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Sudden death and birth of entanglement in photonic crystals
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We explore the entanglement dynamics of two qubits embedded in one-dimensional (1D) and three-
dimensional (3D) photonic crystals. Our 1D results show sudden death and sudden birth of the entanglement,
restricted by the initial coherence and the population in the excited state as well as the detuning. The results for
the 3D crystal show entanglement death but no birth. We also discuss the entanglement of N qubits in the

aforementioned photonic crystals.
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I. INTRODUCTION

Quantum entanglement lies at the heart of quantum world
mystery and is the key for potential applications in quantum
information [1,2]. Since quantum systems are easily affected
by decoherence via an interaction with the environment, one
of the big challenges is to find ways to maintain the entangle-
ment for a longer time [3]. In order to achieve this, a good
understanding of the decoherence mechanism is desirable.
Yu and Eberly [4-6] showed that dynamical behavior of the
entanglement between two qubits interacting independently
with quantum or classical noise is different from the behav-
ior of the local coherence. Instead of the exponential decay
in time of the local decoherence, quantum entanglement may
disappear within a finite time in the dynamical evolution.
This phenomenon is called “entanglement sudden death”
(ESD) [4]. Further investigations of ESD in different systems
have been made [7-10]. ESD of two qubits system under the
influence of independent environment has been carried out
experimentally [11,12]. The concept of creation or revivals
of entanglement has also been investigated [13-15].

Most of these studies are related to the entanglement dy-
namics of a bipartite system. A question of interest is how
the phenomena of entanglement sudden death and birth hap-
pen in multipartite system. This is the subject of the present
paper. A particularly interesting multipartite entangled state
is the Greenberger-Horne-Zellinger (GHZ) type state which
has interesting applications in secure quantum communica-
tion. These states have been realized experimentally for large
number of particles. For example, five-photon GHZ en-
tangled state [16] and ten-party GHZ state have been pro-
duced [17]. A GHZ state has also reported for six trapped
ions [18]. However, it is well known that scaling multipartite
entangled states up to many constituents is haunted by the
decoherence processes. Therefore it is important to study the
dynamical behavior of the multipartite GHZ state in the pres-
ence of decoherence. For example, Diir and Briegel [19]
found that, for the GHZ states, the lifetime of true N-party
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entanglement decreases with the size of the system and the
effective number of entangled subsystem decreases with
time. Aolita er al. [20] predicted that the disentanglement
time of the GHZ-type states grows with the number of par-
ties N, and the residual entanglement is reduced to an arbi-
trarily small value on a time scale that decreases with in-
creasing N. All these studies are concerned for the cases of
GHZ states in a Markovian (memoryless) environment.

In this paper, we present a study for the evolution of quan-
tum entanglement between multiple qubits embedded in pho-
tonic band gap materials. We investigate the effect of deco-
herence on entanglement in one-dimensional (1D) and three-
dimensional (3D) photonic band gap materials. The
properties of the individual qubits, their mutual interactions
and the coherence dynamics are liable to modifications. The
decoherence dynamics of two entangled qubits in a photon-
ics crystal, such as entanglement trapping, is known to be
different from that of two qubits in free vacuum [21,22]. The
key feature here is the density of state (DOS) which should
have an impact on the entanglement behavior [23-25].

The paper is organized as follows. In Sec. II, we present
the single qubit spontaneous emission calculation in 1D and
3D photonic crystals. In the following subsections, we inves-
tigate the density matrix of two qubits that are placed sepa-
rately in two photonic crystals. We extend our calculation to
N qubits separately in N crystals with the initials preparation
in GHZ state. In Sec. III we illustrate the time evolution of
the entanglement for the qubits that are located individually
in photonic crystals. Here, we figure out the situations where
death and birth of the entanglement can take place. We sum-
marize our results in Sec. IV.

II. SPONTANEOUS EMISSION INSIDE PHOTONIC
CRYSTALS

We consider a system of N qubits represented by two-
level atoms embedded inside N photonic crystals such that
each photonic crystal has only one qubit embedded in it.
Since each qubit is located in a separate photonic crystal, it
evolves independently via interaction with reservoirs.

A. Single qubit spontaneous emission

Following [23,26], we consider a two-level atom embed-
ded in a photonic crystal coupled to the radiation field. The
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transition frequency w, between the excited and the ground
atomic states |e¢) and |g), respectively, is resonant with the
radiation field. The Hamiltonian for the system is [27]

|g)e| -

H="tw,|e)e|+ E ﬁwka}:ak + iﬁz gk(a,t
k k

(1)

where a] and a; are the radiation field creation and annihila-
tion operators for the kth radiation mode with frequency wy.
The parameter g,=w,d(2€yw,V) "%e;.u, is the atom-field
coupling constant. For simplicity we assume g, to be real.
Here d and u, are the absolute value and the unit vector of
the atomic dipole moment, V is the sample volume, and e,
are the two polarization unit vectors.

Let us consider the case when the qubit is initially in its
excited state |e) and the radiation field is in the vacuum state
[{0}). The wave function of the system in the interaction
picture then has the form

(1)) = (D] ){OD) + X &0 1), (2)
k

where the state |1,) accounts for the reservoir having one
photon in mode k. The right-hand term in Eq. (2) can be
written in terms of a collective state of the reservoir mode as

() = f(D)]e)|0) s+ x(1)|)[1), (3)

where the coefficient f(r) is different for 1D and 3D photonic
crystals. Here, we define the normalized one-photon state in
the reservoir as

1
1),= %g &1 (4)

with x(1)=VE & P=V1-[f(1)]%, and |0)=[{0}). In the fol-
lowing subsections, we present the calculation of f(r) for the
ID and 3D photonic crystals.

1. 1D photonic crystal

In a 1D photonic crystal, the dispersion characteristic of
radiation waves is deformed. Near the band edge . the dis-
persion relation can be approximated as

wp =, + Ak —ko)?, (5)

where A=~ w,/k}. The amplitude f(7) is given by the inverse
Laplace transform

f=-— J e"f(s)ds, (6)

o—i%®

where o is a real constant that exceeds the real part of all the

singularities of f(s) 1/(s+I'(s)), in which I'(s) = l—’i—(s with
8=w,~w, and y?=[(w,d)?/6meh](ky/ w>?). Note that the
phase angle of I' has been defined —m/2<arg(\—is—0)
<m/2.

The amplitude f(¢) can be rewritten as [23]
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t&t,y3/2 \je—
d 3> (7)
T iV —x(-x+i6)
where functions G(x) and H(x) are defined as
)
G0 =x+ —L— (8)
iV—ix—90
/2
H(x) =x+ ——, )
Vix+ 6

£ are the pure imaginary roots of the equatlon G(x)=0 in
the region Im(x(l)) < & and Re(x l)) <0, x§2 are the complex
roots of the equatlon H (x) 0 1n the region Im(x )< 6 and
Re(x 2)) <0, and G’ (x)= G(x) and H'(x)= H(x)

2. 3D photonic crystal

In the case of 3D anisotropic photonic crystal, since the
dispersion relation is modified strongly by the periodic di-
electric structure, an anisotropic band-gap structure is formed
on the surface of the first Brillouin zone in reciprocal lattice
space. It is shown numerically that the band edge is associ-
ated with a finite collection of symmetry-related points kf)’").
So, the dispersion relation can be expressed approximately
by wy=w,.+ C|k—k(() 2. where C is a model dependent con-
stant and w,. is the band edge frequency. In the same manner
as 1D calculation, we end up having the amplitudes f(z) as

flr) = E

iot

1 @, e
+E—, eYi ’+7

(l (2)
A T o)
Jw M%/z-uz\f(w —ix)e
>< d b
0o [({6-x)w, —Lx)—l\/wc,uﬁ/z]2+i,u.3x
(10)

eoﬁC

where 8=w,- ., p=["5—(0d)*(Z,sin* 6,)]*", and 6,, is
the angle between the atomlc dipole moment u, and the mth
wave vector k") [24]. Due to the anisotropy, the summation
over k is replaced by an integration over k. The integration
has to be carried out around the direction of each kg’”. The
function A(x) and B(x) are defined as

3/2

A =x - —F— (11)
Vo, +\—ix - 5
- 3/2
Bx)=x— ——— (12)

— . [
Vo, —iNix+ 6

/( ) are the roots of A(x)=0 in the region [Re(x(l))>0 or
Im(x(l))> 4], and sz) are the roots of B(x) 0 in the region
[Re(x 2))<O and Im(x(2)< d]. Clearly, x; ) and x depend
strongly on the relatlve positions between 1) and ., see
[24,28] for more details.

In Fig. 1, we show the atomic population in the excited
state for 1D photonic crystal as a function of time with dif-
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Atomic Population on the excited state

FIG. 1. (Color online) Atomic population on the excited state for
1D photonic crystal as a function of yz; for various values of the
detuning ranging from the gap to the band. Dashed curve 6=-5v,
dotted curve 6=-27v, dashed dotted curve 6=-1v, solid curve &
=07, and dashed dotted curve 6=57.

ferent values of the detuning ranging from the gap to the
band through the edge. The oscillatory behavior gives the
indication of strong interaction between the atom and its own
radiation when the atomic resonant frequency gets near the
band edge. This represents the importance of the detuning as
a control parameter.

In Fig. 2, we show the same but for 3D photonic crystal.
The values of detuning vary from the band to the gap. It is
clear that we just see fast decay of atomic population in the
excited state with time. Although the oscillatory behavior can
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FIG. 2. (Color online) Atomic population on the excited state for
3D photonic crystal as a function of +y#; for various values of de-
tuning from the band edge. black solid curve 6=-5v, red solid
curve 6=07, dotted curve =2, and dashed curve 6=57. The fig-
ure in the inset shows the same but for smaller detuning values as;
6=-2+ dotted curve, 6=-5v dashed curve and 6=07 solid curve.
Here w.=200%.
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be seen in the inset where the detuning is chosen to be in the
gap, this oscillation is very small and slow since the density
of state is very small.

B. Time evolution of the density matrix for qubits inside
photonic crystals

Here we give the time evolution of the reduced density
matrix for two qubits, each of them is assumed to be placed
in separate photonic crystal. Additionally, we assume that the
two photonic crystals are identical and the two two-level
qubits are also identical. The functions governing the dy-
namical behavior of each qubit have the same form as de-
fined by f(z).

We consider the initial state of the system as

Paf = pa(o) ® |00><00|’ (13)

which means that the two qubits are initially prepared in the
state p,(0) and the radiation fields in the two photonic crys-
tals in vacuum states. For a class of the initial states that will
be discussed below [29], in the representation spanned by
two-qubit product states |1)=le;,er), [2)=le;.ga), |3)
=|g1.€5), and [4)=[g},£2),
p11(0) 0 0 p14(0)
0 pn0) ps0) 0
pa(0) = . (14
0 pn0) px0) 0

py1(0) 0 0 pul0)

With this initial preparation, the time-dependent reduced
density matrix for the two qubits has the same structure as
that of p,(0). With the time development, the nonzero matrix
elements for the two qubits are listed as follows:

pi1(1) = p11(0)\f1f>
p() = pr1(0)|f112(1 = |£2]3) + p(0)|f,
p3(0) = pr1 (O A(1 = [£1]D) + p33(0)|f>

2

5

2

k)

2

k)

paa(t) = 1 = py1(2) = poo(t) = p33(1).,
p14(1) = pa0)fifa = [ (D],
p23(1) = p23(0)f 13 = [p3 (D], (15)

where f;(r) (j=1,2) is the function characterizes the dynam-
ics of the atom in photonic crystal as defined by Eq. (7) or
(10).

1. N qubits initially prepared in a GHZ state

Next we consider N qubits represented by N identical
two-level atoms embedded in N identical photonic crystals.
We assume that they are initially prepared in the GHZ state

as
|GHZ) = alg|.g2, ... .&n) + Bler,ea, ... sen) (16)

where p,(0) can be expressed as
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pa(0) = |GHZ)(GHZ| (17)
The reduced density matrix for the N qubits evolves into

P(l) = |,3|2f2N|€1,€2 .. ,€N><€1,62 ,€N|
+a"BfNeres....en) 81,82 - -8l
+aB Mg ... .an)er e, ... eyl

N
+ |ﬁ|2(1 - |f|2)|f12(N_l)E |8q,{€}N—1><8q’{€}N—1|
gq=1

o AP PPN

N
X E |g_j’gqv{e}N—2><gj’gq’{e}N—2|
Jj#q=1
+ o+ (ol + B = AN)g1,82 - .gn{81.82 - - &

(18)

where |g,.{e}y_;) represents that the gth qubit is in its
ground state and the rest N—1 qubits in their excited states,
and [g;,8,.{e}y-n) describes that the jth and the gth qubits
are in their ground states and the rest N—2 qubits in their
excited states,

III. TIME EVOLUTION OF THE ENTANGLEMENT FOR
THE QUBITS EMBEDDED SEPARATELY IN
PHOTONIC CRYSTALS

First we consider the entanglement for the two-qubit case.
Later we shall consider the case for N qubits.

A. Sudden death and birth of entanglement between
two-qubit in 1D and 3D crystals

For a two-qubit system described by the density operator
p,(t), a measure of entanglement can be defined in terms of
the negativity [30-34] E=min(0,2A;_), where A,_ are the

1
negative eigenvalues of the partial transposition of p,(r). The
value of E=—1/2 corresponds to the maximum entanglement
between the two qubits while E=0 describes completely
separated qubits. After some algebra, the possible negative
eigenvalues of the partial transposition of p,(¢) in our case is
given by

1
A= E(Pn + P — (11— paa)* +4pupy).  (19)

l /
Ay_= 5(1322 +p33= V(P = p3)’ +4pups).  (20)

The above equations indicate that the appearance of the en-
tanglement between the two qubits requires that at least one
of the two inequalities |pas| > Vpj1pas and |pis| > Vprpss is
satisfied.

In the following, we use this formalism to investigate the
dynamics of entanglement between the two two-level qubits
separately embedded in two photonic crystals. For the fol-
lowing initial state:

PHYSICAL REVIEW A 80, 022314 (2009)

0.2

0.1+

0.0+

-0.1

Negativity

-0.2 1

o 2 4 8 8
vt

FIG. 3. (Color online) Negativity as a function of yr for 1D
photonic crystal. Different values of detuning as; red solid curve
6=0v, gray solid curve §=57v, dashed curve 6=—1v, dotted curve
8=-2y. Here, a=1/3 and B=18/3.

p(0) =[Blej,ex) + algy, g [ Bler.ea] + algr,82|]  (21)

with « and B satisfying o?+>=1, we can see that the ei-
genvalue A_ cannot be negative and only A,_ characterizes
the time evolution of the entanglement for the two qubits.
Moreover, sudden death happens when 8> a.

If the two qubits have the same resonant transition fre-
quencies w, =w, and the two photonic crystals have the
same properties, then we have f;=f,=f. It is evident that,
when the function |f(¢)|* obeys

p1a(0)] e (22)

p11(0) - B
the entanglement disappears. Evidently |f(¢)|? is the function

governing the dynamical behavior of each qubit in photonic

. . 0
crystal due to the spontaneous emission, and the ratio ‘2720;'

which is the initial two-photon coherence with the initial
population of the two qubits in their excited states. Conse-
quently under the influence of spontaneous emission, there
may exist the sudden-death phenomenon by carefully choos-
ing a/ B. The sudden death time is decided by the detuning &
and a/B. However, because of the existence of the atom-
field bound state in the system of qubits embedded in the
photonic crystal, the function |f(#)|> can do a damped Rabi
oscillation as shown in Figs. 1 and 2. This can lead to the
entanglement birth. The reason for the entanglement birth
can be understood as follows. The initially entangled qubits
spontaneously emit the photons into the photonic crystals
which may cause the two qubits become unentangled. How-
ever, due to the existence of the atom-field bound state, the
qubits can absorb these photons again and the initial en-
tanglement between the qubits is partially recovered. A close
look at Fig. 3 shows some of these interesting features for
the case of 1D crystals. For the detuning at the edge 6=0 we
have the entanglement disappearing after some time. The
interesting phenomena take place when the detuning is cho-

fn)>=1-
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FIG. 4. (Color online) Negativity as a function of yr for 3D
photonic crystal. Different values of detuning as; dotted 6=27,
dashed curve 6=57, solid curve 6=0v. Here, w.=200y, a=1/3,
and B=18/3.

sen to be 6=—1v. Here the entanglement has sudden death
for some time and then we have sudden birth. The entangle-
ment can then survive in the long time limit. If the transition
frequency is deep in the gap then the entanglement is pre-
served as in the case of 6=-2+. Another point to note is that,
when the transition frequency is deeper in the band, we have
sudden death of entanglement. The deeper the transition fre-
quency in the band, the faster the sudden death is as, for
example, in the case when the detuning 6=5v.

In the long time limit, the population function for each
qubit in its excited state |e) is reduced as

()] =[22%/(1 +22%) %, (23)

in __ which  z=(1/2+E)"+(1/2-E)"®*  with E
=\1/4+(w,./37)>. This is due to the birth of the atom-field
bound state, which results in the slow decay of the qubits.
Therefore, the entanglement between the two qubits can sur-
vive, see Fig. 3.

The case of 3D photonic crystal represents a different
scenario as shown in Fig. 4. It is clear that the entanglement
is maintained once the transition frequency is at the edge or
inside the gap. The reason is that the density of state is very
small in these cases. However, if the transition frequency
happens to be in the band region at 6=27,57, then the en-
tanglement disappears in fast decay manner. Generally
speaking, entanglement can be preserved longer if the tran-
sition frequency of the qubit gets closer to the edge from the
band region. Again, it is evident that the qubit dynamical
behavior is restricted by the initial coherence and the popu-
lation in the excited state.

B. Sudden death of entanglement among N qubits in 1D and
3D crystals

Now we turn our attention to discuss the dynamical be-
havior of the entanglement among N qubits, each of them is,
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respectively, embedded in one photonic crystal. Similar to
the two qubits case, here we adopt the negativity, which is
defined as the sum of the negative eigenvalues of the par-
tially transposed density matrix as a quantifier of the en-
tanglement. In general, the negativity cannot always charac-
terize the entanglement property of the entangled states in
dimension higher than six. However, for the state as de-
scribed by Eq. (18), if we treat the first ¢ qubits as a partition
and the rest N—q as another one, as shown in the following,
the submatrix for the partial transposition reduces to a four-
dimension problem. So the null negativity means separability
in the corresponding partition. When we treat the first g qu-
bits as a partition and N—g as another one, the submatrix for
the partial transposition is

P =81 o 8lyit N8l - 8grCyrt - ]
+ )\N_q|e], s 8art - 8N oo €8 - .2l
+af ey, .. e 8uut - 8NNKE1s - 28 €qut - - €N
+a B Mg, o8yt - ener, €0 8yrt - 8
(24)
and the negativity A can be represented neatly as
A=n-\n-A, (25)

whereas 77q=(7\q+)\1v_%)/2, A]\[q:)\q)\N_q—|aB|2|f|2N. The pa-
rameter N, =|B*(1-f[>)7|f*™=9 is the population for ¢ qu-
bits in their ground state. Ay_,=|B*(1-[f>)*4|f|* is the
population for N—g qubits in the ground state. For the dis-
appearance of entanglement we just need,

112 < 1= (|aBl/|BH*N =1 = [p.s(0)/p..(0) N, (26)

whereas p,,(0) is the initial population for all qubits in the
excited states, and p,,(0) is the initial coherence between the
states of all the N qubits in their excited state and in their
ground state. |f(f)|* is governing the dynamical behavior of
each qubit due to the spontaneous emission. Evidently for
the two-qubit case, i.e., N=2, the above inequality reduces to
the inequality (22). Clearly from Eq. (25) that the value of
the negativity depends on the number ¢ of the qubits en-
coded in the first partition, but the critical time points for the
sudden death or the sudden birth are independent of the pa-
rameter q.

Figure 5 shows the entanglement of N=4 qubits that sepa-
rately embedded in four 1D crystals, respectively. Here, we
have two different partitions; one in which one qubit (g=1)
belong to the first partition and the rest (N—g=3) to the
second partition. The other choice is that two atoms are
treated as one partition (¢=2) and the rest (N—g=2) belong
to another one. Clearly there is a difference between the case
when we have one qubit as one partition and the case of two
qubits as another system. However, the sudden death and
sudden birth time happen at the same time for both parti-
tions. The inset shows the same but for N=5 qubits. In both
figures, we can see that the entanglement is preserved for the
same parameters.

Figure 6, and the inset there in, shows the entanglement of
N=4 and N=5 qubits that separately embedded in four and
five 3D crystals, respectively. Again one can easily notice
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FIG. 5. (Color online) Negativity as a function of ¢ for 1D
photonic crystal. Here, detuning 6=-0.257y, N=4, solid curve ¢
=2, dotted curve ¢g=1, a=1/3, and B=v8/3. The inset represent
the same but for N=5.

that there is a difference between the case when we have one
qubit as one partition and the case of two qubits as another
one. The general trend in the 3D photonic crystal is the fast
decay of the entanglement.

Figure 7, we plot the negativity of 1D crystal for different
N qubits and just considering one partition when g=1.
Clearly, the sudden birth and sudden death of entanglement
depends on the number of the qubits in the system. For small
number of qubits we can see sudden death and sudden birth
very clearly as in the case of N=3. Once we increase the
number of qubits to N=5, we just see death of the entangle-
ment and one birth. Moreover, for large number of qubits
N=50, it is very clear that entanglement just decays fast with
time.

Figure 8 gives clear indication that the entanglement
death is preserved no matter how many qubits we have in the

0.05
q=2
0004 = m—======-__
g=1
>, -0.05
=
=
= -0.10 /
8 l
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FIG. 6. (Color online) Negativity as a function of yr for 3D
photonic crystal. Here, w,=200y, 6=2v, N=4, solid curve ¢=1,
dotted curve g=2, a=1/3 and B=v8/3. The inset represent the
same but for N=5.
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FIG. 7. (Color online) Negativity as a function of y¢ for 1D
photonic crystal. For different values of N, solid curve N=3, dashed
curve N=5, and dotted curve N=50. Here, g=1, detuning o=
-0.25v, a=1/3, and B=18/3.

system. However, this death depends on the number of the
qubits in the crystal. Clearly the time of entanglement death
is different from one case to another.

From the above discussion we can conclude that, for a
multiqubit system initially in the GHZ state, entanglement
death is observed in the 3D photonic crystal if the transition
frequency of each qubit is located in the band. The entangle-
ment, however, can be well preserved in the 3D photonic
crystal once the transition frequency is inside the gap. The
scenario is somewhat different in the 1D photonic crystal
since someone can see entanglement sudden death and birth.
That is due to the existence of atom-photon bound state.
Even if the transition frequency of each qubit lies in the gap,
the partial entanglement will be lost even in the disappear-
ance of the sudden death of entanglement. This is due to the

0.05- N=3 q=1

0.0
-o.os-;"
'0-10'-.5
-o.15-f'

0204

Negativity

-0.25

T T T T T T T T T T
0 50 100 150 200 250 300
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FIG. 8. (Color online) Negativity as a function of yr for 3D
photonic crystal. For different values of N, solid curve N=3, dashed
curve N=5, and dotted curve N=50. Here, g=1, w.=2007y, 6=27,
a=1/3 and B=\8/3.
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difference between the DOS in 3D photonic crystal and that
in 1D photonic crystal. Therefore, to store the entanglement
for multi qubits system initially in the GHZ state, embedding
each qubit separately in 3D photonic crystal is much better
than in 1D photonic crystal.

IV. CONCLUSION

In conclusion, we have shown that sudden death and sud-
den birth of entanglement do appear in the case of two qubits
placed in two 1D photonic crystals. The sudden death time of
entanglement is decided by the detuning &, the initial coher-
ence, the population in the excited state and a/ . Due to the
existence of the atom-field bound state the function |f(f)|?
can do a damped Rabi oscillation, which causes the birth of
the entanglement. In the case of 3D photonic crystals, we
just see sudden death and no birth since the qubit dynamical
behavior is restricted by the initial coherence and the popu-
lation in the excited state which results in fast decay of the
entanglement. However, entanglement can be preserved

PHYSICAL REVIEW A 80, 022314 (2009)

longer if the transition frequency of the qubit gets closer to
the edge from the band and gap regions.

We also have presented a neat expression for the negativ-
ity when we have N qubits in N photonic crystals. The value
of the negativity depends on the number g of the qubits
encoded in the first partition, but the critical time points for
the sudden death or the sudden birth are independent of the
parameter g.
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