the late, early, and on-time
branches. These three signals are correlated with the locally
generated scrambling code, and the maximum absolute value
of the correlations is selected. According to this selection, the
timing information is updated.

4.1.3. Demodulation in uplink and downlink

Once the timing information and scrambling and channel-
ization codes are determined, any UMTS physical channel
can be demodulated.

In the uplink, DPCCH is demodulated for each user in
order to extract the pilot bits that will be used as the reference
signal in the beamforming process. To complete this task, two
operations must be carried out: the complex-valued signal is
descrambled by a complex-valued scrambling code SDPCCH,n

which identifies a user, and the signal is despread using the
channelization code cn which identifies the DPCCH channel.
This process is shown in Figure 11.

In the downlink, the dedicated physical channel (DPCH)
is demodulated. Firstly, the signal from Node B is de-
scrambled by a complex-value scrambling code Sdl,n which
identifies the cell and afterwards, the signal is despread
through the correlation with a real-valued channelization
code cch,SF,n which identifies the user in the downlink. Both
time-multiplexed DPCCH and DPDCH (dedicated physical
data channel) bits are obtained after this operation. Once the
DPCH bits for every user have been demodulated and beam-
formed, the spreading operation is performed with cch,SF,n

and scrambled with Sdl,n. The block diagrams of the modem
for the downlink are shown in Figures 12a and 12b.

4.2. Adaptive beamformer

Immediately after the synchronization has been achieved, the
following stage is the adaptive beamforming. The aim of this
module is to calculate the set of array weights that make the
array output signal satisfy an optimization criterion. Apart
from this computation, the beamforming module adequately
combines the received signal vector in order to produce a
spatially filtered W-CDMA signal in the array output.

In the downlink, the base station transmits a separate
beam pointing at the direction of each user, along with the
broadcast channels, which are transmitted to the whole sec-
tor.

In this section, beamforming principles and implemen-
tation aspects are thoroughly explained. Moreover, theoret-
ical expressions for the SINR are given for the operation of
ADAM in uplink and downlink. In CDMA systems, this pa-
rameter is used for the estimation of capacity, throughput,
and quality of service. Performance results will be shown in
Section 6.1.

4.2.1. Uplink operation and implementation

Let x(t) be the complex envelope representation for the vec-
tor of received signals in the array elements. For a situation
with K mobile users and one interfering source i(t), the vec-
tor x(t) can be expressed as follows:

x(t) =
K∑
k=1

√
Pk

Lk∑
l=1

αUkl(t)a
U
(
θkl
)
sk
(
t − τkl

)
+
√
Pinta

U
(
θint
)
i(t) + n(t),

(1)

where Pk is the power transmitted from user k, αkl and τkl
are the complex channel gains and delay of the l-path of the
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kth user, and a(θ) = g(θ) · {exp( j(2π/λ)d(l− 1) cos(θ)), l =
1, . . . ,L} is the response of a uniform linear array with L an-
tenna elements and an interelement separation d, such as
ADAM, to a wave impinging from an azimuth direction θ,
including the element antenna pattern g(θ) [26]. The kth
user signal sk(t) includes modulation, data, and spreading.
Pint is the power transmitted from the external interference
source. Superscript U stands for the uplink. Finally, n(t) is an
L-dimensional complex Gaussian vector with independent
and identically distributed (i.i.d.) components of zero mean
and variance given by the corresponding signal-to-noise ra-
tio (SNR).

In the uplink operation, two alternatives can be consid-
ered. The first one consists in performing a total cancelation
of interfering sources for each user, including the contribu-
tions from other mobile users. Let wk be the uplink beam-
forming vector for each particular user in the total cancela-
tion scheme. With this approach, if K users are present in
the cell, then a separate beamformed signal yk(t) = wH

k x(t),
k = 1, . . . ,K , should be transferred to Node B. Therefore, K
separate input channels would have to interface with Node B,
and ADAM operation would lose its transparent behavior.

The other alternative is to apply a common beamforming
weight vector w to the composite received signal x(t) (mobile
user signals plus interference sources). The approach applied
to ADAM is to use a linear combination of wk weights to per-
form the common beamforming operation that is required in
the uplink. All individual beamforming vectors have a com-
mon feature, namely, the cancelation of interfering sources
external to the system. Following this technique, the array
output can be expressed as follows:

y(t) =
K∑
k=1

wH
k x(t) =


K∑
k=1

wH
k

x(t) = wHx(t)

= wH


K∑
k=1

√
Pk

Lk∑
l=1

αUkl(t)a
U
(
θkl
)
sk
(
t − τkl

)
+
√
Pintw

HaU
(
θint
)
i(t) + wHn(t).

(2)

This scheme is called partial interference cancelation be-
cause only common interfering sources will be canceled after
applying common beamforming weights. The uplink SINR
in the array output for user k is therefore given by

SINRUL
k

=
wHE

{∣∣∣√Pk∑Lk
l=1 α

U
kl(t)a

U
(
θkl
)
sk
(
t − τkl

)∣∣∣2
}
w

wHE

{∣∣∣∣∑K−1
i=1
i�=k

√
Pi
∑Li

l=1 α
U
il (t)aU

(
θil
)
si
(
t − τil

)∣∣∣∣2
}
w

+wHE
{∣∣√PintaU

(
θint
)
i(t)
∣∣2
}
w + wHE

{∣∣n(t)
∣∣2
}
w


.

(3)

The second term in the denominator represents the com-
mon interference contribution that appears in the array out-
put. The level of common interference cancelation is given
by the magnitude of |wHaU(θint)|2.

In both alternatives, the calculation of individual beam-
forming weights wk fulfils the minimum mean square error
(MMSE) criterion in the array output. The optimum solu-
tion is given by the Wiener-Hopf equation as wk = R−1

k p
k
,

where Rk = E{xk(n)xHk (n)} and pk = E{xk(n)d∗
k (n)}, xk(n)

and dk(n) being the vector of demodulated pilot bits in the
antenna array and the reference pilot bits, respectively. This
equation does not represent a practical solution so that a sub-
optimum set of weights must be calculated by means of adap-
tive algorithms. This procedure is based on the iterative esti-
mation ofwk each time a new pilot bit is demodulated. In this
way, the antenna is capable of adapting its radiation pattern
to a fast varying environment.

Two well-known adaptive algorithms have been consid-
ered, namely, NLMS and RLS, whose update equations are
shown in Figures 13a and 13b, respectively. The first one is
the NLMS, which is based on the instantaneous estimation
of Rk and p

k
, and only vector operations must be performed.

Due to its simplicity and reduced computational complexity
of O(L), NLMS is very suitable to a practical implementation
that must comply with real-time requirements.
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Figure 13: Update weight equations. (a) NLMS algorithm. (b) RLS algorithm.

On the other hand, RLS is based on the iterative esti-
mation of the autocorrelation matrix Rk, which imposes a
higher computational load than NLMS, although its con-
vergence speed is faster. Matrix operations make RLS un-
feasible for real-time implementations, being the complex-
ity of O(L2). Further information on these algorithms can be
found in [17, 18].

Regarding the implementation aspects, Figure 14 shows
the beamforming structure used in the uplink. Demodulated
DPCCH bits from the modem and the received signal vector
x(t) are the inputs of the beamforming module. These bits
are used to acquire the slot synchronization, which is neces-
sary to obtain the correct pilot bits that have to be used as
the reference signal in the weight computation process. After
that, the single-user weights are computed, and the common
beamforming weight vector is calculated. The output of the
beamforming process is obtained by multiplying the received
signal vector by the common weight vector and combining
the resulting signal vector, without the need of demodulat-
ing each user’s data channels. It must be noticed that the sig-
nal vector impinging in the array antenna is composed of
contributions from several users so that both the slot syn-
chronization and the single-user weight computation must
be executed in parallel for every serviced user.

4.2.2. Downlink operation and implementation

Optimal downlink beamforming will minimize the inter-
ference received by other users and will enhance the useful
signal power received by the desired user. Due to the fre-
quency translation that appears in a frequency division du-
plex (FDD) system, uplink and downlink communication
scenarios are different. As a consequence of the lack of down-
link channel information, the calculation of transmission
weights is all but an easy task.

One of the methods for estimating downlink weights
from uplink channel information is the use of the uplink spa-
tial covariance matrix [27]. However, this approach involves
the use of many computational resources.

In order to reduce the complexity of the implementa-
tion, ADAM uses individual uplink weights as transmission
vectors. Due to frequency translation (∆ f = 190 MHz), the
transmitting array factor is similar but not the same as in the
uplink. Therefore, the synthesized beam will not be point-
ing exactly in the direction of the mobile user, and the inter-
ference received by other user will be reduced but not mini-
mized.

For downlink, after joint transmission of the weighted
signals bounded for the K users from the base station, the



1396 EURASIP Journal on Applied Signal Processing

From modem module

Uplink beamformer
module 1 Demodulated

control bits, user i

Slot synchr
module
user i

Single-user weight
computation

module
user i

1

wi,1 · · ·wi,LL User i

L User 1

Total weights
computation module

L w1 · · ·wL

From L
antennas

Received
signals

Combiner

w1 w2 wL

· · ·
∑

Processed
signal

1

To base
station

Figure 14: Beamformer structure: uplink.

baseband signal received by the mobile k, xk(t), is given by

xk(t) =
K∑
k=1

√
Pkw

H
k

Lk∑
l=1

αDkl(t)a
D
(
θkl
)
sk
(
t − τkl

)
+ nk(t), (4)

where wk is the transmission beamforming vector for user k,
Pk is the power assigned to the user k signal, and nk(t) is a
complex white Gaussian process that represents the thermal
noise contribution in the mobile user equipment. The other
elements of (4) have the same meaning as in (1). In an FDD
system, uplink (αUkl) and downlink (αDkl) fading coefficients
are uncorrelated, and in the simulations, they have been gen-
erated from independent Rayleigh fading processes.

The SINR perceived by the user k can be expressed as
follows:

SINRDL
k

=
wH
k E
{∣∣√Pk∑Lk

l=1 α
D
kl(t)a

D
(
θkl
)
sk
(
t−τkl

)∣∣2
}
wk

E

{∣∣∣∣∑K−1
i=1
i�=k

wH
i

√
Pi
∑Lk

l=1 α
D
kl(t)aD

(
θkl
)
si
(
t−τkl

)
+nk(t)

∣∣∣∣2
} .

(5)

In contrast to the uplink, a complete user separation
can be performed in the downlink direction. Because of
that, in the proposed downlink structure shown in Figure 15,
single-user weight vectors calculated in the uplink are ap-
plied as transmit beamforming weights to each user sepa-
rately. Therefore, downlink beamforming is much simpler
than the uplink one since the adaptive weight calculation is
not required.

However, demodulation of data and control bits for each
user is required, and downlink beamforming is applied at
the bit level. This fact results in a considerable reduction in
the computational load, as far as the multiplier submodule
is concerned, in comparison to the equivalent module for
the uplink. Moreover, a total cancelation of interferences is
achieved thanks to the individual user separation. Nonethe-
less, this scheme increases the complexity of the modulation
and demodulation module, as it must be performed for every
user in every element of the antenna array.

In contrast to dedicated channels, broadcast informa-
tion conveyed by common transport channels must be re-
ceived by all the users in the cell. Therefore, the associated
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Figure 15: Beamformer structure: downlink.

physical channels are transmitted to the whole sector
through one of the antenna array elements, which is equiv-
alent to the radiation pattern of a conventional sectored an-
tenna.

5. CODE OPTIMIZATION AND LOAD DISTRIBUTION

5.1. Maximum number of instruction per DSP

The analog received signal is sampled in the ADC to four
samples per chip rate, obtaining packets of 1024 samples.
Therefore, the number of samples per DPCCH bit can be cal-
culated as follows:

Number of samples per DPCCH bit

= 1 bit · 256 chips/bit · 4 samples/bit

= 1024 samples/bit.

(6)

For real-time execution, the allowable time for processing
each packet of 1024 samples is one DPCCH bit period, that
is, 66.67 microseconds.

Each of the used DSP has a performance capability of up
to 2400 MIPS on pipeline. Their architecture has eight highly
independent functional units (six ALUs(arithmetic and log-
ical units) of 32-/40-bits and two 16-bit multipliers). There-
fore, eight 32-bit instructions per cycle can be executed. The
clock rate is 300 MHz. As a result, the number of DSP cycles
for processing one bit is

Num(cycles/bit)MAX = MIPS · Tb = 300 · 66.67µs = 20000.
(7)

Therefore, the number of clock cycles in all the modules
should be lower than 20000 cycles per bit. Table 4 shows the
number of clock cycles per bit of each module. These values
are always lower than the maximum number of clock cycles
per bit.

5.2. Code optimization and module load
For code optimization, the following steps have been fol-
lowed [28]:

(1) C-code writing;
(2) obtaining a maximum instruction reduction;
(3) use of DSP intrinsic operations.

The flow diagram in Figure 16 summarizes the previous
steps.

These intrinsic operations belong to a special C62x
DSPLIB library. It consists of some optimized functions for
fixed-point DSPs. These functions are especially used in real-
time applications since their execution time is much lower
than the C equivalent code. The main disadvantage is that
they can only be used under certain restrictive conditions.

After code optimization and programming, module load
has been measured. Table 5 shows the complexity of each op-
timization step in clock cycles, time, and clock cycles per sec-
ond for the module of coarse synchronization. As it can be
seen, the complexity of coarse synchronization module has
been reduced two orders of magnitude after the third opti-
mization step.

Table 4 illustrates the computational load of the other
modules when the three optimization steps have been ap-
plied. The reduction in clock cycles of the other modules is,
on average, two orders of magnitude too.

5.3. Load distribution in processors
According to the required computational capacity for each
module after code optimization, the distribution of load and
tasks between DSPs must be carried out.

As presented in the Section 3, six Quads boards have been
used for signal processing, with four DSPs each. In order
to properly design the load distribution between DSPs, sev-
eral questions have been considered. To begin with, it has
been taken into account that two independent polarizations
should be processed, so the number of available DSPs for
each one is 12. Despite this independence, the load cannot
be divided into three Quads per polarization. This is due to
the need of five broadband receiver channels plus ADC and
five broadband transmitter channels plus DAC per polariza-
tion. Receivers and transmitters boards consist of two chan-
nels each, which have to be associated to two DSPs in the
same Quad. As a result, receiving and transmitting channels
must be considered as pairs so that the possibility of using
three independent Quads per polarization is eliminated.

Another point to take into consideration is the associa-
tion of a task per DSP as far as possible. In this way, not
only the load distribution but also the data exchange be-
tween DSPs is more easily understood. As regards the data
exchange between DSPs and Quads, the tasks and load distri-
bution has been designed aiming at reducing the number of
data transfers between processors as much as possible. This
makes the interconnection between DSPs simpler since less
synchronization for data exchange is needed. Data transfers
between DSPs are preferred to those between Quads due to
the higher complexity of transfer and synchronization in the
last ones.
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Table 4: Computational load of synchronization, demodulation, and beamforming modules.

Module Clock cycles/bit Time (µs)
Million of clock cycles

per second
DSP capacity

used (%)

Coarse synchronization 8700 29 131 43.5%

Fine synchronization and demodulation 6600 22 99 33%

Slot synchronization 890 3 13 4.43%

Single-user weight computation 830 3 13 4.17%

Common weight computation 5200 17 78 26%

Combiner 11500 38 174 58%
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Compilation

Instruction measure

Achieved
performance?

True Completed
process

False

Instruction reduction

Compilation

Instruction measure

Achieved
performance?

True Completed
process

False

True
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False

Use of intrinsic operations

Compilation

Instruction measure

False Achieved
performance?

True

Completed
process

Figure 16: Optimization steps flow diagram.

On this basis, the scheme in Figure 17 is proposed. As
it can be observed, the synchronization and demodulation
of received signals from the four antennas in the uplink are
processed in the same Quad, hence avoiding the extra data

exchange and the difficulties of making a correct synchro-
nization if the signals would be received in different Quads.
Similarly, all the transmitted data are obtained and sent to
the antennas in a single Quad, for the downlink. Due to
computational cost restrictions, only three users can be pro-
cessed with this hardware implementation. A higher number
of users could be processed with more DPSs or with higher
computational capacity ones.

6. RESULTS

6.1. Simulations results

Simulations have been conducted to obtain uplink and
downlink performance results. Several aspects and charac-
teristics have been varied in order to study different possible
implementations.

Concerning adaptive algorithms, the performances
achieved with two of them have been studied. These algo-
rithms are NLMS and RLS, which have been widely used in
adaptive array processing applications [17]. However, due to
computational load restrictions, only NLMS has been imple-
mented in the first version of the prototype.

As it was said in the introduction, the operation of
ADAM must be completely transparent to Node B. This ap-
proach has an impact on the performance achieved with the
adaptive beamformer. In the first group of simulations, a
single-cell scenario with a variable number of mobile users
is studied, including the effect of external interference on
system performance. Afterwards, system-level simulation re-
sults show the capacity increase obtained with ADAM, com-
pared to a conventional sector antenna.

6.1.1. Uplink simulation results

As explained in Section 4.2, two cancelation schemes have
been considered in the uplink: total interference cancelation
and partial interference cancelation. Performance obtained
with both schemes has been studied by means of simulation.

Figure 18 shows the performance achieved by both can-
celation schemes when an external interference source is
present.

As it can be observed, both array factors cancel the exter-
nal interference contribution. However, if the total cancela-
tion scheme is used, contributions from other mobile users
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Table 5: Reduction of the number of clock cycles in the coarse synchronization module.

Module Optimization step Clock cycles/bit Time (µs) Millions of clock cycles per second

Coarse synchronization
1 2571296 8571 38500

2 65732 219 986

3 8700 29 131
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Figure 17: Load distribution.

will also be canceled, whereas with partial cancelation, a si-
multaneous pointing in the directions of mobile users ap-
pears as a result of the linear combination of wk. As the num-
ber of users uniformly distributed within the cell is increased,
the final uplink radiation pattern tends to provide a sectored
coverage.

A simulation environment with a uniform distribution
of mobile pedestrian users has been studied. Mobile speed is

3 km/h, and multipath fading is given by the two-path pro-
file proposed in [2]. In (1), θkl is characterized by a Lapla-
cian azimuth spectrum along with a Gaussian distribution
for each user, with an angular spread of 10◦. The number
of rays impinging on the array per user is found as a Pois-
son random variable with a mean value of 25 [29]. Each
user transmits only one data channel, with a spreading factor
of 64.
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In the simulations, a perfect power control algorithm is
assumed for mobile users, that is, Pk = P, and external inter-
ference power Pint is set to F dB over P.

Figure 19 shows the average uplink SINR increase ob-
tained with ADAM with respect to a typical sectored antenna
in two scenarios: F = −150 dB (only mobile users are present
in the cell), and one external interference with F = 20 dB. In
the first scenario, the SINR improvement converges to 6 dB
when the total cancelation scheme is used. With partial can-
celation, ADAM will provide the same performance as the in-
dividual sectored antenna. However, in the second scenario,
the partial cancelation scheme outperforms the sectored an-
tenna in more than 5 dB.

As it can be observed in Figure 19, RLS provides better
performance than NLMS, although their behavior converges
as the number of users increases. In the case of F = 20 dB, the
difference between both algorithms is mainly due to the fact
that RLS provides a higher cancelation level for the external
interference source.

Table 6 shows the reduction of the interference power in
the array output as a function of F. It can be observed that
as F increases, both algorithms provide a more significant
interference reduction. The inclusion of the strong external
interference produces a spatial coloured covariance matrix
because the most significant part of interfering power is con-
centrated around the same angular direction. As a conse-
quence, when the number of users increases and F is reduced,
interference is uniformly distributed in the cell, and the level
of interference cancelation is low.

6.1.2. Downlink simulation results

In the downlink, only the total interference cancelation
scheme has been considered. Figure 20 shows the average
SINR increase experimented by the mobile user when the
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Figure 19: Uplink SINR increase as a function of the number of
users. (a) F = −150 dB. (b) F = 20 dB.

proposed downlink beamforming algorithm is used. In the
downlink, NLMS provides a higher SINR increase than RLS
because the improvement obtained with RLS is mainly due
to the cancelation of the external interfering source, which
does not influence downlink performance.

In Figures 19 and 20, the performance is studied for up
to ten mobile users in the system. However, and as it was
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Table 6: Cancelation level of the external interference source with the partial cancelation scheme.

F (dB) 10 log10

(
Pint/P

) Interference cancelation level (dB) 10 log10(|wHaU(θint)|2)

K = 3 users K = 10 users

NLMS RLS NLMS RLS

−150 −5.71 −5.52 −5.36 −6.38

0 −9.29 −24.36 −7.83 −8.58

10 −15.47 −37.19 −10.31 −13.02

20 −23.58 −50.83 −16.00 −24.54

30 −23.88 −60.53 −19.53 −40.83

10

9

8

7

6

5

4

3

2

1

0

∆
SI

N
R

(d
B

)

1 2 3 4 5 6 7 8 9 10

Number of users

NLMS
RLS

(a)

10

9

8

7

6

5

4

3

2

1

0

∆
SI

N
R

(d
B

)

1 2 3 4 5 6 7 8 9 10

Number of users

NLMS
RLS

(b)

Figure 20: Downlink SINR increase seen by the mobile user. (a) F = −150 dB. (b) F = 20 dB.

explained in Section 5.3, available processing hardware al-
lows for processing a maximum of three mobile users. As
well, due to the demanding computational load required by
the RLS algorithm, the beamforming process is controlled by
NLMS. From the above results, it can be concluded that, for a
situation with three users and an external interfering source
of F = 20 dB, ADAM prototype provides an SINR increase of
12.5 and 6.5 dB over a conventional sectored antenna in the
uplink and downlink, respectively.

6.1.3. Performance in a typical user scenario

In contrast to existing 2G networks, which are dominated
by voice traffic, UMTS networks will provide a mixture
of voice and data services with different specifications of
bit rate and quality of service [30]. In addition, unlike
voice, most data services are asymmetric in nature, mean-
ing that people download more information than they send.
This is typical of web browsing and streaming media ser-
vices.

In order to model the mixed-service and asymmet-
ric characteristics of UMTS networks, three different sub-
scriber profiles are considered. The first one corresponds to
a conventional voice service, with a symmetric bit rate of
12.2 kbps. The second group of subscribers deals with an
asymmetric data service of 12.2/64 kbps, and the third group
demands a 12.2/144 kbps asymmetric data service. In these
conditions, the base-to-mobile link will limit the capacity of
the system. However, this limitation can be overcome using
ADAM prototype thanks to the total interference cancelation
achieved in the downlink.

The actual capacity increase achieved using the ADAM
prototype must be estimated through system-level simula-
tions. A scenario with 19 sites and 57 sectors is considered.
The distance between adjacent sites is 3000 m. In the simula-
tions, 2000 users have been uniformly distributed within the
region of interest. Regarding the service distribution, 1000
subscribers demand a voice service, 500 users demand the
low bit rate data service, and the other 500 users demand a
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Figure 21: Total throughput per cell in the downlink (�: base station site). (a) Sector antenna. (b) ADAM prototype.
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Figure 22: Constellation of demodulated symbols with phase and frequency offset. (a) ω0 = 0, ϕ0 = 5◦. (b) ω0 = 8.5 Hz, ϕ0 = 5◦.

high bit rate data service. Simulations have been performed
with the network planning tool presented in [31], comple-
mented with the incorporation of smart antennas in the sce-
nario.

Figure 21 shows the total throughput per cell in the
downlink. Using the ADAM prototype, the throughput is in-
creased by a factor of 2 in each sector, in relation to the situa-
tion with sector antennas. This capacity increase comes from
the lower number of users put to outage when the adaptive
antenna is used.

6.2. Implementation results

One of the most important effects for the implementation is
the carrier frequency error between transmitter and receiver
signals. In general, the carrier error ϕ(n) consists of two com-

ponents [32]:

ϕ(n) = ω0nT + ϕ0, (8)

where ω0 is the frequency offset, ϕ0 is the constant phase off-
set, and T is the symbol period.

The phase offset stays constant during the reception so
that it can be compensated during the set-up stage. In con-
trast, the frequency offset produces the most damaging effect.
Depending on its value, the total error ϕ0(n) varies faster.
This effect is corrected modifying the received symbol phase
to ±90 degrees since all the DPCCH symbol information is
transmitted through Q channel.

The constellation of demodulated DPCCH symbols in
the uplink is shown in Figure 22. Firstly, (a) illustrates a
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Figure 23: The constellation of demodulated symbols after phase
error compensation.

situation where the phase error is 5 degrees and the frequency
error is zero. In contrast, when the frequency error is not
zero (Figure 22b) and no correction algorithm is applied, the
phase of the received signal rotates 2π radians each 1765 bits,
that is, 117.6726 milliseconds equivalent to 11 radio frames.

Figure 23 shows the constellation after the phase correc-
tion algorithm has been applied. The phases of the sym-
bols are not exactly 90 degrees because the implementa-
tion of the phase correction algorithm has been realized
with finite resolution (sine and cosine tabulated functions).
In particular, a 30◦ resolution is considered in Figure 23
so that the maximum phase error is 30◦. If the functions
were implemented with a finer resolution, the uncertainty
would be smaller. A resolution increment of the algorithm
does not imply higher complexity, but it would require
more memory size since more data must be stored. De-
pending on the memory resources, more precision could be
added.

Eye diagrams are another representation for analyzing
quality of demodulated symbols. Figures 24a and 24b show
the eye diagrams of noncorrected and corrected received sig-
nal, respectively. The received signal can be sampled better in
the corrected case due to the improvement achieved with the
phase compensation algorithm.

As an example of modulation and beamforming perfor-
mance, Figure 25 shows the IF spectrum (44 MHz) in the
output of the broadband transmitters (uplink and downlink
paths). As it can be seen, the spectrum corresponds to that
of a W-CDMA signal, proving the transparent operation of
ADAM. This signal is then upconverted to the UMTS band
in the RF stages, and transferred to Node B (uplink) or to the
antenna array (downlink).

Finally, the synthesized radiation pattern is plotted in
Figure 26. Calculated weights are transferred in real time
from the DSP blocks to the monitor-PC using LabView. This
application is used in the monitoring stage to test the final ra-
diation patterns in uplink and downlink, and to control the

(a)

(b)

Figure 24: Eye diagrams of demodulated symbols. (a) Without
phase correction. (b) With phase correction.

correct performance of the overall system, from RF parame-
ters to SINR.

Currently, integration tests and measurements of ADAM
prototype are being performed in order to characterize the
behaviour of the complete system (antenna array, RF-to-IF
chains, and DSP stages) in uplink and downlink.

7. CONCLUSIONS

A novel and real implementation of an adaptive antenna pro-
totype for UMTS has been presented. Its main features are
flexibility, modularity, and transparency in operation, which
make it suitable to be connected to any existing Node B, re-
gardless of whether it is prepared to work with an adaptive
antenna or not. The focus of the contribution has been on the
implementation aspects of the digital signal processing stages
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Figure 25: IF spectrum (uplink path).

Figure 26: Synthesized beamformed radiation patterns (•: mobile
users, ×: external interference). Downlink diagram is shown for
user in azimuth 70◦.

(modem, synchronization, and beamforming), although an
overall description of the system has been presented.

Simulation and measurement results show the feasibil-
ity and performance achieved, which outperforms the capac-
ity obtained with a typical sectored antenna, especially in a
mixed-service scenario. In the case of asymmetric traffic sce-
narios, ADAM prototype provides in average a 100% total
throughput increase per sector in comparison with the per-
formance of a conventional sectored antenna, as it is shown
in the results of Section 6.1.3.

Further research work is currently being done on integra-
tion with RF stages. Also, the analysis and definition of mea-
surement procedures are currently being carried out. These

procedures will provide a characterization of ADAM perfor-
mance in anechoic chambers and outdoor environments in
connection with real cellular base stations. Moreover, a sim-
ilar prototype for global system for mobile communications
(GSM) standard (under the framework of Enhanced-GSM
adaptiVe Antenna (EVA) project) is currently under develop-
ment because our final objective is the design of a dual smart
antenna for UMTS and GSM systems.
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mento de Señales Sistemas y Radiocomuni-
caciones since 1986. Since his incorporation to UPM in 1974, he
has worked in a number of projects related to numerical meth-
ods in electromagnetics, EMC, antennas and testbed simulators for
satellite communications (Hispasat). He has worked in the coor-
dination procedures of the Spanish Hispasat satellite system with
Intelsat, and part-time as a Technical Director of the Space Divi-
sion at RYMSA. He has also worked as an Evaluator of Proposals in
the framework of the European IST program. He was a Research
Visitor at Queen Mary College, London University, in 1983 and
Technical Visitor at Nichols Centre, Kansas University in Lawrence,
in 1993. He has coauthored a number of papers in technical jour-
nals and contributed in a number of international conferences. He
wrote a chapter in the book Reflector and Lens Antennas: Analy-
sis and Design Using Personal Computers (C. J. Sletten, Ed., Artech
House Publishers, 1988).



EURASIP Journal on Applied Signal Processing 2004:9, 1407–1419
c© 2004 Hindawi Publishing Corporation

A Multiple-Antenna System for ISM-Band Transmission

J. Rinas
Department of Communications Engineering, University of Bremen, 28359 Bremen, Germany
Email: rinas@ant.uni-bremen.de

R. Seeger
Department of Communications Engineering, University of Bremen, 28359 Bremen, Germany
Email: seeger@ant.uni-bremen.de

L. Brötje
Department of Communications Engineering, University of Bremen, 28359 Bremen, Germany
Email: broetje@ant.uni-bremen.de

S. Vogeler
Department of Communications Engineering, University of Bremen, 28359 Bremen, Germany
Email: vogeler@ant.uni-bremen.de

T. Haase
Department of Communications Engineering, University of Bremen, 28359 Bremen, Germany
Email: haase@zarm.uni-bremen.de

K.-D. Kammeyer
Department of Communications Engineering, University of Bremen, 28359 Bremen, Germany
Email: kammeyer@ant.uni-bremen.de

Received 23 June 2003; Revised 19 December 2003

We present a multiple antenna system for industrial, scientific, and medical (ISM)-band transmission (MASI). The hardware
demonstrator was developed and realized at our institute. It enables multiple-input multiple-output (MIMO)-communication
applications and is capable of transmiting arbitrary signals using 8 transmit and 8 receive antennas in parallel. It operates in the
2.4 GHz ISM-band. The hardware concept is introduced and some design specifications are discussed. Using this transmission sys-
tem, we present some measurement results to show the feasibility of MIMO concepts currently under discussion. The applications
include transmit and receive diversity for single carrier and OFDM as well as blind source separation (BSS) techniques.
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1. INTRODUCTION

One impetus to build a MIMO hardware demonstrator is
that the assumptions made about real channels may be in-
correct, and the behavior of MIMO systems should be inves-
tigated under realistic conditions. Therefore it is sufficient to
transmit and receive over a real channel and process the re-
ceived data off-line at the workstation environment. This ba-
sic idea roots in [1] where a single antenna system was real-
ized at the University of Bremen. Furthermore, off-line pro-
cessing significantly reduces the complexity of the simulator.
In contrast to a real-time simulator, which is based on sub-
optimal frontend processing (due to strict timing constraints

in connection with limited performance of DSP or FPGA
chips) [2, 3, 4, 5], this concept has enabled us to freely inves-
tigate optimal and suboptimal algorithm implementations.1

On the other hand, we do not claim to substitute a MIMO
channel sounder [6]. A channel sounder is a highly accurate
measurement system to precisely acquire the (MIMO) chan-
nel parameters. This requires extraordinary effort on, for ex-
ample, calibrated and synchronized time bases at the trans-

1Assuming that we have an optimal algorithm in idiosyncratic sense,
we can neglect implementation issues (quantization errors) on a double-
precision machine.
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Figure 1: Principal block diagram.

mitter and receiver, highly linear frontend amplifiers, and
calibrated antenna arrays. In contrast, the objective of our
demonstrator is to evaluate MIMO algorithms under non-
idealized environments deploying common hardware com-
ponents. Moreover, thanks to selectable frontend processing,
we can handle arbitrary radio interface standards, such as
single carrier, multicarrier, and spread spectrum MIMO sys-
tems.

2. HARDWARE CONCEPT

2.1. Top-level system description

The top-level system is diagrammed in Figure 1. At the work-
station environment, in-phase and quadrature (I/Q) data, for
example, Hiperlan/2 or UMTS frames, are generated by the
simulation system of choice. The impulse shaping is done in
the digital domain. The data is scaled and quantized to meet
the hardware demonstrator concerns and finally stored into
a file. Due to its wide distribution, the USB interface is cho-
sen to connect the hardware demonstrator with the work-
station. To transfer the I/Q data via the USB interface, we
use a customized application software which allows us to set
several parameters, like sample rate (from external or inter-
nal clock), local oscillator (LO) frequency tuning value, and
assignment of data files to corresponding antennas. Further-
more, in a Matlab environment, we can directly access the
demonstrator by calling a Matlab function [7]. This is useful
for fully automated measurements. Inside the demonstrator,
the I/Q data is stored into digital buffers which are addressed
in a circular manner: the increment pointers for memory
accesses wrap to the beginning of the buffer when its end
is reached. The currently addressed I/Q words are fed to a
digital-to-analog converter (DAC), whose analog baseband
output signals drive the radio frequency (RF) stage, which
performs up-conversion to the desired RF band.

At the receiver, the RF passband signal is down-converted
to the complex baseband and undergoes analog-to-digital
conversion. A snapshot is stored into a digital buffer. Because
frame synchronization is not implemented in hardware, the
receive buffer has doubled length of the transmit buffer to en-
sure that at least one complete frame is captured. The sample
rate is adjustable up to 80 MHz and may be chosen from a
set of internally predefined frequencies or an external source.
The request for extensibility of the hardware demonstrator
led to a full modular architecture; for each antenna, the con-
nected transmitter or receiver hardware has its own plug-in

Figure 2: The multiple antenna receiver for ISM-band transmis-
sion. Currently, the receiver and transmitter are equipped with 8
modules.

module (see Figure 2). The digital clock and LO signal is pro-
vided to all modules by a central clock base to ensure inter-
module synchronization of sample rate and carrier phase.

Low-cost software radios are the main driver for mod-
ern radio architectures (universal receivers that can accom-
modate many different standards). Consequently, this type of
receiver gains increased attention. An all-digital receiver per-
forms all its operations in the digital domain, except the fron-
tend baseband translation and antialiasing filtering. Its ADC
sampling clock is not synchronized to the transmitter sym-
bol clock. Therefore, many analog components, such as the
voltage-controlled oscillator (VCO), are not required. Thus,
it can be smaller, more robust, and less expensive. However,
as a fixed sampling clock is used which is not synchronized
to the transmitter clock, symbol timing and carrier recovery
have to be accomplished in the digital domain. In order to re-
duce analog component count in the RF stage, the direct con-
version (or homodyne) architecture is implemented, which
performs passband-to-baseband translation and vice versa
directly without intermediate frequency (IF) stages. Tradi-
tionally, the direct conversion architecture was considered
impractical due to severe realization problems. So far, it was
hardly possible to fulfill all requirements like exceptionally
linear low-noise amplifier (LNA) and mixer circuits, as well
as the LO isolation resulting in a lower sensitivity compared
to heterodyne receivers [8]. However, recent advances in chip
technology enabled robust direct conversion frontends. In
the next section, we will discuss the employed components
and some important parameters in a more detailed manner.
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2.2. Detailed description of components

The direct conversion architecture leads to very simple RF
designs (Figures 3 and 4). Extra IF stages with amplifiers,
passive bandpass filters, and oscillators are omitted, as this
simplifies the board design and reduces power dissipation.
Furthermore, due to zero IF, the image rejection problem
does not exist.2 All subsequent processing can take place at
the lowest possible frequency which makes the direct conver-
sion scheme amenable to integrated circuit (IC) implementa-
tion. Applying this architecture, we are restricted to complex
baseband processing which halves the signal bandwidth but
doubles the component count in comparison to a passband
scheme.

2.2.1. Low-noise amplifier

The first stage of the receiver is an LNA, whose main func-
tion is to provide enough gain to overcome the noise of sub-

2In a heterodyne receiver, the first IF is normally chosen relatively high
to move the image far away from the desired signal in order to relax the
frontend bandpass filter requirements. A direct conversion receiver does not
need a frontend filter, however, it is practically needed to avoid out-of-band
interferers overloading the frontend [8].

sequent stages (such as the mixer). Aside from this providing
gain while adding as little noise as possible, an LNA should
accommodate large signals without distortion. It must also
present an impedance of 50Ω to the input source since the
transfer function of the preceding filter is quite sensitive to
the quality of termination. The employed LNA chip has a
gain of 22 dB and a noise figure (NF) of 1.6 dB at 2.4 GHz.
A relatively high 1 dB compression point (the input power
at which the gain is 1 dB less then expected) of 4.2 dBm and
a high third-order intercept point (IP3) ensures wide range
linear operation.

2.2.2. Mixer

Since, for direct conversion architectures, the LO frequency
lies in the desired frequency band, the LO signal, which nor-
mally has much more power than the received signal, can leak
into the RF input of the mixer or possibly find its way to the
antenna. The self-mixed LO signal results in a time-invariant
DC baseband component, which can drive subsequent stages
into saturation. In addition, any even-order distortion pro-
duces a DC offset that is signal-dependent, so the second-
order intercept point (IP2) is a very important parameter for
direct conversion schemes. The employed IC quadrature de-
modulator has two integrated Gilbert (or four-quadrant) cell
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mixers. This mixer style provides reasonable conversion gain
(IF power output with respect to the RF power input), as well
as good rejection at the RF and LO input ports and the IF
output port due to the complete differential design.

External amplifiers are omitted due to integrated RF and
baseband AGC amplifiers, which provide about 70 dB gain
control. A high dynamic range is indispensable for wireless
application. The baseband I/Q output ports allow direct con-
nection to the ADCs.

2.2.3. Analog-to-digital conversion

The analog-to-digital converter (ADC) converts the
continuous-time stimuli signals to discrete-time binary-
code form. For communications applications, the dynamic
measures of an ADC, such as signal-to-noise ratio (SNR),
spurious-free dynamic range (SFDR), and two-tone in-
termodulation distortion (IMD), are figures of merit [9].
The effective number of bits (accuracy) depends strongly
on these dynamic measurements. High-speed ADCs are
extremely sensitive to the quality of the sampling clock. The
internal track-and-hold circuit is essentially a mixer. Any
noise, distortion, or timing jitter on the clock signal will
be combined with the desired signal at the ADC output in
addition to internal timing error sources (aperture jitter).
A phase-locked loop (PLL)-based synthesizer normally
exhibits a higher phase noise value than a fixed frequency
clock generator. However, to provide several customized
sample rates, a set of stable crystal-controlled oscillator
circuits is used. Furthermore, an external clock input up to
80 MHz is available. The chosen 12 bit ADC chip delivers
good dynamic measurements, a low-aperture jitter, and was
available at small quantities. The digital outputs (I and Q
branches) are directly connected to the digital buffer circuit.

2.2.4. Digital buffer

The digital buffer stores the raw data, delivered by the ADC
(receiver) or provided by the USB controller (transmitter).
At the transmitter, the digital buffer serves as a circular
buffer. Once the data is completely stored, the buffer is lin-
early addressed; when the last address is reached, the ad-
dress counter wraps around to the first address and counts
up again, whereas at the receiver, only one frame is captured
when the trigger event occurs. Because large FIFO chips are
very expensive and hardly obtainable at small quantities, the
digital buffer circuit is realized by a field-programmable gate
array (FPGA) and static RAM (SRAM). In contrast to dy-
namic RAM, SRAM does not need refresh cycles and of-
fers a considerably simpler interface. The employed zero bus
turnaround (ZBT) RAMs are fast synchronous SRAM chips
which are directly connected to the FPGA. Providing inter-
leaved read/write without wasteful turnaround cycles, the
ZBT RAM is predestined for capturing applications. Once
primed with an address, it can read/write one word of data
per clock cycle. Up to 220 samples can be captured per in-
phase and quadrature branch. The FPGA connects all digital
busses and provides several control signals. Due to the abil-
ity of reconfiguration, it offers a high degree of flexibility. It
also provides enough resources to hold optional customized

frontend processing logic, like frame detection algorithms.3

The logic blocks are described at a high abstraction level us-
ing VHDL.4

3. MEASUREMENTS AND APPLICATIONS

The measurements were performed in an indoor environ-
ment, that is, we transmitted between two adjacent office
rooms of approximately 20 m2 size each. The total transmit
power was 17 dBm (50 mW).

3.1. Frame synchronization

Our system works without any wired connection between
the transmitting and receiving ends. Therefore we have to
synchronize both sides. We transmit periodically repeated
frames with Lt samples. In order to get at least one complete
frame, we sample Lr = 2 · Lt values at the receiving side.

The first task is the detection of the starting point of one
complete frame within these Lr samples. Therefore we ap-
ply a simple power detection scheme, which presents a prag-
matic approach to our measurement system, because it is
mostly independent from impairments like frequency off-
set and frequency-selective channels, and can be used with
any modulation scheme. For the power detection, we nor-
mally consider about LZ = 1000 samples within one frame
of length Lt. The high variation of the envelope of the signal
is unproblematic since we are using a very slow AGC.

Our synchronization approach is a sliding power detec-
tion. We detect the current power of the received signal r(k)
(one channel) by averaging over LZ successive samples of
both gaps (Figure 5):

kstart = arg min
k

p(k)

= arg min
k

k+LZ−1∑
κ=k

1
2LZ

(∣∣r(κ)∣∣2
+
∣∣r(κ + Lt

)∣∣2
) (1)

with k = 0 . . . Lt − LZ.
This approach for a coarse frame synchronization is not

necessarily limited to MIMO setups but can also be used for
single input single output (SISO) channels. An example for
this scheme is presented in Figure 5, where you can see time
series of a measurement including the detection of the com-
plete frame.

3.2. Frequency responses

In this section, we will present a setup for measuring the fre-
quency response of the MIMO transmission channel, which
we always consider from the digital domain at the transmit-
ter to the digital domain at the receiver—including all effects

3The physical memory (ZBT RAM) has identical size, but the address
logic of the circular buffer is programmed according to user settings. No-
tional frame synchronization could be implemented in hardware. Thus, the
full physical buffer size could be used at transmitter, however, with the draw-
back of a fixed preamble or frame structure.

4Very high-speed integrated circuit (VHSIC) hardware description lan-
guage (VHDL).
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Figure 5: Measured signals with frame synchronization. foff =
762.9 Hz

of the system components. We have to emphasize that it is
not our intention to do systematic channel measurements.

For measurements, we apply a chirp-like signal, whereas
only one transmitter is sending at a time, in order to measure
the complete matrix of frequency responses (Figure 6).

This signal is designed in the frequency domain as

M(n) = e− j(π/NDFT)n2
for n = 0 . . . NDFT − 1, (2)

because this guarantees an exactly flat magnitude. Processing
the IDFT, we get the time-domain signal

m(k) = IDFTNDFT

{
M(n)

}
(3)

which is inherently periodic. We exploit this property and
send m(k) in a periodic way so that only a coarse synchro-
nization is necessary.

The quadratic phase increment leads to a small crest fac-
tor5 of the signal. In our case, with NFFT = 128, the crest
factor for the imaginary part of the signal m(k) is

cimag = max imag
{
m(k)

}√(
1/NDFT

)∑NDFT−1
k=0 imag

{
m(k)

}2
≈ 1.47. (4)

We can measure the frequency response, up to a linear
phase uncertainty, by using a fractional part of the received
time signal with NDFT samples and calculating

R(n) = DFTNDFT

{
r
(
koffset + k

)}
, k = 0 . . . NDFT − 1,

H(n) = R(n)
M(n)

.
(5)

5The peak-to-rms voltage ratio of an alternating current (AC) signal.
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Figure 6: Multiplexing for channel measurement.

Figure 5 shows the time series of one measurement. No-
tice the different amplitudes of the signal that correspond
to one constellation of the multiplexing scheme (Figure 6).
Since this method is sensitive regarding the frequency offset,
we added a pilot sequence to our measurement frame in or-
der to estimate and correct the offset.

The advantage of this approach is that we only need a
coarse synchronization and not a high-precision time refer-
ence (like in channel sounding setups). Therefore the start-
ing position koffset may be slightly inaccurate. This circular6

time shift of the starting position will result in a linear phase
term, but it does not influence the shape of the magnitude
response:

Hshift(n) = DFTNDFT

{
r
(
k + kshift

)}
M(n)

= H(n)e j(2π/NDFT)nkshift .

(6)

Figure 7 depicts three different frequency response mea-
surements using 4 transmit and 4 receive antennas. Uniform
linear arrays (ULAs) with λ/2-spaced elements are used. The
sampling frequency was set to fs = 50 MHz.

One can directly see the filter influence of our transmis-
sions system, which limits the signal to the 3 dB range of ap-
proximately ±16 MHz. In addition, there are some notches
in the spectrum which arise from a frequency-selective chan-
nel. Our measurements already revealed that a small change
of the position may have a strong impact on the frequency
response.

3.3. Diversity techniques

There are two principal approaches to get a performance gain
from an antenna array. One approach uses the known geo-
metric constellation of the antennas for beamforming. The
other approach is independent of the array constellation and
increases the diversity of the system.

In this section, we focus on diversity techniques. Diver-
sity through a multiantenna setup can be attained at the re-
ceiving as well as at the transmitting end.

6Since we are using a periodic repeated signal, we can interpret a time
shift as a periodic time shift.
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Figure 7: Frequency responses for a 4 × 4 setup.

3.3.1. Receive diversity

In order to achieve a diversity gain at the receiving side, we
can expand a SISO setup and use multiple receive antennas.
The diversity combining can be done in a blind way by using
the spatial covariance of the received signal streams. Timing
offset is estimated after combining using the approach pre-
sented in [10].

For combining, we have to take into account that our sys-
tem has independent AGCs in each channel. Therefore we
have to estimate the noise level, which is done by exploiting
the power gap in the frame of the received signal.

In order to show the gain of a combining, we sent one
QPSK signal and received it with multiple antennas. Figure 8
depicts the signal constellations of a measurement. On the
left-hand side, you can see the signal constellations received
from each antenna, while the right-hand side depicts the
combining of the signals received by antenna 1 up to 4. The
rising SNRs for increasing number of signals involved in the
combining process indicate the combining gain.

SNR estimation is done using the approach presented in
[11], because it does not suffer from wrong symbol decisions
and is suitable without modification for all PSK schemes. The
SNR of a single data stream y is calculated by

p =
√√√√2 − E

{|y|4
}

E
{|y|2

}2 ,

SNR = p

1 − p
.

(7)

3.3.2. Transmit diversity

In theory, receive diversity and transmit diversity are inter-
changeable. In the following, we will discuss transmit di-
versity schemes, especially the so-called orthogonal space-
time block codes (OSTBC), under more realistic conditions.
Channel estimation and carrier offset estimation are essential
tasks in coherent receivers. However, they are also some kind
of error sources due to the imperfectness of the employed al-
gorithm.
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Figure 8: Combining gain with estimated SNR.

Alamouti [12] discovered a remarkable transmit diver-
sity scheme for transmission with two antennas. This scheme
supports maximum-likelihood detection based only on lin-
ear processing at the receiver and is able to achieve full di-
versity provided by the number of transmit and receive an-
tennas. The input symbols to the ST block encoder are di-
vided into groups of two symbols each, {s1, s2}. At a given
symbol period, s1 and −s∗2 are transmitted from antenna 1
and 2, respectively, and at the consecutive symbol period, s2

and s∗1 are transmitted from antenna 1 and 2, respectively. Let
h1 and h2 be the channel coefficients from the first and sec-
ond transmit antennas, respectively. It is assumed that h1 and
h2 are constant over two consecutive symbol periods. Con-
sider a receiver with one receiver antenna and denote the re-
ceived signals over two consecutive symbol periods as r1 and

r2. Defining the code symbol vector s = [s1s
∗
2 ]T and the re-

ceived vector r = [r1r
∗
2 ]T , we get

r = Hs + η, (8)

where the channel matrix

H =
[
h1 −h2

h∗
2 h∗

1

]
(9)

and the noise vector η = [η1η2]T are used. The AWGN is
represented by η1 and η2 which are modelled as i.i.d com-
plex Gaussian random variables with zero mean and power
spectral density N0/2 per dimension. Hence η is a Gaussian
random vector with zero mean and covariance N0I.

The decoding procedure consists of a simple multiplica-
tion with the Hermitian channel matrix ĤH , hence

r̃ = ĤHHs + ĤHη, (10)

where Ĥ is the estimated channel matrix. Considering imper-
fect channel estimation with an estimation error [13]

∆h = ∆hnoise + ∆hDoppler, (11)

it follows that

Ĥ =
[
h1 + ∆h1 −(h2 + ∆h2

)
h∗

2 + ∆h∗
2 h∗

1 + ∆h∗
1

]
. (12)

The (soft) decoded symbol-vector r̃ = [r̃1r̃
∗
2 ]T can be ob-

tained using (10) and (12):

r̃ =
∣∣h1

∣∣2
+
∣∣h2
∣∣2

0

0
∣∣h1
∣∣2

+
∣∣h2
∣∣2


︸ ︷︷ ︸

desired

s

+

[
h1∆h

∗
1 + h∗

2 ∆h2 −h2∆h
∗
1 + h∗

1 ∆h2

−h1∆h
∗
2 + h∗

2 ∆h1 h2∆h
∗
2 + h∗

1 ∆h1

]
︸ ︷︷ ︸

influence of estimation errors

s

+ ĤHη︸ ︷︷ ︸
noise

.

(13)

From (13), it is clear that channel estimation errors lead to
spatial intersymbol interference (ISI) if the estimated chan-
nel matrix Ĥ is not unitary (12).

Another major task for coherent receivers is the carrier
frequency offset estimation and correction. Consider two
consecutive received symbols r1 and r2. The frequency off-
set can be modeled by the time-domain multiplication with
the two phasors e jϕ1 and e jϕ2 , respectively. Using the system
model (8), it can be stated that

[
e jϕ1 0

0 e− jϕ2

][
r1

r∗2

]
=
[
e jϕ1 0

0 e− jϕ2

](
Hs + η

)
. (14)
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Figure 9: QPSK signal constellations at the STBC decoder output:
(a) simulated signal, (b) measured signal.

Assuming perfect channel estimation conditions, that is, Ĥ =
H, and neglecting the noise term in (14), we obtain[

h∗
1 h2

−h∗
2 h1

][
e jϕ1 0

0 e− jϕ2

][
h1 −h2

h∗
2 h∗

1

]
s

=
∣∣h1

∣∣2
e jϕ1 +

∣∣h2
∣∣2
e− jϕ2 −h∗

1 h2e jϕ1 + h2h
∗
1 e

− jϕ2

−h∗
2 h1e jϕ1 + h1h

∗
2 e

− jϕ2
∣∣h2
∣∣2
e jϕ1 +

∣∣h1
∣∣2
e− jϕ2

 s.

(15)

In contrast to a single transmit antenna system, the loss of or-
thogonality due to a (residual) frequency offset leads to mag-
nitude variations. A comparison of a simulated and a mea-
sured signal constellation with channel estimation and fre-
quency offset is depicted by Figure 9.

3.4. OFDM transmission

Our simulation tool for OFDM transmission is based on the
IEEE 802.11a WLAN standard [14], except for the carrier fre-
quency of 2.4 GHz (instead of 5.2 GHz).

3.4.1. Synchronization

Timing Synchronization
First of all, a coarse frame synchronization according to
the method for single carrier systems already described
(Section 3.1) is carried out. For OFDM transmission, there
is no need to find the starting point of the burst exactly, be-
cause afterwards the position of the FFT window is adjusted
in a second synchronization step.

Due to the cyclic prefix (CP) in every OFDM symbol,
the exact position of the FFT window can be found by
correlation over the received signal. This results in a well-
defined maximum value for each OFDM symbol; the correct
FFT window start position is Nguard samples later. Averaging
OFDM symbols to suppress noise may be reasonable.

Carrier Frequency Synchronization

The correction of carrier frequency offsets (CFO) in OFDM
systems can be carried out in two steps. A synchronization
in time domain (before processing the FFT at the receiver) is
absolutely necessary, because severe ISI occurs in frequency
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Figure 10: Impact of a DC offset (7 dB): signal constellation dia-
gram (uncorrected/corrected).

domain if a CFO is not corrected before. In case of small fre-
quency offsets (compared with the subcarrier spacing), the
main effect after processing the FFT is a rotation of symbols
regarding their signal constellation, so that in time domain a
coarse synchronization is sufficient. This coarse estimation is
accomplished by calculating the phase deviation between the
two preamble C symbols [14].

A fine carrier frequency synchronization in frequency
domain is based on the four pilot symbols which are included
in every OFDM symbol and whose carrier positions are sym-
metric to the carrier with frequency f = 0. The pilot carri-
ers are BPSK-modulated. To estimate the CFO from the pilot
symbols, the channel coefficients according to these carriers
have to be known. Because every OFDM symbol carries the
pilot information, a tracking of the CFO estimation can eas-
ily be performed. For further details on our synchronization
methods, see [15].

3.4.2. Impact of a DC offset

A DC offset, for example, resulting from self-mixing of the
oscillators as described in Section 2.2, is a serious problem
when using direct conversion concepts. With regard to a
transmission, we have to take into account different aspects.
On the one hand, the coarse burst synchronization fails with
signals having high DC offsets. Therefore, it is necessary to
average the whole received sequence to get an estimate for the
DC offset and to subtract it afterwards. On the other hand,
assuming a correct synchronization, the impact of the DC
offset at the receiver in frequency domain is, due to the rect-
angular windowing of the FFT, the same as an addition of a
sinc function with the maximum at f = 0 and zero cross-
ing at all other subcarrier frequencies. That is why the DC
subcarrier is unassigned in IEEE 802.11a. In fact, this is no
solution, because, in combination with a carrier frequency
offset, the DC offset affects all subcarriers. In this case, the
sinc function’s maximum is shifted by the value of the CFO
and additionally the zero crossings move between the sam-
pling points of the subcarriers.

Figure 10a shows the signal constellation diagram of a
54 Mbit/s data burst transmitted with our system at 2.4 GHz
after equalization. The received signal contains a DC offset of
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Figure 11: Measured channel transfer functions; (a) without CDD, (b) CDD: 2TX, delay 0.3 microsecond.

approximately 7 dB (ratio of DC magnitude to rms7 of signal
without DC) and a CFO of approximately 104 kHz.

When correcting the DC offset, an estimation based on
averaging a certain number of preamble B symbols in time
leads to sufficient results (see Figure 10b).

3.4.3. Transmit diversity schemes for OFDM

Considering transmit diversity schemes for IEEE 802.11a,
one can distinguish between schemes which are compatible
with the standard and those which are not. STBC belong to
the latter ones. In contrast, delay diversity schemes need no
modification of the receiver at all, thus they are fully standard
conform.

Delay Diversity and Cyclic Delay Diversity

Delay diversity means transmitting the same OFDM symbol
in time domain, including the CP, with a certain delay for
each antenna. Due to synchronization constraints, the max-
imum delay is restricted to the remaining length of the CP,
which is the total length of the CP minus the channel im-
pulse response length. A better solution especially for OFDM
systems is cyclic delay diversity (CDD), for example, known
from [16, 17]. Using CDD, cyclically time-shifted OFDM
symbols are simultaneously transmitted by each antenna. It
is important to note that the signal is shifted before insert-
ing the CP. Compared to noncyclic delay diversity, there is
no strong restriction for the length of the delay. The allowed
maximum length equals the FFT length.

7Root mean square:
√

1/N
∑N

k=1 |s(k)|2.

The principle of all delay diversity schemes is to increase
the length of the channel impulse response seen at the re-
ceiver, that is, the channel transfer function becomes more
frequency selective. The added diversity is only exploited by
the channel decoder [17]; in contrast to other transmit di-
versity schemes, there is no SNR enhancement. Because the
superposition of the transmitted signals from each antenna
at the receiver using delay diversity or CDD is equivalent to
a single transmit antenna system with extended channel im-
pulse length, no changes are necessary at the receiver.

Figure 11 shows the increased frequency selectivity due to
CDD by means of two measured channel transfer functions
at 2.4 GHz. In Figure 11b, a CDD system with 2 transmit an-
tennas and a delay of 6 samples (≡ 0.3µs) was used. For com-
parison, the single antenna case is presented in Figure 11a.
The magnitudes of the channel coefficients for each subcar-
rier in the OFDM system were obtained by the estimation
based on the IEEE 802.11a preamble.

Although there is no restriction for the delay length us-
ing CDD in theory, problems may occur if a noise reduction
(NR) of the estimated channel transfer function by window-
ing in time domain [15] is carried out. In this case, the in-
creased channel impulse length due to CDD has to be con-
sidered when fixing the NR window length. If the window
length is too short, the channel impulse response will be falsi-
fied, which significantly reduces the performance of the NR.

STBC: Alamouti Scheme

The transmit diversity scheme proposed by Alamouti [12] is
based on non-frequency-selective or flat-fading channel as-
sumptions. Therefore, in case of OFDM, the coding of the
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Figure 12: Signal constellations: (a) receive signal 1, (b) receive sig-
nal 2, (c) MRC of receive signals 1 and 2, (d) MRC of receive signals
1 to 4.

transmit symbols according to Alamouti has to be done in
frequency domain, that is, before processing the IFFT at the
transmitter, and decoding after applying the FFT at the re-
ceiver. So, in contrast to delay diversity schemes, two IFFT
processing units are needed. Because the OFDM demodula-
tion (FFT) is the inverse operation of the modulation (IFFT),
the equations describing the Alamouti coding (8) remain
unchanged for OFDM transmission, except for the trans-
mit symbols si as well as the receive symbols ri becoming
OFDM symbols in frequency domain, that is, they consist of
52 (number of subcarriers) PSK or QAM symbols each.

In contrast to all delay diversity schemes, using the Alam-
outi transmit diversity scheme is not compatible to IEEE
802.11a. In addition to the modifications in the receiver ac-
cording to the Alamouti decoding, a modification of the
channel estimation and synchronization algorithms as well
as a new preamble structure is necessary.

3.4.4. Receive diversity scheme for OFDM

The application of receive diversity to a transmission system
based on IEEE 802.11a can be realized without any changes
to the transmitter, that is, absolutely standard conform. One
possible method is maximum ratio combining (MRC), on
which we will focus in the following.

Maximum Ratio Combining

In order to combine the received symbols according to the
MRC principle, in frequency domain, the not-yet-equalized

exp(·)

Frequency and
phase estimation

Timing
estimation

Dawnsampling

Remove
DC offset

Receive
filter

Frame
splitting

Frame
detection

Blind source
separation

Figure 13: BSS setup.

values on each subcarrier are multiplied with the corre-
sponding conjugate complex channel coefficient. The result-
ing values of all receive antennas are then added up separately
for each subcarrier and afterwards, in case of QAM symbols,
normalized to the sum of power of the channel coefficients
resulting from the different antennas. After a soft-decision
demapping, the weighted bits are multiplied with the inverse
of the normalization factors used before.

A measurement example obtained with MASI can be seen
in Figure 12. In that case, the BER for the signal received on
the first and second receive antennas after channel decod-
ing is 0.11 and 0.5, respectively. MRC of the two received
signals (see Figure 12c) results in a reduction of the BER to
7.97·10−3, whereas the combining of four receive signals (see
Figure 12d), obtained with two additional receive antennas,
leads to an error-free reception.

3.5. Blind source separation

BSS algorithms are able to separate different signals from a
multisensor setup. The only knowledge used to achieve this
goal is that the signals should be statistically independent.

We choose the BSS setup in favor of classical pilot-based
spatial multiplexing schemes like VBLAST, because this en-
ables us to rely on well-known algorithms for frequency and
timing, estimation. In the BSS setup frequency and timing,
estimation can be done on every separated data stream inde-
pendently and therefore these setups are applicable even in
multiuser scenarios.

To apply source separation techniques in communica-
tions, we are using the setup depicted in Figure 13. First of
all, the DC offset caused by the direct conversion frontend
is removed. After root-raised cosine filtering, a frame syn-
chronization according to Section 3.1 is carried out. To sep-
arate the independent components, we can apply a BSS al-
gorithm directly to the oversampled signal. For this step, we
choose the JADE [18] algorithm8 as a spatial-only separation
approach.

8We also successfully used other approaches like fastICA [19] and SSARS
[20].
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Figure 14: 2 × 2 signal constellations before ((a) and (c)) and after
((b) and (d)) BSS.

The separation leads to data streams which are processed
in the classical way like in single antenna systems. We syn-
chronize to the symbol timing using the method presented
in [10]. In order to determine the carrier frequency offset,
we apply a nonlinearity and a frequency estimation.

Measurements were done with a sampling frequency of
fs = 10 MHz in order to get an approximately flat channel.
In order to visualize the successful separation, we simultane-
ously transmit signals with different modulation schemes.

Figure 14 depicts the separation of a BPSK and a QPSK
signal sent in parallel and received by two antennas. The sig-
nal constellation before separation is obtained by using the
timing information estimated after separation. As one can
see in Figure 14, the signal streams are properly separated.
Figures 14a and 14c show that in this particular measure-
ment, the signal of the BPSK signal was dominant.

The separation procedure can be easily extended to a sys-
tem with four transmit and receive antennas. The results are
depicted in Figure 15. It can be seen that even in this situa-
tion, a proper blind separation is possible.

Based on our experiences, we can state that it is practi-
cally possible to apply separation algorithms for separation
of communication signals in MIMO setups, even if the prop-
erties of the modulation schemes are not taken into account.
This makes our setup interesting for interference scenarios.
If a knowledge of the symbol alphabet of a signal is addition-
ally exploited, the BSS can be used as a frontend to spatial
interference cancellation algorithms like VBLAST [21].
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Figure 15: 4 × 4 signal constellations before (left) and after (right)
BSS.

4. CONCLUSIONS

In this paper, we introduced a very flexible low-cost measure-
ment system which allows the testing of nearly all MIMO
communications setups currently under discussion. Arbi-
trary signals can be generated and transmitted in real time.
However, the offline processing concept significantly reduces
the complexity of the demonstrator. In contrast to a real-time
simulator, this has enabled us to freely investigate optimal
and suboptimal algorithms. Moreover, we are not limited to
a special simulation software. A wide range of applications
was presented. In order to show the nature of the MIMO
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channel, we accomplished some indoor measurements of fre-
quency responses. Furthermore, receive and transmit diver-
sity schemes to gain performance from the spatial channel
were considered. In theory, receive and transmit diversity
are interchangeable. However, in practice, we observed that
orthogonal STBCs are more sensitive to estimation errors.
As an example for OFDM, we evaluated a system accord-
ing to IEEE 802.11a to which we successfully applied several
transmit and receive diversity schemes. The feasibility of BSS
for communications systems under realistic conditions was
studied. During our indoor measurements, we could hardly
produce scenarios that prevent the BSS from working. Con-
sequently, BSS algorithms, which can be directly applied to
the oversampled received signal without timing and carrier
offset synchronization, are suitable for robust frontend pro-
cessing.
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A performance analysis of an access channel decoder is presented which exploits a diversity gain due to the independent magnitude
of received signals energy at each of the antenna elements of a smart-antenna base-station transceiver subsystem (BTS) operating
in CDMA2000 1X signal environment. The objective is to enhance the data retrieval at cellsite during the access period, for which
the optimal weight vector of the smart antenna BTS is not available. It is shown in this paper that the access channel decoder
proposed in this paper outperforms the conventional one, which is based on a single antenna channel in terms of detection
probability of access probe, access channel failure probability, and Walsh-code demodulation performance.
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1. INTRODUCTION
As the demand of mobile communications increases rapidly,
the 3G mobile communication system must provide various
contents in as high as possible data rate compared to the
conventional 2G systems [1]. In order to provide the vari-
ous contents to the increased number of users, it is neces-
sary to secure an extremely accurate detection of synchro-
nization information between base-station transceiver sub-
system (BTS) and each of the subscribers together with a
good demodulation technique [2]. For improving the qual-
ity of communication services capable of providing the var-
ious contents, the mobile communication network based on
a single antenna BTS must increase the number of base sta-
tions. However, to increase the number of base stations is
very costly and it also causes the cell planning to be very com-
plicated because of the frequent handoff [3].

Smart antenna technology [4, 5] has been considered as
being a solution to increase the communication capacity and
improve the communication quality [6, 7] as well without
too much investment required for increasing the number of
base stations. In order for the smart antenna system to work
as desired, however, the weight vector should be provided in

such a way that a nice-shaped beam pattern is generated in
accordance with the directions of desired and/or undesired
signal sources [8].

It is noteworthy that the data format of the access chan-
nel in CDMA2000 1X system is the same as that employed in
the current IS-95 CDMA system. It particularly means that
access channel consists of the preamble, data, and cyclic re-
dundancy code (CRC) with the data rate being 4.8 kbps. As
the access channel is not accompanied with pilot channel, the
contents of the access channel should be decoded through a
noncoherent detection [9, 10, 11]. For that reason, during
the access state, which exists before a traffic channel is set
up between BTS and a given subscriber such that an opti-
mal weight vector has not yet been computed according to
the received data at the BTS, the advantages of smart an-
tenna, which is available due to the nice-shaped beam pat-
tern, cannot be provided. In this paper, we apply the prin-
ciple of phase diversity technology [12] to the access chan-
nel decoder in order to enhance the data retrieval during the
access state. The phase diversity can be obtained in any an-
tenna array system which uses the envelope detection proce-
dure regardless of antenna spacing due to the fact that the
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energy of received signal at each antenna element consists of
many signal components transmitted from a large number of
users with all statistically independent arrival angles. Conse-
quently, the energy at each antenna element becomes statisti-
cally independent as the number of users increases in a given
CDMA signal environment. The gain of phase diversity can
be exploited in the access channel decoder, of which the func-
tion is basically to compute the correlation energy of received
signal with each of the Walsh codes by simply summing up
the correlation energies calculated at each of the antenna el-
ements.

The superiority of the proposed access channel decoder
exploiting the phase diversity has been confirmed in terms
of searching capability, Walsh demodulation, access failure
probability, and so forth. In this paper, the access failure has
been found by checking the CRC that is contained in the ac-
cess probe.

This paper is composed as follows. Section 2 summa-
rizes the concept of the phase diversity. Section 3 introduces
the structure of access channel decoder for a hardware im-
plementation. Section 4 presents the performance analysis
of the proposed access channel decoder in comparison to
the conventional one. Section 5 presents the concluding re-
marks.

2. PHASE DIVERSITY

Phase diversity technology is based on a fact that the mag-
nitude of received signal energy at each antenna element of
a smart antenna system is independent of each other be-
cause the phase of every component, which is determined
by the arrival angle and carrier phase delay associated with
the corresponding mobile terminal, is statistically indepen-
dent of each other. It may sound contradictory to another
fact that the received signal at each antenna element is co-
herent to each other, that is, the magnitude of received sig-
nal is the same at every antenna element and only the phase
varies when the angle spread is not too wide and the antenna
spacing is not far greater than a half wavelength. What has
to be carefully considered in the discussion of the phase di-
versity technology is that the received signal at each antenna
element is composed of plural signal components, each of
which is transmitted from a corresponding mobile terminal.
Each of the received signal components at each antenna el-
ement is fully coherent to each other such that the magni-
tude is exactly the same at every antenna element and the
phase difference between adjacent elements is π sin(θ) when
the antenna spacing is a half wavelength where θ is the ar-
rival angle measured from the broad side of the array. How-
ever, due to the large number of transmitting mobile termi-
nals, the magnitude of the received signal which consists of
the large number of the signal components is independent
at every antenna element. The independency of the received
signal energy can be clarified through the equations shown
in this section.

The phase difference between adjacent antenna elements
due to a single signal component, say, a signal transmitted
from lth subscriber, is a function of incident angle θl and

antenna spacing d, that is, ϕ(θl,d). For simplicity but with-
out loss of generality, we assume that the first antenna ele-
ment is the reference antenna. Then, holding back the terms
related to the multipath and angle spread until we quote
Section 4, after the frequency down-conversion, the in-phase
and quadrature component of the received signal at the nth
element can be respectively written as follows:

În(t) =
M∑

m=1

Ŝm(t) cos
[
φm + (n− 1)ϕ

(
θm,d

)]
,

Q̂n(t) =
M∑

m=1

Ŝm(t) sin
[
φm + (n− 1)ϕ

(
θm,d

)]
,

(1)

where the subscripts n and m are the indices for denoting
the antenna element and signal source, that is, the transmit-
ting subscriber, respectively, Ŝm(t) is the magnitude of the re-
ceived signal, M is the total number of signal components
impinging upon the antenna element, and φm is the carrier
phase delay. The noise term has been deleted for ease of ex-
planation. Assuming that the signal transmitted from the lth
subscriber is the desired one, after the dispreading procedure
with the PN code assigned to the lth subscriber, say, pl(t), the
in-phase and Quadrature component of the received signal at
the nth element can be written as follows:

In(t) = Sl(t) cos
[
φl + (n− 1)ϕ

(
θl,d

)]
+

M∑
m=1,m�=l

Sm(t) cos
[
φm + (n− 1)ϕ

(
θm,d

)]
,

Qn(t) = Sl(t) sin
[
φl + (n− 1)ϕ

(
θl,d

)]
+

M∑
m=1,m�=l

Sm(t) sin
[
φm + (n− 1)ϕ

(
θm,d

)]
,

(2)

where In(t) = ∫
T În(t)pl(t)dt, Qn(t) = ∫

T Q̂n(t)pl(t)dt, and
Sm(t) = ∫T Ŝm(t)pl(t)dt with the integral period T being de-
termined by the processing gain. Note that the first terms in
the right-hand side of (2) are the desired ones while the last
terms are the interfering ones. The key part of the phase di-
versity is that the signal at each antenna element is indepen-
dent of each other because the signal at each antenna element
consists of a large number of signals transmitted from ran-
domly located large number of mobile terminals. Once again,
this is because the interfering terms consist of M−1 terms of
which the incident angles are all independent such that the
magnitude of the received signal at each element, which is
determined by a vector sum of M signal components, must
be determined in a random fashion.

In Walsh-code demodulator in access channel decoder,
as there are 64 Walsh codes in CDMA2000 1X system, each
symbol shown in (2) should be correlated with each of the 64
Walsh codes at each antenna element to produce the decision
variables of Walsh demodulator. Then, the decision variables
for k = 1, 2, . . . , 64 at the nth antenna element, which is ob-
tained by correlating the symbol with each of the 64 Walsh
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codes, can be written as follows:

In,k(t) = Sl,k(t) cos
[
φl + (n− 1)ϕ

(
θl,d

)]
+

M∑
m=1,m�=l

Sm,k(t) cos
[
φm + (n− 1)ϕ

(
θm,d

)]
,

Qn,k(t) = Sl,k(t) sin
[
φl + (n− 1)ϕ

(
θl,d

)]
+

M∑
m=1,m�=l

Sm,k(t) sin
[
φm + (n− 1)ϕ

(
θm,d

)]
,

(3)

where the subscript k is the Walsh index and the kth de-
cision variable is obtained as In,k(t) = ∫

TW
In(t)Wk(t)dt,

Qn,k(t) = ∫TW
Qn(t)Wk(t)dt, and Sm,k(t) = ∫TW

Sm(t)Wk(t)dt
for k = 1, 2, . . . , 64 with the integral period TW being deter-
mined by the length of the Walsh code. Since the interfering
terms in (3) can be approximated to Gaussian as the number
of signal components is sufficiently large, (3) can be rewrit-
ten as follows:

In,k(t) = G
[
Sl,k(t) cos

(
Θn,l

)
, σ2],

Qn,k(t) = G
[
Sl,k(t) sin

(
Θn,l

)
, σ2], (4)

where G[µ, σ2] denotes a Gaussian random variable with
mean µ and variance σ2, where the variance is determined
by the sum of the interferers’ power measured at the receiver,
and Θn,l = φl + (n− 1)ϕ(θl,d).

What is claimed in the phase diversity technology is that
the decision variable should be computed as a sum of all the
values obtained at every antenna channel. Thus, the decision
variable Zk(t) for estimating the Walsh number in the Walsh
demodulator is

Zk(t) =
N∑
n=1

[
I2
n,k(t) + Q2

n,k(t)
]

for k = 1, 2, . . . , 64. (5)

As In,k(t) and Qn,k(t) are Gaussian random variables as
discussed above, the decision variable Zk(t) is a noncentric
chi-squared random variable with the degree of freedom be-
ing 2N . The probability density function of Zk(t) can be writ-
ten as follows [13]:

PZ(α)

=
(
α/σ2b

)(N−1)/2

2σ2
e−(1/2)(b+α/σ2)IN−1

(√
bα

σ2

)
for α ≥ 0,

= 0 for α < 0,
(6)

where IN−1(•) is a modified Bessel function of the first
kind with order N − 1 and the noncentric parameter b is
N(Sl,k(t)2/σ2). Note that when the magnitude of the desired
signal is zero, the probability density function of Zk(t) be-
comes a centric chi-squared random variable. In this case,
the probability density function of Zk(t) can be written as
follows:

pZ(α) = α(N−1)(
σ2
)N

2NΓ(N)
e−α/2σ

2
, (7)

where Γ(•) is the Gamma function.

The average and variance of the centric chi-squared ran-
dom variable are 2Nσ2 and 4Nσ4, respectively, and those
for the noncentric chi-squared random variable are N(2σ2 +
Sl,k(t)2) and 4Nσ2(σ2 + Sl,k(t)2), respectively. Note that both
the mean and variance increase linearly as the number
of antenna elements N increases. This suggests that the
performance of the envelope detection, that is, Zk(t) =∑N

n=1 [I2
n,k(t) + Q2

n,k(t)], improves linearly as the number of
antenna elements increases. Note that there would be no gain
at all if the variance increases in proportion toN2 as the mean
increases in proportion to N . Consequently, the phase diver-
sity technique, with the detection variables being computed
as suggested in (5), increases the signal-to-interference ratio
(SIR) by nearly N times where N is the number of antenna
elements in the array system. Note that there is no weight
computation involved in the phase diversity technique.

3. ACCESS CHANNEL DECODER

Figure 1 illustrates a block diagram of the access channel
modulator operating in CDMA2000 1X mobile communica-
tion system. As the terminal may access the BTS at any mo-
ment, the BTS in CDMA2000 1X system receives the access
information based on a noncoherent detection. Note that, as
shown in Figure 1, the information in the access channel is
transmitted in a low data rate, that is, 4.8 kbps. It can also
be observed in Figure 1 that the access channel modulator
includes the 64-ary Walsh modulation and the offset quadra-
ture phase shift keying (OQPSK) modulation [14]. It is also
noteworthy that the OQPSK modulation in the access chan-
nel modulator can provide a diversity gain because it adopts
two BPSK modulations for the I-channel and Q-channel, re-
spectively, of a given signal.

The access channel decoder implemented in our smart
antenna BTS consists of a searcher, OQPSK demodulator,
Walsh demodulator, Viterbi decoder, CRC checker, and so
forth, in such a way that it can demodulate the access channel
data modulated through the procedure shown in Figure 1.
Among the blocks in the access channel decoder, the searcher
and Walsh demodulator employs the proposed phase diver-
sity technology of which the detailed application method and
hardware structures are introduced in Sections 3.1 and 3.2.

3.1. Searcher

The searcher in the access channel decoder performs PN code
acquisition for retrieving the access channel information at
cellsite, using the preambles given at the beginning part of
access probe [15]. As described earlier, in order to exploit the
phase diversity gain, the correlation energies obtained at each
of the antenna channels are summed up each time to pro-
duce the detection variable, with which the searcher detects
the peak correlation energy to estimate the propagation de-
lay of the target subscriber. Figure 2 illustrates the hardware
structure of the access searcher implemented in our smart
antenna system operating in CDMA2000 1X system. Note
that the correlation energies computed at each of the antenna
channels are summed up to form the detection variable for
determining whether or not the current time lag corresponds
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to the peak correlation value. In our smart antenna BTS, 6
antenna channels are activated for reverse link, that is, N = 6.

As shown in Figure 2, the I and Q components of
the received signal obtained after the frequency-down and
analog-to-digital conversion at each antenna channel, that
is, {ANTi I ,Q for I = 1, 2, . . . ,N}, respectively, are fed to the
corresponding data input buffer.

The searching function, that is, PN code acquisition, is
performed after analog-to-digital conversion of frequency
down-converted baseband signal received at each of the an-
tenna channels. The detailed procedure of computing the
correlation energy in the hardware implementation of our
access channel searcher is as follows. First, the correlation
between the received data and PN code of the desired sub-
scriber is performed for the period of 1/4 PCG (power con-
trol group), which is of 384-chip duration, with the time lag
of correlation being shifted by 1/2 chip at a time. At each
antenna channel, the correlation energy is obtained by aver-
aging the correlation results for the period of 7 PCG. Conse-
quently, the total period for obtaining the correlation energy
at each antenna channel is for 7×4×384 chips. As for the win-
dow size, that is, the length of the time interval for which the
peak correlation energy is searched, it has been set to 30-chip
duration, which means the correlation energy is computed
60 times because the time lag for computing the correlation
is jumping by 1/2 chip each time the correlation is computed
as mentioned above. Summarizing the above, the searching
energy is computed for each time lag i by

Zsearch

(
i

2

)

=
N∑
j=1




28∑
k=0

384∑
n=1

xIj[n + 384 × k]

· PNI
[
n + 384 × k − i

2

]
2

+


28∑
k=0

384∑
n=1

xQj [n + 384 × k]

· PNQ
[(
n− 1

2

)
+ 384 × k − i

2

]
2


for i = 0, 1, 2, . . . , 59,

(8)

where Zsearch(t) is the searching energy to be computed, xIj(t)
and xQj (t) are, respectively, the in-phase and quadrature com-
ponent of the received data at jth antenna element, and
PNI(t) and PNQ(t) denote the PN code of the desired sub-
scriber assigned to In-phase and Quadrature component, re-
spectively, in CDMA2000 1X system. Note that the time in-
dex includes (i/2) term because the time lag for computing
the correlation energy is shifted by 1/2-chip duration each
time as described previously. It should also be observed that
the received data xIj(t) and xQj (t) consist of many signal com-
ponents transmitted from all the subscribers operating in a
given cell through the traffic as well as access channels. In the
access searcher operating in accordance with (8), the phase

diversity can be exploited because the correlation energy is
obtained through the summation of all the correlation results
at each of the antenna channels. The objective of the searcher
in the access channel decoder is to find the time index (i/2)
for which the peak value of the correlation energy is given as
a result of computing (8) for every i. The problem of setting
the threshold value to determine whether or not each of the
correlation values corresponds to a peak is not included in
the scope of this paper.

3.2. Walsh demodulator

The objective of the Walsh demodulator is to find the Walsh
number that corresponds to the information of 6-bit word
transmitted from the desired subscriber. So, the question to
be answered in the Walsh demodulator is “Which one of
{W0,W1,W2, . . . ,W63} has been transmitted from the tar-
get subscriber?” Figure 3 illustrates the Walsh demodula-
tor implemented in our smart antenna BTS [16] operat-
ing in the reverse link of CDMA2000 1X signal environ-
ment that can fully exploit the gain of phase diversity [17].
At each antenna channel, the received signal is first mixed
with cosω1t and sinω1t to produce the baseband in-phase
and quadrature component rI ,n(t) and rQ,n(t), respectively,
for n = 1, 2, . . . ,N , where ω1 is the carrier frequency with N
being the number of antenna elements in the smart antenna
system. For ease of explanation, A-to-D converter is omitted
in Figure 3. Then, the received data are descrambled with the
long and short PN code, that is, c(t), and pI(t) and pQ(t) for
in-phase and quadrature, respectively, in Figure 3, assigned
to the desired subscriber. Note that the descrambling proce-
dure is performed using the timing information, that is, (i/2)
as shown in (8), given from the access searcher. Then, the
descrambled received data are fed to the input ports of the
Walsh demodulator at each antenna channel to be correlated
with each of the 64 Walsh words. In Figure 3, the correlation
of the received data with each of the Walsh words is denoted
as 〈•,Wk(t)〉, which is performed by

∫
TW

•·Wk(t)dt with the
integration period TW being the Walsh word length as men-
tioned in Section 2. Note that in order to provide the phase
diversity gain mentioned earlier, the decision variable Zk for
k = 1, 2, . . . , 64 is obtained through the summation proce-
dure of correlation values computed at each of the antenna
channels in Figure 3 [3]. As the objective of the Walsh de-
modulator is irrelevant to the time index, the time index in
the decision variable Zk(t) as shown in (5) is omitted in this
section.

Figure 4 is the photograph of a channel card imple-
mented in our smart antenna BTS [17]. Each channel card
installed in a given smart antenna BTS includes all the nec-
essary modules for modulating or demodulating the signal
to be transmitted or received to or from the corresponding
subscriber. The access channel searcher and the Walsh de-
modulator discussed in this section are included in the de-
modulation part of the channel card. As shown in Figure 4,
the demodulator has been implemented with 5 of 1 million-
gate FPGAs (field programmable gate array)—Altera’s APEX
EP20K1000EBC652. In fact, the demodulation part of the
channel card consists of the access channel searcher, Walsh
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Figure 3: Walsh demodulator providing the phase diversity in smart antenna base station.

demodulator, both of which are discussed in this section as
main topics of this paper, traffic channel demodulator for
dispreading the received traffic data, demodulator controller
that has been implemented with a digital signal processing
(DSP)—TMS320C6203, and channel card controller that has
been implemented with MPC860. All these modules for the
demodulation have been implemented in the 5 FPGAs shown
in Figure 4. The demodulator shown in Figure 4 provides 4
fingers to each user for the RAKE reception [18]. The re-
ceived data through the access channel allocated to each of
the 4 fingers by the access searcher are demodulated in the
Walsh demodulator implemented with the FPGAs. The de-
modulator controller demodulates the access probe from the
retrieved 6-bit words which are obtained as a result of the
Walsh demodulation. The state of the desired subscriber can

also be monitored from these 6-bit words information be-
cause the CRC of the desired subscriber is included in the
access probe. The CRC information are transferred to the
channel card controller. It is also the channel card controller
that performs the interface between physical layer and higher
layer as well as the call processing using the message retrieved
from the access probe.

4. PERFORMANCE ANALYSIS

4.1. Signal modeling and experimental environment

In this subsection, the performance analysis of the proposed
access channel decoder is presented through various com-
puter simulations and experimental results. The received
baseband signal at the nth antenna element, assuming the
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Figure 4: Channel card for smart antenna system.

n0th element is reference antenna element, can be written as
follows [19, 20]:

xn(t) =
M∑

m=1

Km∑
k=1

 Lk∑
q=1

sm,k(t)e j2π( fd cosϕm,k,qt− fcτm,k,q)


× e− j(n−n0)π sin θm,k,q + n(t),

(9)

where the indices m, k, and q are used to denote the sub-
scriber, propagation path, and scattered components, respec-
tively, sm,k(t) is the received signal from the mth subscriber
through the kth path, fd is Doppler shift, ϕ is the moving
direction of the desired subscriber measured from the broad
side of the array antenna, fc is the carrier frequency, τ is the
propagation delay of the signal, θ is the arrival angle of the
received signal, and n(t) is a zero-mean Gaussian random
quantity determined by the noise. Note that the signal model
shown in (9) includes the angular spread. Note that M, Km,
and Lk are the number of subscribers, multipaths, and scat-
tered components, respectively.

It has been assumed in our simulations that the propaga-
tion delay in a cluster are all the same such that τm,k,q

∼= τm,k

[19]. The magnitude of each of the multipaths has been
determined in accordance with the 6-finger model given
in 3GPP2 recommendation as follows: 0.6369 : 0.5742 :
0.3623 : 0.2536 : 0.2595 : 0.0407, which results in the power
ratio of 0.4056 : 0.3297 : 0.1313 : 0.0643 : 0.0673 : 0.0017.
Note that for the retrieval of access channel data, which is the
main issue of this paper, the largest 4 fingers out of the 6, of
which the instantaneous magnitude varies at every sampling
time due to the fading, are taken because the number of fin-
gers in our receiver is 4 as mentioned earlier.

4.2. Performance of the searcher

In the access state, during which the pilot signals are not
available, the searching, that is, PN code acquisition, is per-
formed using the preamble given at the access probe. In
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Figure 5: False alarm probability versus detection probability in
AWGN environment.

our smart antenna BTS, the access probe is composed of
5-frame preamble and 4-frame message. The integration
period for the searcher has been set to 384-chip duration
(312.5 µsecond), which is 1/4 PCG. As the phase shift of
the received signal is about 9◦ for fd = 80 Hz for the in-
tegration period of 312.5 µsecond, the correlation energy in
the searcher is obtained by averaging the correlation values
for the period of 7 PCG for higher accuracy as stated in
Section 3.

Figures 5 and 6 illustrate the performance of the ac-
cess searcher in terms of false alarm probability and detec-
tion probability in additive white Gaussian noise (AWGN)
and fading channel, respectively. The numbers given inside
the parenthesis in Figures 5 and 6 denote the signal-to-
interference-plus-noise ratio (SINR), being −17 dB, −20 dB,
and −23 dB. It has been found in our extensive computer
simulations that the searcher designed by the proposed
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Figure 7: Variance of searching energy.

technique that exploits the phase diversity provides for about
3.3 dB gain in the SINR for AWGN channel. The gain in the
fading environments has been found to be about 5.5 dB.

The performance improvement provided by the pro-
posed searcher can also be found in the distribution of
the variance of the detection variable, that is, E[{Z(i/2) −
E[Z(i/2)]}2], where E[•] denotes the expectation of • and
Z(i/2) is the detection variable, that is, correlation energy,
as defined in (8). Figure 7 illustrates the variance of the
normalized detection variable. Note that the labeling “de-
tected” or “undetected” means that the time lag of the de-
tection variable, that is, (i/2), is matched or mismatched
with the actual propagation delay of the signal, respectively.
In computing the variance, the correlation energy itself has
been normalized with the average correlation energy, that is,
E[Z(i0/2)], obtained in the detected case. It should be ob-

0 10 20 30 40 50 60

Walsh-code index

0

1

2

3

4

5

6
×105

D
ec

is
io

n
va

ri
ab

le

Figure 8: Decision variable of the Walsh demodulator for single
antenna system.

0 10 20 30 40 50 60

Walsh-code index

0

1

2

3

4

5

6
×105

D
ec

is
io

n
va

ri
ab

le

Figure 9: Decision variable of the Walsh demodulator for array an-
tenna system.

served in Figure 7 that the variance in both the detected and
undetected cases is significantly reduced, which means the
detection capability is enhanced and the false alarm is sup-
pressed as much as the variance is reduced. Recall that the
variance of the correlation energy is actually an uncertainty
in the detection procedure of the searcher. It has been found
in our extensive simulations that the variance is reduced
nearly by 1/N , that is, 1/6 in our smart antenna BTS. This
result could be predicted from the discussions of Section 2.

4.3. Performance of the Walsh demodulator

The performance of the Walsh demodulator is presented in
terms of the distribution of the detection variable Zk and the
improvement in Eb/N0. Figures 8 and 9 illustrate the distri-
bution of the decision variable Zk in an AWGN channel of
SNR = −24 dB. Each of the 64 Walsh words is correlated with
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Figure 11: Access fail probability in AWGN environment.

received signal of 64-chip length when a test signal corre-
sponding to W32 is assumed to be transmitted from a mobile
terminal. From Figures 8 and 9, it can be observed that the
decision variable Z32 provided from the proposed Walsh de-
modulator employing the phase diversity technology is sig-
nificantly distinguished from the other correlation results,
that is, Zi, i�=32, because the variance in computing each of the
correlation results in the proposed system is reduced almost
proportionally to the number of antenna elements, that is, 6
in our smart antenna BTS. Consequently, the performance
of the Walsh demodulator is improved by adopting the array
system with phase diversity.

Figure 10 illustrates an improvement of the proposed
Walsh demodulator in terms of Eb/N0. The value for Eb/N0

has been obtained from the ratio between E[Z32] and the
standard deviation in computing the average value of the de-
cision variable. As shown in Figure 10, Eb/N0 in the Walsh
demodulator is increased by about 2.5 ∼ 4 dB.
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Figure 12: Access fail probability in the fading environment.

Table 1: Measured Eb/N0 at access channel decoder output.

Channel Eb/N0 (dB)
Eb/N0 at decoder output (dB)

Conventional Phase diversity

5 11.2 16.1

6 11.8 16.7

7 12.5 17.3

8 13 17.9

4.4. Performance of entire access channel decoder

According to the requirement regarding the access probe test,
specified by IS-97D [21], the access failure probability should
not excess 1% when Eb/N0 is 6.5 dB. In this section, the access
failure probability provided by the proposed access chan-
nel decoder is presented. Note that the access failure is de-
tected from the failure of CRC contained in the received ac-
cess probe.

Figures 11 and 12 illustrate the access failure probability
in AWGN and fading circumstances, respectively. Note that
the required Eb/N0 for the failure probability to be 1% is en-
hanced by about 5 dB. It particularly means that the smart
antenna BTS employing the phase diversity can increase the
cell size, compared to a conventional BTS consisting of a sin-
gle antenna channel, so much that the access signal arrives at
the BTS with the power of about 5 dB lower. Consequently,
communication performance can be enhanced even during
the access state for which the pilot data are not available such
that the optimal parameters for nice beam pattern are not yet
obtained.

Table 1 represents the measurements of Eb/N0 at the out-
put port of the proposed access channel decoder of our smart
antenna system prepared together with the noise generator
and fading emulator as shown in Figure 13. As shown in
the table, the proposed access channel decoder enhances the
Eb/N0 by about 5 dB. Note that the measurements shown
in Table 1 very much coincides with the simulation results
shown in Figures 11 and 12.
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Figure 13: Experimental environment for access channel decoder of smart antenna BTS.

5. CONCLUSIONS

In this paper, we present an access channel decoder for the
smart antenna BTS. The proposed decoder consists of a
searcher, OQPSK demodulator, Walsh decoder, Viterbi de-
coder, and CRC checker. The proposed smart antenna system
implemented in this paper exploits the gain of phase diver-
sity with 6 antenna elements. The performance of the pro-
posed access channel decoder has been demonstrated for the
access searcher and Walsh demodulator in terms of enhanced
detection/false alarm probability and improved Eb/N0, re-
spectively. The overall performance of the proposed access
channel decoder has been presented in terms of access failure
probability. As for the access probe test required by IS-97D
[21], the proposed access channel decoder provides about
5 dB improvement in the minimum Eb/N0 required for the
failure rate to be less than 1% both in AWGN and the fading
circumstances. More specifically speaking, for a cell with a
radius of 2 km, for example, the proposed technique can in-
crease the distance of reverse search coverage by about 76% if
the path loss in a given mobile environment is proportional
to the fourth-power of the path distance [22]. The phase di-
versity technology proposed in this paper can be used in vari-
ous systems of next generation mobile communications such
as WCDMA systems as well as CDMA2000 1X systems.
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