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Abstract

In a recent paper, we have pointed out a relation between the Killing spinor and Einstein
equations. Using this relation, new brane solutions of D = 11 and D = 10 type IIB super-
gravity theories are constructed. It is shown that in a brane solution, the flat world-volume
directions, the smeared transverse directions and the sphere located at a fixed radial distance
can be replaced with any Lorentzian Ricci flat, Euclidean Ricci flat and Einstein manifolds,
respectively. The solution obtained in this fashion is supersymmetric when the Ricci flat
and Einstein manifolds have Killing spinors. We generalize intersecting brane solutions, in
which M5, M2 and D3-branes also wrap over the cycles determined by the Kéhler forms of
Ricci flat Kéhler manifolds. New, singular, Ricci flat manifolds as (generalized) cones over
the U(1) bundles over Ricci flat Kéhler spaces are constructed. These manifolds have covari-
antly constant spinors and give rise to new, supersymmetric, Ricci flat compactifications of
non-gauged supergravity theories. We find M2 and D3-brane solutions, which asymptotically
approach these singular vacua.
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1 Introduction

Studying brane solutions of low energy supergravity equations is proved to be an important
way of searching non-perturbative properties of string/M theories. These solutions play a crucial
role both in the conjectured duality symmetries between seemingly different string/M theories
and in the AdS/CFT correspondence. Generically, a brane solution has the interpretation of a
p-dimensional extended black hole, which can be characterized by few constants like the mass
and the charges of the antisymmetric tensor fields. The metric along the world-volume directions
have Poincare, and along the transverse directions have rotational invariances. The geometry
is asymptotically flat and the number of transverse directions dictates the radial coordinate
dependence of the metric functions. By smearing out some transverse directions, solutions with
slower fall-off properties can also be constructed (for a review see, for instance, [fl] [B])

Generalizations of the usual brane solutions have been studied from different points of view. In
A, it has been shown that the transverse 7-sphere of the membrane solution can be replaced with
any Einstein manifold. The brane solutions having transverse hyper-Kéahler spaces have been
studied in [ff]. In [{], a fivebrane solution wrapping on the manifold K3 has been constructed.
Brane solutions with Ricci flat world-volumes have been obtained in [fj] [[f]. In B, more
general brane solutions with curved world-volume directions have been studied. An intrinsic
metric, representing non-trivially embedded D3-branes, has been given in [[[(j]. Brane solutions

which are product of an AdS space with an Einstein space have been constructed in [[L1] [[2] [[J].

In this paper, we will systematically extend these observations by using a theorem proved
in [f] which states that, under certain conditions, the existence of a Killing spinor implies the
Einstein equations. This enables one to concentrate on the first order Killing spinor equations
without worrying about more complicated, second order Einstein equations. The spaces having
Killing spinors will play a crucial role in the constructions.

The organization of the paper is as follows. In section 2, we review the theorem of [fJ. In
sections 3 and 4, we specifically consider M2, M5 and D3-branes. In section 3, we generalize the
well known solutions and obtain branes having Ricci flat world-volumes and smeared transverse
directions, and non-spherical cross sections. In section 4, using Kéahler forms of Ricci flat Kahler
spaces, we construct intersecting brane solutions which can also be interpreted as wrapping
branes over the cycles determined by Kéhler forms. In section 5, we show that a generic brane
background still obeys the field equations when certain directions in the metric are replaced with
more general spaces. In section 6, we first construct new, singular, Ricci flat manifolds, which
have covariantly constant spinors, as (generalized) cones over U(1) bundles over Ricci flat Kéhler
manifolds. These manifolds give rise to new supersymmetric compactifications of non-gauged
supergravities. In the same section, we find M2 and D3-brane solutions which asymptotically
approach these vacua. We conclude with some brief remarks in section 7.



2 BPS solutions from Killing spinor equations: a theorem

It is well known that existence of a covariantly constant spinor on a Euclidean manifold implies
Ricci flatness. It turns out, this observation has a very useful generalization in the supergravity
theory context [f].

Let us consider a bosonic background (gamn,Famnpg) of D = 11 supergravity theory [L]
which obeys:

1 1
Ryn = g(FMPQRFNPQR - EQMNFPQRSFPQI%’)7 (2.1)
1
VoFOMNE WeMNPAl"'ASFAl..A4FA5..As. (2.2)

The linearized Rarita-Schwinger equations on this background may be written as:
MNPDypp =0, (2.3)
where the supercovariant derivative Dy is given by
Dy =V + ——(TP@RS %65,1“@}%5 VEPQRS, (2.4)

and V; is the usual covariant derivative acting on spinors. Let us further consider a linearized
spin 3/2 field 1y, which is obtained by the action of supercovariant derivative on an arbitrary
spinor €:

Yy = Dyre. (2.5)

Due to the invariance of D=11 supergravity at the linearized fermionic level, this spin 3/2 field
solves (R.3). To verify this claim, we insert (R.) into (-J) and, using only the 4-form field
equations, obtain

1
Iy DyDpe = 5 (Gun = Tyun) Ve =0, (2.6)
where Gyyy = Ryn — % gun R is the Einstein tensor and
1 1
Tun = g(FMPQRFNPQR - ggMNFPQRSFPQRS) (2.7)

is the energy momentum tensor. In setting (B.6) to zero, we have used the fact that the back-
ground is chosen to obey Einstein equations (B.1]).

Now consider a background which satisfies the 4-form field equations (2.9) but not necessarily
obeys the Einstein equations. Let us further assume the existence of at least one Killing spinor
obeying

Direg = 0. (2.8)

Following (R.6), it is easy to see that
(Gun — Tun) TN ey = 0. (2.9)

Note that in deriving (.6]), we have only used the 4-form field equations which are also assumed
to be satisfied by the new background. (R.6) has been set to zero since that background was



chosen to obey Einstein equations. On the other hand, (R.9) is satisfied since ¢ is the Killing
spinor. Therefore, (P.9) is still valid, even if the background is not chosen to obey Einstein
equations.

Although (B.9) is very close to the Einstein equations, one needs to impose further conditions
to proceed due to the Lorentzian signature of the metric. Since (Gyy — Thrn) is symmetric,
one can point-wise diagonalize it by elements of the group O(11)f . However, this does not
give any new information, since O(11) transformation of O(1,10) gamma matrices are not nice
objects. Therefore, one should be able to split space and time directions in (R.9). It turns out
it is sufficient to assume existence of an orthonormal basis such that (Go; — Tp;) = 0, where 0
is the time and i is the spatial direction. When the indices of (R.9) refer to this orthonormal
basis, M = 0 component implies Gog — Tpo = 0. Along spatial directions, when M = i, one can
point-wise diagonalize the symmetric matrix (G;; —T;;) by O(10) transformations, under which
the spatial gamma matrices still satisfy the same Clifford algebra and thus invertible. Therefore,
the diagonal entries of (G;; — T;;) should also be zero, which then implies Einstein equations
Gyy — Ty = 0. Summarizing above considerations, we obtain the following result:

(i) if a background is known to solve the 4-form field equations (R.9),
(ii) if there exist an orthonormal basis such that Go; — Tp; = 0; il
(iii) if it is known that there exist a Killing spinor on this background,

then this background, being preserve some fraction of supersymmetries, also solves the Ein-
stein equations of D=11 supergravity.

The main advantage of the theorem for applications is that, to find a solution of the second
order Einstein equations, one can instead concentrate on the first order Killing spinor equations
which are of course easier to solve. One can also convince himself that it is not hard to satisfy
conditions (i) and (ii). Indeed, in constructing p-brane solutions, one starts with ansatzs having
the property (i) and (ii) (see, for instance, [[4] [[5] [Id] [I7 [[3]). As we will see for a mo-
ment, condition (ii) can easily be satisfied by choosing the background to be static. We finally
note that a solution obtained in this fashion already preserves some fraction of supersymmetries.

Although explicitly proven for D = 11 supergravity, it is possible to argue that such a theo-
rem can be established for all supergravities. The linearized supersymmetry invariance of any
supergravity theory requires

MNP Dy Dpe =0, (2.10)

where Dy = Vs +.... is the supercovariant derivative, € is an arbitrary spinor and bosonic fields
refer to a background which obeys equations of motion. In (R.10), the derivatives of the metric

2In claiming this, we assume that there is no topological obstruction to have a continuous map from space-time
to the group manifold O(11).

3Here, we relax the corresponding condition imposed in [E] I would like to thank C.N. Pope for the discussions
about this point.



are expected to appear in the combination of the Einstein tensorf] Therefore, after imposing all
but Einstein equations, (R.1() should become

1
vV’ DyDpe = 5 (Gun = Tyun)INe=0, (2.11)

where Tysn is the appropriate energy momentum tensor of the theory and in the last step we
have used the fact that the background obeys Einstein equations.

With this information, it is very easy to prove the theorem; dropping the condition that the
background satisfies Einstein equations and further assuming the existence of a Killing spinor,
one obtains (B.11)) evaluated for the Killing spinor. With condition (iii), this implies the Einstein
equations. Therefore, if we replace (i) with

(i) if the background satisfies all but Einstein equations,

then together with conditions (ii) and (iii) above , the result of the theorem should apply to
all supergravities.

To conclude this section, we finally comment on a simple way to satisfy condition (ii). For
a static background there exist an orthonormal basis such that Go; = 0. To see this, using the
fact that the background is static, we write the line element as

ds® = A%(—dt?) + ds?;, (2.12)

where A is a time independent function and ds?\/[ is a line element on the Euclidean manifold
M. One can easily show that, when expressed in the basis ¢’ = Adt and e’ (an orthonormal
basis on M), the Ricci tensor of ds? obeys Ry; = 0. This gives Go; = 0 since in any orthonormal
basis gg; = 0. On the other hand, if the matter fields are chosen to be static, then Ty, = 0E|.
Therefore, one immediate way to satisfy condition (ii) is to take background fields to be static.
However, one should not rule out existence of interesting non-static cases for which only the
combination (Go; — Tp;) = 0.

3 Generalized brane solutions

As mentioned in the introduction, a generic p-brane solution has Poincare invariance on the
world-volume and spherical symmetry along transverse directions. In this section, we will focus
on the M2, M5 and D3-branes and try to obtain generalizations of the well known solutions, by
using the theorem of section 2.

Definitions

Let Ly, M, and X,, be Lorentzian Ricci flat, Euclidean Ricci flat and Einstein manifolds of
dimensions d, m and n, respectively. We will denote the basis one-forms on these spaces as e*,
e® and e“, where the indices u, v... refer to Lg; a,b.. refer to M, and «, .. refer to X,,. We will

“This is due to the identity TV’ VNVpe = 1/2GunTNe.
5This can be regarded as the definition for matter fields to be static.



assume that Ly and M, have covariantly constant Killing spinors,

V,e=0, (3.1)
Vae =0, (3.2)
and X, has Killing spinors obeying
1
Vo€ = —QFQFTE, (3.3)

where we set the “inverse radius” of X,, to 1. In these equations, we will not restrict representa-
tions of I'-matrices to be irreducible. Indeed, we will view the Clifford algebras on Ly, M,, and
X, as sub-algebras of a bigger Clifford algebra. For instance, in (B.3), I', can be any element
of this bigger algebra which anti-commutes with I', and squares to identity. We will write the
line elements on L4, M,, and X,, as ds%d, ds%\/[m and ds?xn, respectively. The volume forms will
be denoted by Vi, Vi and V.

We will use ’ to denote differentiation with respect to the argument of the function, and ~ to
mean equality up to a constant. The indices in tensor equations will refer to the tangent space.
Specifically, 0 and ¢ will be used for time-like and spatial directions, respectively.

M2-brane

Let us start from the eleven dimensional membrane. Our aim is to write an ansatz, which
satisfies the conditions (i) and (ii) of the theorem of section 2, and then work out the Killing

spinor equations. For the metric and 4-form field we assume

ds*> = A%dsi, + B%dr® + C%dsy, + D*ds%;,, (3.4)
«F ~ Vy AVx, (35)

where m +n = 7, * is the Hodge dual corresponding to ds® and the metric functions A4, B, C
and D are chosen to depend only on the coordinate r. We first note that the 4-form field
equations are identically satisfied without imposing any condition on the metric functions. It is
also easy to see that Go; = Tp; = 0 in the orthonormal basis E* = Ae#, E" = Bdr, E* = Ce®
and E* = De®. Therefore, the ansatz obeys the conditions (i) and (ii) of section 2. To find
a supersymmetric solution of D = 11 supergravity, one needs to impose conditions on metric
functions which will ensure existence of at least one Killing spinor obeying

!

A
Due = NVuet oaptn'e ™ 15em Dn@paf””‘”rue =0, (36)
Die = et mgigmemr” e =0, (3.7)
Dae = Vaet 5oplae+ genmeupnl™ " Toe =0, (3.8)
D, Qe vpor
Dqe = Vae+ 2DBPa €+ —— 36Cm D" Eupar I'pe =0, (39)



where the indices and spinors refer to the basis one-forms defined above and the electrical charge
qe is defined to be the proportionality constant in (B.H) so that

de
FMVPT = Weuyp. (310)

The presence of the functions C' and D in (B.10) is due to the fact that  in (B.5) refers to the
line element (B.4). An easy way to solve these equations is to impose (B.1)-(B.3) and

€uplPe = —6e, (3.11)

which are of course consistent with each other. Then, the Killing spinor equations (B.6)-(B.9)
imply

i/ _ 2¢e il _ —dqe D’ _ —qe n l (3 12)
AB 3cmD»" CB 3CmD" DB 3CmD™ D’ )

Therefore, when (B.13) is satisfied, the background has at least one Killing spinor obeying
(B.1),(B.3) and (B.11)). Now, by the theorem of section 2, Einstein equations should be satisfied

identically. At this point it is instructive to verify this claim by a direct calculation. The Einstein

equations can be written as

! 2 N !~ ]
A A\ 1 Ac 1 AD 1 4q?

2 (@) * <§> B +m—AC B2 T"AD B2 T 3CPmDen (3.13)
3 A/ ! 1 / 1 B 4(]2 (3 14)

B CB DB~ 3C2mpD2n’ :

! 2 N /Y
¢ ¢\ 1 ,AC1 CD 1 —9g?

(m—1) (CB) + (E) C— AC B2 +n CD B2 3C2mp2n’ (3.15)
= 1) AN EARE LA OD L 2 (3.16)

pz " DB B) DB °AD B2 """ CD B2~ 302D :

where we have used the fact that Lg and M, are Ricci flat and X, is Einstein. It is now
straightforward to check that, when the unknown functions A, B, C and D obey (B.12) they also
solve the Einstein equations, as required by the theorem.

There are four independent functions and three differential equations, which may be thought
to imply that functions are not constrained enough. However, this is simply a manifestation of
reparametrization invariance in coordinate r. We want to fix this reparametrization freedom in

a way, which will help us in solving the differential equations. A convenient choice is
CmDM =" 4 M, (3.17)

where M = 2q./(n—1). Then, the unknown functions obeying the first order coupled equations
(B-13) can be solved to give following solution

ds* = H_2/3ds%3 + HY3(dr? + ds3; +ridsk, ), (3.18)
1
Fuvpr = _§H_7/6(arH)5va (3.19)

where H = (1 + M/r"~1).



M5-brane

For the generalized M5-brane we write the following ansatz,

ds*> = A%dsi,+ B’dr® + C%ds},, + D*dsk, (3.20)
F ~ VyAVyx, (3.21)

where m + n = 4 and the metric functions A, B,C' and D are chosen to depend only on the
coordinate r. As for the M2-brane, the 4-from field equations are satisfied identically, and
Goi = To; = 0 in the orthonormal basis E# = Aet, E" = Bdr, E* = Ce® and E* = De®.
Therefore, the background satisfies conditions (i) and (ii) of section 2. To solve the Killing

spinor equations, one can choose ¢ to obey (B.1)-(B.3) and
ea__bea_ﬂf““ba'ﬂre = —ml!nle. (3.22)

which are consistent with each other. One can then check that the Killing spinor equations

imply

A g C 2y D’ =2 . 1
AB  3CcmD"’ CB 3CmD" DB 3CmD" D’
where the magnetic charge g, is defined to be the proportionality constant in (B.21). Like

(3.23)

in the membrane case, a convenient way to fix the r-reparametrization invariance is to define
CmDnt ==l M| where M = 2¢,,/(n —1). Then, (B.2) can be solved to give the following
solution

ds? = H'Y3ds? + H*P(dr® + ds?, +r2dsk), (3.24)
1

—§H_4/3(8TH)ea__bea__5, (3.25)

Fa..ba..ﬁ =
where H = (1 + M/r"1).

D3-brane

The D3-brane solution of IIB supergravity in 10-dimensions has only non-vanishing (anti)-self

dual 5-form and the metric. The equations governing dynamics of these fields can be written as

2]

1
Ryn = %FPQRSMFPQRSN (3.26)
dF = 0,+F = —F. (3.27)
The Killing spinors on such a background obey
Duje = rNPRr F = 2
me = Ve + =y mFnp.ge=0, (3.28)

where € is a Weyl spinor I'iipje = € I'(q1) = ro..ro, FJ{H) = I'(11) and F%ll) = I. For the

generalized D3-brane we assume the form
ds* = A%dsi, + B%dr® + C*ds}, + D*ds%, (3.29)
F ~ (VyAVx)—*(Vay AVx), (3.30)



where m + n = 5, and the metric functions depend only on the coordinate r. The 5-form
field equations are identically satisfied and Gg; = Tp; = 0 in the basis E#* = Aet, E" = Bdr,
E® = Ce® and E® = De®. Therefore, the ansatz obeys the conditions (i') and (ii) of section 2.
On the other hand, if one choose € to obey (B.1)-(B.3) and impose further

€vpol'MP7 € = 24ie, (3.31)

the Killing spinor equations imply

/ / /

A _ ¢ C_ ¢ D _ g 1
AB 4CmDn»’ (CB 4CmDn’ DB 4CmDn D’

(3.32)

where the dyonic charge ¢ is defined to be the proportionality constant in (B.3(). Therefore,
when A, B,C and D obey (B.39), all conditions of the theorem are satisfied and the background
should obey Einstein equations. Fixing r-reparametrization invariance by C™ D"~ = rn=1 4 M
we obtain the following solution,

ds? = H V2ds? + HY?(dr? + ds3; +ridsk), (3.33)

1
F;wpcrr = _§H 5/4(87‘H)6;wpcra (3'34)

where M = g/(n — 1) and H = (14 M/r")).

Interpretation and special cases

It is clear from the structure of the antisymmetric tensor fields and Killing spinor projections
that, in all solutions, L; represents the curved world-volumes of the branes. The dependence
of the metric functions on the radial coordinate r implies that M,, and X,, correspond to the
smeared and actual transverse directions, respectively.

The solutions obtained so far have a very similar structure with the well known brane solu-
tions. Indeed, when X, is chosen to be the n-sphere, (r, X,,) space becomes flat. In this case, H
can be generalized to be any harmonic function on this flat space. Choosing, furthermore, Ly
and M, to be flat gives the well known M2, M5 and D3-brane solutions which have m smeared
transverse directions. Therefore, one can think of the new solutions as the branes having curved
world-volumes and smeared transverse directions, and non-spherical cross sections.

For m = 0, i.e. when M, is empty, one obtains the solutions of [[1]] [[J] [[[J], which can
thus be viewed to be the members of a more general family found in this paper. For n = 1,
reparametrization fixing conditions should clearly be modified. A convinient choice is to impose
D = rC, which then gives the same solutions above with H = qlogr + const.

The number of Killing spinors on Ly, M, and X,, determines the number of unbroken super-
symmetries. Finally, it is also worth to mention that, field equations are still satisfied even when
L4, M, and X,, have no Killing spinors. As we will show in section 5, this is not a coincidence,
and indeed there is another simple way of generating new solutions.



4 Generalized intersections

To generalize intersecting M2, M5 and D3-brane solutions, we will make use of Ricci flat
Kahler spaces. In this section, we will still use the definitions of section 3, but furthermore

assume that M,, has a covariantly constant complex structure obeying
J T = 8,5, (4.1)

Veday = 0. (4.2)

This implies that M, is a Ricci flat Kéhler space, m is an even integer and J is the Kéhler
two-form. Our basic strategy will still be the same; we will write an ansatz obeying conditions
(i) and (ii) of section 2, and then work out the Killing spinor equations.

M2-brane intersections

We start with the following ansatz

ds* = A*(—dt*) + B*dr* + C*ds}, + D*ds%,, (4.3)
x F ~ (*MJ) VAN VX,

where n +m =9 with n = 1,3,5,7, %5 is the Hodge dual on the manifold M, and the metric
functions are assumed to depend only on r. For n = 7, the ansatz becomes a special case of
the generalized M2-brane ansatz of section 3, and thus we will mainly consider n = 1, 3,5 cases.
The 4-form field equations are identically satisfied since J is both closed and co-closed on M,,.
Furthermore, Go; = Tp; = 0 in the basis EY = Adt, E" = Bdr, E* = Ce* and E* = De".
Therefore, the conditions (i) and (ii) of section 2 are satisfied. To solve the Killing spinor
equations, € can consistently be chosen to obey (B.)), (B.2) and

Ore = 0, I = je, JpDPe = il e, (4.5)

which implies

A _O-nmg. O -3¢ D _—(O-nj 1 (46)
AB 3C7-»Dn’ (CB 6C7T-"Dn’ DB  6C7TnDnr D’ '

where ¢, is the proportionality constant in ([4). When n # 1, one can fix r-reparametrization
invariance by imposing C™2D"~1 = =1 4 M and this gives the following solution

(n—9) (3—n) (9—n)
3

(=dt*)+ H 5 dsy, +H s (dr®+r%dsk,), (4.7)

ds> = H

(n—21)

1
FOrab = _§H 12 (arH)Jaby (48)

where M = 2¢./(n—1) and H = (1+ M /r"~1). For n = 1, one should modify reparametrization
fixing condition. A convinient choice is to demand D = rC*, which then gives the above solution
with H = 2¢. logr + const. As it will be made more clear when we discuss the special cases,
for n = 5,3, 1, the solutions describe two, three and four M2-brane intersections over a line,
respectively. The structure of the background 4-form field implies that membranes also wrap
over the 2-cycle dual to Kahler form of the space M,y,.



M5-brane intersections

The discussion for intersecting Mb-branes is not very different from M2-brane intersections.
Considering the fact that the 4-form field should give rise to magnetic type of charges, we start
with the following ansatz

ds* = A%ds}, + B%dr® + C?dsy, + D*ds%,, (4.9)
F ~ JAVy, (4.10)

where m + d = 8 with m = 2,4,6 and the metric functions are assumed to depend only on
r. For m = 2, this reduces to a special case of the generalized Mb5-brane ansatz of section 3.
The 4-form field equations are identically satisfied since J is both closed and co-closed on M,,.
On the other hand Gy; = Ty; = 0 in the basis E® = Adt, E" = Bdr, E* = Ce®, E* = De®
and therefore, the conditions (i) and (ii) of section 2 are satisfied. To solve the Killing spinor
equations € can consistently be chosen to obey (B.I])-(B.) and

€apl e = 2ie,  JpTPe = il e, (4.11)
which implies
AB ~ 6C2D?’ CB 6C2D2 ° DB 3C2D2 ' D’ ‘

where g, is the proportionality constant in (f.4). To fix the r-reparametrization invariance we
impose C2D = r + M, where M = 2¢,,,. Then, (.1J) can be solved to give

(6—m)

ds* = H_m/ﬁaisigim +H © dsy, + H™3(dr? + 7‘2d8§<2), (4.13)
1 (mte
Fabaﬁ = _§H 6 (87‘H)Jabeaﬁa (4'14)

where H = (14 M/r). As indicated above, for m = 2 the solution becomes one of the M5-brane
solution of section 3. On the other hand, for m = 4 and m = 6, the solutions describe two and
three M5-branes intersecting over a three-brane and a string, respectively. The structure of the
background 4-form field implies that M5-branes also wrap over the (m — 2)-cycle dual to *y;.J.

D3-brane intersections

Let us start by discussing possible ansatzs for the (anti)-self dual 5-form involving the Kéhler
two-form of M,,. The first obvious choice is to assume F' ~ J A Vx,. Among the possible cases,
m = 2 corresponds to the smeared D3-brane of section 3 and m = 6 is not allowed since this
does not leave any room for a time-like direction. One may also try to write an ansatz involving
xprJ such as F' ~ *prJ A Vx, . For m = 4, this becomes equal to the choice F' ~ J A Vx, and for
m = 6, X,, space becomes one-dimensional. On the other hand, m = 2 case turns out to be the
same with the D3-brane ansatz of section 3. Summarizing, as a non-trivial ansatz representing

intersecting D3-branes, one can write

ds* = A%dsi, + B%dr® + C*dsy, + D*ds%,, (4.15)
F ~ (J VAN VX) — *(J VAN VX), (4.16)

10



where the metric functions are assumed to depend only on r. The 5-form field equations are
identically satisfied and one can check that the background obeys condition (ii) of the section 2.
To determine unknown functions, we solve the Killing spinor equations by imposing (B.1)-(B-3)
and

eI e = 2, JopTPe = il 4e, (4.17)

which implies
A q c’ D’ —q 1
A —_—0 = _-__*1 4 - 4.18
AB 2C2D3’ CB " DB 202?D3 + D’ (4.18)
where ¢ is the proportionality constant in (f.16). Reparametrization invariance can be fixed by

demanding C?D? = r2 4+ M, where M = q/2. Then, (f.1§) can be solved to obtain the solution

ds* = H 'dsi, +ds3;, + H(dr* +r?dsk,), (4.19)
1
Fﬂuabr = _§H_3/2(67‘H) Jabe,ul/a (4'20)

where H = (1 + M /r?), which describes two D3-branes intersecting over a string and wrapping
over the cycle dual to J.

Interpretation and special cases

To be able to interpret these solutions properly, let us choose X,, to be the n-sphere. In this
case, one can introduce Cartesian coordinates to span (r, X,,) space and H can be generalized to
be any harmonic function of these coordinates. When Ly and M,,, are also chosen to be flat, the
solutions become the well known intersecting brane solutions in which all harmonic functions
are equalf].

Comparing with this special case, it is easy to argue that Ly, M, and X, correspond to
common tangent, relative transverse and overall transverse directions. As mentioned earlier, the
branes also wrap over the cycles dual to the Kéahler two-form J or its Hodge dual *p;J. For
a given solution, this cycle can be written as a union of m/2 different submanifolds. To see
this we note that, in an orthonormal basis, J can be written as J = el Ae? 4+ .. + ™1 Ae™,
Therefore, the cycle dual to J or x;;J becomes the sum of m/2 submanifolds dual to two-forms
el Ae?,..em L Ae™ or (m — 2)-forms * (el A e?), . (e™ 1 A e™), respectively. On the other
hand, the Killing spinor projections imply that there are m /2 intersecting branes each wrapping
over one of these submanifolds. We note that this interpretation is consistent with the special
case where M, is flat.

When X, is different from the n-sphere, one obtains new solutions which have not been en-
countered before. These solutions can be viewed to be the intersecting brane counterparts of
the brane solutions constructed in [LI][L2][13], which have non-spherical transverse spaces.

In all cases the number of unbroken supersymmetries depend on the number of Killing spinors
on Ly, M,, and X,,. Like for the generalized brane solutions of the previous section, one can

Tn the next section, we will illustrate with an example how to generalize intersecting brane solutions when
harmonic functions are not equal.
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check that the field equations are still satisfied, even when the spaces Ly, M, and X,, have no
Killing spinors.

5 A general argument

In the last two sections, we have obtained supersymmetric, generalized brane solutions by
writing suitable ansatzs and working out Killing spinor equations. As pointed earlier, the field
equations are still satisfied, even when the manifolds L4, M,, and X, have no Killing spinors.
This suggests existence of a general relation which may hold at the level of field equations.

Let us consider a brane solution which has a metric of the form,
ds® = A%ds%; + ds%;, (5.1)

where ds%\/[ and ds?\, are line elements of m,n dimensional manifolds M and N, respectively, and
A is a function on N. We assume that the anti-symmetric tensor fields of the solution are of the
form F' ~ Vas A ... or F ~ ..., where V;; is the volume form of M and the dotted terms depend
only on N. Furthermore, we consider the cases in which scalar fields are independent of M and
the anti-symmetric tensor field equations reduce to dF =0 and d x F =0 [].

Our claim is that, for such a brane solution, the field equations are still satisfied when M
is replaced with a different manifold M, provided the Ricci tensors of both manifolds have the
same form. For instance, if M is flat, M can be any manifold which is Ricci flat. Or, if M is a
sphere, M can be any Einstein manifold.

To prove this, let Ae® and e® be a basis for the tangent space, where e and e® are the
basis-one forms of M and N. We calculate the Ricci tensor of (b.1)) as

A A% %

1

Ry = FR(M)[}’ —(m—1) e 8l — 75;’, (5.2)
F.B

Raﬁ = R(N)aﬁ - n77 (5.3)

where the indices refer to the tangent space and R(yr)qp, B(n)apg are the Ricci tensors of M and
N, respectively. The tensor quantities A, and Fi,3 are defined by the relations

dA = Age®, (5.4)

dA, = F5eP. (5.5)

We note that the Ricci tensor of (5.]) depends only on the dimension m and Ricci tensor R(aryab
of the manifold M.

Let us now analyze how the field equations may change when one replaces M with M. We
first note that F is closed or co-closed irrespective of the choice of M, thus the form equations
are still satisfied. The possible terms in scalar and Einstein equations have at most second order

"It seems one can relax the last assumption, but here, for simplicity, we do not consider more general cases.
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covariant derivatives of scalars. One can check that when M is replaced with M, only w®.
components of the spin connection may change. This ensures that the second order covariant
derivatives of scalars remain the same, since they are assumed to be independent of M. Re-
ferring to the tangent space, it is easy to show that any tensor field which is constructed from
F', the terms containing up to second order covariant derivatives of scalars and the metric have
the same form. By (b.9) and (F.3), the last statement ensures that both scalar and Einstein
equations are still satisfied.

In some cases, M can be a Kéahler space and the anti-symmetric tensor fields may be of the
form F ~ J A .., where J is the Kihler two-form. In such cases, M should also be chosen to be
Kahler and J should be replaced with the Kéhler two-form of M. One can easily argue that the

field equations are not affected from these replacements.

Let us now present some examples which enables one to recover some solutions obtained in
the literature and in the previous sections. Consider, for instance, the well known smeared
M2-brane solution,

ds* = H23(—dt? + da? + dad) + HY3(dy} + .. + dy?, + dy? oy + .. + dydy), (5.6)

1
Fuvpa = —5H /(Do H )€ s (5.7)
where H is harmonic on (ym+1,..,y10). Referring to the above discussion, it is easy to see that

the world-volume directions (¢, x1,z2) and the smeared transverse directions (yi, .., ym) can be
replaced with more general Ricci flat manifolds. In this way, one can obtain

ds* = H‘z/gais%3 + H1/3(d8%\4m +dy2 1+ .+ dyl), (5.8)
1

Fupa = —§H—7/6(aaH)eWp, (5.9)
which becomes one of the generalized M2-brane solutions constructed in section 3.

In IIB theory, one can start from the single centered D3-brane solution

ds? = H7Y?(—dt® + dz? + .. + da?) + HY?(dr? 4 r2d032), (5.10)
1
F;wpcrr = _§H_5/4(87‘H)6uupcra (5'11)
where dQ2 is the line element on the 5-sphere and H = (1 + M/r%). The metric and the 5-form
field are of the form discussed above with the flat world-volume (¢, z1, .., z3) and the transverse

5-sphere play the role of manifold M in (B.J]). By the claim we have just proved, one can

generalize the well known solution as

ds?* = HY2ds3 + HY*(dr? +r?dsk,), (5.12)

1
F;wpcrr = _§H 5/4(87‘H)6;wpm (5'13)

which corresponds to the solution obtained in [LI] when Ly is flat.
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Let us finally consider an example to illustrate how the intersecting solutions can be general-
ized when the harmonic functions are not chosen to be equal. The background representing two
MB5-branes intersecting over a three-brane is given by [[[7]

ds? = (HyHy) VY2(—dt® + da? + da? + dod) + Hy VP HZ? (d2? + da?)
+ HYPHY3(ded + da?) + (HyHy)*3(dal + .. + dady), (5.14)
F ~ dx4y Ndzxs AN *xdHs + dxeg N dxs A *dHq, (515)

where, H; and Ho are harmonic and # is the Hodge dual on (zs, .., z19) space. Here, it is easy to
see that, (t,z1,22,x3), (x4,25) and (z¢,x7) spaces play the role of manifold M in (p.J]). Since
all these spaces are flat, one can replace them with arbitrary Ricci flat manifolds L4, My and
Mj to obtain [{

ds? = (H1H2)_1/3al8%4 + H1_1/3H22/3ds?\/[2 + H12/3H2_1/3ds?\2,2
+ (H Hy)?P(dz? + .. + da?y), (5.16)
F~ Vwm, AN*dHy + Vi A*dH;. (5.17)

When Hi=H; = H, the 4-form field (p.17) can be written as
F ~ JAxdH, (5.18)

where J is the complex structure of the flat space (4,5, z¢,27). In this case, these four flat
directions can be replaced with any 4-dimensional Ricci flat Kahler space, which corresponds to

one class of intersections found in section 4.

As can be inferred from these examples, in a brane solution the flat world-volume and smeared
transverse directions, and the transverse sphere at a fixed radial distance can be replaced with
more general Ricci flat and FEinstein manifolds. In intersecting brane solutions the common
tangent and relative transverse directions have this property. We note that, these replacements
can be done at the level of field equations and supersymmetry of the new solution obtained in
this way is not manifest.

6 Solutions from U(1) bundles over Ricci flat Kdhler spaces

In the brane solutions obtained in section 3 the warping factors are the same for the trans-
verse and world-volume directions. In this section, by using the theorem of section 2, we will
take a step in obtaining solutions which fail to have this property, at least along the transverse
directions.

We first construct singular, Ricci flat manifolds having a cone-like structure over U(1) bun-
dles over Ricci flat Kéahler spaces, which give rise to new supersymmetric vacua for non-gauged
supergravities. Since the conformal factors multiplying U(1) fibers and the base spaces turn out
to be neither equal to each other nor equal to the square of the coordinate parametrizing the

8In two-dimensions, Ricci flatness implies flatness. Here, we would like to emphasize that for field equations
to be satisfied Ricci flatness of these manifolds is sufficient.
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cone, we name these spaces as (generalized) cones.

As we will see in a moment, there are two singularities associated with the cone, since at the
origin the base space and at infinity the U(1) fibers shrink to zero size. Also, in viewing the
solutions as Ricci flat compactifications, unlike the conventional Kaluza-Klein picture, there is
no natural way of assuming the internal spaces to be small compared to the space-time.

At the end of this section, we will construct brane solutions which asymptotically approach
these singular compactifications and preserve half of the available supersymmtries. This is in fact
not surprising, if one assumes stability of the vacua, since the fundamental branes underlying
the supergravity theories reveals themselves as supersymmetric soliton solutions.

A singular Ricci flat space

It is well known that the cone over a manifold X
ds® = dr® 4 r’ds% (6.1)

is Ricci flat if and only if X is Einstein. In this section, we would like to construct Ricci flat
manifolds having a cone-like structure over Ricci flat Kahler spaces. It is clear that one should
modify (b.I]) in a non-trivial way. Let us consider a metric of the form

ds* = B*dr* + C*ds}; + D*(dr — A)?, (6.2)

where M,, is an m-dimensional Ricci flat Kéhler space, A is the one-form potential for the Kéhler
two-form so that dA = J, 7 is a periodic coordinate and the metric functions are assumed to
depend only on r. It is clear that we have a fiber bundle structure and 7 is the coordinate on
U(1) fibers. We would like to determine B,C' and D which give rise to a Ricci flat space. Instead
of calculating Ricci tensor and solving second order, coupled differential equations we demand
existence of a covariantly constant spinor which, by considerations of section 2, will imply Ricci
flatness. In the tangent space basis E” = Bdr, E* = Ce® and EP = D(dr — A), a covariantly

constant spinor obeys

1 D 1D
De = de—i—z(wab—l-z—mJabED)Fabe—Z@ B BT P
1C 1D
S BI%e+ - EpTPe=0 6.3
t septet ¢tapptpt =0 (6.3)

where wyp is the spin connection on M,,, and we have used the differential form notation.

Conistently imposing

1
Ore =0, =0, de + Zwabl““be =0, (6.4)
Jplle = iTqe, TPTe = ie, (6.5)
one obtains ) )
C D D D
= -2 (6.6)

CB 202 DB 1C2
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Therefore, when the metric functions B, C' and D obey (6.6), the Ricci tensor of (b.9) vanishes.
Fixing r-reparametrization invariance by B = 4/(m+4), (p.6) can be solved to give the following
Ricci flat metric

16

ds? = ——
y (m + 4)2

dr® 4+ a2 ) (g — A2, (6.7)
which we name as the space M¢. Topologically, M¢ is a product of a line parametrized by r
and a U(1) bundle over a Ricci flat Kéhler space. The metric is singular, since at the origin,
when r = 0, the base space and at infinity, as 7 — oo, the U(1) fibers shrink to zero size. On
the other hand, M have covariantly constant spinors, and thus gives rise to supersymmetric
compactifications of non-gauged supergravities. In these compactifications, one can view the
coordinate r as a radial coordinate in the uncompactified space-time. Therefore, the U(1)
bundle over M,, plays the role of internal space. As can be inferred from the structure of the
metric, there is no natural way of assuming the internal directions to be “small”. Thus these
compactifications are very different from the conventional Kaluza-Klein ones. Although the
metric is singular, the existence of unbroken supersymmetries is a sign for stability. We now
construct M2 and D3-brane solutions which belong to these singular vacua.

M2 and D3-branes on M compactifications

In searching brane solutions which asymptotically belong to above Ricci flat compactifica-
tions, we consider the cases in which Mo plays the role of the total transverse space. Since
Mg is an even dimensional manifold, this leaves the possibility of an even dimensional brane in
D =11, and an odd dimensional brane in D = 10. We think of the coordinate r as the radial

coordinate in the transverse space.
M2-brane is the only even dimensional brane in D = 11, and this suggests the following ansatz

ds* = A%dsi, + B%dr® + C*ds}y, + D*(dr — A)?,
«F ~ VyA(dr —A), (6.9)

where all metric functions are assumed to depend on r. We remind the reader that we are still
using the definitions of section 3. One can check that, the 4-form field equations are identically
satisfied, and Go; = Tp; = 0 in the basis E¥ = Ae#, E" = Bdr, E* = Ce® and EP = D(dr — A).
Therefore, the conditions (i) and (ii) of section 2 are satisfied. By imposing []

Ore=0, V,e=0, V4=0, (6.10)

and
€upl P = 6e, Jlle = ilge, TPTe =ie, (6.11)

the Killing spinor equations imply

! ! !

A2 ¢ D g D _ 3D 4 (6.12)
AB 3CD’ (CB 2C? 30D’ DB  2C? 308D’ '

9The covariant derivatives in () refer to the spaces L3 and M.
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where ¢, is the proportionality constant in (.9). Since the conditions imposed on the Killing
spinor are consistent with each other, when (p.19) is satisfied, the background should obey the
Einstein equations by the theorem of section 2. We fix the r-reparametrization invariance by
imposing C*D? = r. Using this condition, (f.13) can be solved to give the following solution

M 2/3 1 M —22/3 1 M —4/3
ds? = <1 — 7) ds%3 + 7 (1 — 7) dr® + - <1 - 7) ds?\/lﬁ
M 8/3
+ 3 (1 — 7) (dr — A)?, (6.13)
8/3
Fup = %rs/z <1 B g) - (6.14)

where M = 2q..

It is clear that, in the solution, L3 represents the world-volume of the M2-brane and r is
a radial coordinate along transverse directions. Unlike all solutions obtained before, there are
three different [ warping factors multiplying the transverse directions, which have also a non-
trivial topological structure due to the presence of U(1) bundle. There is a horizon located at
r = M and asymptotically, as r — oo, the solution becomes L3 x M¢, which can be seen by a
coordinate change dif ~ r~7/2dr, near infinity. The solution is a half supersymmetry preserving
state of the vacuum L3 x M¢ since the presence of the M2-brane brakes only half of the available

supersymmetries.

As an example in D = 10, we consider the D3-brane of IIB theory and start with the following

ansatz

ds* = A%dsi, + B%dr® + C*dsy;, + D*(dr — A)?, (6.15)
F ~ VyA(dr—A)— [V A (dT — A)], (6.16)

where, as usual, we assume that A, B, C' and D depend only on r. One can check that the
ansatz obeys the condition (i) and (ii) of section 2, and therefore to obtain a supersymmetric
solution one needs to work out Killing spinor equations. Imposing El

Ore=0, V,ue=0, V=0, (6.17)

and
Cupo L€ = —24ie,  Jplle = ilue, TPTe =i, (6.18)

the Killing spinor equations imply

Al_ q C/_D q Dl_ D q (6.19)
AB  4C‘D’ CB 20C? 4C'D’ DB C%? 4ACAD’ '

0Tndeed, by a coordinate change, the warping factor along the coordinate  can be made equal, for instnce, to
the warping factor along U(1) fiber.

" The covariant derivatives in () refer to the spaces L4 and My.

17



~

where the dyonic charge ¢ is defined to be the proportionality constant in (p.16). Fixing -
reparametrization invariance by C2D? = r, one can solve the differential equations to obtain
the following D3-brane solution

1/2 1 —13/2 1 —3/2
2 q 2 q 2 q 2
ds = (1—;) d$L4+E<1—;> dr +;(1—;> dSM4
q 3/2
+ 72 (1 - ;) (dr — A)%, (6.20)
q 9/4
Fupor = qr (1 — ;) €pvpo- (6.21)

It is clear that, L4 corresponds to the world-volume of the D3-brane. Asymptotically, as r — oo,
the solution becomes L, x M¢ which can be seen by a coordinate change dif ~ r~3dr, near in-
finity. The solution is half supersymmetry preserving state of the vacuum L4 x Mg, since the
presence of D3-brane brakes half of the available supersymmetries. There is also a horizon lo-
cated at r = ¢g. We finally note the non-orthogonal decomposition of the transverse directions
due to the U(1) bundle structure.

In this paper we do not attempt to determine singularity structures of these solutions. Due
to the presence of unbroken supersymmetries we believe that the solutions are stable. Another
important open problem is to find realizations of unbroken supersymmetries on the solutions,
which enable one to determine how Bogomolny bounds are saturated.

7 Conclusions

The brane solutions of supergravity theories have played a crucial role in recent developments
in the non-perturbative string/M theories. With this experience, it is reasonable to claim that
finding new solutions will also be important for future developments. In this paper, we have
constructed new classes of solutions in D = 11 and D = 10 dimensions. The solutions obtained
in sections 3 and 4 have a very similar structure with the well known solutions and can be
viewed as the generalizations of them. Solutions obtained in section 6 belong to a different class
in which the transverse directions do not have a single warping factor. In section 5, we have
presented a general argument which allows one to construct new solutions from the old ones by

replacing certain directions with more general manifolds.

In constructing new solutions, we have mainly used the theorem proved in [fJ]. The results of
the present paper show that the theorem reviewed in section 2 is an important way of obtaining
new supersymmetric solutions. Here, we would like to mention two open problems which can
possibly be attacked by using the theorem; the first one is to find non-static cases which may lead
to time dependent or stationary supersymmetric solutions, and the second one is to construct
explicit examples of non-trivially embedded brane solutions, as formally discussed in [[[]].

By the well known solution generating techniques, like applying S or T-dualities, or by dimen-
sional reduction, one can obtain more new solutions in D = 10 or in lower dimensions. As an
interesting application of this, we note that it is possible to untwist a U(1) bundle by a T-duality
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transformation along the coordinate parametrizing U(1) fiber.

As for the usual brane solutions, one may try to identify low energy theories defined on the
world-volumes. The number and the supermultiplet structure of collective coordinates depend on
the realizations of unbroken supersymmetries, the singularities of the solutions and the isometries
of the internal manifolds. A classification of spaces having Killing spinors in diverse dimensions
is the key ingredient for such an analysis. After identifying the low energy field theories, the
next important question is to learn how to take decoupling or near horizon limits. We note that,
brane solutions having transverse Einstein spaces give rise to generalizations of the original
AdS/CFT dualities which correspond to compactifications on arbitrary Einstein manifolds. By
defining sensible decoupling limits for other type of solutions found in this paper, one may
discover interesting realizations of holographic principle.
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