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With N — oo being fixed, R — 00, the free energy of the Matrix theory on a supergravity background F is a functional of F,
W = W(R, F). We try to relate this functional with S,;(R, F), the effective action of F, where F is translation invariant along x™. The
vertex function is then associated with the connected correlation function of the current densities. From W(R, F), one can construct
an effective action I'(Y) for the arbitrary matrix configuration Y. I'(Y) is R, and thus p* independent. If W(R, F) = S4(R, F), I'(Y)
will give the supergravity interactions among M theory objects with no light-cone momentum exchange. We then discuss the
Matrix theory dual of the 11d background generated by branes with the definite p* as well as the gauge theory dual of the 10d
background arising from the x~ reduction. Finally, for SYM, with the 4d background field F,, we give a possible way to induce the

radial dependent 5d field F(o).

1. Introduction

Up to present, two kinds of nonperturbative formulation of
M/string theory are developed. The one is Matrix theory.
The typical examples are BFSS Matrix model [1] and the
plane wave Matrix model (PWMM) [2], describing a sector
of M theory with the definite light-cone momentum on flat
background and pp-wave background, respectively. M theory
on a generic weakly curved background is described by
BFSS Matrix model with the corresponding vertex operator
perturbations added [3, 4]. PWMM could just be derived
in this way [5]. For backgrounds that cannot be taken as
the perturbations of the flat spacetime, the corresponding
Matrix models are also known provided that certain amount
of supersymmetries is preserved. The other is the AdS/CFT

correspondence [6-9], for which the AdS;/SYM, correspon-
dence is intensively-studied. SYM, gives a nonperturbative
description of string theory on AdSsxS”. It is natural to expect
that SYM, with the 4d vertex operator perturbations added
then describes the string theory on AdSs x S® with the corre-
sponding 5d field perturbations turned on. Although Matrix
theory and AdS/CFT are obtained in entirely different ways,
both of them use a gauge theory to describe M/string theory

on a particular background. If the M theory background is
Ry,_,, xT", the dual gauge theory will become SYM,,, ;, which
is Matrix theory compactified on T" [10-12].

As the nonperturbative description of M/string theory on
a particular background, the Hilbert space of the gauge theory
should be isomorphic to the Hilbert space of the M/string
theory on that background. For AdS;/SYM,, the one-to-one
correspondence should exist between the state (spectrum) of
the second-quantized string theory on AdSs xS and the state
(spectrum) of SYM,,. For Matrix theory, it is easier to establish
the correspondence between configurations. The transition
amplitude between the matrix configurations should be
equal to the transition amplitude between their M theory
counterparts. When N — o0, Matrix theory is the discrete
regularization of the supermembrane theory in light-cone
gauge [13]. The matching is explicit. It is natural that the
transition amplitude for membranes is defined in the same
way as the transition amplitude for strings, since the former,
when wrapping S' with the vanishing radius, reduces to the
latter. Matrix theory compactified on S' gives the Matrix
string theory [14, 15]. The off-diagonal degrees of freedom
are KK modes of membrane along S' [16]. In strong coupling



limit (the radius of S* approaches 0), matrices commute (KK
modes could be dropped), and Matrix string theory reduces
to the second quantized type IIA string theory in light-
cone gauge. The configurations are multistring configurations
with the transition amplitude given by the integration of all
intermediate string joining and splitting processes [14, 15].

Since the state, the spectrum, and the transition ampli-
tude are all in one-to-one correspondence, the partition
function of the gauge theory equals the partition function of
the M/string theory. For SYM,, we have [8, 9]

Zsym, (B o) = Zaas,xss (B o) » ¢))

where 8 = 1/T is the radius of the time direction. The zero
temperature partition function is only the functional of ¢,
for which [8, 9]

ZSYM4 (¢0) _ eW[‘b(‘l’o)]‘ (2)

() is the on-shell supergravity solution with the boundar
value ¢,. W is the type IIB supergravity action on AdS; x S”.
If the gravity dual of SYM, with the source ¢, added is the
type IIB string theory on AdSs x S° with the background
field ¢(¢,) turned on, in zero temperature limit, the partition
function will only contain the contribution of the ground
state geometry, so Zgyy; (¢g) = Ve,

Except for (2), Zgy, (@) also has another expression on
AdS; x S°. Let W, be the free energy of the type IIB string
theory on AdS; x S° and Zgyy, the partition function of
SYM,, it is expected that

Zsym, = e, 3)

where W = %, _ W, . When the background field ¢,
varies, SYM, undergoes a change of the coupling constants.
Correspondingly, there is also a change of the coupling
constants for strings living in AdSg x S°, which is in fact a
modification of the 5d background. For (3) to be valid, a one-
to-one correspondence ¢, < ¢(¢,) should exist:

Zsyw, ($o) = €19, (4)

On AdS; side, the string free energy W,[¢(¢,)] cannot be
defined without a definite 5d background ¢(¢,). Also, for
the state (spectrum) correspondence to be valid, the definite
5d background is necessary; otherwise, it is impossible to
determine the string spectrum. If (2) and (4) both hold,

W g (¢0)] = Wi [¢(¢o)]- ()

The free energy of the string theory on a given background
equals the effective action of the background fields.
For Matrix theory, similarly,

ZMatrix (ﬁ’p+’F)=ZM(ﬁ’P+’F)' (6)

F is the 11d supergravity background and is the translation
invariant along the x~ direction. Z,(B, p*, F) is the par-
tition function of the M theory sector with the light-cone
momentum p*, which is supposed to be the supermembrane.
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Equation (6) is trivially satisfied since Matrix theory is just the
regularization of the supermembrane with the definite light-
cone momentum. When f3 = oo,

ZMatrix (P+, F) = eW(P+,F)' (7)

W(p*,F) is the p*-parameterized functional of F with the
10d covariance.

In string theory, one can also calculate the free energy of
the strings on a given background F:

oo
W) = Y et |
m=0 M

2-2m

[dX]e 5. (8)

In [17, 18], it was shown that, for F satisfying the free field
equation, W(F) could be taken as the effective action of
the renormalized background field F(F); that is, W (F) =
Seff [F (F )]

It is tempting to establish a relation between W(p™, F) and
the effective action of the 11d supergravity. However, Matrix
theory, no matter if it was taken as the DLCQ formulation
of the M theory or as the discrete regularization of the
supermembrane theory in light-cone gauge, only describes
the sub-Hilbert space of the M theory with the definite light-
cone momentum p* without capturing all the information of
the covariant theory. For different p*, W(p*, F) is different.
Nevertheless,let F = {F,, F_, F__},where F, F_, F__ represent
fields with zero, one, and two x~ indices, respectively; one can
find that W(p*, F) = W(F,,F_/p",F__/p*?). Let p* = N/R
with R being the radius of x', N — 00, R — 00, and
W(R,F) = W(F,, RF_,R*F__). On the other hand, for 11d
supergravity fields F that are translation invariant along x~,
suppose S.i(R, F) is the effective action of F, and there is
also S.¢(R, F) = S,i(F,, RF_,R*F__). The R dependence of
W(R, F) is consistent with S (R, F).

One may want to consider the complete partition func-
tion with all light-cone momentum taken into account, which
is roughly e = [ dp*e"® “E) Each W(p*, F) only differs
by a rescaling of (F_, F__), so the summation does not give
more information. It is enough to consider W(p"*, F) with
the definite p*. In fact, F is the translation invariant along
X"; as a result, a sector with the definite p* has the enough
degrees of freedom to produce S.«(R, F). The complete M
theory degrees of freedom including sectors with all light-
cone momentum is necessary only when F is the field with
the 11d spacetime dependence.

For the arbitrary matrix configuration Y, we may define
I'(Y) via

S0 J [dF] e Ser D Sest)

)
_ VRSV,
with F(x) solved from
_ 6W (R> F) _ SSR,F (Y) (10)
SF(x) lp  OF(x) ¢

It is easy to see that I'(Y) is R independent.
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To describe the supergravity interactions among M the-
ory objects with no light-cone momentum exchange, and one
may define I)(Y) through

erg(Y) _ J [dF] eSR,F(Y)_Scla(R)F)’ a1

with F being the zero mode of the 11d supergravity along
x~ and S, the classical action of 11d supergravity. The
integrating out of F induces the effective action for the M
theory object Y with the supergravity interaction (without
transferring the light-cone momentum) taken into account.

1
L, (Y)= Z—‘ Jdlox1 JdloanFc (%155 %,)
PR (12)
X Vi) (%) Ve (%)

where Gg(xy,...,x,) is the connected Greens function of
supergravity in light-cone gauge with the zero light-cone
momentum and Vgy,(x) is the current density of the con-
figuration Y coupling with the supergravity field F(x). Under
a Legendre transformation, I‘g(Y) could be written as

Iy (Y) = Ser (R, F)

+ J d"x F (x) Vi ey (%) ~ Seg (R F) + Spp (),

(13)
with F(x) solved from
0S4 (R, F) OSpr (Y)
OF () | R0 TGy | 1Y

S0, if W(R, F) = S¢¢(R, F), I(Y) = T, (Y).

Although M theory/Matrix theory correspondence and
AdS/CFT correspondence are very different, it is possible
to construct the connection between the two. In [19-21], it
was shown that PWMM expanded around the certain 1/2
BPS states gives SYMp, g2, SYMpyg /7, and SYMp, s, while
the backreaction of the corresponding 1/2 BPS states on
pp-wave produces the gravity dual. We will investigate the
correspondence in more detail.

In (7), F is the generic 11d supergravity field with the x~
isometry. W(R, F), if is indeed equal to S.«(R, F), gives the
effective action of the field F. On the other hand, in (2), only
the 4d field ¢ (x) is given, from which the 5d field ¢(x,r) is
obtained from the equation of motion or from the RG flow.
Wd(¢y)] is the action of ¢(x,r). This is the holography of
AdS/CFT. One may want to turn on the arbitrary ¢(x,r) on
AdS; and try to find the corresponding 4d gauge dual. The
dual gauge theory may not be SYM,, since ¢, can only encode
a subset of 5d fields, which are in one-to-one correspondence
with the 4d fields. In fact, since the transverse space of
AdS; x S° is §° other than R®, the gauge theory dual may have
the scalar fields X’ other than X’. Suppose the coordinate
of AdS; x S is (x,7,Q), for a 10d scalar H,(x,r,Q) =
h,(x,7)Y"(Q) with Y'(Q) = Cayea, (y™ - y™)/|y|" the
spherical harmonic of $°; the operator counterpart is

H,(x,r.X) = h, (x,1)C, .o (X%---X"). (15

h,(x,r) can be the arbitrary 5d function. In SYM,, we
only have h,(x)C, .., (X% -+ X™) to represent such fields.
Nevertheless, for SYM, with the scalar field X and the
4d background Fy(x), a X — X, Fy(x) — F(x,r)
transformation can be made, under which the partition
function remains invariant. If the SYM, with the scalar field X
and the 5d background F(x, r) is the gauge theory description
of the string theory on AdSsx S’ with the background F(x, r),
its partition function will then equal e"'F®") with W being
the 10d supergravity action. So we arrive at (2). X — X
is a Weyl transformation, under which F(x) must evolve as
F(x,r) to preserve the partition function. We will show that,
for such F(x,r), SW[F(x,r)]/0F(x,r) = 0, so if W[F(x,r)]
is the action of the supergravity, F(x,r) will be the on-
shell solution. The discussion can also be extended to SCFT,
and SCFT,. With no source term added, under the X —
X transformation, the induced fields give the near horizon
geometry of M2 and M5, respectively. The holography in
AdS/CFT is very similar to the holography in noncritical
string coupling with 2d being the gravity and with g — g
replaced by X — X.

This paper is organized as follows. In Section 2, we
consider the free energy of the Matrix theory on super-
gravity background F that is translation invariant along
the x~ direction, and its relation with the 11d effective
action of F. In Section 3, we consider Matrix theory on the
configuration representing branes and its gravity dual. The
discussion will then be specified to the PWMM, from which,
SYMpys2, SYMpyg/z,> and SYMp, s can be obtained [19-
21]. In Section 4, we give a possible way to induce the radial
dependent 5d fields from the 4d background fields in SYM,.

2. Free Energy and the Effective
Action of Supergravity

In this section, we will consider W(R, F), the free energy
of the Matrix theory on a generic 11d supergravity back-
ground F that is translation invariant along x~. Since the
supermembrane action in light-cone gauge only contains
one free parameter p*, as the discrete regularization of the
supermembrane action, Matrix theory action Sy, p(Y) also has
one free parameter which could be taken as R, the radius
of x. p* = N/R,and N — oo is fixed. The concrete R
dependence of S p(Y) is Sg p(Y) = Sg, gp_r2p_(Y), where F,
F_, F__ represent fields with zero, one, and two x~ indices.
As a result, W(R,F) = W(F,,RF_,R*F_). On the other
hand, due to the coordinate invariance, the R dependence
of the effective action of the supergravity field F is also
Sef(R, F) = Seff(Fo,RF_,RZF__). From W(R,F), we can
define T(Y) = Spp(Y) + W(R, F), with F solved through
O[Sgr(Y) + W(R,F)]/SF = 0.T(Y) is R, or equivalently, p",
independent. I'(Y') could be taken as the effective action of the
matrix configuration Y. In fact, at the one-loop level, I'(Y) and
the standard effective action of the Matrix theory coincide.
If W(R,F) = S.(R,F), we will have I'(Y) = l"g(Y) with
I,,(Y) being the effective action describing the supergravity



interactions among the M theory objects with the zero light-
cone momentum exchange.

2.1. The Action of the Matrix Theory on a Generic Background.
The Matrix theory action in flat spacetime is

SR :Rjdx+
«Tr( ——D,x'D, X! + 1[X’X’]2
2R2 als 1> (16)

i 1
- éeDﬁ - E@yf [x".6] )

where X', 6, and A are N x N hermitian matrices with N —
oo,and I = 1---9.R — o0, p* = N/R, 1, is the Planck
length.

X', x*, and R have the dimension of length, so each

commutator is multiplied by a factor 1/ l; to make the action

dimensionless. With the replacement X — ZPXI ,xT -

. .
lpx R — lpR, we get the action

SR:Rde+
XTr(—D XD x!
2R?

1 2 i
XL X] - é9D+0+9yI [XI,G]),
(17)

in which [ is cancelled and X', 6, x*, and R are all dimen-
sionless. In the following, we will still adopt this convention,
so [, will not appear explicitly.

The 11d supergravity field, after the gauge fixing, has the
nonzero components (g, , g.4> 9r+> 9r7)> (Cryy» Cryx)s and
(y,, y;) [22]. Based on the Hamiltonian in [22], one can
write down the action of the bosonic membrane on such
supergravity background:

Jd dzaf’;;

P?D . X'D X’ P'D. X! Pty
x [ ; gy + + o 91y
9 G-

+—

p*? P*C
A 5]
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where C! = {X/, XK}CﬁK andC, = {X],XK}CHK. Note that
itis g,_/P" that appears. The Matrix theory version is

SZO = de+
T (R {D+XID+X]
N RG-1—"—"—32 9y
2(Rg,_)’
D XI J
+ == (C]+ s >gU (19)
Rg,_ Rg,_
1
tg [x', x| [ x5, X" giap
+ G4+ - + C+ }>’
2(R9+—) Rg+_
where C' = —(i/2)[X, X*]C] and C, = —(i/2)[X/, X"]

C,jx- Without the gauge fixing, g;_, g__, C_j;, C,_;, y_#0,
so terms involving them can also be added:

b +
ng_ = de
D.X'D. XD, x¥
x Tr (th— ‘[ g
2(Rg,_)

D, X!
 4Rg,_

Do [, x4 [,

X GxkMILN (20)

- DX 0] [, Y]

Rg,_

XgL]gMN}

X RgI—)

9 which is the sum of the 4th order terms

(D+X) , (D,X) 2[X, X]?, and [X, X]*. The current densities
forg__, gr_,C_p;, C,_, y_ were derived in [3, 23-25] through
the calculation of the one-loop effective action. Otherwise,
in the light-cone quantization of the membrane, one may
add D, X = (1/2)D,X'D, X, + (1/v){X', X’HX}, X} and
D,X~ = D,X'D,X; into the action, which could couple with
the x™ indexed fields.

In all these terms, it is Rg,_, Rg;_, R*g__, RC 1, RC, j,
Ry_ that are involved. (Similarly, in supermembrane action,
itis g,_/P*, g;_/P*, g__/P**,C_;;/P*,C,_;/P*, y_/P" that

and similarly for §”
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will appear.) R is the radius of x~. Under the parameterization
transformation x* = f(x'"),x” = ax’” & R=aR/,

9o = 12 (x") gue gi=af (x") g.es
g:—l = f, (x'+) 9+p g,—I =Q&g_p»
g_=dg__, (21)

C, =af (x)C ), Cy=f(x")Cy

1
Cpy=aCyp

the action is invariant. This is consistent with the coordinate
transformation

ds’ = g,.df (x"")df (") + 2g;,dx"df (x"*)
+ gydx'dx’ + 2ag, df (x)dx""
+2ag; dx'dx'"" +a’g__dx""dx'""

=g, f7 (&) dx"ax" v 2f ('

+ gdeIdx] +2ag, f (x'+) dx""dx""

) gIer-’CIx’+

+2ag; dx'dx'"" +a’g_dx""dx'"",
C = Cyydx’ Adx! Ndx™ + Cppdx’ ndx ndf (x')
+ ocCU,de Adx! Adx'"™
+ ocCH,de Ndf (x“') Adx'™
= CUdeI Adx! A dx®
+ CU+f’ (’C,Jr

+ ocCU,de Adx! Adx”

+aCp,_f' (x'+

) dx! Adx! Adx'"

) dx Adx" Adx.
(22)

Sk p» the supersymmetric extension of (19) and (20), is not
constructed yet. With Sy,  given, the current density for F can
be defined as

0Sp p(Y)

OF(x) ()

VF(Y) (x) =

In particular, when F is the flat background, for which, the
only nonvanishing fields are g, = —1and g;; = &, Vi (x)
reduces to the localized vertex operator of the supergravity
field F. In [3, 4, 23-25], the vertex operators for various
supergravity fields are constructed. Although the exact Sy ¢
is unknown, with the vertex operators at hand, one can write

down the Matrix theory action on weakly curved background
in linear gravity approximation [3, 4, 23, 24]:

Spr = Sk —Rjdofr
X STr [th(X)hI] (X) + Vh1+(X)hI+ (X)
+ Vi, coher (X) + V), xph- (X)
+ Vh+_(X)h+_ (X) + Vh__(X)h__ (X)

+ VCUK(X)CI[K (X) + VCHK(X)CHK (X)

+ Vc,,,(X)CU— (X)+ Ve, «x0Cik (X)
+Vyoo ¥ (X) +Vy, o ¥ (X)
+Vy oo¥- (0],

(24)

where, for example,

D, X" 1 0\ hy, (X)
Vi cohr (X) = (T - Zey”eﬁ) S (@9)

hp(X),...,y_(X) are 11d background fields with the c-
number coordinate x replaced by the matrix coordi-
nate X. The background fields are only the functions of
(x*,x',...,x"); they are the zero modes of the 11d supergrav-
ity along x~.

The vertex operator can take three different forms. First,
it can be the operator defined in a 1d SYM theory, just as that
in AdS/CFT. Then, the background fields, like /;, (X), should
be expanded as the Taylor series:

h (x5 X5, X0)

=3 5 (0 -0 ) (0,

with (3 -8, I, )(x",0, ..,
at (x*,0) [3, 23-25].

STr [V, ol (0]

(26)
L 0) XF o xR

0) the derivative of hy, (x™, X)

K, "aknh1+) (X+,O,...,0)

1/D,Xx! 0
ST _ +— _ _0 110 k1 ”.an
8 r[R( R Y axf)

b O Py ) (7,0, 0) L (x7).
(27)

Since all background fields enter into the action in the form of

f(x*,0,...,0), the UN) SYM, lives at (x*,0,...,0). When
X —Xx-d,
(28)
f(x%0,...,0) — f(x"a',....a"),



SYM, undergoes a translation. Nothing specifies where the
SYM, should be, so one may put it at any point in R’.
Similar to AdS/CFT, there is a one-to-one correspondence
between operators and fields. However, no holography is
present here. Fields living on SYM, are Taylor series coef-
ficients, which uniquely determines the 11d background.
The background fields are arbitrary and are not necessarily
on shell. On the other hand, in AdS/CFT, fields living on
CFT are boundary values, from which the full background
is solved through the equations of motion or the RG flow. In
contrast to the chiral primary operators ®* "% in AdS/CFT,
the moment operators I “*» do not need to be traceless. As a
result, {1, 1%, ..., """} couples with the 10d field, while
{1, ok ey d)k"”k", ...} only couples with the 94 field.

In the second form, the vertex operator is defined in 10d
spacetime:

9 + oyl 9\ _ 0 4\R9 (T I
8F(x)F(x,X,...,X)—8(x x)8 (x X)(29)

= 8" (& - X¥),

where X! are N x N matrices and for uniformity; we have
set X° = x" 1y, This is a matrix generalization of the -
function. In special situations, when all of the X" are diagonal,
that is, X! = diag{x{, xé, o xf\,}, (29) becomes

+ 1 9
(SF(x)F(x XL X0)
= diag {810 (xt = b)), 8" (k¥ — xb),..., 8% (x”—x’;\,)}.
(30)

With the generalized §-function, it is straightforward to write

down the current densities for various fields. For h;, , we have

g "
Vh1+ (x) = 8h1+ (x) {—R J dx STr [Vh1+(X)hI+ (X)]} (31)

=-R J dx+STr [VhH(X)(SlO (.x - X)] .

It is not convenient to deal with the §-function. One may
want to do a Fourier transformation, which gives the third
representation of the vertex operator:

Vi, (p) = JlexVhH (x) &P~

- _R J dx*STr [V}, e ]

I .
=-R J dx"STr { [—% + i@y”@p]] eipx} :
(32)
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2.2. Partition Function of Matrix Theory on Curved Back-
ground. Suppose the exact form of Sy, is given, and the par-
tition function of Matrix theory on supergravity background
is

Z (R, F) = " ®P

B J [dX dB dA,] e rr 04 (33)

- J [dY] e Ser),

where F is the 11d background field (g, _, g,,> 914> 917> 9——>
9r-)> (Cpys Cpxs Cpys Cry), and (v, Y, w_) mentioned
before, and Y collectively represents (XI ,0,A,).

In gauge/string correspondence, partition function is an
important quantity, the value of which should be equal on
both sides. For AdS;/CFT, correspondence, it is expected
that

Zgym, = exp {-F} (34)
should hold, where F = ¥, _, F, is the free energy of the

strings on AdSs x S°, Zgyw, and exp{-F} are the partition
function of SYM, and the partition function of the second
quantized type IIB string theory on AdSs x S°, respectively.
For the present situation, the comparison is relatively trivial.
On one side, we have a gauge theory with the partition
function given by (33); on the other side, the M-theory sector
with the light-cone momentum p" is described by the Matrix
model with p* = N/R, for which the partition function is
again (33).

Suppose SQ,{,F(Y) is the membrane action on background
F. S%,F(Y) should be general covariant, so, for P* = P'*/a,
x" = f(x'"),and X = g(X'), there is SPM+’F(Y) =

Sgﬁ)F, (Y"), where F' is the field coming from the coordinate
transformation:
x =ax’, x"= f(x”), X = g(x’). (35)

For the bosonic action, we can see this is indeed the case. If
[dY] = [dY'], that is, the path integral measure is coordinate
independent, we will have

J [dy] e S = j [ay']eSF® (6)

After the matrix regularization, the membrane configurations
Y(x*,0',0%) and Y'(x*, 0", 0%) become the matrix configu-
rations Y(x") and Y'(x"), and there is

Z(R,F) =P = J [dY] e S
_ J' [ dY’] oS (V) JWRLE) (37)

=Z(R,F).

W(R,F) = W(R',F"). At least restricted to (35), W(R, F) is
the diffeomorphism invariant functional of F.
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Let Fy, F_, F__ represent fields with zero, one, and two x~
indices. Since

Ser (Y) =Sg rerer_ (Y) (38)

W (R,F) =W (F,,RF_,R°F__). (39)

For the 11d supergravity fields (F,, F_, F__), which are trans-
lation invariant along the x~ direction, x~ € [0,27R), the
11d supergravity effective action is Sqg(R; Fy, F_, F__). Se¢¢ is
invariant under the coordinate transformation:

x —~, F-—F, F —RE,
R (40)
F_— RZF__,
SO
Sers (Ri Fo, FL,F_) = Sy (1, Fp, RE,R’F__). (41

The radius of x~ is absorbed in F_, F__,
respect, W is consistent with S_.

Let F = F + F, where F is the flat background with g, =
-1, g;; = Oy, and the rest fields being zero. W(R, F)=0:

as is in (39). In this

W (R,F) = J dXTS () F (x)
+ L J'dlox1
2

x J-dloxzrfczf (%1, 2,) F (%)) F () -+ (42)

= Z% dexl J dx, g (%1505 X,)
X F(x;)F(x,),

where (F collectively represents supergravity fields. For
example, F;)gwgﬁ(xl,xz) = 8*W(R,F)/8g., D8g_ (%) p_z.)

8"W (R, F)

 OF(x,) - OF (x,) |ps (43)

T (%1505 x,)

For the same F, the 11d supergravity effective action S (R, F)
is

2R
X de;d9x1 --~J0 dx, de:d9xn (44)
X Tp (X, %], Xp5. 03X, X0, X,,)

< F(xlx,) - Flxhx,).

Th(x], x|, Xg5...5X,,, X, X,,) is the vertex function of the 11d
supergravity. If S.;(R, F) = W(R, F), there will be

rlcz,F (X105 ,)

c + +
= Tpp (X1, X355 X, X,,)

2nR 2nR
- J dxl_---J dx, T (X, X0, X5 5%, X, X,,) -
0 0
(45)

In linear gravity approximation, §Vy(x)/6F(y) = 0,
where Vp is the current density coupling with F(x) as is
defined in (23):

%) = (C1Ve (1) Ve (%)) (46)

(Ve(x) -+ Vg(x,)), is the connected correlation function of
the current density, in contrast to

(Ve (x1) -+ Vi (x,))

ﬁawﬁmwﬂmmwm)

Tpp (g5

(47)

 (C1)'"Z(RF)
~ OF (x) -+ OF (x,,)

b
F=F

which is the correlation function of the current density. In
(42), W(R, F) is expanded around the flat background F. One
can of course expand W(R, F) on a different background,

giving rise to the different I, (xp, ..., x,,).
In terms of Vz(p),
(Ve (1) -+ Vi (x0)),
- J dpy - J d' p,e b (48)

x (Ve (P1) - Vi (Pa))e

Note that Vi (x*, x" = a') = Vix,p (x5, x1), So(X +a) =
So(X), so

(Ve (%) Vg (xn)>c = (Ve (% +ay) Ve (x, + an)>c‘

(49)
The correlation function 1is translation invariant.
(VE(p) -+ Ve(pa)) = 0if py + -+ + p, #0.
Let us first consider the one point function
OW (R, F) _
Ve(x) =————= = Vg (50)
SO T M

Vg is the vacuum expectation value of the current density,
when the background field is F, and is a constant in
spacetime. Sy is SO(9) invariant, so v should also be SO(9)
invariant. As a result,

(51)
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Vg, = 0 if the traceless condition is imposed. v, =
v, =0dueto the supersymmetry. The nonvanishing current

densitiesare v, ,v, ,andV, .Inparticular,v, =p /L is
the vacuum expectatlon value of the light-cone momentum
density. For the generic value of F,

SW (R, F)
OF (x)

><Jcllox1 Jd Xy Tpp (26 X0, 005%,)

x F(x,)-

(Ve (x)>1: == =vp (%)

F=F+F

(n-1)!

-F (xnfl)
(52)

is the vacuum expectation value of the current density
in presence of the background field. In string theory, the
vanishing of the one point function, the tadpole, for vertex
operators gives the equations of motion for background
fields. Similarly, here, if W(R, F) is the effective action of the
supergravity fields, on SUGRA solution background, there
will be (Vi(x))r = 0 except for h, ., whose vertex operator
is the same as the tachyon in bosonic string. We will return to
this problem later.

2.3. Another Effective Action of Matrix Theory. For the given
F(x), vp(x) is uniquely determined. Conversely, different
F(x) may result in the same vp(x). This is quite like the
source-gravity coupled system. For the given gravity field, the
density of the source can be obtained through 8S,/8g"" =
T,,. On the other hand, with the given source, the gravity
solution is not unique. Nevertheless, with the proper bound-
ary condition imposed, there is always a privileged solution.
We will choose the boundary condition so that, for vz(x) = 0
F(x) = 0. F(x) could be interpreted as the field generated
by the current density vp(x). Other boundary conditions
correspond to adding the external supergravity background,
for example, the plane wave background, in addition to fields
generated by source. We will discuss this situation later.
Then, there is a one-to-one correspondence between vy
and F, and so a Legendre transformation is possible. Before
that, we will first define I'(Y):

T(Y) =Sgr(Y)+ W (R F), (53)

SO _ J [dF] e SerTSes), (54)
F is solved from the equation

51 0 S (TS (Y)
dY R,F R,F
J [47] oF ()¢

08k (Y)
OF (x)

OSpr (Y)
OF (x)

— J [d?] e_sR,F(Y)+SR,F Y)

(55)
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or equivalently,

[[a7] e

In some sense, F(x) is the field generated by Y. Take a
derivative of (54) with respect to Y; using (55), we get

ST (Y) 8Sgp(Y)
8y &Y

where F is solved from (55). The variation on the right-hand
side of (57) only acts on Y with F being fixed.

Recall that the R dependence of Sy, (Y) only comes from
RF_and R*F__, so if the solution of (56) is (Fy, F_,F__), with
Rreplaced by aR, the solution will become (F,, F_/«, F__/ o).
Spr(Y), W(R,F), and I'(Y) remain invariant. I'(Y) is R-
independent. In supermembrane picture, suppose there are
two supermembrane theories with the light-cone momentum
P* and P'*, and consider the fields generated by the same
configuration Y(x*,0',0%). Let x'~ — P""x'"/P", P"" —
P, in this frame, the generated fields are the same, changing
back, we get the relation F, = Fo, F /Pt =F /P F_/P™ =
F'_/P'*?. When plugged into S #(Y), the R dependence is
canceled, so the obtained I'(Y) is the same.

With these properties collected, we may consider the
possible interpretation of I'(Y) and W(R, F). If W(R, F) is the
effective action of supergravity, since S p(Y) is the matrix
theory action on background F, I'(Y) will be the action of the
source-gravity coupled system and is on shell with respect to
supergravity and thus could be taken as the effective action
of the configuration Y. 6T(Y)/8Y = &Sz p(Y)/0Y = 0 is
the quantum corrected equation of motion, which differs
from the classical equation of motion §S,(Y)/0Y = 0 in
that the background fields in former are generated by the
configuration Y itself, while the background fields in latter
are given. For time-independent Y, the stationary point of
the effective action gives the vacuum configuration. In this
case, 6T(Y)/8Y = OSzp(Y)/8Y = 0 is equivalent to the
requirement that the branes should not exert force to each
other, which is the no force condition for BPS configurations
[26]. All of the above statements are based on the assumption
that W(R, F) is the effective action of supergravity, which,
however, is unproved.

Let us continue to explore the properties of I'(Y) and
W(R, F). For simplicity, let R = 1, or, in other words, let the
x~ indexed fields absorb R. In a weakly curved background,
Sp(Y) = So(V) + [ d"xF(x)Vpy(x), T(Y) = Sy(Y) + T(vg),
where

8SRF( )_
OF (x)

0Spr (Y)
OF (x)

W (R,F)

. (56)
OF (x)

(57)

T(vg) = J d"xF (x) v (x) + W (F + F) (58)

is the Legendre transformation of W (F):

_SW(F)

gy = :V 5
oF (o |5 = Vo0 )

59
oF (vy) )

Ovg (x) )

=F(x).
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Let

then

T =S,m+ Y-

x Jd10x1-~-Jd10xn Ap(xp,...,x,)
X Vg (xl)"'VF (xn)

=50+ Y

xjdloxl---Jdloxn Ap(xp,...x,)

X Vi) (%) VF(Y)(xn)'
(61)

For the given vp(x),

1
FO =20

X Jdloxl e j dloxnflAF (x) xl: e ’xnfl) (62)

X vp (x1) - Ve (%,1) -

Equation (52) gives the current density v, (x) generated by the
field F(x); (62) gives the field F(x) generated by the current
density vp(x). If Ap is the connected Green’s function of
supergravity, F(x) will be the vacuum expectation value of the
supergravity field F in presence of the source vg. In classical
level, F(x) could be calculated by 5Sg [0F(x) = —vg(x) with
S, the classical action of supergravity:

c _ _ 6VF (x)
R T
- _ (63)
A (Z _ )/) — 62r (VF) - OF (Z)
g 8vg (2) v (y) Vp=0 8ve (v) vF=0,

)
- J dO2TE (x -2 Ap(z-y) =00 (x—y).  (64)
—A p(x; — x,) is the inverse of I'5(x; — x,). Subsequently,
Ap (x1,%,x3) = J dlo)ﬁ J dlo)’z
x J dlo)’s Ap(y1=x) Ap (92— x,)

X Ap(ys - x3)1“; (Y1 Y25 3) 5

1“; (xl,xz,x3) == J dloyl J dlo)’z

x [T - 2) T (0, - )
X Tk (73 = %3) Ap (V1,92 93) -

Ap (xl’ X2, X35 x4) = j dm)’l J dlo)’z j dm)’s

x Jdlo)’4AF (7 —x) Ap(yn—x,)
X Ap(y3=x3) Ap (s = %x4)

X [F; (V1> Y2 3> ¥4)
+ Jdloz1
x J dVz,A (2, - z,)

x (T (215 y1> )
x Iy (2, 2 93)
+I5 (215 Y2 94)
x Ty (23 1> 93)

+ Tp (21, ¥35 Y4)

x Tp (20, 71, ) |
1“; (21, x5, X3, x4) = j dlo)’l J dlo)’z J dlo)’3

x J dlo)’4r; (31 —x1) Iy (32— x5)
X Tp (3 = x3) Tp (74 — x4)
x [AF()’l’)’zx}’s»)’éx)
+ Jdlozl
X Jdlozz Ty (2, - 2,)
X (AF(Zl’yl’y4)
x Ap (2, 9 3)
+ A g (21, 95 ya)
X A g (25 y15 ¥3)
+ A g (21, y3 y4)

X Ag (2 15 92)) |-
(65)
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The relation between A  and I';; shows that A ; and I, are the
connected Green’s function and the vertex function of a par-
ticular quantum field theory. A p(z-y) = (815(2)/8vF(y))IVF:0
gives the change of the supergravity field with respect to the
current density, so it is natural to take it as the propagator of
the supergraviton. We will see some evidence for it.

In (54),letY =Y + s

S0 J [dn] & Sr T+ Seh),

=Sp(Y+1)+Sp(Y) =- J dr?;—é‘ry))n (1)

1 ;o 8%SE(Y) (66)
_EJdT TSy (oY (7)
xn(@n(e)+--
= =8¢ (V1) =S (Vo) + -+

Sy could be written as (We only write 97, but one should be
aware that the fermionic kinetic term 9, also exists.)

Sp(Y) = J dr [%YafY +V,(Y)+V (EY)
(67)
=8, (Y) + JdTV (E,Y)

with V(F,Y) taking the form as that in (27). For the given Y,
solve F, from 551:0 (Y)/8Y = 0, and expand Sg’)(Y, n) around
F,. F = F, + f. Consider

881y, n)
s (y, ) = —E 71 .
0
(68)
@ @ 38 (Y, )
S’ (Vo) = S (Yom) + —r |/
F()

f = f(Y) is solved as the functional of Y. Let T'(Y) = I (Y) +
L)+ since

=Sp (Y +1) +Sp(Y) = —S%? (Yon) +---,

2 (69)
0 @) =In { [ [an] 50} < 1n (deca)

with

2 2
TV, () 9 V(FO’Y)]S(T—T').

Ap, (T,T') = [aﬁ + 32 + 32

(70)

In particular, when 8S,(Y)/8Y = 0, F, = 0, Ag, reduces to

2
A(T, T’) = [aﬁ + 9 X;EY) ] 8(7 - T’). (71)
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The corresponding I';(Y) is the same as the one-loop con-
tribution T!(Y) of the standard effective action [,(Y) in
background gauge:

le¥) _ J [dn] & ST+ drTOnE] 72)

subject to the condition
e—SO(Y+11)+J- dr Tr[J (7)n(1)] - 0. (73)

[ lan) 57

r(y) = l“elff(Y) has been calculated for the arbitrary Y
satisfying 6S,(Y)/dY =0 [3, 25]:

1
I, (Y) = 3 Jd“’x1
(74)
X _[ dloszgc (%15 x,) Ve (xl) Ve (xz) >

with G}, being the free supergraviton propagator. Compared
with (61), Ap;(x;,%,) = Gy.(x,x,). If the result can be
extended to the n-point Green’s functions and to the full-loop
calculation, there will be

Ag(xp5..0%x,) = Gpe (%1505 %) (75)

where Gy, is the connected full Green’s function of super-
gravity. I(xy,...,x,) and W(F) will then become the n-
point vertex function and the effective action of supergravity,
respectively.

In quantum field theory, unlike the S-matrix, the effective
action is not the observable and thus is not uniquely defined.
Different gauges and the parameterization give the different
effective actions. I'(Y) and I4(Y) differ from a parameter-
ization transformation. I'(Y) # I.;(Y). However, to compare
the Matrix theory with supergravity, we do need a privileged
effective action. On supergravity side, in light-cone gauge, the
expected effective action is

L, [Y(n)]= z% Jdmx1 J- d"x,Gp (x5 .5 %,)

n

X Vieyy (1) -+ Vi (%) -
(76)

The effective action defined in (61) is also the Taylor series
of Vyy and thus could be compared with (76) directly. The
standard effective action I4(Y) is expanded as the Taylor
series of Y. A careful reorganization is needed to get Vpy,, but
it is unclear whether it is always possible to do so. Moreover,
under a Legendre transformation, (76) becomes

Ly [Y (7)] = Sege (F)

+ j d""XF (x) Vpgyy (X) ~ Sege (F) + Sp [Y (7)]
(77)
with
_ 6Seff(F)
OF(x)

8Sp(Y
= VF(Y) (x) = F( )

F OF(x) | -
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Sese(F) is the effective action of supergravity. Equation (77) is
almost the same as (53). The only problem is whether W(F) =
Sese(F) or not.

2.4. Free Energy of String and the Effective Action of the
Background Fields. In string theory, there is a similar story.
In [17, 18], it was shown that the effective action of the
supergravity could be taken as the renormalized free energy
of the strings on background F:

St [F(F)] = fé"(””) jM [dX]e™™ =W, (F), (79)
m=0

2-2m

where F satisfies the free field equation.

Equation (79) looks consistent with our philosophy: the
free energy of the strings/membranes on a given background
gives the effective action of the background fields. However,
there is a difference: F is the renormalized field other than the
bare field. In fact, in (79), a particular Weyl gauge g,;, = €*° G,
is always imposed, and so, W,(F, 0) also has the dependence
on o:

SW, (F,0) _ SW(F,0)
S SF

B(F). (80)

When B(F) = 0, W,(F, o) = W,(F), although B(F) = 0 is not
the necessary condition.
Suppose S (F) is the effective action of the string modes:

St (F) = —% J dPxFAF + S, (F). (81)

Consider F, with AF,, = 0. Since 3(F,) # 0, F will evolve along
the RG flow; that is, W (F,,0) = WS[F(U'),U']. A special
property of F, is that it will finally reach an IR fixed point F,
W.(F,,0) = W,(F, 00). In fact, since F, satisfies the first-order
B equation, the RG flow may bring it to an IR fixed point.
Since B(F) = 0, W,(F,00) = W,(F, 0) = W,(F) = W,(F,,0) =
W,(Fy).
F is calculated from F, via

88, (F
(82)
88, (F)
=F dD D - aF —lilt .
O(x)+j yD(x=2.F) SF ()
38.i(F)/OF(x)|p_z = 0. Since 8S,((F)/SF" = x;B(F)),

ﬁ(ﬁ) = 0 is equivalent to 8S.¢(F)/6F(x)|p_g = 0 [18]. In
(18], it was shown that W,(F,,0) = S.q(F), which means
Ws(ﬁ, o) = Ws(ﬁ) = Seff(ﬁ). There is a one-to-one corre-
spondence between the solution space of 8S.¢(F)/6F(x) =
0 and the solution space of AF = 0. So, for all F with
0S.((F)/O0F(x) = 0 = B(F), W,(F,0) = S.(F). In o-model
approach, only for such F, the conformal factor decouples;
thus, the calculated string free energy is physical. In this
subspace, W(F) = S.¢(F).

1

W, (F, o) with B(F) # 0 usually depends on o. However,
the o-dependence drops out for F,. In fact,

W, (Fo’ 0) =W; (FO) = Sefr (ﬁ)

8Sint (FO) +

(83)
), ]

= Seff [FO + A71
is the S-matrix functional [27]. For the on-shell p,,..., p,,

1 c
W, (Fn0) = Yo [ @i [ @555 (P p)

n

X Fy (p1) - Fo (pa) >

Fy(x) = jd"’pFo (),

c 84
Sg (P1s- -5 Pn) (54

(o)
_ L ¥ eeam
NO m=0

x j [dX] e Vy (pr) -+ Ve (py)
M272m

is the connected scattering amplitude. It is only in Polyakov
approach can we construct the S-matrix functional in this way
since it intrinsically involves some kind of renormalization,
which is equivalent to the subtraction of the massless pole
exchange contribution [18, 27].

To conclude, for F satistying 8S.4(F)/6F(x) = 0,
W,(F, 0) = W,(F) = S.(F). However, the off-shell extension
of the effective action and the free energy are both ambiguous
in Sigma-model approach.

Another support for the identification of the string theory
free energy on a particular background and the effective
action of the background fields comes from AdS/CFT. SYM,
is a nonperturbative description of the type IIB string theory
on AdSs x S°. Tt is expected that the Hilbert spaces of
both sides are isomorphic to each other. Similar with the
Chern-Simons/topological string correspondence, Zgy), =

", where W, is the free energy of the string theory on
AdSs x S°. The question is what will be the string dual of
SYM, if the background metric of SYM, is 7, + 8g,,(x)
other than 7,,, for very small 8g,,,(x). A natural expectation
is that such SYM, is dual to the type IIB string theory
on AdS; x S® with a little modification of the background
metric SGW(x, 0) that is entirely determined by 8gw(x).

Correspondingly, Zgyy, [0g,,(x)] = sl0Gn (=] where

W,[6G,,(x,0)] is the free energy of the string theory on
AdS, x S° with the background perturbation 8G,, (x,0) being
turned on. Note that, for the stringy explanation of the
SYM, partition function to be possible, the type IIB dual
must have the definite background since the string partition
function is always defined on a given background. Also,
for the state correspondence to be valid, the dual type IIB
string theory should have the definite background; otherwise,
it is impossible to determine the string spectrum. Now,
return to the original topic. Gauge theory calculation gives
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Zoyn, [09,,(x)] = 512%™ where §,[8G,,,(x,0)] is the
supergravity effective action for the modified background
fields, so S.¢[6G,,(x,0)] = W,[6G,,(x,0)] if Zgyy;, = €
holds.

There is a naive way to interpret W (F) = S.(F).
Suppose the classical supergravity action is S.(F), from the
field theory’s point of view:

S — J [dﬁ] ¢ SR (85)
1PI

where F is the fluctuation on F or, in other words, super-
gravitons living on background F. The effective action is the
sum of the connected 1PI vacuum-vacuum diagrams of the
supergravitons on background F. The elementary propagator
and the vertices can be read from S.(F + F). Now, consider
the string theory on background F, we may have

eseff(F) _ Zs (F) = €WS(F), (86)

where W,(F) is the sum of the irreducible vacuum-vacuum
string diagrams on background F. Note that, in string
diagram, there is nither a concept of 1PI nor 1PR. Also, there
is no classical action like S.(F + F) to determine the basic
constitution of the diagram. The integration simply covers
all possible string configurations. Equation (86) can be taken
as the stringy refined version of (85). In (86), we secretly
assumed that the unphysical worldsheet conformal factor is
decoupled. In Polyakov approach, this is possible only when
F is the solution of §S.(F)/0F = 0. The cancelation of the
Weyl anomaly gives the e.o.m for the effective action of the
supergravity, including the &’ corrections, so S,g(F) should
be the effective action with the &' corrections taken into
account.
A natural M-theory extension is

0 = 23, () = [ 1y, (87)

where SQ’I(Y) is the supermembrane action on 11d super-
gravity background F. The membrane is already the second
quantized object, so the left-hand side of (87) is eF)
other than S ¢(F). For the generic 11d background F, S;’I )
should be covariantm, and, so, the worldvolume metric must
be introduced and integrated, making the supermembrane
theory nonrenormalizable. For F which is translation invari-
ant along x, the light-cone gauge can be imposed. The
configurations are then truncated to those with the light-cone
momentum p". The integration out of such configurations on
background F gives the effective action of F with the radius
ofx™ ~1/p".

3. Matrix Theory on a Particular Vacuum

IfW(R, F) in (42) is the effective action of the 11d supergrav-
ity field F(x) that is translation invariant along x, for the
on-shell F(x), there will be SW(R, F)/SF(x) = —vg(x) = 0.
However, for F = F, which is obviously on shell, the current
densities v, ,v, ,andv, arenonvanishing. (Note that the
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vertex operators for g,, and g,_ are quite like the vertex
operators for tachyon and dilaton in bosonic string theory,
in which, there is also a tadpole in flat spacetime [28].)

W (R, F)
_ J’ 410 [;gH Gy () +7V, g (X)+7, g, (x)]

1
+ = J d"x,
2

10 c (88)
x J d Xl Rg g (X1, %) Gy (1) 9—— (x2)

1
+ = J d"x,
2

< [T, () g () g () + o

With o, = +,-, one may try to solve g,s(x) from
SW(R, F) /Sg‘xﬁ(x) = 0, and then take this value other than
gi(x) = -1, g__(x) = g,,(x) = 0 as the background

to do the expansion. V4, are constants, so the generated

gap(x) are also constants (although the constant gg(x)
does not really solve the equation) and do not represent
the substantial change of the background. We will simply

neglect these tadpoles. v, should be distinguished from

8Spr(Y)/89,,(¥)ly_s = (N/R)8"(x), which is the light-
cone momentum density of a supergraviton localized at
(7,0,...,0) and, of course, will produce the nontrivial g__(x).

In (54), F = F(R,Y) is the functional of Y solved through
(55). For the arbitrary F, we may define

SRYE) _ I [dF] e SerDSes)
— J- [d,,’] o Srr(Y+M)+Spp(Y) (89)

— j [d,,’] o Srr(Yim)

Q(R,Y,F) = W(R,F) + Sgp(Y) is the action of the source-
gravity coupled system and is not necessarily on shell with
respect to gravity. If Sy () gives the Matrix theory descrip-
tion of M theory on background F, Sy (Y;#) will describe
M theory on background F, in presence of the brane Y. If Y
satisfies the equations of motion, that is, §S, z(Y)/8Y = 0,

OSpr (Y)

v " (1)

Sr.F (Ysn) = J dr

+ l Jdrd‘r'
2

=1Jdrd
2

Spr(Y;#) starts from the quadratic term. For F satisfying
O0Q(R,Y, F)/8F(x) = 0, Sg (Y5 7) then gives a description of

8 Spr (V) ,
—8Y(T)5Y(T')’7(T);7(T ) 4o

;87 Spp(Y) )
T —5Y(T)5Y(T')’7(T)}/](T ) +oeee
(90)
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M theory on a background F generated by the brane Y. In
this case, Q[R, Y, F(Y)] = I'(Y):

s v OSrr (V31)  / 8Sgr (Vi)
_ Spp(Ysn) “ P RF — >
0= J [dn] e SF(x) < SF (x) > o

The expectation values of all current densities vanish. There
is no tadpole.

The U(oo) symmetry of Matrix theory is destroyed by Y.
In particular, if

oMy M, M|, (92)
N, N

m

Y = diag I:M1

the preserved gauge symmetry is U(N;) x -+ x U(N,,).
Nevertheless, the original U(co) symmetry still has its mani-
festation. For all u € U(co),

n—n+ifon]+ifeY],
(93)

n— unu + WuYu -Y),

so foru ¢ U(N;) x ---
field.

x U(N,,), n transforms like a gauge

3.1. Applied to PWMM. In the following, we will focus on a
special example: the plane wave matrix model [2]. PWMM
is a Matrix theory description of M-theory on 11d pp-wave
background:

9
s = —2dxtdx + deidxi

(3t

Fips, = p

The background preserves 32 supersymmetries, while the
rest 11d supergravity solutions with 32 supersymmetries are
flat spacetime, AdS, x &7, and AdS, x S* [29]. In pp-wave,
the dynamics of the M-theory sector with the light-cone
momentum p* = N/R is described by the U(N) matrix
model:

S;;W:Rjder
xTr{ e (D X)

- é@Dﬁ ¥ %[Xi,Xj]z + 20y, [x,0]

_£>2Xa2_<i>zxa,2
<6R ( ) 12R ( )
_6l/1l{ Eapc X" X"x¢ - . 0)’1239}

(95)

13

N — 00,R — co. PWMM also preserves 32 supersymme-
tries and has the same symmetry group as that of the pp-wave
background.

The classical supersymmetric solutions of the action are

2]

k

[X, %] = iLe*X*, i, jk=1,2,3,

3R
X'=0, i=4,...,9, (96)
A;JA
X =0, i=1,...,9.

(X', X?, X% form the N dimensional representation of

SU(2). Suppose (3R/pt))? = L[',i = 1,2,3, L' can be
decomposed as

i = 1 i . e i i e i .o i e i
L= dlag le le sz sz th th i ©7)

N, N, N,

where Lijs(s = .,t) stands for the spin j; irreducible
representation of SU(2):
(2j, +1)N,

+(2j,+ )Ny +---+(2j, + 1) N, = N. (98)

The solution can be taken as a set of N, coincident fuzzy
spheres with the radius (¢/3R)+/j,(j; +1) [2]. The U(N)
gauge symmetry is broken into U(N,) x U(N,) x - - - x U(N,).
All fuzzy spheres are concentric. When ji — oo, the
fuzzy spheres become a set of membrane spheres given by
Zis:l(xi)2 = rs2 with r, oc (2j, + 1)u/6R. Each spherical
membrane has p~ = 0, p° = (2j + 1)/R, so they are also
called the giant gravitons.

The solution can also be interpreted as the spherical M5
branes with a dual assignment of the light-cone momentum
[30]. Any partition of N may be represented by a Young
diagram whose column lengths are the elements in the parti-
tion. In the M2 interpretation, such a diagram corresponds
to a state with one membrane for each column with the
number of boxes in the column being the number of units
of momentum. In the dual M5 interpretation, it is the rows
of the Young diagram that correspond to the individual
M5, with the row lengths giving the number of units of
momentum carried by each M5. In both cases, the total light-
cone momentum is always N/R. If N, are finite, they are
fuzzy M5 branes. When N; — oo, the fuzzy M5 become
the spherical M5 wrapping S° given by Z?=4(xi)2 = r’. In
patricular, the trivial vacuum X' = 0 represents a single M5
brane.

All of the supersymmetric solutions preserve 16 non-
linearly realized supersymmetries. They are the 1/2 BPS
states on pp-wave background. Although the background
and the Lagrangian are both maximally supersymmetric,
there is no state in matrix model preserving all of the 32
supersymmetries. The reason is that all states have the same
nonzero light-cone momentum N/R, which itself would
destroy the linearly realized supersymmetries. The situation is
different in SYM, in which, we do have a vacuum preserving
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32 supersymmetries, representing the ground state of the
string theory on AdSs x S°. (Brane like) 1/2 BPS states are
giant gravitons on AdS; x S° [31-33].

Similar to the PWMM, “tiny graviton matrix model”
(TGMT) is proposed as the nonperturbative description of
the type IIB string theory on pp-wave background [34-
36]. TGMT can also be taken as the DLCQ of the type
IIB string theory on AdSs x S°, capturing the physics seen
from the infinite momentum frame (IMF) since, in IME
AdS xS’ is viewed as the pp-wave [34-36]. Although TGMT
preserves 32 supersymmetries, the vacuum configurations,
carrying the definite light-cone momentum, are all 1/2 BPS,
matching exactly with the 1/2 BPS states on type IIB pp-
wave background, which are giant gravitons (spherical D3
branes) and type IIB strings. Lifted to 11d, the light-cone
dimension is replaced by T?, while the TGMT, which is a
discrete regularization of the D3 branes in type IIB picture,
becomes the regularization of the M5 branes [35]. Note
that the 4-form field in type IIB pp-wave, when lifted to
11d, becomes the 6-form field coupling electrically with the
MS5 branes, so it is natural to construct the matrix model
via the discrete regularization of M5 branes other than the
usual M2 branes. On type IIB pp-wave, D3 branes are M5
branes wrapping T2, while the type IIB strings are membranes
wrapping one of §'. In contrast to the PWMM, in TGMT, the
trivial vacuum X = 0 represents type IIB string (with M2
origin), while the nontrivial vacuum represents D3 branes
(with M5 origin), which is probably because the PWMM and
the TGMT are constructed from M2 and M5, respectively.
Recall that, in PWMM, the fuzzy configuration may have the
M?2 and M5 dual interpretations [30], it is interesting to figure
out whether a similar F1-D3 dual interpretation also exists
for configurations in TGMT.

With Y denoting the supersymmetric vacuum in (96), M
theory on pp-wave background in presence of the brane Y is
described by the Matrix model with the action

S}P;W (17; 17) S (Y + ;1)

Since ((SszW(Y) [0Y)ly_p =0, SEW (Y; n) starts from the quad-
ratic term.

For simplicity, in the following, we will assume R is ab-
sorbed into the fields. If the backreaction of the brane Y
on pp-wave background is turned on, the field F(Y) will be
generated:

S (Y). (99)

LD J [dn] e SISt ()
(100)
= NV EDSg ()
where
= (101)
8F(x) F=F(¥) OF(x) |pps)

pp-wave with Y added respects the SU(2 | 4) symmetry, o)

the generated F(Y) as well as the corresponding S F(Y)(n) will

have the same symmetry.
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With the fields F(Y) given, in principle, one can write
down SV () explicitly. The classical supersymmetric solu-
tions of §

F(Y)(Y]) are still (96). To see this, note that the

spherical giant gravitons are 1/2 BPS states on pp-wave, so
they should not exert force to each other [26], or, in other
words, giant gravitons are still stable even if the backreaction
of the other giant gravitons on pp-wave is turned on. Indeed,
in [37], the giant graviton on the backreacted geometry is
analyzed. The stable configuration is still the same as that
in the pp-wave case. In [38], the quantum effective action of
PWMM around Y was calculated at the one-loop level. Y is
also the stationary point of the effective action. We may have
STV (YV)/8Y ly_y = 8Sp3, (V)/8Y Iy_p = 0. With the pp wave

background replaced by the backreacted geometry, Sy (Y;7)
is modified to
PW (5 W (¢
Sery (V311) = ey (¥ +11) = Siiy (7).
SIIZ(V)\;)(Y n) still starts from the quadratic term since
Sy, (/S Iy_p = 0.

Notice that, although any configuration Y’ in (96) may
be the classical vacuum of SF(Y)(n), Y is special because the
vacuum expectation values of current densities vanish only
for SP (Y 1) but not for the generic stw B (Y’; 7).

The 11d geometry produced by 1/2 BPS states of PWMM
was constructed in [19, 39]. The geometry has a bubble
structure containing noncontractible 7 cycles and 4 cycles
supporting F, and F, fluxes. The geometry is smooth without
singularity and, then, sourceless. This is an explicit realization
of the geometric transition [40]. The backreaction makes the
the worldvolume of the M branes shrink and the transverse
sphere blow up. As aresult, although we start from the source-
gravity coupled action, the obtained supergravity solution is
smooth and satisfies the sourceless equations too. The brane
action as well as the current density is zero on the generated
supergravity background.

Return to (100),

F(Y)

(102)

N SSEV(Y)
PW _ F _
Sk(v) (Y)=o, SF) |ppy 0,

PW
O W @), DB
X)) Ar=F@)
WY [E(T) J [dn] &S T,
(103)

Y is the momentum eigenstate in x~ direction, so the
generated 11d background F(Y) is translation invariant along
x. Inlarge r limit, the local structure of the giant gravitons is
not important while the asymptotic geometry is just the pp-
wave with the perturbation roughly given by [39]

ds’, =2dx"dx" +g__dxdx +dx'dx'

_Q
g____

>
r7

(104)
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which is the field produced by the supergraviton which is
static in 9d space, carrying the definite light-cone momentum
[41]. Q = 307 N/R%. (Itis not Q = 307‘[3113N/R2 because l‘l7 is
absorbed into R and r.) With the coordinate transformation

x = 95_1/39@ x - gsz/3x_,(104) becomes

4/3
ds’, = 2g51/3dx+dx_ + wdx_dx_
r (105)
+ g;2/3dxidxi,
while the radius of x~ is now g;Z/ ’R.
Under the x™ reduction, in string frame,
ds® = e PG, dx"dx" + e (dx” + Amdx’”)z.
Gom =€ G, + A4, g =7, (106)
4¢/3
Gm-=¢€ d A,,.
In particular, for (105),
2 1’7/2 + 1+ 1/2 141
dsjy = —@dx dx’ + de dx’,
(107)
" Q 3/4 r7
€ =9\ - > A+ =
r 9:Q

is the near-horizon geometry of the DO branes [41].

The type IIA solution coming from the x~ reduction of
the 11d field F(Y) was constructed in [19, 37]. Whenr — oo,
the perturbation, which is the reduction of (104) along x~, is
the near-horizon geometry of N coincident DO-branes. The
appearance of the near-horizon geometry is because of the
null reduction. The reduction of (104) along x* — x~ gives
the DO brane solution [41]. Different from AdS/CFT, here,
no near-horizon limit is taken, and the brane solution itself
becomes the near-horizon geometry when reduced along x™.

3.2. The Gauge Theory Dual from the Matrix Model. Accord-
ing to the previous proposal, the Matrix theory description
of the M theory on background (104) in presence of the
supergraviton with p* = N/Ris Sy x(Y; 1), where F is the field
in (104), Y = 0 (if F is the field in (105), Sg . — (1/g,) Sgr-)
Cosider

Sue (07) =S¢ (1) + [ dx"Tr(g_T7) (). (108)

Sg is the BESS action in (17). On the other hand, according
to AdS/CFT, the gauge theory description of the type IIA
string theory on background (104) is SYM; with the action
Sgp=1 (). Since (104) becomes (107) under the x~ reduction, it
is desirable to find a limit to make (108) reduce to Sz, ().

15
Consider the coordinate transformation x! — x/R,
x_ — Rx ", under which
F(x) = (9+ 915 Cries Ciio Y1 G
Gre> 9> 91— Crp Crpos Y v)
x
— F, (R,x) = RqF(—>
R (109)
9y Chyx v
= <Rg+—’ F?CH—’ R EI’ G+e>
g Chs Cy-
%) Rzg——> 9r-> R2+ "R Y RW—) .

Correspondingly, in Matrix theory action Sg, i, with a field
redefinition X’ — X'/R and also a x~ — Rx™ rescaling
to make the radius of x~ become 1, the background fields
appearing in action are just F, (R, X). Sp z — Sy 5 (- Witha
further rescalingd — G/RS/Z,SR)F - SI)F*(R)/Rg’.InSLF*(R),
it is

F* (R,X):RPF<%)

= (!J#»gn’ CI+—’CI]K>V/I’R29++’RgI+> (110)

9—- 9r- Cy- v
'§7’7§“RCU“'7?”RW“7€>
that will appear.

Return to (108). For any R, S 1 is equivalent to S; g« (g, /R,
in which g*_(R,x) = g__(r/R)/R* ~ R*/r".In R — 0 limit,
g-_(R,x) — 0,

. .1
}%131 OSR’F - &linoﬁskl

. 1
= lim —
R->O0R3

J dx" Tr <1D+X’D+X’ P [xLX)
2 4
—i6D, 6 + Oy, [ X', 6] ) :
(111)

SYM, arrives. Note that, for finite x, limp_, ;x/R = 00, so by
taking the R — 0 limit, the background field that matters
lives at the r — 00 region, far away from the source.

For PWMM, R’g,,(x/R) = g,,(x), and RCy;,(x/R) =
Cyy4(x), all fields are marginal, so, for the arbitrary R [5],

PW I pw
SR ‘=’F5R=1
1 +
)

x Tr {}L(D+Xi)2 - 0D,
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Lioi oj i
+ =[x, 2]+ 20y, [ X 6]

_(#Y az_<ﬁ)2
(6) X =12 (x%)
- %ieath“Xch —ge)yme} .

(112)

Now consider the background F(Y) coming from the
backreaction of the giant graviton Y on pp-wave. Suppose Y
is a vacuum in (96) with

2j+1=n+a, (113)

n— 00, « finite. (114)
The radii of the spherical membranes are v, ~ (n + «,)/R,
s = 1,...,t. F(Y) reduced along x~ gives the smooth
type IIA solution that is constructed in [19]. The generic
solution of type IIA supergravity with SU(2 | 4) symmetry
is characterized by a function V(p, #) and is given as [19]

, (V-2av\?
dslo = —yr

-
x {—4— —dxtdxt
V-2V

-2v" v'v
+ v (alp2 +d772) +4dQ2 +2 A aost,
. \3
o 4(V -2v)
- —VIV2A2 >
2v'v
C, =-= —dx",
V-2v
VZVH
F, = dC,, Cy = —4 dx* Ad*Q,

vv'
H;=dB,, B,= (T + ;7) aQ,

A=(V—2v)V" = (V')

(115)

where the dot and the prime represent the derivatives with
respect to log p and #, respectively. V can be taken as
an electrostatic potential for an axially symmetric system
with conducting disks and a background potential. p is the
distance from the center axis, and # is the coordinate in the
direction along the center axis. V(p,n) = V,(p, 1) + vz(p, 1),
where Vj, is the background potential and v;- is determined
by a configuration of conducting disks. Each SU(2 | 4)
symmetric theory is specified by Vj; each vacuum of the
theory is specified by a configuration of conducting disks.
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From (115), one can also get the uplifted 11d solution. For
example,

23 (v
, 2 (V-2v)
ds, = dx dx
. 1/3
( VIIvZAZ)
2Py It
( VIIV2A2)1/3
5/3v71/3 ’!2_" "
" 2V [(V) vV ]dx+dx+ (116)
(_VIIA2)1/3
. \1/3
22/3(VA)1 _VII
2 2
+ N { - (dp +d11)
(=v") v
v'v
+2dQ7 + —ng} .
A
For PWMM,
2
Vi (o) = pPn = 57 (117)

Only the region # > 0 is meaningful. There is an infinitely
large conducting disk sitting at ¥ = 0. Vacuum (97)
corresponds to ¢ disks located at 77, = (7/2R)(2j, + 1), 77, =
(/2R)(2j,+1), ..., 11, = (/2R)(2j; +1). The electric charges
on these disks are equal to (n2/8)N1, (nz/S)Nz, co (nZ/S)Nt,
respectively. 77 is the radius of the spherical membranes. The
correspondence between the spacetime coordinates and the
PWMM fields is (X', X%, X°) & (1,Q,), (X%...,X°) &
(p, Qg), x" & x".

With the given disk configuration, the corresponding
potential is

2
V(por) = p'n =3 + vy (por) (118)

which, when plugged into (115) and (116), gives the 10d
solution F,(x) as well as the 11d solution F(x). x stands
for the 9 space coordinates since the solution is translation
invariant along x* and x”.

Under the coordinate transformation x — x/R, x~ —
Rx", the disks are now located at 77, = (11/2)(2j, + 1), while
the fields will transform as F(x) — F,(R,x) = R1F(x/R),
Fip(x) = F,19(R,x). Asaresult, Spp — S g (r)- Fi1o(R X)
and F, (R, x) can be obtained by plugging

PuN_1(a2 23 P 1
V(R w)-m (P 5r) om(Rn) @
into (115) and (116). Except for S, p (r), we also have Spz ~
Sy /R’ with F* (R, x) = RPF(x/R) given by (110). Plug

p 1 2 p 1
V(% 7) =5 e v (5 )

> , (120)
R R R R

into (115) and (116); one can get F;,(R,x) and the corre-
sponding F*(R, x). In particular, for PWMM, V = VbP W,



Advances in High Energy Physics

R3V(p/R, n/R) = V(p,n), so F*(R,x) = F(x) as we have
seen before. Both V(p/R,#/R) and R3V(p/R, n/R) satisfy
cylindrically symmetric Laplace equation, so F, (R, x), and
F* (R, x) are also the type IIA supergravity solutions. In fact,
F(x), F,(R,x) and F*(R, x) are related to each other by the
coordinate transformation. Sg p © S; g (r) © S1p+(r) /R’

The limit of interestisn — 00, R — 00, R®*/n = o* and
p fixed. In this limit, the concentric spherical membranes all
have the infinite radii with the difference («;—« i)/R — 0.For
the finite p, #, p/R — 0,7/R — 0, we need to consider the
behavior of v;(p, 77) around 0. Since 77,/R — 00, near 0, vy
can be approximated as the potential generated by dipoles
located at +7/R:

vy (% %) - §N$R3 H(ﬁs; ’7>2 + (%)2]

-1/2

t 4
2R*N,
~ Z — A 0.
s=1 rls

(121)

lim R3V(p/R, n/R) = pzn - (2/3)113. Indeed, with
R3V(p/R, n/R) plugged into (116), n — o0, R — oo,
R’/n being fixed, the 11d solution finally approaches the
pp-wave. As a result, limS, . & lim Sp /R?. Even if the
background field is F(Y), in the limit taken, we still get
PWMM.

On the other hand, plug R3V(p/ R,/R) into the reduced
10d solution (115); V - 2V = R3(i>ﬁ/R — 2i5p); the vy g part
now matters. Let w(pz, n) = R3vﬁ/R(p/R, n/R):

“1/2

azzw
dsfo =4 {—(p—> dxtdxt
n
2 1/2
+<ap2w>
n
2 3
S _ (apzw> ,
n

-1

aizw
C =-2 dx",
n

F, = dC,,

[dp” + p*d + dn” +d ] } :

C, = -16r°dx" Ad*Q,

H,=dB,, B, =(470%w-0,w+nd,0w)dQ.

(122)

The 10d solution has the dependence on the disk configura-
tion. Equation (122) is lim F},(R, x). With e? — R, C, —
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C,/R’, C; — C;/R%, we will get lim F, (R, x). By taking
the R — o0 limit, the relevant regionis p — 0,4 — 0,
which is again far from the source. The 11d field approaches
the pp-wave, but the reduced 10d field still depends on the
disk configuration. Similarly, for (104), suppose Q = N K;
then, when k — 0, the 11d background is fat, while the
associated 10d background (107) is still the near-horizon
geometry but becomes singular now. Nevertheless, let u =
rlk,r — 0, u fixed; (107) can be written as

2 2 Um N1/2 I 1
_ + 7+
dsj, =k (_N1/2d” du” + oy du du ),
(123)
7
4¢/3 _ N _ u
e ATy

This is similar to the limit taken in AdS/CFT [7].
Now, consider the exact form of S; i (). For the generic
11d background F(x), the bosonic part of S, ¢ (5, is

b +
SiLE®) = J dx

D.X'D,x’
XTr| gy —2g2 91y
*+—

D XI J
+ <Ci + = )9*1}
g

Gos— *+—

+ 1 (XX XX g

G+t Cit
oot — + Sg”_ + Sg*__.

(124)

The relation between F,(R,x) and the x~ reduced 10d
background F, (R, x) is

g*mn = e_2¢*/3G*mn + e4¢*/3A*mA >

/ / (125)
4, /3 44, /3
¢ > g*m_ =e ¢ A*Wl’

g._=e

In the limit withn — 00, R — 00, R®/n fixed, ifg" — 0,
gr_ = 0, the rest F},(R, x) is finite, there will be

R3Sg =0, R’S
-

9. —0

29, 26, /3
G,,, — —&"A, A, Gy =¢"g., (126

Gy ™ e¢*A*+'
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With these relations,
1
lim gy = lim { - jdx+ Tr\-G..,
1
X (—EG*I]G:+D+XID+X]
I ]
- G*IIG:+D+X g*+
1/2
( G++) G*UC*KL
x D, X' [X5, x|
1
+ GG [X XE] [X), X]

_ 100
2

+ (_G:+)1/2C*+H< [X]>XK] )}

++
G, Guss

. b
=lim SI,FHO(R)'
(127)

1
Forg,,, =u, . X X]g*ll’ gi+ = v+XI’

ez¢*/3G:+g*++ = .”++G:+G*UXIXI>
(128)
G*I]G:+D+Xlgi+ = 1/+G>)=UG:+D+XIXI'

So, in the limit taken, Si £, (r) could be identified with Sllj’ Fuo(R)
the action of SYM, on the 10d background F, (R, x). The
discussion can also be extended to the full §; . () with the
fermionic part included.

Specified to the background generated by Y on pp-wave,
(126) is satisfied for the solution in (122), so lim S, r (z) =
lim Sp™ /R = lim SiF,,(®)- Indeed, one can verify the
validity of (127) by dlrectly plugging (122) in it. In the limit
taken, PWMM can be taken as the SYM, living on 10d
background (122). Equation (104) also satisﬁes the above
criteria. Actually,

de* Tr<%D+XID+XI N }L[XI, X'’
~i0D,0 + 6y, [X',6] )

= J-dx+

V-G
X Tr{ Sas

7 (129)

1

<—5GUG++D+XID+X]

+ }LGUGKL [x', x*] [x], x|
—ie?(-G ++)1/26D 0

+e*Gil*oy [XI, 9] ) } ,
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where ¢, G, and so forth are the near-horizon geometry of
the DO branes in (107) with g, = 1.

In thelimitwithn — 00,R — 00, R*/n = o? fixed, (122)
gives the solution in the region of finite p and #. To study the
region near the spherical membrane shells with p, # —n finite,
a change of variables § — # + n can be made. As is shown in
[42], in this limit,

L pw
R
2 2 3 no o 2
—|p (11+n)—§(11+n) —>F(p —2;1) (130)
1 _syM, o
:;Vb Res?

where VbS Mest s the background potential for SYMp,q.
Alternatively, we may directly plug

V(&%)
R R

1 , (131)

p ntn
= [P e = S0 e (B2
into (116) and (115), taking the limit at the end. Let
vﬁ/R(p/R, (n+n)/R) = u(p2,11); the 11d background F, (R, x)
is

132

—2a’n (1 + apzanu) dxtdx” (152)
n’ (4dx+dx+ - in)

-4 (dq2 +dp* + pzdﬂé)

which has the topology of R x R’ x §* x R. The 10d
background F,((R, x) is

622 u
d32 _ P
10 n
1/2

azzu
+4< pn ) (d112 +dp’ +p2dQ§),

1/4

2 (0%u
e¢:“_ pz >
2 n

/2
) (—4dx"dx* +dQ3)
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R dx’,
p?
F, = dC Coz Mt AdQ
Ty 3 a20%,u ’
P
140.0,u
Hy=dB,, B,= (_ 4a§ u" +11> d*Q
e

(133)

dx*dx", and dQ2 now have the same prefactor. Equations
(122) and (133) can be taken as the background for 1d and
3d gauge theories, respectively.

On gauge theory side, to study the fluctuation around the
spherical membranes, we should expand Sglvl /R’ around Y.
In [20], it was shown that in the limit of n — o0, R®/n
fixed, (i) PWMM around a certain vacuum is equivalent to
SYMp,s2 around each vacuum and (i) SYMy,s around a
certain vacuum with a periodicity imposed is equivalent to
SYMpys/z, around each vacuum. In particular, SYMp, e can
be realized as the PWMM around a certain vacuum with a
periodicity condition imposed.

Concretely, (n/R%) Sp2 (Vi) = (/R)Spe (Y + 1) =
el (¥ + y), where S®S" s the action of the U(N) SYMg, s
with N = N, +---+ N;:

SR><S2 _ 1 J’der&
glz?xsz ”2

1 1
x Tr {—ZFabF“b - 5D, 0D 0

2
1
- %@2 +uF® = 2D,X,D'X,,
v 1 2 1 )
2
- EXm + Z[Xm’Xn] + E[q)’ Xm]

~ar*pa + Earz)
2 8

_%Xﬁ [D,A] - %Xr’“ [Xm,/\]} ,
(134)

1/ is the radius of S* which is parameterized by (6, ¢).
Jas = R/’ n. 9 represents the vacuum:

5=gdiag Oy ey gy Oy evs Ogyee s gy s O |
N, N, N,
A =0,
! (135)
0~ . .
tan — ®  in region I
-~ 2
A, = 9
—cot— @ in region IL
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Region I and II correspond to 0 < 6 < (7w/2) + € and
(m/2) — e < 0 < m, respectively. «, is identified with
the «, in (113). The U(N) gauge group is spontaneously
broken to U(N,) x U(N,) x --- x U(N,). Equation (135)
corresponds to t disks located at 77, = (n/2)a;, 7, =
(m/2)ay, ..., 4, = (m/2)e, with the electric charges on each
equal to (712/8)N1, (712/8)N2, ey (712/8)Nt. The previous 7, =
(/2)(n + et;) in PWMM now becomes 77, = (1r/2)ex; due to
the# — # + n redefinition.

The correspondence between the spacetime coordinates
and the SYMp, ¢ fields is @ < 7, x4..,X°) o (p> Qs),
(x",Q,) & (x7,Q,). Equation (134) is the SYMp, ¢ on flat
background. Plug (133) into (134), similar to (127), for bosonic
part, we have

dQ,

Sfxsz _ [43 de+ ‘uz

{ V=G
x Tr
of

1
X (-ZGaCdeFachd

1 W o 2
- 5G"G,,D,®D,® - —-G*G,,
+u(-G)*G,lPF, @

1
- EG”menDaXmeX”

‘uz
- EGQz G, X" X"

1 "
+ ZGmpGnq [x™, X"] [XP, X1

" %G,MGW (@, X"] [®, X"] )} ,
(136)

where G* ~ G, ~ G,y ~ G ~ (azzu/n)l/z, G = detG,, ~
—(af)zu/n)_m, e ~ ocz(af)zu/n)l/4. The action remains the
same, so (134) is also the action of SYMp, e on background
(133). The conclusion holds for fermionic part except for a
rescaling of A.

Indeed, as we will show in Appendix A, such phe-
nomenon is very common. Generically, the action of SYM,,
on flat background is equal to the action of the SYM,,,, on
the near-horizon geometry of the Dp branes. (For p > 6, the
worldvolume theories of Dp branes do not decouple from the
bulk, as is discussed in [7].) For SCFT; and SCFT; on M2
and M5, such requirement can even offer some clues for the
structure of the field theory.
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u = u(p?,#) is the function of the radial directions. For
the given field configuration [®, X*,..., X°], let

[,%,...,X°]

2
_ apzu
n
then

Silxsz _ ‘“3 de+@

1/4

1
x <—ZG“CdeFabFCd
1 —_~ yz ~
- -G"D,®D,® - & G" &
2 2
_ ~ 1 — —~
+u(-G)PF,® - EG“"Dax’”D,,X”

2
_ M_GQZXmX‘n
8

1 [om onl[op o
t [X'”,X”] [X ,X‘i]

1=~ =~ —~
-0, X" | D, X" ) .
o5 [3.x7])}
(138)
Compared with (134), with X" — X", ® — ®, the 3d
background fields on R x S* will get the radial dependence:

1/4

azz
f=1—e= %2< Pu) (Pz)ﬂ),

n

ds§ = —4dx"dx" + dQ§
2 afszu o 2 2
—dsy = ” (p ,r]) (—4dx+der + sz) .

(139)

This is some kind of realization of the holography, on which,
we will discuss more in the next section. One special feature
here is that the background fields depend on two radial

directions p and 5. Let r = (p2 + 112)1/2; dsfo in (133) can be
written as

azzu
dSz _ P
10 ( n
1/2

o4u o4u 12
+4< ’ ) dr2+4r2< ¢ > sz,
n n

-1/2

> (—4dx*dx" +dQs3)
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with SYMp, ¢ living at r = co. However, with the energy E
indentified with r, the RG flow cannot give u( pz, #), which is
not just the function of . Instead, we will make the X —

X", ® — ® transformation to recover py dependence of the
3d background fields in SYM ..
For PWMM, we have

VO - J [dn] ¢S, (141)
WPW(F) is the x~ reduction of the 11d supergravity effective
action of the field generated by the brane Y on pp-wave. In
the limit withn — 00, R — 00, R*/n = o? fixed, under the
change of variables 4 — 7 +n,

SPW (}7; 71) N SR><52 (}7; y)

(142)
2
WY (F) — WS (F),

where WRXSZ(F) is the type IIA action for the above-
mentioned supergravity solution dual to a vacuum of
SYMp,s2. Then,

As is demonstrated in [19, 20], from SYMp, and the
corresponding type IIA solution, it is also possible to get
the SYMp, ¢ and the associated type IIB solution. In (135),
suppose
o=t

2

(143)

, S+ 1,...1,

Xdiag[...,s— L...,s=1,s....5,s+1,...
M M M

(144)

where s runs from —oo to co. Expanding the action (134)
around this vacuum and imposing the condition y*+) =

' on all of the field fluctuations, one will get [20]

2
SRXS (y+y)|[ (s+1,t+1
y

)= y(s0]
_ SR><S3 (2)
dQ
= % Jdt 33
Trxs (1/2)

1 b 1 1~ 5
x Tr {_ZFabFa - EDaXmDaXm - ERXm

~ Srop - A x,,0]
2 2

1 2
+ Z[Xm’ Xn] } >
(145)
where
2 i 5
Irxs® = IngSZ‘ (146)

S®*S" is the action of the U(M)SYMon R x S°.
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This is a special example of Taylor’s prescription for the
compactification (the T-duality) in matrix models [43]. The
new ingredient is the nontrivial gauge field, which makes a
nontrivial fibration of §! over §* rather than a direct product;
as a result, it is S other than §? x S that is obtained [20].

On gravity side, start from the trivial vacuum of SYMp, ¢,
for which there is only a single disk with the electric charge
(% /8)M; compactify the # direction; the disk configuration
in covering space will contain the infinite copies of disks with
the period 77/2, corresponding to the vacuum (144). The type
ITA geometry generated by (144), after a T-duality transfor-
mation, becomes the type IIB geometry AdSs x S [19]. On
field theory side, since # is compactified, the field fluctuations
should respect the periodicity condition y*+) = y(h,
Taylor’s prescription for the compactification also involves
the T-duality transformation, making SYMp, in type IIA

become S in type IIB. Equation (143) turns into

RxS® RxS?
P =j[dz] eS @, (147)

SRS’ F represents AdS; x S°

For the trivial vacuum of
background.

Finally, the geometry arising from the backreaction of the
D3 giant gravitons with the definite light-cone momentum
on type IIB pp-wave background was also constructed in
[39]. It is tempting to find the corresponding gauge theory
dual. one attempt is to expand the TGMT [34-36] around
the corresponding 1/2 BPS configuration, and then take the
certain limit. TGMT is the discrete regularization of the D3
branes, so the resulted gauge theory should be a 4d gauge
theory as is required since the geometry is generated by
spherical D3 branes on pp-wave.

4. Holography in AdS/CFT

SYM, is the gauge dual of the string theory on AdSs x §°. A
natural question is what will be the gauge dual of the string
theory if the field perturbation is added to AdS; xS”. For BESS
matrix model, we have matrices X', i = 1,...,9 representing
nine transverse coordinates, so for a scalar field

1 9\ _ \ \ ;
(/)(t,x ,...,X)—nlzzo ngzzonll...ng!

x (07" -+ 05°¢) (t,0,...,0)

() (),

(148)
we may get the operator realization
[ee] [e¢] 1
o)=Y - Y ——
® HIZ:O Z:Onll--‘ng!
n 149
x (o' -+ 9°¢) (£,0,...,0) (149)
xSTe[(x')" - (x°)"].
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with x’ replaced by matrix X*. Adding ®(t) to the Lagrangian
gives a matrix model on a background with the scalar field
¢(t,x",...,x”) turned on. The situation for SYM, is a little
different. In BESS model, the original background is flat; all of
the fields could be expanded as the Taylor series in Cartesian
coordinates. For SYM,, the original background is AdSs x S°;
fields are expanded in terms of the spherical harmonics on §°.
For scalar h,

s ) = S (s )Y ()

|yl
area, (Y y™)

C, .
()b
1yl |yl

where Y"(y/|y|) is a spherical harmonic of rank n. h,,(x, | y|)
is a scalar field on AdS; transforming in the (0,#,0) irrep
of SO(6). It is necessary to find the operator correspondence
of Y'(y/|yl). In SYM,, we have Coy-a, Tr(X® --- X™), which,
however, is the operator realization of C, .., (™ -+ y™).

Naively, let R* = ** = X"X™, ¥ = (1/2)In (X" X™); R
and ¥ may be the operators corresponding to r = |y| = &
and o, respectively. For the 5d field F(x, r), for all o) = In 7,
formally,

(150)

F(x,R) = f(x,%)
= f(O) (x,09) + f(l) (x,00) (2 = 0pI)

* %f(Z) (x,00) (2 _(701)2 LR

=0 (o (o) [0 (X))

0

2
1 1 x"xm
+zf(2)(x,o‘o)|:zln< > )] +

o

(151)

Functions " (x, 0,) are coupling constants of the 4d gauge
theory living in (x, 0). Similar to (28), when the gauge theory
moves alongo, X — X —al, f(”) (x,00) — f(”)(x, 0, +a), 2
could be decomposed into the U(1) part o and the traceless
part X, = X —ol:

o= lTrZ = L Tr ln(Xme)
N 2N

= % In det (X" X™), (152)

3= %ln (xrxr), det (XT'XT") =1,

X™ = ¢’ X™. The configuration (X>,..., X'°) is equivalent to
(X2,....X%0).0 - og+a, X" — X"
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One may take C,., Tr(X{ ---X{") as the operator
corresponding to Y"(y/|y|) and consider the gauge theory
with the vertex operator perturbation realized as (in fact,
we will choose X instead of X, with det(X"X™) = oo.
Cayooa, Tr(X% - - X*%) ~ Y"(¥), where |¥| = c0)

H, (x,0) = b, (x,0) Cy g Tr (X - XT)5 (153)

h,(x,0) can be the arbitrary 5d function. Gauge theory like
this is difficult to approach directly. We still prefer SYM,
with h,(x)C, .., Tr(X* ... X*) added, which, after a suitable
transition, will become a gauge theory with the operator
h,(x,0)C, .q Tr(X™ - X%). The 5d field h,(x,0) is not
arbitrary anymore but is determined by A,,(x).

This is quite similar to the noncritical string coupling with
2d gravity. For critical string with 26 coordinates, any 26d
background fields can be represented by the vertex operator
perturbations on the string worldsheet action. For noncritical
string with, for example, 25 coordinates, only the vertex
operator perturbations corresponding to 25d fields can be
constructed. However, if the noncritical string is coupled to
the conformal mode of the 2d gravity so that the total number
of degrees of freedom is 26, after a property transformation
with the partition function kept invariant, the theory will
become the critical string coupling with the 26d background
fields. The 26d fields are induced from the 254 fields with the
conformal mode acting as the 26th dimension. For SYM,, the
role of the conformal mode is played by o.

4.1. Noncritical String Coupling with 2d Gravity. Let us have
a simple review of the noncritical string [44-49]. Consider
the bosonic string living in d dimensional spacetime. The
corresponding nonlinear sigma model action is

1 a
S(g,X) = yo— szf\/y [g haaX“abX”GW (X)
+¢%9,X"9,X"B,,, (X)
+a' RO (X) + T (X) + -],
(154)
¢, v =1,...,d. The partition function is defined as
_ J' DygD,X g, x
vol (diff,)
(155)

J D,gD,X 50X _ J Dy, (e“9) De‘”gXe—S(e‘“g,X)
vol (diff,) vol (diff,) ’

The theory is conformal invariant since all g are integrated.
The integration over the small g gives the divergence, to
cure which a cutoff should be introduced, destroying the
conformal invariance. Under the conformal gauge fixing g =
e?g, ¢ > 0, g is a small metric giving the cut-off scale

Dyg _ Dgo .
vol (diff,)  vol (conf,)

_SL(<P;§)’ (156)
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where S, (¢; g) is the Liouville action. With D, X — DX,
D, — Dy, the partition function becomes

2(5,0) = J ® Dg9DeX s0x-5.09
=0 vol (conf}) (157)
_ JOO D§QDD§X e—§(<p,X;ﬁ)
=0 vol (conf,) ’
where

S (9, X; g)

_ 1 2 ~ [ =~ab

= Id E\a [3"0.90,0
+3%9,X"0,X’G,, (X, ) (158)

+¢%9,X"9,X"B,,, (X, )
+&'RD (X, ) + T (X, ) + ] .

The original d dimensional background field F(X), after the
gravitational dressing, becomes the d + 1 dimensional field

F(X,0). F(X,0) = F(X). One can also make a change of the
variables to move the boundary from ¢ = 0 to ¢ = —co:

Z(g,0) = JOO Po#DsX sigx0
90 vol (conf,)
_ j © Dg (¢ - o) DgX o Sp-corc0.x9)
g=0  vol(conf,)

(159)
_ JOO Dg(PDﬁX ~S(p+00,X:3)

¢=—co vol (contf,)
_ J‘OO Dg(ngX 7§I(¢)X;g)

¢=—co Vol (conf,) '

InS, ﬁ'((p) = F(¢ + 00).
Since g = ¢*"“e g, for w > 0,

e—§((p+w,X;e_“’§)

7(5.0 B De—wg ((P + (L)) De—ng
(5:0)= L;:o vol (conf,)

e SOXETD = 7679, w).

(160)

_ J'OO Defwg(PDe—ng
¢=w vol(conf,)

With the cutoff being introduced, the conformal transforma-
tion should be accompanied by a change of the boundary:

@ DyuzpD, ;X o o
Z(e“g,0)-Z(g,0) = e grTe gt —S(eXeg)
(£75.0)=2(50) .[p:o vol (conf,)
=Z(“g,0)-Z(e“gw).
(161)

With the cutoff being removed, Z(g) = Z(e “g).
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S(p, X; §) is the action of the bosonic string coupling
with the background fields F(X, o). The conformal invariance
indicates that F(X,o) should be the on-shell solution of
gravity. To arrive at this result, it is important that, in (157),
the change of the 2d metric is always compensated by the
adjustment of the background fields, keeping the form of the
sigma model invariant.

4.2. Inducing the Radial Dependent Fields. Now, consider
SYM, with the action

1[G X, AN] = ——— Id‘*x\Fg

9ym

1
x Tr (5 "G F,,F

ur*vo

+3"D,X"D,X"
(162)
1~ _
+ ERX,ZH —iAT*D,A
- A" [X,,, ]
1
[x™, X”]Z) .

2

Select X so that X can be expressed as X = ¢’X with o €
(—00,0]. X is the infinite matrix representing the maximum
X. The partition function is

Z (G X) = JXD§XD§AD§A exp {1 g X, A, A}

— NG
(163)
Due to the Weyl invariance,
1[G X, AA] =T[5, X, A, e P90 (164)
Suppose
DgXDgADg)L = Deng (e_wX) DeZu}g
(165)

—(3/2) S [wsg]
X ADgg (e “’A) eI,

with no counterterm added, SYM, is conformal invariant,
so at least for finite w and g,,, S[w; gl = 0. Z(g,,; X) =
Z(e_z“’gw;e‘”i). However, this may not be the case when

w = oo or when g,, — 0. 5[w; g] will still be kept for the
infinite conformal transformation.
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Nevertheless, with g,,, = 7,,,, we always have $°[o; g] = 0.
With X parameterized as X = ¢’ X,

0
Z (G X) = L:_OO D; (¢"X) DzAD;A 166
X exp {—I [gm, X, A, A]}
= JO D05 XD o g ADy 51
oo (167)

X exp {—I [ezagw, X, A, A]} .

From (166) to (167), the integration over ¢ in X is converted to
the integration over ¢ in g. The partition function of SYM, on
flat background is equal to the partition function of a gauge
theory on a curved background. From (167), one may read
the background metric:

ds* = ezadxi + r§ (d02 + dQé)

r\ 2 3 2 2 242
=<—) dxp+ (2 (dr + rd0s).

T3

(168)

r = e’r;.r € [0,+00), r; = +00, and 0 € (-00,0]. 1y =
+00 because we take X as the standard matrix. For finite o8
0 € (~00, +00]. With r; being the radius of AdS; x S°, (167)
could be taken as the partition function of a gauge theory on
AdS x S°.

Equations (166) and (167) have the direct extension to
SCFT; and SCFT, for M2 and M5. For SCFT;, X has the

weight 1/2, and the Weyl transformation is (€°X, gw) —
(X, e* Gu»)- The induced metric is

ds’ = e*dx; + 15 (do” +dQ3)

r\! 2 1§} 2 2, 212
:<—> dx3+<7> (dr +r dQ7)

T

(169)

with r = €r,. For SCFT,, X has the weight 2, and the Weyl
transformation is (e’ X, Gw) — X, €’gy,). The induced
metric is

ds® = eadxz + r§ (doz + in)

= (L)dxz + (r_5>2 (drz + rzdﬂz),
6 . 4

3

(170)

with r = ¢”rs. Equations (169) and (170) are the near-horizon
geometries of M2 and MS5, respectively.

More generically, as we will show in Appendix A, for
SYM,,,,, SCFT;, and SCFT4 on Dp, M2, and M35, the action
on flat background and the action on the near-horizon
geometry of Dp, M2, and M5 are the same. As a result, for
M2 and M5 with the near-horizon geometry given by (169)
and (170), X — (r/r)X and X — (rs/r)X are always
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accompanied by dxg - (r/r2)4dx§ and dxé — (r/rs)dxé.
For Dp with the near-horizon geometry

, (7-p)/2 , -(7-p)/2

2 2 2 2542

ds® = (r_> dx,,, + (r_> (dr +r dQS_p),
p

p
(7-p)(p-3)/4
o r
€ = gs( _> >

"p

(171)

the X — (rp/r)(7_P 4X transformation will then make

2 P2 g2 ®
dx,,, = (r/rp)( 2 dxp., e® = g — ¥ =

gs(r/rp)<7_17 (P=3/4 The coupling constant as well as the
metric now gets the radial dependence. ((7 — p)/2)/((7 -
P)/2) = 1, and the weight of X is 1.

In the above situations, the transformations are all made
for X. This is not always the case. Consider the 2dN = (4, 4)
SCFT and the AdS; x $x Tt geometry [50, 51]. The scalars
X',i=1,2,3,4are related to the transverse T*, for which the
metric is dx;. There is no radial dependent prefactor for X to
absorb, so X has the weight 0. In fact, the chiral primaries
are constructed from the fermions ¥ that have the weight
1/2 and are representations of the R-symmetry group SO(4)
associated with §°.

Return to SYM,,, with the operator perturbation added:

I [g/w(ﬁ (/)O’ X’ A> )L]
(172)
= 1[G X AN + [ 4\ g0 90 (900,

where O = C, ., Tr(X"---X™). g,,, is the arbitrary 4d
metric. The partition function is (here, the path integral
measure depends on both g, and ¢,. However, except for
guo» 1O other field will enter into the path integral measure
directly. Even though, the transformation of the path integral
measure still has the dependence on other external fields.
An explicit example is the chiral anomaly in gauge theory.
We will discuss the path integral measure in more detail in
Appendix B)

%
Z (oo 905 X) = j D(g,,6,) XD (gyi90) AD (g, ) A

X exp {—I [gwo,qbo,X, A,A]} .
I [g;WO’ $p> X, A, /\]

=7 [ezwgwo,e("%)“’(po,e*wX, A, e’<3/2)w)t] )
(173)

For finite w, g,,0, o>

z (gmxo’ ¢0; Y) =Z (ezwg;wO’ e(n74)w¢0; efwj(‘) . (174)
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We still want to doa X — X transformation:

e
Dig, 001 (€7X) Digo 4 AD(gy g0

9o-bo

X exp {—I [gwo, $p. "X, A, /\]}

= D(ez"gg ,E(”_4>”¢0)XD(€2090 )e(n—4)v¢0)
) (175)
— [
X AD(ergO)e(n—uo%) (e /1)
X exp {—I [ezagwo, "¢, X, A, e_(3/2)0/\]
+5° (G; 9> ¢o)} .
When o = ~00, $°(03 g0, $9) may not be zero. Instead of

e* Guvo and e 494, we can find the suitably adjusted 9un(0)
and ¢(0) so that

e
Dig, 4 (¢X) Digy 40 AD(g, g0t

X exp {—I [gwo,(po,ea}?, A,/\]} w6)

= Diy(0),(0)1 X P14(0),9(011 AP g(0) 400 A

x exp {-I[g,, (0),¢(0), X, A,A]}.

In (176), the integration over X, A, and A has already been
carried out; both sides only depend on the 4d function o(x).
Obviously, g,,0 = 9,,(0), ¢y = ¢(0). We also require

D 406,)8001 (¢7X) Digio 0,1 AP1g(o g0 11
cexp |1 (g (01), 6 (01), %, A1)
= Digio, 10,400,101 X Diglor 10,900, 40)]
X AD 46, 10,), (0, +o) A

X exp {—I [g,w (0, +0,),¢(0, +0,), X, A,A]}(. |
177

The 5d functions gm(x, 0) and ¢(x, o) are induced from the
4d fields g,,o(x) and ¢(x). For finite 0, g,,(0) = ezagwo,
$(0) = "¢,

More generically, with the 4d background field F, turned
on, for the given 4d function o(x), sinceo < 0,e°X — Xisa
UV to IR transformation, the effect of which can be cancelled
by the adjustment of the coupling constants, keeping the
partition function invariant. X - X, F, — F(o). With
all possible operators included, the change of the scale can
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always be compensated by the change of the background
fields, leaving the form of the Lagrangian invariant:

Z (gmo» Fos X)

0
= J Dy(0),r0) X Dig(0),£(0) AD (o), Fo1) A
0=-00 (178)

X exp {—I [gw, (0),F (0),X, A, /\]}
=Z (g, (0),F (0);X;0).

In (178), with F specified to ¢, the induced action
I[gﬂy(a),F(a),Y, A, A] contains the term f d4x\/—g(o)<p
(x,0)O(x) with O(x) given by O = Coya, Tr(X* - - X™).
O(x) ~ Copa "= 9™). |51 = o0 since X is the
infinite matrix. The corresponding 10d field is ®(x,0,Q) =
171" *(x,0)Y"(Q) and g,,(x,0) = [Jl'g,,(x,0), where
Y"(Q) is the spherical harmonic on s°. Equation (178) is the
partition function of the gauge theory on AdSs x S° with the
background fields ®(x, g, Q) and gw,(x, o) turned on.

On gravity side, the asymptotic expansion of the gravity
solution g(o) is [52]

g(0) =€ gy +e gy +e g, —20¢ | + O (),
(179)

where 0 € (—00,+00). Letd — 0 + 0, with 0 € (—00,0],
0, = +00, and g(0) = e 27~g(0).

—2(0+04,) —4(0+04,)

9(0)2320[90‘*@ gpte 94

-2(0+0y) 6_4(0+U°°)h4] +0 (6—5%8—30) .
(180)

For finite o, g(0) = €°°g,. Similarly, for the solution of the
scalar field ®(o) [53],

@ (0) =" [¢’0 + 6_20952 Tt 6(4_2n)0¢2n—4

(181)
_20,6(4—2n)ag02n_4] +0 [e—(n+1)a]
with o € (~00,+00). ¢(0) = e* ™= D(0 + 7).
§(0) =" [y + T 4
+ e(4—2n)(a+om)¢2n_4
(182)

~2(0 4 0,) g,

+0 [6(3*2”)‘7006*(”*1)‘7] ,

with 0 € (-0,0]. When n > 2, ¢(0) = e("_4)“¢0 for finite o.
For g-® coupled system, the subleading terms are determined
by both g, and ¢,. ®(x,0) and g,,,(x, o) are fields on AdS;

with r, finite. It is expected that the X — X transformation
will give gw(x, 0) and ¢(x, 0) in (180) and (182).
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From (177),
Di4(0)60)1 X Dig(0)901 A1 g(0) 90114
x exp {-1[g,, (0),¢(0), X, A,A]}
= Digorargiosan (¢ “X) Digiarwgiaro
X AD g0+, glo+nt

X exp {—I [gw (0+w),¢(0+w),e X, A,A]}(. |
183

As a result,
Z (gyv0’ ¢)O;X\)

=Z (g, (), (0);X;0)

0
E
= j N Dig(asargiorn (6 “X) Digosagiosa

.
X AD[g(a+w),¢(a+w)]/\

X exp {—I [gw (0 +w),¢(o+ w),e_w)?,A,A]}

(gyv (0 + w) > (/5 (0 + (U) 5 eiwy; 0)

Z
X exp {—I [gw, (0),¢(0),e X, A, A]}

= Z(gm (0),¢ (0) ;eiw)?;w).

e
Digor901 (€“X) Digion o) A g(ortent

(184)

With X — e X, the induced fields become g»(0 + w) and
¢(0 + w). Also, since

Z (g!"’o’ ¢0; j-(\) =Z (ezwg;wO’ e(nf4)w¢0; ewa‘) >

we have

Z(g,w (0),¢ (0);55;0) = Z(g!‘fy (0),¢° (0);¢“X; 0),
(186)

(185)

where g/, (0) and ¢“(0) are fields induced from e Guvo and

e g | respectively. There will be Gi(0) = g,(0 + w),

¢“(0) = ¢(0 + w). Indeed, in (182) and (180), with ¢, and
go replaced by e ¢ and e** g,, one may get ¢(o + w) and
go+w).g, — €9y — "0 — oct+wisa
diffeomorphism transformation of the gravity solution g,,, (o)
and ©(o) [54].

Equation (184) is valid for [gw,(x, 0),$(x,0)] induced
from [9uvo(x), Po(x)].  For the generic 5d functions

(G (x,0), ¢(x,0)], we only have
Z (G (%,0),¢ (x,0);X;0)

_ _ R (187)
=7 (57;:«; (x%,0),8” (x,0) ;¢ “X; 0)
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for some 5d functions [g‘;’v(x, 0),¢“(x,0)]. For constant w,
under the scale transformation x — e“x,

Z (G (,0),¢ (x,0);X;0)

_ N _ (188)
=Z (e_zwg;’v (e“x,0),¢" (e“x,0)5¢ “X; 0) .

—2W ~w

In special cases, if e gw(o) = gw(o‘), (F"(a) = (2;(0),
the background is “conformal”. For (9 (x,0), p(x, 0)], this
requires gw(a +w) = ez“’gw(a), ¢(0 + w) = ¢(0) and thus

9u(0) = e* Guvo> $(0) = 5. ¢ is the marginal field.
For fields which are “conformal’,

Z (G (%,0),¢ (x,0);X;0)

Z ~ (189)
= Z (G (¢°x,0),$(e"x,0) ;X5 0),
and so
82<gyv (X,O') JE(X, O') ;X; ())
8‘5 (%0, 99)
(190)

87 (fg’w (e“x,0),¢(e“x,0);e“X; 0)
8¢ (e“xy,0,) '

As a result,

(V-3 (30,000 (x0) 8 (o - o) )

XD AD p)

= D. . e — - ~ e
L:_oo [g(0),¢(0)] [§(0).$(0)] [(0).$(0)]

X exp {—I [gw (x,0),$(x,0), X, A, )L”»
x\-g (%0, 96)0 (x0) 8 (0 = 05)
_ <e4w\/—'g'(e“’xo, 0)0 (¢ ,)8( — 00)>
0

—W =5
Lz_m Digiorion (¢“X) PigiorfenAPigiorfion

X exp {—I [gw (e“x,0),¢(e“x,0),e “X, A, A]}
x g4 V=9 (e9x0,65)O (¢“x) & (0~ )

0
L:_OO Di5(0)501 X Pigia o0 APig0) 511

x exp{~1[g,, (x,0),¢ (x,0), X, A, A|}

x e -G (e9xp,0,)O (¢“x4) 8 (0 — 0,)

= e < G (e9xy,04)0 (¢“x,) & (0 — 00)> ,
(191)
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and then

0= (-3 (30:00)0 () (0~ )

_ Sz(gﬂv (x,0) :SE(X, 0);X; 0)
8¢ (x4, 05)

(192)

¢(x,0) is on shell.
Restricted to [g,,(x,0),$(x,0)], usually, [e?g,, (0 +

w), $(0 + )] # [g,,(0), $(0)], [g,,(0), $(0)] is not “confor-
mal”. Instead of (191), if we require

(V-9 (x0,00)0 (%) 8 (o~ ) )

- «[7:—00 D 401401 X Pig(e) 91 AP gto) 00 *
x exp {~I[g, (%,0),¢ (x,0), X, A, A]}
x =g (%o, 39)0 (%) 8 (0 = )

_ < e \/mé( xo)eip(a+w)>

0
-0
= Jf . Ploorargiora) (€7X) Digiorargiore

o=—

w

X AD |45 +0) g0 +an

X exp {—I [gw (0+w),p(0+w),e X, A, )L]}

0
= L:_OO Dig0),901 X Pigio)4(1 ADig(o)p1on

x exp {1 [g,, (0), ¢ (0), X, A,\]}
x et \—9 (0 5)0 (25,) 77+
— e(iP—n+4)w < [_g (x0>00)6 (xo) eipa> :

(193)
stll
o (oo
= (V-9 (00)0 ()80 =a0)) (100

0Z(g (%,0),¢ (x,0); X;0)
8¢ (x,99)

¢(x, 0) is also on shell.
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¢(x, 0) is the functional of ¢,(x). In general,

0Z (g, (%,0),¢ (x,0);X;0)
8¢, (x,)

oz (G0 (%) ()5 X)
8¢y (o)

since nothing could guarantee that the one-point function of
the SYM, would vanish in presence of the arbitrary source

¢, (x). The physical field is @ = e =@, so there is also

0Z (g, (x,0), (x,0); X:0)

8® (o, 09) -

The difference between I[g,,o(x), $y(x), X, A, A] and
I[gw,(x, 0), $(x,0), X, A, A] is that X is replaced by X, while
the field Fy(x) becomes F(x,0). I[g,,(x,0), (x, 0), X, A, A]

has the natural interpretation as a gauge theory on AdSs x S’
with the external field

\-g (x,0)F (x,0,Q) = \|-g (x,0)F (x,0) "
=¢e"°4/-g (x,0)F (x,0)Y" (197)
=/-g(x,0)F (x,0)Y"

turned on, where F(x,0) and gw,(x, 0) can be the arbitrary
40,

(195)

(196)

5d functions. g, = €**g,, and F = "% F are physical
fields on AdS;. Accordmg to the previous philosophy,

Z (g (%,0),¢ (x,0): X;0)

= exp {S (g (x,0), ¢ (x,0)5 X; 0]},

(198)

Sy [gw(x, 0), $(x, 0); X;0] is the effective action of the type
I1B supergravity on AdSs x S°.

For a special subset of fields {¢)(x, o)} that can be derived
from the 4d fields ¢,(x),

0Z (g, (x,0),¢ (x,0);X;0)

=0 (199)
8¢ (x> 0¢)

>

and then

88, [ Gy (x,0), ¢ (x,0); X3 0]

=0; 200
8D (x,,00) ’ 200

>

that is, @(x, 0) is the on-shell solution of the supergravity. For
the given ¢, (x), there are two ways to get the induced ¢(x, 0):
one is through (176) and the other is to find the solution
of 8S,/0®(xy,00) = 0, imposing lim, _, je* "o d(x,0) =
¢ (x) as the boundary condition.

Finally, we arrive at

w (glwo’ bo5 X) =InZ (gyVO’¢O;X)

=S, [gm (x,a),¢(x,a);55;0] .

(201)
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Starting from I[g,,,,(x), $o(x), X, A, A], SYM, with the source
term added, after a X — X transformation, we get
I[gw(x,a),qﬁ(x, 0), X, A, 1], the action of the gauge the-
ory on AdSs x S°, whose free energy may be equal to
S419u(x,0), (/)(x,o);)?; 0]. During the transition, F(x,0)
are carefully adjusted to make the partition function
of I[g,y(x), $o(x), X, A, A] and I[g,,(x,0), $(x,0), X, A, A]
remain the same, then we arrive at (201), where F(x, o) is
induced from F;(x) and is on shell with respect to S g

4.3. Imposing the Cutoff

Sy (94 (6,0), ¢ (,0); X5 0]
0 (202)
= J_ dO‘Jd‘bcL [gﬂ” (X)G),qb(x,a)],

where L is the Lagrangian of the supergravity. S, is divergent.
One may impose a cutoff 0, 0 = —00,

S [ (,0), ¢ (x,0);X; 5]
- (203)
_ J, do J d*xL[g,, (x,0),¢ (x,0)].

On gauge theory side, the one-loop effective action W(g,,,0) =
—In det(D)/2 is also divergent. With a cutoff ebeing intro-
duced [55],

®©d _
W (gp05€) = % L ?P Tr (e7*7)
= jaoo do Tr (exp {—e“z(gw"")D (o04)

= JU doTr (exp{

—00

)

=W (g;w (0) ;6) >

where e 27t%) = p,

8,,(0) = 200 Guvo> D is the Laplace oper-
ator with the metric g,,(0). Obviously, W(ezwgwo,ez“’e) =
Wi(g W(ez“’gW(O) 0 — w) = W(g,,(0);0). For small

10 €) =
but f{nlte p [56],

[ee]
Tr (e_pD) = ZAann_z,
n=0

(205)
= jd4x\/—_gazn (9),
SO
w (gwo) = limw (gwo’ €)
= im |+ 52 - 75 o ()
(206)
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The renormalized W,.,,(g,,o) is finite. This is the realization
of the holographic renormalization [52] on gauge theory side.
With g, — ez“’gwo, e — e, [52]

‘/Vren (ezwgyvo) - ‘/Vren (g;wo) = wA4- (207)
A, is the conformal anomaly [57]. On the other hand,
W (g, (0);9)
(208)
A A _
= 46_(213 + 26_226 + A40 + Wnonloc (g;w (0)) ’

SO

W (80 (00:0) = 22 + 22 4 Wi (5,0 )

= Wioe (8 (0)) + Wignioe (8 (0)), (209

Wnonloc (gyv (0)) - ‘/vren (g,wo) = 000A4'

Wioc(8,,(0)) = Ag/4 + A,/2 and W,,,,c(8,,(0)) could
be compared with the local part and the nonlocal part of
the gravity action in [58]. The nonlocal part contains the
logarithmical divergence [59], which is just o, A ,.

On gravity side, the corresponding gravity solution has
the near boundary expansion

G(go-p) = % +g,+p(gs+Inph)+O(p").  (210)

At p = ¢, the metric is G(g,, €). The on-shell gravity action
with the cutoff p = € is

$ (gyvo’e) =S[G(gp€)] = J %L () (211)
€
which is entirely determined by the boundary value G(g,, €).

§ (gWO) = Elil}l})s (gﬂvo’ 6)

! 4

€ €
-a,(g)ln e] }
+ Sren (gyvo) :
The renormalized = S..,(g,,0) is finite [52]. Since
G(e*'gpe*p) = Glgp,p), Ge™gpe™e) = Glgpe),
(€™ Gy €2°€) = S(Gy0-€) [52]
Sren (ezwgyvo) - Sren (gyvo)
(213)

Jd4x\/—_gwa4 (g9) = wA,.

- 811Gy

Advances in High Energy Physics

In both gauge theory and gravity, subtracting of the infinity
introduces the conformal anomaly.

In (204), € is the UV cutoft in gauge theory. It is desirable
to find a direct and exact way to impose it. In the following,
we will consider a cutoff imposed on X, which, although has
some relevance with e, is still not it.

Take X = ¢’ X other than X as the upper bound of X; the
partition function is

X
Z (g X) = J Dy, XDy, ADg Aexp {~ g0, X, A, A]}
=Z (9,0 (0); X:7).
(214)
For finite g,y and w, Z(gwo;e“’y) = Z(ez“’gw,o;y). There is

also

Z (gyvo; ewi) = Z(g#y (0) ; X;0 + a))

) Z(gw (0 +); X; 5) =Z (engWO;X) >
(215)

since the field induced from ez‘”gw,o is g,,(0 + w). From

Z(e* gwo;f) and Z(gwo;ewY), the induced fields have the
same boundary value g,,, (0 + w).
For the infinitesimal 4d function do(x),

z (gMO; e&fy)
X
= j D, XD, AD, Aexp {-I[g,0 X A A} (216)

- exp{ [ @51, ) 980 (0} 2 (G001 %)

where

Ligoz) 0 = Jlim [50 (x)

eéo‘(x)}
X <J. DgOXDgOADgDA
X exp {—I [gwo,X, A,A]}
(g0 ]

x 7! (gwo;X) .

(217)
With §%(g,; X) = j d4xL‘zgo;§) (x), we may have
w (gyvo)
- Jo doS§” (go; eof) +W (gwo;f) (218)
e a o~ e d a Y
= J_oodos (go;e X) = JO ?PS (go;;),
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where p=¢?

w (@wO;Y) = J

—00

0

— S l7) X
o )= [ (007

(219)

W(gwo;e&jf) (gwo, ) Jd4xL( %) (x) 80 (x).

(220)

b .
Also, we may define L (X with

W(ezaggwo;f)— (gwo, ) Jd4xL( ) (x) 80 (x)

(221)
if
w (ezsag‘uvo;y) -W (g,wo§ 650’})
jd xL(g ) (x) 6o (x), (222)
Ligy (%) = <g 3 () = Ligm (%)

For finite 6o and g,,,9, L (x) = 0. For infinite o, for

(90:X)
example, W(g,,,0; € X) and W(e* 90 X) with w = —o0,

W(gﬂvo;e“’)’f) = an(gW (o + w);)A(;O),

W(e G0 ) an(gW(o) XO)

(223)

Gun(@) # ez‘”gwo, ) g}‘:’y(a) # 9,,(0 + ).
Although (219) and (204) look similar, the two kinds of
cutofts are different. In particular,

10 Z (Guos X) =0 Z (g, (0):X:5) #8, [ 9,0 (,0): X35

= JE do J d*xL [gw, (x, a)]
- (224)

because the Z(gw,o; X) -

bution to S, [g,,,(x, 0); X;3l.
Let

Z(Gyvos X) part also has the contri-

s (QO;Y) = J'd4xL?go;§) (x), -
225

5 (905 X) = J 4L ) ()

then, $°(go; X) = S%(gp; X) — $*(go; X). From (206) or (212),

one can see
AO A2 A4
ea W(gmo,e) e e + 0O (e)
(226)
g[w() 0 w (gW/O’ 6)
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For finite X and €, (226) cannot be directly identified with S
and S°. However, when X — X, e — 0,

$* (g0 X). (227)
Ay/€* + A,Je+ A, is the conformal anomaly, which, with the
infinite part subtracted, becomes A,.

In the previous subsection, the radial dependent function
F(o) is induced via (176). Nevertheless, it can also be induced
from W(g,,0; X), with X being the upper bound of the
integration. Take a particular finite matrix X as the standard
so that the arbitrary configuration of X can be represented by
X = e’ X" with o € (—00, +00):

W (90 X) =W (guo3 € X") = In Z (g,0:¢"X") . (228)
Starting from o = 0, with o increasing, W(g,,,0; €’ X") will

also increase, s0 g, should change accordingly to make the
partition function invariant. Namely, we have

w (glwo; X*) =W (gw (0); eUX*)

with g,,(0) = g0

Sb(go; )— lim [A—2+A?+A4] =

e—0L €

(229)

ow 89, (0) L w
6gw (o) &o So

=0. (230)

For finite 0, g,,(0) = e_zagwo. Wheno — 0, g,,(0) — 0,

the simple scaling relation may not be valid. For finite g,,,,
and w, W(g,pe “X7) = W(efz‘”gwo;X*). If
w (e_zwglwo; X*) =W [gw (w+0); eUX*]

:W(g;w(w);X*);

(231)

there will be
w (gwo; ein*) =W [gw (0);€° (ein*)] .

So, in (229), with g,,,(0) = g,,, fixed and X" replaced by
e “X", the induced g,,,(0) remains the same. Also, with X
fixed and 9,(0) replaced by gyv(w), the induced field will be
9w +0). g,,(0) is the unique function trajectory that does
not depend on the X* chosen.

We can compare it with the previously mentioned non-
critical string coupling with 2d gravity:

(232)

Doy Do X
Z(F;§)=J 0 @OPT9 SRGOSUPD), (533
$=

vol (conf,)

where F(X) is the d dimensional background field. g is the
cutoff metric. With g replaced by g* = ¢“g,
D(eogoypD(eo gy X .

~S(Fe? 3", X)=S.(¢,")

o0
Z (F;e“g :J
(F:¢9) g=0  vol(conf,)
¢=0 vol(conf,)
(234)
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Z(F;e”g)+ Z(F;§). § — e“g is a conformal transforma-
tion, which should be accompanied by F — F(w) to make
the partition function invariant. Z(F;g) = Z(F(w);e“g).
F(w) is a function trajectory that does not depend on the g
chosen. A further e?g” — g transformation gives

© D-w@D-uX
z(p(w);ewg)zj 9(’)—56

S XF(9),5)
=0 vol (conf})

(235)

in which F*(¢) = F(¢ + w) is induced.

Just as (224), In Z(F(w);e”g) cannot be identified with
the d + 1 dimensional gravity action with a cutoff. The gravity
action interpretation is possible only when g — 0; thatis, the
cutoff is removed.

Here, ¢ is directly related to the worldsheet metric, g =
e?g. F(p) gives the RG flow of the d dimensional fields. In
gauge theory case, o represents the radial direction, along
which all fields, including the metric g,,,, will evolve. F(o)
gives the radial evolution of the fields, which cannot be
directly identified with the RG flow. To discuss the RG flow,
we should consider the renormalized W,,, = S,.,,, for which
(see, e.g., [60])

S . SO
d* —2g"" AN -4+ BVF — |W
Jate ot | 205 5 (8 -4 ) Eyg | W,
:Jd4x[w(x)A+an(x)Z”],
(236)

where A represents the local anomalies. For the renormaliza-
tion scale y,

ameﬂ
B+ [ dteas

X [Zg’” J

i i8
0 8ggv_(A_4)F_:|VVren=0’

0

W, ) SW, .
ren d 1 rgn — d A.
T [ s | PG | - [ s

[’ is the anomalous dimension. 8 = EiFé is the 3 function.

5. Conclusion

With N — oobeing fixed and R varying, the free energy
of the Matrix theory on a x -translation invariant 11d
supergravity background F is the functional of R and F; that
is, W = W(R, F). Under the coordinate transformation

x = ax'T, X=f(x"),  x=g(x), (239
with x = (x',...,x°),if R - R, F - F,W({RF) =
W(R',F).W(R, F) preserves part of the 11d diffeomorphism
invariance. W(R,F) can be compared with S.(R, F), the
effective action of the supergravity for the same field F. On
field theory side, naively, S.¢(F) is calculated from

eSer®) = j [dF] e S=F+D) (239)
1PI
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with S, being the classical action of the 11d supergrav-
ity. e5%1F) can be taken as the sum of the 1PI graphs of
the vacuum-vacuum amplitude for supergravitons living
on background F.(Of course, (239) is not well-defined.)
In M theory, the basic objects are membranes other than
particles. ¢”®) is the sum of the membrane configurations
on background F. In some sense, W (F) gives an M theory
refined version of the S «(F) in (239).

In Matrix theory, the problem is that we only consider
the M theory sector with the definite light-cone momentum
p" and the background F that is translation invariant along
x~. For the same F but different p*, W(R, F) also has the
R or, equivalently, p* dependence. Nevertheless, W(R, F) =
W(F,, RF_, RF__), with R being the radius of the x™. In fact,
for S.¢ on the same 11d background, there is also S_(R, F) =
Sett(Fy» RF_,RE__). In W(p*,F), p" is only a parameter
encoding the scale of x™, so it is enough to consider the sector
with the definite p*. N — oo in Matrix theory is kept fixed
in order to maintain the consistency with membrane theory,
which is only characterized by one parameter p*.

On field theory side, to describe the supergravity interac-
tions among M theory objects with no light-cone momentum
exchange, one may consider [ (Y) given by

e — j [dF] esR,F(Y)_Scla(R)F)’ (240)
where F is the zero mode of the 11d supergravity along
x~. The integration out of F gives the effective action for
the M theory object Y with the supergravity interactions
(without transferring the light-cone momentum) all taken
into account. Under the Legendre transformation, we may
get [(Y) = S.4(RF) + Sgp(Y), where S5 is given by
(239). 8[S.5(R, F) + Spp(Y)]/8F = 0. With S_«(R, F) being
replaced by W(R, F), one can define another effective action
[(Y) = W(R,F) + Sg p(Y), which is totally constructed from
the Matrix theory with no input like S, (R, F) added. I'(Y)
is p" independent, which is expected, since the scattering
amplitudes with the zero light-cone momentum transfer
should not depend on p* due to the Lorentz invariance [61].
When 85,(Y)/8Y = 0, at the one-loop order, I'(Y) and the
standard Matrix theory effective action I¢(Y) are the same.

A special property of Matrix theory is that various brane
configurations have the natural matrix realization, so it is
possible to construct some AdS/CFT type gauge/gravity
correspondences from it. In [20], SYMp,¢2, SYMp,g:/7 > and
SYMp, s are all obtained by expanding the PWMM around
the particular 1/2 BPS states, while the backreaction of the
1/2 BPS states on pp-wave after the x~ reduction produces
the dual 10d geometry [19]. A special type IIA limit is taken
in both gauge theory and gravity side. In this limit, the
backreacted 11d geometry approaches the pp-wave, so the
Matrix theory dual is still PWMM. On the other hand, the x~
reduced 10d geometry (122) is a DO-type solution. The action
of the PWMM equals the action of the SYMj, on background
(122). To study the fluctuations around the 1/2 BPS states, the
# — n+nandtheY — Y +Y redefinition should be made
on gravity and the Matrix theory side. The 10d geometry
then becomes (133), a D2-type solution. Correspondingly,
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S"W(Y + Y) becomes the action of SYMp,, which, with
the background (133) plugged in, remains invariant. With the
SYMp, 2 and the gravity dual at hand, a further T-duality-like
transformation gives SYMp, s and AdSs x S° [19, 21].

SYM, is the nonpertubative definition of the type IIB
string theory on AdSs x S°. It is unlikely such gauge/string
correspondence will suddenly vanish just because the metric
in SYM, deviates 77,,, a little. If the correspondence still exists,
the gravity dual will be the type IIB string theory on AdS; x
S® with a little background perturbation turned on. Then
a one-to-one correspondence should exist between the 4d
field Fy(x) in SYM, and the 5d field F(x,0) on AdS. The
natural candidate of F(x, o) is the gravity solution on AdS;
with F,(x) the boundary condition. For the correspondence
to be valid, it is necessary to derive F(x, o) merely from SYM,.
In the simplest situation, when the background metric in
gauge theory is the standard 7, the near-horizon geometry
of D3, M2, and M5 could be induced from SYM,, SCFT;,
and SCFTy bya X — X transformation. It is expected that
the same method, when applied to SYM, with the arbitrary
F,(x) turned on, will give the corresponding F(x,g). With
X — X, Fy(x) — F(x,0), SYM, becomes a gauge theory
living in 5d background F(x, o) times the transverse S°. The
free energy can be expressed as the functional of F(x, 0); that
is, Wy (E,) = W(F). SW(F)/SF(x,0) = 0, so if W(F) is the 10d
gravity action as is in Matrix theory case, F(x, o) will be the
on-shell solution.

Appendices

A. The Action on the Flat Background
and the Near-Horizon Geometry

The action of the (p + 1)-dimensional SYM theory on R”'
background could be written as

I, = —g—lz J-dp“x\/—\g

P
1
XTI'( Ul VGFVF,\ Uy ~ nD XmDVXn

—iA*D,A = AT" [X,,,A]

1

=2 Gping X" X X7 X ),

(A1)

where g, = 1, Gun = Opp> g = det g, The near-horizon
geometry of the Dp branes is

(7-p)/2 —(7-p)/2
w uv mn mn>
rp rp

(7-p)(p-3)/4 7-p
e =9\ — > o1-p = | — 01-p-
"p "p

(A.2)
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With r replaced by the matrix R = (X™X™)'?, the gauge
theory on the near-horizon geometry background has the
action

e [t e fyre®

1 A _vo
X <Eg# gv Fva/\o
+ gwgmnDﬂXmDvXn
—iAT*D,A = AT" [X,,,, A]
1
- Egmpgnq
x [ X7 X"][xP, X1] )} ,
(A.3)

where g = detg,,. With 47g; = 1, except for a rescaling of

A, I, = Ip. The SYM action in R*' and the SYM action in
the near-horizon geometry are the same. Before and after the
backreaction, the action remains invariant.

Similarly, the near-horizon geometries of M2 and M5
branes are

A\
Aopp = (_) €012>
Ts

respectively. For both M2 and M5,

V99" 9D X" D, X" = \[-5" GuD, X" D, X". (A5)
But
V=9GmpGng [X", X"] [XP, X7]
£ =g [X", X" [X7, X9).

Instead, for M2, (the 3-algebra was proposed in [62-64] to
construct the model for two coincident M2 branes)

(A.6)

V=991p GmaGnr [ X X7, X"] [XP, X%, X7]
(A7)

= \/%:q\lpgmqgnr [X1>Xm: Xn] [XP, Xq,Xr] .

We see another necessity of the sextic potential. For 3d SCFT,
the dimension of the scalar field is 1/2, so the potential
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term should contain six scalars. For M5, (3-algebra like this
appeared in [65])

ﬁgyvgmqgnr [CM’ Xm’ Xn] [Cvx qu Xr]

= \~33GmqGr [C* X", X" [C, X9, X]

The scalar dimension is 2, so, effectively, the potential
should contain two-dimension 2 scalars and two-dimension
1 scalars.

(A.8)

B. Path Integral Measure
and the External Fields

For simplicity, consider the scalar field with the action
I [gw/O’ ¢0’ X]
_ j dx=g0 Tr (4479, X0, X" + éRonn +9,0),

where O =Cyg (X¥ - X%). I[e* gwo, U0y, e X]
gw’O’ ¢o> X1 Followmg [66], we will define the scalar densuy

(B.1)

field X to eliminate the dependence of the path integral
measure on g,,,o:

X" = (=go) " x™. (B.2)
In terms of X,

I [g,wo)(/’o)X] =1 [guv()’ ¢O)X]

= Jd4xTr[g0 9, X", X"
1 — (2-n) =
+gRoXm +(=40) ? /4%0]

i [engWO’ e(n—4)w¢0’ ewy] -1 [gmo’ (PO’X] )
(B.3)

The partition function is then

Z (G bo) = JDfexp {-T[gwo ®0 X]}, (B4

with no g, entering into the path integral measure.

7 (eng’”O, e(n—4)w¢0)

= J DX exp {—7 [ez“’gmo, e("74)w¢0,f]}
- B (B.5)
= J DX exp {—I [gwo,qbo,ewa”

= J D (ewfl) exp {—T [QWO"/SO’Y/” ,
where X' = e “X.If D(ewfl) = eA“DX’; then,

InZ (ezwgwo, e(”74)“’¢0) =A,+lnZ (g;wO’ </50) (B.6)
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with A being the conformal anomaly. Note that to arrive at
(B.6), we potentially assumed

J DX exp {1 [ g0 $0» X}
(B.7)

= J D (e_wf) exp {—T [gww bo> e—wx]} :

On gravity side, this is equivalent to assume that
. : 2
hme e OS(gW/O’ ¢0’ 6) = hme e Os(gyVO’ (/50’ € we)’ S0

A, = EII_I)I})S ( Gyt e(n—4)w¢0)€) - ehi’%s (gwo,qso,e) .
(B.8)

» in (B.8) could be compared with (227). From (B.5),

0 8T —
! JDXexp{ [gmo,gbo,X]}—iX

(&

indicating that A, will depend on both g,,, and ¢,. Indeed,
the direct calculation of the conformal anomaly gives A, =
A (Gyr0> o) composed by the gravity part (g,,,) and the
matter part (¢,). Correspondingly, the transformation of
the path integral measure will also depend on g,,, and ¢,

8A,
Sw

w=0
(B.9)

although neither of them enters into DX explicitly.

Similarly, when the theory is coupled to the external
SU(4)r gauge field A7, although A7, does not enter into
the path integral measure, the Jacobian of the path integral
measure under the R-symmetry transformation gives the R-
symmetry anomaly which is the function of A.

Finally, on gravity side, one can read the R-symmetry
anomaly from the type IIB supergravity action directly but
should make the regularization of the action first to get
the conformal anomaly. Correspondingly, on gauge theory
side, the R-symmetry anomaly exists originally, while the
conformal anomaly is introduced by regularization.

Acknowledgments

The work was supported in part by the Mitchell-Heep chair in
High Energy Physics (CMC) and by the DOE Grant DEFG03-
95-Er-40917.

References

[1] T.Banks, W. Fischler, S. H. Shenker, and L. Susskind, “M theory
as a matrix modela conjecture;” Physical Review D, vol. 55, no.
8, pp. 5112-5128, 1997,

[2] D. Berenstein, J. Maldacena, and H. Nastase, “Strings in flat
space and pp waves from N = 4 super Yang Mills,” Journal of
High Energy Physics, vol. 2002, no. 4, article 13, 2002.

[3] W. Taylor and M. Van Raamsdonk, “Supergravity currents and
linearized interactions for matrix theory configurations with
fermionic backgrounds,” Journal of High Energy Physics, vol.
1999, no. 4, article 013, 1999.



Advances in High Energy Physics

[4] A. Dasgupta, H. Nicolai, and J. Plefka, “Vertex operators for
the supermembrane,” The Journal of High Energy Physics, no. 5,
article 7, 28, 2000.

[5] K. Dasgupta, M. M. Sheikh-Jabbari, and M. Van Raamsdonk,
“Matrix perturbation theory for M-theory on a pp-wave,
Journal of High Energy Physics, vol. 2002, no. 5, article 56, 2002.

[6] J. Maldacena, “The large N limit of superconformal field
theories and supergravity,” Advances in Theoretical and Math-
ematical Physics, vol. 2, no. 2, pp. 231-252, 1998.

[7] N.Itzhaki, J. M. Maldacena, J. Sonnenschein, and S. Yankielow-
icz, “Supergravity and the large N limit of theories with sixteen
supercharges,” Physical Review D, vol. 58, no. 4, Article ID
046004, 1998.

[8] S.S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory
correlators from non-critical string theory,” Physics Letters B,
vol. 428, no. 1-2, pp- 105-114, 1998.

[9] E. Witten, “Anti de Sitter space and holography,” Advances in
Theoretical and Mathematical Physics, vol. 2, no. 2, pp. 253-291,
1998.

[10] S. Sethi and L. Susskind, “Rotational invariance in the M(atrix)
formulation of type IIB theory,” Physics Letters B, vol. 400, no.
3-4, pp. 265-268, 1997,

[11] L. Susskind, “T duality in M(atrix) theory and S duality in field
theory;” http://xxx.lanl.gov/abs/hep-th/9611164.

[12] O.]. Ganor, S. Ramgoolam, and W. Taylor, “Branes, fluxes and
duality in M(atrix)-theory,” Nuclear Physics B, vol. 492, no. 1-2,
pp. 191-204, 1997,

[13] B.de Wit, J. Hoppe, and H. Nicolai, “On the quantum mechanics
of supermembranes,” Nuclear Physics B, vol. 305, no. 4, pp. 545-
581, 1988.

[14] L. Motl, “Proposals on non-perturbative superstring interac-
tions,” http://lanl.arxiv.org/abs/hep-th/9701025.

(15] R. Dijkgraaf, E. Verlinde, and H. Verlinde, “Matrix string
theory,” Nuclear Physics B, vol. 500, no. 1-3, pp. 43-61, 1997.

[16] Y. Sekino and T. Yoneya, “From supermembrane to matrix
string,” Nuclear Physics B, vol. 619, no. 1-3, pp. 22-50, 2001.

[17] E. S. Fradkin and A. A. Tseytlin, “Effective field theory from
quantized strings,” Physics Letters B, vol. 158, no. 4, pp. 316-322,
1985.

[18] A.A.Tseytlin, “Sigma model approach to string theory effective
actions with tachyons,” Journal of Mathematical Physics, vol. 42,
no. 7, pp. 2854-2871, 2001.

[19] H. Lin and J. Maldacena, “Fivebranes from gauge theory;,
Physical Review D, vol. 74, no. 8, Article ID 084014, 40 pages,
2006.

[20] G.Ishiki, S. Shimasaki, Y. Takayama, and A. Tsuchiya, “Embed-

ding of theories with SU(2]4) symmetry into the plane wave

matrix model,” Journal of High Energy Physics, vol. 20069, no.

11, article 089, 2006.

T. Ishii, G. Ishiki, S. Shimasaki, and A. Tsuchiya, “N = 4 super

Yang-Mills theory from the plane wave matrix model,” Physical

Review D, vol. 78, no. 10, Article ID 106001, 21 pages, 2008.

[22] B. deWit, K. Peeters, and ]. Plefka, “Superspace geometry
for supermembrane backgrounds,” Nuclear Physics B, vol. 532,
Article ID 980320, pp. 99-123, 1998.

[23] W. Taylor and M. Van Raamsdonk, “Multiple DO-branes in
weakly curved backgrounds,” Nuclear Physics B, vol. 558, no. 1-2,
pp. 63-95,1999.

[24] W. Taylor and M. Van Raamsdonk, “Multiple Dp-branes in
weak background fields,” Nuclear Physics B, vol. 573, no. 3, pp.
703-734, 2000.

[21

33

[25] D. Kabat and W. Taylor, “Linearized supergravity from Matrix
theory;” Physics Letters B, vol. 426, no. 3-4, pp. 297-305, 1998.

[26] A. A. Tseytlin, “No-force’ condition and BPS combinations of
p-branes in 1/2 and (2, 0) dimensions,” Nuclear Physics B, vol.
487, no. 1-2, pp. 141-154, 1997.

[27] A. Jevicki and C. Lee, “S-matrix generating functional and
effective action,” Physical Review D, vol. 37, no. 6, pp. 1485-1491,
1988.

[28] E. S. Fradkin and A. A. Tseytlin, “Quantum string theory
effective action,” Nuclear Physics B, vol. 261, no. 1, pp. 1-27, 1985.

[29] J. Figueroa-O’Farrill and G. Papadopoulos, “Homogeneous
fluxes, branes and a maximally supersymmetric solution of M-
theory,” Journal of High Energy Physics, vol. 2001, no. 08, article
036, 2001.

[30] J. Maldacena, M. M. Sheikh-Jabbari, and M. Van Raamsdonk,
“Tranverse fivebranes in Matrix theory;” Journal of High Energy
Physics, vol. 2003, no. 1, article 038, 2003.

[31] V. Balasubramanian, M. Berkooz, A. Naqvi, and M. J. Strassler,
“Giant gravitons in conformal field theory,” Journal of High
Energy Physics, vol. 2002, no. 4, article 34, 2002.

[32] A. Hashimoto, S. Hirano, and N. Itzhaki, “Large branes in AdS
and their field theory dual,” The Journal of High Energy Physics,
vol. 2000, no. 8, article 51, 2000.

[33] J. McGreevy, L. Susskind, and N. Toumbas, “Invasion of the
giant gravitons from anti-de Sitter space;” The Journal of High
Energy Physics, vol. 2000, no. 6, article 8, 2000.

[34] M. M. Sheikh-Jabbari, “Tiny graviton matrix theory: DLCQ
of IIB plane-wave string theory, a conjecture,” Journal of High
Energy Physics, vol. 2004, no. 9, article 17, 2004.

[35] M. M. Sheikh-Jabbari and M. Torabian, “Classification of all 1/2
BPS solutions of the tiny graviton matrix theory;” Journal of High
Energy Physics, vol. 2005, no. 4, article 001, 2005.

[36] M. Ali-Akbari, M. M. Sheikh-Jabbari, and M. Torabian, “Tiny
graviton matrix theory/SYM correspondence: analysis of BPS
states,” Physical Review D, vol. 74, no. 6, Article ID 066005,
2006.

[37] H. Lin, “The supergravity dual of the BMN matrix model,
Journal of High Energy Physics, vol. 2004, no. 12, article 001,
2004.

[38] K. Sugiyama and K. Yoshida, “Giant graviton and quantum
stability in the Matrix model on a pp-wave background,
Physical Review D, vol. 66, no. 8, Article ID 085022, 9 pages,
2002.

[39] H. Lin, O. Lunin, and J. Maldacena, “Bubbling AdS space and
1/2 BPS geometries,” Journal of High Energy Physics, vol. 2004,
no. 10, article 025, 2004.

[40] E Cachazo, K. A. Intriligator, and C. Vafa, “A large N duality via
a geometric transition,” Nuclear Physics B, vol. 603, Article ID
010306, 3 pages, 2001.

[41] K. Becker, M. Becker, J. Polchinski, and A. Tseytlin, “Higher
order graviton scattering in M(atrix) theory,” Physical Review
D, vol. 56, no. 6, pp. R3174-R3178, 1997.

[42] H. Ling, A. R. Mohazab, H.-H. Shieh, G. van Anders, and M.
Van Raamsdonk, “Little string theory from a double-scaled
matrix model,” Journal of High Energy Physics, vol. 2006, no. 10,
article 018, 2006.

[43] W. Taylor, “D-brane field theory on compact spaces,” Physics
Letters B, vol. 394, no. 3-4, pp. 283-287, 1997.

[44] 1. Antoniadis, C. Bachas, J. Ellis, and D. V. Nanopoulos,
“Cosmological string theories and discrete inflation,” Physics
Letters B, vol. 211, no. 4, pp. 393-399, 1988.



34

[45] 1. Antoniadis, C. Bachas, J. Ellis, and D. V. Nanopoulos, “An
expanding universe in string theory,” Nuclear Physics B, vol. 328,
no. 1, pp. 117-139, 1989.

[46] 1. Antoniadis, C. Bachas, J. Ellis, and D. V. Nanopoulos,
“Comments on cosmological string solutions,” Physics Letters B,
vol. 257, no. 3-4, pp. 278-284, 1991.

[47] ]. Distler and H. Kawai, “Conformal field theory and 2D
quantum gravity;” Nuclear Physics B, vol. 321, no. 2, pp. 509-527,
1989.

[48] J. Polchinski, “A two-dimensional model for quantum gravity;’
Nuclear Physics B, vol. 324, no. 1, pp. 123-140, 1989.

[49] A. Dhar and S. R. Wadia, “Noncritical strings, RG flows and
holography,” Nuclear Physics B, vol. 590, no. 1-2, pp. 261-272,
2000.

[50] A. Strominger and C. Vafa, “Microscopic origin of the
Bekenstein-Hawking entropy,” Physics Letters B, vol. 379, no. 1-
4, pp. 99-104, 1996.

[51] J. R. David, G. Mandal, and S. R. Wadia, “Microscopic formu-
lation of black holes in string theory;” Physics Reports, vol. 369,
no. 6, pp. 549-686, 2002.

[52] M. Henningson and K. Skenderis, “The holographic Weyl
anomaly,” The Journal of High Energy Physics, no. 7, article 23,
1998.

[53] S. de Haro, K. Skenderis, and S. N. Solodukhin, “Holo-
graphic reconstruction of spacetime and renormalization in the
AdS/CFT correspondence,” Communications in Mathematical
Physics, vol. 217, no. 3, pp. 595-622, 2001.

[54] C. Imbimbo, A. Schwimmer, S. Theisen, and S. Yankielowicz,
“Diffeomorphisms and holographic anomalies,” Classical and
Quantum Gravity, vol. 17, no. 5, pp. 1129-1138, 2000.

[55] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved
Space, vol. 7 of Cambridge Monographs on Mathematical Physics,
Cambridge University Press, Cambridge, UK, 1982.

[56] B.S. DeWitt, Dynamical Theory of Groups and Fields, Gordon
and Breach Science Publishers, New York, NY, USA, 1965.

[57] M. ]. Duff, “Twenty years of the Weyl anomaly,” Classical and
Quantum Gravity, vol. 11, no. 6, pp. 1387-1403, 1994.

[58] J. De Boer, E. Verlinde, and H. Verlinde, “On the holographic
renormalization group,” Journal of High Energy Physics, vol. 4,
no. 8, article 003, pp. 1-15, 2000.

[59] M. Fukuma, S. Matsuura, and T. Sakai, “A note on the Weyl
anomaly in the holographic renormalization group,” Progress of
Theoretical Physics, vol. 104, no. 5, pp. 1089-1108, 2000.

[60] J. Erdmenger, “Field-theoretical interpretation of the holo-
graphic renormalization group,” Physical Review D, vol. 64, no.
8, Article ID 085012, 12 pages, 2001.

[61] T.Banks, “Tasi lectures on matrix theory,” http://arxiv.org/abs/
hep-th/9911068.

[62] J. Bagger and N. Lambert, “Modeling multiple M2-branes,”
Physical Review D, vol. 75, no. 4, Article ID 045020, 7 pages,
2007.

[63] J. Bagger and N. Lambert, “Gauge symmetry and supersymme-
try of multiple M2-branes,” Physical Review D, vol. 77, no. 6,
Article ID 065008, 6 pages, 2008.

[64] A. Gustavsson, “Algebraic structures on parallel M2-branes,
Nuclear Physics B, vol. 811, no. 1-2, pp. 66-76, 2009.

[65] N. Lambert and C. Papageorgakis, “Nonabelian (2,0) tensor
multiplets and 3-algebras,” Journal of High Energy Physics, vol.
2010, no. 8, article 083, 2010.

[66] K. Fujikawa, “Comment on chiral and conformal anomalies;”
Physical Review Letters, vol. 44, no. 26, pp. 1733-1736, 1980.

Advances in High Energy Physics



Journal of Journal of The SCientiﬁC Journal of

Advances in

Gravity e Photonics World Journal SOft Matter sed Matter Physics

Journal of

Aerodynamics

Journal of

Fluids

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Optics

International Journal of

Statistical Mechanics

Journal
L 3

AThe

Journal of
Computational
Methods in Physics

4 Journal of
International Journal of Journal of - Atomic and
Superconductivity Biophysics Molecular Physics

Journal of Journal of

Solid State Physics Astrophysics




