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ABSTRACT 

 

Algebraic models are developed to provide qualitative insights and novel tools for 

experimentalists and clinicians to investigate processes involved in heart failure and renal fluid 

balance. The models employed graphical analysis to conceptualize how equilibrium behaviors in 

complex systems emerge from the interactions between mechanical processes. In contrast to 

numerical modeling methods, the models yielded explicit and general algebraic formulas for 

clinically relevant variables. Algebraic formulas were obtained by (1) characterizing the functional 

behavior of the most salient elements of the system, (2) constraining the scope of the model by 

assuming all global and local feedback acts through the physical properties of the system, and (3) 

assuming the relationships that characterize the functional elements of the system are linear. 

Because these models were developed through joint team research with undergraduate research 

scholars, a third study was conducted to identify the vocational identities and team attributes that 

predict undergraduate career goal change. Findings regarding the interactions between participant 

traits and team attributes inform the design of undergraduate research programs that seek to 

amplify and diversify the nation’s workforce of knowledge-producers. 
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CHAPTER I 

INTRODUCTION 

 
Mathematical models in physiology aim to characterize how the global behaviors emerge 

from the interactions among the parts of a complex living system. There are many different types 

of models in physiology, and each exhibit particular ontological, epistemological, and axiological 

commitments as to what constitutes a good prediction. Numerical methods are particularly 

dominant in the field of physiology due to the computational power afforded by modern machine 

processors. With so much computing power at their fingertips, physiologists have been able to 

employ large sets of equations and parameters to accurately predict the observed behaviors of 

physiological systems (208). Multi-scale, nonlinear models incorporating feedback are the most 

common types of models being published today (128, 194, 282, 294). The algebraic modeling 

methods of classical physiologists, like Otto Frank, Ernest H. Starling, and Author C. Guyton, 

have thus lost much of their sway in physiology communities. However, in our laboratory at the 

Michael E. DeBakey Institute for Comparative Cardiovascular Science and Biomedical Devices 

led by Professor Christopher M. Quick, undergraduate and graduate research scholars have sought 

to develop predictive models that offer insights into how complex physiological systems work. 

Elevating concerns for understanding system mechanics, we have labored to construct models 

from parsimonious sets of first-order relationships to discover which occult interactions are the 

most influential in determining system behavior. To this end, we have adopted methods that 

classical physiologists employed to approximate functional relationships and graphically explore 

how parts interact. We have also devised novel analytical strategies to construct conceptual 

frameworks that can inform the work of experimentalists and clinicians. 
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Managing system complexity by mathematically characterizing the functional behavior of 

the most salient elements of the system. Physiological systems are amazingly complex, involving 

physical, chemical, and electrical interactions within and between anatomical structures. 

Distributed models regard the spatial arrangements of anatomical structures as important 

parameters influencing system behaviors. Network models regard the order of interactions to be 

important. Another modeling approach is to disregard anatomical details of similar structures in 

order to mathematically characterize their overall behavior as a distinct functional element. 

Referred to as “lumping”, this entails grouping similar structures into compartments that each have 

singularly distinct set of properties and relationships (223). In the renal fluid balance model 

(Chapter III), convoluted proximal tubules in the kidney and the capillary network surrounding 

them were lumped into two separate rigid compartments each characterized by osmotic and oncotic 

pressures. The heterogeneous interstitial space between them through which fluid must pass during 

reabsorption was also lumped into an intervening third compartment. The complex membrane 

structures of the tubule and capillaries were also lumped together in effort to focus the model on 

their overall fluid filtration function. In the closed-loop circulatory model, microvascular beds, 

large vessels, and ventricles were characterized as resistive Beds, compliant chambers, and elastic 

pumps. Each element is described by a mathematical relationship and arranged with the other 

elements to provide a minimal, yet sufficient functional representation of the circulatory system. 

By characterizing the most salient functional parts, modelers are able to manage system 

complexity to ensure algebraic methods can be applied. Models that attempt to characterize the 

behavior of an entire organ or system from every known part will amass a large number of starting 

equations. Kidney models have been developed for the entire length of the nephron and the effects 

of millions of nephrons have been added up to predict whole organ function (208). Circulatory 
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models will also include detailed arrangements of blood storage and resistance to more accurately 

model behavior (128, 282). Large sets of starting equations, however, often require numerical 

methods to solve. And though algebraic solutions can sometimes be obtained from a large set of 

equations, the length and over-complexity of the solutions prevents modelers from being able to 

understand their meaning. Since the goal of algebraic modeling is to understand how complex 

systems work, we have striven to craft parsimonious sets of starting equations. Both the renal and 

circulatory model has five starting equations; and each model has less than twenty parameters. In 

our laboratory, we have found this to be sufficient level of complexity that enables solving the 

system algebraically and yields expressions that can be understood by students and researchers. 

Constraining the scope of the model by assuming all global and local feedback acts through 

the physical properties of the system. To ensure model components are necessary and sufficient, 

the scope of the model must be carefully constrained. Computational modelers often build models 

that span several levels of function. This often entails concerns about how to model system 

feedback. Arterial and cardiopulmonary baroreflex as well as renal fluid reabsorption all function 

to maintain blood volume levels to optimize cardiac filling pressures and output (94). These 

feedback mechanisms are interdependent and often unbalanced in abnormal physiological states 

such as heart failure (99). However, with respect to blood volume, the effects of these regulatory 

mechanisms on equilibrium behaviors can all be evaluated with alterations in the total stressed 

volume. The same is true for the local and global signaling regulating cortical fluid balance. 

Control of efferent arteriolar resistance alters capillary hydrostatic and protein osmotic pressures 

(158). Active solute transport alters tubule hydrostatic and osmotic pressures. The simple idea that 

regulation acts through physical properties provides justification for constraining what is required 

for the study of steady-state behaviors.   
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Because regulation can function to maintain homeostasis, another way to limit the scope 

of a model is to regard the target parameter as a constant. The best example of this is systemic 

arterial pressure. Mechanosensors in the carotid and aortic arteries detect pressure changes and 

provide feedback to systemic arteries, the heart, and the splanchnic vasculature to adjust the 

physical properties of the cardiovascular system, resistance and blood storage compliance, in a 

coordinated effort to maintain a steady perfusion pressure to the visceral organs. Numerical models 

have estimated the sensitivities that physical properties have to controlled systemic arterial 

pressure changes. Most conventional cardiovascular models regard systemic arterial pressure as a 

variable to predict while treating systemic resistances as constant parameters (128, 195). However, 

consider that when blood volume is increased in humans, systemic arterial pressure remains 

relatively constant whereas total systemic resistance changes by several factors (74). Systemic 

arterial pressure does change some, as all parameters in the circulatory system do when perturbed. 

However, it does not change much, especially when compared to total systemic resistance that is 

being dramatically altered by the baroreflex in order to keep systemic arterial pressure close to 

constant as possible. In contrast to conventional modeling approaches that treat resistances as 

constant parameters, the heart failure model assumed resistance is variably controlled by 

baroreflex mechanisms to maintain perfect arterial pressure homeostasis. That is, systemic arterial 

pressure was treated as a constant. The model was thus able to constrain its scope to the physical 

cardiovascular properties without having to incorporate additional equations to characterize how 

parameters may be more or less sensitive to autonomic control. 

Predicting global behaviors algebraically by assuming the relationships that characterize 

the functional elements of the system are linear. Algebraic models in physiology aim to discover 

how the global behaviors of a system emerge from the interactions among the parameters of 
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different functional parts (127, 273). Because the focus is on understanding how the system works, 

there is less concern for predictive accuracy and greater attention given to being able to identify 

and understand the most influential interactions. Given this purpose, a good algebraic model may 

exhibit 30% predictive error and still yield general and valid insights about the mechanics of the 

system. In the renal fluid balance model, the explicit algebraic solutions reveal how reabsorption 

across the tubule membrane depends on an overall effective filtration coefficient comprised of 

both tubule and capillary filtration coefficients. In the heart failure model, the explicit algebraic 

solutions reveal how the effective circulatory volume, which is commonly assumed to be the total 

stressed volume, is actually the total venous stressed volume augmented by the pumping actions 

of the left and right ventricle. In both cases, algebraic methods produced explicit expressions for 

global behaviors that revealed the most important interactions of the system that were not apparent 

when examining the numerical output of equivalent, more accurate numerical models. 

To obtain general algebraic solutions, the starting equations of the model must be a set of 

linear relationships. Physiological relationships, however, are rarely linear. Many of the pressure-

flow and volume-pressure relationships between physical variables, however, are close to being 

linear under specified conditions (250, 258, 287). For the high flow conditions across the tubule 

and capillary barriers of the renal cortex, the flow of fluid may be assumed to be linear with 

compartmental pressures (76, 136, 292). For the volume-pressure relationships of compliant 

blood-storage chambers of the cardiovascular system, a constant compliance may be assumed as 

blood volume changes over a normal physiological range of pressures (258, 287). In contrast, the 

end-diastolic pressure-volume relationship (EDPVR) of the left and right ventricle is highly 

nonlinear with a slope that steepens as ventricular filling pressures increase (47). Considered to 

have the most impact on the behavior of the cardiovascular system, many heart failure models 
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retain this nonlinearity and solve the model numerically (275). To obtain algebraic solutions, 

others have assumed EDPVR of each ventricle to be linear (127). Following this approach, the 

heart failure model used the linear EDPVR relationship for the right and left ventricles. This 

approximation proved to be suitable for modest perturbations in parameter values. In the present 

work, an important facet of algebraic modeling involves testing the conditions or cases in which 

linear assumptions remain valid. 

Conceptualizing system equilibrium as a balance point. Though numerical modeling 

dominates in the field of physiology today, the algebraic and graphical methods that Guyton 

developed over a half-century ago still provide a powerful means for conceptualizing and 

predicting how equilibrium behaviors emerge from the interactions within a complex system (23, 

181). Under conditions of mass conservation, Guyton showed how equilibrium cardiac output and 

filling pressure could be predicted as a balance point that emerges from the pressure-flow 

relationships of the cardiopulmonary and systemic parts of a closed-loop system (120, 122). An 

algebraic expression for the blood returned by the systemic vasculature was derived. Specifically, 

the slope depended on interactions between resistances and compliances, while the intercept was 

shown to be a circulatory filling pressure (Figure 1.1A). The derivation of algebraic slopes and 

resistances provided researchers and students an intuitive method for manipulating parameter 

values and predicting changes in the balance point based on those parameter changes affected the 

slopes and intercepts of the two intersecting blood flow relationships. While graphical analysis 

was hailed as a ‘monumental’ methodological achievement by Guyton’s contemporaries and the 

venous return model is still depicted in physiological textbooks as a way of conceptualizing the 

regulation of cardiac output (129, 181), critics have identified several difficulties with Guyton’s 

applications. 
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Figure 1.1 Guyton’s experimental, closed-loop venous return model. A: Graphical representation of system 
equilibrium. B: How Guyton experimentally partitioned the cardiovascular system and parameterized the 
functional elements of the systemic vasculature. 

 

One issue complicating Guyton’s model was shifting blood volume between the chosen 

compartments. Guyton partitioned his model of the cardiovascular system based on the 

experimental apparatus he set up to measure the flow of blood from the systemic vasculature and 

the pressure within the right atrium of the heart (Figure 1.1B). In his 1973 book Cardiac Output 

and Its Regulation, 2nd, Guyton labored over how to deal with the shifting blood volume in an 

intact circulatory system (279). Guyton of course appreciated the value of characterizing the slopes 

and intercepts algebraically. However, to get the model to predict observed values of pressure and 

flow, Guyton resorted to an iterative numerical method. The problem Guyton faced highlights a 

principle of graphical analysis, which is that a complex system must be partitioned in a way to 

establish independent, yet interactive processes. Each process should be conceptualized as a subset 

of elements functioning together to affect equilibrium behavior. In the heart failure model, the 
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stressed volumes of the four chamber are partitioned into an independent compartment. Arterial 

and cardiopulmonary baroreflex therefore act on the stressed volumes contained within a single 

compartment. From the mathematical relationships characterizing this compartment a flow 

equation for cardiovascular return was derived. Likewise, a flow equation was developed for left 

ventricular function. Plotting these two flows together revealed how system equilibrium emerged 

from the interaction of cardiovascular return and left ventricular function. 

Graphical analysis is a way of conceptualizing how equilibrium emerges from interacting 

processes. Each process is characterized by an algebraic relationship, e.g., fluid or blood flow, 

which can be plotted together. Slopes and intercepts for each relationship can be derived for each 

of these linear relationships. Altering a parameter value will shift an intercept or change a slope of 

one of the relationships; and this in turn will alter where the linear relationships intersect. This 

intersection is the point at which all variables exist in steady-state and is called the balance point. 

If the full set of equations are solved for system variables, the solutions for these variables can be 

rather complex and will often lack physiological meaning. Using simple algebraic rearrangements 

or substitutions, we can begin to organize terms in a way that can be interpreted. In graphical 

analysis, the slopes and intercepts are smaller expressions characterizing more complex processes 

and their groupings are often straight forward. These grouping often have physiological meaning, 

and can be used to organize the more complex full equilibrium solutions. In both the renal fluid 

balance model and the heart failure model, this technique was instrumental in understanding the 

interactions determining equilibrium flows and pressures. Not just a means to visually predict 

equilibrium changes, graphical analysis is a tool for organizing the parameters of a complex 

solutions into formulas with physiologically meaningful terms. 
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CHAPTER II 

HEART FAILURE MODEL 

 
Management of acute decompensation heart failure (ADHF) has focused extensively on 

understanding how patients tolerate high filling pressures or low cardiac output. Forrester et al. 

(100, 101) identified these variables as key dimensions for classifying pump performance as well 

as the particular disorders underlying symptoms requiring hospitalization. Critically elevated 

filling pressure causes volume overload of the left ventricle and has been associated with 

pulmonary edema (84, 263). Critically diminished cardiac output results in peripheral 

hypoperfusion. Clinical profiles based on these variables have been used to predict outcomes for 

heart failure patients (216). The post-discharge outcomes of patients at-risk for subsequent 

decompensation are assumed to depend on individuals’ capacity to tolerate subsequent 

hemodynamic perturbations (283). Studies have revealed that discharged patients having heart 

failure with reduced ejection fraction (HFrEF) contend with various levels of hypervolemia and 

elevated filling pressures (8, 204). However, the majority of patients who develop critical 

symptoms do not experience increases in total blood volume prior to hospitalization (58). This has 

raised questions about how heart failure patients tolerate changes in the stressed portion of blood 

volume (87, 94). Yet, despite consensus on the importance of monitoring volume status (308), 

little is known about the stressed volume interacts with physical properties to determine the range 

of asymptomatic filling pressure and cardiac output that heart failure patients can tolerate. 

Although his classic venous return model has limitations, Guyton’s algebraic methods still 

provide a powerful means for predicting how equilibrium behaviors emerge from blood volume 

interactions with vascular and ventricular properties. Guyton showed how equilibrium cardiac 



 

10 

 

output and filling pressure could be predicted as a balance point that emerges from the pressure-

flow relationships of the cardiopulmonary and systemic parts of a closed-loop system (98). An 

algebraic expression for the blood returned by the systemic vasculature was derived (122). 

Specifically, the slope depended on interactions between resistances and compliances, while the 

intercept was a circulatory filling pressure determined by the system’s stressed blood volume and 

total vascular compliance (120). While this provided researchers and students an intuitive method 

for predicting changes in equilibrium behavior when blood volume is altered (181), limitations 

arise from the way Guyton’s model partitioned the cardiovascular system to suit experimental 

conditions. On the cardiopulmonary side, Guyton relied on data to plot a pressure-flow curve and 

thus never defined cardiac performance in terms of ventricular mechanical properties (252). The 

empirical cardiac performance curve, moreover, depended on the function of both ventricles and 

was therefore not useful for predicting the effects of isolated ventricular dysfunction on 

equilibrium behaviors. On the systemic side, resistance to blood flow was implicitly assumed to 

be constant rather than variably controlled by the baroreflex response to maintain systemic arterial 

pressure homeostasis (23, 193). Another difficulty, especially for in vivo applications, was the 

confounding effect of shifting blood volume between the two partitions (279). Finally, Guyton’s 

model partitioned the cardiovascular system to predict cardiac output and right ventricular filling 

pressure. To understand how cardiovascular properties determine equilibrium cardiac output and 

left ventricular filling pressure, researchers have sought to overcome these limitations through 

mathematical modeling (279). 

Unlike Guyton’s empirical cardiac output and venous return model, more recent minimal 

closed-loop models have been used to predict hemodynamic variables by lumping cardiovascular 

structures into phenomenologically distinct functional elements. Ventricles, large vessels, and 
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microvascular beds, for instance, have been mathematically characterized as elastic pumps, 

compliant chambers, and resistive Beds (69, 223, 275). Other complexities, e.g., baroreflex 

regulation of systemic pressures, are sometimes included to investigate multi-level processes (236, 

282). Nonlinear behaviors, e.g., ventricular end-diastolic pressure-volume relationships, also 

increase model complexity to the extent that numerical methods become necessary to solve model 

equations (218). Insights about interactions among properties are typically limited to univariate 

sensitivity analysis and graphing the effects of one or perhaps two parameters (48, 128, 195). How 

equilibrium emerges from different combinations of parameter interactions is therefore difficult to 

explain (232, 238). In a closed-loop model of left ventricular dysfunction, Magder, et al. (195) 

further demonstrated how inferences drawn from numerical solutions are contingent upon the 

specific parameter values assumed. While accurate if parameter values are well known, numerical 

methods are limited for purposes of gaining generalized insights about complex parameter 

interactions in closed-loop models. 

Where numerical methods have fallen short, algebraic methods have provided generalized 

insights that have been useful in the clinical study of left ventricular heart failure. Extending 

algebraic methods to a minimal closed-loop model, Sunagawa et al. (265) obtained algebraic 

formulas for cardiac output and arterial pressures by linearizing the end-diastolic pressure-

volume relationship of both ventricles. The resulting formulas were expressed in terms of heart 

rate, ventricular elastances, vascular resistances and compliances, and total blood volume. While 

this addressed the issue of shifting blood volume between compartments, systemic arterial 

pressure was regarded as a variable. However, to identify the ventricular-cardiovascular 

interactions that determine acute decompensation, i.e., critically low cardiac output or critically 

high ventricular filling pressure, an algebraic model must assume an intact baroreflex response 
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that variably controls vascular resistance to maintain a constant systemic arterial pressure. 

Therefore, the purpose of the present work is to derive general algebraic formulas for 

equilibrium cardiac output and ventricular filling pressure for a minimal closed loop model with 

arterial pressure regulation. 

 

METHODS 

Three model elements.  To construct a minimal closed-loop model, microvascular beds, 

large vessels, and ventricles were characterized as resistive Beds, compliant chambers, and 

elastic pumps (Fig. 2.1). These mathematical characterizations followed a standard modeling 

approach used for reducing the anatomical complexity of the cardiovascular system to its most 

salient functional elements (72). Firstly, the small vessels of a microvascular network through 

which blood flows between large arterial and venous vessels were lumped into an overall 

pathway called a resistive Bed. Assuming inertial effects on blood flow to be negligible, the 

cardiac output (CO) of a Bed was assumed to be a linear function of the arterial-venous pressure 

difference (Pa− Pv) and dependent on a total vascular resistance (R). Secondly, large vessels were 

assumed to have negligible resistance to blood flow and were instead characterized by their 

blood storage capacity.  Networks of large vessels were thus lumped into singular compliant 

chambers whose blood volume changed linearly with pressure (251). The blood volume within 

each chamber (V) was therefore assumed to be a function of transmural pressure (P) and 

dependent on the vascular compliance (C) and the unstressed volume (Vo), the chamber volume 

at zero pressure. Finally, each ventricle was characterized as an elastic pump whose cardiac 

output depends upon the heart rate (HR) and the stroke volume. The stroke volume is the 

difference between the end-systolic and end-diastolic volumes (Ves − Ved) and is governed by two  
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Figure 2.1  Functional elements of the minimal closed-loop model represented mathematically 
and graphically. A: Resistive conduits represent cardiac output (CO) from microvascular beds in 
terms of arterial-venous pressure difference (Pa− Pv) and vascular resistance (R). B: Compliant 
chambers represent the blood storage of large vessels in terms of pressure (P), vascular 
compliance (C) and unstressed blood volume (Vo). C: Elastic pumps represent cardiac output 
(CO) in terms of heart rate (HR) and stroke volume (Ves − Ved). End-systolic pressure (Pes) is 
expressed in terms of end-systolic volume (Ves), maximum elastance (Emax) and end-systolic 
unstressed volume (Voes). End-diastolic pressure (Ped) is expressed in terms of end-diastolic 
volume (Ved), minimal elastance (Emin) and end-diastolic unstressed volume (Voed). 
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pressure-volume relationships. The end-systolic pressure-volume relationship (ESPVR) is linear 

over an extended range of end-systolic pressures (11, 46, 249). End-systolic pressure (Pes) was 

therefore assumed to be a function of end-systolic volume (Ves) and dependent on the maximum 

elastance (Emax) and end-systolic unstressed volume (Voes). In contrast, the end-diastolic pressure-

volume relationship (EDPVR) is nonlinear over the physiological range end-diastolic pressures. 

The EDPVR, however, is commonly approximated by linearizing the pressure-volume 

relationship over a range of end-diastolic pressures. With this consideration, the end-diastolic 

pressure (Ped) was assumed to be a linear function of end-diastolic volume (Ved) and dependent 

on the minimal elastance (Emin) and end-diastolic unstressed volume (Voed). 

Arrangement of functional elements within the minimal closed-loop model.  Standard 

minimum closed-loop models use the three functional elements previously described to 

characterize blood flow through the cardiovascular system (48, 139, 260). An arrangement of these 

functional elements is illustrated in Figure 2.2. Generally, there are two resistive Beds that 

characterize the function of microvascular beds. There are four compliant chambers that 

characterize the function of large vessel networks, and there are two elastic pumps that characterize 

the right and left ventricles of the heart. Including an equation representing conservation of mass, 

there are thirteen fundamental equations and thirty-seven parameters needed to construct a 

minimal model. Equations for each particular element are listed below with combinations of 

subscripts to denote the location of their properties in either the pulmonary or systemic circulation 

(p or s), a venous or arterial chamber (v or a), or the right or left ventricle (rv or lv). 
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Figure 2.2  The arrangement of three functional elements in a two-compartment minimal closed-loop 
model. Conduits, chambers, and pump are each characterized by mathematical equations (Fig. 2.1). 
Subscripts denote the location in either the pulmonary or systemic circulation (p or s), venous or arterial 
chambers (v or a), or right or left ventricle (rv or lv). The dotted line indicates how system was 
partitioned into two compartments. Large arrows indicate cardiac output owed to left ventricular 
function (LVF) and cardiovascular return (CVR). Eqs. A1-14 characterize the relationships between 
properties. 
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Parsimonious set of model equations. A parsimonious set of equations characterizing the 

entire system (Eqs. 1-5) was derived from Eqs. A1-A14 and additional simplifying assumptions. 

Cardiac output (CO) through pulmonary and systemic microvasculature beds are governed by, 

𝐶𝐶𝐶𝐶 = 𝑃𝑃𝑠𝑠𝑠𝑠 − 𝑃𝑃𝑠𝑠𝑠𝑠
𝑅𝑅𝑠𝑠

 , (1) 

𝐶𝐶𝐶𝐶 = 𝑃𝑃𝑝𝑝𝑠𝑠 − 𝑃𝑃𝑝𝑝𝑠𝑠
𝑅𝑅𝑝𝑝

 , (2) 

where Psa is the systemic arterial pressure, Psv is the systemic venous pressure, Ppa is the pulmonary 

arterial pressure, Ppv is the pulmonary venous pressure, Rs is total systemic resistance, and Rp is 

total pulmonary resistance. Blood storage of entire system was reduced to a single equation for 

stressed volume (Vs) by combining Eqs. A9 –A12. Given ventricular volumes are relatively small, 

the sums of the four chamber volumes and unstressed volumes were redefined as the total blood 

volume (Vb, Eq. A13) and total unstressed volume (Votot, Eq. A14), respectively. Total stressed 

volume (Vs), the difference between total blood volume and the total unstressed volume 

(Vb − Votot), was expressed as for the parsimonious set as, 

𝑉𝑉𝑠𝑠 = 𝑉𝑉𝐵𝐵 − 𝑉𝑉𝑜𝑜𝑡𝑡𝑜𝑜𝑡𝑡 = 𝐶𝐶𝑠𝑠𝑠𝑠 𝑃𝑃𝑠𝑠𝑠𝑠 + 𝐶𝐶𝑠𝑠𝑠𝑠 𝑃𝑃𝑠𝑠𝑠𝑠 + 𝐶𝐶𝑝𝑝𝑠𝑠 𝑃𝑃𝑝𝑝𝑠𝑠 + 𝐶𝐶𝑝𝑝𝑠𝑠 𝑃𝑃𝑝𝑝𝑠𝑠, (3) 

where Csa, Csv, Cpa, and Cpv are compliances of the system arterial, systemic venous, pulmonary 

arterial, and pulmonary venous chambers, respectively. Ventricular function of the system was 

reduced to two equations. The ESPVR, EDPVR, and CO relations for the right ventricle (Eqs. A3-

A5) and the left ventricle (Eqs. A6-A8) were each solved for CO.  Following Sunagawa et al. (266), 

ventricular end-systolic pressures were then approximated as arterial chamber pressures (Peslv ≈ 

Psa; Pesrv ≈ Ppa), and ventricular end-diastolic pressures were approximated as venous chamber 
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pressures (Pedlv ≈ Psv; Pedrv ≈ Ppv). The differences between Voed and Voes in each ventricle were 

redefined as the theoretical unstressed stroke volumes ΔVorv and ΔVolv. Equations for the cardiac 

output (CO) from the right and left ventricles were then rewritten for the parsimonious set as, 

𝐶𝐶𝐶𝐶 = � 𝑃𝑃𝑠𝑠𝑠𝑠
𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

− 𝑃𝑃𝑝𝑝𝑠𝑠
𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

+ ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠�  𝐻𝐻𝐻𝐻, (4) 

𝐶𝐶𝐶𝐶 = � 𝑃𝑃𝑝𝑝𝑠𝑠
𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

− 𝑃𝑃𝑠𝑠𝑠𝑠
𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

+ ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠�  𝐻𝐻𝐻𝐻, (5) 

where HR is heart rate, Emaxrv and Emaxlv are the maximum elastances of the right and left ventricles, 

and Eminrv and Eminlv are the minimum elastances of the right and left ventricles. The simplifying 

assumptions specified above allowed the model to be reduced to a parsimonious set of five 

equations with a total of nineteen properties. From the parsimonious set, analytical solutions for 

system equilibrium were derived. 

Algebraic and graphical analysis of system equilibrium. To characterize steady-state 

behaviors for a minimal closed-loop model with intact systemic arterial pressure regulation, 

graphical and algebraic analysis was performed by partitioning the functional elements of the 

system into left ventricular function (LVF) and cardiovascular return (CVR) compartments (Fig. 

2.2). Equations for blood flow were then derived for each of the compartments. Blood flow 

resulting from isolated left ventricular function (COLVF) is characterized by mechanical properties 

of the left ventricle. COLVF therefore corresponds to the cardiac output derived previously as Eq. 

5. Using Eq. 5, COLVF was plotted as a function of Ppv. The Ppv intercept at zero flow and the 

instantaneous slope of CO with respect to Ppv were also derived from Eq. 5. An equation for the 

blood flow resulting from the functions of two resistive Beds, the four compliant chambers, and 

the right ventricular pump (COCVR) was obtained by simultaneously solving Eqs. 1-4 for the 
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variables CO, Psv, Rs, and Rp. This solution assumes systemic resistance (Rs) is a controlled variable 

that regulates systemic arterial pressure (Psa) and pulmonary resistance (Rp) is a controlled variable 

that regulates pulmonary arterial pressure (Ppa). COCVR was then plotted as a function of Ppv. The 

Ppv intercept at zero flow and the instantaneous slope of CO with respect to Ppv were also derived 

from the resulting COCVR solution. To depict how slopes and intercepts interact to determine the 

point at which the system is at equilibrium, the two linear flow equations (COLVF and COCVR) were 

plotted simultaneously as a function of Ppv. General equilibrium solutions (denoted by asterisks) 

were derived by simultaneously solving Eqs. 1-5. for CO*, Ppv
*, Psv

*, Rp
*, and Rs

*. 

Graphical representation of system equlibrium with changes in left ventricular function. 

To illustrate how equilibrium shifts with changes to left ventricular function, the pressure-volume 

loop and balance point graphs were plotted with decreased Emaxlv, decreased Eminlv and decreased 

ΔVolv. Alterations in pressure-volume loop properties as well as changes in the equilibrium cardiac 

output (CO*) and equilibrium pulmonary venous pressure (Ppv
*) were graphically indicated. 

Sensitivities of equilibrium cardiac output and pulmonary venous pressure to changes in 

stressed volume. Using general algebraic solution, the sensitivity of cardiac output to stressed 

volume (α) was derived as the derivative of CO* with respect to Vs. The sensitivity of equilibrium 

pulmonary venous pressure to stressed volume (β) was derived as the derivative of Ppv
* with 

respect to Vs. General algebraic solutions for CO* and Ppv
* were then respectively rewritten in 

terms of α  and β. The solutions for  CO* and Ppv
* were each plotted as a function of Vs with 

sensitivities α  and β indicated. 

Errors of linear approximation quantified by comparing results of algebraic solutions to 

results of a more complex numerical model. The algebraic formulas derived from Eqs. 1-5 should 

be interpreted as approximations that assume the end-diastolic pressure of each ventricle is linear 
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with respect to end-diastolic volume. In contrast, the more complex numerical model incorporated 

an exponential end-diastolic pressure-volume relationship for each ventricle for each ventricle. 

The difference between the predictions of the algebraic formulas and the numerical model is the 

error of approximation. Using the normal parameter values, absolute errors were calculated and 

plotted for a wide range of stressed volume values.  

Model sensitivity analysis. To evaluate the sensitivity of equilibrium cardiac output and 

pulmonary venous pressure of the algebraic formulas to changes in normal baseline parameters 

(Table 2.1), a non-dimensional sensitivity index (SI) for was calculated for each parameter, 

𝑆𝑆𝑆𝑆 = ∆𝑉𝑉𝑠𝑠𝑜𝑜
𝑉𝑉𝑠𝑠𝑜𝑜0

  ∆𝑃𝑃𝑠𝑠𝑜𝑜
𝑃𝑃𝑠𝑠𝑜𝑜0

� , (6) 

where SI represents the change in the variable (∆𝑉𝑉𝑉𝑉𝑉𝑉) normalized by its baseline value (𝑉𝑉𝑉𝑉𝑉𝑉0) for 

a given change in the parameter (∆𝑃𝑃𝑉𝑉𝑉𝑉) normalized by its baseline value (𝑃𝑃𝑉𝑉𝑉𝑉0). Values of SI were 

estimated by changing the value of each parameter by 10%. Normal SI values were compared to 

SI values estimated from a heart failure parameter set (Table 2.1) as well as from a numerical 

model incorporating nonlinear a EDPVR for each ventricle.  

Homeostatic range of stressed volume. To characterize the homeostatic range of stressed 

volume, two points were defined for the critical symptoms that result from acute decompensated 

heart failure. Using Eq. 13, CO* was redefined as COcold to characterize the point at which cardiac 

output becomes so low that peripheral hypoperfusion develops. The equation was then rearranged 

to express the stressed volume at which hypoperfusion occurs (Vs cold) as a function of COcold. 

Using Eq. 14, Ppv
* was redefined as Ppv wet to characterize the point at which pulmonary venous 

pressure becomes so high that pulmonary edema develops. The equation was then rearranged to 

express the stressed volume at which pulmonary edema occurs (Vs we) as a function of Ppv wet. The 
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difference between Vs wet and Vs cold was then calculated. The resulting algebraic expression 

identifies the interactions determining the range of asymptomatic Vs fluctuation (ΔVs). 

Predicting the homeostatic range of stressed volume for normal patients and patients 

having heart failure with reduced ejection fraction (HFrEF). To evaluate its robustness, the 

algebraic solution for the homeostatic range of stressed volume (ΔVs) was evaluated using the 

measured parameter values from clinical studies of normal and HFrEF patients (Table 2.1). The 

error of approximation was calculated as the difference between the predicted results of the 

algebraic formulas and the more complete numerical model incorporating nonlinear end-diastolic 

pressure-volume relationships for the left and right ventricles. Equilibrium cardiac output, 

pulmonary venous pressure, systemic venous pressure, total pulmonary resistance, and total 

systemic resistance were also predicted using previously derived algebraic solutions and the 

parameters values for the normal and HFrEF cases. To further ensure model validity, the results 

were compared to reported clinical values. 

Numerical minimal closed-loop model. For comparison purposes, a numerical minimal 

closed-loop model was constructed to simulate the effects of the highly nonlinear end-diastolic 

pressure volume relationship (EDPVR) of the left and right ventricles. Equation B1 is the standard 

exponential relationship characterized the EDPVR of an elastic pump (48, 195),  

𝑃𝑃𝑒𝑒𝑒𝑒 = 𝐴𝐴 (𝑒𝑒𝑒𝑒𝑒𝑒 𝐵𝐵 𝑉𝑉𝑒𝑒𝑒𝑒 − 1) , (B1) 

where end-diastolic pressure (Ped) is expressed terms of a scaling coefficient (A), chamber 

stiffness (B), and end-diastolic volume (Ved). Assuming Pedlv ≅ Ppv and Pedrv ≅ Psv (265), the 

nonlinear EDPVR relationships of the left and right ventricle were rewritten as, 

𝑃𝑃𝑝𝑝𝑠𝑠 = 𝐴𝐴𝑜𝑜𝑠𝑠 (𝑒𝑒𝑒𝑒𝑒𝑒 𝐵𝐵𝑚𝑚𝑠𝑠  𝑉𝑉𝑒𝑒𝑒𝑒𝑚𝑚𝑠𝑠 − 1) , (B2) 

𝑃𝑃𝑠𝑠𝑠𝑠 = 𝐴𝐴𝑜𝑜𝑠𝑠 (𝑒𝑒𝑒𝑒𝑒𝑒 𝐵𝐵𝑚𝑚𝑠𝑠  𝑉𝑉𝑒𝑒𝑒𝑒𝑚𝑚𝑠𝑠 − 1) . (B3) 
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The numerical model was constructed from Eqs. A1-14 with Eqs. B2 and B2 replacing Eqs. A4 and 

A7 respectively. This equation set was solved numerically for the variables CO, Ppv, Psv, Rp, Rs, 

Vedlv, Vedrv, Veslv, and Vesrv using Newton’s method and the parameters specified in Table 2.1. 

Baseline Parameter Values. Table 2.1 summarizes the parameter values assumed from 

clinical studies of normal patients (128, 160, 255, 309) and those having heart failure with reduced 

ejection fraction (91, 182, 309). Stressed volume (Vs) was estimated as the product of the 

circulatory filling pressure and the sum total of all chamber compliances (Vs = Pcf · Ctot). Pcf was 

assumed to be 7.0 mmHg for the normal case (244). For the case of heart failure with reduced 

ejection fraction (EF < 40%), stressed volume was assumed to be 50% higher than normal to 

reflect an increase in effective circulatory volume present in advanced heart failure. This elevated 

stressed volume may be due to increased total blood volume and/or decreased total unstressed 

volume. Minimal elastance values for the left and right ventricles (Eminlv and Eminrv) were each 

calculated as the derivative of the exponential EDPVR used in the numerical model (Eqs. B2 and 

B3). Scaling factors and exponents of the nonlinear EDPVR are not well-known and are often 

estimated numerically to fit other chosen parameter values (195). Using parameters in Table 2.1 

and the numerical model, left and right ventricle scaling factors (Alv and Arv) were estimated to be 

0.35 and 4.4 mmHg respectively. Left and right ventricle exponents (Blv and Brv) were estimated 

to be 0.027 and 0.009 ml−1 respectively. Baseline end-diastolic pressures and volumes were 

obtained from numerical model. At normal baseline, Ppv and Psv values were estimated to be 5.6 

and 4.2 mmHg respectively; and Vedlv and Vedrv values were estimated to be 99 and 91 ml 

respectively. Eminlv and Eminrv were estimated to be 0.14 and 0.09 mmHg∙ml−1 at normal baseline, 

which is consistent with previous studies (35, 128). The theoretical unstressed stroke volumes of 

the heart (ΔVolv and ΔVorv) were calculated as the difference between end-systolic and end-diastolic   
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Table 2.1  Baseline parameter value sets 
for heart failure model. 

Parameter Normal HFrEF 

Stressed Volume   

Vs, ml 800† 1200† 

Compliances   

Csa, ml∙mmHg −1 1.6 (128) 1.6 (128) 
Csv, ml∙mmHg −1 100 (128) 100 (128) 
Cpa, ml∙mmHg −1 4.3 (128) 4.3 (128) 
Cpv, ml∙mmHg −1 8.4 (128) 8.4 (128) 

Pressures   

Psa, mmHg 88  92 (309) 
Ppa, mmHg 14 (160) 28 (182) 

Heart Rate   

HR, beats∙min−1 70 (255) 80 (91) 

Maximal Elastances   

Emaxlv, mmHg∙ml−1 3.7 (309) 1.3 (309) 
Emaxrv, mmHg∙ml−1 0.84 (128) 0.84 (128) 

Minimal Elastances†   

Eminlv, mmHg∙ml−1 0.14† 0.77† 
Eminrv, mmHg∙ml−1 0.09† 0.13† 

Unstressed Volumes†   

ΔVolv, ml 64† 97† 
ΔVorv, ml 29† 33† 
   

p or s, pulmonary or systemic circulation; v or 
a, venous or arterial chambers; rv or lv, right or 
left ventricle. Sources are in parenthesis. 
†Calculated values are detailed in Methods.  
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unstressed volumes. End-systolic unstressed volumes (Voeslv and Voesrv) for each ventricle were 

assumed to be zero. End-diastolic unstressed volumes (Voedlv and Voedrv) were calculated using Eqs. 

A4 and A7. Following Burkhoff and Tyberg (48), left and right ventricle EDPVR exponents (Blv 

and Brv) were respectively increased to 0.033 and 0.11 ml−1 to reflect ventricular stiffening for the 

case of HFrEF. Minimal elastances and unstressed volumes for that case were then calculated as 

previously described. 

 

RESULTS 

Algebraic and graphical analysis of system equilibrium. In a two-compartment minimal 

closed-loop model that assumes systemic resistance (Rs) is variably controlled to regulate systemic 

arterial pressure (Psa), the cardiac output resulting from left ventricular function (COLVF) or 

cardiovascular return (COCVR) is a function of pulmonary venous pressure (Ppv). As illustrated in 

Figure 2.3A, COLVF increases linearly with increasing Ppv. In Eq. 7, the slope of the left ventricular 

function relationship is shown to be the ratio of heart rate (HR) to minimal elastance of the left 

ventricle (Eminlv), 

𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒 𝐿𝐿𝑉𝑉𝐿𝐿 = 𝐻𝐻𝑅𝑅
𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

 . (7) 

In Eq. 8, the intercept is expressed in terms of systemic arterial pressure (Psa) and mechanical 

properties of the left ventricle (unstressed stroke volume, ΔVolv; maximum elastance, Emaxlv; 

minimum elastance, Eminlv), 
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Figure 2.3  Graphical representation of the interaction of left ventricular function (LVF) and 
cardiovascular return (CVR). A: According to Eq. 5, as pulmonary venous pressure (Ppv) increases, the 
cardiac output (CO) resulting from LVF increases linearly. The slope is determined by heart rate (HR) 
and left ventricle minimal elastance. The intercept (open square) is determined by systemic arterial 
pressure (Psa) and left ventricle properties (unstressed stroke volume, ΔVolv; maximum elastance, Emaxlv; 
minimum elastance, Eminlv). B: According to Eqs. 1-4, as Ppv increases, the CO resulting from CVR 
decreases linearly. The slope is determined by heart rate, RV minimal elastance (Eminrv), and venous 
compliances (Csv and Cpv). The intercept (open diamond) is determined by total stressed volume (Vs), 
compliances, arterial pressures, and right ventricle properties (unstressed stroke volume, ΔVorv; maximum 
elastance, Emaxrv; minimum elastance, Eminrv). C: The left ventricle function and cardiovascular return 
relationships (solid lines) intersect at the balance point (open circle) where COLVF = COCVR. The resulting 
equilibrium cardiac output (CO*) and pulmonary venous pressure (Ppv

*) are characterized by Eqs. 13 and 
14. 
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𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖 𝐿𝐿𝑉𝑉𝐿𝐿 = 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

 (𝑃𝑃𝑠𝑠𝑠𝑠 − 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠  ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠) . (8) 

As illustrated in Figure 2.3B, COCVR decreases linearly with increasing Ppv. The for the slope and 

intercept expressions of this relationship assume Ppa is relatively constant with respect to a 

changing total pulmonary resistance (Rp). In Eq. 9, the slope of the cardiovascular return 

relationship is shown to depend on heart rate (HR), minimal elastance of the right ventricle (Eminrv), 

and venous compliances (Csv and Cpv).  

𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒 𝐶𝐶𝑉𝑉𝑅𝑅 = − 𝐻𝐻𝑅𝑅
𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

 𝐶𝐶𝑝𝑝𝑠𝑠
𝐶𝐶𝑠𝑠𝑠𝑠

 . (9) 

The slope of cardiovascular return is affected by properties of the systemic and pulmonary 

vasculature as well as the right ventricle. In Eq. 10, the intercept is expressed in terms of the sum 

of the total stressed volume (Vs), arterial stressed volumes (Csa Psa and Cpa Ppa), and interactions 

of right ventricle properties (Emaxrv, Eminrv, ΔVorv) with proximal vascular properties (Csv and Ppa), 

𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖 𝐶𝐶𝑉𝑉𝑅𝑅 = 1
𝐶𝐶𝑝𝑝𝑠𝑠

 �
𝑉𝑉𝑠𝑠 − (𝐶𝐶𝑠𝑠𝑠𝑠𝑃𝑃𝑠𝑠𝑠𝑠 + 𝐶𝐶𝑝𝑝𝑠𝑠 𝑃𝑃𝑝𝑝𝑠𝑠)

  − 𝐶𝐶𝑠𝑠𝑠𝑠
𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

(𝑃𝑃𝑝𝑝𝑠𝑠 − 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠 ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠)
   

� . (10) 

As indicated, the effects of Vs and other volume terms are modulated by pulmonary venous 

compliance (Cpv). Note also that the total stressed volume minus the sum of the arterial stressed 

volumes pressures equals sum of the venous stressed volumes (Eq. 3). The effective volume 

resulting from right ventricle interactions depends on the pressure difference between the afterload 

Ppa and a pressure limit determined by Emaxlv ΔVorv. If the afterload becomes elevated (e.g., heart 

failure) and approaches the value of the pressure limit (𝑃𝑃𝑝𝑝𝑠𝑠 ≈ 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠 ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠), then term approaches 
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zero, and intercept for CVR (Eq. 10) simplifies to the total stressed volume minus the sum of the 

arterial stressed volumes, i.e. the total venous stressed volume. As illustrated in Figure 2.3C, 

system equilibrium emerges from the interactions between left ventricular function (COLVF) and 

cardiovascular return (COCVR). The equilibrium balance point is represented by the intersection of 

the two lines, where COLVF  = COCVR (open circle). At equilibrium, the cardiac output is denoted 

as CO* and the pulmonary venous pressure is Ppv
*. The full algebraic solutions for CO* and Ppv

* 

are presented as Eqs. 13 and 14. Changes in CO* and Ppv
* may be predicted by evaluating how 

altered parameter values effect the slopes and intercepts of the COLVF and COCVR lines to shift the 

balance point. 

 Graphical representation of system equlibrium changes with altered left ventricular 

function. Figure 2.4 illustrates three alterations in left ventricular properties that increase 

equilibrium pulmonary venous pressure (Ppv
*) and decrease cardiac output (CO*) from baseline. 

In Figure 2.4B, an increase in Eminlv resulting from a steepening of the end-diastolic 

pressure-volume relationship (EDPVR) causes the ventricular filling pressure to increase and the 

end-diastolic volume and stroke volume to decrease. This causes the slope of the COLVF curve to 

decrease and its pressure intercept to decrease. In Figure 2.4C, a decrease in unstressed stroke 

volume (ΔVolv) results in a leftward shift of the EDPVR. This causes ventricular pressure to 

increase and the end-diastolic volume and stroke volume to decrease. The pressure intercept of the 

COLVF curve increases. In Figure 2.4D, a decrease in Emaxlv results in a less steep ESPVR causing 

increased ventricular pressure by increasing end-diastolic volume and decreasing the stroke 

volume. Decreasing Emaxlv thus causes the pressure intercept the COLVF curve to increase. 
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Figure 2.4  Alterations in the left 
ventricular properties that 
increase equilibrium pulmonary 
venous pressure (Ppv

*) and 
decrease cardiac output (CO*) 
from baseline. A: Baseline 
balance. B: Increased left 
ventricular minimum elastance 
(Eminlv). C: Decreased unstressed 
stroke volume of left ventricle 
(ΔVolv). D: Decreased left 
ventricular maximum elastance 
(Emaxlv). In all three cases, a right 
downward shift in the balance 
point (arrow from open to closed 
circle) indicates increased Ppv

* 
and decreased CO*. 
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Sensitivities of equilibrium cardiac output and pulmonary venous pressure to changes in 

stressed volume. Expressions for the sensitivities of equilibrium cardiac output and pulmonary 

venous pressure to changes in stressed volume (α and β respectively) are  

𝛼𝛼 = Δ𝐶𝐶𝐶𝐶
Δ𝑉𝑉𝑠𝑠

= 𝐻𝐻𝑅𝑅
𝐶𝐶𝑝𝑝𝑠𝑠 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠 + 𝐶𝐶𝑠𝑠𝑠𝑠 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

 ,  (11) 

𝛽𝛽 = Δ𝑃𝑃𝑝𝑝𝑠𝑠
Δ𝑉𝑉𝑠𝑠

=  𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
𝐶𝐶𝑝𝑝𝑠𝑠 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠 + 𝐶𝐶𝑠𝑠𝑠𝑠 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

 .  (12) 

Sensitivities α and β have a common denominator dependent on coupled minimal ventricular 

elastance and venous compliance terms. The sensitivity α has heart rate units while sensitivity β 

has elastance units. As illustrated in Figure 2.5A, a change in CO* resulting from altered Vs is 

predicted by the CO* sensitivity to Vs times the amount that Vs is perturbed, i.e., Δ𝐶𝐶𝐶𝐶∗ = 𝛼𝛼 Δ𝑉𝑉𝑠𝑠. 

Figure 2.5B illustrates how Ppv
* is predicted by the Ppv

* sensitivity to Vs times the amount that Vs 

is perturbed, i.e., Δ𝑃𝑃𝑝𝑝𝑠𝑠∗ = 𝛽𝛽 Δ𝑉𝑉𝑠𝑠. Further, the correlation of CO* to Ppv
* with alterations in total 

stressed volume is given by the ratio of their sensitivities, i.e., 𝛼𝛼 𝛽𝛽⁄ = 𝐻𝐻𝐻𝐻  𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑜𝑜𝑠𝑠⁄ . This correlation 

is also derived from the left ventricular function equation (Eq. 5) as the derivative of CO* with 

respect to Ppv
*. This suggests Δ𝐶𝐶𝐶𝐶/ Δ𝑃𝑃𝑝𝑝𝑠𝑠 that in a minimal close-loop model is governed by left 

ventricular function. In Eq. 13, cardiac output at equilibrium (CO*) is expressed in terms of α, 

which has heart rate units, and several volume terms, 

𝐶𝐶𝐶𝐶∗ = 𝛼𝛼 

⎣
⎢
⎢
⎢
⎡

𝑉𝑉𝑠𝑠 − (𝐶𝐶𝑠𝑠𝑠𝑠𝑃𝑃𝑠𝑠𝑠𝑠 + 𝐶𝐶𝑝𝑝𝑠𝑠 𝑃𝑃𝑝𝑝𝑠𝑠)

− 𝐶𝐶𝑝𝑝𝑠𝑠
 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

(𝑃𝑃𝑠𝑠𝑠𝑠 − 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠 ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠)

  − 𝐶𝐶𝑠𝑠𝑠𝑠
𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

(𝑃𝑃𝑝𝑝𝑠𝑠 − 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠 ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠)
   ⎦

⎥
⎥
⎥
⎤

 . (13) 
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Figure 2.5  Predicting equilibrium cardiac output (CO*) and pulmonary venous pressure (Ppv
*) with 

altered stressed volume (Vs). Algebraic solutions for (Eqs. 13 and 14) are plotted as function of 
stressed volume (solid lines). A: The change in CO* from baseline (circle) is approximated by 
multiplying the amount that stressed volume is perturbed by the sensitivity α. Peripheral 
hypoperfusion develops when cardiac output is decreased to a critically low level by reducing stressed 
volume (Vs cold). B: The change in Ppv

* from baseline (circle) is approximated by multiplying the 
amount that stressed volume is perturbed by the sensitivity β. Pulmonary edema develops when Ppv

* 
is increased to a critically high level by increasing stressed volume (Vs wet). 
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Quantitatively, the dominant term is the total stressed volume (Vs). Vs, however, is modulated by 

the smaller sum of the arterial stressed volumes and two effective volumes resulting from left and 

right ventricle interactions with proximal vascular properties. These terms are similar to the 

intercept expressions for LFV and CVR (Fig. 2.3). Given 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠  ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠 ≫ 𝑃𝑃𝑠𝑠𝑠𝑠 and 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠  ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠 >

𝑃𝑃𝑝𝑝𝑠𝑠 in normal physiology, ventricular-vascular interactions positively contribute to the overall 

volume determining cardiac output. In Eq. 14, pulmonary venous pressure at equilibrium (Ppv
*) is 

expressed in terms of β, which has elastance units, and several volume terms, 

𝑃𝑃𝑝𝑝𝑠𝑠∗ = 𝛽𝛽

⎣
⎢
⎢
⎢
⎡

𝑉𝑉𝑠𝑠 − (𝐶𝐶𝑠𝑠𝑠𝑠𝑃𝑃𝑠𝑠𝑠𝑠 + 𝐶𝐶𝑝𝑝𝑠𝑠 𝑃𝑃𝑝𝑝𝑠𝑠)
 − 𝐶𝐶𝑝𝑝𝑠𝑠

 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

 (𝑃𝑃𝑠𝑠𝑠𝑠 − 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠 ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠) �−
𝐶𝐶𝑠𝑠𝑠𝑠 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
 𝐶𝐶𝑝𝑝𝑠𝑠 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

�

  − 𝐶𝐶𝑠𝑠𝑠𝑠  𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

 (𝑃𝑃𝑝𝑝𝑠𝑠 − 𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑜𝑜𝑠𝑠 ∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠) ⎦
⎥
⎥
⎥
⎤
 . (14) 

Although the expression could be simplified further, this form reveals that all the same volume 

terms which effect CO* also effect Ppv
*. There is, however, an additional term modulating left 

ventricle interactions. This term is the ratio of the LVR and CVR slopes (Eqs. 7 and 9) and depends 

on venous compliances and minimal elastances. Heart rate (HR) cancels out of the ratio and does 

not affect Ppv
*. The ratio is negative and thus modulates left ventricular interactions to reduce the 

overall volume influencing Ppv
*. 

Errors of approximation quantified by comparing results of algebraic solutions to results 

of a more complete numerical model. Figure 2.6 illustrates the error in the equilibrium cardiac 

output (CO*) and equilibrium pulmonary venous pressure (Ppv
*) predicted by the algebraic 

formulas (Eqs. 13 and 14) as stressed volume (Vs) is changed. The error is zero at the origin, i.e., 

0 ml stressed volume, because the algebraic formulas are equivalent to the results of the more 

complex numerical model that incorporates an exponential end-diastolic pressure-volume 
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relationship for each of the ventricles. When Vs is reduced by 300 ml from baseline, the algebraic 

model overestimates CO* by less than 8 ml∙s−1. This is within the range of measurement errors 

observed in thermodilution studies (215). When Vs is increased by 300 ml, the algebraic model 

underestimates Ppv
* by less than 1 mmHg. Modest Vs perturbations (less than 38% change from 

baseline) therefore yield small errors in CO* and Ppv
*. 

Model sensitivity analysis. Figure 2.7 presents the normal baseline sensitivity indices (SI) 

for equilibrium cardiac output (CO*) and pulmonary venous pressure (Ppv
*) of the minimal 

closed-loop model. The solid bars indicate the sensitivity indices estimated for a modest 10% 

increase in each parameter’s value. The sensitivity indices have the same sign and similar 

magnitude as the sensitivity indices estimated for the more complete numerical model that 

incorporated a nonlinear EDPVR for each ventricle. The small differences in magnitudes exhibited 

by the numerical model sensitivities (which were not apparent on log scale, and therefore not 

shown) suggest that linearizing the EDPVR of both ventricles has little effect on predicting 

changes in CO* and Ppv
* for modest parameter perturbations. The sensitivity indices indicate that 

CO* and Ppv
* are positively correlated when parameters determining cardiovascular return (CVR) 

are changed. These include total stressed volume, compliances, pulmonary arterial pressure, as 

well as the elastances and unstressed stroke volume of the right ventricle. Figure 2.7 thus illustrates 

how elevated stressed volume (Vs) increases both CO* and Ppv
*. Reducing Vs would have converse 

effects. Indices further indicate CO* is more sensitive than Ppv
* to Vs changes and that both are less 

sensitive to Vs than other parameters. Together, this suggests that in normal physiology Vs 

fluctuates across a relatively large range to effect CO* with more modest effects on Ppv
*. In contrast 
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Figure 2.6  Approximation error when predicting equilibrium cardiac output (CO*) and pulmonary 
venous pressure (Ppv

*) with small changes in stressed volume (Vs). Using normal baseline parameter 
values (Table 2.1), absolute error in CO* and Ppv

* was calculated as the difference between algebraic 
and numerical model predictions. A: Reducing stressed volume by 300 ml in the algebraic model 
overestimates CO* by less than 8 ml∙s−1. B: Increasing stressed volume by 300 ml in the algebraic 
model underestimates by less than 1 mmHg. 
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Figure 2.7 Baseline sensitivity indices (SI) of equilibrium cardiac output (CO*) and pulmonary 
venous pressure (Ppv

*). Bars indicate both signs and magnitudes of CO* and Ppv
* sensitivities for the 

algebraic formulas (Eqs. 13 and 14) when the normal baseline value of a property is increased by 
10%. For |SI| > 1, the fractional change in the variable is greater than the fractional change in the 
parameter (Eq. 6). Vascular properties include stressed volume (Vs), systemic and pulmonary 
arterial pressures (Psa and Ppa), arterial compliances (Csa and Cpa), venous compliances (Csv and 
Cpv). Left and right ventricular properties include maximal elastances (Emaxlv and Emaxrv), minimal 
elastances (Eminlv and Eminrv), and unstressed stroke volumes (ΔVolv and ΔVorv). CO* and Ppv

* are 
negatively correlated when properties determining left ventricular function (LVF) are changed. CO* 
and Ppv

* are positively correlated when properties determing cardiovascular return (CVR) are 
changed. 
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to CVR parameters, sensitivity indices indicate CO* and Ppv
* are negatively correlated when any 

of the parameters determining left ventricular function (LVF) are changed. CO* increases and Ppv
* 

decreases when the maximum elastance or unstressed stroke volume of the left ventricle is 

elevated. CO* and Ppv
* are particularly sensitive to changes in the minimum elastance of the left 

ventricle (Eminlv). Given a |SI| > 10, a slight elevation in Eminlv decreases CO* and increases Ppv
* 

dramatically. A slight reduction would have converse effects. Heart rate and systemic arterial 

pressures are the two parameters that effect both CVR and LVF. Their sensitivity indices, however, 

indicate that they effect CO* to a greater extent than Ppv
*. Taken together, this suggests that 

parameters determining left ventricular function may be altered to sustain cardiac output when 

stressed volume is lowered. The magnitude differences between the sensitivity indices of normal 

and heart failure cases were minor for all parameter except for maximal elastances. In the case of 

heart failure with reduced ejection fraction, the SI of CO* and Ppv
* for a change in Emaxlv increased 

by a factor of 100. The SI of Ppv
* to Emaxrv is increases by a factor of 10. In the case of heart failure, 

increasing right ventricular contractility would thus exacerbate already high pulmonary venous 

pressure. 

Homeostatic range of stressed volume. Acute decompensated heart failure resulting from 

left ventricular dysfunction occurs when stressed volume exceeds or falls below levels at which 

critical symptoms develop. Specifically, when cardiac output becomes critically low (COcold), 

peripheral hypoperfusion develops. When pulmonary venous pressure becomes critically high 

(Ppv wet), pulmonary edema develops. Expressed algebraically in Eq. 15, the difference in the 

unstressed volumes between these two critical points identifies the interactions of hemodynamic 

factors determining the homeostatic range of asymptomatic Vs fluctuation (ΔVs). 
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Δ𝑉𝑉𝑠𝑠 = � 1
𝛽𝛽

 �  𝑃𝑃𝑝𝑝𝑠𝑠 𝑤𝑤𝑒𝑒𝑡𝑡 −  � 1
𝛼𝛼

 �𝐶𝐶𝐶𝐶𝑐𝑐𝑜𝑜𝑜𝑜𝑒𝑒 −  � 1
𝛽𝛽

 �  � 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
𝐸𝐸𝑚𝑚𝑠𝑠𝑚𝑚𝑚𝑚𝑠𝑠

 � 𝑃𝑃𝑠𝑠𝑠𝑠 + � 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
𝛽𝛽

 �∆𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠 (15) 

This algebraic formula is general and valid for cases that have a relatively modest range of 

asymptomatic stressed volume fluctuation, e.g., heart failure. As indicated by the expression, the 

homeostatic range of unstressed volume is determined in part by the pressure and flow at which 

critical symptoms develop. A decrease in systemic arterial pressure (Psa) will increase ΔVs. 

Increasing the unstressed stroke volume of left ventricle (ΔVolv) also increases ΔVs (Fig. 2.8C). 

Increasing the maximal elastance of the left ventricle (Emaxlv) increases ΔVs in a limited manner 

(Fig. 2.8A). Increasing the minimal elastance of the left ventricle (Eminlv) decreases ΔVs (Fig. 2.8B).  

Predicting the homeostatic range of stressed volume (ΔVs) for normal patients and patients having 

heart failure with reduced ejection fraction (HFrEF). Table 2.2 reports the predicted equilibrium 

values for the variables of the algebraic closed-loop model. Predicted values for cardiac output 

(CO*), pulmonary venous pressure (Ppv
*), systemic venous pressure (Psv

*), total pulmonary 

resistance (Rp
*), and total systemic resistance (Rs

*) were all consistent with the range of mean 

values measured and reported in clinical studies of normal and HFrEF patients. This suggests 

algebraic solutions derived from Eqs. 1-5 are valid for predicting baseline behaviors. Using Eq. 

15, ΔVs for the normal baseline was predicted to be 1855 ml. When compared to the more complete 

numerical model that incorporated nonlinear end-diastolic pressure-volume relationships 

(EDPVR), the algebraic solution overestimated ΔVs by 682 ml (58% error). For the heart failure 

case, ΔVs baseline was predicted to be 467 ml. When compared to the numerical model, the 

algebraic solution for ΔVs overestimated by 69 ml (17% error). This suggests that the algebraic 

solution for ΔVs, which assumes the EDPVR of each ventricle may be approximated with a single  
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Figure 2.8  Effects of changing left ventricular (LV) properties on the homeostatic range of unstressed 
volume (ΔVs). A: Increasing the maximal elastance of the left ventricle (Emaxlv) increases ΔVs in a limited 
manner. B: Increasing the minimal elastance of the left ventricle (Eminlv) will decrease ΔVs. C: Increasing 
the unstressed stroke volume of left ventricle (ΔVolv) also increases ΔVs. 
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Table 2.2  Predicted variables from parameters reported for 
normal patients and patients having heart failure with reduced 
ejection fraction (HFrEF). 

  Normal  HFrEF 
Ejection Fraction < 40% 

Variable  Prediction Reported  Prediction Reported 

CO* (ml∙s−1)  87 60 − 89  75 57 − 80 

Ppv
* (mmHg)  4.7 4.0 − 12  23 19 − 26 

Psv
* (mmHg)  5.6 0.0 – 8.0  7.4 6.0 − 15 

Rp
* (mmHg∙s∙ml−1)  0.11 0.11 − 0.19  0.068 0.048 − 0.083 

Rs
* (mmHg∙s∙ml−1)  0.95 0.68 − 1.1  1.1 0.31 − 1.2 

ΔVs (ml)  1855   467  

 
Equilibrium cardiac output (CO*), pulmonary venous pressure (Ppv

*), 
systemic venous pressure (Psv

*), total pulmonary resistance (Rp
*), and total 

systemic resistance (Rs
*) were predicted by evaluating from the algebraic 

solutions derived from Eqs.1-5 with the parameter values summarized in 
Table 2.1. Predictions were consistent with the reported ranges of variable 
values for normal patients (128) and patients having HFrEF (91, 182, 205, 
255, 309). Compared to normal, the homeostatic range of stressed volume 
(ΔVs) is dramatically lower for the case of HFrEF. 
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linear equation, is suitable for cases having a relatively modest range of asymptomatic stressed 

volume fluctuation.  

 

DISCUSSION 

The present work is the first to develop and validate algebraic formulas that predict 

equilibrium cardiac output and pulmonary venous pressure in a minimal closed-loop model with 

arterial pressure regulation. The present work demonstrates how algebraic methods are used in lieu 

of numerical approaches for obtaining explicit formulas that reveal how steady-state behaviors 

emerge from the interaction of left ventricular function and cardiovascular return. Limitations 

encountered in previous models were resolved by (1) isolating left ventricular function, 

(2) linearizing end-diastolic pressure-volume relationships, and (3) assuming arterial pressures to 

be regulated. The formulas reveal that cardiac output and pulmonary venous pressure can be 

estimated with minimal error over modest ranges of stressed volume change. The resulting 

algebraic formulas revealed two novel insights when examining effects of total stressed volume 

and left ventricular dysfunction. First, cardiac output and pulmonary venous pressure are governed 

by effective volume terms that are not apparent when using numerical approaches (Eqs. 13 and 

14). Second, the range of asymptomatic stressed volume fluctuation is limited by the properties of 

the failing left ventricle. In addition to these novel findings, the discussion below details the 

strategies and assumptions used in developing a basic linear minimal closed-loop model, which 

cardiovascular researchers can readily extend or modify when investigating particular processes 

and adaptations resulting from isolated ventricular dysfunction. 

To obtain general algebraic formulas that approximate system behaviors, linear 

relationships were assumed for the Beds, chambers, and pumps of the closed-loop model. With 
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few exceptions (183, 190), minimal closed-loop models have assumed linear relationships to 

characterize the cardiovascular system in terms of a relatively small number of parameters (Fig. 

2.1). In contrast to numerical models that employ nonlinear relationships having additional, often 

poorly characterized parameters (66, 175), minimal closed-loop models use linear equations over 

specified ranges of volumes or pressures (65). Flow-pressure relationships, for instance, have been 

shown to be fairly linear over a wide range of pulmonary and systemic arterial pressures (250, 258, 

287). Similarly, the volume-pressure relationship of the systemic venous chamber has been shown 

to be relatively linear as pressures rise (258, 287). With respect to pump function, the end-systolic 

pressure-volume relationship (ESPVR) in normal patients and those with heart failure has been 

reported to be relatively linear over wide range of end-systolic pressures (11, 46). Linearization of 

end-systolic volume-pressure relationship has been experimentally validated (264) and has yielded 

close approximations of numerical simulations (59). In contrast, the end-diastolic pressure-volume 

relationship (EDPVR) is highly nonlinear with a slope that increases over the normal range of 

ventricular filling pressures (47). Considered to have the most impact on system behavior, some 

heart failure models have retained this nonlinearity (275). However, to obtain algebraic solutions, 

others have assumed EDPVR to be linear (127, 265). For instance, by characterizing EDPVR with 

a slope (Emin) and volume intercept (Vo), Sunagawa, et al. (265) derived a general algebraic formula 

for cardiac output. The formula revealed cardiac output depended on the ratio of the maximal 

elastance of ventricle to an effective arterial elastance, a term that has been used in clinical studies 

of ventricular dysfunction as a measure of efficient energy transfer (168). Following this approach, 

the present work used the linear EDPVR relationship for the right and left ventricle (Eqs. A4 and 

A7). As evident in the comparison of normalized sensitivities of CO* and Ppv
* to parameter 

perturbations, the resulting algebraic formulas exhibited the same trends as the more complex 
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numerical model incorporating EDPVR and were also consistent with other numerical heart failure 

models (48, 195). 

To obtain valid algebraic formulas for clinically relevant variables, the minimal 

closed-loop model was partitioned to investigate the interaction of left ventricle function and 

cardiovascular return. Previous models have followed Guyton’s characterization of system 

equilibrium as the interaction of cardio-pulmonary performance and venous return (252, 279). This 

traditional approach, however, imposes several limitations for deriving algebraic formulas, namely 

accounting for blood redistribution between chambers, characterizing variables associated with 

critical symptoms, and isolating the effects of ventricular properties. These issues are resolved by 

partitioning model elements to study equilibrium behaviors resulting from left ventricle function 

and the flow resulting from the rest of the cardiovascular system (Fig. 2.2). With this novel 

partition, the blood volumes and unstressed volumes of the four chambers are lumped into a single 

compartment and can be added together (Eqs. A13 and A14). Reparametrizing the difference 

between the total blood volume and the total unstressed volume as the system’s total stressed 

volume simplifies the model further. The novel partition also enables system equilibrium to be 

characterized in terms of a pressure and flow that relate directly to the clinical profiles of 

“cold/warm” and “wet/dry” that have been used to characterize pump performance, predict 

outcomes, and devise therapies for heart failure patients (62, 101, 216). The partition also allows 

the effects of isolated left ventricular dysfunction on equilibrium to be evaluated (Fig. 2.4). How 

cardiovascular return compensates to increase cardiac output and/or lower pulmonary venous 

pressure can also be assessed (Fig. 2.3). 

Algebraic formulas were derived by assuming equilibrium cardiac output and pulmonary 

venous pressure emerge from within a system that regulates arterial pressures. In contrast to 
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conventional modeling approaches that treat resistances as constant parameters(48, 195), the 

present work assumed resistances are variably controlled by baroreflex mechanisms to maintain 

arterial pressure homeostasis. When blood volume is increased in humans, systemic arterial 

pressure thus remains relatively constant whereas systemic resistance changes by several factors 

(74). Though less well understood, the carotid sinus baroreflex has been implicated in the direct 

regulation of pulmonary resistance (259). When blood volume is decreased, pulmonary arterial 

pressure remains relatively constant whereas a two-fold increase in total pulmonary resistance has 

been observed in primates (1). Arterial pressures do change over time in response to ventricular 

dysfunction, but are still regulated under acute conditions and relatively constant compared to 

resistances (99). For this reason, multi-scale heart failure models have incorporated baroreflex 

mechanisms using additional equations to control variable resistances (236, 275). These models, 

however, require numerical methods that are sensitive to parameter values and limited for purposes 

of identifying the most influential interactions. To obtain algebraic solutions for normal and 

asymptomatic heart failure cases, the present work approximated the effects of regulation by 

assuming that arterial pressures are perfectly regulated by variable resistances.  

As with other heart failure models, equilibrium cardiac output and pulmonary venous 

pressure were solved in terms of total stressed volume to evaluate the net effect of multiple 

regulatory mechanisms. In normal physiology as well as cases of systolic dysfunction, the 

heightened sympathetic response to hypotension causes venoconstriction in the splanchnic 

vasculature to decrease overall vascular capacitance (86). A leftward shift in the pressure-volume 

relationship occurs. Considering compliances are unaffected, the leftward shift reflects a decrease 

in unstressed volume and an increase in stressed volume (86, 243). In systolic heart failure, 

baroreflex mediated venoconstriction attempts to restore cardiac output. Over time, total blood 
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volume is increased through stimulation of renal fluid reabsorption (125). To accommodate 

volume overload (204), the cardiopulmonary reflex becomes more active to increase vascular 

capacity (15, 291). Overall, the interactions among these feedback mechanisms and others is 

complex and can become unbalanced during heart failure (99, 169). However, by solving system 

equations in terms of total stressed volume, heart failure models have been able to evaluate the net 

effect that these compensatory mechanisms have on system equilibrium (195, 207). In a numerical 

heart failure model, Burkhoff and Tyberg (48) demonstrated how increasing stressed volume 

restores cardiac output at the cost of raising pulmonary venous pressure. This novel approach 

lumped long-term effects renal regulation of total blood volume as well as short-term effects of 

arterial and cardiopulmonary baroreflex regulation of total unstressed volume into a single 

parameter (94, 244). By including the nonlinear EDPVR, however, their model required numerical 

methods to obtain results. In contrast, the present work treated total stressed volume as a lumped, 

independent variable within a system of linear equations. Analyzing the system algebraically not 

only generalized their predictions with explicit formulas, but also extended their approach to 

address clinically relevant questions. 

The resulting algebraic formulas predict equilibrium trends observed in a wide array of 

studies that alter total stressed volume. As indicated by Eqs. 13 and 14 and illustrated in Fig. 2.5, 

the algebraic formulas predict elevation of both equilibrium cardiac output (CO*) and pulmonary 

venous pressure (Ppv
*) in response to an increase in total stressed volume. When splanchnic 

vasoconstriction is stimulated with adrenergic agonists, stressed volume is elevated and CO* and 

Ppv
* are increased (9, 57, 79, 113, 237). Conversely, when venoconstriction is suppressed by 

ganglionic blockade, stressed volume is decreased and CO* declines (86, 307). In chronic heart 

failure, elevated levels of atrial natriuretic peptide (ANP) are associated with increased total blood 



 

43 

 

volume and left ventricular filling pressure (143). Experimental ANP treatment decreases total 

blood volume without affecting unstressed volume. Treatment reduces total stressed volume and 

results in decreased CO* and Ppv
* (61, 177). In heart failure, cardiopulmonary reflex activity also 

increases to counterbalance the sympathetic response. Increased venous capacity has been 

observed in patients having heart failure with reduced ejection fraction (6). In experimental heart 

failure, inhibition of the cardiopulmonary reflex decreases splanchnic capacitance and increases 

left ventricular filling pressure (289). Some interventions, which aim to reduce filling pressure, 

can affect both left ventricular function (LVF) and cardiovascular return (CVR). Graphical 

analysis (Fig. 2.3) is therefore a useful tool for evaluating pharmacological effects on equilibrium 

behavior. Vasodilators like nitroglycerin and enalaprilat, for instance, decrease total stressed 

volume while also decreasing systemic arterial pressure (112, 288). These parameter changes 

cause a leftward shift of LVF and CVR intercepts to lower Ppv
* and sustain CO*. Similarly, 

activation of adenosine-2 receptors increases venodilation and decreases systemic arterial pressure, 

but also increases heart rate (213, 268). With these parameter changes, LVF and CVR intercepts 

shift leftward and their slopes increase to lower Ppv
* and increase CO*. Overall, the algebraic 

formulas predict trends that are consistent with those observed in experimental and clinical studies 

manipulating regulatory mechanisms to change total stressed volume. 

Sensitivities of cardiac output and pulmonary venous pressure to changes in stressed 

volume can help guide fluid management in cases of asymptomatic heart failure. While stressed 

volume has been rigorously measured in experimental settings for decades (194), measurements 

are now being taken at bedside in response to bolus infusions (192). With continued improvements 

in technique, CO* and Ppv
* sensitivities to stressed volume changes (α and β respectively) could be 

estimated for every patient. The algebraic expressions for α and β derived in the present work are 
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the first to identify the specific parameter interactions that determine how changes in stressed 

volume effect CO* and Ppv
* (Figure 2.5). Combined with patient data, the expressions (Eqs. 11 and 

12) may be used to predict the effects of a stressed volume change on equilibrium behaviors, i.e., 

Δ𝐶𝐶𝐶𝐶∗ = 𝛼𝛼 Δ𝑉𝑉𝑠𝑠 and Δ𝑃𝑃𝑝𝑝𝑠𝑠∗ = 𝛽𝛽 Δ𝑉𝑉𝑠𝑠. If changes to CO* and Ppv
* are known, then specific parameter 

values for patients can be deduced to assess risks to therapy. In the present work, the robustness 

of algebraic model was evaluated by comparing predictions to the more complete numerical model 

incorporating a nonlinear EDPVR for each ventricle (Fig. 2.6). For modest perturbations in total 

stressed volume (~300 ml), the approximation errors in CO* and Ppv
* were found to be small and 

comparable to measurement error. This was a conservative approach to approximation based on 

characterizing the nonlinear EDPVR with a single line defined by an instantaneous slope (Emin) 

and volume intercept (Vo). For larger stressed volume perturbations, the nonlinear EDPVR may be 

fit with a two-equation linear model that minimizes error over a specified pressure range (60, 92).  

By solving equilibrium cardiac output and pulmonary venous pressure algebraically in 

terms of stressed volume, the physical properties determining the maximum and minimum of an 

asymptomatic stressed volume range could be derived. Specifically, the algebraic solutions for 

CO* and Ppv
* (Eqs. 13 and 14) can be rearranged to identify the physical interactions determining 

the stressed volumes at which critical symptoms of edema and hypoperfusion develop. The 

difference between theses “wet” and “cold” stressed volumes characterizes the homeostatic range 

of asymptomatic Vs fluctuation (ΔVs). The resulting algebraic formula (Eq. 15) is the first to 

characterize this clinically-relevant range in terms of vascular-ventricular interactions. When 

evaluated with parameter values of normal and heart failure patients, the range for heart failure 

patients is relatively small (Table 2.2). When compared to the more complex numerical model, the 

algebraic formula overestimates ΔVs by 58% in the normal case and 17% in the heart failure case. 
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Approximating the EDPVR as a single line is therefore reasonable for an algebraic solution for a 

small total stressed volume range such as in heart failure.  

The algebraic formula for the homeostatic range of stressed volume reframes the standard 

clinical wet-cold paradigm to characterize how left ventricular dysfunction limits volume 

redistribution. In normal physiology, significant redistribution of blood volume from the 

splanchnic venous reservoir to the central circulation can occur in a matter of seconds to maintain 

cardiac filling pressures. Most heart failure patients, however, exhibit varying degrees of volume 

overload and high cardiac filling pressures (7, 204). Interestingly, the majority of patients who 

develop pulmonary edema exhibit no evidence of volume gain prior to hospitalization (58). 

Instead, autonomic imbalance with increased filling pressure is observed. This has led researchers 

to hypothesize that the mechanism of decompensation lies in the inability of a progressively 

sympathoexcited venous reservoir to reduce stressed volume as needed (88, 94). The present work 

adds to this inquiry by demonstrating how left ventricular dysfunction limits the homeostatic range 

of stressed volume. That is, while arterial and cardiopulmonary feedback mechanisms may become 

unbalanced and unable to effectively control venous reserve function, the range in which stressed 

volume can fluctuate may be greatly diminished. Increasing the minimal elastance of the left 

ventricle (Eminlv), for instance, will lower ΔVs (Fig 2.8B). Further reductions in the maximal 

elastance of the left ventricle (Emaxlv) also lowers ΔVs (Fig. 2.8A). Conversely, an increase in Emaxlv 

through exercise would can expand the range up to a point. Ventricular remodeling that increases 

the unstressed volume of the left ventricle (ΔVolv) will also act to restore ΔVs. (Fig 2.8C). 

 The linear minimal closed-loop model is a novel tool for investigators studying isolated 

ventricular dysfunction. In contrast to Guyton’s model that relied on an empirical cardiac 

performance curve that includes the effects of both ventricles and the pulmonary vasculature, the 
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model of the present work characterizes isolated left ventricular function in terms of ventricular 

properties: contractility, stiffness, and unstressed volume. This improvement, as well as others 

previously mentioned, revamps Guyton’s framework for the purposes of investigating how 

steady-state behaviors emerge from the interaction of ventricular and vascular properties under 

conditions of arterial pressure regulation. Using this framework, insights about equilibrium CO* 

and Ppv
*, their sensitivities to altered total stressed volume, as well as the homeostatic range of 

asymptomatic stressed volume were developed. However, investigators may wish to adapt the 

methods used in the present work to address other important issues. For instance, by incorporating 

a pericardial pressure-volume relationship, the model can be used to investigate the role that 

biventricular diastolic interactions have in venodilation (278). For cases in which pulmonary 

arterial pressure (Ppa) is known to be high and mostly variable, alternate solutions can be obtained 

by treating pulmonary resistance (Rp) as a constant that has neared the lower limit of its 

physiological range. Other critical symptoms, e.g. ascites, can be investigated by partitioning 

minimal closed-loop model to study isolated right ventricular dysfunction. The present work 

therefore not only provides a novel framework for understanding asymptomatic volume 

fluctuations in heart failure, but also reapplies Guyton’s general strategy to develop a useful 

modeling framework for researchers and students to better conceptualize steady-state behaviors.  
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CHAPTER III 

RENAL FLUID BALANCE MODEL 

 

Although implicated in the regulation of tubule fluid reabsorption, the role of renal 

interstitial hydrostatic pressure in diuresis has been difficult to establish. Recognized as a key 

intermediate in cortical fluid balance (222), renal interstitial hydrostatic pressure effects fluid 

inflow and outflow differently. On one hand, increased interstitial hydrostatic pressure has been 

associated with decreased fluid reabsorption from the tubule into the interstitium (104, 150). On 

the other hand, increased interstitial hydrostatic pressure has been associated with increased fluid 

uptake from the cortical interstitium into the peritubular capillaries (13, 30, 145). The opposing 

effects of interstitial hydrostatic pressure on the fluid flows into and out of the interstitium have 

made its role in diuresis difficult to evaluate experimentally (158, 276). Several studies have 

increased interstitial hydrostatic pressure directly in situ to examine factors involved in diuresis 

(5, 146, 149). Treating interstitial hydrostatic pressure as an independent variable, however, 

neglects the roles that peritubular capillaries, cortical lymphatic vessels, and distal nephron 

segments have in modulating both interstitial hydrostatic pressure and tubule fluid reabsorption 

(239, 276, 299). Moreover, diuresis in vivo does not only occur with increased interstitial 

hydrostatic pressure (242). Increased fluid excretion with decreased interstitial hydrostatic 

pressure has also been reported to occur when solute transport across the tubule epithelial barrier 

is inhibited (141). To better understand the seemingly contradictory effects of intermediates within 

a complex physiological system like the renal cortex, integrative mathematical models have been 

employed (64, 208). 
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Although mathematical models have incorporated properties of tubule and capillary 

compartments, the vast majority have not included the interstitium as an explicit intervening 

compartment. Tubule models have characterized fluid reabsorption as nonlinear fluid and solute 

transport driven either by transepithelial osmolality differences (253, 301) or by a hypertonic 

lateral interspace (43, 137, 247, 273, 294). Capillary models, in contrast, exclude tubule properties 

and characterize fluid uptake from the interstitium as a function of fluid permeability and pressure 

gradients along vessel length (76, 276). Other models incorporating both tubules and capillaries 

have considered fenestrated capillary vessels to be so highly permeable that interstitial and 

capillary osmotic pressures of small solutes may be presumed equal (224). These two-

compartment models have therefore neglected capillary barrier properties (116). Notable multi-

compartment models, which have included the interstitium, have further assumed fluid flow 

depends on solute flows into the lateral interspaces of tubule epithelia (138, 292). These nonlinear 

solute-coupled models, however, have required numerical methods and have limited their 

evaluations of pressure-flow relationships to univariate analysis techniques. 

As an alternate approach, pressure-flow relationships have been investigated by using 

linear models to derive general algebraic formulas for pressures and flows. Linear models have 

been especially useful for identifying the predominant physical interactions governing emergent 

behaviors when many of the parameter values are not well-known (203). In contrast, inferences 

based on numerical solutions of nonlinear models are contingent upon the particular set of 

parameter values chosen (24). For example, the use of either high or low water permeability values 

is implicit in the competing tubule models that infer fluid reabsorption is driven either by 

transepithelial osmolality differences or by hypertonic lateral interspaces (254). In contrast to 

numerical solutions, general algebraic formulas may be used to identify the critical properties 
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governing system behavior without having to assume specific parameter values. Flow and pressure 

trends can instead be predicted by directly inspecting the parameter interactions made explicit by 

the algebraic expressions (273). Williams and Schafer (300), for instance, derived algebraic 

formulas for interstitial osmotic pressures that indicate how semi-permeable capillaries could 

produce interstitial osmotic pressures that differ from capillary pressures (i.e. solute polarization). 

Algebraic expressions for interstitial hydrostatic pressure and fluid flow have also been derived 

for a linear three-compartment model of peripheral tissues drained by lymphatic vessels (83). No 

such characterization, however, exists for fluid balance in the renal cortex. Therefore, the purpose 

of the present work was to derive algebraic formulas for interstitial hydrostatic pressure and tubule 

fluid reabsorption based on a linear three-compartment model that incorporates the cortical 

interstitium. 

 

METHODS 

Three-compartment model of fluid transport through the renal cortex. Similar to the 

approach of Williams and Schafer (300), bulk fluid reabsorption in the mammalian renal cortex 

was assumed to involve the pressures within three compartments (Fig. 3.1). The complex 

anatomical arrangement of tubule lumen, interstitial spaces, and surrounding capillary networks 

were thus lumped into three distinct compartments separated by two semi-permeable barriers. 

Appended subscripts denote whether the parameters and variables are associated with tubules (t), 

interstitium (i) or capillaries (c). In each compartment, there is a hydrostatic pressure (P) and an 

osmotic pressure (Π ) exerted by each solute species (s). Semi-permeable tubule and capillary 

barriers were each characterized by a filtration coefficient (Kf), which is the product of their surface 

areas and hydraulic conductances. Barriers were also characterized by reflection coefficients (σ)   
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Figure 3.1 Three-compartment model characterizing fluid movement through the renal cortex. 
Compartments include proximal tubule (t), interstitium (i), and surrounding network of peritubular 
capillaries (c). Tubule fluid reabsorption (Jvt) and capillary fluid uptake (Jvc) depend on hydrostatic 
pressures (P) and osmotic pressures (𝛱𝛱𝑠𝑠) exerted by each solute species s in the compartments, as well as 
the fluid filtration coefficients (Kf) and solute reflection coefficients (𝜎𝜎𝑠𝑠) of the barriers separating the 
compartments (hatched). Dashed arrows indicate fluid flow into the interstitium from distal nephron 
segments (Jvd) and fluid flow out of the interstitium through cortical lymphatic vessels (Jvl).  

 

for each solute species. Tubule fluid reabsorption (Jvt) is the rate of fluid flow from tubule to 

interstitium compartments. Capillary fluid uptake (Jvc) is the rate of fluid flow from interstitium 

to capillary compartments. For completeness, inflow from distal nephron segments (Jvd) and 

outflow via cortical lymphatic vessels (Jvl) were also included as parameters. 

Governing fluid flow equations. Fluid flow across each barrier was characterized as a 

product of a fluid filtration coefficient and a net driving pressure. Given electrochemical forces 

across proximal tubule and peritubular capillary barriers are negligible (36), the standard Kedem-

Katchalsky equation for fluid flow was assumed (147). To clarify analysis, the total pressure within 

the tubule (𝑃𝑃�𝑡𝑡) and the total pressure within the capillary (𝑃𝑃�𝑐𝑐) were defined, 

𝑃𝑃�𝑡𝑡 = 𝑃𝑃𝑡𝑡 − ∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑡𝑡𝑠𝑠𝑚𝑚
𝑠𝑠=1 , (1) 

𝑃𝑃�𝑐𝑐 = 𝑃𝑃𝑐𝑐 − ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑐𝑐𝑠𝑠𝑚𝑚
𝑠𝑠=1 ,  (2) 
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where Pt and Pc are tubule and capillary hydrostatic pressures, respectively. The terms ∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1  

and ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1  represent the “total effective interstitial osmotic pressure” of n solutes that are 

weighted by either tubule (σt) or capillary (σc) reflection coefficients. The equations for tubule 

fluid reabsorption (Jvt) and capillary fluid uptake (Jvc) were then expressed as, 

J𝑠𝑠𝑡𝑡 = 𝐾𝐾𝑓𝑓𝑡𝑡 (𝑃𝑃�𝑡𝑡 − 𝑃𝑃𝑚𝑚 + ∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1 ), (3) 

J𝑠𝑠𝑐𝑐 = 𝐾𝐾𝑓𝑓𝑐𝑐 �𝑃𝑃𝑚𝑚 − 𝑃𝑃�𝑐𝑐 − ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1 �, (4) 

where Pi is the interstitial hydrostatic pressure, and Kft and Kfc are tubule and capillary fluid 

filtration coefficients, respectively. 

Graphical analysis of cortical fluid balance. Following a standard graphical analysis 

method (83, 119), tubule fluid reabsorption and capillary fluid uptake (Eqs. 3 and 4) were each 

plotted as a function of interstitial hydrostatic pressure (Pi). The slopes and Pi -axis intercepts were 

calculated for each line. To illustrate how equilibrium emerges from the interaction of reabsorption 

and uptake, Jvt and Jvc were then plotted simultaneously as a function of Pi. Equilibrium interstitial 

hydrostatic pressure (Pi
*) and reabsorption (Jvt

*) were indicated at the “balance point” where the 

two lines intersect and Jvt = Jvc. 

Graphical representation of cortical fluid balance with changes in total tubule or total 

capillary pressures. To illustrate how equilibrium shifts with changes in total tubule pressure (𝑃𝑃�𝑡𝑡) 

or total capillary pressure (𝑃𝑃�𝑐𝑐), baseline tubule reabsorption and capillary uptake lines were plotted 

in the same manner previously described. Changes in Jvt
* and Pi

* resulting from either decreased 

𝑃𝑃�𝑡𝑡 or increased 𝑃𝑃�𝑐𝑐 were illustrated by replotting tubule reabsorption and capillary uptake lines. 

Changes in slopes and intercepts, as well as the resulting shifts in equilibrium balance points were 

indicated. 
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Characterizing the properties governing cortical fluid balance in terms of equivalent 

pressures and resistances. To identify parameter groups governing steady-state behaviors, the 

three-compartment model was represented by an equivalent circuit (Fig. 3.2) commonly employed 

in characterizing interstitial fluid balance (85, 121, 225). In this case, the pressures were grouped 

to highlight the determinants of equilibrium interstitial hydrostatic pressure (Pi
*) and tubule fluid 

reabsorption (Jvt
*). Therefore, the equivalent inlet pressures that oppose Pi

* to drive fluid from the 

tubule to the interstitium were grouped together (𝑃𝑃�𝑡𝑡 + ∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1 ), as were the equivalent outlet 

pressures that oppose Pi
* driving flow from the interstitium to capillary compartments (𝑃𝑃�𝑐𝑐 +

∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1 ). Although a filtration coefficient (Eqs. 3 and 4) is by definition the ratio of the fluid 

flow through a semi-permeable barrier to net pressure gradient, a “resistance” is the ratio of the 

net pressure gradient to fluid flow. As reported by Dongaonkar et al. (83), the resistance to fluid 

flow between the interstitium and capillary compartments is 1/Kfc. Similarly, the resistance to fluid 

flow between the tubule and interstitium compartments is 1/Kft. Therefore, Pi
* depends on the 

relative resistances, and Jvt
* depends on the total resistance (1/Kfc + 1/Kft). The “effective 

conductance” of this system was calculated from the inverse of total resistance, and the “relative 

capillary conductance” and “relative tubule conductance” were calculated from the inverse of the 

relative resistances.  

General, algebraic formulas for equilibrium interstitial hydrostatic pressure and tubule 

fluid reabsorption. To provide conceptual clarity, the equivalent circuit (Fig. 3.2) and balance point 

graph (Fig. 3.3) were represented assuming that tubule reabsorption equals capillary uptake in 

steady state. However, there is an additional inflow of fluid from distal nephron segments into the 

cortical interstitium as well as an additional outflow of fluid into cortical lymphatic vessels (231, 
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239). When accounting for distal flow (Jvd) and lymphatic flow (Jvl), conservation of mass within 

the interstitial compartment implies, 

J𝑠𝑠𝑡𝑡 +  J𝑠𝑠𝑒𝑒 = J𝑠𝑠𝑐𝑐 +  J𝑠𝑠𝑜𝑜. (5) 

To obtain algebraic formulas for equilibrium interstitial hydrostatic pressure (Pi
*) and 

tubule fluid reabsorption (Jvt
*) that includes Jvl and Jvd, Eqs. 3-5 were solved simultaneously for 

variables Jvt, Jvc and Pi. The resulting solutions were expressed in terms of constant parameters 

that include filtration coefficients, reflection coefficients, effective interstitial osmotic pressures, 

total tubule and capillary pressures, and distal and lymphatic flows.  

 

 

Figure 3.2 Equivalent circuit representation of three-compartment model. Equivalent inlet pressure 
�𝑃𝑃�𝑡𝑡 +∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚

𝑠𝑠=1 � is function of total tubule pressure (𝑃𝑃�𝑡𝑡) and sum of interstitial osmotic pressures (𝛱𝛱𝑚𝑚𝑠𝑠) 
weighted by tubule reflection coefficients (𝜎𝜎𝑡𝑡𝑠𝑠) for each solute species s. The equivalent outlet pressure 
(𝑃𝑃�𝑐𝑐 + ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚

𝑠𝑠=1 ) is function of total capillary pressure (𝑃𝑃�𝑐𝑐) and sum of 𝛱𝛱𝑚𝑚𝑠𝑠 weighted by capillary reflection 
coefficients (𝜎𝜎𝑐𝑐𝑠𝑠). Resistance to flow between tubule and interstitium compartments (Jvt) is 1/Kft, and 
resistance to flow between interstitium and capillary compartments (Jvc) is 1/Kfc. Left half corresponds Eq. 
3. Right half corresponds Eq. 4.  
 
 

Validating the algebraic formulas by comparing their predictions to reported data. 

Algebraic formulas derived from a compartment model characterized by filtration coefficients may 

be used to predict behaviors at either the organ or nephron level. Given the availability of data 

from solute transport inhibition studies, the algebraic formulas were used to predict equilibrium 

tubule fluid reabsorption (Jvt
*) and interstitial hydrostatic pressure (Pi

*) for a cross-section of 

tubule, interstitium and capillaries. Treatment and baseline parameter values were thus assumed 
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to be equal to reported values or values calculated from reported data of comparable rat nephron 

studies. Treatment and corresponding baseline values, in particular, were drawn from similar 

micropuncture studies in which rats were administered benzolamide to inhibit carbonic anhydrase 

(CA) in the tubule (141, 164, 166, 277). In these studies, CA inhibition was reported to alter tubule 

hydrostatic and osmotic pressures (Pt, Πt 
Cl¯ and Πt 

HCO3¯), capillary hydrostatic and protein 

osmotic pressures (Pc and Πc 
protein), interstitial protein osmotic pressure (Πi 

protein), and distal flow 

(Jvd). To validate the algebraic formulas, four cases were simulated: predictions accounting for all 

reported parameter changes, predictions neglecting only the change in distal flow, predictions 

neglecting only the change in interstitial protein osmotic pressure, and predictions accounting for 

only the change in total tubule pressure. In each case, predicted Jvt
* and Pi

* values were compared 

to the measured Jvt
* and Pi

* changes reported in CA-inhibited rats similarly treated with 

benzolamide (141). 

Model sensitivity analysis. A standard one-at-a-time sensitivity analysis (176, 262) was 

performed to evaluate the sensitivity of the variables of the algebraic formulas to changes in 

baseline parameters (Table 3.1). To compare sensitivities, a nondimensional sensitivity index (SI) 

for hydrostatic pressure and tubule fluid reabsorption was calculated for each parameter, 

𝑆𝑆𝑆𝑆 = ∆𝑉𝑉𝑠𝑠𝑜𝑜
𝑉𝑉𝑠𝑠𝑜𝑜0

  ∆𝑃𝑃𝑠𝑠𝑜𝑜
𝑃𝑃𝑠𝑠𝑜𝑜0

� . (6) 

The value of SI represents the change in the variable (∆𝑉𝑉𝑉𝑉𝑉𝑉) normalized by its baseline value 

(𝑉𝑉𝑉𝑉𝑉𝑉0) for a given change in the parameter (∆𝑃𝑃𝑉𝑉𝑉𝑉) normalized by its baseline value (𝑃𝑃𝑉𝑉𝑉𝑉0). 

Parameters with a baseline value of zero (e.g., reflection coefficients of small solutes) were 

necessarily excluded. To accurately calculate the SI values at baseline, each parameter was 

changed by a small amount (i.e., less than 0.0001%). The results were plotted and compared to SI 
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values calculated for a more complete, nonlinear three-compartment model that incorporated both 

fluid and solute flow equations. 

Errors of algebraic approximation quantified by comparing results to a more complete 

nonlinear model that includes solute flows. The algebraic formulas derived from Eqs. 3-5 should 

be interpreted as approximations that assume interstitial osmotic pressures are known parameters. 

In contrast, the more complete nonlinear model incorporated solute flow equations that permitted 

interstitial osmotic pressures to be treated as predicted variables that depend on steady-state fluid 

flow. The difference between the predictions of the algebraic formulas and the nonlinear solute-

coupled model is the error of approximation. Using the parameter values listed in Table 3.1, 

approximation errors were calculated and plotted for wide ranges of total tubule pressures and total 

capillary pressures. In addition, algebraic formulas were derived to characterize approximation 

errors in equilibrium tubule fluid reabsorption and interstitial hydrostatic pressure that arise from 

a perturbation of a parameter at the system’s boundary (i.e., a change in either total tubule pressure, 

total capillary pressure, distal flow, or lymphatic flow). Because the algebraic approximation treats 

the total effective interstitial osmotic pressures (∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1  and ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚

𝑠𝑠=1 ) as constant parameters, 

the rate of change of the variables is characterized by its partial derivative with respect to a 

parameter.  However, because ∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1  and ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚

𝑠𝑠=1  are variable, the true rate of change of the 

variables is characterized by the total derivative. Therefore, the error in each variable was 

estimated as the change in the parameter multiplied by the difference between the partial and total 

derivatives with respect to the perturbed parameter. 

 Predicting tubule fluid reabsorption in response to changes in total tubule or capillary 

pressures. To elucidate how equilibrium tubule fluid reabsorption (Jvt
*) varies with equilibrium 

interstitial pressure (Pi
*), the algebraic formulas were used to predict Jvt

* and Pi
* values for a wide 
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range of total tubule pressure (𝑃𝑃�𝑡𝑡) and total capillary pressure (𝑃𝑃�𝑐𝑐). For each case, Jvt
* and Pi

* were 

the plotted parametrically. For the first graph, Jvt
* was plotted as a function of Pi

* as total tubule 

pressure was altered. For the second graph, Jvt
* was plotted as a function of Pi

* as total capillary 

pressure was altered. To evaluate whether the algebraic approximations were robust, the results 

from the more complete nonlinear model incorporating solute flows were also plotted. In addition, 

the parameters governing the slopes of the two the pressure-flow relationships were predicted 

directly from the algebraic formulas. Specifically, the slope when total tubule pressure is altered 

is 

𝑒𝑒𝐽𝐽𝑠𝑠𝑣𝑣   ∗

𝑒𝑒𝑃𝑃𝑚𝑚
∗ = 𝑒𝑒𝐽𝐽𝑠𝑠𝑣𝑣   ∗

𝑒𝑒𝑃𝑃�𝑣𝑣
 𝑒𝑒𝑃𝑃𝑚𝑚

∗

𝑒𝑒𝑃𝑃�𝑣𝑣
� ,  (7) 

and the slope when total capillary pressure is altered is  

𝑒𝑒𝐽𝐽𝑠𝑠𝑣𝑣   ∗

𝑒𝑒𝑃𝑃𝑚𝑚
∗ = 𝑒𝑒𝐽𝐽𝑠𝑠𝑣𝑣   ∗

𝑒𝑒𝑃𝑃�𝑐𝑐
 𝑒𝑒𝑃𝑃𝑚𝑚

∗

𝑒𝑒𝑃𝑃�𝑐𝑐
� . (8) 

Nonlinear, solute-coupled three-compartment model. Neglecting the structural 

complexities of biological membranes, Kedem and Katchalsky (147) characterized solute transport 

from one compartment to another as an irreversible process of energy dissipation that occurs 

through flow-dependent solvent drag and independent diffusion. The resulting Kedem-Katchalsky 

convection-diffusion formulation has been widely used as a basis to approximate solute flow 

within the renal cortex (6, 116, 247, 253, 273, 292, 294, 300). Specifying this formulation for each 

solute (s) in the three-compartment model in Fig. 3.1, tubule solute reabsorption (Jst) and capillary 

solute uptake (Jsc) are respectively, 

J𝑠𝑠𝑡𝑡 = [J𝑠𝑠𝑡𝑡  (1 − 𝜎𝜎𝑡𝑡𝑠𝑠) �̇�𝑒   + 𝑃𝑃𝑆𝑆𝑡𝑡𝑠𝑠(𝐶𝐶𝑡𝑡𝑠𝑠 − 𝐶𝐶𝑚𝑚𝑠𝑠)] + J𝑠𝑠 𝑠𝑠 , (A1) 

J𝑠𝑠𝑐𝑐 = [ J𝑠𝑠𝑐𝑐  (1 − 𝜎𝜎𝑐𝑐𝑠𝑠) �̇�𝑒  + 𝑃𝑃𝑆𝑆𝑐𝑐𝑠𝑠 (𝐶𝐶𝑚𝑚𝑠𝑠 − 𝐶𝐶𝑐𝑐𝑠𝑠)], (A2) 
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each expressed as a function of volume flow (J𝑠𝑠𝑡𝑡 or J𝑠𝑠𝑐𝑐), as well as solute reflection coefficients 

(σ), permeability times surface area products (PS), and compartment concentrations (𝐶𝐶). Because 

small and large solutes exert pressures differently, small solute concentrations were reparametrized 

as osmotic pressures (Π) using Van’t Hoff’s equation, while large solutes were reparametrized as 

protein osmotic pressures using Pappenheimer’s empirical relationship (170). Reabsorption also 

includes an active solute flow term (J𝑠𝑠) to characterize metabolic tubule transport. The 

concentration term �̇�𝑒 is different for small and large solutes. For small solutes, when the ratio 

between the upstream and downstream concentrations (𝐶𝐶𝑢𝑢𝑠𝑠 and 𝐶𝐶𝑒𝑒𝑠𝑠, respectively) is near unity, then 

�̇�𝑒 ≈ (𝐶𝐶𝑢𝑢𝑠𝑠 + 𝐶𝐶𝑒𝑒𝑠𝑠) 2⁄ . Compared to global nonlinear transport equations in which convection and 

diffusion interact (43, 227), the linearization of the solute equation using this arithmetic mean 

provides a good approximation for a range of fluid flows when the diffusion profile does not 

significantly change (196, 274). For the range of flows observed in the renal cortex, this 

formulation works well for small solutes. However, as others have observed for general three-

compartment models (202), the solute equation linearized with the arithmetic mean can predict 

unrealistic concentrations for macromolecules when tubule fluid reabsorption changes. As an 

alternate empirical linearization, the Taylor-Granger equation uses �̇�𝑒 ≈ 𝐶𝐶𝑢𝑢𝑠𝑠 to better approximate 

flows of large solutes through the interstitium (83, 269). When compared to global nonlinear 

equations, the Taylor-Granger approximation overestimates interstitial protein concentrations as 

Jvt is increased from baseline. Therefore, the present work assumes  �̇�𝑒 = (𝐶𝐶𝑢𝑢𝑠𝑠 + 𝐶𝐶𝑒𝑒𝑠𝑠) 2⁄  for small 

solutes, and  �̇�𝑒 = 𝐶𝐶𝑢𝑢𝑠𝑠 for protein. Lymphatic solute flow (Jvl) is expressed as a product of interstitial 

solute concentration and constant lymph flow (Jsl), 

J𝑠𝑠𝑜𝑜 =  J𝑠𝑠𝑜𝑜  𝐶𝐶𝑚𝑚𝑠𝑠. (A3) 
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Conservation of mass within the interstitial compartment implies, 

J𝑠𝑠𝑡𝑡 +  J𝑠𝑠𝑒𝑒 = J𝑠𝑠𝑐𝑐 +  J𝑠𝑠𝑜𝑜, (A4) 

where solute from distal cortical segments (Jsd) is regarded as a constant parameter.  Using baseline 

parameters in Table 3.1, Newton’s method was used to numerically solve Eqs. 3-5 and Eqs. A1-4 

for the variables Jvt, Jvc, and Pi as well as the variables Jst, Jsc, Jsl, and Πi for each solute. 

Baseline parameter values. Drawn from rat studies, Table 3.1 summarizes the pressure and 

flow values assumed to represent baseline conditions for a tubule, interstitium and surrounding 

capillary network. Baseline values for tubule hydrostatic and osmotic pressures, capillary 

hydrostatic and osmotic pressures, interstitial osmotic pressures, and distal flow were either 

assumed equal to reported values or estimated from data reported for control rats in benzolamide 

micropuncture studies (141, 164, 166, 277). Values for lymph flow and other solute parameters 

were drawn from control rats of other studies. Tubule and capillary hydrostatic pressures were 

assumed to be 13.7 and 13.5 mmHg, respectively (141, 277). To calculate tubule and capillary 

osmotic pressures exerted by each small solute (Πt and Πc), the product of temperature and 

universal gas constant (RT) of 19.404 L∙mmHg∙mmol-1 and Van’t Hoff factors of 0.925 for Na+, 

Cl-, and HCO3
− and 1.0 for glucose were assumed. Capillary solute concentrations (Cc) were 

assumed to equal the plasma concentrations of 154.4 mM Na+, 105.5 mM Cl−, 4.3 mM K+, 28.1 

mM HCO3
− and 7.6 mM glucose (102, 209). Tubule solute concentrations (Ct) were assumed to 

be the mean of plasma and end-luminal fluid concentrations.  The latter were determined from end 

luminal fluid to plasma concentration ratios 1.0, 1.2, 0.92, 0.18, and 0.034 for Na+, Cl−, K+, HCO3
− 

and glucose, respectively (102, 241). Tubule reflection coefficients (σt) for Na+, Cl−, K+, HCO3
−, 

glucose, and protein were assumed to be 0.70, 0.51, 0.56, 1.0, 1.0, and zero, respectively (6, 103, 

115, 303). Capillary reflection coefficients (σc) were assumed to be near zero for each small solute  
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Table 3.1 Baseline parameter values for renal fluid model. 
 

 

Parameter Baseline 
 

 

Tubule Osmotic Pressures (Πt), mmHg  
Na+ 2771.0 
Cl− 2073.5 
K+ 74.1 

HCO3
− 297.8 

Glucose 76.2 
Protein 0.0 

 
 

Capillary Osmotic Pressures (Πc), mmHg  
Na+ 2771.0 
Cl− 1893.6 
K+ 77.2 

HCO3
− 504.4 

Glucose 147.5 
Protein 24.7 

 

 

Interstitial Osmotic Pressures (Πi), mmHg  
Na+ 2735.5 † 
Cl− 1896.2 † 
K+ 74.6 † 

HCO3
− 503.7 † 

Glucose 143.3 † 
Protein 1.5 

 

 

Tubule Reflection Coefficients (σt)  
Na+ 0.7 
Cl− 0.5 
K+ 0.56 

HCO3
− 1.0 

Glucose 1.0 
Protein 1.0 

 

 

Tubule Reflection Coefficients (σc)  
Na+ 0.0 
Cl− 0.0 
K+ 0.0 

HCO3
− 0.0 

Glucose 0.0 
Protein 0.998 

 

 

Hydrostatic Pressures (P), mmHg  
Pt 13.7 
Pc 13.5 

 

 

Distal and Lymphatic Fluid Flows, nl∙min-1  
Jvd 5.0 
Jvl 0.031 

 

 

Filtration Coefficients (Kf), nl∙mmHg-1∙min-1  
Kft 0.157 † 

Kfc 2.14 † 
  

 
Baseline parameter values for three-compartment model consisting of tubule (t), interstitium (i), and 
capillary (c) compartments. †Numerically estimated from a more complete, nonlinear model incorporating 
both fluid and solute flow equations. 
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and 0.998 for protein (25, 305). For solute equations, tubule solute permeabilities were assumed 

to be 1.6, 1.4, 2.0, 0.35 and 0.033 μm∙sec-1 for Na+, Cl−, K+, HCO3
− and glucose, respectively (6, 

18, 22, 103). Following Williams Jr and Schafer (300), capillary permeabilities for Na+, Cl−, K+, 

and HCO3
− were assumed to be 10 μm∙sec-1 while the capillary permeability for glucose was 

assumed to be half the value of the other solutes. The permeability times surface area product (PS) 

was calculated for each solute. Proximal tubule length was assumed to be 8 mm with a radius of 

17.2 μm (103, 110). The surface area of the surrounding capillary network was assumed to be 

twice the cylindrical surface area of tubule (300). Active transport parameters (Jsa) for Na+, Cl−, 

K+ were assumed to be 257, 155 and -4.61 pmol∙min-1∙mm-1, respectively (34).  The maximum 

absorptive flux (Jmax) for HCO3
− and glucose were 265 and 100 pmol∙min-1∙mm-1, respectively, 

and the concentration for half-maximal proton excretion (Km) is 11 and 1.32 mM (33, 184). With 

these values, active transport was calculated as a saturable function of luminal concentration, 

where J𝑠𝑠𝑠𝑠 = J𝑚𝑚𝑠𝑠𝑚𝑚 ∙ C𝑡𝑡/(K𝑚𝑚 + C𝑡𝑡). Solute reabsorption values for the distal segment (Jsd) were 

assumed to be 330, 170, -26, 41.5, and 0.0 pmol∙min-1 for Na+, Cl−, K+, HCO3
−, and glucose (52, 

164, 165, 167).  For the large protein species, the interstitial osmotic pressure (Πi) was assumed to 

be 1.5 mmHg (141), and PSt, Jsd and Jsa were assumed to be zero (198). With these values, PSc for 

protein was numerically estimated to be 0.009 nl∙min-1 using Eqs. A1-4. Lymph flow per nephron 

(Jvl) was estimated as a ratio of total kidney lymph flow (Jvl tot) to number of nephrons per kidney, 

which is given by J𝑠𝑠𝑜𝑜 = ( J𝑠𝑠𝑜𝑜 𝑡𝑡𝑜𝑜𝑡𝑡 ∙ 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝐻𝐻)/𝑆𝑆𝑆𝑆𝐻𝐻. Baseline Jvl tot was assumed to be 0.66 μl∙min-1 

(171). The glomerular filtration rate (GFR) and single nephron filtration rate (SNGFR) were 

assumed to be 1.10 ml∙min-1 and 51.7 nl∙min-1, respectively (141). Distal flow (Jvd) was calculated 

as a product of single nephron filtration rate and the difference between the fractional fluid 
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reabsorption rates of late and early distal tubule.  In a comparable rat study, the late and early 

fractional fluid reabsorption rates were measured as 0.91 and 0.81, respectively, when the single 

nephron filtration rate was 50.3 nl∙min-1 (166). Finally, because simultaneous measurements have 

yet to be made, fluid filtration coefficients and interstitial osmotic pressures were estimated to 

yield baseline values appropriate for the three-compartment model. Newton’s method was used to 

numerically solve Eqs. 3-5 and Eqs. A1-4 using baseline parameters as well as equilibrium Jvt
* and 

Pi
* values, which were 26.7 nl∙min-1 and 3.5 mmHg, respectively (141). 

Altered parameter values used to simulate carbonic anhydrase inhibition. Table 3.2 

summarizes treatment parameter values that were assumed to be equal to the reported values or 

estimated from the data available in four comparable micropuncture studies of rats administered 

2 mg/kg of benzolamide to inhibit carbonic anhydrase (CA) in the tubule (141, 164, 166, 277). 

Tubule hydrostatic pressure (Pt) was reported to decreased to 13.4 mmHg after CA inhibition 

(277). The tubule fluid to plasma concentration ratios of chloride and bicarbonate decreased to 

1.1 and 0.6, respectively (164). Using these ratios, treatment values for the tubule osmotic 

pressures of chloride and bicarbonate (Πt 
Cl¯ and Πt 

HCO3¯) were calculated in same manner as 

corresponding baseline values. With CA inhibition, capillary hydrostatic pressure (Pc) was 

reported to increase to 16.3 mmHg, capillary protein osmotic pressure (Πc 
protein) was reported to 

increase to 25.3 mmHg, and interstitial protein osmotic pressure (Πi  
protein) was reported to 

decrease to 0.7 mmHg (141). The late and early fractional fluid reabsorption rates in distal tubule 

after CA inhibition were reported to be  0.80 and 0.67, respectively, when the single nephron 

filtration rate was 47.9 nl∙min-1 (166). Calculated in same manner as its corresponding baseline 

value, the treatment value of distal flow (Jvd) was assumed to have increased to 6.0 nl∙min-1. 

These assumed and calculated values drawn from well-matched studies provided a set of 
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parameter perturbations that were sufficient for simulating carbonic anhydrase inhibition in the 

renal cortex. All other parameters values were assumed to remain unchanged from 

baseline (Table 3.1). 

 

RESULTS 

Representing the balance of tubule fluid reabsorption and capillary uptake graphically. 

Figure 3.3A illustrates that tubule fluid reabsorption (Jvt) decreases linearly with respect to 

interstitial hydrostatic pressure (Pi). The slope of this relationship is equal to −Kft. The Pi -axis 

intercept of the reabsorption line represents the interstitial hydrostatic pressure required to drive 

Jvt to zero, and is equivalent to the inlet pressure illustrated in Fig. 3.2. In contrast to reabsorption, 

Fig. 3.3B illustrates that fluid uptake (Jvc) increases linearly with respect to Pi. The slope of this 

relationship is equal to Kfc. The Pi -axis intercept of the uptake line represents the interstitial 

hydrostatic pressure required to drive Jvc to zero, and is equivalent to the outlet pressure illustrated 

in Fig. 3.2. Figure 3.3C illustrates the emergence of equilibrium from the interaction of the lines 

representing tubule reabsorption and capillary uptake. To simplify, flow into the interstitium 

compartment from the distal nephron segments and flow out of the interstitium compartment via 

lymphatic vessels were neglected. Therefore, the intersection of these two lines (circle) represents 

the “balance point,” where the reabsorption of fluid into the interstitium is equal to uptake by the 

capillaries (i.e., Jvt = Jvc). When the system is in steady state, the balance point represents 

equilibrium interstitial hydrostatic pressure (Pi
*) and tubule fluid reabsorption (Jvt

*).  

Graphical analysis of cortical fluid balance with changes in total tubule or capillary 

pressures. Figure 3.4 illustrates how changes in total tubule pressure (𝑃𝑃�𝑡𝑡, Eq. 1) and changes in  
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Figure 3.3 Graphical representation of interaction of tubule fluid reabsorption and capillary fluid uptake 
in three-compartment model. A: According to Eq. 3, tubule reabsorption (Jvt) decreases with interstitial 
hydrostatic pressure (Pi). The slope is −Kft, and the intercept (square) is the equivalent inlet pressure in 
Fig. 3.2. B: According to Eq. 4, capillary uptake (Jvc) increases with Pi. The slope is Kfc and the intercept 
(square) is the equivalent outlet pressure in Fig. 3.2. C: In steady state, intersection (circle) represents the 
point where Jvt=Jvc. Dotted lines indicate equilibrium tubule fluid reabsorption (Jv

*) and equilibrium 
interstitial hydrostatic pressure (Pi

*). 
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Figure 3.4 Changes in equilibrium when either total tubule pressure (𝑃𝑃�𝑡𝑡) or total capillary pressure (𝑃𝑃�𝑐𝑐) is 
altered in the three-compartment model. Equilibrium tubule reabsorption (Jv

*) and interstitial hydrostatic 
pressure (Pi

*) emerge at the intersection (closed circle) of the tubule reabsorption line (dashed, Eq. 3) and 
capillary uptake line (solid, Eq. 4).  A: Decreasing 𝑃𝑃�𝑡𝑡 shifts the intercept of tubule reabsorption line to the 
left (closed to open square). As a result, the equilibrium point shifts (arrow from closed to open circle) such 
that both Jv

* and Pi
* decrease.  B: Increasing 𝑃𝑃�𝑐𝑐 shifts the intercept of capillary fluid uptake line to the right 

(closed to open square). As a result, the equilibrium point shifts (arrow from closed to open circle) such 
that Jv

* decreases and Pi
* increases. 
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total capillary pressure (𝑃𝑃�𝑐𝑐, Eq. 2) affect equilibrium tubule fluid reabsorption (Jvt

*) and interstitial 

hydrostatic pressure (Pi
*). Baseline equilibrium conditions are indicated by the intersection (closed 

circles) of lines representing tubule fluid reabsorption (dashed lines) and capillary fluid uptake 

(solid lines). Figure 3.4A illustrates how a decrease in 𝑃𝑃�𝑡𝑡 (due to a decrease in tubule hydrostatic 

pressure or increase in tubule osmotic pressures), shifts the Pi -axis intercept of the fluid 

reabsorption line to the left (closed to open square). Baseline equilibrium shifts to a new 

equilibrium point (arrow from closed to open circle). Thus, decreased total tubule pressure 

decreases both equilibrium tubule fluid reabsorption and interstitial hydrostatic pressure. 

Similarly, Fig. 3.4B illustrates how an increase in 𝑃𝑃�𝑐𝑐 (due to an increase in capillary hydrostatic 

pressure or decrease in capillary osmotic pressure), shifts the Pi -axis intercept of the fluid uptake 

line to the right (closed to open square). Baseline equilibrium shifts to a new equilibrium point 

(arrow from closed to open circle). Increased total capillary pressure thus decreases equilibrium 

reabsorption but increases interstitial hydrostatic pressure. 

 Representation of cortical fluid balance in terms of conductances. The equivalent circuit 

analogy in Fig. 3.2 yields expressions for composite fluid conductances for the three-compartment 

model. The effective fluid conductance of the two semipermeable barriers in series (Kfe) is 

𝐾𝐾𝑓𝑓𝑒𝑒 = 𝐾𝐾𝑓𝑓𝑣𝑣 𝐾𝐾𝑓𝑓𝑐𝑐
𝐾𝐾𝑓𝑓𝑣𝑣 + 𝐾𝐾𝑓𝑓𝑐𝑐

 . (9) 

The relative tubule fluid conductance (Kftr) and relative capillary fluid conductance (Kftr), 

𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜 = 𝐾𝐾𝑓𝑓𝑣𝑣 
𝐾𝐾𝑓𝑓𝑣𝑣 + 𝐾𝐾𝑓𝑓𝑐𝑐

 ,  (10) 

𝐾𝐾𝑓𝑓𝑐𝑐𝑜𝑜 = 𝐾𝐾𝑓𝑓𝑐𝑐 
𝐾𝐾𝑓𝑓𝑣𝑣 + 𝐾𝐾𝑓𝑓𝑐𝑐

, (11) 

have values between 0 and 1. From Eqs. 10 and 11, it can be demonstrated that 𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜+ 𝐾𝐾𝑓𝑓𝑐𝑐𝑜𝑜 = 1. 



 

66 

 

General, algebraic formulas for equilibrium interstitial hydrostatic pressure and tubule 

reabsorption. At steady state (i.e., when interstitial inflow and outflow are balanced), the 

equilibrium interstitial hydrostatic pressure (Pi
*) has a simple algebraic formula when expressed 

in terms of relative tubule and capillary fluid conductances, 

𝑃𝑃𝑚𝑚 ∗ = 𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜�𝑃𝑃�𝑡𝑡 + ∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1 � + 𝐾𝐾𝑓𝑓𝑐𝑐𝑜𝑜�𝑃𝑃�𝑐𝑐 + ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚

𝑠𝑠=1 � + 𝐾𝐾𝑓𝑓𝑣𝑣𝑚𝑚 𝐾𝐾𝑓𝑓𝑐𝑐𝑚𝑚 
𝐾𝐾𝑓𝑓𝑒𝑒

(J𝑠𝑠𝑒𝑒 − J𝑠𝑠𝑜𝑜). (12) 

The terms �𝑃𝑃�𝑡𝑡 + ∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1 � and �𝑃𝑃�𝑐𝑐 + ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚

𝑠𝑠=1 � are recognized as equivalent inlet and outlet 

pressures in Fig. 3.2 and the tubule fluid reabsorption and capillary uptake intercepts in Fig. 3.3. 

The effect of distal and lymphatic flows is modulated by (𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜 𝐾𝐾𝑓𝑓𝑐𝑐𝑜𝑜)/ 𝐾𝐾𝑓𝑓𝑒𝑒, which also equals 

1/( 𝐾𝐾𝑓𝑓𝑡𝑡 + 𝐾𝐾𝑓𝑓𝑐𝑐). By taking the partial derivative, the effect of each interstitial osmotic pressure on 

interstitial hydrostatic pressure is revealed to be modulated by 𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜𝜎𝜎𝑡𝑡𝑠𝑠 + 𝐾𝐾𝑓𝑓𝑐𝑐𝑜𝑜𝜎𝜎𝑐𝑐𝑠𝑠. For a small solute 

with 𝜎𝜎𝑐𝑐𝑠𝑠 near zero, the term modulating interstitial osmotic pressure simplifies to 𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜𝜎𝜎𝑡𝑡𝑠𝑠. For a 

large solute, both 𝜎𝜎𝑡𝑡𝑠𝑠 and 𝜎𝜎𝑐𝑐𝑠𝑠 may be assumed to be near unity. In such case, the modulating term 

simplifies to 𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜+ 𝐾𝐾𝑓𝑓𝑐𝑐𝑜𝑜, which was shown above to be equal to one. Given 𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜𝜎𝜎𝑡𝑡𝑠𝑠 ≪ 1, interstitial 

hydrostatic pressure is more sensitive to a change in the interstitial osmotic pressure of a large 

protein than a change in the interstitial osmotic pressure of a small solute. The equilibrium tubule 

fluid reabsorption (J𝑠𝑠𝑡𝑡    ∗) also has a simple algebraic formula when expressed in terms of effective 

fluid conductance,  

J𝑠𝑠𝑡𝑡    ∗ = 𝐾𝐾𝑓𝑓𝑒𝑒�(𝑃𝑃�𝑡𝑡 − 𝑃𝑃�𝑐𝑐) + ∑ (𝜎𝜎𝑡𝑡𝑠𝑠 − 𝜎𝜎𝑐𝑐𝑠𝑠)𝑚𝑚
𝑠𝑠=1 𝛱𝛱𝑚𝑚𝑠𝑠� − 𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜(J𝑠𝑠𝑒𝑒 − J𝑠𝑠𝑜𝑜). (13) 

The term �(𝑃𝑃�𝑡𝑡 − 𝑃𝑃�𝑐𝑐) + ∑ (𝜎𝜎𝑡𝑡𝑠𝑠 − 𝜎𝜎𝑐𝑐𝑠𝑠)𝑚𝑚
𝑠𝑠=1 𝛱𝛱𝑚𝑚𝑠𝑠� is recognized as the difference between equivalent inlet 

and outlet pressures in Fig. 3.2 and the difference between the tubule fluid reabsorption and 

capillary uptake intercepts in Fig. 3.3. The effect of distal and lymphatic flows is modulated by 

Kftr. By taking the partial derivative, the effect of each interstitial osmotic pressure on reabsorption 
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is revealed to be modulated by the term 𝐾𝐾𝑓𝑓𝑒𝑒(𝜎𝜎𝑡𝑡𝑠𝑠− 𝜎𝜎𝑐𝑐𝑠𝑠). For a small solute with 𝜎𝜎𝑐𝑐𝑠𝑠 near zero, the 

term modulating interstitial osmotic pressure simplifies to 𝐾𝐾𝑓𝑓𝑒𝑒𝜎𝜎𝑡𝑡𝑠𝑠. For a large solute with 𝜎𝜎𝑡𝑡𝑠𝑠 and 

𝜎𝜎𝑐𝑐𝑠𝑠 both near unity, the modulating term simplifies to zero. This suggests that interstitial osmotic 

pressures affect tubule fluid reabsorption, but large proteins do not. 

Validating the algebraic formulas by comparing their predictions with reported data. 

Table 3.2 compares the measured and predicted changes in equilibrium tubule fluid reabsorption 

(Jvt
*) and interstitial hydrostatic pressure (Pi

*) caused by solute transport inhibition. Treating rats 

with benzolamide to inhibit carbonic anhydrase (CA) in the tubules has been reported to cause 

predominant changes in tubule pressures as well as changes in capillary pressures, interstitial 

protein osmotic pressure, and distal flow. When accounting for all of these reported changes (Table 

3.2, Prediction A), the decreased values of Jvt
* and Pi

* predicted by the algebraic formulas (Eqs. 12 

and 13) were within the reported SD of the measured Jvt
* and Pi

* values in CA-inhibited rats. 

Although unavailable, information of how CA inhibition altered lymph flow and the interstitial 

osmotic pressures of small solutes was unnecessary for making an accurate prediction. When the 

change in distal flow was neglected (Table 3.2, Prediction B), the decrease in both Jvt
* and Pi

* was 

still predicted with accuracy. However, when the change in interstitial protein osmotic pressure 

was neglected (Table 3.2, Prediction C), only Jvt
* was predicted to be within the reported SD. When 

only accounting for the changes in tubule pressures (Table 3.2, Prediction D), the 35% reduction 

in Jvt
* was still predicted within the reported SD. However, Pi

* was underestimated by 

approximately 1 mmHg. 

Model sensitivity analysis. Figure 3.5 presents the baseline sensitivity indices (SI) for 

equilibrium interstitial hydrostatic pressure (Pi
*) and tubule fluid reabsorption (Jvt

*) of the three-

compartment model. The solid bars indicate the sensitivity indices derived from the algebraic  
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Figure 3.5 Baseline sensitivity indices (SI) of tubule fluid reabsorption (Jvt
*) and interstitial hydrostatic 

pressure (Pi
*) to properties of the renal cortex. Bars indicate both signs and magnitudes of Jvt

* and Pi
* 

sensitivities for the algebraic formulas (solid bars, Eqs. 12 and 13) and the nonlinear, solute-coupled model 
(hatched bars). Properties at boundaries include total tubule pressure (𝑃𝑃�𝑡𝑡), total capillary pressure (𝑃𝑃�𝑐𝑐), and 
fluid flows from distal nephron segments (Jvd) and cortical lymphatic vessels (Jvl). Properties of tubule (t) 
and capillary (c) barriers include fluid filtration coefficients (Kf) and solute reflection coefficients (σ). For 
|SI| > 1, the fractional change in the variable is greater than the fractional change in the parameter (Eq. 6). 
Jvt

* and Pi
* are interpreted to be insensitive to the parameter when |SI| < 10−2. 
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Table 3.2 Comparison of predicted and measured values of equilibrium tubule fluid reabsorption 
and interstitial hydrostatic pressure after carbonic anhydrase inhibition. 

      

 Altered Parameter Values after CA Inhibition  J𝑠𝑠𝑡𝑡    ∗  𝑃𝑃𝑚𝑚 ∗ 

   nl∙min-1  mmHg 

Measured 
Pt = 13.4 mmHg (277), Πt Cl¯ = 1988 mmHg (164), Πt HCO3¯= 403 mmHg (164) 
Pc = 16.3 mmHg (141), Πc protein = 25.3 mmHg (141) 
Πi protein = 0.7 mmHg (141) 
Jvd = 6.0 nl∙min-1 (166) 

 
17.7±3.6 

(141) 

 
1.1±0.5 
(141) 

      

Prediction A 
Pt = 13.4 mmHg (277), Πt Cl¯ = 1988 mmHg (164), Πt HCO3¯= 403 mmHg (164) 
Pc = 16.3 mmHg (141), Πc protein = 25.3 mmHg (141) 
Πi protein = 0.7 mmHg (141) 
Jvd = 6.0 nl∙min-1 (166) 

 

17.0‡ 

 

1.3‡ 

      

Prediction B 
Pt = 13.4 mmHg (277), Πt Cl¯ = 1988 mmHg (164), Πt HCO3¯= 403 mmHg (164), 
Pc = 16.3 mmHg (141), Πc protein = 25.3 mmHg (141) 
Πi protein = 0.7 mmHg (141) 

 

17.1‡ 

 

0.9‡ 

      

Prediction C 
Pt = 13.4 mmHg (277), Πt Cl¯ = 1988 mmHg (164), Πt HCO3¯= 403 mmHg (164) 
Pc = 16.3 mmHg (141), Πc protein = 25.3 mmHg (141) 
Jvd = 6.0 nl∙min-1 (166) 

 

17.0‡ 

 

2.1 

      

Prediction D Pt = 13.4 mmHg (277), Πt Cl¯ = 1988 mmHg (164), Πt HCO3¯= 403 mmHg (164) 

 

17.4‡ 

 

-0.3 

      
‡ Predicted results within the measured SD. Data sources are indicated in parenthesis. 
 
Predictions of algebraic formulas (Eqs. 12 and 13) were compared to measured changes in equilibrium 
tubule fluid reabsorption (Jvt

*) and interstitial hydrostatic pressure (Pi
*) resulting from solute transport 

inhibition. Measured baseline and treatment parameters values were either assumed to equal reported values 
or estimated from data reported in micropuncture studies of rats treated with benzolamide to inhibit carbonic 
anhydrase (CA) in the tubule (141, 164, 166, 277). Ichikawa and Kon (141) reported Jvt

* decreased to 
17.7±3.6 nl∙min-1 and Pi

* decreased to 1.1±0.5 mmHg from baseline after CA inhibition. Four cases were 
investigated. A: Prediction accounting for all reported changes, i.e., tubule hydrostatic and osmotic 
pressures (Pt, Πt 

Cl¯ and Πt 
HCO3¯), capillary hydrostatic and protein osmotic pressures (Pc and Πc 

protein), 
interstitial protein osmotic pressure (Πi 

protein), and distal flow (Jvd). B: Prediction neglecting the distal flow 
change. C: Prediction neglecting the interstitial protein osmotic pressure change. D: Prediction accounting 
for only the tubule pressure changes. In each case, Eqs. 12 and 13 predicted Jvt

* within the reported SD.  
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formulas, which assume interstitial osmotic pressures remain constant as another parameter is 

changed (Eqs. 12 and 13).  The hatched bars indicate the sensitivity indices derived from the more 

complete nonlinear solute-coupled model, which accounts for the flow-dependent change in each 

interstitial osmotic pressure. With respect to total tubule pressure or total capillary pressures, the 

sensitivity indices derived from the algebraic formulas have the same sign and similar magnitude 

as the sensitivity indices derived from the nonlinear solute-coupled model. The small differences 

in magnitudes suggest that neglecting the additional changes to interstitial osmotic pressures when 

total tubule and capillary pressures are perturbed has little effect. The sensitivity indices indicate 

that both Jvt
* and Pi

* are highly sensitive to changes in total tubule pressure. Notably, both Jvt
* and 

Pi
* have positive sensitivity indices, indicating that increases in total tubule pressure increase both 

Jvt
* and Pi

*. In contrast, sensitivity indices indicate that Jvt
* and Pi

* are less sensitive to changes in 

total capillary pressure. Perhaps more importantly, Jvt
* has a negative sensitivity index, and Pi

* has 

a positive sensitivity index, indicating that increases in total capillary pressure decreases Jvt
* and 

increases Pi
*. With respect to the fluid filtration coefficients and solute reflection coefficients, the 

sensitivity indices derived from the algebraic formulas are for the most part consistent with the 

sensitivity indices derived from the nonlinear solute-coupled model. However, Pi
* predicted by the 

nonlinear solute-coupled model is highly sensitive to the capillary protein reflection coefficient. 

With respect to distal and lymphatic flows, sensitivity indices derived from the algebraic formulas 

have the same sign as those derived from the nonlinear solute-coupled model. The sensitivity index 

of Pi
* to lymph flow predicted by the nonlinear solute-coupled model, however, is several orders 

of magnitude higher than that predicted by the algebraic formula, indicating that changes in lymph 

flow has a large effect on interstitial osmotic pressures, particularly via changes in large proteins. 
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Figure 3.6 Error of approximation for equilibrium interstitial hydrostatic pressure (Pi
*) and tubule fluid 

reabsorption (Jvt
*). Using baseline values (Table 3.1), error is calculated as the difference between the 

results of linear algebraic model (Eq. 12 and 13) that assumes constant interstitial osmotic pressures and 
the more complete nonlinear solute-coupled model that includes solute flow equations. A & B: Errors for 
Pi

* and Jvt
* as total tubule pressure (𝑃𝑃�𝑡𝑡) is changed (□). C & D: Errors for Pi

* and Jvt
* as total capillary 

pressure (𝑃𝑃�𝑐𝑐) is changed (◇). Errors are zero when the predicted osmotic pressures of the nonlinear solute-
coupled model are equal to the assumed osmotic pressures in the algebraic formulas. 
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Error of algebraic approximations quantified by comparing results to a more complete 

nonlinear model that includes solute flows. Figure 3.6 illustrates the error in the equilibrium 

interstitial hydrostatic pressure and tubule fluid reabsorption predicted by the algebraic formulas 

(Eqs. 12 and 13) as a function of total tubule pressure and total capillary pressures. The error is 

zero at the origin (i.e., 0 mmHg), because the algebraic formulas are equivalent to the results of 

the more complete nonlinear solute-coupled model that treats interstitial osmotic pressures as 

variables. Because the algebraic formulas do not account for the concomitant changes in interstitial 

osmotic pressures, errors grow as tubule and capillary pressures deviate from baseline values. The 

results in Fig. 3.6 only apply for the particular baseline parameter values listed in Table 3.1. 

Algebraic formulas for errors in equilibrium interstitial hydrostatic pressure (Pi
*) and tubule fluid 

reabsorption (Jvt
*) can provide more general results,  

𝐸𝐸𝑉𝑉𝑉𝑉𝑠𝑠𝑉𝑉 𝑖𝑖𝑖𝑖 𝑃𝑃𝑚𝑚 ∗ ≈ �𝐾𝐾𝑓𝑓𝑡𝑡𝑜𝑜
𝜕𝜕 ∑ 𝜎𝜎𝑣𝑣

𝑠𝑠𝛱𝛱𝑚𝑚
𝑠𝑠𝑚𝑚

𝑠𝑠=1
𝜕𝜕𝑃𝑃𝑠𝑠𝑜𝑜

− 𝐾𝐾𝑓𝑓𝑐𝑐𝑜𝑜
𝜕𝜕∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚

𝑠𝑠𝑚𝑚
𝑠𝑠=1
𝜕𝜕𝑃𝑃𝑠𝑠𝑜𝑜

� ∙ ∆𝑃𝑃𝑉𝑉𝑉𝑉, (14) 

𝐸𝐸𝑉𝑉𝑉𝑉𝑠𝑠𝑉𝑉 𝑖𝑖𝑖𝑖 𝐽𝐽𝑠𝑠𝑡𝑡   ∗ ≈ −𝐾𝐾𝑓𝑓𝑒𝑒 �
𝜕𝜕∑ 𝜎𝜎𝑣𝑣

𝑠𝑠𝛱𝛱𝑚𝑚
𝑠𝑠𝑚𝑚

𝑠𝑠=1
𝜕𝜕𝑃𝑃𝑠𝑠𝑜𝑜

− 𝜕𝜕∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚
𝑠𝑠𝑚𝑚

𝑠𝑠=1
𝜕𝜕𝑃𝑃𝑠𝑠𝑜𝑜

� ∙ ∆𝑃𝑃𝑉𝑉𝑉𝑉, (15) 

where Par represents either total tubule pressure, total capillary pressure, distal flow, or lymphatic 

flow. Equations 14 and 15 indicate that the errors of approximation depend on how much one of 

these four parameters are perturbed (∆𝑃𝑃𝑉𝑉𝑉𝑉), as well as the sensitivities of effective interstitial 

osmotic pressures to the parameter (i.e., 𝜕𝜕 ∑ 𝜎𝜎𝑡𝑡𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚
𝑠𝑠=1 𝜕𝜕𝑃𝑃𝑉𝑉𝑉𝑉⁄  and 𝜕𝜕 ∑ 𝜎𝜎𝑐𝑐𝑠𝑠𝛱𝛱𝑚𝑚𝑠𝑠𝑚𝑚

𝑠𝑠=1 𝜕𝜕𝑃𝑃𝑉𝑉𝑉𝑉⁄ ). If the 

perturbation of the parameter is relatively small or if the effective interstitial osmotic pressures are 

insensitive to the parameter, then the error is minimal. 

 Tubule fluid reabsorption can increase or decrease with respect to interstitial hydrostatic 

pressure depending on whether tubule or capillary pressures are altered. Figure 3.7 illustrates that 

tubule fluid reabsorption can either increase or decrease with interstitial hydrostatic pressure  
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Figure 3.7  Predicted correlations of equilibrium tubule fluid reabsorption (Jvt
*) with equilibrium interstitial 

hydrostatic pressures (Pi
*). Lines represent parametric plots of algebraic formulas (Eqs. 12 and 13) as either  

𝑃𝑃�𝑡𝑡 or 𝑃𝑃�𝑐𝑐 are altered. Tokens represent results of more complete nonlinear solute-coupled model. A: For 
changes in total tubule pressure, tubule fluid reabsorption is positively correlated with interstitial 
hydrostatic pressure. The slope of its line equals Kfc. The pressure-flow relationship exhibits small error 
when compared to the nonlinear solute-coupled model over a wide range of total tubule pressure (□). B: 
For changes in total capillary pressure, tubule fluid reabsorption is negatively correlated with interstitial 
hydrostatic pressure. The slope of its line equals −Kft. The pressure-flow relationship exhibits small error 
when compared to the nonlinear solute-coupled model over a wide range of total capillary pressure (◇).   
 
 
 
depending on how the system is perturbed. Figure 3.7A illustrates that the algebraic formulas (line) 

predict that increases in total tubule pressures cause an increase in both tubule fluid reabsorption 

and interstitial hydrostatic pressure. This result is robust, because the algebraic formulas reproduce 

the results of the more complete nonlinear solute-coupled model (open squares) with little error. 

From Eq. 7, the slope of this relationship is equal to Kfc. Figure 3.7B illustrates that the algebraic 

formulas (line) predict increased total capillary pressure causes a decrease in tubule fluid 

reabsorption, but an increase in interstitial hydrostatic pressure. This result is also robust because 

the algebraic formulas reproduce the results of the more complete nonlinear solute-coupled model 

(open diamonds) with little error. From Eq. 8, the slope of this relationship is equal to –Kft.  
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DISCUSSION 

The present work is the first to develop and validate algebraic formulas that predict 

interstitial hydrostatic pressure and tubule fluid reabsorption in the renal cortex. By incorporating 

the interstitium as an intervening third compartment, interactions among tubule and capillary 

properties as well as lymphatic and distal flows could be examined. The present work further 

demonstrates how algebraic methods are used in lieu of numerical approaches for the purpose of 

obtaining insights about how steady-state behaviors emerge from the interactions of a complex 

system. Specifically, the resulting algebraic formulas revealed three novel insights for studying 

cortical fluid balance. First, tubule fluid reabsorption is either positively or negatively correlated 

with interstitial hydrostatic pressure depending on whether tubule or capillary pressures are altered 

(Fig. 3.7). Second, interstitial hydrostatic pressure and tubule fluid reabsorption are governed by 

groupings of filtration coefficients that are not apparent when using numerical approaches (Eqs. 

9-11). Third, interstitial hydrostatic pressure and tubule fluid reabsorption can be predicted with 

minimal error without having to invoke the solute flow equations of more complete nonlinear 

models (Fig 3.6). In addition to these novel findings, the discussion below details the strategies 

and assumptions used in developing a basic linear three-compartment model for the renal cortex, 

which cardiovascular and renal researchers can readily extend or modify when investigating 

particular processes and adaptations affecting bulk fluid flow through the renal cortex. 

Algebraic formulas were derived by assuming interstitial hydrostatic pressure and tubule 

fluid reabsorption are emergent behaviors of cortical fluid balance. While nonlinear models 

coupling fluid and solute flows can predict all interstitial hydrostatic and osmotic pressure 

variables numerically (136, 292), the present work demonstrates that algebraic formulas can be 

obtained when fluid flows are uncoupled from solute flows. Limiting a model to either fluid flow 
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equations (Eqs. 1-5) or solute flow equations (Eqs. A1-A4) will eliminate the nonlinearities that 

arise from their interaction, but at the cost of reducing the number of variables that can be 

predicted. Such a simplification imposes a need to choose which interstitial property to regard as 

a constant parameter and which to retain as a variable. In a three-compartment model incorporating 

only solute flow equations, Williams and Schafer (300) derived algebraic formulas for interstitial 

osmotic pressures. These approximations were validated by assuming tubule fluid reabsorption 

and interstitial hydrostatic pressure were constant and comparing their results to a more complete, 

nonlinear model that coupled fluid and solute flows. A complementary strategy was taken in the 

present work (Figs. 3.6 and 3.7). By treating interstitial osmotic pressures as constant parameters, 

novel algebraic formulas for equilibrium tubule fluid reabsorption and interstitial hydrostatic 

pressure were obtained from a linear, three-compartment fluid model having a constrained scope. 

To ensure model components were necessary and sufficient, the scope of the present work 

was constrained to the fluid flow through the cortical interstitium. The model includes inflow from 

the proximal tubule compartment and distal nephron segments and outflow from peritubular 

capillaries and lymphatic vessels (Eq. 5). Although regulation is beyond the scope of the present 

work, the feedback mechanisms involving local or global signaling ultimately work through the 

parameters appearing in the algebraic formulas (Eqs. 12 and 13). Control of efferent arteriolar 

resistance, for instance, alters capillary hydrostatic and protein osmotic pressures (212). Active 

solute transport alters tubule hydrostatic and osmotic pressures (149, 164). Fluid flows from distal 

nephron segments and into cortical lymphatic vessels may also be regulated (154, 231). Although 

feedback mechanisms are excluded to develop a basic, general model for cortical fluid balance, 

their effects on tubule fluid reabsorption and interstitial hydrostatic pressures can still be predicted 

by manipulating the pressure and flow parameters at the model’s boundaries. In contrast to 
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previous organ or nephron models (40, 208), the present model is circumscribed by equations that 

characterize fluid flows into and out of the cortical interstitium. 

To obtain general algebraic formulas, pressure-flow relationships were assumed to be 

linear. Tubule fluid reabsorption and capillary uptake were both characterized by standard linear 

flow equations (179, 301). Properties at a lower hierarchical level (e.g., intra-epithelial 

compartments) are subsumed within the filtration coefficients (Kfc and Kft) and reflection 

coefficients (σt and σc). As in previous models (76, 136, 292), the transcapillary pressure-flow 

relationship was assumed to be linear. This assumption is supported by reports that Kfc remains 

nearly constant with significant perturbations of capillary fluid uptake induced by transport 

inhibition (141, 276) and volume expansion (30, 220). Investigators, however, have reported that 

Kfc increases after volume expansion (171, 239). At the tubule barrier, filtration and reflection 

coefficients have been reported to remain constant for small perturbations (116). Some have 

nonetheless speculated that Kft and σt become pressure-sensitive when the transmural hydrostatic 

pressure is high (158, 292). In such a case, algebraic formulas would be valid for physiologic 

ranges in which the pressure-flow relationship remains sufficiently linear. To extend the use of 

algebraic formulas when nonlinearities in the pressure-flow relationship are significant, piecewise 

linearization may be used to better approximate the system by assigning a different value to a 

parameter (such as Kft or σt) for each defined pressure range. Although treating the system as 

piecewise linear reduces prediction error, more information is required a priori (274). 

To examine the predominant interactions governing fluid flow through the renal cortex, the 

present model was lumped into three compartments. Similar to previous compartment models (13, 

224, 300), the cortical interstitium was assumed to be a fixed-volume, well-mixed compartment in 

steady state. To the extent unstirred layers are present and interstitial pressures are not uniform, 
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tubule reabsorption would be underestimated (26). Similarly, the physical properties of capillary 

and tubule compartments were also lumped. Because the difference between capillary hydrostatic 

and protein osmotic pressures has been argued to be nearly constant along length of vessel network 

(30, 171), 𝑃𝑃�𝑐𝑐 in Eq. 2 is used to characterize the total pressure in the capillaries. Although assuming 

a single pressure may lead to an overestimation of capillary uptake, this approach avoids numerical 

methods required to address changes in pressures along vessel length (76). In the tubule, osmotic 

pressures change exponentially down the length of the tubule as a result of solute transport 

processes; and so numerical methods have been applied to more accurately account for these 

changes. However, since the purpose of the model in the present work is to identify the 

predominant parameters interactions governing steady-state behaviors, 𝑃𝑃�𝑡𝑡 in Eq. 1 is used to 

approximate the total effective osmotic pressure in the tubule compartment. This approximation, 

however, results in tubule fluid reabsorption being slightly overestimated. As with other models 

(76, 301), single fluid flow pathways across tubule and capillary barriers were assumed, and 

structural heterogeneities (e.g. variations within the interstitium, capillary fenestrations, and tubule 

cell types) were neglected. Although the present model can be extended to address such 

complexities (302), adding more pathways and compartments would diminish the interpretive 

clarity exhibited by Eqs. 12 and 13. 

The resulting algebraic formulas provide valid predictions for most parameter 

perturbations, despite neglecting changes in the interstitial osmotic pressures exerted by small 

solutes. Interstitial osmotic pressures were treated as constant parameters to derive algebraic 

formulas for equilibrium interstitial hydrostatic pressure (Pi
*) and tubule fluid reabsorption (Jvt

*) 

from the fluid flow equations. By integrating fluid and solute flow equations, interstitial osmotic 

pressures can be treated as variables. Parameter perturbations in the nonlinear solute-coupled 
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model therefore have additional effects on Pi
* and Jvt

* via changes in interstitial osmotic pressures. 

For most perturbations, however, neglecting these additional effects does not fundamentally alter 

system behavior. As illustrated in Fig. 3.5, the normalized sensitivities of Pi
* and Jvt

* to parameter 

perturbations exhibit the same trends as the nonlinear solute-coupled model. The algebraic 

formulas, however, do not correctly predict sensitivities of Pi
* to protein reflection coefficients. In 

particular, Pi
* in the nonlinear solute-coupled model is highly sensitive to changes in the capillary 

protein reflection coefficient (𝜎𝜎𝑐𝑐). This relatively high sensitivity is due to the higher sensitivity 

of Pi
* to large proteins than to small solutes. This particularly high sensitivity suggests that 

predictive models evaluating the effects of capillary protein permeabilities on Pi
* may also need 

to account for changes in interstitial protein osmotic pressure. Nonetheless, valid predictions may 

be obtained for most perturbations when the interstitial osmotic pressures exerted by small solutes 

are neglected. 

Approximation errors are small for ranges of tubule and capillary pressures observed 

during experiments. Figure 3.6 indicates that the errors in equilibrium interstitial hydrostatic 

pressure (Pi
*) and tubule fluid reabsorption (Jvt

*) predicted by the algebraic formulas (Eqs. 12 and 

13) are small when changing total tubule and capillary pressures over a wide range. For a 60 mmHg 

decrease in total tubule pressure typical of transport inhibition (141, 166), error of predicted Pi
* 

and Jvt
* would be −1 mmHg and −2 nl∙min-1, respectively. For a 20 mmHg increase in total 

capillary pressure typical of acute volume expansion (30, 306), errors would be even smaller. Such 

approximation errors are comparable to standard deviations reported in experimental studies (30, 

141). The relatively small error is also reflected in Fig. 3.7 by the similarity of predictions made 

by the algebraic formulas and those of the more complete nonlinear solute-coupled model. These 

conclusions are based on predictions assuming the parameter values in Table 3.1. To generalize 
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results in contexts where parameter values might be different, approximation error formulas (Eqs. 

14 and 15) can indicate when changes in interstitial osmotic pressures may be neglected. For given 

perturbations in either total tubule or capillary pressure, errors in Pi
* and Jvt

* depend on the values 

of filtration coefficients and how sensitive effective interstitial osmotic pressures are to 

perturbations. Taken together, the present work demonstrates that the common practice of 

including solute flow equations to predict tubule fluid reabsorption may not always be necessary. 

Algebraic formulas predict steady-state trends observed in a wide array of experiments that 

alter capillary pressures. As indicated by Eqs. 12 and 13 and illustrated in Fig. 3.7B, the algebraic 

formulas predict lower equilibrium tubule fluid reabsorption (Jvt
*) and elevated interstitial 

hydrostatic pressure (Pi
*) in response to an increase in total capillary pressure. Early reports 

indicated that acute volume expansion results in a predominant increase in total capillary pressure 

through an increase in capillary hydrostatic pressure and decrease in protein osmotic pressure (42, 

157). Numerous volume expansion studies subsequently reported decreases in Jvt
* and increases 

in Pi
* (140, 152), with some notably exhibiting these trends without confounding effects of a 

changing ultrafiltration rate (151, 220, 276). Renal vein constriction has been reported to increase 

capillary hydrostatic pressure and decrease protein osmotic pressure, resulting in lower Jvt
* in rats 

(93) and elevated Pi
* in dogs (49). Aortic constriction can also cause a decrease in capillary protein 

osmotic pressure that lowers Jvt
* and elevates Pi

* (93, 140, 219). Conversely, when capillary 

protein osmotic pressure is increased, Jvt
* increases and Pi

* decreases (93, 111, 116, 117, 180, 221, 

261). Taken together, the findings of these studies suggest Jvt varies inversely with Pi
* when the 

predominant perturbation is in capillary pressures. These observed trends are consistent with an 

assertion that interstitial hydrostatic pressure appears to inhibit tubule fluid reabsorption. Reported 
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correlations thus provide a measure of validation for the inverse correlation between Jvt
* and Pi

* 

that is predicted by the model when capillary pressures are changed (Fig. 3.7B). 

Algebraic formulas predict steady-state trends observed in a wide array of experiments that 

alter tubule pressures. As indicated by Eqs. 12 and 13 and illustrated in Fig. 3.7A, the algebraic 

formulas predict elevation of both equilibrium tubule fluid reabsorption (Jvt
*) and interstitial 

hydrostatic pressure (Pi
*) in response to an increase in total tubule pressure. Ureteral occlusion has 

been reported to cause a precipitous rise in tubule hydrostatic pressure and an increase Pi
* (104, 

222). In perfused isolated tubules, increased luminal hydrostatic pressure results in increased Jvt
* 

(296). Decreasing tubule osmotic pressures exerted by Na+ and Cl− during in situ perfusion 

increases Jvt
* (6, 116). Conversely, increasing tubule osmotic pressures by inhibiting Na+/H+ 

exchange (284, 290) or glucose transport (29, 295) decreases Jvt
*. Similarly, increasing tubule 

osmotic pressure exerted by HCO3
− with carbonic anhydrase inhibitors has been reported to 

decrease Jvt
* (55, 114, 164, 191, 206, 277). Ichikawa and Kon (141) reported carbonic anhydrase 

(CA) inhibition decreased both Jvt
* and Pi

*. Taken together, the findings of these studies suggest 

Jvt
* varies proportionally with Pi

* when the predominant perturbation is total tubule pressure. These 

experimentally observed trends are consistent with an assertion that interstitial hydrostatic pressure 

appears to enhance tubule fluid reabsorption. Reported correlations thus provide a measure of 

validation for the correlation between Jvt
* and Pi

* that is predicted by the model when the total 

tubule pressure is changed (Fig. 3.7A). 

The validity of the algebraic formulas is exhibited by their accurate prediction of measured 

changes in equilibrium tubule fluid reabsorption and interstitial hydrostatic pressure. 

Micropuncture studies of rats treated with benzolamide to inhibit carbonic anhydrase (CA) in 

tubules have reported changes in tubule pressures, capillary pressures, interstitial protein osmotic 
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pressure, and distal flow (141, 164, 166, 277). To our best knowledge, there is no information 

available on how benzolamide alters the interstitial osmotic pressures of small solutes. 

Nonetheless, when accounting for the known parameter perturbations (Table 3.2, Prediction A), 

the algebraic formulas (Eqs. 12 and 13) predicted values of Jvt
* and Pi

* well within the SD of the 

measured values reported by Ichikawa and Kon (141). This result suggests that neglecting changes 

in the interstitial osmotic pressures of small solutes does not impact predictive accuracy. However, 

neglecting interstitial protein osmotic pressure changes does diminish the ability to accurately 

predict Pi
* (Table 3.2, Prediction C). If tubule pressures are the only parameters changed from 

baseline (Table 3.2, Prediction D), then the algebraic formulas still predict a decrease in both Jvt
* 

and Pi
*. In this case, however, Jvt

* is predicted accurately, and Pi
* is somewhat underestimated. 

The predicted 35% decrease in Jvt
* in the present study is also consistent with the predicted 39% 

decrease in Jvt
* reported by Weinstein et. al. (294) for a case of complete carbonic anhydrase 

inhibition in a nonlinear tubule model incorporating both fluid and solute flow equations. Taken 

together, model validation suggests that the three-compartment model can provide a simplified, 

alternative approach for studying the effects of tubule perturbations on cortical fluid balance. 

The emergent steady-state behaviors of the three-compartment model are governed by 

effective and relative fluid conductances. Characterizing the three-compartment model in terms of 

resistance to fluid flow between compartments (Fig. 3.2) revealed interactions among filtration 

coefficients. Groups of interacting filtration coefficients were reparametrized as composite fluid 

conductances. Equilibrium tubule fluid reabsorption was thus found to be modulated by an 

effective fluid conductance (Kfe, Eq. 9) formed by tubule and capillary barriers in series. 

Equilibrium interstitial hydrostatic pressure is governed by both the relative tubule fluid 

conductance (Kftr, Eq. 10) and the relative capillary fluid conductance (Kfcr, Eq. 11). If Kft is lower 



 

82 

 

than Kfc by two orders of magnitude, then Kfe (Eq. 9) may be approximated by Kft with negligible 

error. This approximation is consistent with mathematical models that neglect the capillary barrier 

and assume reabsorption is governed solely by Kft (116, 273). However, if the Kft is lower than Kfc 

by only one order of magnitude, then more error would be incurred with this assumption. Some 

support for Kft being lower than Kfc by only one order of magnitude is found in transport inhibition 

studies that reported modest declines in interstitial hydrostatic pressure with reduced total tubule 

pressure (141, 164). If Kft were instead two orders of magnitude lower, then the relative tubule 

conductance (Kftr, Eq. 10) would be very small, and interstitial hydrostatic pressure would not have 

been significantly impacted. To our best knowledge, values of Kft and Kfc have never been 

estimated simultaneously in a single experiment. In rats, Kfc values have been estimated to be 

within the range of 1.2 to 6.2 nl∙min-1∙mmHg-1 (123, 141, 201, 276). Tubule hydraulic conductance 

(Lp) has been estimated to be within the range of 7 to 21 ml∙s-1∙cmH20-1∙cm-2 (80, 116, 117, 172, 

230, 235, 280, 281). Given the surface area assumed in this study, Kft could have values between 

0.05 to 0.15 of nl∙min-1∙mmHg-1. The values of Kft and Kfc, therefore, could differ between one and 

two orders of magnitude. Further knowledge of their relative values is thus required to determine 

when the capillary barrier can be neglected. 

The fluid conductance terms modulating distal flow provide guidance for future research. 

The fluid delivered to the cortical interstitium from distal nephron segments is considered large 

enough to impact cortical fluid balance (239, 276) and was therefore included in the three-

compartment model (Fig. 3.1). When distal flow (Jvd) is elevated, the model predicts decreased 

tubule fluid reabsorption and increased interstitial hydrostatic pressure (Fig. 3.5). The algebraic 

formula for tubule fluid reabsorption (Eq. 13), however, indicates distal flow is modulated by the 

relative tubule fluid conductance (Kftr). Because Kftr << 1, tubule fluid reabsorption would be 
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insensitive to a change in distal flow (Fig. 3.5). This suggests that it may not be necessary to 

account for changes distal flow when investigating how other parameters effect tubule fluid 

reabsorption. In contrast, the algebraic formula for interstitial hydrostatic pressure (Eq. 12) 

indicates that distal flow is modulated by 1/(Kft + Kfc). Given the known ranges of the tubule and 

capillary filtration coefficients, the value of this modulating term is small such that interstitial 

hydrostatic pressure has a low, but still appreciable sensitivity to a change in distal flow (Fig. 3.5). 

Although neglecting a change in distal flow may not have much impact on interstitial hydrostatic 

pressure in a normal physiological state (Table 3.2, Prediction B), the value of the modulating term 

would be higher for disease states that reduce Kfc. A decrease in microvascular density, for 

instance, reduces Kfc in tissues affected by ischemic or hypertensive capillary rarefaction (90, 130), 

processes which affect peritubular capillary beds as well (20, 153, 185). The modulating term 

therefore provides guidance about whether to account for changes in distal flow changes when 

designing experiments involving in particular renal pathologies. 

Comparison of models with and without solute flow reveals that lymph flow affects 

equilibrium interstitial hydrostatic pressure primarily through its effect on interstitial protein 

osmotic pressure. The small, positive sensitivities of tubule fluid reabsorption to lymph flow 

(Fig. 3.5) characterized by the algebraic formula and the nonlinear solute-coupled model are 

consistent with the small decrease in reabsorption observed after lymphatic vessel ligation (299). 

In contrast, the algebraic formula for equilibrium interstitial hydrostatic pressure exhibits a 

sensitivity to lymph flow that is several orders of magnitude lower than the sensitivity predicted 

by the nonlinear solute-coupled model (Fig. 3.5). This indicates lymph flow in the nonlinear solute-

coupled model has a substantial effect on interstitial protein osmotic pressures. Sensitivities of the 

nonlinear solute-couple model therefore are more consistent with the dramatic increase in 
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interstitial hydrostatic pressure observed during lymphatic vessel ligation (299). Taken together, 

this lends support for the assertion of Pinter and Gärtner (231) that the function of lymph flow may 

be the regulation of interstitial protein osmotic pressure during diuresis. As indicated by the 

algebraic formulas, the interstitial pressure exerted by a large solute affects interstitial hydrostatic 

pressure but not tubule fluid reabsorption (Eqs. 12 and 13). The increased lymph flow and 

associated decreased interstitial protein osmotic pressure observed during volume expansion 

diuresis (145, 171, 220) may therefore function to ameliorate increased interstitial hydrostatic 

pressure without adversely impacting tubule fluid reabsorption. The present work suggests that 

future investigation of renal interstitial edema would benefit by considering the impact of lymph 

flow on interstitial protein osmotic pressure. 

Algebraic formulas characterizing the three-compartment model reveal key behaviors that 

differ from conventional two-compartment models. Investigators using dual-perfusion models 

have typically assumed that tubule and capillary compartments are separated by a single effective 

barrier, namely the tubule epithelia (116, 293). In such two-compartment models, equilibrium 

tubule fluid reabsorption is equal to 𝐾𝐾𝑓𝑓𝑡𝑡[(𝑃𝑃𝑡𝑡 − 𝑃𝑃𝑐𝑐) − ∑ 𝜎𝜎𝑡𝑡𝑠𝑠(𝛱𝛱𝑡𝑡𝑠𝑠 − 𝛱𝛱𝑐𝑐𝑠𝑠)𝑚𝑚
𝑠𝑠=1 ]. When compared to 

equilibrium tubule fluid reabsorption predicted by the three-compartment model (Eq. 13), three 

distinct differences become apparent. First, the flow-pressure relationship of the three-

compartment model is modulated by the effective fluid conductance (Kfe), which is smaller than 

the tubule fluid filtration coefficient (Kft) assumed by the two-compartment model. Second, the 

three-compartment model can account for the flow from distal nephron segments. Modulated by 

the relative tubule conductance (Kftr), the effective contribution to reabsorption is small, but not 

insignificant. Third, two-compartment models assume that the osmotic pressures exerted by small 

solutes are equal in the interstitial and capillary compartments (115, 116). However, there is 
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evidence to suggest that osmotic gradients across the capillary barrier are present (300). Studies 

analyzing renal lymph composition have inferred that interstitial concentrations of small solutes 

can differ significantly from capillary concentrations (67, 174, 199, 217, 267). This is also the case 

for interstitial protein osmotic pressures (25, 123). The impact of solute polarization within 

interstitium of the three-compartment model may be quantified algebraically as the difference in 

the driving pressures predicted by two- and three-compartment models. This difference is equal 

to ∑ (𝛱𝛱𝑐𝑐𝑠𝑠 − 𝛱𝛱𝑚𝑚𝑠𝑠)𝑚𝑚
𝑠𝑠=1 (𝜎𝜎𝑡𝑡𝑠𝑠 − 𝜎𝜎𝑐𝑐𝑠𝑠). By neglecting interstitial solute polarization, distal flow, and 

effective fluid conductance, the two-compartment model incurs more error than the three-

compartment model. Assuming the baseline values in Table 3.1, the two-compartment model 

overestimates tubule fluid reabsorption by 26%. However, even small changes in tubule fluid 

reabsorption can have a large impact on urine formation. The algebraic formulas thus not only 

elucidate behaviors neglected by the two-compartment model, but also indicate when neglecting 

the interstitial compartment is not appropriate.   

The linear three-compartment model of cortical fluid balance is a novel tool for 

investigators. The present work fills a gap between simple linear two-compartment models that 

neglect the interstitium and complex nonlinear models that must be solved by numerical methods. 

By neglecting the solute flow equations, valid algebraic formulas approximating equilibrium 

tubule fluid reabsorption and interstitial hydrostatic pressure (Eqs. 12 and 13) could be obtained. 

Cardiovascular and renal researchers may therefore apply these general formulas without resorting 

to numerical methods or assuming parameter values that are not well known. By conceptualizing 

the system in terms of resistances to flow between tubule and capillary compartments (Fig. 3.2), 

algebraic formulas could be formulated in terms of novel parameter groupings (Eqs. 9-11) that 

would not otherwise be apparent by inspecting numerical results. Multiple representations of the 
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system in terms of equivalent resistances and pressures (Fig. 3.2), graphical balance points (Figs. 

3.3 and 3.4), and algebraic formulas (Eqs. 12 and 13) can aid conceptualization. The three-

compartment model can also help identify fertile areas of future research by identifying 

understudied parameters (e.g., lymph flow) that can have significant impact on the system in 

particular contexts. The methods of the present work could be particularly useful for the study of 

renal adaptive responses, such as those observed with hypertension (156), pregnancy (148), and 

diabetes mellitus (226). Taken together, the present work provides novel algebraic formulas for 

cardiovascular and renal researchers that are valid and broadly applicable. 
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CHAPTER IV 

VOCATIONAL GOAL CHANGE MODEL 

 

Participation in undergraduate research has been associated with undergraduates being 

more likely to pursue careers in science, technology, engineering, and mathematics (STEM) as 

well as other research-oriented professions (89, 246). Many studies have reported research 

experiences support undergraduates’ development of research skills and professional habits, as 

well as the clarification of their career interests (2, 77, 135, 188, 257). Participation in research 

also has been associated with undergraduates’ improved awareness of career options (3) and 

sustained commitment to enter fields of work and study (19, 21, 131). Undergraduate research, 

moreover, supports retention of students in their academic programs (118, 256). Underrepresented 

minority and economically disadvantaged students who have participated in university research 

are more likely to persist in STEM career preparation (56). Although university research can also 

alter undergraduates’ post-graduation plans (246), less is known about the particular curricular 

structures of undergraduate research programs that influence undergraduates’ decisions to pursue 

or not pursue research-oriented careers (186). 

Traditional approaches to undergraduate research, namely apprenticeship and course-based 

research programs, have limited students’ participation in the discovery-oriented knowledge 

production activities of university research communities. Undergraduates in apprenticeship-type 

programs conduct research under the guidance and time-intensive mentoring of faculty researchers 

(248). Research is conducted independently or in the context of a faculty-led research group (96). 

However, most apprenticeship programs are highly incentivized with stipends awarded to a limited 

number of participants (97). Academic selection criteria also result in participants being mainly 
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juniors and seniors and those having high grade point averages (246). The lack of access due to 

selection processes involved in apprenticeship programs have consequently caused some 

investigators to question general claims about the impact of research experiences on 

undergraduates’ vocational goal development (39, 257). Course-based undergraduate research 

programs have provided additional student access to university research. These programs often 

use team-based structures to organize cohorts of students of the same academic level (16). The 

inquiry activities are still mainly guided by teaching objectives that prescribe roles and project 

aims for students (200). Although student input and ownership are known to promote career goal 

persistence, there are only a few documented cases of course-based programs that allow students 

to influence the productive goals of discovery-oriented research (12, 44).  

In contrast to apprenticeship and course-based models, the research-intensive community 

(RIC) model aims to dramatically increase the number of discovery-oriented research 

opportunities available to all undergraduates at a university. This is achieved through programs 

that provide infrastructure for undergraduates, graduates, and faculty to connect and self-organize 

into multi-level research teams and horizontal learning communities (78, 106). Because RIC 

programs are co-curricular, team projects are situated in the institutional disciplinary structures 

supporting the production of research. In this context, more advanced students seeking leadership 

experience develop discovery-oriented research projects with faculty mentors that less experienced 

students can join (82, 96). When no qualification criteria are mandated and no monetary incentives 

are provided, team membership is negotiated at the team-level as a matter of participants’ common 

interest in pursuing the knowledge production goals of the project. With faculty facilitation, 

horizontal affinity groups of team leaders can emerge to explore common interests in mentoring 

undergraduate research (298). The mentoring that occurs within the multi-level teams involving 
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faculty and more advanced students has been reported to promote practical competencies, 

epistemological knowledge, and career goal persistence, especially for low-income, first-

generation, and underrepresented minority students (159, 311). 

Undergraduates in RIC programs are diverse in their research experience, academic level, 

and academic achievement. They also have different vocational intentions motivating their 

participation. The teams in which they conduct research are diverse as well. Teams can involve 

cross-discipline interactions between team members and leaders from different departments and 

colleges, and the leaders themselves can have different levels of research, program, and academic 

experience. The diversity of multi-level interactions within teams is also evident in the different 

amounts of time that team members spend with their team leader, faculty mentor, and other team 

members. Because participation is predicated mainly on the alignment of student interests with the 

productive goals of a project and their ability to gain team membership, study samples drawn from 

RIC populations avoid some of the selection biases inherent in studies of highly incentivized, 

criterion-based apprenticeship programs (257). The large, diverse, minimally incentivized 

populations of RIC programs are thus well-suited for quantitative studies of factors promoting 

important outcomes of undergraduate research. Therefore, the purpose of the present work is to 

quantitatively identify the vocational identities and team attributes predicting undergraduate career 

goal change in the research-intensive community programs of a research-extensive university. 

Whether general or more specific, vocational goals frame and stimulate the preparatory 

activities that young adults undertake during college (45). As they prepare for their future, 

undergraduates seek experiences and integrate goal-related information to adjust and refine 

conceptions of their vocational identity (17). Vocational goals therefore exist in a constellation of 

other socio-cognitive factors. Self-efficacy in research, for instance, mediates students’ career 
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aspirations (2). Plans for the future are influenced by perceptions that certain professional positions 

are attainable and compatible with their personal values (81). Knowledge of their peers’ vocational 

identities can also impact whether undergraduates remain motivated to pursue a research-oriented 

career (272). These studies highlight the many ways undergraduates refine their interests and goals 

relative to the normative values they encounter in university research communities.  

The extent to which research experiences can impact undergraduates’ vocational plans is 

still unsettled. In a large-scale survey of undergraduates participating in federally-funded co-

curricular programs, Russell, et al. (246) reported 70% of students increased their interests in 

STEM careers. This is consistent with other reports that intensive research experiences are 

associated with students’ increased curiosity in research-oriented careers (144, 161, 187). Lopatto 

(188), however, found less than 10% of students actually altered their post-graduation plans. 

Together, these studies suggest that while undergraduates’ interests may change, their distal career 

goals may remain relatively stable. Other studies, however, have reported vocational plans are 

amended with contingencies to reflect awareness of a research-oriented career as a realistic option 

(3, 70, 135, 271). This broader conceptualization of career goal change has not yet been quantified. 

Vocational Identities of Undergraduates. The propensity to explore career fields and 

willingness to commit to a career choice have been implicated in psychological processes of 

vocational identity development in young adults (197, 228). The commitment preceding an 

individual’s specification of career goals, however, is not necessarily associated with exploration 

(31, 32). Investigators have therefore quantified undergraduates’ exploration and commitment 

beliefs to identify an array of identity profiles. Figure 4.1 depicts the exploration and commitment 

profiles of general vocational identities proposed by Porfeli et al. (233). A diffused identity 
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Figure 4.1 Vocational identity profiles. 

 
 

characterizes individuals who are neither exploring distal career goals nor committed to one. Some 

studies have indicated individuals progress from diffused to an intermediate identity before 

reaching an achieved identity of high exploration and high commitment (155, 162). Individuals 

who place a moratorium on making a career choice remain uncommitted but exhibit a moderate 

level of exploration. A searching moratorium identity displays higher levels of exploration; this 

profile is indicative of individuals who are unsatisfied and seeking to reorient their commitments 

(71). A foreclosed identity eschews exploration and commitment to a career choice prematurely. 

Career goal foreclosure is associated with anxiety avoidance and nonsocial decision-making styles 

(31). Racial ideologies, perceived career barriers, and career myths are also associated with 

underrepresented minorities’ early foreclosure on career goals (50, 173). 

Vocational aspirations of students and faculty are influenced by the structures and polices 

of the institutional field in which they are situated (37, 38). Colleges organize oversight and 

resources around broad disciplinary concerns while departments and other similar units focus on 

particular academic affairs and research practices (28, 163). The fields of study organized by 
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colleges exhibit similar epistemological characteristics and employ similar approaches to research 

and teaching (214). Faculty, however, exhibit more affinity and productivity with departmental 

colleagues (41, 63). As a possible consequence, undergraduates across colleges and departments 

have been reported to value epistemic and vocational goals differently (54, 70). In practice, 

university research has become increasingly more interdisciplinary (234, 286), and the benefits of 

interdisciplinary research experiences for graduates and undergraduates have been promoted in 

many STEM fields (210, 245). However, lacking infrastructure to foster interactions across 

disciplines, undergraduate research has been bounded mainly by the discipline-oriented 

department and college structures that organize university faculty (73). Consequently, little is 

known about how cross-discipline interactions influence outcomes for undergraduate researchers 

(257). 

Persistent multi-semester project teams managed by more advanced undergraduates and 

graduate students have provided an effective means for novice undergraduates to develop 

professional proficiencies while also contributing to the productivity of university research groups 

(95, 96, 108, 132). Development of career plans among undergraduate researchers occurs through 

interactions with socially-stratified members of these local communities of practice (2, 257). In 

contrast to isolated insight, individuals’ reassessment of proximal and distal goals emerge from 

their negotiations and meaning-making efforts with more experienced community members (124, 

285). Many studies have characterized the effectiveness of undergraduate and graduate student 

team leaders. For instance, undergraduates have reported graduate student team leaders have 

improved their access to research, level of project interaction, transition to independent work, 

insight into graduate experience, and awareness of socialization within the field of research (51, 

82). In some cases, graduate student team leaders were reported to impose hierarchy that limited 
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undergraduates’ ability to make intellectual contributions. In contrast, undergraduate mentors have 

been reported to elaborate on their mentee’s ideas to facilitate collective knowledge-building 

(304). In general, effective team leaders increased team member self-efficacy by recognizing their 

intellectual contributions and aligning their ideas for project goals within the collective efforts of 

the research group (2). 

 

METHODS 

Logistic regression was used to determine significant predictors of career goal change 

among undergraduates who had participated in the investigative work of minimally incentivized, 

multi-level research teams throughout a semester at a large doctorate-granting, public university. 

Located in the Southern United States, the university campus serves over 44,500 undergraduates 

(48.9% Female, 20.9% Hispanic, 3.3% Black, 0.3% Native, and 41.6% STEM majors). 

Data Sources and Sample. Study participants were recruited from two campus-wide 

undergraduate programs that organized research based on the RIC model. Each undergraduate 

team in the summer RIC program was mentored by a faculty member and led by an undergraduate 

team leader. In the year-around RIC program, each undergraduate research team was mentored by 

a faculty member and led by either an undergraduate or graduate student. Each program provided 

team leaders and faculty mentors the infrastructure and support needed for campus-wide 

recruitment of undergraduates, but left all recruitment decisions to the multi-level research teams. 

Data collection was conducted over a six-semester period. In total, there were 155 team leaders 

and 936 team members. This analysis focused on the 751 team members who were new to the 

program. A majority of these undergraduates (n = 457) completed the Vocational Identity Status 
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Assessment at the beginning of the semester. A large portion of these undergraduates (n = 330) 

also completed the intake and exit surveys and at least eight weekly surveys. The intake and exit 

surveys documented participants’ post-graduation career goals, team attributes and demographic 

information. Weekly surveys documented the time that team members spent doing research with 

others. For this sample, 86% of team members were STEM majors. 

Career Goal Change. To quantitatively identify the vocational identities and team-based 

research conditions predicting undergraduates’ plans to pursue or not pursue a research-oriented 

career, team members were assigned to two subsamples (Table 4.1). Team members were 

categorized as having a prior plan to pursue a research-oriented career if they indicated on an 

intake survey item that they were (a) certain to pursue a research-oriented career or (b) considering 

a research-oriented career as a realistic second option. Team members were categorized as having 

a prior plan to not pursue a research-oriented career if they (c) had no interest in pursuing a 

research-oriented career or (d) were curious but not making plans to pursue a research-oriented 

career. The same item was administered on the exit survey at the end of the semester, and responses 

were similarly categorized. Pre- and post-responses were compared to evaluate whether prior plans 

were sustained or altered. For those team members having a prior plan to not pursue a research 

career (n = 183), almost a third altered prior plan toward pursuing a research-oriented career. For 

those having a prior plan to pursue a research-oriented career (n = 147), less than half altered prior 

plan away from pursuing a research-oriented career. 

Identifying the Vocational Identity Status of Undergraduate Team Members. Measurement 

of team member vocational identity status was performed using the Vocational Identity Status 

Assessment (VISA), which has been previously validated for high school and college students 

(233). The instrument consists of ten items for two dimensions: career exploration and career  
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Table 4.1  Altered and sustained career plans after participating in team research. 
  

        

Prior Plan  Total  Sustained  Altered 
 n %  n %  n % 

  

        

To Not Pursue a Research Career  183 100.0  129 70.5  54 29.5 
To Pursue a Research Career  147 100.0  82 55.8  65 44.2 

  

        

 
 
 
 
 
Table 4.2  Descriptive statistics for undergraduate team member samples. 

         

    Research-Oriented Career 
      

 Total 
n=330  No Prior Plan 

n=183  Prior Plan 
n=147 

 n %  n %  n % 
         

TM Female 204 61.8  111 66.7  93 63.3 
TM Hispanic 63 19.1  33 18.0  30 20.4 
TM Black 16 4.9  10 5.5  6 4.1 
TM Low Income 61 18.5  32 17.5  29 19.7 
         

TM First & Second Year Students 75 22.7  43 23.5  32 21.8 
TM Research Credit 168 55.8  99 54.1  85 57.8 
TM Research Inexperience, 0 Semesters 236 71.5  141 77.1  95 64.6 

         

TM Moratorium Identity 81 24.6  49 26.8  32 21.8 
TM Searching Identity 94 28.5  48 26.3  46 31.3 
TM Achieved Identity 91 27.6  36 19.7  55 37.4 
TM Diffused Identity 32 9.7  27 14.8  5 3.4 
TM Foreclosed Identity 32 9.7  23 12.6  9 6.1 

         

TL Academic Level, Graduate 219 66.4  116 63.4  103 70.1 
TL Research Experience, ≥ 4 Semesters 159 48.2  89 48.6  70 47.6 
TL Program Experience, ≥ 1 Semesters 92 27.9  48 26.2  44 29.9 

         

TM & TMs Different Departments 271 82.1  156 85.3  115 78.2 
TM & TMs Different Colleges 206 62.4  119 65.0  87 59.2 
TM & TL Different Departments 226 68.5  130 71.0  96 65.3 
TM & TL Different Colleges 148 44.9  85 46.5  63 42.9 

         

 Mean SD  Mean SD  Mean SD 
         

TM & TL Research Time, hours/week 2.75 3.10  2.56 2.39  2.99 3.79 
TM & FM Research Time, hours/week 0.84 1.46  0.94 1.56  0.73 1.33 
TM & TMs Research Time, hours/week 3.03 3.11  2.89 2.47  3.20 3.76 

         

TM, team member; TL, team leader; FM, faculty mentor; TMs, other team members on research team. 
SD, standard deviation. 
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commitment. Each dimension has two subscales. Five items on in-breadth career exploration 

indicate whether respondent is seeking multiple experiences and considering multiple career 

options. Five items on in-depth career exploration indicate whether participant is seeking 

particular experiences for determining whether a career choice matches personal interests and 

talents. Five items on making a career commitment indicate whether respondent has chosen a 

career. Five items on career commitment identification indicate whether respondent associates 

career choice with personal values and relationships. To confirm that four subscales provided 

valid measurements for characterizing team members’ vocational identity status and adequately 

fit collected data, confirmatory factor analysis was performed for a four-factor model. Fit indices 

were then computed and compared to standard cutoff values (134). To identify the vocational 

identity status of each of these team members, hierarchical cluster analyses was performed with 

standardized subscale scores (M = 0, SD = 1) using Ward’s method and Euclidean distances. The 

choice for the number of cluster variables (k) to use in further analysis was evaluated with 

previously-established methods and standards (233). In brief, the optimal solution was 

characterized by having a minimum number of cluster variables, subscale patterns corresponding 

to recognized theoretical profiles, and a mean explained variance among clustered variables 

greater than 50% (109).  

The robustness of cluster solutions, which ranged from three to nine variables, was 

evaluated using an iterative k-means cluster analysis procedure. The sample was first split into two 

random groups. The variable centers for each cluster solution of the whole sample were used to 

initialize a k-means cluster analysis for each random split-group. Centers from these clusters were 

retained and used to initialize a k-means analysis for the other half of the sample. This resulted in 

two variable assignments for each cluster solution. The inter-rater reliability of the two 
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assignments was then computed using Cohen’s kappa (68). Mean explained variance of whole 

sample and inter-rater reliability for random split-groups were plotted for each cluster solution to 

identify the optimal number of variables. Each variable of the optimal cluster solution was then 

characterized by plotting mean z-scores for exploration and commitment subscales. 

Confirmatory factor analysis suggested that the four subscales (i.e., exploration in-breadth, 

exploration in-depth, commitment making, and commitment identification) provided valid 

measurements for characterizing team members’ vocational identity status (χ2 = 290, df = 164, 

p < 0.001). The Root Mean Square Error of Approximation (RMSEA) = 0.041, Comparative Fit 

Index (CFI) = 0.95, and the Standardized Root Mean Square Residual (SRMR) = 0.046. Fit indices 

thus conformed to standard cutoff values: RMSEA < 0.80, CFI > 0.90, and SRMR < 0.80 (134). 

This suggested that the four subscale measurements adequately fit the data provided by 

undergraduate team members (n = 457). Figure 4.2. depicts results from the cluster analysis of 

responses to the career exploration and commitment subscales. Cluster solutions with four to nine 

variables had a mean explained variance greater than the accepted 50% threshold (233). Cohen’s 

kappa (68) was used to compute the inter-rater reliability of k-means cluster assignments when the 

sample was randomly split into two groups. In Fig. 4.2A, the three-, five-, and eight-variable 

solutions had the highest inter-rater reliabilities, which were 0.72, 0.64 and 0.60, respectively. In 

Fig. 4.2B, the subscale profiles of the five-variable cluster solution corresponded to the 

moratorium, searching, achieved, foreclosed, and diffused status identities that have been observed 

in other undergraduate populations (233). Moratorium, searching, and achieved were the most 

prevalent identities in this cluster solution with relative frequencies of 25.1%, 27.1% and 28.0%, 

respectively. Operationalized as five dichotomous variables, these vocational identities were 

similarly distributed in subsamples (Table 4.2). For the subsample having a prior plan, the counts 
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for diffused and foreclosed identities, however, were low and insufficient for logistic 

regression (4). 

 

 

Figure 4.2  Cluster analysis of undergraduate team member responses to the Vocational Identity Status 
Assessment (n = 457). A: The optimal number of clusters was a five-variable solution that exhibited a mean 
explained variance above 0.50 as well as a moderate inter-rater reliability (Cohen’s kappa) of 0.64 between 
the split-group cluster assignments. B: The five variables of the cluster solution were characterized by 
exploration and commitment subscale profiles. These profiles corresponded to the moratorium, searching, 
achieved, foreclosed, and diffused status identities previously observed in undergraduate populations (233). 
 
 

Other Variables. Table 4.2 summarizes the descriptive statistics for the other dichotomous 

and continuous independent variables examined in the present work. National employment figures 

for bachelor degree holders indicate that Hispanic (7.6%) and Black (6.2%) graduates are 

underrepresented in STEM and other research-oriented careers (211). The proportion of Hispanic 

and Black team members in the samples reflected the university population. For the subsample 

having a prior research career plan, the number of Black participants was low and insufficient for 

logistic regression (4). No Native Americans were in the sample. Female team members were 

overrepresented compared to the university population. About one fifth of the team members had 
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parental incomes below $40,000 and were categorized as low income. Over two-thirds of team 

members had no prior research experience. The sample of the undergraduate participants was 

diverse in academic level (with almost a quarter being in their first and second year), academic 

achievement (with almost a quarter having a grade point average below 3.0), and motive (with just 

over half enrolling in research credit hours).   

To investigate the influence of the multi-level conditions of team-based research, team 

leader traits and the research time spent with others were examined. Two-thirds of the team 

members in the sample had team leaders who were graduate students. Less than half had team 

leaders who had over four semesters of research experience; and under a third worked with team 

leaders who had experience in these research programs. Research time indicators included the 

average hours per week that team members spent with the team leader, faculty mentor, and other 

team members. These continuous variables had negative exponential distributions that were 

similar across subsamples. 

To investigate the influence of cross-discipline conditions of team-based research, team 

members were classified as having teams with team members and leaders from different colleges 

and departments. Over four-fifths of the undergraduates in the sample worked with team members 

from different departments, whereas three-fifths worked with team members from different 

colleges. Over two-thirds of team members worked with a team leader from a different department, 

while less than half worked with team leaders from different colleges. The Phi coefficient (ϕ) and 

Pearson’s r correlation values among these and the other independent variables provided no 

evidence of multicollinearity. 

Analysis. Stepwise elimination was employed to remove effects of variables and 

interactions and produced nested models with successively lower Bayesian Information Criterion 
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(BIC) and deviance values (240). As terms were removed to reduce model uncertainty, BIC and 

deviance values decreased. Elimination was terminated when deviance began to increase. 

Likelihood Ratio Test (−2LL χ2) was then used to confirm whether further elimination was 

warranted. The F-statistic for the final model was estimated from the survey data of the weight-

adjusted subsample. Archer-Lemeshow F-statistic was estimated to evaluate how well the final 

model fit survey data (10). To estimate correct classification, sensitivity and specificity were 

maximized (310). A McFadden’s R2 value of 0.20 or greater indicated highly satisfactory fit (189). 

Odds ratios were estimated to determine effect size of each selected term on distal goal change. 

Reported odds ratios of interaction terms are technically ratios of odds ratios. To interpret odds 

ratios, significant average marginal effects and interaction effects are reported in the probability 

metric. Each test was evaluated at a 0.05 alpha level. 

 

RESULTS 

Logistic Model for Altering Prior Plan Toward Pursuing Research-Oriented Career. In 

Table 4.3, we report the odds ratios for the fourteen-term final model that predicted whether team 

members altered their prior plan toward pursuing a research-oriented career after participating in 

team research (F13, 170 = 2.64, p < 0.01). A thirteen-term model that eliminated the interaction of 

TM Searching and TM Low Income in a stepwise manner exhibited a lower BIC (df) value of 247 

(13) and a higher deviance (df) value of 180 (170). The Likelihood Ratio Test indicated that the 

final model provided a relatively better fit (−2LL χ2 = 4.73, p < 0.05). Further, the estimated 

Archer-Lemeshow F-statistic for the final model was not significant and thus provided no evidence 

of poor fit (F9, 174 = 0.27, p = 0.98). With a sensitivity of 74.0% and a specificity of 71.3%, the 
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final model correctly classified 72.1% of the observations. A McFadden’s R2 value of 0.212 

indicated a highly satisfactory fit. 

As indicated by significant odds ratio estimates, the predictors for whether a team member 

alters prior plan toward pursuing a research-oriented career included five independent variables. 

The probability of a team member with a searching identity to alter plan toward research-oriented 

career is on average 0.26 higher than other team members (SE = 0.06, z = 4.03, p < 0.001). A Black 

team member is 0.34 more likely to alter plan toward a research career (SE = 0.16, z = 2.21, 

p < 0.05). A team member working with team members from other departments is 0.23 more likely 

to alter plan toward a research career (SE = 0.06, z = 3.92, p < 0.001). In contrast, a team member 

working with team members from other colleges is 0.35 less likely to alter plan toward a research 

career (SE = 0.09, z = −4.12, p < 0.001). 

As indicated by the ratios of odds ratios, the predictors for whether a team member alters 

their prior plan toward pursuing a research-oriented career also included four significant 

interactions. The probability of a team member with a searching identity to pursue a research-

oriented career is decreased by 0.23 when team leader is from a different college (SE = 0.12, 

z = −2.08, p < 0.05). The probability of a searching team member with a low parental income to 

pursue a research-oriented career is 0.43 higher compared to other searching team members 

(SE = 0.10, z = 4.36, p < 0.001). The effect of performing research with a graduate student team 

leader from a different college increased the probability of a team member altering plan toward a 

research career by 0.21 (SE = 0.09, z = 2.46, p < 0.05). Finally, if a research inexperienced team 

member spends one hour per week with team leader, the probability of pursuing a research-

oriented career increases by 0.04 (SE = 0.01, z = 4.51, p < 0.001). 
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Table 4.3  Logistic regression models of undergraduates’ altered career plans. 
     

  Research-Oriented Career Goal Change Models 
     

  
Altered Prior Plan 
Toward Pursuing 

n=183 
 

Altered Prior Plan 
Away from Pursuing 

n=147 
     

  Odds Ratio  Odds Ratio 
     

     
TM Hispanic  −  4.23* 

TM Black  6.77*  − 
TM Low Income  0.94  − 
TM Moratorium  −  33.19* 

TM Searching  10.66***  − 
TM Achieved  −  2.12 

TM Research Inexperience  0.21*  − 
TL Graduate  0.73  − 

TL Research Experience  −  2.17 
TL Different Colleges  1.11  0.96 

TL Different Departments  −  0.65 
TMs Different Colleges  0.10**  − 

TMs Different Departments  7.11**  − 
TL Research Time  0.94  0.70* 

 FM Research Time  −  1.18 
TMs Research Time  −  1.00 

TM Searching × TL Different College  0.06**  − 
TM Searching × TM Low Income  20.69**  − 

TM Research Inexperience × TL Research Time  1.47*  − 
TL Graduate × TL Different College  9.72*  − 

TM Moratorium × TMs Research Time  −  0.28** 
TMs Research Time × TL Different College   −  1.55* 

 TM Achieved × TL Different Department   −  0.10* 
TL Research Experience × FM Research Time  −  0.18** 

Constant  0.18*  1.06 
     

F (dfn, dfd)  2.64 (13, 170)**  2.35 (13, 134) ** 
BIC (df)  248 (14)  213 (14) 

deviance (df)  175 (169)  143 (133) 
Archer-Lemeshow F (dfn, dfd)   0.27 (9, 174)  1.23 (9, 138) 

Correct Classification (%)  72.2  77.6 
McFadden’s R2  0.212  0.227 

     
TM, team member; TL, team leader; FM, faculty mentor; TMs, other team members on research team. 
df, degrees of freedom; dfn, numerator degrees of freedom; dfd, denominator degrees of freedom 
*p < 0.05, **p < 0.01, ***p < 0.001 
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Logistic Model for Altering Prior Plan Away from Pursuing Research-Oriented Career. In 

Table 4.3, we report the odds ratios for the fourteen-term final model that predicted whether team 

members altered their prior plan away from pursuing a research-oriented career after participating 

in team research (F13, 134 = 2.35, p < 0.01). Further stepwise elimination yielded a thirteen-term 

model that excluded TL Different College. This constrained model had a lower BIC (df) value of 

211 (12), but a higher deviance (df) value of 151 (135). The Likelihood Ratio Test indicated that 

the final model provided a relatively better fit (−2LL χ2 = 8.74, p < 0.05). Further, the estimated 

Archer-Lemeshow F-statistic for the final model was not significant and thus provided no evidence 

of poor fit (F9, 138 = 1.23, p = 0.38). With a sensitivity of 73.9% and a specificity of 80.5%, the 

final model correctly classified 77.6% of the observations. A McFadden’s R2 value of 0.291 

indicated a highly satisfactory fit. 

As indicated by significant odds ratio estimates, predictors for whether a team member 

alters their prior plan away from a pursuing a research-oriented career included two significant 

variables. The final model predicts that the more time spent with team leader, the less likely a team 

member is to alter plans away from pursuing a research-oriented career. Specifically, for each hour 

a team member spends per week with a team leader, the probability of a team member altering 

their plan away from a research-oriented career is decreased by 0.06 (SE = 0.02, z = −2.58, 

p < 0.05). The probability of a Hispanic team member of altering plan away from a research career, 

however, is 0.23 higher than other team members (SE = 0.09, z = 2.73, p < 0.01). The average 

marginal effect of the team member moratorium identity was not significant in the probability 

metric. 



 

104 

 

As indicated by the ratios of odds ratios, the predictors for whether a team member alters 

their prior plan away from pursuing a research-oriented career also included four significant 

interactions. The final model predicts that for every hour that a team member with a moratorium 

identity status (low commitment, moderate exploration) spends with other team members, the 

probability of altering plan away from a research-oriented career is decreased by 0.11 (SE = 0.03, 

z = −3.93, p < 0.01). For every hour a team member spends with a faculty mentor in a team whose 

leader has four or more semesters of research experience, the probability of altering plan away 

from research-oriented career is decreased by 0.25 (SE = 0.09, z = −2.88, p < 0.01). The effect of 

working in a team with a leader from a different department decreases the probability that a team 

member with an achieved identity status (high commitment, moderate career exploration) will alter 

plan away from research-oriented career by 0.43 (SE = 0.13, z = −3.18, p < 0.01). 

 

DISCUSSION 

The logistic models of the present work identify the vocational identities and team 

attributes that predict career goal change of undergraduates participating in research-intensive 

community (RIC) programs. Two logistic models were constructed to develop an understanding 

of factors that promote and also inhibit the development of research career aspirations. The first 

model identified factors that predict whether undergraduate researchers will alter their prior plan 

toward pursuing a research-oriented career. The second model identified factors that predict 

whether undergraduate researchers will alter their prior plan away from pursuing a research-

oriented career. Together, these models provide insights on ways undergraduate research programs 

can be designed to amplify and diversify the nation’s workforce of knowledge-producers. 
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Changes in Post-graduation Career Goals. In this study, we assumed distal career goals 

are complex cognitive constructs that can be amended to include contingency plans whereby a 

research-oriented career may be adopted as a realistic second option (3, 70). This is a somewhat 

broader operationalization of career goal change than seen in previous studies that simply asked 

undergraduate researchers whether their prior plan had changed. In a large-scale study of grant-

funded, faculty-led apprenticeship programs, Lopatto (188) reported between 3.7% and 2.7% of 

undergraduate participants developed plans to attain postgraduate research positions, while 

between 6.7% and 4.2% discontinued their postgraduate research plans as a result of their research 

experience. In the present study (Table 4.1), 29.5% of undergraduate researchers altered their prior 

plan toward pursuing a research career while 44.2% altered their prior plan away from pursuing a 

research career. The trend is the same, but the magnitude of career goal change is considerably 

higher in the present study. This reflects the broader operationalization, but also characterizes a 

population of undergraduate researchers who are minimally incentivized, less experienced, and 

more academically diverse. The RIC programs had slightly higher proportions of first and second 

year students (22.7% and 17.6%) and much greater proportions of undergraduates with no prior 

research experience (71.5% versus 38.0%). Whereas the overall GPA for students in these 

apprenticeship programs was 3.63 (144), the GPA of students in RIC programs was 3.31 (SD = 

0.47). These differences suggest the RIC programs offered greater access to participants having 

different vocational identities and potential for career goal change. 

Vocational Identities. The vocational identities of undergraduates were quantified by 

measuring their levels career commitment and exploration. A five-cluster solution indicated that 

the majority of undergraduates in the RIC programs exhibited moratorium, searching, and 

achieved identities (25.1, 27.1 and 28.0% respectively). While there are substantial proportions of 
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moratorium and achieved identities in general populations of undergraduates, searching identities 

are a minority (233). The RIC programs, however, included a large proportion of undergraduates 

exhibiting high exploration and moderate commitment levels. For these students, team-based 

research had a significant impact on their goal development. Models revealed that team members 

with searching identities were more likely to alter their prior plan toward pursuing a research career 

as a result of RIC participation. Searching team members with low parental income were more 

likely to pursue a research-oriented career. This pronounced effect is consistent with findings that 

learning experiences that are discursive, vicarious, and productive, effectively mediate career goal 

development in low-income, first-generation undergraduates (105). Other studies indicate 

undergraduates with exploratory dispositions persist toward their career goals with learning 

experiences that offer opportunities for self-direction, competency, and ownership of their work 

(107, 228). Such opportunities for undergraduates to pursue individual goals have been previously 

reported to arise in RIC programs (78). 

Multi-level Conditions of Team-based Research. The multi-level conditions of team-based 

research were found to promote undergraduate career goal change. Undergraduates in RIC 

programs spent approximately three times more time working with team leaders and other team 

members than their faculty mentor. The models indicate that the more time team members spend 

with faculty mentor, the less likely they are to alter their plan away from research-oriented career. 

However, faculty report lack of time, funding, and recognition as deterrents to engaging 

undergraduates in research (14). RIC programs overcome these barriers by organizing 

undergraduate researchers into student-led research teams. Positioning more advanced students as 

team mentors and managers of persistent research projects has been reported to help 

undergraduates gain methodological and intellectual proficiencies of the knowledge-producing 
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community (96). Logistic models of the present work indicate that these multi-level conditions are 

effective in promoting career goal change. Models indicate that the more time team members spend 

with a team leader, the less likely they are to alter their plans away from pursuing a research career. 

Research-inexperienced team members are also more likely to pursue to a research career when 

they are able to spend more time with their team leader. Interactions with other team members help 

undergraduates with moderate exploration and low commitment levels persist in their career 

aspirations. Models indicate that team members with moratorium identities are less likely to 

abandon their research-career goals if they are able to spend more time with other team members. 

This is consistent with studies indicating collective self-efficacy of student teams to be a positive 

predictor of research-oriented career intentions (75, 178). 

Cross-Discipline Conditions of Team-based Research. The cross-discipline conditions of 

team-based research were found to promote and sometimes inhibit undergraduates’ pursuit of 

research-oriented careers. The team members and leaders in this study were classified by their 

college and by their department (or equivalent unit) overseeing their program of study. The 

resulting logistic models reveal team members are more likely to alter plans toward a research 

career when working with team members from other departments and less likely to alter their plans 

when working with team members from other colleges. This is consistent with a study that reported 

university research conducted by inter-departmental teams increased the odds of undergraduates 

attaining employment in their field of study (133). Together, these findings suggest 
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inter-department programs that organize students into multidisciplinary research teams may be 

effective means of promoting career goal development. 

Interactions of Multi-Level and Cross-Discipline Conditions with Vocational Identities. 

The quantified interactions of undergraduates’ vocational identities with multi-level and cross-

discipline conditions provides further insight on how team-based research can designed to support 

career goal change. In general, undergraduate team members performing research with a graduate 

student team leader from a different college are more likely to alter their plans toward a research-

oriented career. The models, however, reveal different trends for undergraduates with searching 

and achieved identities. Undergraduates with searching identities are less likely to adopt research 

career plans when working with a team leader from a different college. In contrast, undergraduates 

with achieved identities are more likely to persist in their research career goals when working with 

a team leader from a different department. These findings correspond with studies that suggests 

vocational identities mediate undergraduates’ interpretations of their social and institutional 

conditions in different ways (27). Progressing from a searching toward an achieved identity status, 

for instance, involves both a willingness to explore professional practices and reasonable 

opportunities to conduct these explorations (142). Broader cross-discipline interactions with team 

leaders from a different college may not provide searching undergraduates reasonable conditions 

for engaging in legitimate practices of a professional learning community. Cross-discipline 

interactions with team members from different departments, which are less broad, appear to help 

undergraduates sustain their research-oriented career aspirations. In contrast to direct socialization 
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(270), exposure to different, yet closely-related disciplinary perspectives appears to support the 

career aspirations of undergraduates with achieved vocational identities. 

Underrepresented Minority Groups. While research experiences have been reported to 

promote academic retention and graduate school plans among underrepresented minority groups 

(19, 89, 126), participation in the team-based research of RIC programs impacts the postgraduate 

career goals of Black and Hispanic undergraduates differently. Models indicated Black team 

member are more likely to adopt plans toward pursuing research careers as a result of their research 

in RIC teams. This is consistent with studies that have reported undergraduate research conducted 

within social communities can mitigate psychological and social barriers that underrepresented 

students face in the attainment of their research career aspirations (53, 107, 229). However, the 

models also indicate that Hispanic team members are more likely to alter their post-graduate plans 

away from research career aspirations after RIC participation. This may mean the structures 

implemented in the RIC programs under study are insufficient to counter the lower likelihood of 

persistence toward career goals among Hispanic students. In general, students lacking 

traditionally-valued social and cultural capital have significantly lower chances of persisting than 

others students; and Hispanic students, on average, have the least amount of capital on upon entry 

into college (297). Closer inspection of additional data, however, suggests that there could be a 

strong negative relationship between Hispanic students’ research career goals and graduate school 

intentions (Cramer’s V = −0.31, Pearson’s χ2 (1, n = 30) = 2.92, p < 0.10). Though more data is 

needed to confirm this relationship, eighteen of the nineteen Hispanic students in this study who 

altered their postgraduate plan away from a research-career were still planning to attend graduate 

school. Given most studies have focused on graduate school aspirations, more research is needed 
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to determine whether undergraduate research can inspire and support underrepresented minorities 

seeking STEM and other research-oriented careers after their bachelor programs. 

Implications. While much attention has been focused on the graduate school intentions of 

undergraduates, the present work has sought to contribute to the knowledge of designing and 

evaluating undergraduate research programs that amplify and diversify the nation’s workforce of 

knowledge-producers. The present study therefore employed measurement and analysis methods 

for identifying the conditions and traits of RIC programs that predict changes in undergraduates’ 

post-graduation career goals. By studying undergraduate researchers in programs that aim to 

maximize research opportunities for all students, and by operationalizing career goal change to 

include contingency plans, a substantial proportion of career goal change can be observed in a 

study sample that is both sizeable and diverse. Such a sample is well suited for developing logistic 

models that identify the interactions between participant traits and program conditions that predict 

career goal change. These models can examine factors that either promote or inhibit career goal 

change, which provides a fuller and more realistic understanding of how programs impact 

formative career plans of undergraduates. In addition to the evaluation and analysis methods, the 

logistic models in the present work provide practical insights for curriculum developers aiming to 

increase participation and tailor programs to support undergraduates’ exploration and commitment 

to STEM and other research-oriented careers. These findings specifically inform how to improve 

programs to account for the ways career goal development is impacted by undergraduates’ 

vocational identities, multi-level learning communities, and cross-discipline relations between 

team members and team leaders. The models confirm the benefits of undergraduate research for 

low-income and Black students, but underscore the need to provide additional infrastructure for 

helping Hispanic students navigate career pathways and pursue their research interests after 
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graduation. More broadly, this study suggests that inclusive, team-based programs like those based 

on the RIC model can promote career goal change among the substantial number of undergraduates 

who are seeking opportunities to explore and get involved in university research but who may have 

limited access to traditional undergraduate research programs. 
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CHAPTER V 

SUMMARY 

 

In Chapter II, the mechanical properties determining cardiac output and pulmonary 

venous pressure were investigated in a minimal closed-loop model of the cardiovascular system 

with arterial pressure regulation. By isolating left ventricular function, linearizing end-diastolic 

pressure-volume relationships (EDPVR), and assuming arterial pressures are regulated, algebraic 

formulas for cardiac output and pulmonary venous pressure were derived. The algebraic 

formulas predicted trends observed in a wide array of experimental and clinical studies. The 

formulas specifically account for the interactions among the properties of left ventricular 

function and the rest of the cardiovascular system that are not addressed by conventional heart 

failure models. Algebraic modeling methods thus made several novel insights possible. First, the 

algebraic formulas reveal that cardiac output and pulmonary venous pressure are governed by 

effective volume terms that are not apparent when using numerical approaches. Second, the 

range of asymptomatic stressed volume fluctuation is limited by the properties of the failing left 

ventricle. Taken together, the present work provides a novel tool for the study of blood volume 

distribution with isolated ventricular dysfunction. 

In Chapter III, the physical properties determining renal interstitial hydrostatic pressure 

and tubule fluid reabsorption were investigated by modeling the renal cortex as a three-

compartment system that includes the proximal tubule, cortical interstitium, and peritubular 

capillaries. By constructing a lumped, linear model and constraining its scope, algebraic 

formulas for interstitial hydrostatic pressure and tubule fluid reabsorption were derived for the 

integrated system. The algebraic formulas were validated with data from transport inhibition 
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experiments in rats and predicted trends observed in a wide array of experiments. The formulas 

specifically account for the interactions among tubule and capillary properties, which are not 

addressed by conventional tubule or capillary models. The use of algebraic methods also make 

several novel insights possible. First, the algebraic formulas reveal that interstitial hydrostatic 

pressure and tubule fluid reabsorption are governed by novel groupings of filtration coefficients 

that would not otherwise be apparent by inspecting the numerical results of nonlinear solute-

coupled models. Second, the formulas reveal that interstitial hydrostatic pressure and tubule fluid 

reabsorption can be estimated with minimal error without invoking solute flow equations. Third, 

and most interestingly, the algebraic formulas reconcile results of in vivo experiments in which 

tubule fluid reabsorption is either positively or negatively correlated with interstitial hydrostatic 

pressure depending on whether tubule or capillary pressures are altered. Taken together, the 

present work provides a novel tool for the study of renal fluid balance that addresses the gap 

between two-compartment models that neglect tubule-capillary interactions and nonlinear solute-

coupled models that require a priori knowledge of parameter values. 

In Chapter IV, a Research-Intensive Community (RIC) model for undergraduate research 

was investigated. While RIC programs scale-up and sustain undergraduate research, their efficacy 

in promoting post-graduation participation in the nation’s workforce of knowledge-producers has 

not been established. Therefore, the present work aimed to quantitatively identify the vocational 

identities and team attributes that predict undergraduate career goal change in RIC programs. 

Using survey data, cluster analysis revealed undergraduates with high career exploration and 

moderate career commitment formed a majority of participants. Logistic models predict these 

undergraduates were more likely to pursue research-oriented careers as a result of team-based 

research. Research time spent with a more advanced student team leader also promoted career goal 
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development, while time spent with other team members predict career goal persistence among 

undergraduates with low commitment. Cross-discipline relationships between team members and 

leaders promoted and sometimes inhibited pursuit of research-oriented careers. Effects on low 

income and underrepresented minority groups also varied. Findings regarding the interactions 

between participant traits and team attributes inform the design of undergraduate research 

programs that seek to amplify and diversify the nation’s workforce of knowledge-producers. 
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