PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: August 19, 2015
REVISED: December 17, 2015
ACCEPTED: January 11, 2016
PUBLISHED: January 22, 2016

Scalar-vector bootstrap

Fernando Rejon-Barrera® and Daniel Robbins’
@ Institute for Theoretical Physics, University of Amsterdam,
Science Park 904, Postbus 94485, 1090 GL, Amsterdam, The Netherlands

b Department of Physics, Texas AE&M University,
TAMU 4242, College Station, TX 77843, U.S.A.

E-mail: F.G.RejonBarrera@uva.nl, drobbins@physics.tamu.edu

ABSTRACT: We work out all of the details required for implementation of the conformal
bootstrap program applied to the four-point function of two scalars and two vectors in an
abstract conformal field theory in arbitrary dimension. This includes a review of which
tensor structures make appearances, a construction of the projectors onto the required
mixed symmetry representations, and a computation of the conformal blocks for all possible
operators which can be exchanged. These blocks are presented as differential operators
acting upon the previously known scalar conformal blocks. Finally, we set up the bootstrap
equations which implement crossing symmetry. Special attention is given to the case of
conserved vectors, where several simplifications occur.

KeEYywoORrDS: Conformal and W Symmetry, Global Symmetries

ARX1v EPRINT: 1508.02676

OPEN AcCESs, (© The Authors.

Atticle funded by SCOAP®. doi:10.1007/JHEP01(2016)139


mailto:F.G.RejonBarrera@uva.nl
mailto:drobbins@physics.tamu.edu
http://arxiv.org/abs/1508.02676
http://dx.doi.org/10.1007/JHEP01(2016)139

Contents

1

2

6

Introduction

Tensor structures

2.1 Embedding space

2.2 Two-point functions

2.3 Three-point functions
23.1 (SS0O)

232 (SVO)
2.3.3 (SVA)

2.4 Four-point functions
2.4.1 (SSSS)
242 (SVSS) or (SSSV)
243 (SVSV)

2.5 Conserved vectors

Shadow formalism
3.1 Mixing matrices
3.1.1 (SSO)
312 (SVO)

3.1.3 (SVA)
3.2 Shadow projectors

Conformal blocks
4.1 General discussion
4.2 Scalars and vectors
4.3 Exchange symmetries
4.4 Computing the blocks
44.1 (SSSS)
442 (SVSS)
443 (SSSV)
444 (SVSV)

Setting up the bootstrap

5.1 General discussion

5.2  SVSV case with generic vectors
5.3 SVSV with conserved vectors

Conclusions

A Building blocks and identities

© © 00 W o~ N O kW =t

—_
[an}

13
13
13
14
14
14

15
16
17
18
20
20
23
25
26

31
31
33
35

36

38



B Lorentz representation projectors 39

B.1 Totally symmetric 39
B.2 Mixed symmetry 41
C Mixed symmetric contractions 44
D Integrals 46
D.1 Three-point integrals 46
D.2 Four-point integrals 48
E Mixing matrices and normalization factors 50
F apf, Ba, and B8 components of the (SV SV) blocks 52
G Mixed symmetric constants 53
H Operators appearing in symmetric exchange blocks 54

1 Introduction

The data of an abstract unitary conformal field theory (CFT) in D dimensions is encoded
by the spectrum of primary operators and their OPEs, which are in turn specified by a finite
number of real constants for each triplet of primary operators. From this information, we
can in principle compute any correlation function by iteratively performing OPEs to reduce
the correlator to a two-point function. This procedure should not depend on which order
we perform OPEs, and the equivalence of different procedures puts constraints on which
sets of data can correspond to consistent CFTs. In particular, for a four-point function we
can divide the four operators into pairs in three different ways, or channels. Equivalence
between these channels is called crossing symmetry, and the general endeavor of exploring
the constraints on CFT data which are imposed by crossing symmetry is known as the
conformal bootstrap program.

Since the revival of the conformal bootstrap program in recent years [1], several research
groups have obtained both numerical (bounds on operator dimensions, OPE coefficients and
central charges) [2-13] and analytical results (determination of anomalous dimensions and
OPE coefficients) [14-19], as well as studies in theories with global symmetries [20, 23-27]
or supersymmetries [6, 28—-39]. So far these results have arisen from bootstrapping 4-point
functions of scalar (in relation to the Lorentz subgroup of the conformal group) operators,*
whose conformal blocks were computed in [41-43] for D = 2,4,6 (in any even dimension
they can be computed recursively) with numerical approximations given in [21-23] for any
dimension D.

!There is a notable recent exception of [40], which considers bootstrapping fermionic operators in 3D.



However, the consistency conditions from scalar correlators are only a small part of
the (infinitely) many conditions that the bootstrap program imposes. One expects more
interesting and universal bounds to arise from bootstrapping 4-point functions of operators
with spin, such as the stress-tensor or conserved currents. The main obstacle in tackling
these problems is that the full set of conformal blocks for spinning correlators is not readily
available yet. Partial progress has been made in this direction. In [44] it was observed that
there is a class of conformal blocks of tensor 4-point functions that can be related (via differ-
ential operators) to the well known scalar blocks of [41-43]. However, the class of conformal
blocks derived in this way is associated to the exchange of traceless symmetric operators O,
whereas tensor correlator bootstrap requires, in addition, the exchange of mixed-symmetric
operators A. Later, in [45, 46] it was shown that conformal blocks associated to A can be
calculated as a (finite) sum of scalar blocks evaluated at zero spin which, in principle, can
be done by a computer. However, the numerical evaluation of these blocks is quite resource
intensive due to the fact that the number of terms in the sum increases rapidly with the
spin of A. In numerical computations one might get away with if the maximum spin of A
is not too large, but this approach is hopeless in the analytic bootstrap, where one needs to
have control over the conformal blocks at very high spin [14, 15]. Therefore the objective of
this paper is to start building explicit closed form expressions of spinning conformal blocks
that can be used in the analytic bootstrap and for efficient numerical evaluation.?

To start with, in section 2 we classify all of the tensor structures which can appear
in the three- and four-point functions which concern us in this paper (namely three-point
functions with either two scalars or a scalar and a vector, along with a third operator, and
four-point functions with four, three, or two scalars with zero, one, or two vectors). We
pay special attention to the information obtained from exchanging two operators, especially
when the operators are identical. In section 2.5 we work out the extra information available
when the vector operator is conserved.

Section 3 reviews the shadow formalism, and computes the three-point coefficients for
shadow operators in terms of the three-point functions of the original operators, the results
of which are needed for the computation of the conformal blocks.

Section 4 is the heart of the paper, in which we compute the conformal blocks which
are needed to implement the bootstrap program with two scalars and two vectors. Using
the shadow formalism and the results from appendix A (various identities obeyed by the
building blocks of our correlators), appendix B (where we compute the projection operators
corresponding to the Lorentz representations of exchanged operators; in particular the
results of appendix B.2 for the mixed symmetry exchange are some of the novel ingredients
which really allows us to compute the required blocks), and appendix D (where we evaluate
all of the required basic integrals), we compute the required integrals and perform the
monodromy projection to finally obtain the conformal blocks. The new result in this
section is the computation of the mixed-symmetric blocks, which relies on the contraction

*During the preparation of this draft, [47] appeared which generalizes [44] and proposes a relation
between spinning (not necessarily bosonic) blocks associated to mixed-symmetric exchange, to more basic
“seed” conformal blocks in 4D. However, the “seed” blocks were not presented yet. In the language of that
paper, our work provides the “seed” blocks for the [k + 1, 1] representation.



formula (4.76). Further details on how this formula is derived, are given in appendix C
where we also present one of the two new contractions that appear in conformal blocks of
four vectors, as evidence that our methods can be applied in more general situations. Our
results are all written in terms of differential operators acting on scalar conformal blocks.

Then in section 5 we set up the bootstrap program for four-point functions of two
scalars and two vectors. In particular, we examine the case of conserved vectors, in which
case several simplifications occur. Finally, we summarize our results and look forward to
future directions in section 6.

The next step in this program is to use the results of this paper to obtain bounds
(numerical or analytical) on the data of a general class of CE'Ts, and in particular for a CFT
with a conserved primary vector operator and an associated continuous global symmetry.
More formally, one would like to use the techniques developed in the present work to set
up the bootstrap for even more complicated four-point functions. In particular, the cases
of four vectors (in particular conserved currents), or correlators involving conserved stress
tensors, would be of great interest. The real prize would be to implement the bootstrap
with four conserved stress-energy tensors, thus gleaning extremely general information
about the space of consistent unitary CFTs.

2 Tensor structures

Conformal invariance places strong constraints on the form of correlation functions. We
will focus on correlations of primary operators. Correlation functions of descendants can of
course be obtained from those of primaries. For two-point functions of primary operators,
conformal invariance fixes the result up to an overall constant, and it is conventional to
normalize the primary operators themselves to remove that remaining ambiguity. Each
three-point function is determined up to a finite number of constants, each one multiplying a
different tensor structure. These same constants appear in the operator product expansion
(OPE). For four-point functions (and higher, though we won’t go beyond four-point in
this paper), there are a finite number of tensor structures. These tensor structures are
multiplied not by constants in general, but by functions of the conformally invariant cross-
ratios. Since the four-point function can in principle be evaluated by splitting into two
pairs of operators and then using operator product expansions to reduce the problem to a
sum of two-point functions, it follow that the functions multiplying the tensor structures
are determined by the spectrum of primary operators and the constants which appear in
their three-point functions.

In this section we will determine the tensor structures which can appear in the four-
point function of scalars and up to two vectors, and in the three-point functions which
act as intermediate stages in the evaluation. The techniques are well established [41-
43], and especially in [48], but we give a self-contained presentation in order to establish
our conventions and to put emphasis on the properties that will be most relevant for our
purposes. In subsequent sections we will compute the functions which multiply these tensor
structures in terms of the underlying data of the CFT.



2.1 Embedding space

When considering the consequences of conformal invariance, it is often useful to make use
of embedding space. This is a (D + 2)-dimensional space, with coordinates P4 and metric

ds* = napdPAdPP = —dP*dP~ + 6,4dP*dP", (2.1)

on which the conformal group SO(D+1, 1) acts linearly (we will be working with Euclidean
signature in physical space throughout this paper). The D-dimensional physical space is
identified with a null projective surface. The map to physical coordinates is given by

% = P"/PT, (2.2)

while we can do the inverse map by sending a point in physical space to a particular point
on the projective null line,

PA(z) = (P*,P~, P%) = (1,2%, 2%), napP(x)PP(z) = 0. (2.3)

Now consider a tensor function of three coordinates (to serve as an example) on em-
bedding space,
Fay Ay, ByBy,Cyo-Cp (P1y Pay P3), (2.4)

which is homogeneous in each variable (so that it is well defined on projective hypersur-
faces),

Fay Ay ByBe.CroCoy (M PL APy, AsP3) = AT2 AT 22 M52 F a4y By By.CyCy (P1, Pay Ps),

(2.5)
and is transverse in the sense that
PAMFA A, By By.CyCyy (PLy Py, Ps) = - = P Fy A BB,y (PL, Po, Ps)
= PPFu,a, ByBuCyCy (P, Poy P3) = -« = PPUFA A, By.B,.c1Cp, (PL, Pa, Ps)
= PUF A, 4By By.Cy O (Pl Pay P3) = - -« = PS™Fa, A, By B, .CyCo (P1, P2y P3)
=0. (2.6)

We can map this function to a tensor function on physical space by

fa1~~-ak,b1-~~bg,cl~~~cm (xla xr2, ':U3)
Aq Ap B By C1 Cm
:8P1 ...apl 6P2 '..aPQ aPS “.apg
oz Ox* gl dalr Oxg dxgm

Fp o n, ByBy,CiCom (Pl, Py, P3), (2.7)

where we use the map (2.3). Because we are mapping from a null hypersurface, different
embedding space tensors can map to the same physical tensor if they are related by

/
FA1-~~Ak,Bl~~-Bg,Cl~~~Cm = FAl"’Ak,Bl"'Be,Cr"Cm + P A1AA2-"A1€,B1'"Be,Cl'"C'm7 (2'8)

for any choice Aa,...a,.B,.-B,,C;--C,,» and similarly for each of the other indices. We will
sometimes refer to this redundancy (somewhat sloppily) as gauge freedom.



The resulting function fo,...ax b1-bs,e1-cm (21, T2, 23) transforms as a conformal tensor
of weights A1, Ao, and Agz under conformal transformations of x1, xs, or xg respectively. It
turns out that a converse is also true; any function which transforms as a tensor of weights
A; can be obtained from a homogenous (of weights A;) transverse tensor in embedding
space, unique up to equivalences of the form (2.8).

Thus, in order to determine the possible form of correlation functions of given opera-
tors, we need only determine the homogenous transverse tensors in embedding space up to
the equivalences. In embedding space there are not many different objects we can build.
Any scalar must be built out of scalar products of distinct P;’s, and it will be useful to define

P = —2napP'Pp. (2.9)

2 a
i ij
free indices are transverse, it will also be useful to define (for distinct 7, 7, and k)

In physical space, this simply projects down to z7;, where z7; = i — z7. To ensure that

KU _ Pirlja — Pijlya (2.10)
(PP Pyx) "

which is transverse with respect to PZ-A, and antisymmetric in j and k, and projects down to

2 . _ 2 iy
k) = 24 @i, mkl(/?) (2.11)
2.2 .2
(xijxikxjk)
and for distinct ¢ and j, both
NI(AZJI)LXQ :nA1A2+?(PiA1PjA2+]DjA1PiA2)7 (2'12)
(3

which is transverse in both indices with respect to P; (or P;) and projects to 045, and

M/(f}? =NaB + %Pj AP, (2.13)
?
which is transverse to PZ-A in the first index and PJB in the second index, and projects down
to
M) — 50— 2 (27). (15), (2.14)
ab a fU?j ij)a \Lij)p
Note that these building blocks, particularly (2.10) are defined to be scale invariant.
Finally, note that if F4,...4, (we suppress other indices for now) transforms in a given
way under permutations, then its projection f,,...q, will inherit the same transformation
and will thus transform as the corresponding representation of the rotation group SO(D).
For example, if Fa,...4, is invariant under permutations of its indices, then fg,...q, will be
a symmetric tensor. If Fy, .., is also traceless, then so will be f4,...q; -
Appendix A contains several useful formulae and identities for these structures in

physical space.



2.2 Two-point functions

As we will see in the next subsection, the primary operators we will need in this paper fall
into two classes of irreducible representations of the rotation group SO(D). We either have
totally symmetric traceless tensors of spin ¢, Oy, ...q, (), which includes scalars and vectors
as special cases, or we have mixed symmetry tensors Ag, g,p,...b, () which are completely
traceless, are antisymmetric in a1 and ao, are totally symmetric in the b;, and which vanish
when antisymmetrized over any three indices. In terms of Young tableaux, the O,,...,, are
represented by a horizontal row of ¢ boxes, while Ag, 4,p,...1,, are represented by one row of
k + 1 boxes and a second row with only one box (equivalently one column with two boxes
and k columns of one box each). For each of these cases we construct projectors onto the
given representation in appendix B. For Oy, ...q, and Ag, g,0,..5, We use projectors

(£) by---by

nOtbe apd mReaed-d (2.15)

aragby by ’
given in (B.8) and (B.25) respectively. We can also write the projectors in embedding space
by simply taking the expressions in appendix B and replacing each d,, with NX]J; , with ¢
labeling the operator being projected, and j being an arbitrarily chosen other variable (the
choice is not physically relevant and can be changed by a gauge transformation (2.8).

It is well known that we can diagonalize the space of primary operators with respect to
the two-point correlation functions, so we will only need to compute the two-point function
of either a pair or O operators or a pair of A operators. Indeed, if we have

hal...az;bl...bé(ail,l‘g) = <Oa1~-~ag(331)ob1-~bg(-732)>, (2.16)

then this must descend from a tensor Ha,...4,,B,..B, in embedding space. In order to get
the symmetric traceless representation, we must be able to put the indices on projectors
1Y), By transversality, each A index must be carried by either P 4, Njglj,) , or Mjglé). The
first possibility is pure gauge and can be discarded. The second possibility, which projects
down to d,, will be eliminated when multiplied by the projector @, and so can also
be discarded (though it will appear in the projectors themselves). This leaves only the
third possibilty. In order to get the correct homogeneity property we must include the
appropriate power of Pjs. Finally, then, we are left with the form

—-A 0)Cq---C, 0) Dy---D 12 12
Hypyon,B,-B,(P1, ) = Py, OH(Az...lAe eﬂsgi...]lge ZMél,%l e MC(?eI)Je’ (2.17)
which projects down to

2 )—AO H(f) Cl'“CEH(g) dl'“dém(lQ) .. m(lz) (218)

hal---ag,bl---bé(x17x2) - (.’E12 ai--ap bl"'bl Cldl : C[dg‘

The same reasoning gives?

<Aa1a251-"bk (wl)Aclwdl"-dk <$2)>

(x%Q)—AA ﬁ(k) ereafi-fr 77 (k) 9192h1'~'hkm(12) m(12) (12) o m(l?) (219)

ajazby by ciready+dy, €191 " "€2392 mflhl fehi®

3Making use of the symmetries of ﬁ(k), one can show that any other arrangement of indices on the

m2g, e.g. replacing mg@m}ljl by mgzh)l m(f1129)27 is equivalent to the one given.



2.3 Three-point functions

Similarly, three-point correlation functions can be lifted to embedding space. If all opera-
tors are in irreducible representations, then Ngflb should again only appear in projectors,

so all indices will be carried by either ng ") or by MX]]; .

2.3.1 (SSO)

If the first two operators are scalars, then all the indices of the remaining operator (after
projection) must be carried by Kfl?). This will be vanishing for any irreducible represen-
tation except for the symmetric traceless representation. Then the three-point correlator
(01(z1)P2(22) Oy, -, (x3)) lifts to an embedding space tensor

Fayon,(P1, Pa, P3)

$(=A1-A24A0) 53 (—A1+82-A0) 3 (A1—=A2—A0) (¢) BBy (312 312
:)\120]3122 1—Ax+Ap P123 1+A2—Ap P223 1—A2—Ap HEAE}AZ eKv(B1 )”'K(BZ )7 (2.20)

which projects down to

) $(=A1-22+A0) (56%3) $(—A1+22-A0)

(1(21)¢2(22) Oay -0y (3)) = A120 (275

% ( 2 )%(Al—Az—Ao)H(Z)br“bek(

312 312
22, e (2.21)

Here \120 is a constant real number (in a unitary CFT), which is otherwise arbitrary.
If the two scalars are identical, then the the result has the form

L(_9A,+A —1iA £)by---b
<¢($1)¢($2)0a1...a£(1‘3)> = )‘¢¢O (x%Q) 2( ¢ O) (x%31'33) 270 Ht(ll)-"}le Ekl()fm) to kgjm),
(2.22)
and this result should be invariant under the exchange of x1 and x9, which in turn forces ¢

to be even (otherwise the result changes sign under this exchange, since we get one factor
of —1 from each k©12)).

2.3.2 (SVO)

Next we consider the three-point function with one scalar ¢, one vector v,, and one other
operator. This correlator will lift to an embedding tensor Fap,...s,, (P1, P2, P3) where A is
transverse to P, and the B indices are transverse to P3. The A index can only be carried by
either K1(4213) or Mﬁfg), and then the remaining B indices (after being projected by the ap-
propriate rotation group projector) must be carried by Kgm) . In the latter case, no two of

glz) can be antisymmetric. So the third operator can only be either

the indices carried by K
totally symmetric O, or it can be an A in the mixed symmetry representation described
above, where one of the first two B indices is carried by Mfg), and the rest by ng)’s.

In the case where the third operator is totally symmetric, then there are two structures
which can arise, with embedding space form

LCAL—Ay+A
FABl---Bg(P15P2aP3) :P122( ¢ O)

) Cy---C, 213 312 312 23 312 312

1/
Py



which projects down to

(@1 )00 (12) Oy .ty (1)) = (a2y) 27072 HE0) (2 y3(—Ae+A=B0) (3 y3(8e=du=t0)

y Hl()ﬁ) o [aokgm)kg"flz) ] --kg’”) + BomZIEB312). --k(312)} . (2.24)

1-+by acy e ce

If £ = 0, then we only have the first term labeled by a constant ag,0. If £ > 0, then
we have two distinct possible tensor structures labeled by two real constant numbers ag,0

and Bs,0-

2.3.3 (SVA)

Similar considerations for the case where the third operator has mixed symmetry show
that the three-point correlation function will have the form
LA —AL+A L_AL+A,—A
(@(z1)va(@2) A bser e, (T3)) = Yova (96%2)2( ’ 4) (2%5) (2 4)

L(Ap=Ay—A4) (k) didaer e (23),.(312), (312
)BT i dacs -k OO DI 1)

x (23 312) - (2.25)

with v4,.4 as a real constant.

2.4 Four-point functions

The case of four-point functions proceeds similarly, with the main difference being that

there are cross-ratios
U= P12P34 V= P14P23

- L v= , (2.26)
Pi3Poy P13 Poy
in embedding space, or
2 2 2 .2
_ T1aT34 _ T14Ta3
= -5, V=55, (2.27)
Ti3To4 Ti3To4

in physical space. Then each tensor structure is accompanied by a function of the cross-
ratios rather than by just a constant.

2.4.1 (SSSS)

For the case of four scalars, we have

(#1(w1)P2(w2)P3(w3)Pa(w4))
1 1
213'2 E(AB_A4) l’2 E(AI_A2) —1 A1+A N Ay
=(§Q (?) (a3) 2 (ad) T g0, (2:28)
T3 L1q

where ¢g(u,v) is an (a priori) arbitrary function of the cross-ratios u and v. The factor
multiplying ¢(u,v), which does the work in ensuring that the correlator scales correctly,
will appear often, and so it is convenient to abbreviate it. Thus, we define

1 1

g2, ) 2Bs 78 rp2 N 3(Bihe) —L(A1+A9) —L(Az+Ay)

XA17A27A37A4 = (ﬂfé4> <x§i> (I%Q) 2\ 2 ($§4) 2173 4 , (229)
13 1

and sometimes we will simply write X, for short.



In the case that all four scalars are identical, we have

(B(w1)b(w2)b(x3)(x4)) = (w30731) " qlu,v), (2.30)

and invariance under exchange of x1 with z9 implies that

q(u,v) = q(u/v,1/v), (2.31)
while under exchange of x1 and x3 we have

u

q(u,v) = (5>A¢ q(v,u). (2.32)

Other permutations of the z; give no new information about the function ¢(u,v).

2.4.2 (SVSS) or (SSSV)

Let us now consider the four-point function of three scalars and one vector (in the second
position to start). In principle the free index could be carried, in embedding space, by any
of the three possibilities Kfl?’), Kf4214), or K1(4234)7 but it turns out that there is a linear
relation (A.4)
213 1/2 214 1/2 234
K vz gt (), (2.33)

so only two of the combinations are independent, and we can write (after projecting to
physical space)

(D1(21)va(2)d3(23)Pa(a)) = Xay,a,,85,8, @1 (u0)EZY + Q2(U,U)k}(1234)] - (2:34)

If ¢3 and ¢4 are identical, then symmetry under exchange of x3 and x4 implies that

a1(u/v,1/0) = 030y (u,0), ga(ufv,1/v) = o3 A A0 (qQ(u,w +(5) e v>> ,
(2.35)
while if ¢ and ¢3 are identical, then we have
uy 3 (Bpt+Av)
as(uv) = () 01 (v, ). (2:36)

If all three scalars are identical, then both sets of constraints hold.
The situation when the vector is in fourth position is completely analogous (we put
primes on the ¢ to distinguish them from the SVSS functions),

(61(21)d2(22) d3(3)va(4)) = Xay,A0,80,4, |64 (us0) K + CIé(u,v)k‘ém)] - (237)

2.4.3 (SVSV)

Finally, consider a four-point function of two scalars and two vectors,

fab(x1, 2,23, 24) = (P1(21)v2a(22)P3(23)Vap(24)) - (2.38)



In embedding space, the indices of the corresponding tensor can be either carried by M/(fé)
or else both indices are carried by K’s. There are two independent choices of K possible
for each index, and so there are five possible tensor structures altogether,

fab = Xa, |a0(u, 0)mY + qu1(u, )k VR 4 qra(u, ) KD )
+q21(u,v)k((1234)k:£412) + qo2(u, U)k5234)k£432)1| . (2.39)

If the two scalars are identical, then x1-z3 exchange gives constraints

QO(Uvu) = <Z)2(A¢+A2) QO(U7U)3 (240)
qo1(u,v) = <Z>§(A¢+A2) q12(v,u), (2.41)
qo2(u,v) = <Z>§(A¢+A2) q11(v,u). (2.42)

If the two vectors are identical, then exchanging xo and x4 while also exchanging the indices
a and b, gives

qo(u, ), (2.43)
qu1(u,v), (2.44)

q12(v, u), (2.45)

=
[
=
—~
<
S
~—
I
e N
N— — N~ 0
N[
>
w
+
>
<
~

q22(u, v). (2.46)

Finally if we have two identical scalars and two identical vectors, then we can combine the
constraints and determine

woter) = (1) o (2.47
q11(v,u) = (Z)KAW_AU) q11(u, v), (2.48)
g21(u,v) = (z)é(AﬁAv) q12(v, w), (2.49)
q22(u,v) = qu1(u,v). (2.50)

Thus in this case we have one unconstrained function ¢i2(u,v), and two constrained func-
tions qo(u,v) and q11(u,v), with g21(u,v) and go2(u,v) determined in terms of the others.
2.5 Conserved vectors

Many of the structures discussed above simplify somewhat if we are dealing with conserved
vectors, which obey 9%v,(z) = 0 inside correlation functions. From the vector-vector two-
point function, we have

0 = O} (op(w1)val2)) = O [(a1) " mly” |

,10,



2 ba 2
Lo L2

=2 (22) 2 (Ay = D+ 1) 2194 (2.51)

- 20,284 2(D—1
_ (x%z) Ay | v1512m(12) ( )x12a

Thus we conclude that A, = D — 1 for a conserved vector in D-dimensions, i.e. it saturates
the unitarity bound.

Turning next to three-point functions, we have (for ¢ > 0)

0= 5)3 (@(21)vp(22) Oy a0 (73))

_ {(x%Q)é(—Aw-AO—D-H) (x%B)%(—A¢—Ao+D—1) (x%:s)%(Aq;—Ao—D—&-l)

c cy acy cy

XHZ()?%;.C,_, |:05q5v@kc(?13)k(§12) L pB12) 5¢vom(23)k$12) o k(312)} }
L(—Ay+Ap-D L(_Ay—Ap+D 1(Ay—Ao-D
— (:L,%2) 5(-2¢+20-D) (l'%g) 5(-24—2o+D) ($%3) 5(8s—20-D) (2.52)

% [0g00 (Ag — Do) + B0 (Dg — Ao + D + £ — 2) I ek kP12,

where we have made use of the fact that A, = D — 1. For this expression to vanish, we
require

(A¢ — Ao) Qg0 + (A¢ —Ao+D+1— 2) Bqﬁv@ =0. (2.53)

For ¢ = 0, we simply set 84,0 = 0 in the above equation, and require either ag,0 = 0
or Ay = Ap. Actually, we can assign some more physical significance to this case by
first recalling that we expect each conserved primary vector operator to be associated to a
one parameter continuous global symmetry of our CF'T. Now pick a particular conformal
weight A and consider all scalar operators ¢; that have that weight. Form a matrix «;; by
taking three point functions with the conserved vector v,

1
)2 PTDTA o k(219), (2.54)

1
2 2\—3(D=1) / 2
(Bi(z1)va(w2)@j(23)) = (21p733) * (215
Then cyj; is antisymmetric in its indices. Since we are free to make orthonormal (with
respect to the normalized two-point functions) rotations on the space of ¢;, we can always
take a basis in which «;; is block diagonal,

0 -
Q1 0

0 _Qn

0. o (2.55)

Oéij =
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Here n is just the number of charged scalars with weight A. In this basis, we say that for
1 > 2n, ¢; is neutral under the global symmetry. We can combine the others into complex
combinations ¢; = ¢2;_1 + i¢2;, and we can say that ¢; has charge4 Q;.

For the other three-point functions, (¢v.A), a similar calculation shows that conserva-
tion is automatic once we impose that A, = D —1. Conservation gives no other constraints
in this case.

For four-point functions with conserved vectors, the coefficient functions must obey lin-
ear differential equations. For example, in the (SV'SS) amplitude, if the vector is conserved
then the functions ¢; and g2 must obey

N|=

0=[A1 —2ud, + (—uv_l -1+ v_l) v0,| 1 + (%) [A; (14+utv— u_l)

And in the case of (SV.SV), if the vector at x4 is conserved (so in particular Ay =
D — 1), then we have

OZ(Al—AQ—Ag—FD—l)QQ

1 D
+ |:(A1 — AQ) + 5 (Ag — 1) (—1 —u! + U_l’U) + 5 (1 —ut + u_lv)] q11

+ [; (A1 — Az + D) (u1/2v_1/2 4212 u_1/2v_1/2>
+%A3 (_ul/%ilm 22 4 u1/2v1/2>] q12 — u*1/21;1/2q21 — 208,q0

+(1—u—2)0uq11 — 200pq11 — 2u1/2v1/26uq12
+ (—u1/2111/2 — w232 4 u_1/2v1/2> Ovqi2, (2.57)

and

0= (Ag + D — 1) qo — ul/QU—l/qu
1
n [(A1 ~A) wl/2y=1/2 4 §A3 (_u1/2U—1/2 L2 u—1/20—1/2>

+§ (UI/QU—1/2 L2z u—1/2v—1/2)} o1

i [; (A1 =0+ D= 1) (1w —o™) + S8y (- + vl)] 022

—2uduqo + (—u3/2v’1/2 _ul/2y1/2 4 u1/2v*1/2> Bz — 2u 20120, 49,
—2udyq22 + (1 — u — v) Oyqao. (2.58)

4We have chosen a normalization for the charge that is convenient from the point of view of an abstract

CF'T, since it is given simply by the three-point function of primary fields (which have themselves been
normalized by their two-point functions). However, it may well differ from other well-motivated normal-
izations. For example, in the case of a free complex scalar in D > 2 dimensions, and the usual global U(1)

symmetry, our definition gives the scalar a charge of 1/%.
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3 Shadow formalism

As an intermediate step in the calculation of conformal blocks, we will need to define
shadow operators. Given any local primary operator O, ...q, () of conformal weight A, we
can define its shadow operator

= 0)by--b dPx 01) ¢ 01) ¢
Oayay (1) = 1), e/(Q)D_Am( Lm0, (o), (3.1)
o1

which is a non-local operator that transforms as a primary operator of weight D — A under
conformal transformations, and under SO(D) rotations transforms in the same way as O.
When we insert O(z;) in a correlation function, the prescription is to insert O (), evaluate
the correlation function, and then perform the integral above.

3.1 Mixing matrices

We would like to compute the constants which appear in three-point functions involving
shadow operators. Since O is linearly related to O, the constant or constants appearing
in a three-point function of O with two other operators will be linear combinations of the
constants in the three-point function of @ with those same two operators. We would like
to determine the matrices which encode these linear combinations.

3.1.1 (SSO)

Consider first the case where O,,...q, is symmetric traceless, and the other two operators
are scalars ¢1 and ¢o. The three-point function with O is fixed up to a single constant

A120 = Ao,
(01(21)P2(22)Oay --a, (73)) (3:2)
1 1 1
- o (xfz)i(—ﬁl—AﬁAo) (33%3) 7 (=A1+A2-Ap) (xgg)a(ﬁl—AQ—Ao) H((lfl)“l{}lzbekéflm . k£312)7

and we expect that the shadow operator will similarly have

<¢1($1)¢2(9€2)6a1~--a4(373)> = )\5 (xiz)%(_Al_AﬁA@) ($%3)%(_A1+A2_A6)

X ( 2 )%(Al_Az_A(ﬁ) H(z)bl‘“bék(

312 312
22, D1 g (3.3)

where Az = D — Ap. Inserting the definition of the shadow operator (3.1) and performing
the integral leads to®

e g LBo = 3)T(Ro + (- 1)
o (Ao — 1)I(D — Ap + 0)
TG D+ A1 =25~ 8o+ DT (D~ A1+ 25— Ao + 1))
T(} (A1 = B+ Do+ O)T( (=A1 + Az + Ao + 0))

®Details on the computation of these integrals are given in appendix E.

Ao. (3.4)
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3.1.2 (SVO)

Next, we consider symmetric traceless O(z3), but in a three-point function with a scalar
¢(z1) and a vector v,(x2). In this case, both OPE contribute:

~ pplGD+A=Ay=Ao++1))T(5
B LAy — Ay +Ap + £+ 1))I(
[(Ap+(—1)
(D —-Ap+Y)

—<A@—§> (Ay— Ay + Ao +z—1)5o], (3.5)

(D—Ap+Ay—Ap+{—1))[(Ap—2)
$(=Ap+ Ay + Ao + L+ 1))T(Ap)

o

5 (Bo+0-1) (D=0~ 1)~ (30~ 1) (84~ A)ao

Bs = 2P G(D+Ay=Ay = Ao+ I-1))T(5(
7 T(3(Ap — Ay + Ao + L+ 1)T(5
T(Ap+£—1) [¢ D .
I'(D—Ap+7) |:2 <AO>( d’*Av)O‘(’)Jrz(Ad,fAijAongfl)

D—Ay+A,—Ao+—1)T(Ap—D)

(—Ag+ Ay + Ao +L+1))I'(Ap)

2
% (B0 —1) (D= Ao +£—1) = (D= Ao —1) (&g — A,)) fo). (3.6)

As a nice check on this result, we can show that in the case that v, is conserved, so
aop and S obey (2.53) for ¢ > 0 (the £ = 0 case has a subtlety but can also be shown
to be consistent), then aa and Bz obey the corresponding equation with Az. For future
reference we will write

ayp = Mo aguo + My Bovos  Bye = Ms®ago + Mﬁﬁﬁmo, (3.7)

where the constants M, * can be read off from (3.5) and (3.6).

3.1.3 (SV.A)
Finally, we turn to the mixed symmetry operator Ay, pyc, ..., (3) and its shadow
Apibyer e (3) (3.8)
D
_ (k) drdoer - d”zo (03) £ (03) fo (03 03
o Hb1b2011“2'602 6k/ (1'2 )D—AAm d1 m da 2m( )e1g1 o m( )ekgk‘Aflfwl'“gk (330)’
03

which can appear in a three-point function with a scalar ¢(x;) and a vector v,(x2).
Similar techniques to those employed above give the relation between the three-point
coefficients,

7~:7TD/2F(AA+I<:)P(AA— DYT(3(D+2g—Ay—Au+k+1))
A D(ANT(D = Ag+k+1DI(5(Ag — Ay + Ay + k+1))
F(%(D—A¢+AU—AA+]€+1))

T3 (—Ap+ Ay +Au+k+1))

(Aa—2)7v4. (39)

3.2 Shadow projectors

Given a primary operator O, define a shadow projector

Po = No / AP0 | O,y (20)) <(’3“1"'“Z(J;0)‘. (3.10)

— 14 —



This should be interpreted as an operator that gets inserted into a correlation function,
separating it into two correlation functions with an integral. When inserted into a given
channel in a correlation function, it is designed to pick out the contribution of O and its
descendants. Ny is a normalization constant that we fix by demanding

(e1(21)p2(22)Oay ap (23)) = (Oay-ap(23) Popr (x1)p2(22)) (3.11)
and so we need to take (see appendix E)

 _p(Ao+l—-1)(D-Ap+L—-1)T(Ap — DI(D — Ap — 1)
No =7"P a0 - DD — Ag) : (3.12)

Note that Ny is independent of Ay and A, as it should be.
Similarly, for the mixed symmetry case we can define a projector,

PA = NA/dDwo ’Aa1a2b1'”bk (.’L‘())> <Ava1a2b1~~~bk 5 (3.13)
and N4 can be computed to be
A k)(D—A KT(AHD(D — A

(Ag=2)(D—A4—2)T(As— D)T(5 - Aa)

4 Conformal blocks

We next turn to four-point functions. These can be evaluated by first performing operator
product expansions (OPEs) of the first two operators and the last two operators, and then
evaluating the remaining two-point functions. Consider first a general OPE. Let’s use
notation where a represents a multi-index, transforming as some representation of SO(D).
Then the OPE of two arbitrary operators has the form

P1a(a1)pop(22) = me,ab w12)Us(2), (4.1)

Where the sum is in principle over all local operators Uz(x) in the theory, and the coefficients
1o1 ap @re functions of x12. Actually, for fixed representations only a finite number of tensor
structures are compatible with the symmetries, so we can write this as a sum over tensor

structures labeled by 7,
Frouap(®12) Z Mt rshp (412), (4.2)

where the three-point tensor structures s_b €(z19) are universal quantities which depend on
the conformal representations (meaning both the SO(D) representations and the conformal
weights) involved, but are otherwise independent of the theory or the particular operators.
That dependence is entirely contained in the constants A\j9,-. Finally, there is one further
simplification, which is that when U is a descendent of a primary operator O (and thus
corresponds to some differential operator acting on ), then its coefficients in the ¢1 X ¢9
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OPE is determined linearly in terms of the coefficients of O in the OPE. Thus the OPE
can in fact be written as a sum over primary operators O,

Pra(w1)dy(x2) ZZ)\mor (12, 02) Og(2). (4.3)

Again the differential operators C’gl—f(xlg, 0o) are universal in the same sense as above.
Now inserting this form of the OPE into the four-point function, we can write

(91a(21)dy5(22)d30(23) P4 4(4)) ZZ)\uow\sws W (1, w0, 23, 24). (4.4)

The functions W,b -

of the ¢; and of O. These functions are often called conformal partial waves (though

depend only on the SO( ) representations and conformal weights

this nomenclature is not universal). Conformal invariance can actually be used to further
restrict the form of the W’s, so that we can write

Wii(@1, w2, 73, 34) = Xa, Z 9 poa(@i). (4.5)

Here the sum p runs over allowed tensor structures, and the four-point tensor structures
th: (x;) depend only on the SO(D) representations of the external operators, not the
conformal dimensions, while the functions g;°(u,v) depend on the full conformal represen-
tations (i.e. both SO(D) representations and conformal weights), but are themselves scalar
functions of the cross-ratios u and v. These g;°(u,v) are called conformal blocks, and our
task in the rest of this section is to compute them for the scalar and vector four-point
functions of interest.

4.1 General discussion

Our primary purpose in this paper involves specific examples of four-point functions, but
let us first have a very brief general discussion. Roughly, the idea is that by inserting the
projector Py into the correlator (4.4), we should pick out only the contribution from the
primary O and its descendants. This is not quite correct, as explained in [45] and elsewhere;
rather we must insert the projector and then pick out only the terms of the result which

2mi(Ap—A1— 4mi .2

A2) as we send 23, — ¢*™2?,. The remaining terms

—QWi(A(g +A1 —‘,—Az)

transform with a phase e
will transform with a phase e under this rotation and these terms should
be thrown away. This procedure is called monodromy projection. In practice, we can write
the result before the monodromy projection as a certain double integral over Feynman-
Schwinger parameters, and then the monodromy projection can be implemented simply as
a modification of the integration region, along with some insertions of signs in the integrand.
Once we have successfully picked out the contributions from O and its descendants, we can
read off g;°(u,v) from the terms proportional to A120,A310 stggg 7
If we write the general four-point function as

($ra(21)dop(22)d3e(23)dag(20)) = Xa, Y aplu, v)ths (w:), (4.6)

P
then we have

QP(U U ZZ)‘HOT)\ZMOsgp (u U) (47)

O rs
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4.2 Scalars and vectors

Let’s understand what we should then be computing for our examples of interest. First we
will review the case of four scalars. In this case the exchanged primary must be traceless
symmetric, with its representation labeled by a spin £ and dimension Ap. There is a unique
three-point tensor structure for each ¢,

0)by--b 012 012
Sareear = Moty g - ) (4.8)

and a unique four-point tensor structure ¢ = 1. In other words, the correlator should take
the form

(d1(21)da(w2)P3(x3)Pa(wa)) = D ArzodaaoW (w5 Az £, M)
0

= Xa, Y M20A310 9(u, v; Ai; £, Ap). (4.9)
@]
Here we have shown on which parameters the conformal partial waves W or conformal
blocks ¢ can depend; often we will not indicate this explicitly. In terms of the function
¢(u,v) introduced in (2.28) we have

q(u,0) =Y MaoAsio g(u,v). (4.10)
@

Next suppose we have three scalars and a vector v in the second position. The only
possibility for exchanged operators are again traceless symmetric O of spin £. There is only
one tensor structure which can appear in the (¢3¢40) three-point function, with coefficient
A340, but there are two possible tensor structures in the (¢;(x1)v(z2)O(z0)) three-point
function,

Sy = e 61~-~Cek((1210)k((:(1)12) o kg;m) 8 — O e, (20).(012) 1 (012) (4.11)

() ’ sabl---bg T bbby acy "'cy Cp

whose coeflicients we will label a120 and B120. There are also two four-point tensor struc-
turesS ¢! = kc(1214) and 12 = k£234), with coefficient functions ¢;(u,v) and ga(u,v) respec-
tively, and these are related to the conformal blocks g?’\, g5 A 916 )‘, and gg A by

gi(u,0) =Y Asa0 <0é12<99ia>‘(u,v) + Braog. (u, U)) ; (4.12)
o

for ¢ = 1,2. Each of the four conformal block functions will depend on the conformal
weights Ay, As = Ay, Az, Ay, and Ap, as well as the spin £ of O.

Having the vector in the fourth position is essentially the same upon interchanging
(12) <> (34), with & = &M, 2 = k%2 and

i(u,v) = Mo (%4@93%%”) + Ba109;" (u, U)) : (4.13)
0

SFrom the point of view of this correlator these might not be the first choice of tensor structures; we
might prefer k1) and k@ to be more symmetric between x3 and x4. However we will also being
using these correlators and tensor structures as intermediate expressions in computing the SVSV conformal
blocks, where the symmetry we will want to maintain is between x2 and z4.
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Finally, for the case of two scalars and two vectors we found in (2.39) five four-point
tensor structures,

(24)

(24), t}dg _ k,(1214)/<:(412), t}j _ k(214)k:(432), ti}) _ k§234)k£412), ti?, _ /{:(234)k,§432),

b a b a
(4.14)
with associated coefficient functions gg and g;;. In this case the exchanged operator can

tgb:m

either be traceless symmetric O of spin £, or it can be a mixed-symmetry operator .4 whose
representation is labeled by k. In the former case, each of the three point function has two
tensor structures s* and s”, while in the latter case there is a unique three-point tensor

structure
~ _ T1tk) drdzer-ep  (20),.(012) 4 (012) | kégw). (4.15)

Sab1b201-~~ck T “Tbibacycy ady "Vdo el

Hence, for generic (not necessarily identical) scalars and vectors, we have

o= Z (041200434098‘0‘ 0120831095 + Bra0031098" +ﬁ12053409§5) +Z V124731490 5
0 A

(4.16)

w@=> (0412003409%0‘ +0120B31095; +Bra0azog)) +ﬁ1205340955) +> V247314957
o A
(4.17)

Altogether there are twenty-five conformal block functions. 2 x 2 x 5 = 20 of them are
associated with symmetric traceless exchange and will depend on the spin ¢ as well as the
conformal weights A; and Ap, while the other five are associated to mixed symmetry ex-
change, and will depend on A;, A 4 and k, which labels the mixed symmetry representation.

4.3 Exchange symmetries

As in the classification of tensor structures, the structure of conformal blocks can simplify
significantly when some of the operators are identical, so that we have extra symmetry from
exchanging those operators. Note however, that since the conformal block decomposition
picks out a particular exchange channel, not all exchanges will give us constraints on
individual conformal block functions. An exchange that results in a different exchange
channel is called a crossing symmetry, and will constrain only the full sum of conformal
blocks, not the individual conformal blocks themselves. Crossing symmetry is the subject
of the next section, when we will set up the bootstrap. In the current subsection, however,
we will consider the exchanges which don’t mix channels, and so can constrain the blocks
themselves. These can involve exchange of operator 1 with operator 2, of operator 3 with
operator 4, or exchanging the pair (12) with the pair (34).

For example, consider the case of four scalars, with its unique conformal block function
g(u,v; A1, Ao, Az, Ay; €, Ap), where for this section we will show explicit dependence on
parameters. The four-point function will be invariant if we simultaneously exchange
with o and A7 with As. This leads to a constraint on the conformal blocks,

g(u,v; A1, A9, Az, Ay 0, Ap) = U_%(A3_A4)9(U/Ua 1/v; Ao, A1, Az, Ag; 0, Ap).  (4.18)
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Similarly, for 3 <+ 4 exchange,
g, v A1, Aoy Ag, Ags €, Ap) = v2 G182 g0 1y 1 /oy Ay, Ao, Ay, Asi 0, M), (4.19)

and for (12) «<» (34) exchange,
9w, 03 A1, Mgy Ag, Ags €, Ap) = vz B8 8st80) gy 0 Ay Ay Ay, Ao 0, Ap).  (4.20)

These relations are most useful when some of the scalars are really identical. For example,
if all four scalars are identical with weight A, then we have

g(u,v; AL, Ap) = g(u/v,1/v; As L, Ap). (4.21)

In the case of three scalars and a vector, we have a couple of options. If the vector is
in the second position, then we have the 3 <+ 4 exchange of scalars, which tells us that

G, v; AL, Ay, Ag, Ags £, Ap) =02 B2t D gmA 4 1y 1 /0 Ay Ay, Ay, Ags 6, Ap), (4.22)
and
g5 (u,v; At Ay, Az, Ay 4, Ao) (4.23)
= —o3 (B8 (Wb g (ufv, 1/v; A, Ay, A, Agi €, Ao) + g5 /v, 1/v; Ar, Ay, Ay, Ag))

where r is either a or 5. Note that in deriving these relations, we needed to transform the

th under this exchange and then reéxpress the result in terms of our basis ¢, again. Since

our chosen basis t} = k((1214), t2 = k(3% does not behave particularly nicely (rather we

chose it to make later computations with two scalars and two vectors slightly nicer), the

resulting expressions are slightly messier than they would be in a basis like /! = k,(flg),

2 = k'Y which simply gets exchanged under 3 <+ 4. Performing a (12) < (34) exchange
relates the SVSS conformal blocks to the SSSV conformal blocks,

G (w5 A, Ay, Ag, Ag; €, Ap) =03 1B Bat A g2 (4 s Ay Ay, Ay, Ay £, Ap), (4.24)
and

95)\(“7 v; A17 AU; A37 A47 67 AO) :U%(AliAU7A3+A4)gi\T(u7 L A3a A47 Ala AU? e? AO) (425)

Finally, for the SVSV case, the only useful exchange is (12) <> (34), which tells us

3 (1,5 A1, Ag, Ag, Ay £, Ap) =03 B1=B2=BatBa) oo (4 1 Ny Ay, Ay, Ag; €, Ap), (4.26)
and

QZS(U,U;Al,AQ,A37A4;£7Ao)ZU%(AI_AQ_AﬁA‘*)gZT(u?71;A3,A4,A1,A2;E,AO)7 (4.27)
for r and s being « or 3, and for p being 0, 12, or 21. Similarly

37 (1,05 A1, Dg, Ag, Ags ey Ag)=v7 A= 82785589 00 (4 4 Ay Ay, Ar, Doy b, Ag), (4.28)

67 (0,03 Ay, Do, Ag, Ausk, A g)=v2 (8178278 F 8D 07 (4,05 Ag, Ay, At Dgi by Ag). (4:29)

In particular, if we have identical scalars and identical vectors, then the gg, g12, and g9y
are only constrained to be symmetric in their upper indices (i.e. g, f= gga), while the g9
functions are determined by the gi1’s,

ggg (uv U) = gﬂ (uv U)' (430)
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4.4 Computing the blocks

At the risk of cluttering notation, we will add a hat to the conformal block functions to
denote the result obtained from insertion of the shadow projector,

(Pra(x1)Pap(v2) Podsc(w3)py q(4)) = Xa,M20+A310 5 Gy’ (u, 0)t2; 2. (4.31)

a

The actual conformal blocks g,°(u,v) themselves are then obtained from the g;°(u,v) by

a monodromy projection, which now picks out the terms in g;°(u, v) which transform with

a phase €>™20 as y — €™y, and throws away the terms which transform as e=2m40,

We will call the process of implementing the monodromy projection, going from 57;3 to
g,° (i.e. removing the hat), doffing.
4.4.1 (SSSS)
We'll start by reviewing the computation of the conformal blocks for four scalar operators.
Here, on insertion of the shadow projector we have
(¢1(21)@2(22) Pods(x3)da(w4))
—No [ aPan (61(21)62(22) O (a0)) (O a0)a(aa)1(z))

ara LA +As—A LA —Ap—A LA —Ap+A
= Nl [ dPag [hso () H 782000 (af,) HO 807800 (g, O daro

L(=As3+A4+A0—D)
kO] [Ny (o) T (o

) 2(As—A4+Ao—D)
Lo3 04

1 —Aa— —
% (234)2@ As=A1=R0) 1.(034) by, 1.(034) bg]

= Xa, [NO)\12(9>\345 (x%Q)%Ao (x%s)%(Aszd (m%4)%(A1*A27A3+A4) (x%4)%(*A1+A2)

% (x§4)%(D—Ao) /deO (xgl)%(—A1+A2—Ao) (xgz)%(Al—Az—Ao) (xgg)%(—A3+A4+Ao—D)

¢

% (%4) 3(A3—A4+A0—D) (k((10112) o kL(LOlQ)Hé?_%[jnwk(ogzl) bi ... 1(034) b[,)] . (4.32)

from which we can identify A\j20A3409(u, v) with the quantity in square brackets.
As shown in appendix B.1, we can write

0)ay-a
B - KOS OO (1), (4.33)
where pp (t) is a polynomial of degree ¢ whose properties are explained in the appendix,
and
+ — (012) | 1.(034) (4.34)

1 —1/2
_ 2 2 2 92 2 9 / 2 2 9 2 2 9 2 2 2 2 2 9
=5 (970155029503370455129534) (_5'301%39324 + T1204T23 + TaT3T14 — 950255049513) .

Let us now define integrals

dPx t
1 5= / . OBPDJ;( )7 —. (4.35)
(%1) (9502) (3303) (9504)

For ¢ = 0 this integral is evaluated in (D.12).
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With this definition and the expressions (3.12) and (3.4), we have

g(u,v; Aj; 4, Ap) (4.36)
_ D F(%(D—i—Ag —A4—Ao+€))1“(% (D—As+ Ay —Ap+0)T(Ap + ¢)
F(% (Ag — Ay + Ao + 5))1—‘(% (—Ag + Ay + Ao + f))F(D —Ap + 1 — 1)
I'(D—-Ap—1 LA Las—A LA —As—Az+A L—A+A
Do ()0 (o) O (s A (o H B
I'(3 —Ao)

2 \5(D=A0) £(0)
X T34 1 1 1 1 .
5(A1=A2+Ap),5(—A1+A2+A0),5 (D+A3-As—Ap),5(D-A3+A4—Ap)

Note that the prefactor (z7,)2©/? already has the desired behavior under the monodromy
projection, so we will want to pick out the terms from the integral which are invariant
under the monodromy.

Note that if we expand the polynomial pp(t) using the explicit formulae in ap-
pendix B.1 then the integral is simply a sum of terms of a form computed in appendix D.2.
For example, in the case ¢ = 0, then ppo(t) = 1, and we have (restoring the explicit
parameter dependence)

9(u,v;A40,A0) (4.37)
B F(A@)F(% (D — Az + Ay — A(g)) "
(L - A0)T(3 (A1 = As+ A0)T(E (A1 + As + A0))T(3 (A5 + Ay + Ao))

, ~
L(—A3+As—Ap) -1 -1
X L(A1-82+80),H(— A1 482+ 80), 5 (D+A5—Aa—Do0), 3 (D— Bt A—A0) (W0 507 ),

where fis defined in (D.15). Since the u®©/? factor already behaves correctly under the
monodromy projection, then to obtain the conformal block g(u,v) we must restrict to the
monodromy invariant piece of fA‘, and this is given simply by a function f defined in (D.16).
Then g(u,v; A;;0,Ap) is given by doffing the expression (4.37), replacing ]?by f. Note
also that this formula shows explicity that g(u,v; A;; ¢, Ap) doesn’t depend on all four of
the A; individually, but only on the differences A; — As and A3z — Ay. Because of this we
can adopt some condensed notation that will be useful below, defining functions that are
related to the standard blocks by shifting these two differences by integer amounts P and @,

ge.po(u,v) = g(u,v; A1+ P, Ag, A3+ Q, Ay £, Ap). (4.38)

In this notation (which can also be used for g) the dependence on the A; and Ap is left
implicit.

7

In even dimensions’ we can evaluate the integrals in f explicitly, with the result

D(Ao) (5 (—A14+ A2+ Ap — D+ 2))T(5 (A3 — Ay + Ao — D +2))
(Ao — 2+ )T (A1 + As + A0))T(2 (A3 — Ay + Ao))

x (z)380 (

"In arbitrary dimensions there exists a closed form for the £ = 0 conformal block in terms of Appel

go;o,o(’u, ’U) = (439)

L

(28, — :wm)) 2

r—x

functions [41], but for even dimensions the result can be expressed using the much more familiar o F}
hypergeometric functions.
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A+ Ay + A0 —D+2 A3 —Ay+Ap—D+2 D
~[2F1< 1+82+80-D+2 As— A+ Ao D+ ,Ao—+1;x>

2 2 2
><2F1<_A1+A2+AO_D+2,A3_A4+AO_D+2,AO—D+1;E>},
2 2 2
where the variables x and T are related to v and v via
u =T, v=_1-2)(1—-z). (4.40)

What about ¢ > 07 As indicated, for any fixed small ¢ we can of course expand
pp(t) into monomials and proceed as above. But in fact we can be a bit more clever than
that and exploit the recursion relations (B.15) to expand the numerator of the integrand
in (4.35). In the recursion relation we also need to expand ¢ according to (4.34), and
reabsorb the powers of (33(2)1) as shifts of the external operator dimensions. Finally, passing
to the monodromy-projected answer, the result is [41]

. (4.41)
_ Ao+l-1 [1D+A3-A—Ap+(-2 2 (gp 11 () — G111 (u,v))
D—-Ap+0-2 |2 A3 - Ay +Ap+{—2 u 9e—1;1,-1(U, V) = ge—1;,—1,-1(4, v
;D—Aﬁizfi Aioﬁf_ 2 tu12 (vge-1-1,1 (1, v) = ge-11.1(u, )
(Ao +0-2)(D+ A5 =N —Do+6-2) (D= A3+ A - Ao+ (—2)
(D—Do+€-3)(As — Mg+ Do +€—2) (~As + Ay + Ao + £~ 2)
((—1)(D+¢—4)
(D + 20— 4) (D + 20 — 6)

90—-2;0,0 (uv U)

This recursion holds in any dimension. In D = 2 the recursion can actually be solved
explicitly to get a closed form expression for g(u,v; As; ¢, Ap) in terms of elementary hy-
pergeometric functions, and in higher even dimensions solutions can also be constructed
(by using a relation between the blocks in D + 2 dimensions and those in D dimensions).
For example, in D = 4,

Y4 _
o, 6.80) = (=3 ) T Bsorahso-a(@) = Eaoe-a(hsora(@]. (142

where

4.4
11 e PR (4.43)

This is a good moment to make a point about normalizations. The Casimir differential

)= (1A e )

equation implies that in the limit Z,z — 0 the conformal block should behave approx-
imately as cfx%(AOH)a’c%(Ao_f) for some constants ¢,. Our blocks are defined according
to (4.4) and (4.5), and this turns out to imply ¢, = (—1/2)’. Some authors prefer different
normalizations, say with ¢, = 1. It is always easy to go back and forth between conventions,
as long as one is aware of them.

An alternative approach is to expand the polynomials pp ,(t) in the integrals I ® to
obtain an expression for conformal blocks with £ > 0 as a sum of £ = 0 blocks. This result
(with or without hats) is
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TE(D+A3—Ay— Ao+ )0 (D~ A3+ A4 — Do +0) T (Ao + )
P(5 (A3 —As+ A0+ E))F(% (=As3 +As+ Ao +1)) I'(Ao)
/2] 4—2i0—2i—A¢—2i—A—B

D—A i Al
et D DB z e i ey et

i=0 A=0 B=0
F(i(A3—A4+A@+£)—z—A—C)F(2( As+As+Ap—b) +i+ A+C)

Geo0(u,v) =27"

P(5(D+85 -8 =Ao+0) —i—A=CN(5(D~ A3+ Ay = Do — ) +i+ A+ C)
r2+e—i-1) .,
pQ(ng i~ " 0G0 a(ira+5) e—2(i+A+0) (U, V) (4.44)

At any rate, in subsequent sections we will assume that these SSSS conformal blocks
are some known functions, and we will endeavor to compute the new conformal blocks in
terms of these.

4.4.2 (SVSS)

Let’s now move to the case with one vector. The most efficient way to proceed is to first note
that we can relate the three-point function of a scalar, a vector, and a symmetric traceless
tensor to the three-point function of two scalars and a symmetric traceless tensor [44].
Explicitly, we can define
A )
Soyear (i3 A) (4.45)

1 _
(51712) (A1 —As+Ap) (x%3)2( A1+A2—Ap) ($§3) $(A1—Ao— AO)H((lél)blw bzk(312) k(?u),

so that
(61(21)$2(22) Oay -y (3)) = M2052, .0, (55 D). (4.46)
Then we can write
(01(21)0a(22) Oy oy (3)) = 12085, -, (13 i) + Br2o Sy -y, (w3 D), (4.47)
where
Sy, (Tis A Ay, Ao) (4.48)
2( A AU+A ) 2( A +A -A ) Q(A 7AU7A ) 4 C1--Cp
= (1’12) o ° (95%3) ’ ° ( 23) ’ ° Hz(n) by k<213)k(312) -kﬁf”)
1 3 (.’1312)
_ (12) ¢ Ay—1 A i Ap —1,A,, A
2(1-Ap) {m ¢ <8$1 ( ) T3y St-u 53 8o A B0)
9 (z12) N
—2(A, — 1 a Ay, Ay —1,A
+<8IE% ( v ) 1‘%2 Sbr"bz(m“ ¢y B 5 O) 5
and
Sy (@i Dy, Ay, Do) (4.49)
%(_A —Ay+A0) %(‘A +A,—A0) 2(A Ay—A £)ci-c
_ (aﬁg) ¢ o (1'%3) ® o (1333) 6= O)Hl()l) i ¢ gzcsl’)k(312 _kSu)

A¢—A —AO+£+1
L

abl bp(x747A¢’AU?AO)
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1 8 (Cﬂlg) A
— —2(A, — 1) 12 A A, — 1A
Vi <8:c% ( v ) 1,%2 Sblmbg(wﬂ ¢y B ’ 0)7

as can be verified by explicit computation.
The conformal blocks will be computed by the expression

XAy Ay Ay, A A340 [(amoﬁf‘A + 5120@{3/\) k21 4 (0412092 + 51209'8/\) k(234)] (4.50)
= No [ a0 (61(1)0(52)On.a,20)) {3(23) (1) 0 o))
= No/defo (mzosffbl...b[ (w1, 22,205 A1, Ay, Ao) + 5120551,14.% (21,22, 0; A1, Ay, Ao))
X Agy5 9P (25, 14, 03 Az, Ay, D — Ap).
On the other hand, we have
XA1A0A5,AM20A3100 (U, V5 Ajs £, Ap) (4.51)
= NoA120Ag,5 / dPx0S), .0, (T1, 72,203 A1, Ao, Ap) S} (23, 34, 703 A3, Ay, D — Ap).
By expressing S¢ and S? in terms of S*, and pulling the differential operators outside of

the integral, we can express ’g\{)‘ in terms of differential operators acting on g.
For example, to compute g we get

1
GoAR(214) | Gy (234 o
k( ) +39 k;( ) = WXAl,AU,A3,A4
12) c (.7712) glas; .
I 2(A1=1) 5 ) (Xay-1.a,80.000( A6 = 1, Ay, Ag, Agi £, Ao)
12
(1112) a(x;: '
+ a —1) (XAr 21,050,905 A1, Ay — 1, A3, Ay 0, Ap)) | . (4.52)
a:z o1

This leads to

~a\ __ # B B o B B
g1 = 2(1 _AO) [(1 Al +Av+ (1 ’U) (A5 A4) + 20 (]_ ’U) av 2U'Uau)
xg(u,v; A1 — 1, Ay, Az, Ay 6, Ap)

F (14 AL = Ay — 2udy) Glu,v; Ay + 1, Ay, Ag, Ay 6, Ap)], (4.53)

~a\ 4/ uv

93" = [(A3 — A4 +2u6 +2’Ua ) (u v; Al 1,AU,A3,A4;£, Ao)
2(1-A40)

_2811@\(“) U3 A1 + 1) A’Ua A37 A4; ev AO)] ) (454)
Similarly,

aBA_Al—AU—AOJrﬁJrl
i _

/ E?A(U,U;AI,AU,A&A;l;g, AO)

1
=5 (L A= Ay = 2u8,) G, v A1 + 1, A0, As, Ags £, Ao), - (4.55)
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s A1 —Ay—Ap+L+1
99 =

/ ag)\(’uﬂv;AhAvaAi%Aﬁl;Ev AO)

+ 2 guva’ug(uvv; Al + 17 AU? A3a A4;€7 AO) (456)

Note that as with the scalar blocks, the expressions only depend on the difference

Ay — A, and Az — Ay, not on the weights individually. The other crucial property of
these expressions is that the operators which act on the g on the right hand side involve
only integer powers of \/u, so in particular they are all invariant under the monodromy
projection. This means that when we implement the monodromy projection, all we have
to do is remove the hats from the scalar blocks on the right hand side and from the
new blocks on the left hand side. After these expressions have been thus doffed, we have
relations between the full g A blocks and the scalar blocks g.

4.4.3 (SSSV)

The case when the vector is in the fourth position is very similar. We have

XAy A0, As.A,A120 {(a34o§i\a + /334o§i\ﬁ) kA2 4 (0434o§§a + 534027\5\6) k,(1432)} (4.57)
— No [ a0 (61(1)02(02) O, (0)) (éa(a)va(21) 0 (o))

:No/dD$0A1205§1...b£($1,$2,mo;A17A27AO)
X (00,557 (25, 24, 103 Az, Ay, D — Ap) + B4y 557, (23, 24, 703 Az, Ay, D — Ap)) .

Note that because o, 5 is not simply proportional to asio (we should expand it using (3.5)),
and similarly for the f’s, it will now be the case (unlike for SVSS) that each conformal
block will get contributions from both terms on the right-hand side.

The results (after also doffing the expressions) are
9 = _ Ve [(1—Asz+ Ay —2udy, — 200y) g(u, v; A1, Ao, Ag — 1, Ay 4, Ap)
2(Ap —1)
+ (1 — A1+ A+ A3 — A, + 2v8v) g(u, v; A1, Ao, Ag + 1, Ay 4, A(f))] , (458)

P = 2\@ [(1— Az + Ay —2udy +2 (1 —v)0y) g(u, v; A1, Ao, Az — 1, Ay; 4, Ap)
(1-240)

+(1+ Az — Ay —2udy) g(u,v; A1, Ao, Ag + 1, Ay 0, Ap)], (4.59)

Y- A — A, —Ap+/L+1
Vu

+ vE (1= A1+ Ay + Az — Ay +200,) g(u, v; A1, Ao, Ag + 1, A4 0, Ap), (4.60)

gi\&(u’ U3 Al, AQ? A3a Av;f, AO)

>\/3_A3—AU—AO+£+1
9o = 7

- ? (14 A3 — Ay — 2udy) g(u, v; A1, Ao, Ay + 1, Ay £, Ap), (4.61)

again only depending on the differences A; — Ag and Az — A,,.

93 (u,v; Ay, Ag, Az, Ayi £, Ap)
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4.4.4 (SVSV)

At last we turn to the case of primary interest; two scalars and two vectors. We will label
the scalars 1 and 3, and the vectors 2 and 4. As we have seen, the exchange operator can
be either traceless symmetric O or a mixed symmetry operator .A.

We'll start with the symmetric exchange. There are twenty different conformal blocks
which can arise, g,°, where r and s run over a and 3 (for £ > 0, or only « for £ = 0) and p
runs over the five tensor structures of the four-point function, which we have labeled 0, 11,
12, 21, and 22. By inserting the shadow projector, we can get all the symmetric exchange
blocks as contractions of S%’s and S?’s, which we can in turn write as differential operators
acting on SV’s. Finally, we impose the monodromy projection by doffing all expressions. In
fact, the resulting expressions are more compact if we write them in terms of either gio‘)‘ or
gz-)‘o‘. For the aev blocks we’ll use the former representation, and we will further introduce
shorthand

98P = 90 (w03 A1+ P, Ao, A+ Q, Ags €, Ao). (4.62)
The final expressions are
9 = 3(1= Ag) [ﬁnge};o,q — Vugio — \/592;2};0,1} ; (4.63)
a Vu
o = 5 Ay = (1= A+ Ay — 200, — 200,) g0 1
F(A] = Ay — Ag+ Ay — 200,) g%‘;o’l} , (4.64)
ao \//17 (6%
9 = 5 ag) (1= A+ Ay = 209, +2(1 - 0) 8,) g0 1
F (14 Ay — Ay — 2udy) gf@;o’l] , (4.65)
(6707 \/a (0%
B = 50 - Ag) {— (1= A3+ Ay = 2udy — 208,) 9530, -1
(1= A+ Ao+ As — Ay + 208,) gggo,l] : (4.66)

o9 = m 1— 5 — Ag —+ A4 — 2U8u + 2 (1 - U) av 92;?;0,—1

For ¢ = 0, this is the entire answer. For ¢ > 0, we can proceed similarly with the
other blocks, obtaining the a8, fa, and BB components given in appendix F. To save
space, we have omitted the arguments of the conformal blocks appearing above. For the
SVSV blocks (i.e. the expressions on the left-hand-sides above) the arguments are un-

shifted, g;°(u,v; A1, Az, Az, Ay; £, Ap), while for the others we use the previously adopted
condensed notation, along with

gi’\;zp’Q = gg\o‘(u, v; A1+ P, Ao, As + Q, Ay; 0, Ap). (4.68)
The combination which occurs in the four-point function is

a120031095% + 0120 B31095" + Braoss095" + Br20Bs109)" - (4.69)
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It turns that if we write this combination in terms of scalar conformal blocks it has the
remarkably simple form

A1AyD, " gp1,—1 + A1BeD, T ge_11 + BiAsDS " gea—1 + B1BaDy g, (4.70)

where

A = o120 + Al Ay — Ao+ 1+ 1 frao (471)

A@ —1) l
Ay = agso + (A3 — Ay —Ap+L+1) 5740 (4.72)

AO -1) E
B = <a12@ + (A — > (4.73)

Ao — 1
5340

By= ———— Az — Ay + A (-1 4.74
2 (A0—1)<a340+( 53— A1t A0+ ) 7 ) (4.74)
and D;ti are fairly simple differential operators whose explicit forms are given in a table

in appendix H.

We turn next to the evaluation of blocks for exchanged of a mixed symmetry tensor
Aa,asb, b, Whose representation is labeled by a non-negative integer k (k = 0 corresponds
to an antisymmetric two-index tensor). The contraction which we need is

(712 AmZO k012 k(012) . ]‘7((1212)> ﬁgf)e;}de}kdk (734,17”(40);1 1(034) e21.(034) f1 ., 1.(034) fi)
(4.75)
For fixed k, given knowledge of the projector II*) as detailed in appendix B.2, we could

just expand this contraction by brute force into a sum of monomials in the z2; and 53017 with

the free indices being carried by (x;;)q, in which case we can pull it ouside (])f the integral,
or (xo;)a, in which case we can rewrite the corresponding integral as an z; derivative acting
on a scalar integral. Then each term in this collection can be evaluated using the integrals
in appendix D.2, and the result could be written in terms of the ¢ = 0 scalar blocks.
However, this approach is impractical for several reasons, most notably that the number of
monomials in such an expansion grows exponentially in k. We need a cleaner expression.
Indeed, we can use (B.39), (B.42), and (B.43), as well as other identities from appen-

dices A and B, to rewrite the contraction as

erez fi fr

1 x%2x84m%2x34 k+2 0%t ok 1
== T t - t
9 T12A7Y34.4 22,22, Fg PPl )axgaxg 023025 | (k+1) (k+2)7 Dik+2(t)

k+2
+(D+2k) (D +2k—2) (D+k2)pD,k(t):|},

(%Mmﬁ?)k(om)k(?u) ”ké(;w)) [T(k) creadsdi (’734,4 (40) elk(034) e21,(034) f1 . 1.(034) fk> (4.76)

In appendix C we give more details and motivation for how we arrive at this expression.
This is the main formula that will allow us to relate mixed-symmetric conformal blocks

to the ones for symmetric-traceless exchange. Notice that derivatives of the polynomials

p(t) will always produce terms that appear in the conformal blocks of traceless-symmetric
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operators since, from (B.17), they are related to symmetric contractions where not all of
the indices are contracted. Furthermore derivatives of ¢, i.e.

ot 0 x?
— [ Z_p012)b) L0349 _ | T 20 , £.(034) +1:(201) 4.77
0x$§ <8x§ b x3,2%, [(m ) a Tt } (4.77)

and similar expressions for other x;% produce the tensor structures from three-point func-
tions of operators with spin (see (4.48), (4.49) for example). Therefore if one could write
the contractions of more general mixed symmetries in the form (4.76)—i.e. total deriva-
tives of the symmetric contraction pp j and undifferentiated polynomials times derivatives
of t—then the relation of these expressions to those from symmetric exchanges would follow
in analogy to our case. We believe that it will be possible to do this in more general situa-
tions, but this has not been definitively established. However, to support this conjecture,
we present the contraction for [k + 1,1, 1] in appendix C, which has an analogous form.
From these arguments, we obtain

Ot _ 33%1‘1333 (m(24) _ 2\/;/{(214)]?(432))
axgaxg x%ﬁ%ﬁ%z%gzx o u ’

1 370195031724 + x01m04x23 + %295033714 + 225,773 k(201)k(403)
3302%437123”34

— (4.78)
5503%4 201 412) 9503%3 37019524 + 55021‘14 k(201)k(432)
b

3304551237249534 5’5043724 950237123334

2,2
gy 95033724+$o4x23k(214)k(403) n 01793 . (234)},(403)
2,12 X2, 12,12 x2ox2xt a2, b

02724 04T12%34 0201272434
and also

o2 a2 a2
" /2 01703 (20) 4 1.(201) £ (012) (40) d1 + k(403)k(034)d1
s> =N g, (e + KRG (m )

o« 1(012) k£212)ﬂé?.c.2;6%(034) da .. 1.(034)dg (4.79)

c2

Thus if we define

(S8 pq oe Strs) (4.80)
/deOSgcl (CC17.T2,$0; A+ P Ay +Q, AA)SabCIMCZ(xf% Ta,20; A3 + R,Ay + 5, D — AA)7

and similarly for (S

conformal integral like (4.50))

PQ ¢ Sﬁs), etc., we can compute (recall that (4.76) appears inside a

Xa,v1247344G) (u, v)th,
1k+2 v :
= NA’712A734; {2k+1 [(mfﬁfl) - 2\/7%214) k£432)) (56\0 Ok+41 56\0)

8When there is more than one derivative with respect to the same variable, one has to include extra fac-

S

tors, say proportional to (z12), in the derivative above, in order to obtain covariant structures (k’s and m’s).

— 28 —



2
2 2 14 1,(412) A
+l‘14 (SS%_% Ok+1 S?_%%)+$13 S;J% Ok+1 ngl 1))- 12 k- (Sa %Ok-l-l SOO)
24

( - 272
I%3T/34 (432) [ qa A 2 z%S (432) [ qa A
44 [ =252k S 11041 85) +x ——5—5kp S 10k S
2 .2 b a—3 3 00 14 al -1 00
L12T34 12$24$34

2 .2
T4
14724 7.(214)
4] A2 (SOO Opt1 S

[ 2
1k
L33 1.(234)
— | ==k, (S S 1) =
a3, 00 Zp -4 ] 2

22

14 214)

1'23 k( Ok—i—l Sbl 7%)
3’312%43534

{ 200 %k+2 Spoo) — (Sgoo Ok+2 5500)

k+1
2
( 0 Ok+2 Sboo) ( 200 %42 Sho ﬂ *% (D + 2k) (Diézfg (D+k-2)
[ 200 %k So0) — ( .00 %k Sboo) ( 00 k SbOO) + (5500 Ok Sbﬁoo”}- (4.81)

To evaluate these we make use of relations like

XAy, A0 A5 Ay~
S2 o S/\) = L2228 Gr0.0(u, v 4.82
(S0 5) = R By Feoal:o) (4.82)
where N, A0 and Groo(u,v) are given by (3.12), (3.4), and (4.38) respectively, where
we make the substitution Ap — A4 in all three definitions (also we of course substitute
A; — Ag and Ay — Ay in the definition of A). Similarly,

XA +P,A+Q,A3,A A 214 234
S%pe 00 S ! 28l g (u, v) k1 4 55 (u, v) k{239
(S2pqoe Sin) = No (Ayyg/A310) -0 B
(4.83)

For the other expressions we need to invert the matrix M, ® introduced in (3.7) (substituting
Ao — Ay, as well as Ay = Az + R and A, = Ay + S). Then we have

XA1 A2 As+RAGHS [ -1\ @~
(Soo oy SaRS) - 2/\;(9 22 (MY, o s(u,v)th, (4.84)
where we sum r over o and 3, sum p over 1 and 2, and where ¢! = k(412) 2 = k((1432).
Similarly,
XA +PA+Q As+R,A4+S I
(Sapg ot Sirs) = — 2/\?0 2 (MY, G0 b ros(u, )ty (4.85)

The necessary combination of coefficients involves

—AO)T(D - Ao+ —1)

D
N51M71 — D/2 F(7

4.86
I'(D - Ap)l(Ap + 0) (4.86)
P2 (A3 —As+Ap+l+1+R—-S))I(3(-A3+As+Ap+L—1—R+S))
T (D+85—As—Ao+—1+R—-S))I(3(D—-A3+As—Ao+{+1—R+5))
y < (Ap—-1)(D— Ao-ﬁ-[ 1) (ADOJFAEO 1J1F)I%AA3Sv A4+R-S) %o — D >
_ z(z&o DYy AR (Aott—1)(D—Ao—1)—(Ap—1)(As—As+R—5)
(As—Ay+Ao+L-14+R=5)(D+As—Ay—Ao+{—-14+R-5) As—AitAo+l—1+R—S
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Finally we can plug in these expressions to (4.81) and collect the different tensor

structures to obtain

907" (u,v; A1, Ag, Az, Agsk, A )

1k+2

1 8 8
=2kl [Clgk+1;o,o BENG (02 (96:%+1:—1,—1 + 9oe41:1,—1) + Cs (g&kﬂ;,l,,l —I—g‘O’;kH;L,l)

+Ca (vgg;%-%l;—l,l + 9&%4—1;1,1) +Cs (Ugg;i+l;71,1 +93i+1;1,1)) } (4.87)

1 k* (k +2)
2 (D + 2k) (D + 2k — 2)

7 [0 (5800 = 50e) + € (3800 = 55500))-

g’ly;(u7U;A17A27A37A4; k7 A.A)

1 k + 2 1 ao ao af af
9% T1 [* 2/a (CQ (911;k+1;71,71 + 911;k+1;1,71) +Cs (911;k+1;71,71 + 911;k+1;1,71)
+Cy (Ug?lo;‘kJrl;—l,l +9?1C?k+1;1,1) +C5s (’Ug?lﬁjk+1;71,1 +gil1ﬂ;k+1;1,1)) - Olg?;zﬂn,o
C2 aa C3 g C4v xa Cs5v »g (4.88)
+ﬁ91;k+1;0,71 + ﬁgl;lwrl;o,—l + ﬁgl;kﬂ;o,l + %gl;kJrl;O,l
1k+2 8 38 8
~ 3%+ [C’a (glala;k+2;0,0 - glﬁkm;o,o) + Cy (911;“2;0,0 - 91a1;k+2;0,o>}

1 k? (k+2)
2 (D + 2k) (D + 2k — 2)

ao B BB ap
(D+k—2) [Cs (911;’@;0,0 - gll;k;o,o) +Co (gll;kz;o,o - gll;k;o,o)] )

g’ly;(u7U;A17A27A37A4;k7AA)
1k+2 v 1
S W Yoy ey —4447(0 PPN LN
2k+1 [ \/; 19k+1:0,0 2/u 2 (912,k+1, 1,-1 T 91264151, 1)
+Cs (9?2[3;1#1;71,71 +9(112'8;k+1;1,71) + Cy (U91a2a;k+1;—1,1 +9?2a;k+1;1,1)

apf af UV [ ax aX Co e
+Cs (U912;k+1;—1,1 + g12;k+1;1,1) + Cl\/ w (91;k+1;—1,0 + 91;k+1§170) + ﬁgQ?k*‘l?D’_l (4.89)

03 AB C141] Ao C5U AB
+%92;k+1;o,_1 + ﬁg2;k+1;0,1 + %92;194-1;0,1
1k+2

aa Bao BB af
-5 [Cﬁ (912;k+2;0,0 - 912;k+2;0,0) +C (912;k+2;0,0 - 912;k+2;0,0)]

2k+1
1 K (k +2)
2 (D + 2k) (D + 2k — 2)

B BB B
(D+k-2) [CS (9?2%;0,0 - 912a;k;0,0) +Co (912;k;0,0 - 9?2;1@;0,0)} )

ga7 (w,v; A1, Ao, Az, Ay k, A )

1k+2 1
= [ <C2 (921ik41,-1,-1 + 92Tk 4151,-1) + Cs (ggﬁkﬂ;,l’,l + ggﬁHl;L,l)

T2k+1| 2V
+Ca (Uggﬁkﬂ;—l,l + gglb?k-«-l;l,l) +Cs (vgglﬂ;kal;—l,l + 9§5k+1;1,1))
o o (4.90)
_0192;2-‘-1;1,0 - 04\/179?;16-&-1;0,1 - C5\/Egi\f]i+1;071:|
1k+2 ao Ba 8 o
C2k4+1 [C6 (921%’”2;0’0 - 921;k+2;0,0) +Cr (925k+2;0,0 - 925k+2;0,0)]

1 k* (k +2)
2 (D + 2k) (D + 2k — 2)

B BB B
= [0 (0~ 05k0s) € (00 s50)]
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933 (u, 03 A1, Ao, Az, Ay b, A y)

_Llk+2y 1
T 2k+1] 2Vu

+Ca (vgg;;k-!—l;—l,l +93£k+1;171> +Cs (vg;£k+l;—l,1 +g(2126;k+1;1,1))

8
(Cz (993 +15-1,—1 + 995k4151,—1) + C3 (932;k+1;_1,_1 + 9§£k+1;1,—1)

v o (4.91)
+C1\/g (gg;erl;—l,O + g2;2+1;1,0) - 04\/599;(11:+1;0,1 - 05\/7719;;[;1“;0,1}
LE+2 8 53 8
— 5T [06 (9?2?k+2;0,0 - 92;k+2;0,0) +Cr (922;k+2;0,0 - ggz;kJrz;o,o)}
2k+1
1 K (k +2)

5 (D+2K) (D1 2k—2)(D+k—2) [08 (9320;&0,0 - gg;k;o,o) + Cy (ggéé;k;o,o - ggf;k;o,o)] :
The constants appearing above are written in appendix G. For k = 0 the k? numerator
in the last line of each conformal block kills those terms, and so we don’t need to worry
about the fact that for k = 0 only ¢g®* is defined. One detail that we do need to worry
about is the /-dependent normalization of the scalar conformal blocks, mentioned below
equation (4.43). Since the expressions used to compute the mixed symmetry blocks involve
adding contributions from scalar conformal blocks of different spins, it is important to use
our normalization for the scalar blocks. Otherwise, some of the relative coefficients will be

off (e.g. by powers of two relative to another common normalization).?

5 Setting up the bootstrap

5.1 General discussion

The picture now is that we are given explicit expressions for the conformal blocks, which
depend only on the weights A; and'® Ay, and the SO(D) representations of the five
operators in question. The blocks are otherwise theory-independent. Indeed, a CFT is
specified by the spectrum of primary operators, i.e. a list of the ¢; 3, characterized by their
weights A; and representations, and their OPE coefficients A;j, (a finite list of constants
enumerated by r for each fixed triple of operators ¢;a, ¢;3, ¢k z). Then from this data we
can compute any four-point function by

(bra(@1)dop(w2)d3e(w3)dyg(wa)) = Xa, D (Z > Ai20rAs40595° (u, U)) tea(i),
P O nrs

(5.1)
However, in deriving this expression we made a choice to first perform the OPEs of ¢1 5
with ¢,; and ¢3¢ with ¢, 7, then evaluating the resulting two-point function. Starting with
the same correlation function and the same CFT data, we could have evaluated instead
the OPE of ¢15 with ¢,; and ¢, with ¢35, or equivalently, we could have performed
a 2 <> 4 crossing symmetry exchange before performing our OPEs. This should be an
equivalent path to the same four-point correlator, and by comparing the two results we
obtain a non-trivial constraint on the defining data of our CFT.

9We have checked that our expressions for k = 0,1 are consistent with the latest version of [46].

1071 sections discussing very general four-point functions, such as this one, @ will stand for all possible
primary exchange operators, of arbitrary SO(D) representations, while in sections discussing particular
assignments of representations, such as the following two subsections, O will refer only to traceless symmetric
exchanges. In that case we will also have exchange operators A of mixed symmetry.
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Let’s recall how this works for four scalars operators ¢;. We have

22 L(As—Ay) 2 L(A1-Ay)
@rleeateoneon) = () ()
13 14
—la+A —l(Az+A
x (a%,) 2R (02 TE TR ST N o daaog(u, v At Agy Ag, Ags £, Ap), (5.2)
O

while in the other channel we have

22 1(A3—Ay) 22 3(A1-Ay)
(p1(x1)p2(22)d3(23)Pal(xs)) = (3) <§4>
Zi3 T12
1 1
X (x%zl) 2(A1+A4) ({L‘%3) 2(A3+A2) Z )\14@)\3209(07 U, Ala A47 A37 A2;£7 AO) (53)
O

Comparing the two we learn that

0=>" {)\120>\340g(ua v; A1, Ag, Ag, Aygs 4, Ap)
0

—Mw&wuémﬁ&l)v*%(AﬁAg)g(Ua u; A1, Ay, Az, Aoyl AO)} (5.4)

This constraint is of limited usefulness when the scalars are all distinct. A somewhat
better case is when ¢9 and ¢4 are identical scalars, in which case we get

u) 1(A2+A3)

0= MaoAs20 [gz;o,o(u,v) - (5 ge;o,o(%u)} : (5.5)
0

In practice, it is not easy to extract information from this form either. Rather, the com-
parison becomes most powerful (at least in the absence of other information) when the first
and third scalars are also identical and the theory is unitary. In this case we get

u)%(A1+A2)

0= Y Ao o) - (4 sroalv.)] (5.6
5 v

Now the coefficients are all positive (since the As are real in a unitary theory). For fixed
A and As, we can view the quantity in square brackets as a family of functions of u and
v, parameterized by ¢ and Ap. If we choose a functional F' (taking functions of u and v
and returning a real number; for instance we can act by an arbitrary differential operator
and then evaluate at some choice of fixed u and v), and apply it to the functions in square
brackets, then we get a set of real numbers Fy A,,, and our constraint simply looks like

0=> AsoFran. (5.7)

@
A necessary condition for this to have a solution is that the spectrum must include oper-
ators 01 and O, both with nonzero OPE coefficients A120, such that thAOl and Fg%AOQ
have opposite sign. The art now is to choose a functional (or better a set of functionals)
(given fixed Ay and As) that splits the space of operators in a useful way. For example,
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in the case of all four scalars being identical, it is possible to choose functionals such that
Fyao, >0 for £ >0 and Ap above the unitarity bound (Ap > D + £ —2), Fyo = 1 (this
correseponds to the identity operator and excludes a trivial spectrum) and Fy A, > 0 for
Ap > A, with A, some critical value (that depends on D and Ag). In this case, we can
conclude that the spectrum must include a scalar operator O which appears in the ¢1¢9
OPE and satisfies (D — 2)/2 < Ap < A, (the first inequality is the unitarity bound for
scalar operators other than the identity).

For three scalars and one vector, there is no configuration which is quite as powerful.
For SVSS, we can consider 1 <+ 3 exchange, which leads to

0=>" {A34o ((041209?’\(%@; A1, Ay, A, Agsl, Ao)
0

12097 (405 A1, Ay, A, Agi £, 80) ) KD + (ar2098™ (1,03 A1, Ay, Ag, Asi , Ao)
812095 (1,03 A1, Ay, A, Ass b, Ao) ) K )

—Apgou?(Bathiy=3(Ataa) ((043209?’\(%U;A3,Aa;,A1,A4;€,AO)

32097 (0,105 Az, Ay, A1, Agi £, A0) ) KD + (aa098™ (0,15 Ag, Ay, A, Asi , Ao)
832095 (1,63 Ag, A, A1, Aai b, Ao) ) D) | (5.8)

By grouping the two tensor structures, we get two scalar equations. Let’s write them out
just for the case that ¢ and ¢3 are identical. We get

0= 3" Mo { a0 (98 (1,0) — udBr+80, 3B 2y 1))
O

120 (97, v) = ud@FA0THAFA R ) ) b (5.9)
and a similar equation where we act on the subscript p of
gg)‘(u, v) = ggA(u,v; A, Ay, A1, Ay 0 Ap), (5.10)

by exchanging 1 < 2.

By considering 2 <+ 4 exchange, we would obtain equations relating a sum over g;’\
blocks of the SVSS correllator with the g;,\?" blocks of SSSV, or we could obtain an equation
by considering 1 <+ 3 exchange in the SSSV case.

Next we turn to our primary interest in this paper - the case of two scalars and two
vectors.

5.2 SVSV case with generic vectors

Finally we consider the case of two scalars, in the 1 and 3 positions, and two vectors, in
the 2 and 4 positions. By comparing the four-point function obtained by taking the OPEs
of ¢1 with vy and ¢3 with vy to the result obtained by taking ¢; with v4 and ¢3 with vy
(obtained from the former by a 2 <> 4 exchange), we get

{Z (0120031095 + 0120B31095" + Br2ossogy™ + Pr2oBsaogs’ | + Z ’Yl2A'Y34Ag;W} thy
0 A
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1 _1
= yz(B3T )y =3 (Aaths) {Z [a110032095 + 0110832097 + Braoas09)™ + BraoBz20g)” |
0

+ Z 714A’Y32A9;W} tp (5.11)
A

Here we have abbreviated all the blocks on the left-hand side as

9" = 9, (U, v; 81, Do, A, Ags 0, A0),  g)7 = g)7 (u, 0381, 80, Az, Ay k, Ay),  (5.12)
while on the right-hand side we expand as

9" = 9,7 (v, u; A1, Ay, Az, Aos U, Ao), 907 = g)7 (0,15 Ax, Ay, Ag, Aok, Ay). (5.13)
we also recall that we use tensor structures

=m0, = KR, el = K, 2 = ORI, 2 PO,

(5.14)
and the primed tensor structures are obtained by exchanging 2 <+ 4 and a <> b,

g =mig, it = KPR, 65 = kPN,

121 %214)%432)’ £22 — k£234)k,§432).
(5.15)
In other words, /9 =%, and t%j = tﬁ).

Grouping like tensor structures together now gives us five equations on the underly-
ing data of the CFT. Note that by using (4.70), we can rewrite the symmetric exchange
summands in terms of scalar blocks.

As with the case of four-scalars, the equations are much more constraining for the
case where we have two identical scalars and two identical vectors. In this case, we saw
in section 4.3 that gg5(u,v) = gi7(u,v) and g,° = g,;" for the other p. This results in only

three independent bootstrap constraints,

0— Z {Go(u, v) B (%) %(A¢+Au) GO(va u)] + Z’V;vf\ [gg«/(% v) - (%) %(A¢>+Av) gg“/(v7 u)} ’ (5.16)
@] A
0= Z |:G11(U7 v) — (%)§(A¢+Av) Gu(v,u)} + Z’YivA {g?;(u, v) — (%)E(A¢+A1’) g?f(v,u)] , (5.17)
@] A
and
0= 3 [Gratun) - (4 Gurton)] + X [0 - (4) " o]
(@] A

where we have defined

Gp(ua U) = AQOD;_QE;—L—I + A(’)BO (D]g_+g€;—1,1 + D;__gﬂ;l,—l) + B?QD;_+9€;1,17 (519)

with
Ap = # Qoo + (A¢ —Ay—Ap+L+1) 6@)0 (5.20)
2(Ap — 1) ! ! 0 )’
1 Bd)v(’)
Bp=—— Ay — Ny + A —1) 2= 21
0 = siaa—y (a0 + (o= 8,4 Ao+ e-n ) )

(or Ap = Bo = ago/2(Ap — 1) for £ = 0) and using the notation of (4.70).
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5.3 SVSV with conserved vectors

The situation is even more tractable in the case that the identical vectors are in fact
conserved currents. In this case we have Ay = A3 = Ay and Ay = Ay = D — 1. There
are also restrictions on the data of symmetric operator exchange, i.e. on which operators
O can appear in the (¢pvO) three-point function, which were discussed in section 2.5. Let’s
split into the cases £ = 0 and £ > 0.

For ¢ = 0, as reviewed in section 2.5, we can assume that either ¢ is neutral under the
symmetry, or that is the real part of a complex scalar operator of charge (). We’ll focus
on the latter case, and the former case can be recovered by setting () = 0. Thus, there will
be a unique scalar operator O that can be exchanged, with Ap = Ay and ag,o = —Q. In
this case we can split this piece out of the bootstrap constraints, much in the same way
that the contribution from exchange of the identity operator is typically split off for the
case of identical scalars in the SSSS bootstrap, and move it to the right-hand-side of the
constraint equations.

For £ > 0 we also have another important result - the relation between ag,0 and Sg,0
given in (2.53). Since we could in principle have either ag,0 or Bgy0 vanishing, it is more
useful to define a non-vanishing constant cp related to them by

Qg0 = (A¢ — AO + D40 — 2) co, 5@,@ = (A@ — A¢) co, (5.22)
which ensures that (2.53) holds. In terms of this, (5.20) and (5.21) become

(A@—A¢—€)(A0—A¢+D+€—2)
Ap = — =: 2
o 2 (B0 1) co =: apco, (5.23)
AO—A¢_(Ao—A¢—€)(AO—A¢+D+f—2)

Bp = =:b 5.24

which defines constants ap and bp that depend only on the dimensions Ay and Ao, and
then we have G, (u,v) = ¢2,Gp(u,v), with

~

Gp(u,v) = apDy ~gi-1,-1 + aobo (D Tgs-11 + D “gea,—1) + 06Dy Tge1a.  (5.25)
Now we can rewrite the bootstrap constraints as follows,

Z 0?9 [@0(%”) - (u)é(AWD_l) @0(%“)]

v
0,0>0

+ s [0 - (4) T )
A
=2 [t - (1)

4Dy 1) v HO(U,U)] , (5.26)
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HU(U, u)] y (527)

S & [@12(% v) — <U)5(A¢+D_1) @zl(v,u)]

0,650 v
2 vy u\z(Be+D-1)
+ Z’Y@;A [912 (u,v) = (*) 921 (v, U)]
A

- @ [Hu(u,v) - (=

4(Ay—1)° Hm(v,u)] , (5.28)

where we have defined
Hy(u,v) =D, " go-1,-1 + Dy " go,-1,1 + Dy ~go;1,-1 + Dy Tgo11, (5.29)

for the ¢ = 0 exchange, and the scalar blocks in this last expression are evaluated with
Ay = A3 = Ap = Ay and Ay = Ay = D — 1. In these equations the left-hand sides
are written as sums of functions which depend only on the conformal representations (i.e.
only on D, Ay, and either Ap and ¢ or A4 and k) but not on the three-point function
coefficients, multiplied by manifestly positive real numbers (for unitary theories). This is a
situation in which we can profitably use the techniques developed in the scalar bootstrap
literature to obtain bounds on the spectrum of our theory. The (numerical) analysis of the
consistent space of theories with conserved currents will be carried out in future work.

6 Conclusions

Our primary goal in this paper was to set up, in explicit detail, the bootstrap equations
for a four-point function of two scalars and two vectors (abbreviated (SV SV)) in a general
CFT in arbitrary dimension. To compute this four-point function, one performs OPEs
between a scalar and a vector, producing either traceless symmetric tensors O or mixed
symmetry tensors A (indeed this is the simplest four-point function that includes exchange
of a mixed symmetry operator), and evaluates the resulting two-point functions. The boot-
strap compares the two different channels for these OPEs. The contribution of a primary
operator, either O or A, and all its descendants to the four-point function is captured
by a conformal block g,*, where the indices r and s refer to possible tensor structures in
either the three-point function (SVO) or (SV'.A), while p refers to (SV.SV). For general
scalars and vectors, (SVO) has two structures and (SV A) has one, while (SV SV') has five
structures, so there are really (22 + 12) x 5 = 25 different conformal block functions, and
we have computed them all in section 4.4.4. We presented the explicit form of conformal
blocks associated to the exchange of symmetric traceless operators O, by applying suitable
differential operators to scalar blocks using ideas from [44]. Furthermore we showed that
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the conformal blocks of the mixed operator A can also be written as differential operators
acting on scalar blocks, if we allow them to have shifted spins k,k + 1,k + 2. We also found
that writing the SVSV blocks in terms of lower spin ones (SVSS,SSSV) makes the expres-
sions simpler. This could potentially be important for making the computation of higher
spin blocks (four vectors,four stress tensors) more tractable. For identical scalars and/or
identical vectors there are many relations between the blocks which we have spelled out.

Next we set up the bootstrap equations, starting with the most general (SV.SV') (or
(SSSV) or (SVSS)) four-point function, and then specializing to identical scalars and
identical vectors. Finally we restrict to the particularly simple case of conserved vectors, for
which a unique scalar O can contribute to (SV O), while for O with £ > 0 the two possible
structures in (SVO) collapse to one. This latter property ensured that the bootstrap
equations resemble those of identical scalars with global symmetry [6], i.e. a sum of vector
functions with positive coefficients. Thus one can exploit the already developed techniques
for bootstrapping identical scalars.!

As a check of our results, we have verified numerically that our blocks (as well as the
SSSV and SVSS blocks which we construct as intermediate steps) exhibit the correct be-
havior under exchanges, though we have omitted the details in the present work, preferring
to defer all numerical details to a follow up paper. It would be worthwhile to develop
further checks on our results, by comparing with cases (such as generalized free CFTs)
where the full four-point function can be computed directly. It would also be interesting to
understand our results in the context of holography, and particularly to match our results
with the bulk geometric quantities studied in [49].

Going forward, there are two natural extensions to this work. The first is to actually
apply our formalism to seek, both numerically and analytically, bounds on the data of some
general class of CFTs. It would be particularly interesting to derive results for conserved
vectors, which could constrain theories with continuous global symmetries and their spectra
of scalars charged under the symmetry.

The second direction heading forward is to use the techniques developed in this work
to set up the bootstrap for even more complicated four-point functions. The next one to
attempt is probably four vectors, either conserved or not, and this case should be tractable
by hand. Another possibility would be two scalars and two spin-two tensors, especially
for the case where the tensors are conserved (e.g. stress-energy tensors). Finally, the most
ambitious goal would be to bootstrap the four-point function of conserved stress-tensors
(see for example the discussion in [50]). This is probably not feasible using our current
techniques “by hand”, but might be possible if we can computerize the necessary steps.
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A Building blocks and identities

In this paper, the physical space is flat R” with Euclidean signature. Indices a, b, etc., are
raised and lowered with the Kronecker delta d,45. For two vectors z¢ and x;‘, we define

ry; = xf —af. (A.1)

Two particular structures play a significant role in constructing correlators in a con-
formal field theory,
2 2
1 idk) — w5 (Tin)a — T (%i)

a 9 9 5 1/2 ) <A2)
(xij$z‘kxjk>
where x;, z;, and x;, are assumed to be distinct points, and
mgb]) = dab — —5 (Tij)g (Tig)y (A.3)
T3
where again z; and x; are distinct.
From the fact that x;; + x5 = 2, we can show that
| GRO) — (A.4)
Using the basic identity that
1
Tij " Tkt = 5 (—l‘fk + i+ $§k - 95?0 ) (A.5)

we can prove identities

- . 1 —1/2
(ijk)  7.(itm) _ 2.2 .22 2 2 2.2 2 2.2 2 2 .2.2 .2 2 2
k k =3 (fijffikxizximxjkxem) ( TiiT50Tm T TijTimTe T TipTiTim xik‘rimle) )

17 17 Tm

(A.6)

2 2 2.2
m pUrb — _ x;kxgé kGk) 4 ‘T;@x]z"f k(a0 (A7)

“ LiiLhp LiiThe
5Cdmg’f)m££]) = m[(llbj) — ngijk)kl(,ﬂk). (A.8)

As special cases of these fomulae, we have
(k(ijk))Q —1, mg)k(ﬁk)b = k(ik), 5Cdmgicj)m((f;) = Sup- (A.9)
One more useful identity is
9 (ijk) (ki) (Kij) ;.(i7)
ok = — (& + KD (A.10)
k
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B Lorentz representation projectors

We will be grouping tensor operators by their representations under SO(D). There is
a large body of work on irreducible representations of SO(D) (for instance see the nice
discussion in [46] and references therein), but we really don’t need the full power of this
theory for the current work.

Consider a tensor with n indices. It must transform as a sub-representation of the
tensor product D®™ of n copies of the D-dimensional vector representation. To distinguish
the different irreducible representations I which appear in the decomposition of D®", we
can use projectors, HI 1,9, Being projectors, these must satisfy

HIa1 anHJcl Cn, _5IJHIa1bGn (Bl)

C1""Cn n

The projectors are built exclusively with Kronecker deltas 55]?, 6%, or bp,p, -

Below, we will need the projectors for the totally symmetric traceless representation
of spin ¢ (i.e. with ¢ indices), and also for a mixed symmetry representation with k + 2
indices which we will describe below.

B.1 Totally symmetric

Consider first the projector onto totally symmetric traceless representations, Hl()? abl . By
the symmetries of the problem, it must have the form

1£/2]
o ar-ar _ = Ay 5(a1 ... + Z A;olaraz ARG 5b2i,1b2i5a2i+1 e 5?;))’ (B.2)

by---by bait1
where the A; are constants. For ¢ > 2, taking the trace with §%-1% we get

AgSLln ... g2 §or-1as)

(b1 be_2)
[£/2]
Y(£—1— . - .
i Z i { é 1) )(5(a1a2 .92t 2#25(17152 T 5b2i—1b2i5b22ij:13 o 5b£2)
D+20—-2i—2) 44 s oo .
( ; (g — 1) )5( 1a2 , §02i-1 215(b1b2 R 51721'731321;25();:1 .. '5b;)2)} ) (B.S)

Thus tracelessness requires

(€ +2—2) (0 +1— 2i)

A= —
2 (D + 20 — 2 — 2i)

Ai—h for 1 S ) S I_E/QJ, <B4)

or
K‘F( +0—i—1)

2% (¢ — 2@)!@!1"(7 10— 1)A0' (B.5)

A = (1)

Finally, we can fix Ay by the condition that I1? = TII, i.e.

) cazeeqr{f) e — qrif) e, (B.6)
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In fact we only need to check the leading terms, not the subleading traceless terms, because
the latter can’t contribute to the former when we square. Then since

5(“1 . 502)5(01 . 505) _ 5((11 .
0

)
(er " Ocy) Oty be) (B.7)

we require A2 = Ay, and hence we should take Ay = 1, and we can write

D arae _ Wf < 1>Z E'F( +0—i-1)
bi-b = -
e P 4/ (€ — 2i)! (7—|—f—1)

% 5(a1a2 .. 5a2i—1a2i5(b1b2 . 5b2i,1b2i5a2i+1 - 5“4)‘ (B'g)

b2it+1 be)

These projectors obey certain recursion relations. With the explicit expressions for
coefficients above, one can show that

L) ar-apr (a1 (l—1) az---ap) N (D +{— 4) (E B 1) (ar1a (K 2) ag- ‘11’)
Moy = Oty Moy (D+%—®w+%—®5lw Moyt (B.9)

Now we can define polynomials pp ¢(t) by

(O)arapy by vobe _ (v2y2)E/2 _ XY
Xay o Xa Ly, Y Yo = (X?Y?) " pp(t), t= ot (B.10)
Explicitly, using (B.8), we have
1£/2] i
1 (S +e—i—-1)
ppe(t) = (-) =2, (B.11)
=\ 4] ile—20)0(F +0-1)
These are related to the more familiar Gegenbauer polynomials by
Ar(§ -1 (2o
t —C 2 t). B.12
They obey a simple differential identity,
Ppe(t) = ppioe_1(t), (B.13)
and also
(1) = pelt) + 5 gy ) 0 (B.14)
We can also prove a recursion relation for fixed D from (B.9),
(D+0—4)(£—-1)
t) =t —1(t) — _o(t). B.15
The first few of these polynomials are
1 3
=1 = =2 - = =3 "¢
Po ) b1 L, b2 t D’ b3 t D+2 )
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0 py 5 0 45 1 t.  (B.16)
D +4 (D+2)(D +4)’ D+6 (D+4)(D+6)" '

We will also need the result of the following partial contractions of II(9),

p4:t4— p5:t5_

(£)acy-co—1 dy dp_1 __ 1 (3' a 2v-2\£/2
Koy X (T 53 Y0y = o o [(x2v2) (1) (B.17)
a XX, Y,
-7 (X2Y2) [5 O + (X2 + Y2) ((t—1)0, —t57)
XYy o 292 YXy o
Woow (07 — (20— 1)td, + t°07) + \/Wa pe(t)

1 = X*X Yy,
= Z (X Y ) oz [(sng—&—Q,E—l(t) + (( - 1) < X2 b + y2 b) (pD+2 /— 1( ) — tpD+47g_2(t))
XY,

+\/W (tpp,e(t) = (20 = 1) tppioe—1(t) + (£ = 1) *ppya—2(t))
+(—-1) %pmtuz(t)} .

B.2 Mixed symmetry

Now we would like to find projectors onto the mixed symmetry representations that we need
for the scalar-vector bootstrap. Recall that these tensors are antisymmetric in their first two
indices, totally symmetric in their remaining k indices, they vanish when antisymmetrized
over any three indices (this condition is trivial unless the three are the first two indices

plus one more), and are completely traceless. We will write the corresponding projectors
— (k) ajazby by

circadydy
For k£ = 0, the only index structure compatible with antisymmetry is

with tildes to distinguish from the totally symmetric case considered above.
L2 = A (551622 — 621662 . (B.18)

Imposing I12 = II then implies Ay = 1/2.
For k = 1, there are three terms compatible with the antisymmetry in the a; and the
Ci,
T = Ao (32022 — 023022) o+ Bo (90528, — 2105208, — o' 22t + o' ez, )
O (08,4022 — 8 G002 — 60,0} + 6°60,008 ) . (B.19)
Demanding that this vanish on antisymetrizing [a;a9b] leads to the constraint
2A0 — 4By = 0, (B.20)
while demanding that it vanishes when we trace with §°2% gives
Ao+ Bo+ (D—-1)Cy =0. (B.21)
Finally, demanding that 2 =11 requires

2A%2 4+ 4B2 = Ay, 4A¢By—2B% = By, and 4A¢Cy +4ByCy +2(D —1)C? =Cy.
(B.22)
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The unique non-vanishing solution to these constraints is that

1 1 1
Ado=35,  Bo=g = B.2
X =5 T 3moy (B.23)
SO
ﬁ(l)alazb _ } (5a15a2 _ 5&15(12) 51) + } (5a16a26b o 5a15a25b . 5a15a25b 1 5a15a25b )
cicad T g \are c2 Ve ) Vd G\ c1id e 2% 9¢y d 9c1 Ocy d Ocy Oy
1
_ m <(5a1b(5c1d6322 - 5a1b(5¢2d(5312 — 5‘1255616[5321 + (5a2b(5c2d(5311) . (B24)

For k£ > 1, the following structure is the most general consistent with antisymmetry of
the a; and ¢;, symmetry of the b; and d;, and symmetry between upper and lower indices,

ﬁ(k) alagbl---bk

crcody-dy
Lk/2) N b
= D Ai (32w — 6mae) st gtbag by O 8
1=0
L(k=1)/2] . . . .
a a 1 a a 1 a a 1 a a 1
+ Y B (omog o — ouer o — ot 8260t + o0y 512601 )
=0
x g0 . 5b2ib2i+15d2d3 T 5d2id2¢+1dgziiz o 525
ey a2 Jaz| Jas jaa
a1(b a a1 (b a a2 (b a as (b a
Y G (0m g 8 — 5O 60 — 520 g 0]+ 57206, )
=1
x §h2bs ... 5b2i_2b2i_15d2d3 T 5d2i—2d2i—lézii . 53112))
& Jaz sb jaz sb jaa b
a1 (b a a1 (b a as(b a
+> D (5 105, 0ot — 5101 g ot — 5nabrs g allste
=1
+6a2(b1 582(d1 5121‘5&210 6b3b4 o 6b2i_1b2i 5d3d4 U 6d2i—1d2i 522111 o 633
& Jax gb Jax| gb jaa b
a1 (b a a1 (b a aso (b a
3 B (506 00,8068 — 57080, 01008 — 592015, 805
i=1
a a b a a a a a1 ca
07206 0,0,810 1077 - 602000, 81010 — 620y, B | — 6200, 0, 0361

+(5(b1b2(5c2(d1 (5(|ja1 5!12') 5b3b4 v (5b2i71b2i5d3d4 T 5d2i—1d2¢5b2i+1 e 5bk) (B25)

2 e dait1 di)’
Demanding this vanish when we antisymmetrize over [a1asbi], when we trace with §%—19
and when we trace with 6% fixes everything up to one constant Ay which can then be
fixed by the condition that II?> = II. The result is that

B; = %Ai, (B.26)
 k-2i42[i(D+k—1) 1
Ci=prk—2|Drok—2 2] (B-27)
i (D + 2k)
Dy = "2 TE 4 B.2
D+k-—2 (B-28)
E; = —iA;, (B.29)
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while the A; are given by

1
A L B.30
0T kg2 B
and the recursion (k—2i+1)(k—2i+2)
— 21+ — 21+
Am - A, B.31
2 (D + 2k — 2i) ' o
solved by ,
1\* KT +k—i
0 <_> . (2 +. Z)D ' (B.32)
4) (k+2)il (k—2i)!T(5 +k)

For D < 4, the story so far is not quite complete.
In D = 2, these mixed symmetry tensors labeled by k are equivalent to spin-k sym-
metric traceless tensors, with the map

1
b1b
Aa1azb1~--bk = €a1a5 Oy -y, » Oayvay, = 56 ! 2.,41,1172@1...%. (B.33)

In D = 3 similarly, there is an isomorphism between mixed symmetry labeled by &
and traceless symmetric of spin k + 1, via

k
Aalazblmbk, = 6a1a200b1...bkc + 5 (eal(blco|a2|b2~-bk)c - 6(12(1710(9|0L1|bQ-~~bk)c) ) (B34)
and .
Oa‘l"'ak+1 = me(a16162‘/4‘c1c2‘(12"'ak+1)' (B.35)

Finally, in D = 4 we don’t have to worry about any isomorphisms of this sort, but we
instead need to recognize that our mixed symmetry representations are in fact reducible.
To split the two pieces apart, we can define

(£)araz 1
i = 7 (0pop — dpape £ emea, ) (B.36)
and then define
(k) aragbi by (% + ~(k)eireabi-b
CICle?“jkl ' _H£1226102H£16)2f1f2Hflf;ll.z“ék k. (B.37)

As in the symmetric case, we will need to consider the result of contracting these
projectors with vectors X and Y, so we consider the expression

~(k)aci-c
Xoy oo Xy, TI0 dimékﬂmydl Ly (B.38)

The free indices a and b can only be carried by a Kronecker delta ;' or by the vectors X
and Y%. Moreover, the expression must be symmetric under simultaneous interchange of
X with Y and a with b, and it must be identically zero when we contract with X, or with
Y?. These conditions imply that it must have the form

Xop o Xck+1ﬁ§2 weeiyd Ly den (B.39)

k1 XX, Y, X%, YXy
= (X2Y2) 2 |:<—5g‘+ X2 + V2 — \/Wt> fk_l(t)+ <_5gt+\/W gk(t) ,
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for some polynomials fi_1(t) and gx(t) of degree k — 1 and k respectively, with t = X -
Y/V X2Y? as before. These polynomials can be determined by explicit contraction of (B.25)
and use of the solutions for coefficients determined above. The result is

1554

_1 _1 i k!F(%+k—i) k—2i—1
fea () = 3 Z; < 4) z‘!(k—m‘—1)!(D+k—2)r(§+k)t ’ (B-40)
and
5] : : _
LGN KD k=2 -2)T(F k=) 4y
9i(t) = 22( 4> i!(k-2¢)!(D+k—2)r(§+k)t ‘ (B-41)

Actually, these can be recast in terms of the polynomials pp ¢(t) which we defined in the
symmetric case (and which are related to the usual Gegenbauer polynomials),

1 k

fe1(t) = S+ 1) (D4 k= 2)P//r/),k+1(t> = mPD#l,kfl(t)v (B.42)
o) = 5T =g (O = DPhasa(®) + s (1)
= 2(D+1k:—2) (D —=2)pprok(t) + ktppyar-1(t)), (B.43)

where a prime denotes the derivative with respect to the argument ¢.

C Mixed symmetric contractions

In general one expects that the contraction of the projector IIN associated to some Young
symmetry \ is given by

Xy, oo Xg Il Jey oyl = ST YT Pi(e), (C.1)

g1 gnhi-hy g1+gn
i

where T} are tensor structures made out of combinations of X, Y, and the Kronecker delta,
XY

X2y2’
[k+1,1]. More generally, from the work of [51-53], one can understand this expression as the

and P polynomials on ¢t = In the previous section we showed this, explicitly, for

result of a particular differential operator (say in X) acting on the symmetric contraction
of Ay indices

Xf1 L ka Hgi}elgnzrllflhkfk th R th — D[gi‘}elgnen (X)H)q (X . Y')Al7 (02)
where
Hy, (XYM = X, - --kalnfj‘]f,;fhyhl LY = (XYM (1), (C.3)

and A is the length of the top row of the Young pattern [A] (in our case this is £+ 1). In
the context of conformal blocks, the extra indices e; are contracted with m19, m29 and
the indices g; with mG0 m0  Furthermore, X = k(012 v = k(03 with X2 = Y2 = 1.
Thus a generic contraction with T;

101020 20 T (5012) 030 L (80) Ly (80) (40) L, (40) (C.4)
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can include combinations of 1- and 2-index elements

msl?)k(ou)b, mglgj)k(034)b, m((libo)m(Oj)bc’ (C.5)

with 4,5 = 1,2,3,4. The result presented in this paper suggests that one can write the
contractions (C.4) as derivatives of ¢ only. For example, for (B.39) we have

mgio)chm(OzL) cb — m((l2eo) (t6¢ — kg(]l?)k(034)e)m(04)c

b
2 .2 .2 .2 2
LEQTE Lol 0t ot Ot
- B (B ). o
51253 0x§0x, xg Oxy

(QO)TQC (04) Cb

_ m(20) (( )5e+k(012)k(012)e+k§034)k(034)e_t(k£012)k(034)e+k£034)k(012)e)> m(04) cb

_ 33329534%@2_1) ot 0 at) (c.7)
o317y Ox30xy  Oujdxy)’

where we have extracted 77 and T3 by rewriting (B.39) as

=17 (tfre—1 + gk) + 1o fr—1(2), (C.8)

and we picked the particular combinations because f;_1 and tfi_1 + g are just constant
multiples of ppy4 -1 and ppyo . respectively. These results rely on the fact that

50 e
aa — = ;0’2 (mg%]) + kgjOl)k((:O”)> , (C.9)
x T35

and the key observation is that the particular combinations of 9, k(012) 1(034) " that appear

in T;, are such that the terms kC(Lj %) cancel out, leaving only the terms m(%) that we want.
This leads to

(20) 1, (012) - k,(012)ﬁ(k) cdydypy (04)e 7.(034) f1 | 1.(034) frra

ac dy dit1 7 ef1 frpa b
2 .2 2 2 2
| xdow5, 21575, 1 9 ot ot ot )
= k(" —1 t——
w323, 2(D+k—2) < <( )@x§8x4 dx§ Oxb PD+4k-1

9%t ot ot
D—-2)(t C.10
+( ) < 02307 8952 P )pD+2 k:) ( )

Equation (4.76) then follows from the chain rule and simple Gegenbauer identities listed
in appendix B.

k+1,1,1]

As an extra result, we present the contraction under the projector 1l associated

to the Young pattern [k + 1,1, 1]. Using techniques from [51-53] one obtains

Pligttlies = xp ooy bt Sty d Ly din (C.11)

cica cicady-diy
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k+ X2y2 + 155 Xpvh

+2k

5 ( 1) Xth (XY YXT) N YViYh) o XaYpXoyh
2 X? VX2y2 y?2 X2y2

Thus from the previous discussion one finds that

pD+4,k—1> .

10),, (2 )P[k+111}e1e2m(30)clm(40)62

aer Mbey erco d
2 2 2 2
_ 0570427573, m(?)m(i;l) 0"t 0"t PDi1 — 97t 9
whirgs | 0aboal? 928 0l 2o Plazld gzl gz!d

1 (k+1)
mpakﬂ + (D + 2k)(D + 2k — 2)(D + k — 3)pD,k] } , (C.12)

where in the second term, the square bracket notation is indicating that b (d) is antisym-
metrized with b’ (d').

This is one of the two new contractions that appear in the conformal blocks for the
[k +1,1,1] exchange in (VVVV). Those conformal blocks are left for future work.

D Integrals
Much of the material in this appendix follows [45].
The basic building block for our integrals is

—D/2

-D D1
D 2 21" Pr " 2
/d i) Zaixm = I‘(Diiw Zaiajxij ) (Dl)
A 2

1<j

along with the Feynman-Schwinger trick which uses the identity

1 F(Zﬂ—1 ci) . /OO -1 1
T = T dpg, p* - . (D.2)
Hiil X’L Hj:l F(C]) kl_[2 0 (Xl =+ Z?:Q Mfo)Zm:l Cm

D.1 Three-point integrals
Suppose a +  + v = D. Then the integral

dPx
Ia7/377($1,$2,l'3):/( 2 0 (D.3)

a B v’
wg1)" (a82)” (83)
will be a conformal scalar of weight «, 3, and v under conformal transformations of x1, 2,
and x3 respectively. To evaluate the integral, we first use (D.2) and then (D.1) to write

(D) X
ool et = )r(w i/ Py [Casett [Tt
(%1 + sxfy + t{L‘OS)

21D == (D)

- Ooalssﬂ_1 /mdtt”_1 sx2y + tas + sta’
F(a)F(ﬁ)F(’Y)F(;“)/o 0 (sa%, + taly + stady)

—D/2

(D.4)
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To perform the remaining integrals, we recall one of the representations of the beta function

< wlI@r)
e o) )

Then

Iop~(71,72,73)

21-Dp 23+ (D) > B-1 o \—D/2 [~ y—1 ats + 523 e
= T dss (sxu) dtt I+t| ———
[(a)L(B)T ( T(5=) Jo 0 STy

2
21-Dr "3 (D 2 o [ 1 -D/2
" T(a)T(B)I(y )F((D) / ds s° T E T (afy o+ sady) / dew™ (L4 )
_%”#¥HDN%fw Y . w35\
~ T()T(A(2E)r(2) ()7 (i) /0 dss™t <1 o fZ)
nPP0(5 — V=% 2 \B-F [ 2 BB 5 v
= F(a)(lf(ﬁ) ) (x%z 2 (x13)ﬁ (x23) 7 ; dv Pt (14 v)
WD/QF(% “NIB+~ - %)F(% —B) , 5\ =2, 4 \B-2 2B
i} TG )" " o)™ 7 o)
I'2 -2 -9 - =2 5 \B—2 , 5 a-D
=P/ & F)agl“z(ﬁ)lézfy)(2 L (ﬁz) ’ (3713)6 (%3) ) (D.6)

where we have also made use of the duplication formula for the gamma function, which in

F<D>F(D+1> =21"P /7 (D). (D.7)

this case tells us

2 2
Similarly, we will need to evaluate
D
by by d”xg 302 302
Iaﬁ’wal'“an (x17 ',1;27 .%'3) = g’;’)én / 2\« 2 ﬂ 2\ k‘lgl ) e kl()n )7 (D8)
(9501) (3702) (%3)

which for a + f + v = D will be a conformal scalar of weight o (/) under conformal
transformations of 21 (x3), and a traceless symmetric tensor of conformal weight ~ under

transformations of z3. We compute by doing a binomial expansion of the k(302)s
n) by--by k n-2k
Tagryaroa, (01, 22, 23) = TG00 Zkl (n—k )7 (235) 7 (w23),, -+ (w23)y,
le‘o
></ - (203)y,,, +* (T03),
Bta o2k 1
(xtzn) (5502) : (‘T%:s)v :

—2k

(n) by b n! k(2%
= IR0, E:ﬁ@;faﬂ*”(%ﬁ (223)s, + (225)y,

L(y—3) 9 9 ;
" gn= (v + 5 — k) 3xbk+1 ozl optg -3 (71, 72,23)
n n—k
— gD/2pp(n) biby _1)k
i sz'm'n—k m)( )
k=0m=0
PR 4n-—m-—k-a)l(-2+m-Ar(Z+3 )

X

F(@)D(B+5)P(y+ 5 — k)
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_n_D B4+ —m—L a—24m—L
X (xfg)w e (ﬁg) : ’ ($§3) : : (3713)1;1 "'(3313)17,” (x23)bm+1 "'(x23)bn
D/ann) bé by, i n! (_1)n—m F(% - O‘)F(g + % - ﬂ)r(% + % - ’7)
v 2 T —m)! M@l (B+ 300+ 3)
_n_ D B+2—_m—L a—24m-—L
x (23,)7 7277 (afs)" ? (a35)" ® P (z13)y, o (T13)y,, (T23)y, o (T23)y,
D/QH((lrL) bé by F(D - Q)F(% + % - B)F(% + % - 7)
e L(@)D(B+ 5)T(y + 3)
-2 B2 a—L2  (312) 312
X (3332)7 2 (x13) 2 (x%?)) 2 k;él k‘( (D.9)

where we used the identity

N
! Iz —k 'z — N)'(y — N
= kNN —k)! I'(y — k) L(y)I'(y — )
WithN:n—m,x:%—i—n—m—a, and y = v+ 5.
We will also need one more result along these lines,
D
(n)er-cn d” o (203)7.(302)  1.(302)
Ia’ﬂv'Y;a;bl"'bn Hb by / o ka kc kc" (D'll)
i (23)" (3,)” (a35) 1
— (M eren i 9 I L 28 -1 (223),
o bha 26 +n —10zg PR e T g 1 gz BT it gien e
(23)
nMmac,
—1 o
+2ﬁ+n 1 a,B,7;c2 n}
_ D/2qp(m) eren [( - a)l(Z + 51 - BL(F + 251 — ) (xﬂ)%% (aﬁg)ﬁ*% (1,33)&*%
et (@)D (B+ 25T (y + 25

D n-—1 D n —1 n (D
R (e

In this case we made use of (A.10).

D.2 Four-point integrals

As with the previous section, we start with integrals of the form
le'()
2\ 2\B 2 \7/( 2\’
(251)" (232)" (233)" (234)

where o + 8+ v+ = D. Using (D.1) and (D.2) we can show

_ 2!-Prs I'(D) JRNCES > [T 51
T8 = N BT ()T O)T (BE >/ asop [anet [

—D/2
X (3.%'12 —+ thlg + qx14 -+ Stl‘23 =+ 8q.’,1724 =+ th34) / . (D13)

Lop 51, 02,23, 24) = / (D.12)

After a change of variables we can do one of the three integrals, giving us a result
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D/2

- 5-D D_g_s Dy
Inprs =T (o) x14) “ (5U§3) 2 (95%4) 27 ($§4) 27

X fopryauv™ oY), (D.14)

where we have defined

d—a—
2

o0 (e o] —
faprys(21,22) = / ds Sﬁl/ At sz +tmtst) 2 (1+s+0)70, (D.15)
0 0

and u and v are the usual invariant cross-ratios defined in (2.27).

As explained in section 4.4.1, the monodromy projection requires us to keep only the
terms in faﬁmg (21, 22) which are invariant under z; — e%™z;. In [45] it is shown how to do
this very elegantly using contour deformation arguments, with the result that the invariant
pieces are given precisely by

fapro(21,22) = fapra(z1,2) (D.16)

monodromy —invariant

sin(7d) /°° 51 /°° 1 S—a—B— s
= —= ds s dtt7" (st +tzg — sz 2 t—s—1)"".
sin(F (y+d—-a—-0)) Jo i1 ( 2 1) ( )

The function f, g,5(21,22) obeys several easily verified identities (also fobeys the same

identities),
0 d—a—pB—
w—fapys(21,22) = —Vfa+1,,8+1,7,6(21732), (D.17)
82’1 2
0 d—a—pB—
——fagr0(21,22) = —vfa+17ﬁ,y+1,5(z1,zz), (D.18)
(92’2 2
as well as

faprys(21522) = fag1,87.0+1(215 22) + fap1,7.6+1(21522) + fapyt1,6+1(21,22), (D.19)

and

fa.6(21:22) = fa,p17+41,6(215 22) + 21 fas1,p41,7.6 (21, 22) + 22 fag1,84+1,5 (21, 22). (D.20)

When a + § + v+ 6 is an even integer, which we will call 2h (so h = D/2 in the
four-point integral above, and this would be valid in even dimensions), then f, g~ s can
actually be evaluated explicitly in terms of hypergeometric functions. First we change from
z1 and z9 to a complex variable = related by

TT 1
71 N /1 =\ z2 = 71 N /1 =\
(1-—2z)(1-2) (I1—2z)(1-2)
and then it can be shown [41, 45] that

1 = (D.Ql)

T(a)(1 — h + B)T(1 — §)T(h — Y)T(y + 3 — h)

T(6)T(h—&)L(1+h—~—9) (1—2) (1 —2)"

fa,ﬁ,%d (21, 22) =

r—x

h—1
x( 1_@@f@0 b (1 —h+ B, 16,14 h—y—&z)

X2F1(1—h+ﬁ,1—5,1—|—h—’y—5;f)]. (D.22)
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E Mixing matrices and normalization factors

For the case of two scalars and a symmetric traceless tensor, inserting (3.1) into (3.2) leads

to
(€) by--be dP 03) o (03) e
(01 2(0) 00 a) = WL [ gl 2o, (E1)
03
1 _ _
()\0 ( )2( A1+A2—Ap) ($32)2(A1 Ax—Ap) (I%Q) 2( A=A +Ap) Hg) dé,z dzk(012) k((£12)> '
Since (as reviewed in appendix A m(03)acm(03) = 04, and since 1Y) removes traces, it
be
follows that
0)byby (03 03 £)dy-dg (012 012 £)by--b
Hz(11)~-~}1e ¢ )b161”. (03) cengl) b ek( ) kflg ):Hl(ll)“‘}lg by by (E.2)

where

2,2 2 .2
_ . (03),(012)b __ Lo17T23 Lo2T13 302 %29513 312
Yo = My (012)6 — 55 ———— k302 4 27143( ), (E.3)
Tp3L12 V L1Lp3L19Lo3 33011‘23

Expanding in a trinomial expansion, we then obtain

(01(21)00(22) O v (23))

L =k 0

_ (£ b1 bg _ m
= Aolla-a, Z o Elm! (6 — k —m)! (=1)
=0m=

( )2(7A1—A2+Aofk7m) (m )2(z k+m)< 23)k7§k(:1s12 1 (312)

13 bo—k—m

X1 (A~ Aot Dott—2k), L (~ A1+ Ast Ao —1h— mLD—AMM;waH---bz(xlvx2v$3)

£ L—k
_ . DJ2 (£)br-bey (312) 312) ym
=P oIl " ky, Ejijmme - m)(n

F(%(D—Al-FAQ—A@—g)—‘rk’) (§(D+A]__AQ_AO+€)+m)F(AO_%)
D(3 (A1 —As+Ap+0) —k)(5 (A1 4+ A2+ Ao — 0) + K)I(D — Ao + k +m)

) F(D—A1—Ar—Ap) (wig) F(=A1+A2+A0—D) (1’53) $(A1—A2+Ap—D)

x (27,

1(_ — ~ 1(_ A ~ 1 _ —A ~
D/QHl(fl)blai bek(312 k(312) (x%Q)z( INEACR ) (53%3)2( INERACRN) ($§3)2(A1 Y]

F(Ao — 9)N(Ap+—1)

T(Ao — )I(D — Ao + 0)

F(%(D+A1 — Aq 7A(’)+£))F(%(D7A1 + Ay —Ap +0))
LA (A=A + Ao+ )T (—A1 + Ay + Ao + 1))

Ao, (E.4)

where we use the notation and results for integrals defined in appendix D.1, and we evaluated
the sums, first over m and then over k, using the identities

NN yT@+k) T@)0(y—z+N)
2 aw—m YV TR T Te NI o) (E5)
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which is equivalent to (D.10), and

f: NI 1  D+y+N-1)
k!

I(N—k)!T(z+KkT(y—k) TE+NT@yhe+y—1)

Thus comparing with (3.3) one can read off (3.4).

Now for a scalar, a vector, and a traceless symmetric tensor we have

<¢(m1)va(x2)(5b1...be (a?3)> (E.7)

e aP . ) 1_ _ LA, A —
:Hl(f)mllu /3/ - Dxi)Aom(Os)Cldl.”m(Od)Czdg (Igl)Q( Ag+A,—Ao) (ISQ)Z(M Ay —Ap)
(25s)
% (me)%(_A‘b U+Ao)1—[((i€1) e [ ok 012) +ﬂ@m(20)] k(pm)mkéglz)
L Ay—Ay+A AytA,—A L(Ay—A,—A Ao—D
el €1 R € R €

3”035512 (203) x02x13 (213) (203) 7.(302)
—ao (| = 5 ka \| 2 2 Fa Yer +6o( =2k kg Yes Yoo
l ( 31255 3123, ) ' ’ ‘

using identities from appendix A.
We then proceed as before, performing trinomial expansions on the y,’s, perform the
integrals using the results of appendix D.1, and the identities (E.5) and (E.6). This results
n (3.5) and (3.6).
Related to these integration techniques is the determination of the normalization factor
No that appears in the shadow projector Pp. As discussed in the main text, this is fixed
by requiring

(p1(z1)p2(22)Oay-a,(23)) = (Oay -0y (23) Popr (w1)p2(22))
— No [ 40 (Ouya(23) by, (@) (O™ ¥ (a)r (1) pa(az))

= NoA 1l 1(;1)011 Ceﬂt(zl)dé[ dz/dDazo (3312)%([) A1~42~4o) (;p%l)%(*A1+A2+Ao*D)
% (x%2)§(A1—A2+Ao—D) k,glnz) o k((:?m) ($33)—Ao m(og)dlbl mm(%)debe

= Nod, gl b (32,)2(P=8i—82=d0) / P (o2,) 3 ArHAr+80-D)
X (91702)2(Al Artbonl) (z 03)_AO Yby ** Yb,

_ NO)‘12(’) ((11) b}u be (x%z)g(—Al—Aﬂ—Ao) (x%3)%(_A1+A2—AO) (xgg)%(Al_A2_AO)
o pB312) L (312) I'(§—-Ao) T(D—Ap+Ll—1)
bb T(D—-Ap—1) T(Ap+Y)
L PGAI—As+ Ao +0)) TG (=AI+A+ A0 +1)
FAD+A1—A—Ap+0))TE(D— A1+ Ay — Ap + 0))
= (p1(21)92(2) Oay a, (w3)) Nom”
" I(Ap — 3)0(5 — Ao)
(Ao +L—-1)(D—-Ap+/{—-1)T(Ap —1)I(D - Ap — 1)’
where we read off (3.12).
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F a3, Ba, and B3 components of the (SV SV) blocks

Here we write the additional conformal block components that appear for £ > 0. These are
expressed in condensed notation where the blocks on the l.h.s., as well as the v blocks on
the right-hand-sides have unshifted arguments, g,°(u, v; A1, A2, Az, Ay; ¢, Ap). The others
follow the conventions in the main text

aB Ag—A4—A(/)—|—€—|—1

1 A A
90 + 7 Vugipos +Vvgsion| s

90 — 7

g?ig _ Az — Ay —€Ao + 0+ 1gf‘1‘l B %\/E(A1 NN 21}81,)910‘;’2;071,

gif = De= _gAO et L - %ﬁ(ﬁz — Ag+1-2udy) 6501 (F.1)
gy = BT BT R I e L Ay - 2 A1 200) 68201
jop D= —EAO HOHL oo %ﬁ(A?) — Ay +2—2ud,) ¢824,
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gé}a — 7 gé“a + - 91;061;1,0 + 592;%;170 ’

14
glﬁla S A _KAO s 1g?1a - % (A1 — Ag +2 —2ud,) gi\;‘z‘;l’o,
o = —KAO FLHL oo % (A1 — Ay +1 = 2udy) 63%1 0, (F.2)
iy = SR Ro i L L Mol
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Al —No—Ap+l+1 a
- 72 Vu(Ar = Ay — Az + Ay — 209,) 91;2};0,1
As—Ag—Ap+l+1 .
- 7 (A1 — Ag +2—2udy) 97540

1
+€*2\/6(A1 — Ao+ 1-— 2u6u) (Al — Ao — Az + Ay — 2’1)6@) 9e:1,15

88 (Al—AQ—A@+€—|—1)(A3—A4—A()—|—€+l) o
912 = /2 912

— 52 —
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G Mixed symmetric constants

The constants appearing in the mixed-symmetric conformal blocks are defined by
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' (NO)‘346//\34O)k+100 D—Aa—2

Co = Navsy 1/ 1344 (Vo' (Mil)aa)k:-l—l—%%
(Aa—1)(D-Au+k)—(D-As—1)(Az3 - Ay —1)
(D—BD4—2)(D—Ds+0;—Aatk+1)

Cs = NA734JZ/’734A (/\/51 (]\4_1)5&)1«4-1—l 1
22

(k1) (D~ 22 (g — Ay~ 1)
(D—Af4—2)(D—As+Ay—Aq+k+1)(As—Ay+A 4+ Ek—1)

Cy = NA734Z/734A (N(gl (M_l)oca)k.t,_l 11

(A3 = Ay +A4+k+1D)(Aa—1)(D—Apa+k)—(D—Ax—1) (A3 — Ay +1))
(D=Aa=2)(D+A3 -Ay —Au+k+1) (A3 +As+Ax+k—1)

9

— 53 —

(F.3)

(G.4)
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In computing these constants we have used notation where a subscript on a quantity in
parentheses, (f)w pg means that we should evaluate f (which is given in terms of three-
point function data) for external particles of weights Ag+ P and Ay + @, and an exchange
operator of spin £ = k’ and dimension Ap = A 4.

H Operators appearing in symmetric exchange blocks

Define

01 = Az — Ay + 2u0y + 200, 0o = A1 — Ag — Az + Ay — 200,
(53 = 2’0(9@, (54 = Al — AQ — 2u8u — 2Uav. (Hl)

Then the operators which appear in the expression (4.70) are

‘/aag, Dt =—Vu(s+1),

Dy~ =vVu(i-1), Dyt =vVu(®-2), DfT=-"—
(H.2)
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Dy = —Vu(®+v(@i+1)(6—1), Dy =—Vu(d+v(0+1))(02—-2),

Df_l_ = \/6(51 — 1) ((53 + 04 + 1) , DE+ = \/6(52 ((53 + 04 + 1) , (HS)
Dy - —;5 (65— v (61— 1)) (B2 + 0 (61 — 1)),

D = Vol =240 (61 +1)) (6 — 64— 1), (H.4)
Dy = \}5(53—v(51—1))(53+64+1>7 D= Vv (62— 84— 1) (03 + 64+ 1),
Dy =uvv (01 —1)(01+1), Dyt = uvu (514 1) (82 - 2),

Dy = _% (61 — 1) 33, DIt = —%5253, (H.5)
Dyy = Vu(d3 —v (01 +1))(61—1), Doyt = —vuw (61 + 1) (6 — 64 — 1),
Dy = —\{)6(53—2—1)(51 — 1)) d3, Dyt = Vu (g — 64 — 1) 3. (H.6)
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