HOMOGENIZATION OF NONLINEAR RANDOM PARABOLIC
OPERATORS

Y. EFENDIEV* AND A. PANKOVT

Abstract. In the paper we consider the homogenization of nonlinear random parabolic op-
erators. Depending on the ratio between time and spatial scales different homogenization regimes
are studied and the homogenization procedure is carried out. The parameter dependent auxiliary
problem is investigated and used in the construction of the homogenized operator.

1. Introduction. Let @y € R™ be a bounded open set with Lipshitz boundary
and @ = (0,T) X Qp. On @ we consider nonlinear evolution operators

Lo = Dyu— div(a(e%, Eia,u, D,u)) + ao(e%, Eia, u, Dyu).

It is assumed that the temporal and spatial heterogeneities have random homoge-
neous nature which will be described more precisely later. We are interested in the
asymptotic behavior of L. as ¢ — 0. G-convergence theory for parabolic operators
guarantees that the limiting operator L* belongs to the same class of parabolic oper-
ators. G-convergence of nonlinear parabolic operators has been studied in [7, 9]. To
find the form of L* some assumptions on the nature of spatial and temporal hetero-
geneities of a and ag need to be imposed. In the periodic setting the homogenization
of nonlinear parabolic equations is carried out in [7]. Using two-scale convergence the
homogenization of nonlinear parabolic equations for some values of o and 3 is inves-
tigated in [6]. In [1], time homogenization of random nonlinear abstract parabolic
equations has been studied. The homogenization of linear parabolic operators with
almost periodic and random coefficients has been studied in [11, 10].

In this paper we consider the homogenization of nonlinear parabolic equations
when the fluxes, a and ay are random homogeneous fields with respect to temporal
and spatial variables. We show that the homogenized operator has the form

L*u = Dyu — div(a™(x, t,u, Dyu)) + aj(z, t,u, Dyu),

where the calculation of a* and af depends on the ratio between a and 8. Our
homogenization results are of statistical nature, i.e., homogenization takes place for
almost all realizations. As in the case of linear operators depending on the ratio
between « and f different regimes are considered: self-similar case (« = 23); non
self-similar case (o < 20); non self-similar case (o > 20); spatial case (a = 0);
temporal case (8 = 0). These regimes yield different asymptotic behavior of L. which
is determined by the solution of auxiliary problem. The auxiliary problem contains a
parameter, which is characterized by the ratio between o and 3. Depending on the
ratio between a and § the solution of the auxiliary problem has different nature that
determines the homogenized operator. As in [10] the solution of the auxiliary problem
does not have independent meaning and we employ near solutions extensively.
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The main idea in carrying out the homogenization procedure is as follows. First
we construct a solution for the parabolic equation by rescaling the solution of cor-
responding auxiliary problem. In this way the parameter involved in the auxiliary
problem is set in terms of some power of €. Next we study the convergence of the
solutions or near solutions of the auxiliary problem as ¢ — 0. Further the results on
the convergence of arbitrary solutions for G-converging sequence of operators allow us
to calculate the homogenized operator based on a particular solution. This technique
has been employed for periodic case in [7].

Since we consider random operators, our main result, Theorem 4.1 (below), is
of statistical nature. It says that homogenization takes place almost surely. As in
the case of nonlinear elliptic operators, one can deduce from this statistical result the
individual homogenization theorem for almost periodic nonlinear parabolic operators.
One needs only to consider almost periodic functions as realizations of appropriate
random fields (in this case €2 is the Bohr compactification of R"*!) and follow the
proof of Theorem 3.3.1 [7]. We would like to mention that in the linear case there is
more general individual homogenization theorem [10] that holds when  is a compact
topological space and the dynamical system T is strictly ergodic. A nonlinear coun-
terpart of this result is still an open problem even in the case of monotone elliptic
operators.

Our motivation for considering homogenization of nonlinear parabolic equations
comes from the applications arisen in flow in porous media for both saturated and
unsaturated media, though one encounter nonlinear parabolic equations in many dif-
ferent applications. Due to uncertainties and general nature of the heterogeneities in
subsurface flows one no longer can assume periodicity. We employ the results of the
present work for the development and analysis of efficient numerical homogenization
schemes in our subsequent paper [3]. In the porous media applications one is often in-
terested in the gradients of the solutions. In [3] we construct numerical correctors for
the solution of nonlinear parabolic equations. The auxiliary problem proposed in this
work play a central role in the calculation of numerical correctors. These correctors
further allow us to obtain the convergence of our numerical schemes for the gradients
of the solutions. We would like to note that the homogenization results obtained in
this work are important in addressing the robustness of the numerical homogenization
schemes for more realistic porous media applications.

Finally we would like to note that the homogenization results and the analysis
presented in this paper avoids many details involved in [10] since we study neither
the individual homogenization nor the correctors. Moreover, the homogenization
procedure presented in the paper differs from the one in [10]. In our paper we carry
out the homogenization using the solution of an auxiliary problem and the theorem
on G-convergence of arbitrary solutions.

The paper is organized as follows. In the next section we present some basic facts
that are used later in the analysis. Section 3 is devoted to the auxiliary problem. In
the following section we present the homogenization results.

2. Preliminaries. Let (2, X, 1) be a probability space and let LP(§2) denote the
space of all p-integrable functions. Consider (n + 1)-parametric dynamical system on
O, T():Q—Q, 2= (x,t) € R (t € R, z € R") that satisfies the following
conditions: 1) T'(0) = I, and T(x +y) = T(x)T(y); 2) T'(2) : Q@ — Q preserves the
measure 4 on §; 3) For any measurable function f(w) on €, the function f(7T'(z)w)
defined on R"*! x € is also measurable.

U(z)f(w) = f(T(2)w) defines a (n+ 1)-parameter group of isometries in the space
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of L,(2). U(z) is strongly continuous. Further we assume that the dynamical system
T is ergodic, i.e., any measurable T-invariant function on {2 is constant. Denote by
() the mean value over €,

(f) = / f@)dp(w),  {uv) = / (1, 0)dpu(w).

Throughout the paper C' denotes a generic constant, || - ||, o denotes LP(Q) as
well as LP(Q)™ norms and ¢ is defined by 1/p + 1/¢g = 1. The notation a.e. is often
omitted.

For further analysis we will need Birkoff Ergodic Theorem. Denote

. 1
M{f}:shrn S”T|K|/K f(z)dz,

— 00

where K C R"™', |K| #0,and K, = {z € R"™' : s71z € K}. Let f(£) be bounded in
LY (R"1),1 < p < oo. Then f has mean value M{f} if and only if f(z/e) — M{f}
weakly in L] (R"*!) as e — 0 [4].

THEOREM 2.1. (Birkhoff Ergodic Theorem)

Let f € LP(Q), 1 <p < c0. Then

(fYy=M{f(T(2)w)} a.e. on Q.
Consider the equation on @ = [0,7] X Qg
Dyue = div a(T(x/e”,t/e*)w, ue, Dyue) — ao(T (x/¢”t/e*)w, ue, Dyue) + f in Qo

ue =0 on 9Qy
u(t=0)=0.
(2.1)

We assume that a(w,n,&) and ap(w,n,£), n € R and £ € R™ are Caratheodory
functions satisfying the following inequalities

e for any (,&)
la(w,n, &) + lao(w,n, &) < col|n|” + |€]P) + c(w), ae. on Q,  (2.2)

where p > 1, ¢g > 0 and ¢(w) belongs to L1(Q).
o for any (1,¢) and (7,¢')

(a(w,n,€) — a(w,n,€),6 —€) > Cle — € P, ae. on Q. (2.3)

e for any (1,¢)
(a(w,n,€), &) + ao(w,n,&)n > Cl§IP — Cy ae. on Q. (2.4)
e for any x = (n,€) and x' = (n’,g’)

|a(‘%7)75) - a(wvnlvflﬂp/ + |a‘0(w777a£) - ao(wvnlvflﬂpl <

k[(h(@) + [XIP + X ) (16 =€) + (h(w) + [xIP + X)) /7|6 = €], ae. on Q,
(2.5)

where k > 0, 0 < s < min(p,p’), v(r) is continuity modulus (i.e., a nonde-
creasing continuous function on [0, +00) such that v(0) =0, v(r) > 0if r > 0,
and v(r) = 1if r > 1), and h € L1 ().
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2n
n+2

p >

Next we briefly review G-convergence results for non-monotone operators [7] that
will be used in the analysis (G-convergence for monotone operators has been studied
in [2]). Consider @ = [0,T] x Qo and introduce

Vo = LP(0,T, Wy P(Qo)), V = LP(0,T,W'P(Qo)), W = {ue LP(0,T,W,"(Qo)), Dyu € L1(0,T, W~19(Q))},

W ={uecV,Dwue LU0, T, W +4Qy))}, Wy = {uc W,u(0)=0}.
(2.6)

Consider a sequence of general parabolic operators Ly, Lyu = Dyu—div(ag(z,t,u, Dyu))—+
ag k(x,t,u, Dyu) and Lu = Dyu — div(a(x,t,u, Dyu)) + ao(z,t,u, Dyu). We assume
that Ly and L satisfy (2.2)-(2.5). Next we briefly mention the definition for G-
convergence for sequence of operators Ly to L. For more details we refer to [7]. Based
on Ly and L we define the sequence of operators L}, (u,v) = Dyu—div(ay(z,t,v, Dyu)),
L'(u,v) = Dyu — div(a(z,t,v, Dyu)) and the fluxes

I‘k(u,v) = ai(t,z,v, Dyu), I‘g(u,v) = ao,x(t, z,v, Dyu)
I(u,v) = a(t,z,v, Dyu), To(u,v) = ao(t,z,v, Dyu).

Given v € Vg, L} (u,v) and L*(u, v) are strictly monotone parabolic operators. There-
fore, for any v € Vj and f € W' there exist unique solutions uy € Wy and u € Wy of
Li(ug,v) = f and L'(u,v) = f [8]. Without loss of generality we assume k — oo.

Definition (G-convergence) A sequence Ly G-converges to L if for any v € Vj
and f € L1(0,T,W~19(Qo)) we have

U — U
as k — oo weakly in Wy, and

I‘k(uk,v) — I(u,v)

FZS (ukv 1)) — T (U, U)

as k — oo weakly in LY(Q)™ and L?(Q) respectively.

Remark. We would like to note that in [7] (where to our best knowledge G-
convergence for this class of operators is first introduced) the author calls G-convergent
sequence defined as above “strongly G-convergent sequence”.

Next we mention the theorem on the convergence of arbitrary solutions for G-
convergent sequence of operators [7] that will be used in our analysis.

THEOREM 2.2. Assume Ly G-converges to L, ux, € W, fi, f € L0, T, W=14(Qy)),
Liuy, = fr, ur — u weakly in W, and f, — f strongly in W(;. Then Lu = f, and

Clk(x, ta Uk, Dxuk) - Cl(l‘, t7 u, Dxu);
aO,k(xv ta Ul Dxuk) - ao(l', ta Uu, Dzu)
as k — oo weakly in L1(Q)"™ and L1(Q) respectively.

Following to [10] we define spaces similar to LP(W1?) on € in the following way.
Denote by Opuy = (01, ,0n41) the collection of generators of the group U(z).



HOMOGENIZATION OF NONLINEAR RANDOM PARABOLIC )

There is a dense subspace S C LP(2) that is contained in the domains of all operators
Oy = O -0, a € Z!. Next we introduce smoothing operators J°. Set
K(z) € C§°(R™1) be a non-negative even function such that

K(z)dz=1,

Rn+1

and K°(z) = 6~ "D K(2/6). Define the operator J® as follows

Pfw) = [ KT W)
Rn+1
Js is a bounded operator in the space of LP(€2) whose norm is not greater than 1. For
a generic realization of f we have

T f(T(2)w) = - K%(z — 21) f(T(21)w)dz .
The latter shows that a generic realization of J°f belongs to C>°(R"*!). Thus,
for f € LP(2) the function Jsf belongs to the domain D(9%, LP(Q2)) for any 9% =
.. 0001 . More discussion of J° can be found in [7]. The following lemma is
important for the analysis (see [7], page 139).
LEMMA 2.3. For any f € LP(Q)

1- 5 —_ P = .
611%|\Jf fllzr) =0

Clearly, J°L? C S, 6 > 0.
Further denote by V = VP the completion of S with respect to the semi-norm

n 1/p
1fllv = <;|3z‘f||'£p(m> :

Note that the completion with respect to a seminorm “cuts off” the kernel of the
semi-norm. The operator 9 = (01,...,0,) : V — LP(Q)™ is an isometric embedding.
Moreover, the space V is reflexive with dual denoted by V. By duality we define the
operator div : L4(Q)" — V', where

(divu, w) = —(u, dw), Yu € LY(Q)", w e V. (2.7)

We note that the elements of V in general do not have independent meaning and
contains fields that are not spatially homogeneous. Note that [10, 7] (page 138 in
[7]) the operators 0; may be viewed as derivatives along trajectories of the dynamical
system T'(z)

0
= 5o f@(w) 28)

for a.e. w € Q and f € D(9;, LP(2)). For our further analysis we introduce

@i )IT(2)w)

Ti(t) = T(0,...,0,t), Tu(x)=T(z1,...,2n,0). (2.9)

Denote by

T
My = Jim g [ p@ i MAS =t o [ e

|K|—00
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Next we introduce the differentiation with respect to time 0,+1. Define an un-
bounded operator ¢ from V into V' as follows. We say that v € V belongs to D(o) if
there exists f € V' such that

<Uvan+1¢> = _<fa ¢)>a V¢ €s

and set ov = f. It is easily seen that o¢p = 9,110, ¢ € S. Moreover, o commutes
with operators J?. Therefore, o is a closed linear operator from V to V. Let ot be
the adjoint operator (acting from V to V'). Then

ot = -0,

i.e., o is a skew symmetric operator. For further analysis we denote W = D(o).
Clearly, W = D(0) is dense in V. Because (ou,u) > 0, Vu € D(c), and (o u,u) > 0,
Vu € D(ot), o0 : W —V is a maximal monotone operator [5].

3. Auxiliary problem. In this section we will study an auxiliary problem and
near solutions for it. Consider the auxiliary problem

pow" —div a(w,n, + ow”) = 0. (3.1)
Define the operator A from V to V' as
(Au,v) = (a(w,n,§ + Ou), 0v). (32)

It can be easily verified that A is strongly monotone, i.e., (Au—Av,u—v) > C|lu—v|},,

continuous, and coercive operator from V to V. Since ¢ is maximal monotone whose
domain W is dense in V it follows from [5] that the solution of (3.1) in W exists.
Uniqueness follows from the fact that (ou,u) = 0 and A is strongly monotone. Thus
we have the following lemma.

LEMMA 3.1. Equation (3.1) has a unique solution, w* € W, and

[wh]lw < C. (3.3)

For the analysis we need to consider near solutions for which w (the solution of
(3.1)) is approximated with the functions that have smooth realizations.

For each element v € W we define its near smooth element as follows. Since S
is dense in W we can approximate v € VW with the elements vy € S, vy — v in W.
Consider

Jovy, = K5(z — 21)vg (T (21)w)dz1 .

Rn+1

Clearly,
[ 720k [lv < Cllvk v,
where C' is independent of k. Since ¢ commutes with J° we have
17200kl < Cllowklly -

Consequently, ||v2||w < C|lv|w, where v) = J°v;,. Hence, we can continue J° to W,
and denote by v° = J%. In order v° to be a near solution of (3.3), one needs

lw—=2[lv =0, |lov® + Av’|lyr — 0
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as 6 — 0. The first limit is true due to the approximation property. The second limit
is true due to the fact that J° commutes with o, and A is continuous from V to V'.
Near solution for the auxiliary equation (3.1) has the form

powf + Awf = divps, (3.4)
where div is defined by (2.7) and

1 P\ —
Lim ([ps”) = 0. (3.5)

The right hand side of (3.4) can be written as divps because it is an element of V'
(see [10]). The auxiliary equation on a typical realization has a form

/m+1(MDng(T(z)w)w(z)Jr(a(T(Z)w,n,£+Dyw§),Dyw(z)))dz = / (ps(T(2)w), Dytp(2))dz, Vap € CE°(R™),

Rt
(3.6)
where z = (y,7) € R"! and ps — 0 in LP(Q)) as § — 0. By Ergodic Theorem

/K |05 (T (ze)w)[Pdz — [K|(|ps(w)[?) (3.7)

as € — 0 for any 6 > 0, where z. = (/¢%,t/e”) € R"T!. Furthermore the right hand
side of (3.7) converges to zero as 6 — 0 for each € > 0.

The following lemma is needed for our analysis.

LEMMA 3.2. Assume ps € LP(Q) and (|p|P) < s(5), where s(6) — 0 as § — 0.
Then for any sequence § — O there exists a sequence €g(0), such that €(d) — 0 as
§ — 0, and for any Q C R™1!

/Q |ps(T(x/€?, t/e®)w)|Pdwdt < s(6), Ve < €o(5),

where s(6) — 0 as § — 0.
Proof.
Introduce Q. = {(z,t)|(e’z,et) € Q}. Then

/Q 95(T (/€ /e Pdxdt = P+ / I95(T(y, 7)) Pdydr — meas(Q){|psl?) < 5(6),

Q€

as € — 0. Here we have used Birkhoff Ergodic Theorem. From here it follows that
there exists a sequence € (J) such that for all € < €y(0), fQ lps(T(x/eP t)e)w)|Pdadt <
s(6), where s(6) —» 0 as 6 — 0.

Q.E.D.

Throughout the paper s(§) denotes a generic sequence that converges to zero as
6 — 0.

4. Homogenization. The homogenization of parabolic equation depends on the
relation between time and spatial scales [10, 7]. In particular we consider

Leu = Dyu — div(a(z /€t /e, w,u, Dpw)) + ao(z/€”,t/€*, w,u, Dyu) (4.1)
where
ay, 7w, 1,€) = a(T(2)w,n,€), ao(y,7,w,n,€) = ao(T(2)w,1.€), 2= (y,7) € R**

Depending on « and § we distinguish the following cases:
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Self-similar case (o = 23)
Non self-similar case (a < 23)
Non self-similar case (a > 2[)
Spatial case (a = 0)
Temporal case (8 = 0)

The homogenization for each case is presented next. The main idea of this proce-
dure is as follows. First we construct a solution for the parabolic equation by rescaling
the solution of corresponding auxiliary problem (3.1). After the rescaling p in (3.1)
may depend on €. Further, we study the convergence of the solution of auxiliary prob-
lem as € — 0. Then employing the results on the convergence of arbitrary solutions
for G-convergent sequence of operators we calculate the homogenized fluxes a* and
ag using a constructed solution. This technique has been employed for periodic case
in [7].

Our main result is the following.

THEOREM 4.1.

L. G-converges to L*, where L* is given by

L*u = Dy — div(a™(w, x, t, u, Dyu)) + aj(w, x, t, u, Dyu). (4.2)

a* and af are defined as follows.
o For self-similar case (o =203),

a*(n,§) = (a(w,n,§ + Owy¢)),
aO*(n7 g) = <a’0(wa m, § + 8’(1}7],5»,

where wy ¢ = wH=' € W is the unique solution of
ow=t —div a(w,n, &+ ow"=') = 0. (4.3)
e For non self-similar case (o < 203),

a*(1,€) = (a(w, n,§ + Owye)),
ao™(1,€) = (ao(w, 1, & + Own.¢)),
where wy ¢ = w’ € V is the unique solution of
—div a(w,n, &+ 0w”) = 0. (4.4)
e For non self-similar case (o > 20),
a*(1,€) = (a(w, n,§ + Owye)),
ao™ (1,€) = (ao(w, 1, & + Own ¢)),
where wy ¢ = W™ € V, is the unique solution of
—div a(w,n, £ + 0w™) = 0. (4.5)

a and Vs is defined in section 4.2.2.
e For spatial case (a=10),

a’(wv , 5) = MI{G(TQ((E)W, 7, f + awn,&(TZ(x)w))}a
ao(w,n,§) = Ma{ao(Ta(z)w, 1, § + Owy ¢(To(z)w))},

where wy ¢ = wy €V

—div a(w,n, & + 0w,) = 0. (4.6)
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e For temporal case (8 =0), the homogenized fluxes are defined by

a‘*(w777)€) = Pla/(w777)€)7
aa(w7na€) = P1a0(w777;€)7

where Py is defined in (4.29).

The theorem on the convergence of arbitrary solutions (Theorem 2.2) for G-
convergent sequence of operators allows us not to restrict ourselves to a particular
boundary or initial conditions. In particular, from Theorem 2.2 and Theorem 4.1 we
have

THEOREM 4.2. Let uc € W be a solution of Louc = f, f € L0, T, W=149(Qy)),
such that ||uc|w is bounded. Then ue converges to u as € — 0 weakly in W (up to a
subsequence) where u is a solution of L*u = f, and L* is defined in (4.2).

Remark. We note that the ergodicity assumption is not essential for the proof of
the theorem. One can carry out the proof for non-ergodic case essentially in the same
manner as that for the ergodic case. The homogenized operators for non-ergodic case
will be invariant functions with respect to T'(z).

Remark. Note that in the case of spatial and temporal homogenization the
homogenized operator depends on w. If the operator is random in time variable one
can apply the results of [1]. However, the results of [1] do not imply convergence of
the fluxes.

Remark. Under additional regularity assumption on a and ag with respect to the
time variable, G-convergence results follow from the G-convergence of elliptic parts
of parabolic operators. However, this additional assumption is too restrictive and not
well suited to the case of random operators.

Remark. In the analysis, for simplicity we assume (2.4), though the homoge-
nization results can be obtained under a weaker assumption,

(a(w,n,€) —a(w,n,&),E =€) > CA+[€]P + € PP B¢ — €)P, ae. on Q.

(4.7)

4.1. Self-similar case (o = 2, § = 1). Take p = 1 in (3.1), consider near
solutions w 5=1, and set

w5t (@, t,w) = ewf ™ (T(x/e,t/e)w). (4.8)
wgé satisfies in R*t! for a.e. w
thﬁ;l — div(a(T(x/e, t)e*)w,n, & + Dzwg;l)) = divgps, (4.9)

where (|ps|P) — s(8), where s(6) — 0 as 6 — 0. o
LEMMA 4.3. For every § > 0 wé‘;l — 0 weakly in W as ¢ — 0.

Proof. Using the fact that w=" € W and (4.8) we obtain that [|w!5" | e o, 7,w1r(Q0)) <

C and wg;l — 0in LP(0,T, LP(Qo)) as € — 0 for every d > 0 (cf.[10]). Next we will
show that

HthZEIHL’I(O,T,W_L‘I(QO)) < C.

From equation (4.9) we obtain that

=1 =1
[ Dewls | Lao.r.w-19(Qo)) < Clwts e, r.wir Qo)) + Cllpsllpg < C.
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Consequently, wé‘;l is bounded in W. Since this family is weakly compact in W and

converges to zero in LP(0,T, LP(Qy)), it converges to zero weakly in W.
Q.E.D.
Define

L*u = Dyu — div(a* (u, Dyu)) + agf(u, Dyu), (4.10)
where
a*(1,€) = (a(w,n, € + ow=1))
ag(1,€) = (ao(w, 7, & + Ow=")).

THEOREM 4.4. If a = 2f3 then L. G-converges to L* defined by (4.10) for a.e.
w e Q.

Proof.

The equation for wé‘;l (4.9) can be written as

thé‘jl—div(a(T(aﬁ/e,t/ez)w, 77,§+wa2§1)+ao(T(x/e,t/eQ)w,n,f—i—waé‘;l) = he,s+divgps,
where he s = ao(T(z/e,t/e*)w,n, & + waé‘;l).

Next we choose two sequences § — 0 and €(§) — 0 such that w’, (E)l s — 0 weakly

in W, and ps — 0 in LI(Q)" as k — oco. This is possible for any sequence § — 0
because of Lemma 4.3 and Lemma 3.2. Consider a generic sequence of d; — 0 as

k — oo and corresponding ¢, = €(dx). Then wgzl = wgk:&lk — 0 weakly in W, and

pr = ps, — 01in LI(Q)™ as k — oo. Consider for each w € 2
Liyu = Dyu — div(a(T(x/ep, t)e2)w,n, &€ + Dyu) + ag(T(x/ep, t/e2)w,n, & + Dyu).
It is known [7] that L G-converges to L (up to a subsequence),
Lu = Dyu — div(a(w, t, z,n,& + Dyu)) + ao(w, t, z,m, € + D).
Moreover, for a.e. w
(T (/ex, t/)w,n, & + Dyw ") — alw, t,z,n,€)
ao(T (z/ex, t/e)w,n, & + Dywpy™") = do(w, t, 2,1, ),

as k — oo weakly in L(Q)™ and L(Q). Our goal is to find the form of @ and ao.
Note that hy = he, s, is bounded in LY(Q) and hy — h = ao(w,t,z,1,£) as k — o0
weakly in L(Q). Thus from the convergence of arbitrary solutions for G-convergent
sequence of operators we also have u = 0 is a solution of Lu = h. On the other hand
using Ergodic Theorem

o(T (/g t/eR)w, & + Daw™") = (alw,n, € + Ow'="))

ao(T (w/ex, t/ep)w,n, & + Dywl ™) — (ao(w,n, & + Ow=")),

as k — oo weakly in L9(Q)" and L(Q) because a(T(z/ex,t/et)w,n,& + wagk:&lk)

and ao(T(z/ex, t/e3)w,mn, f—l—wag;l) are homogeneous fields. Comparing (4.11) and
(4.12) we obtain

(4.11)

(4.12)

a(w,t,x,m,€) = (a(w,n, & + Ow'="))
ao(w, t,z,n,€) = (ao(w,n, & + dw"=1)).

Finally it can be easily verified that u = 0 is the solution of Lu = h.
Q.E.D.



HOMOGENIZATION OF NONLINEAR RANDOM PARABOLIC 11

4.2. Non self-similar cases.

4.2.1. Case a < 28, 8 = 1. To construct the homogenized operator for this
case we will set = €2~ in (3.1) and need to study the limit of w* as p — 0.
LEMMA 4.5.

wt — w® as p— 0 in YV, where w® € V is the unique solution of

—div a(w,n, €+ ow’) = 0. (4.13)

Proof.
The uniqueness of the solution of (4.13) can be shown in the same as that of (3.1)
using the fact that A (see (3.2)) is strongly monotone operator from V to V.
To show the convergence we follow [7]. Define w®* € W such that w®* — w? in
V. Such sequence exists since W is dense in V. Then
[w* —wF|)}, < C{Aw* — Aw®F wh — w™F) = C{uo(w* — W) + Aw* — Aw®* wh — w*) <
C{=pow®* — Aw™*, wh —w™") < C([|pow®* [y + [ Aw®* ||y [wh = w* |y

Here we have used the fact that pow" — Aw# = 0. Next using the fact that Awy =0
we have

[wh —w®* [y < O(lpow [l + | Aw® = Aw®* ).
Thus,

=y < [k =00yt 0* w0y < C(jallow®* s+ Aw— Aw ]|+ [0 O .
(4.14)

Next for any 6 > 0 we can choose k sufficiently large such that ||w%* —w°||y, < 6 and

| Aw® — Aw®*||,,; < §. The latter is possible since A is continuous from V to V'. Next

choosing p sufficiently small we have p|ow®*|,, < 4, and hence from (4.14)

[[wH —w’|y < C8.

Q.E.D.
Define

L*u = Dyu — div(a™ (u, Dyu)) + agf(u, Dyu), (4.15)

where

a*(1,€) = (a(w,n,€ + duw"))
a6(777 g) = <a’0(wa 7, § + 8w0)>7

w? is the solution of (4.13).
THEOREM 4.6. If a < 20, =1 then L G-converges to L* defined by (4.15).
Proof.
Set i = €*~ in (3.1), consider near solutions of (3.1), wf, and set

we,s = ewl (T(z/e,t/e")w).
Furthermore, set

w(e),é = Ewg(T(iL'/E, t/ea)w)v
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where wg,é are near solutions of (4.13). Then w, s satisfies in R for a.e. w
Dyw! 5 — div(a(T (x/e,t/e*)w,n, & + Dyw 5)) = divgps, (4.16)

where (|ps|?) < s(0), where s(6) — 0 as 6 — 0. As in the proof of Theorem 4.4 we
choose two sequences 0 — 0 and €(§) — 0 such that w.s),s — 0 weakly in W, and
ps — 0in LI(Q)"™ as k — oo. This is possible for any sequence § — 0 because of
Lemma 4.3 and Lemma 3.2. Consider a generic sequence of d; — 0 as k — oo and
corresponding e = €(dx). Then wy = we, 5, — 0 weakly in W, and pp = ps, — 0 in
LY(Q) as k — .

As in the proof of Theorem 4.4 using the convergence of arbitrary solutions for
G-convergent sequence of operators we have that for a.e. w

a(T(x/ex, t/ e )w,n, & + Dywy) — a(w, t,z,n,§)

4.17
G,o(T(iL’/Ek, t/Eg)w, 1, f + wak) - aO(wv ta z,n, 5) ( ! )

weakly in L9(Q)" and L(Q) as k — oo. Set wp = w?

.6, Using Ergodic Theorem
we have

a(T(x/ex, t/ef)w,n, € + Dywy) — (a(w,n, &+ w’))

(4.18)
ao(T(x/ex,t/ e )w, 1, & + Dywy) — (ao(w,n, & + du’))
weakly in L?(Q)™ and L9(Q) as k — oo because a(T'(z/ex,t/e¥)w,n, & + Dywl) and
ao(T(z/ex, t/e)w,n, & + Dyw?) are homogeneous fields.
Since [|w* — w®|y, — 0 as u — 0 we can obtain ||Dywy — Dyuwl|,o — 0 as
k — oo. The latter can be shown using triangular inequality, || Dywy — Dywdpo <
| Dywi,— Dyw" ||, o+ || Dyw” — Dyw®|| p o+ Dew® — Dyw} ||, and Lemma 3.2. Indeed,
| Dywi, — Dyw||p.o and || Dyw® — Dyw?|,.o can be estimated using Lemma 3.2 since
they represent the error associated with near solutions, and (|dwf§ — dw#|P) < s(4),
and (|Ow) —uw’[P) < s(), where s(§) — 0 as § — 0. Thus there exists a subsequence
of 8 — 0 (as k — oo) such that || Dywy, — Dyw”||p,q and || Dyw® — Dyw?||, o converge
to zero as k — oo. The term || Dyw* — Dyw?||, o converges to zero as yu — 0 or € — 0
because of Lemma 4.5. Thus,

a(T(x/er,t/ef)w,n, € + Dowr) — a(T(w/ex, t/e)w, 0,6 + Dyw) — 0

’ (4.19)
ao(T(x/ep,t/ex)w,n, & + Dywy) — ao(T(x/eg, t/ex)w,n, & + Dywy) — 0

in L9(Q)™ and L9(Q) as k — oo. Combining (4.17), (4.18) and (4.19) we see that L*
defines the homogenized operator.
Q.E.D.

4.2.2. Case a > 23, f = 1. For the analysis of this case we will need to consider
asymptotic behavior of w* as u — oo. This requires the average of a(w,n, &) over
the time variable which will be defined next. a(T'(z)w,n,€), z = (z,t) € R""! can
be considered as a continuous function from L? (R"!) to LP(Q) for each n € R and

loc
& € R™. Consider an average of a over ¢ variable at fixed z = 0,

_ e
aw.n.€) = fim oo [ alTi@won O = Mifalwn.©)

T—o0 _T

The function @(w,n, ) is defined on LP(2) for each n € R and £ € R™.
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Next we introduce the space V5. Consider the subset of S consisting of functions

f(w) = M{ f(Ta(t)w}-

Denote by Vg the completion of this set with respect to the norm

171 = 1B, )7
i=1

Define the operator (Au,v) = (@(w,n,& + du),dv). A : Vs — V. is bounded,
continuous and strongly monotone. Indeed, for any u,v € Vs

(Au — Av,u —v) = (Au — Av,u —v) > C(|0(u — v)|P).
This implies the existence and uniqueness of w> € V; which is the solution of
—div(a(w,n, & + 0w™)) = 0. (4.20)

For further analysis we denote near solutions of (4.20) by w§°. Then
LEMMA 4.7. lim,,_, ||w* — w™®|y =0
Proof.
Set

1
wi = w> + —vy,
I
where vs will be defined later. Note that  does not indicate near solutions here. We
will show that wf§ approximates w* for large pr. We have
powy 4+ Aw§ = ovs + f1 + fas,
where A is defined as previously by Au = div a(w,n,& 4+ du) and
fl =div a(w777)€+ 8woo)7
f3 = div(a(w,n,§ + 0wy) — a(w,n, € + 0w™)).
Note that for any ¢ € V;

(f1.6) = /Q aw,m, € + 0w)prddp(w) =
[ &+ 0u*)00du(w) o
Q

Consider o as a closed operator from V to V. The kernel of o is V. Using the fact
that the range of o is dense in the orthogonal complement of ker(o™), and the fact
that o™ = —o (o7 is the adjoint of o) we have that there exist v € W, gs € V' such
that

fi=—ovs +gs
and [|gs|,s < s(d), where s(§) — 0 as § — 0. This is the way we define vs. Then
Cllwh —w"|]}, < (po(wf —wh) + Awf — Aw” wf —w*) =
(ol + A, wf —wh) = (ous + fi + fag, wl — wh) =
(95 + S5, w5 —w") < (llgslly + [ f2ally)lws — w[lv.
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This implies
lwf = wHllv < C(llgslly + | faslly ) @D
On the other hand using Holder continuity of a we have
I £25lly < Cllws = w™|ly = Cu™" sl
Consequently,
lwf = wlly < C(s(8) + p~Hlosv) /P
Furthermore,
[wh —w™ |y < [lwf —we |y + [l —wflly < g Hoslly + " = wg v

Thus, for any { > 0 we can choose § sufficiently small such that for all yu > ug we
have ||lw* —w*>|ly < C.

Q.E.D.

Define

L*u = Dyu — div(a™ (u, Dyu)) + agb(u, Dyu), (4.21)

where

a*(n,§) = (a(w,n,§ + 0w™)),
G’S(nag) = <a0(w777a£ + awoo)%

w is the solution of (4.20).
THEOREM 4.8. If a > 203, f =1 then L. G-converges to L* defined by (4.21) for
a.e. w € .
Proof.
Set pu = €2~

(4.22)

® - o0 as e — 0 and

we,s = ewh (T(z/e,t/e)w), wey = ews” (T(z/e,t/e*)w),

where wf is near solutions of (3.1) and w§® is near solutions of (4.20). Then we s
satisfies in R"*! for a.e. w

th€,5 - div(a(T(x/e, t/ea)wa 7775 + Dzws,é) = divxﬂ&;

where (|ps|P) — 0 as 6 — 0. As in the proof of Theorem 4.4 we choose two sequences
d — 0 and €(d) — 0 such that w.s),s — 0 weakly in W, and ps — 0 in LY(Q)" as
k — oo. This is possible for any sequence § — 0 because of Lemma 4.3 and Lemma
3.2. Consider a generic sequence of §y — 0 as k — oo and corresponding e;, = €(d).
Then wi, = we, 5, — 0 weakly in W, and py = ps, — 0in LYQ)™ as k — oo. Using
the convergence of arbitrary solutions for G-convergent sequence of operators as in
the proof of Theorem (4.4) we obtain that for a.e. w

G/(T(l‘/Ek, t/€a)w7 7, E + D;ka) - &(w7 t7 Z,n, g)

ao(T(x/ex, t/e*)w,n, &+ Dywy) — ao(w, t, z,n,€) (4.23)
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weakly in L2(Q)™ and L?(Q) as k — co. On the other hand using Ergodic Theorem
we have

a(T(z/ex,t/e")w,n, & + Dawy®) — (a(w,n,§ + Ow™))

ao(T(z /e, t/e¥)w,n, & + Dowi®) — (ag(w,n, & + Ow™)) (4.24)

weakly in L9(Q)™ and L9(Q) as k — oo. Since lim, . [|w"—w>|]y, = 0 as in the proof
of Theorem 4.6 we obtain that ||Dywi — Dywi®||p,0 — 0 as k — oo. Consequently,

a(T(z/ex,t/e¥)w,n, & + Dywy) — a(T(x/eg, t/e*)w,n, & + Dyws®) — 0

ao(T(x/e, t/eM)w,n, & + Dowi) — ao(T(x/ex, t/e)w, n, & + Dawi®) — 0 (4.25)

in L9(Q)™ and LY(Q) as k — oo. Combining (4.23), (4.24) and (4.25) we see that L*
defines the homogenized operator.
Q.E.D.

4.3. Spatial homogenization (o =0, § =1). Consider
a(Ti(t)w,n, §) = Mefa(Ta(z)w,n, § + Owa(T2(7)w))}
ao(T1(t)w,n,§) = Mafao(Ta(z)w, n, & + 0w (To(z)w))}
where T} is defined in (2.9) and w, = w® € V (see (4.13)) satisfies
—div a(w,n, & + dw,) = 0. (4.26)

The existence and uniqueness of this equation is discussed previously. Next we show
that the homogenized operator has the form

L*(w)u = Dyu — div(a(Ty (t)w, u, Dyu)) + ao(Th (t)w, u, Dyu). (4.27)

THEOREM 4.9. Ifa =0, 8 =1 then L. G-converges to L* defined by (4.27) for
a.e. w € .

Proof.

Set = €2 and

we,s = ewf (T(z/e, t)w),
where w} is near solutions of (3.1). Then we s satisfies in R"*! for a.e. w
Dywe s — div(a(T(z/¢,t)w,n, § + Dywe s) = divyps,

where (|p5|") — 0 as § — 0. As in the proof of Theorem 4.4 we choose two sequences
d — 0 and €(d) — 0 such that w.s),s — 0 weakly in W, and ps — 0 in LY(Q)" as
k — oo. This is possible for any sequence 6 — 0 because of Lemma 4.3 and Lemma
3.2. Consider a generic sequence of §y — 0 as k — oo and corresponding e; = €(dy).
Then wy = we, 5, — 0 weakly in W, and py = ps, — 0 in LI(Q) as k — oo. Using
the convergence of arbitrary solutions for G-convergent sequence of operators as in
the proof of Theorem 4.4 we obtain that for a.e. w

a(T(z /e, )w,n,§ + Dywy) — a(w,t, 2,1,),
aO(T(x/Ekat)wa n,§+ Dzwk) - do(%tvxm,f)
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weakly in L9(Q)™ and L1(Q) as k — 00. Set wy ; = wy(T(t, z/ex)w). Using Ergodic
Theorem and the argument as in [10] (page 228)

a(T(x/ek; t)wa m, 5 + waz,k) = a(Tl (t)TZ (x/ck)wv 7, g + wax,k) - Mx{a(TI(t)TQ (x)w, 7, g + awz)>}
ao(T (x/ ek, )w,n,§ + Dawe k) = ao(T1 () Ta(z/er)w, 1, § + Dawe k) — Ma{ao(Ti(t)Ta(z)w, 0, § + Ows)) }

weakly in LI(Q)™ and LY(Q) as k — oo because a(T(z/ex, t)w,n, & + Dywy i) and
ao(T(z/ex, t)w,n, & + Dywy i) are homogeneous fields.

Since ||w* — wglly — 0 as u — 0 as in the Theorem 4.6 we obtain ||D,wy —
Dywg kllp,g — 0 as k — co. Consequently,

CL(T(J?/QW t)wv m, f + Dgcwk) - CL(T(J?/QW t)wv m, f + wax,k) —0

4.28
00(T (e, o, 1, € + Do) — ao(T (e, D, € + Do) — 0 o20)

in L9(Q)™ and L%(Q) as k — oo. Thus,

a(x,t,n,&) = (a(w,n, § + 0w,))
ao(x,t,n,&) = (ao(w,n, € + dw,)).
Q.E.D.

4.4. Time homogenization (5 = 0, @ = 1). Following to [10] introduce the
orthogonal projection operator P f

T
Pif= lim % 1 Ty (4.29)

Consider

a’*(wa 7775) = Pla‘(wﬂ 7775)

. (4.30)
G’O(wv m, g) = PIGO(wv m, g)
Next we will show that the homogenized operator is given by
L*(w)u = Dyu — a™(w, u, Du) — aj(w, u, Du). (4.31)

THEOREM 4.10. If « =0, § =1 then L. G-converges to L* defined by (4.31).
Proof.
Consider

F = Pla(wanvf) - G(Wﬂ?af)a f = diVFa

where div is defined by (2.7). Since (f, ¢) = (F,0¢) = 0 for any ¢ € Vs we have as in
the proof of Lemma 4.7 that there exist we € W, g¢ € V' such that

f=—owe+g¢,

lgclly < s(¢), where s(¢) — 0 as ¢ — 0.
We will employ the theorem on the convergence of arbitrary solution for w. Since
w € W we need near solutions. Set

We,5,( = Ewis,C(T(xv t/e)w)v
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where ws ¢ is an approximation of w that has smooth realizations, and ||ws,c —w¢||y <
5(6), s(8) — 0 as 6 — 0. It can be easily shown that we ¢ — 0 as e — 0 weakly in
W and strongly in V for any 6 > 0 and ¢ > 0. This follows from the following,

t t/e
lws,c (T, tfe)w) |2, = / / \Dyws ¢(T(z, 7/e)w) Pdadr = ¢ / / |Dyws.o (T(z, 7)) Pdedr — sy,
0 Qo 0 Qo

t t/e
leDes (Tt = [ eDronc(Te /o)y -vaigudr =< [ ID (T (o Vo)l v gy =
lwsclly-
Thus that wes¢ is compact in W and converges to zero in V. Next we show that

for any sequence ( — 0 and § — 0 there exists a sequence ¢ = €(d,() — such that

We,5,¢ — 0 weakly in W and strongly in V as well as g, ¢ = g¢(T'(x,t/e)w) - 0in V .
Clearly this holds for we s ¢ since it converges for any § > 0 and ¢ > 0. To show this
for ge,c we follow the Lemma 3.2.

t t/e
1ge.clly :/0 [1D2ge (T (x, 7/€)w)lg g 07 = 6/0 [ D2g¢ (T (2, 7/€)w)lg, g, 47 — llgclly < s(C)

as € — 0. Here s(¢) — 0 as ¢ — 0. Consequently, for a given sequence of ( — 0

there exists a sequence €(¢) — 0 such that g.c — 0 in V . Next we choose a generic
sequence 0 — 0, ( — 0 and €x(0k, (x) — 0 such that w5 ¢ — 0 weakly in W and

strongly in V as well as g, = g¢(T(z,t/€)w) — 0in V . Then wy satisfies in R"+!
for a.e. we

Dywy—div(a(T (z,t/ex)w, n, E+Dywy) ) +ao(T (2, t/ep)w, n, E+Dewy) = gr—div(a™ (To(z)w,n, §))+dr+r,
where

o = —div(a(T(m, t/ek)wv 1, £+wak)_a(T(xv t/ek)wv 1, g))v Y = ao(T({E, t/ek)wv 1, £+wak)

Because of Holder continuity of a, (2.5), we obtain that ¢, — 0 in V . Similarly
Y — ¥ = ag(Ta(x)w,n, &) weakly in LI(Q) for a.e. w. Using the theorem on the
convergence of arbitrary solutions we have that for a.e. w Lj G-converges to L,
Lu = Dyu — div(a(w,z,t,n,£)) + ao(w, z,t,n,§). Here

a(T'(z,t/ex)w,n, & + Dawp) — a(w, z,t,7,§)
aO(T(x7t/€k)wv77a£ + Dzwk) - do(w, x,tvnag)
weakly in LI(Q)" and L(Q) as k — oo respectively, and v = 0 is a solution of

Lu = —div(a*(Ta(x)w,n,§)) + ao(T2(z)w,n,€). On the other hand using Ergodic
Theorem and the argument as in [10] (page 228) we obtain

a’(T(x’ t/ek)wv m, E) —a” (TQ(J?)W, m, g)
aO(T(x’ t/ek)wv n, E) - GS(TQ(x)Wa m, g)

weakly in L9(Q)™ and L9(Q) as k — oo. Here a* and a are defined by (4.30).
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Because of wy, — 0 strongly in V

a(T(x, t/ek)wa 7’75 + Dzwk) - a(T(x, t/ek)wa , f) —0
aO(T(xv t/ek)w7 m, f + D:cwk) - ao(T(l‘, t/Gk)wa m, g) —0

strongly in L9(Q)™ and L9(Q) as k — oo. Thus, @ = a* and ap = aj.

[1]
2]

[3]

Q.E.D.
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