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ABSTRACT 

 

Monte Carlo N-Particle Transport Code (MCNP) is a Monte Carlo computational neutron 

transport code with multi-core parallel simulation functionality developed by Los Alamos 

National Laboratory and is widely used in nuclear reactor modeling and nuclear fuel 

burnup/depletion simulations. In burnup simulations, MCNP calculates neutron reaction rates 

and their corresponding stochastic uncertainties at each differential time step of fuel depletion, 

however these reaction rate uncertainties are not currently propagated through multiple depletion 

time steps. Moreover, these reaction rate uncertainties are not propagated into the concentrations 

of fission products and actinides produced in depleted nuclear fuel. The objective of this thesis 

research is to develop a methodology to quantify the stochastic uncertainties in actinide and 

fission product concentration estimates from performing nuclear fuel burnup simulations using 

MCNP. A mathematical methodology using the reaction rates given by an MCNP burnup 

simulation was developed to estimate the concentrations of various nuclides over the entirety of 

the depletion simulation. A Monte Carlo sampling procedure of reaction rates using the predicted 

stochastic uncertainty was implemented into the model, where each necessary reaction rate was 

sampled for each depletion time step. This procedure was run multiple times and a statistical 

analysis was performed to estimate the overall stochastic uncertainty in selected fission product 

and actinide concentrations predicted at the end of multiple time step depletion simulations by 

MCNP.  

 The results from the Multi Stage Monte Carlo Methodology were then compared to an 

MCNP data set, containing data from over 100 identical MCNP burnup simulations and results 

from new methodology were found effective in predicting overall stochastic uncertainties  
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NOMENCLATURE 

 

Actinides – Any of the nuclides with atomic number greater than 89. In a nuclear reactor, 

actinides are created when a heavy nucleus such as 238U absorbs a neutron. 

Backward Euler/Implicit Euler – A numerical method used to solve complex differential 

equations. 

Bateman Equations/Material Depletion Equations – A system of differential equations used 

to represent the change in nuclide concentration over time due to neutron irradiation and 

nuclide’s radioactive decay. 

Burnup – A measure of the amount of energy extracted per unit mass of nuclear fuel.  

Concentration – The number density, in 
atoms

cm3  , of a nuclide.  

Depletion Simulation / Burnup Simulation – A Markov Chain Monte Carlo simulation 

coupled with radiation transport simulation to estimate the materials in nuclear fuel that 

change over time due to neutron irradiation and nuclide’s radioactive decay. 

Depletion Time Step – The length of time the fuel is burned in a single Monte Carlo step. 

One depletion time step is simulated by many substeps. 

Fission Products – Elements created after a nuclear fission event other than actinides. 

Growth Stunting – A phenomenon where the modeled growth in concentration of an isotope 

is limited by inefficiencies of the model, such as artificially high absorption.  

Input Deck – An input file for Monte Carlo N-particle radiation transport code, MCNP.  

MCNP – Monte Carlo N-Particle Radiation Transport Code. 

Monte Carlo – A numerical method which utilizes sampling from a variable’s probability 

distribution to calculate a desired quantity.  
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One Group Flux – The energy averaged neutron scalar flux. 

Predictor-Corrector – A numerical scheme utilized by MCNP to calculate reaction rates and 

nuclear fuel depletion over a depletion time step. 

PWR – Pressurized Water Reactor. 

Seed – The initial random number in a sequence of random numbers used by MCNP. 

Varying the initial seed in an MCNP input deck will enable MCNP to undergo statistically 

different sampling processes from probability density functions of associated variables in the 

radiation transport equation.  

Stochastic – Randomly determined. A variable which is stochastic has an inherent 

uncertainty, caused by the randomness of the measurement or physical process, and the value 

of the variable will be defined by a probability distribution.  

Substep – A single time step in a numerical method. Many substeps are used to simulate a 

depletion time step. 

Uncertainty Quantification – The quantification of how uncertain a quantity is. In this study, 

uncertainty is given as the standard deviation in a quantity’s probability distribution.  

Trial – A single run through the Multi Stage Monte Carlo Methodology. 
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1. INTRODUCTION 

 

Monte Carlo N-Particle Transport Code (MCNP) is a radiation transport code developed by 

Los Alamos National Laboratory which can be used for neutron transport simulations such as 

that in a nuclear reactor [1][2]. MCNP can also be used for nuclear fuel isotope 

generation/depletion simulations. MCNP has the capability to simulate particle interaction for 

neutrons, photons, electrons, etc., making it a versatile code that can be used in many different 

fields. The code is widely used in nuclear reactor core physics simulations, nuclear fuel burnup 

simulations, radiation shielding design, radiation protection and dosimetry, medical physics, 

nuclear criticality, accelerator target design, and many other fields wherein nuclear reactions are 

significant. Fuel burnup calculations are performed by MCNP by using the embedded nuclear 

fuel depletion module CINDER90 [1][2]. MCNP fuel burnup simulations are often utilized to 

estimate the concentration of fission products in used or spent fuel at a known burnup in the field 

of nuclear science for applications in radioactive source term estimations, nuclear forensics, used 

fuel storage designs, etc.  

MCNP code’s mathematical framework is based on the Monte Carlo numerical method. A 

general overview of MCNP code’s technical process is as follows. The user supplies an input file 

that consists of a 3-dimensional geometry representation of the problem being analyzed, the 

type(s) of radiation to be transported in the geometry and the associated physics inputs required 

for the simulation including the definition of radiation source attributes (position-x,y,z 

coordinates; direction cosines-u,v,w; energy-E). The energy of the particle, angular direction of 

motion and the initial location of the particle supplied in the input are used to start the radiation 

transport simulation and the subsequent radiation transport is carried out using appropriate 
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random sampling of probability density functions representing the physics of radiation 

interactions and transport. Radiation transport simulation for each particle ends when it is either 

absorbed or exits the geometry. For each particle simulation a quantity of interest, such as 

particle flux is recorded. At the end of a number (supplied by the used in the input) of such 

particle simulations an average of the quantity of interest is calculated along with its stochastic 

uncertainty [2]. If a sufficient number of particles is simulated, the stochastic uncertainty in the 

reaction rates or other neutronic parameters of interest (example: neutron flux) can become 

comparable to other small systematic uncertainties introduced due to nuclear data files [2][3].  

In fuel burnup simulations, MCNP calculates neutron flux and various neutron reaction rates 

of different isotopes (nuclides) present in the material being burned. These neutron reaction rate 

and neutron flux values form input to the CINDER90 isotope generation/depletion module, 

which in turn calculates the new isotope concentrations for that fuel burnup time step (supplied 

by the user) and these concentrations are transferred to MCNP for new neutron flux and reaction 

rate calculations. This tandem process repeats itself for the number of fuel burnup time steps 

supplied by the user [2][4]. Because of uncertainties in neutron interaction cross section data 

which is another input required for MCNP simulations and due to the statistical radiation 

transport process of MCNP that uses random sampling of probability density functions in the 

radiation transport equation, the neutron reaction rates of nuclides and neutron flux computed by 

MCNP will have both systematic uncertainty (due to the data) and stochastic uncertainty (due to 

the random process). Since the nuclide generation and depletion equation, henceforth termed 

Bateman equations, use these reaction rates and neutron flux as inputs which are associated with 

the uncertainties, the results of the depletion calculation will in turn have its own uncertainties, 

which also needs to be estimated. The uncertainty estimation in the nuclide concentration due to 
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reaction rate and neutron flux stochastic uncertainties are not calculated by MNCP or by 

CINDER90. While the fuel depletion simulations are performed in multiple burnup time steps, 

the propagation of uncertainties among these time step calculations are also not performed by 

MCNP or CINDER90 [1][4]. While MCNP does output the uncertainties for nuclide reaction 

rates, these uncertainties are not propagated throughout the fuel burnup history to estimate the 

overall uncertainty in the nuclide concentrations predicted by the MCNP-CINDER90 tandem 

simulations.  

The objective of this study is to formulate and test a methodology to estimate the overall 

stochastic uncertainty in nuclide concentrations predicted by MCNP for a multiple depletion time 

step fuel burnup simulation. Systematic uncertainty estimation is beyond the scope of this work, 

but the methodology developed could be extended for this purpose as well.  

 

1.1 Motivations for the Study 

Unlike Monte Carlo radiation transport methods, another type of radiation transport code, 

namely, deterministic codes directly solve the Boltzmann radiation transport equation by using 

discretization techniques which uses discretization in 7-dimensional phase space of energy, 

physical space, and angle [3][5]. This discretization is done with an algebraic system of 

equations, which can be solved numerically. For fuel burnup simulations, the Bateman equations 

are solved in a similar manner for each time step, and each subsequent time step the material is 

updated to the depleted material obtained from the previous time step [3][6]. While the 

Boltzmann radiation transport equation is acknowledged to be the most accurate mathematical 

model of the physical laws governing radiation transport, a high order of discretization is 

required to produce high fidelity solutions [3][5]. Deterministic codes are generally preferred 
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when studying short-term transient simulations, which require accurate solutions for the radiation 

transport equation for each incremental time step. In some cases, deterministic codes can solve 

the radiation transport equations quickly and efficiently, where in others the deterministic 

requirement of high discretization can make solving the problem prohibitively computationally 

expensive. In many cases with complex geometries or a long term, steady state calculation, 

Monte Carlo is the preferred methodology for solving neutronics.  

MCNP has many benefits to both deterministic and alternative Monte Carlo codes, making it 

one of the most widely used software packages for simulating radiation transport for various 

applications. MCNP, in addition to a user supplied geometry and physics coded input file, uses 

point neutron cross sections to simulate each nuclear reaction type and their interaction 

probability distributions for each incident particle energy. Usage of point cross sections by 

MCNP in its radiation transport simulations as opposed to broader energy group cross sections 

make the MCNP input model created to represent better physical reality of the problem being 

solved and hence yields accurate results for nuclear interaction types, and better simulates 

reactions in resonance energy regions. MCNP software is capable of modeling user supplied 

3-dimensional complex combinatorial geometry along with material definitions. In burnup 

simulations, MCNP can model a 3-dimensional reactor for the given power and fuel burnup time 

steps. Specifically, for burnup simulations, MCNP results have been largely validated and 

confirmed to yield accurate results for the concentration of many important fission products and 

actinides in used fuel for various nuclear reactor types [1][2].  

 MCNP uses a predictor-corrector scheme in its fuel burnup simulations [2]. The scheme 

breaks an individual depletion time step into two smaller steps; a predictor step and a corrector 

step. The predictor step solves the neutronics with the beginning of depletion time step material 
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composition, and calculates an average neutron flux, neutron reaction rates and one-group 

neutron cross sections. The material is depleted over half of the depletion time step using the 

predictor step flux and cross sections by employing CINDER90 to deplete/generate the material. 

The corrector step solves the neutronics again, using the solved depleted material composition 

from the predictor step communicated back to MCNP by CINDER90. The corrector step flux 

and cross sections are then used to deplete the beginning of time step material over the entirety 

of the depletion time step, again by employing CINDER90. The final output in the MCNP code 

yields the estimated beginning of step reaction rates under the predictor step, and the averaged 

reaction rates under the corrector step with corresponding relative uncertainties, however an 

uncertainty in the nuclide concentration estimated is not computed.  The predictor-corrector 

method is more accurate than the straight forward method of solving the neutronics at the 

beginning of the burn step and using these results to calculate reaction rates and deplete the 

material directly, and enables a knowledgeable user to use appropriate longer burnup time steps 

[1][2][7].  

Because Monte Carlo techniques inherently use a stochastic methodology, the calculated 

neutron flux and nuclide reaction rates will have associated stochastic uncertainties. By simulating 

a large number of particle histories in MCNP will help reduce the stochastic uncertainties. It is 

often undesirable to run large number of particle histories in an MCNP burnup simulation as 

computational time can become prohibitively long. Because it is not always feasible to simply 

simulate a large number of particles in an MCNP burnup simulation with a complex geometry, the 

uncertainty in the neutronics parameters and the concentrations of fission products simulations are 

important to estimate. After each depletion time step simulation, an averaged reaction rate is 

predicted in the MCNP output file alongside its relative stochastic uncertainty. However, the 



 

 

6 

 

uncertainty in the concentration of fission products or transuranic isotopes is not calculated by 

MCNP. Moreover, these uncertainties are not propagated throughout the entire burnup time steps 

by MCNP.  

In nuclear forensics, nuclear material, if interdicted, is examined in an attempt to give 

information about the source of the material. Key trace intra-element fission product isotope ratios 

in separated plutonium are of specific interest in nuclear forensics, as these ratios can give insight 

into the reactor-type that produced the plutonium, fuel burnup and time since irradiation 

[8][9][10][11]. In Osborn et al., a study examining the ratios of certain fission products and 

plutonium isotopes produced in various reactor types a multi-time step MCNP fuel burnup 

simulation was employed. It was determined that specific isotopic ratios can be used for reactor-

type discrimination for plutonium source attribution which is based on the concentrations of trace 

fission products in the material [8]. These ratios are sensitive, with small changes in fission product 

concentrations potentially changing the likelihood of the source reactor type discrimination. 

Because the library of isotopic ratios in this study were gathered by utilizing multi-time step 

MCNP fuel burnup simulations, the uncertainty values for fission product and trans-uranic 

concentrations produced are of particular interest to this study. 

The concentration of fission product and actinide isotopes in used nuclear fuel is often a vital 

piece of information in fuel burnup simulations as this information provides valuable information 

for nuclear safety, security and safeguards as well as for waste management. Fission products are 

the largest source of radioactivity in freshly discharged used or spent fuel, and trans-uranic isotope 

concentration are responsible for a majority of the used fuel activity after a long cooling 

period [12]. Moreover, the relative abundance of plutonium isotopes determines the classification 

of the spent fuel, with greater than a 90% abundance of plutonium-239 representing weapons grade 
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plutonium [13]. The uncertainty values associated with the concentrations of fission-products and 

trans-uranic isotopes due to MCNP’s stochastic modeling process would be of great interest to 

researchers [8][9][10][11]. 
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2. BACKGROUND AND LITERATURE REVIEW 

 

2.1 Uncertainty Definition and Analytic Propagation 

Measurements are a core principle in science and engineering, and calculating desired 

parameters from measured variables is common practice. Because the process of measuring is 

limited to a finite precision, measurements are often not considered a singular point in an 

individual phase space, but rather a distribution of all possible measured values [14]. Scientists 

often make mathematical models of a system, wherein the input variables are measured 

quantities. It follows that when calculating a function of multiple measured values, the result will 

also have a probabilistic distribution of possible values [15]. For the purposes of this study, error 

propagation or uncertainty quantification can be defined as the study of the distribution of a 

function of random variables.  

Conventional uncertainty propagation methods are often based around a Taylor 

expansion of a function of random variables about the functional mean. For example, Eq. (1) 

shows a general function, denoted as Y, of N random variables indexed by variable i, denoted as 

xi. The function is Taylor expanded about its mean, and higher order terms are eliminated. This 

mathematical manipulation results in Eq. (2), the approximate formula for the variance of Y as a 

function of the variance of each individual xi. Equation (2) gives the general formula for the 

uncertainty of the calculated value, Y, in variance, regardless of the probability distributions of 

the variables xi [14][15][16]. Customarily, the uncertainty of a parameter is given in standard 

deviation, which can be taken as the positive square root of the parameter’s variance. It is noted 

that often input variables are independent of each other and therefore have no covariance. In the 

case of each variable being fully independent of all other variables, Eq. (2) simplifies to Eq. (3), 
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which is again a general solution regardless of the input variables probability distributions. 

Eq. (3) is often used as an approximation if covariances of variables are sufficiently small [14]. 

 

𝑌 = 𝑓(𝑥1, 𝑥2, … , 𝑥𝑁) (1) 

 

𝑢𝑌
2 = ∑ ∑ (

𝜕𝑓

𝜕𝑥𝑖
)  

𝑁

𝑗=1

(
𝜕𝑓

𝜕𝑥𝑗
) 𝑢(𝑥𝑖 , 𝑥𝑗) 

𝑁

𝑖=1

= ∑ (
𝜕𝑓

𝜕𝑥𝑖
)

2

𝑢2(𝑥𝑖) + 2 ∑ ∑ (
𝜕𝑓

𝜕𝑥𝑖
)  

𝑁

𝑗=𝑖+1

(
𝜕𝑓

𝜕𝑥𝑗
) 𝑢(𝑥𝑖 , 𝑥𝑗) 

𝑁−1

𝑖=1

𝑁

𝑖=1

(2)

 

 

𝑢𝑌
2 = ∑ (

𝜕𝑓

𝜕𝑥𝑖
)

2

𝑢2(𝑥𝑖)

𝑁

𝑖=1

  (3) 

 

 

If Y is a nonlinear function, or if measured variables x1 and x2 have complicated 

distributions, this calculation can quickly become complex. Moreover, it can be difficult and 

rigorous to quantify the covariance of multiple random variables, and the task is often not 

attempted. So, while the conventional analytical methodology of uncertainty propagation will 

always have a unique mathematical solution, it’s difficulty to calculate often makes it a 

cumbersome task [14][15][16]. 
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2.2 Monte Carlo Overview 

Monte Carlo methods were first derived as a technique to use probabilistic methods to 

solve difficult deterministic problems in science and engineering [17]. The fundamental 

approach of Monte Carlo methods utilizes either a table of random numbers or a pseudo-random 

number generator to solve statistical problems [18]. If the distribution of the input parameters are 

known, a Monte Carlo scheme will utilize random numbers to sample from the each parameter’s 

uncertainty distribution space and use the sampled values as the input for the model [16][17][18]. 

Computers can easily simulate a large number of trials with random outcomes and use these 

outcomes to predict model behavior, and as such numerical methods such as Monte Carlo have 

seen a rise in popularity as computational power has increased over the years [16][17].  

Monte Carlo modeling techniques have some inherent advantages over analytic 

modeling. In analytical deterministic models it can be difficult to implement parameter 

covariance and dependencies into analytical solutions, whereas a Monte Carlo method with a 

correct sampling technique takes care of these automatically. Because in the conventional 

method of uncertainty quantification higher order derivative terms are disregarded, analytical 

models typically fail to capture non-linearity whereas Monte Carlo methods capture it 

automatically. Complex partial differential equations to determine uncertainty values need not be 

solved in Monte Carlo methods, and Monte Carlo methods can handle both small and large 

uncertainties of the input variables. In Monte Carlo the uncertainty is inherently propagated 

regardless of the number of input or the complexity of the model, whereas uncertainty 

propagation in analytical models can become exceedingly difficult as the number of input 

variables increases and the model is made more sophisticated [16]. Monte Carlo methods are 
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able to model systems regardless of the degree of relative uncertainty in its input values, and 

irrespective of the parameter’s statistical distributions [16][17]. 

Monte Carlo simulations can be executed numerous times to produce a data set of any 

function of random variables. The output data set gives researchers an opportunity to study the 

statistics of the model, and directly calculate means, variances, and any other statistical variable 

of interest. If a proper sampling method is invoked, Monte Carlo techniques simulate the true 

characteristics of a system and implicitly propagate the uncertainties throughout the simulation. 

Analytic and Monte Carlo methods have been demonstrated to be compatible in modeling 

functions of random variables as well as propagating the uncertainty values throughout the 

simulation [16][19][20][21].  

 

2.3 Literature Review 

Monte Carlo uncertainty propagation techniques have been established to be effective in 

the scientific community. Hong et al. successfully developed a Monte Carlo methodology to 

quantify satellite-based precipitation estimation error characteristics and assess the influence of 

the error propagation into a hydrological simulation. The Monte Carlo methodology was found 

to provide more realistic quantification of precipitation estimation error than conventional 

methods. Furthermore, the methodology also improved uncertainty assessment of the error 

propagation in hydrological models, where the Monte Carlo simulated satellite-based 

precipitation estimates were used as input variables [22].  

Vera-Sanchez et al. took a Monte Carlo approach to create a multi stage model of 

radiochromic film dosimetry [23]. Because radiochromic film has similar properties to human 

tissue, a small dependence on both energy and dose rate and high spatial resolution, 
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radiochromic film is frequently used in dosimetry applications [23]. When exposed to a radiation 

field, the film darkens and can be interpreted with color scanners. Advanced analysis of the film 

response enables researchers to convert the coloring of the film to a dose map. Uncertainty in 

this measurement arises out of the calibration procedure and uncertainty from the evaluation 

procedure. The authors successfully created a multi-stage Monte Carlo model, wherein input 

parameters related to the irradiation of the calibration film pieces were sampled in the first stage. 

A Monte Carlo simulation was carried out using these input parameters, and numerical 

realizations of the dose output were obtained. The output from the first stage, as well as more 

input parameters with corresponding uncertainties regarding the calibration process was used as 

input for the second Monte Carlo stage. The output from the second Monte Carlo stage was then 

used as the input for yet another Monte Carlo stage, which combined the output from the 

calibration process with the measurement of the film from a color scanner to produce a dose 

map. The uncertainties of the dose estimates were obtained from the final data set of the multi 

stage Monte Carlo process, leading to a complete characterization of the uncertainties in 

radiochromic film dosimetry in multi-channel algorithms [23]. The authors concluded by 

recommending a Monte Carlo approach to compute uncertainties in complex models.  

Currently, there are few methods to estimate the stochastic uncertainty associated with 

fission product and actinide concentrations predicted by MCNP burnup simulations. One such 

methodology is the “brute force” method, in which an MCNP input associated with a specific 

problem is simulated multiple times by changing the random number sequence used by the code. 

Subsequently, stochastic uncertainty for a desired fission product isotope concentration is 

derived from a statistical analysis of the predicted fission product concentration from these 

multiple MCNP simulations. However, multiple MCNP simulations involving complex 



 

 

13 

 

geometries and multiple fuel depletion steps can make this brute force methodology exceedingly 

computationally expensive. 

 Takeda et al created a mathematical formulation for calculating the uncertainty of 

transuranic isotopes in a general Monte Carlo fuel burnup simulation [4]. The methodology 

ultimately created a formula for the variance of the number density of a given isotope as a 

function of the initial material composition, the relevant reaction rate cross sections, a sensitivity 

coefficient calculated by the SAGEP code, the number of burnup time steps and their durations, 

and the neutron flux in the reactor over each burn step. Each of these parameters have their own 

uncertainties, and a burnup matrix was created. It was determined that the statistical error in 

reaction rates originating from uncertainties in nuclear cross sections was the largest factor in 

contributing to the uncertainty of number densities of various nuclides. However, this study only 

considered a few isotopes, all of which were transuranic. Moreover, replicating the study would 

require a mathematical background that not all researchers may have, due to the complex nature 

of the calculations. 

 In a paper published by Park et al., multiple predictor-corrector schemes and their effects 

on the solved neutronics of the system were examined. A typical approach to solving the material 

depletion equations was used, and ultimately a mathematical method to estimate the uncertainties 

in material depletion as a function of the uncertainty in kinf with varying material composition 

and reaction rate uncertainties was created. However, in order to enact this approach one must 

examine the uncertainty of kinf with varying material composition, which may not be a parameter 

of interest to all studies [6].  
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3. METHODOLOGY 

 

3.1 Making an MCNP Model and Creating a Data Set to Test the Uncertainty 

Quantification Methodology 

 In order to test the proposed uncertainty quantification methodology, an MCNP model of 

a Pressurized Water Reactor (PWR) fuel pin was created. Using this model an 

MCNP-CINDER90 depletion simulation was performed for a fuel irradiation period of 20 days, 

employing 7 depletion time steps. While the average fuel burnup for a PWR is in the range of 45 

Gigawatt-days per metric ton of uranium (GWd/MTU) and would be burned for a period of 

about 18 months, the 20-day burn period used in this study chosen would be consistent with 

misuse of a PWR to create weapons grade plutonium. The final burnup of the fuel in the MCNP 

depletion simulation was 0.886 GWd/MTU, comparable to the 1-2 GWd/MTU typically quoted 

in literature when simulating a PWR to produce weapons grade plutonium [13]. The parameters 

used to model the PWR fuel pin cell are presented in Table 1 [24].  

 The 20-day depletion simulation was broken into 7 depletion time steps. Because the 

predictor-corrector scheme assumes a constant material composition over an entire depletion 

time step, the beginning depletion time steps should be shorter in duration in order to account for 

the creation of short lived fission products and high neutron absorbers, such as 135Xe. Once the 

reactor has been operational for enough time so that many of the short-lived fission products are 

in equilibrium, longer depletion time steps may be taken. The depletion time steps used in the 

20-day MCNP PWR depletion simulation are shown in Table 2.  
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Fuel pin radius 0.39218 cm 

Zircaloy clad radius 0.45720 cm 

Fuel pin lattice pitch 1.25984 cm 

Fuel pin length 384.704 cm 

Fuel 235U enrichment 3.2 wt.% 

Fuel material UO2 

Coolant material Light water 

Density of fuel 10.34 g/cc 

Density of coolant 0.7406 g/cc 

Average fuel temperature 900K 

Average coolant 

temperature 

600K 

Power 0.072008 

MWth 

 

Table 1. PWR fuel pin cell model data for MCNP-CINDER90 depletion simulation [24]. 

 

 

Depletion 
Step Number 

Depletion 
Time Step 
Duration 

(Days) 

End of 
Depletion 
Time Step 
Aggregate 

Time  
(Days) 

1 0.3 0.3 

2 0.3 0.6 

3 0.4 1 

4 1 2 

5 5 7 

6 5 12 

7 8 20 

 

Table 2. Depletion time steps used in the 20-day MCNP depletion simulation. 
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In order to gather insight into the uncertainty of the MCNP depletion simulation, this 

simulation was performed over 100 times by varying random number seeds, and parameters of 

interest were tabulated. The initial seed corresponds to the part of a sequence of random numbers 

the MCNP code will start drawing random numbers from. Because MCNP uses a Monte Carlo 

process, a random number is a necessary component in almost every neutron interaction that 

takes place. If two identical MCNP simulations start with the same initial seed, the Monte Carlo 

processes in MCNP will give the same results and therefore the two outputs will be identical. For 

this reason, the initial seed was changed in each of the MCNP depletion simulations used to 

create a data set. 

 

3.2 Nuclide Modeling Technique 

 In an MCNP burnup simulation, the user inputs the initial material composition, the 

thermal power (MWth) of the system, and the number of burnup time steps and each time step 

length. MCNP discretizes time into the user supplied burnup time steps, and assumes that the 

system is in a quasi-steady state during the entirety of the burnup time step. The neutron 

transport simulation is performed first to calculate neutron flux and nuclide reaction rates which 

are further used by CINDER90 for material depletion calculation. This depleted material is then 

used as the starting material composition for the subsequent burnup time step by MCNP, where 

this process is repeated.  

It is possible to recreate the material depletion with a far simpler model if the initial 

material composition, the MCNP generated reaction rates and neutron flux are available. An 

example of a material depletion equation for a general isotope is shown in Eq. (4). This equation 

gives the rate of change of the number density of a target isotope at any given time, provided all 
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of the input variables are known. This equation can be simplified further by utilizing Eq. (5), 

which gives a fission reaction rate as a function of the one group flux, one group fission cross 

section, and fissioning nuclide number density. This result can be expanded to any other reaction 

type, such as absorption reactions. In Eq. (6), Eq. (4) and Eq. (5) are combined to make a simple 

model of the material depletion equation for isotope X using reaction rates instead of cross 

sections. 

 

𝑑𝑋

𝑑𝑡
= ∑ 𝛾𝑋,𝑖𝜎𝑓,𝑖𝜙𝑁𝑖 − 𝜎𝑎𝜙𝑋 − 𝜆𝑋𝑋 +

 

𝑖

∑ 𝜆𝑗𝑌𝑗𝑁𝑗 + ∑ 𝜎𝑘𝜙𝑁𝑘 

 

𝑘

 

𝑗

 (4) 

𝑅𝑅𝑓,𝑖 =  𝜎𝑓,𝑖𝜙𝑁𝑖  (5) 

𝑑𝑋

𝑑𝑡
= ∑ 𝛾𝑋,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝑋 − 𝜆𝑋𝑋 +

 

𝑖

∑ 𝜆𝑗𝑌𝑗𝑁𝑗 + ∑ 𝑅𝑅𝑘 

 

𝑘

 

𝑗

 (6) 

 

Where  

 X = Number density of modeled target isotope at time t ( 
atoms

cm3  ). 

 i = Summation variable of all fissioning isotopes. 

 𝛾𝑋,𝑖 = The one group fission yield for isotope X, from fissioning isotope i. 

 𝜎𝑓,𝑖 = The one group microscopic fission cross section for isotope i (cm2). 

 ϕ  = The one group neutron scalar flux (cm-2 s-1). 

 Ni = The number density of fissioning isotope i ( 
atoms

cm3  ). 

 σa = The one group microscopic absorption cross section of isotope X.  

 λ = The decay constant of the relevant isotope (s-1). 
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 Yj = The branching ratio for which a decay of isotope j produces isotope X. 

 j = Summation variable of all isotopes that directly decay into target isotope X.  

  k = Summation variable of all non neutron, gamma reactions that produce isotope X. 

 σk = The one group microscopic cross section for reaction k. 

 RRh = Reaction rate for reaction type h ( 
reactions

cm3 s
 ).  

 

It is important to analyze all the reaction rates that could produce an atom of the target 

isotope, or any of the isotopes in its decay chain. It is almost always the case that the neutron 

reaction rates termed RRh above, encompassing (n,α), (n,2n), and (n,3n) reactions, are negligibly 

small and can be disregarded. Moreover, the only fissioning isotopes modeled in this study are 

235U, 238U, and 239Pu. While other fissionable actinides are eventually produced in a reactor 

environment, they are responsible for a negligibly small percentage of the total fission reaction 

rate and are therefore disregarded in this study of low burnup fuel.  

When modeling material depletion via a Monte Carlo based burnup code, the 

approximation in Eq. (5) is simple and effective. It is an approximation because MCNP does not 

give each reaction rate at all times throughout the burnup history, it gives all reaction rates as an 

average throughout a specific burn step. In general, the concentration curves of fission product 

nuclide number density over time are either linear or concave up, reaching saturation after 

approximately 6 half-lives. Therefore, when modeling a nuclide with an increasing 

concentration, the concentration at the beginning of the depletion time step will be lower than the 

depletion time step averaged concentration. Conversely, the concentration at the end of the 

depletion time step will be higher than the depletion time step averaged concentration. This 

causes the depletion time step absorption reaction rates to be an overestimation at the beginning 



 

 

19 

 

of a depletion time step, and an underestimation at the end of a depletion time step. Although the 

burn step averaged reaction rates have minimal information about the number densities they are 

intended to model, however the approximation of Eq. (6) is still useful because one-group cross 

sections are not readily available in the MCNP output files, whereas the burnup time step 

averaged reaction rates are available. 

The difference between direct fission yields and cumulative fission yields is also 

important to understand for modeling purposes. A direct fission yield is a measure of how often a 

fission event directly results in the creation of a specific fission product. A cumulative fission 

yield is a percentage of specific atoms of a nuclide created per fission after a period of time has 

passed, which takes into consideration short lived precursors produced directly from fission 

decaying to the isotope of interest. Cumulative fission yields are different than direct fission 

yields, as many nuclides directly produced in a fission event have very short half-lives and decay 

into another nuclide. Typically, nuclides of interest to this study have a long decay chain, making 

their cumulative fission yield significantly higher than their direct fission yields.  

Because of the dependence on a modeled nuclide of other decaying nuclei, as well as the 

neutron absorption reaction rates in other nuclei, at times more isotopes need to be modeled than 

just the target isotope. In this study, if an isotope in the decay chain of a target isotope had a half-

life on the scale of hours, it was modeled in conjunction with the target isotope. The first isotope 

modeled in a decay scheme always used their cumulative fission product yield, and all 

subsequent nuclides in the decay scheme used their direct fission product yield. This is 

equivalent to the assumption that any nuclei with a half-life on the scale of minutes or less 

decays instantly, which doesn’t significantly affect the results of the models and drastically 

simplifies the modeling process.  
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Simplified equations such as Eq. (6) are analytically solvable with an integrating factor 

and the input variables are all available in the MCNP output file or the CINDER90 data library 

files. However, when modeling multiple burn steps, MCNP will give different reaction rates at 

each depletion time step. The differential equation in Eq. (6) must use the depletion time step 

averaged reaction rates relevant to the time being modeled, and as a result the reaction rates 

abruptly change at the beginning and end of each time step. Eq. (6) not being continuous 

necessitates that they are not necessarily differentiable, though the solution for the number 

density must be made to be continuous. When solving analytically, the solution to Eq. (6) will be 

a continuous piece wise function. A proper piecewise function will ensure the function is 

continuous at the beginning and end of each burn step, and the updated differential equation with 

new reaction rates can be solved to ensure a proper rate of change.  

 

3.3 Numerical Differential Equation Solving Technique 

While possible to analytically solve, when a large number of depletion time steps are 

used the piece wise analytical solutions to the Bateman Equations are quite robust. Moreover, 

solving the analytical piece wise equations for multiple isotopes can become a time consuming 

and daunting task. Because the derivatives should have a simple behavior as described by Eq. 

(6), it is reasonable to approach the problem numerically. This study utilizes the Backward Euler 

(sometimes termed Implicit Euler) numerical technique to solve the Bateman Equations. 

Backward Euler is an implicitly stable, convergent, first order accurate numerical method. The 

local truncation error of the method is proportional to the square of the time step take, while the 

global truncation error is proportional to the time step [25]. If time is discretized into a 
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sufficiently large number of steps, which is to say the time steps are made sufficiently small, the 

truncation error of the method can be reduced to being negligibly small [25]. 

For a general differential equation of a random function, y, such as Eq. (7), the Backward 

Euler method computes the approximated value of the equation at a time t0 + h by linearly 

extrapolating the derivative of y at t0, where h is the step forward in time, henceforth termed a 

sub-step. The general numerical scheme for solving differential equations with Backward Euler 

is shown in Eq. (8).  

 

𝜕𝑦

𝜕𝑡
= 𝑓(𝑡, 𝑦, 𝑥1, 𝑥2, … , 𝑥𝑁) , 𝑦(𝑡 = 0) = 𝑦0 (7) 

𝑦𝑘+1 = 𝑦𝑘 + ℎ𝑓(𝑡𝑘+1, 𝑦𝑘+1, 𝑥1,𝑘+1, 𝑥2,𝑘+1, … , 𝑥𝑁,𝑘+1) (8) 

 

Where 

y = Parameter being numerically solved. 

y0 = Initial condition, the value of y at t = 0.  

k = Substep number. 

t = time. 

xi,k = General input variables for y evaluated at sub-step k. 

h = Sub-step time. 

 

 In the solution to the Bateman Equations, the nuclide number densities are functions of 

various reaction rates, fission yields, and decay constants. The fission yields and decay constants 

are constant over the entire depletion history, while the reaction rates are treated as piecewise 
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constants. Therefore, when numerically solving the Bateman Equations, the differential 

equations such as in Eq. (4) and Eq. (6) will be discontinuous at the beginning and end of each 

depletion time step. An advantage of the Backward Euler technique is that it will ensure 

continuity of the numerically solved function for the number densities of modeled nuclides, 

while dealing with the abrupt change in slope in a consistent manner.  

 When utilizing a numerical technique such as Backward Euler to solve differential 

equations, special attention must go into ensuring stability and the convergence of the model. 

Backward Euler is unconditionally stable, so no stability analysis was carried out in this study. 

Because Backward Euler is a first order method, decreasing the sub-step size will decrease the 

global truncation error proportionally to the decrease in sub-step size [25]. The conditions of Eq. 

(9) were set to be the convergence criteria. In simple terms, Eq. (9) states that if the time step is 

halved and the relative change in the output of the model is less than 10-5, the model will be said 

to have converged. Upon convergence, the sub-step size h will be sufficiently small to be used in 

the methodology. A more detailed convergence analysis can be found in the Results section of 

this paper.  

 

𝑋(2ℎ) − 𝑋(ℎ)

𝑋(ℎ)
< 10−5 (9) 

 

Where  

 X = The parameter modeled via the numerical model. 

 h = The sub-step size. 
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3.4 Probability Distributions of Reaction Rates for Propagating Uncertainty 

 Thus far, the modeling methodology has been a relatively straight forward way to 

estimate the number density of a general isotope over time as a function of reaction rates 

generated by a MCNP burnup simulation. The only uncertainty that has been introduced is the 

truncation error induced by the Backward Euler numerical method. However, this error is 

independent of the stochastic error that is inherent in any Monte Carlo code and is not 

informative of the probability density functions for material depletion with a set MCNP code.  

 In order to gauge the uncertainty in material depletion, this study will utilize the 

probability density functions of the reaction rates in MCNP. Because MCNP is export controlled, 

a figure of an output file cannot be presented in an open source paper. However, for the purpose 

of a giving general background, Table 2 gives an example of the summarized reaction rate data 

given in an MCNP output file. Table 2 shows a partial table of numerous reaction rates and their 

uncertainties for various isotopes, for a singular depletion time step in MCNP. The full table has 

outputs for less common reaction rates, as well as for almost every isotope of significance in 

reactor physics.  

 

MCNP Predicted Example Reaction Rates for Depletion Step 1 

Zaid (n,g) 
Relative 

Error 
(n,f) 

Relative 

Error 
(N,Nu*f) 

Relative 

Error 

54135 1.75E+13 0.003 0.00E+00 0 0.00E+00 0 

55137 1.94E+07 0.0021 0.00E+00 0 0.00E+00 0 

62149 5.48E+09 0.0031 0.00E+00 0 0.00E+00 0 

92235 4.77E+14 0.002 2.09E+15 0.0023 5.11E+15 0.0023 

92238 1.32E+15 0.0026 1.46E+14 0.0035 4.09E+14 0.0036 

 

Table 3. An example of the reaction rate format given in an MCNP output file. 
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MCNP sorts reaction rates by ZAID, which is an indicator of the reaction isotope. The 

first two numbers in a ZAID represent the atomic number of the isotope, while the last 3 

represent the atomic mass of the isotope. The reaction rates listed in Table 3 are the (n,g) or the 

capture reaction rate and the fission (n,f) reaction rate. An (n,g) reaction consists of a nucleus 

absorbing a neutron and emitting a gamma ray radiation. A fission reaction consists of a nucleus 

absorbing a neutron, and splitting the nucleus into two smaller nuclei, termed fission products. 

The remaining two reactions are related to the number of neutrons and the amount of energy 

produced in the isotopes fission reactions and are out of the scope of this study. The reaction 

rates not shown in Table 1, yet printed by MCNP are (n,2n), (2,3n), (n,alpha), and (n,p). These 

reactions consist of a nucleus absorbing a neutron and emitting two neutrons, a nucleus 

absorbing a neutron and emitting 3 neutrons, a nucleus absorbing a neutron and emitting an alpha 

particle, and a nucleus absorbing a nucleus and emitting a proton, respectively. These reactions 

are usually rarer than the (n,g) reaction and are less significant to the material depletion 

calculations presented in this study.  

There is no reference to the probability density functions of reaction rates in the MCNP 

output files. It would be possible to obtain them with a large data set of multiple MCNP runs 

with identical decks and a different initial seed for each run. Yet with a large data set of MCNP 

runs it would be possible to compute the distribution of material depletions directly, so this 

approach was not taken in this study. To the best of the knowledge of the authors, no such study 

regarding MCNP reaction rate distributions has been undertaken. For this reason, each reaction 

rate distribution was assumed to follow a Gaussian distribution described using the mean and 

relative error shown in Table 3.   
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There are two important things to be aware of in the MCNP generated reaction rate 

tables. First, the reaction rate is given in units of reactions in the total volume. Because the 

models in Eq. (4-8) have reaction rate in units of reactions cm-3, these reaction rates must be 

divided by the total volume of the burned material in cm3. This volume is usually easily 

available, as it is an input value for burnup input file in MCNP. The second is that the error 

printed in the MCNP output files is the relative error, or the uncertainty divided by the reaction 

rate mean value. Therefore, when defining distributions, the standard deviation of a reaction rate 

is given by the MCNP generated mean reaction rate multiplied by the relative error, then divided 

by the volume of the burned material in cm3. 

Another important factor in defining distributions is the covariance of parameters. Again, 

there is no information regarding the reaction rates probability distributions in the MCNP output 

files, and no data regarding covariance exists to the best of the author’s knowledge. Because of 

this, all reaction rates were assumed to be independent parameters. This assumption is not 

scientifically rigorous; for example, if the fission reaction rate is raised, more fission products are 

produced and therefore the absorption reaction rates will also increase. It was assumed the 

covariance was not strong enough to largely affect the results and could be neglected. A study of 

reaction rate distributions and covariance is a strong candidate for future work to improve the 

sampling in this methodology.  

The output files of MCNP burnup simulations are robust and difficult to navigate. For 

this reason, it is recommended that the data file be scripted and exported into a more easily 

workable format. In this study, the output for reaction rates and their errors for each depletion 

time step, the neutronics parameters, and the depleted material calculations were all exported 

into an excel sheet. A separate script parsed through each of the MCNP runs to be used in a data 
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set, and calculated the probability distributions of each isotope’s concentration at each depletion 

time step.  

 

3.5 Monte Carlo Sampling 

When the user creates an input file of burnup simulations using MCNP, the initial 

material composition is always known and is assumed to be exact. MCNP will perform neutron 

transport simulations and generate nuclide reaction rates and neutron flux for each depletion time 

step. The relevant reaction rates for each depletion time step are then sampled from their 

distributions described in the MCNP output file, assuming Gaussian distributions with no 

covariance. These sampled reaction rates are then assumed to be the depletion step averaged 

reaction rates. Utilizing the initial material composition and the sampled reaction rates for 

depletion step 1 as the input values, the methodology computes the material depletion by solving 

Eq. (6) with the Backward Euler numerical method in Eq. (8). The output of the first Monte 

Carlo stage is the material depletion over depletion step 1, which is used alongside the sampled 

reaction rates as the input for Monte Carlo stage 2. The second Monte Carlo stage utilizes the 

same methodology as in the first, and this process is repeated until all depletion time steps are 

simulated. The final result of the Multi Stage Monte Carlo process is the estimated 

concentrations for each simulated isotope at each time. Because the Backward Euler numerical 

method discretizes time into many sub-steps, the concentrations are calculated at each of these 

sub-steps. This enables users to ensure that the time discretization was sufficient by analyzing 

the concentration curves of each isotope over time. A schematic of the Multi Stage Monte Carlo 

process is outlined in Figure 1.  
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Each individual simulation through the Multi Stage Monte Carlo process in this study is 

termed a trial. In order to obtain a data set on which statistical tests can be done, a large number 

of trials must be completed. In this study, 1,000 trials were undertaken and the data for each trial 

was exported into Microsoft Excel to ensure that it would not be lost. The data for each 

individual isotope was compiled, and the mean and standard deviation, as described by the guide 

to the expression of uncertainty in measurement, were calculated directly [14]. Because 

concentration data exists for each individual sub-step, it was possible to create curves of the 

standard deviation to study how they behaved over time and near the boundaries of each 

depletion time step.  
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Figure 1. A schematic of the multistage Monte Carlo scheme. The sampled reaction rates, 

MCNP generated flux, and the material depletion calculated with the methodology for depletion 

time step, i, are termed RRi, ϕi, and Ni, respectively.  
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3.6 Special Methodology for High Absorbers 

Nuclides with a high neutron absorption cross section are more difficult to model with the 

methodology outlined in section 3.3 than those with low neutron absorption cross sections. As 

can be seen in Eq. (5), the absorption reaction rate of a given nuclide is proportional to the 

concentration of the nuclide. When the absorption cross section is high, such as for isotopes 

135Xe and 149Sm, the model of Eq. (6) breaks down due to the fact that a depletion time step 

averaged absorption reaction rate is not totally indicative of how the reaction rate at given 

substeps over the depletion time step interval.  

In this study, it was found that using Eq. (6) to model the high absorbers was an 

ineffective method due to a phenomenon coined “growth stunting” by the researchers. If the 

concentration of a nuclide is growing over the duration of a depletion time step, the depletion 

time step averaged reaction rate given in the MCNP output will be artificially high at the 

beginning of the depletion time step, when the concentration is below its depletion time step 

average concentration. The converse is true at the end of a depletion time step, where the 

depletion time step averaged MCNP absorption reaction rate is artificially low. This can be 

readily seen in Eq. (5). If the depletion step averaged absorption reaction rate is used as the input 

for Eq (6), the absorption reaction rate being artificially high at the beginning of the depletion 

time step makes the concentration curve gross less quickly, and even decrease at times. The 

modeled concentration will never be an accurate representation of reality, and therefore the given 

MCNP depletion step averaged reaction rates will be incorrect for the model. For this reason, 

Eq. (6) breaks down for the high absorbers and can’t be used for some isotopes with high 

absorption cross sections. Instead, Eq. (10) is used to model the absorption reaction rates.  
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𝑅𝑅𝑎,𝑖
̅̅ ̅̅ ̅̅ ̅

𝑁𝑥,𝑖
̅̅ ̅̅ ̅𝜙𝑖

= 𝜎𝑎,𝑖̅̅ ̅̅   (10) 

 

Where  

 RRa,i
̅̅ ̅̅ ̅̅  = The depletion step averaged reaction rate for depletion time step i (

reactions

cm3
). 

σa,i̅̅ ̅̅   = The one-group averaged microscopic absorption cross section for depletion time 

step i (cm2). 

 Nx,i
̅̅ ̅̅̅ = The averaged concentration of nuclide X for depletion time step i (

atoms

cm3 ). 

 

The two main goals of this approach are as follows: 

1) To model the absorption reaction rates in a more physically realistic manner, so as the 

absorption reaction rates are proportional to the concentrations. 

2) Keep the uncertainties of the effective absorption reaction rates consistent with the 

known reaction rate uncertainty given by MCNP. 

 

In general, the one-group depletion time step averaged absorption cross sections can be 

assumed to be a constant over a depletion time step if the ratio of fissions due to different 

fissionable isotopes remain similar. This assumption should hold true if the depletion time steps 

used in the MCNP input deck are reasonable.  

In order to calculate a one-group microscopic absorption cross section, a depletion time 

step averaged concentration should be computed. In this study, linear average of the 

concentrations of the absorbing nuclide at the beginning and end of the time step was assumed to 

be the depletion time step averaged concentration, as shown in Eq. (11). While this method will 



 

 

31 

 

underestimate the depletion time step averaged concentration when the concentration curves are 

concave down and overestimate the depletion time step averaged concentration when the 

concentration curves are concave up, this model is sufficiently accurate for the purposes of this 

study. 

 

�̅�𝑋,𝑖 =
𝑁𝑋,𝑖 + 𝑁𝑋,𝑖−1

2
 (11) 

 

Where NX,i is the concentration of nuclide X at the end of depletion step i.  

 

Next, the relative uncertainty in absorption reaction rate is assumed to be equal to the 

relative uncertainty of the flux. With the addition of an F4 tally (cell averaged neutron flux) in 

the MCNP input deck, the uncertainty of the flux can be expressed in the output files as well, 

though it will not be given in the output for regular burnup simulations. While at first glance this 

assumption is inaccurate, the relative uncertainty in absorption reaction rates are given in the 

MCNP output files and are always higher than the relative uncertainties in the flux, it is a 

necessary step to ensure that the effective absorption reaction rates in Eq. (10) are kept close to 

their actual values from MCNP. 

The microscopic cross sections are calculated for each depletion time step and for each 

trial, implying that there will be associated stochastic uncertainty with these one group cross 

sections. This stochastic uncertainty will not be sampled for in this methodology, as it will 

inherently propagate throughout the system in the methodology.  
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4. RESULTS AND DISCUSSIONS 

 

4.1 Convergence of the Numerical Method 

To test convergence of the Backward Euler method Eq. (9) was used on a model of the 

fission product isotope concentration of 149Pm. The probability distributions were artificially 

made to have uncertainties of 0 to eliminate stochastic uncertainties from the model, ensuring the 

truncation error of the numerical method to be the only thing affect the final output. Table 4 

shows the results of a convergence study on the concentration model for isotope 149Pm. 

 

Sub-time 

Steps 

Final 

Concentration 

of 149Pm 

(atoms/cm3) 

Relative 

Difference 

200 3.81649E+16 -- 

400 3.81686E+16 9.71E-05 

800 3.81704E+16 4.76E-05 

1000 3.81707E+16 9.43E-06 

2000 3.81715E+16 1.88E-05 

4000 3.81718E+16 9.35E-06 

 

Table 4. Convergence analysis of the global truncation error for 149Pm. 

 

As shown in Table 4, the number of sub-time steps used in the model was varied and the 

effect on the final concentration of 149Pm at 20 days burned was tabulated, enabling a relative 

difference to be calculated as in Eq. (9). Each main time step corresponded to the same length in 

time and only the sub-time steps was varied. Table 4 shows that the relative difference for all of 

sub-time steps over 1000 used satisfied the convergence criteria set forth in Eq. (9), and the 
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relative difference oscillating about 1E-05. It was therefore assumed that 2000 sub-time steps 

was a sufficient discretization so as to satisfy the convergence criteria in Eq. (9).  This 

convergence study was repeated for isotopes 137Cs and 239Pu, with similar results. Hence, 2000 

sub-time steps were used in each nuclide model throughout in this study. 

 

4.2 Nuclide Concentration and Uncertainty Quantification Results 

Isotopes used to measure trace fission product ratios in the paper published by Osborn et 

al. on nuclear forensics were modeled in this study [11]. These isotopes include 136Ba, 138Ba, 

133Cs, 134Cs, 135Cs, 137Cs, 149Pm, 149Sm, 150Sm, 152Sm, 154Eu, 133Xe, 135Xe, 239Pu, 240Pu, 241Pu. In 

the cases where isotopes in the decay chain of a target isotope were modeled, they will be 

specified in the appropriate section. Each radionuclide nuclide was modeled via the process 

outlined in the methodology section of this thesis. All models were completed with 2000 equal 

length Backward Euler sub-time steps, corresponding to a sub-step length, termed h, of 0.01 

days. Uncertainty in nuclide concentration is given as one standard deviation.   

When analyzing the relative error plots in the results section of this thesis, the most 

important parameter is the uncertainty in the fission reaction rate for 235U, 0.2% for each 

depletion time step. Because all fission products are directly or indirectly produced as a result of 

a fission event, this parameter should be the basis of comparison for how these results would be 

affected in an MCNP simulation with more or less effective particles.  

 

4.2.1 Barium-136 (136Ba) 

Barium-136 is a stable nucleus, produced in the decay chain including 136Cs and 136La. As 

the half-life of 136La is short, it will be assumed that it instantly decays into 136Ba. Because 136Cs 
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has a half-life of about 13 days, it will need to be modeled in conjunction with 136Ba. The 

Bateman Equations for 136Cs and 136Ba are shown in Eq. (12) and Eq. (13), respectively. It 

should be noted that 136Cs is not a target isotope in this case; the model for 136Cs is only 

necessary to accurately model the production of 136Ba. Therefore, less precision is necessary in 

Eq. (12) than there would be if 136Cs was an isotope of interest.  

 

𝑑𝐶

𝑑𝑡
= ∑ 𝛾𝐶,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝐶 − 𝜆𝐶𝐶

 

𝑖

(12) 

𝑑𝐵

𝑑𝑡
= ∑ 𝛾𝐵,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝐵 + 𝜆𝐶𝐶

 

𝑖

(13) 

 

Where variable C represents the concentration of 136Cs and variable B represents the 

concentration of 136Ba. The fission yield used for 136Ba includes the direct fission yield from 

136La and 136Ba, while the cumulative fission yield for 136Cs was used. The solved Backward 

Euler iterative scheme for 136Cs and 136Ba are given in Eq. (14) and Eq. (15), respectively. A 

table of the data is provided in Table 5 and plots of the mean concentration, the absolute 

uncertainty in concentration, and the relative uncertainty of 136Ba are shown in Fig. 2 and Fig. 3 

respectively.  

 

𝐶(𝑡𝑘) =
[ ∑ 𝛾𝐶,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝐶(𝑡𝑘) ] ℎ 

𝑖 + 𝐶(𝑡𝑘−1)

1 + 𝜆𝑐ℎ
(14) 

𝐵(𝑡𝑘) = [ ∑ 𝛾𝐵,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝐵(𝑡𝑘) + 𝜆𝐶𝐶(𝑡𝑘) ] ℎ

 

𝑖

+ 𝐵(𝑡𝑘−1) (15) 
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Burnup 
(GWd/MTU) 

MCNP Data 
Set Mean 

Concentration 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Mean 
Concentration 
(atoms/cm3) 

MCNP Data 
Set 

Concentration 
Uncertainty 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 
(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

3.10E-01 6.91E+13 8.00E+13 7.59E+10 9.38E+10 

5.31E-01 2.01E+14 2.24E+14 2.28E+11 2.50E+11 

8.86E-01 5.55E+14 5.91E+14 6.70E+11 5.35E+11 
 

Table 5. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

136Ba. 

 

 

Figure 2. A plot of the Multi Stage Monte Carlo estimated mean concentration of 136Ba 

compared with the mean concentration of 136Ba in the MCNP data set. 
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Figure 3. A plot of the concentration uncertainty of 136Ba in the Multi Stage Monte Carlo 

method and the MCNP data set.   

 

As can been seen in Table 5 and Fig. 2, the Multi Stage Monte Carlo methodology is in 

reasonable agreement with MCNP for the concentration of 136Ba at each data point. While the 

Monte Carlo methodology overestimates the concentration at each point, the solutions are within 

approximately 1%, and the functional form of the Monte Carlo estimated concentrations is an 

accurate representation of reality, so this model is sufficiently accurate for the purposes of the 

methodology. The absolute uncertainty predicted by the Monte Carlo methodology (Figure 3) 

slightly overestimates the uncertainty for the data points at 0.310 and 0.531 GWd/MTU, yet 

underestimates it at the final data point at 0.886 GWd/MTU by 20%. As expected the uncertainty 

curve follows that of the concentration curve, growing in time in an exponential functional form. 

For the case of 136Ba, there is no obvious trend in the data regarding consistent overestimation or 

underestimation. While the 20% difference is a surprising result based on the accuracy of the 
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previous data points, the Monte Carlo methodology’s estimations are still in reasonable 

agreement with the MCNP data set for 136Ba. The relative error, or absolute uncertainty divided 

by the estimated mean, does not grow or decay any substantial amount over the course of the 

depletion simulation, indicating that if the fuel material was burned longer, and with similar 

depletion time steps as used in the prior depletion time steps, the relative uncertainty in 

concentration of 136Ba may stay relatively constant.  

 

4.2.2 Barium-138 (138Ba) 

Barium-138 is a stable nucleus produced in a decay chain involving 138Cs, 138Xe, 138I, 

138Te, 138Sb, and 138Sn, all of which beta decay into an isobar with one more proton. Each isotope 

in the decay chain of 138Ba has a relatively short half-life, indicating that 138Ba can be modeled 

directly with use of its cumulative fission yield. The differential equation describing the change 

in concentration of 138Ba over time is given in Eq. (16) and the solved Backward Euler iterative 

scheme is given in Eq. (17), where variable B represents the concentration of 138Ba and variable 

tk represents the time at sub-step k.  

 

𝑑𝐵

𝑑𝑡
= ∑ 𝛾𝐵,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝐵

 

𝑖

(16) 

𝐵(𝑡𝑘) = [ ∑ 𝛾𝐵,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝐵(𝑡𝑘) ] ℎ

 

𝑖

+ 𝐵(𝑡𝑘−1) (17) 
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The results from the Multi Stage Monte Carlo process are given in Table 6, and plots of 

the mean, uncertainty, and relative error of the concentration of 138Ba over the burn history are 

given in Fig. 4 and Fig. 5.  

 

Burnup 
(GWd/MTU) 

MCNP Data 
Set Mean 

Concentration 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Mean 
Concentration 
(atoms/cm3) 

MCNP Data Set 
Concentration 

Uncertainty 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 
(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 1.85E+16 2.15E+16 3.39E+13 4.06E+13 

2.66E-02 4.02E+16 4.30E+16 4.64E+13 5.78E+13 

4.43E-02 6.92E+16 7.16E+16 6.75E+13 7.88E+13 

8.86E-02 1.42E+17 1.43E+17 1.35E+14 1.58E+14 

3.10E-01 5.01E+17 5.01E+17 6.53E+14 7.24E+14 

5.31E-01 8.59E+17 8.58E+17 8.91E+14 9.85E+14 

8.86E-01 1.43E+18 1.43E+18 1.30E+15 1.40E+15 

 

Table 6. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

138Ba. 
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Figure 4. A plot of the Multi Stage Monte Carlo estimated mean concentration compared with 

the mean concentration in the MCNP data set for 138Ba. 

 

 

Figure 5. A plot of the concentration uncertainty of 138Ba in the Multi Stage Monte Carlo 

method and the MCNP data set.   
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The estimated mean concentration in 138Ba predicted by the Multi Stage Monte Carlo 

methodology is in excellent agreement with that of the MCNP data set, as shown in Table 6 and 

Fig. 4. Moreover, the uncertainty estimations are in close agreement as well, with the estimated 

uncertainty following the same general functional form as the solution and creating a slight upper 

bound on the MCNP data set concentration uncertainty. Because of the consistency in the 

estimated mean and uncertainty of the concentration of 138Ba and those of the MCNP data set, 

the relative errors are in close agreement. 

The non-smooth curve of the estimated concentration uncertainty is a common 

occurrence with this methodology, and is a function of the piecewise nature of the analytical 

solution to the Bateman Equations in Eq (4) and Eq. (6). A more detailed analysis of piecewise 

functions of uncertain parameters is included in the appendix section of this thesis.  

 

4.2.3 Xenon-133 (133Xe) 

Xenon-133 has a half-life of 5.24 days and is produced in a decay chain involving 133I, 

133Te, 133Sb, 133Sn, 133In, 133Cd, and 133Ag. Iodine-133 has a half-life of 21 hours while the other 

isotopes in the decay chain have half-lives on the scale of minutes or less. In order to accurately 

model 133Xe, a model for 133I was created, where the cumulative fission yield for 133I and the 

direct fission yield for 133Xe were used in the model. The Bateman Equations for 133I and 133Xe 

are shown in Eq. (18) and Eq. (19) and the solved Backward Euler iterative schemes are given in 

Eq. (20) and Eq. (21). 
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𝑑𝐼

𝑑𝑡
= ∑ 𝛾𝐼,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝐼

 

𝑖

− 𝜆𝐼𝐼 (18) 

𝑑𝑋

𝑑𝑡
= ∑ 𝛾𝑋,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝑋

 

𝑖

+ 𝜆𝐼𝐼 − 𝜆𝑋𝑋 (19) 

𝐼(𝑡𝑘) =
[ ∑ 𝛾𝐼,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝐼(𝑡𝑘) ] ℎ 

𝑖 + 𝐼(𝑡𝑘−1)

1 + 𝜆𝐼ℎ
(20) 

𝑋(𝑡𝑘) =
[ ∑ 𝛾𝑋,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝑋(𝑡𝑘) + 𝜆𝐼𝐼(𝑡𝑘)] ℎ 

𝑖 + 𝑋(𝑡𝑘−1)

1 + 𝜆𝑋ℎ
(21) 

 

Where variable I represents the concentration of 133I, variable X represents the 

concentration of 133Xe, and variable tk represents the time at sub-step k. The results from the 

Multi Stage Monte Carlo process are given in Table 7, and plots of the mean, uncertainty, and 

relative error of the concentration of 133I and 133Xe over the burn history are given in Fig. 6-9. 
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Burnup 
(GWd/MTU) 

MCNP Data 
Set Mean 

Concentration 
of 133Xe 

(atoms/cm3) 

Multi Stage 
Monte Carlo 

Mean 
Concentration 

of 133Xe 
(atoms/cm3) 

MCNP Data 
Set 

Concentration 
Uncertainty 

of 133Xe 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty of 

133Xe 
(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 1.87E+15 2.46E+15 3.36E+12 4.81E+12 

2.66E-02 7.62E+15 8.83E+15 1.05E+13 1.36E+13 

4.43E-02 1.98E+16 2.17E+16 2.01E+13 2.61E+13 

8.86E-02 6.25E+16 6.60E+16 5.12E+13 6.53E+13 

3.10E-01 2.82E+17 2.88E+17 3.79E+14 4.16E+14 

5.31E-01 4.08E+17 4.13E+17 4.64E+14 4.82E+14 

8.86E-01 4.97E+17 5.00E+17 5.75E+14 6.46E+14 

 

Table 7. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

133Xe. 

 

 

Figure 6. Plot of the Multi Stage Monte Carlo estimated mean concentration for 133I. 
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Figure 7. Plot of the concentration uncertainty of 133I in the Multi Stage Monte Carlo method.   

 

 

 

Figure 8. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 133Xe. 
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Figure 9. Plot of the concentration uncertainty of 133Xe in the Multi Stage Monte Carlo method 

and the MCNP data set.   

 

The MCNP output files did not tabulate the concentrations for 133I, so it is not possible to 

compare the results of the methodology with that of the MCNP data set for this isotope. 

However, as seen in Fig. 6 and Table 7, the concentration curve of 133I behaves as expected, 

growing exponentially until reaching its saturation point. The uncertainty plot shown in Fig. 7 

behaves as expected as well, following the trend of the other fission products modeled in this 

study with a final relative error just under the 0.2% uncertainty of the 235U fission reaction rate. 

These two plots give confidence that the model for 133I was sufficiently accurate to use in the 

model for 133Xe. 

In Fig. 8, the concentration curve for 133Xe is in reasonable agreement with that of the 

MCNP data set, and Fig. 9 shows that the uncertainty curve for the concentration of 133Xe 

follows the same general trend as that in the MCNP data set, while providing a slight upper 
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bound. The relative error for the concentration of 133Xe found in the Multi Stage Monte Carlo 

process and the MCNP data set are in reasonable agreement for each data point as well.  

 

4.2.4 Caesium-133 (133Cs) 

Caesium-133 is a stable isotope that is produced in a decay chain involving 133Xe and 

133Ba. Because 133Xe has already been modeled, the solution can be used in the model for 133Cs, 

and because 133Ba is only a small factor of the growth of 133Cs it will be disregarded in the 

model. Eq. (22) gives the Bateman Equation for 133Cs and Eq. (23) shows the solved Backward 

Euler iterative scheme for 133Cs, where both equations use the direct fission yield for 133Cs. 

 

𝑑𝐶

𝑑𝑡
= ∑ 𝛾𝐶,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝐶

 

𝑖

+ 𝜆𝑋𝑋 (22) 

𝐶(𝑡𝑘) = [ ∑ 𝛾𝐶,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝐶(𝑡𝑘) + 𝜆𝑋𝑋(𝑡𝑘)] ℎ

 ./

𝑖

+ 𝐶(𝑡𝑘−1) (23) 

 

Where X represents the concentration of 133Xe, C represents the concentration of 133Cs, 

and tk represents the time at sub-step k. The results from the Multi Stage Monte Carlo process are 

given in Table 8, and plots of the mean, uncertainty, and relative error of the concentration of 

133Cs over the burn history are given in Fig. 10 and Fig. 11.  
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Burnup 
(GWd/MTU) 

MCNP Data Set 
Mean 

Concentration 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Mean 
Concentration 
(atoms/cm3) 

MCNP Data 
Set 

Concentration 
Uncertainty 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 
(atoms/cm3) 

0.00E+00 0 0 0 0 

1.33E-02 2.32E+13 3.55E+13 4.18E+10 6.94E+10 

2.66E-02 2.00E+14 2.52E+14 3.15E+11 4.33E+11 

4.43E-02 9.05E+14 1.05E+15 1.08E+12 1.46E+12 

8.86E-02 6.20E+15 6.75E+15 5.24E+12 6.86E+12 

3.10E-01 1.24E+17 1.29E+17 1.19E+14 1.41E+14 

5.31E-01 3.56E+17 3.64E+17 3.67E+14 4.09E+14 

8.86E-01 8.40E+17 8.53E+17 7.36E+14 8.18E+14 
 

Table 8. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 133Cs. 

 

 

 

Figure 10. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 133Cs. 
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Figure 11. Plot of the concentration uncertainty of 133Cs in the Multi Stage Monte Carlo method 

and the MCNP data set.   

 

Again, the modeled concentration and the MCNP data set concentration are in close 

agreement for 133Cs. The modeled concentration uncertainty and relative error follow the same 

functional trend as those of the MCNP data set, and the two are in reasonable agreement.  

 

4.2.5 Caesium-134 (134Cs) 

Caesium-134 is a blocked nucleus, as 134Xe is stable and ends the beta decay chain for the 

134 isobars. There is a small direct fission yield for 134Cs, but the main production mechanism 

for 134Cs in a reactor environment is neutron capture of 133Cs nuclide. The Bateman Equation for 

134Cs is shown in Eq. (24), and the solved Backward Euler iterative scheme shown in Eq. (25).  
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𝑑𝐶134

𝑑𝑡
= ∑ 𝛾𝐶134,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝐶134

 

𝑖

+ 𝑅𝑅𝑎,𝐶133
− 𝜆𝐶134

𝐶134 (24) 

𝐶134(𝑡𝑘) =
[ ∑ 𝛾𝐶134,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝐶134

(𝑡𝑘) + 𝑅𝑅𝑎,𝐶133
] ℎ 

𝑖 + 𝐶134(𝑡𝑘−1)

1 + 𝜆𝐶134
ℎ

(25) 

 

Where C133 and C134 represent the concentrations of 133Cs and 134Cs, respectively, and tk 

represents the time at sub-step k. The results from the Multi Stage Monte Carlo process are given 

in Table 9, and plots of the mean, uncertainty, and relative error of the concentration of 134Cs 

over the burn history are given in Fig. 12 and Fig. 13.  

 

Burnup 

(GWd/MTU) 

MCNP Data 

Set Mean 

Concentration 

(atoms/cm3) 

Multi Stage 

Monte Carlo 

Mean 

Concentration 

(atoms/cm3) 

MCNP Data 

Set 

Concentration 

Uncertainty 

(atoms/cm3) 

Multi Stage 

Monte Carlo 

Concentration 

Uncertainty 

(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 - 2.67E+09 - 5.67E+06 

2.66E-02 - 1.43E+10 - 9.00E+07 

4.43E-02 - 8.64E+10 - 6.40E+08 

8.86E-02 - 1.13E+12 - 9.83E+09 

3.10E-01 9.88E+13 8.79E+13 1.01E+12 8.20E+11 

5.31E-01 5.28E+14 5.20E+14 4.37E+12 4.20E+12 

8.86E-01 2.26E+15 2.25E+15 1.63E+13 1.75E+13 

 

Table 9. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 134Cs. 
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Figure 12. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 134Cs. 

 

 

Figure 13. Plot of the concentration uncertainty of 134Cs in the Multi Stage Monte Carlo method 

and the MCNP data set.   
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Table 9 has blank entries where the MCNP output file does not list any data for the 

nuclide concentration, as the concentration is below MCNP’s threshold to print. The plot of Fig. 

12 is not smooth with a functional form of a linear piece wise function, due to the 133Cs 

absorption reaction rate being modeled as a piecewise constant. While this is not indicative of 

reality, the close agreement between the MCNP data set and modeled data points is sufficient for 

the purposes of the methodology. The modeled uncertainty curve also follows closely with that 

of a piecewise linear function, as shown in the appendix section of this thesis, with reasonable 

agreement to the MCNP data set data points.  

134Cs has a much higher relative error than other fission products modeled thus far. This 

is due to the fact that most of the production of 134Cs is due to absorptions from 133Cs atoms. 

Because of this, the concentration uncertainty in 134Cs is more closely aligned to about 0.95% 

uncertainty in the 133Cs absorption reaction rate than it is the 0.2% uncertainty in the 235U fission 

reaction rate.  

 

4.2.6 Caesium-137 (137Cs) 

Caesium-137 has a half-life of 30 years and is produced in a decay chain involving 137Xe, 

137I, 137Te, 137Sb, 137Sn, and 137In. Because of its long half-life, low absorption cross section, and 

high cumulative fission yield it is a classically used burnup monitor in reactor physics. Because 

of the short half-lives of the isotopes in the decay chain of 137Cs, it is possible to model the 

concentration of 137Cs directly, using the cumulative fission yield. The Bateman Equation for 

134Cs is shown in Eq. (26), and the solved Backward Euler iterative scheme shown in Eq. (27). 
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𝑑𝐶

𝑑𝑡
= ∑ 𝛾𝐶,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝐶

 

𝑖

− 𝜆𝐶𝐶 (26) 

𝐶(𝑡𝑘) =
[ ∑ 𝛾𝐶,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝐶(𝑡𝑘)] ℎ 

𝑖 + 𝐶(𝑡𝑘−1)

1 + 𝜆𝐶ℎ
(27) 

 

Where variable C represents the concentration of 137Cs and tk represents the time at sub-

step k. The results from the Multi Stage Monte Carlo process are given in Table 10, and plots of 

the mean, uncertainty, and relative error of the concentration of 137Cs over the burn history are 

given in Fig. 14 and Fig. 15.  

 

Burnup 
(GWd/MTU) 

MCNP Data Set 
Concentration 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
(atoms/cm3) 

MCNP Data Set 
Concentration 

Uncertainty 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 
(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 1.98E+16 2.06E+16 3.57E+13 3.85E+13 

2.66E-02 3.96E+16 4.12E+16 4.50E+13 5.49E+13 

4.43E-02 6.61E+16 6.86E+16 6.43E+13 7.49E+13 

8.86E-02 1.33E+17 1.37E+17 1.28E+14 1.50E+14 

3.10E-01 4.67E+17 4.80E+17 6.01E+14 6.87E+14 

5.31E-01 8.00E+17 8.22E+17 8.36E+14 9.35E+14 

8.86E-01 1.33E+18 1.37E+18 1.19E+15 1.33E+15 
 

Table 10. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

137Cs. 
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Figure 14. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 137Cs. 

 

 

Figure 15. Plot of the concentration uncertainty of 137Cs in the Multi Stage Monte Carlo method 

and the MCNP data set.   
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The mean concentration modeled by the Multi Stage Monte Carlo methodology has the 

expected linear functional form, and is in close agreement to that of the MCNP data set, with a 

slight overestimation. It is noted by the author that the cumulative fission yield calculated in the 

CINDER90.dat data file was 6.34% whereas many other resources, such as the IAEA, had the 

cumulative fission yield closer to 6.22%. When the 6.22% cumulative fission yield was used, the 

model was closer to the MCNP data set. However, for consistency, the 6.34% calculated from 

the CINDER90.dat data file was used in the model.  

As shown in Fig. 15, the uncertainty plot follows the same curve as a linear piecewise 

function of uncertain variables as expected. The Multi Stage Monte Carlo method again over 

predicts the uncertainty slightly, but is in reasonable agreement with that of the MCNP data set. 

The relative error predicted in the Multi Stage Monte Carlo method therefore slightly over 

predicts the relative error, but is again a reasonable indicator of the true concentration 

uncertainty in 137Cs found in the MCNP data set.  

 

4.2.7 Promethium-149 (149Pm) 

Promethium-149 has a half-life of 2.2 days and is produced in a beta decay chain 

involving 149Nd, 149Pr, 149Ce, 149La and 149Ba. Because of the short half-lives of all preceding 

isotopes in the decay chain, 149Pm can be modeled directly using its cumulative fission yield. The 

Bateman Equation for 149Pm is shown in Eq. (28), and the solved Backward Euler iterative 

scheme shown in Eq. (29). 
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𝑑𝑃

𝑑𝑡
= ∑ 𝛾𝑃,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝑃

 

𝑖

− 𝜆𝑃𝑃 (28) 

𝑃(𝑡𝑘) =
[ ∑ 𝛾𝑃,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝑃(𝑡𝑘)] ℎ 

𝑖 + 𝑃(𝑡𝑘−1)

1 + 𝜆𝑃ℎ
(29) 

 

Where variable P represents the concentration of 149Pm and tk representing the time at 

sub-step k. The results from the Multi Stage Monte Carlo process are given in Table 11, and 

plots of the mean, uncertainty, and relative error of the concentration of 149Pm over the burn 

history are given in Fig. 16 and Fig. 17 while a plot of the relative error in concentration over 

burnup is provided in Fig. 18. 

 

Burnup 

(GWd/MTU) 

MCNP Data Set 

Mean 

Concentration 

(atoms/cm3) 

Multi Stage 

Monte Carlo 

Mean 

Concentration 

(atoms/cm3) 

MCNP Data Set 

Concentration 

Uncertainty 

(atoms/cm3) 

Multi Stage 

Monte Carlo 

Concentration 

Uncertainty 

(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 2.33E+15 3.46E+15 4.09E+12 6.31E+12 

2.66E-02 5.50E+15 6.60E+15 6.27E+12 8.60E+12 

4.43E-02 9.35E+16 1.03E+16 8.67E+12 1.12E+13 

8.86E-02 1.71E+16 1.79E+16 1.67E+13 2.07E+13 

3.10E-01 3.35E+16 3.39E+16 5.19E+13 5.81E+13 

5.31E-01 3.70E+16 3.72E+16 5.24E+13 5.60E+13 

8.86E-01 3.81E+16 3.81E+16 5.80E+13 6.17E+13 

 

Table 11. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

149Pm. 
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Figure 16. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 149Pm. 

 

 

Figure 17. Plot of the concentration uncertainty of 149Pm in the Multi Stage Monte Carlo method 

and the MCNP data set.   
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Figure 18. Plot of the relative error in concentration of 149Pm in the Multi Stage Monte Carlo 

method and the MCNP data set.   

 

As shown in Fig. 16 the mean concentration of the Multi Stage Monte Carlo model is in 

close agreement with that of the MCNP data set. The modeled concentration of 149Pm functional 

form is as expected, growing exponentially until reaching the saturation point just before the 

simulation ends at 0.886 GWd/MTU. The concentration uncertainty plot is chaotic around the 

changes in the depletion time steps due to the short half-life of 149Pm but otherwise behaves as 

expected, and is in reasonable agreement with the concentration uncertainty of the MCNP data 

set. Because of this the relative error of the Multi Stage Monte Carlo method is a good indicator 

of the MCNP data set relative error for the concentration of 149Pm. 

The relative error in concentration of 149Pm is shown in Fig. 18. The Multi Stage Monte 

Carlo methodology is in close agreement with that of the MCNP data set, as expected. The 

relative error fluctuates, and is comparable to the 0.2% uncertainty in the 235U fission reaction 
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rate. The behavior of the relative error is dependent on the number of depletion time steps taken 

in the MCNP burnup simulation, with the relative error decreasing with short depletion time 

steps and increasing on longer depletion time steps.  

 

4.2.8 Europium-154 (154Eu) 

Europium-154 has a half-life of 8.6 years and is a blocked nucleus due to the stability of 

154Sm ending the beta decay chain of the 154 isobars. While 154Eu does have a small direct 

fission yield, the majority of the 154Eu atoms in a reactor environment are created by 153Eu 

neutron absorptions. The Bateman Equation for 154Eu is shown in Eq. (30), and the solved 

Backward Euler iterative scheme shown in Eq. (31). 

 

𝑑𝐸154

𝑑𝑡
= ∑ 𝛾𝐸154,𝑖𝑅𝑅𝑓,𝑖 −  𝑅𝑅𝑎,𝐸154

 

𝑖

+ 𝑅𝑅𝑎,𝐸153
− 𝜆𝐸154 𝐸154 (30) 

𝐸154(𝑡𝑘) =
[ ∑ 𝛾𝐸154,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) −  𝑅𝑅𝑎,𝐸154

(𝑡𝑘) + 𝑅𝑅𝑎,𝐸153
] ℎ 

𝑖 + 𝐸154(𝑡𝑘−1)

1 + 𝜆𝐸154
ℎ

(31) 

 

Where E153 and E154 represent the concentrations of 153Eu and 154Eu, respectively, and tk 

represents the time at sub-step k. The results from the Multi Stage Monte Carlo process are given 

in Table 12, and plots of the mean, uncertainty, and relative error of the concentration of 149Pm 

over the burn history are given in Fig. 19 and Fig. 20. Again, Table 12 is left blank when the 

MCNP output file doesn’t list data for the nuclide concentration. 
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Burnup 

(GWd/MTU) 

MCNP Data 

Set Mean 

Concentration 

Multi Stage 

Monte Carlo 

Mean 

Concentration 

MCNP Data Set 

Concentration 

Uncertainty 

Multi Stage 

Monte Carlo 

Concentration 

Uncertainty 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 - 4.45E+09 - 1.20E+07 

2.66E-02 - 4.08E+10 - 1.11E+08 

4.43E-02 - 1.88E+11 - 4.63E+08 

8.86E-02 - 1.38E+12 - 3.76E+09 

3.10E-01 4.25E+13 4.11E+13 1.30E+11 1.19E+11 

5.31E-01 1.62E+14 1.61E+14 4.29E+11 4.12E+11 

8.86E-01 5.32E+14 5.32E+14 1.36E+12 1.35E+12 

 

Table 12. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

154Eu. 

 

 

Figure 19. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 154Eu. 

 

0.00E+00

1.00E+14

2.00E+14

3.00E+14

4.00E+14

5.00E+14

6.00E+14

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
o

n
ce

n
tr

at
io

n

Burnup (GWd/MTU)

154Eu Mean Concentration

Methodology Mean MCNP Data Set Mean



 

 

59 

 

 

Figure 20. Plot of the concentration uncertainty of 154Eu in the Multi Stage Monte Carlo method 

and the MCNP data set.   

 

Because MCNP does not give an output for the concentration of 154Eu until the 0.310 

GWd/MTU data point, it is not possible to compare the Multi Stage Monte Carlo method and the 

MCNP data set for the first 4 data points. However, for the last 3 data points, the Multi Stage 

Monte Carlo concentration mean and uncertainty for 154Eu are in close agreement with the 

MCNP data set. The curve of the mean concentration looks piecewise linear as opposed to 

quadratic, as would be expected, due to the piecewise linear model of the 153Eu absorptions. 

However the model still gives accurate results, indicating this modeling methodology is not 

unreasonable. The relative error is closer to the 0.3% uncertainty in the 153Eu neutron absorption 

reaction rate than the 0.2% uncertainty in the 235U fission reaction rate due to 153Eu neutron 

absorptions being the dominant production mechanism of 154Eu, as expected.  
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4.2.9 Samarium-149 (149Sm) 

Samarium 149 is a stable isotope that is produced in the decay chain of 149Pm, with 149Pm 

ultimately beta decaying into 149Sm. The absorption cross section of 149Sm is relatively high, at 

about 105 barns at thermal neutron energies. Due to neutron absorption reactions being a 

dominant term in the Bateman Equation for 149Sm the special cases method must be used. The 

Bateman Equation for 149Sm and the solved Backward Euler iterative scheme are shown in 

Eq. (32) and Eq. (33). 

 

𝑑𝑆

𝑑𝑡
= ∑ 𝛾𝑆,𝑖𝑅𝑅𝑓,𝑖 + 𝜆𝑃𝑃 − 𝑆𝜎𝑎,𝑆𝜙 

 

𝑖

(32) 

𝑆(𝑡𝑘) =
[ ∑ 𝛾𝑆,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) + 𝜆𝑃𝑃(𝑡𝑘)] ℎ 

𝑖 + 𝑆(𝑡𝑘−1)

1 + 𝜎𝑎,𝑆𝜙(𝑡𝑘)ℎ
(33) 

 

Where P represents the concentration of 149Pm, S represents the concentration of 149Sm, tk 

represents the time at sub-step k, and ϕ represents the one-group scalar neutron flux. The results 

from the Multi Stage Monte Carlo process are given in Table 13, and plots of the mean, 

uncertainty, and relative error of the concentration of 149Pm over the burn history are given in 

Fig. 21 and Fig. 22. A plot of the relative error of the effective neutron absorption reaction rate 

of 149Sm is shown in Fig. 23, to examine the statistical effectiveness of the special methodology. 

The relative error in concentration is shown in Fig. 24.  
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Burnup 
(GWd/MTU) 

MCNP Data Set 
Mean 

Concentration 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Mean 
Concentration 
(atoms/cm3) 

MCNP Data 
Set 

Concentration 
Uncertainty 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 
(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 8.57E+13 1.70E+14 1.47E+11 3.12E+11 

2.66E-02 4.40E+14 6.31E+14 6.16E+11 9.07E+11 

4.43E-02 1.31E+15 1.63E+15 1.32E+12 1.85E+12 

8.86E-02 4.96E+15 5.52E+15 3.58E+12 5.12E+12 

3.10E-01 3.06E+16 3.16E+16 2.45E+13 4.31E+13 

5.31E-01 4.82E+16 4.82E+16 5.13E+13 6.08E+13 

8.86E-01 5.99E+16 5.92E+16 8.24E+13 8.36E+13 
 

Table 13. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

149Sm. 

 

 

Figure 21. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 149Sm. 
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Figure 22. Plot of the concentration uncertainty of 149Sm in the Multi Stage Monte Carlo method 

and the MCNP data set.   

 

 

Figure 23. A plot of the relative error of the 149Sm neutron absorption reaction rate used in the 

special case methodology compared to the MCNP given relative error for the reaction rate. 
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Figure 24. Plot of the concentration relative error of 149Sm in the Multi Stage Monte Carlo 

method and the MCNP data set.   

 

As shown in Table 13 and Fig. 21 the special methodology effectively recreates the 

concentration curve of 149Sm. The uncertainty of the methodology, however, is not in good 

agreement with the MCNP data set. The reason for this discrepancy is shown in Fig. 23, where it 

can be seen that there is a significant discrepancy between the effective 149Sm neutron absorption 

reaction rate of the methodology and the MCNP reaction rate uncertainty in MCNP. However, in 

Fig. 22 the Multi Stage Monte Carlo methodology overestimates the uncertainty in 149Sm 

concentration, yet in Fig. 23 the Multi Stage Monte Carlo methodology underestimates the 

uncertainty in the effective 149Sm neutron absorption reaction rate.  

While the special methodology used for 149Sm isn’t consistent with the neutron 

absorption reaction rate statistics observed in MCNP, the resulting concentration uncertainty of 
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agreement. The data point at 0.31 GWd/MTU is approximately 75% higher for the methodology 

than the MCNP data set, however. Multiple possibilities for this discrepancy were studied in an 

attempt to explain this relatively large discrepancy. The decay of 149Pm is the main production 

mechanism of the 149Sm, but the concentration uncertainty predicted by the methodology were 

consistent with that of the MCNP data set, as shown in Fig. 17. Moreover, there were no other 

significant reactions producing 149Sm that could have possibly altered the statistics of the model. 

The effective neutron absorption reaction rate relative error, shown in Fig. 23, was significantly 

lower than the 0.31% given in the MCNP output. However, if the effective 149Sm neutron 

absorption reaction rate was consistent with that given in the MCNP output file, the 

methodology’s predicted concentration uncertainty would actually increase. In Fig. 23, the 

relative error of the effective neutron absorption reaction rate is relatively stable between the 

0.086 and 0.31 GWd/MTU data points, where in all of the other burnup intervals the relative 

error decreases sharply. This causes the predicted concentration uncertainty of 149Sm to be higher 

at 0.31 GWd/MTU than it would be if the effective neutron absorption reaction rate sharply 

decreased. However, it is the belief of the author that this doesn’t significantly contribute to the 

large discrepancy in uncertainties predicted by the methodology and the MCNP data set. It is 

possible that there is some mechanism in the MCNP code that is not adequately articulated in the 

proposed methodology.  
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4.2.10 Samarium-150 (150Sm) 

Samarium-150 is a stable isotope, and partially blocked nucleus. The only isotope which 

decays into 150Sm is 150Pm, which has a half-life of 2.68 hours. Because the cumulative fission 

product of 150Sm is small, the majority of the 150Sm atoms created in a reactor environment are 

from 149Sm neutron absorptions. The Bateman Equation for 150Sm and the solved Backward 

Euler iterative scheme are shown in Eq. (34) and Eq. (35). 

 

𝑑𝑆150

𝑑𝑡
= ∑ 𝛾𝑆150,𝑖𝑅𝑅𝑓,𝑖 + 𝑅𝑅𝑎,𝑆149

− 𝑅𝑅𝑎,𝑆150
 

 

𝑖

(34) 

𝑆150(𝑡𝑘) = [ ∑ 𝛾𝑆150,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) + 𝑅𝑅𝑎,𝑆149
(𝑡𝑘)] ℎ

 

𝑖

+ 𝑆150(𝑡𝑘−1) (35) 

 

Where S149 and S150 represent the concentration of 149Sm and 150Sm, respectively, and tk 

represents the time at sub-step k. The results from the Multi Stage Monte Carlo process are given 

in Table 14, and plots of the mean, uncertainty, and relative error of the concentration of 149Pm 

over the burn history are given in Fig. 25 and Fig. 26. 

 

 

 

 

 

 



 

 

66 

 

Burnup 
(GWd/MTU) 

MCNP Data Set 
Concentration 

Multi Stage Monte 
Carlo 

Concentration 

MCNP Data Set 
Concentration 

Uncertainty 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 8.51E+13 1.59E+14 1.46E+11 2.89E+11 

2.66E-02 4.37E+14 6.12E+14 6.12E+11 8.78E+11 

4.43E-02 1.30E+15 1.60E+15 1.31E+12 1.85E+12 

8.86E-02 4.93E+15 5.48E+15 3.55E+12 5.31E+12 

3.10E-01 3.04E+16 3.15E+16 2.43E+13 5.75E+13 

5.31E-01 4.79E+16 4.83E+16 5.10E+13 1.01E+14 

8.86E-01 5.95E+16 5.93E+16 8.18E+13 1.55E+14 

 

Table 14. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

150Sm. 

 

 

Figure 25. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 150Sm. 
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Figure 26. Plot of the concentration uncertainty of 150Sm in the Multi Stage Monte Carlo method 

and the MCNP data set.   

 

 

Figure 27. Plot of the concentration relative error of 150Sm in the Multi Stage Monte Carlo 

method and the MCNP data set.   
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As seen in Table 14 and Fig. 25 the Multi Stage Monte Carlo mean concentration of 

150Sm is in excellent agreement with that of the MCNP data set. However, the Multi Stage Monte 

Carlo concentration uncertainty is significantly higher than that of the MCNP data set. It was 

expected by the researchers that the relative error, shown in Fig. 27, would be closer to the 0.3% 

uncertainty in the 149Sm neutron absorption reaction rate, as this is the dominant production 

mechanism. However, the MCNP data set relative error for the concentration of 150Sm is about 

half of the predicted amount. The cause for such a discrepancy is unknown to the authors, as this 

result goes against the trend of the fission products modeled thus far. 

 

4.2.11 Xenon-135 (135Xe) 

Xenon-135 has a 9.2 hour half-life and is produced in a decay chain involving 135I, 135Te, 

135Sb, 135Sn, 135In, and 135Cd. It is also a strong absorber, being the largest neutron poison in a 

reactor environment with a thermal neutron absorption cross section of about 107 barns. Because 

of the comparable 6.57 hour half-life of 135I, this isotope must be modeled using the cumulative 

fission yield as well. The special case methodology must again be employed, and the Bateman 

Equation for 149Sm and the solved Backward Euler iterative scheme for 135Iare shown in Eq. (36) 

and Eq. (37), and in Eq. (38) and Eq. (39) for 135Xe 
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𝑑𝐼

𝑑𝑡
= ∑ 𝛾𝐼,𝑖𝑅𝑅𝑓,𝑖 − 𝑅𝑅𝑎,𝐼 − 𝜆𝐼𝐼

 

𝑖

(36) 

𝐼(𝑡𝑘) =
[ ∑ 𝛾𝐼,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) − 𝑅𝑅𝑎,𝐼(𝑡𝑘)] ℎ 

𝑖 + 𝐼(𝑡𝑘−1)

1 + 𝜆𝐼ℎ
(37) 

𝑑𝑋

𝑑𝑡
= ∑ 𝛾𝑋,𝑖𝑅𝑅𝑓,𝑖 + 𝜆𝐼𝐼

 

𝑖

− 𝑋𝜎𝑎,𝑋𝜙 (38) 

𝑋(𝑡𝑘) =
[ ∑ 𝛾𝑋,𝑖𝑅𝑅𝑓,𝑖(𝑡𝑘) + 𝜆𝐼𝐼(𝑡𝑘)] ℎ 

𝑖 + 𝑋(𝑡𝑘−1)

1 + 𝜎𝑎,𝑋𝜙(𝑡𝑘)ℎ
(39) 

 

Where I represents the concentration of 135I, X represents the concentration of 135X, and tk 

represents the time at sub-step k. Tables for data points of 135I and 135Xe are provided in Table 15 

and Table 16, with plots of the mean concentration and uncertainty in concentration provided in 

Fig. 28-31. 

 

Burnup 
(GWd/MTU) 

MCNP Data 
Set 

Concentration 

Multi Stage 
Monte Carlo 

Concentration 

MCNP Data 
Set 

Concentration 
Uncertainty 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 1.44E+16 1.43E+16 2.57E+13 2.71E+13 

2.66E-02 2.11E+16 2.11E+16 2.56E+13 2.98E+13 

4.43E-02 2.49E+16 2.49E+16 3.04E+13 3.31E+13 

8.86E-02 2.69E+16 2.69E+16 4.35E+13 4.82E+13 

3.10E-01 2.70E+16 2.71E+16 4.79E+13 5.07E+13 

5.31E-01 2.70E+16 2.71E+16 4.81E+13 4.85E+13 

8.86E-01 2.70E+16 2.71E+16 4.64E+13 4.86E+13 
 

Table 15. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 135I. 
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Figure 28. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 135I. 

 

 

Figure 29. Plot of the concentration uncertainty of 135I in the Multi Stage Monte Carlo method 

and the MCNP data set.   
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Burnup 
(GWd/MTU) 

MCNP Data Set 
Concentration 

Multi Stage 
Monte Carlo 

Concentration 

MCNP Data Set 
Concentration 

Uncertainty 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 3.33E+15 3.63E+15 2.97E+12 6.77E+12 

2.66E-02 6.19E+15 6.04E+15 7.24E+12 8.99E+12 

4.43E-02 7.95E+15 7.78E+15 9.25E+12 1.09E+13 

8.86E-02 8.91E+15 8.71E+15 8.01E+12 1.63E+13 

3.10E-01 8.99E+15 9.00E+15 7.90E+12 1.76E+13 

5.31E-01 9.04E+15 9.02E+15 7.48E+12 1.82E+13 

8.86E-01 9.09E+15 9.05E+15 8.81E+12 1.87E+13 
 

Table 16. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

135Xe. 

 

 

Figure 30. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 135Xe. 
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Figure 31. Plot of the concentration uncertainty and the relative error of 135Xe in the Multi Stage 

Monte Carlo method and the MCNP data set.   

 

 

Figure 32. A plot of the relative error of the 135Xe neutron absorption reaction rate used in the 

special case methodology compared to the MCNP given relative error for the reaction rate. 
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As shown in Table 15 and Fig. 28, the Multi Stage Monte Carlo methodology reproduces 

the mean concentration of the MCNP data set for 135I with excellent agreement. The 

concentration uncertainties of the Multi Stage Monte Carlo methodology and the MCNP data set 

are in reasonable agreement, as can be seen in Fig. 29. It was determined that the model for 135I 

is sufficiently accurate to be coupled with that of the 135Xe model. 

The model for the mean concentration of 135Xe is in excellent agreement with the MCNP 

data set. Again, as seen in Fig. 32, the reaction rate sampling technique employed by the special 

method under predicts the MCNP absorption reaction rate uncertainty, yet the modeled 

concentration uncertainty of 135Xe is about two times higher than that of the MCNP data set. The 

discrepancy between the Multi Stage Monte Carlo methodology and the MCNP data set for the 

concentration uncertainties of 135Xe and 149Sm, the two high absorbing isotopes modeled in this 

study, indicate that this method is not effective for nuclides with high absorption cross sections. 

Further study into this issue is encouraged by the authors.  

 

4.2.12 Plutonium-239 (239Pu) 

Plutonium-239 is a long lived isotope produced via neutron capture of 238U, which 

transmutes into 239U, which subsequently beta decays into 239Np with a half-life of about 0.4 

hours. 239Np then beta decays into 239Pu, with a half-life of 2.35 days. Each isotope in the 

production chain of 239Pu was modeled, and the Bateman Equations and solved Backward Euler 

iterative schemes are shown in Eq. (40) through Eq. (45). 
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𝑑𝑈239

𝑑𝑡
= 𝑅𝑅𝑛,𝛾𝑈238

− 𝑅𝑅𝑎,𝑈239
− 𝜆𝑈239

𝑈239 (40) 

𝑈239(𝑡𝑘) =
(𝑅𝑅𝑛,𝛾𝑈238

(𝑡𝑘) − 𝑅𝑅𝑎,𝑈239
(𝑡𝑘))ℎ + 𝑈239(𝑡𝑘−1)

1 + 𝜆𝑈239
ℎ

(41) 

𝑑𝑁

𝑑𝑡
= 𝜆𝑈239

𝑈239 − 𝑅𝑅𝑎,𝑁 − 𝜆𝑁𝑁 (42) 

𝑁(𝑡𝑘) =
(𝜆𝑈239

𝑈239(𝑡𝑘) − 𝑅𝑅𝑎,𝑁(𝑡𝑘))ℎ + 𝑁(𝑡𝑘−1)

1 + 𝜆𝑁ℎ
(43) 

𝑑𝑃

𝑑𝑡
= 𝜆𝑁𝑁 − 𝑅𝑅𝑎,𝑃 (44) 

𝑃(𝑡𝑘) = (𝜆𝑁𝑁 − 𝑅𝑅𝑎,𝑃)ℎ + 𝑃(𝑡𝑘−1) (45) 

 

Where U238 represents the concentration of 238U, U239 represents the concentration of 

239U, N represents the concentration of 239Np, and P represents the concentration of 239Pu. Tables 

of data points for 239Np and 239Pu are provided in Table 17 and Table 18, and plots of the mean 

concentration, concentration uncertainty, and relative error are provided in Fig. 33-36. 
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Burnup 
(GWd/MTU) 

MCNP Data Set 
Concentration 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
(atoms/cm3) 

MCNP Data Set 
Concentration 

Uncertainty 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 
(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 1.69E+17 1.69E+17 5.13E+14 4.47E+14 

2.66E-02 3.39E+17 3.38E+17 7.84E+14 5.97E+14 

4.43E-02 5.45E+17 5.43E+17 1.08E+15 8.45E+14 

8.86E-02 9.56E+17 9.64E+17 1.90E+15 1.57E+15 

3.10E-01 1.92E+18 1.91E+18 5.57E+15 4.60E+15 

5.31E-01 2.14E+18 2.14E+18 5.90E+15 4.63E+15 

8.86E-01 2.21E+18 2.21E+18 6.90E+15 5.08E+15 
 

Table 17. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

239Np. 

 

 

Figure 33. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 239Np. 
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Figure 34. Plot of the concentration uncertainty and the relative error of 239Np in the Multi Stage 

Monte Carlo method and the MCNP data set.   

 

Burnup 
(GWd/MTU) 

MCNP Data Set 
Concentration 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
(atoms/cm3) 

MCNP Data Set 
Concentration 

Uncertainty 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 
(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 7.01E+15 7.29E+15 2.12E+13 1.93E+13 

2.66E-02 2.95E+16 3.00E+16 7.36E+13 6.37E+13 

4.43E-02 8.16E+16 8.24E+16 1.69E+14 1.38E+14 

8.86E-02 3.02E+17 3.07E+17 4.88E+14 4.00E+14 

3.10E-01 2.54E+18 2.56E+18 5.06E+15 4.16E+15 

5.31E-01 5.44E+18 5.47E+18 1.09E+16 8.44E+15 

8.86E-01 1.02E+19 1.03E+19 1.72E+16 1.41E+16 
 

Table 18. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

239Pu. 
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Figure 35. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 239Pu. 

 

 

Figure 36. Plot of the concentration uncertainty and the relative error of 239Pu in the Multi Stage 

Monte Carlo method and the MCNP data set.   
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Figure 37. Plot of the concentration relative error and the relative error of 239Pu in the Multi 

Stage Monte Carlo method and the MCNP data set.   

 

As can be seen in Table 17 and Fig. 33 the modeled mean concentration of 239Np is in 

excellent agreement with that of the MCNP data set. However, the predicted concentration 

uncertainty is about 35% below that of the MCNP data set at each data point. Moreover, as seen 

in Fig. 35 and Fig. 36, although the predicted mean concentration for 239Pu is in excellent 

agreement with that of the MCNP data set, the predicted concentration uncertainty for 239Pu is 

approximately 20% above that of the MCNP data set. This is a deviation from the fission 

products modeled thus far, where the Multi Stage Monte Carlo method typically over predicted 

the concentration uncertainties. This is an unexpected result, and the reasons for such a deviation 
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of the burnup simulation. The uncertainty should be compared to that of the 238U neutron 

absorption reaction rate and the 239Pu fission reaction rate, at 0.26% and 0.29% respectively. As 

these two reactions are the dominant reactions in the production of 239Pu it would be expected 

that the concentration relative uncertainty be comparable to these values. For these reasons the 

final relative error of roughly 0.15% was unexpected, though the Multi Stage Monte Carlo 

concentration relative error is in agreement with that of the MCNP data set.  

 

4.2.13 Plutonium-240 (240Pu) 

Plutonium-240 is a long lived isotope produced via neutron capture of a 239Pu nucleus 

and beta decay of 240Np. Because MCNP did not print reaction rates for 240Np, there was 

difficulty in creating an effective model. For this reason, the model below for 240Pu will under 

predict the concentration of 240Pu, and therefore the concentration uncertainty as well. For this 

reason, the relative error of the model will be the most important factor when analyzing the 

model’s accuracy.  

The Bateman Equations and solved Backward Euler iterative schemes are shown in 

Eq. (46) Eq. (47), with P239 representing the concentration of 239Pu and P240 representing the 

concentration of 240Pu. Tables of data points are provided in Table 19 and plots of the mean 

concentration and relative error are provided in Fig. 38 and Fig. 39. 

 

𝑑𝑃240

𝑑𝑡
= 𝑅𝑅𝑎,𝑃239

− 𝑅𝑅𝑎,𝑃240
(46) 

𝑃240(𝑡𝑘) = (𝑅𝑅𝑎,𝑃239
(𝑡𝑘) − 𝑅𝑅𝑎,𝑃240

(𝑡𝑘)) ℎ + 𝑃240(𝑡𝑘−1) (47) 
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Burnup 
(GWd/MTU) 

MCNP Data Set 
Concentration 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
(atoms/cm3) 

MCNP Data Set 
Concentration 

Uncertainty 
(atoms/cm3) 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 
(atoms/cm3) 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 1.77E+13 6.57E+11 6.49E+10 2.60E+09 

2.66E-02 9.43E+13 1.05E+13 3.02E+11 3.75E+10 

4.43E-02 3.03E+14 5.35E+13 8.36E+11 1.61E+11 

8.86E-02 1.41E+15 4.10E+14 3.18E+12 1.17E+12 

3.10E-01 2.23E+16 1.25E+16 5.71E+13 4.03E+13 

5.31E-01 7.19E+16 5.22E+16 1.94E+14 1.57E+14 

8.86E-01 2.10E+17 1.76E+17 5.19E+14 5.19E+14 
 

Table 19. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

240Pu. 

 

 

Figure 38. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 240Pu. 
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Figure 39. Plot of the relative error of 240Pu in the Multi Stage Monte Carlo method and the 

MCNP data set.   

 

As shown in Table 19 and Fig. 38, the modeled concentration for 240Pu is approximately 

27% below the MCNP data set. This is because the model for 240Np was omitted, and is 

expected. The relative error predicted by the Multi Stage Monte Carlo method is in reasonable 

agreement with that of the MCNP data set, with the functional form of the relative error being 

consistent with that of the MCNP data set. The Multi Stage Monte Carlo method over predicts 

the relative error by about 0.05%, which is in the margin of reasonability.  

 

4.2.14 Plutonium-241 (241Pu) 

Plutonium-241 has a half-life of 14.36 years and is produced via neutron capture of 240Pu. 
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of 241Pu. Tables of data points are provided in Table 20 and plots of the mean concentration, 

concentration uncertainty, and relative error are provided in Fig. 40 and Fig. 41. 

 

𝑑𝑃241

𝑑𝑡
= 𝑅𝑅𝑎,𝑃240

− 𝑅𝑅𝑎,𝑃241
− 𝜆𝑃241

𝑃241 (48) 

𝑃241(𝑡𝑘) =
(𝑅𝑅𝑎,𝑃240

(𝑡𝑘) − 𝑅𝑅𝑎,𝑃241
(𝑡𝑘)) ℎ + 𝑃241(𝑡𝑘−1)

1 + 𝜆𝑃241
ℎ

(49) 

 

Burnup 
(GWd/MTU) 

MCNP Data Set 
Concentration 

Multi Stage 
Monte Carlo 

Concentration 

MCNP Data Set 
Concentration 

Uncertainty 

Multi Stage 
Monte Carlo 

Concentration 
Uncertainty 

0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

1.33E-02 - 6.40E+09 - 6.85E+07 

2.66E-02 - 1.21E+11 - 1.24E+09 

4.43E-02 - 6.92E+11 - 6.02E+09 

8.86E-02 - 6.37E+12 - 6.17E+10 

3.10E-01 3.78E+14 3.32E+14 4.27E+12 3.37E+12 

5.31E-01 2.11E+15 1.99E+15 2.09E+13 1.84E+13 

8.86E-01 1.04E+16 1.01E+16 8.20E+13 9.30E+13 
 

Table 20. Data points from the Multi Stage Monte Carlo process and the MCNP data set for 

241Pu. 
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Figure 40. Plot of the Multi Stage Monte Carlo estimated mean concentration compared with the 

mean concentration in the MCNP data set for 241Pu. 

 

 

Figure 41. Plot of the concentration uncertainty and the relative error of 241Pu in the Multi Stage 

Monte Carlo method and the MCNP data set.   
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As shown in Table 20 and Fig. 40 the Multi Stage Monte Carlo methodology is an 

effective predictor of the mean concentration of the MCNP data set. The functional form of the 

mean concentration looks piecewise linear as opposed to quadratic due to the piecewise constant 

nature of the 240Pu neutron absorption reaction rate in the model. The concentration uncertainty 

and relative error predicted by the Multi Stage Monte Carlo methodology in Fig. 41 are in 

reasonable agreement with that of the MCNP data set.  
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5. CONCLUSIONS 

 

The goal of this research was to establish a methodology to estimate the overall stochastic 

uncertainty in isotopic concentrations estimated through a multi-time step fuel burnup simulation 

using MCNP code. In pursuit of this goal a mathematical model to predict the concentrations of 

individual isotopes over time was created by utilizing the Bateman Equations with MCNP 

generated neutron reaction rates of various nuclides and neutron flux as the model input 

variables. The reaction rates were sampled from a normal distribution created from the results 

predicted by the MCNP and associated standard deviation values. This process was repeated a 

large number of times using a Back Euler mathematics formulation, enabling statistical analysis 

and the uncertainty quantification of fission product and actinide nuclide concentration predicted 

by MCNP. The following sections describe the process of the methodology, as well as 

conclusions on the application of the methodology. 

 

5.1 MCNP Data Set Creation 

An MCNP input deck modeling a single PWR fuel pin was created, and the fuel pin was 

burned for 20 days at a power typical of a PWR reactor fuel pin. This input was used for MCNP 

simulations over 100 times by varying the initial seed and the outputs were compiled into a large 

data set, for which the mean and standard deviation for isotopic concentrations could be 

quantified.  
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5.2 Isotopic Modeling 

A mathematical model based on Bateman depletion equation for estimating the isotopic 

concentrations (generation and depletion) over time was created for numerous isotopes of 

interest. The mathematical model used nuclide reaction rates and neutron flux obtained from 

MCNP fuel burnup simulations as some of the inputs and the remaining inputs being fission 

yield and decay constants of nuclides being analyzed for their concentration estimation in fuel 

pin. This model simplified the general Bateman Equation by using reaction rates obtained from 

an MCNP output instead of microscopic cross sections and scalar flux. In the case of the high 

neutron absorbing isotopes 135Xe and 149Sm, the absorption reaction rates were not able to be 

used effectively in the model and an approach to estimate the one-group absorption cross 

sections and scalar flux was utilized. 

These models were numerically solved using the Backward Euler method. It was 

determined that a numerical sub-step of 0.01 days was sufficiently small for convergence of the 

numerical method. The results of the models were compared against the MCNP data set, and 

isotopic models were generally found to follow the expected functional forms and were within 

approximately 1% of the MCNP data set mean concentrations. 

 

5.3 Reaction Rate Sampling and Data Set Creation 

Because the goal of this research is to quantify the uncertainty in isotopic concentrations 

in depleted fuel, the uncertainty in reaction rates was propagated. The reaction rates were 

assumed to have a normal distribution, the mean of which being the MCNP reaction rate and the 

standard deviation being the MCNP reaction rate uncertainty. These reaction rate distributions 

were sampled for each depletion time step in the models, and the model simulations were 
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performed 1,000 times to create another data set. The uncertainty of each isotopic concentration 

was quantified as the standard deviation in the data set.  

The isotopic concentration uncertainties were found to be in reasonable agreement with 

those of the MCNP data set for all non-high absorbing isotopes, indicating that this methodology 

is adequate at predicting fuel depletion in MCNP burnup simulations. For the high neutron 

absorbing isotopes 135Xe and 149Sm, the methodology over predicted the concentration 

uncertainty and is not as effective a predictor.  

 

5.4 Recommendations for Further Research 

This methodology was a first step towards creating a Multi Stage Monte Carlo 

methodology to estimate concentration uncertainty in MCNP depletion simulations. Further 

testing and improvement of the method can be done in the following areas: 

1. This research only compared the results against one MCNP data set. It is 

recommended that the methodology be tested with more complicated MCNP decks, 

with longer burnup times and varying depletion time steps. 

2. No covariance was included in this research on uncertainty estimation. A covariance 

study on reaction rates would be helpful to understand the interdependencies of 

nuclide production and hence to improve the sampling in the methodology, and 

would likely improve the accuracy of the results.  

3. The methodology outlined in the special methods for the high neutron absorbing 

isotopes was not effective at modeling the neutron absorption reaction rates. While 

the methodology was able to create an accurate model of isotopic concentrations, as 

described in section 5.2, the uncertainty of the effective neutron absorptions were 
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underestimated when compared to the MCNP reaction rate uncertainties. Moreover, 

even with the artificially low neutron absorption reaction rate uncertainty, the final 

output of the model over predicted the concentration uncertainties. The reason for this 

discrepancy is unknown, and further research into modeling of high neutron 

absorbing isotopes is required.  
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APPENDIX 

 

 The methodology outlined in section 3 of this thesis was tested on known functions to 

ensure that the methodology could replicate the analytical means (averages) and the associated 

uncertainties (standard deviations). Test functions were chosen that were believed to be 

representative of the possible concentration curves of nuclides in a nuclear reactor. The expected 

value and uncertainty of these functions were calculated both analytically and with the Multi Stage 

Monte Carlo methodology and were compared for accuracy and consistency.   

 

A.1 Linear Piecewise Function 

 A linear piecewise function is shown in Eq. (50). The slope of both pieces is determined 

by random variables A and B. 

𝑦(𝑡) = {
𝐴𝑡, 0 ≤ 𝑡 ≤ 1

𝐵(𝑡 − 1) + 𝑦(1), 1 ≤ 𝑡 ≤ 2
   (50) 

 

Where  

 A = N(10,1) 

 B = N(20,2) 

The uncertainty of Eq. (50) in variance is found by utilizing Eq. (3) and is shown in Eq. (51).  

𝜎𝑦
2 = {

𝜎𝐴
2𝑡2, 0 ≤ 𝑡 ≤ 1

𝜎𝐵
2(𝑡 − 1)2 + 𝜎𝐴

2, 1 < 𝑡 ≤ 2
 (51) 

 

The Multi Stage Monte Carlo methodology was implemented onto this function with 1,000 trials. 

A comparison of the two methods is shown in Figure 42. 
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Figure 42. A plot of the analytical values and uncertainties compared to those derived from the 

Multi Stage Monte Carlo methodology for the sample linear piecewise function.  

 

A.2 Piecewise Quadratic Function 

 The Multi Stage Monte Carlo process was again tested on a sample piecewise quadratic 

function, shown in Eq. (52). The analytic uncertainty in variance is shown in Eq. (53). The two 

methods are compared in Figure 43. 

𝑦(𝑡) = {
𝐴𝑡2, 0 ≤ 𝑡 ≤ 2

𝐵𝑡2 − 4𝐵 + 𝑦(2), 2 < 𝑡 ≤ 4
   (52) 

 

𝜎𝑦
2 = {

𝜎𝐴
2𝑡4, 0 ≤ 𝑡 ≤ 2

(𝑡2 − 4)2 𝜎𝐵
2 + 16𝜎𝐴

2, 2 ≤ 𝑡 ≤ 4
 (53) 
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Where  

 A = N(1, 0.1) 

 B = N(2, 0.2)  

 

 

Figure 43. A plot of the analytical values and uncertainties compared to those derived from the 

Multi Stage Monte Carlo methodology for the sample quadratic piecewise function. 
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A.3 Methodology Analysis 

 From Fig. 38 and Fig. 39, the Multi Stage Monte Carlo methodology is able to recreate 

the analytical functions and uncertainty. This gives confidence that the methodology is working 

as intended when modeling isotopes in section 4 of this thesis.  

 The uncertainty curves do not behave as the functional curve, due to the piecewise nature 

of the modeled functions. The uncertainty curves “dip” initially at the boundaries of the 

piecewise discretization, and then stabilize to resemble that of the functional curve sometime 

after. It is noted by the author that these dips were found to be more extreme in analytical models 

with a higher decay constant. 

 


