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tWe introdu
e a transformation of �nite integer sequen
es, show that every se-quen
e eventually stabilizes under this transformation and that the number of �xedpoints is 
ounted by the Catalan numbers. The sequen
es that are �xed are pre
iselythose that des
ribe themselves | every term t is equal to the number of previousterms that are smaller than t. In addition, we provide an easy way to enumerate allthese self-des
ribing sequen
es by organizing them in a Catalan tree with a spe
i�
labelling system.Pre�x ordered sequen
es and rooted labelled treesThe following 
onne
tion between pre�x ordered sequen
es and rooted labelled trees iswell known and we brie
y mention only the instan
e whi
h is useful for our 
onsiderations.Let A be the set of �nite integer sequen
es a = (a0; a1; : : : ) with the property that0 � ai � i, for all indi
es. We order the sequen
es in A by the pre�x relation, i.e.,(a0; a1; : : : ; an) � (b0; b1; : : : ; bm)if n � m and ai = bi, for i = 0; : : : ; n. The sequen
es in A 
an be organized in a rootedlabelled tree T whi
h re
e
ts the pre�x order relation. The root of the tree T is labelledby 0. Every vertex that is at distan
e n from the root has n + 2 
hildren labelled by0; 1; : : : ; n; n+1 (see Figure 1). The verti
es whose distan
e to the root is n form the n-thlevel of the tree T , whi
h is also 
alled the n-th generation. For every vertex v at thelevel n in the tree T there exist a unique path of length n from the root to v. The labelsof the verti
es on this path form a unique sequen
e (a0; a1; : : : ; an) in A that 
orrespondsto the vertex v and this sequen
e is 
alled the full name of v. The 
orresponden
ev $ the full name of vprovides a bije
tion between the verti
es in T and the sequen
es inA. Under this bije
tion,the verti
es from the n-th generation in T 
orrespond to the sequen
es of length n+1 inthe ele
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2 2 2 2 2 2 33 3 3 3 3Figure 1: The rooted labelled tree T up to the third generationA. The set of verti
es in the n-th generation is denoted by Tn and the 
orresponding setof sequen
es by An.The sequen
e a = (a0; a1; : : : ; an) is a pre�x of the sequen
e b = (b0; b1; : : : ; bm) if andonly if the vertex va with full name a is on the unique path between the root and the vertexvb with full name b, i.e., if and only if the vertex va is an an
estor of the vertex vb. Considera graph endomorphism � of T that �xes the root (and therefore also preserves the levels).Su
h an endomorphism 
orresponds to a transformation of sequen
es � : A ! A thatpreserves the length of the sequen
es and also their pre�x order, i.e.,a � b implies �a � �b;for all sequen
es a and b in A.In the sequel, we often deliberately blur the distin
tion between the verti
es in T andthe 
orresponding sequen
es in A. Similarly, we do not distinguish tree endomorphismsof T �xing the root from sequen
e transformations that preserve the length and the pre�xorder. This mistake a
tually improves our presentation.Let � be an endomorphism of T . Sin
e every generation in T is �nite, the � orbit��u = f�iu j i � 0 gof every vertex u of T is �nite. Thus, starting from any vertex, repeated appli
ations of� produ
e periodi
 points, i.e., points a for whi
h �ka = a for some k > 0. The periodof the periodi
 point a is the smallest k for whi
h �ka = a. The points of period 1 are�xed points and the points of period dividing 2 are double points. Obviously, if u and vare periodi
 points of � and u is a pre�x of v then the period of u divides the period of v.It is easy sometimes to estimate how long it takes before a periodi
 point is rea
hed.We make use of the lexi
ographi
 ordering � of the sequen
es in An (note the di�eren
ewith the pre�x ordering �). Namely, for a = (a0; a1; : : : ; an) and b = (b0; b1; : : : ; bn), seta < b if ai < bi at the �rst index where a and b di�er.the ele
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Theorem 1. Let � be an endomorphism of the tree T and assume that, for some n � 1,there exists k � 1 su
h that, for every vertex u in generation n, eitheru � �ku � �2ku � : : :or u � �ku � �2ku � : : : :Then, starting from any point in generation n, repeated appli
ations of � lead to a periodi
point of period dividing k in O(n2) steps.Proof. We show that � = �k rea
hes a �xed point in no more than1 + 2 + � � �+ n = n(n + 1)=2steps.Start with any vertex u in generation n. Without loss of generality we may assumeu � �u � �2u � : : : :After the �rst appli
ation of � the initial segment up to index 1 of �u is �xed under �.After the next two steps the entry at index 2 will be �xed. Pro
eeding in the same fashionwe see that the initial segment of �1+2+���+iu up to index i is �xed under �. Indeed, on
ethe initial segment up to index i� 1 is �xed the entry at index i 
an go up no more thani times (from 0 to i) before it stabilizes. Thus, �1+2+���+nu is �xed under �.Self-des
ribing sequen
esWe de�ne an endomorphism Æ : A! A transforming sequen
es in A by(Æa)i = #fj j j < i; aj < aig:Thus, for ea
h term t in the sequen
e a, (Æa)i 
ounts the number of previous terms thatare smaller than t. The transformation Æ makes perfe
t sense even for sequen
es out ofA, but the image is in A and it stays there under further iterations. A sequen
e that is�xed under Æ is 
alled a self-des
ribing sequen
e. Therefore, the sequen
e a = (a0; a1; : : : )is self-des
ribing if #fj j j < i; aj < aig = ai;for all indi
es, i.e., every term t is equal to the number of previous terms that are smallerthan t.The Catalan family treeWe des
ribe now a rooted labelled subtree of T , denoted by C and 
alled the Catalanfamily tree or just the Catalan family. The root vertex 0 belongs to C. It has two 
hildrennamed 0 and 1 and we 
onsider 0 the older sibling. The oldest sibling in this family alwaysthe ele
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has 2 
hildren, the se
ond oldest 3, the third oldest 4, and so on. The oldest 
hild of amember of the family x gets named after the oldest sibling of x, the se
ond oldest 
hildafter the se
ond oldest sibling, and so on, until x uses its own name for its se
ond to last
hild and n for the youngest one, where n is the generation number of the 
hildren (thelevel in the tree). The diagram in Figure 2 depi
ts the family members of C up to thethird generation.
0 3 0 2 3

0 2

0

0

0

3 0 1 3 0 1 2 3

1 2

0

1

Figure 2: The Catalan family tree C up to the third generationThe 
onne
tionWe establish now a 
onne
tion between the self-des
ribing sequen
es and the Catalanfamily tree.Theorem 2. The full names of the members of the Catalan family are pre
isely the self-des
ribing sequen
es. In other words, they are the �xed points of the endomorphism Æ.Moreover, repeated appli
ations of Æ to any sequen
e in A eventually produ
e a memberof the Catalan family, i.e. a �xed point of Æ. The number of appli
ations needed to rea
hsu
h a point is O(n2).All statements of the theorem are implied by Theorem 1 and the following lemma.Lemma 1. If a is a member of the Catalan family then a = Æa. Otherwise, a < Æa.Proof. The proof is by indu
tion on the generation number n. The statement is truefor n = 0 and n = 1. Assume that the statement is true for all verti
es up to the n-thgeneration.Let a = (a0; a1; : : : ; an; x)be a (n+ 1)-st generation member of the Catalan family. We 
onsider two 
ases.If x = n + 1 then#fj j j < n+ 1; aj < xg = #fj j j < n+ 1; aj < n + 1g = n+ 1 = x;the ele
troni
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and a is a �xed point of Æ.If x 6= n+ 1, then an � x and there exists an n-th generation member of the Catalanfamily whose full name is a0 = (a0; a1; : : : ; an�1; x);namely the one after whom a was named. We have#fj j j < n + 1; aj < xg = #fj j j < n; aj < xg = x;where the �rst equality 
omes from the fa
t that an � x and the se
ond from the indu
tivehypothesis, sin
e Æa0 = a0.Thus all members of the Catalan family are �xed under Æ.Now, let a = (a0; a1; : : : ; an; x)be a full name of a vertex in T in the n-th generation that is not a member of the Catalanfamily C. If any proper pre�x of a is not in C we obtain the 
laim dire
tly from theindu
tive hypothesis. Thus we may assume thata00 = (a0; a1; : : : ; an)is a member of the Catalan family. Sin
e a is not in C we have an 6= x and n+1 6= x. We
onsider two 
ases.If an > x then a0 = (a0; a1; : : : ; an�1; x) is not in C and#fj j j < n + 1; aj < xg = #fj j j < n; aj < xg > x;where the equality 
omes from the fa
t that an > x and the inequality from the indu
tivehypothesis.If an < x < n+ 1 then#fj j j < n+ 1; aj < xg = #fj j j < n; aj < xg + 1 � x + 1;where the equality 
omes from the fa
t that an < x and the inequality from the indu
tivehypothesis. The equality in the last 
ase is possible only when a0 = (a0; a1; : : : ; an�1; x) isin C.We pro
eed by 
ounting the self-des
ribing sequen
es with �xed length. In addition,we obtain a result on the distribution of names in C. Re
all that the n-th Catalan numberis equal to 
n = 1n+ 1�2nn �:A re
ursive de�nition of the Catalan numbers is given by
0 = 1;
n+1 = 
0
n + 
1
n�1 + � � �+ 
n
0:the ele
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Theorem 3. The number of self-des
ribing sequen
es in An, i.e., the number of n-thgeneration members of the Catalan family is the (n+ 1)� th Catalan number 
n+1.Moreover, for r = 0; : : : ; n, the number of n-th generation members of the Catalanfamily whose name is r is equal to 
r
n�r.Proof. Denote by zn the number of n-th generation members of the Catalan family whosename is 0. More generally, for r = 0; : : : ; n denote by fn;r the number of n-th generationmembers of the Catalan family whose name is r. Finally, denote by gn the number ofn-th generation members of the Catalan family.Sin
e the oldest 
hild of every member of the Catalan family is named 0, we have, forall n, zn+1 = gn:Sin
e the youngest sibling in the r-th generation is always named r and the oldest 0we also have, for all r, fr;r = fr;0 = zr:For some �xed r, 
onsider the set of fr;r r-th generation members named r togetherwith all their des
endants in C whose names are greater or equal to r. This forest of fr;ridenti
al subtrees of C 
ontains all members of C whose name is r. Moreover, ea
h tree inthis forest looks exa
tly like the Catalan family tree, ex
ept that all labels are in
reasedby r. Indeed, ea
h r-th generation member of C named r has two 
hildren, named r andr + 1, the oldest sibling always has two 
hildren, the se
ond oldest three, et
. Thus, forany n and r = 0; : : : ; n, the number fn;r of n-th generation members of C named r is fr;rtimes larger than the number of (n� r)-th generation members of C named 0, i.e.,fn;r = fr;rfn�r;0 = zrzn�r:Sin
e z0 = 1 and zn+1 = gn = fn;0 + fn;1 + � � �+ fn;n= z0zn + z1zn�1 + � � �+ znz0we 
on
lude that, for all n, zn is the n � th Catalan number. The statements of thetheorem follow now easily from the relations gn = zn+1 and fn;r = zrzn�r.Conne
tion to other Catalan trees and obje
tsIt is well known that the Catalan numbers appear naturally under many 
ir
umstan
es.The exer
ises on Catalan numbers in [Sta99℄ provide a trove of examples, along withreferen
es, in whi
h Catalan numbers 
ount the number of obje
ts of parti
ular type andsize. The self-des
ribing sequen
es provide yet another example that we now relate tosome other obje
ts 
ounted by the Catalan numbers.Consider the sequen
es in A with the property that ai+1 � ai + 1, for all indi
es (seethe Exer
ise 6.19.u in [Sta99℄). Su
h sequen
es are 
alled sequen
es with unit in
rease.the ele
troni
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The rooted labelled tree that 
orresponds to the set of sequen
es with unit in
rease looksthe same as the Catalan family tree, just with a di�erent labelling and we obtain an easybije
tive 
orresponden
e between the self-des
ribing sequen
es and the sequen
es withunit in
rease. We 
ould use this bije
tive 
onne
tion to show that the Catalan numbers
ount the number of self-des
ribing sequen
es. Instead, we provided a dire
t proof ofTheorem 3 and the reason is that there is an important di�eren
e in the distribution oflabels in the Catalan family tree and the tree of the sequen
es with unit in
rease.Theorem 4. For r = 0; : : : ; n, the number of n-th generation verti
es in the tree ofsequen
es with unit in
rease labelled by r isr + 1n+ 1�2n� rn �:Proof. Let a = (a0; a1; : : : ; an) be a sequen
e with unit in
rease. Following Exer
ise 6.19.uin [Sta99℄, we de�ne, for i = 0; : : : ; n� 1,bi = ai � ai+1 + 1:Constru
t a sequen
e of n 1's and n�an negative 1's by repla
ing ea
h bi, i = 0; : : : ; n�1by one 1 followed by bi negative 1's. The newly obtained sequen
e has non-negative partialsums. The 
orresponden
e between the sequen
es in An with unit in
rease that end byr and the sequen
es of n 1's and n � r negative 1's with non-negative partial sums isbije
tive. It is shown in [Bai96℄ that the number of sequen
es with non-negative partialsums that 
onsist of n 1's and k negative 1's is equal ton+ 1� kn+ 1 �n + kn �and this implies our 
laim.In passing, we make a slightly more general remark. Namely, for a �xed positive integerm, 
onsider the sequen
es with the property that a0 = 0 and 0 � ai+1 � ai +m, for allindi
es. Su
h sequen
es are 
alled sequen
es with m-in
rease. We 
an easily 
onstru
t therooted labelled tree that 
orresponds to su
h sequen
es. For a sequen
e (a0; a1; : : : ; an)with m-in
rease, de�ne, for i = 0; : : : ; n� 1,bi = ai � ai+1 +m:Following the same approa
h as before, 
onstru
t a sequen
e of n m's and n�an negative1's by repla
ing ea
h bi, i = 0; : : : ; n � 1 by one m followed by bi negative 1's. Thenewly obtained sequen
e has non-negative partial sums and the 
orresponden
e betweenthe sequen
es (a0; a1; : : : ; an) with m-in
rease that end by r and the sequen
es of n 1'sand mn � r negative 1's with non-negative partial sums is bije
tive. Su
h sequen
esare dis
ussed in [FS01℄, where simple re
ursive formulae for their number is provided.the ele
troni
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Unfortunately, 
losed formulae are not provided yet, but we note that the number of n-thgeneration sequen
es with m-in
rease is given by 
m(n+ 1) where
m(n) = 1mn+ 1�(m + 1)nn �:The last displayed number is the generalization of the Catalan numbers whi
h 
ounts, forexample, the number of rooted (m + 1)-ary trees with n interior verti
es.It is worth nothing that Julian West [Wes95℄ re
ursively 
onstru
ts a rooted labelledtree whose root is labelled by 2 and ea
h vertex labelled by x has x 
hildren labelled by2; 3; : : : ; x + 1. This tree, whi
h West 
alls a Catalan tree, looks again exa
tly like theCatalan family tree, but with di�erent labels. In fa
t, the tree of the sequen
es with unitin
rease 
an be obtained from the Catalan tree 
onstru
ted by Julian West by de
reasingall labels by 2.Similarly, in the spirit of the Julian West 
onstru
tion, for any positive integer m,
onstru
t a rooted labelled tree whose root is labelled by m + 1 and ea
h vertex labelledby x has x 
hildren labelled by m + 1; m + 2; : : : ; m + x. The tree of sequen
es withm-in
rease 
an be obtained from this tree by de
reasing all labels by m+ 1.Mirror symmetry and mutually des
ribing sequen
esWe introdu
e another endomorphism 
 : A! A transforming sequen
es in A by(
a)i = #fj j j < i; aj � aig:Clearly 
 = �Æ where � is the mirror involution of A given by(�a)i = i� ai:We 
all � the mirror involution of A sin
e � mirrors the tree T through its verti
al axisof symmetry.The endomorphism 
 is studied in [�Sun02℄. Clearly, 
 has no �xed points other thanthe sequen
e (0). However, 
 has a lot of double points. If a is a double point of 
 thenso is b = 
a. Moreover, then 
b = a and the sequen
es a and b mutually des
ribe ea
hother.Theorem 5 ([�Sun02℄). Repeated appli
ations of 
 to any sequen
e in A eventually pro-du
e a double point of 
. The number of appli
ation needed to rea
h a double point in Anis O(n2) and there are more than 2n su
h points.The sequen
e that 
ounts the number of double points of 
 in the n-th generationstarts as follows 1; 2; 4; 10; 26; 70; 216; : : :This sequen
e does not appear in the En
y
lopedia of Integer Sequen
es [SP95℄ nor inthe online version [Slo℄ as of January 2002. It is interesting that we have su
h a goodthe ele
troni
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understanding of the �xed points of Æ, via the Catalan family tree, but we are still notable to 
ount the number of double points of the mirror related endomorphism 
 = �Æ.Some other endomorphisms leading to �xed or double points are studied in [�Sun02℄.For one of them, the set of double points of length n is in bije
tive 
orresponden
e withthe Young tableaux of size n.A
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