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Abstract

The properties of charmonium in a strongly coupled QCD-like plasma at finite momentum are

studied. This is based upon a “ bottom-up ” holographic model which has been previously shown

to reproduce charmonium phenomenology in vacuum and give a reasonable dissociation tempera-

ture at zero momentum. The finite momentum spectral functions are presented and found to be

consistent with recent lattice results. The in-medium dispersion relation and momentum depen-

dence of the decay width of J/ψ have also been investigated. We find no signature of a subluminal

limiting velocity from the dispersion relation, while we note that the dissociation temperature

decreases with momentum faster than previous holographic models. Based upon the dissociation

temperature, a maximum momentum for J/ψ in-medium is identified and its phenomenological

implications on J/ψ suppression are discussed
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I. INTRODUCTION

The work of Matsui and Satz [1] introduced the idea of using heavy quarkonium as a

probe of the formation of a strongly coupled quark gluon plasma (QGP). In the deconfined

phase, cc̄ bound states will dissociate because of color screening and thereby exhibit a

suppression relative to the confined phase. This suppression can depend on momentum

of the heavy quark pair and has been observed experimentally in heavy ion collisions [2–

5]. To understand the experimentally observed suppression, it is important to understand

equilibrium properties of charmonium (see, e.g., Ref. [6] for a recent review). In this paper,

we will focus on one aspect of J/ψ suppression, namely the dissociation temperature.

In field theory, the basic quantity encoding the equilibrium properties of charmonium

is the retarded Green’s function GR
µν(ω,k) ∼ 〈JµJν〉 or its spectral function ρ(ω,k). Here

Jµ = c̄γµc is the conserved heavy quark vector current operator. The dissociation of J/ψ

can be attributed to the disappearance of the J/ψ peak in ρ(ω,k). In terms of the Green’s

function, the J/ψ peak is associated with a pole , ΩJ/ψ, of G
R
µν(ω,k) in the lower half of the

complex ω plane1. The real part of this pole is the in-medium mass of J/ψ and determines

the equilibrium abundance of J/ψ mesons, while the (minus) imaginary part of that pole

is associated with the peak width, characterizing the interactions between J/ψ and the

medium. Examining the pole structure of GR
µν(ω,k) is the equivalent to examining the peak

structure of ρ(ω,k).

Due to strong coupling, the calculation of GR
µν(ω,k) in QCD at temperatures relevant

to experiments is a challenging task. Recently, there have been effective field theory com-

putations of quarkonia in the quark gluon plasma (see for example [7–9]), though these

computations tend to be more applicable to the case of bottomonium rather than that of

charmonium. Properties of heavy quarkonium in the medium have also been studied from

first principle lattice QCD simulations, both at rest [10–12] and at finite momentum [13–

16]. Similar calculations have also been preformed for bottomonium on the lattice [17].

However, being restricted to the finite interval of Euclidean time, determining real time

correlator GR
µν(ω,k) requires non-trivial analytic continuation to real space. Thereby, re-

sults for momentum-dependent real time correlators from other QCD-like strongly coupled

thermal systems would be helpful.

1 Strictly speaking, due to the symmetry (GR
µν(ω,k))

∗ = GR
µν(−ω∗,k), if ΩJ/ψ is a pole of GR

µν(ω,k), so is

−Ω∗
J/ψ. For definiteness, we specify ΩJ/ψ as the one whose real part is positive.
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AdS/CFT correspondence or gauge/gravity duality [18] provides a new theoretical tool

for modeling strongly-coupled thermal media. In particular, various properties of QCD,

both in vacuum and at finite temperature, have been modeled within that framework (for a

review, see Ref. [19] and references therein). These techniques have been applied to charmo-

nium moving in medium previously, though they were typically from a “top-down” approach

[20–22] 2. Their results can be characterized by observing a decrease in the dissociation tem-

perature with momentum and dispersion relation which exhibits a subluminal group velocity

at asymptotically large momentum |k|. However, as argued elsewhere [25], these models do

not reproduce the vacuum charmonium phenomenology exceptionally well, particularly with

the excited states. Therefore, it is useful to reexamine this problem with a more realistic

holographic model.

In this paper, we present results on in-medium properties of moving charmonium in

both transverse and longitudinal channel from the phenomenological (“bottom-up”) holog-

raphy model constructed in Ref. [25]. Compared with previous holographic models of heavy

quarkonia (see, for example, Refs. [21, 22, 24]), this model has the advantage of capturing

QCD charmonium spectral data in vacuum. Therefore, it is an ideal tool to explore the

properties of charmonium at finite temperature and finite momentum.

This paper is organized in the following manner. In Sec. II, we review the vacuum

holographic model of Ref. [25]. In Sec. III, this is extended to finite temperature and

momentum. We present our results in Sec. IV and discuss them in Sec. V. Finally, in

Sec. VI, we conclude.

II. A REVIEW OF THE HOLOGRAPHIC MODEL OF CHARMONIUM

In this section, we review some of the key aspects of the vacuum “bottom-up” holographic

model of charmonium constructed in Ref. [25], and extend it to finite momentum. According

to the holographic dictionary, the conserved heavy quark vector current operator Jµ = c̄γµc

is dual to a U(1) gauge field Vµ on the five-dimensional asymptotic AdS5 background. The

relevant part of the bulk action has the usual Maxwell form [26, 27]:

S = − 1

4g25

∫

d5x
√
ge−φVMNV

MN (1)

2 See also Ref. [23] for a similar “top-down” approach for mesons in general and Ref. [24] for a comparable

“bottom-up” description.
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where g25 is the 5D gauge coupling, φ is the background scalar field which, in general, is a

combination of dilaton and/or tachyon fields, corresponding to the conformal and/or chiral

symmetry breaking, and VMN = ∂MVN − ∂NVM . The most general metric (up to coordinate

transformations) possessing three-dimensional (3D) Euclidean isometry reads

ds2 = e2A(z)
(

dt2 − dx2 − dz2
)

, (2)

where z denotes the coordinates in the fifth dimension. The gauge field can be factorized

such that

VM(z,x, t) = VM(z)eik·x−iωt . (3)

The equation of motion in V5 = 0 gauge reads

∂z
[

eB(z)∂zV
]

+ (ω2 − k
2) eB(z)V = 0 , (4)

where V is any of the three spatial components of Vµ(z), and B(z) = A(z) − Φ(z). Near

the boundary z → 0, B(z) should behavior as B(z) → − log z to represent asymptotic AdS5

geometry. Via a Liouville transformation

Ψ = eB(z)/2V , (5)

Equation. (4) can be brought into the form of a Schrödinger equation:

− d2Ψ

dz2
+ U(z)Ψ = (ω2 − k

2)Ψ , (6)

with the “holographic potential” given by

U(z) =
B′′(z)

2
+

(

B′(z)

2

)2

. (7)

Here and hereafter a prime denotes the derivative with respect to z.

For the case when charmonium is at rest, k = 0, discrete values of ω2 = m2
n, for which

the Eq. (6) possesses normalized bound states Ψn, correspond to the masses mn of the

charmonium states, n = 1, 2, . . . = J/ψ, ψ′, . . . . Holographic correspondence also relates

decay constants of the charmonium states to the (second) derivative of the normalized

bound states Ψn(z) (see, for example, Refs. [26, 28]):

fn =
1

g5mn

(√
zΨn(z)

)′′

∣

∣

∣

∣

z→0

. (8)
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In the spirit of the “bottom-up” approach, this model chooses the function B(z) so as

to satisfy the spectroscopic data associated with charmonium. It is assumed that such a

background arises dynamically, but no attempt to model the corresponding dynamics is

made. To this end, B(z) is chosen such that holographic potential, Eq. (7), reads:

U(z) =
3

4z2
θ(zd − z) +

(

(a2z)2 + c2
)

θ(z − zd)− α δ(z − zd) . (9)

The holographic potential in Eq. (9) uses a soft-wall model, [27], for large z which successfully

describes light mesons, and adds to it a “shift term,” c2, which accounts for the mass of

J/ψ and a delta function “dip” to account for the relatively large J/ψ decay constant. This

model will be henceforth referred to as the “shift and dip” model. In Ref. [25], the four

parameters in this potential have been determined by requiring that the model correctly

reproduce the masses and decay constants of J/ψ and ψ′ yielding

a = 0.970 GeV, c = 2.781 GeV,

α = 1.876 GeV, z−1
d = 2.211 GeV .

(10)

With this choice for U(z), the function B(z) can be determined from Eq. (7). For non-zero

momentum, k 6= 0, the gauge field can be determined by solving Eq. (6) with the same

holographic potential U(z) with identical parameters as the case when charmonium is at

rest.

Prior to the “shift and dip” model, heavy quarkonia had been studied in the framework of

gauge/gravity duality from both “top-down” approach [21, 22] and “bottom-up” approach

[24]. One crucial difference between holographic models mentioned above and the “shift

and dip” model is the spectrum of heavy quarkonium. In both classes of models previously

considered, there is only one scale which sets the masses of both the ground state and the

excited states, thus mn ∼ nm1, n ≥ 1. In contrast, in the heavy quark limit of QCD, the

mass of the ground state, J/ψ, is controlled by one parameter (the heavy quark mass) which

is different from the parameter (string tension, or ΛQCD) controlling the level spacing of

excited states: m2
n ∼ m2

1+(n−1) Λ2
QCD. Roughly speaking, these two scales are represented

in the “shift and dip” model by the parameters c and a, respectively.

It is reasonable to expect that reproducing the charmonium spectral data, such as masses

and decay constants in vacuum, is an important prerequisite for modeling behavior of char-

monium at finite temperature. Therefore we choose the “shift and dip” model, which mimics
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QCD charmonium at zero temperature, as a basic tool to explore in-medium properties of

charmonium. As a non-trivial test of the “shift and dip” model, one of us (P.H.) has applied

the heavy-quark QCD sum rules to this model [29]. There is strong agreement between the

moments of the polarization function calculated from the “shift and dip” model and the

experimental data, suggesting that the “shift and dip” model is consistent with the heavy-

quark QCD sum rules at zero temperature. Explicit consistency checks of finite temperature

QCD sum rules have not been made.

III. THERMAL CORRELATORS FROM HOLOGRAPHY

At non-zero temperatures, gauge plus rotation invariance requires that the retarded

Green’s function GR
µν(ω,k) has the form

GR
µν(ω,k) = P T

µν(ω,k) Π
T (ω,k) + PL

µν(ω,k) Π
L(ω,k) , (11)

for four momentum kµ = (ω,k). The transverse and the longitudinal projectors are defined

in the standard way as P T
00 = 0, P T

0i = 0, P T
ij = δij − kikj/k

2, and PL
µν ≡ kµkν/(k

µkµ)− gµν −
P T
µν , where i, j are spatial indices and k ≡ |k|. ΠT (ω, k),ΠL(ω, k) are the transverse and

longitudinal correlators respectively. In the present paper, we are using the mostly minus

signature as indicated by Eq. (2). The imaginary parts of ΠT,L are related, by definition, to

transverse and longitudinal spectral functions:

ρT,L(ω, k) = −ImΠT,L(ω, k). (12)

To study ρT,L(ω, k) from holography at finite temperature, a blackhole ansatz for the

metric is chosen:

ds2 = e2A(z)
(

hdt2 − dx2 − h−1dz2
)

. (13)

If the function h(z) has a simple zero, viz. h(zh) = 0, the space described by (13) possesses

a horizon at z = zh. The temperature T corresponding to this background is related to zh

as

T =
1

4π
|h′(zh)| . (14)

We assume the simplest ansatz for h, namely,

h(z) = 1− (z/zh)
4 , (15)
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which turns out to be the same as that in the familiar AdS5 blackhole solution. The tem-

perature T corresponding to this background is related to zh as zh = (πT )−1. In principle,

we should expect the function A(z) as well as the background Φ(z) to depend on the tem-

perature. Since we do not attempt to model the background dynamically even at zero

temperature, we will use the simplest form of temperature dependence as it is convention-

ally assumed when studying temperature-dependent quantities in “bottom-up” models (see

e.g. Refs. [24, 25, 30]).

With the metric in Eq. (13), the transverse and longitudinal fluctuations, VT and VL, at

finite momentum k satisfy the equations:

V ′′
T (z) +

(

B′(z) +
h′(z)

h(z)

)

V ′
T (z) +

ω2 − k2h(z)

h2(z)
VT (z) = 0 , (16a)

V ′′
L (z) +

(

B′(z) +
ω2

(ω2 − k2h(z))

h′(z)

h(z)

)

V ′
L(z) +

ω2 − k2h(z)

h2(z)
VL(z) = 0 . (16b)

At zero momentum, Eqs. (16a) and (16b) are identical as expected. ΠT,L(ω, k) can be

calculated according to standard holographic prescriptions [31]:

ΠT,L(ω, k) = − 1

g25
heB

V ′
T,L(z, ω, k)

VT,L(z, ω, k)

∣

∣

∣

∣

z=ǫ

= − 1

g25

V ′
T,L(ǫ, ω, k)

ǫVT,L(ǫ, ω, k)
, (17)

where ǫ → 0 is an ultraviolet regulator and V (z, ω, k) is the solution to Eq. (16) satisfying

infalling wave boundary conditions near the horizon:

V (z, ω, k)
z→zh−−−→ (1− z/zh)

−iω/(4πT ) . (18)

Equation (16) with the boundary condition of Eq. (18) must be solved numerically in the

present model. The longitudinal equation Eq. (16b) is slightly more subtle as it will have an

integrable singularity if ω2 − k2h(z) has a root between the boundary and the horizon for

fixed ω and k. However, this singularity may be avoided by making an infinitesimal Wick

rotation as pointed out in Ref. [32].

At finite temperature, it is also useful to apply the Liouville transformation

Ψ(ξ(z)) = eB(z)/2VT (z) , ξ(z) =

∫ z

0

dz′

h(z′)
(19)

to the transverse equation of motion Eq. (16a). In the new coordinate ξ, we arrive at a

“Schrödinger” equation:

d2Ψ

dξ2
+
[

(ω2 − k2)− Usch(ξ, k)
]

Ψ = 0 , (20)
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with the finite temperature “holographic potential” given by

Usch(ξ(z), k) = h(z)2

[

B′′(z)

2
+

(

B′(z)

2

)2

+
B′(z)h′(z)

2h(z)

]

− k2z4 . (21)

A similar prescription is not as useful for the longitudinal equation of motion because the

resulting Schrödinger coordinate and Schrödinger potential are in general complex.

IV. J/ψ MOVING IN A STRONGLY COUPLED PLASMA

A. Rescaled spectral functions

It is convenient to define a dimensionless rescaled spectral density [25]:

ρ̄T,L(ω, k) ≡
[ρT,L(ω, k)/ω

2]

[ρT,L(ω, 0)/ω2] |ω→∞

=
2g25
π

ρ(ω, k)

ω2
(22)

such that ρ̄T,L(ω → ∞, k) = 1. Here we have used the fact that in large ω limit, ρT,L(ω, k)/ω
2

will approach its zero temperature limit π/2g25 for any finite k.
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FIG. 1. Left: Rescaled spectral functions in transverse channel, ρ̄T (ω, k), defined by Eq. (22) at

T = 0.74TD(k = 0) where TD(k = 0) is the dissociation temperature at zero momentum. Black,

red, blue and green curves are corresponding to k = 0, 1, 2, 3 GeV, respectively. Right: Comparison

between rescaled spectral functions, ρ̄(ω, k), in transverse channel (solid) and longitudinal channel

(dashed) at T = 0.74TD(k = 0). Red, blue and green curves correspond to momenta k = 1, 2, 3

GeV in each channel.

Figure 1(a) plots the rescaled spectral functions ρ̄T (ω, k) from the “shift and dip” model

in the transverse channel at T = 0.74 TD(k = 0) where TD(k = 0) is the J/ψ dissociation
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temperature at zero momentum (cf. Sec. IVC below or Ref. [25] for the discussions on

determination of TD(k = 0)). We first observe that the ψ′ has already merged into the

continuum even at zero momentum. Thus further discussions on ψ′ at finite momentum

will not be made. Secondly, the peak location corresponding to the J/ψ metastable state

moves to larger ω while the peak height is attenuated as momentum increases. The sharp

peak at ω = 0 in the transverse channel is associated with the conductivity of the current of

charm charge when k = 0. At finite k, this peak, i.e., ρ(ω, k)/ω, decreases with increasing

momentum.

To compare the transverse and longitudinal spectral functions, we plot ρ̄T (ω, k) and

ρ̄L(ω, k) in Fig. 1(b) at T = 0.74 TD(k = 0) for k = 1, 2, 3 GeV. For frequencies around

and larger than the peak region, the transverse and longitudinal spectral functions are quite

similar. In the peak region, the shift in mass with momentum is also similar between the

two modes. The height of the peak is less attenuated while it is narrower in the longitudinal

mode compared with the transverse mode.

B. Dispersion relation and spectral width

To quantify the properties of the spectral function, we can calculate the poles of the

retarded Green’s function, denoted by ΩT,L(k, T ). On the field theory side, the real part of

the pole is attributed to the peak mass while the negative of the imaginary part with the

width. In the literature of holographic correspondence, those poles are referred to as quasi-

normal modes [33] which can be determined by solving V (ǫ,Ω, k) = 0, using the solutions

of Eq. (16) and boundary conditions given in Eq. (18) for any given k. At zero temperature

and zero momentum, ΩT (k = 0, T = 0) = ΩL(k = 0, T = 0) = MJ/ψ. We will present

numerically determined ΩT,L(k, T ) below.

Figure 2 plots the pole mass of J/ψ, ReΩT,L(k, T ), as a function of momentum. These

curves represent the in-medium dispersion relation of J/ψ calculated from the “shift and

dip” model. They are plotted at three different temperatures, from bottom to top, T = 200

MeV (red), T = 300 MeV (blue), and T = 400 MeV (green). The dispersion relation shows

little temperature dependence and no indication of a subluminal limiting velocity. Moreover,

the transverse and longitudinal modes reveal nearly identical dispersion relations. This is

consistent with our results on spectral densities presented in last section(cf. Fig. 1(b)).
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FIG. 2. Left: Dispersion relation for J/ψ in the transverse channel. Right: Dispersion relation

for J/ψ in longitudinal channel. Red,blue and green curves are corresponding to T = 200, 300, 400

MeV respectively. The dotted curve is corresponding to the light cone.

Numerically, the relative difference between ΩT (k, T ) and ΩL(k, T ) at fixed k, T is within a

few percent for all temperatures above Tc and momenta which we are considering.

The quasinormal modes can also be used to determine the peak width of J/ψ: ΓL,T =

−ImΩL,T . Figure 3(a) presents the width ΓL,T (k, T ) as a function of momentum for four dif-

ferent temperatures for both transverse and longitudinal channel. In the transverse channel,

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
200

400

600

800

1000

kHGeVL

G
HM
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200MeV 250MeV 300MeV 375MeV

(a)
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J/ψ (GeV)
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eV
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T=180MeV
T=250MeV
T=375MeV

J/ψ

(b)

FIG. 3. Left: Momentum dependence of the total width of J/ψ in transverse channel. Black,red,

blue and green curves are corresponding to T = 200, 250, 300, 375 MeV respectively. Dashed curves

are corresponding to those from the longitudinal channel. Right: Momentum dependence of quasi-

free (solid line) and gluo-dissociation rates (dashed line) for J/ψ calculated from perturbative QCD

at different temperatures from Ref. [34] (see also Ref. [6]).
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the width is a slowly varying function of momentum for all temperatures we are consider-

ing. On the other hand, the width will decrease as momentum increases in the longitudinal

channel. This numerical behavior is consistent with the qualitative observations from the

last section.

C. Momentum dependence of the dissociation temperature

We now study the momentum dependence of the dissociation temperature. In order to

determine the dissociation temperature, TD, of J/ψ, one must select a criteria. In general,

TD is associated with the temperature when the J/ψ peak is no longer present in the spectral

function. Yet a more specific criteria is useful. We will follow Ref. [25] and define the dis-

sociation temperature TD(k) at momentum k as the temperature below which the height of

the J/ψ peak, HJ/ψ, of the rescaled spectral functions ρ̄(ω, k) is smaller than some threshold

value, say HD. Of course, there is no unique choice of HD, similar to the situation that there

is no precise definition of screening length below which J/ψ will dissociate. In Ref. [25], the

simplest criterion

HD = 1 (23)

is used to quantify the dissociation temperature. The idea behind this criterion is that a

J/ψ state can be considered as being merged into continuum if its peak is lower than the

asymptotic value of the rescaled spectral function ρ̄(ω, k), and thus be considered dissoci-

ated. We will follow the criterion of Eq. (23) here. It should be also pointed out that the

peak height calculated in the present holographic model is a monotonic function of both

momentum and temperature, which makes it suitable as a criterion candidate. At zero mo-

mentum, the rescaled spectral density calculated from “shift and dip” model ρ̄(ω, k = 0)

supports a J/ψ peak up to at least 500 MeV [25]. Using the criterion in Eq. (23), the zero

momentum dissociation temperature is found to be

TD(k = 0) = 540MeV . (24)

This is consistent with lattice measurements reported in Refs. [10, 11] that J/ψ will survive

up to 2 ∼ 2.4 Tc with Tc = 190 MeV but is higher than the lattice results of Ref. [12] that

J/ψ are found to dissociate already at 1.5 Tc.
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Using this selection process, TD can be determined as as a function of momentum. This

is plotted in Fig. 4(a). Observe that, as expected, as momentum increases, the dissociation

temperature decreases. Furthermore, the transverse mode decreases faster than the longitu-

dinal mode with momentum. This is in accordance to the difference in the peak height of the

spectral functions seen above. At a finite momenta, the dissociation temperature becomes

equal to Tc. Though there is no manifestly inherent transition in this model at this momen-

tum, on physical grounds TD should be greater than Tc. One can also ask the question, for a

given temperature, what is the largest momentum J/ψ could have before it dissociates. This

limiting momentum, klim, is shown in Fig. 4(b). The maximum value klim can achieve is at

T = Tc, i.e. when TD(k
max
lim ) = Tc. This condition suggests that the momentum of charmonia

in-medium could be limited to a maximum value unrelated to any dispersion relation. For

Tc ∼ 190 MeV, we find the maximum momentum to be kmax
lim = 3.8 GeV for the transverse

mode and kmax
lim = 4.2 GeV for the longitudinal mode. The implications of this momentum

will be discussed in subsequent sections.
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FIG. 4. Left panel: Momentum dependence of the dissociation temperature TD(k)/TD(k = 0)

in the range TD(k = 0) ≥ TD(k) ≥ Tc in the transverse channel (red, solid) and the longitudinal

channel (blue, dashed) with Tc = 190 MeV. The dotted curve shows the momentum dependence

of the dissociation temperature based on the holographic analysis of color screening length [20]

assuming the approximate scaling in Eq. (28) and a relativistic on-shell relation. Right panel: The

limiting momentum klim as a function of temperature T in the transverse (red) and the longitudinal

(blue) channels with Tc = 190 MeV.
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V. DISCUSSION

In this section, we will interpret and discuss the results which were represented in the

previous sections, while also placing them in the context of existing literature.

A. J/ψ peak height

The most important result presented in this paper is the decrease in dissociation temper-

ature with momentum. This momentum dependence is due to the decrease of the height of

the J/ψ peak in both the transverse and longitudinal modes. This behavior is qualitativley

in agreement with results from lattice [12], holography [21, 22, 35] and heavy quark effective

theory [7]. Moreover, the height of the J/ψ peak is related to the width Γ and the (rescaled)

residue associated with J/ψ pole of GR
µν(ω,k), i.e. ,

H ≡ Re (rJ/ψ)

Γ
. (25)

Here the rescaled residue rJ/ψ corresponding to the J/ψ pole is defined by

rJ/ψ ≡ 2g25
πΩ2

J/ψ

lim
ω→ΩJ/ψ

(

ω − ΩJ/ψ(k)
)

ΠT,L(ω, k) . (26)

It is interesting to identify whether the momentum dependence of the height is associated

with the width or the residue. In holographic models, the width Γ and the rescaled residue

rJ/ψ can be easily calculated. The momentum dependence of Γ and rJ/ψ are ploted in

Figs. 3(a) and 5(a) respectively. Comparing those figures with the momentum dependence

of J/ψ peak height H in Fig. 5(b), we found that in the present model, the momentum

dependence of J/ψ peak heightH is dominated by the momentum dependence of the rescaled

residue rJ/ψ. Indeed, in transverse channel, the width is a slowly varying function of k while

in the longitudinal channel, the width even decreases with growing momentum. However,

due to relatively rapid decreasing of the rescaled residue rJ/ψ, the height H is attenuated

in both channels. Therefore we must conclude that the dissociation temperature is more

sensitive to the residue rather than the width of the peak.
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FIG. 5. Left: Momentum dependence of the real part of the residue of J/ψ in transverse channel.

Red,blue and green curves are corresponding to T = 200, 300, 400 MeV respectively. Dashed

curves are corresponding to those from the longitudinal channel. Right: Momentum dependence

of the height of J/ψ in transverse channel. Red, blue and green curves are corresponding to

T = 200, 300, 400 MeV respectively. Dashed curves are corresponding to those from the longitudinal

channel.

B. Total width

One striking result was the different behaviors of the J/ψ width between the transverse

and longitudinal channels. One can understand the behavior of J/ψ width in the transverse

channel shown in Fig. 3(a) from the gravity side of the duality. The finite temperature and

momentum state corresponding to charmonium is represented by a metastable quantum state

which satisfies an equation of Schrödinger form, Eq. (20), with the holographic potential

Eq. (21). Therefore, one can apply one’s normal intuition concerning quantum mechanical

systems. In Fig. 6, the holographic Schrödinger potential is plotted at T = 400 MeV and

a variety of momenta. One can clearly see that the potential barrier at higher values of ξ,

the “Schödinger coordinate” defined in Eq. (19), decreases in magnitude and narrows with

momentum. Therefore, at higher momentum, it is easier for the quantum state to tunnel

through this barrier and thus decay. Consequently, the absolute value of the imaginary

part of (ΩJ/ψ)
2, 2(ReΩJ/ψ)Γ, will increase with higher momentum. On the other hand, as

we see from Fig. 2(a), ReΩJ/ψ is also growing with increasing momentum. As a result,

the change of the total width, Γ, in transverse channel is relatively slow. Unfortunately, a

similar argument for the longitudinal mode is not as clean because both the Schrödinger
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potential and its coordinate are complex. However, the different behaviors of the J/ψ width

may be understood as a “Doppler-like” effect analogous to that seen in the weakly coupled

calculation of Ref. [7]. The difference between the two channels may also imply a coupling

between the spin and the gluon fields on the field theory side.

0.2 0.4 0.6 0.8 1.0
Ξ H GeV- 1 L

5

10

15

UT H Ξ L H GeV2 L

k = 4 GeV

k = 2 GeV

k = 0 GeV

FIG. 6. Holographic potential Eq. (20) at T = 400 GeV with k = 0 GeV (red,solid), k = 2 GeV

(blue,dashed), k = 4 GeV (green, dotted) respectively. The black arrow indicates the negative

delta-function in “holographic potential” at z = zd.

The numerical results for the peak width as a function of momentum can also be compared

with the expectations from QCD. In the QGP, J/ψ may be (inelastically) dissociated via

either interactions with gluons, i.e. gluon dissociation reactions, J/ψ+g → c+c̄, or collisions

with partons in the medium, i.e. quasi-free dissociation, X + J/ψ → X + c+ c̄(X = g, q, q̄)

[6, 34]. These two mechanisms have different momentum dependence. Due to increasing

color screening length, gluon dissociation tends to be a decreasing function of momentum.

On the other hand, the quasi-free dissociation rate always increases with momentum due to

a smoothly increasing cross section with increasing center-of-mass energy. The momentum

dependence of each of these process has been previously calculated in Ref. [34] and illustrated

in Fig. 3(b). The combination of the two process results in a width which increases with

momentum at lower temperatures and decreases with momentum at higher temperatures.

If we average over the polarization states in the holographic model, we observe a qualitative

similar trend, that as one increases the temperature, the width decreases more and more

with momentum because of the behavior of the longitudinal channel. The absolute size

of the width for the current model is larger than the QCD predictions, but this may be

because the holographic width includes both inelastic and elastic scattering whereas the
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QCD width only includes the former. Nevertheless, it is interesting to note the qualitative

similar momentum behavior between strongly and weakly coupled calculation.

C. Lattice
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FIG. 7. Momentum dependence of ρ̄sub(ω, k) defined by Eq. (27) at T = 0.74TD(k = 0)(left),

T = 0.94TD(k = 0)(middle) and T = 1.1TD(k = 0)(right). Black, red, blue and green curves are

corresponding to k = 0, 1, 2, 3 GeV respectively.

One motivation of the present paper is to provide complementary information for the

lattice measurement of J/ψ spectral function. One may note that as the width of the trans-

port peak is inversely proportional to the mean free path, spectral functions calculated from

holography generically will have a relatively broadened hydrodynamic peak. To minimize

the effects of such broadened transport peaks on the J/ψ peaks we are interested in and

to make a closer comparison with lattice results, we define a subtracted rescaled spectral

function,

ρ̄sub(ω, k) = ρ̄(ω, k)− 1

ω
lim
ω→0

[ρ(ω, k)/ω] . (27)

At zero momentum, ρ̄sub(ω, 0) is just the rescaled spectral function with the subtraction of

the transport peak3. We plot ρ̄sub(ω, k) in the transverse channel for three representative

temperatures T = 0.74, 0.94, 1.1 TD(k = 0) in Fig. 7. As we have mentioned earlier in

Sec. IVC, there is a discrepancy in zero momentum dissociation temperature TD(k = 0)

between the holographic calculations and the lattice literature. To minimize the ambiguities

due to the difference in TD(k = 0) and to highlight the momentum dependency, results

3 The definition of ρ̄sub(ω, k) in Eq. (27) is motivated by a sum-rule type model-independent relation which

holds for a large class of field theories with a generic gravity dual description that spectral functions can

be represented as a convergent sum over simple poles of the corresponding retarded Green’s function in

terms of conductivity σ and the residues [36].
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presented in Fig. 7 should be compared with existing and future lattice measurements at the

same temperature relative to the zero momentum dissociation temperature, i.e., T/TD(k =

0). Specifically, the transverse spectral density measured at T = 1.46Tc on the lattice by

Ref. [16],see Fig. 8, should be compared with the holographic calculation at T = 1.1TD(k =

0), i.e., Fig. 7(c). Furthermore, the different behavior of the transverse and longitudinal

channels observed here is qualitatively confirmed by the lattice calculations of Ref. [14].

Indeed, the momentum dependence of spectral density from the “shift and dip” model at

that relative temperature is qualitatively consistent with the lattice reconstructed spectral

function reported recently in Ref. [16](see also Fig. 8). We take this agreement as one of

the evidences that the “shift and dip” model is consistent with the in-medium properties of

charmonium.

FIG. 8. Lattice measurements of momentum-dependent (rescaled) spectral functions in transverse

channel in Ref. [16] .

D. Limiting velocity

The dispersion relation results indicate little temperature dependence and no indication

of a subluminal limiting velocity, i.e., ω ∼ vgk with vg = 1 for large k. This is consistent

with the analysis of Ref. [37] which used a WKB approximation to determine the dispersion

relation for large k in a class of holographic models. However, it is contrary to the work of

[22] which was based on a “top-down” perspective, and treated charmonium as an excitation

of a D-branes. There they found that although for large k, ω ∼ vgk, vg depends on the
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temperature and is smaller than 1. The observation of a subluminal limiting velocity in

“top-down” models was also established in Ref. [21]. It was suggested that the presence of

this subluminal limiting velocity was associated with charmonium melting, i.e., if the group

velocity of a J/ψ were greater than that subluminal group velocity, it would dissociate.

Moreover, as noticed in Ref. [38], if dispersion relation curve of the heavy quarkonia crosses

the light-cone at some point in the frequency space, photon production rate per energy will

have a peak accordingly. Based on the above observations and generic features of dispersion

relation of quarkonia found in “top-down” holographic approach [21, 22], authors of Ref. [38]

predicted a photon production peak between 3 and 5 GeV due to J/ψ in heavy ion collisions.

We can understand the discrepancy between these other models and the results presented

here in the following way. In each of the “top-down” constructions in Refs. [21, 22], D-branes

lie completely outside the horizon in a “Minkowski embedding.” In the large k limit, the

wave function of a meson is localized at the tip of the branes. Consequently, the limiting

group velocity of this meson approaches the local speed of light at the tip of the branes and is

subluminal compared with the speed of light in flat space. For the class of models including

the “shift and dip” model, the bulk geometry extends to the horizon. As conjectured in

Ref. [39] and shown in Ref. [37] via WKB analysis, in such geometries, the support of

quasinormal modes becomes increasingly focused at the asymptotic AdS boundary, where

the local speed of light is asymptotically 1. Thus the limiting group velocity is 1 as well.

Furthermore, because the dispersion relation of the current model does not cross the light

cone, we would not expect to observe a peak in the photon production due to J/ψ. This is

then consistent with the recent experimental report [40] on photon production with Au-Au

collision at
√
sNN = 200 GeV by the PHENIX collaboration. This suggests that in the

future holographic constructions, certain constraints from experiment on limiting velocity

should be taken into account.

E. Hot wind

Next we come to the dissociation temperature as a function of momentum. In the pio-

neering work of Ref. [20], the Wilson loop, thus the heavy quark effective potential, and the

color screening length in a “hot wind” have been calculated using holographic techniques.

The authors of Ref. [20] found that the dissociation temperature TD, defined as the temper-
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ature such that the screening length is the same order as the size of the quarkonia, decreases

as the relative velocity vr between the heavy quarkonia and the medium increases. To good

accuracy, the dissociation temperature scales with relative velocity vr as:

TD(vr) ≈ (1− v2r )
1/4TD(vr = 0) . (28)

The scaling behavior of Eq. (28) may be understood from relativistic kinematics [19]. Con-

sidering a meson moving through the plasma with velocity vr, it experiences a higher energy

density, boosted by a factor of γ2 = (1 − v2r)
−1. As energy density is proportional to T 4,

the effective temperature is boosted by a factor of
√
γ = (1 − v2r)

−1/4. This parallels the

previous observation that the limiting velocity of Refs. [21, 22] had the same dependence on

temperature as the dissociation temperature for the “hot-wind” model had on momentum.

For the sake of the comparison, we convert Eq. (28) into the momentum dependence of

TD(k) assuming relativistic kinematic relation ω(k) =
√

k2 +M2
J/ψ and plot TD(k) verses k

in Fig. 4(a) (dotted line, see also Fig. 3 of Ref. [20]). Qualitatively, we see from Fig. 4(a) that

the dissociation temperature TD determined either from the screening length or the height of

J/ψ peak is a decreasing function of momentum with the present approach decreasing faster

than the “hot wind” analysis. This difference may be attributed to the fact that in addition

to color screening, other dissociation mechanisms such as thermal broadening, are also in-

corporated in the current study. The present analysis on dissociation temperature provides

new insights, which are complementary to previous ones, into the momentum dependence

of J/ψ dissociation.

F. Nuclear modification factor, RAA, and a maximum momentum

Throughout this paper, we have calculated the attenuation of J/ψ peak height with in-

creasing momentum and determined the dissociation temperature TD(k) as a function of J/ψ

momentum k based upon height of the spectral peak. This was a convenient choice because

it was a monotonic function of both temperature and momentum, and thereby removed

ambiguities of selecting the dissociation temperature besides that which was associated with

the criterion. Yet the relevant experimental observable for J/ψ suppression is the nuclear

modification factor, RAA. It is not clear a priori which aspect of the equilibrium proper-

ties of charmonium is most important to determine RAA. For this discussion, we will focus
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on the dissociation temperature. If TD were the dominated factor in determining RAA, we

would speculate, from the results presented here, that RAA should decrease as a function of

momentum. Yet, as we have indicated above, this decrease should not continue to arbitrarily

small temperatures; the dissociation temperature needs to be restricted to TD > Tc. We

have shown in Sec. IVC that this condition implies that there is a maximum momentum

which J/ψ could achieve before dissociation, namely kmax
lim . If J/ψ is completely dissolved

above this momentum, this would constitute a maximum level of suppression. Therefore,

RAA should decrease with increasing momentum until it approaches this maximum level of

suppression at some critical momentum set by kmax
lim , and remain relatively constant after

that. More precisely, that implies that (a) RAA would decrease with increasing rapidity and

(b) the pt that a saturated suppression begins would also decrease with increasing rapidity.

This is exactly what is observed at RHIC [2, 3].

We would also like to remind the reader that though we have emphasized throughout

the differences, if any, between the transverse and longitudinal modes, this distinction is not

experimentally possible at this time. Thus for any comparison with experiment one would

need to average over the polarization states. The holographic model described here suggests

kmax
lim ∼ 3−4 GeV. Remember that this is given in the rest frame of the plasma, so in the lab

frame, this would be different depending on the velocity of the expanding QGP. Additionally,

in the present paper, we have been considering charmonia which are in equilibrium with the

medium. This is not the only source of charmonia yields observed in experiment. Therefore

our results would only apply to RAA in the pt window where the yields are dominated by

those J/ψ in equilibrium with the QGP. Lastly, we have described the transition from un-

dissociated to dissociated as being rather sharp while physically this is not the case. This

would simply smear out the effect and the onset of a limiting momentum.

The momentum dependence of RAA speculated here is based solely on the momentum

dependence of TD. Thus the existence of a limiting momentum is not a unique feature of

“shift and dip” model. Any model whose dissociation temperature decreases monotonically

with momentum would see a similar feature, including other holographic models and pQCD

calculations. The difference, from the phenomenological point of view, would be the numer-

ical value of that limiting momentum, kmax
lim . Remarkably, the limiting momentum obtained

from the present model is much lower than previous holographic models [22, 35]. What is

more, if we take kmax
lim as a crude estimate of the pt for charmonia at midrapidity then the
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results obtained here are quantitatively in agreement with experiment results [2, 5] that a

saturated suppression begins around pt = 3 ∼ 4GeV.

VI. SUMMARY

In this paper, we have studied the properties of charmonium moving in a strongly coupled

medium from a holographic model. The holographic model in question reproduces the

vacuum properties of charmonium which makes it a suitable candidate for the current study.

Results for the spectral functions for both the transverse and longitudinal channels are

reported in Figs. 1 and 7. Agreements with lattice results [16] are observed. Considering

the on-going efforts on understanding momentum-dependent spectral function from lattice,

our results from QCD-like strongly interacting thermal systems are timely.

Most importantly, we obtained the momentum dependence of the dissociation tempera-

ture TD(k) shown in Fig. 4(a). This is determined by studying the momentum dependence

of the height of the J/ψ spectral peak. It was observed that this dependence is associated

with the residue of the J/ψ pole rather than the width. We also find that the momentum

dependence of the spectral width is qualitatively consistent with similar calculations from a

perturbative QCD perspective. The dispersion relations for J/ψ have also been calculated

and reveal no subluminal limiting velocity and show no indication of a peak in the photon

production rate. Based on the dissociation temperature, we found that there would be no

sharp J/ψ peak in spectral density with momentum greater than 3.8 ∼ 4.2 GeV for temper-

atures relevant to the experiment. Though it is too early to translate the knowledge about

TD(k) into experimental observables, in particular, the nuclear modification factor, RAA,

the presence of a limiting momentum suggests a saturation of J/ψ suppression above some

momentum. To understand which properties of the spectral peak are the best indicator

of RAA, simulations using phenomenological models with a realistic representation of the

fireball evolution, such as kinetic rate equations, transport and statistical models (see, for

example, Ref. [41] and reference therein) are required. Holographic results presented here,

can, in principle, provide useful information to those simulations. This work has described

many key features of charmonium phenomenology and has demonstrated the usefulness of

holographic models in describing them.
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