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ASYMPTOTIC ANALYSIS OF UPWIND DISCONTINUOUS
GALERKIN APPROXIMATION OF THE RADIATIVE TRANSPORT
EQUATION IN THE DIFFUSIVE LIMIT*

JEAN-LUC GUERMOND' AND GUIDO KANSCHAT*

Abstract. We revisit some results from M. L. Adams [Nucl. Sci. Engrg., 137 (2001), pp. 298—
333]. Using functional analytic tools we prove that a necessary and sufficient condition for the
standard upwind discontinuous Galerkin approximation to converge to the correct limit solution in
the diffusive regime is that the approximation space contains a linear space of continuous functions,
and the restrictions of the functions of this space to each mesh cell contain the linear polynomials.
Furthermore, the discrete diffusion limit converges in the Sobolev space H! to the continuous one
if the boundary data is isotropic. With anisotropic boundary data, a boundary layer occurs, and
convergence holds in the broken Sobolev space H® with s < % only.
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1. Introduction. The purpose of the present paper is to analyze the upwind
discontinuous Galerkin (DG) approximation of the radiative transport equation in
the diffusive limit. We focus our attention on the distinguished limit limy,_,lim._,
where h is the mesh size and ¢ is the nondimensional mean free path length. This
limit corresponds to approximating the radiative transport equation on meshes that
are such that h > ¢; i.e., the approximate solutions are underresolved with respect to
the mean free path length. This problem has been addressed in the groundbreaking
paper [1] using formal asymptotic analysis. We revisit [1] using a functional analytic
point of view and thereby rigorously justify some of the conclusions in [1]. More
precisely we prove that the upwind DG method has the following properties when
h>e:

1. In the limit of vanishing mean free path length, the upwind DG method yields
a mixed discretization of the diffusion equation with a continuous primal
variable (see Theorem 4.4 and Corollary 4.5).

2. If the incoming flux is isotropic, the upwind DG scheme approximates the
diffusion solution well if and only if the approximation space contains a space
of continuous functions that are at least linear on each mesh cell. The upwind
DG solution converges to the diffusion solution in H' (there is no boundary
layer), as stated in Theorem 5.3.

3. If the incoming flux is not isotropic, a boundary layer effect occurs. Never-
theless, provided the approximation space contains a subspace of continuous
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54 JEAN-LUC GUERMOND AND GUIDO KANSCHAT

functions that are at least linear on each mesh cell, the interior solution ap-
proximates the correct limit. See the H®-estimate in Lemma 5.2, s € [0, %),
and the L?-convergence result in Theorem 5.4.

4. Piecewise constant approximation is not appropriate for radiative transport
in optically thick materials, since the approximate solution becomes globally
constant; i.e., the upwind DG approximation locks in this case (see Corollary
4.5 and Remark 5.2).

These statements, minus the convergence estimates in Sobolev spaces, have already
been made in [1] using heuristic asymptotic arguments.

The paper is organized as follows: The continuous problem and the discrete DG
settings together with notation are introduced in section 2. The formal asymptotic
analysis of the DG approximation is performed in section 3 under the assumption
that the nondimensional mean free path goes to zero. This section reproduces more
or less the heuristic arguments from [1, 10]. The material in section 3 is not new, but
it makes the paper self-contained and introduces intuitive concepts that are useful to
understand the functional analytic arguments of section 4. We perform the asymptotic
analysis of the upwind DG approximation in section 4 using functional analysis. The
limit discrete problem obtained formally in section 3 and rigorously in section 4 is
analyzed in section 5, and its limit as h — 0 is investigated; various convergence
issues are sorted out therein. In particular we investigate a boundary layer effect
mentioned in [1, 9]; we characterize this effect by proving new convergence estimates
in the fractional Sobolev spaces H* with s € [0, §).

The main results of the paper are Theorem 4.4, Corollary 4.5, Lemma 5.2, and
Theorems 5.3 and 5.4. To the best of our knowledge, the results stated in Lemma 5.2
and Theorems 5.3 and 5.4 are original.

2. Setting of the problem.

2.1. The transport equation. Let D be a bounded, open, Lipschitz domain
in R3, and let S? be the unit sphere is R3. The boundary of D is denoted by 0D, and
the outer unit normal on 9D is denoted by n. The influx boundary is defined by

I_(D):={(Qz) € 5 x D | Qn(zx) < 0}.

We consider a scaled version of the transport equation:
(2.1)

0:70(0) + “(0,0) - ("2 - cou(0) ) o) = eate) in 5% x D,
Y(Q,x) = (N, z) on I'_(D),
where the independent variables (€2, z) span S? x D. The dependent variable 1((2, z)

is referred to as the angular intensity. The averaging operator with respect to the
angular variable is defined by

(2.2) D)= = [ (e, 0)do,

47 S2
The data are the source term ¢(x) and the boundary value (2, z). We refer to o(x)

and o,(x) as the total cross section and the absorption cross section, respectively.
To avoid degeneracy we assume that the total cross section and the absorption cross
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DG APPROXIMATION OF RADIATIVE TRANSPORT 55

section are uniformly positive:

(2.3) wlgjfja(x) > 0,
(2.4) muelf) oq(x) > 0.

The parameter € measures the extent to which the problem is diffusive. The limit
€ — 0 corresponds to the ratio of the mean free path of the particles to the diameter
of D going to zero. In this regime the media becomes optically thick and is dominated
by scattering.

The objective of this paper is to study the behavior of the approximation of (2.1)
using a standard upwind DG approximation as € goes to zero. More specifically,
we investigate what happens when the nondimensional characteristic mesh size is
significantly larger than e.

2.2. The discrete setting. The approximation setting is obtained by tensoring
an approximation space for the space domain D and an approximation space for the
unit sphere S2.

2.2.1. Space discretization. Let 7, be a subdivision of D into disjoint (open)
cells K such that the closure of D is equal to Uge7, K. The meshes are assumed to
be affine to avoid unnecessary technicalities; i.e., D is assumed to be a polyhedron.
The diameter of K € 7T}, is denoted by hx, and we set h = maxgeT, hx. We suppose
that we have at hand a family of meshes {7;}r>0 and that this family is uniformly
shape-regular. We also assume that the mesh is quasi-uniform; i.e., there is ¢ > 0 so
that

(2.5) ch<hgx<h VEKET.

This hypothesis is used when invoking inverse inequalities. It could be avoided by
localizing the inverse estimate arguments, but we shall refrain from doing so to steer
clear of unnecessary technicalities.

We denote by F, the set of interior faces (also called interfaces). For F' € F},
we denote by K7 (F') and Ks(F') the two cells so that F' = K1 (F) N Ko(F). For any
point  on F' we denote by n1(z) and na(x) the unit normal vectors on F' that point
toward Ks(F') and K;(F'), respectively. Although the ordering of K7 (F') and Ka(F')
is arbitrary, nothing that is said hereafter depends on the choice that is made.

The set of faces on 9D is denoted Ff. For any F € F7, the cell K € Tj, which
is such that F' = K N 99 is denoted K;(F). For any point z on F, the unit normal
vector at z that points outward is denoted nq(z). Finally, we set F, = Fi U FY.

We define a discontinuous approximation space based on the mesh 7}, as follows:

(2.6) Dy, = {v, € L*(Q); VK € Tp,, vn|x € Pk},

where P is a finite-dimensional function space on the cell K. We assume henceforth
that the derivatives of functions in Pk stay in Pg; i.e.,

(27) 8ip€PK, Vi=1,2,3, VpEPK, VK € Tp.

Note that (2.7) holds when Pk is a polynomial space.
We define the subspace of Dj, composed of the functions that are continuous:

(2.8) Cn=DpN CO(E)
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56 JEAN-LUC GUERMOND AND GUIDO KANSCHAT

For every continuous function S on 9D, we set

(2.9) Ch,p = {p € Cn; vlop = B}

Ch,p is an affine space in general and a linear subspace of Cj, when /3 is zero.

Let D(h) = HY(D) + Dy,. Since every function v in D(h) has a two-valued trace
on F' € F;, we set

(2.10) vi(z) = lim w(y), va(z) = lim o(y), for a.e. x € F,
YyEK (F) yEK(F)
1
(2.11) [v] = v1 — v, {v} = 5(1)1 + vg), a.e. on F.

2.2.2. Angular discretization. The angular discretization is done using finite
elements in angle and the Galerkin method. We define a mesh on the unit sphere S?,
and we denote by Sy, the finite-dimensional space composed of scalar-valued functions
that are piecewise polynomial on this mesh. Henceforth, all integrals over S? are
assumed to be evaluated exactly.

By this choice, energy conservation holds automatically. The only requirement
we make on the discrete space Sy, is that it contains the constant function of the angle
variable:

(2.12) 1€8, Vh>0.

As an example, consider the discretization used in [8]: we partition S? into a
triangular mesh obtained by projecting an icosahedron (or refinements of an icosahe-
dron) onto the sphere. On each spherical triangle, we choose constant shape functions.
Since the area of each spherical triangle is analytically computable, we can evaluate
all integrals exactly. By taking the same constant on each triangle, condition (2.12)
holds trivially.

2.2.3. Discretization of S2? x D. We construct an approximation space for
L?(S? x D) by tensoring Sj, and Dy,:

(2.13) Wy, := S, ® Dy, Vh > 0.
2.3. The upwind DG approximation. In this section, we construct an ap-

proximation of the solution to (2.1) by using the standard upwind DG method [11, 14].
We start by defining the bilinear form

(2.14) L(v,w) = Z /s . (—vQ-Vw + ng + (Eaa - g) mﬂ) dQdz

+ / Qnyo'w] dQ dz + / Q-now dQ de,
Z~ [[ ]] Z {Qn>0}x F

FeFp
where the quantity v" is the so-called upwind flux

v1(Q, ) if Qnq(z) >0,

ol =
(2.15) {UQ(Q,Q:) if Qnq(x) <O0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



DG APPROXIMATION OF RADIATIVE TRANSPORT 57

After integrating by parts, the bilinear form £ can be rewritten in the following form,
which will also prove useful:

(2.16) L(v,w) = Z /S2XK (wQ-VU + ng + (Eaa - g) Ew) dQ dz

KeTn
+ Z/ —Qnyfo]wtdQdz + > / |Qnfow dQ da,
FeFi S2xF FeF? {Qn<0}xF

where the quantity v* is the downwind flux

(2.17) b = {”2(Qa$) if Qnq(x) >0,

v1(Q,z) if Qny(z) <O0.

We also define the linear form

(2.18) l(w) = 547r/ qu dz + Z
D

/ |Qn|ow dQ dz.
perp  {Qn<0}xF

The discrete DG version of (2.1) that we investigate in the present paper is as
follows: Seek 1, € Wy, so that the following holds:

(2.19) L(Yn, w) =L(w) Yw € Wy,

At variance with [1], we do not use quadratures to approximate integrals over S2 x D.
We assume that all the integrals are evaluated exactly. This choice simplifies the
presentation without affecting the conclusions in any dramatic way.

3. Formal asymptotic analysis, € — 0. In this section we perform the formal
asymptotic analysis of the problem (2.19) under the assumption ¢ — 0. Rigorous
convergence statements are reported in section 4. The reader who is familiar with the
formal results from [1, 9] or wants to see the rigorous argument can skip this section
and go directly to section 4.

3.1. The continuous problem. Let us focus first on the continuous problem
(2.1). The presence of the small parameter ¢ suggests the following expansion for
(see, e.g., [1, 9] or [5, Chap. XXI, sect. 5]:

(3.1) =9 +ep® 4 2@ + o(e?).

The leading-order angular intensity can be shown to be isotropic (here and below, a
function is said to be isotropic if it is constant with respect to 2 and therefore depends
on space only) and to satisfy the following diffusion equation:

(3.2a) -V (%V¢(0)> + 0,0 =¢ in D,
ag
(3.2b) WO () = i/ W (|n(2))a(, z) d0 on 9D,
27 Q-n(z)<0
V3

where W(p) = %°pH(p) is defined in terms of Chandrasekhar’s H-function for
isotropic scattering in a conservative medium (see [13] for the asymptotic analysis
and [2] for details on the H-function). Tt is shown in [13] that lim._,o¢ = () and
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58 JEAN-LUC GUERMOND AND GUIDO KANSCHAT

the convergence is not uniform unless the incident flux is isotropic. The purpose of the
present paper is to investigate whether we recover ¢(?) from (2.1) under the process
limy, 0 im0 Y.

Observe that if « is isotropic, we have

0@ = gre@ [ woa@)en

1 /2 . 1
= %a(x)%r ; W (cos(0)) sin(0) df = a(x)/o W(p)du

= a(x),

where we used fol W(w)du = 1; cf. [2, p. 109].
For further reference we define the following scalar-valued and vector-valued func-
tions:

(3.32) m(z) = l/ (9, 2)[Qen(2)] A,
Q-n(x)<0

™

1

(3.3h) Mz) = —
4m Q-n(z)<0

a(Q, 2)|Qn(x)|Q2dQ.

Observe that
1 . .. .
(3.4) m=a«a and M = —gon if o is isotropic.

Remark 3.1. We will assume that m(x) is the trace of a function in Cp; i.e.,
m(x) is continuous and piecewise polynomial on the boundary. This assumption
is not restrictive. If m(z) is not the trace of a function in Cp, then we construct
an approximation of m, say, mj, and the rest of the paper is unchanged but for
perturbations involving the difference m —my. The extra technical consistency terms
involving m — my, are a distraction we want to avoid.

In the rest of the paper we determine conditions on W), and on « that are sufficient
to guarantee that the leading-order of the solution to the discrete problem (2.19)
converges to the solution of (3.2).

3.2. Formal asymptotic on the discrete problem. Let v, be the solution
to (2.19). Let us assume the following formal expansion for the discrete angular
intensity:

(3.5) b =0 + eV 4 24P 1 o().

We now derive the problem solved by the leading term 1/1,(10).
We proceed as in [1]. After inserting (3.5) into (2.19) and using the representation
of £ that involves the upwind flux (2.14), the zeroth order term gives

(3.6) / (¢,(10) - E;O)) w(Q, z)o(x)dQdx =0 Yw € Wy,
S2xD
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the first-order term gives

(3.7) Z / (—¢,§0)Q-Vw + ( }(11) - ES)) crw) dQ dz
S2xK

KeTy
o (0)
+ > Qi) [w]dQda + > Qi wdQ dz
FeFi JSIXF peFp /{20 F
= Z/ QnlawdQdz  Yw e W,
Fer? {Q2n<0}x F

and the second-order term gives

(3.8) K;h /SzXK (_¢}(11)Q.Vw + ( o _ Eﬁf)) ow + aaw)u,) dQ da

N
+ ) / Qi) [w] dQda + >
S2xF

/ QntVwdQ da
reF; 'S FeFp /{20 F

:/ dmqw dx Yw € Wy,
D

In the rest of section 3 we assume that (3.6)—(3.8) define w,go), w,gl), w,(f). Our
goal is to investigate the properties of 1/),(10), w,gl), w,(f) and see how w,go) relates to ()
as defined by (3.2) when the mesh size h goes to zero.

A first consequence of (3.6) is the following lemma.

LEMMA 3.1 (isotropy). w}(lo) is isotropic, provided (2.3) and (2.12) hold.

Proof. Owing to (2.12), E;O) is a member of W). As a result, w}(lo) — EELO) is a
member of Wj,. The above observation implies that we can test (3.6) with 1/),(10) —E;O),
giving o2 ( ,(10) - E;O))HLQ(SQM) = 0. Observing that o(z)dz is a strictly positive

measure owing to (2.3), we infer that w,go) = E;O) € Dy, which proves that 1/),(10) is

isotropic. O
The following holds as a consequence of (3.7).

LEMMA 3.2 (continuity). w}(lo) satisfies the following identity, provided (2.3) and
(2.12) hold:

39 % / Ol dz+ 3 / WO —m(x))pdz =0 V<D,
FeF; rerp ¥

where m(x) is defined in (3.3a).
Proof. Let ¢ be a member of Dp; then ¢ is a member of Wy, owing to (2.12). We
then test (3.7) with ¢. Owing to the isotropy of 1/),(10) (see Lemma 3.1), we have

Z /52”( —1/)}(10)(2.V<pd(2dx = Z /K —1/);(10)(33) (/52 QdQ) Ve(z)dz = 0.

KeTy KeTh

—(1
Moreover, by the definition of the average intensity w;l ), we also have

Z / ( }(Ll) _ES)) ocpdQdr = Z / (/ 1/),(11) dQ—4ﬂ'ES)) opdx = 0.
2x K K S2

KeT,’d KET,
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We treat the flux terms in the left-hand side of (3.7) as follows:

Z/ Qnipt” [o] dQde + Z/ Qn ¥ dQ da
SZxF

FeFi peFp {nz0}xF
-y /. (/ 110 (41— vi3) el ds
F€.7:‘ Q-n1>0
+ Y / (/ |Q-n|deQ) Vo da
FeFp n20
SN ACR CLTD DL RUAFIE
FeF} FeF?

Using the definition of m in (3.3a), the right-hand side in (3.7) gives
Z / |Q-n|apdde = Z /mgpdx
FeFp A4S0 E FeF?

Combining the above computations gives the desired result. d
COROLLARY 3.3. Assume that (2.3) and (2.12) hold. If m is the restriction over

0D of a function in Cp, then w}(lo) € Cp, with boundary values equal to m.
Proof. Since we assume m is a trace of a function in Cjp, we can choose a lifting
In(m) € Cy, such that I(m) = m on 9D. Then (3.9) implies

> /W(O) L(m)le]de+ > / (W) = In(m))pde =0 Vg € Dy

FeF} FeFy

Taking ¢ = w}(lo) — I;,(m) in the above equation yields

/ [0 = 1, (m)]? da = / [V de = VF € Fi,
F
/ (W0 — 1, (m))? dz = 0 VF € FY,
F
which proves the corollary. d

Remark 3.2. When m = 0, we can take l;,(m) = 0, and Corollary 3.3 applies by
assuming only that (2.3) and (2.12) hold. If m is not the trace of a function in Cp,

then the boundary value of 1/),(10) can be shown to be close to a suitable approximation
of m; see Remark 3.1.

3.3. The limit problem. We now construct the problem solved by 1/1,(10). We
start with a standard technical result.
LEMMA 3.4. The following holds for all vectors a and b in R3:

(3.10) /52( 0)(Q-5)dQ = %a b,

Proof. By observing that on the unit sphere we have Q = x and Q2 = n, where x is

the position vector and n the unit normal pointing outward, we derive the following:
4
/ (Qa)(2:0)dQ2 = [ (z-a)(n-b)dQ = V-((z-a)b) dz = i b,
52 S2 B3 3

where B3 denotes the unit ball in R3. 0
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Let us define the vector field

(3.11) T = [ (@ z)04d0.

52
Due to the tensor product structure of the discretization, each component of the
vector field J,SO) is a member of Dy,; i.e., J,SO) € D;.

We make the following assumption on the discrete setting Sp:
(3.12) the map S5 Q+—— Q € R® belongs to Sy,.

Remark 3.3. Assumption (3.12) is quite restrictive. For instance, it does not
hold if S is composed of piecewise constant functions, which is a commonly used
approximation in practice. We explain in Appendix A how this hypothesis can be
removed, and we show that the conclusions of this and the following sections hold
up to minor nonessential modifications. We retain assumption (3.12) in the rest of
the paper, since it significantly simplifies the notation and keeps us focused on the
essential.

LEMMA 3.5. Assume that (2.3), (2.12), and (3.12) hold. The fields w}(lo) € Chym

and J,(lo) € D} solve the following equations for all ¢ € C and for all w € Dj:

(3.13a) Z / (—J}(LO)'V@+47TUa1/)}(LO)<p) dx = Z /47Tq<pdx,
K K

KeTy, KeTy,
4 1
(3.13Db) g / <—7TV¢;(10) + UJ,SO))w dz = E / 4r (—mn + M)-w dx.
K\ 3 F 6
KeTs FeFp

Proof. We proceed in three steps.
Step 1. Due to Corollary 3.3, the hypotheses (2.3) and (2.12) imply that 1/1,(10) is

in Cp,m- That J,(IO) belongs to Dj has already been established above.
Step 2. Let us test (3.8) using an isotropic test function ¢ € Dy,. The first term
inside the summation over the mesh elements gives

/ —w;ﬁl)ﬂ-Wdex=/ —< ¢,§>ng> -wda:z/ — 7.V da.
S2x K K S2 K

The two terms involving w}(f) and Ef) cancel each other, owing to the definition of

the average intensity Ef). The fourth term involving EELO) gives

/ aaigo)tp dQdz = / 4770(1@510)90 dx.
S2x K K

We now restrict the test functions to those that are continuous and zero at the bound-
ary of D, i.e., we pick ¢ in Cj, o (see definition (2.9)); as a result the boundary integrals
in (3.8) are zero. The right-hand-side in (3.8) gives

/ qdrpdx :47r/ qpdx.
D D

By combining the above results, we finally infer that when (3.8) is tested with func-
tions ¢ in Cp, g, the following holds:

Z A(—Jéo)-vw+4W0aE20)@) dr = Z /K47rqg0dx,

KeTy, KeTy
which is (3.13a).
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Step 3. Let us now test (3.7) using w(Q,z) = p(x)Q-e;, with ¢(x) being an
arbitrary function in D;. Note that w is a legitimate test function, owing to the
hypothesis (3.12). Let us observe first that after integration by parts, (3.7) can be
rewritten as follows (see also (2.16)):

Z/ (vl + ol -3 Y wande+ Y / |njiyw A da
KeT;, 7 92X K FeF? {Qn<0}xF
+ Z/ —in[[w JwdQda = Z / |Qn]awdQ de.
FeF S2xF FeF? {Q2:n<0}x F

First, using the Einstein summation convention together with (3.10) and e;-e; = d;;,
we infer

47

/ wQ-Vw,(LO)dexz/ <paj¢,§0>dx/ (Q-e;)(Qe;)dQ = — (paﬂﬁ
S2x K K S2 3

Second, we compute the contribution of 1/),(11)

[ (w0 -w)wodade= [ @e)podtin = [ (Uf0e)pods
S2x K S2x K

K

Third, we take care of the flux terms. Since w}(lo) is a member of Cp, ,,, the flux term
in the left-hand side gives

Z / </Qn<0|9”|(96z)d9>m§0d$_—— Z / n-e;)mep dz.

FeFp FeF?

Similarly, for the flux term in the right-hand side, we have

> / </Q_H<O|Qn|(gez) («Q, x)dQ)cpda:— 3 /4%Mel)<pda:

FeFp FeF?

We now combine all the above results, and we obtain

Z / <47TV1/) +O’J,(LO> ejpdr = Z /47T< mn—|—M) -e;, pdx,

KeTy Fe}-a

which is (3.13b). O
To some extent (3.13) looks like an local discontinuous Galerkin (LDG) approxi-

mation of (3.2a); see, e.g., [4]. The flux J, ,(10) is approximated by discontinuous vector-
valued functions in Dj, but contrary to most LDG techniques, the primal variable 9
is approximated by continuous functions.

To be able to better analyze the well-posedness of (3.13) we are going to eliminate

J ,(LO). For this purpose we make the following simplifying assumption:
(3.14) o is constant on each cell of each mesh of the family {7, }n>0-

This means that the manifold across which ¢ might be discontinuous does not cross
any mesh element; in other words, the mesh family matches the possible discontinuities
of the scalar field o.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



DG APPROXIMATION OF RADIATIVE TRANSPORT 63

We now derive the main result of this section.
PROPOSITION 3.6. Assume that (2.3), (2.12), (3.12), and (3.14) hold. Then

0 ¢ Ch,m solves the following problem: for all ¢ € Ch 0,

1 1
(3.15) / (—Vq/)}(LO),V<p+Ua7/);(LO)<P> da::/ ~ (%4 ) ~3n%0da:—|—/ g dz.
p \30 a 6 D

DO

Proof. Let ¢ be a member of Cp o, and set w = V. Owing to (2.7), w is a
member of D?ﬁ moreover, using the fact that o is piecewise constant over Ty, %w is
again a member of Dj. Using %w as a test function in (3.13b) and making use of
(3.13a), we obtain

0=>" / <4ﬂv¢ +Jh0>> Veodr — > / 4”( mn+M) Ve dr

KeTh FeF?
=> / <4WV¢ V¢+4ﬂ(aa¢§o)—q)w) dx
KeTh
4am
— Z / ( mn—|—M) Vedz.
FeFp

Now we observe that for any function ¢ in Cj, the tangent component of Vo at
the boundary of the domain D is zero; this means that Vi = nd,p. Inserting this
information in the above equality yields the desired result. a

4. Rigorous derivation of the limit problem. The purpose of this section is
to rederive rigorously the limit problem (3.15) without invoking the formal expansion

(3.1). We now ignore the definitions of 1/),(10), w,gl), and w,(f) from the previous section.
We are going to show in Lemma 4.3 that wh has an isotropic limit in an appropriate
Sobolev space as € — 0 that we denote by z/Jh , i.e.,

O ._ 1
(4.1) Yy = 611_1}(1)¢h~

We show at the end of this section that this limit solves the same limit equation as
that already derived in section 3, which justifies our using the same symbol.
We assume throughout this section that (2.3), (2.12), (3.12), and (3.14) hold and

(4.2) a€ L*(T_(D)).

4.1. The a priori estimates. Let us introduce the following discrete semi-
norms

4.3) |lv]% = Z/ Q| dQde,  [Jo]% = Z/ V2| Qen| A da,

FeFi FeF?

and let us set [|[v]|3 := [[v]|%; + [[v]]3»
We recall the following coercivity property of the bilinear form L.
LEMMA 4.1 (L?-coercivity). The following identity holds for all v € Wy:

1. 1 _ 1 1
(4.4) L(v,v) = g||CT2 (v =) 72(s2x ) + 470 V| L2(p) + §||[[U]]H3-
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Proof. Let us use definition (2.16). The main technicality consists of handling
the advection and interface terms, which are dealt with by integration by parts [11]:

Z / Q-Vie?dQdz + Z / —Qeny [v]vt dQdx
KeT, 79X K FeF}

+ ) / |Qn|v? dQ dz

Fer? {Qn<O0}xF

Z /52 Qni({v} —o¥)[v] dQdz

Fe]-"
+ Z/ Q0|02 dQde = 3|[v]]1%.
FeF?

Then, after realizing that

/cr||v—ﬁ||2L2(sz)dx:/ o([v]] 22 g2 — 477%) da,
D D

the rest of the proof follows easily. |
We now deduce a priori estimates that are uniform with respect to € but possibly
nonuniform with respect to h; uniformity with respect to h is dealt with in section 5.
LEMMA 4.2. Assume that (2.3)-(2.4) and (4.2) hold. There is ¢(«, g, h), uniform
with respect to €, so that

1 — —
(4.5)  —lvn = VnllZas2xp) + Ellnllze o) + I [n]l

where C(O‘a q, h) = ch_1Ha||QL2({Q_n§O}X[)) + C/HQH%%D)
Proof. The idea is to use the L?-coercivity of L.
Step 1. We define ¢, € Cp, ,, so that

[@mllm1 () < cllm]]

5o Ien —mlFo < cla, g, h)e,

by < IR My < B allqamzo) <)

One can construct ¢, by taking the Clément [3] or Scott—Zhang [15] interpolant of
any H1l-lifting of m (recall that we assumed that m is the trace of function in Cj).

Then, using the fact that ¢,, is continuous and isotropic and using the representation
(2.16) for the bilinear form £, we rewrite (2.19) as follows:

(4.6)

—5/ drqw dw + Z / [Q-n|(a — ¢ )w dQ dz

Fer? {Qn<0}xF

- / (Vo + c0atm) wdQde := Ry (w) + Ra(w) + Rs(w),
S2xD
with obvious notation for the three terms R;, Ry , Rs.

Step 2. Now we use w = b, — ¢y, to test the above equation. Note that 1y, — ¢,
is an admissible test function, since ¥y, — ¢n, € Cp, 0. Using (4.4), we infer

1 1 — 1 1
4.7) llo=(vn — O)ll2(s2xpy + ednllod (Vp, — dm)llL2 (o) + I — dmlll
= Rl(wh - ¢m) + R?(wh - ¢m) + RB(wh - (bm)
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The rest of the proof consists of bounding each of the three terms |Ry(¢¥n — dm)|,
|Ro(Wp — éum)|, and |R3(vn — ¢p)| in the right-hand side.
Step 3. For R; we have

[Ry (¥ — dm)| < 6477/]3 19n — bl dz < cellallz2pyllod (B, — )l 22(0)

1
< cellaliepy +emllod Wn — dm)llZ2(p)-
Owing to the definition of m, the term Ry can be handled as follows:
Ro(thn — ¢m) = Y _ / 1Qn|(a — m)(Yn — dm) dQdz
{Qn<0}xF

FeFy

— Z /{Q <0} F|Q-n|(a—m)(¢h_ih)d9dx.

FeF?
We use an inverse inequality and proceed as follows:
|Ra(vh — dm)| < lla = mll L2 ({an<oyxom) [¥n — Uil 2(s2xo)
< ch™2 |l = ml| 2 (pmsoyxom 1o (¥ = Un)llz2(sx )
< ch™ el agqanzopeom + 217 @n — FlFaso)

We handle the third term as follows:

R =)= = [ (@0 + c0,6,) (0 — bm) A2

. / (Y bm) (o — ) iz — / €Catbm(@Fp — bm) d.
S2xD

S2x D

This gives

|Rs(¢n — dm)| < c1llVomllL2oylon — nllL2(s2xpy + c2ellémll L2y [¥n — dmll2(p)
1 — 1 1 —
S<h€”¢m”%lan'+EWH02(¢h'—¢nJH%%D)+ZEHU2¢%"#%H%%sszy

Step 4. By inserting all the bounds that have been derived above into (4.7) we
finally infer

1,1 — 1
Zllo® W = Ul Za(s2xp) +€llod (@n = Sm)ll2(p) + Il — Sm]ll7 < el g, h)e,

where c(a, ¢, h) = ch™|al|F2 (oo« py + € lall72(py, and (4.5) follows easily. O
Let us define the discrete vector field

(4.8) Jp = / e QdQ € D;.
S2
We can now derive the counterparts of Lemma 3.1 and Corollary 3.3.

LEMMA 4.3. Assume that (2.3)-(2.4) and (4.2) hold. One can extract from the
. . ) .
sequence (¥n)e>0 a subsequence that converges in every norm to a function 1, in
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Ch,m when e — 0. One can also extract from the sequence (Jp)e>0 a subsequence that
converges in every norm to a function J,(IO) in D3 when € — 0.

Proof. From the a priori estimate (4.5), we deduce that [|v,|/r2(p) < c(e g, h)z
and

_ — 1
lvnllz2(s2x Dy < 1Wn — YullLes2xpy + 1¥nll2(py < ela, g, h)2 (1 +¢).

Then by compactness of the unit ball in W, (recall that W), is finite-dimensional), we
can extract a subsequence (still denoted by (¢5,)e>0) so that lim._,q 1, = 1/),(10), where

1/),(10) is a member of W), and the convergence holds in every norm (recall that the mesh
size is fixed for the time being). We also deduce from (4.5) that |[vn — ¥y ||2(p) <

c(a, g, h)%a, which means
0) _ 1 — Vi o — o,(0)
Yy = ;g%wh = ;g%wh =1y,
As a result w,go) is isotropic, i.e., 1/),(10) € Dy,. The estimate (4.5) also implies
0 0 . .
IR0 + 1 = mll%o = lim [[n ]l + lén —ml30 < lim c(a,q, h)e = 0.

This means that 1/),(10) is a member of Cj, 1.
For the field .J;, we observe that

1 _

Jn(x) = / g(wh(ﬂ,x) — Yy (2))2dQ Ve e D.
S2

Then, using the bound (4.5) we infer

(47)>

[ Tnllz2(0) < S llon = Dyllzz(s2x) < (dme(a g, b))
We conclude from the compactness of the unit ball in D), (recall that D), is finite-
dimensional) that we can extract a subsequence (still denoted by (Jx)es0) so that
limg o Jp = J,(lo), where J,(IO) is a member of D}, and the convergence holds in every
norm (recall that the mesh size is fixed for the time being). This concludes the
proof. a

We are now ready to characterize the limit function 1/),(10). The following theorem
is the main result of this section.

THEOREM 4.4. Assume that (2.3)-(2.4), (2.12), (3.12), and (4.2) hold. Then

}(10) € Ch,m and J;O) € D; solve the following mized problem:

(4.9a) Z /K (_J}EO)_V@—HLWU@#JQ@) dx :47T/D qp du,

KeTy,
4 1
(4.9b) Z / (—ﬂ-Vﬂ);(IO) + O’J}SLO)) cwdr =4n Z / (—mn+M) wdx
KeTy FGJ:;?

Vo € Cp,0 and Yw € Dy, respectively.
Proof. We proceed as in the proof of Lemma 3.5.
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Step 1. Owing to (2.12), we can take w = e ~1¢ € Cp o to test (2.19). Using the
representation (2.14) for the bilinear form £, we obtain

Z / —Jp Vgo+47raaz/1hg0) dx = 47r/ qpdx.

KeTy,

We can now pass to the limit as e — 0 in this equation by using the fact that J;, — J,(IO)

and Y — w}(lo) in very norm in D3 and Cp,, respectively (see Lemma 4.3).

Step 2. Now we take w(Q,x) = ¢(2)Q-e;, i € 1,3, with ¢ in Dy, to test (2.19)
where we use the representation (2.16) for £. (See Step 3 in the proof of Lemma 3.5.)
For the first term, using the Einstein summation convention together with (3.10) and
ei-ej = 045, we infer

/s (Q-e;)Q-Vby, dQdx = / / Q-e;)(Q-e;)059, dQ da —> / 311/1;(10) dz.

2x K
Second, we compute the contribution of the scattering term

~/S2><K ((W - Eh) g + wawh) wdQdr = / (WQ.ei)@g dQ de

S2x K
:/ (Jh-ei)goada:—>/ (J,SO)-ei)gpadx.
K e—=0 Ji

Third, we rewrite the flux term in (2.16) as follows:

Z/ —Qeny [ ]wt dQ dz + Z/ |Q-n|ihpw dQ da
S2xF

FeFi peFp /{nS0}xF

Z /mgp/ |Qn|Qel)dex— /mgpnel
5%0

FeFp 2n=<0} FeFp

For the right-hand side, we have

Qn|(Q-e;)adQde = 4r /Mezdx
() — Y /Q| (@) S [

FeF? FeF?

Putting everything together, we obtain

2 / (47r "o )sodx—zm > /( mn+M) cipda.

KeT FeF?

This concludes the proof. O

We summarize the results of this section in

COROLLARY 4.5. Assume that (2.3)-(2.4), (2.12), (3.12), (3.14), and (4.2) hold.
Then

(i) the whole sequences (V¥p)eso and (Jp)e>o converge to w}(lo) and J,(lo), respec-
tively, as € — 0;

(ii) the limits ¢,SO) and J,(LO) obtained in this section are equal to those formally
derived in section 3;

(iii) 1/),(10) € Ch,m solves (3.15).

Proof. The problem (4.9) has a unique solution (see Proposition 5.1 below);
therefore, w,go) and J,SO) are uniquely defined; as a result, the entire sequence converges
to the same limit. Part (ii) is obvious, since (3.13) and (4.9) are the same. Finally,
the proof of (iii) is identical to that of Proposition 3.6. O
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5. Analysis of the limit problem (3.15). We have proved in section 4 that
the sequence (1y,)c>0 converges to the function 1/),(10) € Ch,m, solving (3.15) as e goes
to zero. The purpose of this section is to study the limit problem (3.15): we discuss
well-posedness, convergence properties as the mesh size h goes zero, and possible
incompatibilities on the boundary conditions.

5.1. (Nonuniform) H'—well-posedness. To reformulate (3.15) in a more con-
venient way we introduce the bilinear form

1
(5.) op) = [ (37050 + aute) @
D g
and the linear form
1 /m
(5.2) r(p) = / - (— + Mn) Onpdx +/ qpdz.
op 0 \ 6 D

Then (3.15) counsists of finding 1/),(10) in Cp, », satisfying

(5.3) b\ 0) =r(p), ¥ €Cho.

PROPOSITION 5.1. The discrete problem (3.15) has a unique solution ¢,SO), and
the following bound holds:

cllallz-1(p) if a is isotropic,
64) o oy <9 .
h (D) c(h~z |[4m + M-n| 200y + llall sr-1(p))  otherwise.

Proof. We first observe that, owing to (2.3), the bilinear form b is coercive and
bounded on Hi (D) x H}(D) uniformly with respect to the mesh size. Moreover, the
linear form r satisfies the following bound:

(5.5) sup 7fD rlp)

1
< (ch™2||gm + M-n||r2op) + llallm-1(p))-
0#¢€Ch 0 H‘PHHl(D) 0 ©n) )

Note that, owing to (3.4), gm + M-n = 0 if o is isotropic. The Lax-Milgram lemma
implies the desired result. d

5.2. Uniform H?*-well-posedness. Proposition 5.1 shows that if the incoming
flux is not isotropic, the H'-norm of w}(lo) is not bounded uniformly as h — 0. Loss
of H'-boundedness is symptomatic of a boundary condition incompatibility which
manifests itself by a numerical boundary layer. This issue will be explored in more
detail in section 5.5. For the time being we want to determine whether uniform
stability can be achieved for the solution of (3.15) in a norm which is weaker than
that of H(D).

Taking inspiration form [7], we now show that uniform stability holds in H*(D)
with s € [0, %) under some simplifying assumptions. In particular we now assume
that the mesh family {7, }n>0 is such that there is ¢ > 0, uniform with respect to h,
so that

(5:6)  inf ll¢—vnlme(o) < AP éllmp), Vo€ H(D),p € [0,1], V€ [r,2],
Vh h,0

(6.7)  inf (16 — vnllz2om)+hllOn(d — vn)ll2@m)) < R |Gl mpy V€ [1,2).

v €Ch 0
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Note that these are standard interpolation estimates in Sobolev spaces with non-
integer derivative order.

LEMMA 5.2. Assume that (2.3)-(2.4), (2.12), (3.12), (3.14), and (4.2) hold.
Assume that o and o, are constants and that € is a convex polyhedron. Assume that

there is p € (0,3) so that m € H*(9D). Assume that (5.6)~(5.7) hold. Let 1/),(10) be
the solution to (3.15). Then, the following holds for all s € [0,1/2):

0
(5.8) 1 1y < ellledll L2 (gan<oyxy + Ml meon) + gl L2(py)-

Proof. Since there is p € (0, %) so that m € H*(9D), we construct ¢y, € Cj, so
that ¢,ap = m and ”¢m||H%+“(D) < c|m| gr oDy, With ¢ uniform with respect to h.

This can be done by taking the Clement [ ] or Scott-Zhang [15] interpolant of any

H=trdifting of m. Let us define wh 0= w — ¢m; by construction 1/),(% is a member

of Cp,0. We then recast the problem (5.3) as follows:
(5.9) b(Whg 9) = 7(#) = b(dm, ) Ve € Cro.
Let us define the operator Ay, : Cp 0 — C} o as follows:

/ pAp¢dx z/ Vo-Vodr V(,¢) € Cho X Cho.
D D

Since Ay, is self-adjoint and positive definite, A} can be defined for all p € R. The
following result is proved in [7]: There are ¢;(p) € (0,+00), c2(p) € (0, +00), uniform

with respect to h so that for all p € (—%, %)
(5.10) c1()llell S/ pAhpdr < c2(p)llellr Ve € Cho.
Let s € [0,1/2), and set § := § —s. Then taking ¢y, := A5 " h% as a test function

in (5.9) and using (5.10), we obtaln

3 + a3 < o / Aniilo A5 o dr o+ o / GO AT ) da

(5.11) = b( h07¢h) =7(¢n) — b(Pm, Pn)-

The rest of the argument consists of bounding |r(¢p )| + [0(¢dm, ¢n)| from above.
We start by estimating |b(¢m,, ¢5)|. Using the fact that H*(D) = H}(D),Vu €
(0,3) (see, e.g., [12, Thm. 11.1] or [6, Cor. 1.4.4.5]), we infer

s— 0 0
16(6ms @)1 < ¢ (I90m - s o) VAT VRN s ) + Imll 20 650120
s— 0
< (Imll 300 ) 14T 880N 3y + 19l 30 ) 05D o) -
Using (5.10) (since 3 — p < 2) and the H 2 t4-houndedness of ¢,,, we deduce

6(éms 6n)| < ellmllmnony (

< ch||H“(3D)Hw}(f())HHs(D), since —3 +5 <0 < p.

0 0
Wiy + ||¢,Sé|\Hs<D>)
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Now we estimate (¢, ); this is done by estimating |0, én | £2(9p)- For this purpose
we introduce the function ¢ = H}(D), solving

—A¢ = Ajihs Blon = 0.
The rest of the argument consists of estimating ||9, x| 12(sp) in terms of ||0n || 2ap)
(observe that Ap¢p = Aflw,(%). Since ) is a convex polyhedron, we have ||@|| gs/21s <

cHA,ﬁ@[J,(f()J||H71/2+a, (see Grisvard [6, Thm. 3.2.1.2]) which together with (5.10) implies
the estimate

0 0 0
10nllz2(opy < clldllsrzes < NAZE Y pr-1r28 < Mol ze1/20s = [0} e

The connection between ¢ and ¢y, is elucidated by observing that for all ¢ € Cj o

/V(;S-Vgodx:/ @Aiw,(%dx:/ AZ_1¢,S?2JAthdx:/ Vén-Vedr.
D D D D

This means that ¢y, is the Galerkin approximation of ¢ in C, 9. This together with the
approximability hypothesis (5.6)—(5.7) immediately implies that the following error
estimate holds:

16 = énllz20m) < R 2@l g1s < R[5 0o

Using again the approximability hypothesis (5.7), we now derive a bound on
10nénll 20Dy as follows:

10nnll 200y < vhiencfh . ([10n(én — vl L2y + 100 (vh — B)| L2(oD) + 0n® | L2(oD))

< inf (ch™ Y én = vnllL2op) + 10 (vn — D) L2(0m)) + H¢||H%+5(D)

v €Ch,0

< inf (ch™ ¢ — vnllr2op) + 100 (vh — O)ll12(o))

v €Ch 0

+ e g = Blaaiomy + 19153+,

14+6—1 (0)
< U+ RN yg4s < €llWnollae
Using this estimate plus the obvious bound ||¢p || z2(p) < cHw,(%H us, we finally derive
a bound from above on |r(¢,)| by proceeding as follows:

Ir(on)| < c(||m + M-n|| 200y 10ndnll L200) + lall 20y 160 | L2( D))
0
< elllall 2 (gan<oyx 0y + lall L2y 15 gl 2=

By combining the above bounds we obtain

0 0
[7(én) = b(Gm, ig)| < clllmll s opy + lall2(tan<oy <oy + lallz2o)) 15 gl 2

The conclusion follows readily by inserting this estimate into (5.11) and using the
triangle inequality. a

Remark 5.1. The hypothesis m € H*(0D) is not restrictive, since we just require
p > 0. This amounts to assuming that m is slightly more regular than an L2-function
over 0D. Any discontinuous but piecewise smooth function over 0D belongs to every
H"(9D), pu € (0, 3).

In the rest of the paper we characterize the limit solution of (3.15) when h — 0;
that is, we compute Vi = limp_0 lime_0 ¥p,.
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5.3. Limit solution of (3.15) for isotropic incoming flux. If the incoming
flux is isotropic, then £m + M- = 0 (see (3.4)). This condition turns out to be
sufficient to establish the optimal convergence result stated in this subsection.

THEOREM 5.3. Assume that o is such that gm + M-n = 0. Assume that (2.3)-

(2.4), (2.12), (3.12), (3.14), and (4.2) hold. Assume also (5.6) andm € H=(dD); then

w}(lo) converges in H'(D) to ym = o, solution of (3.2a)—(3.2b), and the following
error estimate holds:

(5.12) b0 = 0\ oy < ¢ inf |0 — vl (py-
v €Ch 0

Proof. Construct a H!-lifting of m € H%(aD), say, ¢m € HY(D), so that w,go) —
¢m € HE(D). Then reproduce the arguments of the proof of Proposition 5.1 and
conclude using Cea’s lemma. O

The critical assumption here is (5.6), which requires the spaces Cj to be rich
enough so as to have reasonable approximation properties. This is a condition on
the mesh family {7, },>0 and the associated discrete space family {Dp}n~0. More
precisely (5.6) holds if the following two conditions are satisfied:

(i) The meshes are conforming; i.e., each face of a cell is either the face of a
neighboring cell or at the boundary. This condition can be weakened to accommodate
for local refinement, and in this case each face of any cell may be a subset of a face
of its neighbor.

(ii) The polynomial spaces on each cell must allow continuity across interfaces of
neighboring cells without loosing approximation properties. This is usually achieved
by using multidimensional polynomial spaces Py, of total order k > 1 for triangles and
tetrahedra or mapped tensor product spaces Q of order k£ > 1 in each coordinate
direction on quadrilaterals and hexahedra.

Remark 5.2. For instance, condition (ii) is violated if piecewise constant elements
are used. While piecewise constant approximation is admissible for solving the trans-
port problem (2.1), the continuity condition (3.9) forces the diffusion limit solution
to be globally constant, i.e., z/JhO does not converge to ¥(?), unless ¥(?) is constant.

Remark 5.3. Conditions (i)—(ii) have been identified in [1] and termed “locality”
and “surface-matching” properties. We think though that the condition (5.6) gives
a complementary rational to that given in [1]. Lists of admissible and nonadmissible
finite elements are given in Tables I and II in [1].

5.4. Limit solution of (3.15) for general incoming flux. If the incoming
flux is not isotropic and more generally if %m + M-n # 0, the convergence analysis
is more complicated, since a boundary layer occurs. Let us consider v, to be the
solution to the following boundary value problem:

1
(513&) -V (3_V¢lim> + anlim =4q,
g
1
(5.13b) 1/)11m|aD = §m — 3Mn.

Note that i, solves the same PDE as 1) (see (3.2a)), but the boundary value is
slightly different; see (3.2b). The boundary condition for iy, can be rewritten as
follows:
1 —
Ylim|lop = o W (|Qn])a(, ) dQ
™ J-n<0

with W (p) = p+ 3p2.
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The main result of this section is the following theorem.
THEOREM 5.4. Assume that (2.3)—-(2.4), (2.12), (3.12), (3.14), (4.2), and (5.6)—
(5.7) hold. Assume in addition that M-n is the trace of a function in Cy and that

there is p > 0 so that m € H*(0D), M-n € H*(0D). Then w}(lo) converges to Piim in
H*(D) for all s € [0, %) and denoting by d the space dimension, the following error
estimate holds:

. 1
(5.14) i — ¥l 2py < CBF Vs € {o, 5) .

Proof. Owing to the regularity assumptions on m and M -n, it can be shown that
Yim € H%“‘(D). Let ¢p € Cp be the Scott—Zhang interpolant of ¥iiy,; then M-n
being the trace of a function in Cj by hypothesis, we have

1 1
lén — Yiimll L2(py < Chﬁ“”%imHH%ﬂ(D) and  ¢nlop = om = 3M-n.

We now try to correct the boundary value of 1/1,(10). Let By, be the set of elements
in the mesh that touch 9D (either by a face, an edge, or a vertex). We denote by F, ,?

the set of the interfaces of the elements in ;. We now define z/;,(lo) so that

1E;(IO)|8D = ¢nlop and 1;;(10)|D\Bh = 1ﬁ;(lo)b\zgh-

This function is well defined on each cell in By, by simply interpolating between the
boundary data on D and on D \ By,. By using standard estimates, it follows that

> I a0 < e 2 (lonlagaey + 1947 12x0)

KeBy, KeBy

7(0
S IE ey < ¢ X2 (Ionlagr + 108" 12aqr)) -
FeFp FeFp

Let us denote e := ¢, — N,(lo). Then the following holds:

b(e Sph) = b(¢h - whma SOh) + b(¢11m7 Sph) + b(w Q/J}(LO)a Ph ) (wh 7(¢0h)

= b(dn — Vtim, n) + b(wh ¢h ,@h) /a L (1m +3M- n) Onton da

D30'

Ve, in Cp 0. The term b(w,go) — 1/3,(10), vn) is expanded as follows:

(7/’ ¢h 7<ph) Z L (%V(wgo) w(o)) V(ph —+ O’a(¢ 1;}(10))()0}1) dz

KeBy,
~ 1
SO KUARRI) (wh— 3—O_Agah> da
KeBy,

1 1
—|—/ —( m—|—3Mn) Ontpp dz
aD?)O'

+ Y / — )1 [Vipn].

FeFp
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We finally have
(5.15) ble, on) = Ri(pn) + Ra(pn) + Ra(en),

with Ri(¢n) := b(dn — Ylim, pr) and

1
Z / (Uagoh - 5A<@> dz,

KeBy,

= % [ 3w =i m vl

FeFB

We now choose ¢, = A,:le to test (5.15) (observe that this is legitimate, since e

is a member of Cp, ¢, which was not the case of ¢, — ,(10)), and, owing to (5.10), we
obtain

c
3—0_H€h||2L2(D) +oallenlf-1(py < Rilen) + Ralpn) + Ra(en)-
We define ¢ € H}(D) to be the solution of the following problem:

—Ap =Appn =€, @loap =0.

Since D is a convex polyhedron, we have ||| g2(py < clle||z2(py. The definition of ¢
implies that ¢ is the Galerkin approximation of ¢, and the following estimates hold:

S 10n(en — )220y < chllell3z(o),

FE]:‘

> (1960 = en)a) + A2lAGH ) ) < ch?llellFecm):
K€7—h

We handle R;(pp) as follows:

1
Sph Z / whm (Us(ph - gA@h) dz

KeTy,

+ > / — Yiim)n1-[Ven] == Rui(pn) + Ria(en).

FeF}

The term Ry () is controlled as follows:

Ru(en)? <e Y (llon —vumltaue) Do (lenliago + 180n e )

KeTy, KeTy,

< Ch2( +u) H'l,/)hmHH2+“(D)H€||%2(D).

Similarly the term Ri2(ipyp) is controlled as follows:
Ru(en)? < e Y (llon = vimldae) o 119G = @)lEer)
FeF} FeFp

< || giml? 4 e 1220y < B i

2
2 e 2 oy €20
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We handle Ry () as follows:

Rolpn)* S e 3 (I8 gy + 100 We) ) D (llenlaiey + 18@nlEaie) )

KeBy KeBy

0
< cllelzamy Yo (1m0 + 16300
KeBy,

p—2

< CH€||2L2(D) ( Z |K|> (”1/1}(7.0)”%P(D) + H(bhH%P(D)) )

KeBy,

where p is chosen so that the continuous embedding H*(D) C L?(D) holds, where s

is a number in (0, %) In d space dimensions, p = dz—dQS. For instance, in three space
. . . 6 . . . . )

d1men51.ons, P = 575; € (2,3), and in two space dimensions p = = € (2,4). In

conclusion

p=2 0
[Ba(on)| < k'S el ey (1161 Nazo0) + I0n =) ) -

Then owing to Lemma 5.2 (see estimate (5.8)) and using ||¢n|| g+ (py < ¢l|Ptimll m# (D),
we infer

| R2(on)| < chitlel|z2(p).

We handle R3(¢p) as follows:

Ry(en)* <c 3 (I 13em + 198 e ) S NI (on = M2y

FeFB FeFB
— 0 7(0
<ch ™t S (I ey + 105 ) ) BllelEeco):
KeBy,

Then using the same arguments as those for Ra(pp), we obtain

|Rs(n)] < ch' ||ell 2oy = chd ell 2.
In conclusion we have
llellr2(py < c(hd + hathY < (i
Then, using the triangle inequality
rim — 5" 20y < i — Gnll 2oy + 6n — D5 |2y + 195 — 05|z (p)
< c(h || + llellzoy + h) < R,

H3+4(D)

This concludes the proof of (5.14) and shows that 1/),(10) — Yy strongly in L2(D)
as ¢ — 0. That w,go) — Ui in H*(D) strong, for all s € [0, 1), follows from the
boundedness in H* (D) and the compact injection H¥ (D)  H*(D) for all s’ such
that 0 < s < s’ < 1; see (5.8). 0
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We finish this section by observing that (5.13) can be formulated in a very weak
form as follows: Find ¢y € L?(D) so that for all p € H := {v € H}(D), V-5£Vv €
L*(D)},

1 1 /1
(5.16) / Vlim | 0ap — V-—V | do = / qpdr — / — [ =m —3Mn)d,pdz.

The fact that the above problem is well-posed is a consequence of —A : H —s L?(D)
being an isomorphism.

5.5. Boundary condition incompatibilities. The convergence rate given in
Theorem 5.4 is very slow; it is O(h%) and O(ht) in two and three space dimensions,
respectively. Whether the exponent in the estimate (5.14) is sharp is unclear to us
at the moment. The fact that we have convergence in a norm weaker than that
of H2(8D) is due to incompatible boundary conditions. Observe that for every h,

1

’lb}(lo)bp = m, but Yumlop = 5m — 3M-n; i.e., the boundary conditions of 1/1,(10) and

Y1m are incompatible. This observation also implies that w}(lo) cannot converge to ¥im
in any norm stronger than that of H 2 (0D), thus showing that the a priori estimate
(5.8) is the best that can be obtained for incoming fluxes such that %m + M-n #0.

Finally, note that ¢y, and ¥(9) solve the same PDE but satisfy two different
boundary conditions, implying that

T e e U 0 1 =
(5.17) }Pg(lash—% Y = Pim # ®  unless 6™ + M-n=0.
For any practical purpose the above result says that unless %m + M-n = 0, the
approximate solution of (2.19), t,, may not be close to () if the mesh size is
significantly larger than the mean free path, even if the mesh size is small.

As observed in [1] though, the above negative conclusion is moderated by the fact
that the boundary values of ¥y, and (9 are very close for all practical purposes.
Actually, it can be shown that W(u) ~ pu + 242, Vi € [0,1], and the difference
W (p) — (1 + 3p?)| is a few percents in the maximum norm over [0,1] (see [1]); as a
result, the following approximate identity holds:

1 3
(5.18) Yiimlop = — |Qn| + = |Qn? )| a(Q,z)dQ ~ 1/)(0)|3D.
27 Q-n<n 2

In other words ), and 1/)(0) are different but differ by a few percents only.

In conclusion, if the incoming flux is not isotropic, a numerical boundary layer
occurs when the mesh size is significantly larger than the mean free path, but the
interior approximation is not too far from the correct limit.

6. Conclusions. By using functional analytic tools, we confirmed the results
in [1], namely, that in the limit of vanishing mean free path length, the upwind DG
approximation of the radiative transfer problem yields a mixed discretization of the
diffusion equation. A key feature of this limit is that the discrete primal variable is
continuous. This property implies that grid convergence can be achieved in optically
thick regions only if the DG approximation space contains a linear space of piece-
wise linear continuous functions with optimal interpolation properties. Under this
condition, the solution of the discrete diffusion problem converges in H'(D) to the
diffusion solution if the incoming flux is isotropic. If the incoming flux is not isotropic,
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Plim »©

oD

Fic. 6.1. Illustration of the conclusions of this paper when %m + M-n # 0. Schematic repre-
sentation of the graphs of ¥(©) | im, and wéo) for several h in a cross section of D. () is the dif-
fusion limit solving (3.2), 1/;}(10) is the discrete diffusion limit solving (3.15), and {1 = limy, o U’;SO)
solves (5.13). tum and () solve the same PDE, but the boundary conditions are different:
vOlyp = fW(|Qn\)% dQ, Yimlop = %m — 3M:n, and 7,[)](10)\31) = m for any h. In general,
Piim 7 V(O unless %m + M-n =0. w,(lo) converges to Y1, as h — 0 except in a discrete boundary
layer. There is no boundary layer when %m + M-n =0, and, in this case, Vjjm = (0.

the discrete solution converges in H*(D), with s < %, to a function which is close to
the diffusion limit. A boundary layer effect occurs, and the convergence holds only in
the interior of the domain.

A schematic representation of the situation is shown in Figure 6.1.

Appendix A. Assumption (3.12) may seem to be quite restrictive. For instance,
it does not hold if Sy, is composed of piecewise constant functions, which is a commonly
used approximation. As an alternative to (3.12), we assume that the L?-projection
operator py, : L*(S%R3?) — (Sy,)? is such that

(A1) /S ()0 =0,
(A2) / () @ pn(Q) dQ = / pr(Q) @ p(Q)dQ Va € R,
{Q-a<0} {Q-a>0}

These two conditions hold, provided the mesh defining Sy, is symmetric with respect
to the origin. We are now going to show that everything which is said in sections 3.3
and 4 holds up to minor modifications.
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Lemma 3.5 must be reworked a little. Equation (3.13a) is unchanged, since the
proof of this statement does not depend on assumption (3.12). Equation (3.13b),
however, must be changed. In Step 3 of the proof of Lemma 3.5 we must use w(w, z) =
pr(Q)-e; to test (3.7) instead of Q-e;, since -e; may not be in S;, and the integral
identity (3.10) does not hold. Nevertheless, we can define a symmetric 3 x 3 matrix
Ih by

(A.3) = / pr(Q) @ pa(Q)d2 = [ Q@ pa(Q)dO.

If we assume that the angular discretization is sufficiently fine, I;, approximates the
identity. In particular, it is positive definite.

When we test (3.7) with pp,(€)-e;, the above definition implies that the first term
becomes

/ wQ-Vw}(IO) dQdz = / gp(’?jw}(lo) dx/ (Q-€;)(pn(2)-€;) dQ
SZx K K g2

4

= —ﬂ-/ wel' I, Vq/),(LO) dz.

3 Jk
Second, we compute the contribution of 1/),(11),
/ ( ,(11) — ES)) wo dQdzx = / w,(ll)(ph(ﬂ)-ei)@o dQder = / (J,(lo)-ei)cpo dz,

S2x K S2x K K

where we used [g, w,gl)ph(Q) dQ = [g 1/),(11)(2 dS), since py, is the L2-projection and
Wh = S8, ® Dy, is a tensor product space. Third, we take care of the flux terms. Since
w}(lo) is a member of Cj, ,, the flux term in the left-hand side gives

> [ enim@e)an) mpar =2 5 [ @legmpas

FeF? FeF]

where we used (A.2). Similarly, for the flux term in the right-hand side, we obtain

> L] oal@ee@nn)ea= 5 [

FeF? FeFy

where we have defined the following approximation of M:

(A4) My () == i

/ a(Q,z)|Qn(x)|pn () d.
Q-n(x)<0

We now combine all the above results, and we obtain the new equation replacing
(3.13b):

Z / <4§Ih VQ/J,SO) + 0J,§0)> ejpdr = Z / 47 <ém([hn) + Mh) e;pde.
K F

KeT FG]‘_}?

We are now in position to sate the counterpart of Proposition 3.6.
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PROPOSITION A.l. Assume that (2.3), (2.12), (3.14), and (A.1)-(A.2) hold.
Then 1/),(10) € Ch,m solves the following problem: For all ¢ € Cp, 0,

1 T
(A.5) /D (5 (Vo) Imo+oaw2°’so> dz

1
:/ _(T(nTIhnHMh-n) -ancpder/ g da.
op 0 \ 6 b

The statements (3.15) and (A.5) differ only by the presence of the approximate
identity Iy, and the approximation of Mj,. Since these differences are nonessential, we
retain assumption (3.12) in sections 4 and 5.
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