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ABSTRACT

The present work examines the effects of high frequency induction heating on

shape memory alloy (SMA) components with arbitrary geometries. SMA actuators

deliver high forces but are compact and reliable, making them ideal for considera-

tion in aerospace applications. One disadvantage of these thermally driven actuators

is their slow time response compared to conventional actuators. By subjecting the

SMA component to electromagnetic fields such as those in induction heating enables

the component to be heated in seconds. Although induction heating has recently

been used to quickly heat SMA components, efforts to date have been purely em-

pirical. This work presents the governing electromagnetic, thermo-mechanical, and

constitutive equations needed to approach the problem in a computational manner.

The derived equations are implemented in a finite element framework, which can

be used for any 3-D arbitrary coil or SMA geometry and relative positioning. The

time-harmonic electromagnetic equations are solved for the Joule heat power field,

and then the energy and linear momentum equations are solved for the temperature

and displacement fields. The 3-D model is implemented in the Abaqus Unified FEA

software using a Python script approach and applied to two example cases: an SMA

torque tube and an SMA bending beam actuator. The torque tube model is validated

against induction heating experiments and agrees well. A study of flux concentrator

properties and positions relative to the SMA actuator is shown, which demonstrates

a reduction in the time required to heat. To accommodate future optimization work,

the developed model is reduced from 3-D to an ordinary differential equation (ODE)

in time for the case of a thin walled SMA torque tube, which assumes negligible

gradients in all fields. The ODE solution agrees well with experiments and is able to
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capture the deviations from linearity due to latent heat effects.
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1. INTRODUCTION

Shape memory alloys (SMAs) are active materials that provide lightweight, com-

pact actuation with a high volume-specific mechanical energy density. SMAs can

recover strains as large as 10% due to changes in temperature and/or stress [46].

The inelastic recoverable strain generated in the SMA is commonly referred to as

transformation strain, or actuation strain. This transformation strain is due to a

diffusionless solid-to-solid transformation from a parent phase (austenite) to one or

more crystallographic variants of martensite [62]. Although there is only a single

variant of austenite, there can be many variants of martensite [8]. These martensite

variants can be oriented under the appropriate application of stress and temperature,

resulting in reconfigurable strains that can be recovered during martensitic transfor-

mation. This is known as the shape memory effect (SME) and provides a solid-state

alternative in general actuation applications. The SME must be trained in the SMA

by thermo-mechanically cycling the actuator under load in the direction of desired

actuation until a stable hysteresis is achieved. Based on a number of factors, training

may result in an SMA component that favors a particular internal distribution of

oriented martensite variants. This is known as the two-way SME, which is the ability

of the SMA to exhibit substantial actuation deformations between set configurations

in both the austenite and martensite phases, even under no loading. The most com-

mon form of SMA actuator is wire, which can actuate in a uniaxial tensile manner

and, when they are formed into extensional springs, in a locally torsional manner.

If actuation is desired in other directions, systems can be devised that allow these

wires to be used, but such systems can become complex and inefficient in terms of

volumetric energy density. To provide an alternative to wire-based solutions, recent
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developments have shown that SMA material can be processed and trained as large

specimens with the ability to bend and twist under substantial loads [28].

1.1 SMA Torque Tubes and Bending Beams

SMA torsional actuators, commonly torque tubes, can be used for large-scale

applications. SMA torque tubes are particularly useful for actuation in aerospace

applications such as wing twisting [74, 76, 35], rotor blade twisting [65, 44], and

space based radiator morphing [4, 15]. Since the primary mode of operation in

SMA tubes is not tensile, the methods traditionally used to characterize SMA wires

are not applicable. Many authors have developed reliable methods which are able

to accurately characterize [51, 43] and model [50, 53] the behavior of torque tubes

under a variety of thermal and mechanical loading conditions. In addition to torsional

actuators, SMA bending beams have found application in the aerospace community.

These beams have been characterized and modeled for a variety of aircraft [31, 32]

and spacecraft [13, 68] applications as well as structural damping applications [18]

beyond the aerospace industry.

1.2 SMA Heating Methods

While SMAs have a very high volumetric energy density compared to other actu-

ators their actuation rate and frequency is limited by how quickly heat can be added

and removed from the SMA component. Many authors suggest methods of heating

and cooling [78, 86, 67], some of which are summarized in table 1.1.
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Table 1.1: Potential heating and cooling methods for shape memory alloys actuator

components.

Heating Cooling

Direct resistive [9, 37, 85, 63, 67] Free convection (air) [87]

Conductive [31] Liquid immersion [22]

Convective [22] Forced air/liquid convection [87]

Radiative (including laser) [38, 52] Peltier effect [80]

Inductive [88] Heat sinking [3]

Chemical [57, 40, 41] Cool Chips technology [78]

The size of the SMA body greatly affects the choice of heating and cooling sys-

tem implemented. Direct resistive heating is accepted as the most efficient heating

method but such a method is generally current-limited to small and slender (i.e.

wire) implementations [49]. For these large pieces, conductive and inductive heating

become the best options. The speed of conductive heating is limited by distance

(i.e. part size) and thermal conductivity, which is quite low in SMAs1. When trying

to heat quickly inductive and chemical options are both effective. Chemical heating

through combustion is able to heat at extreme rates but, for obvious reasons, is not

feasible in applications intended for aerospace applications, which are of interest here.

Inductive heating then becomes the optimal option to heat a large SMA component

in a short time.

1Approximately 5% that of a pure aluminum [36]
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1.3 Induction Heating

Induction heating is a non-contact heating method whereby an alternating current

is input to a coil, inducing a time-harmonic electromagnetic field surrounding the coil.

An electrically conductive workpiece in the vicinity of the coil and its field experiences

an induced internal current at the same frequency as the exciting frequency but

having an opposite flow of current [69].

Induction heating is commonly used in industrial manufacturing processes such

as forging, material forming, heat treatment, or melting [77]. The frequency utilized

is relatively high (≈ 104 − 106 Hz (or 1/s)). Induction heating offers benefits over

other heating methods in terms of control because the heating process can be nearly

instantaneously started/stopped, the heating rate is rapid, and the results are con-

sistent over each cycle of heating. The induced currents, known as eddy currents,

result in a localized Joule heating effect in the workpiece. The induced currents are

spatially non-uniform; their distribution depends on the workpiece electromagnetic

properties, eddy current frequency, and proximity of the workpiece to the coil. The

combination of these parameters affects the depth to which the magnetic field can

penetrate the workpiece, known as the skin effect. A result of this skin effect is

that 86% [20] of the heating power is often concentrated on the surface of a large

conducting workpiece and the magnitude of the magnetic field decays exponentially

as the distance from the surface increases as shown in figure 1.1.
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Figure 1.1: Skin effect shown on a solid cylindrical body.

The penetration depth δ is defined as the distance from the workpiece surface at

which the magnetic field has decayed to e−1 times its surface value [20] and is given

by:

δ =

√
ρ

πµ0µrf
, (1.1)

where ρ is the electrical resistivity, µ0 is the magnetic permeability of vacuum (4π×

10−7 H/m), µr is the relative magnetic permeability, and f is the frequency in Hz of

the current.

Induction heating has recently been applied to a number of active material appli-

cations in an experimental manner. For example, work with shape memory polymers

has shown that magnetic nanoparticles embedded in the polymer matrix allow the

material to achieve faster heating and in turn faster actuation [55, 10]. In alloy man-

ufacturing, induction heating is used as a method to quickly and cheaply melt pure

metals (i.e. Ni-pellets and Ti-rods); in SMA production, this yields a material that

has a better chemical homogeneity relative to other methods [42, 12, 24]. Induc-

tion heating has been implemented in SMA medical device applications as it offers a

method of non-contact heating whereby only the SMA component is heated while the
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surrounding material is not [75, 25, 83, 14]. Outside of the medical device industry,

Hamilton et al. used induction heating to heat grips for testing a single crystal SMA

specimen [26], Wetzel used induction heating to actuate an SMA piece in a con-

trolled de-bonding application [90], and Webster most notably considered induction

heating on SMA components associated with an adaptable turbine exhaust [88, 6].

To fully understand how active materials and induction heating interact, predictive

analytical/computational studies of SMA components in an electromagnetic field is

desired. Takagi et al. [82] showed simulations of an electromagnetic field in an SMA

plate using a phenomenological model, but that work does not develop such a model

for a general component.

1.4 Magnetic Flux Concentrators

In induction heating, it is common to introduce a high permeability, high resistiv-

ity material into the system in close proximity to the induction coil. This material is

known as a magnetic flux concentrator (MFC) (also called flux intensifier, diverter,

or controller) [69]. MFCs operate by what is referred to as the electromagnetic slot

effect illustrated by figure 1.2. The slot effect redistributes the electromagnetic fields

around the workpiece and concentrates them though the open surface of the mag-

netic flux concentrator. Furthermore these MFCs have the effect of preventing the

spread of electromagnetic power that otherwise would not contribute to heating the

workpiece [69].

The local increase in magnetic field leads to an increased electrical efficiency as

well as an increase in heating rate [91]. Other benefits of implementing MFCs include

but are not limited to improvements in coil matching to power sources, protection of

other equipment in the vicinity from electric and magnetic fields, and improvements

in the coil power factor [71]. MFCs are commonly made of magnetic alloy lami-
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(a) Current distribution in a
workpeice without a flux concen-
trator.

(b) Redistirbution of current in the
workpiece due to the slot effect.

Figure 1.2: Current redistribution in an electrically conductive workpiece due to the
addition of a magnetic flux concentrator [69].

nations, magneto-dielectrics [72], or ferritic materials [70], where each has specific

advantages and disadvantages and work best in a specific frequency range. The ben-

efits of introducing MFCs to an induction system are numerous but there are some

caveats associated with the use of MFCs. The MFC will, in operation, experience

large magnetic fields, which can degrade the magnetic properties and generate body

forces that over time can be problematic. MFCs also consist of magnetic particles,

commonly iron, which have the tendency to rust and typically have large mass.

1.5 Outline of the Thesis

The current research aims to investigate the effects of electromagnetic induction

heating on general SMA bodies in a computation manner for the first time. The

remainder of the thesis is organized as follows:

Section 2 will develop the governing equations need to describe both the electro-

magnetic, thermo-mechanical, and constitutive behavior of the SMA. This

includes a discussion of the implementation. The derived equations will be
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reduced from a partial differential equation in space and time to an ordinary

differential equation (ODE) in time for use in a thin walled tube problem where

it will be assumed no gradients exist.

Section 3 shows the detailed electromagnetic and thermo-mechanical material con-

stant determination for an SMA tube. The constants are found using FEA and

verified with the ODE solution.

Section 4 demonstrates the effectiveness of the developed FE model on two cases:

an SMA torque tube and SMA bending beam actuator. In the case of the SMA

tube, two experiments are completed to verify the model. The first varies the

input power to the induction system to show that the developed model is able

to capture the measured behavior. The second uses active cooling to achieve

high rate actuation and show that the FE model is able to predict the behavior

at high rates. Both of the experiments and corresponding FEA results are

compared to the ODE solution. Following the validation, the FE model is used

to study the effects of frequency through the tubes thickness. Finally, the FE

model is implemented in a bending beam study and a study on the effects of

flux concentrators.

Section 5 summarizes and concludes the work, and suggestions for future work are

given.
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2. GOVERNING EQUATIONS

The objective in analyzing an SMA actuator is to understand the spatial and

temporal distributions of stresses, strains, and temperature throughout the body.

The necessary equations to model these fields are presented in this chapter. In

this work all material properties are assumed to be isotropic. In this work small

deformations are assumed so that the material time derivative d/dt can be replaced

by the local time derivative ∂/∂t, which is denoted by an overhead dot i.e. ˙( ). The

magnitude of a vector is denoted as |·| where the magnitude is given by
√

(·)2 for a

real vector and (·) (·)∗ for a complex vector where ∗ denotes the complex conjugate.

2.1 Physical Principles

In general the conservation of linear momentum [7] requires universal local satis-

faction of

∇ · σσσ + fff = 0, (2.1)

where σσσ is the (symmetric) Cauchy stress tensor. However in this work, the electro-

magnetic [84] and gravitation body forces

fff = ρcEEE + (∇EEE)PPP + JJJ ×BBB + (BBB∇)TMMM + ρmggg (2.2)

are assumed to be negligible. In these equations, ρc is the free electric charge density,

EEE is the electric field intensity, PPP is the polarization, JJJ is the current density, BBB is the

magnetic flux density, MMM is the magnetization, ρm is the mass density, and ggg is the

gravitational constant. It should be noted that in electromagnetics, body moments

exist of the form [84, 21]

mmm = PPP ×EEE +MMM ×BBB, (2.3)
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but in this work they are assumed to be negligible as with the body forces. The

linear strain-displacement equations [7] are used as

εεε =
1

2

[
∇uuu+ (∇uuu)T

]
, (2.4)

where εεε is the total strain tensor and uuu is the displacement vector. The first law of

thermodynamics is written as

ρmu̇ = σσσ : ε̇εε+EEE · ḊDD +HHH · ḂBB +EEE · JJJ −∇ · qqq, (2.5)

where u is the specific internal energy, HHH is the magnetic field intensity, DDD is the

electric displacement, and qqq is the conduction heat flux vector. In addition to the

first law, the second law must be used to develop thermodynamically consistent

constitutive equations. The second law can be written in the form of the Clausius-

Planck inequality [46] as

ρmṡ+∇ · qqq ≥ 0, (2.6)

where s is the entropy. When an SMA body is subjected to time varying electro-

magnetic fields such as those in induction heating, Maxwell’s equations in the local

form are needed and are given in full form as [69, 73, 89]

∇×HHH = JJJ + ḊDD (Ampere’s Law) , (2.7a)

∇×EEE = −ḂBB (Faraday’s Law) , (2.7b)

∇ ·BBB = 0 (Gauss’ Law for Magnetism) , (2.7c)

∇ ·DDD = ρc (Gauss’ Law) . (2.7d)
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2.2 Constitutive Equations

A Gibbs free energy is chosen with the following independent variables, G =

G (σσσ, T,DDD,BBB,εεεt, ξ, gt), where T is the temperature, εεεt is the transformation strain

tensor, ξ denotes the martensite volume fraction, and gt is the transformation hard-

ening energy. The Coleman-Noll procedure [16, 17] can be applied to derive

s = −∂G
∂T

, (2.8a)

εεε = −ρm∂G
∂σσσ

, (2.8b)

EEE = ρm
∂G

∂DDD
, (2.8c)

HHH = ρm
∂G

∂BBB
. (2.8d)

Application of the second law of thermodynamics results in a dissipation inequality,

which is assumed to be able to be decomposed into the following three inequalities

EEE · JJJ ≥ 0, (2.9a)

−qqq · ∇T ≥ 0, (2.9b)

∂G

∂εεεt
: ε̇εεt +

∂G

∂ξ
ξ̇ +

∂G

∂gt
ġt ≥ 0. (2.9c)

The first two inequalities are able to be decoupled by neglecting thermal electric ef-

fects (Seebeck and Peltier) and the third represents the generalized thermodynamical

forces [48, 46]. The form of the free energy is chosen so that an electric constitutive
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relation, a magnetic constitutive relation, Ohm’s law, and Fourier’s law are given by

DDD = ε0εrEEE, (2.10a)

BBB = µ0µrHHH, (2.10b)

EEE = ρJJJ, (2.10c)

qqq = −k∇T. (2.10d)

where k is the thermal conductivity, ε0 is the permittivity of free space, and εr is the

relative permittivity.

There are many constitutive models that describe SMA behavior [64, 47]. The

model chosen herein was developed by Lagoudas et al. [8, 46, 48]. This model is com-

putationally efficient and has been proven experimentally accurate under a variety

of thermo-mechanical loading conditions [30]. The core model is the plasticity model

of Hartl et al. [29] and has been modified to account for transformation induced

anisotropy by Solomou et al. [33, 27].

Because the electromagnetic and thermo-mechanical terms in the free energy are

assumed to be uncoupled, the thermo-mechanical specific Gibbs free energy due to

the austenite, martensite, and mixed phases is given by the rule of mixtures as

GSMA
(
σσσ, T,εεεt, ξ, gt

)
= GA (σσσ, T ) +

ξ
[
GM (σσσ, T )−GA (σσσ, T )

]
+Gmix

(
σσσ,εεεt, gt

)
.

(2.11)

GA and GM represent the Gibbs free energy in the austenite and martensite phases

12



respectively. Assuming a quadratic stress dependence, Gζ for ζ = A,M gives

Gζ (σσσ, T ) = − 1

2ρm
σσσ : SSSζσσσ − 1

ρm
σσσ : αααζ (T − T0) +

cζ
[
(T − T0)− T ln

(
T

T0

)]
− sζ0T + uζ0

(2.12)

and the mixing term is given as

Gmix
(
σσσ,εεεt, gt

)
= − 1

ρm
σσσ : εεεt +

1

ρm
gt. (2.13)

The parameters SSS, T0, s0, and u0 are the compliance tensor, reference temperature,

specific reference entropy, and specific reference internal energy. The values of SSS,

s0, and u0 are all assumed to be dependent on the phase of the material. The

specific heat c, density ρm, and the second-order coefficient of thermal expansion

ααα are assumed constant regardless of phase. The phase-dependent parameters are

evaluated by a rule of mixtures in terms of ξ. For example, the compliance tensor

SSS (ξ) is found as

SSS (ξ) = SSSA + ξ
(
SSSM −SSSA

)
= SSSA + ξS̃SS. (2.14)

Now using the procedure of Coleman-Noll, the total strain and entropy are obtained

as

εεε = −ρm∂G
∂σσσ

= SSS (ξ)σσσ +ααα (ξ) (T − T0) + εεεt (2.15)

and

s = −∂G
∂T

=
1

ρm
σσσ : ααα + c ln

(
T

T0

)
+ s0. (2.16)

Equation 2.15 can be rewritten in a more common form as Hooke’s law,

σσσ = SSS−1 εεεel = SSS−1
[
εεε− εεεt −ααα (T − T0)

]
. (2.17)
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The evolution equations governing the transformation strain and hardening are

given as

ε̇εεt = ξ̇ΛΛΛt
(
σeff

)
, (2.18a)

ġt =
[
f t − βββΛΛΛt

(
σeff

)]
ξ̇, (2.18b)

ΛΛΛt
(
σeff

)
=


3
2
Hcur

(
σeff

) ssseff
σeff ; ξ̇ > 0

εεεt−r

ξr
; ξ̇ < 0

, (2.18c)

Hcur
(
σeff

)
= Hmax

(
1− e−ktσeff

)
, (2.18d)

σσσeff = (σσσ + βββ) , (2.18e)

where Hmax is the maximum uniaxial transformation strain, ssseff is the deviatoric

effective stress, εεεt−r is the transformation strain tensor at cycle reversal, ξr is the

martensitic volume fraction at reversal, βββ is the back stress tensor developed during

past training and which does not evolve in this case, kt is a parameter that controls

the rate at which Hcur evolves exponentially, σeff is the Mises equivalent of the

effective stress given as

σeff =

√
3

2
ssseff : ssseff , (2.19)

and f t is given for forward and reverse transformation as

f t =


1
2
a1 (1 + ξn1 − (1− ξ)n3) + a3; ξ̇ > 0

1
2
a2 (1 + ξn3 − (1− ξ)n4)− a3; ξ̇ < 0

. (2.20)

A transformation function constraining the evolution of the martensitic volume frac-
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tion is postulated such that

Φt =

 Φt
fwd = Π− Y t; ξ̇ > 0

Φt
rev = −Π− Y t; ξ̇ < 0

(2.21)

which is constrained in the manner of classical plasticity so that

Φt ≤ 0, ξ̇Φt = 0, 0 ≤ ξ ≤ 1, (2.22)

with the thermodynamic driving force Π given by

Π (σσσ, T, ξ) = ΛΛΛt : σσσeff +
1

2
σσσ : S̃SS σσσ + ρms̃0T − ρmũ0 − f t, (2.23)

where s̃0 and ũ0 are the difference in reference entropy and internal energy, respec-

tively between austenite and martensite. The constant Y t is a critical value at which

transformation occurs, a1, a2, and a3 are transformation hardening coefficients, and

n1, . . . , n4 are transformation hardening exponents. The parameters s̃0, ũ0, Y t, a1,

a2, and a3 can all be expressed in terms of the phase diagram properties Ms, Mf , As,

Af , C
A, and CM [48]. These material properties are to be determined and discussed

in more detail in section 3.

The constitutive equations must be further manipulated to determine the effects

of the latent heat of phase change. The first law of thermodynamics (equation 2.5)

is expanded via equation 2.8b as

ρmu̇ = σσσ :
(
ε̇εεel +αααṪ + ΛΛΛξ̇

)
+EEE · JJJ +EEE · ḊDD +HHH · ḂBB −∇ · qqq. (2.24)

A Legendre transformation is needed to combine and manipulate the Gibbs free
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energy and the first and second laws. This transformation is given by

ρmu = ρmG+ σσσ : εεε+ ρmTs. (2.25)

Combining equations 2.24 and 2.25 gives

T ṡ =
1

ρm
Πξ̇ +EEE · JJJ −∇ · qqq. (2.26)

Now the definition of entropy is used to write

EEE ·JJJ−∇·qqq = −T
(
∂2G

∂σσσ∂T
σ̇σσ +

∂2G

∂T 2
Ṫ

)
−
[
T

(
∂2G

∂ξ∂T
+

∂2G

∂εεεt∂T
ΛΛΛ

)
+

1

ρm
Π

]
ξ̇. (2.27)

In equation 2.27, ξ̇ is eliminated using the fact that Π̇ = 0 during transformation [8],

which yields

ξ̇ =

(
−∂Π

∂ξ

)−1(
∂Π

∂σσσ
σ̇σσ +

∂Π

∂T
Ṫ

)
. (2.28)

Substituting equation 2.28 reduces equation 2.27 to

EEE · JJJ −∇ · qqq =

(
1

ρm
αααT −D

∂Π

∂σσσ

)
: σ̇σσ +

(
c−D

∂Π

∂T

)
Ṫ , (2.29)

where D is given by

D =

(
−∂Π

∂ξ

)−1 [
1

ρm
Π− T

(
1

ρm
α̃αα : σσσ + c̃ ln

(
T

T0

)
+ s̃0

)]
. (2.30)

If transformation is not occurring (i.e. ξ̇ = 0), equation 2.29 reduces to simply

EEE · JJJ −∇ · qqq =
T

ρm
ααα : σ̇σσ + cṪ . (2.31)
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2.3 Field Equations

The first governing equation combines linear momentum with Hooke’s law and

the strain-displacement relationship to give the Navier-Cauchy equations[7] written

as

∇ ·
[
CCC
(
∇uuu− εεεt −ααα (T − T0)

)]
= 0. (2.32)

Assumptions are made to reduce the previous physical principles and constitutive

equations to simpler forms. First, it is assumed that the thermoelastic term ααα :

σ̇σσ in the energy equation (2.31) is negligible. Furthermore, the effects of thermo-

mechanical coupling due to latent heat are not modeled in the FEA implementation.

These effects are considered in the ODE solution. The consideration of latent heat in

SMA bodies has been considered by various authors including Mirzaeifar et al. [54]

who modeled the effects of latent heat on the response of SMA rods of circular cross

section under pure torsion and Tabesh et al. [81] who created a model which considers

the effects of latent heat in a general 3-D bodies. The work of Tabesh et al. has

been used in the computational analysis of SMA wires and a computational design

optimization of 3-D aerostructures [61]. The current FE model is developed to be

applicable to arbitrary geometries, similar to the previously mentioned models, with

arbitrary distributions of Joule heating, which can have large gradients. To this

effect, the FE model is simplified by neglecting the effects of latent heat and reduce

equation 2.29 to

1

2
ρJJJ · JJJ + k∇2T = cṪ , (2.33)

which is subject to the convection boundary condition given by

−k∂T
∂nnn

= h (Ts − T∞) , (2.34)
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where h is the convection coefficient, Ts is the surface temperature, T∞ is the ambient

temperature, and nnn is the unit normal to the boundary.

To reduce Maxwell’s equations to a form that can be implemented in a finite

element method, an equation based on the current in the coil is derived. To describe

a vector field fully, both its divergence and curl must be uniquely defined. From

Gauss’ law for magnetism, the magnetic flux density has zero divergence such that

it is represented by the curl of another vector AAA as

BBB = ∇×AAA, (2.35)

where AAA is known as the magnetic vector potential. Now from Faraday’s law, it

follows that

∇×EEE = −∇× ȦAA (2.36)

or

∇×
(
EEE + ȦAA

)
= 0. (2.37)

The curl of the gradient of any scalar field is always the zero vector (i.e. ∇× (∇φ) =

000). This identity can now be applied to the previous equation to give

EEE = −ȦAA−∇φ, (2.38)

where φ is the electric scalar potential. Now using the magneto-quasi-static approx-

imation (ḊDD = 0) and substituting Ohm’s law into Ampere’s law gives

∇×HHH =
1

ρ

(
−ȦAA−∇φ

)
, (2.39)

into which the constitutive equation for HHH and the magnetic vector potential are
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substituted to yield

∇×∇× AAA

µ0µr
= −1/ρ

(
ȦAA+∇φ

)
. (2.40)

The source current is defined as JJJs = −1/ρ∇φ. As is common in induction heating,

the excitation is considered to be sinusoidal giving AAA = AAA0e
jωt and ȦAA = jωAAA, where

AAA0 contains the magnitude and phase angle of AAA. The same procedure can be done

for JJJs to give JJJs = JJJs0e
jωt. Combining the previous equations gives

∇×∇× AAA0e
jωt

µ0µr
+
jω

ρ
AAA0e

jωt = JJJs0e
jωt. (2.41)

Assuming that the electromagnetic properties of the material do not vary spatially

allows equation 2.42 to be rewritten as

1

µ0µr
∇×∇×AAA0 +

jω

ρ
AAA0 = JJJs0, (2.42)

which helps to formulate a simple weak form equation for the finite element imple-

mentation. The boundary conditions on the vector potential are simple because they

decay to a small value far away from the workpiece such that the magnetic vector

potential can be set equal to zero in the numerical implementation. The source cur-

rent term JJJs0 in equation 2.42 corresponds to a simple current measurement. Now

with the single measurement of a single input quantity and a sufficiently large finite

element problem domain, the source term and the boundary conditions have been

defined and the problem is able to be solved.

Returning to Ohm’s law (equation 2.10c) with the electric field written in terms

of potentials, the current can be decomposed as

JJJ = −1

ρ
ȦAA− 1

ρ
∇φ = −1

ρ
ȦAA+ JJJs. (2.43)
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Note that JJJ has both source and induced current contributions expressed as

JJJ = JJJs + JJJe, (2.44)

where the induced or eddy current is defined as

JJJe0 = −jω
ρ
AAA0, (2.45)

and the minus sign indicates that the eddy currents flow in the opposite direction of

the source currents. The Joule heating term in equation 2.33 can now be reduced to

a source term based on eddy currents [23] so that

1

2
ρJJJe0 · JJJ∗e0 + k∇2T = cṪ , (2.46)

where JJJ∗e0 is the complex conjugate of JJJe0. Note that JJJe0 ·JJJ∗e0 is equivalent to |JJJe0|2.

When writing equation 2.33, no assumption was made regarding the form of JJJ . But

here it has been assumed that the current density and therefore the eddy current

density is harmonic and thus has real and imaginary parts. Therefore, the complex

conjugate must be used in order to account for both the real and imaginary parts of

JJJe0. In writing the Joule heating term solely as a function of JJJe0, it is assumed that

heating due to electromagnetic hysteresis is negligible compared to eddy currents

and that there is no source current applied in the workpiece. Thus with the rate of

Joule heating known the remaining thermo-mechanical equations can be solved.

2.4 FE Model Implementation

The governing electromagnetic equation (equation 2.42) is implemented in Abaqus

Unified FEA [1]. The SMA constitutive behavior captured in section 2.2 is also im-
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plemented in Abaqus via a user material subroutine [66, 45]. In solving the coupled

electromagnetic-thermo-mechanical problem of induction heating of SMA compo-

nents, it is assumed that the problem is one-way coupled and can be solved sequen-

tially; specifically, the electromagnetic problem is solved for a given geometry and

input coil current, after which the thermo-mechanical problem is solved considering

the generated volumetric heat sources and hysteretic SMA constitutive behavior.

This process is similar to the one used by Bay et al. in [2]. In that work, a nu-

merical model was created which considered the thermoelastic-plastic behavior of

an axisymmetric workpiece being inductively heated including the variation in mag-

netic material properties with very large changes in temperature. Here temperature

changes are assumed relatively small such that the resistivity and magnetic perme-

ability do not vary with temperature. This assumption allows feedback in the model

to eliminated so that the process can be simplified to a one-way (feedforward only)

process as illustrated in figure 2.1.
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Input
𝐽𝑠0 𝒙 , 𝜔, material properties

Solve Electromagnetic Problem
No consideration of transformation

Output
𝑇 𝒙, 𝑡 , 𝐮 𝒙, 𝑡 , ξ 𝒙, 𝑡

Solve Thermomechanical Problem
Considers phase transformation

Output
Eddy current density, 𝐽𝑒 𝒙

Rate of Joule heating

Figure 2.1: Induction heating model flow process.

In the overall engineering model, the coil is assumed to be tightly wound so that

it can be considered a continuous sheet as demonstrated by figure 2.2.

Figure 2.2: Example scenario showing how a tightly wound coil is homogenized into 
a current sheet.
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A consequence of this assumption is that the phase angle between the applied

current and voltage is assumed to be strictly 90 degrees (i.e there is no lag in the

voltage and current in time.) In an experimental setup a tightly packed coil is

typically desired to achieve maximum current density (i.e. faster heating) and a

uniform heating distribution along the length of the workpiece.

2.4.1 Mesh Convergence

In addition to the model description of the workpiece and coil geometry, the

domain of air or vacuum around the workpiece must be considered. In this work, the

initial size of the problem domain is chosen based on the recommendation given in [1]

as approximately 10 times the characteristic length scale of the coil and workpiece. In

particular, the outer dimension of the domain was chosen such that the field intensity

at its boundary was two orders of magnitude less than the field intensity at the point

of highest field. The finite element mesh in this domain is globally refined until a

converged solution is found then the global mesh is coarsened with local refinements

where high gradients exist so that the number of elements, and corresponding analysis

time, is reduced while maintaining solution accuracy. Convergence was judged based

on the ratio of Joule heating at the outer surface of an SMA tube compared to

the inner surface and is shown compared to the number of total elements used in

figure 2.3a with the corresponding time taken to run the analysis shown in figure 2.3b.

Note that the analysis time is independent of frequency but the number of elements

to achieve convergence is not.
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Figure 2.3: Convergence of the ratio of Joule heating at the outer surface of an SMA

tube to the inner surface.

2.4.2 Boundary Conditions

In the electromagnetic problem, a body current density (JJJs0) and frequency are

applied in the coil and null magnetic vector potential boundary conditions are ap-

plied on the outer domain (AAA0 = 0). The only electromagnetic material properties

required and considered in this implementation are electrical resistivity and magnetic

permeability. The coil is modeled as an equivalent current sheet in space, not as an

actual material therefor, the resistivity and permeability are considered the same as
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vacuum to prevent calculation of eddy currents in the coil [23, 82]. In some electro-

magnetic modeling implementations, the proposed form of Ohm’s law is piece-wise so

that JJJ = 0 outside of the conducting workpeice [2]. The effects of a piece-wise form

of Ohm’s law and assuming properties of vacuum in the coil have the same effect,

which is numerically preventing eddy currents from being solved in the coil, which

is being modeled as only an equivalent current sheet. From the electromagnetic

analysis, the nodal location and magnitude of the Joule heating rate are obtained

and mapped into the thermo-mechanical problem as a volumetric heat source. This

numerical results extraction and mapping is performed using a python script, which

is able to extract the required information from the analysis output files.

The thermo-mechanical problem considers the transformation of the SMA compo-

nent being heated via a volumetric heat source with convective boundary conditions

on all SMA surfaces except where the coil is located. The model does not consider

thermal conduction or radiation from the coil. From experimental measurements,

the coil temperature is known to be approximately equal to the SMA surface tem-

perature throughout the heating process, so an adiabatic boundary condition is used

in place of modeling convection at the coil surface or the conduction and radiation

between the SMA body and the coil. The outputs of the thermo-mechanical analysis

include the temperature and displacement fields as well as the martensitic volume

fraction throughout the SMA component.

2.5 Reduction of Governing Equation

One particular application of interest to this work is that of SMA tubes that

exhibit a two-way SME that generates twist about the longitudinal axis. Reduced-

order solutions exist for both the pseudoelastic torsional behavior of SMA tubes [53]

and for induction heating of tubes [20, 49]. It is thus possible to combine these solu-
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tions to address the problem of the SMA tube being inductively heated by using an

ordinary differential equation in time. In creating this ODE solution, it is assumed

that the torque tube is thin walled, axisymmetric, and no end effects exist. These

assumption simply correspond to the assumption that no gradients exist in the body.

These assumptions substantially reduce the computational cost of the problem com-

pared to the FE model. As mentioned previously, some assumption were made to

simplify the FE model, namely, latent heat due to phase transformation was not

considered and the resistivity was taken to be phase and temperature independent.

In this ODE solution, these effects are reintroduced.

2.5.1 Reduced Electromagnetic Equations [49]

To begin the ODE solution derivation, recall the magneto-quasi-static approxi-

mation of Ampere’s law (equation 2.39) with Ohm’s law substituted.

∇×HHH = ∇×
(

1

ρ
EEE

)
, (2.47)

which can be rewritten as

∇ (∇ ·HHH)−∇2HHH =
1

ρ
∇×EEE +

(
∇1

ρ

)
×EEE. (2.48)

Now Gauss’ law for magnetism and Farraday’s law with equation 2.10b can be com-

bined to yield

∇2HHH =
µ0µr
ρ

ḢHH −∇
(
HHH

1

µr
∇µr

)
− ρ

(
∇1

ρ

)
×∇×HHH, (2.49)
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which can be reduced, assuming a homogeneous permeability and resistivity, to

∇2HHH =
µ0µr
ρ

ḢHH. (2.50)

A sinusoidal time-harmonic behavior is again assumed in the electromagnetic fields

so that equation 2.50 can be written as

∇2HHH = j
ωµ0µr
ρ

HHH. (2.51)

Equation 2.51 can now be reduced to the case of a cylindrical workpiece by noting

that HHH has only one non-zero component directed along the longitudinal axis of the

cylinder and EEE has only a single non-zero component tangential to the circumference

of the cylinder, which reduces the Laplacian of equation 2.51 to only a function of

the radial direction r as given by

∇2 =
1

r

∂

∂r

(
r
∂

∂r

)
(2.52)

and gives

∂2H0

∂r2
+

1

r

∂H0

∂r
− j ωµ0µr

ρ
H0 = 0. (2.53)

Equation 2.53, with some manipulation, represents a Bessel differential equation of

zero order with general solutions for H0 and E0 given by

H0 = C1J0

(√
−jmr

)
+ C2Y0

(√
−jmr

)
, (2.54a)

E0 =
√
−2j

ρ

δ

[
C1J1

(√
jmr

)
+ C2Y1

(√
jmr

)]
, (2.54b)

where C1 and C2 are constants to be determined, J0 and Y0 are zero order Bessel
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functions of the first and second kind, J1 and Y1 are order one modified Bessel

functions of the first and second kind, and mr =
√

2r
δ

. The Bessel functions are

implemented in Matlab where the ODE solution is also implemented. For this reason,

these Bessel functions are not explicitly listed here. For the problem of a hollow tube

with inner radius ri and outer radius re, the boundary conditions needed to solve for

C1 and C2 are given by

H0 =

 He0 = nI; r = re,

Hi0; r = ri,
(2.55)

where He0 is derived by assuming a long thin wire forms an infinite length solenoid

around the tube giving an idealized version of Ampere’s law with n being the turns

per unit length and I being the peak current input to the coil. Solving for C1 and

C2 the substituting into equation 2.54 gives

H0 = He0
F00 (mi,mr)

F00 (mi,me)
−Hi0

F00 (me,mr)

F00 (mi,me)
, (2.56a)

E0 =
√
−2j

ρ

δ

[
He0

F01 (mi,mr)

F00 (mi,me)
−Hi0

F01 (me,mr)

F00 (mi,me)

]
, (2.56b)

where the functions F00 and F01 are given by

F00 (x, y) = J0

(√
−jy

)
Y0

(√
−jx

)
− J0

(√
−jx

)
Y0

(√
−jy

)
(2.57a)

F01 (x, y) = J1

(√
−jy

)
Y0

(√
−jx

)
− J0

(√
−jx

)
Y1

(√
−jy

)
(2.57b)

where and x and y are used as place holders. The variables mi and me equal mr

evaluated at ri and re respectively.

In order to determine the radial distribution of H0 and E0, Hi0 must be deter-
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mined. The electromotive force (e.m.f.) induced in a coil of wire is linked to the

change in magnetic field as defined by Faraday’s law. This can be applied at the

inner surface of the tube to get

∮
Ei0dl = −Aiµ0Ḣi0, (2.58)

where Ai is the area enclosed by the inner surface of the tube (πr2
i ) and

∮
Ei0dl

can be evaluated as 2πriEi0. Note that the permeability used is not the relative

permeability because the previous equation is derived in the internal portion of the

tube where there is no material, only air or vacuum. Recall that Ḣi0 = jωHi0.

Solving 2.58 for Ei0 and setting this equal to 2.56b evaluated at ri gives

−jωµ0ri
2

Hi0 =
√
−2j

ρ

δ

[
nI
F01 (mi,mi)

F00 (mi,me)
−Hi0

F01 (me,mi)

F00 (mi,me)

]
, (2.59)

from which Hi0 can be determined. With Hi0 known, the eddy current density Je0

can be solved for by application of Ohm’s law, which can then be used to find the

rate of Joule heating in the tube as was shown in equation 2.46. It should be noted

that the determined eddy current density is a function of radius. For the case of

a thin walled tube, it is assumed that the eddy current density is approximately

constant through the thickness, which gives a comparable result to those published

in [20] for thin walled tubes.

2.5.2 Reduced Thermo-Mechanical Equations

With the rate of Joule heating, therefor heating power, known in the tube, the

temperature can be solved in time as described by equation 2.27. In order to solve

equation 2.27, which considers latent heat due to phase transformation, the consti-

tutive behavior of the SMA must be reduced to an ordinary differential equation

29



form.

For a tube undergoing pure torsion, the 3-D stress state can be reduced to σ23 =

σ32 = τ , all other components zero. The shear stress τ can be found by

τ =
Trde

1
32
π (d4

e − d4
i )
, (2.60)

where Tr is the torque and de and di are the outer and inner diameters of the tube.

Note that the stress is found at the outer diameter. The stress is taken from this

location as it is where the majority of heating will occur first and is the region of

most interest.

The SMA model used herein is the same presented in the section 2.2 and detailed

in [48, 33]. This model is simplified by considering the reduced stress state in a thin

walled tube under torsion and assuming that the stress is time independent. A Gibbs

free energy that is identical to the free energy formulated in equations 2.11, 2.12,

and 2.13 is used with the exception the thermoelastic term which does not contribute

to the shear stress is neglected. This gives a total engineering shear strain γ and

entropy as

γ =
E (ξ)

2 (1 + ν)
τ + γt, (2.61a)

s = c ln

(
T

T0

)
+ s0. (2.61b)
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The evolution equations (equation 2.18) are reduced to

γ̇t = ξ̇Λt (τ) , (2.62a)

ġt =
[
f t − βΛt (τ)

]
ξ̇, (2.62b)

Λt (τ) =

√
3

2
Hcur (τ) , (2.62c)

Hcur (τ) = 2Hmax

(
1− e−

√
3kt(τ+β)

)
, (2.62d)

where β is the 2-3 component of back stress with all others being zero. Note the

addition of a 2 in front of equation 2.62d, which has been added to make Hcur (τ)

compatible with the engineering strain. In this formulation of the evolution equa-

tions, it is assumed that the tube is initially 100% martensite therefor there is not a

need to have a forward and reverse component of Λt (τ). f t has not been modified

from the form given in equation 2.20. The thermodynamic driving force Π given by

equation 2.23 is reduced so that

Π (τ, T, ξ) = 2 (τ + β) Λt (τ)+4 (1 + ν) τ 2

(
1

Em
− 1

Ea

)
+ρms̃0T −ρmũ0−f t. (2.63)

The transformation function constraining the evolution of the martensitic volume

fraction (2.21) can be written as

Φt =



Φt
fwd =2(1−D) (τ + β) Λt (τ)

+ 4 (1 + ν) τ 2

(
1

Em
− 1

Ea

)
+ ρms̃0T − ρmũ0 − f tfwd − Y0

; ξ̇ > 0,

Φt
rev =− 2(1 +D) (τ + β) Λt (τ)

− 4 (1 + ν) τ 2

(
1

Em
− 1

Ea

)
− ρms̃0T + ρmũ0 + f trev − Y0

; ξ̇ < 0,

(2.64)
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where D is a model parameter that captures the stress dependency of the critical

thermodynamical force. The parameters ũ0, Y0, a1, a2, and a3 can be found as

a1 = ρs̃0 (Mf −Ms) , (2.65a)

a2 = ρs̃0 (As − Af ) , (2.65b)

a3 = −a1

4

(
1 +

1

n1 + 1
− 1

n2 + 1

)
+
a2

4

(
1 +

1

n3 + 1
− 1

n4 + 1

)
, (2.65c)

ρũ0 =
ρs̃0

2
(Ms + Af ) + 2βΛt (0) , (2.65d)

Y0 =
ρs̃0

2
(Ms − Af )− a3 − 2βDΛt (0) , (2.65e)

with

D = −
(Ca − Cm)

[
Λt (τ ∗) + (τ ∗ + β) ∂Λt(τ∗)

∂τ
+ 4 (1 + ν) τ ∗

(
1
Em
− 1

Ea

)]
(Ca + Cm)

[
Λt (τ ∗) + (τ ∗ + β) ∂Λt(τ∗)

∂τ

] , (2.66a)

ρs̃0 = −
4CaCm

[
Λt (τ ∗) + (τ ∗ + β) ∂Λt(τ∗)

∂τ
+ 4 (1 + ν) τ ∗

(
1
Em
− 1

Ea

)]
Ca + Cm

, (2.66b)

where τ ∗ is the calibration stress. With this transformation function for the SMA

tube under pure torsion known, equations 2.26 and 2.61b can be combined to get

1

2
ρJe0 · J∗e0 −∇ · q = (−Π (τ, T, ξ) + ρms̃0T ) ξ̇ + ρmcṪ , (2.67)

where terms containing c̃ and α̃ have been neglected as is common in SMA consti-

tutive modeling. The shear stress rate τ̇ has also been neglected since it is assumed

in this ODE solution that τ is time independent (i.e. the applied stress is either

constant or a function of rotation due to transformation). The eddy current density

Je0 is taken to be of a single component as was done with the magnetic and electric

fields. Equation 2.67 can be rewritten by noting that ξ̇ is only nonzero when the
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SMA is transforming and recalling that ξ̇Φt = 0 giving

1

2
ρJe0 · J∗e0 −∇ · q =

(
∓Y t + ρms̃0T

)
ξ̇ + ρmcṪ , (2.68)

where Y t = Y0 +2 (τ + β)DΛt (τ) and the notation of “∓” has been introduced with

the upper sign used to indicate forward transformation and the lower to indicate

reverse. Finally, it is noted that the only heat sources and sinks are due to induction

heating and convective terms so equation 2.68 can be written in its final form as

ρ

2
Je0 · J∗e0 − h

A

V
(T − T∞) =

(
∓Y t + ρms̃0T

)
ξ̇ + ρmcṪ , (2.69)

where A and V are the area and volume of the SMA tube being modeled, not area

and volume of the assumed thin walled tube.

2.5.3 ODE Solution Implementation

The ODE solution is implemented in Matlab using the return mapping algorithm

as described in [46]. The inputs to this model are the initial temperature, initial

martensite volume fraction, SMA tube dimensions, electric current, frequency, num-

ber of coil turns, and the heating/cooling times. The ODE solution uses a Gauss-

Seidel time marching scheme shown in figure 2.4. This process has been successfully

used in other coupled SMA based problems [5, 60]. In this scheme the appropri-

ate initial conditions are passed to both the electromagnetic and thermo-mechanical

algorithms. The temperature and phase are then given to the electromagnetic prob-

lem to evolve the resistivity and solve for a new Joule heating power, which is then

passed back to the thermal problem. The process is continued in this manner for the

duration of the heating and cooling process.
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Figure 2.4: Gauss-Seidel time marching scheme used to couple the electromagnetic
behavior to the thermo-mechanical behavior in the ODE solution.
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3. MATERIAL CONSTANT DETERMINATION

Calibration of the SMA material properties is required to ensure the accuracy of

both the FE model and ODE solution. The calibration was performed in two stages:

the electromagnetic phase and the thermo-mechanical constitutive phase.

3.1 Electromagnetic Constants

As discussed in section 2, the only material properties required to model the elec-

tromagnetic behavior of the SMA are the electrical resistivity and magnetic perme-

ability. Experimental measurements showed that the relative permeability of NiTi is

approximately 1.002 in either phase, which is also observed in the literature [11]. The

experiments showed that the SMA resistivity is 76µΩ-cm in austenite and 82µΩ-cm

in martensite. In the ODE solution, this value is evolved with transformation and

with temperature. Experiments were not performed to determine the temperature

dependence of the resistivity so it is assumed that it evolves in the same matter as

a NiTi wire [59, 19]. Specifically, the resistivity is evolved according to

ρ (T, ξ) = ρa (T ) + ξ (ρm (T )− ρa (T )) , (3.1)

where ρζ (T, ξ) = ρζ +(dρζ/dT )T . The temperature dependence (dρζ/dT ) was taken

to be constant and equal to 0.1µΩ-cm/K [19] in both phases.

For the sequentially coupled (feedforward) FEA approach, it is not feasible to

change the resistivity with phase changes. Therefore, a single constant resistivity of

80µΩ-cm was chosen. This value was chosen based on the results of a finite element

analysis on an SMA torque tube shown in figure 3.1. The tube in each case was

subject to identical conditions with the exception that the resistivity was varied from
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the martensitic value to an intermediate value (used in the final FEA implementation)

to the austenitic value. The ratio of the Joule heating rate at the outer surface

Rate of Joule Heating (kW/m3)

0 225

Martensite FEA model Austenite

Figure 3.1: Effect on Joule heating due to a change in resisitivity in the FE model.
The resistivity was varied from the martensitic value to an intermediate value (used
in the final FEA implementation) to the austenitic value.

to the inner surface was used to determine the effect of a changing resistivity. The

differences of the ratios were as follows: 8.7% difference between martensite and

austenite values, 6.0% difference between the intermediate and austenitic values,

and 2.85% difference between the intermediate and martensitic values. These results

demonstrate that the assumption of constant resistivity is sufficiently accurate for

the FE model.

3.2 Thermomechanical Constants

The constitutive model was calibrated using experiments performed on a homo-

geneous, prismatic tube with length L of 8 in. (203 mm) with outer de and inner di
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diameters of 0.375 in. (9.525 mm) and 0.225 in. (5.715 mm), respectively. To deter-

mine the material constants, the tube was subjected to thermal cycles under different

constant torques. The tube is fixed at one end (zero displacement) and has an ap-

plied twisting moment at the opposite end (applied traction). The lateral surfaces

of the tube are traction free. The temperature is spatially uniform and varies from

below the martentsite finish temperature to above the austenite finish temperature.

The torque T was measured in the experiment and then converted to shear stress to

be compatible with the FEA outputs by

σ23 = σ32 = τ =
Tde
2J

(3.2)

where τ is the shear stress at the outer surface of the tube, and J is the sec-

ond moment of area given for hollow tubes as π
32

[d4
e − d4

i ] [7]. The normalized

rotation-temperature curves generated by this experiment following the conversion

from torque to outer surface shear stress are shown in figure 3.2, which is used

for the remainder of the thermo-mechanical material constant determination. The

normalized rotation is the rotation measured multiplied by the ratio de/(2L). The

temperature in the experiment was measured by a thermocouple placed on the outer

surface of the tube at the mid-length. During these experiments, induction heating

was used to transform the SMA tube.1

The first step in determining the material constants is to consider the thermo-

elastic response, which provides the austenite and martensite elastic moduli, Poisson

ratios, and thermal expansion coefficients. The austenite and martensite Poisson

ratios are assumed to be equal and constant as is common in macro-scale SMA

1The frequency in the induction system was such that the thermal gradients in throughout the
tube were small and when the results are compared to more conventional and thermally uniform
conductive heating, there is no significant difference.
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Figure 3.2: Experimental normalized rotation-temperature diagram for torsional
loading of a NiTi tube (de = 9.525 mm, di = 5.715 mm) corresponding to approx-
imately 1, 5, 9, 13, 18.5 N-m of applied torque. The normalized rotation is the
rotation measured multiplied by the ratio de/(2L).

modeling. The thermal expansion response is neglected as it does not contribute

to shear stress. To determine the elastic modulii, the shear stress and normalized

rotation were read from figure 3.2 for each loading when the tube is completely

austenite and martensite and then plotted to create what has been referred to as the

dynamic modulus [51], shown in figure 3.3. Assuming a perfectly trained material,

the strain in austenite is purely elastic so that the shear modulus G can easily be

measured as the slope of the fit to the austenite line in figure 3.3. The modulus in

martensite depends on the amount of transformation strain the SMA has developed.

However, for this highly trained tube the behavior is close to linear so that the

martensite shear modulus can be approximated in the same manner as the austenite

modulus. The shear modulii for the tube as measured from figure 3.3 are then used

to calculated to the elastic modulii by E = 2(1 + ν)G.

The transformation constants are divided into three categories: the phase dia-

gram parameters, the transformation strain parameters, and the smooth hardening
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Figure 3.3: SMA tube dynamic modulus measurements correspond to figure 3.2 with
linear fit.

parameters. The smooth hardening parameters, n1 . . . n4, can be tuned in the range

0 < ni ≤ 1 to approximate “smoothness” of the transformation hysteresis. The phase

diagram parameters that must be determined are the martensite and austenite start

and finish temperatures (Ms,Mf , As, Af ) and martensite and austenite stress influ-

ence coefficients (CM , CA) as shown in [48]. The transformation strain parameters

include the maximum transformation strain (HMax), the back stress tensor (βββ), and

kt. For the case of a torque tube, βββ is taken to be a single non-zero component such

that β23 = β all others zero and the 2-3 (θ-Z) direction corresponds to torsion about

the longitudinal axis. This is the same assumption used in the derivation of the ODE

solution.

A first-order approximation was made for the phase diagram properties simply by

inspection of figure 3.2, and the initial smooth hardening and transformation strain

parameters were found in the literature [50]. Finding the material constants in this

manner generally gives a model that is approximate but does not capture the full

behavior of the SMA. To refine the parameters, a finite element model of the test

39



was constructed, as shown in figure 3.4. In this model the geometry, loading, and

boundary conditions match the test setup so that only the transformation constants

are varied to match the experiment data. The model consists of 1600 three dimen-

sional quadratic reduced integration brick elements (Abaqus designation C3D20R).

The FE model is chosen over the ODE solution to calibrate the material constants

for multiple reasons. The primary reason for this choice is that the tube used in

the experiment is not thin walled and thus the ODE solution, which assumes a thin

walled tube, will not be as accurate as the FE model. Following the calibration a

comparison of the ODE solution, FE model, and experiment will be made using the

calibrated parameters to determine how good the assumption of a thin walled tube

is in the ODE solution.

Z R

θ

Figure 3.4: Finite element model created to determine the SMA transformation
constants. One quarter of the model is cutaway for detail.

While an optimization with the FE model would be the most accurate way to

determine the constants by minimizing the error between the FEA and experiment,

the process to set up an optimization is not trivial and this work is intended to

focus more on the thermal behavior of the SMA rather than the transformation
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behavior. The final result of the approximated calibration is shown in figure 3.5

where the experiment is compared to the ODE solution and calibrated FE model.

The calibrated parameters from the FEA are used in the ODE solution without

modification.

As can be seen from figure 3.5, the calibrated FE model and ODE solution agree

well with each other and the experiment. The agreement between the FE model and

ODE solution indicates that the assumption of a thin walled tube to analyze the SMA

may not significantly effect the results. However, this calibration does not consider

inductive heating, which is a strong function of radius and workpiece dimensions so

some error in the time history may be introduced when this is considered later. The

result of the calibrations are summarized in table 3.1. These parameters are used

when modeling the SMA tube. No experiments were performed to calibrate the SMA

beam material properties as no associated experimental study of inductively heated

SMA beams has been performed. Instead, properties were taken directly from [32].

The beam properties are also summarized in table 3.1.
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(a) 10 MPa experiment and model compari-

son.

(b) 40 MPa experiment and model compari-

son.

(c) 70 MPa experiment and model compari-

son.

(d) 100 MPa experiment and model compari-

son.

(e) 140 MPa experiment and model compari-
son.

Figure 3.5: SMA calibration experiment compared to the ODE solution and cali-
brated FE model. The calibrated parameters from the FEA are used in the ODE 
solution without modification.
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Table 3.1: SMA electromagnetic and constitutive material parameters.

Property Tube Beam†

(Electromagnetic Parameters)

µr 1.002 1.002

ρ (µΩ-cm) 80 80

(Heat Transfer Parameters)

γ (kg/m3) 6450 6450

c (J/kg/K) 400 (850§) 400

k (W/m/K) 10 10

(Thermoelastic Parameters)

EA (GPa) 27.98‡ 90.0

EM (GPa) 17.49‡ 63.0

νM = νA 0.33 0.33

αM = αA (/K) 0.00 10× 10−6

(Phase Diagram Parameters)

Ms,Mf (K) 335 , 311 295 , 280

As, Af (K) 333 , 354 353 , 362

CM , CA (MPa/K) 5.5 , 7.9 5 , 10

(Transformation Parameters)

HMax (%) 3.35 6.0

kt (/MPa) 0.0172 0.00752

β (MPa) 58 0.0

(Smooth Hardening Parameters)

n1,2,3,4 0.3 0.35
† After [32], where applicable.

‡ Calibrated from torsion testing.

§ Used only for the ODE solution based on NiTi wires.
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4. RESULTS

4.1 SMA Torque Tube

The tube in this study is the same that is described in chapter 3 and is shown

with an idealized (i.e. homogenized) coil model in figure 4.1. The analysis of the

Z R

θ

SMA

Coil

Figure 4.1: Electromagnetic FE model of the SMA torque tube with the vacuum
domain omitted. One quarter of the model is cut away for visualization. The mesh
through the thickness is shown enlarged for detail.

tube in the FE model is completed in two stages as previously described. For the

electromagnetic analysis the entire domain, including the coil and tube, is meshed

with 50190 electromagnetic linear hexahedral electromagnetic elements (Abaqus des-

ignation EMC3D8); the mesh is concentrated through the thickness of the SMA tube

where gradients are highest and of most interest. In the thermo-mechanical portion

of the analysis only the tube is modeled using 4370 linear hexahedral temperature-

displacement elements with reduced integration (Abaqus designation C3D8RT). The

thermo-mechanical model is similar to that shown in figure 3.4 with a more refined
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mesh. The refined mesh accommodates mapping of the Joule heating field from the

electromagnetic result to each element in the thermo-mechanical model and helps to

better capture thermal gradients.

Two experimental tests of this tube are simulated and compared to the FE model

and ODE solution. The first is an input study where the power into the induction

coil is varied to determine how the developed models compares to various inputs.

The second study is a high rate actuation test to verify the behavior of the models

at a relatively small time scale. A final test of the FE model only is simulated and

not completed experimentally, which shows the effects of a changing frequency on

the variation of temperature, shear stress, and martensite volume fraction through

the tubes wall thickness.

4.1.1 Power Variation Study

In the first study, the input power to the experimental induction system is varied

and the temperature at the middle of the tube on the outer surface is measured.

The power is varied by maintaining a constant frequency and varying the coil cur-

rent across three levels. The three input RMS coil currents are 49.9 A, 45.3 A, and

21.4 A at a frequency of 55 kHz, which correspond to input power levels of 1150 W,

840 W, and 225 W respectively. By treating the induction system as a transformer,

the impedance can be found. This allows a real power in the coil to be found. The

real coil power is the power which contributes to the heating of the SMA and coil. It

is assumed that the coil is not being heated so that all of the power is transferred into

the SMA. The real coil powers produced were found to be 488 W, 417 W, and 135 W

and correspond to input powers of 1150 W, 840 W, and 225 W respectively. The real

coil power, which assumed to be completely transferred to the SMA body, agrees well

with the power found through the FE model. The temperature is measured by a
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non-conductive type K thermocouple. The study uses a 10 AWG copper magnet wire

wrapped tightly around the SMA tube. There is no active cooling in this scenario

to minimize the number of possible variables in the experiment. In this study only

the heating of the tube is modeled since cooling is accomplished by free convection

over a long time relative to heating. The torque in all 3 power measurements was

held constant at 21 N-m. The results of the experiment and models are shown in

figure 4.2. The FE model agrees well with the experimentally measured tempera-

ture within 15% at all times. The largest discrepancies between the FEA and the

experiment are due to the effects of latent heat, which are not considered in the FE

model. The addition of the effects of latent heat in the ODE solution allow for the

significant deviations from linearity to be captured, but in general the ODE solution

overestimates the rate of heating in the SMA body. The overestimate is likely due to

the simplifying assumptions in the ODE solution. However if experiments are com-

pleted on the SMA tube far above and below the transformation temperatures, the

thermal behavior (more precisely, the specific heat) in the absence of transformation

can be characterized and calibrated to in the ODE solution. This could result in a

model that is able to better capture the behavior in time of the SMA thus making

the ODE solution ideal for optimization and analysis applications.
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(a) 1150 W induction heating power measurement. (b) 840 W induction heating power measurement.

(c) 225 W induction heating power measurement.

Figure 4.2: Power measurement study results. The highest heating rates correspond 
to the highest input power.

In section 1.2, it was noted that resistive heating large SMA components like

torque tubes is limited by current. To show this qualitatively, the real coil power

measurements in the previous experiments are used in a simple resistive heating

calculation given as

P = I2ρ
L

A
, (4.1)
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where P is the power, I is the DC current, ρ is the resistivity (taken to be 80µΩ-

cm), L is the length, and A is the cross sectional area of the tube (π
4

[d2
e − d2

i ]). For

the particular tube implemented this can be reduced to P = 3.56 · 10−3I2. The DC

current I needed to generate an equivalent power to the induction system can now be

solved for 488 W, 417 W, and 135 W as 370 A, 342 A, and 195 A respectively. These

currents are significantly higher than current of 49.9 A, 45.3 A, and 21.4 A used in

the induction system, demonstrating why resistive heating can be difficult to achieve

in large pieces.

4.1.2 High Rate Actuation Study

With the FE model able to demonstrate that it has the capability to match

experimental results well and the ODE solution able to produce comparable results,

a second study was complete to achieve high rate actuation in the SMA tube. In this

second study, the high rate heating was achieved my changing from a 10 AWG coil to

a smaller 14 AWG coil to increase the current density. In the induction coil an RMS

current of 33 A and voltage 31.5 V were applied at 49.1 kHz. The applied torque

again remained constant at 21 N-m. To achieve high rate cooling, active cooling

was implemented by flowing a mixture of 90% water and 10% ethylene glycol at a

volumetric flow rate of 1.2 gal/min (75 cm3/s) through the tube. During heating this

mixture was stationary in the tube. A diagram of this cooling setup is shown in

figure 4.3. The extra components to accommodate coolant flow were not included

in the FE model and only the active portion of the tube is considered. The thermal

effect of the flow was simulated using a convection boundary condition in both the

ODE solution and FE model.

The magnetic and electric fields induced in the high rate actuation study as

simulated by the FE model are shown in figure 4.4, where the end portion of the tube
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Figure 4.3: SMA tube diagram for coolant flow with sample induction coil shown.

is shown in particular as the fields become uniform away from the ends. The ability

to visualize these fields both inside and outside of the SMA helps in understanding

possible consequence arising from the generation of a free magnetic or electric field

in a system that involves other electronics.
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0 20

Homogenized Coil
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(a) Magnetic field magnitude

Homogenized Coil

SMA Torque Tube

Electric Field Magnitude

0 7.5 Z

R

V/m

LC

(b) Electric field magnitude

Figure 4.4: Induced time harmonic electromagnetic field magnitudes in the SMA
and surrounding domain for the high rate actuation study as simulated by the FE
model.

The rate of Joule heating induced by eddy currents in the tube is shown in

figure 4.5 and is a result of the electromagnetic fields from figure 4.4. All fields show

a distinct end effect which lowers the overall heating rate of the system; in the case

shown the effect on the overall heating rate is small.

In both the ODE solution and FE model, a free convection condition boundary

condition was used to model the stationary water during heating. The FEA result
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Figure 4.5: Rate of Joule heating induced in the SMA due to the time harmonic
electromagnetic fields of figure 4.4 during the high rate actuation study.

of this was compared to an adiabatic case in figure 4.6 so the effects of the station-

ary water in the tube during heating are made more apparent. During cooling, a

convection coefficient must be calculated from analytical solutions or use of a fluid

dynamics analysis. The latter is beyond the scope of this work. Rather, an effective

convection coefficient was calculated. The result of this calculation as simulate by

the FE model is shown in figure 4.6 and further calculation details are discussed in

appendix A.
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Figure 4.6: Temperature response of the SMA tube in the high rate actuation study
using the FE model with calculated convection coefficient. The experiment data is
compared to adiabatic conditions and calculated convection conditions.

The result of the calculated convection coefficient is not in good agreement with
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the experiment so a parametric study was completed in the FE model to determine

a convection coefficient that could describe the cooling process. The result of this

study is shown in figure 4.7 and described in more detail in appendix A. Due to

the simplifying assumptions used in the ODE solution, the convection coefficient

calculated for the FE model is not valid in the ODE solution. The same method

of implementing a parametric study to determine an effective convection coefficient

was used for the ODE solution with the exception that a constant temperature was

used to find the convection coefficient. The detailed output of this study is omitted

and the end result is shown in figure 4.7.

Figure 4.7: High rate actuation experiment results following the application of a 
parametric study to determine a convection coefficient.

From figure 4.7, it can be seen that the FE model compares well to the experiment

in time. The ODE solution, in this study, predicts the maximum temperature in

time well. The only significant deviations from the experiment occur due to the

consideration of latent heat which is not noticeable in this particular experiment. To
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examine the source of this error, the normalized rotation developed over time in the

experiment is compared to the FE model and ODE solution in figure 4.8a.

(a) Normalized rotation developed in time in the SMA tube experiment

compared to the ODE solution.

(b) Normalized rotation developed with temperature in the SMA tube ex-

periment compared to the ODE solution.

Figure 4.8: Comparison of normalized rotation developed in time and temperature 
between the ODE solution and experiment.

There is a large discrepancy at the time when transformation is finished between
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the experiment, FE model, and ODE solution. Furthermore there is a discrepancy

in the normalized rotation-temperature behavior when compared to the experiment.

Recall that that SMA tube used in this study is the same that was calibrated to in

section 3, therefore the normalized rotation-temperature behavior should be accurate

however this is not the case. The FE model and ODE solution agree as expected

based on the previous calibration. It is likely that the effects of active cooling and

the large gradients due to induction heating cause an unexpected structural behavior

that is not being captured by either model.

4.1.3 Frequency Variation Effects

In the two previous studies, the FE model has proven to be accurate during the

heating of the tube and with some manipulation is able to analyze cooling also. The

FE model is now used to analyze the effects of changing the frequency, and therefor

Joule heating distribution, in the SMA tube. The effects of increasing the frequency

are not able to be captured in the ODE solution as the radial dependence has been

neglected. As the frequency is increased the corresponding skin depth is decreased

meaning that larger gradients will exist in the thick walled tube being modeled.

These stronger gradients are not able to be captured in the ODE solution due to the

assumption that the radial gradients are small enough to be neglected. In this study,

the tube is subject to a constant 13 N-m torque then heated for 5 s using a 14 AWG

coil with an RMS current of 35 A. The tube is cooled for 20 s using the same active

cooling scenario demonstrated in the previous study. The purpose of this study is to

visualize the effects of a changing induction frequency on the radial distributions of

temperature, martensite volume fraction, and shear stress. It is important to note

that this is a purely numerical study and no experiments have been performed.

The radial temperature distributions in time are shown in figure 4.9 with the cor-
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responding martensite volume fractions and shear stresses shown in figures 4.10 and 4.11

respectively. In these figures the normalized radial position corresponds to 0 at the

inner surface of the tube and 1 at the outer surface. Due to the skin effect of 1.1, the

radial temperature gradient is more pronounced at higher frequencies. The higher

frequencies also produce a higher overall temperature in the tube than do lower fre-

quencies at the same current. Recall from 2.46 that Joule heating is quadratic with

the eddy currents magnitude, which is a sinusoidal function of frequency.

This temperature variation with frequency is then manifested in the martensite

volume fraction during heating as the higher frequencies lead to earlier transfor-

mation during heating and delayed transformation during cooling. The skin depth

effect at high frequencies also causes a strong gradient in the evolution of marten-

site through the radius of the tube. For lower frequencies, the radial temperature

gradient is small and the shear stress before transformation varies approximately

linearly in the radial direction, as expected in tubes. Therefore, the martensite

evolves approximately linearly in the radial direction. However, for higher frequen-

cies, the higher radial temperature gradients cause a highly nonlinear behavior that

can, to some extent, be controlled by the magnitude and frequency of the coil current.

This controlability provides new possibilities for optimizing the actuation systems for

particular applications (e.g. increasing fatigue life, optimizing training procedures,

etc.). Note in particular the case of 1000 kHz, where a θ-Z shear stress increase of

70 MPa over the nominal as loaded stress of 88 MPa is observed. In addition to the

large θ-Z shear stress gradient at 1000 kHz, there is also an observed increase in R-θ

shear stress gradient. The difference in the maximum and minimum R-θ shear stress

changes from approximately 1 MPa in the low frequency cases to about 5 MPa in the

1000 kHz case.

54



0
5

10
15
20
25
30
35
40
45
50

0 0.2 0.4 0.6 0.8 1

Te
m

p
e

ra
tu

re
 

D
if

fe
re

n
ce

, d
eg

 C

Normalized Radial Position

0
5

10
15
20
25
30
35
40
45
50

0 0.2 0.4 0.6 0.8 1
Te

m
p

e
ra

tu
re

 
D

if
fe

re
n

ce
, d

eg
 C

Normalized Radial Position

0
5

10
15
20
25
30
35
40
45
50

0 0.2 0.4 0.6 0.8 1

Te
m

p
e

ra
tu

re
 

D
if

fe
re

n
ce

, d
eg

 C

Normalized Radial Position

0
5

10
15
20
25
30
35
40
45
50

0 0.2 0.4 0.6 0.8 1

Te
m

p
e

ra
tu

re
 

D
if

fe
re

n
ce

, d
eg

 C

Normalized Radial Position

0
5

10
15
20
25
30
35
40
45
50

0 0.2 0.4 0.6 0.8 1

Te
m

p
e

ra
tu

re
 

D
if

fe
re

n
ce

, d
eg

 C

Normalized Radial Position

0
5

10
15
20
25
30
35
40
45
50

0 0.2 0.4 0.6 0.8 1

Te
m

p
e

ra
tu

re
 

D
if

fe
re

n
ce

, d
eg

 C

Normalized Radial Position

0.5 sec

15 sec10 sec

5 sec2.5 sec

1.25 sec

Power Off Power Off

50 kHz 125 kHz 250 kHz 500 kHz 1000 kHz

Figure 4.9: Temperature distribution at varying frequencies and a constant loading. 
The normalized radial position corresponds 0 at the inner surface of the tube and 1 at 
the outer surface. The temperature difference is measured relative to the temperature 
at the inner surface. Heating for 5 seconds using a 14 AWG coil with an RMS current 
of 35 A followed by active flow cooling using the results of the high rate actuation 
study.
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Figure 4.10: Martensite volume fraction profile through the tube thickness at various 
frequencies and a constant loading. Heating for 5 seconds using a 14 AWG coil with an 
RMS current of 35 A followed by active flow cooling using the results of the high rate 
actuation study.
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Figure 4.11: θ-Z Shear stress profile through the tube thickness at various frequencies 
and a constant loading. Heating for 5 seconds using a 14 AWG coil with an RMS 
current of 35 A followed by active flow cooling using the results of the high rate 
actuation study.

The sum of all of these frequency induced effects demonstrates why it is necessary

for both an FE model and ODE solution to exist. For cases where a high frequency

is used and the radial distribution of Joule heating power through the SMA contains
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strong gradients, an FE model is the only tool able to capture the behavior. In

cases where the skin depth and thickness are approximately the same, as has been

the case in the prior experiments, the radial gradients of Joule heating power are

much smaller due to the lower frequency. This allows the Joule heating power to be

approximated as constant without a drastic loss in accuracy and added benefit of

having a substantially reduced computational time.

4.2 SMA Bending Beam

An SMA beam heated by a planar induction coil was likewise simulated only by

the FE model and was not experimentally studied. A planar coil is the configuration

used in induction cook tops [34]. The RMS coil current and frequency considered are

40 A and 55 kHz, respectively. The SMA beam has length of 5 in. (127 mm), a width

of 1.5 in. (38.0 mm), and a thickness of 0.2 in. (5.1 mm). The outer diameter of the

coil is equal to the width of the SMA beam, with 12 turns of 20 AWG copper wire.

The homogenized coil on the SMA beam is shown in figure 4.12a and, as before, is

taken to be a homogenized current sheet rather than modeling the individual coil

turns. The coil is placed at the fixed end of the beam. The free end of the beam has

a constant force of 75 N applied orthogonal to the beam axis and in the direction of

the beam short dimension.
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(a) SMA beam with circular coil geometry.

Rate of Joule Heating, MW/m3
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Y

(b) Rate of Joule heating produced in the

SMA by the circular coil.

Temperature, deg C

23 205

ZX
Y

(c) Corresponding temperature profile in the

SMA beam.

Mises Stress, MPa
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Z
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Y

(d) Mises stress profile in the SMA beam due

to a constant force of 75 N applied orthogonal

to the beam axis and in the direction of the

beam short dimension.

Figure 4.12: Homogenized 12 turn 20 AWG circular coil on an SMA beam. The

beam is heated for 5 s using an RMS current of 40 A at 55 kHz

As another example, a rectangular planar coil with the same input current, width,

and 20 AWG wire as the circular coil is considered, where the length is 2 in. (50.8 mm)

and only 4 turns of wire are considered as shown in figure 4.13.
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(a) SMA beam with rectangular coil geometry.
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(b) Rate of Joule heating produced in the

SMA by the rectangular coil.

Temperature, deg C
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(c) Corresponding temperature profile in the

SMA beam.

Mises Stress, MPa
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(d) Mises stress profile in the SMA beam due

to a constant force of 75 N applied orthogonal

to the beam axis and in the direction of the

beam short dimension.

Figure 4.13: Homogenized 4 turn 20 AWG rectangular coil on an SMA beam. The

beam is heated for 5 s using an RMS current of 40 A at 55 kHz

The Joule heating rate and maximum temperature at 5 s are significantly lower

than in the beam with a circular coil, but the final displacement (referred to as the

loaded cool condition) is the same, as shown in figure 4.14. Note that the circular coil

produces lower temperature zones in the corners of the beam, which are absent for

the rectangular coil. These lower temperature zones do not reach transformation and
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cause only a portion of the beam to actuate. This leads to stress concentrations that

are not seen with the rectangular coil. This result motivates future work focusing on

detailed design optimization of the coupled actuator/coil configuration.
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Figure 4.14: Vertical (Y-direction) tip displacement of the SMA beam with circular
and rectangular coils. The beam is heated for 5 s using an RMS current of 40 A at
55 kHz. Displacement is referenced from as-loaded (cool) condition. A constant force
of 75 N is applied orthogonal to the beam axis and in the direction of the beam short
dimension.

4.3 Flux Concentrators

As described in section 1.4, magnetic flux concentrators offer numerous benefits

that can improve the performance of an induction heating system. To this end, the

effects of adding an MFC to the SMA based induction system are studied in a prelim-

inary manner. Some authors note that even though MFCs are frequently used they

are not well understood and can, in some cases, degrade performance of the induc-

tion system [70]. Note that work in in this section is purely numerical and completed

only with the FE model. In this study any heating effects due to magnetic hysteresis

and any temperature dependence in the permeability or resisitivity of the MFC are

neglected. Initially, it may seem counter-intuitive that a high resistivity material

would create a good flux concentrator but examining equations 2.45 and 2.46, it can
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be noticed that the JJJe0 is proportional to 1/ρ as

1

2
ρ|JJJe0|2=

1

2
ρ|jω
ρ
AAA0|2. (4.2)

Before beginning any detailed design study, the FE model of an MFC must be

verified. No experimental studies have been completed using MFCs so the FE model

is compared to a publish solution [70]. In this paper a 10 cm long cylindrical work-

piece with an outer diameter of 4 cm and inner diameter of 1 cm was modeled. This

workpiece simulates the effects of work hardening where there is an inner magnetic

core (thickness of 2.1 cm from the inner surface, relative permeability of 20) and an

outer surface layer, which is assumed to be heated past the curie point (i.e. the

relative permeability has decreased to 1). In this example there are two coils, both

made of 1.5 x 2 x 0.24 cm rectangular copper tubing with 4.5 cm between the coil cen-

ters. One of the coil has an MFC around it made of a magneto-dielectric material

(relative permeability of 60) that is 0.64 cm thick. The coil both have a current of

7000 A at 3 kHz. It is not specified whether this current is RMS or peak. In either

case, the verification is intended to be qualitative rather than quantitative and a

change in current will only alter the electromagnetic field magnitudes and not their

distributions, which are of more importance here. The results of the verification are

shown in figure 4.15.
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2500

Rate of Joule Heating, MW/m3

(a) Output from the FE model generated in

this work based on the problem described.

Upper portion of the figure shows the lines of

constant magnetic field magnitude while the

lower portion shows the heating power pro-

duced in the workpiece.

(b) Magnetic field magnitude contours with

corresponding power distribution in the work

piece is shown in the lower portion of the fig-

ure while the upper portion shows the surface

power distribution [70].

Figure 4.15: Verification of FEA solution to a flux concentrator problem based on

the work in [70].

It is not possible to exactly match the magnetic field magnitude contours because

no data was given to do so but the behavior under the coils and in the workpiece

closely matches between the FE model and published solution. As expected there

is a prominent slot effect under the coil covered by the flux concentrator and in

this region there is a more concentrated distribution of Joule heating power. When

comparing the maximum surface values of the power given by the upper portion of
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figure 4.15b to the values given in the lower portion of figure 4.15a, it can be seen

that both indicate an increase in power of about 2.5 times when moving from the

coil without an MFC to the coil with an MFC.

4.3.1 Design of Experiments

To determine approximate electromagnetic material properties that are desired

in a flux concentrator, a design of experiments (DoE) study is used on the same

tube described in section 3 (8 in. (203 mm) length with outer and inner diameters

of 0.375 in. (9.525 mm) and 0.225 in. (5.715 mm)). The tube has a 14 AWG copper

wire coil tightly wound around it with an RMS current of 35 A at 50 kHz. The flux

concentrator is placed at two locations, internal to the tube and external. In both

cases the flux concentrator thickness is be varied and but its length is fixed equal to

the SMA tube length. The relative permeability and resistivity are also be varied.

The design points used are listed in table 4.1. Recall that the SMA tube has a relative

permeability of approximately 1 and resistivity of approximately 10−6 respectively.

The thickness of the internal MFC was limited by the inner diameter of the tube.

Table 4.1: Design points used in DoE study.
Thickness (mm) Resistivity (Ω-m) Relative Permeability

(External Concentrator)
0.5 10−8 1
1 10−6 10

2.5 10−3 100
4 1 1000

100
(Internal Concentrator)

0.5 10−8 1
1 10−6 10

1.5 10−3 100
1 1000

100
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The results of the DoE are shown in figure 4.16. Each combination of points for the

internal and external concentrators are shown plotted against the normalized rate of

Joule heating, which is the average rate of Joule heating of each point through the

thickness with an MFC compared to the average rate of Joule heating through the

thickness of a case without an MFC.

To determine the effect of each variable, the main effects are computed by taking

the mean of the normalized average Joule heating for all results using a particular

variable at a particular value then subtracting the mean of the normalized average

Joule heating for all results (i.e. all results using a thickness of 1.0 mm are averaged

and the total average is subtracted from this). The main effects are shown graphically

in figure 4.17.
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(a) Result of a changing thickness on normalized

rate of Joule heating using an external MFC.

(b) Result of a changing thickness on normalized

rate of Joule heating using an internal MFC.

(c) Result of a changing relative permeability on

normalized rate of Joule heating using an exter-

nal MFC.

(d) Result of a changing relative permeability on

normalized rate of Joule heating using an inter-

nal MFC.

(e) Result of a changing resistivity on normalized

rate of Joule heating using an external MFC.

(f) Result of a changing resistivity on normalized

rate of Joule heating using an internal MFC.

Figure 4.16: Results of the DoE study for the internal and external MFC. Each point 
corresponds to one design combination.
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(f) Effect of resistivity on normalized rate of

Joule heating using an internal MFC.

Figure 4.17: Main effects plots of the DoE study for the internal and external MFC.
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The results of the DoE indicate that there is not a significant effect of thickness on

the internal or external MFC. Both showed that a thinner concentrator has a slightly

higher effect on the normalized average Joule heating. The relative permeability, like

the thickness, has a small effect on the results for both the internal and external MFC

cases. An unusual result that is seen in the effect of the permeability on an internal

MFC is that only a relative permeability of 10 has a positive effect when it is expected

that as permeability increases the effect should increase positively as is seen by the

external MFC permeability effect. This could indicate that some interaction effects

are occurring that are not being considered. Unlike the thickness and permeability,

the resistivity has a clear effect that shows after the MFC resistivity is increased

beyond that of the SMA the normalized average Joule heating always has a relatively

large positive effect as expected.

Looking beyond just the normalized rate of Joule heating, the heating field

through the thickness can be visualized as shown in figure 4.18 to determine how a

flux concentrator will effect the radial gradients involved in induction heating. From

this figure, it can be seen that an external concentrator can only have the effect of in-

creasing or decreasing the magnitude of the Joule heating power. When the internal

concentrator is examined, it is seen to have a dramatic effect on the distribution of

Joule heating through the thickness and effectively make the distribution of heating

through the thickness uniform. The implication of this effect is that is a system can

be realized, which realizes the high heating rate of induction heating while reducing

the thermal gradients through the thickness of the tube. Furthermore this MFC

induced behavior could be coupled with the frequency induced behavior shown in

figure 4.9 to create heating scenarios and distributions not previously possible.
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(a) Distribution of Joule heating power through

the thickness of the tube using an external MFC

for each set of points in the DoE.

(b) Distribution of Joule heating power through

the thickness of the tube using an internal MFC

for each set of points in the DoE.

(c) Highest normalized Joule heating external

MFC case from the DoE.

(d) Highest normalized Joule heating internal

MFC case from the DoE.

Figure 4.18: Joule heating distribution through the tube thickness compared to the 
baseline no MFC case (shown as a thick dashed line).

The best case scenarios of figures 4.18c and 4.18d represent the case in the DoE

where the resistivity and permeability were highest and the thickness was the lowest.

The best cases for the internal and external MFCs can be used to run a complete

electromagnetic-thermo-mechanical analysis in the FE model developed to get the

result shown in figure 4.19. From this figure, it can be seen that the internal con-

centrator, which greatly redistributes the Joule heating also produces the highest

temperature after 5 s of heating. Using an external MFC also produces an increase

in temperature after 5 s of heating relative to the case not using an MFC. The in-

creases in final temperatures are about 3% higher using an external MFC and about
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7% higher using an internal concentrator. As these MFCs are typically made of

iron based ferrites, they add a significant amount of mass to the system, which in

aerospace based systems may not be worth the small reduction in heating time need

to reach a goal temperature.
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Figure 4.19: Outer surface temperature at the mid-length of the SMA tube over 5 s 
subject to heating from a 14 AWG tightly wound solenoid with an RMS current of 
35 A at 50 kHz. The best case internal and external MFCs are compared to a case 
without an MFC. A small improvement in heating can be noticed.

4.3.2 Torque Tube Study

Now that the properties and effects of an MFC have been examined, those results

can be used to further study how the position and size of the MFC effects the

results. The tube has not changed from the DoE study and still has a 14 AWG tightly

wound copper wire coil around it with an RMS current of 35 A at 50 kHz. The flux

concentrator is taken to have a resistivity of 108 Ω-m and a relative permeability
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of 1000 with a thickness of 0.5 mm. The flux concentrator is placed at 6 positions

relative to the SMA and coil shown in figure 4.20.

No flux concentrator
External

flux concentrator

Internal
flux concentrator

External and internal
flux concentrator

Enclosed
flux concentrator

End cap
flux concentrator

Homogenized coil SMA tube MFC

Z

R

LC

Figure 4.20: MFC positions relative to the SMA tube and coil. Only the end portion 
of the tube is shown.
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SMA become completely uniform along the length of the tube giving the solution

that would be expected for an infinitely long tube where there are no end effects.

Note that in the case of both an external and internal MFC, there is a reduction in

the end effect at the end of the SMA tube.

The rate of Joule heating generated in the SMA by the fields of figure 4.21 is

shown in figure 4.22. The same effects as before can be noticed in the heating

patterns. An external MFC tends to increase the magnitude of the heating through

the thickness while an internal MFC redistributes the fields through the thickness. A

combination of the internal and external MFCs shows a combination of these effects

and an end cap tends to reduce the edge effects only at the end of the tube.
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The magnetic and electric fields generated by this setup are shown in figure 4.21.

Examining the generated electric fields, the same behavior that was shown in fig-

ure 4.4a is seen where there is a large free electric field around the coil. The addition

of a flux concentrator external to the coil allows the field to be blocked, which could

be beneficial if an induction system is used in conjunction with any electronic sensing

equipment. When the case of an internal concentrator is examined it can be seen

that, as before, the fields are concentrated on the inner surface of the SMA tube

rather than the outer surface and there is a more uniform distribution created. A

particularly interesting case is the enclosed flux concentrator where the fields in the
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(a) Electric field magnitude generated in the SMA tube.
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(b) Magnetic field magnitude generated in the SMA tube.

Figure 4.21: Electromagnetic fields generated by an RMS current of 35 A at 50 kHz in 
a 14 AWG solenoid. MFC positions relative to the SMA tube are identified with a 
dashed white line.
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Figure 4.22: Rate of Joule heating contours in the SMA tube with varying MFC 
positions.

If this rate of heating is integrated over the SMA body, an effective power in the

SMA tube and be found. This integration is summarized in table 4.2. As expected

the enclosed flux concentrator shows the highest power and the internal/external

MFC combination shows the next highest power level. An unexpected result is that

the power in the internal MFC case is actually lower than the power in the external

MFC case, which counter-intuitive after examining figure 4.19 where the internal

concentrator showed a higher temperature after heating. The unexpected behavior

is likely being caused by the same behavior that resulted in a high permeability

having a negative effect on the internal MFC. The internal concentrator with the

ability redistribute the Joule heating fields has an unusual predicted behavior that

requires further examination to fully understand.
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Table 4.2: Real power in the SMA tube after integrating the rate of Joule heating
over the body.

SMA Power (W) Difference† (%)
No MFC 464 -

External MFC 484 4.32
Internal MFC 479 3.06

External and Internal MFC 495 6.56
End Cap MFC 469 0.97
Enclosed MFC 500 7.58

† Relative to the power in the SMA without an MFC.

4.3.3 Plate Study

To further examine the effects of an MFC in a problem where the fields are not

concentrated well, as is the case with a tube and solenoid setup, a square SMA plate

is studied with a width and length of 7 in. (12.7 cm). The plate thickness is varied

between a thick plate (0.25 in. (6.35 mm)) and a thin plate (0.1 in. (2.54 mm)) to

the determine how the effect of SMA thickness effects the electromagnetic fields.

The induction coil in this study has an outer diameter of 2 in. (5.08 cm), and inner

diameter of 0.5 in. (1.27 cm), and a thickness of 0.1 in. (2.54 mm) with an applied

RMS current of 35 A. The frequency is varied between 50 kHz in the thick plate and

5 kHz in the thin plate. A solid disk flux concentrator is applied with the same outer

diameter as the coil and has the same properties as the previous tube study. The

MFC is placed either directly on top of the coil, in line with the coil on the opposite

side of the SMA, or a combination of both as shown in figure 4.23. Note that MFCs

placed adjacent to the coil directly on top of the SMA were also studied but the

results showed that there was not effect, even when placing the MFC directly next

to the coil thus the results are omitted.
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Homogenized coil SMA plate MFC

Thick SMA Plate

Thin SMA Plate

Figure 4.23: SMA plate study geometry. The coil is placed on top of the SMA and a 
disk flux concentrator is placed either above the coil, below the SMA in line with the 
coil, or a combination of both. An enhanced side view of the plate is shown with the 
coil and MFC but the plate studied extends far beyond what is shown to elminate end 
effects.

The magnetic field and corresponding heating profile in the SMA for the thick

plate is shown in figure 4.24 with the thin plate shown in figure 4.25. In the thick

plate case, a large free magnetic field around the coil can be noticed, which is not

contributing to heating the SMA body. It can also be seen that the fields do not

penetrate through the plate so that a bottom flux concentrator has no effect. As the

bottom MFC has no effect the case using both a bottom and top MFC is the same as

using only the concentrator on top of the coil. The top concentrator shows promise

as a means to improve performance of the induction system by greatly improving

the rate of heating in the SMA Body.

If the thin plate case is examined where the frequency is lower and thus skin

depth (equation 1.1) is higher, there is a much less concentrated magnetic field around
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the SMA body. Specifically, it can be seen that a portion of the magnetic field has

penetrated through the plate thus the bottom MFC now helps to concentrate this

field in the SMA plate. Comparing the case of the top concentrator and combined

concentrator, a similar pattern is seen indicating that the MFC above the coil still

dominates the system. When the heating profile through the thickness is examined,

it can be seen that a bottom concentrator has the effect of “pulling” the heat flux

through the plate while the top concentrator has the effect of “pushing” the heat flux

through, as was seen in the SMA tube, and when the effects are combine a heating

rate that is up to ten times greater than the case not using an MFC can be achieved.

This demonstrates that it is possible to generate heating using a low frequency, thus

low power, that is comparable in magnitude to the rate of heating that would be

achieved by use of a much higher frequency.

77



3

0

Top MFC

Bottom MFC Top and Bottom
MFC

kA/m

No MFC

Z

Y

(a) Magnetic field magnitude around the thick SMA plate.

Top MFC

Bottom MFC

No MFC

Z

Y

Top and Bottom
MFC

4

0

MW/m3

(b) Rate of Joule heating profile produced in the thick SMA plate.

Figure 4.24: Thick SMA plate study results generated by applying an RMS current 
of 35 A at 50 kHz to the coil.
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Figure 4.25: Thin SMA plate study results generated by applying an RMS current 
of 35 A at 5 kHz to the coil.
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skin depth to SMA wall thickness. For the thick plate this value is 0.32 while in the

thin plate it is 2.5. This ratio could determine whether an MFC on the bottom of the

SMA would be beneficial. If this ratio is grater than 1, it would indicate a substantial

amount of the magnetic field is penetrating through the body and an MFC could

recapture a portion of the permeating field to achieve an increased heating rate.

4.3.4 Application to an SMA Bending Beam

To study the effects of an MFC in an actual system, the SMA beam model of

section 4.2 using a circular coil is recalled. A 0.5 mm thick solid disk concentrator

made of NiZn ferrite [56, 79, 58] is placed above the 12 turn 20 AWG copper wire

coil in the same manner as before. The coil again has an RMS coil current of 40 A at

55 kHz. Here only a top concentrator is studied as the skin depth (3.8 mm) was not

greater than the beam thickness (5.1 mm) therefore a bottom concentrator would

likely have no effect. A NiZn ferrite can have large variations in material properties;

for this work a relative magnetic permeability of 1500 and a resistivity of 107 Ω-

cm [58] is chosen, which makes an excellent MFC based on the results of the previous

DoE. No inputs to the system or dimensions were changed from the analysis that

generated figure 4.12. The results shown in figure 4.26 indicate a dramatic increase

in heating rate relative to the case without a flux concentrator as expected based on

the prior plate study.
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Figure 4.26: Electromagnetic fields with and without a NiZn flux concentrator above
the coil. The coil is a homogenized 12 turn 20 AWG circular coil with an applied
RMS current of 40 A at 55 kHz.
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5. CONCLUSIONS

This thesis has shown the development of a model that can analyze the cou-

pled electormagnetic-thermo-mechanical behavior of an arbitrarily shaped monolithic

SMA component undergoing induction heating. The model developed was imple-

mented in Abaqus Unifed FEA for analysis of general 3-D SMA bodies and reduced

to an ordinary differential equation in time for the case of a thin walled SMA tube

heating by a long solenoid. Section 2 showed a complete derivation of both the FE

model and ODE solution including how each model was implemented. Following this

section 3 showed a calibration of both models to a specific experimental SMA tube

used throughout the work. The results showed that the ODE solution agreed well

with the calibrated FE model without manipulation and the FE model agreed well

with experiments. In section 4 both the FE model and ODE solution were tested

against two experimental setups. The first test showed that the FE model was able to

capture a varying experimental input power in the induction system well. The ODE

solution was able to capture some of the behavior but generally overestimated the

rate of heating. In the second test, a high rate actuation study was conducted where

a tube was heated with induction and cooled using an active liquid flow. After some

calibration for cooling both models were able to capture the behavior noticed in this

study well. Following the experimental validation of the models, the FE model was

used to examine the effects of a changing frequency to show how radial gradients in

the SMA could be controlled by the induction system frequency. These effects can be

used to improve actuator performance and training. Following the SMA tube study,

an SMA beam study was conducted again using the FE model. This study showed

how a changing coil shape can effect the heating of the SMA actuator being used by
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creating a different temperature profile distribution. In the final section of section 4,

a thorough analysis of flux concentrators was conducted. This analysis included a

design of experiments to determine the appropriate properties that an MFC would

possess. The analysis also included a study of an SMA tube and plate to determine

how workpiece shape, relative coil position, and MFC postion and shape could effect

the system. The MFC study results were then applied to the SMA beam study and

showed a drastic improvement in the rate of heating achieved in the SMA beam.

Future work should focus on using the models developed to improve actuation

systems incorporating inductively heated SMA tubes and beams by considering the

SMA actuator, induction system, flux concentrators, cooling system, and electrical

power source. To do this, the FE model should be coupled in the same manner as

the ODE solution where feedback from the thermo-mechanical problem is considered

in the electromagnetic problem. Additionally, latent heat should be considered in

the FE thermo-mechanical model to better capture the behavior in time of the SMA

component. The addition of the thermal-electric effects of resistive heating in the

induction coil should be studied so that conduction to/from the SMA due to the

coil can be simulated. Further work should include increasing the ODE solution to

a 1-D model where only radial effects in the SMA tube are considered. A 1-D model

such as this should be able to much more accurately describe the behavior of an

SMA tube being inductively heated while reducing computational time. Reduced

order models should also be completed for the cases of an SMA tube using an MFC

and an SMA beam or plate. Closed form solutions exist for planar coil induction

heating and for systems which have components of varying magnetic properties. It is

important in induction heating to consider all aspects of the heating and actuation

system as well as interactions between them. Before implementing any induction

system using SMA actuators, detailed studies should be conducted to prevent any
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unexpected results due to the interaction between the electromagnetic fields and the

system components. Until the development of this model such detailed analyses were

not possible and thus performance of the actuation system was not being maximized.
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APPENDIX A

CONVECTION COOLING STUDY

To calculate a convection coefficient, the flow in the tube must be determined to

be laminar or turbulent and the degree to which is it developed (i.e. hydrodynami-

cally developed, thermally developed, or fully developed) must be known. In order

for flow to become fully developed, the fluid must travel up to 80 times the inlet

diameter, which in the tube used is not possible. The vast majority of analytical

solutions for tube and pipe flow rely on the assumption that the flow is developed so

it is likely that any solution found for the convection coefficient may not be accurate.

Coolant flows through a radiator during cooling so that the sink temperature

remains steady at 24 deg C. To determine whether the flow is laminar or turbulent,

the Reynolds number is determined as

Re =
V di
ν

(A.1)

where V is the velocity of the flow, di is the inner diameter of the tube, and ν is the

kinematic viscosity. The velocity is found as Q/π
4
d2
i where Q is the volumetric flow

rate. The kinematic viscosity was taken from [39] at the measured sink temperature.

The Reynolds number of this flow was found to be turbulent so the convection

coefficient was found from the Dittus-Boelter equation as

hdi
k

= 0.023Re0.8Pr0.3 (A.2)

where the left hand side represents the Nusselt number and Pr is the Prandtl number.
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The Prandtl number and thermal conductivity were again taken from [39] at the sink

temperature. These calculations give a convection coefficient of 6800 W/( deg C m2).

In calculating this convection coefficient it was assumed that the flow temperature re-

mains close to the sink temperature, that the convection coefficient does not change,

and that the flow is fully developed. By application of a lumped-heat-capacity anal-

ysis [36], the feasibility of a constant temperature assumption can be determined.

The temperature as a function of time, t, is given by

T (t) = Tw + (T0 − Tw) exp−t/τ (A.3)

where T (t) is the temperature at t, t, Tw and T0 are the wall and sink temperature

respectively, and τ is the time constant found as ρcdi/(4h) where ρ is the density and

c is the specific heat. Again the specific heat and density were taken from [39]. The

time was found from the velocity and length of the tube, the sink temperature used

was as measured from experiment, and the wall temperature used was measured from

the FE model. This simplified equation predicts that the temperature of the coolant

could increase by approximately 10 deg C by the time it reaches the end of the tube.

Therefore use of the Dittus-Boelter equation with its stated assumptions produces

the expectedly poor result shown in figure 4.6, which is not in good agreement with

the experiment.

Rather than moving to a fluid dynamics simulation, a parametric study to deter-

mine a convection coefficient that could describe the cooling process was completed.

The study assumed the flow enters the tube at the sink temperature and leaves the

tube 10 deg C above the sink temperature. This change in temperature over the

length of the tube is consistent with the result of the previous lumped-heat-capacity

analysis. It is assumed that the temperature varies linearly along the length of the

98



tube from the sink temperature to the exit temperature. The parametric study var-

ied the convection coefficient from 500 W/( deg C m2) to 2500 W/( deg C m2) in

increments of 200. A sampling of this study is shown in figure A.1. The study
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Figure A.1: Sample of the parametric study results to determine the effective con-
vection coefficient in the high rate actuation study.

shows that the convection coefficient should be approximately 1400 W/( deg C m2),

which is significantly lower than the calculated value of 6800 W/( deg C m2) shown

in figure 4.6. The convection coefficient found from the parametric study is close to

what has been observed from [39] for similar conditions. While the calculated value

is high compared to the parametric study value it is still within a range of values

that this fluid mixture could produce. A parametric study is not the ideal method

to calculate the cooling coefficients, but it does provide useful data for studies that

use this particular high rate actuation setup for future experiments.
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