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ABSTRACT

This dissertation aims at developing a new time-domain Propagator numerical
method for full-wave electromagnetic wave propagation and scattering. An analytical and
numerical solution of the full-wave time-domain Propagator method for electromagnetic
fields is presented. A propagator is a subclass of Green’s function that, when integrated
against the present time field throughout a volume of space, produces the field at a pre-
determined later time. A primary advantage of the Propagator method is that all
electromagnetic field components are calculated at each numerical grid point and all
components are in time synchronization. The numerical expressions, provided in one-,
two-, and three-dimensions, are obtained by discretizing electric and magnetic field
propagator integrals. The Propagator method discussed includes: (1) an extrapolation
procedure in time, necessary to maintain constant spatial and time increments throughout
an inhomogeneous numerical space, (2) boundary conditions, (3) a simple and effective
first order absorbing boundary condition (ABC), described as the null boundary condition,
(4) numerical dispersion relations and stability conditions providing the complete stable
numerical equations, and (5) the total-field scattered-field formulation. Examples include
plane wave reflection from and transmission through a planar boundary, and scattering
and radar cross sections for multiple canonical dielectric objects. The proposed method
shows good agreement with exact solutions and the results computed by other numerical
methods including the Finite-Difference Time-Domain (FDTD) and Method of Moment

(MoM).
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1. INTRODUCTION

Numerical techniques in computational electromagnetics fall into two categories:
a frequency-domain method such as the Method of Moments (MoM) [1] and the Finite
Element Method (FEM) [2] and a time-domain method such as the Finite-Difference
Time-Domain (FDTD) method [3]. Each numerical method has its advantages and
disadvantages. For example, the FDTD method is simple to implement a variety of
electromagnetic phenomena, however, based upon its grid scheme, known as Yee’s
algorithm [4], it has limitations, primarily due to its interleaving structure in which the
electric and magnetic fields are not spatially coincident and they exist at different instances
in time. The proposed time-domain Propagator method has a distinguishing advantage, all
six electromagnetic field components are coincident in both time and space. Time
coincidence and spatial collocation offer the potential for more precise calculation of high
frequency circuit parameters and the equivalent electric and magnetic currents used for
finding radar cross section (RCS) of a scatterer. Probably the most important advantage is
that numerical expressions for other equations of science, such as Schrodinger’s equation
of quantum mechanics [5] and the bio-heat equation for biological applications [6],
combine seamlessly at every numerical grid point in the Propagator method mesh.

A propagator is widely used in quantum mechanics [5], quantum electrodynamics
[7], quantum chromodynamics [8], plasmonics [9], acoustic surface waves [10], ocean
waves [11], geophysical waves [12], polymer physics [13], and almost every scientific

discipline involving wave motion [14], [15], but it is virtually untouched in



electromagnetics literature due to complexities of the vector nature of the electromagnetic
field. A complete time-domain propagator and corresponding dyadic Green’s function for
Maxwell’s equations were first derived in [16], [17], along with analytical examples
demonstrating the correctness of the result. The integral equation that completed the
analytical development of the electromagnetic field Green’s function propagator
expression was then derived in [18]. Based upon this work, the time-domain Propagator
numerical method has been successfully applied to one-dimensional transmission line
problems, such as nonuniform transmission lines [19], [20], multiconductor quasi-TEM
line [21], and inhomogeneous transmission lines [22]. Although the complete closed form
of the time-domain propagator has been derived, time-domain numerical expressions in
two- and three-dimensions have only recently been developed in [23]-[30].

A propagator is a subclass of Green’s functions that, when integrated against the
field throughout a volume of space, produces the field at a pre-determined later time [31].
The Propagator method requires an integration that can be either analytical, involving a
spatial integration of the propagator multiplied by the field that exists throughout a given
region of space, or numerical, involving a numerical volume integration over the product
of the discretized propagator function and field. In either case the integral operator
produces the field that exists in a region of space after a given time increment. This can
also be a recursive procedure, the present time field integrated against the propagator
becomes a new present time field that is used to continue the process. For the
electromagnetic field, the Green’s function propagator is found by a direct solution of

Maxwell’s equations, yielding a 6x6 second order tensor expression [16], [17] that when

2



multiplied by the six previous time electric and magnetic field components and integrated,
produces the six current time field components.

Because the time-domain Propagator method involves an evaluation of an integral
over known quantities, the Green’s function propagator and the initial field, it is best
described as an evolution operator technique rather than the integral equation method such
as the MoM [1] or FEM [2], or the differential equation method such as the FDTD [3]. It
is also a direct calculation of the present time field from the previous time field without
intermediate steps, as compared to for example the Method of Moments Marching on in
Time [32] where the current must be found first and the field then calculated from the

current.

1.1 Qutline

In this section, the structure of this dissertation is briefly summarized.

Chapter 2 reviews in detail a derivation of the analytical closed-form of propagator
and Green’s function for Maxwell’s equation. Based upon the integral equation of
electromagnetic Green’s function propagator, the full-dimensional numerical expressions
are derived by evaluating numerically the surface integration and derivatives on the causal
boundary.

Chapter 3 presents numerical theories including the concept of physical time step
that requires an extrapolation technique in time, the introduction of a simple absorbing
boundary condition (ABC) and the analysis of boundary condition, numerical dispersion

relations, and stability conditions.



In chapter 4, the total-field/scattered-field (TF/SF) formulation for the full-wave
Propagator method is described in detail. Advantages of the TF/SF formulation include
generation of a plane wave source, wide computational range and absorbing boundary
condition.

Chapter 5 illustrates numerical examples that include computation of reflection
and transmission coefficients in one-dimensional structures and radar cross sections (RCS)
of several dielectric objects in two- and three-dimensional space lattices. In order to
demonstrate accuracy, the computed results are compared with other numerical method
codes and exact solutions.

Chapter 6 provides concluding remarks and recommended future research work.



2. TIME DOMAIN PROPAGATOR METHOD FOR MAXWELL’S EQUATIONS*

2.1 Introduction

This chapter is intended to present a complete time-domain propagator solution
for Maxwell’s equations in terms of a Green’s function, which can be found by means of
a propagator. The Green’s function is a solution to an inhomogeneous differential equation,
whereas the propagator is a solution to a homogeneous equation. Although the dyadic
Green’s function can be found by an eigenfunction expansion method [33], solving the
propagator with the relation between the Green’s function and propagator that causality is
enforced is much more straightforward than the eigenfunction expansion.

In this chapter, we review the introduction of a compact integral form of the
propagator solution for the time-domain Maxwell’s equations and the derivation of its
propagator and Green’s function found in [16]-[18]. Based upon the derived Green’s
function propagator, we obtain numerical expressions in each dimension. The present time
field is found by simply evaluating the integral of the field-propagator product. Although
the one-dimensional (1-D) propagator numerical expression is also an exact solution of
Maxwell’s equations, the numerical two-dimensional (2-D) and three-dimensional (3-D)
propagator expressions have a small numerical error due to numerical approximation of
partial derivatives and a surface integration over a causal boundary. Since our objective is

to use the direct Maxwell’s equations, which has a form that is different from the Green’s

* Reprinted with permission from “A time-domain Propagator numerical method for
computational electromagnetics” by J. Shin and R. D. Nevels, 2018, IEEE Journal on Multiscale
and Multiphysics Computational Techniques, vol. 3, pp. 80-87, Copyright 2018 by IEEE.



function obtained with the standard solution to Maxwell’s equations Vvia potentials, we

refer to our Green’s function as a propagator in this literature.

2.2 Time domain Propagator solution for Maxwell’s equations
The time-domain Maxwell’s curl equations in a homogeneous region in terms of

the electric and magnetic field intensities, E and H, and the electric and magnetic current

densities Jg and J, are given by

g%=VxH—Je (2.1a)
,u%=—VxE—Jm (2.1b)

where ¢ and u are the region permittivity and permeability, respectively. Equations (2.1)
can be expressed as a general matrix equation, given by

F 5 F=_y (2.2)
ot

which has a vector field F and vector current J, defined by

.
F=[E, E E H H, H,], J{— —} (2.3)

S= 1 (2.4)



Equation (2.2) can be solved by finding a free space dyadic Green’s function
G(r,t|r’,t’) by means of a propagator. Once G is found, a present time field F(r,t) is

determined by [18]

t
F(rt)= [ [G(rt|r,t)-3(r',t)dtdr'+ [G(r,t| r',to) - Fo(r, to)dr’
v

AN

) (2.5)
+[[Gr.t|rt).

Sty

%ﬁxH(r’,t')
L on o |OEDS, (t>10)
ZE(r,t)xn

The first integral in (2.5) is the contribution due to the current source J(r’,to) and the

second integral is contribution to the present time field due to the initial field Fy(r',t;).

The third integral is the contribution from the field on the surface s bounding the volume
of space in which the present time field is to be found. In a sourceless region, the current
J is zero and, due to the radiation condition, the third contribution goes to zero by
extending the volume to infinity.

The propagator is a solution to the homogeneous differential equation

K_5.R=0 t>t (2.6)
ot
subject to
K(rt|rt)=15(r-r'), attimet=t' (2.7)

and the Sommerfeld condition K — 0 as |r|—o . However, a Green’s function is a solution

to the nonhomogeneous differential equation

~S-G=15(r-r)s(t-t") (2.8)



The relation between the propagator and Green’s function is

G(rt|r t')=U (t—t)K(rt|r"t) (2.9)
where U is the unit step function that enforces causality in the sense that the wave traveling
forward in time is determined by the t >t" part of the propagator.

The 6x6 Green’s function propagator G for free space Maxwell’s equations can

be expressed in compact dyadic form in terms of 3x3 submatrices as [16], [18]

G {(_3“ 912} (2.10)
Gy Gp
with
Gy =Gy = 2RI T _gy Uz =R) “U(R)] (2.11a)
4R 4zR
é‘lZ = —772621 = T]V X MT (leb)

47R

where 7 =t—t’ is the time increment between the initial time t" and present time t, | is
the identity matrix, and ¢ is the Dirac delta function. A key observation is that the VV
operator in (2.11a) only contributes to the field in the source region, otherwise it can be
neglected [34]. Therefore, if the initial field is given in a sourceless volume region, only
the first terms in (2.11a) and (2.11b) are required to propagate the field for one time step.
If all that needs to be found is the sourceless time evolving field in an open region, it is
sufficient to evaluate the only second integral in (2.5). Therefore, the present time field

F(r,t) is found by evaluating the propagator equation,
F(r,t) = jé(r,t 11, t0) - Fo(r, to)dr’, t>to (2.12)
o

8



where a zero in the subscript represents the initial time and field. Equation (2.12) is the
most compact closed-form of the time-domain propagator solution for Maxwell’s
equations. The initial field Fy can be a plane wave, an antenna current, a waveguide mode,
an aperture source, or any given field in the volume. Below we extend the scalar
propagator method, found in for example [31], to a full vector propagator method, and

derive the tensor propagator for Maxwell’s equations.

2.3 Propagator and Green’s function for Maxwell’s equations

In order to find the time evolving field using (2.12), the Green’s function (2.10)
for Maxwell’s equations must be found. The Green’s function can be found by means of
a propagator. To find the Green’s function, we first find the propagator K , the solution
of homogeneous Maxwell’s equations, by solving (2.6). To solve (2.6), the propagator K

is expressed as a Fourier integral in terms of spectral dependence k ,

R(rtrt)= [ Ky (ktrt)e™ dk (2.13)
where in Cartesian coordinates K =kyX+kyy+k,Z and the differential dk = dk,dkydk,

are in terms of the spatial frequency components, and r = xX+ yy + zZ . Substituting (2.13)

into (2.6) gives

j{——§pr‘<p}eik*dk=o (2.14)



where the 6x6 matrix operator §p, the spectral domain form of (2.4), can be expressed

symbolically by
_ 0 Llkx
Sp(k):[_;kx ‘0 ] (2.15)
U

Equation (2.14) yields the time dependence of Kp through

Ky =
—-S,K,=0 2.16
=~ SeKs (2.16)
A solution to (2.16) is
K, =e>' Ky (2.17)

Substituting (2.17) into (2.13) and enforcing (2.7) gives
J.egp"lzoejk'rdk =5(r-r) (2.18)

Using the standard Fourier transform representation of the delta function, (2.18) can be

written as

[ espt'Koejk'rdk:ﬁ [ e ak (2.19)
% 2r) =,

Equating coefficients of exp(jk-r)in (2.19) gives

eSHRy =L gk (2.20)

Substituting (2.20) into (2.17) yields

Kp= Lgegpfe*jk*’ (2.21)
(27)

10



where 7 =t—t" is the time increment. By substituting (2.21) into (2.13), the propagator

can be obtained by

K=

[ e¥e Mk (2.22)

1
(22)’ =,
To solve (2.22), the exponential matrix term 57 s expanded in the power series

_ L §2 2 §3 3
€S = T+5,7+ ;T +g_f+... (2.23)

Summing the matrices on the right hand side of (2.23) creates a new 6x6 evolution
operator matrix eS7 = A(t,K) . The power series formed by summing the components of
the A matrix yield surprisingly simple closed form expressions

[ k3 +(k§ +k?)cos(ker) |

A=Ay = %

Aoy = Aes = [k$ + (k¢ +:§)008(kcrﬂ

hoo — P — |:k22 + (K5 +I;§)cos(kcf)]

== = =2 [1_kC205(kCT)] (2.24)
s = Agt = Aus = Ay = kxk, [1—kczos(k01)]

Pos = Agy = Acs = Aos = kyk; [1—kczos(kCr)]

As =Py =1 Ay =" Agy = — "

11



jkynsin(ker)
k

jkympSin(ker
A26:_A35:_772A53:772A62:_—J A k( )

Pug = Pos = Agg = Aay = Asp = Ag3 =0

Ao =—Pgs =—1"Az =1 Pey =

where k? =k?+kZ +k? , and c=1//us and =.[uls are respectively the phase
velocity and intrinsic impedance of the homogeneous medium.

The goal is now to find K by (2.22), i.e.,

1
27z

K(rtlrt)= ; TA(t,k)ej"'(r‘r')dk (2.25)

Once the propagator K is evaluated by (2.25) using the evolution operator matrix A(t,K)
, the Green’s function propagator G can be found by (2.9).

The evolution operator matrix A for the 1-D and 2-D cases can be found by
respectively setting two and one of the spectral variables Ky, Ky, and k; in (2.24) to zero.

However, the 3-D propagator needs to be evaluated by (2.25) with all spectral variables.

We first solve the 3-D propagator, and obtain for example,

wl 1,2 2,12 ) '
@ __ 1 I[kx+(kx+kx)cos(ch)}e,k.(r_r) ik, ck,

ten)t k?
_ _ "2
_ {5@“ R)—ii(:gw(m— R) . sgn(RiL:[(F::: |R|)}[1- 30x=x) } (226
+[5'(CT +R)-25'(R)=&'(ct - R)} (x=X')? _{5'(&' +R) &'(cr— R)}
47R R? 47R 47R

where

12



r—r'=(x=x)X+(y-y)y+(z-2')2

Rz\/(x—x’)2+(y—y')2+(z—z’)2 (2.27)
RY = +1, R>0
son(R)= -1, R<0

By rejecting nonphysical solutions, where R <0, and removing factors of 2 in front of the

delta functions acting at the origin due to the spatial symmetry, we get

KO _ {5(07— R)-6(R) U(cz-R)-U (—R)}{l_ 3(x—x’)2}

47R? 47R3 R?

g " (2.28)
[ =8'cz=R)-5'(R) (x—x’)2+5'(Cr—R)

47R R? 47R

Other components of the propagator matrix K® can be similarly found. Finally, all

components of the 3-D Green’s function propagator matrix using (2.9) are

2 2
3(x—x —X'
60 —a® —|1-30=X) - ) }S(XRX) +T

3(y-y') ~y'Y
G =6 =L 1——(y ) }+S[yRyJ +T

3(z-2') 7'V
e 12 o2

B _c® _c@ _c0
G’ =Gy’ =G5 =Ggy

:_L_3(X—x’)(y—y’)}s[(x—x’)(y—y’)}

R2
3 3 3 3
Gl(S) = G?(:l) = Gz(16) = Gé4)

:_L‘s<x—x'><z—z'>}+s{(x—x')(z—z')}

R2

(2.29)
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3 3 3 3
Géa) = Géz) = Gs(s) = Gés)

:_LF(V—y’)(z—z’)}s{(y—y')(z—z’)}

R? R?

-7
6 =60 = 6 =riefd =np 27

y-y'
6 =-6§ =6 = = e Y]

where

L_U (T)_5(CT— R)-6(R) U(cz-R)-U (—R)}

i 47R? 47R°

| —5'(ct-R)-6'(R)
S=U(r)

i 47R } (2.30)
T U(z)d'(ct—R)

4R

Sl

We next obtain the 2-D Green’s function propagator. As an example, take the 2-D
transverse magnetic (TM) to z case where all fields are zero except E,, Hy and H,. The

field vector is expressed as
F=[E, Hy H,] (2.31)

The 1%, 2" and 6™ row components of the 6x6 evolution operator matrix A do not

contribute because the field components E,, Ey, and H, are all zero. Setting k, =0

gives Ay =Ry = A =Ag=A;=As=0 in (2.24). Replacing 1/(27)* —»1/(27)?,
14



2 2
Ag3_>A1()IAQ4_)Al())A35_)A1(§))A43_) (5)1A44_) (5)’&5_> (g)!A53_) (12_)!

Asy — A2 and A — AP results in the creation of a 3x3 2-D evolution operator

matrix A® . Each component of the evolution operator matrix determines a corresponding

2-D propagator matrix K2 acquired by solving (2.25). For example, by substituting A®®

into (2.25), the propagator matrix element K{? can be expressed as

K@ =— [ [ AQdk=— [ [ costker)e™ ek 0V ddk,  (232)

(27)° =, -, (27)° =, -,

where k :Jk% +k§ . When (2.32) is evaluated, the Green’s function propagator G

becomes

K - U(r)| 8(ct—p) (e (ct—p) (2.33)

G® =U(r 5
) 2z | (cr)’ - p? {(cr)z—p2}3/

The remaining terms of the 2-D Green’s function matrix, which can be obtained with the

help of integral identities [35], [36], are

U o(cr— U (cz - .
61(22):772(7) (CT2 P)2 P ECT 2/?3/2 sing
V4 I (cr) —p {(CZ') —p} |
U = (e U (cr —
Gl(é2>:’72(f) (CZ /?2+ P ECf 2/03)/2 cos
T I (cr) —p {(Cr) —p} |

15



S(p)U (r)cos’ ¢ . U(z)sin*¢| d(cz—p) (o) (cr-p)

27p 27 [(cr)? e {(Cr)2 _102}3/2

_cos(2g)| 1 U(cr—p)

N N o

6 :U(T)Sin(2¢)[§(p) L S(er=p) (e (cr—p)

27 20 2fer? 0" 2f(ce -7}

1 U(ct—p)

p’ «/(Cr)2 —p° {Cr+\/(Cr)2 _pz}

2 2
G3(2) = Gés)

2
Géz) =

(2.34)

o _ S(p(7)sin®¢ .\ U(z)cos’g| s(cz—p) (ct)U(cz-p)

N N o e

LU(r)cos(24)| 1 . U(ct—-p)

N e o

Although we derived a relatively compact analytical form in 2-D, the Green’s function

propagator is not analytically integrable across the singularities at o =0 and p=cr.

However, it will be shown that it is possible to obtain a 2-D propagator numerical

expression.
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2.4 Time Domain Propagator Numerical Expression

The analytical time-domain propagator solution for Maxwell’s equations has been
reviewed above. Given the analytical solution, we now derive the 1-D, 2-D, and 3-D
Propagator method numerical expressions by solving the integral form (2.12) containing
the derived each Green’s function propagator and the initial field. Although the 1-D
Propagator equation has been derived in [16], for completeness we first review its
derivation. We then present the derivation of 3-D and 2-D Propagator numerical equations,

respectively.

2.4.1 One-dimensional expression

In order to derive the 1-D Propagator equation, consider the case in which

ks =ky =0. Because this is a 1-D case, k —> k;, 1/ (27)* -1/ (2x) and

F=[Ex H,] (2.35)
The evolution operator matrix elements except A, As, Asi, and Ass do not contribute
because nonzero fields for this case are only E, and H,. By substituting ky =k, =0 into
above four elements in (2.24), (2.25) becomes

»| cos(k,er)  —jnsin(k.cr)

el:(z)gk, (2.36)

(@), Tsin(ker)  cos(kier)
n

When (2.36) is substituted into (2.9), the Green’s function propagator can be easily

evaluated analytically, yielding

17



GY =G{ = @[5@ +cr)+5(z—cr)] (2.37a)
2c __ YU(7)

e =n°GY) = —UTI:5(Z+CT)—5(Z—CT)] (2.37b)

where o represents the Dirac delta function, and we define z=2z—z" for brevity.

The time-updating electric and magnetic field can be found by solving (2.12)

analytically with the 1-D Green’s function propagator G® and the initial field at the

previous time t', giving

Ec(zt) = [[ G Exo +GEHyo |d2’ (2.38a)
:

Hy(z.t) = j[eg? Exo +G§}3Hyo]dz' (2.38h)
:

where a zero in the subscript designates the initial field. Substituting the Green’s function

propagator (2.37) into (2.38), the time-updating field components are written as

Ex(z,t) :% T U (r)[Exo [5(Z+CT)-I-5(Z—CT)]—?]Hyo[5(Z+CT)—5(Z—CZ')]] dz' (2.39a)

Hy(z,t)=%]?U(r){—%[5(2+01)—5(2—0r)]+Hy0[5(2+0r)+5(z—Cr)] dz' (2.39b)

Because the spatial dependence of the 1-D Green’s function propagator is entirely

contained in the delta function, (2.39) can be easily evaluated, resulting in

Ex(z,t):%[Exo(z + A7)+ Exo(z—Az)]—%[Hyo(HAz)— Hyo(z-4z)] (2.40a)

Hy(z,t)=%[Hy0(z+Az)+Hyo(z—Az)]—%[Exo(z+Az)—EX0(z—Az)] (2.40b)

18



where 7=/ u/ & is the intrinsic impedance at the point z and Az =cz is the numerical

spatial increment. Equation (2.40) is the 1-D Propagator method equation. This
representation can be described as the D’ Alembert solution for a coupled set of first order
homogeneous differential equations. Therefore, (2.40) is both a numerical expression and
an exact solution to (2.2). In this expression, the numerical time step and spatial increment
are fixed with the relation At=Az/c, where c is the speed of light. Equation (2.40) can
be also interpreted as the present time field found by combinations of the previous time
fields traveling at the speed of light from the causal boundary, which is at z+ Az . Fig. 2.1
illustrates the 1-D numerical scheme for the present and previous time electric and
magnetic fields in both time and space. Vertical and horizontal axes represent respectively
time and space. The previous time fields at z+ Az will contribute to the current time field

at the grid point z by traveling at the speed of light.

!
!
i [Ec(z+22)
P H, (‘_AZ)JI ? : {Hy(z—kﬂz)
i i Az i
! — sz
z— Az z z+Az

Figure 2.1: 1-D Propagator numerical scheme of the present and previous time fields in
time and space.

19



2.4.2 Three-dimensional expression
The 3-D numerical expressions for the time-domain Propagator method can be
found by evaluating the integral expression (2.12) with all components of the 3-D Green’s

function propagator. As an example, the x-component of electric field is written as

E(r0) = [| G Exo + G Eyo + G Ero + G Hyo + G Hyo + GP Hyo |dr' (2.41)
V/

Here the components Gz, Gz, and Gig in (2.41) will not contribute to the future time
E, field because the L and S terms in (2.30), which belong to the VV operator, are zero

outside a source free region. Substituting each component Gy1, G5, and Gy into (2.41),

the time-updating electric field is represented as
5’(|’0 - R) ,
Ey (r,t) = I|:U (T)L].;T—R} ExodV

+j{nu (r)r(r" “R), Ik _R)}(Z_Z’)}Hyodv' (242)

v 4R’ 47R R
o(h—-R) o' (rn—-R)|(y-V ,
* I,{_UU (T)[ El;zRZ )+ (47Z'R )}( R )}Hzodv
'

where rp=cr, r=t-1;, R:\/(x—x’)2+(y—y’)2+(z—z')2 , and the square bracket in the

first integral and curly brackets in the second and third integrals contain respectively Gp;
, G5, and Gyg. In order to compactly evaluate (2.42), the Cartesian coordinates are

transformed to spherical coordinates. Expressing the resulting equation in spherical

coordinates gives
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T 2
Ex(”)——I [ JU@E@)[rs'(n-r)]Ecgsinodrdgde
T i
o 7 27
——I I IU(r)[é(ro—r)w’é(o—r)]Hyocose'sine'dr'd¢'d9' (2.43)
F'=—0 6'=0 §'=0

+L [ [ [U(@)[8(n-r)+r's(rn-r')]Haosing'singdrdgde’
4z r'=—06'=0 ¢'=0

where the initial fields are a function of r', ', and ¢'. Evaluating the Dirac delta function

in (2.43) at 1, reduces the volume integral to the spherical surface integral with a radius

I, and the unit step function enforces causality. The following three mathematical

properties of the derivative of the delta function are used,

§'(p—r)==6"(r-n)
ré'(r—r)=-06(r—-rn)+ndé'(r-r) (2.44)
.[5(“) (x=%o ) (x)dx = (=1)* ) (%))

where the superscript k in the parenthesis represents the k™ derivative. Upon substituting

(2.44) into (2.43), after simplifications, the time-evolving electric field becomes

T 27
Ex(r,t)zi j j Exo(r')+roiExo(r') sin@'dg'do’
A7 )lo s or’
=0¢'=0 r'=r
[ 2H o H | 0'sin9'dg'de’
| j o()+To—— Hyo () | cos'sin 6'dg (2.45)
0'=04'=0 o

iJ‘ I 2Hzo(r')+roi,Hzo(r') sing'sin? 9'd¢'d ¢’
ar 0'=0 =0 or .

r'=n
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The integration and derivative of the initial fields, which are a function of the position r’,
in (2.45), cannot be analytically evaluated, however it can be numerically evaluated.
First, a numerical integration for a spherical surface integral that conveniently fits

into a square grid lattice is provided by the weighted sum

L )= D 1)+ R )s vy =

2
47[!’0 surf m=1

(2.46)

where m denotes each position of six points on the spherical surface. Equation (2.46) has
a small error factor, the fourth power of the radius of the sphere, and it includes values of
the integrand at six equally spaced node points on the surface surrounding the point r

where the updated field resides as shown in Fig. 2.2. To incorporate (2.46), we multiply

and divide by rZ on the right side of (2.45). The result is

T 2r

1 ' 0 i H ’ ' '
EX(r,t):4 5 | I{Exo(r)ﬂoﬁExo(r)}rozsmé? d¢'do

ﬂro 9/:0 ¢!:O

r'=r,

T 2r

! a ’ 1 H 1 ’ !/
- 772 J' I{ZHyo(r)JrrO?Hyo(r) cos@'rg sin@'dg'd o (2.47)

47Z'ro 0/:0 ¢':O

!

r'=r,

T 2z 7
T 2Hi0(0) +1o-2 Hoo (1) [sing'sin o' sin 0'dg'dr
475 5Lo 4o or |

r'=r,
In the spherical coordinate, a differential surface area ds is r?sin@dg¢d@ . Substituting

the differential surface area ds into (2.47) gives
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T 2z
1
E(r)=— | I{ WU)+% s Exo(r)
7T o—o #=0 .
n T 27 P -
T2 I I |:2Hy0(r,)+rO;Hy0(r’) cos 0'ds’ (2.48)
472'I‘0 0=0 4=0 r I,
0
T 2 P -
+4772 I .[ [ZHZO(r')JFrO@Hzo(r') sing'sin @'ds’
0 oo r=u
With (2.46), the numerical expression of (2.48) becomes
18 P ,
Ex(“t):gz Exo () + o= Exo ()
m=1 or' '
r'=r,
n& 5 B}
—Z{ZHyo )+ 1y —Hyo (r5) [cose’ (2.49)
60 or' '
“r' =,
n & 5 B}
+_z 2H,0 (rm)+ = Hyo(rm) sing'sin @ +0(ry})
6 m=1 or'

_rI:rO

Z

(i,j, k+1)

e (I 15]5 4
p - . Y
(i, j+1, k)

=W AT

Figure 2.2: A spherical volume in a square grid serves both as the region of integration for
each field component and as the Propagator method numerical cell.
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Next, partial derivatives with respect to r' of the initial time E and H fields in
(2.49) are approximated by a three-point backward finite differencing, having the second
order accuracy, given by

3f(rp)—4f(p—h)+f(rp—2h)

+0(h?) (2.50)
21,

f'(r') =

where h is a grid spacing. In the second summation in (2.49), when ' =0, 7, the cos®’
term restricts respectively the Hy fields to (i, j,k+1) and (i, j,k—1) in z-axis on the
spherical surface shown in Fig. 2.2. Similarly in the third summation in (2.49), the
sing’sin@’ term restricts the H;, fields to (i, j+1,k) and (i, j—1,k) in y-axis when
O =xl2and ¢'=712, 3x/2. Every set of coefficients we obtained using standard
numerical differentiation and integration resulted in instability or significant dispersion
either when a plane wave propagated in a homogeneous region or when it scattered from
an object. Then we selected a ‘best guess’ set of trial coefficients, 1/6 for the electric
field components and 1/2 for the magnetic field components, and proceeded with a
dispersion and stability analysis. The 1/6 and 1/ 2 coefficients were chosen because they
provide the expected dispersion equation. With those coefficients, (2.49) is numerically
expressed as

n-1

i, j+Lk + EX|

1 -1 -1
EX|in,j,k zg[Ex|in+l,j,k + EX|in—l,j,k + EX|

n n-1 n-1 n n-1 n-1
_E|:Hy|i,j,k+1 - Hy|i,j,k_1J+§[Hz|i,j+1,k a HZ|i,j—1,k}

where i, j and k represent grid points of the x-, y-, and z-axes respectively, and n is the time

n-1 n-1 n-1
i, j-1k + Ex|i,j,k+l + EX|i,j,k—1J

(2.51)

step. However, we observed that the numerical expression (2.51) still leads to instability.
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Based upon the stability analysis that will be discussed in detail in section 3.6, it was found

that the magnetic field in (2.51) must be multiplied by the factor 1/ J3 inorder to satisfy

the 3-D stability condition.

Finally, (2.51) for the x-component of the electric field reduces to a stable
numerical equation, given by

n 1[ |n71 |n71

E | Xli+d, j k Xli-1, j,k

. n-1 n-1 n-1 n-1
Xlijk — 6 | | |

+Ex|i,j+l,k i jon Bl FExfjaa

(2.52)

n n-1 n-1 n-1
_2\/_[ || jk+1 —H || jk 1:| 2\/_[ ||,j+1,k _Hz|i,j—1,k:|
Other components of electric and magnetic field take a form similar to (2.52). After

evaluating each field component in (2.12) in the manner presented above:

1 -1 -1 1 1 1
Ey|in,j,k 6[ Y||+11k7L y|in—1,j,k+Ey|in,j+1,k+Ey|in,j—1,k+Ey|in,j,k+1+ y|i,j,k—1}

- . . . . (2.53a)
— n- n— n—
2\/‘[ |I+1j HZ|i—1,j,kJ+ﬁ[Hx|i,j,k+l_ HX|i,j,k—1J
n n-1 n-1 n-1 n-1 n-1
E2|i,j,k [E ||+ljk ||—1,j,k +Ez|i,j+l,k +Ez|i,j—l,k +Ez|i,j,k+1+Ez|i,j,k—1
——[H |n—l N |n—1 }FL[H |n—1 H |n—1 } (2.530)
2\/5 X1i, j+L.k Xli, j-Lk 2\/§ Yli+1,j.k Yli,jk
n n-1 n-1 n-1 n-1
HX|i,j,k [H ||+1jk +H || 1jk HX|i,j+1,k+Hx|i,j—1,k+Hx|i,j,k+l+HX|i,j,k—1J
- | _E |nfl . 1 |:E |n—1 _E |n—1 :| (253C)
2\/§ | jok+l y i, jk-1 2\/577 z i,j+Lk z i,j—1k
n 1 n-1 n-1 n-1 n-1
Hy|i,j,k :g[ y|l+1jk y|| -1,j.k Hy|i,j+1,k+Hy|i,j—1,k+Hy|i,j,k+l+ y|i,j,|<—1
(2.53d)

1 n-1 n-1 1 n-1 n-1
¥ 2\/577 [Ez|i+1,j.k B EZL-“*J_ 2J§;7 [Ex|i,j,k+1 - EX|i,j,k—1J
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1 -1 -1 -1 -1
Hz|in,j,k:€[H |I+ljk +H || 1jk Hz|in,j+1,k+Hz|in,j71,k+Hz|in,j,k+1+Hz|in,j,k71}

- |n_1 (2.53e)

LV L IR B LY AL
23 i, j+Lk Litk ] o 3y Ylisa, jk i-1,jk
Although the numerical surface integration (2.46) delivers a high order accuracy,
(2.52)-(2.53) reduce to 2" order accuracy due to the numerical approximation of the
derivative (2.50). Equations (2.52)-(2.53) imply that the time-stepped E or H field can be
found by numerical evaluation of the surface integration of the previous time field and the

derivative of the H or E field at appropriate positions on the spherical surface.

2.4.3 Two-dimensional expression

It has been shown that the 2-D Green’s function propagator cannot be analytically
evaluated due to singularities at p = 0 and p = cz. However, 2-D numerical Propagator

equations can be inferred by comparison with the derived 1-D and 3-D expressions. We
hypothesize that the present time field at each grid point can be determined by a numerical
surface integration and differentiation lying on a causal boundary surrounding that point.
The causal boundary is a sphere in 3-D, a circle in 2-D and in 1-D it is two points, one on
each side of the grid point being updated.

As an example, in the 2-D TM to z case, where the vector field components are

E,, Hx, and Hy, the numerical expressions are

1 -1
EZ|in,j 4|:EZ|I+]_] EZ|| 1, +EZ|| J+1+Ez|in,j—l}

(2.54a)
n-1 _ |n—1

7 Ui
— m[Hx|i,j+1 XU_J_'—Z\/E[ ||+lj Y|_1J
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-1 -1
H |Ij |:H |I+1J || 1] |:1,j+1+HX|in,j—1J
(2.54b)

n-1 n-1
- 2\/577 [Ezhviﬂ - Ez|iyi—1}

1 -1 -1 1
Hy|in,j 4|: y|H—1j Hy|in—1.j+Hy|in,j+l+Hy|in,j—li|

+2\/§77|: |I+1] E || 1]}

(2.54c)

where i and j respectively represent grid points on the x-, and y-axes. Similarly with the 3-

D equations, the coefficient 1/ J2 in (2.54) was added to meet the 2-D stability condition.
This will be also shown in section 3.6.
Similarly, the Propagator equations for the 2-D transverse electric (TE) to z-

direction case where all fields are zero except E,, E,, and H, fields, are

1 -1
EX|in,j 4|:EX||+11 EX|| —1,j + EX|| J+l+ Ex|in,j—1:|
n ) ) (2.55a)
n- n—
+E[Hz|i,j+l_Hz|i,j—1}
£ 1 L E n-1 E n-1 E n-1
y|i,j 4[ y|l+1j y|i—1,j * y|i,j+1+ y|i,j—1}
(2.55b)
—L|:H |n—1 _H |n—1 :|
2\/5 Zlidl, j Zli-1,j
-1 -1 -1
H |Ij [H |I+1j ||n—1,j+HZ|in,j+1+HZ|in,j—lJ
(2.55¢)

n-1

1 E n-1
2\/_ [ || . ||,j—1J_ 2\/5 |: |I+lj y|i—1,j:|
Fig. 2.3 illustrates a numerical grid scheme of the Propagator and FDTD method

for the 2-D TM; case. In the Propagator method, all three electric and magnetic field
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components reside at each numerical grid point as shown in Fig. 2.3(a) and all time-
stepping field components of E,, Hy and H, are computed from the one time step back
fields at each time step. For example, at the current time t =n, both E- and H-fields are
calculated at each grid in the numerical space from the previous time fields at t=n-1
located on the causal boundary.

On the other hand, in the FDTD grid scheme, E- and H-fields are interleaved in

space as shown in Fig. 2.3(b) and exist at different instances in time with a half time

increment. The FDTD equations with a square grid cell Ay =Ay =A for the 2-D TM; case,

for example, are

n+1/2 n12 At n n n n
E2|i,j - Z|i,j +8i J_A|:Hy|i+]/2,j_Hy|i—1/2,j+Hx|i,j—1/2_HX|i,j+112i| (2.562)
n+1 n At n+1/2 n+1/2
HX|i,j+1/2 - HX|i,j+1/2 - ﬂi’jA|:EZ|i‘j+1 - Ez|iyj } (2.56b)
n+1 n At n+1/2 n+1/2

To compute the time-updating fields, for instance, the E,(i, j) field at the current time
t=n+1/2 is calculated from the E,(i, j) field at the previous time t=n-1/2 and the
most recent values of Hy fields at (i, j+1/2), (i, j—1/2) and H, fieldsat (i+1/2, j),
(i-1/2, j) thatencircle the E,(i, j) field. Inthe nexttimestep t=n+1,the Hy and H,

fields are computed from their one time step back fields at t =n and the recent stored

values of E, field at t=n+1/2, that exist a half spatial apart with them.
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Figure 2.3: 2-D TM_ numerical grid scheme of (a) the Propagator method and (b) FDTD

method.
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2.5 Summary

This chapter presented the complete full-wave time-domain propagator equations
for Maxwell’s equations. The propagator equations in all dimensions have been derived
by numerically evaluating the integral form of the propagator solution containing the each
dimensional Green’s function propagator and the initial field. The 2-D and 3-D propagator
equations have been found by approximating the surface integration, respectively, over a
circle and a sphere. It was shown that in the Propagator numerical scheme all
electromagnetic field components are computed at each numerical grid point and at the

same numerical time.
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3. NUMERICAL METHOD THEORY™*

3.1 Introduction

In the previous chapter, we presented the derivation of the time-domain Propagator
solution of Maxwell’s equations and its numerical expressions. However, numerical
methods for implementing boundary conditions, absorbing boundary conditions (ABCs),
numerical dispersion relations and stability conditions must be developed in order to
model diverse electromagnetic problems. The FDTD method has attracted the attention of
many researchers since these methods were established and it is now widely used in
computational electromagnetics. The time-domain Propagator method algorithm also
needs to establish similar numerical methods. One distinguishing feature of the Propagator
method, a concept of a numerical and physical time step, is useful for modeling
propagation in both homogeneous and inhomogeneous dielectric mediums.

This chapter introduces a numerical and physical time step along with an
extrapolation technique in time, the development of boundary conditions in an
inhomogeneous region including both the dielectric-dielectric and dielectric-perfect
electric conductor (PEC) cases, and a simple absorbing boundary condition, described as

the null boundary condition. The derivation of numerical dispersion relations from the nu-

* Reprinted with permission from “A Propagator analysis of transmission line on an
inhomogeneous substrate” by J. Shin and R. D. Nevels, 2017, Microwave and Optical Technology
Letters, vol. 59, pp. 1411-1416, Copyright 2017 by John Wiley and Sons.

* Reprinted with permission from “A time-domain Propagator numerical method for
computational electromagnetics” by J. Shin and R. D. Nevels, 2018, IEEE Journal on Multiscale
and Multiphysics Computational Techniques, vol. 3, pp. 80-87, Copyright 2018 by IEEE.
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merical equations and the analysis of the stability conditions are also described. It is noted
that in free space the 1-D equation has no dispersions, whereas the 2-D and 3-D numerical
equations are subject to have numerical dispersion since they were numerically

approximated.

3.2 Numerical and Physical Time

In the time-domain Propagator equations derived in the previous chapter, the
previous time field contributes to the present time field at a grid point by traveling from
the causal boundary at the velocity of light in the surrounding medium. However, the
previous time field located in a dielectric material will contribute to the current time field
with a proper phase velocity depending on a material property. In a homogeneous
dielectric medium, having a constant relative permittivity &, and a relative permeability

4 =1, the phase velocity is

C Ar Ar
V=—= = —

Jer  JaAt Ar 31)

where c is the speed of light, At is the numerical time increment and Ar, where r represents

X, Y, or z, is the spatial increment between grid points on the Cartesian axes. In order to

maintain uniform numerical spacing Ar everywhere in the numerical grid, the time at
which the field leaves the points r + Ar must be At\/;. We define this to be the physical
time increment Az. Newton’s third order backward difference interpolation is adapted to

find the fields leaving nearest neighbors at the previous physical time increment by using

three surrounding known previous time values, and arriving at all grid points in the
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numerical space at the same numerical time. Therefore the physical travel time between
nearest neighbor points can be different as shown in Fig. 3.1 by the red lines, but the
computational time increment is the same for all points in the numerical space. For

instance, when a dielectric constant &, =5, the corresponding electric field at the physical
time increment Az =+/BAt is located between two and three steps back in the numerical

time at the same point in space. This field component can be extrapolated by Newton’s

backwards difference interpolation in time.

\Lt \Lt Extrapolating fields at 7 — \/gAt
,/7 when £, =5
- 7
E (z — Azt — 3A1) /,/’ /E (z + Azt — 3A7)
E (z — Az;t — 2At) E (z + Azt — 2A1)
E (z — Az,;t — Ar) E (z + Azt — Ar)

» %

> Z

&
z-Az z z+Az
E(z—Azt) E(zt) E.(z+ Azi)

Figure 3.1: Example of the fields traveling nearest neighbors in the physical time period.

An example of Newton’s third order backwards difference interpolation that finds

a nearest neighbor electric and magnetic field with third order accuracy in a medium with

a dielectric constant &, is

E(z,t—-A7) = [1+ﬁ+@} E(z,t-At)
(3.2a8)

+[/3(ﬂ+ 2)} E(z,t—2At)+[@} E(z,t —3At)
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H(z,t-A7) {Hﬁ#@} H(z,t-At)

(3.2b)
+[B(B+2)]H (z,t—2At)+{ﬁ(ﬂT+1)} H(z,t—3At)

where S :—\/;+1. The physical time electric and magnetic fields at a grid point in a

dielectric medium are each extrapolated from the field values at three consecutive previous
numerical times surrounding the physical time.

Extrapolation in time to determine the electric and magnetic field in a dielectric
medium has three important features. First, it permits a fixed spatial grid and numerical
time increment throughout the numerical space. Second, the specific condition for
achieving an exact calculation of electric or magnetic field, i.e. D’Alembert solution, in
any medium is to require the velocity of the wave in that medium to satisfy v=Az/Ar.
This condition is met by electric and magnetic field extrapolation in each distinct medium,
as well as in a case where the dielectric constant changes from point to point. If there are
multiple substrates, the medium with the lowest dielectric constant satisfies v=Az/ At
and therefore does not require extrapolation. Third, if the most recent three consecutive

time steps are used in (3.2) then the allowed values of the dielectric constant are 1< & <9

because the extrapolated time \/;At lies within these three time steps, given by the

square roots of 1, 4, and 9 multiplied by At. However, for a higher relative permittivity,
the three consecutive numerical intervals must come from farther back in time. Therefore
(3.2) can always be used for any dielectric constant by simply shifting the extrapolation

calculation to greater previous time intervals. For example, if a relative permittivity of the
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material surrounding a particular grid point is in the range of 25<¢ <49 | the

extrapolation equation becomes

E(t-Ar)= {H'BJFM} E(t-5At)

(33)
+[ﬂ(ﬂ+2)]E(t—6At)+{w}E(t—7At)

where ,B:—\/;+5.

As an example for a high relative permittivity, reflection coefficients for a
dielectric slab where ¢, =36 are computed by the 1-D Propagator method along with the
extrapolation equation (3.3). Fig. 3.2 illustrates a comparison of reflection coefficients
between the 1-D Propagator method and the exact solution. This result ensures that the

Propagator solution maintains same order of accuracy even for higher dielectric constant

values.
1.2 .
Analytical
1t — ¥ — Propagator | |
0.8 3
£ 06 e ' ' ’ ,
0.4 y ! ‘ l . l [ ' 1
0.2} |
L

9 10 1 12 13 14 15
Frequency [GHz]

Figure 3.2: Comparison of reflection coefficients for a dielectric slab (&, =36), between
the Propagator method and exact solution.
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In the above discussion of the extrapolation technique, Newton’s backward
difference polynomial has been used to extrapolate the previous time electric and magnetic
field components. The natural cubic spline is also a widely used interpolation method [37],
which can in principle be applied to the time-domain Propagator method instead of the
backwards differencing interpolation. However, when implemented with the cubic spline
interpolation, it was found that the amplitude of a Gaussian pulse gradually decreases as
it propagates. Fig. 3.3 shows a comparison of Gaussian pulse peak electric field as a
function of propagation time when the fields are computed by the backward difference
and cubic spline extrapolation formula in a homogeneous dielectric medium with & =2.

In each case, the Gaussian pulse, given by
Es =exp[—[(n—4/c)/zc:|2} (3.4)

propagates 500 time steps, where n is the time step and « =20. The value x =20 was
chosen to minimize numerical dispersion. It is shown in Fig. 3.3(a) that the pulse
computed by Newton’s backward polynomial is well preserved, whereas the pulse
computed by the cubic spline interpolation decays in amplitude and slightly widens. The
decreasing amplitude of the pulse can be distinctly seen in Fig. 3.3(b). At 500 time steps,
the amplitude decreases by 0.1% with Newton’s backward extrapolation, but with the
cubic spline extrapolation it decreases by 5%. An almost linear decay suggests that the
cubic spline interpolation is lower than the exact value by the same amount at every time
step. In light of these results, we conclude that Newton’s backward difference method
provides more suitable extrapolation of the physical time electric or magnetic field than

does the cubic spline method.
36



——Newton's backward
0.8 [ | ~ — ~ Cubic spline
E
>06
()
o
2047
o
€
< 0.2t
0
0 100 200 300 400
Position z (cells)
(a)
1 L
“ﬁ“aw
", ——Newton's backward
T 0.99 ““‘»a‘,ﬂﬂw — — - Cubic spline
E Mwh‘“i
. 0.98 ",
o by,
3 MM“'\
5097
< 0.96
0.95| :
100 200 300 400 500
Time step (At)
(b)

Figure 3.3: Comparison of (a) Gaussian pulse propagated in space and (b) peak amplitude
of Gaussian pulse in time for Newton’s backward and the cubic spline extrapolation in a
homogeneous dielectric medium (&, =2).
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3.3 Boundary Condition

The Propagator method allows both electric and magnetic field components to
compute at each node in a numerical space, including the node on the boundary between
different mediums. Both the tangential and normal electromagnetic fields on an interface
between two dissimilar contiguous mediums are subject to the boundary conditions that
must be applied in a manner consistent with the numerical method. In the following, we
derive a set of numerical boundary condition expressions for the Propagator method.

Fig. 3.4 illustrates the 1-D numerical grid scheme for electric and magnetic fields
in two different dielectric mediums including the boundary between them. Here z; is the
last grid point in region 1 and z, is the first grid point in region 2. The electric and

magnetic fields at the grid points z; and z, are written as

Ex(zl):%[Ex(z1 +Az)+E, (2, — A7) —%[Hy(z1 +Az)— Hy(zl—Az)] (3.5a)
Hy(zl):%[Hy(zl+Az)+Hy(zl_Az)]_Zim[Ex(zl+Az)_Ex(zl—Az)] (3.5b)
Ex(zz):%[Ex (z, +Az)+E,(z, - Az) —%Z[Hy(z2 +Az)-H, (2, —Az)] (3.5¢)

Hy(zz):%[Hy(z2 +Az)+H, (2, _AZ)]_Z_;Z[EX(ZZ +A7)-E,(z,-Az)] (3.50)

where 7, and 7, are the respective intrinsic impedance of the two regions. Continuity of

electric and magnetic field at the boundary is assured by requiring
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Figure 3.4: 1-D numerical grid scheme of two different mediums and interface.

limE,(z)= lim E,(z,)~E,(2) (3.6a)
y-1 7,2
ZIlianHy(zl)zzlziTZHy(zz)z H,(2) (3.6b)

First observe that in (3.5a) the electric field at z; + Az is on the boundary and must
be equal to the electric field at z, —Az in (3.5¢), which is also on the boundary. Therefore,
these two electric fields cancel out before the limit is taken when (3.5a) and (3.5c) are
substituted into (3.6a). By taking the limit z;,z, — z, we obtain the boundary equation for
the magnetic field on the boundary as

1
h+m,

[nzHy(z +Az)+mH, (2 —Az)]

Hy(2)= [E (z+Az)-E (z—Az)] (3.7)

Th+17
Similarly, substituting (3.5b) and (3.5d) into (3.6b) and taking the limit z;,z, — z, after

simplifications, yield the boundary equation for the electric field:

Thit,
i z+Az +77E Z-A7) |- H,(z+Az)-H,(z-Az 3.8
,Wz[l oEu(2-80)] = PO Wy (2 02)-H, (2-07) | (39)
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Equation (3.7) and (3.8) are the 1-D boundary equations for the electric and magnetic
fields. As a check, assume that the medium is uniform, m =7, =7, then (3.7) and (3.8)
reduce to the general 1-D Propagator method equations (2.40).

An alternative boundary condition for a dielectric and PEC boundary is necessary.
In the case where the second media is the PEC, the electric field must be totally reflected

when it meets at the dielectric-PEC boundary. This can be realized numerically by setting
the intrinsic impedance 7, at grid points on the PEC boundary to zero and forcing both

electric and magnetic fields at grid points inside the PEC region to zero. As seen in Fig.
3.5, application of these conditions in the case of a Gaussian plane wave in air and
normally incident on a flat planar boundary results in a perfect reflection, with the
reflection coefficient of I'=-1, and a magnetic field that is doubled at the boundary as

expected. This can be also mathematically proved that, by inserting 7, =0 and setting

Ex(z+Az)=Hy(z+Az)=0 in (3.7) and (3.8). The electric and magnetic field at the PEC
boundary become

E,(7)=0 (39
Hy(z):Hy(z—Az)+lEX(z—Az):2Hy(z—Az) (3.9b)
Th
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Figure 3.5: Time history of propagation with a Gaussian pulse in free space and PEC case.

Since the 1-D Propagator method equations are the exact electric and magnetic
field solutions to Maxwell’s equations, the numerical expression for both electric and
magnetic field at the boundary point in an inhomogeneous medium has been developed.
However, the exact boundary conditions in 2-D and 3-D cannot be derived because they
have been numerically developed. Furthermore, the boundary equations based on the
Cartesian system cannot be easily employed to simulate curved dielectric surfaces.

A simple conformal technique for the time-domain Propagator method, which can
be used to analyze curved dielectric surfaces, is presented below. The proposed conformal
dielectric algorithm utilizes a linear average concept similar to the FDTD conformal
technique [38]. This technique does not require calculations of areas or volumes. Our

conformal technique takes into account a ratio of the area in 2-D or volume in 3-D in a
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cell occupied by the two different dielectric regions as well as a time interval along axes
embedded in multiple mediums.

We present here the 2-D conformal technique for the time-domain Propagator
method algorithm as an example. Fig. 3.6 illustrates the 2-D numerical grid scheme that
includes a curved dielectric surface. The gray and white areas indicate two regions,
designated 1 and 2, with different dielectric constants, and the red line represents the

intersection between the two regions.

D4

4

(a) (b)

Figure 3.6: (a) The 2-D numerical scheme including the curved dielectric surface and (b)
the enlarged area of the dotted line section.

Consider the time-updating field at the grid point (i, j) in Fig. 3.6 (b). We note in
Fig. 3.6 (b) that the circular area consisting of the four grid points at (i—1, j), (i+1, j),

(i,]-1,and (i, j +1) overlays two dielectric regions. The ratio of occupied areas for each
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region can be simply estimated with a linear average in x- and y-directions. Effective

dielectric constants, gi{f (i,j) and &y (i, j), for medium coefficients are defined as

(1) = [ AX+ A% (i, ]) |0 +[ Ax—= A%, (i, ]) ] &
2AX

(3.10a)

[Ay+AY, (i, ) &, +[ Ay =AY, (i, ]) | &g
2AY

eyt (i1)=

(3.10D)

where Ax and Ay are the cell sizes along the x- and y-directions, respectively.

With (3.10), the time-stepping equations for the 2-D TM; electric and magnetic

fields are expressed as

El. =1[E A E [T [ +E [ J

Zli,j 4 Zli+1,j Zli-1,j Zli,j+1 Zli,j-1
1 o [H |n71 H |n71 }r 1 o {H 1 ‘_1 } (3.11a)
202 \[a ) T 2 iy L e
n-1 n-1 n-1
H |IJ |:H |I+1j ||—1,j+HX|i,j+1+HX|i,j—1:|
(3.11b)
1 ;If (' J) E n-1 E n-1
_2\/5 o [ Z|i,j+1_ Z|i,j—1}
H n _1 T H n-1 H n-1 H n-1
y‘i,j_4[ VL+1J Y‘i—l,jJr y‘i,j+1+ y‘i,j—l}
(3.11¢c)

1 531 (i,j)
+2\/§ o [E ||+lj |—1j:|

Another consideration is that the previous time electric and magnetic fields require
the extrapolation procedure with effective relative permittivity. As mentioned in section

3.2, the previous time fields surrounding the center point contribute to the present time
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field by traveling with a phase velocity determined by the medium constitutive parameter.
As shown in Fig. 3.6, the path to the point (i, j) from (i—1 j) and (i, j—1) is located
entirely within the region 2, whose relative permittivity is &, thus the previous time
fields at (i—1 j) and (i, j 1) travel with the phase velocity, v, =c/\/5. However, the
path to (i,j) from (i+1 j) and (i,j+1) occupies the two regions, whose dielectric
constants are respectively 1 and &2, therefore additional effective dielectric constants

for the extrapolation procedure need to be defined. The effective dielectric constants with

a linear average for the extrapolation process are defined as

A (i, ) &z +[AX_AX2(L j)]grl
AX

e (i, j)= (3.12a)

AY, (i, ) & +[ Ay =AY, (i, §) |6
Ay

et (i, ])= (3.12b)

In (3.11), the previous time fields E,(i+1 j), Hy(i+1j), and Hy(i+1 j) are
extrapolated using (3.12a), and the fields E,(i,j+1), Hx(i, j+1), and Hy(, j+1) are

extrapolated using (3.12b). Note that the time-updating equations (3.11) are identical to
the form used in the conventional Propagator method algorithm, except that it uses
effective dielectric constants (3.10) and (3.12). This conformal technique can be directly
extended to the 3-D case by taking into account a ratio of volumes.

The example of calculating the radar cross section of a circular dielectric cylinder
will be presented in chapter 5. This demonstrates the validity of the proposed conformal

approach by comparing with analytical results.
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3.4 Absorbing Boundary Condition

One of the main issues with numerical methods that solve electromagnetic wave
interaction problems is that the computational domain should be truncated in order not to
have reflection of numerical waves from the outer boundary. Therefore, absorbing
boundary conditions (ABCs) are needed that allow outward propagating waves to be
absorbed as if the simulation is being carried out on an infinite computational domain.

Like other time-domain numerical methods, the time-domain Propagator method
requires ABCs that prevent outward traveling waves from reflecting from the outer
boundary of the computation space. In general, ABCs fall into three categories: (1)
boundary integral methods in which a Green’s function integral accounts for the open
environment outside the numerical grid [39], (2) numerical-averaging methods such as the
Liao ABC [40], and (3) absorbing-layer methods such as the perfectly matched layer
(PML) developed by Berenger [41].

To these we add the ABC that is described as a null boundary condition, which is
uniquely suited for the numerical implementation with the propagator equations, which
offer field coincidence in time as well as space. The null boundary condition is realized
by simply setting all electromagnetic fields on the numerical outer boundary to zero.

The effectiveness of the null boundary condition has been investigated by placing
a source for both the total and incident field at the center of 2-D numerical space. The
point source was excited by a Gaussian pulse. The inner boundary was set to be an ABC
for the total electric field and the outer boundary was set to be an ABC for the incident

field. The total minus incident field divided by the incident field was recorded along the
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inner boundary. As shown in Fig. 3.7, no unpredictable reflections from the outer
boundary was visually observed at greater angles. With the null absorbing condition, Fig.
3.8 shows the percent absorption error in terms of wave angles. It is shown that the overall
error between the coordinate axis at 0° and 45° is less than 0.06 %. This result confirms
the effectiveness of the null boundary condition as a first order ABC for outward

propagating waves.
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Figure 3.7: Total electric field when setting ABCs on the inner and outer boundary.
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Figure 3.8: Error of total and incident electric fields as a function of ¢ degrees from the
source point.

3.5 Numerical Dispersion Relation

A knowledge of the numerical dispersion relation for a time domain numerical
method aids in improving the accuracy of the method, in understanding any non-physical
artifacts in the numerical solution, and in some cases in establishing a stability condition
for the numerical equations. In the following, we develop numerical dispersion relations
for the 1-D, 2-D, and 3-D Propagator method based on Von Neumann’s method [3]. A
derivation of the numerical dispersion relations in multiple dimensions involves
substitution of a monochromatic plane wave into the propagator numerical equations.

In 1-D Propagator method, monochromatic expressions for plane wave traveling

in the positive z direction in the numerical grid for the electric and magnetic field can be

expressed as
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j(onat-k;142)

Ey|| = Exoe (3.13a)

:1 _ Hyoej(a)nAt—kzlAZ)

H (3.13b)

|

where 1 is a node number, n is a time step, k, is the z component of the numerical
wavenumber and o is a wave angular frequency. By substituting the plane wave
expressions (3.13) into the 1-D propagator equations (2.40), the 1-D dispersion relation

can be obtained as

g Az _ g-jolt (3.14)
Equation (3.14) reduces to
~ At w
k = — = — = 315
=os == =k (3.15)

where Az/At=c is the relationship between numerical time and spatial increments in a
free space. This shows that the numerical wavenumber of the 1-D Propagator method is
equal to the exact free space wavenumber.

However, as described in the previous chapter, the previous time fields in a
dielectric region must be extrapolated by the interpolation procedure. Substituting (3.2)
and (3.13) into (2.40), after simplifications, we obtain the following relations:

My [1— Po cos(RzAz)}
TN sin(k,Az)

E,q (3.16a)

E, [1— Po cos(lZZAz)J

" inPpsin(k,Az)

where
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Pp = {1+ﬂJr—ﬂ(ﬂ;l)}e‘j"”At

(3.17)
ptaeaersn AL o
Substituting (3.16a) into (3.16b) yields
[1— Po cos(IZZAz)}2 = —[PlD sin (IZZAZ)T (3.18)
Equation (3.18) can be rearranged to give
Pp :cos(IZZAz)— jsin(IZZAz):e‘jIZZAZ (3.19)
With (3.17) and (3.19), the dispersion relation becomes
{1 PRICA 1)} oot
(3.20)

(g s KO s

Equation (3.20) is the general numerical dispersion relation of the 1-D Propagator
algorithm in all dielectric regions of the numerical space. As the dielectric constant
approaches that of free space g — 0, (3.20) reduces to the exact free space expression
(3.14), which is expected because for this special case the numerical equation becomes
the exact D’ Alembert equation. Alternatively as the space and time increments approach

to zero (At —>0,Az - 0), (3.20) becomes

~

At\/_f “’\/_ k (3.21)

That is, the 1-D numerical wavenumber becomes the wavenumber of the medium at nodes

where the physical time interpolation is applied.
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A numerical wavenumber for a dielectric medium can be found by solving (3.20).
Fig. 3.9 shows the percent error of the numerical phase velocity relative to the exact phase
velocity as a function of dielectric constant for different grid sizes. When the dielectric
constant is 1, 4, and 9, the respective numerical phase velocity becomes the exact phase
velocity in each case. For other values of dielectric constant, the numerical phase velocity
IS not the exact phase velocity, resulting in a small third order accurate numerical
dispersion. However, as seen in Fig. 3.9, increasing the number of grid points per

wavelength significantly improves the phase velocity error.
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Figure 3.9: Numerical phase velocity error relative to the exact phase velocity as a function
of dielectric constant for several grid sizes.
The dispersion analysis presented above can be readily extended to two and three-
dimensions. In 2-D case, we begin with monochromatic plane wave expressions for the

TM; mode:
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j(onAt—k, 1 Ax-k,JAy)

n
EZ||7 5 =Egoe (3.22a)
j(onAt—ky 1 Ax—k, J Ay
HJ7 ) = Hyge! %) (3.22b)
no j(onAt-k,I Ax—k, Jay)
Hyl,, =Hyee ' (3.22c)

where | and J are respective node numbers for the x- and y-directions, and k, and k, are

the numerical wavenumbers for x- and y-polarized field components. Substituting (3.22)

into (2.54) provides, after simplification, the following relations:

E,o [1— Ppe JoM J +H,, Jgej“m sin(k,Ay)—H,q Jgej“’“ sin(K,Ax) =0 (3.23a)

E,o %e‘j"’m sin (kyAy )+ H,q [1— PZDe‘j"’At] =0 (3.23b)
E,o %e‘j"’m sin (kyAx)—Hq [1— PZDe‘j‘”At] =0 (3.23c)

where
Pp = %[COS(EXAX) + cos(IZyAy)} (3.24)

Rearranging (3.23) to a matrix form, we obtain the following homogeneous system of

three equations with three unknowns E;q, Hyo and Hyy:

(1— PZDe‘j“’At) j—zﬂe‘j“’At sin (K, Ay | —j—zne‘j“’At sin (k,Ax) Eno|
%e’mt sin (K, Ay ) (1— PZDe*j“’At) 0 H,o [=0 (3.25)
—%e“mt sin(IZXAx) 0 (1— PZDe‘j“’At) Hyo
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Equating the determinant of this system to zero results in
[elot - PZDT = —%[sinz (K )-+sin (K, ay) | (3.26)
Expanding the left hand side in (3.26) yields
[ej“’m - PZDT = [PZZD ~2P,;, cos(wAt)+cos(2a)At)}+ j[sin(20At) - 2P sin(wAt) | (3.27)

Equation (3.27), the left hand side of (3.26), has the real and imaginary parts, whereas the
right hand side of (3.26) has only real values. Accordingly, the imaginary part in (3.27)

must be zero. Setting the imaginary term in (3.27) equal to zero results in
P,p = cos(wAt) (3.28)
After inserting (3.28) into (3.26), (3.26) becomes
sin® (wAt) = %[sin2 (IZXAX)+sin2 (IZyAy)} (3.29)

Finally, the general numerical dispersion relations of the 2-D TM; Propagator algorithm

are

cos(wAt) = %[COS(EXAX)Jr cos(lZyAy)J (3.30a)

sin® (wAt) :%[sinz(ﬁxAx)Hinz (IZyAy)} (3.30b)

Consider the special case of a square cell gridding with Ax=Ay = A, then take the limit as

A and At approach zero. Equation (3.30a) reduces to
2

(ant)’ =2 [RE+K ] (3:31)
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by taking first two terms of infinite series expansion of the cosine function. We note that
the numerical time step for the 2-D Propagator is At =Al(20). By inserting this time

increment into (3.31), (3.31) becomes to the ideal dispersion case:

2] -0 =6 (6 @32

Similarly, the dispersion relation (3.30b) also reduces to (3.32) by taking first term of
infinite series of the sine function and inserting the 2-D numerical time increment. This
shows that numerical dispersion can be reduced to any degree if we use a finer grid
sampling. This can also be verified by calculating a numerical phase velocity using the
numerical dispersion relations.

Fig. 3.10 shows the normalized numerical phase velocity in terms of wave

propagation angle ¢ with respect to the axes. The phase velocity is calculated by the same
method used in the FDTD [3]. As shown in Fig. 3.10, as the sampling density increases,

the numerical phase velocity approaches that of free space having a maximum at ¢ =45".
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Figure 3.10: 2-D Propagator variation of numerical phase velocity for three sampling
densities of the square unit cells.

The dispersion analysis is now extended to the full three-dimensional case that

includes all six coupled electric and magnetic field components. To derive the numerical

dispersion relations of the 3-D Propagator method, we start with a monochromatic plane

wave expressions for the six electric and magnetic field components. Substituting the

plane wave expressions into (2.52)-(2.53) yields, after simplifications and rearrangement,

the following homogeneous system of six equations along with six unknowns:

where

Ay
0
0
0

851

| 361

0 O
a, O

0 a5
ay,

a, O
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8yy = 8g =833 =8y =855 = 8gg = (1_ Psoe_mt)

85 = —8yy =118y = 1185, = J17e JwAtsm(E )
. (3.34)
B =~y =7 83 =11 8 =—jne s n( A )
85 = ~8u5 = 1) 83 =11 0, = Jip€ ™" 3'”(lz AX)
with
Py = %[COS(EXAX) +cos(k,Ay)+ cos(IZZAz)J (3.35)
Solving the determinant in (3.33) and equating it to zero results in
[ej”m = P3DT = —%[Sin2 (KyAX) +sin? (K, Ay ) +sin? (EZAZ)} (3.36)

When the left hand side in (3.36) is expanded, it is shown to contain real and imaginary
terms. However, the imaginary part must be zero because the right hand side of (3.36) is

a real-valued. The imaginary term provides the following condition:
1 . . .
cos(@At) =Py = g[cos(kxAx)+cos(kyAy)+cos(kZAz)J (3.37)
Upon substituting (3.37) into (3.36), we obtain
sin? (@At ) = %[sin2 (KyAX) +sin? (k Ay ) +sin? (IZZAZ)J (3.38)
Equations (3.37) and (3.38) are the general form of the numerical dispersion relations for
the 3-D Propagator method.

Consider the special case of a cubic-cell lattice with Ax=Ay =Az=A, then take

the limit as A and At go to zero. Both (3.37) and (3.38) reduce to

2

(At)” =%[|€3 +kE+7 | (3.39)
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by taking first two terms of infinite series expression of the cosine function in (3.37) and
the first term of the infinite series of the sine function in (3.38). Equation (3.39) also

reduces to the ideal free space wave condition:
0] 2 2 ~ \2 ~ \2 ~\2
(2] 07 =5 (6 +(5) @40

by inserting the 3-D numerical time step At = A/ (¥/3c) into the left term of (3.39). This

also illustrates that taking a finer grid sampling can minimize dispersion.

3.6 Stability Condition

The 1-D Propagator numerical equation is unconditionally stable, however, 2-D
and 3-D equations have stability conditions that can be developed from the numerical
dispersion relations. In this section, the stability condition will be investigated based upon
complex-frequency analysis [3].

We first start with the 3-D Propagator equation. It was stated in section 2.5 that the
coefficient 1/+/3 in (2.52)-(2.53) has been added to meet the stability condition. The
following stability analysis shows the necessity of adding that coefficient. Consider the
initially derived 3-D numerical expression (2.51) for the x-component of the electric field:

n-1 n-1 n-1

E + | + | + |n*1
i ank T Exi ek T B e T Exli jka

1 -1 1
X|?,j,k = €|:EX|?+l,j,k + EX|?—1,j,k + EX|

n n-1 n-1 n n-1 n-1
_E[Hy‘i,j,kﬂ_ Hy‘i,j,kl}ri[HZL,jﬂ,k B H2|i,j—1,k:|

The numerical dispersion relation from (3.41) and other field components can be written

(3.41)

as
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sin® (@At) = [Sin2 (IZXAX)+sin2 (EyAy)+sin2 (lZZAZ)} (3.42)

where @ is the numerical angular frequency. We first solve (3.42) for @. This yields

@:isinl(y/) (3.43)
where
p = |Jsin? (K,Ax) +sin? (K, Ay ) +sin? (k,Az (3.44)

Here we allow for the possibility of a complex-valued numerical angular frequency,

@ = Greal + JGimag - We note that the imaginary values of @ will cause the field amplitude
to exponentially decrease (@mag > 0) or increase (@imag <0) with time. Given this basis,
the numerical angular frequency @ will have a complex value if w in (3.43) exceeds 1.
In (3.44), the range of v is 0<y < J3, resulting in a complex-valued @. In order to have

a real-valued & (@mag =0), the additional coefficient 1/\/§ is required in front of the

square root of (3.44). This modification gives

= \/%{sinz (IZXAX)+sin2 (IZyAy)+sin2 (IZZAZ)} (3.45)

After adding the coefficient 1/4/3, the range of y in (3.45) became the range of 0<y <1
, hence real values of @ are obtained in (3.43) since sin*() is a real value. The addition
of 1/4/3 not only provides the stable 3-D numerical expressions, but also it gives the

numerical time step, given by

A
Y3
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In @ manner analogous to the above 3-D case, the stability analysis for the 2-D

Propagator method starts with the originally found numerical expression that did not

contain 1/+/2 in front of the magnetic fields, given by

n 1 n-1 n-1 n-1 n-1
EZ|i,j :Z[Ez|i+1,j + Ez|i—1,j + EZ|i,j+1+ Z|i,j—1}
3.47
n H n-1 H n-1 +7] H n-1 H n-1 ( )
- E[ X|i,j+l_ X|i,j—1} E y‘m,j_ y‘i—l,j
With (3.47), the numerical dispersion relation is obtained as
sinz(cht):[SinZ(IZXAx)+sin2(IZyAy)J (3.48)
Solving (3.48) for & yields
.1
=_"3sin 3.49
&=-sin"(y) (3.49)
where
W= sinZ(IZXAx)+sin2(IZyAy) (3.50)

In (3.50), w has the range of 0<y < J2, resulting in the possibility of having a complex
value of @, which gives rise to numerical instability. In order to be in a stable range of

, the coefficient 1/+/2 is required in front of the square root of (3.50). With this adjustment,

the modified  becomes

LY L2
w_\/z{sm (kXAx)+sm (kyAy)} (3.51)
Equation (3.51) now is in the range of 0<y <1, and therefore @ will be a real value.

Adding the coefficient 1/+/2 gives rise to the stable 2-D numerical expressions as well as
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the numerical time step, given by

A
J2c

Based upon the above stability analysis condition, the additional coefficients 1/ NE)
and 1/4/2 have been respectively added into the 3-D and 2-D Propagator method
equations. Therefore, (3.46) and (3.52) are the stability conditions for our 3-D and 2-D
numerical expressions respectively.

We now consider the possibility of having an alternate value of the additional
coefficient in the stable range. We first rewrite the 3-D equation for Ex field component,

given by

n 1 n-1 n-1 n-1 n-1 n-1 n-1
EX|i,j,k = E|:Ex|i+l,j,k + EX|i—1,j,k + EX|i,j+1,k + EX|i,j—1,k + EX|i,j,k+1 + EX|i,j,k—1}

7 1t n [ 1 -t :|
283D[Hy‘i,j,k+1 Hy‘i'jvk1:|+253D HZ|i,j+1,k H2|i,j—1,k

where S represents the stability limit coefficient that requires to be added. From (3.53) and

(3.53)

numerical equations of other field components, the dispersion relation becomes

sin (@At) = i[sin2 (IZXAX) +sin’ (IZyAy) +5sin? (IZZAZ)J (3.54)
3D

Solving for @, the numerical angular frequency is

&):isinl(y/) (3.55)
where
W= i\/{sin2 (KeAx)+sin? (K, Ay ) +sin? (IZZAZ)} (3.56)
S3D
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From (3.55)-(3.56), S3pshould be Szp > J/3 to maintain in the stable range, 0<wy <1.In
other words, (3.53) will be unstable if S3p < V3. We now present examples that show the
stability limit for Szp is violated where S3p < J3.

Fig. 3.11 visualizes the propagation of a Gaussian plane wave pulse in x-plane cut
when Ssp =1.0, 1.4 and J3 at n=100 time steps. It is clearly seen that the pulse
becomes unstable almost instantly in the case where Ssp =1.0 and its amplitude gradually
increases when Sgp =1.4. The case where Szp = \/§ on the other hand, preserves pulse
propagation. Therefore, it is evident that the additional coefficient, which should be

S3p >+/3, is required.
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Figure 3.11: Propagation of plane wave pulse in x-plane cut for several values of Szp in
the unstable range at n=100 time steps.
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Next, for the stability limit where Ssp is in the unstable range, we consider all

possible values of Szp in the stable range, Ssp > V3. Fig. 3.12 shows the 3-D Gaussian

plane wave propagated up to 150 time steps in the x-plane cut for several values of Szp

within Szp > \/5 As shown in Fig. 3.12, the plane wave for Szp = \/5 is well preserved,
whereas for Szp =2.0 and 2.3, which are in the stable range, it decays in amplitude and

the pulse velocity alters depending upon the value of Ssp . This result shows that any value

of S;p in the stable bounds, other than Ssp = \/§ cannot be a possible coefficient. This
determines the 3-D numerical time increment, At=A/ (S3p xC).
From the results of Figs. 3.11 and 3.12, we conclude that the only possible 3-D

coefficient is Szp =+/3 and (2.52)-(2.53) are the ideal 3-D numerical expressions.

o
o

o
o

Amplitude(V/m)
o
'

o
(¥

Figure 3.12: Propagation of plane wave pulse in x-plane cut for several values of Szp in
the stable range at N =150 time steps.
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Similarly with the 3-D case, it can be shown that the only possible 2-D stability
coefficient is Sop =\/§ as below. The numerical equation of E, field component for the

2-D TM; case with the 2-D stability limit coefficient Syp can be written as

n-1 n-1
E |Ij |:E |I+lj || lj ||,j+l+EZ|i,j—l}
. o - . 1 (3.57)
_ _[HX|_ —H,| }+ ‘ —H ‘ _
2S5 i,j+1 i,j-1 2S5 Ylidg, j Yli-1,j
The numerical dispersion relation is
sinz(a”)At)=i[sin2(IZXAX)JFSinZ(IZyAy)} (3.58)
2D
From (3.58), the numerical angular frequency @ is
.1
=—sin 3.59
o=—sin"(y) (3.59)
where
=—\/ sin? +sm (k Ay)} (3.60)

In the unstable range where S,p < J2 , the propagation of a Gaussian plane wave

at n=130 time steps is examined as shown in Fig. 3.13. Fig. 3.13 illustrates the 2-D

Gaussian plane wave propagated up to 130 time steps in the x-plane cut for several values
within S;p <~/2 and Syp =~/2 . The pulse becomes instantly unstable for S, =1.0 and

its amplitude for Syp =1.2 increases and becomes unstable as it propagates further time

steps. On the other hand, the pulse for Syp = \/5 travels as expected.
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Figure 3.13: Propagation of plane wave pulse in x-plane cut for several values of S;p in
the unstable range at N =130 time steps.

Next we consider the cases in the stable range where Syp > J2 . As shown in Fig.
3.14, all values including Syp =\/E, 1.5 and 1.6 do not become unstable as expected.
However the amplitude of the pulse for the cases where Syp =1.5 and 1.6 decays as it
propagates and the value Syp =2 preserves the pulse propagation. In addition to the
stability, the pulse velocity changes depending on the value of S;p . For example, the plane

wave for Syp =2 propagated 99Ax spatial increments, from 10Ax to 109Ax , during

140At time steps, from 60At to 200At , which gives rise to the velocity
v = (99Ax/140At) zAx/(\/EAt), and for the value of Syp =1.6 its velocity becomes

v = (87Ax/140At) = Ax/ (1.6At) since ittraveled 87Ax in space during 140At time steps.

As a result, it can be concluded from these results that Syp =2 is the only possible
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coefficient, the numerical time step is At =A/(Syp xC), and (2.54) are the ideal numerical

expressions for the 2-D TM; case.
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Figure 3.14: Propagation of plane wave pulse in x-plane cut for several values of S;p in
the stable range at n=200 time steps.
3.7 Summary

In this chapter, the key numerical aspects of the Propagator method were presented
for simulating diverse electromagnetic problems in multiple dimensions. These included:
(1) the introduction of a physical time increment in a dielectric medium using Newton’s
third order difference extrapolation technique in time, (2) the derivation of the exact 1-D
boundary condition and application of the conformal boundary conditions for the 2-D and
3-D cases, (3) the simple and effective null boundary condition, (4) the derivation of
numerical dispersion relations in all dimensions, and (5) numerical stability conditions

derived using a complex-frequency analysis.
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4. TOTAL-FIELD / SCATTERED-FIELD FORMULATION

4.1 Introduction

The total-field / scattered-field (TF / SF) formulation not only aims at realizing a
plane-wave source, but it also provides a number of features that allow an arbitrary
incident wave, a wide computational dynamic range and an absorbing boundary condition
at the outermost lattice points [3]. The TF / SF technique was successfully applied to the
FDTD algorithm and it remains in use today. The time-domain Propagator modeling also
requires the TF / SF technique in order to effectively generate a plane-wave source and
achieve the null boundary condition.

To illustrate the idea of the TF / SF formulation, the total-field / scattered-field
zoning in a space lattice is shown in Fig. 4.1. In region 1, the total-field zone, we assume
that total-field vector components including the interaction of the incident and scattered
waves from any objects exist. A virtual surface that separates regions 1 and 2 is assumed
to be included in the total-field region, and the interacting object is embedded within this
region. In region 2, the scattered-field zone, we assume that only scattered-field vector
components, total fields minus incident fields, exist. The outer lattice planes of region 2
are truncated by the absorbing boundary condition.

In this chapter, each dimensional TF / SF formulation for the time-domain

Propagator method will be presented.
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Figure 4.1: Total-field / scattered-field regions.

4.2 One-dimensional formulation

To illustrate the TF / SF formulation of the 1-D Propagator method, consider the

1-D grid scheme containing Ex and Hy field components, as shown in Fig. 4.2. In Fig.
4.2, upward directed arrows and solid circles represent respectively Ex and Hy fields.

Assume that the boundary grid cells iy and i; between regions 1 and 2 are included in a
total-field zone and the grid points ip—1 and i, +1, just outside of region 1, are in a

scattered-field zone.

E,

H,  Region 2: . Region 2:
" Scattered-field Region 1: Total-field Scattered-field

D VD VD WD WD W WD WS W W e

Figure 4.2: Total-field / scattered-field regions of the 1-D Propagator grid scheme.
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First, consider a time-stepping E, component at grid point iy, the left boundary
point between regions 1 and 2. Using the 1-D Propagator equation (2.40), the E, field

located at iy is calculated by

n 1 11 7 n-1
Ex,total‘i0 - 2|:Ex total‘I ) Ex,scat‘io_l} Z[Hytotal‘I A Hy,scat‘io_l} (4-1)

In (4.1), the fields at iy +1 are assumed to be stored as a total field, whereas the fields at

Ip —1 are assumed to be stored as a scattered field. However, if the grid points iy —1, iy,

and i +1 are in region 1 of Fig. 4.2, (4.1) is inconsistent with the equation:

n 1 -7 7 n-1
Ex,total‘i0 2|:Ex total‘I ") Ex,total‘io_ljl Z{Hytotal‘l ") Hy,total‘io_l} (4-2)

Consistency of (4.2) can be realized by adding the incident field terms into (4.1), which
are assumed to be stored in the computer memory. The modified E, component at the

point iy is written as

n o1 n-1 1\] 7 n-1 n-1
Ex,total‘iO 2 {Ex total L A (Ex,scat‘io_l + Ex,inc‘io_l)} - 2 [ y,total L ] (H y,scat‘io_1 +H y,inc‘io_lﬂ (4-3)

since
-1 n-1
Ex,scat‘io_l + Ex,inc‘io_l = Extotal ‘io—l (4.43)
n-1 n-1
y,scat‘i 1 + Hy,inc‘i a4 total‘I ] (4-4b)
0 0

Equation (4.3) can be rewritten as a compact expression:
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Left boundary point of Region 1 (i =1y)

n_ n 1 -1 7 n-1
B _{EXL }(2.40a) " {E Exl"‘c‘i—l +EHY’"‘CL—1} (4.52)
correction term
n n 1 n1 1 n-1
H_:{H_} P I . 4.5b
Y‘, YL (2.40) {2 y,lnc‘l_1 277 x,mc‘l_l} ( )

correction term

where the curly bracket term denotes the time-stepping field to be calculated before adding
the incident field correction term. The remaining H, field component at the point iy is
obtained in an analogous manner of (4.1)-(4.4).

Regarding with the grid point iy, the right boundary point between regions 1 and
2 in Fig. 4.2, the modified field components at the right boundary point of region 1 can be
acquired in a similar way as explained above, by adding the incident wave correction terms
located at point i, +1 in the scattered-field region.

Right boundary point of Region 1 (i=1;)

n_ n 1 -1 7 n-1
B = {EXL }(2.40a) " 2 EX’"‘C‘H 9 Hyvinc‘m} (4.62)
correction term
n n _1 -1 1 n-1
Hy‘i :{Hy‘i }(2.40b) ’ 2 Hyinck,y ) EX"”CLH} (4.6b)

correction term
Next, consider the time-stepping E, component at the grid point iy —1 located in
the scattered-field zone, just outside left face of region 1 in Fig. 4.2. The E, component

at ip —1 is updated by the equation:

68



n 1 n-1 n-1 n n-1 n-1
Ex,scat ‘io—l = E [ Ex,total ‘io + Ex,scat ‘iO—Z} - E [ H y,total ‘io -H y,scat LO_J (4-7)

In (4.7), the fields at iy are assumed to be stored as a total field, whereas the fields at iy —2
are assumed to be stored as a scattered field. However, if the grid points i, —2, iy —1, and

Ip are in the scattered-field region 2, (4.7) is inconsistent with the equation:

n 1 n-1 1] 7 n-1 n-1
Ex,scat ‘io—l = E l: Ex,scat ‘io + Ex,scat ‘iU—Z} - E [ H y,scat ‘io -H y,scat ‘iO—Z} (4-8)

The consistency condition of (4.8) can be achieved by subtracting the incident field

terms into (4.7). The corrected E, component at the point ip —1 is expressed as

no 1 n-1 n-1 1] p n-1 n-1 n-1
Ex,scat ‘ig—l = 5{( Exytotal ‘io - Ex,inc‘iO )-I- Ex,scat ‘i0_2:| _E{( H y,total Lo -H y,inc‘io )— H y,scat ‘io—J (49)

since

n-1

n-1
Ex,total‘iO -E =E (4.10a)

n-1
x,inc‘ x,scat‘i
0

ly

n-1 ‘n—l

n-1
Hy,total‘iO - Hy,inc‘i0 = Myscat]y (4.10b)

Therefore, the corrected equations of field components at the points i —1 and
iy +1, just outside of region 1, are expressed as

Outside left face of Region 1 (i =iy —1)

n_ n 1 -1 7 n-1
B = {EXL }(2.40a) - [E Exvinc‘m _EHyvi“C‘m} (4.11a)
correction term
n n 1 n-1 1 n-1
Hy‘i :{Hy‘i }(2.40b) - {EHy,inc it _ZEX‘MC‘H&} (411b)

correction term
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Outside right face of Region 1 (i =1i; +1)

n_ n 1 -1 on n-1
Ex|i _{EX|i }(2.40a) - [E Ex,inc‘i_1 +EHy'inc‘i—1} (4.12a)
correction term
n n 1 n-1 1 n-1
H =!H — | =H. . +—E, . | 4.12b
L={l] - [l s 2 e (120

correction term
where the curly bracket term denotes the time-stepping operation before adding the
incident field correction terms. Equations (4.5)-(4.6) and (4.11)-(4.12) are the TF / SF

formulated equations of 1-D Propagator method.

4.3 Two-dimensional formulation

The TF / SF algorithm for the Propagator method can be extended to build two-
dimensional TM and TE problems. As an example of the TF / SF formulation for the 2-D
Propagator modeling, this section discusses field modifications for the TM; mode.

Fig. 4.3 illustrates the field component locations of the 2-D Propagator TM, TF /
SF formulation. Region 1 and 2 are respectively assumed to be in the total-field and
scattered-field regions. The interface between regions 1 and 2 is assumed to be included

in the total-field region 1 and located in source-free vacuum. For the field notations, the

solid circles, right and upward arrows represent respectively E,, Hy, and Hy fields.
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Figure 4.3: Total-field / scattered-field regions of the 2-D Propagator TM; grid scheme.

In the 2-D Propagator grid scheme, we must account for three zones that involve
interfaces, corners and just outside of the region 1 since the 2-D equation includes the
fields at four grid points surrounding a center point. First consider the left boundary of

region 1 and 2 located at i =i, excluding two interface corners, (io, jo) and (io, j1). TO
compute each time-stepping field components at (ig, j) , the previous time fields at
(io =1, j) should be modified since they are in the scattered-field region 2. The total

electric and magnetic fields at (ip —1, j) can be decomposed into

Ez, tma"io—l,j = Ez, Scat‘io—l,j + Ez, inc‘io—l,j (4-133-)
Hx, tOtaI‘iofl,j = Hx, Scat‘iofl,j + Hx, inc‘iofl,j (4-13b)
Hy, total ‘io—l,j = Hy’ scat‘io_]_‘j + Hy’ inc‘io—]_,j (413C)
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for all time steps. To implement the consistency condition, the incident field components
at (ip —1, j) need to be added into (2.54) as the correction term. The modified equations
at the left boundary of region 1 are given by

Left boundary of Region 1 (i=ip; j=jo+1, ..., 1 —1)

n (e n 1 n-1 n n-1
EZ|i,j _{E2|i,j}(2_54a) + {Z Ez,inc‘i_“ _mHy,inc‘i_lyj} (4.14a)
correction term
n n 1 n-1
HX|i,j _{Hx|i,j}(2‘54b) + |:ZHX'i”C‘i—1,j} (4.14b)
" correction tem
n n 1 n-1 1 n-1
H __:{H } P A TS 4.14c
y‘,’] y‘,’J (2540) |:4 y,mc‘kl’l 2\/577 Z"”CL—LJ} ( )

correction term
The field components located on the remaining interfaces of region 1 and 2 in Fig.
4.3 can be adjusted in a same way by addition of the incident field terms positioned in the
scattered-field zone. The followings are the modified equations at the right, top and bottom
boundary of region 1:

Right boundary of Region 1 (i=i; j=jo+1 ...,j1—1)

n (e n 1 n-1 n n-1
EZ|i,j _{E2|i’j}(2.54a) + {Z Ez,inc‘m'j "'mHy,inc‘M’J} (4.15a)
correction term
H,J; ‘{H i } b (4.15b)
Xlijj 71 Xli,j (254b) 4 Xincli,q j .
%/—J

correction term
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n n 1 n-1 1 n-1
H,| ={H + |=Hy; +—=—E,;
y‘i,j { y‘i’j }(2.54(:) {4 yinclig 2\/577 z,mc‘iﬂ’j}

correction term

Bottom boundary of Region 1 (j = jo; i=ig+1, ..., i;—1)

no_ n 1 n-1 n n-1
EZ|i,J_{EZ|ivj}(z_54a) ' {ZEZ’inc‘i,J’—ﬁmHy'inc‘i,j—l}

correction term

n n 1 n-1 1 n-1
Hx|i,j :{HX|i,j}(2.54b) + |:ZHx,inC‘i,j—1+ 2\/577 Ez’inc‘i,j—ll

correction term
H ‘n {H ‘n } 1H n-1
ST L S |
Tl j Yli.1) 254c) 4 I
| ——
correction term

Top boundary of Region 1 ( j = ji; i=ip+1, ..., i1 —1)

no_ n 1 n-1 n n-1
Ez|ivi_{EZ|i’j}(2.54a) ' {ZEZ’mCLJ”_m y'inc‘i’“J

correction term

n n 1 n-1 1 n-1
HX|i'j={HX|i'j}(2.54b) + |:Z X'inc‘i'jﬂ_ﬁEz’inc‘i,jﬂ}

correction term

H ‘n —{H ‘n } N EH ‘n—l
g U s 4 A

correction term

(4.15¢)

(4.16a)

(4.16h)

(4.16¢)

(4.17a)

(4.17D)

(4.17c)

Next, consider the left bottom corner at (ig, jo) in Fig. 4.3. When computing the

time-stepping total field at (iy, jo), the previous time fields at (ip +1, jo) and (i, jo +1),

located in the total-field region 1, and at (ig—1 jo) and (ig, jo—21) , located in the
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scattered-field region 2, are required. The field components at (ip —1, jo) and (ig, jo—1),
just outside of the interface, need to be modified. By adding the correction term with the
incident fields at (io —1, jo) and (ig, jo —1), the modified time-stepping fields at (io, jo)
are expressed as

Left bottom corner of Region 1 (i =1ip; j= jo)

n n 1 n-1 n-1 n n-1 N1
Ez|i]j = {Ez |i,j }(2.54a) -{Z(Ez,inc‘il’j + Ez,inc‘i’j1)_m(Hy,inc‘H’j - Hx'inc‘i,jl):| (4.18q)

correction term

n n 1 n-1 n-1 1 1 |
Hx|i|j = {Hx|i,j}(2_54b) +[Z(Hx,inc‘i_1’j +Hx,inc‘i’j_l)+ 2\/577 Ez,inc‘i’j_l (4-18b)
| correction term
n n 1 n-1 n-1 1 el |
Hy‘i’j i {Hy‘i’j }(2.540) +[Z(Hy’in°‘i—1ri ’ Hy’inc‘ivi—l)_ 22n Ez’inc‘i_l'j (4189

correction term

With an analogous manner of (4.18), the field components located on the
remaining corners at (ig, J1), (i, jo) and (i, j;) are written as
Left top corner of Region 1 (i=1ip; j= j1)

no n 1 n-1 n-1 n n-1 n-1
Ez|i,j = {Ez|i|j }(254&) -{Z(Ez,inc‘i_llj + Ez’inc‘i,jﬂ)_m(Hy’inc‘i1,j + Hxvmc‘i,jﬂ” (4.19a)

correction term

n n 1 n-1 n-1 1 n-1
Hx|i,j = {HX|i,j}(2'54b) ‘{Z(Hx,inc‘HJ +Hx,inc‘i'j+1)_ﬁ Ez,inc‘iyﬁl} (4-19b)

correction term
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n n 1 n-1 n-1 1 n-1
Hy‘i,j - {Hy‘i,j }(2,546) {Z(Hy'"‘c‘iu +H y'"‘c‘i,m)_ 221 Ez'i"c‘i—l.i] (4.19¢)

correction term

Right bottom corner of Region 1 (i=k; j= jo)

n_ n 1 n-1 n-1 n n-1 n-1
Ez|i,j - {Ez|i,j }(2.54a) +{Z(Ez,inc‘i+l’j + Ez,inc‘iyj_l)+E(Hy,inc‘m’j + Hx,inc‘i‘j_l)} (4.20&)

correction term

n n 1 n-1 n-1 1 n-1
HX|i,j - {HX|i,j}(2'54b) +{Z(Hx,inc‘i+1'j +Hx,inc‘i‘j_l)+ﬁ Ez,inc‘i,j_1:| (4-20b)

correction term
n n 1
H,| ={H +|—(Hy;
00 | 3P

Right top corner of Region 1 (i =1iy; j=j;)

n-1 n-1 1 n-1
i1 * Hy1‘“°‘i,j-1)+ 2421 Ez’inc‘iq,j}

correction term

(4.20c)

n n 1 n-1 n-1 n n-1 n-1
EZ|i,j - {E2|i,j }(2_54a) {Z(Ezlinc‘m,j * Ezyiﬂc‘i,ju)-‘_m(Hy,inc‘m,j - Hx'inc‘i,jﬂﬂ (4.21a)

correction term

n n 1 n-1 n-1 1 n-1
Hx|i,j - {H X|i,j }(2.54b) + {Z( Hx,inc‘iﬂ'j +Hx,inc‘i’j+1)_ﬁ Ez,inc‘i‘“l] (4-21b)
correction term
n n 1 n-1 n-1 1 n-1
Hy‘i,j - {HYL,] }(2.540) +[Z(Hy,inc i, + y.inc i’j+1)+ﬁ Ez,inc‘iﬂ’j} (4-210)
correction term

We have modified equations of each field component positioned on the interfaces
including corners between regions 1 and 2. In addition to the grid points on the boundary,

we should take the grid cells located outside of region 1 into account. For outside four
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faces of region 1, consistency conditions can be achieved by subtracting the incident field

terms positioned on the interfaces.

Outside left face of Region 1 (i=1ip—1; j=Jo, - -, 1)

n n 1 n-1 =
Ez|i’j _{Ez|i’j}(2.54a) - {Z Ez,inc‘iﬂ] 2\/— ymc‘HlJ (4.22a)
correction term
Hl =) - THl (4.22b)
g U X5 2 5ap) 4 Ml '
[ —)

correction term

H ‘n —{H ‘n} 1H n-1
i, j Yli,j (2.540) 4 y,inc

n-1
i+1,] 2\/_ z 'nc‘i+1,j} (4.22¢)

correction term

Outside right face of Region 1 (i=i+1; j=Jo, ..., 1)

n n 1 n-1 n-1
Ez|i,j _{E2|i’j}(2.54a) - {Z Ez,inc‘i_1J 2\/_ Hymc‘l 11} (4.23a)
correction term
H,; ={H In} - | dn,, M (4.23b)
X, j X171 (2.54b) 4 Ml :
%/—J

correction term

Hy; ‘{H \n} - |3H [ - " (4.23¢)
Yi,j_ yi,j (2.540) 4 ymcllj 2\/_ zmcllJ .
correction term
Outside bottom face of Region 1 (j= jo—1; i=lg, ..., k)
n (e n 1 n-1 n n-1
EZ|i,j _{E |. ,}(254a) B {Z Ez,inc‘iyjﬂ_mHy,inc‘i’jﬂ} (4.24a)

correction term
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n n 1 n-1 n-1
Hx|i’j :{Hx|i'j}(2.54b) - L{mec‘l i 2\/— zmc‘I J+1} (4.24b)

correction term

n n 1 n-1
HY‘i’j :{Hy‘i,j}(z 540) - [4 Hy |nC‘I J+1il (4.24c)
. —_—
correction term
Outside top face of Region 1 (j= jo+1; i=lg, ..., k)
n n 1 n-1 n n-1
EZ|i,j :{E2|i’j}(2.54a) - {Z Ez,inc‘iyj_l +m Hy,inc‘i’jl} (4.25a)
| correction term
H n_ H n 1 ZH n-1 n-1
X|i,j _{ X|i’j}(2.54b) - 4 xmc‘l j-1 2\/_ ch‘l ]_1 (425b)
correction term
Hyl = 1H[ S | 4.25
y‘i'J _{ y‘i'j}(254c) |4 y’inc‘i,j—l (4.25¢)
. s -

correction term

The 2-D Propagator TF / SF formulation for TM; case has been developed above.
Although not shown here, the TF / SF formulation for the 2-D Propagator TE; case can
also be developed in the same manner.

As an example of the 2-D TF / SF formulation for the Propagator method, Fig. 4.4
shows the total and scattered fields from a square dielectric cylinder having &, =4 at two
different time steps. In Fig. 4.4, the red box represents the boundary between the total-
field and scattered-field regions, and the black box indicates the square dielectric cylinder
inserted within the total-field region. The total numerical space is discretized with

200x 200, and the TF / SF region and object are respectively discretized with 50x50 and
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30x30 from a center point. As shown in Fig. 4.4, the computed total and scattered fields

are respectively observed in the total-field and scattered-field zones as expected.

200 200

Scattered-field
Region

50 50

50 100 150 200 50 100 150 200
X-axis X-axis
(a) (b)

Figure 4.4: Total and scattered fields at (a) 120 time steps and (b) 175 time steps, from a
centered square dielectric cylinder (&, =4) as an example of the TF / SF formulation for
the 2-D Propagator TM; case.

4.4 Three-dimensional formulation

The TF / SF formulation discussed above can be readily extended to the 3-D
Propagator lattices. The TF / SF regions in the 3-D Propagator Method compose six
interface surfaces forming a rectangular box, as shown in Fig. 4.5(a) and six surfaces,
outside of each face of the TF / SF interfaces. Each interface plane is decomposed into

corners, boundary line and one interface surface, as shown in Fig. 4.5(b).
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z Rear Interface Surface
}; (iO’jO’kl) (iO’jl’kl)
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]
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]
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! 5 1 Interface
| .. ¢ ¢ ¢ o 0 o o o ¢ face
* -------------- _I=IO
e e ¢ 0 o 0 0 o o ¢
4
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I, AAAAAAA
s J "
4
4

k =k, —kK —i=i . T S
" | : (i dorko) ———— i ioke)

j= jo j= jl Corners

(@) (b)

Figure 4.5: (a) Six interface surfaces and (b) a rear interface surface for the 3-D Propagator
TF / SF formulation lattice.

Consider first each surface of the TF / SF interfaces that does not contain
boundaries. With the consistency conditions employed in the 2-D TM; mode above, the
modified equations of six field components at each face are given by

Rear surface of Region 1 (i=1ip; j=jo+1 ..., i-1; k=ko+1, ... k —1)

n n 1 n-1
EX|i,j,k = { Ex|i,j,k }(2_52) +|:€ Ex,inc‘i_l’j’k } (4.268.)
_
correction term
n n 1 n-1 n n-1
Ey‘i,j,k - {Ey‘i,j,k }(Z.SSa) J{E Ey,inc‘i_Lj,k +ﬁ szinc‘i—l,j,k} (4.26b)
correction term
no_ n 1 n-1 n n-1
EZ|i,j,k - {Ez|i,j,k}(2.53b) J{g Ez,inc‘i_uk —ﬁ Hy,inc‘i_llj’k:| (4.26¢)
correction term
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n n _1 n-1
HX|i,j.k ={Hx|u j k}(mc) +_ngvinC‘i_1,j,k}

%/—/
correction term

H‘n :H‘n +_1H ‘1 ‘—l
Yli,jk ik ] 2530) 6 Vinclig 2\/' Ezine i-1,j.k

correction term

n n 1 n-1 1 n-1
Hz|i'j’k = {H2|i,j,k}(2_536) '{g Hz,inc‘i_l,j,k + 2\/577 Eyyinc‘il,j,k}

correction term

Front surface of Region 1 (i=h; j=jo+1 ..., h—-1; k=ko+1, ...,k —-1)

n n 1 n-1
EX|i,j,k - { EX|i,j,k }(2'52) '{g EX’i"C‘m,j,k}
e

correction term

no n 1 n-1 n n-1
correction term
n n _l -1 n-1 i
EZ|i,j,k _{Ez|i,j,k}(2‘53b) + gEz,inc‘i_'_l’j K 2\/_ ylnc i+1,j k

correction term

n h 1 n-1
RIS EU

| —
correction term

H ‘n _IH ‘n lH n-1
Yhijk | Yiijk (2534) 6 y.inc

n-1
i+1,j,k 2\/_ ch‘l+lj }

correction term
n-1
i+1, ],k

n n 1 n-1
HZ|i,j,k:{Hz|i’j,k}(2.53e)+|:6Hzmc‘H_le 2\/_ ylnc

correction term

80

(4.264)

(4.26€)

(4.26f)

(4.27a)

(4.27h)

(4.27¢)

(4.27d)

(4.27¢)

(4.271)



Left surface of Region 1 (i=ip+1, ..., h-1; j=jo; k=ko+1 ..., k1)

no_ n 1 n-1 n n-1

correction term

E no E n +_1E n-1
y‘i,j,k_ y‘i,j,k (253) | 6 y'inc‘i,j—l,k

—_—
correction term

n-1

n _ n _1 n-1 n
EZ|i,j,k - {E2|i,j,k}(2.53b) + 6 Ezvinc‘i,j—l,k +ﬁ HX'i”C‘i,j—Lk}

correction term

n n _1 n-1 1 n-1
HX|i,j,k Z{HX|i’j’k}(2'53C) + E Hx’inc‘i,j—l,k +—2\/§77 Ez|inc‘i,j—1,k:|

correction term

H no H n +_1H n-1
y‘i,j,k_ y‘i,j,k (2530) | 6 y’inc‘i,j—l,k

%/—J
correction term

n n _l n-1 1 n-1
i ik ={H2|i,j,k}(2_53e) * EHZ,inC‘i,j—l,k B 2\/§,7 Exiinc‘i,j—l,k]

H,|

correction term

Right surface of Region 1 (i=ip+1, ..., i1=1; j=ji; k=ko+1 ... k1)

n _ n 1 n-1 n n-1
EX|i,j,k - {EXLJ,k }(2.52) -{E EX’"‘C‘i,m,k +m szi”‘:‘i.jﬂ,k}

correction term

E ‘n _lE ‘n + 1 E ‘n—l
Vi " 7k o530 |6 0l ik
%—/

correction term
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(4.283)

(4.28b)

(4.28¢c)

(4.284)

(4.28€)

(4.28f)

(4.29a)

(4.29b)



n _ n 1 n-1 n n-1
EZ|i,j,k - {EZ|I,J,k }(253b) +|:g Ez,inC‘i’j+1’k _ﬁ Hx,inc‘i,j+1,k:|

correction term

n n 1 n-1 1 n-1
X|i,j,k Z{Hx|i,j,k}(2.53c) '{g Hxﬂinc‘i,jﬂ,k B 2\/§,7 Ezvinc‘i,jﬂ,k}

correction term

H no H n +_1H n-1
y‘i,j,k_ y‘i,j,k (2530) | 6 y’inc‘i,m,k
%,—J

correction term

H

H

n n 1 -1 1 n-1
Z|i,j,k ={H2|i,j,k}(2_536) * EHZvi”C‘i,jﬂ,k * 2\/577 EX’inC‘i,m,k}

correction term

Bottom surface of Region 1 (i=ip+1, ..., h—1;j=jo+1 ..., ji—1; k=Kkg)

n _ n 1 n-1 77 n-1
EX|i,j,k - {EX|i,j,k }(2_52) '{g EXvi”C‘i,j,k—l +2_\/§ Hyvinc‘i,j,k—1:|

correction term

noo n 1 n-1 n n-1
Ey‘i,j,k - {Ey‘i,j,k }(2.5361) -{6 Eyvinc‘i,j,k—l _2_\/5 HXvi”C‘i,j,k—l}

correction term

n n 1 n-1
E, |i,j,k = { Ez|i,j,k }(2_5%) '{6 Ez,inc‘iyj'k_l}

[ —
correction term

n n 1 n-1 1 n-1
Hx|i,j,k - {Hx|i,j,k}(2.53c) '{E Hx,inc‘i‘j’k_l - 2\/@7 Ey,inc‘i’j’kl}

correction term

Hn_Hn +1H n-1 1E n-1
y‘i,j,k_ y‘i,j,k (2534) g y’inc‘i,j,k—1+_2\/§n X'inc‘i,j,k—l

correction term
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(4.29¢)

(4.29d)

(4.29)

(4.29f)

(4.30a)

(4.30D)

(4.30c)

(4.30d)

(4.30¢)



n n 1 n-1
HZ|i,j,k - {Hz|i,j,k}(2.53e) {g szinc‘i,j,k—li|

%/—/
correction term

Top surface of Region 1 (i=ip+1, ..., k—1; j=jo+1 ..., j1-1; k=k;)

no (N 1 n-1 n n-1
EX|i,i,k - {EX|i,j,k}(2.52) {g EX’i”C‘i,j,kﬂ_ﬁ Hy'inc‘i,jvkﬂ}

correction term

no n 1 n-1 n n-1
Ey‘i,j,k N {Ey‘i,j,k }(Z.SSa) J{E Ey'inc‘i,j,kﬂ +m HX'i”C‘i,j,k+1:|

correction term

n n 1 n-1
E, |i,j,k - { E2|i,j,k }(2.5%) {g EZJ”C‘i,j,ku}
_

correction term

n n 1 -1 1 n-1
HX|ilek - {Hx|i’jvk}(2.53c) {E HX*‘“C‘i,i,k+1+ 23 EV"”CL,J‘.M}

correction term

n n 1 n-1 1 n-1
H y‘i,j,k - {H y‘i,j,k }(2_530') -{g H y’inc‘i,j,kﬂ - 2\/577 EX'i“C‘i,j,kﬂ}

correction term

n n 1 n-1
Hz|i,j,k - {H2|i,j,k}(2_536) '{g szinc‘i,j,kﬂ}

| ——
correction term

(4.30f)

(4.31a)

(4.31b)

(4.31c)

(4.31d)

(4.31e)

(4.31f)

Next, the consistency conditions for all field components at each boundary line

excluding corners are given by
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Rear left line of Region 1 (i=1iy; j=jo; k=ko+1, ...,k —1)

noo_ n 1 n-1 n-1 n n-1
Ex|i,j,k - {Ex|i,j,k }(252) {E( EX,iﬂC‘i—l,j,k * Ex,inc‘i,j_llk )_m HZ,inC‘i,j_llk:|

correction term

gl ={g[ o 2E el +E

‘n—l

n n-1
i j-1k ) +ﬁ Hzrinc‘i—l,j,k}

inc

correction term

n _ n 1 n-1 n-1 7]
Ez|i’j’k _{Ez|i'j'k}(2,53b) +{6(Ez’inc‘i—l,j,k + z’inc‘i,j—l,k)+ﬁ(Hx'i”°‘i,j—Lk - Hy’inc‘i—l,j,k

n-1 n-1

n n 1 n-1

correction term

n-1 1 E n-1
X*inc‘i,jl,k)-l_ﬁ Z'inc‘i,j—l,k

H noo H n N 1 H n-1 H
y‘i,j,k_ y‘i,j,k (2534) 6 y,iﬂc‘ifl,j,kJr

correction term

n-1 n-1

L E
y'inc‘i,jfl,k _% Z’inc‘i—l,j,k

n n 1 n-1 n-1 1 n-1 n-1
H2|i,j,k - {Hz|i,j,k}(253e) +[6(szi”°‘i—1,j,k ¥ szinc‘i,j—l,k )_ 23 (Exlinc‘i,j—l,k - Eylinc‘ifl,j,k

correction term

correction term

Rear right line of Region 1 (i=1p; j=Ji; k=ko+1 ...,k —1)

noo_ n 1 n-1 n-1 n n-1
EX|i,j,k - {Ex|i.j,k }(252) '{g( EX’inC‘H,j,k * Exxinc‘i,jﬂ,k ) +m HZ’inC‘i,ju,k}

correction term

En_En +1E n-1 E n-1 77H n-1
Y‘i,j,k_ Y‘i,j,k (253) g( yxinc‘ifl,j,k-i_ Yrinc‘i,j+1,k)+2_\/§ Z'inc‘i—l,j.k

correction term
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(4.323)

(4.32b)

(4.32¢)

(4.32d)

(4.32¢)

(4.32f)

(4.33a)

(4.33b)



n n 1 n-1 n-1 n n-1 -1
=B j,k}(mb) +{6(Ez,inc‘i_l’j’k +Eqin, myk)—ﬁ(Hx,mch + Hy’inc‘i—l,j,k)} (4.33¢)

correction term

n n 1 n-1 n-1 1 n-1
HX|i’j,k ={HX|I,],|(}(253C) +|:€(Hx,inc‘i_lyj‘k + Hx,inc‘i’j+1|k)_% Ez,inc‘i'j+1’k:| (4'33d)

correction term

H noo H n N 1 H n-1 H n-1 et 433
y‘i'j'k_ y“vivk}(z.sw) 6( y’inc‘iflyj,kJr y'inc‘i,jﬂ,k) 231 2'“0‘|1, (4.33e)

correction term

n 1 n-1 n-1 1 n-1 n-1
" |'Jk { 1 j*k}(z.sse){E(HZ*i”C‘i—l,j,k+Hzli”°‘i,j+l,k)+Zx/:)',n(Ex,inc‘iymlk+Ey,inc‘i_1yj'k)} (4.33f)

correction term

Front left line of Region 1 (i=1; j=Jo; k=ko+1 ...,k 1)

n n 1 n-1 n-1 n-1
EX|i,j,k - {EX|I,],k }(252) +|:E(Ex’inc‘i+l,j,k + EX’inc‘i.j—l,k) 2\/_ 7 |nc‘| j-1 k:| (434a)

correction term

n n 1 n-1 n-1 1
EY‘i,j,k ={Ey‘i,j,k}(2_53a) +|:€(Ey'inc‘i+l,j,k * EYvinC‘i'j_]_’k) 2\/— z mc‘,ﬂ]k} (4.34b)

correction term

i+1, ],k

n n 1 n-1 N1 n - 1
Ez|i,j,k = {EZ|i’j’k}(2.53b) +{6(Ez,inc‘i+1’j,k + z,inc‘i‘j_lyk )+2_\/§(Hx’inc‘i,j—l,k + Hy,inc S ):| (434C)

correction term

n n 1 -1 -1 -1
Hx|i'j'k - {Hx|i,j’k}(2'530) ¥ _E(Hx’inc‘iﬂ,j,k * HX’inC‘i,j_lyk)-i—% Ez,inc‘iyj_l‘k} (4.34d)

correction term

H ={H.[ A T "
Y‘i,j,k_ y‘i,j,k (25%) 6 y,inc

1 n-1
i+1,j .k Hy*inc‘i,jfl,k )+ 2\/577 Ezvinc‘m,j,k] (4.34e)

correction term
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n-1

i+, )] (4.341)

n 1 n-1 n-1 1 n-1

correction term

Front right line of Region 1 (i=1; j=ji; k=ko+1 ...,k 1)

n n 1 n-1 n-1 n-1
Ex|i,j,k = {EX|I,],k }(252) +{E(Ex,inc‘i+1yj,k + Ex'inc‘i,jﬂ,k ) 2\/_ z Irlc‘I ]+1k:| (4.35&)

correction term

n n 1 n-1 n-1 n-1
Ey‘h]’k = {EyL’J’k }(253a) +|:6(Ey'mc‘l+1,_|,k + Ey’mc‘l,J-Fl,k) 2\/_ z InC‘H_l ] k} (435b)

correction term

n n 1 n-1 n-1 n-1 n-1
E2|i,j,k _{El|i,j,k}(253b) {E(Ezvim‘im,k ’ Z’inc‘i,jﬂ,k)_ﬁ(Hxvmc‘i,jﬂ,k ~Hyine i+1,j,k):| (4.35¢)

correction term

n n 1 n-1 n-1 1 n-1
Hx|i,j,k - {Hx|i,j,k}(2.530) +{6(Hxli”°‘i+1,j,k + Hx,inc‘iyjﬂ’k)_ﬁ Ez,inc‘i]jﬂlk} (4.35d)

correction term
Y ‘n {H ‘n } N l(H n-1
Ylijk | Yhjk (253) |6 y.inc

n-1 1 £ n-1
i j+Lk +2\/§77 Z'"‘C‘m,j,k

correction term

(4.35e)

+ .
iLjk o YInC

n-1

i+1,jk )] (4.35f)

n 1 n-1 n-1 n-1
H || ok { || j'k}(2.53e) +[E(Hz,inc‘i+1’j’k + Hz,inc‘i’jﬂyk)‘*' Zﬁn(EX’inc‘i’j“*k _Ey,inc

correction term

Bottom rear line of Region 1 (i=1ip; j=jo+1 ..., i—1; k=Xko)

noo_ n 1 n-1 n-1 n n-1
Ex|i,j,k - {Ex|i,j,k }(2.52) +|:€( Ex*inc‘i—l,j,k + Ex'inc‘i,j,kl) +2_\/§ Hy,inc‘i’j’k_l} (4368.)

correction term
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o n 1 n-1 n-1 n n-1 n-1
Ey‘i,j,k N {Ey‘i,j,k }(2_53a) +{6( Ey*inc‘i—l,j,k * Ey'inc‘i,j,k—l)-l-ﬁ( szi”C‘H,j,k B Hx'inc‘i,j,k—l):| (4.36b)

correction term

no_ n 1 n-1 n-1 n n-1
E, |i,j,k - {EZ |i,j,k }(2.5%) {6( Ezvinc‘i—l,j,k * szinc‘i,j,k—l) _ﬁ Hy,inc‘i_l,j,k } (4.36¢)

correction term

n n 1 n-1 n-1 1 n-1
HX|i,j,k - {HX|I,],k }(2.530) +|:g( Hx*inc‘i—l,j,k + HX’inC‘i,j,kl) - 2\/577 Ey,inc‘i’j’k_l} (4'36d)

correction term

n n 1 n-1 n-1 1 n-1 n-1
Hy‘i,j,k - {H y‘i,j,k }(253(1) +[E(H yvinc‘i—l,j,k +H yvinc‘i,j,k—l)_ 231 (Elv”‘c‘i-l,j,k - EX'i”C‘i,j,k—l)] (4.36¢)

correction term

n n 1 n-1 n-1 1 n-1
I_|z|i,j,k - {Hz|i,j,k}(253€) +{E(szi”°‘i—1,j,k + Hz,inc‘i‘jyk_l)'l' 2\/§77 Ey'inc‘i—l,j,k] (4'36f)

correction term

Bottom front line of Region 1 (i =iy; j=jo+1 ..., h—-1; k=kg)

no_ n 1 n-1 n-1 n N1
EX|i,j.k _{Ex|i,j,k }(2.52) +{E(Exiinc‘i+l,j,k * Ex'inc‘i,j,k—1)+2_\/§ HYvi”C‘i,j,k—1:| (4.37a)

correction term

no n 1 n-1 n-1 n n-1 n-1
Ey‘i,j,k - {Ey‘i,j,k }(2‘5361) J{E(EW”C ik Ey’inc‘i,j,k—l)_m(HZ'inc‘iﬂ,j,k ¥ Hxvi”C‘i,j,k-l)} (4.37b)
| correction term
no_ n 1 n-1 n-1 n n-1
Ez|i,j,k - {E2|i,j,k}(253b) {E(Ezyinc‘iﬂ,j,k * Ezvinc‘i,j,k—l)-l-m Hyinc i+1,j,k} (4.:37€)

correction term

n n 1 n-1 n-1 1 n-1
HX|i,j,k :{Hx|i,j,k}(2.530) +{E(Hx,inc‘i+1’j’k + Hx,inc‘i’j’k_l)_ 2\/577 Ey'inc‘i,j,k—l} (4'37d)

correction term
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n n 1 n-1 n-1 1 n-1 n-1
| correction term
n n 1 n-1 n-1 1 n-1
I_|z|i,j,k - {HZ|i’j'k}(2.53e) +{6(Hz,inc‘i+1’j'k + Hz,inc‘i’j’k_l)_ 2\/§77 Ey,inc i+1,j,k} (4.371)

Bottom left line of Region 1 (i=ip+1, ...,

n n 1 n-1
Ex|i'ivk ) {Exhvivk}(z.sz) +{6(Ex'i”°‘i,1—l,k +E

n
X'inc‘i,j,k—l)-l-ﬁ( Hy*inc‘i,j,k—l B

correction term

h=1; j=Jo; k=ko)

n-1 n-1 n-1

szim\i‘j_l’k” (4.38a)

n n 1 n-1

EZ|in,j,k :{E2|in,j,k

}(2.53b)

correction term
n-1 n |
y'inc‘i,j,k—l)_z_\/é HX*inC‘i,j,k—l (4.38b)
correction term
N 1 E n-1 £ n-1 n H 1|
6 Z'inc‘i,j—l,k + Z'inc‘i,j,k—l)-i—m X'inc‘i,j—l,k (4-38C)

n n 1 n-1
HX|i,j,k - {HXL,j,k}(st +[E(Hxlinc‘i,jl,k +H

correction term

n n 1 n-1
Hy‘ivivk :{Hy‘ivivk}(z.ssd) +[6(Hy'inc‘i'j_l‘k i

n-1 1 n-1 n-1
X‘inc‘i,j,kl)_%(Ey,mCL’jyk_l - Ez'inc‘i,j—l,k )] (4'38d)
correction term

n n 1 n-1
Hz|i,j,k :{th'j'k}(z,see) +[E(szi“°‘i,j—1,k +H

n-1 1 n-1
y’inc‘i,j,k—l)—}—%EXrinc‘iyj’k_]_] (438e)
correction term v

n-1 1 n-1
sine; j‘k_l)—% Ex'inc‘i,j—l,k] (4.38f)
correction term v
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Bottom right line of Region 1 (i=ip+1, ..., i1-1; j=ji; k=Kkp)

n 1 n-1 n-1 n n-1 n-1
E || j.k { || j'k}(2.52) +{6(Exvi“°‘i,j+1,k +Ex,inc‘i’j’k_l)'Fﬁ(Hy,inc‘i’j]k_l"'Hz,inc‘i’jﬂlk)} (4-393)

correction term
n n 1 n-1 n-1 n-1
Ey‘i,j,k :{Ey‘i,j,k}(z_%a) {E(EV"“C i,j+Lk +E '”CL ik 1) 2\/’ X'nc‘. ik 1} (4.390)
correction term
n n 1 n-1 n-1 n-1
EZ|i,j,k _{E2|i,j,k}(2.53b) {E(Ezyinc‘i,jﬂ,k +Ezvinc‘i,j,k 1) 2\/’ X'"CL ]+lk:| (4.3%)

correction term

n n 1 n-1 n-1 1 n-1 n-1
H || jk {HX|i,j,k}(2|530) +[6(Hxli”°‘i,j+1,k ¥ Hxvinc‘i,j,k—l)_ zﬁn(Eyni”C‘i,j,k—l+Ezvinc‘i,jﬂ,k” (4.39d)

correction term
n n _1 n-1 n-1 n-1 1
HI =lH + Z[H, . +H,; +——E, . 4.3%
i { y‘ixj'k}(2.53d) _6( el ek V"”"‘i,j,k—l) 243y X"”°“v17“_ 35
correction term
n n 1 n-1 n-1 1 1|
Hz|iyj,k _{H1|i,j,k}(253e) + E(Hzlinc‘i,jﬂ,k + Hz,inc‘iyj’kl)ﬁ' 2\/577 Ex,inc‘i’jﬂyk (4'39f)
correction term

Top left line of Region 1 (i=ig+1, ..., i1=1; j=jo; k=ky)

1 n-1 n-1 n n-1 N1
E |I ] k { |I J k}(z'sz) +{E(Ex'i”°‘i,j—1,k +Ex,inc‘i’jykﬂ)_2_\/§(Hy,inc‘iyj’k+l+Hz,inc‘i’j_llk ):| (440a‘)

correction term
n n 1 n-1 n-1 n n-1
EY‘i,j,k - {EY‘i,j,k }(2.53?1) +{E(Ey'inc‘i,j—1,k * Ey'inc‘i,j,k+1)+2_\/§ Hx'inc‘i,j,kﬂ} (4.40b)
correction term
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noo n 1 n-1 n-1 n n-1
EZ|i,j,k - {E2|i,j,k }(2.5%) {E(Ezyinc‘i,j-l,k * szinc‘i,j,k+1)+ﬁ Hxvinc‘i,j—l,k} (4.400)

correction term

n n 1 n-1 n-1 1 n-1 n-1
Hx|i,j,k - {Hx|i,j,k}(2530) +[6(Hxvi”°‘i,j—1,k ¥ HXyi“C‘i,j,k+1)+ 23 (Eyvinc‘i,j,k+l+ Ezvinc‘i,j—l,k)] (4.400)

correction term

n n 1 n-1 n-1 1 n-1
Hy‘i,j,k - {Hy‘i,j,k }(2.530') ¥ _E(Hy'inc‘i,j—l,k * Hy'inc‘i,j,kﬂ)_ 23 EXvi“C‘i,j,kﬂ_ (4.408)
correction term
n n _l n-1 n-1 1 1|
I_|Z|i,j,k - {Hz|i,j,k}(2|53e) ¥ E(szinc‘i,j—l,k * szinc‘i,j,kﬂ)_ 231 Exvinc‘i,j—l,k (4.40f)

correction term

Top right line of Region 1 (i=ip+1, ..., i,-1; j=ji; k=ky)

no_ n 1 n-1 n-1 n n-1 n-1
EX|i,j,k - {Ex|i,j,k }(2.52) +|:6(Ex'inc‘i,j+1,k + Exvinc‘i,j,kﬂ)_z_\/é( Hy,inc‘i’jykﬂ - HZ,inC‘i'j+1’k ):| (441&)

correction term
noo n 1 n-1 n-1 n n-1
Ey‘i,j,k B {Ey‘i,j,k}(ZSSa) -{E(EW”C ek T Ey'inc‘i,j,kﬂ)-}—m Hx'inc‘i,j,kﬂ} (4.410)
correction term
noo n 1 n-1 o\ n-1
EZ|i,j,k _{El|i,j,k}(2.53b) {6(Ezyi”°‘i,j+1,k * Ezvinc‘i,j,kﬂ) 23 Hxvinc‘i,j+1,k:| (4.41c)

correction term

n n 1 n-1 n-1 1 n-1 n-1
Hx|i,j,k - {HX|i,j,k}(2I530) +[6(Hxvi”°‘i,j+l,k * Hxvinc‘i,j,k+1)+ 2\/3‘)77 (nyinc‘i,j,kﬂ - Ezvinc‘i,jﬂ,k )} (4.41d)

correction term
n n 1
= +| — -
Hy‘i,j,k {Hy‘i,j,k}(md) {G(H”“C

n-1 n-1 1 n-1
i,j+Lk * Hyvinc‘i,j,kﬂ)_ 2\/§77 Exvi”‘?‘i,j,kﬂ] (4.41e)

correction term
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n n 1 n-1 n-1 1 n-1
Hz|i,j,k - {H2|i,j,k}(253e) -{E(szi”c‘i,jﬂ,k * szinc‘i,j,kﬂ)—}— 2\/§77 Exvinc‘i,jﬂ,k] (4.410)

correction term

Next, consider eight corners of the 3-D TF / SF interface. The consistency

conditions at the corners are given by

Bottom left rear corner of Region 1 (i=iy; j=jo; k =ko)

n 1 n-1 n-1 n-1 n n-1 n-1
E || J k { || J'k}(252) +|:6(Ex,inc‘i_1’j’k + Ex'inc‘i,j—l,k + Ex’inc‘i,j,k—l)-l-2_\/§(Hy’inc‘i,j,k—l_Hz’inc‘i,j—l,k) (442a)

correction term

n n 1 n-1 n-1 n-1 n-1 1\ ]
Ey‘i,j,k:{Ey‘i,j,k}(zma)+{6(Ey*i”°‘i—l,j,k+Ey'i”°‘i,j—1,k+Ey'”°‘|]k1) 2\/'(H““°L11k Hx'inc‘i,j,k—l)_ (4.42b)

correction term

1 n-1 n-1 n-1 n n-1
: || ik { || Jk}(2.53b){E(Ez’inc‘i—l,w+Ezvinc‘i,j—1,k+Ezlinc‘i,j,k—l)+m(Hx'inc‘i,j—l,k HV'”C‘.l k)}(ﬂ' 42¢)

correction term

n 1 n-1 n-1 n-1 1 n-1
H || ik { || j'k}(z.szc) +[E(Hxlinc‘i1,j,k +Hxlinc‘i,j—1,k +Hxli”°‘i,j,k1)_2_\/@7(Eyvinc‘i,j,k—l_Ez '”CLJ 1k)} (4.420)

correction term

n n 1 n-1 n-1 n-1 1 n-1
Hy‘i,j,k - {Hy‘i,j,k}(zm) ¥ E(Hy'inc‘i—l,j,k * Hy*inc‘i,j—l,k * Hy'inc‘i,j,k—l)_ 2\/5,7 (Ez'inc‘il,j,k By '”CL ik 1)} (4.42¢)

correction term
H n +—1 H n-1 H n-1 H n-1 1 E n-1 E (4 42f)
|| ok { || j'k}(Z.SSe) 6( Z’inc‘i—l,j,k + Z'inc‘i,j—l,k + Z'inc‘i,j,k—l)_z\/gn X’inc‘i,j—l,k ylnc‘I Ljk
correction term
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Bottom right rear corner of Region 1 (i =

io; J=

I k=ko)

n 1 n-1 n-1 n-1 n n-1 n-1
E || ik { || j'k}(2.52) +{6(Ex'i”°‘i—l,j,k + Ex,inc‘i’jﬂyk + Ex,inc‘i‘jyk_l)‘*'2_\/§(Hy,inc‘iyjyk_1+ Hz'inc‘i,jﬂ,k) (4.43&)
correction term
n n 1 n-1 n-1 n-1 n-1 )|
= +| = . . )
Ey‘i,j,k {Ey‘i,j,k}(zlsaa) [G(Ey*'”c‘i—l,j,k-l-Ey"nc i,j+1,k+Ey|”C‘|Jk 1) ZI(HZ'HC‘. 1jk ny'ﬂC‘i,j,k-l)_ (4.430)
correction term
1 n-1 n-1 n-1 n n-1
E || ik { || j k}(Z.SBb) {E(Ezyinc‘i-l,j,k ¥ szinc‘i,jﬂ,k ¥ szinc‘i,j,k—l)_ﬁ(Hxvinc‘i,jﬂ,k ! Hymc‘. 4] k)} (4.43¢)
correction term
H n +_l H n-1 H n-1 H n-1 1 E n-1 E (4.43d)
|I ik { |, j'k}(2.53c) E( Xvinc‘i—l,j,k + X'inc‘i,jﬂ,k + X'inc‘i,j,k—l)_ﬁ( y,inc‘iijk_1+ zmc‘I ]+1k)
correction term
H ‘n _IH ‘n +_1 H ‘n—l +H n-1 +H ‘n—l _ 1 E ‘n—l _E ‘n—l _(4 436)
Yliik 1 Vi jk (2534) _6 Yancli_g iyl g T nCl g 2\/§77 zinclig jk  %incli k- | .
correction term
H n +_1 H n-1 H n-1 H n-1 1 £ n-1 c 1 \] (4.43f)
|| jok { || j’k}(2.53e) 6( Z'inc‘i—l,j,k + Z'inc‘i,jﬂ,k + Z'inc‘i,j,k—l)-l- 2\/577 X'inc‘i,jﬂ,k + y'inc‘i—l,j,k )

Bottom left front corner of Region 1 (i =

n 1 n-1
E |I ] k { |I J,k}(zsz) +|:6(Ex,inc‘i+11ij + E

correction term

i J=Jo; k=ko)

Hzmc‘IJ 1k)‘| (4.44a)

el e[ | 4 dE
y‘i,j,k_ y‘i,j,k (253) AR

n-1 n-1 n n-1
i +E; ‘ +——=|H,; ‘
X,InC‘i’j_lyk X,InCi’j'k_l) 2\/§( y,inc i,j,k—l
correction term
n-1 n-1 n-1 n n-1
+Eyinel i |- Haind
Lk VIl jgk YN k- 2\/§ ZINCliyg, j k

-i-mec‘I k= 1)‘| (4 44b)

correction term
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oo E n-1 n-1 . n-1 n-1
EZ|i,j,k_ E, i,j,k}(zlm)Jr 6( Zvinc‘i+1,j,k+E +szinc‘i,j,k—l)+2\/§(Hxvi“°‘i,j—l,k+Hy'nc ik ﬂ (4.44¢)
correction term
n _l n-1 n-1 1
H || jk X i'j'k}(2.53c)+ E(Hx‘inc‘iﬂ,j,k + +HX'inc‘i'j'k_l)_Z_ng(Einnc‘.v.v = Ez mc‘I i 1k)] (4 44d)
correction term
H[ . ={H NE T g R P L S o
y‘i,j,k_ ik (250 E yincly i © ! y’inc‘i,j,k—l +2\/§17 Z’inc" i X"”C‘i,j,u '

correction term

n 1 n-1 n-1 n-1 1 n-1 1]
H ||Jk { || j,k}(Z.S%)Jr E(szinc‘iﬂ,j,k+szi”°‘i,j—1,k+szi”°‘i,j,k—1)_zﬁﬂ(EX'i”C‘i,j—Lk+Ey'inc i+1,j,k) (4.447)

correction term

Bottom right front corner of Region 1 (i =iy; j=Ji; k=kg)

n-1

o n 1 n-1 n-1 n-1 n
EX|i,j,k ‘{Ex|i,j,k}(252) +L;(EX 'nC‘H—l ik * EX’i”C‘i,m,k * EXviﬂc‘i,j,k-l)Jrﬁ(Hy,iﬂc‘i,j,k-l+ H, 'nCL i+ 1k” (4.452)

correction term

oo n 1 n-1 n-1 n-1 n n-1
Ey‘ivivk ) {Ey‘ivi'k }(2.53a) {E(Ey’im‘m,k ' Eyli“‘i,m,k ' Ey’im‘i,j,k—l)_2_J§(szi“°‘i+1,11k Py '"CL i 1” (4450)

correction term

n e 1 n-1 n-1 L\ (Pt
Ez|i,j,k _{Ez|i,j,k}(2‘53b) + 6(Ez lnc‘|+1lk+Ez,incL'j+1‘k +Ez,inc‘i]j’k_1) 2\/§(Hx,|nc‘i‘j+1’k Hylnc I+1jk)‘| (4 45C)
correction term
H n . _l H n-1 H n-1 H n-1 1 E n-1 E (4.450)
|I ik { |, j'k}(2.53c) 6( X'inc‘iﬂ,j,k + X'inc‘i,jﬂ,k + X!inc‘i,j,k—l)_ 2\/577 y'i"c‘i,j,k-1+ zmc‘I j+1k)
correction term
H ‘n _IH ‘n ‘ 1 H n-1 N n-1 +H ‘n—l N 1 E ‘n—l LE ‘ (4 459)
y i,j,k - y i,j,k (253d) | g y,inc i+1,j,k y,iﬂC i,j+1,k y,inc i,j,k—l 2\/577 z,inc i+1,j,k X,inc i, J k-1
correction term
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n 1 n-1 n-1 n-1 1 n-1
H |I ok { || J'k}(2538) +[6(H2,inc‘i+1’j'k + HZ,inC‘i]j+1]k + Hz’inc‘i,j,k—l)-{— 2\/577 (Ex’inc‘i,jﬂ.,k y,inc i, k)] (4 45f)
| correction term
Top left rear corner of Region 1 (i =iy; j=Jo; k=ky)
n 1 n-1 n-1 n-1 n n-1 Y
E || ik { || j'k}(2.52) +{E(Ex,inc‘i_1’j’k + Ex,inc‘i’j_lyk + Ex,inc‘iyjykﬂ)_m(Hy,inc‘i’j’kﬂ'l' Hz'inc‘i,j—l,k) (4-463-)
| correction term
n n 1 n-1 n-1 n-1 n n-1 1|
EY‘i,j,k - {EY‘i,j,k}(zlsga) {E(nyinc‘i_l,j,k * Ey'inc‘i,j—l,k ¥ nyinc‘i,j,k+1)+ﬁ(szinc‘i_l,j,k * Hxvinc‘i,j,kﬂ) (4.46D)
| correction term
1 n-1 n-1 n-1 n n-1
E |I jok { |I I k}(253b) + E(Ez,iﬂc‘i_lyj’k + z,inc‘i,j_lvk + Ez,inc‘i’j’kﬂ)-l'E(Hx,inc‘i’j_lyk Hy mc‘l 1] k):| (4 460)
correction term
H n +_l H n-1 H n-1 n-1 1 E n-1 E (4.460)
|. ik { |. j,k}(zmc) g( Xxinc‘i_l,j,k * Xvinc‘i,j—l,k * X'inc‘i,j,k+1)+ 2\/§,7 y'inc‘i,j,kﬂ 5 '”CL j 1k)
correction term
H noo H n N 1 H n-1 H n-1 H n-1 1 E n-1 E (4 466)
y‘i,j,k _{ Y‘i,j,k}(zm) E( y'inc‘i—l,j,k * y'inc‘i,j—l,k ¥ y'inc‘i,j,kﬂ)_ 2\/3'),7( Zvinc‘i-Lj,k * X'”CL s k+1)
| correction term
H n ; 1 H n-1 H n-1 H n-1 1 E n-1 £ (4.46f)
|| ik { || j’k}(2.53e) 6 Z'inc‘i—l,j,k + Z'inc‘i,j—l,k + Z’inc‘i,j,kﬂ - 2\/577 X'inc‘i,j—l,k ylnc‘I 1jk
| correction term
Top right rear corner of Region 1 (i=ig; j=Ji; k=k;)
n 1 n-1 n-1 n-1 n n-1
E || ik { || j'k}(2.52) +|:6(Exlinc‘i_1’j’k + EXvinC‘i,jﬂ,k + Exvinc‘i,j,kﬂ)_m(Hy'inc‘i,j,kﬂ Hz mc‘I j+1k):| (4 473_)

correction term
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E oo E n N 1 E n-1 £

el
n 1 n-1

E || jk { || J*k}(253b) +|:6(Ezlinc‘i_1,j,k +E

n 1 n-1
H|'Jk { |'Jvk}(z.ssc)+[6(Hx‘mC‘i1vJ7k+H

n n
Hy‘i,j,k :{Hy‘i,j,k

H|Ijk { ||nj,k

Top left front corner of Region 1 (i =

0 1 n-1
E|'Jk { |'J"k}(z.sz)J{E(E"’mc‘iﬂvivk+E

el e[ | 4 dE
y‘i,j,k_ y‘i,j,k (253) AR

E || Jk { |Inj,k

H|Ijk { ||nj,k

>(2.53d)

}(2.53e)

}(2.53b)

}(2.53c)

n-1 n n-1
+ Ey,inc‘i‘j’kﬂ)'l'm(Hz,inc‘i_lvj’k

n

+Hx|nc‘ljk 1):| (4 47b)

correction term

n-1 n-1

n
* Ezvinc‘i,j,kﬂ)_z_\/g(Hxvinc‘i,jﬂ,k

+ Hymc‘l N kﬂ (4.47c)

correction term

n-1 n-1

1
* Hxlinc‘i,j,k+1)+E(Ey*inc‘i,j,kﬂ

E ] Hk)] (4.47d)

1 n-1
+ E(Hy'inc‘i—l,j,k +H

correction term

n-1 n-1

1
+H yyinc‘i,j,kﬂ)_%(Ez*inc‘i—lyi,k

-1
gl ) (4.47¢)

i, j.k+1

1 n-1
+ E(szi”c‘i—l,j,k +H

correction term

n-1 n-1

1
+ szinc‘i,j,k+1)+ 2\/577 (Exvinc‘i,jﬂ,k tE

n-1
y,inC‘i_L j,k) (4.411)

n
* EXvi”C‘i, j,k+1) _ﬁ( H V'im‘i, kit

correction term

=Jo; k=ky)

n-1 n-1

-I-Hzmc‘IJ 1k)‘| (4 483-)

n-1

ot
i+1, ],k

correction term

n-1 n n-1
. +Eyvinc‘i,j,ku)_2_\/§(Hz'i”°‘i+l,1',k

M) e 1)1 (4.48b)

M1 n-1
¥ E(szinc‘iﬂ,j,k +E

correction term

n-1 n-1

n
+ Ezvinc‘i,j,k+1)+ﬁ(Hx'inc‘iyj—l,k +H

y,inc

" k)} (4.48c¢)

1 n-1
* E(Hxlim‘m,j,k +H

1
* HXvi”C‘i,j,k+1)+%(Eyvinc‘i,j,kﬂ

correction term

n-1 n-1

o] 1k)] (4.48d)

correction term
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n n 1 n-1 n-1 n-1 1 n-1
Hy‘i,j,k - 1Hy‘i,j,k}(2ls3d) * E(Hyv"‘c i+1, .k * Hy*inc‘i,j—l,k * Hyvinc‘i,j,k+1)+ 2\/577 (Ezvinc‘m,j,k E, '”CL i k+1)] (4.48¢)
correction term

n 1 n-1 n-1 n-1 n-1
H || ok { || ok }(2536) + 6( Hz'inc‘i"'l,j,k + HZ'inC‘iyj—l,k + szi"c‘i,j,kﬂ)_ 2\/§77 (Ex,inc‘i’j_l’k + Ey inc )] (4 48f)

i+1,j,k

correction term

Top right front corner of Region 1 (i =iy; j=Ji; k=k;)

n 1 n-1 n-1 n-1 n n-1 n-1
E |I ] k { |I J,k}(zsz) +{6(EX lnC‘H_lJ + Exlinc‘i‘j{L’k + Ex’inc‘i’j’k_ﬂ)_m(Hy,iﬂc‘i’j’k+1 HZ InC‘I ] 1k)‘| (4 49a)

correction term
n n 1 n-1 n-1 n-1 n n-1
EY‘i,j,k_{EY‘i,j,k}(zlsaa)7{6(Ey*inc ik y’inci,j+1,k+Eyvinc‘i,j,kﬂ)_m(Hzninc‘iﬂ,j,k H '”C‘. kl)} (4.49b)
correction term

n 1 n-1 n-1 n-1 n n-1
E || ik { || j’k}(2.53b) * 6(EZ '”C‘Hl ik * Ezvinc‘i,jﬂ,k * Ezvinc‘i,j,kﬂ)_ﬁ(HX’inc‘i,jﬂ,k - Hy 'nC‘Hl k):| (4.49¢)

correction term

n-1

n 1 n-1 n-1 n-1 1
H |IJk { |I j,k}(2.53c)+ E(Hx’im‘iﬂ,j,k+Hx’inc‘i,j+1,k+Hx’inc‘i,j,k+1)+zﬁn(Ey'i"C‘i,j,kﬂ E, '”CL j+1k)] (4.49d)

correction term

n n 1 n-1 n-1 n-1 n-1 n-1
H‘ :H‘ + Z(H. +H. . .|_H‘ +——I|E.. -E.. 4.49¢
O R B P I A e o L e s E S S L VR N E Z"”°‘i+1,j,k X"”C‘i,j,ku ( )
correction term

n 1 n-1 n-1 n-1 1 n-1 ]
H |I ] k { |I j,k}(zsse) + E(Hz,inc‘iﬂ]j'k + HZ,inC‘i]j+1]k + szi"c‘i,j,k+1)+ 2\/§77 (EX,inC‘i’j+1’k - Ey,inc i+1,j,k) (449f)

correction term
Consistency conditions on the TF / SF interfaces were developed as above. Each

plane outside of the TF / SF interfaces also needs to be modified by subtracting the incident
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field term positioned on the interface. The consistency conditions on outside planes of

region 1 are given by

Outside rear face of Region 1 (i=ip—1; j=jo, ..., J1; K=Ko, ..., ki)

n n 1 n-1
EX|i,j,k:{Ex|i,j,k}(zl5z) - {EEXJ“C‘M],J

[ ——
correction term

n-1 n H n-1
ik 23 Zv"‘c‘

correction term

E[ =gl - te
Vigk "\ Vik) o550 |6 0 Lk |

no (N 1 n-1 n 1|
Z|i,j,k _{Ez|i,j,k}(2.53b) - EEZ’inC‘Hl,j,k +2_\/§Hy,inc

correction term

n n 1 n-1
HX|i,j,k_{Hx|i,j,k}(2.53c) - [EHX'inC‘Hl,j,k:l

%f—/
correction term

H[' =1H[ N
Yijs | Vlik 2630) 6 N

E

i+1,j .k

n-1 1 E n-1
i+1,j,k + 2\/577 Z,inC‘i+1,j,k

correction term
n-1
i+1, ),k

H

n n 1 n-1 1
Z|i,j,k Z{H2|i,j,k}(253e) B {6 HZ,inC‘i+1,j,k a 2\/577 Eyinc

correction term

Outside front face of Region 1 (i =iy +1; j=jo, ..., J1; k=Ko, ..., k)
n n 1 n-1
EX|i,j,k:{Exh,j,k}(z_sz) - [EEXJ”CL_LJ',J
- 7

correction term
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Outside right face of Region 1 (i =iy, ..., k; j=h+1; k=ko, ..., k)
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An example of the 3-D Propagator TF / SF formulation is shown in Fig. 4.6, which
illustrates the total and scattered fields in three orthogonal view planes, x-z, x-y, and y-z
planes from the centered dielectric cube with a dielectric constant of ¢, =4. The red box
represents the each boundary between the total-field and scattered-field regions, and the
dielectric cube is inserted into the total-field region. The entire domain is taken to be
120x120x120, and the size of the TF / SF region and cube are chosen to be respectively
60x60x60 and 40x40x40 from a center point. As shown in Fig. 4.6, the simulated total
and scattered fields are respectively observed in the total-field and scattered-field zones

as expected.
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Figure 4.6: Total and scattered fields from the dielectric cube (g, =4) in (a) x-z (b) x-y,
and (c) y-z planes through the center of the box at 120 time steps.

4.5 Summary

In this this chapter each dimensional TF / SF formulation for the time-domain
Propagator method was presented. The purpose of the TF / SF implementation is to
simulate effectively the plane wave source generation, the null boundary condition, and a
wide computational dynamic range. The conventional numerical equations at the lattice
point having both the total and scattered fields have been modified by adding or

subtracting the incident field terms.
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5. NUMERICAL RESULTS*

5.1 Introduction

The complete numerical solution for the full wave time-domain Propagator method
has been derived, and numerical techniques including the extrapolation in time, the
boundary condition, the absorbing boundary condition, the numerical dispersion and
stability condition have been established. In this chapter, the validity and accuracy of the
time domain Propagator method are demonstrated by showing various numerical
examples.

In 1-D, reflection and transmission coefficients for both lossless and lossy
dielectric slabs are computed and compared with the FDTD and analytical solutions. The
1-D Propagator equation is applied to several transmission line problems. In 2-D and 3-D,
a Gaussian plane wave propagating in a free-space is first investigated. Then, diffracted
and scattered fields from several dielectric objects are simulated and investigated. To
demonstrate accuracy, far-field radar cross sections (RCS) of canonical objects using the
near-to-far-field transformation technique [3] are calculated and compared with exact
solutions and results obtained by other numerical methods.

In each case, unless it is stated, the source is a Gaussian pulse plane wave, given

by

* Reprinted with permission from “A Propagator analysis of transmission line on an
inhomogeneous substrate” by J. Shin and R. D. Nevels, 2017, Microwave and Optical Technology
Letters, vol. 59, pp. 1411-1416, Copyright 2017 by John Wiley and Sons.

* Reprinted with permission from “A time-domain Propagator numerical method for
computational electromagnetics” by J. Shin and R. D. Nevels, 2018, IEEE Journal on Multiscale
and Multiphysics Computational Techniques, vol. 3, pp. 80-87, Copyright 2018 by IEEE.
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E, - exp[—[(n—mc)/zc]z} (5.1)

where n is the time step and x=10.

5.2 One-Dimensional Examples

As the first 1-D example, a lossless dielectric slab having a width of 5 cm, a
permittivity of ¢, =4¢,, and permeability of s, = 1 is investigated. The x-polarized
electric field along with the y-directed magnetic field is excited by a Gaussian wave
propagating along positive z-axis. The numerical space contains 300 grid cells equally
divided between the three sections, the dielectric slab and the free space regions on either
side. The numerical grid size Az and time increment At =Az/c are respectively taken to
be 0.5 mm and 1.668 ps.

Fig. 5.1 illustrates a comparison of a Gaussian pulse propagated 600 and 700 time
steps with the Propagator method and the FDTD method. In the Propagator method, the
previous time fields in the dielectric slab are extrapolated and the fields at the dielectric-
free space interfaces are computed by the boundary condition equations (3.7)-(3.8). In the
FDTD case, a simple average of the dielectric constants for two different regions is applied
on the dielectric interfaces. The pulse computed with the Propagator method equations
reflected and refracted at the dielectric boundaries as expected without visible dispersion,
whereas the wave calculated with FDTD showed numerical dispersion errors. Fig. 5.2
shows a comparison of reflection coefficients obtained with the Propagator method, the

FDTD method and the exact solution. The reflection coefficients are acquired by Fourier
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transformation during a single 2,000 time step run of the propagator code. As shown in
Fig. 5.2 and Table 5.1, when compared with the exact solution, the Propagator method
reflection coefficients have an accuracy of up to five decimal places. Moreover, in the
higher frequency range, the Propagator method results are more accurate than the FDTD,
specifically by 2.16 % at 14 GHz and 3.7 % at 17 GHz. With respect to a computation
time, the Propagator method takes about 20 % more time, than the FDTD does because of
additional terms in (2.40) and extrapolating terms (3.2) that are stored in the memory.
However, the Propagator method provides very accurate results due to its unique grid

meshing and the field coincidence in time and space.

Ex field : 600 Time Steps Ex field : 700 Time Steps
0.8 I :—Prépagator : ‘ _ !—Propagator:
_ [ FDTD I 0.4 &7 & 1= FDTD |
[3 ! "e=¢ 3 = ! !
506 &= & : &=4g, : ”1_‘: S 03¢ Fi=Ho N T &= &
< 1 1 M= Hy = ! — ! =
§ 0.4 = My : Ha= Hy : § 0.2 ; Ha= Mo ! Hi=Ho
= 1 1 - I I
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Figure 5.1: Comparison of total electric field response between the Propagator and FDTD
at (a) 600 time steps and (b) 700 time steps.
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Figure 5.2: Comparison of reflection coefficients for the lossless dielectric slab (&, =4)
with the Propagator method, FDTD, and exact solution.

Reflection coefficients Computation
At 14 GHz | At 17 GHz Time [s]
Theoretical 0.539602 0.541019
Propagator 0.539594 0.541013 1.0127
FDTD 0.551273 0.561073 0.8441

Table 5.1: Comparison of reflection coefficients and computation time with the Propagator
method, FDTD, and exact solution.

Fig. 5.3 illustrates a comparison between the Propagator method and the exact
reflection coefficient for plane wave incidence on a lossy dielectric slab having a
conductivity of =0.1S/m, a dielectric constant of &, =4 (real part) and the same width
employed in the previous example. Here the numerical grid size and numerical time
increment are respectively chosen to be Az = 0.25 mm and At = 0.834 ps. The results are
obtained by the 1-D lossy Propagator method equations [20]. As shown in Fig. 5.3, good
agreement with the exact results for a broad frequency range is observed.
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Figure 5.3: Comparison of reflection coefficients for the lossy dielectric slab (&, =4 and
o =0.1S/m) with the Propagator method and exact solution.
The 1-D Propagator equation can be extended to various transmission line
problems. As the first example, we investigate a behavior of a pulse excited on a
transmission line with multiple dielectric substrates. Fig. 5.4(a) shows a transmission line

configuration with two lossless sections, one having Teflon substrate with permittivity of

& =2.1g, and permeability of 4 = 14, and the other having RT/duroid substrate with
permittivity of &, =3.48¢, and permeability of s, = 1. The distributed inductance is
taken to be L=0.167 xuH/m in two sections and the capacitance is chosen to be

C=0.14 nF/m in the first section and C =0.232 nF/m in the second section. Figs. 5.4(b)
and (c) show the rectangular and Gaussian pulses with an initial amplitude of 1 V, having
propagated after 150 and 488 time steps. Rectangular and Gaussian pulses were chosen in
order to determine the effectiveness of the Propagator method at two extremes in signal

input, discontinuous and slowly varying. The total length of the transmission line is 10 cm
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with 400 grid cells equally divided between the two substrates. The numerical grid size is
therefore Az =0.025 cm and the numerical time increment At is 0.834 ps.

In the first substrate, the dielectric constant is &1 = 2.1, so in one numerical time

step At the pulse propagates the physical spatial increment Al; = Az / \/; =0.69Az . When
the leading edge of the incident pulse intersects the material interface at z=200Az, it
experiences partial reflection and transmission into the second medium where &, =3.48.
The reflection coefficient I'=0.126 is calculated numerically by taking the ratio of the

peak values of the reflected and incident pulses. The transmitted pulse propagates with a

different velocity so the physical distance traveled in this medium in one numerical time
step is Al, =Az/ &, =0.536Az . The transmission coefficient T=0.874 is obtained by

taking the ratio of the transmitted and incident pulse amplitudes. The computed reflection
and transmission coefficients are accurate up to four decimal places when compared with
the exact results although not shown here.

Also, as shown in Fig. 5.4(b), the sharp discontinuities in the leading and trailing
edges of the rectangular pulse created in Teflon substrate region experience Gibbs
phenomenon when encountering the dielectric discontinuity at the boundary with
RT/duroid substrate, as expected to occur in actual practice. Both the rectangular pulse
and the Gaussian pulse diffract, reflect, and propagate through the 400 cell numerical
distance on the transmission line with two dielectric material substrates without

distinguishable numerical dispersion.
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Figure 5.4: (a) Configuration with two sections of transmission line with different
dielectric substrates, g1 =2.1 and &, =3.48, and time history of (b) rectangular pulse
and (c) Gaussian pulse.
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Another example is a transmission line with three sections, a Gallium nitride (GaN)
substrate with a dielectric constant of &, =8.9 and relative permeability of s, =1 is
sandwiched between two silicon dioxide (SiO2) substrates with dielectric constant of
&1 =3.9 and relative permeability of -, =1. All three sections have an equal distributed
inductance L =0.167 x#H/m, and a center section with a capacitance C =0.593 nF/m is

sandwiched between two end sections with C =0.26 nF/m . Here the center section is
assumed to be a lossy transmission line with a distributed resistance R and the two end
sections are lossless. As in the first example, the spatial and time increments are
respectively 0.025 cm and 0.834 ps. The total transmission line is numerically discretized
with 600 grid points and its length is 15 cm equally divided into three sections. Figs. 5.5(b)
and (c) show comparisons of the analytical and propagator numerical reflection and
transmission coefficients versus frequency for a low-loss, R=0.1Q/m, and a high-loss,
R=100 &Y/m , center section. The broad band frequency domain reflection and
transmission coefficient results are obtained by Fourier transformation of the voltage
during a single time domain run of the propagator code with a Gaussian excitation function.
As expected, the maximum reflection coefficient I'=0.39 and minimum transmission
coefficient T=0.92 for a low-loss line occur in odd multiples of a quarter wavelength
width of the GaN substrate section. Zero reflection and maximum transmission T =1
occur when the width of the GaN section is a multiple of a half wavelength. The
Propagator method and exact results for both low-loss and high-loss cases shown in Figs.

5.5(b) and (c) give excellent agreement over the frequency range 0-15 GHz.
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Figure 5.5: (a) Configuration with three sections of transmission line, and comparison
between analytical and Propagator method (b) reflection coefficients and (c) transmission
coefficients versus frequency when R=0.1 Q/m and R=100 Q/m.
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5.3 Two-Dimensional Examples

Recall that the 2-D numerical expression for the time-domain Propagator method
cannot be an exact expression, therefore it is expected to have a small numerical dispersion
error. In the following, we first generate a plane wave source and observe the manner |
which propagates in free space. Then we insert several dielectric objects into a numerical
space and investigate how the incident plane wave diffracts and scatters from the objects.

Fig. 5.6 illustrates propagation of the Gaussian plane wave excited by (5.1) with
k=15, which is chosen to minimize numerical dispersion error. Fig. 5.6(a) is the
generated Gaussian pulse plane wave in 2-D numerical space and Fig. 5.6(b) is the time
history of the propagating plane wave in x-directed cut. As shown in Fig. 5.6(b), the

generated Gaussian plane wave propagates as expected without visible numerical

dispersion.
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Figure 5.6: (a) Excited Gaussian pulse plane wave and (b) time history of a traveling plane
wave in free space in a 1-D x-directed cut at 80, 130, and 180 time steps.
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We have simulated the plane wave pulse propagation in free space. We next insert
several different dielectric objects into a numerical space for the 2-D TM; mode. As the
first example, a dielectric rectangular cylinder having a dielectric constant of &, =4 and
a relative permeability of s =1 is positioned at the center. Fig. 5.7 illustrates the excited

Gaussian plane wave along with the rectangular cylinder and the simulation of the total,
incident, and scattered electric field interacting with it at n=120 time steps. The entire
numerical region and the cylinder are respectively discretized with 100x100 and 40x40
in x- and y-axis. The electric and magnetic fields in the dielectric region are extrapolated
by (3.2) and the average dielectric constant of the two materials is used on the interfaces.
As shown in Fig. 5.7, when the plane wave pulse interacts the cylinder, a portion of it

travels through it, some go around, and some of it scatters from the cylinder as expected.
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Figure 5.7: (a) Generated Gaussian plane wave with the centered rectangular dielectric
cylinder (g =4) in a numerical region and (b) the total, incident, and scattered electric
field at 120 time steps.

113



The computed total electric field is then compared with the result acquired by
FDTD. A comparison between the Propagator method and FDTD method total electric
fields in terms of time steps is illustrated in Fig. 5.8. The numerical time step in both cases
is taken to be At=A/(~/2c) and the fields are collected in front of the object along the

center axis. Good agreement is observed as shown in Fig. 5.8.
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Figure 5.8: Comparison of time history of total electric field by the rectangular dielectric
cylinder (& =4) between the Propagator method and FDTD results.

The next example is a circular dielectric cylinder, which has a dielectric constant
of & =4 and a curved material boundary. To simulate the plane wave pulse interacting
with the dielectric circular cylinder, a simple in-or-out approach is used to determine the
material property. Each cell is ‘in’ a dielectric region if the distance from the dielectric to
the center of the cell is less than a cell radius, or ‘out’ if it is larger than a cell radius. The
numerical space is discretized with 100x100 cells and the cylinder radius r is 15 grid cells.

As shown in Fig. 5.9, the plane wave diffracts and scatters from the cylinder as expected.
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Figure 5.9: (a) Generated Gaussian plane wave with the centered circular dielectric
cylinder (& =4) in a numerical region and (b) the interacted total electric field from the
cylinder at 120 time steps.

In the following, we compute the normalized bistatic RCS in terms of observation
angle ¢ for several 2-D dielectric objects. The total-field / scattered-field formulation
discussed in chapter 4 is implemented in the Propagator method code and the far-field
RCS is obtained by the near-to-far-field transformation [3].

Consider first a square dielectric cylinder having a dielectric constant of &, =4
and a side length a=4,/~. Fig. 5.10 shows a computed RCS between the Propagator
method and FDTD method for a plane wave scattered from a square cylinder. The source

is a Gaussian plane wave, TM to z and propagating in the x-direction. The numerical

spatial increment is chosen to be Ax=Ay=1.06 cm and numerical time step is taken to be

At=A/(v2c) and At=A/(2c) respectively for the Propagator method and FDTD

method. The total numerical space and the cylinder are respectively discretized with

150x150 and 30x30 cells. The numerical space is truncated by the UPML [3] for the
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FDTD and the null boundary condition for the Propagator method. For computation of the
fields on the interfaces, a simple average dielectric constant of two regions was used in
both the FDTD and Propagator method codes. In the Propagator method, when computing
the current time fields, the previous time fields positioned in the dielectric area including
the interfaces are extrapolated by (3.2) with ¢ =4. As shown in Fig. 5.10, the proposed
Propagator method algorithm and FDTD are in very good agreement. Regarding the
computation time it was 2.574 s for the Propagator method and 2.528 s for FDTD in 800
time step run. In many situations, a drawback of the Propagator method is that, due to
additional terms in the numerical expression and the field extrapolation procedure in the
dielectric material, up to 10 % more computation time is required than with the FDTD.
However, as mentioned earlier, the Propagator method fields at each grid point can be
directly meshed with other equations of science, thus avoiding errors and additional

computation caused by averaging the fields in space and time, as does the FDTD.
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Figure 5.10: Normalized bistatic RCS of a rectangular dielectric cylinder (& =4,
a= /Ay / x): comparison of the 2-D TM; Propagator method solution with the FDTD results.
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In this example, we compute the normalized far-field RCS of the square dielectric

cylinder with a dielectric constant of & =4 and a side length a=0.24, for the transverse
to z electric (TE;) case, where the vector field components are H,, E,, and E,. A

comparison of computed RCS for the square cylinder between the Propagator method and
MoM results [42] is shown in Fig. 5.11. Each component of the fields is computed by the
2-D TE; Propagator equations (2.55). The numerical space and the cylinder are
respectively discretized with 200x200 and 40x40 cells. The computed Propagator
method RCS gives excellent agreement with the MoM results as shown in Fig. 5.11. We
note that, unlike the TM case, for the previous time fields on the interfaces, extrapolating
with an average dielectric constant of two mediums gives better results. Based upon our
numerous simulations, in the case where the electric field normal to the boundary exists,
the previous time field located on the interface would need to be extrapolated with an

average dielectric constant of two dielectric materials.
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Figure 5.11: Normalized bistatic RCS of a rectangular dielectric cylinder (& =4,
a=0.24) : comparison of the 2-D TE; Propagator method solution with the MoM results.

Next, we present second example comparing the Propagator method and MoM,
the computation of RCS of a thin dielectric slab. Fig. 5.12 shows the comparison of the

normalized bistatic RCS between the Propagator method and Richmond’s MoM results
[43] for the thin dielectric slab having a dielectric constant of & =4, a thickness of
T=0.054y, and a width of W=2.54,. The grid size of a numerical space is taken to be
Ax =Ay =1.25 cm and the dielectric slab is discretized with 200x4 grid cells in x-, and
y-direction. As seen in Fig. 5.12, there is very good agreement between the two methods

even at 0° edge on incidence.
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Figure 5.12: Normalized bistatic RCS of a dielectric slab (g =4) with a finite thickness

and width at (a) normal and (b) grazing incidence: comparison between the 2-D TM;
Propagator method and Richmond’s results.
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We next investigate the case where there is curvature in a material boundary. Fig.
5.13 shows a comparison between the Propagator method and exact analytical RCS results

for a dielectric circular cylinder having a dielectric constant & =2 and a radius r =0.14,

modeled with 30 grid points. Our conformal technique presented in section 3.3 is
embedded in the Propagator code to compute the previous time field at grid points on the
intersection between the two regions. As shown in Fig. 5.13, the Propagator method RCS
is in excellent agreement with the analytical solution. The accuracy of the Propagator
method is attributed to the fact that each grid point is the center of a cell and is shared by
an additional four neighboring cells in 2-D and an additional six in 3-D. Each cell will
intersect the grid point from a different direction and, when the grid point is near the
boundary, will contain a different portion of the cylinder, thus providing an average shape

and position of the local cylinder boundary.
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Figure 5.13: Normalized bistatic RCS of a rectangular circular cylinder (& =2, r=0.14y):
comparison of the 2-D TM; Propagator solution with the exact solution.
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5.4 Three-Dimensional Examples

Based upon the numerical dispersion analysis, the 3-D Propagator method
numerical expressions (2.52)-(2.53) are subject to have numerical errors. We first observe
propagation of a Gaussian pulse plane wave excited by (5.1) using the 3-D Propagator
equations (2.52)-(2.53). In (5.1), the value x is chosen to be x=15 to minimize
numerical dispersion. We simulate the incident pulse in free space with an x-polarized
electric field and a y-directed magnetic field, yielding travel in the positive z-direction.
Fig. 5.14 exhibits the time history of a propagating plane wave in a z-directed cut.
Referring to Fig. 5.14(b), the incident field amplitude at 160 time steps is slightly
decreased by 0.89 % due to numerical dispersion, and the pulse requires 30 time
increments, from n=130 to 160 time steps, to propagate 17 grid cells in z-direction, from

z=41A to 58A, which shows that the velocity in 3-D free space is v, = (17A/30At) = ¢

with the 3-D numerical time step Aty =A/(+/3c).
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Figure 5.14: Time history of a Gaussian plane wave traveling to z-axis in free space by the
3-D Propagator method.
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Next we insert a dielectric cube to investigate how the pulse interacts with the
object. The dielectric cube having a dielectric constant of & =4 and a relative
permeability of x4 =1 is positioned at the center of a numerical space 60x60x60 grid
points, and it is discretized with 20x20x20 grid points. Fig. 5.15 illustrates the scattered

E, field, total minus incident field, from the cube in x-z, y-z, and x-y plane views through

the center.
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Figure 5.15: The electric field scattered from a centered dielectric cube (&, =4) in (a) the
x-z, (b) y-z, and (c) x-y planes through the center of the box.
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Fig. 5.16 shows the normalized bistatic x-z plane RCS in x-z plane and y-z plane
of a 3-D dielectric cube with a dielectric constant of &, =4, at the frequency where each

side has a length a=0.34,. The Propagator method results are compared with those

acquired by the MoM [44] and hybrid FEM-MoM [44]. An incident Gaussian pulse plane
wave is traveling in z-direction and is x-polarized, with a y-directed magnetic field. The

numerical spatial increment and time step are respectively taken to be
AX=Ay=Az=0.5cm and At:A/(\/§c) . The numerical space and cube are discretized

with 150x150x150 and 60x60x60 grid cells, respectively. Good agreement between the
three set of results is observed in Fig. 5.16, although as expected MoM provides greater
accuracy in the deep null. It was found that the 3-D structure requires a finer grid

discretization than the 2-D case.

5.5 Summary

In this chapter, numerical examples were presented in 1-D, 2-D, and 3-D and the
validity and accuracy of the time-domain Propagator method was demonstrated. In 1-D,
both lossless and lossy cases were considered, and the computed reflection and
transmission coefficients showed excellent agreement with the exact results. In the 2-D
and 3-D cases, it was showed that the computed RCS of dielectric objects having both flat
and curved boundaries via the proposed algorithm were in good agreement with the
theoretical results and other numerical methods including the FDTD, MoM, and hybrid

FEM-MoM.
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Figure 5.16: Normalized bistatic RCS of a dielectric cube (& =4, a=0.34;) in (a) x-z

plane (¢=0°) and (b) y-z plane (¢=90°): comparison of the 3-D Propagator solution
with the hybrid FEM-MoM and MoM results.
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6. CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusions

We proposed the complete full-wave time-domain Propagator method numerical
algorithm for electromagnetic fields. The Propagator method is a numerical evaluation of
an exact solution to Maxwell’s equations in a homogeneous region. The derivation of the
compact integral form of propagator and Green’s functions in all dimensions has been
reviewed. Based on the derived analytical form of the Green’s function propagator,
numerical equations in 1-D, 2-D, and 3-D have been obtained by numerically evaluating
the volume integral containing the Green’s function propagator and initial field product.
It has been shown that the 1-D solution is both an exact analytical and numerical solution.
The 2-D and 3-D propagator solutions have been numerically approximated by evaluation
of surface integrations and partial derivatives over the causal boundary, respectively a
circle and a sphere. The ideal 2-D and 3-D numerical expressions have been found by an
analysis of the numerical dispersion relations and stability conditions.

A primary advantage of the Propagator method is that all electromagnetic field
components are computed at each numerical grid point and at the same numerical time.
Due to the spatiotemporal coincidence of the field, the 1-D boundary equations were
derived and a simple and effective first-order ABC, described as the null boundary
condition, was obtained. A conformal boundary condition that takes into account the ratio
of areas in 2-D or volumes in 3-D occupied by different dielectric regions have been

applied to the proposed method. It has also been shown that the numerical spatial and time
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increments can be maintained throughout an inhomogeneous space lattice by applying
Newton’s third-order backward difference interpolation in time with three consecutive
time intervals. This extrapolation technique can be simply extended to higher relative
permittivity by moving the time intervals farther back in time.

Numerical dispersion relations have been derived, and it was shown that in free
space the 1-D numerical equation has no dispersion, whereas the 2-D and 3-D equations
have small dispersion errors, which can be minimized by use of finer sampling. Based on
the numerical dispersion relations, stability conditions were investigated and consequently
provided additional coefficients in the 2-D and 3-D numerical expressions.

The total-field/scattered-field technique was formulated and incorporated into the
Propagator method grid mesh. The advantages of implementing the TFSF formulation are:
a robust plane wave source excitation, a null ABC, a wide computational range, and a
significant reduction in the number of computations.

Numerical examples have been presented that demonstrate the validity of the
proposed Propagator numerical method. It was shown that the 1-D examples provide
excellent agreement with exact solutions, up to three to four decimal points, for both
lossless and lossy structures. In the 2-D and 3-D cases, electromagnetic wave propagation
and scattering from canonical dielectric objects has been investigated. Accuracy was
demonstrated by comparing the Propagator method RCS of several dielectric objects,
including both flat and curved boundaries, with exact solutions and the results computed

by other numerical methods. It is expected that the proposed method can be used to solve
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any electromagnetic problem that can be solved by the other standard numerical

techniques such as MoM, FDTD and FEM.

6.2 Recommendations for future research

Although we have developed Propagator method numerical expressions and
related methods necessary for its numerical implementation in all three dimensions, many
issues still remain. First, the boundary condition for dielectric and perfect electric
conductor, which has been implemented in 1-D, to 2-D and 3-D cases must be extended.
The conformal boundary conditions presented here enabled us to compute the
electromagnetic fields in inhomogeneous dielectric regions, however special techniques
or the development of tangential and normal boundary conditions in 2-D and 3-D cases
are required to handle interfaces and edges of PEC surfaces.

In 2-D and 3-D, we have simulated electromagnetic propagation in free space and
in a simple dielectric media. However, there are many cases that have a loss term specified
by the conductivity. In a lossy dielectric media, although the 1-D Propagator equations
have been derived and verified in [20], due to the complications in the evolution operator
matrix, 2-D and 3-D numerical equations have not yet been developed. Therefore the
operator matrix and Green’s function propagator adding a loss term into Maxwell’s
equations must be solved.

An effective and viable time-domain numerical method should have the capability
to analyze wave propagation in a dispersive material. Generally, frequency-domain

methods are better suited to handle frequency dependent material than are time-domain
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methods. However, in order to display the time evolution of wave propagation, frequency-
domain codes must be run many times in order to cover the frequency spectrum of an input
signal. The FDTD method has been applied to dispersive media with a piecewise recursive
convolution method developed by Lubbers et.al. [45], [46]. Debye, Lorentz and Drude
dispersive media models with the recursive linear interpolation must be incorporated in
the Propagator method. This will include mathematical development as well as numerical
implementation.

It is also suggested that applications where Schrddinger’s equation for quantum
mechanics and bio-heat equation for biological applications involve the electromagnetic
field should be investigated. The Propagator method mesh having all fields at each grid
point and coincident in time is well suited for combining with those equations along with
mathematical models. These multi-disciplinary applications could include the interaction
of a quantum dot and the plasmonic dipole antenna with Schrédinger’s equation [47]-[51]
or designing of a microwave heart catheter for ventricular ablation applications adding the

bioheat equation [6], [52], [53].
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