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ABSTRACT

We discuss D3-branes on cohomogeneity-three resolved Calabi-Yau cones over L%*
spaces, for which a 2-cycle or 4-cycle has been blown up. In terms of the dual quiver
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six scalar operator gets a vacuum expectation value. These resolved cones support
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resolved Calabi-Yau cones. In particular, we obtain square-integrable (2, 2)-forms for
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1 Introduction

The AdS/CFT correspondence relates type IIB string theory on AdS; x S® to four-
dimensional N' = 4 U(N) superconformal Yang-Mills theory [I] 2, [3]. More generally,
type IIB string theory on AdS; x X°, where X° is an Einstein-Sasaki space such as
TH yPa [4 5] or L [6] [7], corresponds to an N = 1 superconformal quiver gauge
theory. The dual gauge theories have been identified in []] for 7%, in [9, 10] for Y74
and in [11], 12 [13] for L.

There is a prescription for mapping perturbations of the supergravity background
to operators in the dual gauge theory [2, [3]. In particular, motion in the K&hler
moduli space of the Calabi-Yau cone over the Einstein-Sasaki space corresponds to
giving vacuum expectation values (vevs) to the fundamental fields, such that only non-
mesonic operators get vevs. This is because the mesonic directions of the full moduli
space correspond to the motion of the D3-branes in the Calabi-Yau space whereas
the non-mesonic, or baryonic, directions are associated with either deformations of
the geometry or turning on B-fields. This has been studied for a blown-up 2-cycle in
the resolved conifold in [14], as well as for a blown-up 4-cycle in the resolved conifold
[15], Y?4 cones [16], L% cones [17] and general Calabi-Yau cones [I8]. All of these
resolved Calabi-Yau cones with blown-up 4-cycles follow the general construction
given in [19, 20].

In this paper, we shall apply the state/operator correspondence to a general class
of resolved Calabi-Yau cones over L%¢ with a blown-up 2-cycle or 4-cycle. These met-
rics can be obtained from the Euclideanization of the BPS limit of the six-dimensional
Kerr-NUT-AdS solutions |21, 22] In particular, blowing up a 2-cycle or 4-cycle corre-
sponds to giving a vev to a real dimension-two and/or six scalar operator. Although
cycles are being blown up, in all but two cases there remain singularities [24, 25].
However, there is a countably infinite subset of cases where there is an ALE singu-
larity, on which perturbative string dynamics is well-defined. Some of these cases
were studied in [I8]. While adding a large number of D3-branes ends up inducing a

power-law singularity at short distance, the resulting backgrounds can nevertheless

!This is the even-dimensional analog of the relation between the Einstein-Sasaki spaces con-

structed in [23] and odd-dimensional BPS Kerr-NUT-AdS solutions.



be reliably used to describe perturbations around the UV conformal fixed point of
the quiver gauge theories. Close to the UV fixed point, blowing up a 2-cycle on the
L% cone corresponds to giving a vev to an operator that is analogous to the case
of the resolved conifold. Therefore, we shall refer to these spaces as resolved cones,
though it should be understood that there are still orbifold-type singularities.

The supergravity background can also be perturbed by adding a harmonic 3-form
which lives on the Calabi-Yau metrics. If this is a pure (2,1)-form then supersym-
metry will be preserved. Furthermore, if this form carries nontrivial flux then it
corresponds to D5-branes wrapped on a 2-cycle in the Calabi-Yau space. The intro-
duction of these fractional D3-branes eliminates the conformal fixed point in the UV
limit of the quiver gauge theory. The theory undergoes a Seiberg duality cascade
and the ranks of some of the gauge groups are reduced with decreasing energy scale.
The supergravity solutions corresponding to fractional branes have been constructed
for the cones over T [26], 27], Y?¢ [28] and L% spaces [29, 30]. Fractional branes
have also been considered for Calabi-Yau spaces with blown-up cycles, such as the
deformed conifold [31], resolved conifold [32] and regularized conifold [15], as well as
the resolved Y77 cones with blown-up 4-cycles [1§]. We shall also consider continuous
families of 3-forms that do not have nontrivial flux. In this case, there remains a
conformal fixed point in the UV limit of the field theory. It has been proposed that
the ranks of some of the gauge groups are reduced with decreasing energy scale via
the Higgs mechanism [33].

Since the L% spaces have cohomogeneity two, the form fields constructed on the
corresponding Calabi-Yau spaces will generally have nontrivial dependence on the
radial direction as well as the two non-azimuthal coordinates of L. In addition,
these forms generally break the U(1)g x U(1) x U(1) global symmetry group of the
theory down to a U(1) x U(1) symmetry group which, in particular, breaks the R~
symmetry. However, this is done in such a way that the theory preserves N' = 1
supersymmetry.

The various perturbations of the AdS; x L supergravity background that will
be discussed are shown in Figure 1. These perturbations, which can be superimposed
with one another, correspond to continuous families of Renormalization Group (RG)

flows from the UV superconformal fixed point of the quiver gauge theory.
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Figure 1: RG flows from the superconformal fixed point of the L2 quiver gauge theory correspond

to various deformations of the supergravity background.

The paper is organized as follows. In section 2, we discuss the geometry of the
resolved Calabi-Yau cones over the L spaces. A subset of these are the resolved
cones over YP? and their various limits. We find various harmonic (2, 1)-forms on these
metrics, some of which carry nontrivial lux and some of which do not. In section
3, we apply some of our results to the AdS/CFT correspondence. In particular, we
relate the perturbations of the AdSs x L%¢ background to various flows from the UV
conformal fixed point of the dual quiver gauge theory. In section 4, we consider eight-
dimensional resolved cones over LP?¢ and the various harmonic forms that live on
them. In section 5, we carry out the corresponding analysis for the higher-dimensional

resolved cones. Lastly, conclusions are presented in section 6.

2 Six-dimensional resolved Calabi-Yau cones

Although the L®° spaces themselves are non-singular for appropriately chosen inte-
gers p, q, r [0 [7], the cones over these spaces have a power-law singularity at their
apex. In the case of the cone over T, this singularity can be smoothed out in two
different ways [34]. Firstly, one can blow up a 3-cycle, which corresponds to a complex
deformation. The resulting deformed conifold has been crucial for the construction
of a well-behaved supergravity dual of the IR region of the gauge theory, providing a
geometrical description of confinement [31].

One might hope that a similar resolution procedure could be performed on other



L% cones. Although a first-order deformation of the complex structure of Y77 cones
has been found in [35], there exists an obstruction to finding the complex deformations
beyond first order [36] B7]. There is also evidence from the field theory side that such
deformations will break supersymmetry [38, 139, 40]. Nevertheless, there are L% cones
which allow for complex structure deformations [36], [37], which can be understood
from the corresponding toric diagrams [12][1 However, the explicit metrics for these
deformed L%¢ cones, let alone the solutions for D3-branes on these cones, are not
known.

2-cycle

4—cyv

Figure 2: A 4-cycle within the base space of a cone over L’ can be blown up. Within this 4-cycle

lies a 2-cycle. The volumes of these two cycles correspond to two independent Kéhler moduli.

The second way in which the 7%! cone can be rendered regular is by blowing up a
2-cycle [34]. Also, for the case of a cone over T /Z,, the singularity can be resolved by
blowing up a 4-cycle. Both of these resolutions are examples of Kéahler deformations
which, as we shall see shortly, can also be performed on the L®¢ cones C(L%°).
Moreover, the 2-cycle actually lives within the 4-cycle, as illustrated in Figure 2.
This means that there are two Kahler moduli associated with the 4-cycle. For certain
parameter choices, we can have the 4-cycle corresponds to the Einstein-Kéahler base
space of L whose metric can be obtained by taking a certain scaling limit of a
Euclideanized form of the Plebanski-Demianski metric [29]. Tt is also possible to have
the volume of the 4-cycle vanishes, whilst keeping a 2-cycle blown up.

It has been found that the cone over Y?! can be rendered completely regular

by blowing up an appropriate 4-cycle [24]. However this, together with the resolved

2We thank Angel Uranga for discussions on this point.
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cones over TH and T /Z,, constitute the only examples of non-singular resolved
cones over the L% spaces [25]. Although we shall refer to these spaces as “resolved”
L% cones, there are generally orbifold-type singularities remaining. In the limit of
a vanishing 2-cycle, this can be seen simply because at short distance the geometry
becomes a direct product of R? and the four-dimensional Einstein-Kahler base space
of L which is itself an orbifold. Nevertheless, the resolved cones over L%¢ can be
embedded in ten dimensions to give Ricci-flat backgrounds Mink, x C'(L%*), on which
perturbative string dynamics is well-defined. However, as we shall see in section 3,

the back-reaction of D3-branes leads to a power-law singularity at short distance.

2.1 Resolved cones over Y4

Before turning to resolved cones over the general cohomogeneity-two L%¢ spaces, it
is instructive first to consider the subset involving the cohomogeneity-one YP? spaces.

The resolved cone over Y7 has the metric [2]]

dsg = xZ;(ydxz—i-xiiy(deL%03)2+I4;ydy2+xiiy(dT—%03)2+% (07 +03).
(2.1)
where
X:x(x—l—oz)—%u, Y:y(a—y)+2—y, (2.2)
and that
o3 = dip + cosfdo, o} + 03 = df* + sin® 0 dop* . (2.3)

It has been shown that the only completely regular examples are the resolved cones

over TH1 TV /7,y and Y*! [24, 25]. We shall now consider various limits of the metric

).

Resolved conifold

In order to reduce to a resolved cone over T (or T /Zs,), we need to select v such
that Y (y) has a double root. This happens when v = —2%@3. Making the coordinate

redefinition

- 2a
Yy = %a_|_€ COS@, V= —%Oﬁ—l—%&Ez, T = __(b’ 0-3_>0-3+¥d7_7 (24)



and setting the parameter € to zero, we find that the metric becomes

T+ 2o
d 2: 3 d 2
BT Yo Za)

(o3+cos 0 dgz;)2+é(x+§a) (d6*+sin § dq~52)+%x (07+03).

(2.5)
If u = 0, there is a blown-up S? and the solution describes the resolved conifold [34].
If, on the other hand, o = 0, then there is a blown-up S? x S? and the solution
describes the regularized conifold [15]. In fact, it has been shown that one can always
blow up a 4-cycle on any cone over an Einstein-Sasaki space [19], 20]. We shall now

take a look at the analogous limits for the resolved cones over the YP¢ spaces.

The o = 0 limit

If we let y — ay, v — a3v and then take o — 0, we obtain the limit

5 r 5, X 1 2 dy? 2, 1../.2 2
ds :de +;(d7—+§y03) + E—i‘yag‘i‘zy(%"‘%)]v (2.6)
where
X:xz—%, Y:y(l—y)+%”. (2.7)

There is a single Kahler modulus, which corresponds to a blown-up 4-cycle with a
volume parameterized by p. This is the analog of the resolved cone for general Y??
spaces. However, unlike the T /Z, case, this metric has an orbifold-type singularity

at its apex, since the geometry reduces to the direct product of R? and an Einstein-
Kahler orbifold.

The p = 0 limit: blowing up 2-cycles

One can also consider the limit in which g vanishes, in which case z runs from 0

to asymptotic co. Near z = 0, we can express the metric as

2 dy?
ds? = y(dr2 + 105 + ;dT)z + 117 (0F + 03) + %) +Y(dr — 3rios)?,  (2.8)

where x = r2.

At r = 0 there is a collapsing 3-sphere, instead of a circle as in
the previous limit. There is a single Kahler modulus corresponding to the volume
of a blown-up 2-cycle, which is parameterized by a. However, unlike the analogous
resolved conifold for which there is a smooth 2-sphere, in general this 2-cycle is a

“tear-drop” with a conical singularity.



Calabi-Yau structure

The Calabi-Yau structure on the metric (2.1)) is given by a Kéhler form J and a

holomorphic (3, 0)-form G(3). These can be expressed in the complex vielbein basis
e =e' +ie?, e =e+iet, e =e’+iel, (2.9)

where the vielbein is conveniently chosen to be

[z +y / 3 r+y
5% x, e x+y 7'+ 03 e NG Y,
Y / xy
4: d o 6: —_— . 21
c x+y<T 20403 40402 (2.10)

The Kéhler 2-form is then given by

J=1cNE, (2.11)
and the complex self-dual harmonic (3, 0)-form is given by

G(S) = 6_3iT 61 VAN 62 N 63 = W(S) + 1 *W(S) . (212)

Harmonic (2, 1)-forms

We are interested in harmonic (2, 1)-forms that live on the resolved Y?¢ cones,
since their presence preserves the minimal supersymmetry of the theory. We find

there exist the following five such (2, 1)-forms:

3T e 3iT 3
o, = e €E1NeaNez, Py = VY &NeNeg, Py = :chYggAElAEQ’
o ! (1 A(EsAes—EAe) et A(EA ‘A)>
eaN(E3Ne3—€ Aep) — e1N(EsNe3—ENe
4 Ty /ity \pyy 2 eheTafa yﬁl 3Ne3—EN\€) ),
1 1 - B 1 _ _
(1)5 x_|_y <x2\/}_/62/\(63/\63—61/\61)+y27\/y€1/\(€3/\€3_€2/\€2)) . (213)

All of these forms have singularities at all distances z, for certain values of y, except
for @1, which has a singularity only at small distance. ®; has a rapid fall off at large
distance, such that it does not support nontrivial flux. On the other hand, in the

large-z limit the last harmonic form behaves like

2 1 1
(I>5 = iO’l/\O'Q/\(O'g‘F— d7)+—03/\d7_/\dy+_ <_201AU2/\dT
Y 2y 4z

I, 1 1 Y 1
+i (;O’l /\O’Q—E(Tg/\d’y)/\d!lf—l—?Ul/\O'g /\dy} ) +O(?). (2.14)



This indicates that this form does support nontrivial flux. In the o = 0 limit, in
which we have first rescaled y — ay, 4 and &5 reduce to the same form. This form

has a singularity that is confined to small distance.

2.2 Resolved cones over L%

We now turn to the resolved cones over the general cohomogeneity-two L%¢ spaces.

The metric is given by [22]

L (d7+ (y+2)do+yz dip)?

u?

+U—12(d7+(x+z)dgb+xzd¢)2+%(d7+(x+y)d¢+xydw)2, (2.15)

ds’ = 1(WPd’+v*dy’+w’dz?)+

where the functions u, v, w are given by

2= W—o)(z—a) 2= @=y)(e—y) W2 =2y —2)
X ’ Y ’ Z ’
X =z(a—z)(f—2)-2M, Y =yla—y)(B—y)—2L1,

Z =z(a—2z)(—2)—2Ly. (2.16)

Notice that the coordinates x, y and z appear in the metric on a symmetrical footing.
We shall choose x to be the radial direction, and y and z to be the non-azimuthal
coordinates on the L% level sets. This reduces to the Y77 subset when a = p—gq,

b=p+qand c =d=p.

Calabi-Yau structure

The complex vielbein can be written as
el =el4ie?, e =e+iet, e =e+ieb, (2.17)

in the vielbein basis

1
el = judr, ¢* = E(dT+(y+z)d¢+yzd1p) :
1
¢ =Judy, = (drt(ete)dotazdy),
1
e’ =twdz, e = E(dT—i-(ijy)dqb—i—xy dy) . (2.18)

Then the Kéhler 2-form and complex self-dual harmonic (3, 0)-form are given by

J = %EZ’/\Q, Ga = e’ €, Nes e, (2.19)
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where

v=31+2(a+p)d+ab. (2.20)

Harmonic (2, 1)-forms

There is a harmonic (2, 1)-form given by

iv

U, = 67 ENENE . (2.21)

Using this, one can then construct a general class of harmonic (2, 1)-forms
Oy = f(v) ¥y, (2.22)
for any function f so long as dyAW¥; = 0. This orthogonality condition is obeyed by

YZ .
1= e (2.23)
as can be seen by calculating its exterior derivative:
2y

dy = (u y—2)X' e —viz—2)Y' € —w(z—y Z’e3> : 2.24
T [ R 220

We can consider the special case for which
YZ) iostiw 1, 2, .3
o, = ot DY ENR NS (2.25)
where § is a continuous parameter. Due to the v dependence, this field only preserves

U(1)? of the U(1)? isometry of the six-dimensional space. Although the full U(1)3

is preserved for § = —1/2, the form field would blow up at the degeneracies of X,

Y and Z, which would lead to a singular surface in the ten-dimensional geometry.

In order for the singularity to be confined to X = 0, so that we have a reasonable

gravity description near the UV region of the dual field theory, we require that 6 > 0.
We find there exist the following (2, 1)-forms:

YZ ., €Y
(I)l = f(? 612V> ygl/\Ez/\Es,
XZ 5\ e’
(I)g = f(? €12V> 761/\52/\63,
XY . iv
O3 = f<7 612V> 67 e NENE (2.26)
Dy = ASNENE—ENSE)+aBEN(ENE—E Net)

+azC EA(E N —ENEP)
D5 = bAT A(ENE—ENE)+byBy EA(ENE—E Neh)

+ 030z EEN(E N —ENEP)

11



AT = (=2 (y—20)z—2)X, B'=(e-2V(z-y)(z-y)Y,
C o= (r-y’V(e-2)(y—-2)Z, (2.27)

and a; and b; are constants which satisfy the conditions a;+as+a3 = 0 and b+
bo+0bs = 0. Notice that the first three forms in (Z27) are related to each other by
interchanging the z, y and z coordinates, while the last two forms remain invariant.
This reflects the fact that the x, y and z coordinates appear in a completely symmetric
manner in the metric of the resolved cone over L. ®; has a singularity that is
confined to small distance, as do ®4 and ®5 if one performs the rescaling y — ay,
z — «az and then takes the limit &« — 0. &, and P5 have nontrivial flux, while ®;
does not.

In the cohomogeneity-two limit, the resolved L®¢ cones reduce to the resolved Y??
cones. In this limit, ®; and ®5 reduce to the corresponding forms given in (2.13)),
while the first three forms generalize those in (2Z13) to include an arbitrary function
f. In particular, taking f = 1 reproduces the ®; and ®, in (2.13)), whilst taking f to

be the inverse of its argument reproduces Pj.

3 D3-branes and the AdS/CFT correspondence

A supersymmetric D3-brane solution of the type IIB theory with six-dimensional

Calabi-Yau transverse space is given by

1 1
ds = H 2(—dt*+dai+das+da;)+H2dss,

Fo = F%RHFE)S =Mws), (3.1)
with
O H = m?|we|?. (3.2)

Here the Og is a Laplacian of the Calabi-Yau metric ds? and w, is a harmonic
(2,1)-form in ds?. We shall refer to this as a modified D3-brane solution, owing to
the inclusion of the additional 3-form. If this 3-form carries nontrivial flux, then it

corresponds to fractional a D3-brane.

12



We shall take the six-dimensional metric ds? of the transverse space to be the
resolved cone over L. We first consider the case of vanishing m. It was shown in
[41], 42, [43] that the Klein-Gordon equation for the general AdS-Kerr-NUT solutions
constructed in [22] is separable. Since our metrics arise as the Euclideanization of the
supersymmetric limit of AdS-Kerr-NUT solutions, the corresponding equation for H

is hence also separable. To see this, we consider a real superposition of the ansatz
H = Hy(z) Hy(y) Hy(z) e¥@0v-notezn) (3.3)

In general, this ansatz breaks the U(1)? global symmetry.
The Laplace equation is then given by

1 ((XHY (agtaztag?)?
= (y_ZL’)(Z—x)( H, o X )
1 (Y HjY - (a0 +a1y+asy?)?
Nr=mei )
1 (Z Hy)' (ap+arz+azz?)?
+(w—z)(y—z)< H, 7 ) (3.4)

where a prime denotes a derivative with respect to the separated variable associated

with the function H;. This equation can be expressed as three separate equations in

x, y and z:
(X H) — ((a‘)“l?aﬁz)z+bo+blx)H1 ~ 0,
v Hé)'—((a0+a1§j—a2y2)2+b0+b1y>Hg _ o,
(z Hé)/_(<a0+alZZ‘|’a2Z2)2—|—bo—|—blz> Hy = 0, (3.5)

where by and b; are separation constants. These equations do not have explicit closed-
form solutions for general a; and b;. We shall consider the simplest solution obtained

by setting all of the a; and b; to zero and letting H depend on x only. The solution

is given by
H— o cp log(x—x1) ¢ log(x—z2) cp log(x—x3) . (3.6)
(w1—22)(w1—x3)  (22—21)(22—23)  (23—31)(23—22)
where 1, x9 and x3 are the three roots of X, satisfying
r1+xot+r3 =a+f, T1To+ T T3+ Toxs = 3, T1X9T3 = 2M . (3.7)

13



Consider the radial coordinate z with z; < z < oo. Then the function H has a
logarithmic divergence at z;.

We now consider solutions for which the 3-form wy, is turned on. A simple solution
can be obtained by rescaling y — ay, z — (z and then taking the limit o = 8 = 0.
The general construction of [19, 20] is recovered for the case of this class of resolved
L cones [I7]. We can then take wg to be the harmonic (2,1)-form ¥, given by
(220). Then, for a certain choice of integration constants, the resulting H is given

by

a

~ 18M(23—2M)’

H (3.8)

which diverges at 23 = 2M.

The divergence of the H function in both ([B.0]) and (B.8]) corresponds to a naked
singularity in the short-distance region of the geometry. This singularity of the D3-
brane solution arises even in the case of the resolved cone over Y?! which itself is
completely regular [24]. In order to have a solution that is regular everywhere, one
would have to blow up a 3-cycle rather than the 4-cycle in the above example. Then
an appropriate 3-form would prevent the 3-cycle from collapsing, as in the case of the
deformed conifold [31]. As already discussed in the previous section, while there exists
an obstruction to complex deformations of Y?? cones there are other subsets of the
L cones which do allow for complex structure deformations [36, 37, 12]. However,
the explicit metrics for these deformed L cones are not known.

Although the solution describing D3-branes on a resolved L%¢ cone becomes sin-
gular at short distance, we can still use this background at large distance to study
various flows of the quiver gauge theory in the region of the UV conformal fixed point.

At large x, (3.2) becomes
4

0. (X@xH> = 2w |2, (3.9)
where X is given by (2.16). Note that this equation applies for arbitrary « and S,
since for large x we can consistently neglect the dependence of H on the non-azimuthal
“angular” coordinates y and z. Again considering the case of the self-dual harmonic

(2,1)-form ¥y given by (2.:21]), the resulting asymptotic expansion of H is

Q Cy C4  Cp
H:—(1 2,4,% ) 3.10
2 +x+x2+x3+ ( )

14



where

C2 = %(Oé‘l‘ﬁ) ’

1
Cy = 5(0&2+Oéﬁ+ﬁ2),
2

¢ = %(%+12(a2+52)(a+ﬁ)+2M) | (3.11)

We have set an additive constant to zero so that the geometry is asymptotically
AdSs x L%, This can be seen from the leading 272 ~ r~* term in H (since z has
dimension two, we can take x ~ r? for large z). The transformation properties and
dimensions of the operators being turned on in the dual field theory can be read off
from the linearized form of the supergravity solution (B.I]). The metric perturbations
due to H have the same form as those within the metric ds? itself. Therefore, from
the asymptotic expansion of H given in (3.I0), we can read off that there are scalar
operators of dimension two, four and six with expectation values that go as ¢s, ¢4 and
cg, respectively. This is consistent with the perturbations of the 2-form and 4-form
potentials. We shall now discuss the gauge theory interpretation of the blown-up

2-cycles, as well as the 3-form, in more detail.

Blown-up 2-cycle

First, we consider the case with vanishing M, for which the six-dimensional space
is the L analog of the resolved conifold, in the sense that there is a blown-up 2-
cycle. The volume of the 2-cycle is characterized by the parameters o and . This is
a global deformation, in that it changes the position of the branes at infinity [18].

The parameters o and (3 specify the expectation values of dimension n non-mesonic
scalar operators in the dual gauge theory. For the case f = —a, ¢y and c¢g vanish,
while ¢4 can only vanish for « = f = 0. To identify the specific dimension-two
operator whose expectation value goes as co, it is helpful to consider the description
of the resolved cone over L% in terms of four complex numbers z; which satisfy the

constraint A
> Qilul =t, (3.12)
i=1

where one then takes the quotient by a U(1) action [9]. The parameter ¢ is the area
of the blown-up C'P! and corresponds to the coefficient of the Fayet-Iliopoulos term

15



in the Lagrangian of the field theory. The z; correspond to the lowest components of
chiral superfields. This can be described as a gauged linear sigma model with a U(1)
gauge group and 4 fields with charges @);. Then the above constraint corresponds to
setting the D-terms of the gauged linear sigma model to zero to give the vacuum. For
the L spaces, the Q; are given by Q; = (a, —c, b, —d) where d = a+b—c [I1]. The
requirement, Z?Zl @; = 0 guarantees that the 1-loop S-function vanishes, so that the
sigma model is Calabi-Yau.

Since t acts as a natural order-parameter in the gauge theory, from (B8.12)) it is rea-
sonable to suppose that blowing up the 2-cycle corresponds to giving an expectation

value that goes as ¢y to the dimension-two scalar operato
K=aA,A%~cByB*+bC,C*—d DsD* . (3.13)

This operator lies within the U(1) baryonic current multiplet. Since this conserved
current has no anomalous dimension, the dimension of K is protected. K reduces to
the operator discussed in [I8] for the case of a resolved cone over T /Z,, for which

a=b=c=d=1.

Blown-up 4-cycle

For nonvanishing M in the function X, one generically blows up a 4-cycle. Unlike
the case of a blown-up 2-cycle, this is a local deformation since it does not change the
position of the branes at infinity [18]. In the limit of vanishing « and /3, one recovers
the general construction obtained in [19, 20] that has been recently discussed in
[16], 17, [18]. Also note that cg vanishes for the appropriate values of M, a and f.

It has been shown that the number of formal Fayet-Iliopoulos parameters can be
matched with the possible deformations, which is suggestive that the dimension-six
operator that is turned on is associated with the gauge groups in the quiver. Although
the specific operator has not been identified, it has been proposed that they are of
the schematic form [1§]

O =Y cighyW,, (3.14)
9
where the gauge groups in the quiver have been summed over, W, is an operator

associated with the field strength for the gauge group g, and ¢; 4 are constants. The

3We thank Amihay Hanany and Igor Klebanov for correspondence on this point.
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dimension-six operator might also have contributions from the bifundamental fields

of the form

a1 Ao A% By B CC% +ay A, A By B Dy DP a3 Ay A*C5CP Dy DP+-ay By B4 C5CP Dy DP,

(3.15)
where the a; are constants. It is proposed that a particular combination of all of
these terms in (3.14)) and (B.15) correspond to the blown-up 4—cycle@. One possibility
is that the contributions from the bifundamental fields in (B:15]) are present only when

« and § are nonvanishing.

Turning on the 3-form

Turning on a 3-form results in the ranks of some of the gauge groups of the dual
quiver gauge theory being reduced with decreasing energy scale. For the case in
which the 3-form has nontrivial flux, the theory undergoes a Seiberg duality cascade
[26 27,31]. On the other hand, the 3-form W, given by (Z:21)) does not have nontrivial
flux. For a case such as this, it has been proposed that the reduction in ranks of gauge
groups is due to Higgsing [33]. In particular, from (8I0), we see that the parameter m
associated with the 3-form also contributes to the expectation value cg of a dimension-
six scalar operator. An additional effect of this 3-form is that the U(1) R-symmetry
is broken. The theory still preserves N' = 1 supersymmetry.

4 Eight-dimensional resolved Calabi-Yau cones

4.1 Cohomogeneity-two metrics

We now turn to eight-dimensional Calabi-Yau spaces, which can be used to construct
M2-brane solutions of eleven-dimensional supergravity. Before considering the general
cohomogeneity-four resolved cones over LP9"®  we shall first look at the cohomogeneity-

two metrics, which can be built over an S%x S? base space. These metrics are given

4We thank Sergio Benvenuti for correspondence on this point.
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by [211, 22]

1 Y NE
dsi = %uzdx2+iv2dy2+$[d7+3—a(03+ag)]
+1 [dT—i(U(g)—F&g)]2+C2(U%+U§+5%+5’§)
v? 3at
2 _ Ty 2_ 1Y 2 _ TY
T x> YTy Y T Gar
2u 2v
X = x(:c—l—oz)—ﬁ, Y = y(oz—y)—i—?,
Completely regular examples were discussed in [25].
Calabi-Yau structure
We can define the vielbein basis
el = lyde e? = —l(dT—l-ﬂ(O'g—i—a'g)) 3 =tudy
2 ) U 3@ ) 2 Y
1 T
4 ~ 5 6 7 ~ 8
- - d —_— + ) =cC ) e =c ) e =cC ) €
e v( T34 (03+03)), e o1 o9 a1
and then the complex vielbein
€ =e'+ie?, € =€ +iet, €5 = e’ +iel, e =e +ied.

The Kéahler 2-form and holomorphic (4, 0)-form are given by
J=idne,
and

Gu =e M NENENE

Harmonic (2, 2)-forms

We find four self-dual (2, 2)-forms; they are given by

(€1 N€1+EN€x) N (EsNez+EgNEq) —2(E1 Ney NEaNea+E3Ne3NELNE,)

¢ = 2343
(I>2 _ (El/\El—Eg/\Eg)/\(Eg/\Eg—E4/\E4)
zy(z+y) ’
oy — e~ U (e NEa NesNeg+e1 Nea NEsNEy)
22y XY ’
o, (gl/\EQ_61/\E2)/\(€3/\€3+€4/\64) .

xyv XY
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Notice that ®; and ®, are square integrable, in that they are well behaved at both
small and large asymptotic distance. For the cases in which the eight-dimensional
Calabi-Yau spaces are regular [25], these harmonic forms can be used to construct

completely non-singular M2-brane solutions to eleven-dimensional supergravity.

4.2 Cohomogeneity-four metrics on resolved cones over [P

We now turn to the general cohomogeneity-four metrics on resolved Calabi-Yau cones

over the seven-dimensional Einstein-Sasaki spaces LP?"®, which can be written as [22]

dsi = Y(u]dat+uddad+ujdes+uf dal)
1
? [d7+ (2o +23+24)dP+ (2003 +Toxy + 2324 ) dip +Tow374d )]
1
1
? [d7+ (21 +23+24)dp+ (2103 + 2124 + 2324 ) dip + 31 0374d )]
2
1
? [d7+ (21 4+ 224+ 24)dp+ (2120 + 2124+ Tow4 ) di) + 11 o4 dX ]
3
1
? [d7+ (21 4+ 224 23)dp+ (2120 + T 23+ Tow3 ) dip + 11 T03dX]*, (4.7)
4
where
Wl = (g —x1) (23 —31) (24 —71) uzz(xl—xz)(%—xz)(ﬂ—xz)
1 Xl ) 2 X2 )
2 (m—as) (v —as) (va—x3) o (m1—@q) (w2 —24) (23— 24)
u = u, =
3 X3 ) 4 X4 )
Xl = :El(a—atl)(b—xl)(c—xl)—QMl,
X2 = l’g(&—l’g)(b—l’g)(C—l’g)—QMg,
X3 = I3(a—$3)(b—l’3>(0—$3)—2M3,
X4 = x4(a—x4)(b—x4)(c—x4)—2M4. (48)
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Calabi-Yau structure

We shall choose the vielbein basis

el = %ul dry, uz= %Ug dry, €= %Ug drs, e = %u4 dxy ,
1
et = - [dT 4 (2o + 23+ x4)dP+ (xoxs+Toxs+324)d)+x0x324dX] |
1
1
et = - [dT4 (21 + 23+ x4)do+ (12034 21 T4+ T324)dY+ 21 2324dX]
2
1
b = - [dT4 (21 + T2+ x4)dP+ (x1209+ 21 T4+ Toxs ) A+ 21 X024 dX] |
3
1
b = - [dT+4 (21 + 22+ 23)do+ (109 + 2123+ Tox3)d+x12003dX] . (4.9)
4
The holomorphic vielbein are then given by
el =eltie?, € =e+iet, E=e"+ie, e =e"+ied. (4.10)
Defining
= %(€1A61+€2Aez+€3Ae3+€4Ae4),
Q = eVeNENENE, (4.11)
where
v = 417+3(a+b+c) p+2(ab+bc+ca) Y+abe x (4.12)

it is straightforward to verify that
dJ =0, =0, (4.13)

and hence that the metric is indeed Ricci-flat Kéahler, with J being the Kahler form
and  the holomorphic (4, 0)-form.

Harmonic (3, 1)-forms

We find that harmonic (3, 1)-forms can be constructed as follows. First, it can be
verified that

1 .
Giiy = X e ENENE Nt (4.14)

is closed, and hence harmonic. Next, we define the function

Xo X3 X,
= 2230 i 4.1
¥ X, ¢ (4.15)
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which can be shown to satisfy the relation

Uy eil/ -
d = ( _ _ _ X/ 1
7 UaU3U4 (931—552)(931—553)(1'1—554) i (:)32 173)(1'2 :54)(934 933) 1€

—ty (23— 21 ) (23— 14) (14— 21) X3y € +us (21— ) (04— 11) (14— 72) X} €°

+uy (11— 22) (23 —21) (X0 —23) X} 64) , (4.16)

where X! denotes the derivative of X; with respect to its argument z;. It therefore

follows that dyAG 31y = 0, and so

P31y = f(7) G (4.17)

is a harmonic (3,1)-form for any function f. In particular, we have a family of

harmonic (3, 1)-forms given by
V)= —"F7 eV EL A NS N (4.18)

for any constant 6. For nonzero 4, these forms preserve only a U(1)? subgroup of
the U(1)* isometry of the eight-dimensional space. Note that W3y has a singularity
only at short distance if 6 > 0, where we have taken z; to be the radial direction.
Additional harmonic (3, 1)-forms can be constructed by permuting the z; directions,
but these forms have singularities for all z;. They are analogous to the (2, 1)-forms &1,
®y and ®3 in ([2.27) for a six-dimensional space, and they do not support nontrivial

flux.

Harmonic (2, 2)-forms

We can also construct harmonic (2, 2)-forms as follows. We define (2, 2)-forms

Gz = [ENAENEFENENENE)
+g (@ N AEANE+BNENE NeY)
+h (E'ANENE+HENENENE) (4.19)

where f, g and h are functions of (21,2, x3,24). Imposing the closure of G2 leads

to three independent solutions for f, g and h, namely

f=g=h=1, (4.20)



1

I= (21—29)(v1—23) (T2 —24) (T3 —74)?
g = 21 (20— w9 —x3)+ 1o (2m3—24) — 3 24
(1’1—@)2(%—$3)12($2—$4)2($3—$C4)2 ’
o= (56’1—$2)(SL’1—I?,)2(SL’2—$4)2($3—I4)7 (4'21)
and
1
I= (21 —23) (29 —3)% (21 —24)? (P2 —T4)
1
g =

(z1—23)2 (g —x3) (21 —24) (22 —24)?
L o— 1 (LL’3+SL’4—2LL’2)+SL’2 ($3+LL’4)—2LL’3 Ty . (422>

(21— 23)2 (22— 13) (01 —4)* (T2 — T4)?

These forms are somewhat analogous to the (2, 1)-forms &, and ®5 given in (2:27))
for a six-dimensional space. The first solution, (£.20)), is just the harmonic (2, 2)-form
JNJ. Tt follows from (£19) that JAG 4 9) is proportional to (f+g+h), and so JAG (2,9
is non-zero for (L20). However, each of the solutions ([A2I)) and ([A22]) satisfies
f+g+h = 0, and so these two harmonic (2,2)-forms satisfy the supersymmetric
condition

JNG2 =0. (4.23)

Notice also that these harmonic (2, 2)-forms are square integrable. These can be used
to construct modified M2-brane solutions, which have only orbifold-type singularities.

Note that none of these cohomogeneity-four Calabi-Yau spaces are completely regular

25].

4.3 M2-brane solutions

We can use these eight-dimensional spaces, and the harmonic 4-forms which they sup-

port, to construct a modified M2-brane solution to eleven-dimensional supergravity,

given by
ds?, = H7P(—dt*+dai+dad)+H3ds?,
F. = dtAdaAdegAdH 7 +m L, , (4.24)
where
1
OH = —4—8m2L(24) , (4.25)
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and L, is an (anti)self-dual harmonic 4-form on the eight-dimensional space with
the metric ds?.

Let us first consider the case with m = 0, for which the Laplace equation on the
Calabi-Yau metric is separable. The solution for general dimensionality is presented
in the appendix B. Here we just give a solution for the eight-dimensional case that

depends only on the radial variable x; it is given by

xr1 3@
H= ——dx’ . 4.26
| st 420
Thus in the asymptotic region at large x;, the function H has the behavior
3
=< (1+2+~ : ) . where o = 2(a+f47). (4.27)
it T 4

We have taken an arbitrary additive constant to zero, so that the geometry is asymp-
totically AdS,x LP?%. Since x; has dimension two, we see that there is a non-mesonic
dimension-two scalar operator being turned on with expectation value c;.

It is especially interesting to construct M2-brane solutions using one of the square-
integrable harmonic (2, 2)-forms that we found previously, since this guarantees that
with the appropriate integration constants the only singularities are of orbifold type.
This is because the 4-form prevents the blown-up 4-cycle from collapsing. Moreover,
examples of regular eight-dimensional Calabi-Yau spaces that have been discussed
in [25] can be used to construct completely non-singular M2-brane solutions. The
resulting geometry smoothly interpolates between AdS, x LP9" asymptotically, and a
direct product of Minkowskis and a compact space at short distance. Many examples
of cohomogeneity-one solutions of this type were constructed in [47, 48, [49]. Although
not much is known even about the UV conformal fixed point of the dual three-
dimensional N' = 2 super Yang-Mills field theory, based on the geometrical properties

of the supergravity background it flows to a confining phase in the IR region.

5 Harmonic forms on higher-dimensional resolved

cones

In this section, we extend some of the constructions of harmonic middle-dimension

forms to the case of higher-dimensional metrics on the resolutions of cones over
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Einstein-Sasaki spaces. We take as our starting point the local Ricci-flat Kahler

metrics in dimension D = 2n+4 that were considered in [25]:

. Yy o xty 5, X y 12 Y T 12 2y
i = 1Yy d ar+Zo] s ——lar-2o] +Zax
S X x4+ % Y +x+y T—l—aa +a:+y T aa + o
2u 2v
o = dy+A, X =z(z+a)—— Y =yla—y)+—, (5.1)

e
where d32 is a metric on a 2n-dimensional Einstein-Kahler space Z, satisfying R,, =
2(n+1) gay, with Kahler form J = 3dA. (We have made some minor changes of
coordinates compared to the metric presented in [25].) For convenience, we shall set
the constant « to unity. This can always be done, when « # 0, by means of coordinate
scalings together with an overall rescaling of the Ricci-flat metric. The special case
a = 0 can be recovered via a limiting procedure.

Next, we define the 2-forms

wy = sdzA(dT+y o), wy = sdyA(dr—z o), w=uzyJ. (5.2)

It can easily be verified that J= Wy —wy+w is closed and, in fact, this is the Kahler
form of the Ricci-flat Kéhler metric (5.]). In the case that n is even (n = 2m), we
find that the middle-degree form

1

e 1

(wgc—u)y)/\wm—mu)mJrl (5.3)

m+1
is closed. Since it is also self-dual, it follows that it is a harmonic form. This gener-
alises the harmonic (2, 2)-form ®; in eight dimensions given in (£.6]) and is somewhat
analogous to the (2, 1)-forms ®, and ®5 given in ([2.27)) for a six dimensions.
Further harmonic forms can be obtained if one takes the Einstein-Kahler base
metric d¥%2 to be a product of Einstein-Kéhler metrics. For example, if we choose it
to be the product of metrics on two copies of CP™ (recall that we are considering the

case where n = 2m is even), with Kéhler forms J; and J, respectively (so J = J1+.J3),

then defining

wy =y Ji, wy = zy Jo, (5.4)
we find that
Gomia) = 75— (Wotw )AY (=1 P Awh (5.5)
B (e g)? () T Z Lo

is closed and self-dual, and therefore it is harmonic.
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6 Conclusions

We have investigated the Kahler moduli associated with blowing up a 2-cycle or
4-cycle on Calabi-Yau cones over the L%¢ spaces. This yields a countably infinite
number of backgrounds with ALE singularities on which perturbative string dynamics
is well-defined. Although adding D3-branes induces a power-law type singularity at
short distance, one can still use the AdS/CFT dictionary to relate the blown-up
cycles to deformations of the dual quiver gauge theory close to the UV conformal
fixed point. In particular, we identify the non-mesonic dimension-two real scalar
operator that acquires a vev, thereby generalizing the state/operator correspondence
for the resolved conifold over T'! [14] and T*'/Z, [I8] to resolved cones over the
L% spaces. On the other hand, blowing up a 4-cycle corresponds to a dimension-six
non-mesonic scalar operator getting a vev.

The resolved cones over the cohomogeneity-two L¢ spaces support various har-
monic (2, 1)-forms, some of which depend nontrivially on three non-azimuthal coordi-
nate directions. These forms can be further generalized by a multiplicative function,
so long as the exterior derivative of this function satisfies a certain orthogonality
condition. In particular, there are harmonic (2, 1)-forms which depend on continu-
ous parameters. 3-forms carrying nontrivial flux correspond to fractional D3-branes,
while those which do not correspond to giving a vev to a dimension-six operator.

As we mentioned, D3-brane solutions constructed with resolved cones over L2
have a power-law singularity at short distance. For solutions involving a 3-form field,
one may be able to smooth out this singularity by a complex deformation of the
Calabi-Yau space that results in a blown-up 3-cycle. Although it has been shown
that there are obstructions to the existence of complex deformations of cones over
YP? spaces, there are other subsets of the L®¢ cones which do allow for complex
structure deformations [36, 37, [12]. It would be useful to construct the explicit met-
rics describing these deformed L cones, as well as the non-singular supergravity
solutions that describe fractional D3-branes on these spaces.

One can also consider S'-wrapped D3-branes on the resolved L cones. If the
compact direction within the worldvolume of the D3-branes is appropriately fibered

over the transverse space, the resulting solutions may only have orbifold-type singu-
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larities. For the case of the resolved conifold, such a D3-brane solution has already
been constructed and is completely regular, and it is also supersymmetric [44]. The
corresponding D3-brane solutions for the resolved L% cones are currently being in-
vestigated [45].

We also discussed the geometry of higher-dimensional Calabi-Yau spaces with
blown-up cycles, as well as the various harmonic forms which live on them. In par-
ticular, we have found that eight-dimensional resolved cones over the LP?* spaces
support harmonic 4-forms that are square integrable. They can be used to construct
M2-brane solutions of eleven-dimensional supergravity which have only orbifold-type
singularities. Unfortunately, not much is known about the dual three-dimensional
N = 2 gauge theories, other than that they flow from a UV conformal fixed point to
a confining phase in the IR region.

Lastly, the type IIB supergravity backgrounds dual to certain marginal deforma-
tions (3 deformations) of the conformal fixed point of the Y74 and L quiver gauge
theories were obtained in [46, 50]. The solution-generating method works for any
gravity solution with U(1)xU(1) global symmetry. It might be interesting to see if
these deformations can be applied to the gravity solutions discussed in this paper,

since they possess the necessary global symmetry.
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A Complex structure and first-order equations

In this appendix, we construct Ricci-flat Kéhler spaces in dimension D = 2n+4,
built over an Einstein-Kahler base space of real dimension 2n with metric d¥2. We

normalise this metric so that it satisfies R;; = 2(n+1)g;;. Its Kéhler form will be
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written as J = 1dA. We may also assume that it admits a holomorphic (n,0)-form

(2, satisfying (see, for example, section 4 of [23])
dQ =1(n+1)ANQ. (A1)
The ansatz for the (3n+4)-dimensional Ricci-flat Kahler metrics will be
d§® = vPda® +v*dy* +a* (dr+ f10)* +0°(d7+ fo0)* +PdX2 (A.2)

where a, b, ¢, u, v, f; and fy are functions of x and y, and

oc=dy+A. (A.3)
We define the vielbein
el = ude ¢* = a(dr+ fio), e* = vdy, et = b(dr+ fo0), ¢ = ce',
(A.4)

where ¢’ is a vielbein for the Einstein-Kéhler base metric d¥:2.
We make the ansatz
J=e' A2+ net+ AT (A.5)
for the Kahler form. It is then natural to define a complex vielbein by
e =elvier, E=é&tiet, é=cé, (A.6)
where ¢’ is a complex vielbein for the base metric d¥2. We also make the ansatz

Q = T (A2 AQ (A.7)

for the holomorphic (n+2, 0)-form. The conditions for d5? to be Ricci flat and Kéahler

are then given by

dJ=0, dQ=0. (A.8)

One immediately finds that the constant S should be chosen to be
B=n+1. (A.9)

However, the constant « can be left arbitrary.
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We now obtain the first-order equations:

dJ=0: (bw) —(au)=0, (*) —2auf, =0, (*y—2bvfy =0,
d1=0: auvc"—(avc") —(buc"y =0,

abuc” fs— (n+1)buc”+[abc™(fi— f»)] = 0,

aavc” fi — (n+1ave” = [abe™ (fi— f2)] = 0. (A.10)

The constant a appearing in the first-order equations ([(AI0) is always trivial, in the
sense that it can be set to any chosen non-zero value without loss of generality. To

see this, we perform the following rescaling of coordinates and functions:

T—=Ax, y— Ay, T AT,

C-))\C, f1—>>\f1 fg-))\fg, (All)

whilst leaving the functions a, b, u and v unscaled. It can be seen that the effect of

these rescalings is to scale the metric d$? in (A.2) according to
ds® — \*ds?. (A.12)

The rescalings have the effect of replacing a by Aa in the first-order equations ([A.10]),
thus giving

dJ=0: () —(au)y=0, () —2auf, =0, ()y=2bvfy =0,
d1=0: Aauvc"—(ave™) —(buc®y =0,

Aabuc” fo— (n+1)buc™+ [abc™(f1— f2)] = 0

Aaavc” fi — (n+1)ave™ — [abc™(fi— f2)] = 0. (A.13)

Since a rescaling of a Ricci-flat metric by a non-zero constant leaves it Ricci-flat, it
follows that the constant A\ can be chosen at will, and so no generality is lost by

setting o to any desired finite and non-zero value.
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B Separability of Laplacian on Calabi-Yau metrics

We consider the Calabi-Yau metrics obtained in [21],22]. The metric can be expressed

as
n U dl’2 X n—1
ds® = TR (Y Wide)?|
n—1 n
Xy = | | (@i—2y) =20, UMIH/(%_%L); (B.1)

where W; is defined by

n n—1
[[0+gz) => wig*. (B.2)
p=1 i—0

It turns out that the equation OH = 0 is separable in the x, coordinates, where [
is the Laplacian taken on the above metric. (The separability for the more general

non-extremal Kerr-NUT-AdS metrics was shown explicitly in [41] 42| [43]. Making

the ansatz . -
= (T Huw) exp (283 (- 1aicn 1) (B3)
p=1 i=0

for the harmonic function, we find that the H,(z,) satisfy
1o
(X, H.) — ((ZZ =0 +Z biz, ) H, (B.4)

where a prime on H,, or X, denotes a derivative with respect to its argument z,,.

The system thus has 2n—1 independent separation constants ag,aq,...a,_; and

b07 b17 s '7bn—2-
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