SOME RESULTS ON BI-FREE PROBABILITY

A Dissertation
by
WONHEE NA

Submitted to the Office of Graduate and Professional Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Chair of Committee, Kenneth Dykema

Committee Members, David Kerr
James Long
Roger Smith

Head of Department, Emil Straube

December 2018

Major Subject: Mathematics

Copyright 2018 Wonhee Na



ABSTRACT

This study consists of two projects on bi-free probability. In the first project, a bi-free central
limit distribution is investigated. We find the principal function of the completely non-normal
operator [(v1) + (v1)* + i(r(ve) + r(ve)*) on a subspace of the full Fock space F(H) which
arises from a bi-free central limit distribution. By the fact that the principal function of a pure
hyponormal operator with trace class self-commutator is an extension of the Fredholm index of
the operator, we find the essential spectrum of this operator. In the second part, we examine the
reduced bi-free product C*-algebra generated by two pairs of commuting self-adjoint projections.
In particular, we partially describe how to find the bi-free product states and the corresponding
C*-algebra given by the GNS construction for a generic distribution of the projections. We prove
some general results analogous to Voiculescu’s partial R- and S-transforms by using combinatorial

techniques on bi-free setting.
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1. INTRODUCTION AND PRELIMINARIES

Free probability theory is initiated by Voiculescu in the 80s in order to solve certain operator
algebra problems. Free independence (or freeness) is an analogue of the classical independence
and free probability theory has evolved into a close parallel to basic probability theory. Also,
it brings together many different fields of mathematics, for example, operator algebras, random
matrix theory, and combinatorics.

In 2013, Voiculescu introduced a notion of bi-free independence as a generalization of free-
ness in a non-commutative probability space. He considered two-faced pairs of non-commutative
random variables and the moments for such a combined system of left and right variables. In
[15, 16, 17], the essential properties and theorems for bi-free independence are discussed, in-
cluding additive and multiplicative bi-free convolutions, two-variables partial transforms, and the
bi-free central limit theorem. The combinatorial constructions and proofs for those results are
presented in [3, 4, 12, 13].

In my dissertation, I intend to further develop bi-free probability theory. The dissertation has
four chapters including the introduction and preliminaries in Chapter 1. In Chapter 2, we investi-
gate a bi-free central limit distribution which is an analogue of a semicircular distribution in free
probability theory. We find the Pincus principal function of a certain seminormal operator which
arises from a central limit distribution and the essential spectrum of the operator as an applica-
tion. The next two chapters, Chapter 3 and 4, are devoted to discuss the reduced bi-free product
C*-algebra generated by two two-faced pairs of commuting projections. For certain combinations
of bi-free pairs of non-commutative random variables, we find their ordered joint moments and

cumulant series through combinatorial techniques.
1.1 Free probability

A non-commutative probability space is a pair (A, ¢) where A is a unital algebra over C and

¢ : A — C is a linear functional with ¢(1) = 1. A non-commutative probability space (.4, ¢)



is called a C*-probability space, if in addition, A is a C*-algebra and ¢ is a state. The joint
distribution of random variables a1, . . ., a, in A is the linear functional p : C(X;,...,X,,) = C
given by

w(P) = ¢(Play,...,a,)), PeC(Xy,...,X,)

where C(X1,...,X,,) is the algebra of complex polylnomials in the non-commuting variables
Xi,..., Xy If (A, @) is a C*-probability space and a € A is normal, i.e., aa® = a*a, then the
distribution of the random variable a is given by a probability measure v supported on the spectrum

of a by
J(P(X)) = P(t) dv.
ta(P(X)) /U(a) (t)

We will often write yi,, instead of v.

Definition 1.1.1. A family of unital subalgebras (Aj)rcx in a non-commutative probability space
(A, @) is freely independent if ¢(a - - - a,) = 0 whenever a; € Ay, with k; # k; 1 and ¢(a;) =0

forall 1 < i <n.
We define the notion of a full Fock space which will be useful for the future arguments.

Definition 1.1.2. Let J{ be a complex Hilbert space. Then the full Fock space on H is
F(H) = Coa Pren
n>1

where ) is called the vacuum vector and has norm one. The vacuum expectation is defined as
da() = (- Q,9Q) on B(F(H)). For an element & in H, the left creation operator 1(§) € B(F(H))

is given by

(6N = ¢
()G @ ®&) = {R6&®--®&,

foralln > land &, --- ,&, € H. The adjoint [(§)* of [(&) is called the left annihilation operator.
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The right creation operator r(€) € B(F(H)) is determined by

r(€)Q = ¢
r)6® - ®&) = 6® R ®E

forallm > land &, -+ , &, € H. Its adjoint r(£)* is called the right annihilation operator.

Under the above notations, let (¢;);c; be an orthonormal basis of a Hilbert space 3, and let
l; = l(e;) and C*(l;) denote the unital subalgebra generated by [; for i € I. Then the family
(C*(1;))ier is free in (B(F(H)), pq)-

The free cumulants were introduced by Speicher to understand free independence using a com-

binatorial approach.

Definition 1.1.3. Let S be a finite totatlly ordered set. A partition of the set S is a set 7 =
{V1, ..., Vi, } of pairwise disjoint, non-empty sebsets of S such that S = U | V;. We call V;, ..., V,
blocks of the partition 7. For two elements a,b € S, we write a ~, b if a and b are contained in
the same block of 7.

The set of all partitions of the set {1, ..., n} is denoted by P(n). A paritition 7 € P(n) is called
non-crossing if whenever 1 < a; < b; < as < by < n are such that a; ~, as and b; ~, by, we
have b; ~, ay. We denote the set of all non-crossing partitions of {1,...,n} by NC(n). With the
usual refinement order, let 0,, denote the minimal element of NC'(n) and let 1,, denote the maximal
element of NC'(n). Let NC’(n) denote the set of all non-crossing partitions 7 in P(n) such that

the singleton set {1} is a block of 7.

Definition 1.1.4. Let 7 € P(n) and S C {1,...,n}. We say S splits « if for each block V' € m,

we have either V C Sor V C S°.

Definition 1.1.5. Let (A, ¢) be a non-commutative probability space. The free cumulants are a

family of multilinear functionals x, : A™ — C determined recursively by the moment-cumulant



formula

olar---a,) = Z Rr(Qy, ..., ap)

TeENC(n)
and Kr(ai1,...,a,) = [[yer Kv((a1,...,a,)|v), where the product is taken over all the blocks
of mand ky ((a1,...,an)|v) = ki@, ... a;) for V= {iy < --- < ix}. We use the notation

K 1= K1,
The next theorem states that freeness is equivalent to vanishing of mixed cumulants.

Theorem 1.1.6 ([11]). Let (A;);c; be a family of unital subalgebras of a non-commutative prob-
ability space (A, ¢) and let (K, )nen be the corresponding free cumulants. Then (A;);cr are freely
independent if and only if k,(ay,...,a,) = 0 whenever a; € A;, and there exist i; # iy, for

1<y, kE<n.

For m,0 € NC(n) with m < o, the interval |7, 0| denotes the set {p € NC(n) | 7 < p < o}
and the interval has the canonical factorization of the form NC(1)** x --- NC(n)*» where k; > 0.
The incidence algebra on the lattice of NC'(n), denoted by I(NC'), is the algebra of all complex-
valued functions on U,,>1{(7,0) | m,0 € NC(n) and 7 < o}, equipped with a pointwise addition,

a scalar multiplication, and a convolution product defined by

(fs fo)(mo)= D filmp)falp o).

pelm.ol

A function f € I(NC) is said to be multiplicative if f(m,0) = f(01,1)% --- £(0,,1,)*"
whenever the interval [, o] is factorized by |7, 0] & NC(1)" x --- NC(n)*". Note that a mul-
tiplicative funtion f € I(NC') is completely determined by the sequence (f(0,, 1,,))n>1. Let M
be the set of all multiplicative functions, and denote the set of all multiplicative functions f with

f(01,1;) = 1 by M. Note that the convlution of two multiplicative functions is multiplicative.

Definition 1.1.7. Let 1 € NC(n). The Kreweras complement K (m) of 7 is defined to be the

biggest element among 0 € NC(1,...,7) suchthatr Uo € NC(1,1,...,n,n).



If f1, fo € M, then one can verify that

(fix f2) (0 1) = >~ fi(0n,m) fo(0n, K (7).

TeNC(n)

For f1, fo € Mg, the pinched-convolution fi*f, of f1 and f is defined by

(f¥2)O0n, 1n) = > f1(04,7) f2(0n, K (7). (1.1)

TENC'(n)

where f1%fo € M;. Notice that the pinched-convolution f;* f5 is obtained from the convolution by
pinching out the terms in NC'(n)\NC’(n). In [10], it is demonstrated that for freely independent
random variables a1,as € A, if fi, fo € M are the multiplicative functions associated to the
cumulants of ay, as, respectively, that is, f1(0,,1,) = k,(a1) and f2(0,,1,) = k,(ay) for all
n > 1, then we have (f; * f2)(0,,1,) = kn(aias) = ky(azar). Moreover, f1(0,,7) = Kr(ay)
(respectively, f2(0,,7) = K. (az)) is satisfied for all 7 € NC(n).

For every f € M, we define a formal power series ¢ by
¢r(2) = Y f(On,1,)2" (12)
n=1

In [10], it is proved that ¢, (¢f,15,(2)) = @r«p(2) forevery fi, fo € My, and therefore we have

Onen (00 (2)) = 00 (2). (1.3)

Before finishing this section, we will recall the definitions of free transforms and their equalities
which will be useful in Chapter 3. Let (A, ¢) be a C*-non-commutative probability space and let
a € A. Let k,(a) denote the n-th free cumulant of a. As a formal power series, the Cauchy

transform of a is



and the R-transform is defined by

R.(z) = Z Kni1(a)z"™.

To use the combinatorial arguments, we need the following analogues of the moment and cumulant

series. The moment series of a 1s

and the cumulant series of a is

The S-transform of a is the power series given by

1+=2

Sulz) = = xal2),

where x,(#) is the formal power series inverse of M/,(z) — 1 under composition, so that

M,(xa(2)) = z+ 1. (1.4)

Recall the relations between the above series as follows.

Ca (Z ’ Ma(z)) = Ma(z) (15)

Ma< - ) = Cu(2) (1.6)



1.2 Bi-free probability
1.2.1 Bi-freeness and examples

We recall the basics about a free product construction to define bi-free independence. Given a
family of Hilbert spaces with specified unit vectors, J(; = C&; @ IH? for i € I, the Hilbert space

free product (F,H® &) = *,cr(H;, S, &) is defined by

H=CeoP| P 100K, | =Ca

nZl ij;ﬁij+1

where ||¢|| = 1 and the direct sums are orthogonal. On B(J{), the vector state ¢, corresponding to

the specified unit vector ¢ is defined by

For each ¢ € I, there exist unitary operators V; and WW; such that

Vi:de |Cco@| P o0 || - X
n>1 iy
1570541

is defined by

§E®E—E
Hy @& —
LR, QK )= H @+ QK

HR(H, @ @H) > HRH @ @K



and similarly,

Wi |ccaP| P KoK, || 0K K
n>1 i#in
570541

is defined by

EREG—E
ERH; — H;
(H; @ @H; )®&E = H; @--- @7,

(36 @ @H )R — H @ @K, @I
For T' € B(H;), we define the left and right operators, \;(T") and p;(T’), on H by

MN(T) = V(T )V € B(3) (1.7)

pi(T) = W,(IT)W,* € B(H). (1.8)

For each i € I, we refer to \; and p; as left and right representations of B(3;) on B(F).
A two-faced pair of non-commutative random variables in (A, ¢) is an ordered pair (b, ¢) of
random variables in A. We refer to b as left and ¢ as right variables. Using the free product

construction of Hilbert spaces, we can define a bi-free independence of two-faced pairs.

Definition 1.2.1 ([15]). A family ((b;, ¢;))ser of two-faced pairs in (A, ¢) is said to be bi-freely
independent (abbreviated bi-free) if there exists a family of Hilbert spaces with specified unit vec-
tors ((H;, K7, &)),e; and unital homomorphisms I; : C(X;) — B(H;) and r; : C(Y;) — B(¥;),
i € I, such that the joint distribution of the family ((b;, ¢;)):c; With respect to ¢ is equal to the
joint distribution of the family of pairs ((7(X;), 7(Y;)))ier in (B(H), ¢¢), where (F,H°,§) =
sicr(F, K2, &) and 2 C(X, Yili € I) — B(H) with 7(X;) = Aol (X;) and 7(Y;) = piori(V;).

Example 1.2.2. In Definition 1.1.2, we defined left and right creation and annihilation operators



on the full Fock space. For a complex Hilbert space J with orthonormal basis (e;);c;, let F () be
the full Fock space on which left and right creation operators I; = [(e;) and r; = r(e;) with their
adjoints [}, r}. Then the family of two-faced families ((;, (), (i, 7}))icr is bi-free in (B(H), ¢q),

7

where ¢q(-) = (-:Q,Q).

Definition 1.2.3. Let n € Nand let x : {1,...,n} — {l[,r} be a map such that x*(I) = {i; <
- <ig}and x 1(r) = {ig41 > -+ > i, }. Define a permutation s, on {1,...,n} by s,(j) = ;.
A partition 7 € P(n) is said to be bi-non-crossing with respect to  if the partition s ' - 7 is non-
crossing, i.e., s, L.w € NC(n). We denote the set of all bi-non-crossing partitions with respect to y

by BNC(x). Let 1, and 0, denote the maximal and minimal elements in BN C(y), respectively.

Forn > 1 and given amap x : {1,...,n} — {l,7}, a multilinear functional x, : A" — Cis

uniquely determined by the moment-cumulant relation

Slar--an) = > (HI{XV((al,...,an)h/)) for aj, - ,a, € A

T€BNC(x) \Ver

where the product is over all blocks V' of 7. These «,’s are called the (I, )-cumulant functionals

(or, bi-free cumulants) of (A, ¢). As in the free case, we use the notations

kelar, . an) = [ fay (a1, an)lv).

Ver

Let n,m > 0. Consider a map X, : {1,...,n +m} — {l,r} such that x,,,,(k) = [ if
1 <k <nand x,mk) =rifn+1 <k < n+ m. For notational purpose, we will refer to
this map as x,m © {1;,..., 0, Loy oymy b — {{,r} with 4, — [ for 1 < k < nand j, — r for
1 < k < m. In this particular case, we shall denote BNC(xXy,) by BNC(n,m), 1y, . by 1, m,

and k1, ,,, by Kpm, forn,m > 1. We also write k,, ,,(a,b) for k1, , (a,...,a,b,...,b) fora,b € A.
' T N e N —

n m

Note that k,, o(a, b) = kn(a) and kg ,(a, b) = Kn (D).
As in the free case, it is proved in [4] that bi-free independence is equivalent to vanishing of

mixed cumulants. Let ((b;, ¢;))ic; be a family of two-faced pairs in (A, ¢). Then ((b;, ¢;))ies are

9



bi-freely independent if and only if
Ky(a1,...,a,) = 0

whenever the map € : {1,...,n} — I satisfying a; € {b.(j), c(j)} is non-constant. Note that s,
has the cumulant property; that is, if z; = (b1, ¢1) and 2o = (bo, ¢2) are bi-free, then x, (21 + 22) =
(1) + i (22).

For some 1 < m < n,let y : {1,...,m} — {l,r} be amap, and let £(0) := 0 < k(1) <
-+ < k(m) := n.Defineamap x : {1,...,n} = {l,7} by x(i) = x(k(y)) for all i € {k(j —
1)+ 1,...,k(j)} where 1 < ¢ < nand1 < j < m. For each partition 7 in BNC(y), there
exists a corresponding partition 7 in BNC(y) by replacing each node i of 7 by the block {k(j —
1)+ 1,...,k(j)} where i € {k(j — 1)+ 1,...,k(j)}. Then we can easily see that 1, = 1; and
0y = 1S%ng{{k:(j —1)+1,...,k(j)}}. For any given two partitions 7 and o in BNC(y), let 7V o
denote the smallest partition in BNC(y) greater than both 7 and 0. Then we have the following

result on bi-free cumulants for products of random variables which will be very useful in Chapter

3.

Theorem 1.2.4 (Theorem 9.1.5 of [3]). Let (A, ¢) be a non-commutative probability space and

{a;}1, € A. Under the above notations, we have

K1, (@1 Q1) Q1)1 77 A(2)s - - - 5 Ql(m—1)4+1 " () = Z Kr(@1, ... 0,).  (1.9)
rEBNC(%)
7'('\/6;:15<

1.2.2 Partial bi-free transforms

Let (A, ¢) be a non-commutative probability space and (a, b) be a two-faced pair in .A. The

the two-variable Green’s function is the power series

Goplzw) = 0l(z—a) w—8)) = 4 3 am)z !
m,n>0
m+n>1

10



and the partial bi-free R-transform is the generating series

R, p(z,w) = Z Kmn(a, b)2"w".

m,n>0
m+4n>1

Theorem 1.2.5 (Theorem 2.4 of [16]). We have the equality of germs of holomorphic functions

near (0,0) € C?,

. ZW
Glap) (2 + Ra(2), = + Ry(w))

Rop(z,w) = 1+ 2R,(2) + wRy(w)

where R,(z) and R,(w) are one variable R-transforms.

The moment series of a two-faced pair (a, b) is a power series

Map(z,w) = 1+ E o(a™b™) " w™
n,m>0
n+m>1

and the cumulant series of (a, b) is

Cop(z,w) = 1+ Z Knm(a,0)2"w™ = 1+ Ry p(z,w).

n,m>0
n+m>1

For computational convenience, define the power series K, ; of the form

Kop(z,w) = Z Knm(a, b)2z"w™.
n,m>1
Theorem 2.1 in [17] shows that if (a, b) is a two-faced pair of non-commutative random variables in
(A, ¢) with ¢(a), ¢(b) # 0, the two-variables partial bi-free S-transform as a holomorphic function

of (z,w) € (C\ {0})* when z, w are near 0 is of the form

Sap(z,w) = (1.10)

(z+1)(w+1) (1_ l+z4w >

Map(Xa(2), Xp(w))

11



Theorem 1.2.6 (Theorem 7.2.4 of [13]). Let (A, ¢) be a non-commutative probability space and

let a,b € A be arbitrary elements. Then,
M, (z) + My(w) = —————= + Cop(zMy(2), wMy(w)).
Using Theorem 1.2.6, we can obtain
Kop(zMy(2), wMy(w)) = 1 — (1.11)

Indeed, for a,b € A,

Ko p(zM,(2), wMy(w))

= M,(z) + My(w) — % — Co(zMy(2)) — Ch(wMy(w)) + 1
= Mu(a) + M) — DD ) - M) 41
L MM

M, (2, w)

where the second equality is by (1.5).
1.2.3 Central limit theorem

In free probability theory, Voiculescu proved the existence of central limit distributions.

Theorem 1.2.7 ([18]). Let (A, ¢) be a non-commutative probability space, and let (a;)2, be a

family of free random variables in A such that
(i) ¢(a;) =0foralli > 1,
(ii) sup;q |p(alF)| < oo forall k > 2,

(iii) lim, o0 5 27 d(af) = 17/4 > 0.

12



o0

oo 1 converges in distribution to the semicircular

Then letting s,, = W, the sequence (s,)

distribution v, given by

2 T
(X" = — / /12 — £2dt.

mTr?2

In [15], the bi-free version of central limit theorem is also shown by Voiculescu.

Theorem 1.2.8 ([15]). A two-faced pair z := (z, z.) has a bi-free central limit distribution if and

only if k,(2) = 0 whenever x : {1,...,n} = {l,r} withn =1orn > 3.

Theorem 1.2.9. Let (2(),cn = ((zl(n),zﬁn)))neN be a bi-free sequence of two-faced pairs in

(A, @) such that
(i) (") = o) =0,
(ii) supn21|¢(zi(?) e zl(:i))| < oo for every iy, ...,i, € {l,1},

S 6G)
(iii) limy_,o =*=—"—1— = Cj; for every i,j € {l,r}.

N o) _
Then, letting Sy = (Z”\:/lﬁl , Zg\%r ), we have impy_, o s (P) = vo(P) forall P € C(X,, X,),

where ~¢ is the bi-free central limit distribution with yo(X;X;) = Cj for every i,j € {l,r}.

Theorem 1.2.10. For each matrix C = (Cij)i7j€{l7r} with complex number entries, there is exactly

one bi-free central limit distribution ¢ : C(X;, X,) — C so that
Yo (X;X;) = Cy; foreach 1,5 € {l,r}.

For each matrix C, there exist vectors vy, v}, v, v.. € H such that C;; = (v;,v}) for each i,j €

{l,r}, and for every such choice, letting
2= U(v) + 1" (v)) and zr = 1r(v,) + r¥(vy),

the pair (2, z,) has the bi-free central limit distribution ~yc.

13



2. PRINCIPAL FUNCTIONS FOR BI-FREE CENTRAL LIMIT DISTRIBUTIONS *

2.1 Principal function of a completely non-normal operator

Let T' be a completely non—normal operator on a Hilbert space JH with self-commutator 77" —
TT* = —2C where C is trace class. Set U = (T + T*) and V = —3i(T — T*). Consider
the unital C*-algebra generated by C' in B(H). This C*-algebra is isometrically isomorphic to
C(o(C)), the complex valued continuous functions on ¢(C'), by the Gelfand-Naimark theorem.

Consider a function on ¢(C') defined by

t— 90, t=0

Vi, t>0

and then there exists the unique element ' in the C*-algebra corresponding to this function by the
Gelfand transform. Note that C2 = C'and CC* = C*C = |C)|.

The determining function of the operator 7' is defined to be
1 —1 —1A
El,s)=1+-C(V-1)"(U-s)"C
i

forl € C\o(V)and s € C\ o(U). Then E(I, s), for each fixed [ and s, is an invertible element
in the C*-algebra generated by 7" and /. Since det(/ + AB) = det(/ + BA) when A is compact

with AB and B A in trace class, we have

det E(l,s) = det (I 4 %C(V )W - 5)1)

=det (V-0)U=s)(V-0)""U=-57"). 2.1)

*Reprinted with permission from [7].
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The principal function g is defined in [2] to be the element of L;(IR?) such that

1 Ao d
det E(l,s) = exp <% //g(é,v)m’y js) : (2.2)

It is known that supp(g) is contained in {(d,v) € R? | v +id € o(T)}. Moreover, it is a complete

unitary invariant for 7" if C' has one dimensional range; that is, two completely non-normal opera-
tors 7" and 7" are unitarily equivalent if and only if their principal functions agree, assuming each
of T" and 7" has a self-commutator with one dimensional range. In Theorem 8.1 of [2], it is proved
that

9(0,7) = nd(T" = (v +9))

if v + 40 is not in the essential spectrum o.(7"). This result implies that the principal function ¢
of T is an extension of the Fredholm index of 7" — z to the whole plane. However, it is not the
typical situation that g assumes only integer values on the plane; indeed the map 1" — g is onto,
namely (see [1]), any summable function on R? with compact support is the principal function of

a completely non-normal operator with a trace class self-commutator.
2.2 The principal functions of certain operators

Definition 2.2.1. An implemented non-commutative probability space is a triple (A, ¢, P) where

(A, ¢) is a non-commutative probability space and P = P? € A is an idempotent so that

PaP = ¢(a)P forall a € A.

An implemented C*-probability space (A, ¢, P) will satisfy additional requirements that (.4, ¢) is
a C*-probability space and that P = P*. If a two-faced family ((2;);er, (2;)jes) in an implemented

non-commutative probability space (A, ¢, P) satisfies that

[2i, zj] = \ijP forsome \; ; € C,i € I,j € J,
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then the family ((2;);er, (2;);es) is called a system with rank < 1 commutation where (X; ;)icr jes

is the coefficient matrix of the system.

Remark 2.2.2. The bi-free two-faced system in Theorem 1.2.10 is an example of rank < 1 commu-
tation. Indeed, (B(F(H)), ¢q, P) is an implemented C*-probability space where ¢y, is the vacuum

expectation and P is a projection on CQ2. We have [z, z,.| = ((v,, v}) — (v, v..)) P.

Let 3 be a Hilbert space and vy, vo € H. We consider the operator 7" on F(H) given by
T:X1 —|—?;X2, with X1 :l(Ul) +l(’U1)*, X2 :T(Ug) —f—?"(/l}g)*.

This arises from the bi-free central limit distribution and was described in Example 3.10 of [16].
We have [ X, X5] = 2i(Im(vg, v1)) P in the implemented C*-probability space (B(F(H)), ¢q, P),
so that

[T, T] = —4(Im(vy, v1))P. (2.3)

Both the spectrum and the essential spectrum of X; on F(H) equal [—2]|vy ][, 2||v1]]] and those of
Xy equal [—2||v|[, 2||v2||]. By the following easy lemma, which is well known but whose proof
we include for convenience, the spectrum of the operator 7" = X; + iX5 on F(H) is contained
in [—2||v1]|, 2||v1]]] + i[—2]|ve]|, 2||v2]|]. Throughout this chapter, we are interested in non-normal

operators T, so we assume that Im(v,, v1) is non-zero.

Lemma 2.2.3. If A and B are self-adjoint with oc(A) C [r1,79] and o(B) C [t1,t3], then (A +

’LB) Q [7“1,7’2] +Z[t1,t2}

Proof. 1 A, = A%, B, > 0, and B, is invertible, then A, + iB, — B (B PABTE 4 i) B is
invertible since B, éAlBl_ 2 s self-adjoint. Suppose a+ib ¢ [ry, 73] +1i[t1, 1] . Then either a < ry
ora>rmryorb<tyorb>ty. Ifb <t then A+iB—(a+ib) =(A—a)+i(B—b)and B—b>0
is invertible. So a +ib ¢ 0(A+iB). If b > ty, thena+ib — (A+iB) = (a— A) +i(b— B) and
b— B > (isinvertible, so that a+ib ¢ o(A+iB). Since (A—a)+i(B—0b) = i((B—b)—i(A—a)),

we can easily show that A+iB—(a+ib) is invertible for each case of a < 71 and a > r,. Therefore,
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g(A+iB) C [r,m9] + i[t1, t2). O

The operator 7' € B(H) is said to be hyponormal, if its self-commutator 77T —TT™ is positive.
Furthermore, if there is no reducing subspace of 7', the restriction of 7" to which is normal, then T

is said to be pure hyponormal or completely non-normal hyponormal.

Theorem 2.2.4 (Theorem 2.1.3 of [9]). Let T € B(H) be a hyponormal operator with [T*,T| =
D. Then there is a unique orthogonal decomposition H = H,(T) & H,,(T') where H,(T') and

H.,,(T) are reducing subspaces for T, such that
(i) Ty, = T'st, (1) is pure hyponormal,

(i) T, =T

3, (T) IS normal.

Moreover,

H,(T) = \[{T*T'D(H) | k,l € N}

Ho(T) = {¢C € H | DT T = 0 for every k, 1 € N}.

As we can see in (2.3), if Im(vy, v1) < 0 (or > 0), then T' = X +1i X5 is a hyponormal operator
(or cohyponormal, respectively) on F(JH). By Theorem 2.2.4, the pure parts H,(7") and 3, (T™)
of T"and T™ are equal to m.

Assuming that Im(vy, v1) < 0, if vq is a scalar mutiple of vy, then alg(7T', T, 1) is dense in
F(Cuvy) so that T is pure hyponormal on F(Cuv; ). However, if v; is not a scalar multiple of vy, then
T is not a pure hyponormal operator on F(Cv; + Cuvs), that is, there exists a nontrivial reducing
subspace N of T in F(Cv; + Cuvy) such that 7| is normal. For, suppose that « is a unit vector
which is orthogonal to v; in Cv; + Cvy and vy = cvy + du where ¢, d € C are non-zero. Since vy

and El #u are orthogonal to each other, for each m,n € N,

m c d c d
(I(v1) + 1(v1)7) (u ® (WUI - WU)> € span {v?k QU (Wvl — Wu) ‘ ke N}
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and

(r(v3) + 7(v3)")" (u ® (évl — %u)) € span {u ® <| C|2 %u) ® vk

Since alg(7T', 7%, 1) = alg(X;, X, 1) and [ X3, Xs| = 2i(Im(ve, v1)) P,

kGN}.

N = \/{ () + 7(v9)*)" (U (v1) + L(w1)*)™ (u@(‘iz #u))'m,neN}
—\/{v?m(@u@(#vl |j|2>®v }

is a nontrivial reducing subspace of 7" in F(Cv; + Cuvy) which is orthogonal to CQ. Clearly, the

restrictions of I(v1) + I(v1)* and 7(vy) + r(ve)* to N/ commute, so the restriction of 7" to N is
normal. Now we will characterize the pure part alg(7’,7*,1)Q2 of 7" in F(H) when v; and v, are

linearly independent.

Proposition 2.2.5. Let T' = [(vy) + 1(v1)* +i(r(ve) + r(ve)*) with vy and v, linearly independent,
and let u and w be non-zero vectors in Cvy + Cvy with u L vy and w L ve. For each n € N, let

A,, be the span of length n tensor products in F(Cv; + Cuvy). Then

alg(T, T+, 1)Q = CQ® P (A, Nalg(T, T*,1)Q) (2.4)
neN
and for every n € N,
= P 0P @u, PP QU g, - v @uR v u @ vSm ) (2.5)
and
= {§"w@ vy @we v o @ w @ vy, v @ w} (2.6)
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are orthogonal bases of A,, N alg(T, T*,1)S). Furthermore, we have the obvious isomorphisms

alg(T, T, 1) = F(Cuvy) & (F(Cvy) @ u @ F(Cuy))

2

F(Cvy) @ (F(Cvy) @ w @ F(Cuy)).

Proof. We will prove by induction on n that B, is an orthogonal basis for A,, Nalg(7,T*,1). This

is clear for n = 1. For n = 2, consider the orthogonal basis of A,
ZZ - {Uigzuvl ®U7U®U2,U®W}

containing B,. Here, By = {v$%, v @ u,u @ v} C alg(T,T*,1)Qand Zy \ By = {u @ w} C
(alg(T, T*,1)Q)* as we saw in the above argument describing A/. Now the assertion is proved
for n = 2. Consider another orthogonal basis of Ay, Zj = {v5% vy ® w,w @ vy, w®?}. Then
Zy = {v1 ® Zo} U {u ® Z}} is an orthogonal basis of A3. Since alg(7,7*,1)2 is a reducing
subspace of T, v; ® By C alg(T,T*,1)Q and v; ® {Z5\ Ba} C (alg(T, T*,1)Q)*. In u® Zj, only
u ® v$? is contained in alg(T, T*, 1)Q2 because every tensor product in F(Cuv; + Cuvy) which starts
with u and ends with w belongs to N and is therefore orthogonal to alg(T’, 7%, 1){2; moreover
U W vy = (r(ve) +7(v2)*)(u@w) € (alg(T,T*,1)Q)". Hence, By = {v; @ By} U {u®v$?}
is contained in alg(T,T*,1)Q and Z3 \ Bjs is contained in (alg(7,T*,1)2)*. Thus the assertion
holds for n = 3.

The induction step for general n proceeds similarly. For each n € N, construct an orthogonal

basis Z,, for A,, as follows.

Zy = {v?}U< U {v?j®u®Z}1}>7

1<j<n

where 7, is the set of all length k tensor products in F(JH) whose components consist of v, and
w. The induction hypothesis is that B; is an orthogonal basis of A; Nalg(7,7*,1)Q and Z; \ B,

is orthogonal to alg(7,7*,1)Q2 foreach 1 < j < n. Then Z,,,; = {v; ® Z,} U{u ® Z/} and it
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is an orthogonal basis of A, ;. Since alg(7T, 7™, 1)2 is a reducing subspace of 7" and is invariant
under I(vy) +1(v1)*, we have v; ® B,, = {v" T 0" @u, 0" ' Q@u@vg, -+ v @u@vy™ T} C
alg(T, T*,1)Q and v; ® {Z,, \ B,} C (alg(T, T*,1)Q)*. Inu ® Z/,, only u ® v5" is contained in
alg(T, T*,1)$2 and the other elements are orthogonal to alg(7’, 7™, 1)2 by the induction hypothesis.
Therefore, B, 11 = {v1 ® B,} U {u ® v3"} is an orthogonal basis for A4, N alg(T, T*,1)$2 and
Zps1 \ Bny is an orthogonal basis for A, N (alg(T,T*,1)Q)". Thus, for every n € N, B, is
an orthogonal basis for the set of all length n tensor products in alg(7, 7*,1)$2. This finishes the
proof by induction.

The proof that for n € N, B/ is also an orthogonal basis for A, N alg(7T,T*,1)Q2 follows
similarly by induction on n, using the invariance of alg(7’, 7, 1)€2 under r(vy) 4+ r(vq)* rather than

[(v1) + {(v1)*. The equality (2.4) follows by the above proofs. O

Before we further investigate the operator 7' = X +1¢.X5 having v; and v, linearly independent,
we will take a look at the case when the vectors v; and v, are linearly dependent. We will refer to

the following result.

Theorem 2.2.6 ([S]). If T is a hyponormal operator on H, then C*(T)) is generated by the unilat-

eral shift if and only if T is unitarily equivalent to S, where S satisfies the conditions

(i) S isirreducible,

(ii) self-commutator S*S — SS* is compact,

(iii) 0.(S) is a simple closed curve,

(iv) o(S) is the closure of V, where V' is the bounded component of C\o.(S),
(v) ind(S — X) = =1 for A € a(5)\oe(9).

Example 2.2.7. Let v; = a - vg, where @ € C, Im o # 0, and ||v,]| = 1. Let T" be given by

T = Uv) +U(v1)" +i(r(vz) +7r(v2)%)

= (ad(vq) +ir(ve)) + (al(ve)* + ir(vy)")
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on F(C). Then,

and foreachn € N,

TWS™) = (a+ )" 4+ (a+i)vd"

Therefore,

T = (a+i)U+ (a+1i)U",

where U is the unilateral shift on F(C). If & = ¢, then T' = 2¢U and [T*,T] = 4P so that T'is a
hyponormal operator. If &« = —i, then T = 2;U* and [T, 7] = —4P, so T is cohyponormal.
Since the image of the unilateral shift U in the Calkin algebra is a normal operator, by the

functional calculus, we have

oe((a+)U+ (a+)U") = {(a+i)t+ (a+i)t|teo(U)}

= {at+at+i(t+1)|teT}.

This curve is the solution set of

2?2 + |al*y® — 2(Re a)zy = 4(Im )? (2.7)

in the xy-plane, which is an ellipse centered at the origin. So the essential spectrum of 7" is a
simple closed curve. Let 1 be the bounded component of C\o.(7"). Then by Theorem 2.2.6, we

have

and for A € o(T)\o.(T),
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Thus, the principal function is the characteristic function of the interior of the ellipse (2.7) when

Im « < 0, and is the negative of this when Im o > 0.

In the rest of this chapter, we consider the pure part of 7' = X; + X5 acting on m
where X; = [(v1) + [(v1)* and Xy = 7(v2) 4 r(ve)*. So T is a completely non-normal operator.

Now we will find a formula for the principal function of 7" when v; and v, are linearly inde-
pendent. For this, we will use equation (2.2), so we will first establish a formula for det F(I, s) of

T. Suppose [ € C\ o(X3)and s € C\ o(X;). From (2.1), we have

det E(l,s) = det((Xo — ) (X1 — 8)(Xo —)"HX, —s)71)
= det(((X; — 5)(Xy — 1) — 2Im{va, v1)iP)( Xy — 1) H (X1 — 5)7 1)
= det(1 — 2Im(vy, v )iP(Xy — 1) 71Xy — 5)7 1)
= det(1 — 2Im(vy, v )iPA(Xy — 1) (X, —8)7Y)
= det(1 — 2Im(vy, v1)iP(Xy — 1)1 (X, — 5) "' P)
= det(1 — 2Im{(vy, vy )i - do((Xo — 1) (X, — 5) ") P)

= 1 — 2m(vy, v1)i - po((Xa — 1) "H(Xy — )71

= 1 —2Im(vy, v1)i - do((5 — X1) "1 (Il — X))

=1- 2Im<?}271}1>i : G(Xl,Xg)(ga l) (28)

where G(x, x,)(z,w) = ¢((z — X1)"H(w — X,)7'). Note that G (x, x,)(z,w) is the germ of a
holomorphic function near (oo, 00) in C,, x C, (see [16]). For the given two-faced pair (X, X5),
the definition of the partial bi-free R-transform and Lemma 7.2 of [15] give
Rix, x,)(2,w) = Roo(X1,Xs) + Roo(X1, Xo) + Ry 1 (X1, X5)
= ¢(XD)2? + (X)) w? + ¢( X1 X3) 2w

= [lvrl*2* + [Joz]*w® + (v2, v1) 2. (2.9)
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From the formula for the partial bi-free R-transform in Theorem 1.2.5, we also have

AV

Gxxo) (3 + oz, 5 4 fJoafPw)

Rix, x,)(zw) = 1+ Jor|2* + ||| *w® — (2.10)

Denoting

. 1
ti==+|wnl? and ty = —+ [|va]*w,
= w

for z,w € C\ {0} close to 0, we have

_ tr — /12 — 4||vq]|? ty — /3 — 4fjva|?

and w =
2||vq |2 2||ve][? ’

where the branches of the square roots are \/t3 — 4||v1||? ~ ¢; and \/#3 — 4||v2]|? = t, for |¢;] and

|to] large. From the formulas (2.9) and (2.10), we get

ZW

Cosxalink) = 7o mvy

(tr = V17 — 4|1 [*) (t2 — /15 — 4][va[?)

- 2 2 2 2 P} 2\’ (211)
Alor[P[loa]|* = (o2, v1) (01 = V1T = Al|on]?) (2 = /15 = 4l 0a]?)
where |t1| and |to| are large.
Let
t—Vt2—4
q(t) = — teC\[-2,2]. (2.12)

The function z — z + 1 sends the punctured unit disk {z | 0 < |z| < 1} biholomorphically onto
C \ [-2,2]. The function ¢ is its inverse with respect to composition. We deduce that the identity

q(t) = q(t) holds for all t € C\ [-2,2].
By (2.8) and (2.11), for |{| and |s| large, we have

det E(l, s)

= 1—2(Im(vy W( (5 = /& —4Ju ) - VI — 4]osf?) )
| Allor|2llvz ]2 = (oo, v1)(5 = /5% = d[a ) = VB = 4]es]P)

23



2(Im vy, vg))i(s — /8 — 4l[va[?) (1 = /12 — 4f|va|?)

Alor|Plloa]]? = (1, v2) (s = /52 = AlJon ) (1 = V12 = 4| v]?)
_ AoalPlloa]? = (vi,v2)(s — /52 = d][oa]*) (1 — /12 — 4[va])
AJor|Ploa]* = (v, v2) (s = /8% = 4for[[2) (L = /1 — 4fjoa]]?)

!~ e (1) 7 (r)
Torl[Toz1l 1H|| 2/l \ vl [[vzl (2.13)

(
|Iv1HIIv2IIq (IIUlH) 4 (Hvle)

where o = (v1, v3), and for the second equality, we have used

5= VE= ) = 2l (155) = 2alle () = 5= VAT

and

(= /2 — 4fwal?) = 2"“2"q<r| ”) ||vz||q(H H) - V=

Since vy and vy are linearly independent, we have |a| < ||v1]|[|vs]|. Since ‘q (m)‘ < 1 and

’q (qu_zH)‘ < 1fors € C\[—2]|v1]|,2||v1]|] and | € C\[— |, the numerator and denomi-
nator in (2.13) do not vanish for such s and /. So the right-hand side of (2.13) is a holomorphic func-
tion there. Since by definition in (2.8), det E(l, s) is holomorphic on (C.\o(X3)) X (Co\o(X7)),
it follows from the analytic continuation that the formula of det E(l,s) in (2.13) holds for all
s € C\ [=2]ud]l, 2f|vr [l and T € C\ [=2[[wa], 2] w2 ]-

In the rest of this section, we find the formula of the principal function ¢(6,~) of T by using

the formula (2.13). The principal function g was defined on R? by

det E(l,s) = exp (27r // md—vs)

and supp(g) C {(d,7) € R?* | v +1id € o(T)}. To find the principal function of 7', consider the
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function f defined by
dé
R 0—1

for | € C\o(X3) and v € R. Fixing v € R, f(l,7) is a holomorphic function for I € C \ o(X3).

From (2.13) and the definition of ¢(4,y), we have

a s [
1 — mien? (HmH) q (Hvzll)

B o ,
/Rf(l’fy)y—s (2mi) Log 1—mq(s>q<l) , (2.14)

[[o]]

where s € C.\o(X;) and [ € C\o(X2). Now we will find the function f(I,~) by using the

Stieltjes inversion formula. We defined the function ¢(t) for ¢t € C\ [—2, 2] in (2.12).

Lemma 2.2.8. Ift, € [—2,2], then

to — in/4 — 12

lim q(to + i) =
lim q(to +ie) 5

Proof. Forty € (—2,2),

. . . t0+i€— (t0+i6)2—4
| t =1
61{% q(to + i€) 61\1;101 9

iy fotie— V=4 + e — 1) + 2iety
e\0 2

to —i/A— 12

2

For, when e is large and positive, the branch of a square root is such that \/— (4 + €2 — 2) + 2iety ~

to + de. So lime g v/ — (4 + €2 — 2) + 2iety = i/4 — 12. O

Define a function ((¢) for t € [—2,2] by
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Then ((t) € T fort € [—2, 2], where T is a unit circle in C. By Lemma 2.2.8, the limit of ¢(¢ + i¢)

goes to ((t) as € \, 0, where t € [—2,2]. Then we have for v € [—2||vq]|, 2||v1]|],

o — 4—(L>2
lim (ﬁHL) - = : :(( 7 )e']l“ (2.15)

N0 o | 2 o]

Fix | € R\ [—2||ve|l,2||v2]]]. Since clearly f(I,7) = 0 for v € R\ o(X;), we suppose

v € o(X1). Using (2.14), the Stieltjes inversion formula, and (2.15), we have

f(l,7)

[y

a Y
1 o v v q< v

— — lim Im [ (20) Log o]
T e\0 1 — Q q < ol
lloalllva]l v1

+ | +
4@

e
~

L)

N

< |~

N

N

a
Torlloa S

(
~ Toullea ¢ (nlu) q (Hvle)

= 2log

rQ

'Q

(%))

(1—vwwc (7))

)*L%<1 mﬂwwﬁ<mﬁoq<Mﬂ)>
) <

-JDgG’\wwwﬂC Mﬂ)q(Mﬂ)>

(2.16)

= Log| 11— a C( i
[oa[[llvz]l ™ \ [loa]

where Log is the principal branch of the logarithm. This equality holds where v € o(X;) and
Le R\ [=2vall, 2flv]l]
Fix v € o(X). Since each expression appearing as an argument of Log, above, remains in the

disk of radius 1 centered at 1 for [ € C\ [—2||vs]|, 2||vz||]. So the expression (2.16) is holomorphic
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on C\ [=2||vs||, 2||v2||]. The equality (2.16) was derived for I € R\ [—2||va]|, 2||vz||], but as defined,

f(L,7) is holomorphic in C \ [—2||vg||, 2||ve||]. By the analytic continuation, we have

/}R 9(3,7) 5d—_51
i L0g<1 ot () 7 (7r) ) e (1 ~ Tt () <”“2“)>
—Log(l - o () (HUZH)) ~lee (1 “ ottt (o) <||vlz||>>

fory € o(X;) and [ € C\o(X3). Now we will apply the Stieltjes inversion formula to f(I,~) in

) for

order to recover the principal function g(d,~) of 7. Since lim~ ¢ (L + z@) = (

flo2]

§
2l

[[v

) € o(Xy) as in (2.15), it follows that

9(0,7)

1
— Z lim Im f(6 +1
Wl{%mf( + i€, 7)

- %(Arg(l e () € () )+ (1~ e (o) (o))
a1 e () < (i) ) 40 e ()< () >)

Set —&— = e for() < r < 1, C( - ) = ¢, and ¢ (Hf—2”> = ¢'%_ Then we get

l[o1][flvz]l flod]

9(0,7) = (Arg (1- rei(*‘z’*glw”) + Arg (1 — rei(¢*91+92))

3 =

— Arg (1 - rei(¢+€1+92)) — Arg (1 _ rei(—¢—€1+92)) >

(son (2 ) oo (ot )

N =
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e )

= 5 (o (e ) o (e £ 7)

~anctn (o)~ (e o) ) C17

2.3 On the essential spectrum

As an application, we determine the essential spectrum of the operator 7" whose principal

function we found in Section 2.2. We will use the following, which follows from Theorem 8.1 of

[2].

Theorem 2.3.1 ([2]). Suppose T is an operator on a Hilbert space I with self-commutator T*'T —

TT* in trace class. For v + i6 not in the essential spectrum of T,
9(0,7) = ind(T — (v +10)),

where g(0,y) is the principal function for T.

Lemma 2.3.2. Let 0 < r < 1 and let

h(r,¢,01,02)

= 5 (oo (o) o (e + )

T (1 iiﬁ@ s @ %))) T (1 —n% : 0 ﬁ2)9)2») )

(i) If o = 0 or ¢ = m, then h(r, ¢,01,6,) = 0.

(ii) If 0 < ¢ < m, then for all 01,05 € [—,0], we have

2 (2r sin ¢
——arctan 5
T —r

) S h<r7¢701792) S 07
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with equality holding on the left when 0, = 0, = —7 and equality holding on the right only
when 6, € {—m,0} or 0 € {—m,0}.

(iii) If 7 < ¢ < 2m, then for all 0,0, € [—7,0], we have

2 2r si
0 < h(r,¢,0,,05) < ——arctan rsing ,
i 1—1r2
with equality holding on the right when 0, = 0y = —% and equality holding on the left only

when 0, € {—m,0} or 65 € {—m,0}.

Proof. Part (i) is clear and we may assume ¢ € (0, 7) U (m, 27).

Let v = 6, + 05 and ;u = 6, — 65. Then we are interested in the function

B 1 rsin(¢ — v) rsin(¢ + v)
h(r, ¢,v, 1) = T (arctan <1 —rcos(qﬁ—u)) arctan (1 —TCOS(QH'V))

- (2O (154

1—rcos(¢p—p 1 —rcos(¢p+ u)

where

27 < v <0 (2.18)

—min(—v, 27 +v) < p < min(—v,27 +v). (2.19)

In particular, we always have |u| < 7. Note that the boundaries of the region described by (2.18)
and (2.19) correspond to 6, € {—m,0} or 6, € {—m, 0}, where the function / vanishes.

An extreme point of h not on the boundary can occur only where

oo _
dv  du
We compute
d arctan rsin(x) _ r(cos(z) — r) |
dx 1 —rcos(x) 1 —2rcos(x) + r?
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We also compute

d c—r 1—r?
— ] = > 0,
de \1 —2rc+1r2 (1 —=2rc+r?)?
so the function
r(c—r)

c - —
1—2rc+1r?

is strictly increasing on [—1, 1]. Therefore,

Oh _ d (arctan ( rsin(¢ — v) ) + arctan ( rsin(¢ + v) ))

dv — dv 1 —rcos(¢p —v) 1 —rcos(¢p+v)

—r(cos(¢p —v) — ) r(cos(¢p +v) — 1)
T T—2rcos(6— 1)+ 12 I 2rcos(é+ 1) + 12

vanishes if and only if cos(¢ — ) = cos(¢ + v), which in turn occurs if and only if either v € 7Z
or ¢ € nZ. We assumed ¢ ¢ nZ. If v € {—27,0}, then v is on the boundary of the interval (2.18),
so the only possibility that is not on the boundary of the region is v = —.

Arguing as above, ‘3—2 = 0 if and only if cos(¢ — 1) = cos(¢ + u). Avoiding the boundary, this
leaves only 1 = 0. We conclude that the only extreme point of h not on the boundary occurs at

(v,p) = (=m,0),ie.,at (01,0,) = (—%, —75), and the value of h there is

9 . .
— — | arctan ﬂ + arctan ﬂ . (2.20)
s 1—rcos¢ 1+ rcos¢

We have the identity, for o, 8 € R,

arctan(a) + arctan(f) € arctan ( a+p ) + 7.

1—ap
Letting
“rems ™ T
since
0 < aff = r?sin” ¢ < 1,

1—r2+7r2sin® ¢
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we find that the quantity (2.20) equals

2 2 21 si
— — arctan ( atp ) = ——arctan ( rsm¢) ) 2.21)

T 1—ap s 1—1r2

We already observed that on the boundaries of the region described by (2.18)—(2.19), the func-
tion A vanishes and we just showed that the only extreme value not on the boundary is (2.21),
which is attained when ¢, = 0, = —7. In particular, h is never vanishing on the interior of the

region. This completes the proof of (ii) and (iii). L]

Theorem 2.3.3. Let T' = I(vy) + l(vy)* 4 i(r(v2) + 7(v2)*) with vy and vy linearly independent

and Im(vy,vy) # 0. Then the essential spectrum o.(T') of T is the closed rectangle
{y+i0 € Clly] < 2[jva]l and |0] < 2{[vs]]}, (2.22)

which equals the spectrum o(T') of T.

Proof. By Lemma 2.2.3, we have that o(7") is contained in the rectangle (2.22). For v € o(X;)
and § € o(X3), we have the formula of the principal function ¢g(d,v) in (2.17). By Lemma
232, =1 < g(8,7) < 0if Im(vy,v9) > 0, and 0 < g¢(d,7) < 1 if Im(vy,vy) < 0. The
equality ¢g(d,) = 0 holds only when v € {2||v1]|, =2||v1||} or 6 € {2||ve||, —2||v2]}, i.e., when
~ and § are on the boundary of the rectangle (2.22). So the function ¢(d, ) does not assume any
integer value on the interior of the rectangle. But, by Theorem 2.3.1, if v + id ¢ o.(T), then
g(0,7) = ind(T — (v + i9)). So the whole interior of the rectangle is included in the essential
spectrum of 7. Since o.(7T) is closed in C and is contained in o(7"), we have o.(T') equals the

rectangle (2.22). [

Proposition 2.3.4 ([8]). Suppose that T" has a compact self-commutator T*T' — T'T™ on a Hilbert
space H and ind(T — \) = 0 forall \ € C\ 0.(T"). Then T is of the form N + K where N is

normal and K is compact.
Corollary 2.3.5. The operator T' = [(vy) + l(v1)* + i(r(ve) + 7(v2)*) with linearly independent
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vy and vy and Tm(vy, v9) # 0 is normal plus compact.

Example 2.3.6. Let v, and u be orthogonal vectors in a Hilbert space H with ||vs| = [Jul] = 1,

1
V2

operator on the full Fock space F(H) defined by T = [(vy) + I(v1)* + i(r(v2) + r(v2)*). Then,

and let « = \/Li — —=i € C. Set vy in H by v; = awvs + u. Suppose that 7" is a bounded

[T*,T] = —2+/2P and it is an one-dimensional projection on F(J). So, by restricting T* to its
pure part m, T* is a completely non-normal hyponormal operator.

We can find the principal function g(d, ) of 1" by the formula (2.17). For each pair (9, ) such
that |§| < 2 and || < 2v/2, we have

9(0,7) = % (Arg<1 - <%+%Z> C(
_ Arg(l - (% —~ %z) ¢ (%) C((S)) — Arg (1 - (% + %z> @C@))) >,

where ((t) = =A=E V24_tZ for t € [—2,2]. Since Im(vy,v) < 0, we have 0 < ¢(d,7) < 1 for all

=
N——
N
—
=
N~
+
>
-
o]
/N
—_
|
N
N | —
|
DN | —
~.
N———
N
VR
S
N——
N
—
=
N~

(6,v) € R%. By Lemma 2.3.2, g(8,~) is vanishing only when (4, ) is on the boundary of the
rectangle {(6,7) € R? | || < 2v/2 and |§| < 2}. Therefore, 0(T) = 0.(T) = {y+i6 € C| |y| <
2v/2 and |6| < 2}. See Figure 2.1.

Figure 2.1: The principal function ¢(d,~) of T where v; = avy + u, a = \/LQ - \/iii, u L vy and
[o2]| = Jlull = 1.
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3. SOME RESULTS ON PARTIAL BI-FREE TRANSFORMS

3.1 Multiplicative convolution of bi-free two-faced families

In this section, we will discuss bi-free cumulants for certain combinations for random variables.
Let (a1, b1) and (ag, by) be bi-free two-faced pairs in a non-commutative probability space (A, ¢)
with ¢(a;) = ¢(b;) = 1 for i = 1, 2. Furthermore, let f; (respectively ¢;) denote the multiplicative
functions associated to the cumulants of a; (respectively b;) defined by f;(0,,1,) = k,(a;) (re-

spectively ¢;(0,, 1) = k,(b;)), where 0,, and 1,, are the minimal and maximal elements in NC'(n)

and: =1, 2.

Lemma 3.1.1. Under the above assumptions, as formal power series,

K, % , Pgoi
(i) Z f”»n,m(fhaz, e, (102, b27§1b27 cee ble)anmfl = 2’b2(¢f2 fl(Z) Pt (w))

n,m>1 ;lr mtl ¢92§<gl ('LU)

Ka *f1 » Pga*gr
(1) Y Fulaa iz, aray bty bybg)et = Reatl 00 () O (1)

~- G (2)
n,m=1 n—1 m 2
(iii) Knm (a2, a by, bib biby) 2" tw™ !
n,m 2,\1@2,...,@1@%7 2, 7192y - 0 -5 U1P2 z w
Vv Vv
n,m21 n—1 m—1

_ Ka2,b2 (¢f2>7<f1 (Z)a ¢g2¥91 (w))
¢f21fl(z>¢g2¥gl(w)

Proof. We will prove the equality (i). Let n, m > 1. By Theorem 1.2.4,

:‘imm(alaz, ..., 109, bg, blbz, ce ,blb2>

= Z Iiﬂ(ghag,...,al,a%,lA,bQ,bth,...,bl,bg)

Vv Vv
TEBNC(2n,2m) a1 occurs n times bo occurs m times
ﬂ'\/U"n,,’rr:,:12n,2’m

where oy = {{(2k — 1)y, (2k),}}1_, U {{(2k — 1), (2k),}}7, € BNC(2n,2m).

Let m € BNC(2n,2m) and 7V 0, = lanom. Since (ay, by) and (ag, by) are bi-freely independent,
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the cumulant x,(aq, as, . .., a1, as, 14,be,01,bs,...,b1,by) vanishes when the partition 7 contains
N > A o
vV vV
a1 occurs n times ba occurs m times

either a non-singleton block including 14 or a block with both (2k); and (2k" — 1); for some

i,7 € {l,r} and k, k’. So we will only consider a partition 7 which does not include such blocks.

Since 7 V 0, = 1oy 2m, the partition 7 must contain at least one block V' which has both left
and right indices. Let V. be the block V; such that min(V/;) is smallest among all blocks containing
both left and right indices, where min(V; ) denotes the minimum index of the block V; that is, if
Ve = {(u)y ooy (us)i |un < --- <ugt U {(01)ryoeoy () |1 < -+ <y} fors,t > 1, then
min(V;) = min{u, vy }.

Assume that v; is odd. Since the block V; is not a singleton, we cannot have v; = 1, so vy > 3.
But, by choice of V,, aset {1,,2,, ..., (v1—1),} splits the partition 7, and it also splits the partition
TV 0y contrary to hypothesis. Therefore v; must be even. We claim that v; = 2. Indeed, suppose
vy > 4 and denote the smallest right index in the block of 7 containing (v; — 1), by z,.. Since 7
connects only evens to evens and odds to odds, the set {1,,2,,...,z, — 1} splits 7, and hence it
also splits 7 V o, ,,,, which is contrary to hypothesis. Note that both left and right indices of V;
are even numbers. Moreover, we can easily see that us; = 2n and v; = 2m. For, otherwise, the set
{(us +1),...,2n)} U {(ve+1)p,...,(2m),} splits 7 V 7, ,,, Which is contrary to hypothesis.

Therefore, we have
Ve = {2k} U {2K)), Yoy with1 <ky <--- <ky=n and 1 =k} <--- <k, =m.
Let kg = k{, = 0 and set

S; = ki+1 — kl and tj = k;'—‘,—l — ]{;

for0 <7 < s—1land 0 < j < ¢t — 1. Define sub-partitions m;; (respectively, m, ;) of =
corresponding to the set {(2/;+1);, ..., (2l;4+1 —1);} (respectively, {(2r;+1),,..., (2rj11—1),});
that is,

Tii = T{@kt D @hipa -1 AN Mg = Tk 41, (2K~ 1))
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where 0 < i < s—1land0 < j <t — 1. Note that m o = {{1;}} and 7,0 = {{1,}}. Then
m = {Va} U (UZgm;) U (UZj ;). Define new partitions mrj ; (respectively, 7, ;) by adding

a singleton block {(2k;;1);} (respectively {(2k’,),}) on a partition m;; (respectively . ), i.e.,

mhe = maU{@he)d}) and wl = m U {{(2K;,0)0).

Consider their restrictions to even and odd indices, denoted by

male = Tl ieuneurn. @iy € NC'(si)
Tilo = mali@u @i, @iy € NC(s:)
mle = miken e ey € NC'()
Treilo = Tl @r+0n@n48)r -1,y € NO ()

where 0 <7 <s—1and0 < j <t—1. Since 7V 0y, = la,,2m, it follows that the sub-partition

7 ;lo (respectively ;. .|o) is the Kreweras complement of 7; |z (respectively ;. ;|); that is,

milo = K(m,lp) and 7 lo = K(m;|g)

71’ r?] r?]

where K (-) is the Kreweras complement. For 7 € BNC(2n, 2m) satisfying 7 V 0, = 1a,,2m, We

have
ﬁw(al, Az, ...,a1,02,14,09,01,b0,...,b1, bz)
~~ e NS ~~ 7
a1 occurs n times bs occurs m times
s—1 t—1
= Kst(ag, ba) - Hlim,i(ahaz,al, ey 2,01) - Ko (1) - H/%rr,j(bl,bm b, ..., b2, b1)
i=0 j=1
s—1 t—1
= fisi(ag, ba) - H liwgi(al, az, a1, ..., Az, a1, az) - H Hw;j(bh ba, b1, ..., b2, by, bo)
i=0 j=1
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I
—

s t—1

= Kz, by) - | ("iﬂ{,i\E<a2) i \o ) H( " |E i ‘O(bl))

=0 j=1
s—1 t—1

= ’%S,t(a’%b?)' H(fQ(OSwﬂ-l/,i’E) f1<0317K le‘E H g2 Otjv r] gl<0t]7K( rj|E>))
i=0 j=1

where 7, ;|p € NC'(s;) and m, |z € NC’(t;). Recall that fi, g, f2, and g, are the multi-
plicative functions associated to the cumulants of aq, by, as, and by, respectively. The sum of
Kp(a1,a, a1, .., a2,14,b0,b1,...,by)z"w™ ! over all partitions p € BNC(2n,2m) satisfying

V,=Vzand pV o, m = Lo, 2m 1s equal to

|
—

t—1

Ksi(asz,by) - J (f2*f1)(0s,, 1s,) 2% - H(gz;':gﬁ(()tj,ltj)wf

j=1

S

s
Il
=)

where s; > 1 and ¢; > 1. By summing this over all possible V. and using (1.1), we obtain

s—1 t—1
Z lis,t(a’% b2) ) H (Z (f?’i;fl)(osm 181)2&)) ) H (Z (92§<91)(0t]‘7 1tj)wtj)
s,t>1 i=0 Ns;>1 j=1 Nt;>1
= Z Ks (a2, b2) (¢f21f1(z))8 (?bgzigl (w»til )
s,t>1
which proves the equality (i). Similar proofs can be done for equalities (ii) and (ii1). L]

Lemma 3.1.2. Let n, m > 1. Under the above assumptions,

(i) /fn,m(gzal,--->a2a1,§2bl,---,5251752) = Hn,m(ala%~--7a1a2762a§1b27---ab1b2)
" VO vV VT
n m—1 n m—1

(ii) /ﬁ]mm(agal,...,(Igall,ag,@gbl,...,bzblj) = /ﬁn,m(ag,alag,...,alag,é)lbg,...,blbg)
WV TV VT vV
n—1 m n—1 m

Proof. By symmetry, we only prove the equality (i). Theorem 1.2.4 implies

Hmm(agajl, Ce ,a2a11, E)le, . 7b261/7 bg)
VvV TV
n m—1

= Z %w(a2,a1,-~';a2,a1,§2,bl---752751,59 1A)

VvV vV
TE€BNC(2n,2m) a9 occurs 1 times bo occurs m times
™NVon,m=12n,2m
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where o,,,, = {{(2k — 1);, (2k),}}7_, U {{(2k — 1),, (2k), }}>-, € BNC(2n,2m). By flipping
the order of indices for left and right variables, we can easily see that there uniquely exists p €

BNC(2n,2m) such that p V 0y, ,, = 19y, 2., and

K:Tr(a%ala e aa'27a147 b2abl ey b27b17627 1A) = /ip(abaZ? <o, an, a%? 1./47?2’ b17 e 7b2a b17b2)-
vV vV

-~ -~

a2 occurs n times bo occurs m times a1 occurs n times bo occurs m times

With the corresponding partition p, we have

K'n,m(a2a17 ooy aa1, baby, .o boby, 52)
~~ A ~~ g
n m—1

= g Hp(glaa%"'aalaa%a 1A7b27b17"'7b27b17b2)

TV
pEBNC(2n,2m) a1 occurs n times bs occurs m times
P\/U'n,m:12n,2m

= Hn,m(gla2a <o, 109, b?)@lea s 7b1b%)

g
n

'

m—1

for each n, m > 1. [
The symmetries among cumulants shown in Lemma 3.1.2 give the following corollary.

Corollary 3.1.3. Under the above assumptions and notation, as formal power series,

. _ Kag bo (Dfy35, (2),:0g55g, (W
(l) Z /ﬁn’m(agal, e ,agal,bgbl, PN ,bgbl,bg)z”wm 1 = 22 2( J:; f}(() )g2 gl( )
T n m—1
.. _ Koy b (D fosf (2),0ggxg, (W
(”) 2 ﬁn’m(GQal’_..7a2a1’a2,b2b1’.“’b2bl)zn 1wm — ag 2( fo f}( ) g2*g1( ))
nm>1 N ' - ~ —~~ 7 ¢f2*f1(z)
T n—1 m

In Lemma 3.1.1, we found the formulas for ordered joint cumulant series for the combinations
(a1ag,...,a1as,by, biby, ... bibs) and (ag, ajas, ..., ajas,bib, ..., biby). The following lemma

shows a relationship between bi-free cumulant and moment series.
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Lemma 3.1.4. Let ay, by be random variables in (A, ¢). Then,

3.1

lin,1(a1, b1)Zn =

3
HM8
o
2
iy
K
Nk
=
R
=3
S5
VR
$
gy
K
N——
3

K)Lm(al,bl)wm — . Z ¢(alb?‘) (Cbu()w)) (32)

NE
|
$

iy
£

0

3
I

Proof. Let ay,b; € A. Then we have

Z o(arby)z" = Z Z Kr(ay,...,a1,b1)2"

n=0 n=0 weBNC(n,1)
oo n+l r
r—1 i
= E E Kr—11(a1,b1)2"" - E ( E Ko, (a1)2P )
n=0 r=1 PlyeeesPr>0 =1 mENC(p;)

p1+-+pr=n+l—r

:Zﬁrllal,bl -ﬁ(iaﬁal )

=1 p=

= Z Rr—1,1 ahbl 'Ma1< )r

= Z K1 ahbl ZMal(Z))T7
r=0

which implies

Z é(a
a1 n=0

Z Rr.1 alabl ZM(M( ) -
r=0

By substituting & ( ) for z in this equation and using the equality (1.6), we obtain

i ralan, b2 = Call(z) i $(aiby) ((JL(Z)Y

By symmetry, we can easily prove the second equality. [
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3.2 Moment series of certain pairs

Let (A, ¢) be a C*-non-commutative probability space. Let (a,b) and (p, q) be bi-free two-
faced pairs in (A, ¢) such that p and ¢ are non-trivial self-adjoint projections, i.e., p* = p = p* and
¢ = q = ¢*, and let ¢(a), p(b), d(p), #(q) # 0. Note that by freeness of left algebras and right
algebras in bi-free pairs, the random variables a and p are freely independent, and so are b and q.

Moreover, ¢(ap) = ¢(a)p(p) and (bg) = ¢(b)¢(q).

For notational convenience, we define

¢(ab) ¢(pq)
Ek=1- d Il =1- 33
e OO G
where k < land! < 1.
Theorem 3.2.1. Under the above notation and assumptions,
o B cb(pq)) ( B ¢(pq)>
Mol xi0) = 1= 0p0) + (1= S8 ) o (12 20
(z + ¢(p)(w + ¢(q))

+ (1 = 1) Mappg(Xap(2), Xpg(w)) -

z+1)(w+1) — - zw
for (z,w) € (C\ {0})? near (0,0).

Under the above notation and assumptions, we denote the normalized random variables of a

and p by a and p, that is, a = % and p = %. Let f; and f5 be the multiplicative functions with

respect to the cumulants of @ and p, repectively. Then we can obtain

61 (Olap)2 My () = 2 ﬁi;’fzj Ii);\f;’;(z). (34)
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Indeed, by definition, M,,(2) = Mz;(¢(ap)z) and

bf, © Pppipy (P(ap)z - Map(2)) = Gppupy (P(ap)z - Map(p(ap)z))
= Cap(d(ap)z - Map(9(ap)z)) — 1
= Map(p(ap)z) — 1

= M,(2) —1, (3.5)

where for the first and third equalities, we have used (1.3) and (1.5), respectively. From (3.5), we

get 61,5, (6(ap) 2 Moy (2)) = 6 (M (2) — 1). Note that 6, (2) = Cp(2) — 1 = C, (@) —1

z(z+1)
z+6(p)’

that ¢§c;1>(z) = %, which implies (3.4). Furthermore, from the equality (3.5), it is trivial

and it follows

by definition. Since p is a projection, we can easily show (C,(2) — 1){71 =

that

Cp (Prae7a (Plap) 2 Map(2))) = Map(2). (3.6)

Proposition 3.2.2. Under the above assumptions given in this section,

() S olpap)'a)z" = 3 6l(pa)a)s" = 3 ol(@p)9)z" = B9 (Myp(z) = 1)

(ii) é ¢(p(gbg)™)w™ = i.:ﬁl ¢(p(gb)™)w™ = i S(p(bg)™)w™ = SPD - (Myy(w) — 1)

Proof. Leta, b, p, and ¢ be the normalized elements of a, b, p, and ¢ in (A, ¢). By using Lemma
3.1.3 and 3.1.4, we have

Z o((pa)'q) 2" = Z ki1 (Pa, @) (2Mpa(2))"
kin1 (P8, 0)(¢(pa)zMpa(2))"

kin1 (D, @) (D11, (P(pa) 2 Mpa(2)))"



_ Mpa(z) gb(‘]) ) = o ¢f2¥f1(¢(pa)ZMpa(Z)) n
 Cpldpan (d(pa)zMya(2))) ;¢(p ) (Cﬁ(gﬁfﬁfl(¢(pa)sza(Z)))> . 37

By using equalities (3.4) and (3.6), the last equation in (3.7) is equal to

o) + S (1 (2) - )
and then we obtain i ((pa)™q) 2" = % - (Map(2) — 1). Note that M,,(z) = M,,(z) by the
n=1
freeness of a and p. Since i o((ap)"q)z"™ = Myy(2)- i Kna(ap, ¢)(zMqy(2))" and Kk, 1 (ap, q) =

n=1 n=0

kn1(pa,q) for n > 0, it follows that > ¢((pa)"q)z" = Y ¢((ap)™q)z" = % (Mgp(z) — 1).
= n=1

n=1

Its equality to > ¢((pap)™q)z™ can be proved by using the techniques in the proof of Theorem

n=1

3.2.1 to derive the formula for M., sbq(Xap(2), Xog(W)). O
Now we will prove Theorem 3.2.1.

Proof of Theorem 3.2.1. Let n,m > 1. By definition of (I, r)-cumulants, we have

o((pap)"(qbq)™) = ¢ ((Ip-ap---ap) - (1qg-bq---bq))

= Z /‘iﬂ'(\lpaapa'"7a127\1%bqa"'7bg>
T€BNC(n+1,m+1) njl mI 1

- Z Hﬂ(}paapa'"7a127}Q7bQ7"'7bq>
ﬂEBNCUs(n+1,m+1) ’nrl m:1

+ Z kir(1p,ap, ..., ap,1q,bq; ..., bq), (3.8)
7EBNCys (n+1,m~+1)° nt1 mor 1

where BNC,5(n + 1, m + 1) consists of all left-right split bi-noncrossing partitions 7 € BNC(n +
1,m+1); thatis, either V C X, 11 1 (1) or V € X, 14 .1 (1) for every block V of m € BNC(n+
1,m + 1). BNCys(n + 1,m + 1)¢ denotes BNC(n + 1,m + 1) \ BNC,s(n + 1,m + 1). For

m € BNCys(n+ 1,m + 1), let 1, = 7|1, (n+1),} and T = 7|(1, . (m41),} denote the sets of left

.....
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and right indexed blocks of 7. For the sum over all partitions in BNC,4(n + 1, m + 1) in (3.8), we

have

Z Hﬂ'(lp?ap?"'7ap71q7bq7"'7bQ)

TEBNCys(n+1,m+1)

= ( Z l{m(lp, ap,...,ap)) . ( Z Kﬂr(lqvb%"'?bQ))
)

meNC(n+1 mr€NC(m+1)

= ¢ ((pap)") #((gbqg)™). (3.9)

Denoting the sum over all partitions in BNC(n + 1, m+1)¢in (3.8) by ¢(z, w), the moment series

M,

papqbg(Z, W) can be written as

Myapgrg(z,w) = 1+ ¢((pap)™)2" + > d((gbg)™)w™ + > ¢((pap)™ (gbg)™)="w™

n>1 m>1 n,m>1

= (14> ¢((pap))z") 1+ > d((gbg)™)w™) + (2, w)

n>1 m>1

= Myp(2) - Myy(w) + (2, w). (3.10)

We will now consider the sum ¢(z, w). If 7 € BNC,4(n+ 1, m + 1)¢, then there exists a block
V' of m which includes both left and right indices so that V; := V N {1;,...,(n+ 1);} # 0 and
V., =V n{l,...,(m+1),} # 0. Define V, by the block of 7 containing both left and right
indices such that min(V};) is smallest among all partitions containing both left and right indices.
Rearrange the sum 1(z, w) by choosing integers s € {1,...,n+ 1} andt € {1,...,m + 1} and

blocks V' satisfying |V;| = s and |V,| = t. Given such V, summing over 7 € BNC,4(n+1,m+1)¢
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such that V; =V, we obtain

V(z,w) = Z Z Z ( Z kx(1p, ap, 3 ,ap, 1q, bq, o ,bg))

t>1 s>1 | V=VUV, \ 7€BNCys(n+1,m+1)°
Va=V

n

Let O denote the set of all blocks containing both left and right indicies. We devide up the sum
¥ (z,w) into four parts based on the types of blocks in ©. For each block V' € ©, denote the left

and right parts by V; and V.. Depending on the values of min(V;) and min(V;.), define four disjoint
subsets O, ©,, O3, and O, of © by

©, = {VeO | min(V) >1 and min(V;) > 1}
Oy = {VeO | min(V) >1 and min(V;) =1}
O3 = {VeO | min(V) =1 and min(V;) > 1}

O, = {VeO | min(V) =1 and min(V,) = 1}.

Note that © = ©; U ©, U O3 U O,. For each set O;, define a partial sum 1);(z, w) of ¥(z,w) by

Vi(z,w) = Z Z Z k-(1p,ap,...,ap,1q,bq, ..., bq) z"w™ (3.11)

st>1 | Ve®; | neBNCys(n+1,m+1)°
Vﬂ:‘/7 nva 1

where 1 < i < 4. Then we have (2, w) = ¥1(z,w) + ¥a(z, w) + Y3(2z, w) + Y4(z, w).

We will define several notations in order to discuss each term of 1;(z,w) for 1 < i < 4.
Assume that 1 € BNC,4(n + 1,m + 1) and Vi = {(u1), ..., (us)i, (01)ry ..o, (Ve)r | ug <
ceeUg, vp < -+ < vy, where s,t > 1. Let my for 0 < k < s — 1 (respectively, . for
0 < k < t—1) be the set of all blocks of = whose indices are belong to { (ux+1)i, ..., (ugs1— 1)1}
(respectively, {(vg + 1), ..., (Vg1 — 1), }), where ug = vy = 0. Let 7 denote the set of all blocks

of = whose indices are contained in {(us + 1);,...,(n+ 1), (v + 1), ..., (m + 1), }. Then we
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have the disjoint union of

s—1 t—1 ~
= {V;} U kL:JOm,k U kL:JOm,k U .

Let 7 for 0 < k < s — 1 (respectively, j, for 0 < k£ < ¢ — 1) be the size of the block
(respectively, 7, ), and let iy = n — us + 1 and j; = m — v + 1 so that iy + j; = |7|. In the

following four lemmas, we will find v; for 1 < < 4.

Lemma 3.2.3. Under the above notation and assumptions, we have

(Map(2) = 1+ ¢(p)) (Mg (w) — 1 + 6(q))

Uiz, w) = Map(Z)Mbq(Ew)

(Map,pg (2, w) = Map(2) Myg(w)).

Proof. Fix nym > 1. If 1 € BNCy(n + 1,m + 1)¢ and V,; € O, then we have V, =
{(ur)gy oy (us), (V1) ry ey (V) | 1 <up <o <us<n+1, 1 <vy <--- <y, <m+ 1} for

some s,t > 1. Then, x,(1p,ap,...,ap,1q,bq, ..., bq) is equal to
t—1
Ko (1D, ap, ... ap) kg, o(1q,bq, ..., bq) ks (ap, bg)- (H Ko, (ap ) (}I{l fmk(bq)> -kz(ap, bq).
ig— 1 Jjo—1 -

Recall that ¢ (2, w) is defined by

1(z,w) = Z Z Z K-(1p,ap,...,ap,1q,bq, ..., bq) z"w™

st>1 |\ Ve | neBNCys(n+1,m+1)°
V=V, nm>1

Given V., summing the terms of x,(1p, ap, ..., ap, 1q,bq, ..., bq) z"w™ over all p € BNC,(n +

1, m 4+ 1)° satisfying V,, = V., we obtain
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s, .t

Z Iiplyo(lp, ap,...,ap)z"°" Z Kpro(Lg, by, . .. ,bg)wo ! kst(ap, bg)zw

p1,0€NC (io) pr0€NC(jo)

Yy (m ) )(m (b)) wﬂk) o((ap)* (bgy")

1] 5eees is>0
Jise-53e20

For fixed s and ¢, summing over the above equation over all blocks V' € O satisfying |V}| = s

V.| =t,and V, =V, we get

Z Z Ko(1p,ap, ..., ap,1q,bq, ..., bq) z"w™ (3.12)
Veo; TEBNCys(n+1,m+1)
[Vil=s, |Vr|=t Ve=V, n,m>1

= (cb(p)cb(Q)Jr > é(pap)™ M )e((gbg)* )2 w4+ b((pap) ) d(g)2 !

10,J0>2 i0>2
3 6p)é(gbgy yur~ ) a (4, bg) 20" - (M (2)) ™ (Mg (1)) Mo (2, w)
Jo=>2
- Lgb(f);%g;) LD ) . ) My 2)) M ()
Summing the formula in (3.12) over all s,¢ > 1, we obtain
Myp(2) — 1 M, —1
( ) —;4%15235\%5(5:;) el  Map g (2, w) - Kap g (2 Map(2), wMpg(w)).

By (1.11), we have the equality K, p,(2Mop(2), wMpy(w)) =1 — %, and therefore

_ (Mapl2) 14 D) (M) 14 0(a))
P1(z,w) = Map(z)Mbq(w) (Map,bq( ;W) Map( )Mbq< ))-
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$(pg)

In a similar way, we can derive expressions for 15, 13, and ¢4. Recall that =1 — OO

Lemma 3.2.4. Under the above notation and assumptions, we have

! (Map(z) — 1+ ?b(p))(Map(Z) —1)

oz, w) =

Map(z)
X Mbq(w) -1+ ¢(Q) . Map,bq(za U})
(‘M T M) LM (2) — )(Myg(w) — 1) Map<z>Mbq<w>) |

Lemma 3.2.5. Under the above notation and assumptions, we have

L (Myg(w) — 14 ¢(q))(Mpg(w) — 1)
Mbq<w)

U3(z,w) =

) Map(z) -1+ ¢(p) . Map,bQ(Z> w)
(‘M M) LMo (2) = 1) (Mpg(w) — 1) Map<z>Mbq<w>) '

Lemma 3.2.6. Under the above notation and assumptions, we have

¢(q)(Map(2) — 1+ ¢(p)) N o(p)(Myy(w) — 1+ ¢(q))
Map(z) Mbq<w)

Ya(z,w) = 1 <—¢(p)¢(Q) +

Map(z) — 1+ ¢(p) ) Miq(w) — 1+ ¢(q)

Mep(2) Mig(w)
) Map,pq(2, w)
[ (Map(2) = 1) (Mpg(w) — 1) = Map(2) Myg(w) |

We will go back to the proof of Theorem 3.2.1. Since 1(z, w) is defined to be the sum of

¥;(z,w) for 1 < i < 4, by using the above four lemmas, (2, w) is of the form

(Map(2) = 14 ¢(p)) (Meg(w) — 1 + ¢(q))
[ (Map(2) = 1)(Mag(w) = 1) = Map(2) Mag(w)

— (1 —=1) Myppy(z,w) - (3.13)

Recall that M, g (2, w) = My (2) My, (w) + (2, w) in (3.10) and x4(2) = (My(z) — 1)V,
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Substituting x,,(z) and xu,(w), respectively, for z and w in (3.13), it follows that

Mypap.agbg(Xap(2); Xpg(w))

= (z+1(w+1)+ w(Xap(Z)a qu(w))

= (z+ D(w+1) - (24—%) (w+%> —o(pg) -1

(2 + o(p) (w + ¢(q))
z+D)(w+1)—=1-zw

+ (11 Map,bq(Xap(Z)a qu(w)) '

= 1o+ (1- 920 ) s (1- S0

(2 + ¢(p)(w + 6(q))
(z+1D)(w+1) =1 2w’

+ (1= 1) Map g (Xap(2), Xbg(w0)) -

which completes the proof. [
With the similar techniques as in Theorem 3.2.1, we can find the moment series My, ,» and
Mpap g Of pairs (pap, gb) and (pap, bg) in (A, ¢).

Theorem 3.2.7. Under the above notation and assumptions,

Mpap,gb(Xap(2): Xbg(w))

= 1—-¢(p) + (1 — %) W + Mpa,qb(Xap(2), Xog(w)) -

(z + o) (1 - Hw +1)
z+D(w+1)—1-2w

on (C\ {0})? near (0,0). Furthermore, we have

Mpapgb(Xap(2); Xbg(0)) = Mpap bg(Xap(2), Xpg(w)).

For the rest of this section, we will assume that a and b are non-trivial self-adjoint projections
in (A, ¢) as well. So we are considering bi-free two-faced pairs (a,b) and (p, ¢) in a C*-non-

commutative probability space (A, ¢) such that a, b, p, and ¢ are projections and ¢(a), ¢(b), ¢(p), d(q)
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are neither O nor 1.
Under these assumptions, we can find Moy pq(Xap(2), Xog(w)). By definition of the bi-free

partial S-transform, we have

2+1 w1 <1 1424w )

S, zZ,w) = -
p,bq( ) Map7bq(Xap<Z>7 qu(w))

2 w
and Sappe(2, W) = Sap(2, w) - Sy (2, w) by bi-freeness of (a,b) and (p, ¢). Then it follows that

1+z4+w

1— (z41)(w+1) (1 . 1+2+w > <1 o 1424w >
2w Ma b (xa(2),x0(w)) Mp,q(xp(2),xq(w))

Map,bg(Xap(2), Xog(w)) = . (3.19)

For self-adjoint projections a and b, we can easily find M, ;(xa(2), xo(w)). Indeed, recall some

equalities of free and bi-free transforms

w

and - xow) = (My(w) = D)7 = =

2) — N — 2
Xa(2) = (Ma(z) — 1) T o)

and
¢la)z  ¢(b)w ¢(ab)zw
- 1w " (1—2)(1—-w)

Map(z,w) = 1+

Substituting x,(2) and x;(w) for z and w in the equality of M, ;(z, w) above, we obtain

Similarly, we can find M, ,(x,(2), x4(w)). Therefore, substituting those formulas for M, ,( x4 (%), x»(w))
and M, ,(x,(2), xq(w)) in (3.14), we get

(A+2)A+w) —k-zw)- (A +2)0 +w) —1-2w)
(I1+2)(1+w)—kl-zw

Map7bq(Xap<Z)7 Xog(W)) =

1 ¢(ab) 1 _ #(pq)
where £k = 1 #(@)5(b) and [ =1 d(p)p(a)

In Theorem 3.2.1 and 3.2.7, we represent the joint moment series M,qp gbq and M g USINg

48



M p.bq- When (a, b) and (p, q) are bi-free with only p and ¢ projections. Assuming further that a

and b are also projections, we can obtain the following result.

Theorem 3.2.8. Let (a,b) and (p, q) be bi-free two-faced pairs in a C*-non-commutative proba-

bility space (A, ¢) such that a, b, p, and q are non-trivial self-adjoint projections. Then

(D) Mpaghg(Xap(2); Xpg(w)) = 1+ 2+ w + (1 = l)zw - (1 N ((Zw++19)25<( >>((1):l/3;7.2;)>
(

(i8) Myapap(Xap(2) Xoa(w)) = 142+ wt (1= Dzw- (1_ <(Z+q§(]2)((1)_—l)/$.t3>

(i) Mpapgbg(Xap(2), Xpg (W) = 14z +w + (1 = 1)zw- (1 - k(tz;l )1(;(; f(f)))—(uljf; fg»)

where (z,w) € (C\ {0})? near (0,0).
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4. BI-FREE PRODUCTS OF C*-ALGEBRAS

4.1 Reduced free product C*-algebras

The reduced free product was introduced by Voiculescu in [14]. For a given set [ and each 7 €
I, (A;, ¢;) is a C*-non-commutative probability space whose GNS representation is faithful. Then
there is a unique C*-non-commutative probability space (.4, ¢) with unital embeddings A; — A

such that
1) dla, = ¢
(i) (A;)ier is free in (A, @)
(iii) A is the C*-algebra generated by U;c1.A;
(iv) the GNS representation of A associated to ¢ is faithful.

We denote the reduced free product C*-algebra by

(A, @) = xicr(Ai, ¢i)
and call ¢ the free product state. We will examine the most transparent notrivial free product,
namely, the reduced free product of two two-dimensional C*-algebras.

Proposition 4.1.1. There exits a universal, unital C*-algebra, 2, on two self-adjoint projections
P and (). This means that whenever B is a unital C*-algebra containing self-adjoint projections
p and q, there is a unique *-homomorphism © : A — B such that w(1) = 1,7(P) = p, and

m(Q) = q. Moreover, we have

A = {f:]0,1] = My(C) | f continuous, f(0), f(1) diagonal}
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with the functions P, () € 2 given by

where s € [0, 1].

Theorem 4.1.2 ([6]). Let p, q be nontrivial self-adjoint projections with 1 = ¢(p) and ps = ¢(q).
Let
p 1-p q 1—q
(D,7) = (€& C)x (o C).

51 1—py w2 1—po

be the C*-algebra reduced free product with % Spe < pp <1

(i) If pn = po = %, then

D = {f:[0,1] = My(C) | f continuous, f(0), f(1) diagonal} 4.1)

(ii) If 1 = po > %, then

D = {f:]0,8] = My(C) | f continuous, f(0) diagonal} & p(éq 4.2)

2p1—1

(iii) If iy > pip > 3, then

pA(1—q) PAq
D= C @& C(ap)®MC) o +(C_1 (4.3)

where o, 3 = i1 + fia — 2p1 2 £ \/Apnpa(1 — pa) (1 — pia).

4.2 Basic examples of bi-free product C*-algebras

Let P,@Q, A, and B be four self-adjoint projections with a commutative condition [A, B] =

A, Q] = [P, B] = [P,Q] = 0. Then the universal, unital C*-algebra on those four projections is
g proj
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2A @ A, where 2l is a universal C*-algebra on two self-adjoint projections as shown in proposition

4.1.1. The universal C*-algebra 2l ® 2l is of the form as below.

AR A = {f:[0,1]* = My(C) | f continuous, f(0,t), f(1,) € Dy(C) ® M(C), and

f(5,0), f(s,1) € My(C) ® Dy(C) forall s, t € [0,1]}

with the projections given by the functions in 2l ® 2 as follows.

-1 0 10
P(s) = ®1 Qi) =1I®
0 0 0 0
Als) s s(1—s) ol B — 1 t t(1—1t)
s(1—s) 1—s t(1—1) 1—t

where s,t € [0,1]. A general state 1) on 2 ® 2l is the restriction of a state on the C*-algebra

C([0,1]%, My(C)) which is of the form, for every f : [0,1]* — M,(C) in A ® 2,

() = > f(s:8)ij dpi (s, t) (4.4)
1<ij<4 J01]?
where 11;; are complex measures on [0, 1]*. Note that the measures i;; are positive and j;; = iy
forall 1 <4,5 < 4 because 1 is a state.

Assume that (a, b) and (p, ¢) are bi-free pairs of commuting projections in a non-commutative
C*-probability space (A, ¢), where [a,b] = [p,q] = 0. Under this assumption, we will recall
the definition of bi-free independence and define the reduced bi-free product of C*-algebras and
the bi-free product state. Let C*(a, b) (respectively C*(p, q)) denote the C*-subalgebra of A gen-
erated by a and b (respectively p and ¢), and let ¢, (respectively ¢5) be the restriction of ¢ to
C*(a,b) (respectively C*(p, q)). The GNS construction applied to C*(a,b) with ¢, gives rise to

a x-representation 7; on a Hilbert space H; with a specified unit vector &;, and for C*(p, ) with
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¢2 we have (g, Hy, &). For H; = C&; & H with ¢ = 1,2, consider the free product Hilbert
space with specified unit vector, (H, &) = *;—1 2(3;, &), and on B(H) consider the bi-free state,
soki1 0 i (+) = (-€,&). As defined in (1.7) and (1.8), we have the left and right *-representations ),
and p; from B(H;) to B(H) fori =1, 2.

Let D be the unital C*-subalgebra of B(JH) generated by two pairs of projections, (A; o
mi(a), p1om (b)) and (Ag o mo(p), p2 0 m2(q)), and let 7 := (-£, &) be the bi-free state restricted
on D. In this section, we will find the image of GNS representation of D associated to the state 7

which may be called the reduced bi-free product C*-algebra. 1t follows
C([0,1]?, My(C)) D A®A - D — C (4.5)

where 7 is the *-representation onto D given by m(A) = A\; o my(a), 7(B) = p; om(b), n(P) =
Ay 0 ma(p), and 7(Q)) = p2 o m2(q). The image of the GNS representation of A ® 2 associated to
7 o 7 is isomorphic to the image of the GNS representation of D associated to 7. Thus we want to
deside the bi-free state 7 o m on A ® 2(. For notational purpose, denote 7 o 7 by ). By symmetry,
we assume

0<oa) <o(p) <= and 0 <ob) <o) <

1 1
2 2

By the general form of states on 2l ®@ 2{ given in (4.4), there exists a matrix of complex measures

(fij)1<ij<4 such that

Hy(z,w) = ¢ (p(z — pap)~' (w — gbq)'q)

— 707 (P(z-1— PAP) ™ (w-1-QBQ)™'Q)

_ / /[0 e 5)1(w s, 1). (4.6)
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Similarly, we have

Hyz(2,w) = ¢ (p(z — pap) ™' (w — gbg) "'qb(1 — q))
//{01 Z_Sl_t dpins(5,1) 4.7
Hiys(z,w) : = ¢ ((z — pap)~'pa(l —p)(w — gbg)~'q)
//[01 e 31 —9) 5 diss(s:1) 4.8)
Hyy(z,w) := ¢ ((z — pap) 'pa(l — p)(w — gbg) gb(1 — q))

B Vsl —s)t(l—1t) .
= e e Y

To obtain the measures p;; for 1 < j < 4, we will first derive the expressions for Hyy, Hio, Hi3

and 4. The form of the Cauchy transform of the distribution of the product of two projections is

well known ([18]), and we recall it below.

Gy = Ly 2= 00) 4 60) — V=)= B)

z 2(1 —2)z (4.10)
w = (¢(0) + ¢(q)) — /(w — as)(w — )
Gpy(w) = - + 21— whw 4.11)
where
ar, B = é(a) + d(p) — 26(a)6(p) £ V/46(a)d(p)(1 — ¢(a)) (1 — ¢(p))

as, Ba = ¢(b) + d(q) — 26(b)d(q) £ /46(0)d(q) (1 — 6 (b)) (1 — é(q)).

Note that 0 < «o; < f§; < 1 fori = 1,2. Remark that o; = 0 if and only if ¢(a)
p1 = 1if and only if ¢(a) + ¢(p) = 1, that is, ¢(a) = ¢(p) =

for o and fs.

= ¢(p), and

%. The analogous statements hold
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For z € C\ [ay, f1] and w € C\ [aa, (], define

_ Gapl(2) _ Gy(w)
nap(z)—m and an(w)—m

z w

Lemma 4.2.1. The functions 1, and ny, are biholomorphic onto C\ ( (1=¢(a)1-¢(@)) . ]Dl) and

d(a)¢(p)

C\ < W . ]D)1>, respectively, where 1D denotes the closed unit disk on C.

Proof. By symmetry we will only prove that the function 7,, is biholomorphic from C \ [«ay, 1]

onto C \ < %&XW . ]D)1> . Note that substituting the formula for G,,(z), we have

—2+ ¢(a) + ¢(p) +z+\/z—a1)(2—51).
¢()+¢ —z—|—\/z—041 Z—ﬁl)

Nap(2) =

Define a function g(x) by

(1+¢(a)(z = D)1+ o(p)(x — 1))

g(z) = "
forz € C\ ( (1*‘1)(;‘&;;1(;)‘;5(” D . ]D>1>. Combining the functions ¢ and 7,,,, we have
24 4¢(a) + ¢ +\/ a)(g(x) — B
Map (9()) 5@ 1 o0 n \/ 00— 5

(—=2+¢(a) + 9(p)) x +g(z) -z +x \/<¢(a>¢(p>m2—<1;¢<a))(1—¢(p)>>2
(¢(a) +o(p) . —g(z) v +z \/<¢(a)¢(p)x2(1x¢(a))<1¢(p)))2

_ 2¢(a)d(p)a* — 2(1 — ¢(a) — d(p) + ¢(a)d(p))x
2¢(a)p(p)z — 2(1 — ¢(a))(1 - &(p))

¢<a)¢<p>z2—(1—¢(a>>(1—¢(p>))2 ~

xT

where the branch of a square root is specified by the approximation \/ <

d(a)d(p)z*~(1-¢(a)) (1-¢(p)) 1

26(a)é(p)

for large |z|. Solving the equation g(z) = z for x gives x =
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< — ¢(a) — ¢(p) + 2¢(a)p(p) £ iv/(z — a1)(Br — z)),and sowhen z € [ay, £;], we have |z| =
(

M. Thus, the function g is the inverse of 7,, with respect to composition, which

¢(a)d(p)
completes the proof. [

Now we will find Hy,, Hy9, Hy3, and Hy4 in the following lemmas. Recall that

o _ ., 9(pg)
s ™ T TS

Lemma 4.2.2. For z,w € C\ [0, 1],

1—_¢<p>> (qu<w) 1= ¢<q>) lap(2) - hglw) —

Hu(zw) = (1-1) (Gap<2> T W) Tap(2) g (w) = K

Proof. From (4.6), we have

Hyi(z,w) = ¢(p(z — pap) " (w — gbg)'q)

= ¢ <p (Z (pap)”Z“) (Z (qbQ)mwm1> q)

for z,w € C\ [0, 1]. Recall that x,,(z) and x,,(w) are formal power series inverses of M,,(z) — 1

and M,,(w) — 1, respectively, so we have the following equalities.

1
Gap (m) = Maup(Xap(2)) * Xap(2) = (2 + 1) * Xap(2)

G (7 ) = M) () = (10 1) ).
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By definition of the two-variable Cauchy transform, we have

1 1
Xap(z) ’ Xbq ('LU)

Gpap,gbq ( ) = Xap(2) * Xbg (W) * Mpap,gbg (Xap(2); Xoq(w)) ,

and it is shown in Theorem 3.2.8 that

K1 Ue+ )+ o)

Mpap.gbg(Xap(2), Xeg(w)) = 1+ 2 +w+ (1 —1)zw - (1 - (z+D(w+1) —kl-zw

Then it follows from (4.12) and the above equalities that

Hu (xapl@)’ qu1<w>>

— (2) - ) (M (an(2): X (1)) — (1 - %) (=4 1)
(12, U S
(1= 500 ) w1000 (1 515 ¢(q))>

(1 =Dz +¢@)(w+6(q) - ((z+ D(w+1) — k- 2w)
(z+D(w+1) —kl-zw

= Xap(2) - Xoq(w) - . (4.13)

1
ap(2)

substituting these inverses for z and w in the last equation in (4.13), we have

and qul(w) are 2 - Gop(2) — 1 and w - Gyy(w) — 1, respectively. By

Note that the inverses of N

Hy(z,w) = (1-1) (Gap(Z) — 1__415(?’)) (qu<w) - ¢(Q)> Map(2) - hg(w) — K

z w nap(z) : an(w) -kl

Lemma 4.2.3. For z,w € C\ [0, 1],

His(z,w) = k(1 —1)((1—Delg) — 1) - <Gap(z) 1= d)(p)) 1

z ‘ Nap(2) + Mg (w) — Kl
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Proof. By (4.7), we have
Hyy(z,w) = ¢(p(z — pap) ' (w — qbg) "' ¢b(1 — q))

= ¢ <p (Z (pap)”2”1> (Z (qbq}mwml) qb(1 — Q)>

n>0 m>0

= w- (Gpap,qb(sz) — Gpap,aba(2, w))

+ % : (Z S(p(gh)™w ™™ = > ¢(p(qbq)m)w_’”>

m>1 m>1

= wr (Gpapyqb(z7 ’LU) - Gpap,qbq(zu w)) 4.14)

for z,w € C\ [0, 1]. Note that Proposition 3.2.2 is used for the last equality of (4.14). By using

Theorem 3.2.8, we obtain

Hy, < ! ! > = Xap(2) - <Mpap,qb(Xap(Z)aqu<w)) - Mpap,qbq(Xap(z)aqu(w))>

Xap(z) ’ qu(w>

k(1= D(A =~ D¢lg) —1) - (= + 6(p))zw

= Xap(2) - (z4+1)(w+1)—Fkl-zw

Plugging in z - G4p(2) — 1 and w - Gy, (w) — 1 for z and w, it follows that

1-9()) 1
z ) Nap(2) * Mg (W) — kI

His(zw) = k(1 — 1)((1 - 1)b(g) — 1) (Gap<z> -

By symmetry, we can easily find H3.

Lemma 4.2.4. For z,w € C\ [0, 1],

1- ¢(Q)) , 1
w Nap(2) - g (w) — kI

Hus(zw) = k(1—D((1— Dp(p) — 1) (qu<w> -
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Lemma 4.2.5. For z,w € C\ [0, 1],

k(1 —D(e(p)(a) — (1 = ¢(p))(1 — $(q)))

Hialz,w) = Nap(2) Mg (W) — Kl

Proof. From (4.9), we have

Hiy(z,w) = ¢ ((z — pap)~'pa(l — p)(w — gbq) ~'gb(1 — q))

= ¢ ((Z (pap)"z‘”‘1> pa(l —p) (Z (qbq)mw‘m‘l> gb(1 — Q)>

n>0 m>0

= 2w+ (Gpagp(2, W) + Gpapghg(2, W) = Gpagog(2, W) — Gpapgp(z, w))

for z,w € C\ [0, 1]. It follows from Theorem 3.2.8 that

1 1
H <Xap(z)7 qu(w)> = Mpaqp (Xap(2), Xoq(W)) + Mpap,gbq (Xap(2), Xpq(w))

— Mpa,gbg (Xap(2)s Xbg(W0)) — Mpap,gp (Xap(2), Xpg(w))

_ kA =DUe(p)o(g) — (1 —¢(p))(1 — é(g))) 2w
(z+ 1D)(w+1) — klzw '

Substituting z - G,(2) — 1 and w - G, (w) — 1 for z and w, we obtain

k(L= D(lop)o(g) — (1 — o(p))(1 — ¢(q)))
Nap(2) g (W) — Kl ‘

H14(Z, w) =

O]

Remark 4.2.6. Consider the fomulas of H;; for 1 < j < 4in Lemma 4.2.2 - 4.2.5. If [ = 1 (or
equivalently, ¢(pq) = 0), then all of Hyy, Hi2, Hi3, and Hy4 vanish. If & = 0 (or equivalently,
random variables a and b are classically independent in (A, ¢)), then Hy,, Hy3, and Hy4 vanish.
The condition, ¢(p(1 —¢q)) =0, ¢((1 —p)q) = 0, and ¢((1 — p)(1 — q)) = 0, respectively implies

that iy, = 0, Hy3 = 0, and Hy4 = 0. Note that if /1,; = 0, then the corresponding measure i1
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is vanishing by the definition in (4.6), (4.7), (4.8), and (4.9). For now we are not considering these
special cases, so we will assume the following conditions in this section, which implies that H; is

not vanishing for 1 < 5 < 4.

@ ¢(pg), d(p(1 —q)), ¢((1 — p)g), and ¢((1 — p)(1 — ¢)) do not vanish.

(ii) ¢(ab) # ¢(a)p(b) and ¢(pq) # &(p)P(q), that is, both (a,b) and (p,q) are not pairs of

classically independent random variables in (A, ¢).

We would like to recover the measures p;; by applying the Stieltjes inversion formula to
Hy;(z,w) for 1 < j < 4. Before discussing that, it should be verified that Hy;(z,w) is well
defined for z,w € C\ [0, 1]; that is, the denominators of H;(z,w) do not vanish on (C \ [0, 1])2.
By the equalities in Lemma 4.2.2 - 4.2.5, it suffices to show that 1,,(2)n,(w) — kI # 0 for
z,w € C\ [0, 1]. Since a, b, p, and q are self-adjoint projections with [a, b] = [p, ¢] = 0, we have
0 < d(anbd) < ¢(ab) < min(¢p(a),d(b)) and 0 < ¢(p A q) < ¢(pg) < min(¢(p), #(q)). Then, by

the definition of k and [, we have

max(l—@,l—@) <k<1 and max<1—@,1—@) <1<l

Since we assumed that ¢(a) < ¢(p) < £ and ¢(b) < ¢(q) < 1, it follows that

| (1= (@) (1 — o(1) (1 — 9(p)) (1 — 0(q))
boal < \/ Ha)Pb)IPHa) | @1

In Lemma 4.2.1, it is shown that for z € C \ [, 1] and w € C \ [ag, fa),

(1 = ¢(a))( = é(p)) (1= ¢(0)( = ¢(q9))
|77ap<z)| > \/ ¢((Z)¢(p) and |an(w)| > \/ ¢(b)¢(q) . (416)

The inequalities (4.15) and (4.16) imply that |k -{| is strictly less than |1, (%) -7,(w)|, and therefore
Nap(2) - Mog(w) — k - I does not vanish for z,w € C\ [0, 1].

In order to find the measures 11, for 1 < j < 4, we will use the following limit.
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Lemma 4.2.7. If sy € [y, £1], then

i 50+ ) = s0 — ¢la) — d(p) + 20(a)p(p) + in/(s0 — a1)(B1 — 50).

2¢(a)¢(p)

Proof. Let sy € |, £1]. Then we have

E{% Tap (S0 + i€)

- —2+ ¢(a) + d(p) + so + i€ + /(s0 + ie — 1) (s0 + i€ — By)
N0 pa) + ¢(p) — so — i€+ /(S0 + i€ — 1) (s + i€ — P)

24 0(0) 4 0lp) + 50 e+ /(@ T 5 (B ) el o )
N0 da)+ ¢(p) — so —ie+ /— (€4 (s —a1)(B1 — 5)) —ie(2s — a1 — Bi)

—2+ ¢(a) + d(p) + s0 + i\/(So —ay) (B — s0)
¢(a) + ¢(p) — so +1iv/(s0 — a1)(B1 — s0)

_ so— () — &(p) + 2¢(a)$(p) + iv/(so — a1)(B1 — s0) 4.17)

2¢(a)¢(p)

For the third equality in (4.17), when ¢ is large and positive, the branch of a square root is specified

by the approximation \/—(62 + (80 — 1) (B1 — s0)) — 1€(259 — vy — B1) = (—so + C”T%) + €.

Then we have hme\o \/(SO + i€ — Oél)(SO + i€ — Bl) = i\/(SO — Oél)(ﬁl — So). L]

For s € [aq, /1] and t € [ag, (2], denote the limits of 7,,(s + i€) and 7y, (t + 7€) as € > 0 goes

to 0 by
fote) = £ =000+ (01 i/ —a (B —3) wis)
) = L0080 2605+ i/t =a2) (B = 1) wio)

(1=¢(a))(1=(p)) (1=¢(0)(1-¢(q)) .
Then fu,(s) € S@)6m) T and f3,,(t) € POLC) T by Lemma 4.2.1 and Lemma

4.2.7, where T is the unit circle on C.
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Lemma 4.2.8.

fin = c10(,0) + (01 X do) + (0o X G1) +wr

where c is a non-negative real number, the measures o, and (, are absolutely continuous with
respect to Lebesgue measure on R whose supports are [, 51] and [, Bs), respectively, and w, is
absolutely continuous with respect to Lebesgue measure on R? whose support is equal to [y, By] X
[z, Ba].

Note that formulas for ¢, and the densities of the measures o1, (1, and w; are given in the proof

below.

Proof. By the equation (4.6) and Lemma 4.2.2, we have

Hy(z,w) = (1-1) (Gap(z) _ 1o _;b(p)) (qu(w) ! _f@)) ' 7;7:;((5)) ,;Z;q((;u))__/fl

B //[0,1}2 (= — S)l(w —1) dpin (s, 1)

for z,w € C\ [0,1]. Let 6 be the pushforward of the measure 1;; under the coordinate projec-

tion onto the first coordinate. By the disintegration theorem, there exists a family, (Vs)se[(),l], of

probability measures on [0, 1] such that

//[071]2 = S)l(w 0 dpqi(s,t) = /[071] . i . (/[071] wl—t dus(t)) do(s).

For each s € [0, 1], let

1
h(s,w) := / dv(t), (4.20)
(5] o Wt (
so that by definition we have
lim w-h(s,w) = 1. 4.21)
|w|—o00
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Fix w € R\ [0, 1]. Let ~,, denote the measure satisfying d%“( ) = h(s,w), which implies that

1
/ dyw(s) = Hy(z,w). (4.22)
[0,1]

Z—S

Recall that G,p(z) — l_f(p) _ 2@ iele)- 2(2 1) ()P - Given the equality (4.22), it

follows that v,, has point masses where H; has simple poles and the mass equals the residue there,

and 7, is absolutely continuous with respect to Lebesgue measure where H;;(-,w) has nonzero

imaginary part on the real axis. Note that lim, ,1 \/(z —a1)(z — 1) = /(1 —a)(1 = 31) =
1 — ¢(a) — ¢(p) and lim, 0 /(2 — 1) (2 — B1) = —vaaBi = é(a) — ¢(p). Since lim, (2 —

1) - Hy1(z,w) = 0, Hy; (-, w) has a removable singularity at z = 1 so that the measure ,, has no

atom at s = 1. Since H1; has a simple pole at z = 0 with residue

z—0

1- ¢(q)) . (1 _ ¢<1a>) Moo () — K

lim = Hy(zw) = (1—0(6(p) — 6(a) - (qu<w>— ” (1= 55 ) — 11
_W an w) —

the measure -, has a point mass equal to the above residue at s = 0. Since |7, (w)| goes to infinity

as |w| — oo, the equality (4.21) implies that

0({0}) = lim w-h(0,w)0({0}) = (1= 1)(¢(p) — ¢(a))e(a), (4.23)

|w|—

and hence 1
B0, w) = @ ' <qu 1 _f@) . (11 - d)fa)) qu(w)_— k | e
( ¢>(a)) Mhg(w) — kI
For s € [a1, 31], applying the Stieltjes inversion formula to (4.22), we have %(s) = —% .
limes,o T Hy (s-+ie,w) = St ( o(w) = %M> ' (1 - J{_f§<(—5>)::f<(_$>)::z)' Itfollows
from (4.21) that
R R
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and

_ L w) — 1-— ¢(Q) o fap(8>77bq(w) —k
h(s,w) = ) <qu( ) " ) (1 T (5) () —kl>' (4.26)

Both equalities (4.24) and (4.26) are derived for w € R\ [0, 1]. However the expressions on the
right-hand sides of the equalities are holomorphic functions for w € C \ [0, 1], and as defined in
(4.20), the function (s, -) is holomorphic on C\ [0, 1] for every s € [0, 1]. By analytic continuation,

we have

1 Lo (L 1—sgy (1 a) w0
/[0,11 w—g Mot = 0w = ¢(q) (qu w ) (1—%) g (w) — Kl @20

and

B C1-g(g)\ [, kA-D) (an(w) (1 - @) (1 - m) . k;z)
= M (qu(w) w ) 1 (fap(s)an(w) - kl) (fap(S)an(w) — kl) (4.28)

where w € C\ [0,1] and s € [y, 51]. Consider the equality (4.27) first. Notice that 4(0, w) has a

removable singularity at w = 1, and it has a simple pole at w = 0 with residue

o oo (1-ats) (1-dly)
O = ) (1 ) K -

which is equal to the point mass, v4({0}), of vy at t = 0. By the Stieltjes inversion formula, we

have
%(t) — _% 11{% Im h(0,t + ie)
V= a)(B 1) 1_]“(1‘”((1‘%) (0 ~sta) (~5t) —) (4.30)
RO (1= 2s) ) — ] |
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for t € [, f2]. Then, vy = 15({0}) - 50,0) + 0l[as,8:)> Where 1g]a, s,] is absolutely continuous
with respect to Lebesgue measure having a support equal to [as, f]. Now consider (4.28). Notice

that h(s, w) has a removable singularity at w = 1, and it has a simple pole at w = 0 with residue

s s () )0
wo TS 9(q) (1= 55) fanl®) kl’

which is equal to the point mass, v4({0}), of v att = 0. For t € [, Ba],

dvs 1. :
m(t) = — 11{‘1(1] Im h(s,t + ie)
Ve wmD |, KO =) La(s.1) 2
26(@)m(1— 1)t Fup(5)foa(®) = 1) (Fun(5)foa(t) = k)
where

wi) = 1 (5a0s (U 5) + dwo O a1) ~ swew)

~ ((1 _ @) (1 _ @) _ kl) dy(s)ds(t) (431

S [ BT

a0 =(1-50) (1= 5) (1= 505) ~ (433

Then we have v, = v5({0}) - 6(5,0) + Vs|[as,8.], Where Vg |(a, g,] is @ measure, absolutely continuous

and

with respect to Lebesgue measure with its support equal to [as, 2]. Then we can conclude that

M11 = C1 - 5(070) + (0-1 X 50) + (50 X Cl) + Wi,
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where

cr = 0({0}) - n({0})

dO’l do
m(s) = m(s)'%({o})

= (1 =0)(o(p) — o(a)) - 1jayp(t)

VB (1 k-0 )

2m(1 — )t 1 ﬁ) Foalt) — klr

do.q do st

(o) alt) = ) (B0 () = )|

o (1 - l) ’ 1[a1,51}x[02,52}(37t> k(l - Z)Ll(s>t)
T TR0t (H ) ‘

Note that L, dq, and d, are defined in (4.31) - (4.33). ]

Similar techniques will apply to describe the other measures fi;; for 1 < ¢, 7 < 4, and these can

be used to identify the reduced bi-free product C*-algebra.
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5. SUMMARY

We have described the Pincus principal function of a certain operator arising from a bi-free
central limit distribution. We have also shown the relations between the ordered joint moment and
cumulant series for some combinations of bi-free two-faced pairs of random variables in a non-
commutative probability space. Using these relations, we have discussed how to derive the reduced
bi-free product C*-algebra generated by two bi-freely independent pairs of commuting projections
in the generic case.

Further work in this direction could show whether the bi-free state on the image of GNS repre-
sentation of the free product C*-algebra is faithful or not. Another interesting extension might be
to find the bi-free product C*-algebra for two-faced pairs of non-commuting projections and their

bi-free state.

67



REFERENCES

[1] Richard Carey and Joel D. Pincus. Construction of seminormal operators with prescribed

mosaic. Indiana Univ. Math. J., 23:1155-1165, 1974.

[2] Richard Carey and Joel D. Pincus. Mosaics, principal functions, and mean motion in von

neumann algebras. Acta Math., 138:153-218, 1977.

[3] Ian Charlesworth, Brent Nelson, and Paul Skoufranis. Combinatorics of bi-freeness with

amalgamation. Communications in Mathematical Physics, 338(2):801-847, 2015.

[4] Ian Charlesworth, Brent Nelson, and Paul Skoufranis. On two-faced families of non-

commutative random variables. Canad. J. Math., 67:1290-1325, 2015.

[5] John B. Conway and Paul McGuire. Operators with C*-algebra generated by a unilateral

shift. Trans. Amer. Math. Soc., 284(1):153-161, 1984.

[6] Ken Dykema. Simplicity and the stable rank of some free product C*-algebras. Trans. Amer.

Math. Soc., 351(1):1-40, 1999.

[7] Ken Dykema and Wonhee Na. Principal functions for bi-free central limit distributions. In-

tegral Equations Operator Theory, 85:91-108, 2016.

[8] L G. Brown, R G. Douglas, and P Fillmore. Unitary equivalence modulo the compact op-
erators and extensions of C*-algebras. Proceedings of a Conference on Operator Theory,

345:58-128, 1973.

[9] Mircea Martin and Mihai Putinar. Lectures on hyponormal operators, volume 39 of Operator

Theory: Advances and Applications. Birkhduser Basel, 1989.

[10] Alexandru Nica and Roland Speicher. A fourier transform for multiplicative functions on

non-crossing partitions. Journal of Algebraic Combinatorics, 6(2):141-160, 1997.

68



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Alexandru Nica and Roland Speicher. Lectures on the Combinatorics of Free Probability.
Number 335 in London Mathematical Society Lecture Note Series. Cambridge University

Press, 2006.

Paul Skoufranis. A combinatorial approach to voiculescu’s bi-free partial transforms. Pacific

J. Math., 283(2):419-447, 2016.

Paul Skoufranis. Independences and partial R-transforms in bi-free probability. Ann. Inst. H.

Poincaré Probab. Statist., 52(3):1437-1473, 2016.

Dan Voiculescu. Symmetries of some reduced free product C*-algebras. Operator Algebras
and their Connections with Topology and Ergodic Theory. Lecture Notes in Mathematics,

1132:556-588, 1985.

Dan Voiculescu. Free probability for pairs of faces I. Comm. Math. Phys., 332(3):955-980,
2014.

Dan Voiculescu. Free probability for pairs of faces II: 2-variables bi-free partial R-transform
and systems with rank < 1 commutation. Ann. Inst. H. Poincaré Probab. Statist., 52(1):1-15,

2016.

Dan Voiculescu. Free probability for pairs of faces III: 2-variables bi-free partial S- and

T-transforms. Journal of Functional Analysis, 270(10):3623-3638, 2016.

Dan Voiculescu, Ken Dykema, and Alexandru Nica. Free random variables, volume 1 of

CRM Monograph Series. American Mathematical Soc., 1992.

69



	ABSTRACT
	ACKNOWLEDGMENTS
	CONTRIBUTORS AND FUNDING SOURCES
	TABLE OF CONTENTS
	Introduction and preliminaries
	Free probability
	Bi-free probability
	Bi-freeness and examples
	Partial bi-free transforms
	Central limit theorem


	PRINCIPAL FUNCTIONS FOR BI-FREE CENTRAL LIMIT DISTRIBUTIONS
	Principal function of a completely non-normal operator
	The principal functions of certain operators
	On the essential spectrum

	Some results on partial bi-free transforms
	Multiplicative convolution of bi-free two-faced families
	Moment series of certain pairs

	Bi-free products of C*-algebras
	Reduced free product C*-algebras
	Basic examples of bi-free product C*-algebras

	Summary
	REFERENCES

