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ABSTRACT: Horndeski gravities are theories of gravity coupled to a scalar field, in which the
action contains an additional non-minimal quadratic coupling of the scalar, through its first
derivative, to the Einstein tensor or the analogous higher-derivative tensors coming from the
variation of Gauss-Bonnet or Lovelock terms. In this paper we study the thermodynamics
of the static black hole solutions in n dimensions, in the simplest case of a Horndeski
coupling to the Einstein tensor. We apply the Wald formalism to calculate the entropy of
the black holes, and show that there is an additional contribution over and above those that
come from the standard Wald entropy formula. The extra contribution can be attributed
to unusual features in the behaviour of the scalar field. We also show that a conventional
regularisation to calculate the Euclidean action leads to an expression for the entropy
that disagrees with the Wald results. This seems likely to be due to ambiguities in the
subtraction procedure. We also calculate the viscosity in the dual CFT, and show that
the viscosity/entropy ratio can violate the /S > 1/(4w) bound for appropriate choices of
the parameters.

KEeEYwoORrDS: Black Holes, Classical Theories of Gravity, Holography and quark-gluon plas-
mas

ARrRX1v EPRINT: 1509.07142

OPEN AcCCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP11(2015)176


mailto:xhfengp@mail.bnu.edu.cn
mailto:hsliu.zju@gmail.com
mailto:mrhonglu@gmail.com
mailto:pope@physics.tamu.edu
http://arxiv.org/abs/1509.07142
http://dx.doi.org/10.1007/JHEP11(2015)176

Contents

1 Introduction 1
2 Black holes in Horndeski gravity 3
2.1 The theory 3
2.2 Static black hole solutions 4
2.3 Uniqueness of the Horndeski black hole solutions 7
3 Black hole entropy and thermodynamics 9
3.1 Wald entropy formula 9
3.2 Wald formalism 10
3.3 Further comments on the entropy from Wald formalism 14
3.4 Noether charge and mass of AdS planar black holes 16
3.5  FEuclidean action 17
4 Viscosity/entropy ratio 19
5 Conclusion 20

1 Introduction

In the dictionary of gravity /gauge duality mappings in the AdS/CFT correspondence [1-3],
perturbations of the metric are related to the energy-momentum tensor of the field theory
in the boundary of the AdS spacetime [2-4]. In this picture, an AdS planar black hole is
the gravitational dual of a certain ideal fluid. A widely valid relation between the shear
viscosity and the entropy density was established, namely [5-8]

i 1

ST (1.1)
One way to understand this ratio is that it can be shown that the viscosity is proportional
to the cross-section of the black hole for low-frequency massless scalar fields [8]. Alterna-
tively, the shear viscosity is determined by the effective coupling constant of the transverse
graviton on the horizon, by employing the membrane paradigm [9]. (This was confirmed
by using the Kubo formula in [10, 11].) In [12], it was shown that the black hole entropy
is determined by the effective Newtonian coupling at the horizon, and that it is thus not
surprising that the ratio of the shear viscosity to the entropy density is universal, in the
sense that the dependence of the quantities on the horizon is canceled. Recently, it was
established that the relation (1.1) of the boundary theory is dual to a generalised Smarr
relation obeyed by the bulk AdS planar black holes, thereby providing a new understanding
of its universality, and its connection to the black hole thermodynamics [13]. There have



been a number of papers in literature establishing the universality of the ratio (1.1) [14-17].
(See [18] for a review.)

The viscosity /entropy ratio (1.1) can, however, be violated when the bulk gravity
theory is extended by the addition of higher-order curvature terms [19, 20].! (See also, for
further examples, [25-27].)

This leads us to one of the motivations for this paper, which is to investigate whether
one can violate the ratio (1.1) without introducing higher-order curvature terms in the bulk
theory. In a typical theory of Einstein gravity, matter fields couple to gravity minimally
through the metric. A scalar field can also couple to gravity non-minimally, such as in
Brans-Dicke theory [28], where the effective Newton constant varies in spacetime. However,
it was established in [13] that the ratio (1.1) holds in general in such a theory. Scalar
fields can, however, also couple non-minimally to gravity in other ways. In particular,
their derivatives can couple to the curvature tensor. Horndeski considered a wide class
of such gravity/scalar theories in the early seventies [29], focusing his attention on cases
where the field equations, both for gravity and the scalar field, involve no higher than
second derivatives. The Horndeski theories were rediscovered recently in studies of the
covariantisation of Galileon theories [30].

The Horndeski terms take the form

H® = E®orxovy, (1.2)

where the E(*) tensors are “energy-momentum tensors” associated with the Euler inte-
grands of various order, namely

E(k)'/# = §VPL P2k RO102 ... RO26—102k

Ho102k P1P2

P2k—1P2k * (13)

The H®) terms are analogous to Euler integrands, in that they have the property that
each field carries no more than a single derivative and hence the linearized equations of
motion involve at most second derivatives. Thus although the theory involves higher-order
derivatives, it contains no linear ghost excitations. In this paper, we shall consider Einstein
gravity with a cosmological constant, together with just the two lowest-order Horndeski
terms, namely

HO =g, 00"y, HY = —4G,,0"xd"x, (1.4)

where G, is the Einstein tensor. We find that although the theory contains the curvature
tensor only linearly, the viscosity/entropy ratio (1.1) no longer holds.

It is worth commenting that the viscosity can be computed by standard procedures
using the AdS/CFT correspondence, involving the straightforward technique of studying
linearised perturbations around the background bulk solution. The calculation of the vis-
cosity /entropy ratio then hinges upon the proper definition of the entropy of the black
hole. Since Hawking established the thermal radiation of a black hole [31, 32|, there has
been no ambiguity in establishing the black hole entropy in a generally-covariant theory.

"We shall not be concerned in this paper with other types of violation, due to the breaking of local
rotational symmetry; see, for example, [21-24].



In particular, in Einstein gravity minimally coupled to matter, the entropy is given by one
quarter of the area of the horizon. This area law has been generalized to the Wald entropy
formula when more complicated couplings or higher-order curvature terms are involved,
namely [33, 34]

Sw = —é L d"2zvh agfl;cdeabe(:d' (1.5)
where L is defined by the action I = [ d"™x\/—gL. Applying this formula to static black
holes with spherical, toric or hyperbolic isometries, the Horndeski terms (1.4) do not con-
tribute to the Wald entropy Sy, and hence one might expect that the entropy would still be
just one quarter of the horizon area. However, we find that this is in fact not the case. By
examining the Wald procedure [33, 34] in detail, we find that in a theory such as Horndeski
gravity there is an additional contribution to the entropy that is not encompassed by the
usual Wald formula (1.5). It arises because the derivative of the scalar field diverges on
the horizon in the black-hole solutions (although there is no physical divergence, since all
invariants, such as ¢g"” 0,,x 0, x, remain finite).

The paper is organised as follows. In section 2 we introduce the Horndeski theory that
we shall be considering, and we review the static black hole solutions. These are known for
all the cases of spherical, toroidal and hyperbolic horizon geometries. Our focus will be on
the spherical and the toroidal horizons. We also include a demonstration of the uniqueness
of the known static solutions. In section 3 we address the problem of calculating the
entropy, and also the mass, of the static black holes. We begin by calculating the entropy
using the standard Wald formula (1.5), and then we consider the application of the Wald
formalism in more detail, showing that there is another contribution to the entropy that is
not captured by (1.5). We show that in the case of the planar black holes (with toroidal
horizons), the entropy expression we obtain is consistent with the computation of the
Noether charge associated with a scaling symmetry of the black holes. We also consider
the calculation of the Euclidean action, showing that, at least when following a naive
regularisation procedure, this yields yet another result for the entropy, and the mass, that
disagrees with those from the Wald formalism. In section 4 we calculate the shear viscosity
in the dual boundary theory using the AdS/CFT correspondence, and hence we obtain
an expression for the viscosity /entropy ratio. This is different from 1/(47) on account of
the Horndeski term, and we show that for an appropriate choice of the parameters it can
violate the /S > 1/(4m) bound. The paper ends with conclusions in section 5.

2 Black holes in Horndeski gravity

2.1 The theory

As we have discussed in the introduction, Horndeski gravity represents a class of higher-
derivative theories involving gravity with a non-minimally coupled scalar. The couplings
differ from those in the Brans-Dicke theory, since in the Horndeski theories the scalar
couples through its derivative to the curvature tensors. We shall focus on the Horndeski
theory whose Lagrangian involves at most only linear curvature terms. As we shall show,



the viscosity/entropy ratio (1.1) can be violated even in such a theory. The action is
given by

1 1
I= 16/d”:L"x/—gL, L=kr(R—-2A)— 5(‘)‘9/“/ —vGw)0'x 0" x, (2.1)
s

where x, o and «y are coupling constants, and G, = R, — %R guv is the Einstein tensor.
Note that the theory is invariant under a constant shift of y. In a typical gravity theory
with a scalar field, such as Brans-Dicke theory, one can define different metric frames by
means of conformal scalings using the scalar field. However, for the Horndeski theory (2.1),
this would lead to the breaking of the manifest constant shift symmetry of the scalar, and
hence it would not be a natural field redefinition to make here.

The variation of the action (2.1) gives rise to

1

where
1 1 N 1 (1 )
E;uz = E(Guu + Ag;w) - §a<a,uXaVX - 59;“/(8)() ) - 57 iaMX&/XR - 28,0)( a(#X RV)
1
—0px0sXx R — (Vi VPX) (VL Vpx) + (V. Vex)Bx + §GW(8X)2
1 1
g | = 5TV, + 5007 - O | )
E = V,u((ag"” —~G")V,x) . (2.3)

The total derivative term in (2.2) plays no role in the equations of motion
E,. =0, E=0. (2.4)

However, it does play an important role in the Wald formalism, which we shall present in
section 3.2.

2.2 Static black hole solutions

We now consider static black holes, with the ansatz

d 2
ds? = —h(r)dt* + . r2d02_, ., x = x(r), (2.5)
f(r) ’
where dQ?_, . with € = 1,0, -1 is the metric for the unit S"~2, the (n — 2)-torus or the

unit hyperbolic (n — 2)-space. It is convenient to take dQYZ’L—2,€ = gijdyidyj for general
values of € to be the metric of constant curvature such that its Ricci tensor is given by
Ri; = (n — 3) €g;j. We may, for example, take dQ%_ZE to be given by

9 du?

AU ge =75+ u?dO2_,, (2.6)

where d22_, is the metric of the unit (n — 3)-sphere.



It is clear from the equations of motion that xy = xo (constant) is a solution, in which
case, the Horndeski gravity reduces to Einstein gravity with a cosmological constant Ag. It
follows that the Schwarzschild-AdS black hole is a solution of the theory. We shall regard
this solution as being “trivial,” in the sense of not yielding anything new. In addition, a
one-parameter family of black hole solutions for which the scalar field is not a constant was
constructed in [35]. (See also, [36, 37].) In this section, we would like to prove that these
are the only black hole solutions from the ansatz (2.5) in which the scalar is r-dependent.
First, we review the construction in [35].

The scalar equation of motion E = 0 yields

<r”4 %(’y((n —rfh + (n—2)(n—3)(f — e)h) — 2ar2h)x'>, ~0. (2.7)

There are two more equations that follow from FE,, = 0:

15((n=2)rf + (0= 2)(n = 3)(f = €) + 2807 + 2072 {2
+y(n = 2) (4 X"+ (31 + (0 =3)(f + )X ) f¥' =0,
4H<<n —rfh + (n—2)(n — 3)h(f —€) + 2Ar2h) — 2artfhy
Fy(n — 2) <3rfh’ +(n—3)3f - e)h) fY2=0. (2.8)
In [35], a class of black hole solution was obtained by solving (2.7) by taking
Y((n—2)rfh' + (n—2)(n —3)(f — €)h) — 2ar*h = 0. (2.9)

(In other words, the integration constant in the first integral of (2.7) was taken to be zero,
and x’ was allowed to be non-zero, thus implying that its co-factor, given in (2.9), must be
equal to zero.) This leads to the solution

b 8k[g%r2(2k + By) + 2¢k]

P (4 + 57)?
(n —1)2 B22g*r4 1 1 R
c(nt D)(n—3)(an + )2 2L Uign +3) —(n_g)egQrQ] :
_ U )0~ 1)gr? + (n = 3) p_ B, (=3 17
f - [(n — 1)(45 + B’Y)QQTQ + 4(n _ 3)6%]2 h7 X = f |:1 + (n — 1)927‘2:| , (210)

which is valid for all values of €. In presenting the solution, we have introduced two
parameters (g, 3) in place of the original parameters («, A) in the Lagrangian, with

1 1
o=t Dm-2y, A=t Dm-22(1+2). (@1
2 2 2k
Note that the solution contains only one integration constant, p. All other parameters

are those of the theory itself. Note also that since the dimension n is an integer, the



hypergeometric function reduces to polynomials with an arctan function in even dimensions,
and with a log function in odd dimensions. To be explicit, we have

n = even : (2.12)
o [1,;(71—1- 1);;(71—{—3);—:6] _ (—1)”;§gt+ 1) {arct\z;r%\/f B [arCtj;ﬁLl}’
n=odd : (2.13)
o F) [1,;(n+ 1);;(n+3);—;p] _ (—1);2;5111+ 1) {log(lb: z) [log(lg:r :z:)] n_g}’

where we use the notation [F'(x)],, to denote the truncated power series expansion of F'(x)
around x = 0, in which only the terms up to and including =™ are retained. Thus

=) SR PR ew

2

w[3
\
—
3
I
o

for n even and n odd, respectively.

For static solutions of this kind, it is in fact always sufficient to construct the solution
with € = 1. The solutions for all other values of €, which we presented above, can then be
obtained from the € = 1 solution by means of the rescalings

r— \Lf . t—et,  d9? L, —ed? ., p— e U2, (215)
6 b

From now on, we shall present results for the two specific cases ¢ = 0 and ¢ = 1.

€ = 0 solution: when € = 0, the solution reduces to the very simple form

h=f=g?__F 2_ 2 2.16
f=9r" -2, X 7 (2.16)

Note that in this € = 0 case, x can be solved for explicitly, giving

X = (HQ\/?)Q tog (v/{gr)" T + /(g T = g™ ) + x0- (2.17)

Thus the ¢ = 0 solution describes an AdS planar black hole, with the requirements that

@ > 0 and 8 > 0. The horizon radius r = rg is given by u = gngq. The Hawking

temperature is given by

(n—1)g°
47

€ = 1 solution: for € = 1, the solution describes a spherically-symmetric and static black

T = ro. (2.18)

hole. In a large-r expansion, if n is even the functions h and f have the asymptotic forms

4Kk —
heg? - oy 2y By oL

s 2 et gy
2.2 M di _ 20 An—1)r+(n—05)8y
_ B Gk _ 2.19
f=9gr rn—3 ;Or% g+ (n—1)4k + B7) o 7 ( )



where (¢, di) are constants, which are functions of the parameters (k, g, ) but independent
of u. If nis odd, then for k£ = (n—3)/2, the quantity ¢ has an additional term proportional
to logr. This amounts to a logarithmically diverging addition to the mass coefficient u at
order 1/r"=3. This in turn implies that dy has additional log terms for all k > (n — 3)/2.
Note that all the (¢, dy) vanish for e = 0.

The metric is asymptotic locally to AdS spacetime, and it cannot become pure AdS
spacetime, regardless of the choice of the parameter u. To see that the solution describes
a black hole, we note that h is positive as r goes to infinity, but becomes of order —y/r"=3
as 7 — 0, where there is a spacetime curvature singularity. Thus when g > 0, there must
exist some intermediate value of r, be an event horizon r = rq, for which

h(T‘g) =0= f(T'()) . (2.20)

This implies that the parameter p can be expressed in terms of the horizon radius 7o in
this e = 1 case as

n—3

8KT 9 9
=0 (9254 (26+ r
I (4m+ﬁv)2< (26 + B7)g715

n— 1)282~2 044 n—
(sm(nl—) 3(133()) 2P 1,;(n+1);;(n+3);—m_;)92r§]>- (2:21)

Note that this relation between p and rq is far more complicated than the simple expression

pw=g> 7’871 that holds in the € = 0 case. The temperature of the ¢ = 1 black hole is given by

7 VI (o) _ (n—1)g? (n = 3)r (222)

= ro + .
" w(dn o+ By)ro

4r 47

Note that if we set u = 0, then the solution has no event horizon, and near r = 0 the
functions h, f and x have the forms

1657 2k + By)g*r’
K <+(H BY)g°r +>

{n+ 5 2
_ 1, ((n=3)k — By)g*r?
f=1+ n—3)n + e
X=><o+gzn__1)£gr2+..._ (2.23)

Thus the g = 0 solution is a smooth spherically-symmetric soliton, without any free pa-
rameters, that is asymptotic locally to AdS spacetime. There also exists a solution for
€ = 1 in the limit of 4k + B+ = 0, but it does not describe a black hole.

2.3 Uniqueness of the Horndeski black hole solutions

We shall leave the discussion of the mass and entropy of the black holes to the next section.
To close this section, we shall show that the solutions discussed above are in fact the only
black holes with non-constant x that are contained within the ansatz (2.5) in the theory.



To show this, we return to the equation of motion (2.7) for the scalar field. One can
immediately write down the first integral

/- ar' /b
X = Y((n=2)rfh + (n—2)(n —3)(f — €)h) — 2ar?h’ (2.24)

where ¢ is an integration constant. The solutions we discussed above were obtained by tak-
ing ¢ = 0. It was possible to find such solutions with x’ # 0 by imposing the relation (2.9),
which in fact rendered the scalar equation of motion (2.7) trivial. If instead we take the
integration constant ¢ to be non-zero, then x’ is now determined by (2.24).

If a solution with ¢ # 0 is to describe a black hole, there must be an event horizon at
some radius r = rg. The functions A and f near the horizon will have Taylor expansions
of the form

f=filr—mro)+ falr —ro)? + -+, h=hi(r —ro) + ha(r —ro)* +--- . (2.25)

It follows from (2.24) that x’ near the horizon has the expansion

X/: X—

r_io—f—f(o—i-)zl(?“—?"o)—i--“. (2.26)
Substituting these expansions into the other equations of motion, we find that no such
solutions can exist. In other words, the assumption that there exists a horizon, near which
the expansions (2.25) would hold, is inconsistent with the equations of motion when g # 0.
In order to have a solution with a horizon, we must therefore set ¢ = 0, which then reduces
to the previous case discussed above. However, as mentioned already, in order for this
solution not to be trivial, i.e. for ¥’ to be non-vanishing, we must then also impose the
condition (2.24). This leads to the black hole solution (2.10).

In the near-horizon region, the function y in the black-hole solutions (2.10) has an
expansion of the form

L [ 3
X =Xo+X1(r—70)2 + Xa(r —7m0)2 +---. (2.27)

Substituting back into the equations of motion, we find that all the coefficients in the
expansions can be expressed in terms of two parameters, h; and rg. For example,

_ (n=2)(n = 3)ye + 2ar 2= DBgr
h= (n—2)yro ’ X = (n—1)g2rZ + (n— 3)e’ SR (2.28)

Thus the solution has three integration constants (xo,h1,79). However, the parameters
(X0, h1) are trivial. It follows that the only non-trivial parameter is ro, which is determined
by w in the final solution.

Finally we would like to emphasize again that § is not an integration constant, but a
parameter of the theory. For 8 # 0, there are two black holes, but each associated with a
different vacuum. When 8 = 0, there is only the Schwarzschild-AdS black hole solution in
the theory.



3 Black hole entropy and thermodynamics

In the previous section, we reviewed the Horndeski gravity theory, and its static black hole
solutions. We identified the horizon and computed the temperature of these black holes.
In this section, we consider various possible methods for calculating their entropy. It turns
out that different well-established methods yield different answers. A correct answer of the
entropy is important for studying the black hole thermodynamics, and it is paramount for
determining the 1/S ratio, as we discussed in the introduction.

3.1 Wald entropy formula

First let us consider the well-known Wald entropy formula (1.5). It is straightforward to
see that for the Horndeski Lagrangian L given in (2.1), one has

oL
ORp0

1 14 1%
= 59" 9" =g g") (3.1)

THvpo

1
+37 (0" X" X7 — g"° X" X7+ g7 XX = 9" XX — (9" 977 — 977 6" ) X ]
where we have defined x, = 0,x. For the static black holes in the Horndeski theory,
described in section 2, we find from (3.1) that the Wald entropy formula (1.5) for the
entropy gives the same result as in standard Einstein gravity, namely one quarter of the

area of the event horizon,

1
Sw = Zmrgd Wn_2, (3.2)

where w,_» is the volume of a unit S"~2 in the ¢ = 1 case. For ¢ = 0, corresponding to
a toroidal horizon, the periods of the circles forming the torus can be chosen arbitrarily,
and we shall, for convenience, then take w,_o = 1 in this paper, and so correspondingly S
should then be viewed as the entropy density.

Since the static black hole solutions are characterised by only one parameter (i.e. one
integration constant), it is guaranteed that one can obtain an expression for a “thermody-

namic mass” by integrating the first law of black hole thermodynamics?

dM = TdS . (3.3)

If we use the expression (3.2) for the entropy, then from the result for the Hawking tem-
perature obtained in the previous section we therefore find

k(n — 2)
€ T (3.4)
K(n—2) 5, 2(n—2) . 3
=1: M=|—+% n — 7 _9. 3.5
¢ < 6r I Y ipasypy0 ) (3.5)

2In a more general situation where there are further intensive /extensive pairs of thermodynamic variables
contributing on the right-hand side of the first law for multi-parameter solutions, the integrability of the
right-hand side can provide a non-trivial check on the correctness of the thermodynamic quantities. No
such consistency check arises in the case of a one-parameter family of solutions, since all 1-forms are exact
in one dimension.



Note that in the € = 0 case it was straightforward to express the mass in terms of the “mass
parameter” u, because of the simple relation p = g2 rg_l for these planar black holes. On
the other hand, the relation between p and r¢ is much more complicated in the ¢ = 1
case, and is given in (2.21). Thus when € = 1 the expression (3.5) for M would become a
complicated transcendental function of the mass parameter p.
On the face of it, the mass formula (3.4) for the e = 0 case looks not unreasonable. In
fact the thermodynamical quantities satisfy also the expected generalised Smarr relation
n—2
n—1

However, for the e = 1 case, the mass formula (3.5) looks less reasonable. As mentioned

M:

TSy . (3.6)

above, it would be a complicated transcendental function of the “mass parameter” pu.
Whilst this fact, of itself, does not conclusively show that it must be incorrect, it does
perhaps raise doubts about its likely validity, since it would be a very unusual kind of
relation that is not normally seen in other black hole solutions. Furthermore, if the e = 1
mass formula is called into question then this also raises questions about the validity of the
€ = 0 mass formula.

In order to explore these issues in greater depth, we shall make a more detailed inves-
tigation of the Wald procedure, in order to see whether there are new subtleties that can
arise in a theory such as that of Horndeski.

3.2 Wald formalism

Wald has developed a procedure for deriving the first law of thermodynamics by calculating
the variation of a Hamiltonian derived from a conserved Noether current. The general
procedure was presented in [33, 34]. The Wald entropy formula (1.5) is a consequence of
applying this procedure in rather generic higher-derivative theories. The Wald formalism
has been used to study the first law of thermodynamics for asymptotically-AdS black
holes in variety of theories, including Einstein-scalar [39, 40], Einstein-Proca [41], Einstein-
Yang-Mills [42], in gravities extended with quadratic-curvature invariants [43], and also for
Lifshitz black holes [44]. However, the rather unusual-looking results that it led to for the
mass of the ¢ = 1 black holes in section 3.1 raised the possibility that the formula (1.5)
might not be valid for Horndeski gravity. For this reason, we shall now study in detail the
application of the Wald formalism for the action (2.1).

A general variation of the fields in the action (2.1) was given in (2.2). The surface
term J* is given by

Jh = 2aliiwvgégpy — 2V,,a}§iw5gpa + a(gix)éx
- <RJ; + ot (T8 + J;;C)> : (3.7)
with
Jy = 9"9""(Vodgup — Vpoguo),  Ji = —g""Vuxox, Ji.=G""Vuxdx,
T =~ J (VXL 4 100 (Vo (T — (VX000

~10 -



+;g“AV” XVIXV p0gor — 1V o(VFXVX) 97090
—%g“AV”xV"xVﬁgpa + ZVA(V” XV7X)96 9
—%g”*V“XV"XVa@pA + iVU(V"XV“X)gpA@pA : (3.8)
Following the Wald procedure, we can now define a 1-form J;, = J,dx* and its Hodge dual
O ny = (1) Ty . (3.9)

We now specialise to a variation that is induced by an infinitesimal diffeomorphism
dzH = £*. One can show that

J(nfl) = 6("*1) — Z&*LO = —d*J(g) y (310)

after making use of the equations of motion. Here i¢ denotes a contraction of £ on the
first index of the n-form *Ly. One can thus define an (n — 2)-form Q(, 2 = *J(3), such
that Ji,, ) = dQ(,_». Note that we use the subscript notation “(p)” to denote a p-form.
To make contact with the first law of black hole thermodynamics, we take £* to be the
time-like Killing vector that is null on the horizon. Wald shows that the variation of the
Hamiltonian with respect to the integration constants of a specific solution is given by

1 1 : 1 .

where ¢ denotes a Cauchy surface and ("2 is its boundary, which has two components,
one at infinity and one on the horizon. Thus according to the Wald formalism, the first

law of black hole thermodynamics is a consequence of
OHoo = OH 1. (3.12)

For the Horndeski gravity considered in this paper, we find
1 1
Jog o = B.OM. 4 260,01 4V {HV[”f"] - Zy(VX)QV[”f“] + 5W[V(vx)25/~4

1 1 1
+37V VXV = SV (VI - QW[”(V“]XVUX)&T} :

) oL
Qoy-an_s = €ay-an_ QIW{aR;wpa Vb = g 2 (aRqu0>}

v 1 14 (e v
= €y i _ouv {”vﬂf - *’Y(VX)2V!L§ + i'yv xV¥xV&

4

—y(V*(0x)*)¢ — 1WU(V"XV"X)S” - ;W"(V”xv"x)éa} ,

2

, oL oL oL R
RN ,—2V, i (31
(6 s = Covns s (25 =2V, G resby )€ (319
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To specialise to our static black hole ansatz (2.5), the result for the Lagrangian with v =0
is well established (see, for example, [39, 40]), and is given by

Qr,a = Tn_Q’f\/zh'Q(n—m,
, o |h f fh ' n—2
_ _.n=2 | _J / . . o /
lg@n,a = —-T \/?(H( h(;h 2h25h —(5f . (5f) OéfX (5X Q(n72) R

(6Q — ie0) g = —1"2 ;(JL

We find that the contributions associated with the v term in the action are given by

h
Qy = —%(n - 2)77”"3\/;f2x/29(n2),
h oh — %
g0y = —%(n - 2),an3\/;f2 (X/22h + (n , ; (1 - ;) + h)X 5X>Q( 2)
. 1 N 0 /
(5Q ~ ic®), = 5(n—2)yr" \[fﬁ( 2 s

—3 W\
+<n . <1 - ;) + h>X 5X> Qn-2),  (3.15)

We now apply the Wald formalism to the black hole solutions. First, we note that as
a consequence of equation (2.9), when we add the contributions in (3.14) and (3.15) the
X'0x in the total expression cancel, giving the result

0Q —i¢® = —(n — 2)7""3\/?[(& — i’yfx’2> 5f +~f? 5(X’2)} . (3.16)

In fact, as can be seen from the expression for x’ % in for the black hole solutions in (2.10),

> Qn-2), (3.14)

we have 6(fx'?) = 0, and so (3.16) can be further simplified, to give

5Q —ic® = —(n — 2)r”—3\/§ (;-; + ivfx’2> Sf. (3.17)

We first consider the simpler case of the ¢ = 0 AdS planar black holes, for which
fx? = . We find

5H+ _ (TL — 1)(71 - 2)92/1 (1 + 52/)7"8_2 (57"0 . (318)

Thus we see indeed that §Hy, = §Hy, since u = grf . ! This implies that we can define
the mass and entropy as

— 1
O P (O T

- 12 —



such that
0Hso = 0M 0H, =T9S. (3.20)

The first law of black hole thermodynamics (3.3) then follows straightforwardly from the
Wald identity (3.12). However the factor 1 4+ 8v/(4k) in both the entropy and the mass
disagrees with the results in (3.2) and (3.4) that we obtained in section 3.1 from a direct ap-
plication of the Wald entropy formula (1.5) and the integration of the first law dM = T'dS.

The case of the spherically-symmetric black holes with (e = 1) is more complicated.
We find that §H evaluated on the horizon takes the general form

(n—2)wp_oT

O+ = 64

(16 + v f1X3) o360, (3.21)

where f1 and 1 are coefficients in the near-horizon expansions defined in (2.25) and (2.27).
For our specific € = 1 solution, we have

3
e A
ro (n—1)g*¢+n-3

~ ((n= D)k + By)g*rd + 4(n = 3)x)”
" (45 + ) ((n—2)g?rd +n—3)rog (3.22)

I

Thus if we define 6H = T'dS, with T given in (2.22), we find that the entropy is given by

(n — 1)(n — 2)Byg°rf
16n(n + 2)(n — 3)?

1
S = wp_o Zﬁrg_Q +

((n +2)(n—3)

1 1 -1
—n(n —1)g*ré o F [1, 5(71 +2); i(n +4); —Z — 3927"[2)] )} . (3.23)

Note that the first term inside the square brackets gives precisely the result we saw ear-
lier (3.2) for Wald entropy Sy, derived using the formula (1.5). The remaining contribution
in the square brackets is proportional to «, the coefficient of the Horndeski term in the
action (2.1).

To derive the first law, we evaluate the JH at asymptotic infinity, and we find

(n—2)kwp—2 By
Hy = 0= 2Rn=2(y L PO 5, 24
1) 16m + 1 op (3 )

This implies that the mass is given by

167 4k

M- (n—2)kwp—2 (1 N By
4k

>u- (3.25)

This turns out to be exactly the same form as that in the ¢ = 0 AdS planar black hole. It
is now straightforward to verify that the first law (3.3) is indeed satisfied. Note that o,
being a constant shift integration constant of x, plays no role in the first law.

It is worth commenting that for the e = 0 solutions, the masses we obtained in (3.4)
and in (3.19) by the two different methods are both proportional to u. The only difference
is in the constant prefactor coefficient. This on its own makes it difficult to judge which
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is the more reasonable result. However, when ¢ = 1, the difference becomes more striking.
The result (3.25) from the detailed Wald procedure that we presented in this paper is
seemingly more plausible, for two reasons. Firstly, the mass is simply proportional to the
parameter u, instead of being a convoluted transcendental function of p. Secondly, the
mass dependence on p is the same for both the ¢ = 0 and € = 1 solution. In solutions with
no additional scalar hair, and since the ¢ = 0 solution can be obtained as a scaling limit of
the € = 1 solution, this conclusion would seem to be reasonable.

3.3 Further comments on the entropy from Wald formalism

Having derived the first law of thermodynamics and also the entropy in section 3.2, us-
ing the general Wald formalism, we now examine the somewhat unusual features of the
black holes in Horndeski gravity that lead to the breakdown of the standard Wald entropy
formula (1.5). It follows from (3.13) that for the static ansatz (2.5) that

f PN
Quu-z) = 21\ [ ¢ Stnly — 4RTON 1 Qs (3.26)
where the hatted indices are tangent-space indices, the semicolon denotes a covariant

derivative and

vpo . OL 0i0i 0101 n—2
T“ p = aRquO_ 5 S(n—2) == T r Q(TL—Z) . (327)

Note that 0 is the time direction and 1 is the r direction. The expression for TH#"?? for
the Horndeski gravity is given by (3.1). Typically, one evaluates ((n—2) on the horizon at
r=ro, with h = hy(r —r9) +--- and f = fi(r —r¢) + - -, and so the second term on the
right-hand side of (3.26) vanishes and hence, as was observed in [33, 34], we find

1

e / B Quu_z) = TSw, (3.28)

where Sy, is the standard Wald entropy, given by (1.5).

Establishing the variational identity (3.12) is more subtle, even for the standard case
of Einstein gravity. It requires that we evaluate d@Q on the horizon. Naively, one would
simply obtain 0TSy + TSy from (3.28), and then one would expect that the §7'Sy, term
would be cancelled by the i¢© contribution in (3.11), leading to

§H = T6S,, . (3.29)

However, in order to evaluate the variation properly, we need to expand (3.28) up to order
(r —rp), since §(r —rg) = —drp and so it is non-zero even in the limit when one sets r = rg
on the horizon. The net effect is that all the terms in 6Q)(,_2) are cancelled out by terms
in 7¢O, and in fact the T'9S term arises from the remaining terms in i¢© alone.

To be specific, let us examine 6Q) — i¢© for a spherically-symmetric black hole in pure
Einstein gravity coupled to a massless scalar, as given by (3.14). If we first perform Taylor
expansions of @ and 7¢O, as given in the first two equations in (3.14), around the horizon
at 7 = 19, then indeed the above statement can be verified. The final equation in (3.14)
gives an alternative but equivalent evaluation with the variation §Q), which makes the
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observation more apparent. We may evaluate §Q) first, and then set r = ry. In this case,
the r™"~2 factor in Qx,« just depends on the coordinate r, and hence is not varied. With this
procedure, we find that all the terms in 6@ o are cancelled out by terms in i¢© o, leading
to the third equation of (3.14). Thus using this procedure, we find that the dH, = TS
term for the usual Einstein gravity arises from the (n —2)df/r term in i¢© in (3.14). This
term corresponds to

h 2 L
n—2 141

= —giiT™0f Qo . 3.30
It is rather intriguing how this term is ultimately related to Sy, which involves only 790!,
Indeed, we see from (3.1) that in vielbein components, 79101 = —%KJ and T = %Ii 54
for the Horndeski black hole solutions. In particular, the « term does not contribute in
either case.

In the black holes of Horndeski gravity there are further subtleties. Firstly, the o term
in 7¢O o in (3.14) does not vanish for these solutions, and can contribute a term to the
entropy that is not contained in Sy,. Furthermore, although the second term in (3.26)
vanishes on the horizon, its variation does not. This extra term can be seen in the form of
@~ in (3.15). Thus (6Q —i¢O), in (3.15) will give an additional contribution to the entropy
that is over and above that of the standard Wald contribution Sy,. Thus we now have

§Hy =T8S,  with  S#Sy. (3.31)

However, the Wald identity (3.12), as we have seen, continues to hold. The non-vanishing
contributions from both the « and the « terms have the same essential origin, namely that
the scalar field x is not regular on the horizon, but rather, it has a branch cut singularity,
as shown in (2.27).

One might question whether this is compatible with the interpretation of the solutions
as black holes. However, as we have remarked in section 2.1, the scalar x in Horndeski
gravity is like an axion, in the sense that it enters the theory only through its derivative. In
particular, therefore, it would not be natural to define different conformally-scaled metric
frames (in the manner that one does with the dilaton in string theory), since that would
break the manifest axionic shift symmetry of x. Furthermore, all invariant polynomials con-
structed from 0, x with the metric and the Riemann tensor are regular on the horizon. For
example, g"”0,x 0, is finite and non-zero on the horizon. (These properties can be seen
from the fact that the vielbein components of the gradient of x are finite everywhere, includ-
ing on the horizon, since one just has Ef dux = VIX = VB[1—(n—3)e/((n—2)g*r?)| /2,
with all other components vanishing, where E% is the inverse vielbein.) This supports the
idea that these solutions admit a valid black hole interpretation, but at the price that
the Wald entropy formula (1.5) no longer provides the complete expression for the en-
tropy. However, the identity (3.12), and hence the first law of black hole thermodynam-
ics, continues to hold, with the entropy being derived from the strict application of the
Wald formalism.
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3.4 Noether charge and mass of AdS planar black holes

In the previous subsections, we described two different methods for calculating the entropy
and mass of the Horndeski black holes, one based on the use of the Wald formula (1.5) for
the entropy, and the other based on a more detailed consideration of the Wald formalism.
In both these approaches, we did not use independent procedures to calculate the mass
and entropy, but rather, we relied on the use of the first law of thermodynamics to obtain
one from the other. Since the black-hole solutions are characterised by only one parameter,
there is no non-trivial integrability check, in the sense that the right-hand side of the first
law dM = TdS would be integrable regardless of whether the expression for the entropy
was correct or not. The fact that the two approaches led to different results calls for an
independent check on the calculation of the mass, or the entropy. Even though the mass
and entropy obtained from the Wald formalism in section 3.2 seems to be more reasonable,
the mass is determined through an integration of the first law, rather than directly, in this
case. A question one can ask is whether the mass is indeed a conserved quantity.

For the AdS planar black holes (i.e. the € = 0 solutions), this question can be answered
by means of a simple Noether calculation. For € = 0, we rewrite the ansatz as

ds? = dp® — a(p)®dt® + b(p)*dQZ,  x=x(p)- (3.32)

The effective one-dimensional Lagrangian becomes

1 1 1
L=—ab"? <I€(R —2Ag) — §ax’2 + 27G11xl2> ,

167
R S 2d" 2(n =20 2(n—2)dV  (n—2)(n—3)b* N e(n —2)(n —3)
a b ab b2 b2 ’
_ (n—=2)d'¥  (n—2)(n—3)b? _€(n—2)(n—3)
Gy = ab + 202 22 . (3.33)

where a prime denotes a derivative with respect to p. The Lagrangian is invariant under
the global scaling

a—X""a, b= Ab. (3.34)
This global symmetry yields a conserved Noether charge
1
On = K(n — 20" 3 (b’ — ab) (4K +yX"?). (3.35)
T
In terms of the coordinates of the original ansatz (2.5), we have
n—2 .3 \/? / 2
= — = —2h)(4 . .
O =" 2y [ it —omyan + 4 x?) (3.36)
Substituting the AdS planar black hole solution into this Noether charge formula, we find
(n—1)(n—2)x By
= 1+— |p=2n—1)M. 3.37
O - + ) p=20-1) (337)

Thus we see that Qp is the same as the mass obtained from the Wald formalism in section
3.2, up to some purely numerical constants. This supports the conclusion that the mass
and entropy obtained in section 3.2 are valid, whilst the results in section 3.1 are not.
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3.5 Euclidean action

An alternative method that has been used for calculating thermodynamic quantities for
black hole solutions is by means of the quantum statistical relation

Dppormo = M — TS =1IT, (3.38)

first proposed for quantum gravity in [38]. Here ®¢permo denotes the thermodynamic po-
tential, or the free energy, and I is the Euclidean action. The regularised Euclidean action
was calculated for the e = 1 Horndeski black hole in four dimensions in [35]. We have
repeated that calculation, and obtained the same result (save for an overall factor of 2
discrepancy). However, the resulting expressions for mass and entropy are quite different
from those in sections 3.1 or 3.2, and are given by

M — 1/<;<1 n 57) N 3Bv9°r5 (46 (3¢%r§ + 1) + 3879%r3)

2 4k 8(4r + By) (1 + 39%r3) (4r(3¢g%rg — 1) + 3Byg*rg)
3Py gzré (4/@ + 3(4K + 67)921"8)

2(1 + 3¢2r2) (4k — 3(4k + By)g?r2)

S = kmrd +

(3.39)

Note that when 8 = 0, for which the black hole reduces to the standard Schwarzschild-AdS
one, we get M = % p and S = krrd, as one would expect. It is clear that the mass suffers
from the same shortcoming as the one we obtained from the Wald entropy formula in (3.5),
in that it becomes a convoluted transcendental function of p for non-vanishing 3. (It is a
different transcendental function from the one following from (3.5), however.)

The calculation for the e = 0 AdS planar black holes (2.16) is much easier, and can
be straightforwardly carried out for a general spacetime dimension n. The regularised
Euclidean action can be defined by subtracting the action of the background p = 0 vacuum
from the action for the black hole itself, namely

Ireg = Ilguw X — IElgfm » X1, (3.40)

where g,(fV) and x© are the background field obtained by setting ;1 = 0 in the black hole

solution (2.16). We find

_ K (n — 2)B’7 n—
lreg = _m <1 — 4’%)7'0 2, (3.41)

Note that in this calculation, we have set w,,—_o = 1, so that the resulting extensive quantities
are densities. Using the quantum statistical relation (3.38) and the thermodynamic first
law (3.3), we then find that the free energy, mass, temperature and entropy for the e = 0
black holes are given by

K (n —2)By
167r< w )’ (n=2)F,
p = O =1 §= L2 L _oygyme (3.42)
T 4 4" 16 o ‘

17 -



These expressions also disagree, in this case by constant overall factors, with the e = 0
results obtained in sections 3.1 and 3.2. Taken in isolation, it would be hard to make
any judgment as to whether these expressions were trustworthy or not. Interestingly the
generalized Smarr relation (3.6) is also satisfied. However, the € = 1 results (3.39) for the
mass and the entropy certainly raise questions about the validity of this calculation using
the Euclidean action.

There is another method that has been used in order to obtain a finite Euclidean action,
by adding a surface term and a counterterm. Taking n = 4 dimensions as an example, the
whole action is then given by

I = Iyuk — 2Igu — Lot (3.43)
where Igy is the standard Gibbons-Hawking surface term, and for ¢ = 0, the counterterm
is given by

Iy = /dw?’\ﬁclg, with ¢ =4+ ﬂi, (3.44)
K

The v in the square root is the determinant of induced metric «y,,,,. With these combinations,
the total action is the same as the result of regularization. For ¢ = 1, the counterterm is

Ict:/@/dxgﬁ(clg—i—czim), with 61=4+@, 02:1—? (3.45)
K K

and the value of the action has an additional term linear the imaginary-time period (i.e.
inversely proportional to the temperature), in comparison to that of the regularized calcu-

\/§7T 242 ¢
Lienorm = Ireg + 7/8 7 .
12g(4k + Bv) T

The effect on the thermodynamics is that the entropy is unchanged, but the mass acquires

lation above:

(3.46)

an additive contribution in the spherically-symmetric ¢ = 1 solutions, independent of the
parameter in the solutions. This is not surprising, since when ¢ = 1, the ¢ = 0 solu-
tion is not vacuum AdS spacetime, but instead a smooth soliton, which has a constant
mass. In the earlier regularisation by subtracting the background, this constant energy
was subtracted out.

The question remains as to how one might reconcile the results for the entropy and the
mass, as calculated from the regularised Euclidean action, with our previous, and different,
results obtained using the Wald formalism. We do not have a definitive resolution to this
puzzle, other than to suggest that because of the rather unusual features of the black-
hole solutions in Horndeski gravity, it may be that the naive application of a subtraction
procedure to obtain a regularised Euclidean action may be inherently ambiguous. In a
somewhat related context, it was found in [45] that attempts to employ the Abbott-Deser
method [46] to calculate the mass of asymptotically-AdS black holes foundered on ambi-
guities in the subtraction procedure in some cases, for solutions in gauged supergravities
where scalar fields were involved. In the absence of a rigorous derivation of a valid subtrac-
tion scheme for the calculation of the Euclidean action, it seems that one could engineer
different schemes that gave different results, with no guide as to which result should be
regarded as the correct one.
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4 Viscosity/entropy ratio

One of the motivations for this paper was to study the viscosity/entropy ratio in Horndeski
gravity. Having obtained a formula for the entropy of the black holes, we are now in a
position to proceed. To calculate the shear viscosity of the boundary field theory, we
consider a transverse and traceless perturbation of the AdS planar black hole, namely

2
ds? = —fdt2 + d; + r2 (dl’idl'i + 2\11(7“, t)dl‘1d332) ) (4'1)

where the background solution is given by (2.11), (2.16) and (2.17). We find that the mode
U(r,t) satisfies the linearised equation

(46 + BY) (g™t — )2 U+ (dk + By) (P — ) (ngPr™ Tt — ) O
—r?"7 (4k — By) U = 0. (4.2)

For an infalling wave which is purely ingoing at the horizon, the solution for a wave with
low frequency w is given by

T = e wh)(r), P(r) = exp < —iwK log 52(2> +OW?),
1 fwep
C 4nT\ 4k + By’ (4.3)

Note that the constant parameter K is determined by the horizon boundary condition. The
overall integration constant is fixed so that ¥ is unimodular asymptotically, as r — co.

In order to study the boundary field theory using the AdS/CFT correspondence, we
substitute the ansatz with the linearised perturbation into the action. The quadratic terms
in the Lagrangian, after removing the second-derivative contributions using the Gibbons-
Hawking term, can be written as

Lo=P U’ 4 POV + Py0% 4 P02, (4.4)
with
1 2 n—1 L o n1 n—3
Pr=—2Wr+ ) (7" —pr, Po=ogor A= (n=2)Br]-p{ 26 — — =67 ),
n — 1 2 _9 742”75(4/€ - 67)
Py = Y Ak — (n—2)Bv], Pi= 8(g2rn—1 — 1) (4.5)

Note that P53 = %Pﬁ We then find that the terms quadratic in ¥ in the Lagrangian are
given by

d

Lo — —
27 dr

1 d . )
(Plxy 4 2P2\I/2> + o (P — U [P U PV 4 Py \II] . (4.6)

The last term , enclosed in square brackets, vanishes by virtue of the linearised perturbation
equation (4.2), and so the quadratic Lagrangian is a total derivative. The viscosity is
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determined from the Py W’ term, following the procedure described in [6, 20]. Using this,
we find that the viscosity is given by

_kn=Dp | 292
 64m2T 1= 16K2 (4.7)

We have, for the planar black holes,

—1)qg?
p=gipt,  r= o 1 o' (4.8)
7r
and the entropy that we derived in section 3.2 using the Wald formalism is given by
1 BYY n-2
S = 4,%(1 + 4,%)7“6‘ . (4.9)
We therefore find that the viscosity /entropy ratio is given by
1[4k —

n_1 [4—PBy (4.10)

S Ax\ 4k + By

for the Horndeski black holes.® Note that x and /3 are both positive. For reality, we must

h
ave 4K 4K

- ? << /8 .

When 8 = 0, which turns off the scalar field, the ratio goes back to the universal value of

1/(47). When v > 0, the ratio is less than 1/(47) and hence the bound is violated. For
v < 0, the ratio is greater than 1/(4m).

Finally, we note that in terms of the original parameters of the theory (2.1), the

(4.11)

viscosity /entropy ratio is given by

1 A
n_ 2 M‘ (4.12)
S dr \| a—9A

Interestingly, the ratio is independent of the parameter k.

5 Conclusion

Motivated by applications for the AdS/CFT correspondence, we studied the black holes in
a theory of Einstein gravity coupled to a scalar field, including a non-minimal Horndeski
term where the gradient of the scalar couples to the Einstein tensor. There are two types
of static black holes in this Horndeski gravity. One of these is the usual Schwarzschild-AdS
black hole, for which the scalar field is constant. Our focus is on the other non-trivial
one-parameter family of static black holes, for which the scalar depends non-trivially on
the radial coordinate. Although the scalar has a branch-cut singularity on the horizon, it is

3Intriguingly, although the ratio is calculated for the AdS planar black hole (¢ = 0), the same ratio
(4x — Bv)/(4x + Bv) appears in the sub-leading constant term in the large-r expansion of h = —gs; given
in (2.19), but only for the spherically-symmetric (e = 1) solutions (it vanishes for the e = 0 solutions).
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axion-like and enters the theory only through a derivative. Furthermore, in an orthonormal
frame, O,x is regular everywhere, both on and outside the horizon, and all invariants
involving the scalar field are finite everywhere. We also demonstrated the uniqueness of
these static black hole solutions in the theory.

We studied the thermodynamics of the black holes and found three surprises. The first
is that the standard Wald entropy formula (1.5) does not give the complete expression for
the entropy of these black holes. This can be attributed to the fact that the derivation of the
Wald entropy (1.5) requires that the scalar be regular on the horizon. In fact, the branch
cut singularity of the scalar on the horizon implies that there is an extra contribution to
the entropy. We studied the Wald formalism in detail, and exhibited the new contribution
explicitly. It turns out that the Wald identity (3.12) continues to hold for these black holes,
and so does the first law of black hole thermodynamics. The entropy, however, is no longer
given by (1.5), but can be determined from the implementation of the Wald procedure. We
further established, using a simple construction of the Noether charge derivable from the
scaling symmetry of the planar black holes, that the mass of the AdS planar black hole, as
we derived from the Wald procedure, is indeed a conserved quantity.

The second surprise concerns the use of the quantum statistical relation £ — TS =
T1 to calculate the thermodynamic parameters of the black hole solutions. In order to
apply this method, it is necessary to calculate the Euclidean action I of the black hole
solution. The problem is that a direct integration of the Euclideanised action yields a
result that diverges at the upper end of the radial integration, and so it is necessary to
adopt some regularisation procedure. We tried to apply two different such procedures.
The first involved subtracting the diverging contribution of a background where the mass
is set to zero from the diverging contribution from the black hole with non-zero mass.
The other procedure involved adding a boundary counterterm. The two methods gave the
same results for the mass and the entropy, but these results differed from those that we
obtained by using the Wald formalism. The origin of this mismatch is not clear to us; it
may be related to intrinsic ambiguities in the subtraction schemes that we used in order to
regularise the divergences. Such ambiguities are possibly more likely in a theory such as
Horndeski gravity, with its somewhat unusual features, and so regularisation schemes for
calculating the Euclidean action that usually work in less exacting situations may need to
be scrutinised more carefully here.

The third surprise concerns the results in section 4 for the viscosity/entropy ratio. In
wide classes of conventional theories with no higher-derivative terms in the Lagrangian, one
finds a rather universal result that /S = 1/(47). Counter-examples to the universality of
the ratio have been found, but for isotropic situations such as we have considered they are
always associated with higher-derivative gravities, such as Gauss-Bonnet or more general
Lovelock gravities. As far as we are aware, our findings for the black holes in the Horndeski
theory we studied in this paper provide the first example of the violation of the /S =
1/(4m) result in a theory whose Lagrangian is at most linear in curvature tensor.

A word of caution about the use of the Wald formalism to calculate the entropy is
perhaps appropriate here. If we consider Einstein-Maxwell theory as an example, the first
law dM = TdS + ®d(Q for Reissner-Nordstrom black holes can be derived from the Wald
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formalism by calculating dH, and dH, and using the fact that Hoo = dH4. The PdQ
contribution can either enter in §H alone, if one uses the gauge where the potential
vanishes at infinity, or in dH alone, if one uses the gauge where the potential vanishes on
the horizon, or else in both dH, and dH 4, if one uses some intermediate gauge where the
potential vanishes neither at infinity nor on the horizon. In the first law, only the potential
difference ® = &, — @, contributes. If the gauge where the potential vanishes on the
horizon is chosen, then dH; = T9S and so 0Hy /T is an exact differential, which can be
integrated to give the entropy, while 0Ho, = dM + @, dQ, and is not exact. In the gauge
where the potential instead vanishes at infinity, 6Hoo = dM, which is an exact differential,
while 0H4 = TdS + ¢4 dQ, and so dH /T is not exact.

More complicated situations were encountered recently where asymptotically-AdS dy-
onically charged black holes were constructed in a four-dimensional gauged supergravity
involving a scalar and a Maxwell field [47, 48]. It was found that dH., was non-exact,
and hence non-integrable, even when a gauge where the electric and magnetic potentials
vanished at infinity was chosen, because of a varying contribution from the asymptotic
coefficients in the large-distance expansion of the scalar field. The first law of black hole
(thermo)dynamics, involving the scalar contribution, could nevertheless be derived using
the strict Wald formalism [47]. The results were later generalised to black holes in general
Einstein-scalar theories [39, 40|, Einstein-Proca theories [41], and gravity extended with
quadratic curvature invariants [43].

Analogous issues could in principle arise when considering §4: it is commonly the case
that 4 on the horizon can be expressed as T4S. In a theory such as Einstein-Maxwell,
this is a gauge-dependent property as we discussed above, and in order to have dH. /T be
an exact differential in this case one would need to work in the gauge where the electric
potential vanished on the horizon. In most theories that have been studied, the entropy is
simply given by Sy defined by the Wald entropy formula (1.5). The widespread validity of
the Wald entropy formula is related to the fact that typically, matter fields vanish on the
horizon of a black hole (and Maxwell potentials can be set to zero by means of appropriate
gauge choices). In the Horndeski gravity considered in this paper, however, the axion-like
scalar y has an unusual behaviour near the horizon and near infinity, and indeed we have
already seen that dH. # T3Sy . We nevertheless assumed that it was still the case that
0Hy = T6S, ie. that 6H /T could be integrated to define an entropy function. That
0H /T is integrable is guaranteed in the one-parameter family of solutions considered in
this paper, since all 1-forms in one dimension are exact. In a multiple-parameter black hole
solution, however, there does not appear to be any guarantee, a priori, that H /T must
be a total differential in a theory such as Horndeski gravity. The non-integrability of the
sort that occurs in 0H in the dyonic asymptotically-AdS black holes we discussed above
might also, in principle, occur for dH. /T on the horizon, if not all the fields are strictly
vanishing on the horizon. It would be interesting to study this further in more general
solutions in theories such as Horndeski gravities.

The findings in this paper indicate that Horndeski gravity, and its black hole solutions
in particular, deserve further investigation both in their own right, and also in the context
of the AdS/CFT correspondence.
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