
ar
X

iv
:h

ep
-t

h/
00

03
28

6v
2 

 4
 M

ay
 2

00
0

CTP TAMU-10/00

UPR/881-T

March 2000

hep-th/0003286

Consistent Kaluza-Klein Sphere Reductions
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ABSTRACT

We study the circumstances under which a Kaluza-Klein reduction on an n-sphere, with

a massless truncation that includes all the Yang-Mills fields of SO(n+1), can be consistent

at the full non-linear level. We take as the starting point a theory comprising a p-form field

strength and (possibly) a dilaton, coupled to gravity in the higher dimension D. We show

that aside from the previously-studied cases with (D, p) = (11, 4) and (10, 5) (associated

with the S4 and S7 reductions of D = 11 supergravity, and the S5 reduction of type IIB

supergravity), the only other possibilities that allow consistent reductions are for p = 2,

reduced on S2, and for p = 3, reduced on S3 or SD−3. We construct the fully non-linear

Kaluza-Klein Ansätze in all these cases. In particular, we obtain D = 3, N = 8, SO(8)

and D = 7, N = 2, SO(4) gauged supergravities from S7 and S3 reductions of N = 1

supergravity in D = 10.
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1 Introduction

Much progress has been achieved recently in understanding the full non-linear structure of

certain Kaluza-Klein sphere reductions. To be specific, we have in mind the remarkable

cases where it is consistent to include lower-dimensional fields in the reduction Ansatz that

parameterise inhomogeneous deformations of the internal sphere metric. Generically, one

would expect that performing a truncation of the complete Kaluza-Klein towers of massless

and massive modes to the purely massless sector would give rise to inconsistencies beyond

the linearised level, since currents built from the massless fields would act as sources for the

massive fields that have been set to zero. Indeed this is exactly what usually happens; one

cannot make a consistent Kaluza-Klein n-sphere reduction of a generic theory in which all

the massless fields, including, in particular, the full set of SO(n+1) gauge fields are retained.

However, in certain very special cases a consistent reduction of this kind is possible.

An important early example of this type was much studied in the 1980’s, namely the

seven-sphere compactification of eleven-dimensional supergravity. It was first shown at the

level of linearised fluctuations [1] around the AdS4 × S7 Freund-Rubin [2] vacuum solution

that the massless modes described four-dimensional N = 8 gauged SO(8) supergravity

[3]. Subsequently, it was shown that despite all the apparent obstacles, the reduction to the

masslessN = 8 multiplet can be carried through as an exact embedding at the full non-linear

level [4], although the construction is an extremely complex one. It has long been believed

that consistent reductions should also be possible in the case of the S5 compactification of

type IIB supergravity, and the S4 compactification of eleven-dimensional supergravity, to

yield the maximal gauged SO(6) supergravity in D = 5, and the maximal gauged SO(5)

supergravity in D = 7, respectively. Indeed, the consistent S4 reduction Ansatz from

D = 11 has recently been constructed [5, 6]. No analogous construction exists for the

complete massless reduction on S5.

It is sometimes helpful to study sphere reductions in which only a subset of the com-

plete set of massless fields is retained, in such a way that one still has the non-triviality

of the inhomogeneous sphere deformations, while at the same time making the problem of

obtaining an explicit reduction Ansatz more tractable and manageable. This can be espe-

cially useful if one actually wants to use the Ansatz for the purpose of lifting solutions of

the lower-dimensional theory back to the higher dimension, in which case full explicit re-

duction formulae are highly advantageous. In this spirit, consistent reductions in the three

cases mentioned above were constructed for truncations in which only the maximal abelian

subgroups U(1)4, U(1)3 and U(1)2 of the full SO(8), SO(6) and SO(5) gauge groups were
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retained, together with associated scalar fields [7]. The U(1)3 example provided the first

concrete evidence for the consistency of the S5 reduction of type IIB supergravity. The

reduction Ansätze were sufficiently explicit that they could be used for the purpose of lift-

ing certain AdS black-hole solutions back to the higher dimension [7], where they become

rotating D3-branes [8, 9, 10, 7] and M-branes [11, 7].

Other consistent reductions involving subsets of the complete massless sector have sub-

sequently been constructed, including an S4 reduction to give N = 2 gauged SU(2) super-

gravity in D = 7 [12]; an S5 reduction to N = 4 gauged SU(2)×U(1) supergravity in D = 5

[13]; and an S7 reduction to N = 4 gauged SO(4) supergravity in D = 4 [14]. In addition,

the N = 2 gauged SU(2) supergravity in D = 6 was obtained via a consistent reduction

from massive type IIA supergravity on a locally S4 internal space [15]. This is actually the

largest possible supersymmetry for a gauged theory in D = 6, even though the maximum

supersymmetry for ungauged supergravity is N = 4.

Somtimes, It can also be useful to construct a Kaluza-Klein sphere reduction in which

a non-supersymmetric truncation of the massless supermultiplet is made. One example of

this type involved truncating the maximal supergravities in D = 4, 5 and 7 to a subsector

comprising just gravity and a set of 7, 5 or 4 scalars respectively. These scalars correspond to

the diagonal subset of fields in the unimodular symmetric tensors Tij describing the scalars

in the SL(8, IR)/SO(8), SL(6, IR)/SO(6) and SL(5, IR)/SO(5) scalar submanifolds of the

full supergravities. In [16, 17], the full non-linear reduction Ansätze for these embedding

were constructed, and proved to be consistent.

Another example of a non-supersymmetric truncation was constructed in [18], where the

full set of twenty scalars Tij of the coset SL(6, IR)/SO(6) were retained in an S5 reduction

from D = 10. Consistency now requires that one include also the full set of SO(6) Yang-

Mills gauge fields. In fact only the metric and self-dual 5-form of the type IIB supergravity

are involved in this reduction, and it can equivalently be viewed as a Kaluza-Klein reduction

of a theory of pure gravity plus self-dual 5-form in D = 10, with all massless fields retained

in D = 5. (The truncation of type IIB supergravity to just gravity and the self-dual 5-

form is itself a consistent one in D = 10.) The self-duality of the 5-form is crucial for the

consistency of the reduction.

One should not conclude from the listing of examples above that consistent Kaluza-Klein

sphere reductions are a commonplace. In fact, if we restrict attention to cases where one

starts in the higher dimension with just gravity and a p-form field strength, then it turns out

that the only cases that can give consistent reductions are related to the examples mentioned
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above.1 The reason for this can be understood as follows. For reductions of the type we

are considering, where the lower-dimensional theory obtained by the Sn reduction has an

SO(n+ 1) local gauge symmetry, it is essential that the ungauged theory that would result

from performing a reduction on the n-torus rather than the n-sphere should have scalars

described by a coset manifold G/H such that H at least contains SO(n + 1). The reason

for this is that in the process of gauging the ungauged theory, a subgroup SO(n + 1) of

the global symmetry G must become local, and this subgroup must be contained within H.

Now if a generic theory of gravity and antisymmetric tensors is reduced on T n, it will give

rise to a lower-dimensional theory with a GL(n, IR) global symmetry [19, 20, 21], for which

the maximal compact subgroup is SO(n). This is insufficient for allowing an SO(n + 1)

gauging. Note that in particular this argument shows that it is not possible to perform

a consistent n-sphere reduction of a pure gravity theory, in which the Yang-Mills fields of

SO(n+ 1) are retained.

In certain very special theories, the GL(n, IR) global symmetry arising from a T n reduc-

tion is enhanced to a larger symmetry, as a result of “conspiracies” between scalars coming

from the Kaluza-Klein reduction of the metric and of the other higher-dimensional fields.

However, as discussed in [21, 22], such cases are very few and far between. In particular, if

we consider a D-dimensional theory consisting of gravity and a single p-form field strength,

an enhancement of the global symmetry can occur only if (D, p) is equal to (11, 4), (11, 7)

or (10, 5). Since a 7-form in D = 11 is dual to a 4-form this means that the only cases

with symmetry enhancements are associated with D = 11 supergravity and type IIB su-

pergravity. The corresponding enhanced symmetries in each case are to SL(8, IR)/SO(8) in

D = 4, SL(5, IR)/SO(5) in D = 7, and SL(6, IR)/SO(6) in D = 5.2 These enhancements

then allow the SO(8), SO(6) and SO(5) gaugings, respectively.3

Note that whereas there is a consistent S5 reduction of gravity with a self-dual 5-form in

1To be precise, we should emphasise that what we are discussing here is cases where all of the SO(n + 1)

Yang-Mills gauge fields associated with the isometry group of the n-sphere are retained in the truncation,

together with other associated massless scalars.
2Actually further conditions must be fulfilled in order for the symmetry enhancements to take place. In

the case of D = 11 reduced to D = 4 on T 7, the enhancement of GL(7, IR) to SL(8, IR) requires that the

4-form have an FFA term in D = 11 with precisely the coefficient dictated by supersymmetry; this in fact

means that the enhanced symmetry is even larger, namely E7. For the D = 10 theory reduced on T 5, the

enhancement from GL(5, IR) to SL(6, IR) requires that the 5-form be self-dual (or anti-self-dual).
3The importance of enhancements of the global symmetry in toroidal reductions was also observed in

[23], although it was assumed there that the phenomenon was much more widespread than is actually the

case.
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which only the metric, the SO(6) Yang-Mills fields Aij(1) and the 20 scalars Tij are retained,

the situation is a little different in the S4 and S7 reductions from D = 11. In addition to

keeping the corresponding Yang-Mills fields Aij(1) and scalars Tij , the consistency of the S4

reduction requires also keeping the five 3-forms Ai(3) of the seven-dimensional theory, whilst

the S7 reduction instead requires also keeping the 35 pseudoscalars φ[ijkℓ]+ (self-dual in the

SO(8) indices). These additional fields are needed in the reductions because the Yang-Mills

fields act as sources for them [18]. In fact we can summarise the situation in all three of

these examples of the S4, S7 and S5 reductions as follows. In all cases, the consistent n-

sphere reduction that includes all the Yang-Mills fields of SO(n+1) requires one to include

all the massless fields in the lower-dimensional theory. Thus in the S5 case, if we reduce the

theory of gravity and the self-dual 5-form then the metric, the SO(6) Yang-Mills fields and

the scalars Tij indeed constitute the complete set of massless fields in five dimensions. In

the S4 reduction from D = 11 the five 3-forms Ai(3) are massless too, and indeed they must

be included also in the consistent reduction. Likewise, in the S7 reduction from D = 11

the 35 pseudoscalars φ[ijkℓ]+ are also massless, and indeed they must be included in the

consistent reduction.

Further possibilities for consistent n-sphere reductions in which all the SO(n+1) Yang-

Mills fields are retained can arise if we consider a slightly enlarged higher-dimensional theory,

now with a dilatonic scalar as well as gravity and the p-form field strength. Again, the key

point is that an enhancement of the GL(n, IR) global symmetry that would occur for the

reduction of a generic theory on T n is needed, in order that the scalar coset manifold in the

lower dimension should have a denominator group that is large enough to contain the desired

SO(n+1) local symmetry group of the theory reduced on Sn. It turns out that by including

the dilatonic scalar in the higher dimension, the necessary symmetry enhancements can be

achieved when the p-form field strength is either a 2-form, or a 3-form. This opens up the

possibility of finding consistent Kaluza-Klein reductions on S2, for the 2-form case, and

on S3 or on SD−3, for the 3-form case. These, together with the previous D = 11 and

D = 10 examples, would then constitute the complete list of possibilities for consistent

Kaluza-Klein n-sphere reductions within the class of theories we are considering, in which

all the Yang-Mills fields of SO(n+ 1) are retained.

In this paper, we construct the complete and explicit non-linear Kaluza-Klein Ansätze

for these three new possibilities. We begin in section 2 with a detailed discussion of the

global symmetry enhancements that can occur in the toroidal reductions of theories with

gravity, a p-form field strength and a dilaton, in order to establish what are the possibilities
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for consistent sphere reduction. In section 3 we construct the Ansatz for the consistent

reduction of gravity plus a 3-form and a dilaton on S3, keeping all the gauge fields of SO(4)

and the ten scalars of the symmetric tensor Tij, together with the 2-form potential A(2). In

section 4, we examine two truncations of the S3 reduction, in which only certain subsets

of the massless fields are retained, in order to make contact with previous results in the

literature. In section 5 we consider the “dual” of the S3 reduction namely, the reduction

instead on SD−3. Again, we find a consistent reduction Ansatz, in which all the gauge

fields of SO(D − 2) are retained, together with the 1
2(D − 1)(D − 2) scalars in Tij . A

case of particular interest is the S7 reduction from D = 10, since then the resulting three-

dimensional theory is the bosonic sector of a gauged SO(8) supergravity, of a type not

previously constructed in the literature. In section 6 we construct the consistent Kaluza-

Klein Ansatz for the reduction of a theory of gravity, a dilaton and a 2-form field strength

on S2. In this case the Ansatz includes all three gauge fields of SO(3), together with the

six scalars in Tij .

Note that in two of the new cases that we consider here, namely the S2 reduction of the

theory with a 2-form field strength, and the SD−3 reduction of the theory with a 3-form

field strength, the totality of massless fields in the Kaluza-Klein reduced lower-dimensional

theories comprise the metric, the Yang-Mills gauge fields Aij(1), and the scalars Tij . Thus

these new examples of consistent sphere reductions are akin to the S5 reduction of gravity

plus a self-dual 5-form, in that no additional massless fields are present that must also be

included in the reduction Ansatz. By constrast, in the new S3 reduction that we construct

here, we must additionally include the 2-form potential A(2) in the Ansatz. This is similar

to the situation for the S4 and S7 reductions, where, as we discussed previously, additional

massless fields are present, and must be included, for consistency.

2 Possibilities for SO(n + 1) Kaluza-Klein reductions on S
n

As we mentioned in the Introduction, a consistent Kaluza-Klein reduction on Sn that retains

all the gauge fields of SO(n+ 1) will be possible only if there is a suitable enhancement of

the generic GL(n, IR) global symmetry that arises instead in a T n reduction, so that the

denominator group of the generic scalar manifold GL(n, IR)/O(n) becomes large enough to

contain SO(n + 1). We also mentioned that there are only rather limited circumstances

under which these symmetry enhancements can occur.

The reason why the possibilities for symmetry enhancements are so restrictive is dis-
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cussed extensively in [21, 22]. The scalars divide into n “dilatons,” ~φ coming from the

diagonal metric components of the internal n-torus, with the rest being “axions” χi coming

from the off-diagonal metric components and the reduction of the antisymmetric tensor.

Each dilaton has a kinetic term of the form −1
2e
~ci·~φ (∂χi)

2, where ~ci is the associated con-

stant “dilaton vector” characterising the coupling of the dilatons to that particular axion.

In the n-torus reduction of a theory of D-dimensional gravity plus p-form field strength

with general values of D and p, the global symmetry will be GL(n, IR). In fact the dilaton

vectors ~bi associated with the axions coming from the metric form the complete set of

positive roots of the SL(n, IR) algebra [21, 22]. The dilaton vectors ~ai associated with the

axions coming from the p-form field strength then form the weights of some representation

under SL(n, IR). If an enhancement of the global symmetry is to occur, it must be that

some or all of the dilaton vectors ~ai “conspire” to become the additional positive roots of

the enhanced symmetry algebra. However, this cannot occur in general, because the lengths

of vectors ~ai coming from the p-form will be incommensurate with the lengths of the vectors

~bi coming from the metric.4

A convenient way to characterise the lengths of the various dilaton vectors was intro-

duced in [24]. Rather than using the quantity |~c |2 itself, it is convenient to introduce a

constant δ, related to |~c |2 by

|~c |2 = δ − 2(m− 1)(D −m− 1)

D − 2
, (1)

where D is the spacetime dimension, and m is the degree of the field-strength whose dilaton

coupling is e~c·
~φ. (Note that the all the field strengths in the D = 11 and D = 10 super-

gravities have δ = 4 couplings [25].) The key point about this parameterisation is that δ is

preserved under toroidal Kaluza-Klein reduction. This makes it rather easy to see when the

possibility of an enhancement of the global symmetry can occur. First, we note [24] that

the dilaton vectors ~bi associated with the axions coming from the Kaluza-Klein reduction

of the metric always have δ = 4. It follows therefore that if the dilaton vectors ~ai associated

with axions coming from the p-form field strength in the higher dimension are to have the

same lengths as the ~bi, then the coupling of the field strength must also have δ = 4.5 If we

4We first, of course, establish a canonical normalisation for the dilaton kinetic terms, so that comparisons

of the lengths are meaningful.
5Since all the ~ai themselves have equal length, and all the ~bi themselves have equal length, it follows

that to get a simply-laced enhanced symmetry group we would need that the length of the ~ai and the length

of the ~bi should be equal. This turns out to be the only situation where relevant symmetry enhancements

occur, within the framework of the higher-dimensional Lagrangians (3). Thus although the case D = 6 with
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are starting in D dimensions with a theory with just gravity and the p-form field strength,

but no dilaton, this means that in D dimensions we have ~c = 0, and m = p, and so to have

δ = 4 we must have

2D − 4 = (p− 1)(D − p− 1) . (2)

It is easily verified that the only integer solutions are (D, p) = (11, 4), (11, 7) and (10, 5).

The possibilities for achieving the necessary enhancement of the global GL(n, IR) sym-

metry can be broadened considerably if a dilatonic scalar is included in the original theory

in D dimensions, since now there is the possibility of adjusting its coupling to the p-form

field strength so that the corresponding value of δ is equal to 4. Thus we may consider the

D-dimensional Lagrangian

LD = R̂ ∗̂1l − 1
2 ∗̂dφ̂ ∧ dφ̂− 1

2e
−a φ̂ ∗̂F̂(p) ∧ F̂(p) , (3)

with a chosen so that

a2 = 4 − 2(p− 1)(D − p− 1)

D − 2
. (4)

Note that we put hats on all the fields in (3), to indicate that they are higher-dimensional

quantities.

The first point to notice is that the requirement that the constant a should be real6 is

a rather restrictive one, since it implies

p2 − 3D p+ 3D − 5 ≥ 0 . (5)

Taken together with the fact that obviously p cannot exceed D, this implies that the only

additional possibilities opened up by the inclusion of the dilaton are for p = 2, 3, (D − 2)

or (D − 3). The last two here are just the Hodge duals of p = 2 and p = 3, so we need not

consider them as distinct cases. For p = 2 and p = 3, the relation (4) gives

p = 2 : a2 =
2(D − 1)

D − 2
, (6)

p = 3 : a2 =
8

D − 2
. (7)

a δ = 2 self-dual 3-form gives an enhancement to O(3, 4) after a T 3 reduction to D = 3 [22], and D = 5

with a δ = 4
3

2-form gives an enhancement to G2 after a T 2 reduction to D = 3 [26, 22], neither of these

non-simply-laced cases would seem to indicate the possibility of consistent S3 or S2 reductions.
6One might in principle consider also the possibility that a could be imaginary. This would be equivalent

to having a ghost-like kinetic term for the dilaton in the D-dimensional theory. This could not lead to any

useful global symmetry enhancements from the point of view of sphere reductions that retain the SO(n+1)

gauge fields. There might be possible implications for consistent reductions on spaces with non-compact

symmetry groups.
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Thus we see that if we start in D dimensions with the Lagrangian (3) with a 2-form or

3-form field strength, we can achieve a δ = 4 dilaton coupling in any dimension D, and thus

we can expect to find an enhancement of the GL(n, IR) global symmetry after dimensional

reduction on T n. Indeed this is the case.

First, let us consider the case p = 3, where we make a T n reduction of (3) with a

given by (7). The global symmetry is indeed enhanced, and the scalar manifold in (D− n)

dimensions will be [27, 28, 22]

D − n > 3 : IR × O(n, n)

O(n) ×O(n)
, (8)

D − n = 3 :
O(D − 2,D − 2)

O(D − 2) ×O(D − 2)
. (9)

This p = 3 case corresponds precisely to the T-duality symmetry of the toroidally-reduced

bosonic string. Note that if D − n = 3 the usual T-duality group O(D − 3,D − 3) of the

string theory reduced on T n is further enhanced to the non-perturbative U-duality group

O(D − 2,D − 2). Using the 3-form field strength, we can then consider either an S3 or an

SD−3 Kaluza-Klein reduction.

If we take n = 3, we see that the the scalar coset manifold from a T 3 reduction will be

IR × O(3, 3)

O(3) ×O(3)
∼ IR × SL(4, IR)

SO(4)
. (10)

There will also be six gauge potentials coming from the Kaluza-Klein reduction on T 3. This

implies that the SO(4) subgroup of the SL(4, IR) global symmetry group can be gauged,

with the six vector potentials becoming the Yang-Mills fields of SO(4). It is then natural to

conjecture that this gauged theory may be directly obtainable as a Kaluza-Klein reduction

on S3. It is far from obvious that such a reduction would be consistent, since unlike the

toroidal reduction there is no obvious group-theoretic argument that would guarantee the

consistency at the non-linear level.7 In the next section, we shall explicitly show that the

reduction on S3, in which the full set of SO(4) gauge fields are retained, is in fact consistent

at the full non-linear level.

Now let us consider instead the TD−3 reduction of (3), again with p = 3. The reduced

theory will now be in three dimensions, and the scalar coset manifold will be given by
7If we were gauging only the left-acting SU(2) or only the right-acting SU(2) of the SO(4) ∼ SU(2)L ×

SU(2)R isometry of the 3-sphere (which is itself the group manifold SU(2)), then the consistency would be

guaranteed, since the retained fields would then all be singlets under the other SU(2), but this is no longer

the case when the gauge fields of the full isometry group are retained. In fact we shall discuss the truncation

to a single SU(2) subgroup in section 4.

8



(9), provided that a satisfies (7). Note that the further symmetry enhancement of this

D−n = 3 case occurs because the complete field content of the resulting three-dimensional

theory (except for the metric) can be described by scalars, since in three dimensions one

can dualise all the vector potentials to scalars. The coset (9) can also be described as [21]

GL(D − 2, IR)

O(D − 2)
⋉V , (11)

where V is an irreducible representation under GL(D−2, IR) of dimension 1
2(D−2)(D−3);

this is the same as the dimension of the adjoint representation of O(D − 2).

The scalars in the representation V can be dualised to vector potentials,8 suggesting

that the O(D− 2) denominator group in (11) can be gauged. Then we may conjecture that

this gauged three-dimensional theory can alternatively be obtained as a reduction of the

original D-dimensional theory on the sphere SD−3. In section 5, we shall demonstrate that

there is indeed such a consistent reduction on SD−3, in which all the gauge fields Aij(1) of

O(D − 2) are retained, together with scalars described by the symmetric tensor Tij, where

i is a vector index of O(D − 2).

Finally, let us consider the Lagrangian (3) with p = 2, where the dilaton coupling for

the 2-form is given by (6). The Lagrangian (3) is then in fact precisely the S1 dimensional

reduction of pure gravity in D+1 dimensions. Consequently, the scalar manifold in (D−n)

dimensions after reducing (3) on T n will be enhanced to

GL(n + 1, IR)

SO(n+ 1)
. (12)

With a 2-form field strength we have in principle two possibilities for sphere reductions,

namely on S2 or on SD−2. The latter would be somewhat degenerate, since the lower-

dimensional theory would be in D = 2, so we shall just consider the S2 possibility here. If

we take n = 2, the denominator group in (12) is exactly what is needed to allow an SO(3)

gauging. We may then conjecture that this gauged theory should alternatively be directly

obtainable as a consistent Kaluza-Klein reduction on S2, keeping all three of the SO(3)

Yang-Mills gauge fields, together with six scalars described by the symmetric tensor Tij .

We shall in fact construct this consistent reduction in section 6.

We conclude this section with a Table that summarises all the cases where consistent

sphere reductions of a D-dimensional theory comprising gravity, a p-form field strength and

8The description (11) would arise naturally if one dualised the (D− 3) vector potentials coming from the

direct reduction of the original potential Â(2), but left all other vector potentials (including the Kaluza-Klein

vectors) in their original undualised forms.
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(in some cases) a dilatonic scalar, are possible. In all cases, we are concerned with the

situation where all the Yang-Mills fields of the SO(n + 1) isometry group of the n-sphere

can be included in the reduction Ansatz.

p-form Dilaton Higher-Dim Lower-Dim. Sphere Gauge Group Extra fields

F(2) Yes Any D D − 2 S2 SO(3) None

F(3) Yes Any D D − 3 S3 SO(4) A(2)

F(3) Yes Any D 3 SD−3 SO(D − 2) None

F(4) No 11 7 S4 SO(5) Ai(3)

F(4) No 11 4 S7 SO(8) φ[ijkℓ]+

F(5) = ∗F(5) No 10 5 S5 SO(6) None

Table 1: The possible cases for Kaluza-Klein Sn reduction with SO(n + 1) gauge fields.

The last column indicates what additional fields, beyond the metric, the gauge fields Aij(1)

and the scalars Tij, are massless, and must therefore be included, in a consistent truncation

(see discussion in section 1).

3 Consistent S3 reduction

We start from the bosonic string in D dimensions, with the low-energy effective Lagrangian9

LD = R̂ ∗̂1l − 1
2 ∗̂dφ̂ ∧ dφ̂− 1

2e
−a φ̂ ∗̂F̂(3) ∧ F̂(3) , (13)

where the positive constant a is given by (7) so that the global symmetry from a T n

reduction would be IR×O(n, n) rather than merely GL(n, IR), as discussed in section 2. As

we argued there, we can now conjecture that it should be possible to perform a consistent

Kaluza-Klein reduction on S3, keeping all the SO(4) Yang-Mills fields Aij(1), together with

the scalar fields described by the symmetric tensor Tij , where i is a vector under SO(4),

and also the 2-form potential A(2).

We find that there is indeed an Ansatz for a consistent Kaluza-Klein reduction on S3,

given by

dŝ2D = Y
1

D−2

(
∆

2
D−2 ds2D−3 + g−2 ∆−D−4

D−2 T−1
ij DµiDµj

)
,

9Later, in section 7, we shall include the cosmological type term − 1
2
m2 (D − 26) e

1
2

a φ̂ that arises when

D 6= 26, as a result of the conformal anomaly. For now, we restrict attention to the purely classical

Lagrangian for gravity coupled to a 3-form and a dilaton.
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e
√

(D−2)/2 φ̂ = ∆−1 Y (D−4)/4 ,

F̂(3) = F(3) + 1
6 ǫi1i2i3i4

(
g−2 U ∆−2 Dµi1 ∧ Dµi2 ∧ Dµi3 µi4 (14)

−3g−2 ∆−2Dµi1 ∧ Dµi2 ∧DTi3j Ti4k µj µk − 3g−1 ∆−1 F i1i2(2) ∧Dµi3 Ti4j µj
)
,

where

µi µi = 1 , ∆ = Tij µ
i µj , U = 2Tik Tjk µ

i µj − ∆Tii ,

Y = det(Tij) , (15)

and the indices i, j, . . . range of 4 values. Here, and in the rest of the paper, a summation

over repeated SO(n + 1) indices is understood. The gauge-covariant exterior derivative D

is defined so that

Dµi = dµi + g Aij(1) µ
j , DTij = dTij + g Aik(1) Tkj + g Ajk(1) Tik , (16)

where Aij(1) denotes the SO(4) gauge potentials coming from the isometry group of the

3-sphere, and

F ij(2) = dAij(1) + g Aik(1) ∧A
kj
(1) . (17)

Thus the lower-dimensional fields appearing in the Kaluza-Klein Ansatz comprise the met-

ric ds2D−3, the six gauge potentials Aij(1) of SO(4), the ten scalar fields described by the

symmetric tensor Tij , and the 2-form potential A(2), whose (Chern-Simons modified) field

strength is F(3). The form of the Ansatz that we have obtained here closely parallels the

structure found in [18] for the S5 reduction of type IIB supergravity.

In order to demonstrate the consistency of the Kaluza-Klein reduction with the above

Ansatz, we substitute it into the D-dimensional equations of motion10 that follow from (13).

These are

d∗̂dφ̂ = −1
2a e

−a φ F̂(3) ∧ ∗̂F̂(3) ,

d(e−a φ ∗̂F̂(3)) = 0 , (18)

R̂MN = 1
2∂Mφ∂Nφ+ 1

4

(
F̂ 2
MN − 2

3(D − 2)
F̂ 2

(3) ĝMN

)
.

10We shall not consider the reduction of the D-dimensional Einstein equation in detail in this paper,

on account of its complexity; this will be addressed in future work. In practice, in all cases that have

been examined, the Einstein equation seems always to give consistent results provided that the equations

of motion for all the other fields are consistent. Furthermore, the agreement of our reduction Anstaz with

previously-established special cases provides further supporting evidence for the consistency of the Einstein

equation.
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In addition, we have the Bianchi identity dF̂(3) = 0. Taking this first, we find upon substi-

tuting F̂(3) from (14) into dF̂(3) = 0 that the lower-dimensional field F(3) must satisfy the

Bianchi identity

dF(3) = 1
8ǫi1i2i3i4 F

i1i2
(2) ∧ F i3i4(2) . (19)

All other terms arising from dF̂(3) vanish identically. (The calculation is quite involved, and

the Schoutens identity ǫ[i1i2i3i4 Vi5] ≡ 0 is useful.)

In order to substitute the Ansatz into the field equation for F̂(3), we must first calculate

the Hodge dual of F̂(3) given in (14). This is a straightforward, although somewhat involved

calculation, and we find

e−
√

8/(D−2) φ̂ ∗̂F̂(3) =
1

6g3
ǫijkℓ Y

−1∗F(3) ∧ µiDµj ∧ Dµk ∧ Dµℓ − g U ǫD−3 (20)

+g−1 T−1
ij ∗DTjk ∧ (µk Dµi) − 1

2g2
T−1
ik T−1

jl ∗F ij(2) ∧ Dµk ∧ Dµℓ .

Substituting into (18), with a given by (7), we (eventually) read off the lower-dimensional

equations of motion

(−1)D D(T−1
ik T−1

jℓ ∗F kℓ(2)) = −2g T−1
k[i ∗DTj]k −

1
2ǫijkℓ Y

−1 ∗F(3) ∧ F kℓ(2) ,

(−1)D D(T̃−1
ik ∗DT̃kj) = 2g2 [2Tik Tjk − Tij Tkk] ǫD−3 − T−1

ℓm T−1
ik ∗F ℓk(2) ∧ F

mj
(2)

− 1
4δij

(
2g2 [2Tnk Tnk − (Tkk)

2] ǫD−3 − T−1
ℓm T−1

nk ∗F ℓk(2) ∧ Fmn(2)

)
,

d(Y −1 ∗F(3)) = 0 . (21)

We have introduced the unimodular matrix T̃ij, constructed from Tij by extracting the

determinant factor Y (see (15)),

T̃ij = Y
1
4 Tij . (22)

Again, there are many other terms that arise from acting with the exterior derivative that

cancel amongst themselves, after making use of the Schoutens identity. The consistency

of the reduction Ansatz manifests itself in the remarkable fact that one reads off consis-

tent lower-dimensional equations of motion in which all the dependence on the internal S3

coordinates µi has cancelled.

Next, we consider the equation of motion for the dilaton φ̂. From (14) we find

dφ̂ =

√
2

D − 2

(
1
4(D − 4)Y −1 ∗dY − ∆−1 d∆

)
. (23)

Since ∆ has dependence on the S3 coordinates µi one of the terms arising here will involve

the quantity

Tij µ
iDµj . (24)

12



It is therefore necessary to evaluate the Hodge dual of this 1-form; we find

∗̂(Tij µiDµj) = −1
2ǫi1i2i3i4 Tiℓ µ

i ǫD−3 ∧ (∆Ti1ℓ − Ti1j Tkℓ µ
j µk)µi2 Dµi3 ∧ Dµi4 . (25)

After some involved manipulations, we find that the D-dimensional dilaton equation of

motion in (18) implies that Y satisfies

D−5
4 (−1)D d(Y −1 ∗dY ) = 1

2g
2 (2Tij Tij − (Tii)

2) ǫD−3 − Y −1 ∗F(3) ∧ F(3)

−1
4Y

−1 T−1
ik T−1

jℓ ∗F ij(2) ∧ F kℓ(2) . (26)

The full set of (D − 3)-dimensional equations of motion can be derived from the La-

grangian

LD−3 = R ∗1l − D−5
16 Y −2 ∗dY ∧ dY − 1

4 T̃
−1
ij ∗DT̃jk ∧ T̃−1

kℓ DT̃ℓi

−1
2Y

−1 ∗F(3) ∧ F(3) − 1
4 Y

− 1
2 T̃−1

ik T̃−1
jℓ ∗F ij(2) ∧ F kℓ(2) − V ∗1l , (27)

where the potential V is given by

V = 1
2g

2 Y
1
2

(
2T̃ij T̃ij − (T̃ii)

2
)
. (28)

The 3-form field strength F3 is given by

F(3) = dA(2) + 1
8ǫijkℓ (F

ij
(2) ∧Akℓ(1) − 1

3g A
ij
(1) ∧Akm(1) ∧Amℓ(1) ) , (29)

which implies that F(3) satisfies the Bianchi identity (19).

4 Truncations to previous results

In this section, we consider two truncations of the S3 Kaluza-Klein reduction of the bosonic

string that we constructed in the previous section.

4.1 Truncation from SO(4) to SU(2)

The first truncation turns the reduction into a “standard” one, for which the consistency

becomes immediately understandable from group-theoretic arguments. Specifically, we may

truncate the SO(4) Yang-Mills gauge fields that arise from the S3 reduction to a set of SU(2)

gauge fields, corresponding either to the left-action, or to the right-action, of SU(2) on the

S3 ∼ SU(2) group manifold. This is achieved by imposing a self-dual or anti-self-dual

truncation on the original SO(4) gauge potentials Aij(1),

Aij(1) = ±1
2ǫijkℓA

kℓ
(1) . (30)
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The choice of sign governs whether we are retaining the gauge fields of SU(2)L or of SU(2)R

in the truncation of SO(4) ∼ SU(2)L × SU(2)R. The two choices are equivalent, up to

convention choices, and we shall pick the plus sign in (30) for definiteness. It is convenient

to take the i, j, . . . indices to range over the values 0, 1, 2, 3, and to write the remaining

gauge potentials in terms of the SU(2) triplet Aα(1), with

A01
(1) = A23

(1) ≡ 1
2A

1
(1) , A02

(1) = A31
(1) ≡ −1

2A
2
(1) , A03

(1) = A12
(1) ≡ 1

2A
3
(1) . (31)

These are the gauge fields of SU(2)L.

At the same time as we impose the self-dual truncation (30) on the gauge potentials,

we must also truncate the scalar fields Tij , in order to be consistent with the equations of

motion for the truncated gauge fields. In fact we should retain just a single scalar degree

of freedom X, so that Tij becomes

Tij = X δij . (32)

Note that from (15) we shall now have Y = X4. It is convenient also to give an explicit

parametrisation of the µi coordinates, in terms of Euler angles on S3:

µ0 + iµ3 = cos 1
2θ e

i (ψ+φ)/2 , µ1 + iµ2 = sin 1
2θ e

i (ψ−φ)/2 . (33)

In terms of these we can then define the left-invariant 1-forms σα on S3, according to

σ1 + iσ2 = e−iψ (dθ + i sin θ dφ) , σ3 = dψ + cos θ dφ . (34)

These satisfy the SU(2) algebra dσα = −1
2ǫαβγ σβ ∧ σγ .

With these preliminaries, we can now present our results for the reduction Anstaz for

this SU(2) truncation of the original SO(4) Kaluza-Klein reduction. We find that the

metric, dilaton and 3-form Ansätze given in (14)-(14) reduce to

dŝ2D = X
6

D−2 ds2D−3 + 1
4X

−
2(D−5)

D−2

∑

α

(σα − g Aα(1))
2 , (35)

e
√

(D−2)/2 φ̂ = XD−5 , (36)

F̂(3) = F(3) −
1

4g2
Ω(3) −

1

12g
ǫαβγ F

α
(2) ∧ (σβ − g Aβ(1)) ∧ (σγ − g Aγ(1)) , (37)

where

Ω(3) ≡ 1
6ǫαβγ (σα − g Aα(1)) ∧ (σβ − g Aβ(1)) ∧ (σγ − g Aγ(1)) (38)

is the volume form on the 3-sphere.

It is easy to verify that this SU(2) truncation of the full SO(4) reduction Ansatz of

section 2 is a consistent one. As we remarked above, there is no longer anything “surpris-

ing” about the consistency in this case, since the truncation has set to zero all fields that

14



transformed non-trivially under SU(2)R. In other words, the SU(2)L Ansatz in this section

retains all the singlets under SU(2)R, while discarding all the non-singlets. Such a trunca-

tion is necessarily consistent, since non-linear products of the fields that are retained can

never generate non-singlets under SU(2)R. A related point is that the fields that remain in

the reduction Ansatz parameterise homogeneous deformations of the 3-sphere. A particular

case of this SU(2) reduction has appeared previously in the literature, in the S3 reduction

of N = 1 supergravity from D = 10 to D = 7 [29].

4.2 Truncation from SO(4) to U(1) × U(1)

The second truncation that we shall consider here involves retaining only the U(1) × U(1)

subgroup of the original SU(2) × SU(2) gauged fields of the full SO(4) reduction Ansatz

of section 2. It is convenient now to take the SO(4) indices i, j, . . . to range over the values

1, 2, 3, 4. The truncation amounts to setting all gauge potentials Aij(1) to zero except for A12
(1)

and A34
(1), for which we write

A12
(1) ≡ A1

(1) , A34
(1) ≡ A2

(1) . (39)

It is also convenient now to parameterise the coordinates µi on S3 as

µ1 + iµ2 = µ̃1 e
iφ1 , µ3 + iµ4 = µ̃2 e

iφ2 . (40)

At the same time as making the truncation of the gauge fields, consistency with their

equations of motion requires that we set certain of the scalar fields to zero, so that what

remains is just two scalars X1 and X2 as follows:

Tij = diag (X1,X1,X2,X2) . (41)

Note that we shall now have

Y = (X1X2)
2 , ∆ = X1 µ̃

2
1 +X2 µ̃

2
2 , U = 2

2∑

i=1

(X2
i µ̃

2
i − ∆Xi) . (42)

After substituting the above truncation and reparametrisation into the original Kaluza-

Klein Ansätze in section 2, we find that the metric and dilaton Asätze become

dŝ2D = (X1X2)
2

D−2

(
∆

2
D−2 ds2D−3

+g−2 ∆−D−4
D−2

2∑

i=1

X−1
i (dµ̃2

i + µ̃2
i (dφi − g Ai(1))

2)
)
, (43)

e
√

(D−2)/2 φ̂ = ∆−1 (X1X2)
D−4

2 . (44)
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The Ansatz for the 3-form field F̂(3) in this U(1)2 truncation is most simply expressed in

terms of the expression for the dual of F̂(3). Making the truncation in (20), we find

e−
√

8/(D−2) φ̂ ∗̂F̂(3) = −2g

2∑

i=1

(
X2
i µ̃

2
i − ∆Xi

)
ǫD−3 +

1

2g

2∑

i=1

X−1
i ∗dXi ∧ d(µ̃2

i )

− 1

2g2

2∑

i=1

X−2
i d(µ̃2

i ) ∧ (dφi − g Ai(1)) ∧ ∗F i(2) + g−3 Y −1∗F(3) . (45)

The Ansatz for F̂(3) itself is also easily obtainable by imposing the U(1)2 truncation on the

general SO(4) Ansatz (14).

Note that in the U(1)2 truncation the question of the consistency of the reduction is still

a non-trivial one, since the two scalarsX1 andX2 parameterise inhomogeneous deformations

of the 3-sphere. Of course since we have already argued that the SO(4) reduction in section

2 is consistent, the consistency for the U(1)2 truncation is a consequence.

A particular case of this U(1)2 truncation appeared previously in the literature [30],

where it was obtained for the case D = 10 by taking a singular limit of the S4 reduction of

eleven-dimensional supergravity that was constructed in [7].

5 S
D−3 reduction and D = 3, N = 8 gauged supergravity

As we discussed in section 2, it is natural to conjecture that the theory of gravity coupled to

a dilaton and a 3-form, described by (13) with a given by (7), should also admit a consistent

reduction to three dimensions on the sphere SD−3, in which all the Yang-Mills gauge fields

of SO(D − 2) are retained. Additionally, we should keep the 1
2(D − 1)(D − 2) scalar fields

described by the symmetric tensor Tij , where i is a vector index of SO(D−2). We find that

indeed such a consistent reduction is possible, and that the Kaluza-Klein Ansatz is given

by

dŝ2D = Y
1

D−2

(
∆

D−4
D−2 ds23 + g−2 ∆− 2

D−2 T−1
ij DµiDµj

)
,

e−
√

(D−2)/2 φ̂ = ∆−1 Y 1/2 ,

F̂(3) = −g U ǫ3 + g−1 T−1
ij ∗DTjk ∧ (µk Dµi)

− 1

2g2
T−1
ik T−1

jl ∗F ij(2) ∧ Dµk ∧ Dµℓ , (46)

where the various quantities appearing here are again given in (15), (16) and (17), but now

the indices i, j, . . . range over (D−2) values. Thus the field content in Kaluza-Klein reduced

three-dimensional theory comprises the metric ds23, the 1
2(D − 2)(D − 3) gauge potentials
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Aij(1) of SO(D − 2), and the 1
2(D − 1)(D − 2) scalars described by the symmetric tensor

Tij . The calculation of the Hodge dual of the 3-form F̂(3) is again a mechanical, although

involved, calculation. We find that it is given by

e−
√

8/(D−2) φ̂ ∗̂F̂(3) =
g−(D−4)

(D − 3)!
ǫi1···iD−2

(
g U ∆−2 µi1 Dµi2 · · · DµiD−2

−(D−3) ∆−2 Ti1j DTi2k Dµi3 · · · DµiD−2 µj µk

− (D−3)(D−4)
2 F i1i2(2) Ti3j Dµi4 DµiD−2 µj

)
, (47)

where we have suppressed the wedge symbols in products of differential forms in order to

economise on space.

It is again a straightforward, although lengthy, procedure to substitute the above Ansatz

into the D-dimensional equations of motion (18), and to verify that there is a consistent re-

duction to equations of motion for the three-dimensional fields. We find that these equations

can be derived from the following three-dimensional Lagrangian:

L3 = R ∗1l − 1
4(D−2) Y

−2 ∗dY ∧ dY − 1
4 T̃

−1
ij ∗DT̃jk ∧ T̃−1

kℓ DT̃ℓi

−1
4 Y

− 2
D−2 T̃−1

ik T̃−1
jℓ ∗F ij(2) ∧ F kℓ(2) − V ∗1l , (48)

where Y = det(Tij), and Tij is written in terms of the unimodular (D− 2)× (D− 2) matrix

T̃ij as Tij = Y 1/(D−2) T̃ij. The potential V is given by

V = 1
2g

2 Y
2

D−2

(
2T̃ij T̃ij − (T̃ii)

2
)
. (49)

An application of this dimensional reduction that is of particular interest arises if we

take D = 10, since then the higher-dimensional starting point will be the bosonic sector of

N = 1 supergravity in ten dimensions. The reduction on S7 then yields a three-dimensional

theory that is the bosonic sector of an SO(8) gauged supergravity, with N = 8 (i.e. half

of maximal) supersymmetry. As well as the 28 gauge fields, there are in total 36 scalars,

described by the unimodular symmetric tensor T̃ij and the scalar Y . These transform as

a 35 and a 1 under SO(8), respectively. Evidently, if we reduced the full N = 1 theory in

D = 10, including the fermions, we would obtain N = 8 gauged SO(8) supergravity in three

dimensions. This appears to be the first example of such a gauged supergravity in D = 3.

Previous examples of gauged three-dimensional supergravities in the literature have been

of the type constructed in [31], with SO(p) × SO(q) gauge fields and a pure cosmological

constant term implying the existence of an AdS3 ground-state solution. In fact there are no

scalar fields, and hence no scalar potential, in the theories constructed in [31]. By contrast,

the gauged supergravity that we have obtained here has 36 scalars with the potential (49).
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The theory does not admit an AdS3 solution, but it may allow domain-wall solutions that

preserve half of the supersymmetry.

6 S2 reduction

Here, we construct the Kaluza-Klein Ansatz for the reduction of (3) with p = 2 and a given

by (6). Thus our starting point is

LD = R̂ ∗̂1l − 1
2 ∗̂dφ̂ ∧ dφ̂− 1

2e
−a φ̂ ∗̂F̂(2) ∧ F̂(2) , (50)

where the positive constant a is given by (6). From (50) we derive the equations of motion

d∗̂dφ̂ = 1
2(−1)D a e−a φ̂ ∗̂F̂(2) ∧ F̂(2) ,

d(e−a φ̂∗̂F̂(2)) = 0 , (51)

R̂MN = 1
2∂M φ̂ ∂N φ̂+ 1

2e
−a φ̂

(
F̂ 1
MN − 1

2(D−2) F̂
2
(2) ĝMN

)
. (52)

We find that there is a consistent reduction Ansatz on S2, given by

dŝ2D = Y
1

D−2

(
∆

1
D−2 ds2D−2 + g−2 ∆−D−3

D−2 T−1
ij DµiDµj

)
, (53)

e

√
2(D−2)

D−1
φ̂

= ∆−1 Y
D−3
D−1 , (54)

F̂(2) = 1
2ǫijk

(
g−1 U ∆−2 µiDµj ∧ Dµk − 2g−1 ∆−2 Dµi ∧ DTjℓ Tkm µℓ µm

−∆−1 F ij(2) Tkℓ µ
ℓ
)
. (55)

Again, the various quantities appearing here are given in (15), (16) and (17), but with the

indices i, j, . . . ranging over 3 values. The dual of the 2-form then turns out to be given by

e
−

√
2(D−1)

D−2
φ̂ ∗̂F̂(2) = −g U ǫD−2 + g−1 T−1

ij ∗DTjk ∧ (µk Dµi)

− 1

2g2
T−1
ik T−1

jl ∗F ij(2) ∧ Dµk ∧ Dµℓ . (56)

The field content of the Kaluza-Klein reduced theory comprises the (D − 2)-dimensional

metric ds2D−2, the three gauge potentials Aij(1) of SO(3), and the six scalar fields Tij.

Substituting the Ansatz into the D-dimensional equations of motion (51), we find that it

yields a consistent Kaluza-Klein S2 reduction, with the (D−2)-dimensional fields satisfying

equations of motion that follow from the Lagrangian

LD−2 = R ∗1l − D−4
3(D−1) Y

−2 ∗dY ∧ dY − 1
4 T̃

−1
ij ∗DT̃jk ∧ T̃−1

kℓ DT̃ℓi

−1
4 Y

− 2
3 T̃−1

ik T̃−1
jℓ ∗F ij(2) ∧ F kℓ(2) − V ∗1l , (57)
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where Y = det(Tij), and Tij is written in terms of the unimodular 3 × 3 matrix T̃ij as

Tij = Y 1/3 T̃ij . The potential V is given by

V = 1
2g

2 Y
2
3

(
2T̃ij T̃ij − (T̃ii)

2
)
. (58)

In view of our earlier observation that the D-dimensional Lagrangian (50), with the

constant a given by (6), can itself be thought of as an ordinary S1 Kaluza-Klein reduction

of pure gravity in (D + 1) dimensions, it follows that we can also interpret our result as a

consistent reduction of (D + 1)-dimensional pure gravity. The internal space is not simply

S1 × S2, however, since the 2-form field F(2) in D dimensions, which is the Kaluza-Klein

vector of the S1 reduction from (D + 1) dimensions, is topologically non-trivial. One can

see from (55) that if, for example, the scalars were all taking trivial values, the 2-form field

F̂(2) would be just the volume-form on S2 (like in a Dirac monopole configuration). Thus

the reduction from (D+1) dimensions is actually on a manifold that is topologically S3. In

fact we can easily lift the metric Ansatz in (53) to give the Ansatz for the reduction from

(D + 1) dimensions, by incorporating the standard S1 reduction step

dŝ2D+1 = e2α φ̂ dŝ2D + e−2α (D−2) φ̂ (dz + Â(1))
2 , (59)

where F̂(2) = dÂ(1), and the fields on the right-hand side are given in (53)–(55). Thus we

find

dŝ2D+1 = Y
2

D−1 ds2D−2 + ∆−1 Y
2

D−1 T−1
ij DµiDµj + ∆Y −D−3

D−1 (dz + Â(1))
2 . (60)

This is an unusual type of S3 reduction, in which the three SO(3) Yang-Mills fields Aij(1)

and the six scalar fields Tij parameterise inhomogeneous deformations of the 3-sphere.

7 Conformal anomaly terms

Until now we have focussed our attention on the purely classical theories of gravity coupled

to a p-form field strength and a dilaton. One of the two cases that admits consistent sphere

reductions turned out to be when p = 3, and in fact the Lagrangian (13) is precisely the

leading-order expression for the low-energy limit of the D-dimensional bosonic string. Of

course the bosonic string suffers from a conformal anomaly if the dimension D is not equal

to 26. It turns out that the effect of this anomaly is to generate an additional term in the

effective action [33], which vanishes at D = 26, so that (13) is replaced by

LD = R̂ ∗̂1l − 1
2 ∗̂dφ̂ ∧ dφ̂− 1

2e
−a φ̂ ∗̂F̂(3) ∧ F̂(3) − 1

2m
2 (D − 26) e

1
2
a φ̂ ∗̂1l . (61)
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We shall refer to this extra contribution as a “cosmological term.” Note that if we were

instead considering the theory of gravity, 3-form and dilaton as coming from the low-energy

effective theory of the superstring, the (D−26) factor would be replaced by (D−10). In all

subsequent discussions in this section, 26 can accordingly be replaced by 10 in the context

of the superstring.

It is of interest to see what happens to the previous Kaluza-Klein reductions on S3 and

SD−3 after this extra term is included. We find that the previous S3 reduction Ansatz

continues to give a consistent reduction, in which all the dependence on the S3 coordinates

cancels out when it is substituted into the D-dimensional equations of motion following

from (61). We find that the reduced (D − 3)-dimensional theory is described by the same

Lagrangian (27), but now the potential V given in (28) is replaced by

V = 1
2g

2 Y
1
2

(
2T̃ij T̃ij − (T̃ii)

2
)

+ 1
2m

2 (D − 26)Y
1
2 . (62)

The fact that the S3 reduction continues to be a consistent one after the inclusion of

the cosmological term in (61) could in fact have been foreseen by considering the group-

theory arguments that we developed in section 2. In the absence of the cosmological term,

we observed that the global symmetry group after a T 3 reduction is IR ×O(3, 3), which is

large enough to contain O(3)×O(3) as a compact subgroup, and hence to permit an SO(4)

gauging. The inclusion of the cosmological term in (61) breaks the IR factor in the global

symmetry, but the O(3, 3) factor survives,11 and so the cosmological term does not present

any obstacle to the SO(4) gauging in D − 3 dimensions.

It is interesting to note that ifD > 26 (orD > 10 in the case of a supersymmetric string),

the potential (62) admits a symmetrical ground-state solution in which all the scalar fields

are constant. To see this, we note that for such a solution we must have

∂V

∂Y
= 0 ,

∂V

∂T̃ij
− 1

4δij δkℓ
∂V

∂T̃kℓ
= 0 . (63)

(The trace subtraction in the second equation arises because T̃ij has unit determinant.)

Thus the conditions for a solution with constant scalars imply

V = 0 , T̃ij = 1
4 T̃kk δij , (64)

and hence since T̃ij is unimodular we must have T̃ij = δij , and

g = m

√
D − 26

8
, (65)

11This can be seen from the fact that the dilaton vector for the cosmological term after the T 3 reduction

is orthogonal to the dilaton vectors that form the positive roots of O(3, 3).
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with Y arbitrary. Note in particular that the vanishing of V implies that the (D − 3)-

dimensional Einstein equation has no cosmological term, and so it admits Minkowski space-

time as a ground-state solution. One can also find non-trivial solutions that are asymptot-

ically flat.

If we now consider instead the SD−3 reduction of the new theory (61), we find that

the previously consistent reduction is spoiled by the presence of the additional cosmological

term. In particular, it turns out that there is a mis-match between the SD−3 dependence

from the extra term e
1
2
a φ̂ ∗̂1l, in comparison to the previous terms, in the D-dimensional

equation of motion for the dilaton φ̂. Actually, this is not too surprising. It can be under-

stood from the fact that the presence of the cosmological term in (61) breaks the enhanced

O(D − 2,D − 2) global symmetry that occurred previously under a dimensional reduction

on TD−3, and so there will no longer be an SO(D − 2) compact subgroup of the global

symmetry group that could permit an SO(D−2) gauging in three dimensions. This can be

seen from the fact that the dilaton vector for the cosmological term in (61), after toroidal

reduction on TD−3, is not orthogonal to the positive root vectors of O(D − 2,D − 2).

Finally, we may also consider the possible inclusion of an analogous cosmological term

in the Lagrangian (50) for gravity, the dilaton and a 2-form field strength. In this case

there would not be any direct motivation from bosonic string theory for the inclusion of

such a term, but it is nevertheless of interest to see what the effect would be. Thus we may

consider whether we may modify the Lagrangian (50) to

LD = R̂ ∗̂1l − 1
2 ∗̂dφ̂ ∧ dφ̂− 1

2e
−a φ̂ ∗̂F̂(2) ∧ F̂(2) − 1

2m
2 eb φ̂ ∗̂1l , (66)

where the dilaton coupling constant b in the cosmological term is chosen so as to maintain

the consistency of the Kaluza-Klein S2 reduction. It turns out that this is indeed possible,

and consistency is achieved if b is the positive constant given by

b2 =
2

(D − 1)(D − 2)
. (67)

The resulting Kaluza-Klein theory in (D − 2) dimensions is described by the Lagrangian

(57), but with the potential (58) replaced by

V = 1
2g

2 Y
2
3

(
2T̃ij T̃ij − (T̃ii)

2
)

+ 1
2m

2 Y
2

D−2 . (68)

Again, one could have foreseen the continued consistency of the S2 reduction from the

fact that if the theory (66) is reduced instead on T 2, there is still a sufficient enhancement of

the global symmetry to permit an SO(3) gauging. Previously, for (50), the generic GL(2, IR)
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symmetry was enhanced to to GL(3, IR). Now, with the inclusion of the cosmological term

in (66), the IR factor in the GL(3, IR) is broken, but the SL(3, IR) factor remains, and so

the compact SO(3) subgroup is still available for the gauging. We can also understand this

as follows. Recalling that the original Lagrangian (50) can itself be viewed as a standard S1

reduction of pure gravity in (D+1) dimensions, we now observe that the enlarged Lagrangian

(66), with b given by (67), is nothing but the S1 reduction of the (D+1)-dimensional theory

of pure gravity with a cosmological constant:

LD+1 = R̂D+1 ∗̂1l − 1
2m

2 ∗̂1l . (69)

It is then evident that the dimensional reduction of (66) on T 2 will give the same theory

as the dimensional reduction of (69) on T 3, and so in particular there will be a SL(3, IR)

global symmetry.12

One can again look for solutions of the reduced theory in which all the scalars are

constant. The equations of motion following from (68) then imply that

T̃ij = δij , Y
2(D−5)

D−2 =
m2

g2 (D − 2)
. (70)

Substituting these back into the potential, we find that at this extremum it is give by

V = 1
2m

2
(D − 5

D − 2

) [ m2

g2 (D − 5)

] 1
D−5

, (71)

which corresponds (forD ≥ 6) to a positive cosmological constant in the (D−2)-dimensional

spacetime. (Note that (70) implies that the cosmological constant in the (D+1)-dimensional

pure gravity theory is also positive.) This allows, in particular, a ground-state solution of the

original D-dimensional theory of the form MD−2×S2, where MD−2 is an Einstein spacetime

with positive cosmological constant, such as de Sitter space. Interpreted as a solution of the

(D + 1)-dimensional pure Einstein theory with positive cosmological constant, it becomes

MD−2 × S3, since in this solution the 2-form F̂(2) in D dimensions is a constant multiple

of the volume-form of S2, and thus the S1 in the reduction from (D + 1) dimensions is the

Hopf bundle over S2.

8 Conclusions and discussions

In this paper, we have investigated the consistency of the Kaluza-Klein sphere reduction of

the theory described by the Lagrangian (3), comprising gravity coupled to a p-form field
12The cosmological constant in (D + 1) dimensions breaks the scale-covariance that a theory of gravity

and antisymmetric tensors has, and so one only gets SL(n, IR), and not GL(n, IR) from a T n reduction in

this case (see [21]).
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strength and a dilaton in D dimensions. Specifically, we have focussed our attention on

those cases where the reduction Ansatz at least includes all the Yang-Mills fields of the

SO(n+ 1) gauge group.

We have shown that by including the dilaton in the higher-dimensional theory, the

possibilities for consistent sphere reductions are extended somewhat, in comparison to the

case where the higher-dimensional starting point comprises only gravity and a p-form field

strength. Specifically, if no dilaton is included the only possibilities for consistent sphere

reductions of the kind we are considering are those associated with the S4 and S7 reductions

of D = 11 supergravity, and the S5 reduction of type IIB supergravity. With the dilaton

included, we find that consistent S2 reductions are possible for the case of a 2-form in the

higher dimension D, and that consistent S3 and SD−3 reductions are possible for the case of

a 3-form in the higher-dimension. These reductions are possible starting from an arbitrary

dimension D, provided that the strength of the dilaton coupling to the 2-form or 3-form

field strength is chosen appropriately.

The previously-known consistent sphere reductions from D = 11 with a 4-form, and

D = 10 with a self-dual 5-form, were associated with supersymmetric higher-dimensional

theories. In the examples that we have obtained in this paper, supersymmetry is clearly

not in general playing a rôle, since the higher-dimensional starting point can be a theory of

gravity, a dilaton and a 2-form or 3-form in any arbitrary dimension. It is probably more

appropriate, therefore, to characterise the theories that admit consistent sphere reductions

by the fact that they have the unusual property of giving rise to lower-dimensional theories

with certain enhanced global symmetry groups upon toroidal reduction on T n. In particular,

a necessary condition for a consistent n-sphere reduction that retains all the Yang-Mills

fields of SO(n + 1) is that the global symmetry GL(n, IR) of a generic theory reduced on

T n must be enhanced to a group whose compact subgroup contains SO(n + 1). These

symmetry enhancements occur only in exceptional cases, when scalars coming from the

toroidal reduction of metric “conspire” with scalars coming from the reduction of the p-

form field strength to give an enhanced global symmetry group. It so happens that this

same feature of symmetry enhancement is a central feature also in theories such as D = 11

and type IIB supergravity, and their toroidal reductions.

It should be emphasised that the group-theoretic argument that we have been using in

order to determine when a consistent sphere reduction may be possible does not, of itself,

provide a guarantee of consistency.13 Rather, it can be viewed as providing a proof of

13Unlike the traditional group theory argument that proves conclusively the consistency of a truncation
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inconsistency in cases where the necessary enhancement of the global symmetry group in

the associated toroidal reduction does not occur. It is rather striking, however, that in all

cases where a suitable sufficiently large global symmetry enhancement does occur, we find

that a consistent sphere reduction is possible.

An interesting illustration of this point is provided by the reductions that we considered

in section 7, where an additional “cosmological term” was included in the higher-dimensional

theory. The argument based on global symmetry enhancement showed that the SD−3 re-

duction would no longer be consistent, but that the S3 and S2 reductions still had the

possibility of being consistent. And indeed this is just what we found, when we substi-

tuted the Ansätze into the equations of motion of the higher-dimensional theories with the

cosmological terms included.

Although we have argued that supersymmetry is in some sense not of itself the directly

crucial ingredient in the question of consistency, it is, nevertheless, worthwhile to consider

further the question of supersymmetry and consistent sphere reductions. As well as the

examples of the S4 and S7 reductions from D = 11, and the S5 reduction from D = 10, we

can now also consider those examples amongst the reductions constructed in this paper that

can be associated with supersymmetric theories. Thus, for instance, we can consider the S2

reduction of type IIA supergravity, using the R-R 2-form, and the S3 and S7 reductions of

type I or type II supergravity, using the NS-NS (or R-R in the case of type IIB) 3-form.

Constructing the Kaluza-Klein sphere reduction Ansatz for the fermions in a super-

gravity theory is a notoriously difficult problem, and even when it is attempted the efforts

are rarely extended to include the quartic fermion terms. However, we may construct a

general argument to show that once a consistent reduction has been constructed in the

bosonic sector, the supersymmetry of the higher-dimensional theory will then guarantee

that a consistent reduction including the fermions as well must be possible. The argument

is as follows. We know that a sphere reduction in which all fields (massive as well as mass-

less) are retained will necessarily be consistent, and it will give rise to a supersymmetric

lower-dimensional theory. Furthermore, we know that all the non-linear couplings between

the various lower-dimensional fields will be organised, by virtue of the lower-dimensional

supersymmetry, into supersymmetrically-covariant couplings of complete supermultiplets.

Now, if we demonstrate in the bosonic sector that there is a consistent truncation to the

massless sector (i.e. to the bosonic sector of the massless lower-dimensional supermultiplet),

then this means that there are no interaction terms in which powers of the massless bosonic

in which all singlets under a symmetry group are retained, and all non-singlets are truncated.
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fields (i.e. conserved currents built from the massless fields (see [32])) couple to linear pow-

ers of the massive bosons that are being set to zero. But this in turn implies that in the

full theory there can be no interaction terms in which supercurrents built from the massless

multiplet couple to linear powers of the massive fields. Thus if one shows that it is con-

sistent to make a sphere reduction in which all the bosons of the massless supermultiplet

are retained, then this implies that it must be consistent to make a sphere reduction of the

supersymmetric theory in which the entire massless supermultiplet is retained.

One can use this argument to show that the S3 and S7 reductions of N = 1 ten-

dimensional supergravity, which are special cases of our more general results in this paper,

will be consistent, as a consequence of our results for the bosonic sectors.
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[31] A. Achúcarro and P.K. Townsend, A Chern-Simons action for three-dimensional anti-de

Sitter supergravity theories, Phys. Lett. B180 (1986) 89.

[32] C.N. Pope and K.S. Stelle, Zilch currents, supersymmetry and Kaluza-Klein consis-

tency, Phys. Lett. B198 (1987) 151.

[33] C.G. Callan, D. Friedan, E.J. Martinec and M.J. Perry, Strings in background fields,

Nucl. Phys. B262 (1985) 593.

27

http://arXiv.org/abs/hep-th/9710119
http://arXiv.org/abs/hep-th/9909099
http://arXiv.org/abs/hep-th/0002028
http://arXiv.org/abs/hep-th/9508042
http://arXiv.org/abs/hep-th/9412184
http://arXiv.org/abs/hep-th/9412184
http://arXiv.org/abs/hep-th/9807111
http://arXiv.org/abs/hep-th/9402002
http://arXiv.org/abs/hep-th/9408083
http://arXiv.org/abs/hep-th/9911180
http://arXiv.org/abs/hep-th/9905096

