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ABSTRACT: We construct six-dimensional (1,0) superconformal models with non-abelian
gauge couplings for multiple tensor multiplets. A crucial ingredient in the construction
is the introduction of three-form gauge potentials which communicate degrees of freedom
between the tensor multiplets and the Yang-Mills multiplet, but do not introduce additional
degrees of freedom. Generically these models provide only equations of motions. For
a subclass also a Lagrangian formulation exists, however it appears to exhibit indefinite
metrics in the kinetic sector. We discuss several examples and analyze the excitation spectra
in their supersymmetric vacua. In general, the models are perturbatively defined only in
the spontaneously broken phase with the vev of the tensor multiplet scalars serving as the
inverse coupling constants of the Yang-Mills multiplet. We briefly discuss the inclusion of
hypermultiplets which complete the field content to that of superconformal (2,0) theories.
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1 Introduction

One of the discoveries of the seminal analysis in [1] is the existence of interacting quantum
field theories in five and six dimensions. Of particular interest are six-dimensional (2,0)
superconformal theories which are supposed to describe the low energy limit of multiple
coincident M5 branes.

However, no Lagrangian description for these theories is known and it is in general
believed that no such formulation exists: The M/string theory origin implies that these
theories have no free (dimensionless) parameter, which would allow a parametrization to
weak coupling and thus make the existence of a Lagrangian description plausible. This
conclusion was also drawn from symmetry properties which imply that tree level amplitudes
have to vanish [2]. In addition, these (2,0) theories consist of chiral tensor multiplets and
so far it has often been considered as impossible to define non-abelian gauge couplings for

such multiplets.



Regarding the first aspect the situation is similar to that of multiple M2 branes, as
it was before the recent developments that were triggered by the discovery of the three
dimensional N' = 8 superconformal BLG model [3, 4]. The meaning of this /' = 8 model
in the M/string theory context has been discussed in [5]. Subsequently an A/ = 6 super-
conformal theory (ABJM model) was formulated for an arbitrary number of M2 branes [6].
The decisive observation in [6] is that M theory/supergravity on a particular orbifold pro-
vides a dimensionless, though discrete, parameter k£ which allows a parametrization to
weak coupling and thus also a Lagrangian formulation. This formulation breaks N = 8
supersymmetry down to A/ = 6 except for k = 1,2, where the theory is strongly coupled.
The N = 6 ABJM model has the same field content as the N/ = 8 multiplet and it has been
argued that monopole operators enhance the supersymmetry to N' = 8 for k = 1,2 [7, §]
(for U(2) gauge group see [9, 10]).

We take here an analogous route. Instead of focusing on (2,0) supersymmetry we
construct (1,0) superconformal models for interacting multiple tensor multiplets. One
major obstacle, the nonabelian gauging of the (self dual) tensor fields, is resolved by the
introduction of a tensor hierarchy [11-13] which besides the Yang-Mills gauge field and
the two-form gauge potentials of the tensor multiplets contains also three-form gauge po-
tentials. We therefore have an extended tensor gauge freedom with p = 0,1,2 p-form
gauge parameters.

We then formulate essentially unique supersymmetry transformations for the various
fields, where we find a suitable extension of the structures introduced in [14]. While
in [14] the 2-form potential is a singlet, here it carries a representation of the local gauge
group, which is facilitated by the introduction of a 3-form potential that mediates couplings
between the tensor and vector multiplets. While the brane interpretation of our models
requires further investigation, it is worth mentioning that the field content of the model
in [14] is known to arise in the worldvolume description of D6 branes stretch between
NS fivebranes [15-19]. The closure of the supersymmetry algebra into translations and
extended tensor gauge transformations puts the system on-shell with a particular set of
e.o.m. For example the tensor multiplet field strength has to satisfy its self-duality condition
and the Yang-Mills field strength is related to the field strength of the three-form potentials
by a first-order duality equation. Consequently, the three-form gauge potentials do not
introduce additional degrees of freedom. They communicate degrees of freedom between
the tensor multiplets and the Yang-Mills multiplet. We also describe the extension of
the tensor hierarchy to higher p-form gauge potentials and briefly discuss the inclusion of
hypermultiplets which complete the field content to that of superconformal (2,0) theories.

Consistency of the tensor hierarchy imposes a number of conditions on the possible
gauge groups and representations. We discuss several solutions of these conditions. Gener-
ically these models provide only equations of motions, but for a subclass also a Lagrangian
formulation exists. In particular we find a Lagrangian model with SO(5) gauge symmetry.
However, the existence of a Lagrangian description necessarily implies indefinite metrics for
the kinetic terms. It is at the moment not clear if the resulting ghost states can be decou-
pled with the help of the large extended tensor gauge symmetry. This and other questions



regarding the quantization of the theory we have to leave for a further investigation. A
general feature of all considered cases is that the models are perturbatively defined only
in the spontaneously broken phase with the vev of the tensor multiplet scalars serving as
inverse coupling constants of the Yang-Mills multiplets.

To write down a Lagrangian for a self dual field strength is in general a formidable task.
For a single M5 brane, in which case the e.o.m. are known [20], this has been done in [21-24].
We consider these difficulties to be of a different category than finding a superconformal
non-abelian theory. When we formulate a Lagrangian we understand that the first order
duality equations are consistently imposed in addition to the second order Lagrangian
e.o.m., just as in the democratic formulation of ten-dimensional supergravity [25].

Finally we want to comment on some recent attempts and proposals for the description
of the (2,0) theory. The low energy description of the theory when compactified on a small
circle is expected to be given by the maximal supersymmetric Yang-Mills theory in five
dimensions. Recent attempts tried to basically rewrite five-dimensional Yang-Mills theory
in six dimensions [26, 27] or introduced non-abelian gaugings at the cost of locality [28].
Furthermore, it was recently proposed that the (2,0) theory is identical to five-dimensional
super Yang-Mills theory for arbitrary coupling or compactification radius [29, 30]. It is not
clear yet how one could obtain Yang-Mills theories in five dimensions from the models pre-
sented here (even when including hypermultiplets). Clearly a mechanism more complicated
than a trivial dimensional reduction has to be considered.

The paper is organized as follows: in section 2 we present the general non-abelian
hierarchy of p-forms in six dimensions. We show that all couplings are parametrized in
terms of a set of dimensionless tensors that need to satisfy a number of algebraic con-
sistency constraints. In particular, we find that non-abelian charged tensor fields require
the introduction of Stiickelberg-type couplings among the p-forms of different degree. In
section 3, we extend the non-abelian vector/tensor system to a supersymmetric system.
Closure of the supersymmetry algebra puts the system on-shell and we derive the modified
field equations for the vector and tensor multiplets. In particular, we obtain the first-order
duality equation relating vector fields and three-form gauge potentials. In section 3.4 we
sketch the extension of the model upon inclusion of hypermultiplets and gauging of their
triholomorphic isometries. In section 3.5 we derive the general conditions for maximally
supersymmetric vacua and compute the fluctuation equations by linearizing the equations
of motion around such a vacuum. Finally, we give in section 3.6 an explicit example with an
arbitrary compact gauge group and tensor fields transforming in the adjoint representation.

Section 4 presents the additional conditions on the couplings in order to allow for a La-
grangian formulation. We give the full action in section 4.2. In section 4.3 we calculate the
fluctuation equations induced by the action and show that the degrees of freedom arrange
in the free vector and self-dual tensor multiplet as well as in certain ‘non-decomposable’
combinations of the two. We illustrate the general analysis in sections 4.4 and 4.5 with
two explicit models that provide solutions to the consistency constraints with compact
gauge group SO(5) and nilpotent gauge group Ng, respectively. Finally, we summarize our
findings in section 5.



2 Non-abelian tensor fields in six dimensions

In this section, we present the general (non-abelian) couplings of vectors and anti-symmetric
p-form fields in six dimensions. While the standard field content of the ungauged theories
falls into vector and tensor multiplets, it is a general feature of these theories that the
introduction of gauge charges generically requires the introduction of and couplings to
three-form potentials. The specific couplings can be derived successively and in a systematic
way by building up the non-abelian p-form tensor hierarchy, as worked out in [11-13], see
also [31-33] for some applications to the specific 6D context. Rather than going again step
by step through the derivation of the general couplings, we directly present the final result
as parametrized by a set of constant tensors (generalized structure constants) that need
to satisfy a system of algebraic consistency equations (generalized Jacobi identities). In
section 2.1 we present the couplings for the minimal field content required to introduce non-
abelian couplings between vector and tensor fields. In section 2.1, we extend the system to
include also four-form gauge potentials.

2.1 Minimal tensor hierarchy

The basic p-form field content of the theories to be discussed is a set of vector fields AL,

I
22
addition, we will have to introduce three-form gauge potentials that we denote by C,, .

and two-form gauge potentials B’ ,, that we label by indices r and I, respectively. In
The fact that three-form potentials are labeled by an index r dual to the vector fields is in
anticipation of their dynamics: in six dimensions, these fields will be the on-shell duals to
the vector fields. For the purpose of this section however, the dynamics of these fields is
not yet constrained, the construction of the tensor hierarchy remains entirely off-shell, and

the indices ‘™’

and ‘" might be taken as unrelated. Similarly, throughout this section, the
self-duality of the field strength of the two-form gauge potentials, which is a key feature of

the later six-dimensional dynamics, is not yet an issue.

The full non-abelian field strengths of vector and two-form gauge potentials are given
as

— r T AS r nl
‘7:[“/ = 28[MAV} - fst AMAtV —|— h] BNV B

I _ I 1 T I
Hywp = 3DB,,; + 6drsAfu6VA;} — 2fpg L [T“A{jAZ] + 9" Cruvpr (2.1)
in terms of the antisymmetric structure constants fs" = f[s", a symmetric d-symbol dl, =
d{rs), and the tensors ¢g'", h; inducing Stiickelberg-type couplings among forms of different
degree.! Covariant derivatives are defined as D, = 9, — A}, X, with an action of the gauge
generators X, on the different fields given by X, - A* = —(X,)*A!, X, - Al = —(X,) /A,
etc. The field strengths are defined such that they transform covariantly under the set of

We use canonical dimensions such that a p-form has mass dimension p and as a result all constant
tensors fo:", dl,, ¢'", h¥, are dimensionless.



non-abelian gauge transformations
1
0A}, = D,A" — hiA,,
ABiv = 2D[MAI — 2d£8A7".7:ZV — gITA“,,r ,

V]

ACupr = 3Dy gy + 3brps Fly Ny + brrs My A+ (2.2)
where we have introduced the compact notation
AB, = 6B}, —2d], A, 643,

ACyuwpr = 0Cupr — 3brrs B, 0A% — 2bprs dyg A7 ADSAT, . (2.3)

The ellipsis in the last line of (2.2) represent possible terms that vanish under projection
with ¢!”. This system is completely defined by the choice of the invariant tensors ¢'”, h,
b[rsa dl

sy

and f.s¢. It is obvious from (2.2) that the shift symmetry action on the p-form
gauge fields can be used to gauge away some of the p-forms, giving mass to others by the
Stiickelberg mechanism. However, for the general analysis of couplings, we find it the most
convenient to work with the uniform system (2.2) and to postpone possible gauge fixing to
the analysis of particular models.?

Consistency of the tensor hierarchy requires that the gauge group generators in the
various representations are parametrized as

(Xr)st = _frst + dis hl} s
(XT’)IJ =2 h?d;’]s - gJSbIsr 5 (24)

in terms of the constant tensors appearing in the system. The second relation exposes an
important feature of the tensor hierarchy: tensor fields can be charged under the gauge
group only if either A} or g™ are non-vanishing, i.e. they require some non-vanishing
Stiickelberg-type couplings in the field strengths (2.1).3 This corresponds to the known
results [35, 36] that in absence of such couplings and the inclusion of additional three-form
gauge potentials, the free system of self-dual tensor multiplets does not admit any non-
abelian deformations. On the other hand, the first relation of (2.4) shows that in presence
of hY, the gauge group generators in the ‘adjoint representation’ (X, )s" are not just given
by the structure constants but acquire a modification, symmetric in its indices (rs).

Furthermore, consistency of the system, i.e. covariant transformation behavior of the
field strengths (2.1) under the gauge transformations (2.2) requires the constant tensors to
satisfy a number of algebraic consistency constraints. A first set of constraints, linear in
f, g, h, is given by

2 (dfjdly, = dhudi, ) by = 2f Ly, = basrd], g

r(u rs“%uv v
(d}]s qut + d;«]t bIsu + 2 dﬁstt(S}]) 1} - frsublut + frtublsu + gJuquerst ) (25)

2For a possible embedding into the general framework of Laoo-algebra connections, we refer to [34]. We
thank U. Schreiber for pointing out this link.

*Note that the presence of Stiickelberg-type couplings does not imply a breakdown of conformal invari-
ance in our model. Indeed, the superconformal invariance of our model be demonstrated in section 4.2.



and ensures the invariance of the d- and the b-symbol under gauge transformations. The
remaining constraints are bilinear in f, g, h and take the form

f[pqufr]us - éhi di fqru =0,
hr Is

frsth§ - ers h3h§ =Y,
97 Wcbrsy — 2h5h dl, = 0,
—fsf—H%W It fﬁhWWZ . (2.6)

They may be understood as generalized Jacobi identities of the system: together with (2.5)
they ensure the closure of the gauge algebra according to

[XraXs] = _(Xr)st X, (27)

for the generators (2.4), as well as gauge invariance of the tensors f, g and h. The first
equation of (2.6) shows that the standard Jacobi identity is modified in presence of a
non-vanishing hl. Even though the set of constraints (2.5), (2.6) looks highly restrictive,
it admits rather non-trivial solutions and we will discuss explicit examples of solutions in
sections 3.6, 4.4, and 4.5, below. The system admits different abelian limits with f,.;! = 0 =
g'" and either h7 or dZ, vanishing, in which the constraints (2.5), (2.6) are trivially satisfied.
A slightly more general solution is given by vanishing h} =0 = g'" with f.,' representing
the structure constants of a Lie algebra. With the particular choice dl, = d’6,, the vector-
tensor system then reduces to the coupling of the Yang-Mills multiplet to an uncharged
self-dual tensor multiplet as described in [14].
The covariant field strengths (2.1) satisfy the modified Bianchi identities

_ 13 rayl
D[“]-"T = shiH

v pvp
[ Hupa] = gd£5 ‘Fruuf;o gITH;(fV)par? (28)

where the non-abelian field strength Hl(ﬁ,)por of the three-form potential is defined by the
second equation. In turn, its Bianchi identity is obtained from (2.8) as

o

[w” "vpor]|r

D = —2b1s Ty Higr + - (2.9)

poT

where the ellipsis represents possible terms that vanish under projection with ¢'". We
finally note that the general variation of the field-strengths is given by

§F,, = 2D, 0A]; +hi AB/,

SH,,,, = 3D ABL, +6d1 F,, 6A% + 9" ACuu,, |
TH (Do = ADAC, ol — 6 birs Ty ABjoy + Ab1ys i, 643 + . (2.10)

again with the ellipsis representing possible terms that vanish under projection with ¢'”



2.2 Extended tensor hierarchy

The field content introduced in the last section were the p-forms Aj, Buw Cuvpr, for
which in particular we have defined their non-abelian field strengths. Strlctly speaking,
in the entire system, only a subset of the three-form potentials have appeared, defined by
projection with the tensor ¢g!" as g’ "Cuvpr - As it turns out, this truncation is precisely the
‘minimal field content’ required in order to write down an action and/or define a consistent
set of equations of motion. Off-shell on the other hand, the tensor hierarchy may be
extended to the full set of three-form potentials, which then necessitates the introduction
of four-form gauge potentials, etc.

For later use, we present in this section the results of the general tensor hierarchy for

the four-form gauge potentials which we denote by cW  With covariant field strength

HUPA
). The full version of the Bianchi identity (2.9) then reads

D HY = —2bp Fr, M+ L) (2.11)

vpoT| T poT

[

where now the field strength H((f) itself satisfies the Bianchi identity

H(5) N __ 10 CaIJH[MVp

(4)
vpAoT] HAUT] 2 as]:[ H

ot oo (2.12)

[u

up to terms vanishing under projection with the tensor k,.%. The new constant tensors k.,

ca1J, and ¢, ; are constrained by the relations
k-cars = hf[bJ]rs > kracfxg = frst - blrsglt + dylnshtl ) gKr k% =0, (213)

which extend the constraints (2.5), (2.6). As a consistency check, we note that equa-
tions (2.5), (2.6) imply the orthogonality relations

gKrhfb} =0,
" (frs' = g"tbpes + RYdL) =0, (2.14)

showing that (2.13) does not imply new constraints among the previous tensors. Further-
more, consistency of the extended system requires an additional relation among b- and
d-symbol to be satisfied

brsiny = 0, (2.15)

ST uv

as also noted in [31]. The new tensor gauge transformations take the form

ACupr = 3Dy )y + 3brrs Ffy Ny + brrs My A = K My
4 LY s
ACS) o = 4D Aol 0 — 8cars My Aoy +6 s Flw Moot
+ Cf:vs Hfux)pot AS ) (216)

where the first equation completes the corresponding transformation law of (2.2) and the

second transformation is given up to terms that vanish under projection with the tensor



k,%. Accordingly, the general variation of the non-abelian field strengths from (2.11), (2.12)

is given by
SH o+ = ADUAC, g1y — 6brps Ffy ABLy + 4brps H L, 6 A% + K ACS), o
OH ) e o = BDRACS) | =10¢L Fioy ACor), — 20ca 1 ), ABLL
— Bl A HL) L+ (2.17)

Continuing along the same line, the tensor hierarchy can be continued by introducing five-
form and six-form potentials together with their field strengths and non-abelian gauge
transformations. For the purpose of this paper we will only need the vector/tensor system
up to the four-form gauge potentials given above.

3 Superconformal field equations

In the previous section we have introduced the tensor hierarchy for p-form gauge poten-
tials (p = 1,2,3) with the associated generalized field strengths (2.1) and Bianchi iden-
tities (2.8). Gauge covariance w.r.t. the extended tensor gauge symmetry (2.2) implies a
number of conditions on the (dimensionless) invariant tensors and generators of the gauge
group (2.4)—(2.6), but otherwise does not contain any information about the dynamics of
theses fields.

The aim of this section is to complete the bosonic fields of the tensor hierarchy into
supersymmetry multiplets in order to obtain a non-abelian superconformal model for the
(1,0) vector and tensor multiplets. With the given (bosonic) field content of the ten-
sor hierarchy (2.1), a supersymmetric tensor hierarchy will contain Yang-Mills multiplets
(A}, AT Y'UT) and tensor multiplets (¢!, x*!, B [w), labeled by indices r and I, respectively.
The index ¢ = 1,2 indicates the Sp(1) R-symmetry, the field Y/ denotes the auxiliary field
of the off-shell vector multiplets. In addition one has to accommodate within this structure
the three-form potential C,,, whose presence was crucial in the last section in order to
describe non-abelian charged tensor fields.

3.1 Supersymmetry

The coupling of a single (1,0) self-dual tensor multiplet to a Yang-Mills multiplet was
introduced in [14] and as a first step we give the necessary generalization for a non-abelian
coupling of an arbitrary number of these tensor multiplets. To this end, we introduce
supersymmetry transformations such that they close into translations and the extended
tensor gauge symmetry (2.2) according to

[561’562] = guau +0p + 5A# +da (3.1)

pv 2
with field dependent transformation parameters for the respective transformations. These
parameters are given by

1
= Sate,

AT = —graAr
I vl I AT AS I
A;L = ¢ Buu+drsA Aﬂ+£ﬂ¢ )
Auur = _Spcpuur - bIrsASB;ILy - gblrpdésASAﬁLAg} ) (32)



as will be shown shortly. With d!, = o/d’6,s, brrs = 0, this reproduces the corresponding
algebra of [14].# The supersymmetry transformations for the Yang-Mills multiplet are given

by
0A), = —ey A",
5>\ir _ é'YMV]:;VEi _ ;Yijrej + ih?(ﬁlel ,
SYUT = iyt D N 4 2hy ey (3.3)

Here the generalization w.r.t. the transformations for the off-shell pure Yang-Mills mul-
tiplet is parametrized by the constant tensor h} and brings in the fields (!, x! ,B[W)
of the tensor multiplets on the r.h.s. of the transformations. These additional terms are
necessary for the supersymmetry algebra to close to the generalized tensor gauge symme-
try (3.1), (3.2). E.g. the last term in SA'" is required to produce the proper dp, action
in the commutator of supersymmetries on the vector field Aj,. Likewise, the last term in
dY¥T ensures the proper closure of the supersymmetry algebra on A*". It then comes as a
non-trivial consistency check, that the variation of this last term is precisely what is needed
for closure of the algebra on Y% ". Even though, fields from the tensor multiplets appear
in these transformation rules, the Yang-Mills multiplet by itself, using the necessary tensor
multiplet transformations, still closes off-shell.
Next we give the supersymmetry transformations of the tensor multiplet

5" =ex’,
o = P HL € 4 LDyl e — Ll AN e, 00
ABiV = _E'YMVXI ’

Acuupr = —brrs EVuupAs¢I ) (3'4)

where we have used the same notation (2.3) for general variation introduced in the tensor
hierarchy. We also note that v**P¢' acts as a self-duality projector such that only H{Jp,
see (A.1), is actually alive in 0x*/. W.r.t. the couplings discussed in [14], the r.h.s. of
these transformations has been generalized by the introduction of the general d-symbol,
and the inclusion of covariant field strengths and derivatives on the now charged fields of
the tensor multiplets. In particular, the important new ingredient in these transformation
rules is the three-form potential C),,,, which is contained in the definition of wap and
contributing to its supersymmetry transformation according to (2.10). Its presence has
been vital in establishing the non-abelian bosonic vector-tensor system in the last section,
and similarly, its presence turns out to be indispensable for closure of the supersymmetry
algebra here. To group it with the tensor multiplet in (3.4) is a mere matter of convenience;
with the same right it might be considered as a member of the gauge multiplet (indeed, as
mentioned before by its dynamics the three-form potential will be the dual of the vector
fields A7). The form of its supersymmetry transformation (3.4), mixing Yang-Mills and
tensor multiplet fields, displays its dual role as a messenger between these two multiplets.

4Note that in canonical dimensions, the tensor d., is dimensionless.



Note that we have given in (3.4) the supersymmetry transformation for the uncontracted
three-form C),,,,, although all the explicit couplings only contain the contracted expression
g% "Clvpr- We will come back to this difference in the following.

Closure of the supersymmetry algebra on the tensor multiplet according to (3.1) is now
rather non-trivial and heavily relies on the extra terms arising from variation of the three-
form potential. In particular, the algebra closes only on-shell on the tensor multiplets. In
the search for new model or theory such a property may be considered as feature that
provides a certain uniqueness. We will discuss these equations and their individual origin
now in detail.

3.2 Minimal model

We first investigate the equations of motion resulting from supersymmetrization of the
bosonic field content of the minimal tensor hierarchy of section 2.1. In particular, this
model includes only the projected subset g "Clvpr of three-form gauge potentials. The
resulting tensor multiplet field equations are given by

H;Iujp - _disj‘r')’uup)\s )

’YJDJX” _ ldl ]_—gT ,YUT)\iS + 2d££yz_]r )\;‘ + (dy{sh?] _ 2bJsrgIS) ¢J}\ir ’

2%rs

DFD,¢" = = Ldl  (Fh, F** =AY YT® + 8Ny D), \%)

-2 (bJsrgIS - 8d£5h:9]) S‘TXJ - 3d£5 S ;( ¢J¢K : (35)

The first equation, which imposes a self duality condition on the three-from field strength,
originates in the closure of supersymmetry on the associated two-form potential B[W. The
closure on 6x*! gives the fermionic equations of motion while the scalar field equation
is obtained by the supersymmetry transformation of the x*/- equation. The fact that the
tensor fields are charged under the gauge group has rather non-trivial consequences, namely
supersymmetry variation of the field equations (3.5) in turn implies the following first-order
equations of motion for the Yang-Mills multiplets

gKrbIrs <Y;§ (bl - 25‘3)(][)) =0, (36)
gKTbIrs (]_—EV(ZSI _9 XS’Y}WXI) _ i! Eprpor gKr H£4) ApoT ’
95 b1rs (99" DuX; + 57N Dud") = " brrs (3T X!+ gy Hwt™PA; = Vi X
+ 5030 + 3y VAN )
The first equation is the algebraic equation for the auxiliary field Y% ", while the second
equation provides the anticipated duality of vector fields and three-form potentials by
relating their respective field strengths. In particular, derivation of this equation and use
of the Bianchi identity (2.9) gives rise to a standard second-order equation of Yang-Mills
type for the vector fields A}, . Equivalently, the first two equations of (3.6) can be inferred

from closure of the supersymmetry algebra on the three-form gauge potentials g’ "Cuvpr -
The appearance of the Yang-Mills dynamics (3.6) from supersymmetry of the tensor field

,10,



equations (3.5) is in strong contrast to the model of [14] (in which effectively ¢” = 0, and
the tensor field are not charged) where the vector fields remain entirely off-shell or can
alternatively be set on-shell with field equations that do not contain the tensor multiplet
fields. Moreover, in the model of [14], an algebraic equation analogous to the first equation
of (3.6) is excluded by the appearance of an anomaly in its supersymmetry variation (see
also [37]). We should stress that in the present model, such anomalies are actually absent
due to the particular Fierz identities (A.6), (A.7) in combination with the identity (2.15).
Le. the cubic fermion terms in the supersymmetry variation of (3.6) cancel precisely, which
yields a strong consistency check of the construction.

To summarize, the system of equations of motion (3.5), (3.6) consistently transforms
into itself under supersymmetry. It describes a novel system of supersymmetric non-abelian
couplings for multiple (1,0) tensor multiplets in six dimensions. The equations of motion
contain no dimensionful parameter and hence the system is at least classically (super)-
conformal. A crucial ingredient to the model are the three-form gauge potentials C\,
which are related by first-order duality equations to the vector fields of the theory and thus
do not constitute new dynamical degrees of freedom. This is similar to the situation of
Chern-Simons matter theories in the context of multiple M2 branes [3, 6]. The actual model
depends on the explicit choice of the gauge group and representations and the associated
invariant tensors of the gauge group which have to satisfy the conditions (2.4)—(2.6). The
task that remains is to find explicit solutions for these constraints. We will discuss different
examples in sections 3.6, 4.4 and 4.5 below.

3.3 Extended model

The above described model represents the minimal field content and equations of motion,
required for closure of the supersymmetry algebra and the supersymmetry of the equa-
tions of motions. In particular, it relies on the projected subset g€ "Clvpr of three-form
gauge potentials. Just as for the bosonic tensor hierarchy in section 2.2, one may seek
to extend the above supersymmetric system to the full set of three-form gauge potentials.
With the supersymmetry transformation of general C,,,, given by (3.4), closure of the
supersymmetry algebra leads to the following uncontracted equations

birs (Yg of — 2Xfixjf.)) —0, (3.7)
brrs (,7:3”(;5[ -2 S‘S'Y;WXI) = 41! Euvpor H7(~4) ApoT )
blrs (QSI'Y“D}L)‘? + ;r}/ﬂ)‘st,ugbl) = blrs (111'7:51/7“”)(1‘[ + 214H;prr7w/p)‘f - Y;j le +
+hy (20'x7 = 507X) + 3duy VNI AY)

In order to have this system close under supersymmetry it is necessary to introduce also
a four-form gauge potential. Consequently the tensor hierarchy has to be continued one
step further as described in section 2.2. The resulting supersymmetry transformation of
the four-form potential is

AC(4) = 2¢41J ¢[I g’ﬁwanJ] s (3'8)

QY po o
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Furthermore, supersymmetry of the field equations (3.7) induces the first-order field equa-
tions

5}! EpvploT kra Hg)) WPAT 2kra (Ca 1J (Qb[D,ung - QXIVMXJ) - Ctauthv 5\“7#)‘”) . (3'9)

This shows that the dynamics of C,S?,)pga is given by a first-order duality equations, which
relates these four-form potentials to the Noether current of some underlying global sym-
metry. In particular, this first-order equation ensures that the four-form gauge potentials
do not constitute new dynamical degrees of freedom.

3.4 Adding hypermultiplets

Another possible extension of the supersymmetric model presented above is the inclusion
of hypermultiplets.® As is well known, global supersymmetry requires the hyperscalars
to parametrize a hyper-Kéahler manifold My, more precisely superconformal symmetry
requires My, to be a hyper-Kéahler cone. The above presented non-abelian theories can
be extended to include gaugings of isometries on the hyper-Kéahler cone along the lines
of [39-41], from which the additional couplings and in particular the resulting scalar po-
tential can be inferred. While we defer the details of this extension to another publication,
here we only sketch a few relevant elements of the construction. Within in the above
construction, gauging of triholomorphic isometries on the hyper-Kahler cone is achieved
by introducing an embedding tensor ,“ that encodes the coupling of vector fields AL to
hyper-Kéhler isometries K, and is subject to the algebraic conditions

For® 95 = f5,29,79,7 hr 9, = 0, (3.10)

with the structure constants f,37 of the algebra of hyper-Kahler isometries. On the other
hand, in the presence of hypermultiplets, the vector multiplet equations of motion (3.7)
allow for a consistent modification, in particular in the Y-field equation as

brvs (V36! — 200 ) = B°PY (3.11)

with the constant tensor k. from (2.13), and the moment maps PY associated with the
triholomorphic hyper-Kéahler isometries. It is only by means of this algebraic equation for
Y, that the hyperscalars enter the tensor multiplet field equations. Further requiring the
existence of an action eventually leads to the identification

kS = 9, (3.12)

i.e. relates the gauging of hyper-Kéhler isometries to a modification of the vector and tensor
multiplet field equations.

®For superconformal couplings of hypermultiplets to Yang-Mills, see [38].
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3.5 Supersymmetric vacua and excitation spectrum

We study now supersymmetric vacua for the minimal model of section 3.2 and the excitation
spectrum in such vacua, i.e. the linearized field equations. The algebraic equation for the
vector field strength, the second equation in (3.6), indicates that the expectation value of
the tensor multiplet scalar ¢! serves as an (inverse) coupling constant. This notion will
become more evident in the subsequent sections where we discuss models which provide a
Lagrangian. Consequently, the perturbative analysis is limited to the spontaneously broken
phase where ¢! has a (large) expectation value.
The Killing spinor equations of the theory (4.3) are obtained from (3.3), (3.4)

| . . .. .
0= ONT = Ly T, e — Y7+ (Rl
| . . .
0=0x" = K" HLEE + 17" Dud’e (3.13)

and characterize solutions that preserve some fraction of supersymmetry. These equa-
tions show that a Lorentz-invariant solution preserving all supersymmetries corresponds to
setting the scalar fields to constant values ¢} satisfying

PhhT =0, (3.14)

and setting all other fields to zero. Expanding the scalar fluctuations as ¢! = qS(I] + o
and imposing the condition (3.14) one obtains at the linearized level for the field equa-
tions (3.5), (3.6) the system:

(dB! +4"C,)" =0, N'Yj =0,
I +2NI N =0, NIdA" —g""*dC, =0,
Opl —N'o. A" =0, NIg T =0, (3.15)

where we have defined the matrices

Kvs = ¢dbrrs NI = ¢*K,, . (3.16)

s

and used that NI A%, = 0, by the first identity in (2.14) and the susy vacuum condi-
tion (3.14).

Unbroken gauge symmetry. For a generic supersymmetric vacuum which satis-
fies (3.14) the vector gauge transformations A" X, are broken down to the subgroup of
transformations A” X, which satisfy

X, el = —NI Lo, (3.17)

T

where the index r labels the subset of unbroken generators (2.4). The rest of the extended
tensor gauge symmetry (2.2) remains intact. Consequently, in the case that the gauge
group is not completely broken, the matrix N/, and for invertible g/" also the matrix K.,
always has some null-directions, i.e. the matrix has one or more vanishing eigenvalues.
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The fluctuation equations (3.15) show that for these null-directions the fields of the cor-
responding vector multiplets drop out of this perturbative analysis. This is nothing else
than the above mentioned observation that the perturbative analysis is valid only in the
spontaneously broken phase and that the unbroken sector of the Yang-Mills multiplet is
(infinitely) strongly coupled and perturbatively not visible.

In general it is rather difficult to break the gauge symmetry completely with a single
scalar field. The addition of hypermultiplets as sketched in section 3.4 may offer addi-
tional possibilities in this directions. This is for example comparable with the situation of
N =2 SQCD, for which mixed Coulomb-Higgs phases with vev’s for vector multiplet and
hypermultiplet scalars exist where the theory is completely higgsed. In such a case there
would be regions in the moduli space of vacua where the complete spectrum of the models
discussed here is perturbatively accessible. For the extended models of section 3.3 on the
other hand, the coupling of the Yang-Mills multiplet is given by the matrix K,s which may
have less null directions than the matrix N/.

3.6 A model with adjoint tensor multiplets

A particular solution to the constraints (2.5), (2.6) is given by choosing some semi-simple
compact gauge group G with Lie-algebra g, identifying both I and r with the adjoint
representation of GG, and the tensor ¢"® with the Cartan-Killing metric. Moreover we set

hi =0, b, = drstg"" bprs = fprs (3.18)

with the totally symmetric d-symbol d,s; and the totally antisymmetric structure constants
frst - As will be discuss in detail in the next section, for a solution of this form the
resulting theory does not admit an action and is described by the set of equations of
motion (3.5), (3.6) only.

With ¢"* being the (invertible) Cartan-Killing metric, the matrices N and K introduced
in (3.16) are essentially the same,

NI =g" Kjs = K"y = ¢} fus" (3.19)

and the matrix K" defines the adjoint action of the vev ¢g. By a gauge rotation the ¢y can
always be chosen to lie in the Cartan subalgebra t, and we decompose g into the orthogonal
sum g = t® g. In that case, the unbroken sector of the Yang-Mills multiplets, which drops
out of the fluctuation equations, spans the Cartan subalgebra t on which the action of K"
vanishes. On the orthogonal complement g and for generic choice of ¢q, the matrix K" is
invertible, and using the Cartan-Weyl basis we introduce the notation Kreg s = ki 5§ for the
reduced matrix on this subspace (there is no summation over repeated indices in this case).

Before giving the explicit excitation equations for this specific model we discuss the
gauge fixing of the vector field gauge symmetry, which for hj = 0 is an ordinary gauge
symmetry, see (2.2). A convenient gauge, which disentangles the scalar field and gauge
field fluctuations is given by the Lorenz gauge condition

9 A" =0. (3.20)
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Since the gauge fields are determined by first-order equations the Lorenz gauge, and not
a 't Hooft R¢-gauge, decouples the scalar and gauge field kinetic terms. The fluctuation
equations (3.15) thus take the form

Ix"=0, dc" =0,
(dB" +C")" =0, Op" =0,
i .~ 1 N
AT +2k: N =0, dA”—k *dCT =0,
7
INT =0, Yi=0, (3.21)
where we have split the gauge indices as r = (r,7) according to the decomposition

g = t @ g. For the unbroken sector t, the first line of (3.21) together with the second
line for » = r thus describe a free tensor multiplet coupled to the three-form potential
C" which has vanishing field strength and may be gauged away. Alternatively, one may
employ the two-form shift symmetry in (2.2) with gauge parameter Ay, to set B" = 0.
Then the linearized equations describe a self-dual closed field C" which gives an equivalent
description of the free tensor multiplet.

The broken sector g is described by the second line of (3.21) for r = 7 together with the
last two lines. Here also the Yang-Mills multiplet is present but the structure is somewhat
unusual. The multiplet structure is not the direct sum of a free tensor and Yang-Mills
multiplet, but forms a multiplet that we call henceforth non-decomposable, as can be seen
in particular from the fermionic field equations. This seems to be a general feature of the
models considered here and will be discussed in section 4.3. The third equation in the right
column again demonstrates the dual role of the three-form potential C”: Acting with d* on
this equation implies the second-order free field equation DA™ = 0. The original equation
then fixes C” in terms of A” up to an two-form b” whose field strength has to be self dual
in the B” = 0 gauge, see the second line of (3.21). The three-form potential C" therefore
shifts or communicates degrees of freedom between the gauge and tensor multiplet.

Note added. Another example for a tensor gauge symmetry that satisfies the con-
straints (2.5), (2.6), without specifying any supersymmetric dynamics, has recently been
given in [60]. In this example, the tensor fields By, are in the adjoint representation of a
compact gauge group G, and vector fields are taken to appear in two copies of the adjoint

representation Aj, AZ/. The choice

t t t t 1 t
frs = frs' frs’ :_fs’r :ers’ )

d, =d, = _éf,,s/t , hg' = 6;’/ , (3.22)

with all other components vanishing, defines a solution of (2.5), (2.6) in terms of the
structure constants f,.;¢ of the group G. The resulting model does not involve any coupling
to three-forms (¢"* = 0) but exhibits the Stiickelberg-type coupling between vector fields
AL/ and the tensors. The supersymmetric field equations for the tensor multiplet are as
given in (3.5), with (3.22) used, while the Yang-Mills multiplet is off-shell. An action that
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produces the tensor multiplet field equations can be easily written down, with the self-
duality condition on the 3-form field strength understood to be imposed after the variation
of the action, but it can also easily be checked that such an action is not supersymmetric.

4 Action

So far, we have found a set of field equations that consistently transform into each other
under (1,0) supersymmetry. The full system is entirely determined by the choice of the con-
stant tensors g'”, hY, by,s, dL,, and f,.s! subject to the set of algebraic constraints (2.5), (2.6).
In this section we present the additional conditions, which these tensors have to satisfy in
order for the field equations to be integrated to an action. We give the full supersymmetric
action and discuss the general structure of supersymmetric vacua and the fluctuation equa-
tions around such vacua. The non-unitarity of the action manifests itself in the generic
appearance of some unusual ‘non-decomposable’ multiplet couplings. Finally, we illus-
trate the general analysis by two concrete models, with compact gauge group SO(5) and a
nilpotent eight-dimensional gauge group, respectively.

4.1 Conditions for existence of an action

The existence of an action first of all requires the existence of a constant non-degenerate
metric ny; by which tensor multiplet indices can be raised and lowered, in order to provide
a kinetic term for the scalar fields and the other fields of the tensor multiplets. Further
inspection of the field equations (3.5)—(3.7) then shows that their integrability to an action
requires the identifications

Wy =nrg’,  dly =M b, (4.1)

i.e. in particular a b-symbol that is symmetric in its indices (rs). Moreover, in the process
of computing the action, one finds that the identity (2.15) needs to be imposed in order to
ensure the existence of a proper topological term. From (4.1) it is obvious that the models
we have discussed in section 3.6 indeed do not admit an action.

To summarize, with these identifications, the algebraic consistency condi-
tions (2.5), (2.6), (2.15) reduce to

b[?"(ub'[]}g) =0,
(er(u by — bty bl + bEcrsbly 77”) 97 = 2fr(’bhye s
6 fipg" friu® — 91 bi[pfqr}“ =0,
2frs'gt — s 9597 = 0,
g;(g[slbﬂsr =0,
gig’* =0. (4.2)

Finding non-trivial solutions to these constraints is a formidable task. We will give in
sections 4.4, 4.5 below some explicit solutions that are inspired from similar constructions
in gauged supergravity theories.
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4.2 The action

In case the constant tensors satisfy all algebraic conditions (4.2), the equations of mo-
tion (3.5), (3.6) can be lifted to an action. In fact, one may verify a somewhat stronger
conclusion: the identifications (4.1) and thus the set of constraints (4.2) appear already to
be necessary in order to construct a conserved supercurrent underlying the equations of
motion (3.5), (3.6) from a canonical structure for the fermions [42].

In order to write an action, we ignore for the moment the subtleties of writing an action
for a self-dual three-form field strength, but give a standard second-order action, keeping
in mind that the corresponding first-order equation of (3.5) is supposed to be imposed after
having derived the second-order equations of motion, just as in the democratic formulation
of ten-dimensional supergravities [25].5 The full action then reads

L= =D Dy’ — X1 Dux’ + [sbrrsd’ (F, F° — AYSY7° 4+ 8X'4H D, \°)
_ 9167_[[“//) HEP 418 blrsH{Wp PUNZZILI }lbfrsfzy PN brrsY7, PV
+ 5 (brsrgi — 4brsrgy) 9" AN + b1rsggic ' 676" — i Liop
— 9y brrsbiy VAT AT (4.3)
which shows explicitly the role of the scalar fields ¢! as inverse coupling constants for the
Yang-Mills multiplet. Like the equations of motion, this action contains no dimensionful

parameter such that the system is (super)-conformal at least at the classical level. The
topological term is given by integrating

AV Lyop = 6 {bm SATAFAHI — ABIA <g; H@ - ;blrsf”/\]-"s) - g;AcrAHf} . (4.4)
and has the explicit form

AV Liop = —6 g7 Con ML + bps BIA FTAF® — bryshyhe B'a B/ A BE
+BT A [h5b2,byor A“n APAdAT + 3 (brrs fog” + 4b1gs Xp 1) fun®APA AN A¥A AY]

_110 fupsb;]swa APAAIN AN AN DA™ . (4.5)
It can be understood in compact form as the boundary contribution of a manifestly gauge-

invariant seven-dimensional term

Liop X / (blrs FAFAH — HIA DHI) . (4.6)
8M7 M7

As usual, gauge invariance of the topological term may lead to quantization conditions for
the various coupling constants. For the tensor multiplet, it is straightforward to verify that
the action (4.3) induces the field equations (3.5) from above with the first order equation
imposed by hand. For the fields of the vector multiplet, we obtain the first and the last of
the uncontracted equations (3.7), while the duality equation relating F, and H,(fly)pgr only

6 Alternatively, this self-duality can be implemented by using a non-abelian version [43] of the Henneaux-
Teitelboim action [44] that breaks manifest space-time covariance.
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appears in its contracted form (3.6). In addition, variation w.r.t. the vector field gives rise
to the Yang-Mills equation

brrs DY ((;5].7-—;” - QS‘S'Y;WXI) = (¢1Du¢J - 2XI'Y;LXJ) Xr1g— 2¢Iblqursq j\p,y“)\s

1 Aot I
- 12bl7"s Euvpror FrPEHAT ) (47)

that can alternatively obtained as a derivative of the uncontracted duality equation (3.7)
upon use of the first-order equation (3.9).

We note that the last constraint equation of (4.2) shows that non-trivial solutions to
these constraints (i.e. solutions in which the tensor fields are charged) exist only if the
metric 777 is indefinite, which in turn implies that some of the scalars (and some of the
two-forms) in (4.3) have a negative kinetic term. This somewhat reminds the situation
for the three-dimensional BLG theories [3, 4] with Lorentzian three-algebra [45-49], and
certainly requires further investigation. We also note that similar structures as encountered
in this section have appeared in generic 6d supergravity theories [50-55].

We conclude with a presentation of the superconformal symmetry transforma-
tions [58] which leave the action invariant. Denoting the fields in the theory by & =
(¢!, B[w, X7, AL, YU\, Clvpr), the conformal transformations are given by

where L¢ is the Lie derivative with respect to the conformal Killing vector defined by
9y = Oy, which also defines (2, and Ap are the Weyl weight for @ given by
(2,0,5/2,0,2,3/2,0). The Lie derivative for the fermionic fields ¥ = (y!,\"), in par-
ticular, takes the form L,V = {0,V + i@u&,fy“” V. It is straightforward to check that
these transformations leave the action (4.3) invariant. Note that the bosonic conformal
transformation together with supersymmetry ensures the full superconformal symmetry
since the commutator of conformal boost with supersymmetry yields the special supersym-
metry generator [59]. The conformal supersymmetry transformations involve conformal
Killing spinors, consisting of a pair (n4,7—) that satisfy 0,14 — émm, = 0. The super-
conformal transformations take the form of supersymmetry transformations in which the
constant supersymmetry parameter € is replaced by 74, and the parameter n_ arises only

in 5,77)41 = —%(bln_.

4.3 Multiplet structure of excitations

The supersymmetry transformations of the model (4.3) are still given by equa-
tions (3.3), (3.4), such that the Killing spinor equations remain of the form (3.13). In
particular, the existence of a maximally supersymmetric vacuum is still encoded in the
condition (3.14) on the scalar expectation values. In this vacuum, the linearized field equa-
tions obtained from (4.3) extend the fluctuation equations (3.15) by the linearization of
the second-order equation for the vector fields (4.7), which takes the form

Ko (DA — 0,0"A3) = Npw (09" — 0"Bl,) (4.9)
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With the gauge fixing ayBlfu =0=0"A} + ghp!, the equation turn into the free Klein-
Gordon equation for the vector field components AL.7 With this gauge fixing, the full set
of linearized field equations obtained from (4.3) is given as

(dB"+4"C)” =0, K Y5 =0,
I+ 2N/ X" =0, NdA" = g'"*dC, =0,
Op' =0, Ko N° = 2N, = 0,

K,sOAS =0, (4.10)

with the matrices K,s and N! from (3.16). We note that N/¢g™/ = 0 = ¢"/N7. With
a proper choice of basis such that K., is diagonal, the lowest order dynamics contains
rix = rank(K) vector multiplets. The fluctuation equations (4.10) decouple into various
multiplets which we denote as follows, and whose multiplicities are given in table 1:

(V): 0OA4,=0, @drx=0,

(T): Op=0, @x=0, (dB)” =0,

(T): Op=0, @Px=0, (dB) =—gC, dC=0,

(TV): Op=0, kdA=*dC, (dB)" =—gC~, dN=0, Jx=—2gk\,

(VI): Op=0, 0OA,=0, (dB)” =0, Ix=0, IN=2gx. (4.11)

We have kept the coupling constants g and  to keep track of the scales of ¢/ and QS(I] , re-
spectively. The first two multiplets (V) and (T) are the free vector and self-dual tensor mul-
tiplet, respectively, the third one (T’) is the self-dual tensor multiplet enhanced by a non-
propagating three-form potential. The fourth line (TV) describes the ‘non-decomposable’
combination of a free vector multiplet and a self-dual tensor multiplet for which the vector
multiplet acts as a source. In addition it contains a non-propagating 3-form potential dual
to the vector fields, which also acts as a source to the tensor multiplet field equations.
It is obvious from the fermionic field equations that these two multiplets cannot be sep-
arated. This is the type of coupling we have encountered in the broken sector g of the
model described in section 3.6. The last line (VT) describes the dual version of such a
‘non-decomposable’ coupling, here a free self-dual tensor multiplet acts as the source for
a vector multiplet. This situation is similar to the observation made in [37] regarding the
BSS model [14]. Diagonalizing for example the y-equation and using the relations for N/
given above shows that there are ry = rank(/N) TV-multiplets. It is straightforward to
verify that only the combination of (TV) and (VT) can be derived from an action, which
implies that they appear with equal multiplicity and thus the A-equation in (4.10) describes
rix —2ry vector multiplet (VT) fermions. In a similar fashion one finds the multiplicities of
the other couplings in (4.11) as obtained from the equations (4.10) and which are entirely
encoded in the rank of the matrices ¢'", N,{ and K,;. We collect the explicit result in ta-
ble 1. In the following, we will illustrate these general structures in some explicit examples.

" Alternatively, this can be achieved by choosing Lorenz gauge for the vector fields and fixing the tensor

gauge freedom by 3"Bl{ﬂ = 0,¢". This is a consistent gauge choice since the scalar field equation in this
gauge turns into the massless Klein-Gordon equation.
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multiplet (V) (T) (T?) (TV) (VT)

+# TK—2rN nT—TN—Tg Tg—TN TN TN

Table 1. Multiplicities of the different structures (4.11) appearing in the lowest order fluctua-
tions (4.10) expressed in terms of the number of tensor multiplets nt and the ranks r,, ry, rx of
the matrices ¢g/", N/ and K., respectively.

4.4 Example: SO(5) gauge group

The constraints (4.2) constitute a rather non-trivial system of consistency conditions for
the undetermined constant tensors and structure constants. Fortunately, a number of
solutions can be inferred from analogous construction in gauged supergravity theories. In
this section, we discuss a solution to (4.2) that is inspired by gaugings of the maximal
six-dimensional supergravity theory [32].

Let the indices I and r parametrize the vector and spinor representations of the group
SO(5,5), respectively, let 77 to be corresponding invariant metric, and set

I _ 1 _ IJK

brs = Vrs s frst = - 477";] rVIth 91}7( ) (412)
where we have chosen a real representation of gamma matrices. With this choice, the
first equation of (4.2) is the well known magic identity for SO(5,5) gamma-matrices. The
second equation reduces to a non-trivial SO(5,5) gamma-matrix identity if in addition one
imposes the tensor ¢/” to be gamma-traceless according to

glrr)/lrs =0 5 (413)

i.e. to parametrize the real 144, representation. Some further calculation shows that
the remaining equations of (4.2) which are quadratic in ¢/” then reduce to the last two
equations which transform in the 10 4+ 126, + 320 of SO(5,5). A particular solution to
these equations can be found by choosing ¢” to live within the 15 C 144, upon breaking
to the maximal subgroup GL(5) € SO(5,5). This simply follows from the fact that the
symmetric tensor product (15 ® 15)sym does not contain any representation that lies in
the 10 4+ 126, + 320 in which the bilinear constraints transform. Representing the 15
parameters as a symmetric 5 X 5 matrix, the resulting gauge group is C'SO(p, q,r) with
p+ q +r =5 according to the signature of the matrix, cf. [32] for details. In particular,
these gaugings include the theory with compact gauge group SO(5). It is instructive, to
give the bosonic field content in representations of this gauge group:

A, — 145 +5.3+104,
(¢, Bu) — B2+ 5.2,
Cuupr — 1 _5+543+10_1, (414)

where the subscripts refer to GL(1) charges under the embedding GL(1) x SO(5) C
GL(5) € SO(5,5), under which the tensor g/” has charge —1. In particular, the tensor
multiplets transform in two copies of the fundamental representation of the gauge group.
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The scalar field content shows that the gauge invariant cubic potential of (4.3) for this
theory vanishes identically.

In order to elucidate the structure of the SO(5) theory, we will calculate the fluctuations
around a maximally supersymmetric solution according to general analysis of section 4.3.
It follows from (3.14) and the particular form of ¢/” that maximal supersymmetry of the
vacuum amounts to restricting qﬁé to values within the 549 of (4.14). For the supersymmet-
ric SO(5) invariant vacuum (b{) = 0, both matrices K5, Ny, from (3.16) vanish identically.
As a result, the linearized field equations (4.10) simply describe ten copies of the self-dual
tensor multiplet whereas as discussed above in the unbroken phase, the vector multiplets
are invisible in this perturbative analysis. In the notation of section 4.3 we find five copies
of (T) and of (T”), respectively.

Let us instead consider a non-vanishing value of gbé in the 549 which breaks the gauge
symmetry at the vacuum down to SO(4) but preserves all supersymmetries. Accordingly,
the bosonic fields break into

A, — 15 +1.3+4 3+441+64,
(¢, B,Iw) — lio+40+1 9+4 5,
C,ul/pr — 1 54+ 1+3 + 4+3 +4 14+6_1, (415)

under SO(4) x GL(1). In this case, the only non-vanishing entries in the kinetic vector
matrix K¢ are the off-diagonal entries in its 4,3 x 4_1 and 4_; x 4,3 blocks, correspond-
ing to eight non-vanishing eigenvalues, of which four are negative. Accordingly, the vector
fields from the 1,5 + 1_3 + 647 (which include the fields in the adjoint representation
of the unbroken gauge group) do not appear in the lowest order fluctuations (4.10). On
the other hand, the matrix ¢/” as chosen above has its only non-vanishing entries in the
(142 +442) X (1_3+4_3) block. This shows in particular, that from the three-form fields
Clwpr, only the components in the 1,3 + 4,3 appear in the action (4.3). Evaluating the
linearized field equations (4.10) for these fields, one verifies that these indeed fall into the
structures identified in (4.11). The explicit result for the representation content of the vari-
ous multiplets is displayed in table 2. In order to correctly keep track of the GL(1) charges,
it is worth to keep in mind that the gauge coupling constant g and the scalar vacuum ex-
pectation value k appearing in these equations are of charge —1 and +2, respectively.

4.5 Example: nilpotent gauge group

Another solution to the constraints (4.2) may be obtained from the gauged supergravities
of [33]. In this case, vector and tensor multiplets are supposed to come in the spinor
and vector representation, respectively, of the group SO(9,1). Since real gamma matrices
exist, and their algebra is the same as in the previous example, with the choice (4.12),
the first two equations of (4.2) again reduce to gamma-tracelessness (4.13) of the tensor
g™ . However, in this case, the remaining constraint equations turn out to admit a unique
solution, which is given by

g’ = gCresCyL (4.16)
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(T) (T7) (TV) (VT)
1 9: (¢ ,x,B7) 1,3: CT 4,3: C™ i
Lig: (07, x " BT) dper (¢ x™ B™) 4-2(8™, X", B™)
4. 1: (Am’)\m) 4_3: (Am,)\m)

Table 2. Lowest order fluctuations around the SO(4) invariant vacuum.

with gauge coupling constant g and an arbitrary constant SO(9, 1) spinor ¢". This choice
corresponds to a nilpotent gauge group whose algebra N8+ is embedded into s0(9,1) ac-
cording to the three-grading

50(9,1) — Ny @ (so(8) @so0(1,1)) ® Ny , (4.17)

see [33] for further details. Under the little group SO(7) of the spinor defining (4.16), the
multiplets decompose as

A, — 1 +T71+841,
(gbla B;Iu/) - 1+2 + 172 + 80 9
Cuypr — 1 +71+8, (4.18)

where again we keep the charges under the GL(1) under which the gauge coupling constant
carries charge —3. A distinctive feature of this model as compared to the previous one, is a
nonvanishing cubic scalar potential. More precisely, the scalar Lagrangian takes the form

L= —{D"¢' Du¢' — "6 Do +g°(67) (4.19)

where (¢F, 07, ¢') represent the 1,5+ 1_5+ 8¢ scalars in the 8y according to the decompo-
sition (4.18). A maximally supersymmetric vacuum is found by choosing a non-vanishing
qﬁg, which breaks one generator of the nilpotent gauge group, and the little group down from
SO(7) to Gs. In this case, the matrix K, in (4.10) remains invertible, such that all fields
contribute to the linearized fluctuation equations. Evaluating the fluctuation equations,
one confirms that all fluctuations again fall into the structures identified in (4.11). The
final result for the representation content of the various multiplets is displayed in table 3.

5 Conclusions

In this paper, we have constructed a general class of six-dimensional (1,0) superconformal
models with non-abelian vector and tensor multiplets. The construction is based on the
non-abelian hierarchy of p-form fields and strongly relies on the introduction of further
three-form gauge potentials. These are related to the vector fields by a first-order duality
equation and do not constitute new degrees of freedom, however they play a crucial role
in communicating the degrees of freedom between the vector and tensor multiplets. The
models are parametrized by a set of dimensionless constant tensors, which are constrained
to satisfy a number of algebraic identities (2.5)—(2.6). Generically these models provide only

equations of motions which we have derived from closure of the supersymmetry algebra.
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V) (1) (TV) (VT)
T+7 T+1 1 1

Table 3. Lowest order fluctuations around the (G5 invariant vacuum.

For particular choice of the parameters, the equations of motion may be integrated to
an action. However, the kinetic metrics in the vector and the tensor sector appear with
indefinite signature. It will require further work to understand the fate of the resulting
ghost states and if one can for example decoupled them with the help of the large extended
tensor gauge symmetry. For the M2-brane theories, a similar structure has appeared in
the theories based on Lorentzian signature 3-algebras. In these models, the ghost states
have been eliminated at the cost of breaking conformal symmetry by further gauging of
particular shift symmetries [49], which are however absent in the models constructed here.
The cubic potential, if non-vanishing, will generically be unbounded from below. However,
since the indefinite metric brings in negative norm states, the relation E = ||Q[|> > 0 is
no longer valid in such cases (F = energy, () = supercharge) and a non-vanishing cubic
potential is in principle possible and not forbidden by supersymmetry.

We have discussed several explicit examples which satisfy all algebraic consistency
conditions. An arbitrary compact gauge group with tensor fields in the adjoint represen-
tation can be realized on the level of equations of motion. Lagrangian models have been
given for the compact gauge group SO(5) and for a particular eight-dimensional nilpotent
gauge group embedded in SO(9,1). All these models share some peculiar features. The
fluctuation spectrum of excitations around a supersymmetric vacuum contain not only
free vector and tensor multiplets, but also certain ‘non-decomposable’ combinations of
couplings between the two, which we have collected in (4.11). Moreover, null-directions
in the kinetic vector matrix may appear for unbroken gauge symmetries and cause that
the fields of the corresponding vector multiplets drop out of this perturbative analysis.
In general this analysis is valid only in the spontaneously broken phase, however, the
unbroken sector of the Yang-Mills multiplet is still (infinitely) strongly coupled and
perturbatively not visible. The corresponding part of the spectrum decouples and should
be integrated out for a proper treatment.

Let us note that although we have used in our explicit examples the algebraic structure
underlying gauged supergravity theories in order to find solutions to the algebraic consis-
tency constraints (4.2), none of these theories can be obtained as a suitable flat-space limit
of the supergravities of [32, 33, 56]. E.g. globally supersymmetric theories derived as a flat
space limit of these supergravities (if they exist) would not have ghosts in the scalar sector,
which seems to be an inevitable feature of the theories presented here.

An obvious direction of further investigation is the study of the constraints (4.2)
and (2.5)—(2.6) for models with and without action, respectively. Especially for the case
with an action, it would be highly interesting to understand, if the model with compact
SO(5) gauge group that we have presented in section 4.4 corresponds to very particular
solution of these constraints or if it may be generalized to other gauge groups. In this con-
text, it may be interesting to pursue the comparison to the five-dimensional superconformal
models classified and studied in [57], which may elucidate the geometric role of the set of
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algebraic consistency constraints (4.2) that underlie our construction. Another interesting
research direction is the generalization of the analysis our maximally supersymmetric vacua
of these models to such states which only preserve a fraction of supersymmetry.

An intriguing question about the models is, how much of the presented structures can
be carried over to (2,0) theories. Although there is no propagating-(2,0) vector multiplet,
the present construction has illustrated the possible relevance of the inclusion of non-
propagating degrees of freedom. As a first step in this direction, we have briefly sketched
in section 3.4 the inclusion of hypermultiplets to the gauged models. Adding nt hyper-
multiplets with flat target space completes the present field content from (1,0) to the (2,0)
theories. A different extension of our models within the (1,0) framework could be obtained
by studying the possibilities of coupling linear multiplets as sketched in [58]. A pending
question is of course the quantization of the models, in particular the decoupling of the
ostensible ghost states and if the conformal symmetry is preserved at the quantum level.
Last but not least, the study of anomalies for the presented models with their new gauge
symmetries and non-abelian couplings raises an entirely new set of questions.

It seems clear from our discussion and the many open questions that we are still far
from a profound understanding of the models we have presented in this paper. On the other
hand, given the hitherto lack of non-abelian models in six dimensions the very existence of
these models is rather fascinating. They provide new and very intriguing structures that de-
serve more study and may yet reserve further surprises. We look forward to further analysis.

Acknowledgments

This work is supported in part by the Agence Nationale de la Recherche (ANR). We
wish to thank F. Delduc for helpful discussions. We are grateful to Linus Wulff for his
help in the construction of the note added in section 3.6. R.W. thanks Yu-tin Huang for
useful discussions in the early stages of the project and E.S. thanks University of Lyon for
hospitality. The research of E. S. is supported in part by NSF grants PHY-0555575 and
PHY-0906222.

A Conventions

In this appendix, we summarize our space-time and spinor conventions. We work with
a flat space-time metric of signature (— + + + ++) and Levi-Civita tensor £p12345 = 1.
(Anti-)selfdual three-forms are defined such as to satisfy

H)\JT +

1
HE = 13! Exorpvp , (A1)

uvp

with H,, = H;rl, ,+H,,,. Six-dimensional gamma-matrices satisfy the basic relations

{fY;ufyv} = QQMV )
Y7 = 7012345 7? =1,

_ Sn a1 anbibo—n —-1:n=0,1,4,5

(6 o n)' Vby-bo—n VT 5 Sp — { +1 - 2’376 ;

as well as the particular identities ’y’\’y,wpw = 0, Y""Pyr\Yuvp = 0, V"’ YrorVuvp = 0.

ai--an

N (A.2)
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The spinor chiralities are given by Spinor chiralities
ye=e, AN =X, yx¥=-x¥. (A.3)

In addition, the fermions carry Sp(1) indices for which we use standard northwest-southeast
conventions according to \! = &% Aj, etc. Accordingly, their bilinear products satisfy the
symmetry properties

N0 = X, b= {;;g;g;;zgﬁ (A4)
The Fierz identities are of the form
A==y (e gr) T
with &* = 56’27“61 , ffyp = 5e’gifywpe{ . (A.5)
In addition, we will employ some particular Fierz identities, cubic in a spinor A"
0= trsuw (3 VPN NV up A + 4 ey, A" j\s’y,,])\” — Yp " 5\37’)}\”) ) (A.6)
0 = tran (F"X) A X” = 380" XXy ) (A7)

with an arbitrary tensor irsuy = tg,(uv) Satisfying ¢,(s ) = 0. These identities can be
derived by making use of the following well known ~v-matrix identity

Nuv %‘;}7(04 WEj,yk) =0 (A.8)
as follows. Multiplication of this identity by
trsgun (V77 ) @ €XEXITH NI N0 (A.9)
and using the conventions
Voipi = VaBEij s )\ai’ygﬁ)\f = Nyl ) (A.10)
yields the identity (A.6). Similarly, multiplication of (A.8) with
trsun A" ATY NIRY (A.11)
produces the identity (A.7).
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