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1 Introduction

Superstring theory is free of ultraviolet divergences, which is one important reason this theory
is the leading candidate to unify gravity with quantum field theory. The low energy limit
of superstring theory contains gauge theory as well as gravitational interactions. In the mid
1980s the tree-level string corrections to Yang-Mills theory [1, 2] and the Einstein-Hilbert
theory [1] were computed from tree-level scattering amplitudes. These corrections emerge at
order a’? and o? respectively, both of which originate from a four-point amplitude. About
one year later the (partial) five-point amplitude for gluons was computed in [3] using open
string theory and an effective action was proposed based on this result, which included F?® as
well as D?F* terms.

Renewed interest in calculating higher order effective actions for open string theory
emerged around the year 2000. There were basically three different groups working on this
problem using three different methods [4], [5, 6] and [7, 8]. In [4] four-dimensional N' = 4
supersymmetric Yang—Mills theory in superspace was used to calculate correlation functions
and the corresponding effective action, including F° terms. In [5, 6] deformations of BPS
solutions of D = 10 super Yang—Mills theory were used to calculate the bosonic non-abelian
effective action to order o/®. The third group [7, 8] uses the complete five gluon scattering
amplitude to calculate the bosonic (non-abelian) effective action for open strings. Their result
for the F5 term in the effective action does not agree with the earlier calculations in [3, 4]
but agrees with the work of [5, 6]. A supersymmetric version of the bosonic action appearing
in [5, 7] was presented in [9]. This action was successfully tested in [10].

N-point gluon tree amplitudes for NV > 5 were investigated systematically starting in
[11, 12], following a tour de force analysis of the six gluon amplitude in [13]. Supersymmetric
Ward identities were developed in [14, 15], in order to infer relations between gluon amplitudes
and amplitudes involving gauginos and scalars. With the exception of [13], which was carried
out in a 10D covariant language, these references work in a four-dimensional set-up where one
can take advantage of the spinor helicity formalism to write compact expressions for MHV
and NMHV amplitudes, generalizing known 4D field theory results. Five-point amplitudes
involving matter fermions on D-brane intersections were considered in this context in [16].

In recent times diverse tree level N-point functions have been calculated using the pure
spinor approach of Berkovits [17]. In particular the five-point amplitude was calculated in
[18], while tree level N-point functions for N > 5 were presented in [19, 20] (see also the
references therein). The results were expressed in terms of 10D superspace variables (or in
terms of partial amplitudes of the SYM field theory limit which were identified from their
representation in terms of 10D superspace variables described in [21]). Hence by expanding
in components one can recover amplitudes involving bosons and fermions. Indeed a large
number of such results are available on the website [22]. (See also [23].) A nice review of
NSR and pure spinor approaches for open string amplitudes can be found in [24].

Calculations of five-point tree-level amplitudes involving fermions have not been previ-
ously carried out directly in the 10D-covariant NSR formalism. It has however been shown



in [25] that the pure spinor and NSR formalisms give equivalent prescriptions for obtaining
tree-level amplitudes with an arbitrary number of bosons and up to four fermions. Therefore
results for tree-level five-point amplitudes obtained via NSR should agree with the corre-
sponding pure spinor results available in the literature cited above. Nevertheless, we feel that
an independent computation within the NSR formalism is valuable. The amplitudes are quite
nontrivial and yet take a remarkably elegant form when expressed in terms of color-ordered
field theory sub-amplitudes.

Our first goal is to see how this structure comes about when carrying out a standard
NSR analysis, following the lead of [7, 26] in the five gluon case. To that end we begin by
using the NSR formalism to reproduce results for open-string tree-level N-point amplitudes
involving gauge bosons and gauginos for N = 2,3,4. These have previously appeared in
the literature and we generally find agreement. However, our expression for the four-point
amplitude containing two bosons and two fermions with a particular color ordering differs by
a relative sign as compared to the standard references [27, 28]. This typo has propagated
into some standard literature [29, 30], so we give an additional check of the result. Next we
verify the complete five-point amplitude involving gauge bosons that was originally obtained
by Brandt, Machado and Medina [7] and then simplified in [26]. We find agreement with
their result, which has also been independently checked in [13].

We then explicitly compute, for the first time in the literature, the five-point amplitudes
involving two and four fermionic fields respectively in a manifestly 10D-covariant NSR for-
malism. Our calculation agrees with the proposal based on supersymmetry given in [31],
which was expressed in terms of color-ordered field theory amplitudes. To show this, we
provide some details of the necessary field theory calculation, decomposing the field theory
amplitudes into a sum of diagrams, and providing a comparison of the pole structure with
the string amplitude result.

Finally, we generalize our calculations to the closed string sector using the KLT formal-
ism [29].

Our second goal is to illustrate a pedagogical approach to computing amplitudes in the
NSR formalism. Such computations quickly become opaque if carried out by brute force.
Fortunately, however, the structure is greatly clarified by symmetries. We systematically
use the Ward identities of the world-sheet current algebra corresponding to the space-time
Lorentz symmetry to organize the computations. The requisite technology, the principles of
which were laid out in classic references, e.g. [32-34], is developed in the next section.

2 The world-sheet set up

In this section we provide some basic world-sheet conventions as well as tools that we will
use for the computation of the amplitudes. Essentially we work with the conventions of [35].
We have the following fields on a Euclidean world-sheet with complex coordinates (z,z):

1. the matter fields are the bosons X*(z,%), and the fermions ¥/ (z), ¥*(Z), where y =
0,...,9 is a space-time vector index;



2. the ghosts are the usual ¢(z) and ¢(Z) (we have no need of the b ghosts), as well as the
©(z), p(Z) bosons from bosonizing the S ghosts: By ~ dyp;

3. we also have the spin fields ©,(z) and ©4(z) that have weights (5/8,0) and (0,5/8)
respectively and transform as Majorana spinors under spin(1,9).

The basic fields have the familiar OPEs:

/

" = v o iz 2 n v 77/“/
X0z D)X0) ~ ~ S log 2, () (0) ~ T,

c(2)e(0) ~ z , e5P(2)e!?(0) = 275 1 e59(2)e'#(0) : . (2.1)

Here 7,,,, is the ten-dimensional Minkowski metric. Note that e*¢ then has weight (—s—s?/2,0)
and carries a ghost number s. Throughout the computations we will leave off normal ordering
symbols from the fields whenever it is not likely to cause confusion.

2.1 Open string vertex operators

We will, for the most part, work in the open string sector, where we insert the vertex operators
on the real line in the complex plane, z = Z = ¢. It is then convenient to work in units of
o/ = 1/2, as the physical vertex operators for massless fields take a simple form in terms of
the (1,0) holomorphic currents

V,=e %?0, , Ut = e Pyt | JoB = oy (2.2)

The V, are fermionic, while the U* and J*? are bosonic operators. With these currents the
gaugino vertex operator with polarization (, and momentum k is given by

Vi 20K = Vet VI =CaVa (23)
while the vector boson vertex operator with polarization £ and momentum k& takes one of two
forms:

VK] = GUgle™ Ulg) = guu” (24)
and
VOlg, k] = Co(i€, X + ks JP)em X (2.5)

Here X* = §,X*". As we will see below, the normalization constants C; are determined by
unitarity of the amplitude to be

012 = — Cy=—g, (2’6)

9
\/§ ’



where ¢ is the Yang-Mills coupling constant.!
These massless vertex operators are physical provided that the polarizations and momenta
obey the physical state conditions:

k-£=0, B¢ =k, 01 =0, k= 0. (2.7)
We also have gauge transformations on the vector polarizations,

§u ~ &+ Ay, (2.8)

for arbitrary A. In particular, gauge invariance of an amplitude implies that if we take
any vector polarization to be proportional to the corresponding momentum, then the entire
amplitude must vanish.

We should also say a word about our Dirac-Majorana matrices I'*. These are real and
obey the usual Clifford algebra {T'*,T"} = 2p*”1, and we have an anti-symmetric charge
conjugation matrix C that satisfies C> = 1 and CI'*C = — T'*; the Dirac conjugate spinor
is given by ¢ = %¢C. The GSO projection requires us to take ¢ to be a Majorana Weyl
spinor, i.e. I'C = ¢, where T is the ten-dimensional chirality matrix. Note that {C,I'} = 0
and ‘' =T.

Finally, we recall that in order to fix the super-diffeomorphisms on the plane we must fix
the positions of three vertex operators and arrange the total. The operator e*¥ carries picture
charge s, and we indicated the picture charges of the vertex operators by a superscript.

2.2 The open-string Koba—Nielsen amplitude

The correlators for the bosonic fields are easily evaluated from the general formula for prod-
ucts of exponentials and derivatives of X.? We will quote the results we will need for our
computation and in the process introduce some convenient notation.

Let us introduce a useful short-hand: we will often abbreviate the operator and its
ik1-X (

insertion by the same label; e.g. e 21,%1) will simply be e?*1X. This will reduce the

clutter and with any luck will not increase confusion. Let
qij = ki - kj Ar=¢ gy wi=¢-¢ . (2.9)

We then have the following familiar results for the open bosonic amplitudes. First, we have
the “s-point tachyon amplitude”

To = (X etk Xy = 0y(2m)10610(S, ) J R (2.10)

!Since the amplitude always involves an even number of fermions we need only determine C;2.
2See, for instance, chapter 6 of [36].



where unitarity fixes

2i
C3=5. 2.11
3= 3 (2.11)

In what follows we will leave off the factor of (2m)1°610(3, k;) when writing the amplitude.
Next, we have

. . ) A2
7—3(2) = <ezk1-X[i§2 . Xezkz-X]2 . ezks-X> _ _7;2 Z_l; ) (2'12)
1#2

We will also have use for

7;(2,3) = <eik1~X[ié~2 . XeikQ'X]z[iés . XeikS'X]3 . eiks'X> — ’7; —5 +

and

7;(2,3,4) = <eik1-X[Z~£2 . Xeikg-Xb[Z-gZS . Xeikg-X]3[,L-£4 . Xeik‘4-X]4 . eikS-X>

23 A4 24 A3 34 A2 A2A3 A4
e D D e S e e S W el IV P L R Y

z z zZ z z zZ Z22123m <.
23 14 41 24 143 1 34 142 2[ 1£2,m#3,n#4 20~3m~4dn

It is useful to keep in mind that the physical state conditions and momentum conservation
imply that for every ¢,

Al=0, > Al=o0. (2.15)
j

2.3 A little current algebra

The world-sheet correlation functions that we will need can be computed in terms of the
free-field presentation. However, such computations quickly become unwieldy, and to tame
them it is useful to introduce the structure of a Kac-Moody (KM) algebra.

Recall that a holomorphic KM algebra is generated by (1,0) conserved currents J%(z),
where a runs over the adjoint of a Lie algebra g.> The currents have the OPE

kab ab

<J40 2.16
-+ L) (216)

J2)J(0) ~

where k% is a metric on g and f%, are the structure constants. The remaining fields of the
CFT assemble into KM-primary fields ® in representations of g, as well as their descendants.

3 A pedagogical presentation may be found in Chapter 11 of [35], as well as in [37].



The primary fields in representation r are characterized by the OPE

J(2)®(0) ~ T — | (2.17)

where t$ denote the (anti-Hermitian) generators of g in representation r.

The correlation functions of KM currents and KM primaries satisfy well-known Ward
identities, and we will use these to reduce some complicated correlators to simpler ones. For
instance, we have

(J(2) @1 (w1)Da(ws) -+ B (wn)) = Y B _1w,<‘1’1(w1)"'ti,. c®(w;) P (wp)) . (2.18)

i=1 g

The situation is slightly modified in the presence of a quasi-primary KM field like a
current, but the Ward identity is still determined by the OPE. For example, we find

ab ab
IR ) = L) (1)
n 1 , )
+;z_wi<,] () -2 Dy D) (2.19)

In our case, the relevant currents are the Lorentz currents J* = 1)®¢? with OPE

ad By _ 0,86 1
~ L 2 [P0 (0) = 7 (0) = ™ TP (0) + P T (0)

J7(2)J%%(0)

The J79 generate the action of the global Lorentz symmetry $0(1,9) on the fermions. To see
this, let w,p be any anti-symmetric matrix. Then

— 5T () (0) ~ " (0) (220)

The Lorentz symmetry then fixes the OPE with the spin-field operators V, as well:

1 171
5T EA0) ~ - |- Geai(0)5 | (221)
where
nob = i[ra,rﬁ] (2.22)

is the Lorentz generator in the Majorana representation.? This presentation still suffers from
an over-abundance of indices. To cure this, we observe that for our applications the J*? are

4The Lorentz transformation of a spinor, such as the polarization ¢, is given by §,¢ = %wa[gza*ﬁ(. The spin
fields then naturally transform as ¢ = ‘CC since they are contracted with ¢ to form a Lorentz scalar.



always contracted into
Mes = 3 (kagh — kp&a) (2.23)
and so we define
J[m](2) = masJ%(2) , (2.24)
which have the OPEs
2tr(m‘m’)

7+ iJ[m“](zj) : (2.25)

J[m')(zi) T [m7](z;) ~ > 2
ij K

where we use 1 to contract indices and anti-symmetrize:
tr(mim?) = n* mém (m7)ap = 3 [mfmn'y‘smfw —(aeB)| . (2.26)
In applying the Ward identities we use the OPEs

T UL ) ~ —Umea) , Tm)E VI ) ~ 5

Vinicl(zr) . (2.27)
where
i’ = mi T = ' = —'F (2.28)

and as usual I'*% = %(Fafﬁ — T'PT'?). Note that the JV OPE determines

PH(21)Oa(22) ~ £ Op(22)T, - (2.29)

1
V2212

2.4 Two-point and three-point correlation functions

Consider the sector of the world-sheet CFT generated by the " and the 5v ghost ¢. Almost
all correlation functions in this sector that are relevant to our computations can be reduced
by the Lorentz KM Ward identities to two- and three-point functions. (The one exception is
the 4-V correlator given in formula (3.35) below which does not involve any currents.) We
will present these in this section.

As a first step, we compute the two-point functions of U and V currents. First, up to
overall normalization the two-point function of the U* is determined by conformal invariance
and representation theory:

U U () = T (2.30)

212

where z;; = z; — z;. Conformal invariance fixes the position dependence, and Lorentz invari-



ance determines the form of the coefficients: Sym?(10) contains a unique trivial representation
corresponding to 7. The remaining overall constant can be absorbed into normalization con-
stants of the vertex operators, which are in turn fixed by unitarity of the S-matrix. Note that
the two-point function of the V), is necessarily zero on the disk or sphere, since it has a total
ghost number —1 # —2.

Next, we consider the three-point function

(CTH)ap

Valm UM zVlzs)) =+

(2.31)

The position-dependence is once again fixed by conformal invariance, while the coefficient is
constrained by the OPE in (2.29); we absorb the sign ambiguity into a sign of the I'* and

obtain
; ' w" 1 2 3 ngzﬁl
(UENULE]) = s (VICIUEIVIC]) = NP (2.32)
i 212213223

Finally, we consider the V,(z1)V,(22) OPE. By splitting the operators into the ghost e=%/2
and spin field contributions, we arrive at

Va(21)Vs(22) ~ CbaE;Z(zz) L ey

212

ba
T () (2.33)

The second term is consistent with the three-point function (2.31) and the two-point func-
tion (2.30), as it should be. Note that since {I',C} = 0, the first term in the OPE will vanish
when contracted with a pair of Majorana—Weyl spinors of the same chirality. This will play
an important role in computations involving 4 gaugino vertex operators.

2.5 Three-point super-Yang—Mills amplitudes

Armed with this knowledge, we embark on our first set of open string amplitudes: the three-
point functions. We begin with the color-ordered three-vector amplitude, which we write
as

A(1,2,3) = {1V, [€ Fnlea V' [€%, ales Vi[9, ha])- (2.34)
Factorizing the amplitude into ¢, X, and current algebra sectors, we obtain
A(1,2,3) = O erenes) (U WIEN T + UIEImUIENT] . (2.35)
The Ward identity yields the only so-far undetermined correlator:

UEWmIUIE) = 2 Wm0 + U@l =2 ST (2.0



Here the short-hand notation is
'3mact = S omZan”eL (2.37)

Using (cicocs) = 212213223 , we obtain

13 A2 A2 9 te3m2¢el
A(1,2,3) = Z12213%23 X |:—WT <——1 - —3> + ﬁ} X 7}, (238)
213 212 232 212213223

Since there are no non-vanishing Lorentz-invariants for massless 3 particle kinematics, we
have 73 = C3; finally, using Ag + A2 =0, and setting kij = ki — kj;, we find

A(1,2,3) = C23C3 [wBAT + 2 1¢PmZe!]

Co3Cy 1y 2 43, 2 3 o1, ¢3 1 2
= € ke €+ k€ + kg€ (2.39)

This is indeed the familiar color-ordered 3-point Yang—Mills amplitude with Yang-Mills cou-
pling g provided we set

Cy3Cy = —2ig (2.40)
and obtain
A(1,2,3) = Aym(1,2,3) = +ig [¢' - hos&® - €+ & k& -+ & ko -] . (241)

This agrees with [30] equation 7.4.40 once momentum conservation and physical state con-
ditions are taken into account. All of this notation is a very heavy-handed way to derive
this familiar result, but it will be of great help in organizing the computation of higher point
amplitudes.

Next, we compute the amplitude with two gauginos and one vector boson. We will
distinguish the gauginos by a ~ over the corresponding index in the ordered amplitude, so
that we are interested in A(1,2,3). All the work is already done:

A(1,2,3) = (e Vy P(C Ralea V€2, Rales V2 (G2, es))
= o0 (1eaes) (VICUIEIVE) T = %icgzlfﬁ . (2.42)
We set
CyC12Cy = iV2g (2.43)
so that the computation yields the standard 3-point super Yang-Mills (sYM) amplitude:

A(1,2,3) = Aym(1,2,3) = +igl £33, (2.44)

— 10 —



see e.g. [30] formula 7.4.31.

3 Four-point open superstring amplitudes

In this section we recall the tree-level four-point amplitudes. The purpose is two-fold. First,
we will gain familiarity with the condensed notation and techniques. Second, the explicit
results will be useful in the following.

Before we jump into the details, we mention the massless kinematics in terms of the
Mandelstam variables

5= —2q12 = —2q34 , t=—2q23 = —2qu4 , u=—2q13 = —2q24 , (3.1)

which satisfy s + ¢t 4+ u = 0. We will often find it convenient to work with ¢i2 and ¢93 as
independent kinematic variables.

3.1 Four vectors
We write the color-ordered four-vector amplitude as

23
A(1,2,3,4) = / dzo(erV,  [€h, kalV (€7, Rales Vi [€2, ksleaVy (€Y Ral) (3.2)
zZ1
Some comments are due regarding the distribution of ghost insertions and picture choices.
Three ghost insertions are required on the half-plane to soak up the residual PSL(2,R) of
Diff x Weyl. In (3.2) we have chosen to fix positions 2; 34. In general, for a tree-level n-point
correlator we will follow the common convention of fixing z1, z,—1, z,. The remaining positions
will be integrated over, subject to the condition that the specified ordering is preserved. In
(3.2) for example, we integrate zo over the range z; < zo < z3. The picture charges can be
distributed arbitrarily, subject to the constraint that they sum to —2 [35]. The amplitude
is independent of this choice. Comparing different choices can lead to interesting integral
identities, especially for higher point functions, which can in turn be helpful in simplifying
expressions. See e.g. [13]. We will make choices that streamline the computation as much as
possible.
Writing the correlator as a sum of terms, factorized into ghost, bosonic, and current
algebra sectors, we have

A1,2,3,4) = Gy / " dealcreaca) [<U[§1]U[£4]>7;(2’3) + U I MU e T+

+UENI MU T + (U I AT UENTa| - (3.3)

Making use of the Ward identity (2.19) together with the OPE’s (2.25), (2.27), the new

— 11 —



correlator appearing in the last term of (3.3) is

T m2m3
W7 01e) = 2Ll wle) + - wle Tm U +
MUY + (U1 U ) . (3.4)

Then with (2.32) and (2.36) this is simplified to

(U TmA I [m*|U[eY)) = — 2tr(m’m’)w't 8 fgtm®Pe! 4 tmPmie!

2532’%4 223213214734 212713714734
4t£4m2m3£1
; 2947137214734
B _2tr(m2m3)w14 t4[ Am2m?3 - Am3m?2 }51 55)
a 2332’%4 213714223724 212714223734 ' '

In the last line we wrote the result in a way that makes the expected symmetry under the
separate exchanges 1 <> 4 and 2 < 3 apparent. Collecting the remaining pieces, the full
amplitude is

23 w14 w23 A2 A2 A2 A3 A3 A3
A(1,2,3,4):C24/ de{—T[T+<——1+—3+—4> <——1——2+—4>]+
21 211 L %32 221 232 242 231 232 243

2 t 4m2 1 A3 A3 A3 2 t 4m3 1 A2 A2 A2
+g<__1__2+_4>+g<__1+_3+_4>+
291241242 Z31  Z32 243 231241743 Zo1  Z32 242

2tr(m2mB)wd 4 ¢im2m3el 4 te4mPm2e]

2 .2
Z32%41 2312412327242 2917241232743

} X (—z31241243) X Ta . (3.6)

Worldsheet diffeomorphism invariance guarantees that the amplitude is independent of
our choice for z134. At this point there is nothing to gain by leaving them arbitrary, so we
make the conventional choice that brings the integral into a well-known form:

z21=0, z3=1, 24 — 00 . (3.7)

We also set zo = x € (0,1). Using the kinematic relations in (3.1), we find that the four-
tachyon correlator is finite as z4 — oo and given by

Ty =CszxP2(1 —x)? (1+0(1/24)) . (3.8)

— 12 —



The integrand involves four types of denominator structure:

1
Ny Ny N3 Ny
A(1,2,3,4 :040/ det®2(1 — )92 —=
( ) 2 30 vt (1 - z) {(1—:E)2+:E(1—:E)+1—33+:E
4
= C24C3 Z NZ'IZ' y (39)
i=1
where the numerators are
Nl — w14w23(1 _ q23) ,
Ny = — w2y — W2ABAY — WBALAL + w0y AJAT + W AZAS - WM ALAY
N3 = w3 qo3 + WP AZAS + W AZAT — WM AFAT + WP AZAT — WHAZAT
Ny = w2A3AL — WHALAZ + WM AZAS + WIBAZAL — WALAY . (3.10)

In order to obtain these results we replaced the pieces of (3.6) involving m’s with equivalent
expressions in terms of the kinematic invariants (2.9); e.g.

2 tetm2el = WIZAL — WHAL
2tr(m*m?) = ASAZ — w3 g3,
414 m?m3gl = wlgAgAg — w23A§,A§ — wBwges + w24A§A§ . (3.11)
The integral Iy is the standard Euler beta function

['(q12)T(g23)

IL=hB , = , 3.12
2 = B(q12, 423) T (dis T 425) (3.12)

and the other integrals are simply related to it:
=1 L=—22 1, =12 1. (3.13)

2 5 p— p—
q23 — 1 Q12 + q23 q12 + q23

Hence the amplitude can be put in the form of a kinematic factor times the beta function
I5. Momentum conservation and the mass shell condition imply ¢i2 + q23 = —qo4 = —q13.
By using (3.1), along with (2.15), we express the kinematic factor in the manifestly crossing-
symmetric form given by Green and Schwarz [27, 28], or [30] formula 7.4.44:

02403
q13

A(1,2,3,4) = B(Q12,QQ3) X K(1,2,3,4) y (3.14)
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with

K(1,2,3,4) = — { 203 gosqrs + wPw gragis + wBw? qr2gas+

T 1o [WPAIAL + W AN + WBAIAZ + WM AIAL] +
T o3 [W2AIAL + WHALAZ + WPAIAL + WHALAY] +

T 13 [WPAIAD + WHAIAL + WP ALAL + T AIAY] } . (315)

or equivalently

K(1,2,3,4) =

—

tuw w3 + su Wit + st w13w24) +

_|_

WP AGAL + W ATAT + WPATAT + W ATAY] +

—

WIZAIAL + WHALAZ + WP AIAL + WM ALAY] +

+ +
N SN] DN »| =

—

WPATAS 4 WHMAZAL ¢ WBALAL § WARAZ] (3.16)

It is not difficult to see that the amplitude has the Z4 cyclic symmetry that we expect
from the color-ordered open string amplitude. The polarization factor, (3.16), and the stringy
factor ql_ng(qlg, ¢23) independently carry the symmetry. One must make use of the mass shell
constraints, (3.1), to see the latter. Of course the full amplitude is obtained by summing all
cyclically-inequivalent permutations of the color-ordered amplitudes and will have the full Sy
permutation symmetry on the gauge boson lines.

In fact the polarization factor (3.16) itself carries the full Sy symmetry, as pointed out
by [27, 28]. While a priori this needn’t have been the case, it plays an important role in the
KLT relations for four-point amplitudes.

3.2 Two vectors and two gauginos

Next we consider the case where particles 1 and 4 are gauginos. We use vertex operators
(2.3) with picture charge —1/2. Particles 2 and 3 are gauge bosons, and we take their
vertex operators in the 0 and —1 pictures respectively. Hence the color-ordered amplitude we
consider is

~ ~ Z3
A(1,2,3,4) = C12Co? / dzo(er V2 k| V€2, koles Vi €D, kslea V2 (¢ Kal)
Z1

= C12Cy? / " dealereaca) {<V[<I]U[53]V[<4]>7f>+

+(VICImIUEIVIC)Ta| - (3.17)
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We use the Ward identity with (2.27) and (2.32) to evaluate the new correlator:

VTRV = 5 (ViU + — (VI Talm® €IV +

VIV

2294
Co’ct | TPy - A e

2v/2291 213214234 V2293213214234 2v/2294 213214234

(3.18)

Note in order to use formula (2.32) in the case of the first term, one uses i = *(mi¢)C =
— t¢Cnf = —(nf. Hence the amplitude is

o 202 [ dz[zlz%‘* <_A_% 8 A_z>+ o’ |

A(1,2,3,4) = +
( ) V2 21 231741743 221 232 %42 2291231241243
=l 923 342\ -4 7143 19 4
w - A
+§ (W™ ks )¢ n ¢ ¢ ] x (—z31241243) X Ta - (3.19)
232231241243 2249231241243

We fix z; 3.4 to the values (3.7) and use (3.8). In this case there are only two denominator
types, corresponding to the integrals I3 4 of (3.9). We find

2 2 1 . >
A(1,2,3,1) = — C17Cy°C3 do 202(1 — )42 {&4_&}

T 0 l—2z =
- %B(qu,qgg) x {%ﬁg + %M} , (3.20)
with
Nyi=C (A3 + B — A3 ¢, Moo= -3+ 42| ¢ 321)
Therefore we have
AL, 23,0 = LG B@2w) g 5 5 7) i

2V/2 a3
K(1,2,3,1) = 200 [A3¢° - A3 + PR ¢ - 2l |23~ S8 ¢ (2

We used mi?> = f,¢*, which follows from the physical state conditions and (2.23).
In order to compare this result with [28], we use momentum conservation and the physical
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state conditions to write

Zlk2<4 = _Zlk3<4 5
Cht'd® = —C Uy + KOE =T [£h + k) 283+ AD)] - (3.23)

In particular, the second relation leads to some cancelation of terms in K (1,2,3,21) upon
using A? + A% + A7 = 0. Setting q12 = —s/2 and qo3 = —t/2 as well, we have

K(1,2,3,3) = —sT' [A30 - A3 - | ¢ - STER +RIEC, (629

This differs from equation (4.33) of reference [28], (following from equation (4.13) of reference
[27]), by the relative sign of the s and ¢ terms. The overall prefactor of K is of course a matter
of definition since there is an ambiguity in how we factorize A(1,2,3,4) into a “polarization
factor” and the remaining stringy content. The relative sign between the two terms in K
however is physical.

We claim there is a typo in [27, 28] and that (3.24) is the correct expression. Since this
typo has propagated into some standard references, e.g. [29] and 7.6.46 of [30], we give a
quick check of the result. Longitudinal gauge bosons should decouple from the color-ordered
amplitude, and this requires the relative plus sign between the s and ¢ terms. To see this, set
€2 = ko and €3 = k3. Using the physical state conditions, the two terms in (3.24) reduce to,
respectively, —%ZI%C‘* and %51%2(4; gauge invariance only holds for the relative plus sign
as in (3.24).

With this corrected sign, the kinematic factor is actually even under exchange of the two
bosons, and odd under exchange of the fermions, i.e.

K(,3,2,4) =K(1,2,3,4), K(423,1)=-K(1,2,3,1). (3.25)

The second color ordering

In the two-vector, two-gaugino case we are considering there is a second disk amplitude that
cannot be obtained from the previous computation by either cyclically permuting the particle
labels or reflecting them about a bisecting line. In the previous computation the ordering
around the disc was bf fb where “b” stands for boson and “f” for fermion. The second
inequivalent amplitude corresponds to the ordering fbfb and is given by

A(1,2,3,4) = (12052 / " dea eV IE VIR, halesV V2CE, hsleaV V€ Kal)
EORTex: / " deaferesea) [<V[<1]V[C3]U[£4]>E(2’+

21

+ (VNI VICIUE) T4 | - (3.26)
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In comparing (3.26) with (3.17), we see that the only differences are an overall minus sign
and that particle labels 3 and 4 are exchanged in the 1 matter correlators, while the ghost
and Koba—Nielson amplitudes remain the same. The minus sign is due to the odd number
of exchanges of the worldsheet fermions ¢; and V[(/] necessary to factorize the ghost and
matter sectors. Since V[(] and U[¢] commute,

o 2012 23 Flgd -3 A2 A2 A2 7L 244 -3
Ad2,3,4)= - D2 dz [7““ (——1+—3+—4>+—“¢’“ +
V2 s 214713234 \ 221 %32 %42 2291214213234
T2l — A4g2) 3 Flyd 9.3
+ C ((U k2 25 )C + C Sz ry{ C :| % (213214234) % 721 ) (327)
242714213%34 2232214213234
Plugging in (3.7) and (3.8) we have
Y53 C2Co%C5 (1 Ny N
A(1.2.3.4) = N2 (1 _ 4923 -4
(1234 = D22 [Laarm(—apm § 2 =
012C22C3 {Q12 2 q23 ~/}
= 2 B B4, qgoy) x L 2N L BN L 3.28
2v2 (22,229) as 0 quis ( )
with
- a1 ~, =
Nj= T a3+ ') 0 Npa=T [ade — '] ¢ (3.29)
Hence
Y05 C1*Cy°Cs B(q12,23) 1o+ o & .
A(1,2,3,4) = — K(1,2,3,4),  with
( ) 2v/2 q13 ( )
s s ~1 =1
K(1,2,3,4) = — qul ' 283+ 1] C+ sl 283 - o] €. (330)

Via the same sort of manipulations as in (3.23) we find that the polarization tensor can also
be written as

K(1,2,3,4) = ST+ B+ STER + R)EC, (331)

in agreement with [28] and 7.4.47 of [30]. In fact, this kinematic factor matches the factor
that appeared in the first ordering; with some now-familiar manipulations using momentum
conservation and physical state conditions we can show that

K(1,2,3,4) = K(1,2,4,3). (3.32)

As such, it also inherits the symmetries (3.25), i.e. it is even under exchange of the vectors
and odd under exchange of the gauginos. The amplitudes have prefactors proportional to
B(q12,q23)/q13 and B(qi2,q24)/q14 respectively. Since these are different, the amplitudes
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themselves still disagree,
A(1,2,3,4) # A(1,2,4,3). (3.33)

3.3 Four gauginos

Our final four-point amplitude is the four-gaugino amplitude,

~ ~ ~ ~ 23
A(1,2,3,4) = —¢y* / dzo(er VY2 [C ki ]V V2GR KooV 2 (3, KsleaVy 2 1CH, Kea))

1

z3
— ot [ dslaaa)VICWVIEV VDT (3.34)
21

We need to compute the correlator of four V currents. This is an easy task because the corre-
lator is holomorphic, and thus completely determined by its singularities and their residues.
These, in turn, are fixed by the OPE (2.33) and the three-point function in (2.32). Restricting
the external spinors to be Majorana—Weyl, which excludes the O(1/ 2123) term in (2.33), we
obtain

(CT1)asar (CT")asas -~ (CT1)asar (CT")a4a, _ (CT)asar (CT")azas
2212293224234 2213293224234 2214293224234

(Val Vaz Vas Va4> = -
(3.35)

As a check, we can see that the operator satisfies the s[(2,R) conformal Ward identities.
Dilatation covariance and translation invariance hold trivially, while invariance under special
conformal transformations requires the right-hand side to be annihilated by 3.7 (220.. +
2z;); this holds as a consequence of the following famous ten-dimensional Fierz identity for

Majorana-Weyl spinors® :

(CPM)(I2¢11 (CPM)WLGB + (CPM)QBlll (CPM)WUM + (Crﬂ)azlal (CPM)QWIB - 0 . (336)

We emphasize that without the GSO projection to Majorana—Weyl spinors, (3.35) and (3.36)
do not hold.

Contracting (3.35) with the external spinors we obtain

—1 -3 -1 -2 —1 2
S IS e S ree3 Cruct S rHetr,e?
2291232243242 2231232242243 2241242232243

(VICIVICIVICIVICY) = (3.37)

® A proof is given in the appendix of chapter 4 of [30].
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Setting (cicgeq) = —231241243 and using (3.7) and (3.8) leads to

4 1 =1 =3 —1 )
AL330)= -9 / da 292 (1 — )09 {c g2, ¢t | Tt Fu&}
0

2 z(1—x) 1—x
4
B [
= — CrCs (ql2’Q23)K(1,2,3,4) , where ,
2 q13
x5 =1 =3 =1 =2
K(1,2,3,4) = i3 THCPCT¢! — qial THCP T (3.38)

The mass shell condition gi2 + ¢13 + g23 = 0 together with the Fierz identity (3.36) allow us
to write this polarization tensor in different ways. For example, eliminating ¢13 = —u/2 in
favor of q1o = —s/2 and go3 = —t/2 leads to

K(,2,3,1) = -5 T P, + 5T (3.39)

which is the form given in [28] and 7.4.48 of [30]. Indeed one may show with such manipula-
tions that K (1,2,3,4) is odd under the full S; permutation group.

4 Comparison to ordered super-Yang—Mills amplitudes

We now compare the previous results to tree-level computations in gauge theory. This will
allow us to match the low energy limit, verify unitarity at the massless level, and fix the
normalization constants C; as advertised in (2.6) and (2.11).

4.1 The ordered Feynman rules

We begin by writing down the color-ordered Feynman rules for our super-Yang—Mills theory.
For a nice introduction to these ideas the reader may consult one of the recent reviews [38, 39].
We write our amplitudes with all momenta incoming (as we already did tacitly above), and
we fix Feynman gauge. We construct color-ordered diagrams with external labels increasing
in a counter-clockwise fashion, and we add all cyclically inequivalent diagrams with desired
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external states using the following rules:

M2~ 21 —%277‘“”2 ,
2

3-e 1 +ig [(&' - kas) (€% - €2) + (€% - ka) (€2 - 1) + (€3 - kao) (&1 - €2)]
2

301 big? [26 (€2 -€1) — (€1 €(E0-€1) — (€1 €)(e2 €]
4

(4.1)

We wrote the vertices in a condensed notation by dotting in with dummy external polariza-
tions. To obtain the vertices we of course need to expand these as, say, 53“532533 VHik2Es - We
will typically express these vertices by amplitudes with some polarizations stripped off. For

instance,

Aym(1,2, ), = ig [krou(€' - ) +2(¢" - k&l — € - ka&))]
Avni(+,3,4), = ig [kgau (€2 - €Y + 267 k‘4§ﬁ — ¢t /ﬁ3§2)] ; (4.2)

where momentum conservation and the physical state conditions on the external polarizations
were used. We then have a key property: as long as €2 obey physical conditions, then

AYM(I, 2, ')M(kl + k‘g)“ =0. (4.3)

In other words, the longitudinal photon does not show up as an intermediate state.
To include the gauginos we use the rules (written in the same condensed fashion)

2
c < b 3—<—;—<—1 2—<—e—<—] (4.4)
7 /
3
i . =3 . =2
-~ igC ¢! igC "¢

As in QED, to completely specify the rules we must describe some additional signs due to the
Fermi statistics; we will only need these in our discussion of the 4-gaugino amplitude, and so
we will not give a complete description here.
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4.2 The amplitudes

The three-point “amplitudes” can be read off directly from the vertices, while the four-point
amplitudes are constructed by applying the rules. For starters we consider

2 2 2
Aym(1,2,34) =3 e e ] +3 e e ] 43 e ]

4 4 4
=D+ Dy + Dy, (4.5)
with

P2

g
Dy = 5= [k + 28565 — ATE)] x [Rp™ +2(A™ - A5e™)]

P2

7
Dy = 5 [k +2(A€} — AJED] x [™ + 2AA36™ - 2ge™)] |
D3 _ z'g2 [2w13w24 . w12w34 . w14w23] ) (4.6)

We can easily verify gauge invariance by setting ¢! = k;, where we find
Dy = ig? [(A} — A2 4 2(Adw — AL®)]
Dy — —ig? [(A4 — AHWB 1 2(A2w — Al 24)] 7
Ds — ig? [203w% — A2 — Adw) | (4.7)

so that the sum vanishes in the limit.
Next, we tackle the amplitudes with two fermions.

Aya(1,2,3,4) = t, i ,
v ) J—<—o—<—] * f—<—0—<—0—<—]
2 2
Ayn(1,2,3,4) =3—<—o—<—o <] + 3—<—o <o <] (4.8)
4 4
From the rules we obtain
)
Av(.23.0) = 7 [, + A3 — A3 ¢ 2y S £ U+ EC
Q23 q12
~ = ig? 1 zg 1
Avm(1,2,3,4) =~ "E U+ ) - cz (K + K )EC (4.9)
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Finally, we have the four gaugino amplitude

o F—<—0—<—9 I—<—o—<—1]
AYM(1,2,3,4) = § + f . (4.10)
J—<—o—<—] F—<—o—<—4
The amplitude is then
P (A S (ST (€Tt et
AYM(1727374) :Z.g2 = + (_1) X 292 = : (411)
2q23 2q12

The relative sign between the two diagrams is due to Fermi statistics. The simplest way to

obtain it is to compare the two sets of contractions that lead to the different contributions;

the result of this comparison is an extra sign due to an exchange of two fermions.

4.3 Comparison to the string theory results

We can now compare the string theory computations of the previous section with the super-

YM results. From matching the three-point computations, we obtain the normalizations
02303 = —2ig s 0120203 = i\/§g . (4.12)

To compare the four-point amplitudes we need to take the momenta to zero and use

B 1 g
(q12,q23) LTy O(q) . (4.13)
q13 qi12q23 6

Taking the leading term, we find the string amplitudes reduce to

1

A(1,2,3,4) — —Cy1C3 K(1,2,3,4) ,
412423
- - 020,205 1 - .
A(1727374) - = K(1727374) )
2V2  qi2q23
2 2
- - 1 - -
A(1,2,3,4) - GGGy K(1,2,3,4) ,
2V2  q12q93
4
A1,3,30) 5 S 1 piq53570) (4.14)
2 q12q23

By comparing the Ayy amplitudes with these terms we find that they are matched by the
corresponding limit of a string amplitude if and only if

Cy O3 = 2ig? | C12Co?C3 = —iV2g% | C11C3 =ig* . (4.15)

The only case where the comparison is not completely straightforward is in the 4-vector am-
plitude. To see that the claim is sensible, we can consider the w? terms in the two amplitudes.
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We have

. q23 q12
AYM(l, 2, 3’4)|w2 _ 2292 « | 423 2 34 12 4 23 12 34 14 23 + 13,24 ’
q12 q23

~K(1,2,3,4)| 2 = w0 g3q3 + w?Pw qraqis + w'3w?* q12g03

12, 34 2 23 41 2 13,24 12 34 _ 23 41
= —w wgyy —ww gy + (WPWwT —w W™ —wPw ) qiages - (4.16)

Once we have matched these Yang—Mills results unitarity is of course obvious, and we see
that the C; take the values claimed in (2.6) and (2.11).
We can then finally summarize all of the color-ordered four-point amplitudes as follows:

B (Q12 ) Q23)
q13

A(1,2,3,4) = 2ig? K(1,2,3,4) ,

. - ia> B - .
AL, 2,3,0) = -9 B @) pq o 5 7y

2 q13
. ia° B S
A2, 3,4 = 02 g 554
2 q13
e - g2 B e -
A(1,3,3,4) = —%MK(LQ,B,@ : (4.17)
q13

The leading terms in the momentum expansion are just the Yang—Mills amplitudes, while the
higher order terms arise from the supersymmetric form of the tr F* coupling in the effective
Lagrangian [40, 41]. Indeed, we could explicitly subtract off the Yang-Mills contributions
from the amplitude to derive the additional vertices

/ ¢ |
. . - _Li_ —>———>— —>—?—>— . (4.18)

5 Five-point open superstring amplitudes

We now turn to the five-point amplitudes. The five-vector amplitude has been tackled in
a number of works, and a very complete treatment has been given in [26]. The remaining
amplitudes involving gauginos can then also be determined from the knowledge of the bosonic
amplitude and space-time supersymmetry [31, 42]. Indeed, using the pure spinor approach the
full amplitudes can be computed in terms of SYM partial amplitudes [20]. On the other hand,
it is sometimes useful to have the explicit component expansions for these amplitudes, and
they are sufficiently complicated that it may be useful to have an independent computation
of these in the direct NSR approach. In this section, we will first review the results of [26] on
the five-vector amplitude in our notation and then turn to amplitudes involving fermions.
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The five-point massless kinematics is conveniently parametrized by the invariants

¢ij € {q12, @13, @23, 24, G34} - (5.1)

The remaining ¢;; are given by

q14 = —q12 — q13 — g24 — 434 — q23 ,
q15 = q24 + q34 + q23,

425 = —q12 — 423 — 424,
435 = —q13 — G23 — (34,
q45 = q12 + q13 + q23 - (5.2)

5.1 The 5-point vector amplitude

Setting up this amplitude is not much more difficult now that we gained experience with the
four-point functions. We fix positions z; 4 5 and denote the integration region T = {(z2, 23) €
R2 | 21 < 29 < 23 < z4}. Leaving the flat measure dzsdz, implicit, we have

A(17273747 5) = /<Cl‘/vo[§17kl]‘/vo[gz?kQ]Vv0[§37k3]c4‘/v_1[§47k4]c5‘/v_1[§57k5]> ) (53)
T
The correlation function is then given by (clc4C5>C25 = —Z241251254C%° times the matter
correlator

Ui ule) Tt

+ (IMIUETUENTY + (I mAUEIUEN T + (T Im* U UE) T

+ (M mUEUENTY + (I m I MU U EN T + (T m' I m?U U ) 7,
+ (I [m'] I [m?] T 3| U UER) T - (5.4)

The computation of these is now fairly mechanical and is reduced to the two-point function
(U[EMU€%]) by the Ward identities. To evaluate these it is extremely convenient to take the
z5 — 00 limit as soon as possible, thereby reducing the number of terms that appear. This is
easily done since the ghost factor scales as zg, while

45
=0 [[ =% +0(", UIENE) = -5 +0(%) . (55)
1<i<j<5 5
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so we can just take the leading terms as z5 — oo in all of the remaining terms. As an example,
we list the only correlator that is unfamiliar from the four-point computations:

lim 22(J1[m']J2[m2]J5[m3U ([0 5[€%))

25 —>00
tr(m12m3) tr(m'm?)m?  tr(m3mm?  tr(m?m3)m!
t
N 5{8 e 2 * 2 + 2 +
221731%32 291743 231742 239241
+38 [m m?m3  m?m!m3  m3mim? n m?mZm!  mZm3m! m m3m2} } 4
221232243 221731243 231221242 232221241 232231241 2312327242

(5.6)

As a check of this expression we note that it has the S3 symmetry that permutes the J[m?].
We now fix the remaining coordinates to z1 = 0, z0 = &9, 23 = x3, 24 = 1, and after some
algebra obtain the amplitude as a sum of 26 double integrals®

A(1,2,3,4,5) = C,°C3 Y N[I] x I . (5.7)
Iexy

With a few simple integral identities these may be reduced to the 19 integrals presented
in [26]. We review these 19 integrals, the 17 relations among them, as well as their momentum
expansion in Appendix A. For now, suffice it to to say that the index set for them is

Y= {Kh 7K67 K{v Kz,p Ké’n L17 7L77 ,17 g’n Lﬁl} ) (58)
and a typical integral is

1
(1 —x9)x3

/ dyy / dys 7 (1 — 1) P48 (1 — )5 (1 — g) =" (5.9)

K3 = / d:Eg/ dzo 3% (1 — 23) P12 (1 — 22) P (13 — 29) " x

To obtain the last form we used q13 + q12 + g23 = qu5 and the change of variables x3 = y; and
x9 = y1y2. This integral is finite as ¢;; — 0, and it may be expanded in powers of ¢, where
the coefficients reduce to integrals of standard power series. We obtain

K3 = — —((3) [q12 + 223 + qoa + 2¢34 + qu5] + O(¢?)

—C(3) [q12 + q23 + g34 + qu15 + g51] + O(q°) . (5.10)

S U] i ¥

In the second line we used kinematic relations to write the answer in an explicitly cyclic-
invariant form. In fact, as shown in [26], the full K3 integral is Zs-invariant. The remaining

SWe are not aware of the relation to either the critical bosonic string or to the English alphabet, but the
relations, if any, may be at least as deep as those explored in [43].
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18 integrals can be reduced to K3 and another cyclically-invariant and regular combination

T = qi2q34 K2 + (g51q12 — q12934 + @34q45) K3, (5.11)

which has the momentum expansion

T =1—¢(3) [q12923934 + 923934945 + 934445051 + Q15051012 + G51q12q23] + O(g*) . (5.12)

Using these integrals, we find the following structure for the amplitude:
A(1,2,3,4,5) = Cy°Cs x [My + My + M3z + My + Ms] | (5.13)
where

My = w?w* [Af(q12 — 1)Ls — AjqisLs + AjgasLo] +
+ ww [AY(q13 — 1)Le — AjquaLy — AlgasLr] +
+ w'w? [AY (g3 — 1) K + AlqiaKs — AdqisKs] +

+ w23{A§ (ALASL, — ALASL] +
+ A} [AJASLy + AJATKs + AJASL) + AJASKS] +

+ A} [-AJATKy — AJAL7 — AJASLy — AJASKL] }+

- w14{A§ [ATATK, — AIATKG) +
+ A} [ATAK, — AJATK, + AIASKL — AJATKY] +

+ A} [AIASK, + ATATK, — AIATKs — AJATKS| } : (5.14)

and the remaining Mo, ..., Mj are obtained by cyclic permutations of M. This matches (4.1)
of [26]. By using the relations among the integrals reviewed in Appendix A, one can express
the result in terms of just two members of the set (5.8). A convenient basis is 7" and K3, as
these integrals are Zs-invariant, resulting in an expression of the form

A(1,2,3,4,5) = AD(1,2,3,4,5)T + A (1,2,3,4,5)K3 . (5.15)

This form of the amplitude was explored further in [26]. It was shown that the coefficient
of T is precisely the Yang—Mills five-point color-ordered amplitude, while the coefficient of
K3 includes poles that use the four-vector vertex in (4.18), as well as a regular term. The
former originate from the F* terms in the low-energy effective action while the latter receives
contributions from both the F* and F® terms of the action.
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5.2 Two fermions and three gauge bosons

We now finally turn to a new computation, the string amplitude A(i,2,3,4,5). From the
basic form

A1,2,3,4,5) = /T (V2 k] VOLER ko] VOLED, Kslea Vit (€ Rales VY2 (CP  ks]) . (5.16)

we arrive at

2 3
A(1,2,3,4,5) = Cl\/? /I(clc465> x [X7;f2’3) + T 1 v 4 275 (5.17)
where
X =VAV[CNUETVIC)) | Yy = V2AV[CNImAUEVC]) |
Vs = VAV[CIMIUETIVIC]) . Z2=VAV[CTImMImYUEIVIC]) . (5.18)

Of these the only new correlator is Z. By applying the Ward identity first with J[m?] and
then with J[m?] we obtain the result

= o VIR IVIC]) + (VU e TV +
291231 221234
rm2m3
VAU Vi) + 2P o e v )+
221235 293
L2 VB UEIVIC) + — (VICTUL WPV +
293231 223234
2 VIV + —— (Vi [ U m2e V() +
293235 2247231
L WO MR V) + — L (VICTU LM V) +
224234 224235
e VECWIEVSIRC) + —— (VIO IV +
295231 225234
e VIV (519)
225235

In fact it follows from the definition of Z, (5.18), that this result should be symmetric under
the exchange of labels 2 and 3. Although it takes a little work, it can be shown that this is
indeed the case.

Every term in (5.19) is reduced to a three-point correlator, all of which have the same
denominator structure as X. Similarly, the Ward identity reduces Y3 3 to a sum of terms with
the same denominator structure as X—mnamely, every term scales as (214215245)_1, precisely
the ghost amplitude. So, we can once again easily take the z5 — oo limit, keeping the leading
terms in the matter correlators. These are the terms in (5.19), for example, that do not
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already have explicit z5’s in the prefactors of the three-point correlators. This reduces the
thirteen terms of (5.19) to seven.

Letting ¢l¢/) = fzé’iFW and F;K ;) = ki'kyT , we obtain”

2m2‘“’mz,,255441 B %ng4 [Agﬁsgz + WPl + qaaf "¢ — A%%fﬂ ¢!

5 57 = 23 232291
O [(Adu — Adu®)fy + (A3A] — g — (2 0 3)|
* 242732
CACERC | STCAR P T (W + AR
231721 242731 243221
A3 — WP A, + (AJA] — wHga)f)C] (5.20)
243742

Fixing positions as in the five-vector amplitude and combining the terms from the correlators
we find

A(1,2,3,4,5)= > NI, (5.21)
ek

where the 9 K integrals in X g are of the form

1 T3 1
I= / dxg/ dagzd® (1 — xg) B3 (1 — 29)9* (23 — xg)q%m , (5.22)
0 0

and the denominators k(I), together with the contributing correlator, are listed in table 1.
Using the determined values of the Cj, the 9 numerator factors are as follows:

N[K)] = ig T (A3 + 3ni?) (AT + Inf)C"

N{Ks] = ig"C” [whh + A" — AY°] (-7 - Ini?)C

N{K] = ig"C” [why + A" — AY°] (-2% - Inf)C"

N{K) = ig"C gt [ATAG + L(AdN2 + A + 0™ Hohy + s P8Y — A3 ¢
N[Ks] = ig?C' A3 [-AY - L] ¢*

N[Kg] = ig? (1 — qa3)w®C¢'¢L (5.23)

"Here we exchanged labels 2 and 3 in (5.19) and then took the limit z5 — oo.
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denominator (1)
%1231
221243
2317242
221232
<31%32

3
242243
2327243

2327242

with 214 = 0,1
Tox3
xo(1 — x3)
(1 —x9)xs
z2(73 — x2)
r3(z3 — 72)

(23 — 22)?

(1 —ax9)(1 —x3)
(1 —z3)(z3 — 22)

(1 —x2) (w3 — x2)

K
K}
K

location(fbbbf)

X, Y, Y3, Z
X, Y, Y3, Z
X, Y, Y3, Z
X, Y, Z
X, Y3
X, Z
X, Y, Y3, Z
X, Y3
X, Y, Z

location(fbbfb)
X', Y YL, 7
X', Y YL, 7
X', Y], Vi, 2"
X', Y}
X', YL, 7
X', 7'
X', Y], Y, 2"
X', YL, 7
X', Y}

Table 1. The type K denominators. The fourth column lists the terms of (5.17) that contribute to the
corresponding numerator. The fifth column does the same for the second ordering of the amplitude,

computed in subsection 5.4 below; see (5.39).

and

. 3595
NIK]] = ig*T [A3A%¢" + AR, — Al + A3 S, — ALE)

(WM A] - WP ADE, + (A3A] - W)

NIKY) = ig®C [AJATE +A3 W, — A%e%)| ¢
NIKY) = ig°C [-A1ajet - Aj(w™H, — A4

(A% — AWy + (A]A3 - g — (2 3))| ¢

Finally, using (A.13) we can express the amplitude in the form

A(1,2,3,4,5) = AW(1,2,3,4,5)T + A®(1,2,3,4,5)K5 .

(5.24)

(5.25)

As we will argue next, in parallel to the discussion for the five-vector amplitude given in [26],

A® s precisely the super-Yang Mills amplitude, while A9 arises from the fermionic cou-

plings that accompany the tr F'* couplings in the open string effective action.
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5.3 Comparison with super-Yang—Mills
From (A.13), we obtain the following form for A®:

) _ NIK + N[Ky] n N[Ko] n N[K5] + N[K4] + qi3N[Ke]'

412445 412934 423445

N[K! N[K'] — N[Kg]" NI[K! N[K! N[Kg
| VIS + NG — gl | NG+ NIKG NIK o
415923 415434 q15

Al

where N[Kg)' = N[Kg]/(1 — q23). The displayed pole structure is just right to match the
Yang-Mills computation, where we have the following diagrams for Ayn(1,2,3,4,5):

3 4-~~e-- 3 3. e 2
5—<—‘—<—1 5—<—‘—<—1 5—<—‘—<—1
1 1 1
Dy, Qs Do, q15934 Ds, q154923

3 2 4 3
NS WS 2 4 3 2

° °
5—<—o—<—$—<—1 5—<—$—<—o—<—1 5—<—;—<—;—<—;—<—1
1 1 1
D4’ q45q23 D5’ q12934 DG’ q45q12
(5.27)

Of course there is no reason for the terms to line up as fortuitously as these naive poles suggest.
The numerators in (5.26) are generally cubic in the momenta of the external particles and
thus can, and do, contain terms in which one of the two ¢;; factors in the denominator is
canceled. Such terms can contribute to Dy or cancel against each other. It is only the sum
of terms on the right of (5.26) that must match the sum of diagrams, and indeed it does. To
demonstrate how this comes about, we will first compare D5 with the N[K5] term in A®.
Using our rules we have

D5 = —ig®
4412934

X O Wy + 203" - 2038°) (h, + )¢ (5.28)

Since Zsk5 =0 and (¥, + ¥5)? = 2q12, we may write this as

.3 1 =5 [ 34 344 Adyg3 2.0 .3 1 =50
D5 = —ig QQ12Q34XC [w Ky + AL —A35z](%1+%2)f€ — 19 @XCXC - (5.29)

On the other hand, we also have the simple relation

(A% -+ 3¢ = SO + £+ EEIC = 506+ KIEC (530)
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and this allows us to write

ig> -
N{Ks] = 50— [wly + A" — A% () + k)P (5.31)
2q12q34

so that evidently

. =5 42
Zg?>w?,4< z Cl

N[Kg] = D5+
434

(5.32)
By similar manipulations, we obtain the following relations
;3
0=D — tg 25 2w24£3 —w34§2 _ w23z4] ¢t
2q15

(V[K)] + NIK1))

. 3 . 3
197 =542 1 34 197 =542 1 34

=Dy — — w4+ = W,
2q34€ £°¢ 2q15C £°¢

415934
/ AN ! s i3
(N[K3] + N[Kg] — 34 N[Ke]') — Dy — i<5z4<1w23 + £<5 [w2354+2w2453 _ 2w34£2 ¢t
415923 2q23 2q15
/ =5 44 43 42 A1 237D 44 -1
N[K4] + N[K5] + q13N [Kg] :D4_Z-93C RN S LS &S
423945 2q45 2qo3
N|K a3
(K] :D5+i§5g2§1w?’4 :
412434 2q34
=5 44 43 42 -1
N+ NI _ TR
412945 2q45
NI[Kg| g5 —
_ NIK] e T (5.33)
q15 q15

Taking the sum, we therefore obtain the promised

6
AN(1,2,3,4,5) = > Di = Aym(1,2,3,4,5) . (5.34)
i=1

This is of course precisely in line with the results of [26] and expectations from space-time
supersyminetry.

We can also extend these observations to the coefficient of the K3 integral. We expect
these terms to arise from the superpersymmetric completion of the F* term in the effective
Lagrangian. Using the vertices from (4.18), we already expect a number of single pole con-
tributions such as (A.13) would suggest, as well as a local vertex. That is, we express Al
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as
1

1 1 1 1
A% = = ~ Bis4+ —Bog+ — Bas + —B12 + —Bs4 + Bo , (5.35)
q15 q23 45 934

where

B3y = —q12q15¢34(D2 + Ds)

Bi2 = —q12434q45(D5 + Ds)
( )
( )

)

Bys = —q12923qa5 ;
Ba3z = —q15923q45(D3 + Dy
Bis = —q15923q34(D1 + D2 + Ds)

By = N|[K3] — qi5q45D1 + q15G23(D1 + D3) + q12q34 D5 + 23945 D4
. —5 . 35
— Lig*(qu3 + q24)C gt + Sq24ig°C gyt (5.36)

are all polynomial in momenta and can be given the following diagrammatic interpretation:

3 4 3 3 2

) ~ 7
4--m 2 o 2 4.
5—<—e—<—1] 5—<—M<—1 5—<—l—<—1 (5.37)
Bis, 1/qi5 Bsa, 1/q3a Bz, 1/qo3

4 3 2 43 2
N WS N
H—<—o—<—l—<—1 H—<—Ml—<—e—<—1 H—<—Ml—<—1

Bys, 1/qus Bz, 1/q12 By .

5.4 The second color ordering

As in the case of the four-point amplitude, there is a second, cyclically-inequivalent amplitude

with two gauginos:
A(L 2,3, Zl? 5) = / <61Vg_1/2 [Cla kl]vvo [527 kQ]‘/UO [537 k3]c4vg_1/2 [C47 k4]c5‘/v_1 [557 k5]> : (538)
T

This factorizes to
C12Cy3

A(1,2,3,4,5) = — 7%

/ (crcacs) X [X’T:,(Z’?’) + 37 4 v 2'7'5] , (5.39)
T
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where
X' =V2vicdug@vieh) , Yy = VAV M UEIVICY)
Y{ = V2AVI(ImMUEIVIC)) . 2 =V2AVICI M I M UEIVCY]) . (5.40)

The 1-sector correlators in the z; — oo limit are

o e
241251254
SR S (4.5 SO 4 }
= 2’412512’54{ 2201 2249 +0(1/z5) ¢
- D S S AL S
Y= Z41Z51,Z54{ 2231 2243 0(1/Z5)} ’ (5.41)
and
7' = 1 {erﬁ2r¢3g5c4 ’V‘2g F¢3C4 2tI‘( )C Sz C4 2C1r¢23g5<~4+
241251254 4291 231 4291 243 z32 P
PR SR ) S S }
2232243 4249231 + 4249243 +0(1/25) ¢ - (5.42)

1

The prefactors of (z41251254) " cancel the ghost correlator up to a sign. The result for Z’ is

easily obtained by first exchanging the 4 and 5 labels in (5.19) and then sending z5 — oo.
This selects a subset of seven terms from (5.19), different from the seven obtained in (5.20).

Making use of these correlators together with the relevant Koba—Nielsen ones, we find
that (5.39) reduces to a sum over same type K integrals, (5.22):

A(1,2,3,4,5)= > N'[I]I. (5.43)
e

The numerator factors receive contributions from the terms in (5.39) as listed in the last
column of Table 1. They are

(1] = ig* T (A~ 3nf?) (A7 — %) ¢ .
(1o = —ig" T (A~ n) £ (AF + 3%) ¢
[K3) = zgc(?’—%rﬁ?’)zs(ﬂ 1ni?) ¢t

N'[K4) = ig>A3C (A2 — i) ¢t
[Ks) = ig? ¢ [2n0 — A3 (AT - 1nf®)] £°¢*

N'[Kg] = ig?(1 — )™ T £2¢* (5.44)
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and

N'[K{] = ig*C ¢ (AT + ni®) (AT + 3ni?) ¢

N'[KG] = ig*C'g” [ + A3 (AT + §nf*)] ¢

. =1

N'[Kg) = —ig* ASC 47 (A% + 3m%) ¢ (5.45)
Using (A.13) this amplitude can also be put in the form (5.15). Since the same set of K
integrals appear here as in the first color ordering, the form of A(i)(i, 2,3,4,5) will be the
same as (5.26) with N[-] — N’[-]. One can check that the factor associated with T is the
corresponding color-ordered Yang—Mills amplitude.
5.5 Four fermions and a gauge boson

Our final five-point open string tree amplitude has four gauginos and one gauge boson as
external states. There is a single amplitude up to cyclic permutations. Placing the boson in
position three,

A(1,2,3,4,5) =C1*Cy / (V2 RV 2GR ko] VRLED, Ks)ea Vi 2 CH  Rales VY2 (CP, Ks))
T

C i
=— %/ <F7})(3) + GT5> (creqcs) (5.46)
T

where the i-sector correlators are
F=2VICIVICIVICIVIE) . G=2AVICIVICIWIVICIVIE) . (547)

A simple relabeling of indices of (3.37) gives

=1, -9 =4 =1y on 2 —1 =2 4
Imrelnue TP Tt g
291242254252 241242252254 251252242254

F— (5.48)
With (cicacs) = —z41251254 as usual, it is clear that only the leading O(1/22) terms of F will
contribute to the amplitude in the z5 — oo limit. We take this limit immediately and set the
remaining z values to z; = 0, 223 = 223, and 24 = 1. Then
—1 —4 —1 -2
CTHGCT, I,
F= O(1 . 5.49
<ClC4C5> x2(1 — x2) + (1 — x2) + ( /25) ( )

Now for G we use the Ward identity:

G = glglm[r¢3<1]V[<2]V[<41V[<5]> + glgzwlmw%ﬂwcﬂvm%
+ L VIIVICIVACVIE) + —— (VIVIAVICVSIRE) . (5.50)

2234 2235

— 34 —



name denominator
K3 (1 —x9)xs
Ki (T—a2)(1—w3)
Ky (1= x2)(w3 — 22)
Ly xo(1l — x9)x3
Ly xo(l —x9)(x3 — x9)

ng :172(1 —l‘Q)(l —l‘3)

Table 2. The denominators appearing in (5.52).

The z-dependences of each four-point correlator will be exactly the set of denominators ap-
pearing in (5.48). Hence, considering the z; — oo limit, we can ignore the fourth term in
(5.50), and when we plug in the four-point correlators for the remaining three we only get
the first two type of terms in (5.48). This will give a total of six terms:

R RS e Wl o (ete We
(c1e405)G = 2—333 {— ol = x2)u — 0= 2) K’ +
L1 S SRS VST S O
2(%3 — xg) xg(l — xg) (1 — LEQ)
N RS S SRS L S e
2(1 — azg) { x2(1 — xz) + (1 — x2) + 0(1/25) . (5.51)

In terms of these two results, the full amplitude is

-~ - . 4 A3 A3 A3
A(1,2,3,4,5) = G1 G / <<Clc4C5>F (——1 -2 4 _— > - <Clc4C5>G> Ts
2 T €3 €r3 — X2 1— a3
(5.52)

where 75 is understood to be evaluated on its leading behavior as z5 — oo. We encounter
both type L and type K integrals. The full list of denominators appearing in the amplitude,
together with the corresponding integral names, is given in Table 2. The F and G terms
contribute one term to each of these. Denoting the collection of integrals by

2/ = {K37K17KQ7L17L47L§,} 3 (553)
we have
A(1,2,3,4,5)= > N"[I]I . (5.54)
Iex!
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The corresponding numerators are

M) = 2 50 (A= i) DT,
N'[K}) = — EZ T (A} 4 1) ¢(1TTLC
N"[K}] = cr“& (A3 — L) T,¢°
N"[Ly] = 72 (A7 - 0 D' T
" ig® 1 3, 1,43\ 274 5
N [L4]=—< F“(A + 1) 23T
N"[L3] = C T (A% - L) T (5.55)

We could of course use (A.14) to exchange the type L integrals for type K ones, but
there is no particular reason to do so. Rather one can use (A.14) and (A.13) to write the
amplitude directly in the form (5.25):

A(1,2,3,4,5) = AD(1,2,3,4,5)T + A™(1,2,3,4,5)K3 | (5.56)
with
a6 = NG+ NILG) | NP[KG]+ NP[LY] | NY[La) + N"[La] | N"[La] | N[L]
434915 423915 412445 423945 12934 757)

and where A will be given below. The results of [26] combined with supersymmetry dictate
that A®) must be the tree-level color-ordered super-Yang-Mills amplitude, while A9 is the
correction to the Yang-Mills amplitude due to the higher derivative vertices (4.18). In the
next subsection we perform field theory checks of these statements analogous to those we did
for the three gauge boson — two gaugino amplitude in subsection 5.3.

5.6 Comparison with super-Yang—Mills

The tree-level diagrams contributing to AYM(LQ,Z%,ZL,S), along with their associated pole

structures, are the following:
3 3

4—<—‘—<—§—<—2

6 % §
4—<—7—<—o—<—2 /L R

<<V

5—>—e

1
1)27

4154923

;—>—1

1
D17

4915934

5

>

>

1 )
D37 L

4454912
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and

l < —e—<—9 4—<—;—<—. ~ I (558)
i Lo

|5 1 |5 1

Dy, q451q23 Ds, qs41¢112 ’

The double poles match precisely with those appearing in (5.57).

In contrast to the amplitude involving three gauge bosons and two gauginos, there are
no explicit single pole terms in (5.57), nor are there implicit single pole terms. Indeed, the
numerators of (5.57) are linear in the external momenta and therefore cannot contain terms
in which the double pole structure indicated by the denominator is reduced because one of
the g;; factors is canceled. This simplifies the comparison: each of the five diagrams above
must match the corresponding term in (5.57) on the nose.

Explicit evaluation of the diagrams using the rules (4.1), (4.4) confirms this. The case of
D provides a good illustration. On the one hand the color-ordered rules straightforwardly
yield

= igl THCP <%> z‘g(?‘f’)a% g(TV¢2),

= med e
4q15q34< TGy + H)TC
_ 19 m 5 3 2
2q15q34< e ¢ ( — ) Tuc? (5.59)

where in the last step we invoked the physical state conditions 64%4 =0and A3 =0. On the
other hand we can employ the Fierz identity (3.36) to write

"}
N+ N = = ST (A4 40f) TG DT (o - ) T’

-3
- M @Pretnd + e Tne) +

+5 (@O T + T TTLC) }

;13
= TR (A - ) (560

whence K NI
415934
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Similar manipulations show that

Nl/ K/ N/l L/ Nl/ L Nl/ L N/l L Nl/ L/
DQZ [5]+ [4]7 D3: [1]+ [4]7 D4: [4]7 D5: [3]7

4234915 412945 423445 412434

(5.62)
and therefore
. ~ ~ ~ ~ 5 ~ ~ ~ ~
AN(1,2,8,4,5) = > Dy = Aym(1,2,3,4,5) . (5.63)
i=1

We note that diagrams D3 45 received an extra sign relative to Dj o for the same reason as
described under equation (4.11).

We can also give a diagrammatic interpretation of A9 the coefficient of the K3 integral
in (5.56). By making use of (A.14) and (A.13) together with the relations (5.61), (5.62), one
finds

AW = Lng + LBM + LB45 + LBlz + LBlg + By . (5.64)
q23 q34 q45 q12 q15
with
Bz = — (q12 + ¢13)q23q15D2 — (24 + q34)q23qa5 D4
B3y = — q12q34q15D1 — (q23 + q24)q12G34 D5
Bys = — q34912q45D3 — q12G23q45 D4
Bz = — q12q45934D3 — (q13 + ¢23)q12434D5
Bis = — 23934915D1 — q34q23q15D2 (5.65)
and
By = N[L5] — N[K3] — N[Lq] . (5.66)

The B;; correspond to field theory diagrams with a single pole in g;; and constructed
using one of the higher derivative vertices (4.18), while By is a five-point contact interaction.
The diagrams are
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and

3 3

i
4—<— B2 5—>—+—<—2 (5.67)
[

5—>—e—>—1 1
Bs, 1/q5 By .

6 KLT relations for the closed amplitudes

6.1 Closed string vertex operators

Now we turn to the computation of tree-level closed string amplitudes. The closed-string
vertex operators are simply products of open string vertex operators. For example, an NS-NS
sector operator in the (—1, —1) picture would be given by

Vs ne 16 k] = Euld U e X, (6.1)

This represents a dilaton, a graviton, or a B-field, depending on whether the polarization
tensor £, is a trace®, traceless symmetric, or antisymmetric, respectively. As with the open
string vertex operators, there are physical state conditions

&kt =0, &k’ =0, k2 =0, (6.3)

and gauge invariances,
f/u/ ~ guu + )‘Mk'/ + ku)\y7 (64)

where the vectors A, and Xu satisfy k- A=k - A=0.
The gravitini vertex operators in the (—1,—1/2) and (—1/2, —1) pictures (the (0,—1/2)
and (—1/2,0) pictures are similar) are

Vas i /2 = G vee™X . vitig Y = v vt (6.5)

In type 1IB string theory the two gravitini are spinors of the same chirality, while for type
ITA ¥, and \I/L have opposite chirality.
The physical state conditions on the polarizations ¥, are that (suppressing the spinor
indices)
U,k =0, Fo, =0, k* = 0. (6.6)

8More precisely, the polarization for a dilaton is constructed by first choosing a null vector £* that satisfies
k- ¢ =1. Then we choose

Eu = Z (v — kply — Luky), (6.2)

where = is the scalar “polarization” of the dilaton.
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Additionally there is a gauge symmetry,
\I’,ua ~ \I’,ua + ku(aa (67)

where f¢ = 0. Of course \I/;m has the same physical state conditions and gauge symmetry.
Finally, for states in the Ramond-Ramond sector we will use the (—1/2,—1/2) picture,
and we can write

VBT g vepbeih X (6.8)

The polarization (4 is a bispinor, and we can expand it in terms of differential forms in ten
dimensions. For ITA, the left and right spinors have opposite chirality and the forms will have
even degree, while for IIB they have the same chirality and the forms will have odd degree.
Explicitly,

IIA o IIB 2+1 it
¢ Z W21 g (CTR ey ZF< (e (6.9)

For the purposes of amplitude calculations, it is more convenient to leave the polarization as
Cap, in either theory, rather than breaking it up into a sum of forms.

The correlation functions now roughly factorize into holomorphic and anti-holomorphic
parts, where unlike in the open string case we are not constrained to the real line z = z. Fi-
nally, the amplitudes are computed by fixing the positions of three of the vertex operators and
integrating over the positions of the remaining vertex operators in the complex plane. This
means in particular that a closed string N-point amplitude involves integration over 2N — 6
real variables, compared to N — 3 for an N-point open string amplitude. Fortunately, by situ-
ating some of these real integrations as contours in complex planes, and by judicious contour
rotations and careful analysis of the resulting phases, it was shown by Kawai, Lewellen, and
Tye [29], that the closed string amplitudes can in fact be written as weighted sums (over a
subset of the possible permutations of the operators) of products of open string amplitudes.

6.2 KLT relations

We will simply quote the results of [29] for three-, four-, and five-point amplitudes.

(3) 1K

closed — 292 AOPCH(17 27 3)Aopon(1a 27 3) ) (610)
(4) iKz ~
Aclosed - 27Tg4 Sln(ﬂ-qlz)AopOn(L 27 37 4)A0pen(1a 2, 47 3) 3 (611)
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and

;3

iK . . T
Ag)gsed = W [Sln(ﬂ'qlg) sin(mgssa) Aopen (1,2, 3,4, 5) Aopen (2, 1,4, 3, 5)

+ sin(mq13) sin(mgas) Aopen (1, 3,2,4, 5) Aopen (3, 1,4, 2,5)| . (6.12)

In each case, gauge invariance of the closed string amplitude is guaranteed by the gauge
invariance of the open string amplitudes.

These relations are of course somewhat schematic. The tildes on the second open string
amplitude in each term above just means that we compute the amplitude using the right-
moving sectors of our vertex operators. If one wishes to restore dimensions to these ampli-
tudes, one must use the conventional closed string choice, @/ = 2, in contrast to o/ = 1/2
which was used for the open string amplitudes. Also, when we expand the right-hand side
we should replace each product of left and right polarizations by a closed string polarization
tensor. For example, if particle 1 is in the NS-NS sector, then we should make the replacement

gel — €, (6.13)

Let’s see how this works for the three-point functions.
For three NS-NS sector fields, we use (2.41) and get

3
AR (€ ks €2 ks €8, hy)
i 4 I ’ i ’ ’
= = 3o oy (Kb + K+ Ko™ | (b + K™ + k™| . (6.14)

Recall that the original open string three-vector amplitude was invariant under Zg cyclic
symmetry, but was antisymmetric under exchange of any two vectors, and hence was not
invariant under the full S3 symmetry group. The closed string amplitude is Ss-invariant;
it inherits the cyclic symmetry from the open string amplitudes, and under exchange of two
vectors we get a minus sign from each factor, leaving the product invariant. This enhancement
from cyclic symmetry to the full permutation symmetry occurs in each of the cases we will
examine.
For one NS-NS sector field and two NS-R sector gravitini, we plug in (2.41) and (2.44)
to find
46

closed

7 — /
(€1, ky; W2, hp; U3, keg) = Eﬁg;“,qfirﬂ v [kggnw + kS + K| . (6.15)

The case of two R-NS sector gravitini is completely analogous.
Two more amplitudes remain, and they are both products of two bf f (boson-fermion-
fermion) open string amplitudes. First we have one NS-NS and two R-R fields,

40

closed

(61 ks € o € ) = —%méiw Tr(c*err¢rer”) . (6.16)
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The other possibility is one R-R, one NS-R, and one R-NS field,
AD (ks U2 kg W3 k) = —%@fr”glcrﬂ\yz . (6.17)

All of these amplitudes match the results that would be obtained (at tree level) from the
effective action of type ITA or IIB supergravity. For graviton fields in particular, we would
expand the Einstein-Hilbert Lagrangian around flat space, with fluctuations

G () = 1y + 26Ee® ™ (6.18)

with traceless symmetric §,,.
Next we move on to four-point functions. For four NS-NS sector fields we have, using
(6.11) and (3.14),

AD (€ ks €2 ki €3 kg €4 k)

2 B B _
2 () M2 428) Bla2 G20) ey o 5 g 0 g 3
™ q13 q14

I'(g12)T(q13)(T(q14) _
L1 = qu2)I'(1 — qu3)l'(1 — Q14)K(1’ 2,3,4)K(1,2,4,3) , (6.19)

= —2iK>

where we have used the identity

™

sin(rqa) L(q2)l(1 = q12) , (6.20)

and it is understood that we make the replacement (6.13). K(1,2,3,4) or I~((1,2,4, 3) are
both given by (3.16), with the right-moving polarizations inserted in the latter case (as an
intermediate step before we substitute (6.13)). Note that the prefactor,

I'(q12)T(q13)T(q14)

P= I'(1—qi2)T(1—q3)l'(1 — qua) ’

(6.21)

is now invariant under the full Sy symmetry. Since the kinematic factor K (1,2,3,4) also has
S4 symmetry, the full amplitude has the appropriate permutation symmetry.
Similarly, for the amplitude with two NS-NS fields and two NS-R gravitini, we would

compute
2
4 1K . " s
Adosoa (€1 13 € s W, ki W, k) =5 sin(m12) AQen (1,2,3, ) Al (1,2,4.3)
iKk2 . (4) 0 % _
== 2ng sin(mqi2) Algen (1,2, 3,4)ASH, (3,1, 2,4)
=~ 3r*PE(L2,3 9K (3,1,2.9) (6.22)
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where now K (3,1,2,4) is given by (3.24). In the third line we have used the cyclicity of Z((é)en,
with an extra sign since we moved the fermions through each other. In the last line we made
the substitutions from (4.17). This result has the expected symmetry under exchange of the
two bosons and antisymmetry under exchange of the two fermions. Note, however, that we
could have put the states in a different order to start, writing

2
4 1R . Y 9 A
A (€1 ks U2 kg W oy €2, k) = 2rgt ST @13) Algen (1,3,4,2) A (1,3,2,4)
L (i) AD. (1,3,4,2)A) (3.2,7,1)
_27Tg4 q13)AopenLs 95 3y open \?s &5 =
=- %/42791((1, 3,4,2)K (3,2,4,1) , (6.23)

which uses (3.31). The equivalence of these two computations relies on the symmetries of
the kinematic factors, as well as the equality (3.32) between the kinematic factors of the two
open string amplitudes and the relative sign appearing in (4.17) between the two types of
ordering.

Similar stories can be told for all other possible four-point functions of massless closed
strings. In each case the leading term in the momentum expansion matches the result derived
from the type ITA or IIB effective action at tree-level, while the higher terms in the momentum
expansion originate from corrections (in fact the corrections are eight-derivative or higher, or
(@')3) to those actions.

Finally we turn to the five-point function. The procedure is the same as for the three- and
four-point functions, so we will be brief. As above, the closed-string amplitudes are obtained
by simply substituting our open string amplitudes (5.13) or the appropriate version of (5.25)
into the KLT formula (6.12).

As with the four-point amplitude, the closed string amplitude can have enhanced symme-
try compared to the open string. For example, the amplitude for five identical NS-NS sector
states has a full S5 permutation symmetry, which is not manifest from (6.12) (other than the
transposition of particles labeled 2 and 3, which clearly just exchanges the two lines of the
formula). Indeed, verifying the full symmetry involves certain nontrivial identities, quadratic
in generalized hypergeometric functions, which can be checked numerically.

Similarly, the fact that the closed string amplitudes are independent of the distribution
order of particles implies certain relations between different open string orderings. For exam-
ple, consider the amplitude with three NS-NS and two NS-R states. If we put the fermions in
positions 1 and 5, then the closed string result is constructed purely from the second ordering
computed in section 5.4,

;3

(2 . . ~ = =
A((:?gsed = W [Sln(ﬂ'qlg) sin(mgsa) Aopen (1,2, 3,4, 5) Agpen (1,4,3,5,2)

+ sin(mq13) sin(mgas) Aopen (1,3, 2,4, 5) Aopen (1,4, 2,5,3) |, (6.24)
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where we used cyclic symmetry to put the antiholomorphic sector amplitudes into the form
we computed. On the other hand, if we assign the fermions to positions 1 and 4, then it is the
first ordering which appears. The equivalence of these two choices implies a relation between
the two orderings, though not one that is expressible in a simple way.

We should mention that another way to uncover the emergence of the full permutation
symmetry is through the use of linear relations (with momentum-dependent coefficients)
between the open string n-point ordered amplitudes that reduce the number of independent
open sub-amplitudes to (n — 3)! [44, 45].
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A A study of integrals

In this appendix we discuss the integrals relevant for the five-point amplitudes. All of this
structure is already given in [26], and we merely include this for ease of reference. First, recall
that in (5.4) we have the following correlation functions:

Z = U Y = (JImU Ul 7Y
Xij = (I WUEWIENT"  Wigs = (JIm' [T I[P UE U T; . (AL)
After fixing the positions as indicated in section 5.1, we find that these correlators give rise
to the denominators collected in tables 3, 4, and 5. These integrals are of the hypergeometric
form, and with some manipulations can be reduced to a product of Beta functions and 3F5.
The latter is a sufficiently complicated object that for the most part it is best to work with the

integral representations directly. In each case, the integral corresponding to a denominator s
is given by

1 x3
][,L;] = / dg;3/ dx2£ , = $g13(1 _ x3)fI34$312(1 _ x2)q24 (333 _ :Eg)ng . (A.Q)
0 0

A.1 Reduction to K3 and T

The 26 integrals satisfy 24 relations. These are obtained by a combination of integration by
parts and partial fractions.
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For instance, we have

/ d$3/ g7 <Q12 -1 723 > _
e )

— 1 _ _
/ d:Eg/ dxs <Q12 @23 ) zd 1(1 — 9) 3" 1(1
:Eg — X9

— x3) " (23 — 22) ™

/ dazg/ dxs { q12_1(x3 _ Z’g)q23] } (1 — q)92 2813~ 1(1 — x3)®
/ dx?’/ ( - > 2§27 (1 — 22) 21§ T (1 — )™ (g — @)
-

2

QT
d d
/ azg/ w2 zo(1 — x9)x3

which leads to the relation

(q12 — 1)My — qo3 My = qoaLy .

In a similar fashion we obtain

(q23 — 1)My + qi3My = q34Lo
—(q23 — 1) M5 + qio My = qoa L7
(q13 — 1) Mg + qo3 My = g3a L3 .

For a partial fraction example, we have

1 1 1

xox3(rs — 2) :17%(:173 — 9) l‘%:ﬂg '

which implies
My = Ms — My .

Similarly, we obtain

My = My — Ms My = Mg + My .

(A.3)

(A.5)

(A7)

(A.8)

Thus, we have 7 linear relations that allow us to determine the M integrals in terms of the

K and L integrals.
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denominator
221231242
221232243
221231243
221232242
z§1z43
z§1z42
231232242
Z31%242743
221242243

231232743

with z1 =0, z4 = 1
xox3(1l — mg)
xo(x3 — m2)(1 — x3)
zow3(l — x3)
x2(1l — x2)(z3 — x2)
r3(1 — x3)
23(1 — x9)

(1 — z2)x3(xs — x2)
(1 —x9)z3(1 — x3)
xo(l — x9)(1 — x3)

xg(l —-xg)(xg —-xg)

name

Ly
Lo
Ls
Ly
Ls
Lg
L7
I
1,
1,

location

Wias, Xi2, Ya, Z
Wias, Xos, Y3, Z
Wias, Xa1, Y3, Z
X192, Xog, Yo, Z
Wias, X12, Y3, Z
Wias, Xa1, Ya, Z
Wias, Xos, Ya, Z
Xs1, Yo, Y3, Z
Xi2, Yo, Y3, Z
Xog, X31, Y3, Z

Table 3. The type L denominators and their origins in the five-vector amplitude.

denominator

221231741
221241743
231241742
2212327241
231232241
z§2z41
241242743
232241243

232741742

with 21 =0, z4 =1
Tox3

xo(1l — x3)
(1 —22)xs
zo(z3 — T2)
z3(r3 — 72)
(23 — 22)°

(1 —29)(1 — x3)

(1 — z3) (x5 — x2)

(1 —22)(x3 — 72)

name

K
Ky
K3
Ky
K5
K
Ki
K
K3

location
X2, X31, Y1, Z
X192 Y1, Y3, Z
Xs1, Y1, Yo, Z
Wias, X12, Y1, Z
Wias, Xa1, Y1, Z
Wias, Xos, Y1, Z
Y1, Y2, Y3, Z
Xo3, Y1, Y3, Z
Xo3, Y1, Y5, Z

Table 4. The type K denominators and their origins in the five-vector amplitude.

The remaining integrals are then reduced according to [26]. Integration by parts yields

Q3K2 — g1 K1 — 32K, =0,
q12K3 — 1K1+ q32K5 =0,
(g32 — 1)K — qu3Ky + ¢31K5 =0,
1K — oK} — 32K} =0,
431K3 — qu3K7 + g3 Ky =0 . (A.9)
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denominator with ;1 =0, z4 =1 name location

221231732 rox3(T3 — T2) My Wi, Z
231231 x%xg M2 X12, A
221239 23 (w3 — x2) M3 X0, Z
Z212§2 l‘2($3 — ZE2)2 M4 ng, A
Z312§2 l‘3(l‘3 — ZE2)2 M5 ng, A
zglzgl 332:17% Mg Xs1, Z
Z32)1232 :E%(l‘:; — :Eg) M7 X31, A

Table 5. Type M denominators and their origins in the five-vector amplitude.

while from partial fractions we learn that
Kl—K4—|-K5:0, K{—K&—I—Kézo (AlO)

These 7 relations allow us to express the nine K integrals in terms of just two independent
ones, which we take to be K3, and the linear combination ingeniously identified in [26]:

T = g21943K2 + (g51921 — q21q43 + q13G54) K3 . (A.11)

The cyclic invariance of T is highly non-trivial and requires the integral relations. There is
a good reason that the relations for the K integrals close without involving any of the L
integrals: the two-fermion, three-vector amplitude only involves the K integrals.

A.2 Reduction of the K integrals to K3 and T

Here we give the expressions for all the integrals in terms of our basis K3 and T with a
composition according to the pole structure. We use

q15 = q23 + @24 + 34 , Q5 = q12 + q13 + @23 - (A.12)
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[ T
Kl — % 4+ %:| K3 + ,
| 445 q12 412445
[q23 + +
K- I3t @ @3t 1] Kyt 7
L 934 q12 412434
[q12 + + 1 [1 1
Ky = M+@+M]Kg+_ [_+_}T
L 445 qi2 q23 q45 [ 923  q12
[qos + 1
Ky — |2 %+@%M' T
L 423 445 423445
[ 1
K| = - @Jr@}Kng T,
L 934 q15 434915
[qo3 + + 1 [1 1
K, =— 423 Q34+@+Q12 Q13]K3+_[_+_}T
L 415 q34 q23 q15 [ 434 q23
KL= %—1-(1124_(]13}[{34— T
Ld15 q23 423415
(g23 — 1)Kg = — [q13K5 — q34 K}
[ Q23 +q34 . q12 +q13 Q24 + Q34 Q12
= - Q12+Q34< + )—Q13<7+—>}K3
L q15 q23 q23 445
1 1
—+[———+——-<g%-—35>}17. (A.13)
q15 423 \ 415 445

Note that terms with double poles only show up as coefficients of T
The remaining L integrals can also be expressed in terms of K5 and 7. From partial
fractions we obtain

Ly =K +Ks, Ly =K+ Kz,

Ly =K+ Ko, 5=K| + K>,

Ly=Ky+ KL, =K+ K5,

Ly=Ls+ L),

Ly=L,—L, (A.14)

while integration by parts yields

(21 — 1)Ls = qua L + q32Lo (g31 —1)Le = qusL] — qsoL7 . (A.15)

A.3 The small momentum expansion

We now tackle the small momentum expansion of the integrals. This is most easily done for
integrals that are finite as ¢;; — 0, such as K3. Here, after setting x3 = y1 and x2 = y12 we
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obtain

1 1
K3 = / dyl/ dyz y1* (1 — y1) Y4 (1 — y2) 2 (1 — yry2) ™" (A.16)
0 0

In what follows we will not explicitly specify the integration domain or the obvious measure
dy1dys. Expanding in the g;; leads to the form claimed in (5.10) :

K3 = Co+ (qa5 + q12)C1 + (g34 + q23)C2 + q24C5 + O(¢?) , (A.17)
with
Co = /Z(ylyz) = ik
k=0
log 1
Cr= [~ _3),
1 —— ¢(3)
log(1 —y1)
C, — / o I 9¢(3)
? L =y1y2 ¢®)
log(1 — y1y2)
Chy = / — 777 = —((3). A18
3 [ ¢(3) (A.18)

All of these integrals are evaluated by expanding the logarithms and integrating term by
term. We give an example below.

The K5 integral presents a little more of a challenge because it is singular in the g;; — 0
limit. However, a close examination of the integration region shows that the poles arise from
different regions, and thus we can easily subtract them off to find a finite remainder. We
begin with

1 1
Ky = / dy1/ dya v (1 — y2) ™ 1y§2 71 = ) (1 — yay) ™ (A.19)
0 0

With a little effort, we see that we can write this as

1
K2 = + Ké ,
12934

Ky = /(1 =)™ Y8 T [y (1 - ) (1 - y2) ™ - 1]

1 1 1 1
K)=— [B((hz, 1+ qo3 + qoa) — —} +— [B(Q34, L+qs)— — |+ K5,
434 q12 q12 q34

K// _ /(1 o yl)Q34—1yt2112—1 [ytlus((l _ y2)Q23(1 _ y1y2)Q24 _ 1) _ (1 _ yz)QZ3+Q24 + 1] )

(A.20)
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The remaining non-trivial integral K/ is regular as ¢;; — 0 and has expansion

log(1 — —log(1 —
KY = q24Cy 4+ O(¢?) , Cy = / &l y(11y2_) y1)y2g( v2) . (A.21)

We evaluate Cy is by power-series expansion:

1_y 00 1 e 0 1
C4—Z/ 1—1y1 ZEZ[ l+k]:kglm=%(3). (A.22)

The last equality can be obtained as follows. Observe that the sum can be written as

/d$ii ”“:/dlog _Z/dlogl—x)log()

T
=1 k=1

1 o
= —22 %/0 dz 2% tog(z) = 22 % =2(¢(3) . (A.23)

Using this in 7" we find the form claimed in (5.12).

The integrals K9 and K3 also have closed-form expressions in terms of Gamma functions
and 3F» hypergeometric functions—and hence, via (A.13) and (A.14), so do all of the other
K’s and L’s. We have not found these expressions useful in this work, but for completeness
we give them here:

Ky — (1 + q23)I'(1 4 g34)T(1 + q15)T (1 + qu5) 14+qo, 1—g35, 1+aqs !
I'(2+ qo3 + q15)T (2 + q15 + qu5) 24+ g +qsa, 24+ qis +qas| |
(A.24)
Ky = (1 + q23)T(g34) (1 + q15)0(1 + qua5) I+q, 1—g35, 1+aqs ! (A.25)
I'(1 4+ g23 + q45)T(2 + q15 + q45) 14+ g3+ q34, 2+ qi5+ a5
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