ON CONSISTENT KALUZA-KLEIN-PAULI REDUCTIONS

A Dissertation
by
ARASH AZIZI

Submitted to the Office of Graduate and Professional Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Chair of Committee,  Christopher N. Pope
Committee Members, Ergin Sezgin
Teruki Kamon
Stephen A. Fulling
Head of Department,  Grigory Rogachev

August 2018

Major Subject: Physics

Copyright 2018 Arash Azizi



ABSTRACT

Kaluza-Klein dimensional reduction is an indispensable ingredient of the theoretical physics,
since, M-theory and superstring theories are consistent in eleven and ten dimensions and thus, to
make a connection to our four-dimensional space-time physics, it is crucial to use this mechanism.
Dimensional reduction on a general coset space such as a sphere, introduced by Pauli, is more sub-
tle that that of a group manifold reduction, introduced by DeWitt, including the circle reduction of
Kaluza and Klein. While there is a group-theoretic argument for the consistency of the latter, there
is no such an argument for the former, hence, besides the exceptional cases, all Pauli reductions
may be inconsistent.

We study an uplift ansatz for two specific truncations of gauged STU supergravity. This theory
itself is an important truncation of the renowned N = 8, gauged SO(8) supergravity in four
dimensions. We consider two truncations of the former theory, named as 3+ 1 and 2+ 2, due to the
way of truncations of their gauge fields. We find the uplift ansétze for the metric and the four-form
field strength in these cases.

We consider two theories and explore the possibility of their consistent Pauli S? reductions.
First, minimal supergravity in five dimensions, and second, the Salam-Sezgin theory. We use the
Hopf reduction technique in both cases, and by that, we show while it is not possible to perform
a consistent reduction of the former, there is a consistent Pauli reduction of the latter, and by this
construction, we can recover the result of Gibbons-Pope in 2003. In other words, we can provide
a group theoretical argument for their work. To make the latter case happen, we find a new higher

dimensional origin for the Salam-Sezgin theory, at least in the bosonic sector.
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1. INTRODUCTION

1.1 Historical remarks

One of the most important and deepest unanswered questions in the history of science is finding
a unique scheme where all forces of nature can be combined to the elegant theory with a beautiful
underlying mathematical structure. The quest for such a “Final Theory” has been initiated mostly
by Albert Einstein, especially when he eventually obtained the final form of general relativity in
November 1915. Right after that, he started a long journey of investigation to find a unification
of the gravity in form of his general relativity and Maxwell’s electromagnetism, the only known
forces at that time. The exploration for such a theory has not been successful during his life time.
However, several brilliant ideas emerged either by himself or by other physicists.

One of the most striking ideas aiming a unification of all forces introduced by Nordstrém [1]
in 1914, even one year before the completion of general relativity, known as the dimensional
reduction. However this work had been ignored by community for long time. Five years later,
Theodor Kaluza, inspired by a work of Hermann Weyl in 1918, found the same scheme. The
main idea of the dimensional reduction is as follows. Considering pure gravity in five space-time
dimensions and assuming the fifth dimension is compactified on a small circle, one can obtain
gravity and electromagnetism along with a scalar field and an infinite tower of massive fields in
four dimensions. A natural unification of gravity and electromagnetism has been achieved! Kaluza
sent the draft of his paper to Einstein, and while Einstein found out his theory “startling”, he did
not submit the paper to the Prussian Academy for two years [2].

Nordstrom had developed his own version of gravity, know as scalar gravity, and hence, his
dimensional reduction is different with that of Kaluza. He wrote the higher dimensional Maxwell
vector potential as a combination of the four dimensional vector potential, corresponding to elec-
tromagnetic vector potential, and a scalar field describes his scalar gravity. It is remarkable that

he introduced exactly the same ansatz as it is written today for a vector field. Therefore, his



five-dimensional Lagrangian is a pure Maxwell one and after dimensional reduction he obtained
four-dimensional Maxwell electromagnetism and a kinetic scalar term for “gravity”.

Kaluza in his published work [3] in 1921, like Nordstrom assumed ““cylinder condition™ , mean-
ing that all fields of the four-dimensional theory are independent of the fifth dimension [2]. In other
words, he implicitly discarded an infinite tower of massive fields. The crucial issue of the consis-
tency then shall be arisen here, i.e. whether a truncation of massive fields is consistent or not. As
we will see later, in the special case of the circle reduction, the case where they studied, this con-
sistency is guaranteed by a simple group-theoretical argument, however, for most of “non-trivial”
dimensional reductions, such a simple test does not exist. Moreover, Kaluza considered just the
linearized level of equations of motion, therefore all of the complications may arise as a result of
considering the highly non-linear nature of the Einstein equations, shall not be addressed by this
consideration.

Klein in 1926 [4] improved the program by considering the full non-linear theory, and by the as-
sumption of the cylinder condition, he could find out pure Einstein gravity in five dimensions gives
rise to Einstein gravity, Maxwell electromagnetism and a scalar in four dimensions. Of course,
the latter field is not a desirable choice for him since there was no known scalar field at that time.
Therefore, he assumed the gs5 component of the metric which is proportional to the scalar field, is
constant, and hence the scalar field can be discarded. If just the Lagrangian would be considered,
there is no inconsistency in discarding the scalar field has been arisen. However, the modern crite-
rion for the consistency of the reduction ansatz, pioneered by the work of Duff, Nilsson, Pope and
Warner in 1984 [5], is based on the equations of motion rather than the Lagrangian.

A consistent dimensional reduction is defined as follows. An initial (D+n)-dimensional theory
can be compactified on a compact n-dimensional internal manifold. One can find a Fourier expan-
sion of the D-dimensional theory in terms of the internal manifold harmonics, however, retaining
all of an infinite tower of fields is not essentially interested. Henceforth, one needs to truncate
an infinite number of fields and retain just finite number of them, named ansatz. Especially, one

needs to keep the bosonic fields which express the isometry group of the internal manifold. The



criterion for the consistency of an ansatz is as follows. Upon inserting the ansatz in the higher
dimensional equations of motion, due to the conspiracies between several fields, the ones depend
upon the internal manifold cancel out of the equations and the remaining equations shall be those
of the D-dimensional space-time. Specifically, the retaining fields should not be the sources for
discarding ones. In that sense, discarding the scalar field, as Klein considered, is not consistent,
since vanishing Rss5 in five dimensions implies the Maxwell field strength is a source term for the
scalar field and discarding the latter should be accompanied by discarding the former, i.e. no more
unification shall be achieved.

Now, the question is, finding a general mechanism to construct the consistent reductions. This
is, in general, a very non-trivial question. In fact, besides reductions which their consistency is
guaranteed by a group-theoretic argument, there is no known litmus test to check the consistency
of a reduction. The only way is calculating the higher dimensional equations of motion as we have

just emphasized.
1.2 DeWitt and Pauli reductions

One may classify general dimensional reductions in two categories of DeWitt ( group manifold)
and Pauli (coset) reductions. The former was studied first by Bryce DeWitt in 1963 [6] and then
named DeWitt reduction in [7]. The internal space in this case is a group manifold. Then one can
construct fields which are invariant under the left (or right) action of the group. In other words,
one can easily show U ! dU, where U is an element of the group manifold, is invariant under the
transformation U — GU, where G is a global rigid element of the group. Therefore, U ' dU is
invariant under the left action of the group, or the latter is a singlet under the left action of the
group Gz. Then if one writes U~ dU = o, T“, where T are the generators of the algebra, hence
o, may be labeled as left-invariant one-forms. Similarly, dU U ~! is invariant under the right action
of the group, i.e. U — UG, and it is a singlet under G

Having said the above, let us consider the group manifold reduction. Assume an ansatz is
written in terms of the left-invariant fields (or equivalently the right-invariant ones). In other words,

one may retain the singlets under the left action of the isometry group, GG;, and discard all other



fields. Then, one can divide all higher dimensional equations of motion, which are written in terms
of the lower dimensional fields, into two parts: a part includes all terms which are singlets of the
group GG, and the other part involves non-singlet ones. Since the product of all singlets is again
a singlet of the group, by truncating all non-singlet fields to zero, all equations of the latter part
actually are trivially satisfied. There is no danger for surviving fields (i.e. singlets under G )
to be sources for vanishing ones (i.e. non-singlets under (G;). This is why the consistency of a
reduction on a group manifold G is guaranteed by a group-theoretic argument. Note that since a
circle S' or more general a torus 7™ are both group manifolds ( U (1) and U (1)" respectively), then
the consistency of Kaluza and Klein original example of a circle S*, or a torus 7" reductions are
guaranteed by a group-theoretic argument.

The first coset reduction was investigated by Wolfgang Pauli in an unpublished work in 1953
[2]. He unsuccessfully, attempted to find an S? reduction of pure Einstein gravity in six dimensions,
while keeping the non-Abelian SO(3) Yang-Mills fields. It is clear now, to obtain a consistent 52
reduction of six-dimensional theory, one needs to start from a supergravity theory, instead of a pure
gravity which Pauli considered. The coset reduction was named Pauli reduction in [7].

In contrast to the DeWitt case, there is no group-theoretical argument applicable to the Pauli
reduction. As a matter of fact, almost all Pauli reductions are inconsistent, however there are ex-
ceptional cases where the Pauli reductions are consistent. Hence, the important question becomes
finding a deeper understanding of why such “miraculous” reductions exist. The main examples
of consistent Pauli reductions include of the renowned S7 reduction of eleven-dimensional super-
gravity of deWit and Nicolai [11] and later [12], S* reduction of eleven-dimensional supergrav-
ity [13], [14] and [15], the Pauli consistent reduction of type IIB supergravity on S° in [16], and
the Pauli reduction of the bosonic string on a group manifold GG where the the full isometry group
of G x (G is retained in [17].

One may ask since a DeWitt reduction can be constructed in an algorithmic method, why
one has to consider the Pauli reductions. First of all, since the isometry group of the bosonic

gauge fields of the lower-dimensional theory is the same as that of the internal manifold, hence to



obtain a specific isometry group, a Pauli reduction needs a higher dimensional theory with smaller
dimensions in compare with a DeWitt one. In other words, assuming the lower d-dimensional
theory has a gauge group of G, in the higher D-dimensional theory, D = d 4+ dim G — dim H in
the Pauli reduction on the coset GG/ H, whereas D = d + dim G in the DeWitt reduction on the
group manifold GG. Hence this is somewhat more “economical” way of obtaining the Yang-Mills
in the lower-dimensional theory. Secondly, the mere existence of these reductions motivates us to
investigate their underlying mathematical structure and it may lead us to new aspects, such as the

generalized geometry, which will be addressed briefly later.
1.3 Three revivals of the dimensional reduction

The dimensional reduction had not played a central role in the theoretical physics after its
birth in 1910s until 1970s. However, it has been revived in 1970’s and 1980’s because of the
constructions of supergravities in dimensions higher than four and especially the fact that su-
perstring theories are consistent in ten space-time dimensions. Then to connect these theories
to our four-dimensional space-time, the dimensional reduction is the best tool and technique.
Therefore, in early 1980s, this subject was extensively studied and interesting results were ob-
tained [5, 11, 18-22]. This is the first revival of the program.

The second revival of the dimensional reduction started in late 1997 when Juan Maldacena
made a conjecture about a correspondence between a gravity theory in an anti-de Sitter space and
a conformal field theory on its boundary [23-25]. The prominent example of this correspondence
is type IIB superstring theory on AdS5 x S® and N = 4 super Yang-Mills on its four dimensional
boundary. Motivated by this example, there was a notable amount of researches conducted to
understand the non-linear structure of a reduction of a higher dimensional theory on a general coset
space like sphere [27-30]. For instance, the Pauli S* reduction of eleven-dimensional supergravity
was constructed in [13, 14].

The third revival of this program has been started in past few years. There has been an intense
research program known as generalized geometry, where it aims to understand the different dual-

ities of string theory better. This aim can be achieved by assuming the internal manifold has the



same dimensions as number of the adjoint representation of the underlying symmetry group of the
theory. Furthermore, by imposing the section constraint on the theory, it makes the hidden sym-
metries of a theory manifest. Within this framework, there is a generalized Scherk-Schwarz [19]
mechanism, where it is possible to have a systematic way of construction of the Kaluza-Klein
ansatz. [31,32] However, there are two issues related to this program. Firstly, the ansatz it is found
by this method is not very practical and one needs to find out a more feasible ansatz, and more
importantly, it is not obvious how to incorporate the fermions in this program. Therefore, with-
out inclusion of the fermions, the Kaluza-Klein ansatz will not address the crucial concept of the
supersymmetry. There are several examples of consistent Kaluza-Klein construction of a bosonic
sector of a theory, however, the construction becomes inconsistent after inclusion of the fermions.
In fact, in our alternative M-theory origin of the Salam-Sezgin theory which will be addressed
shortly, one observes that while it is somewhat an easy task to construct the bosonic truncations, it

is very difficult to find a consistent truncations of the fermionic fields.
1.4 Dissertation outline

This dissertation organizes as follows. In chapter 2, we review the Kaluza-Klein theory by a
toy example of the Klein-Gordon scalar field. Also, a circle reduction shall be addressed in this
chapter. The bosonic Lagrangian and equations of motion will be discussed and it will be shown
that discarding the dilaton field results from the circle reduction is inconsistent with retaining the
Maxwell field.

In chapter 3, we will find the embedding of two specific truncations of the STU supergravity in
eleven dimensions. The latter theory is a maximal Abelian (i.e. U(1)%) sub-group of the renowned
four-dimensional N = 8, SO(8) gauge supergravity, and has an essential role in study of black
holes in four dimensions. We will study two different truncations of this theory, i.e. 3 + 1 and
2 + 2, where besides a graviton, two gauge fields and a dilaton and an axion survive in these two
scenarios. We will find out the embedding eleven-dimensional metric and four-form field strength
in the above mentioned truncations.

In chapter 4, we will raise a question of the possibility of consistent Pauli S? reduction of min-



imal five-dimensional supergravity. The motivation for this study comes from the similarity be-
tween the latter theory’s bosonic Lagrangian and that of eleven-dimensional supergravity. Hence,
since there are consistent Pauli S* and S7 reductions of eleven-dimensional supergravity, one may
conjecture a consistent Pauli S? reduction of five-dimensional minimal supergravity exists. We
will show, using the Hopf reduction technique, there is no such a consistent Pauli reduction in this
case.

The Einstein-Maxwell N = (1,0) six-dimensional theory, known as the Salam-Sezgin the-
ory [36], will be subject of two chapters 5 and 6. The latter theory has a supersymmetric four-
dimensional Minkowskis x S? vacuum solution, then one may wonder about the possibility of
consistent S? Pauli reduction of it. This reduction found in 2003 by Gibbons and Pope [38], how-
ever, one does not have an understanding of why this reduction works. Using the Hopf reduction
technique, we have been able to find a group-theoretic understanding of this reduction. For this
purpose, the Salam-Sezgin theory should be derived from a seven-dimensional theory. This has
been done in [39], however, the Kaluza-Klein vector potential results from reduction of the metric
has been set to zero in that work, meaning that the Dirac monopole on S? has been vanishing, thus
one cannot recover S® as a U(1) Hopf fibration over S? and the the Hopf fibration technique fails.
Therefore, one needs to find an alternative origin for the Salam-Sezgin theory. We will present an
alternative reduction in chapter 5. The seven-dimensional theory is an N = 2, SO(4) supergravity
with some exotic signs in the bosonic Lagrangian. Although the supersymmetry transformations
maintain and the entire Lagrangian is invariant under them, but, the reality condition of this the-
ory is somewhat obscured. We expect , however, this problem will be resolved and there will be
an “exotic” half maximal supergravity with an SO(4) gauging in seven dimensions. We will not
present our calculation about the fermionic truncation which yields to the Salam-Sezgin theory.

In chapter 6, we will show the possibility of obtaining the bosonic sector of the Salam-Sezgin
theory from a half maximal supergravity with an SO(2,2) gauging in seven dimensions, where
the Kaluza-Klein vector potential has an active role. Therefore, we will be able to follow the Hopf

fibration technique to recover the Gibbons-Pope result of the Pauli S? reduction of the Salam-



Sezgin theory.

Finally, we will conclude in chapter 7.



2. REVIEW OF THE KALUZA-KLEIN REDUCTION

In this chapter, we first introduce the concept of the dimensional reduction by considering a
scalar field satisfying the Klein-Gordon equation in a higher dimension and then, by performing a
circle reduction, we find out an infinite tower of massive fields in a lower dimension.

Furthermore, we study the metric ansazt and the gauge potential ansatz result from the Kaluza-

Klein circle reduction starting from pure gravity in a higher dimension.
2.1 The Klein-Gordon case

Consider a massless scalar field ¢ in D 4 1 dimensions. One may divide the coordinates to a
D-dimensional space-time, denoted by x, and a component, say 2z, which will be compactified on

a circle with a radius of L . The Klein-Gordon equation in D + 1 dimensions reads
Cg(z,2) =0, (2.1)

where we put hat on the higher dimensional quantities to distinguish them from the lower dimen-

sional ones. Now, one may perform a Fourier transformation along the z component and write

oz, z) = Z on () emTz : (2.2)

nez

Therefore, assuming the metric is flat, the massless Klein-Gordon equation implies

Oo(z, 2) = Z emTZ (On(x) — Z—z on(x)) =0. (2.3)

neL

Since these modes are linearly independent, then one can conclude

On() — %2 ¢n(z) = 0. (2.4)

In other words, in the lower dimension, one has an infinite number of scalar fields which all of



. . 2 .
them are massive with mass of 77 except the n = 0 case, i.e. the massless mode.

This is a common feature of the Kaluza-Klein reduction. One has to truncate an infinite tower
of massive fields, however, in a simple case we have seen above, it can be done very easily, but in
general, one has to consider a consistent truncation. As we have emphasized in chapter 1, in case
of a DeWitt reduction, one can perform a consistent truncation, but, in case of a Pauli reduction,

the problem becomes overwhelmingly harder.
2.2 The Kaluza-Klein circle reduction

In this section, we consider a circle Kaluza-Klein reduction, and we present its metric ansatz,
and find out the spin connection components. Also, we present the reduction ansazt for a p-form
vector potential. One may put hat on the higher dimensional fields, to make them distinguishable

from the lower dimensional ones.

2.2.1 The metric ansatz

N

Assume the higher dimensional theory is Einstein gravity, i.e. L,,, = R%1. The standard
metric ansatz reads [26]

2
dsy.,

= % ds? 4+ 27 (dz + Ay)?, (2.5)

where ¢ is a “breathing mode”. The constants « and 5 will be determined later. Using the vielbein

formalism, the obvious choice is

er=eet, =6 (dz+ Ay (2.6)

The next step is finding the spin connection. One may derive it by using dé?* = —0%5 A é7,
where the torsion has been assumed to be vanishing. Here M, N, P, ... (A, B,C,...) denote the
curved (flat) higher dimensional indices respectively. While, in the lower dimension, we use

WV, p,....C (a,b,c, ..., z) for the curved (flat) indices respectively. Let the spin connection com-

10



ponents be the following

- ~ ~ ~ A ~ AB ~

WABC = WA[BCY, Wpc = Wapc €7, we =n"" Wac- (2.7)
Then the components of the higher dimensional spin connection read

~ — ~ ~ ~ 1 -2
Wabe = € o (wabc + 2« Nalb ac] (;0) ) Wabz = —Wazb = —Wzab = 56(6 )¢ ]:ab7

Grar = =70y, Wo =€ (wq + (a(D — 1) + B) Batp), O, =0. (2.8)

According to eqn (3.14) of [7], one can write the Ricci scalar as follows

A

R = QOapc 09T + o407, (2.9)

Then by this consideration, and using (2.8), Ricci scalar becomes as follows

R=0apc 0P +040" =R+ (—a’(D—1)— B+ (a(D — 1)+ 3)?)

X0y p 0" — L2Pmee 72 1 (2.10)

where F2

— b
2 = Fop F.

Taking into account ¢ = e(*P+8)¢ ¢ one can write the Lagrangian in the lower dimension.
Now constants « and 3 can be found by demanding that there is no scalar pre-factor for the
Einstein-Hilbert term and also, the scalar field has a canonical normalized kinetic term. Thus
we have

9 1

o = TP =g) B=—(D-2)a. 2.11)

With the above relation for 3, one can write the following expression for the spin connection

11



components

~

Wabe = e (wabc + 2 na[b 86] 90) ) d)abz = _(;)azb - _a}zab = %G_GD@ Fab )
Woar = a(D —2)e 0,0, Wa = € (wy + @ 0,p), 0, =0, (2.12)

1
where (Jé2 = m

Having obtained these constants, it is instructive to write the Ricci tensor components

éab = €—2a4p (Rab - %3a§0 abQO - %e—Q(D—l)acp ]:31) — Q7ap DSO) )

Ry = Ry = 3900 vl (P00 7)) (2.13)

Reo = 7209 (D= 2)a g+ Lo 20000 72).

There is an intricate point about using the relation (2.9) for finding the Ricci scalar. If one,

instead were used the Ricci tensor components to find the Ricci scalar, one obtains

R = n Ry + 7 R., = e 2% [R + ( —a*(D—1)—pB*+(a(D—1)+ 5)2)

X0, 00" —aDOp — 1e?P~e 72 1. (2.14)

Note that, the difference between (2.10) and (2.14) is a term which involves D [y , and since this
is a total derivative term and shall not contribute in equations of motion, this difference may be
neglected. !

Beginning with the Einstein equations in the higher dimension in (2.13), one can find the

Einstein, scalar and the Maxwell equations in the lower dimension

—2a(D— 2 —2a(D—
Ry, = 30,00, + ge 2PV F2 T ¢ D-Der2g,

Dg@ _ _a(Dz—l) 672a(D71)¢f2’ d(ean(Dfl)sO * f(2)) — O’ (215)

'Note since aD + 3 = 2a, and hence é = e2*? ¢, then the scalar pre-factor e ~2%¥ appears in the Ricci scalar
cancels out with this prefactor from é, and therefore D Uy appears in the final lower-dimensional Lagrangian without
any scalar pre-factor.

12



2 _
where F, = F ., F.P.
Having found the lower dimensional equations of motions, one can obtain the D-dimensional

Lagrangian, which is the same as the one which may be derived from (2.10)
Lr=Rxl—1LtxdpAdp—LteP V0T, NFp, . (2.16)

Now, from the scalar equation of motion, it is clear that setting the scalar to zero should be
accompanied by setting the Maxwell field to zero, otherwise, the latter is a source for the former.
This is one of the most common type of inconsistencies which may occur in the kaluza-Klein
reduction and truncation. Actually, the original proposal of Klein to keep the graviton and Maxwell

field and discard the scalar field, dilaton, is the first example of the inconsistent truncation.
2.2.2 The vector potential ansatz

Now, we consider the reduction ansatz for a gauge potential which usually appears in the
Lagrangian. Assuming the fields are independent of the compact coordinate z, the natural reduction

ansatz for a general p-form potential is >
Apy= Ay +Ap 1y Ndz. (2.17)
Hence for the field strength F(pﬂ) = dfl@), the reduction ansatz becomes

F(erl) = dAy) +dAp 1) Ndz =dAy) — dAp-1) N Ay +dAgp1y A (Ag) +dz)

= F(p.i,.l) + EP) /\ (dZ _'_ ./4(1)) . (2.18)

Then, one can find the following lower-dimensional relations between the vector potentials and

2 Actually according to [2], Nordstrom [1] in 1914, five years before Kaluza suggested his idea, had used the exact
same ansatz for the gauge potential!
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the field strengths
Fpt) = dA(p) - dA(p—l) A Agy s Fyp) = dA(p—l) : (2.19)

For the case of p = 1, then one may write

~

Foy = dAy) —dx N A, (2.20)

where scalar  is normally called ‘axion’.
The preliminary relations we presented in this chapter, will help us for the calculations which

we will perform in the rest of the dissertation.
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3. THE EMBEDDING OF TRUNCATED GAUGED STU SUPERGRAVITIES IN 11
DIMENSIONS !

3.1 Introduction

Eleven-dimensional supergravity is a fundamental theory for two reasons. Firstly, it is a low
energy limit of M-theory, which itself is yet the best candidate for a consistent realization of the
quantum theory of gravity and also the unification of all forces of nature. Secondly, it is the unique
theory which describes supergravity in the highest possible dimension. One can obtain maximal
four-dimensional gauged supergravity, N = 8 and SO(8) of de Wit and Nicolai [10], by the
compactification of eleven-dimensional supergravity on S7. This is the most famous example of
consistent Kaluza-Klein-Pauli reductions and it was studied extensively in 1980s [20,22], and the
partial consistency of the reduction was proved by de Wit and Nicolai in 1987 [11]. Although, they
found an eleven-dimensional uplift ansatz for the metric, but they did not provide the full uplift
ansitze for all components of the four-form field strength F|,, at that time. Nonetheless, more
recently, they presented the complete ansitze for all components of this field and have completed
their earlier proof [12] . However, this result is somewhat complicated, it is possible to obtain
some truncations of the maximal SO(8) supergravity. One of the notable truncations is so-called
gauged STU supergravity. In this N = 2 theory, besides the graviton, one retains the maximum
abelian subgroup of the SO(8) gauged group, i.e. U(1)* gauge bosons and also, three dilatons and
three axions of the original theory in the bosonic sector. The three dilatons and axions belong to
35, and 35, of original SO(8) theory respectively. Gauged STU theory is particularly intriguing
since almost all four-dimensional black hole solutions can be characterized by this theory. Hence,
to obtain an embedding ansatz for a specific black hole solution in eleven dimensions, one may
need to find that of gauged STU supergravity. This motivation yields to an exploration of the uplift

ansatz for this case.

! Reprinted with permission from “Embedding of gauged STU supergravity in eleven dimensions” by Arash Azizi,
Hadi Godazgar, Mahdi Godazgar, and C.N. Pope , 2016 Phys. Rev. D94 no. 6 (2016) 066003, Copyright [2016] by
The American Physical Society.
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We consider further truncations of gauged STU supergravity as follows. The bosonic sector
comprises a graviton, two (instead of four in gauged STU case) gauge fields, a dilatonic and an
axionic scalar fields. We study two different possibilities of this truncation. In the first case,
named 3 + 1 in [33], one sets three gauge potentials equal, while all axions as well as all dilatons
are considered to be equal. In the second scenario, named 2 + 2 in [33], one sets four gauge fields
of gauged STU theory pairwise equal. Also, one sets two axions and two dilatons to zero, while
the third axion and dilaton are kept. Even though the ansitze for the metric and four-form for the
latter case were found a while ago in [34], we find the full ansitze for the former case for the first
time.

The metric ansatz for both of the above truncations, already presented in a more general case of
gauged STU supergravity in [35]. Therefore, finding the uplift ansatz for the metric is a straight-
forward task. To obtain the metric ansatz, one shall use appropriate parametrizations for both
cases. We show the ansatz matches with the previous results of [34] and [49], with considering the
relevant truncations and rescalings.

The four-form ansatz for the original maximal SO(8) theory had not been known before the
work of de Wit and Nicolai in [12] in 2013. However, for special truncations of this theory, such
as the cases in [34] and [49] the ansatz was found. For 3 4+ 1 and 2 + 2 truncations, we found
the four-form ansatz for former case for the first time by the method we will describe shortly, but

for the latter case, the ansatz already has been presented in [34]. We obtained the ansatz in 3 4 1

!/

case by writing a trial ansatz for A, ,

where dA(, is the only unknown part of the four-form field
strength. Considering the eleven-dimensional equations for four-form field, i.e. d * F,) = —% *
F.y N Fl,, one can obtain several different equations which the trial ansatz should satisfy. Then,
using Mathematica for solving these related equations, we could successfully find the complete
ansatz for the 4-form.

Shortly after our calculation, the full uplifting ansatz for gauged STU supergravity was found

and presented in sections 2, 3, 4 and 5 of [33] based on what de Wit and Nicolai had found in [12].

Now, finding the ansatz is a straightforward calculation, and we will present different steps for
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obtaining it in this chapter. It matches exactly with what we already had found by a trial ansatz. In

addition to this, one can employ the field strength ansatz for general gauged STU supergravity to

find out that of the 2 + 2 case and recover the result in [34].

Let us begin by specifying the two truncations we mentioned above. It is standard to use

SL(2,R) parametrization for the scalar fields of gauged STU theory rather than an SO(2, 1) one.

In that sense, dilaton/axion pairs (¢;, x;) given by

e¥" = cosh \; + sinh \; cos o, , x; €¥* = sinh \; sino; ,

Now, two truncations are as follows

2+2: 1= X1 =X, w2 =3 =x2=x3=0,
Ai:Ai:AM, Az:Ai:AM,
)\1:)\2:)\3:)\, 01 =09 =03 =0,

3+1: P1r=p2=w3=1yp, X1=X2=X3=X,

4
Al=4,, ~ A2=A=Al=4,

(3.1

(3.2)

(3.3)

In the rest of this chapter, we will find the metric and four-form field strength ansitze, and also

the bosonic Lagrangian for these two cases.
3.2 3+ 1 Truncation of gauged STU supergravity

One may introduce the following re-parametrizations for u¢, where p'p! = 1

,lil:COSf, Na:VaSin§7 a’:273747 Zngl-
We define ¢ = cos§ and s = sin &, since we have used them frequently.
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3.2.1 The embedding of the metric

3.2.1.1 The CP? geometry

Consider Za 1/2 = 1 where a = 2, 3, 4. Now, define complex variables z, as z, = v, ¢ %2. The

unit Fubini-Study metric on CP? reads
Sy = dz,dz, — ) Zedz|”
Hence, using the above definition, one can obtain the following relation for the metric
A2 = "dv? +v2de? — (Y v2de.)”.
The Kihler form on CP? can be written as follows
J=3dB, and  dp+B=> vldp,.

The unit metric for a five-sphere is

A2 = dv; + v o).
Then, the Fubini-Study metric shall be

dys = dQ2 — (dy + B)?.

3.2.1.2 Obtaining the metric ansatz in terms of CP? geometry

(3.5)

(3.6)

(3.7)

(3.8)

(3.9

The metric ansazt for the embedding of general gauged STU spergravity in eleven dimensions

was found quite long time ago in [35]. Hence finding the 3 + 1 specialization of the metric is a

straightforward task. To do so, one may start from functions Y; and iN/; introduced in terms of the
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axions and dilatons in eqn (11) of [35]. According to our specialization, they read

® ~ ~
2

1
Y, Vi=V =(1+2e¥)3e s, bi=b=ye?, i=1,2,3. (3.10)

Il
~
I
Cb

The next step is finding Z; introduced in eqn (20) of [35]. Therefore, one can find

Zi =12 (1 =YY+ Y =2+ 522 (1+ 07?2, (3.11)

Za =12 (1 =YY+ YV2 4 2YV2(Y?2 =V = =2 V2 + 8,  a=23,4,
where
B=Y (Y22 +Y?H) =e¥+ (1412, (3.12)

Also, one needs to find the function = defined by eqn (21) of [35], which reads, in our special

case, as follows

(11

=YV 2+ Y (1 —pd) =e ¥ 32 (3.13)

Now, having obtained all of the above relations, the metric ansazt can be derived from eqn (28)
of [35]. It is a tedious procedure and we shall show the result in few steps. First, one can write

down directly from eqn (28) the following relation

82, = S ds? + g 225 {21 (s2d€® + 2 dg?) + Z Zo [(cva d€ + sdvy)? + 52 V2 d¢?]
+2b% [*s? doyy Z vy dpo — s (V3 doy V3 ds + v3 doo v dos + V3 dds vi dey) |

0 (Bpf dpd + Y pddpd + 2> i dpa pra dpsa) } . (3.14)
This is an ungauged metric and the gauging can be simply recovered by
do; — dp; — g Al (3.15)

where in general Afl) is four U(1)* gauge potentials of gauged STU supergravity. However, in the
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special case of 3 + 1 truncation, one should truncate the gauge potentials according to (3.3). For
simplicity, one may consider the ungauged metric and recover the gauge potentials in the last step.

Now, inserting Z, from (3.11), and making use of the relation

3ud dps + Z P2 dp? + 2p1 dpy po dpg = Z A?s?de (1 + v)) + s* v2dv? + 2¢s® V2 dy, d€

one can write down

s} = Zhds? + 92278 Y {21 (s2d€® + 2 de?) + B (P dE® + > dv? + s2 V2 do?)

a

+b? [ — As?ukde? — s*VEdy? — 2¢s® V3dy, d€ — s*ut dg? 4 2c2sPdgy (dy + B)

a

—s* ((dp + B)® — vy d@2) + *s* d&* (1 + vy) + s* v2dv] + 2¢5° 2 dv, df} } .
Using (3.8), one can make a further simplification as follows

3% =E5ds? + g2 =75 {21 (s d€* + 2 dp?) + B (2 deE? + s dQ2)

+8? (2252 deyy (dip + B) — s* (dip + B)? + 35> d§2)}

Sids’+g 223 {d52 (Z1 8% + B + b*Ps?) + B s* (X + (dip + B)?)

V2, 2 dd? + 202252 diy (dp + B) — s40% (dyp + 3)2} . (3.16)

Now, one can use relations for Z; and  in (3.11) and (3.12) to write down the following

expression

7182 4+ B + V2P = e 52 (3.17)

The next step is completing the square in terms involving dvy + B, and writing

3%, = S5ds? + g 25 {e*%’ Bde? + B2 dS2 + 7, 2 d¢?

Wl

+752[(dip + B)? + 2 (dyp + B) des | } = S3ds? 4 g2 (3.18)
x{e 2 g2ag? + B dT] + 47 (A + B) + B2 do) )" + e £ agt |
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where we have used the following result for the coefficient of d¢?

7, % — brets? 7_1 — e % # , (3.19)

where v = Y4 ¢? + s2.

The last step is retrieving the gauge potentials according to (3.15) and our 341 specialization in
(3.3). Note that since dip + B =Y v/ d¢,, one can observe the inclusion of the gauge potentials
leads to

dp+B—dp+B—gAu,, dpp—dd—gA,. (3.20)

Hence, the metric, as it was presented in eqn (6.22) of [33] shall be

. 1 o2 2 262 - )
ds?, = Z3ds? + g 225 ﬁd@ + 7 5° ((d¢ + B —gAg,) + — (dpy — gA(l)))
2 2 B> T \2
57 A%+ (461 — gA) ] . (3.21)

3.2.2 The embedding of the four-form

The full ansatz for the four-form field strength can be written as

F(4) - _2gU 6(4) + é(4) + dA/ + F,/

) @) 3 (3.22)

where U, A’ , F"

s> Fay and é'<4> are given by equations (5.4), (5.5), (5.6) and (5.8) of [33] respectively.

Note that all of these relations except the ansatz for 12123) were given in the paper [35] in 2000.

!/

As a first step towards finding F(4), one may calculate A7, .

The ansatz for this field is given by
eqn (5.5) of [33] as follows
Ay = 2 A5 dpia N (dds — g A)) A (ddy — g AT) | (3.23)

(C)N

where A 5 dy,, can be derived from eqn (4.19) of [33]. Here we have introduced the hat notation
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in & where (1,2,3,4) = (5,6,7,8). We do not repeat somewhat lengthy relations for A_ 55 Afta
here, however, to obtain the result, one needs to find out W, introduced in eqn (4.20) of [33] first.

They are
Wy =(14+b%)e 252, W, =e*c+(1+b%)s* (1 —v?), a=2,34. (3.24)

Hence after calculation, one can write down

b
Apse dpte, = o= i [ d(s*v3) — 5% v3 e 2°(1+ b%) d(c?)],
Aars dpta = &83 [Vz d(s*v) — v d(s* Vi)}
=g
bp 2 2 2
Aqsr dpta = 2”9 gl d(s*v3) — s* 13 e (1 4+ 0%) d(c)],
b3 s*
Anes djte = 2= [ 4d(5 Vz) - d<5 ’/4)}
b
Ausa it = 5 S d(s213) = 5702 % (14 #)d( )],
bB s 5 1 o 2 702 2
AperOfte = 2:_93[”3 d(s*v3) — v3 d(s* v3)]. (3.25)

Now, upon using (3.23), the ansatz for A{, becomes as follows

, b -
Al = 23693 { Z [02 d(s*v2) Ndpy A dp, — e 2 (14 b) s* v2d(c*) A dgy A do,
+12 ) [ d (s*v2) — v2d(s* 1)) Adog A d¢b} (3.26)
a,b

where we have set A; = 0 for simplicity and it will be recovered in the last step.

Now, considering the CIP? relations introduced in (3.7), one can write

Al = [203 (% + 72 (14 1%) s%) dE Adgy A (d) + B)

2=g3
252 J A dy + 25 T A (dip + B)} , (3.27)
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where we have used

dy+B=>Y vldp, = dB= Zd YA do, =2J (3.28)

from relations in (3.7).

Finally, one may recover the gauge potentials by using (3.20) and write

2.2

~ SC ~ ST C
Al = g—gx AN (61 = gA) A (A0 + B = gA) =& X e (déy — A AT, (3.29)

Other terms of the uplifting ansatz for F<4) can readily be found from equations 41, 42 and 43

of [35], hence the final result for £, is

F4> = —2gU 6(4) + G(4) + dA(S) F(/i) y (330)
where
U=2Y22+Y?s®) + V2,
A 2
G = —% (xdp — x €2 xdx) A dE
4
+ﬁ xe* (dp + B — gAy) AN J,
Bl = |W’2 dg/\R/\(d¢1 1>) ’W‘stAR/\(dijB gAy)
2
———FRAJ 3.31
and Azg) is given by (3.29). One can find W from eqn (37) of [35] as
(W2 = (1+4b%)(1+b*)? (3.32)
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and also from eq (40) of [35] one has

R=R,, R =Ry =R3=R,, (3.33)
with

R =YS[(1430%) %F, + 20° Fp)] + 3b (14 b?) Y2 [bF, + (14 20%) F,)]

R=Y>(1+b)?[%F o —2bFy] +b(1+ ) Y2 [bFy + (14 20%) F,). (3.34)

3.2.2.1 Finding the Lagrangian

The bosonic Lagrangian can be obtained from eqn (34) of [35], and in the 3 4 1 specialization,

it shall be
Ly=Rx1— % (*d(p Adp 4 e* % dx A dx) —Vxl+ Lgina + Lecs, (3.35)

where V is the potential for scalars (¢, x) and Lk, 4 and L¢g are the kinetic and Chern-Simons
terms for one-form potentials A, and fl(l). Following the equations 35, 36 and 38 of [35] and

using 3 + 1 specialization, V', L, and Lcg can be written as follows

V= —12¢" (e* + e ?(1 + x* e*)),
Lrina = —m [6X2 €?F A *F + 7% (1 4 3x%*) (1 + x2*)F A *F 4+ 3¢? + F A F],

Los = —qrpras [~ 369 F A F +3(1427 ™) FA F 4+ (14 x°e*) F A F] (3.36)

One may compare these uplifting ansétze for the metric, four-form F(4) and the Lagrangian
with the previous results of [49] where the dilatons are not identical, but axions were set to zero. If
one set all of the dilatons equal to each other as well as three gauge potentials in that paper, it turns
out the result matches with that of our result in this section, after truncating the axion to zero. In

other words, by setting the axion to zero, one can set b = ye? = 0, therefore, as one can observe
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from (3.29), A% = 0 and the involved calculation for obtaining A% can be avoided.
3.3 2+ 2 Truncation of gauged STU supergravity

3.3.1 The embedding of the metric

For our purpose of 2 + 2 truncation, defined in (3.2), it is convenient to define y; as follows

{1 = C COS %9, o = ¢ sin %9, [l3 = S COS %é, [ty = S Sin %é, (3.37)

where ¢ = cos ¢ and s = sin £ as before.

The next step is finding b;, Y; and }N/; in this specialization as follows

®
by = b= ye?, by = b3 =0, Y=Y =e2, Yo=Y;=1
~ ~ 1 ~ ~
Vi=Y=(1+32e)2e2,  Yo=Ys=1. (3.38)
Therefore, one can find out Z; from eqn (20) of [35] as follows
21:Z2:?282—|—C2, 23:Z4:Y202—|—S2,
E=Y2A V25t (14 YY) P2 = 2, Zs. (3.39)
With these preliminaries, one can calculate the metric from eqn (28) of [35] as follows
. —1 o2
s}y = =5 dsf+ g =75 {Zl (dpt + pii dot + dpis + pi5 do3)
+Zs (dys + pis ds + dpi + pi doi)
L0 (y dpaa + o dpn)? + (s dps + pia dpia)?] } . (3.40)

Again as we emphasized in the case of 3 + 1 truncation, the above metric is ungauged and one
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needs to follow (3.15) to gauge it. Using the definitions for y; in (3.37), one can write

-3 {Zl [32 de? + }lcgdﬁg + ¢ (COS2 %9 d¢? + sin® %0 dgzﬁg)]

+2Z3 [02 de? + }152d0~2 + 5* (C082 %édgbg + sin? %édgbi)} +x2e? 0232d§2} .(341)

It is convenient to introduce the following relation for the four azimuthal angles

Gr=30+0), =3 —0), =30 +0). =39 (G4

Therefore, after some algebra, one can write

4%, = S5 ds2 + g2 =% {5 e + 12 (V2 5* + ) (d0° + dip® + d§? + 2da) dp cos 6)
—l—isQ (Y2 + s%) (d9~2 + dp? + d¢? + 2dip dg cos é) } ) (3.43)
One needs to find out how the the gauge potentials incorporate in the Euler angles . Following

(3.15) and above definitions for azimuthal angles , one can readily find out

d) — dip — 29 Ay, .

dp — do,
(3.44)

dp — dg,
Having obtained these, one can easily complete the square in the metric ansatz (3.43), and after

considering the gauge potentials as it is stated in (3.44), one can write

2 =k 28 2
— =idsi+ = {a 7
. 2 . 5 B .
sin” ¢ [d92 +sin2§ dg? + (dp + cos§ dd — 29A(1))2} }  (3.45)
A

2
cos” & [dQQ 1 sin’ @ d¢2 + (dw + cosfdo — 2914(1))2}

as it was presented in eqn (6.10) of [33].
One can compare the metric ansazt we have found, with the metric presented in eqn (1) of [34]
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The latter result, studying the embedding of D = 4, N = 4 with SO(4) gauging supergravity in
eleven dimensions, is more general than what it was obtained here. However, one should find the
same result after considering an Abelian truncation of SO(4) gauging, i.e. U(1)? gauging, with
A, and g(l) gauge potentials defined by (3.2). To make a connection with the eqn (1) of [34], one

needs to write down h; and h; 2, appeared in their metric, as follows
hi =0, —gA;, hi =6, — g4, (3.46)

where o; are three left-invariant one-forms in S = SU(2). Note, since SO(4) = SU(2) x SU(2),
we have two copies of S? here, where their corresponding gauge potentials are denoted by A; and

A;. One may explicitly write o; in terms of the Euler angles as follows
o1 = cospdf+siny sinfdp, o9 = —sinydf+cosy sinfdp, oc3=di+costdep. (3.47)

With these preliminaries, one can find out . h7 and ), ﬁf in the metric ansatz in eqn (1)

of [34] as follows

STk = d6® + sin® 0 d® + (dv + cosfdp — 2 gAy))?

> " h? = df* +sin*0dg? + (di) + cosfdp — 2gA,))? (3.48)

where as we have emphasized, just two gauge potentials A3 = A, and gg = Z(l) out of 6 gauge
potentials of SO(4) are kept.

Finally, Setting = = A?, and rescaling g = \/Li gR° B4 one can retrieve eqn (1) of [34] from
the metric presented in (3.45).

One may set Y = 0 to find a further truncation which was studied in [49] for the first time.

%In chapter 4, the combination of the left-invariant one-forms and the gauge potentials will be denoted by v;.
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Hence, with this assumption, one has

~
I

Q)

N |—=
A
~

Il

QI
[
hS)
(1]
Il

A2 =¢% (e(’” 2+ 32)2 , (3.49)

and it can be observed the resulting ansatz is the same as that of eqn (3.1) of [49] and also eqn (44)

of [34].
3.3.2 The embedding of the four-form

Full ansatz of the embedding of the four-form of gauged STU supergravity in eleven dimen-
sions is given in section 4 and 5 of [33]. In this part, we find out the uplift of the four-form in 2 + 2
truncation of gauged STU supergravity and we will show it is in full agreement with the result
derived in [34].

One can follow the same route as it was taken in the 3 + 1 truncation, and use the ansatz in
(3.22). Let us calculate A23) contribution in four-form field strength first. To do so, one needs to

find out WW; in eqn (4.20) of [33] as follows

Wy = *sin® 10 + s°Y? Wa = ¢ cos® 10 + s°Y?

W = s?sin® 10 + Y2, Wy =scos® 10 + Y2, (3.50)

The next step is finding Aa,@ﬁ/ dp,, from eqn (4.19) of [33]. Here we have introduced the hat
notation in & where (1,2,3,4) = (5,6,7,8). Since by = by = 0, it leads to a considerable

simplification. The results become

b
Ausi e = 5= 18 Wod(43) — i3 W1 d4sd) = 2 i (o2 + )]
b
Aars djie = 5= 3 [ui Wy d(p3) — piz Wad(pg) + i 3 d(e — a3)] :
Aast dite = Aags dpta = Aass dpta = Aaer dpta =0, (3.51)
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where

ay =5 ps aa=pibps, o= (3.52)

Now, one needs to make use of the reparametrizations introduced in (3.37) and the result is

Ause dpte = bc;, (s? Y24 c®) sinfdb Aarg djtg = —bs" (s> +Y?c?) sinfdf. (3.53)

1= 1Eg

The next step is using the expression (5.5) in [33] for finding A{, , which we already presented
in (3.23). According to eqn (3.51), just two terms contribute in (3.23) relation, hence one can write

down

N e? . ~
Al = 4X: i <c4 sinf (2 + s2Y2) df A (dy — g Ay) A (dpa — g Awy)
—stsinf (s> + Y dO A (dps — g Ayy) A (diy — g[l(l))> . (3.54)

Now, making use of (3.42), one can obtain

NG Xelp 4 .
Ay = o <82+02Y2 sin@df A dp A (di — 29 Ay)
s ~ o~ ~ ~ ~
Y SnGdAdd A (i —2g A, ) (3.55)
245272 o (¢ g ())

To relate the above result to that of [34] in eqn (7), one has to find out

€@ = gEijk RAR AR =R ARP AR =0t Ao? A (0% =29 Ayy)

=sinfdd Ndop A (d —2g9 Ayy), (3.56)
where we have used (3.47). One can obtain the similar result for €, and hence, can verify

AES) — f 6(3) + f~€(3) 5 (357)
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where

x e’ ct 4

8g% (s 4+ 2Y?)’

xers
8g3 (2 + s? 372) .

f= f=- (3.58)

It turns out this is the same result as eqn (8) of [34] with the above mentioned rescaling for the

coupling constant g, i.e. g = \/% gRef- 1341,

To obtain the full ansatz for the four-form field strength, one needs to find out other parts of it.

To do so, one may calculate F(’i), presented in eq (43) of [35] as follows
. 1 - )
FGy = oy w2 Zdu? A (dgi — g Afy) N Ry (3.59)

Here R; are two-forms introduced in eqn (40) of [35] and according to 2 + 2 specialization, they

read
Ry =Ry =Y?(1+?) (+Fy + bFy), Ry=Ry=Y?(1+ ) (xFy —bF,), (3.60)

where F,, = dA, and ﬁ@) = d;fm. Also, as it can be obtained easily from eqn (37) of [35],

W = 1 + b%. Now, making use of the following relations

dpr — g A= 2(dy +do — 29 A) = Lhs +sin® 10 dg,

dp — g A = 2(dyp — dp — 29 A) = Lhy — cos® 10dg, (3.61)

N[

one can write down the following result for 15{ Af)

~ 1
F// —
(4) 2g2 (1 + b2)

e (—esdE N hy+ 152 by A ho) A (%F) — DE)| . (3.62)

e % (csdE Nhy+ 32 hi Aho) A (%Fo) + bE)

Again with the rescling of the coupling constant , one can obtain the same result as eqn (10) of [34],
after applying an appropriate truncations.

The only remaining term for finding the complete uplift ansazt for four-form is G 1y Which can
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be readily obtained by using eqn (5.8) of [33]. Hence the full ansatz reads

Fuy=—29U €u + dAl, + F) + %8 (—* dp + € x * dx) AdE, (3.63)

where U = Y2 + s2Y2 4+ 2 and A’._and £

@) (1, are given by (3.57) and (3.62) respectively. Again,

one may check the above ansatz is consistent with the truncated result in [34] after applying the

rescaling in the coupling constant.
3.3.3 Finding the bosonic Lagrangian

The bosonic Lagrangian, as we mentioned in 3 + 1 case, can be derived from eqn (34) of [35].

It reads

3
L= Rl =1 (xdp; A dipi + € xdy; A dxi> Vsl Ly + Los . (3.64)

=1

Note that since by = b3 = 0, this leads to a great deal of simplicity in calculation. One may readily
calculate V, L, and L from eqn (35) , eqn (36) and eqn (38) of [35] respectively and the result

is

L =Rxl— Lxdp Ndp — L xdx Ndx — V *1
Y 2% F g A Foyy — Y 2%F 5 A F,

X Foy A Fpy + XY2Y 2 Fpy Ay (3.65)

where

V=—4@ (Y>+Y?+4). (3.66)

Therefore, we could be able to recover all results which previously presented in [34] for case

of 2 + 2 truncation of gauged STU supergravity.
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4. ON THE PAULI REDUCTION OF MINIMAL SUPERGRAVITY IN FIVE DIMENSIONS

4.1 Introduction

In this chapter, we address the possibility of the consistent Pauli S? Reduction of minimal
supergravity in five dimensions. The main motivation for this investigation, is the resemblance
between the bosonic Lagrangian of this theory and that of eleven-dimensional supergravity, which
can be observed from the following expressions

L5 = Rxl = 3xFo) N Foo) = 55 Fo) N Fyy A Ay,

;Cll - R*]l_%*F(4)/\F(4)_%FM)/\FM)/\A@), (41)

where Fi,, = dA, and F,) = dA. Since there are S”, S* and S® consistent Pauli reductions
of the latter theory, one wonders about the existence of S 2 or S? consistent Pauli reductions of the
former one.

One may study this problem by writing a trial ansatz, and then considering the five-dimensional
equations of motion, if the internal manifold coordinates (S? components in this case) remarkably
conspire and cancel out in these equations, one can claim the consistent ansatz has been found. The
important point is, this ansatz should include the gauge bosons with gauge group of the isometry
of the internal manifold (in this case, three gauge bosons with SU (2) gauging). Using this method,
the construction of the ansatz was not successful. Therefore, we investigated another method,
which is a more systematic one, and can be used to study the other cases as well.

This method, originally presented in [7], was named the “Hopf fibration technique” in [45]. The
idea is starting from a higher dimensional theory and performing a (necessary consistent) DeWitt
reduction on a group manifold G, then again from the initial theory, one can perform another
DeWitt reduction on a group manifold /7, where the latter group is a sub-group of the former one.
Now, viewing the group manifold G as an H Hopf fibration over G/ H, it is guaranteed by a group-

theoretical argument that the coset reduction G/H is indeed consistent. In our case, the higher
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dimensional theory is minimal six-dimensional supergravity. We implement a consistent DeWitt
SU (2) reduction on this theory and find a three-dimensional space-time. In addition to this, we
perform a consistent Kaluza-Klein S! reduction to obtain minimal five-dimensional supergravity
coupled to a vector multiplet. Now, writing the group manifold SU(2) as a U(1) Hopf fibration
over SU(2)/U(1) = S? coset space, one can obtain a consistent Pauli S? reduction from the five-
dimensional theory to the three-dimensional one. However, to accomplish the task of finding the S*
reduction of minimal five-dimensional supergravity, one needs to perform a consistent truncation
in five dimensions. But, as we will clarify later, this truncation gives rise to the vanishing of the
field strengths, and hence it implies the impossibility of the S? reduction of this theory.

The rest of this chapter organizes as follows. In section 4.2 , we will obtain an S! reduction
of minimal six-dimensional supergravity, and find a relation, due to the self-duality of three-form
field strength in six dimensions, between two- and three- form field strengths in five dimensions.
In section 4.3, we will present an S® = SU(2) DeWitt reduction from six-dimensional minimal
supergravity down to a three-dimensional space-time. Also, we consider this S® as a Hopf fibration
of U(1) over an S?, and by this means, write down the SU(2) DeWitt ansitze in a Hopf fibration
fashion. Hence by comparing these ansdtze with those of the circle reduction in section 4.2.2, one
can find finally the ansiitze for S? reduction of minimal supergravity coupled to a vector multiplet.
However, as we will show in section 4.4, the truncation we have found for obtaining pure minimal
supergravity in five dimensions is not compatible with our ansétze, meaning that, one cannot find

a consistent Pauli S? reduction of minimal D = 5 supergravity using the Hopf fibration technique.
4.2 S! reduction of minimal D = 6 supergravity

The field content of the bosonic sector of minimal supergravity in six dimensions consists of a
metric gy and a two-form potential B@) whose field strength is a self-dual field, i.e. ]3[(3) =
dB(2> = %ﬁ(g). Our convention is to insert a hat on the six-dimensional and a bar on five-

dimensional fields to avoid any ambiguity. In any 4n + 2 dimensions, self duality of the field
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strength, *H ,, .,y = H,,, yields to
* H(2n+1) A H(2n+1) - H(2n+1) A H(2n+1) = _H(2n+1) A H(2n+1) =0. (42)

Hence, it is not possible to write down a Lagrangian for this theory and one should state equations
of motion instead. However, minimal supergravity in six dimensions can be derived from the

following six-dimensional bosonic string Lagrangian with an appropriate truncation

A

D=

where ﬁ@) = dé(g), and a® = 5> = 2. Here, %, % and * denote the Hodge dual of forms in 6, 5

and 3 dimensions respectively. Therefore, the equations of motion read

~ e‘l‘g’ ~ ~ ~ FRA
Ryy = ——— H?§ 15,060 e 2
MN 12(D—2) gun + 5300 ONG + - Hy s
(6 = & ¢ 2, (4.4)

d(e"% M) = 0,

where H? = Hynp HYNP, and H?; = Hypo HyP?. Now, upon imposing the self duality
condition on three-form field strength, one obtains H? = 0. Then to have a consistent truncation,
due to the second equation of (4.4), the scalar field should be set to zero. Therefore, the truncated
theory, which is the bosonic sector of minimal supergravity in six dimensions, has the following
equations of motion
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4.2.1 A Kaluza-Klein circle reduction to 5D

According to the standard Kaluza-Klein S* reduction presented in chapter 2, one can write

dsi = e** ds: + e2P9 (g7tdr+ Aw)?, (4.6)
He) = dBg By = B+ Boy Aghdr, Hg = Hay+ He A (g7 d7 + Aw)
where we choose @* = - and 3 = —3a to find a canonically normalized kinetic term for the

1

“breathing mode" ¢ in five-dimensional bosonic Lagrangian. Here z = g~ 7 has the dimensions

of length, while 7 is a dimensionless coordinate. As usual, the higher dimensional relations above

yield the following relations in five dimensions
One can find the six-dimensional dual of the field strength as follows

;‘ﬁm = *H;) + ;k(Hm) A (dz + A(l))) = (_1)3X1 e &P *H 5y N (dz + A(n)

+(—1)20e e PP RH, = —e M RH, A (dz+ Ay) + € FH, . (4.8)
Now, the self duality condition implies
Hyy = e %xH,,, (4.9)
in five dimensions. Therefore, the six-dimensional three-form field strength shall be

]3[(3) =" xHy + Hyy A (dz+ Ag) - (4.10)
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4.2.2 Finding the bosonic Lagrangian in 5D

The six-dimensional Einstein equation, writing in the flat indices, has a simple form

Rap = $H4"" Hpep . (4.11)

Now one needs to find the components of lﬁlfl B = H 4¢P H gcp 1n five dimensions. To do
so, from (4.7) one can obtain the following relations for the flat components of the five- and six-

dimensional field strengths as usual

~

Hue =% Hype,  Hgapg = €® Hy, (4.12)

where the above five-dimensional field strengths are clearly a three-form and a two-form fields
respectively, and for simplicity we refrain to insert the subscripts when there is no ambiguity.
Recalling the self duality relation (4.9), one has the following result for the components of H ;,
and H ,,

Hape = %64a¢ Eabcde Hge . (4.13)

Therefore, using the above relation, one can obtain the following expressions for the components

of H2,

sz = I:—,acd I:.,de + 2]:11106 I:.,bds = 6_6a¢ Hacd Hde + 2€&¢ Hac Hbc

= %62&;3 €acdef de Edegh th + 26&¢ Hac Hbc = GQ&CZ) (_nab Hcd HCd + 4Hac Hbc) )

~

H36 = Habc HGbC - 6_2a¢ Habc Hbc - %62a¢ €abede Hbc Hde )

H2, = Hgap Hg®™ = €2 H,, HY . (4.14)

Using the expressions for higher dimensional Ricci components in (2.13) of chapter 2, one has
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the following five-dimensional relations for the higher dimensional Einsteins equation in (4.11)

Ry = e723¢ (Rap — 20,0 0y — 3730 F2, — aney O9)

= %626@ (_nab Heq HCd +4H,. Hbc) )

Raz = sz = %‘326@ Vb (6_8&¢ fab) = %6626@ €abcde Hbc Hde’ (415)

R.. = e (3a0¢ + 175 F?) = Le*¢ H,, H™ .

In differential geometry, there is an operator which is the adjoint of the exterior derivative (

sometimes called the interior derivative) which can be written as follows

(5 w(?)),ul'”,ufpfl (_1)np+t (*d * w(?))ﬂl"'ﬂp*l =—-V# wuur-'upﬂ ) (4-16)

where w, 1s a p-form and n and ¢ are the number of space-time and time-like dimensions respec-
tively. Having used this relation, one can write the second equation of (4.15) in the form language
as follows

d(e 3 % F,) = —1H, AN Hp, . 4.17)

Having obtained the above equation, now it is not hard to find a five-dimensional Lagrangian
which yields the three equations in (4.15) as an Einstein, a one-form gauge potential A,, and a
scalar equations of motion. From the right hand side of (4.17), one needs to include the term
—%H @ N Huy A Agy in the Lagrangian, while the pre-factors of the kinetic terms may be found
from the third equation in (4.15), i.e. the scalar equation of motion. The five-dimensional bosonic

Lagrangian shall be written as
Lxdp Ndp — 23 % F o) N Fo) — e xHp) AHppy — SHip ANHip) AN Ay . (4.18)

The first equation of (4.15), upon using the scalar equation of motion, gives rise to the Einstein

equation derived from the above Lagrangian. However, the equation for B,,, , the gauge potential
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whose field strength is H,) = dB,), did not appear in (4.15), but it can be derived from the Bianchi

identity, i.e. d[':[@) = 0. Namely, using (4.10), one has
dH) = d(e" %H,)) + Hey A Foy = 0. 4.19)

This is exactly the equation for the gauge potential 5, derived from the above Lagrangian.
4.2.3 Truncations to minimal supergravity in 5D

The Lagrangian we found in (4.18) is five dimensional minimal supergravity coupled to one
vector multiplet. One needs to perform the following truncation to obtain minimal supergravity in
five dimensions

¢ =0, H(z) = \/5-7(2) . (4.20)

The factor of v/2 is crucial here, since, to satisfy the third equation of (4.15), upon truncation of the
scalar field to zero, the presence of this factor guarantees the source term for the truncated scalar
field is also vanishing.

To have a canonical normalization for the kinetic term of the field strength, one may use the
following field redefinition

Au = V3 A, . 4.21)

Hence, the bosonic Lagrangian shall be that of pure minimal supergravity in five dimensions

4.3 SU(2) DeWitt reduction from D = 6to D = 3

In this section, we consider a consistent SU (2) DeWitt reduction of minimal supergravity in six
dimensions down to a three-dimensional theory. This construction was already presented in [44]
and we shall review it here.

It is convenient to present the general DeWitt reduction ansatz of the Einstein-Hilbert action
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in D = n + ¢ dimensions reduced on a g-dimensional group manifold. The metric ansatz, stated
in [7], and it is

ds? =¥ ds?n) + g~ 2% T,-j Vil (4.23)

(ntq) —

where one-forms /!

V=o' — gA®, (4.24)

are written in terms of the left-invariant one-forms o in the group manifold. The unimodular ma-
trix ’_ZN}]- parameterizes the remaining scalar fields of the n-dimensional theory. The scalar field ¢ is
a “breathing mode" and constants («, /3) shall be determined by demanding the lower dimensional
Lagrangian has no scalar pre-factor in the Einstein-Hilbert term and the scalar has a canonically

normalized kinetic term. Hence the constants are

o q :_a(n—Q)
“= \/Q(n—Q)(n+q—2)’ b PR (4.25)

We investigate the case of G = SU(2) in the following.
4.3.1 The ansiitze for an SU(2) group manifold reduction

The reduction ansitze for the metric and the self-dual three-form are the following

ds2 = e**%ds? + g 2 e i-j Vi (4.26)

f[<3> = mg_SQ(S) + mete? €3 T+ %g_2 Eijk B AV A UF — g_lemTw i-j «BA U, (4.27)

where the constants « and 3 can be found from (4.25) by setting (n, ¢) = (3, 3) and they are given
by o = 2 and § = —%. One-forms v/ are given by (4.24) as v/' = o' — g A’ and three left invariant

one-form o are expressed as the following expression in terms of the Euler angles (v, 0, 7)

o1 = cospdf+siny sinfdr, o9 = —sinydf+cosy sinfdr, o3=dy+cosfdr, (4.28)
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and they satisfy the following relation
do; = —%ezjk oj \oy. 4.29)
The three-form (), is defined by
Q) = VAR AL (4.30)

where €, is the volume form of the three-dimensional space-time, and B* denotes an SU (2) triplet
of one-form fields.

One can define the covariant derivative and the field strength of the SU(2) gauge potentials A’
as usual

DVt =dv' + geyp AT AV F'=dA" + Lge; AV A AF (4.31)

Then, one can find an expression for Dv/* as follows

DVt = dv' + 9Eijk AT A VE = dot — gdA" + 9Eijk A AUk = —%&'jk oj Aoy (4.32)
—gdA" + GEijk AT AVF = —%ij (v; + gA;) A (v + gAy) — gdA" + GEijk A AV
= —%Ez‘jk Vj A Vi — %geijk I/j A Ak — %ggijk Aj A\ Ve — %92 Eijk: Aj A\ Ak — gdAz

+g5ijk A] N l/k = —g dAl — %gQ gijk A] A Ak — %Eijk’ Vj AN vV = _%gijk I/j A\ Vi — gFZ .
Using (4.27) and the Bianchi identity dH,, = 0 one has

dﬁ(g) = Dﬁ[m =mg 3 dQ + %g_Qeijk DB A VI AVF — g_QEijk B A DI A VP

_1q  Gop ~ . . q fap  ~ . <
—g zae 3 Tydp ANxB*'ANv! —g e 3 DTy AxB' NV
dap ~ . , dap ; ;
—g'e3 Ty AxB'ADV —gle3 Ty AD+xB' AV =0. (4.33)

We are interested in terms involving 17 A v*, and since they are independent of those terms
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which involving /%, then the former terms should be vanishing according to the above equation.

Also using (4.30), the following expression for d2 can be written
dQ) = e, DV NV NVF = —Lgein FE ANV AVE (4.34)

Then, according to the above argument about the vanishing of terms involving v’ Av* in (4.33),

one can conclude
. ) ) dap ~
e NVPN (= img 2 F'+ 1g7°DB' + Lg7'e™3 Ty« BY) = 0. (4.35)

In other words

A A 4 ,
DB' —mF" + ge3®*T;; B’ =0, (4.36)

where DB' = dB' + g ¢, A7 A\ B*.
Upon plugging in the ansitze (4.26) and (4.27) into the six dimensional equations of motion
(4.5), one can find the three-dimensional equations of motion and it can be derived from a bosonic

Lagrangian presented in [44].
4.3.2 SU(2) as a Hopf fibration

So far, we have obtained a circle reduction of minimal supergravity in six dimensions and
also an SU(2) reduction of that theory. Now, one can re-interpret the latter reduction as a U(1)
Hopf fibration of the circle reduction over S2. Hence, one can find a consistent S? reduction of
five-dimensional theory. The crucial point here is, one needs to re-write elements of the SU(2)
reduction in the Hopf fibration manner.

To describe the S? reduction, one may introduce three Cartesian coordinates p¢, where p! ji* =
1, to describe the unit two-sphere in R3. One may use the following re-parametrization in terms of

the Euler angles (6, )
1 =siny sinf, g =cosvy sinf, 3z =cosf. (4.37)
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Now, one needs to find relations between elements of the SU(2) reduction and these three
parameters. The starting point is the following expression between the three parametrization coor-

dinates and the three left-invariant one-forms
dluz = Eijk Iuj a'k , (438)

where o are defined in (4.28). One can easily verify the above relation by a direct calculation.

Now, considering the gauge fields, the above relation yields to the following
Dyt = ey pi? V7 (4.39)

where the covariant derivative is defined as Dy’ = du' + ge;jx A7 ¥ . Now, having obtained that,

let us find the following combination
Eiji 1) DV = g ! g " V" = i (' v — i V') = it (W) — 0" (4.40)
Therefore one can write

V=o' —gA = —ey ! Dt + o,

o=pvt=dr+cosfdp —gut A, (4.41)

At this stage, it is useful to introduce some relations which will be needed to perform the
calculations. First, we present two well-known relations in linear algebra about the determinant
and the inverse of a general n x n matrix

det A = €4y, Aviy Agiy -+ Apiy, = %52'11'2.4” €j1J2 " Jn Ai1j1 Aigjz e 'Ainjn )

1 1

-1
Aij = D! det A Siizin Ejjajn Ajoiy *+ Ajin 4.42)

where the second relation above can be derived from the first one, by multiplying Ai_jl in both sides
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of the first relation and using a useful identity named Schouten’s trick. The latter is as follows

Elivig-in Mi) = 0= Eiigeiny Mi = €iigoiy Miy + €y Miy + -+ €iigi M; (4.43)

n °

Since the anti-symmetrization of n+1 components where each of them runs over n value, is always
vanishing, hence the result is obvious, but, in spite of its simplicity, it is a very powerful tool and
we have used it frequently in our calculations.

Let us employ (4.42) to find a useful lemma
Eijie Ajm Agn, = det A 4n ALY (4.44)

where it can be proved as follows

-1 _ 1 1 y ) —1_1 . _A.
Eomn Ay = 5 qeta Stmn Etpq Eijk Ajp Akg = 5 3507 Sigk (Ajm Akn — Ajn Atkm)

= ﬁ Eijk: A]m Ak‘n . (445)

Therefore, for the case of A;; = ﬁ-j, one has
Eijk im Tkn = szl Etmn » (446)

where we have used the fact that ﬁ-j is uni-modular and symmetric.
To obtain the Hopf fibration result for SU(2) reduction metric ansatz in (4.26), one needs to

find a relation for ﬁj v' 3. Using (4.41) one can calculate

le‘j Vi Vj = Ej (_5imn /vLm Dﬂn + :ui U) <_€qu /“Lp D:U’q + Mj U) = j:’ij Eimn €jpq Mm /JJp Dlun Dluq

—Qﬁj Eike uk W D,ue o+ Ac?=A (o ~ At ﬁ-j Cike uk W D//)2 + M, (4.47)

where A = :-j ('’ We try to complete the square and M denotes the remaining terms to be

found later. Our motivation to complete the square term is to find a (d7 + g.A)? term which appears
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in the S* reduction. Taking into account v’ is a dimensionless quantity, one may have the following
relation

0 — ATV Ty e i 17 Dy’ = dr + g A, (4.48)

and considering o from (4.41), one can write the following relation for the Kaluza-Klein vector
gauge potential

A=g ' cosOdyp — A" — g* A1 ﬁj Sire 2 Dyt (4.49)

Now, one needs to find M. From (4.47), one can write the following expression for M
M=A"" (Z Tj €imm Ejpg 1™ 1P D D — (T € pF 17 D;/)Q) . (4.50)

Writing A=T s 1 0%, the first term of the right hand side of the above relation shall be written

as

AT Cimn Ejpg W™ 1P D™ Dp? = Ty 1" 10° Thj €4vmn Ejpg 1™ 11 D" D
= Trs Tj (Srpg 1 + jrq 1P + Ejpr 1) Eignn p° 1™ 1P D™ Dy
= (Trs Erpg WP DMq> (TZJ Eimn Mj,um D:un)

+5isp Tp_ql Eimn Ms’um D/’Ln D/’Lq

= (T eine ik D,t/) + Tij1 Du' Dy, (4.51)
where we have use the following relations

To J ) D . q
I Ejpg = Erpg " T+ Ejrg W+ Ejpr 17

g s Ty = cip Tpg . p'p' =1,  p'Du'=3D(u'y’) =0. (4.52)
Now, upon using (4.50) and (4.51) then M has a simple form

M =A"'T;' Dy’ Dy . (4.53)
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Finally, the metric ansatz (4.26) can be written in the Hopf fibration form
ds2 = e**% ds? + g2 ¢ A T LDy Did + g2 2% A (dr + gA)?, (4.54)

where the Kaluza-Klein vector potential .4 has defined in (4.49).
The next step is finding a Hopf fibration expression for the three-form field strength I—:T<3).

Before calculating it, let us introduce some useful relations

Vi = i (dr 4+ gA) — A Thp o il Dpi (4.55)
%aijk N (dr + gA) A D/ﬁ + A ﬁ-j /ﬂ Wy 5 (4.56)
Q) = e’ AV AV = (dT + gA) Awgsy (4.57)
where
Wy = ek’ Dp? A Dk (4.58)

To prove (4.55), one can start from (4.41) to write

Vo= —A" 1Tmnu p" € 1t Dyt + 11 (dT—l—gA—i—A €Mu,u Du)
= _A <~mn(€m]k,u +5zmk,u +5Um/JJ )//Jn,u]D,uk_T E'Lkgﬂluﬂ D/JJ)

it (dr + gA) = i (dr + gA) — A Ty egio ¥ Dptl (4.59)

where we have used the Schouten’s identity in the second line above and using the following

expression for o

o=dr +cosOdi —gu' A :dT—i-gA—l—A T, ikt 1V 1 FDut . (4.60)
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To prove (4.56) , one can use (4.55)

%qjk VAR = %gijk (,uj (dr +gA) — A! € jmi Tom u" D;/)
X (;ﬁ (dT + gA) — At Ekpg Tpr p Dpt) = ~A? Eijk Ejme Ty 11" 1F Dyt
A(dT + gA) + %ﬁ_z Eijk Ejme T U Ekpg fpr W Epgs 11° Weay 4.61)
= A (T D' — T D)1l A (dr + g A)
+%£_2 (ir Eejs — Tjr Etis) Ejme Tmn P Wy = (dT + gA) A Dﬂi

—|—£71 i] ILLJ W(g) - %372 (ﬂr Ts’n

— T Tin) " 1" 127 @)

= (dr + gA) A Dyl + A~ ﬁj 1 Wiy s
where we have used
Dyt A Dy = e, piF wi - (4.62)

Its proof is the following

Dyt N D = Seijk Erpg DpP A D p? = S €pg DpP A Dy pi™ pi™
= %Eijk (5mpq ,uk =+ €kmg ,U/p =+ Ekpm ,uq) D,up A D:uq /Lm

= %éfz'jk Empg W DpP N Dt Mk = Eijk Mk N Wy - (4.63)
Note that from (4.56) by multiplying 1’ in both sides, one obtains
Lo vV AVE =g, . (4.64)

There is also another expression for w(,,. Multiplying both sides of the first relation of (4.41)
by Dy, one can easily find
W) = %D,ui AU (4.65)
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Making use of (4.65) , (4.32) and (4.41), one may calculate

Wy = =ik 'V AVF + 200, = i (DV' + gF') + Dy’ Av' = D(p'v') + gp' F

= do + gu'F' =sinfd A df — gd(u'A®) + g W' F* . (4.66)
Finally (4.57) can be proved as follows
(dr + gA) Nwey = "V ANwu,y = %ajk pt ™ A AR = %ajk o™ Emjk sy = Q)
where we multiply £ in both sides of (4.55) and also employ the relation

Dy’ ADp? A Db = e wiy = wey = gein D' A Dp? A Db = ™ ™ e, D' A Dy? A Dy

= L™ (Emgk 1+ Eimis 1+ Eijn 1) Dp* A Dp? A Dp* = 0. (4.67)

After these preliminaries, now we may find the Hopf fibration form of the self-dual field

strength H ) given by (4.27)

fI(g) =mg 3dr + gA) A Wy + me**? e 4+ g 2 B' A ((dT + gA) A Du' + Al ﬁj 7 w(2>)
—g_lemTw i-j «B7 A (,ui (dr +gA) — A1 Eime ka ur D;/) (4.68)
. ) 4
=d(t+ gA) A [m 9 Wy — g 2B ADp — gt e3™ Ty i *BJ}

-~ 4 ~ - )
+met? € + g 2AT! T ' B> ANwey + g le3®? A1 E€jkm // Ty The xB* N Dp™ .

Now we have all ingredients of re-interpreting the DeWitt SU(2) reduction of initial minimal
six-dimensional supergravity as a Pauli S? reduction of five dimensional theory. To obtain this,

one may compare the metric ansétze of the SU(2) expressed in the Hopf fibration form in (4.54)
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with that of the S! reduction in (4.6)

_ 2 _ o~ ~ . .
dgg — €2agp—2a¢ dS§ +g—2 6—30&/7—204(75 A_l Tvl;l DMZDMJ, (469)

_ 2 ~
e 090 — ¢T3WA (4.70)

Moreover, by comparison of the three-form self-dual field strength reduction ansitze of the

SU(2) in (4.68) with that of the circle reduction in (4.10), one finds

. . 4 ~ . .
Heoy = mg 2w —g " B'ADu' — 3% Ty xB7 4.71)

da¢ 3 _ dap -2 A=l ,inj -1 éoupN—l ) L om i m
e xHy =me ™ eg + g AT T ' B Nwy + g7 €3 AT g i i T xB* A D™ .
One can follow [7] to define the three-dimensional scalar fields
1~
T; =Y3Ty,, Y=¢e, (4.72)

Hence, the Pauli S? reduction ansitze of five-dimensional minimal supergravity coupled with

a vector multiplet whose Lagrangian is given by (4.18) has the following form

452 = Y3 A3ds?+ g2 Y3 A3 T Dy Dy

b2 — Y% AL

Agy = g~ cosOdip — pt A — g AT T e g7 1 Dt 4.73)
Byy =mg ? cosOd —mg ™ ' A"+ g7t i B' 4 duw

Fuy = —Lesik (9—1 U A2 i Dy A D — 2971 A2 Dyt A DTy T 1" w) AT, F

Hpy = mg*we — g~' B'A D' = Ty pi' B

L 1 .
where A =T p'pd =Y3 Aand U = 2u' Tj; Tjp ¥ — ATy

J
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Using equations (4.36) and (4.66), one can write H ,, given by (4.71) as

Hyp =mg 2w —g 'B'ADp'+g ' DB'—mg ' W' F' = mg~?*do +g ' D(u' BY), (4.74)

therefore, considering H,, = dB,,, hence B,,, can be written up to a total derivative denoted by

dw, as the expression given by (4.73).
4.4 Impossibility of the Pauli reduction of 5 minimal supergravity

We constructed a consistent Pauli S? reduction of five-dimensional minimal supergravity cou-
pled with a vector multiplet in the last section. However, to obtain a Pauli S? reduction of pure
minimal supergravity in five dimensions, one needs to perform a consistent truncation given by
(4.20). In this section, we examine this condition in five dimensions and study its consequences
in three-dimensional space-time fields. Thus, we find out whether obtaining the consistent Pauli
reduction of pure minimal supergravity is possible by this method.

From the Pauli reduction ansatz for ¢ given in (4.73), one can observe ¢ = 0 yields to

N

Y2=A=T,uu. (4.75)

The important point is Y and 7;; depend just upon the three-dimensional space-time, and are

independent of the S? coordinates y’, thus
1
T;j:féija YZ:A:f) (476)

where f is a general function of the three-dimensional space-time. Considering the determinant of

T;; and according to (4.72), one has
detTy; = f> =Y detT; =Y = f?, 4.77)
where we have used the fact that ﬁj is uni-modular. Hence f = 1, so T}; = ¢;;. Now, considering
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the truncation B, = v/2A, one concludes from (4.73)

m=+2g, pW'B' = —gdwg , (4.78)

and the two-sphere coordinates independence of B’ yields

B'=0. (4.79)

Therefore, from (4.36) we find out B = 0 implies F* = 0, and thus A’ is pure gauge.
Consequently, although there is a consistent Pauli S? reduction of minimal supergravity cou-
pled to a vector multiplet, the investigation of finding such a consistent reduction in case of pure
minimal supergravity fails due to the impossibility of performing a consistent truncation in five
dimensions. However, this failure does not provide a rigorous mathematical proof of the impossi-
bility of the consistent Pauli S? reduction of pure minimal supergravity in the case where all SU(2)

gauge bosons are retained.
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5. AN ALTERNATIVE M-THEORY ORIGIN OF THE SALAM-SEZGIN THEORY

5.1 Introduction

Salam and Sezgin [36], based on a work of Nishino and Sezgin [37], found a chiral N = (1,0)
Einstein-Maxwell supergravity in six dimensions. Among many interesting features of this theory,
its spontaneous compactification on Minkowski, x S? is more striking and a natural question of
whether there is a full non-linear Pauli consistent reduction of it on S? had been raised. Gibbons
and Pope in [38] studied this question and found out a remarkable consistent ansatz for this reduc-
tion. Although they presented the ansatz, but the underlying principle of why this ansatz works
remains unclear. One may use the “Hopf fibration technique” introduced in [7] to investigate this
problem. To do so, one needs to find a seven-dimensional theory which upon reducing on a circle
gives rise to the Salam-Sezgin theory, or in other words, find out an embedding of the latter theory
in a higher dimensional theory. Fortunately, such an embedding was constructed in [39] and one
can use it to perform the above mentioned technique. However, unfortunately, the Kaluza-Klein
vector potential obtained by a circle reduction from seven-dimensional theory has been truncated
to zero in that work. It means the Dirac monopole on two-sphere is vanishing and thus the Hopf
fibration in that case, is just a trivial fibration of S? x S instead of the expected S® one.

By further investigation, we have been able to find an alternative embedding of the Salam-
Sezgin theory in M-theory where the Kaluza-Klein vector potential is present. Hence, by using
the Hopf fibration technique, which we will elaborate in chapter 6, we have a group-theoretical
understanding of Gibbons-Pope remarkable S? reduction of the Salam-Sezgin theory.

The first step towards finding the higher-dimensional origin of the Salam-Sezgin theory is
starting from an SO(4), half maximal, i.e. N = 2 seven-dimensional supergravity. The latter
can be derived from a consistent truncation of the maximal theory, i.e. N = 4, SO(5) in seven
dimensions found by a Noether method in [40]. Then since the maximal theory itself can be

understood as a consistent Pauli S* reduction of M-theory [13—15], thus the half maximal theory
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can be derived from type I or Heterotic string theory as it was shown in [15].
Having said that the seven-dimensional SO(4), half maximal supergravity, is a higher-dimensional

origin of the Salam-Sezgin theory, now at this stage, there are two possibilities to proceed:

e The first one, considered in the original work of [39] and our work in [45], 1s passing from a
compact SO(4) group to a non-compact SO(2, 2) one in seven dimensions. The justification
of the possibility of this process was discussed in [41] and [39]. We will consider this

method, to find the bosonic sector of the Salam-Sezgin theory in the next chapter.

e The second possibility, which will be addressed in this chapter, is based on the Wick rotation
0ip — —1 045 - Again, based on the work in [41], we shall discuss in subsection 5.2.4 how
this possibility is obtained. This method changes the sign of the Yang-Mills kinetic term and
also the potential term in the bosonic Lagrangian of SO(4) theory. However, although the
supersymmetry transformations maintain and also the Lagrangian is invariant under them,
the reality conditions on fermionic fields are ambiguous. We expect a Wick rotated seven-
dimensional supergravity whose bosonic Lagrangian is given by a “wrong” sign for the
Yang-Mills kinetic and the potential terms, exists and we try to find the fermionic Lagrangian
and also supersymmetry transformations. Moreover, we will show the bosonic sector of the

Salam-Sezgin theory can be derived from that theory.

As we have mentioned above, in this chapter we follow the second option . Then, one needs to
perform a Kaluza-Klein S* reduction down to six dimensions, and apply some bosonic truncations.
the Yang-Mills field strengths are truncated to zero in six dimensions. In that sense the “wrong”
sign of the kinetic terms for Yang-Mills fields does not appear in the Salam-Sezgin theory.

The rest of this chapter organizes as follows. Since the initial stages of the embedding of
the Salam-Sezgin theory in higher dimensions, constructed in [39], are the same as our alternative
embedding, section 5.2 is a brief review of how one can obtain N = 2 gauge SO(4) supergravity in
seven dimensions from M-theory. Also, the above mentioned Wick rotation will be addressed and

the reason why this scheme has been followed will be discussed. Section 5.3 devotes to the Kaluza-

52



Klein circle reduction from seven-dimensions down to six, and finding the bosonic truncations of
the embedding. Finally in section 5.4, we will discuss about the consequence of our Wick rotation
and will show, the Wick rotated seven-dimensional theory can be obtained by a time-like reduction

from ten dimensions.

5.2 Obtaining N = 2 gauged SO(4) from N = 4 gauged SO(5) supergravity in seven

dimensions

We review the different steps needed to obtain N = 2 gauged SO(4) supergravity from N = 4
gauged SO(5) theory in seven dimensions. The starting point is seven-dimensional N = 4, SO(5)
gauged maximal supergravity. It was first constructed in 1984 by Noether method in [40], and
about fifteen years later, it was shown [13, 14], this theory can be understood as a remarkable Pauli
S* reduction of eleven-dimensional supergravity, the low energy limit of the M-theory. This is
one of the most significant examples of the Pauli reduction. We shall review this theory in the

following.
5.2.1 Review of N = 4 gauged SO(5) supergravity in 7D

The bosonic part of the theory comprises a graviton, 10 Yang-Mills vector potentials A4
with SO(5), gauging, 14 scalars 11" parametrize the coset manifold SL(5,R)/SO(5). (how-
ever the rigid SL(5,R) symmetry is changed to SO(5). during the gauging procedure), and 5
three-form potentials S 4 which are vectors in SO(5), gauging. The fermionic part consists of
4 gravitini ¢),7, which is a vector-spinor of space-time and a spinor of SO(5). composite group
(the spinor index of the latter group denotes by I while that of the space-time suppressed), and also
16 gaugini \!, which is a spinor of space-time with suppressed indices, and a vector-spinor of the
composite group SO(5). where the indices are denoted by indices ¢ and [ respectively.

The bosonic sector (eﬁ[, A<1)AB, S, HAi) has 14 + 10 x 54+ 5 x 10 + 14 = 128 degrees
of freedom, the same as the fermionic part (¢5;7, \l) with 4 x 4 x 4 + 16 x 4 = 128 degrees of
freedom.

In this theory space-time curved (flat) indices are denoted by M, N, P, ... (A, B, C, ...) respec-
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tively and run over 0,1, ..., 6. The SO(5), indices are denoted by A, B, C, ... (not to be confused
with the flat indices) and run over 0,1,2,3,4. The SO(5). composite group vector indices are
presented by i, j, k, ..., and also run over 0, 1,2, 3,4. The SO(5). composite group spinor indices
are expressed by /, J, K, ... and run over 1, 2, 3, 4. Space-time spinor indices are suppressed here.

Since the original work [40] and the paper [39] which we follow its notation and convention, do
not use the same conventions, one needs to find field re-definitions which is necessary for relating
results of the former to those of the latter. We consider this issue in appendix A. All results of this
section already presented in [40], and we review them here. The bosoinc Lagrangian of this theory
reads

L7 =Rxl—«Pj AP7 — i1, g/ U T p? «FRP A FSP — ATV AT P 5S04 A Sy

1 1 1
+% P S a AN DSy g — E” eacr-ci'” Sap NFG? NFGE — p Q—V=xl, (5.1)
where

F(z)AB = dA(1>AB +g A(I)AC A A(1)CB )
V=101, T; — (1)), Ty=0""1""nz,

4 (5AB d+ 9A<1)AB) I oy = Pij +Qij Py = Pujy, Qij = Qij) » (5.2)
and by definition we have

AP =nYA0c",  with AN = —A0". (5.3)

The above relations, besides the factor of i we introduced in the kinetic term of F(Q‘)B instead
of that of % in [39], are exactly the same as equations (1), (2) and (3) of [39].

Next, we review the supersymmetry transformations given by eqn (9) of [39]. Those of the
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bosonic fields are !

Seqy = %EI’A U,
4 Mg? 6ANY = 3 €97 s + €00 797 Ar,
IO = J(Ev X + ey Ni) (54)
5Snnpa = —ET14" (26 vijn i + €D par v vigw Ae) g7 T F]{?g]
—26,; L4 Diar (26T ' thpy + €T vpp AY)

+390ap 7 (3TN P — ECnp N') (5.5)

where we add a factor of g, which was missing in [39], in the last line of the above relations. Note
the covariant derivative appeared in the supersymmetry transformation of the three-form potential
above, is denoted by D, which is the most general covariant derivative introduced in this work. In
the original paper [40], there is a typographical error and instead of D the covariant derivative D
appeared in that supersymmetry transformation, however in [13, 14], this has been corrected to the
more general covariant derivative D 2. The relation between these two covariant derivatives shall

be clarified in the following. First, consider the covariant derivative D acting on a spinor as follows
DMe:ﬁMe%—%wMABF“be—I—iQMijvije. (56)

The covariant derivative acts on a field with the Yang-Mills and the composite vector indices

in a standard way

D ﬂl)iA - dT(l)iA + g A(l)AB A 71(1)z'B + Q(l)ij A CF(l)jA . (57)

'One should not confuse the flat indices in seven dimensions A, B,C,--- with the SO(5), Yang-Mills gauge
group indices

>The notion was used in [13, 14] for the covariant derivative and the general covariant derivative are V and D
respectively, while we have used D and D for them respectively.
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Now, the general covariant derivative involves F,,;; as well as () ,,;; as follows
Dﬂl)iA =D ﬂl)iA + P(1)ij A Tv(1)jA . (58)

Note the only place this general covariant derivative appears is the supersymmetry transformation
of the three-form potential, and in all other equations, covariant derivative D appears.
The supersymmetry transformations rules of fermions, originally presented in eqn (9) of [40],
and then in eqn (6) of [39] are as follows
Star = Dyre+ o gTiTare — o= (D™ = 803 ) 35 € 114" g7 Fiyp™?
_% (FMNPQ _ %5% FPQ) ,yz EH_lz‘A SNPQ A

SN = o TMN (v i — 273 yne) e A" T g° Fagn P — 5 TV (7 — 467) eI Swp a

The original sign which appeared in the second term of the gravitino supersymmetry transfor-
mation in in eqn (9) of [40] written by Pernici, Pilch, and van Nieuwenhuizen in 1984 , was an
equal sign, which is definitely a typographical error. However, in two works published in 1999
by Nastase, Vaman and van Nieuwenhuizen [13, 14], it was stated to be a minus sign. During the
construction of the alternative embedding of the Salam-Sezgin theory, we found out if this sign
would change to a plus sign, then the alternative reduction would work. Upon direct calculation
regarding to verify the correct sign, we found, surprisingly, this sign should be a plus sign. After
reviewing the literature, it turns out this sign was correctly reported as a plus sign in [41] (couple
of months later after the original work in 1984). Some later works [42,43] followed this paper, and
hence presenting the correct sign.

According to equations (5) and (6) of [15] one can write the following relation for the three-
form potential

DS4 = ds4

(3 = A0 g + gAtE A Sg) = gTp * Sf; + %5ABCDE F(]f)c N FDE (5.10)

(2)
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where

TAB =11-4L,A117 4,5 (5.11)

5.2.2 The Inonii-Wigner group contraction limit of the SO(5)

The next step shall be using the Inonii-Wigner group contraction limit of SO(5) gauged su-
pergravity mentioned above, to find maximal supergravity with SO(4) gauge group. The result,
N = 4, SO(4) gauged maximal supergravity, could be interpreted as a consistent Pauli S® reduc-
tion of type IIA supergravity [15].

One may divide both SO(5), and SO(5). vector indices, A and 4, as follows

i=0,0), A=(0,4), (5.12)

where A and « are now vector indices of SO(4), and SO(4).. gauging respectively. If one applies
different rescalings on bosonic fields and the gauge coupling constant introduced in equations
(11) and (14) of [39] , then by taking a singular limit, one can achieve the SO(4) gauging. The
procedure described in that paper and was originally presented in [15].

For our final purpose to obtain the Salam-Sezgin theory, one does not need the detail of max-
imal SO(4) gauge supergravity, however, one has to find a further truncation to N = 2, SO(4)

gauge supergravity. In the following, we will address this truncation.
5.2.3 Review of N = 2 gauged SO(4) supergravity in seven dimensions

One needs to perform consistent truncations of the bosonic and fermionic fields of the maximal
theory, to obtain an N = 2 theory with SO(4) gauge group in seven dimensions, as described
in [39]. This theory can be considered as a consistent Pauli S® reduction of the type I, or Heterotic
supergravity. Let us review the field content, the Lagrangian, and supersymmetry transformations
of this theory. All of these results presented in [39] and we repeat it here for convenience.

The bosonic truncations we apply are the following

a 0A __ a
=0, AY—p, @0, (5.13)



where four scalars x“ were introduced in 7;; in eqn (11) of [39], as a part of the Indnii-Wigner
procedure.

To retain the supersymmetry, one needs to truncate some fermionic fields as well. For that
purpose, one may write € = € + ¢, where the superscripts + show the positive and negative
chiralities under the SO(5), chirality operator (i.e. 7). In other words, 7y e* = de*. According

to eqn (12) of [39], one can make the following truncations

e =0, . =0, Ao =0, AN=0. (5.14)
Hence from 7¢ \; = 0, we can find
YA =AT = A AL HAL = A AL =0, (5.15)
then
A= AL (5.16)

Therefore, after the above truncations, the remaining independent fermionic fields are zD:[ and
A, - One has to verify the supersymmetry transformations (5.5) and (5.9) shall be consistent under
the bosonic and fermionic truncations mentioned above ( i.e. the supersymmetry transformation of
a truncated field should be vanished) and ffter some calculation, it is clear that they are consistent.

The bosonic field content of half maximal SO(4) supergravity comprises a graviton ef,, 9
scalar fields described by a unimodular matrix 7 ;* which parametrizes a coset of SL(4,R)/SO(4).
, a scalar field denoted by ® which results from the Inonii-Wigner group contraction procedure as
explained in eqn (14) of [39], 6 Yang-Mills vector potentials Aéf’ in the vector representation of
SO(4), , and a three-form field strength H ;). The fermionic fields include two gravitini 1), and
8 gaugini )\,. The bosonic degrees of freedom for the multiplet of (ef,, 7 4%, @, Aé?, H.) are
144+9+1+6 x5+ 10 = 64 and the fermionic degrees of freedom for the multiplet of (¢, As)

are 2 x 4 x 44 8 x 4 = 64 as we expect for the half maximal theory in seven dimensions.
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Here A, B, ... (a, 3, ...) , run over values 1,2, 3,4, are the vector indices of SO(4), (respec-
tively composite group SO(4).). Seven dimensional curved (flat) indices denote by M, N, P, - - -
(respectively A, B,C',---)runover 0, 1,--- , 6. Seven-dimensional Dirac matrices denote by [y,
while the composite Dirac matrices denote by 7.

The bosonic Lagrangian of this theory reads

L;=Rxl—2072%d® N d® — #pag A p*’ — 107 «H, A Hy,

5 . .o 1
Lo VP P e mpP A FAP AN FGP — = — Vsl (5.17)
g

where

70 047 d+ g Ay a1 757 0gy = Pag + Qs Pap = D(ap) 5 Qap = Qg , (5.18)
and the scalar potential in the Lagrangian is
V = 3¢° @V (2Map Mo — (Maa)?) - (5.19)

where M,z = LA W_lﬁé nip. Also the gauge potentials are raised and lower by SO(4),
invariant tensor 755. Finally, 2 denotes the Chern-Simons term, which its detail form can be
found in [40]. Covariant derivatives are the same as the case of the maximal theory presented in
(5.6), (5.7) and (5.8).

One can obtain from (5.10), and considering the bosonic truncation we have made, the follow-
ing relation

dH ) = %gABC'D F(?)B A Fg)D . (5.20)

Starting from the fermionic Lagrangian in SO(5) gauged maximal seven-dimensional super-
gravity, given in eqn (8) of [40], one can write the fermionic Lagrangian of the SO(4) limit of this

theory. It is understood all of the fields and Dirac matrices and the covariant derivative are in seven
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dimensions. The fermionic Lagrangian reads

e Lrermi = =l N Dyop = XTY Dy di + 4g i (M) — 8MugAas)
+1g cbiMaﬁerszM + 20y TNTY A @71 O @ + oo TV T M Nopnag
— 1y TNTM AN, @7 1ON D + Lg oi M U TMNpy
325 @71 (D4 (TVNPR — 26MN 579) 5 s i g Fivg P
+4ZEMFNP rv ’Ya)\NTAa Wéﬂ FNPAB + %j\i’yj Yap ’Yi v >\j 5" WBﬁ FMNAB>
_i CID*% (1/;M (DMNPQR | sMN PP §QRY 4,

— 2 (TMNPQ _ 35MN §PQ) N0 _ SOTNPQ \ 4 Ja[NPQ )\a> Hypo. (521)
Supersymmetry transformations for the fermionic fields shall be given by *

Sar = Dare+ & g Mao /4Ty e — & (Dy ™M — 858 TF) s e @ VA s m5° FigB
—% (PMNPQ - 351\]\/[[ FPQ) € @71/2 HNPQ y
O = %FM ’76 € PM,aB + % I (757 Yo — %'Va ’Yﬂ'y) e /4 WAB g’ F]\élﬁf

_% FMNP o Eq)—l/2 HMNP + %g (Maﬁ o %M77 6&[‘3) @1/4 ,y,B €. (522)

Also, correcting a typographical error in the three-form supersymmetry transformation in eqn

3The typographical error in the second term of the right hand side of eqn (19) in the gravitino supersymmetry
transformation is corrected here.
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(20) of [39], the bosonic supersymmetric transformations read *
deqy = 3ET P,
OV P SARP = Ler™® gy + LeTu (1P AT — 7 M),
r ol toms’ = @ N e’ h) —je AL @R = —er” A,

—3 02Dy (26T N Yp) — €D NP 7™ Aa)- (5.23)

5.2.4 Towards a Wick rotated supergravity in seven dimensions

The way non-compact SO(2,2) gauging was achieved in [39], is based on the argument first
presented in [41]. Let us briefly state the argument here. It is in the context of N = 4, SO(5)
seven-dimensional supergravity which had been discovered in [40] couple of months earlier than
that work. However, one can use it to a less general case of our interest, i.e. N = 2, SO(4)
seven-dimensional supergravity.

They perform a “Wick rotation” represented by a matrix £,4" € SL(5,C), and satisfies
E Y EgB AP = pA'B" (5.24)
All fields of the theory rotate according to this Wick rotation, i.e.

AP =EN A P E 5 1, = B2 11,0 Syunpa = Ea* Synpa -
(5.25)
Then, if one assumes det 44" = 1, the Lagrangian and supersymmetry transformation shall
be replaced by the ‘prime’ fields, moreover, d 4 g shall be replaced by 1745. According to [41], since

the supersymmetry transformations maintain and the Lagrangian is invariant under them, then one

4 The typographical sign error of the supersymmetry transformation of the three-form in eqn (20) of [39] is cor-
rected (the sign of the second term after the covariant derivative should be minus rather than plus). Also, because
of the rescaling introduced in equations (11) and (14) of that paper, the last term in this transformation (term with
coupling constant g in (5.5) should be vanished. The missing term in the scalar transformation, 7 7 has been added.
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can declare all of the primed fields are real.

Now, having said about their argument, we introduce £ 4 as follows

in iz
4 4

im
4,6

B = diag(—1,e et ed), (5.26)

where clearly det £44" = 1. The invariant tensor has become
VB = B, EgP 6AP = diag(1,1,1,i,1). (5.27)

Now, if we consider the Inonii-Wigner group contraction limit of the SO(5), the invariant
tensor becomes

B =i 648 and i = —idiz5. (5.28)

Note that the above result follows exactly the same line of reasoning as passing from SO(4)
compact group to SO(2,2) non-compact one. In the latter work one should replace d 55 — 1,5
and in our work the replacementis 6 ;5 — —i 0 55.

Having obtained this Wick rotated theory, one may consider its consequence in the supersym-
metry transformations and the Lagrangian. First of all, recall the fundamental Yang-Mill gauge

potentials have the form of A, AB, and hence to raise the index, one may write

Aé? =1 Ay =160 467 (5.29)

In other words, the kinetic term of A, AB in the bosonic Lagrangian has a positive sign instead of
the usual negative one.

Also, the scalar potential in the Lagrangian undergoes a sign change and is given by

V =192 0% (2Mup Mo — (Maa)?) - (5.30)
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where
Moy =77 P nap = —idapm Lm0, (5.31)
We will not present all of the supersymmetry transformations and the entire Lagrangian here.
One can easily obtained them by the replacing 0 55 — —i 055 in (5.17), (5.21), (5.22) and (5.23).
One can provide another Wick rotation to obtain the same result. Assuming the standard SO(4)
gauging, if the scalar field Phi is analytically continued to a pure imaginary field, i.e. ®/* —
—i PL/4, together with Hy;nyp — — H /v p, one has the same result as the previous case of 6 ;5 —
—i 0 55. Since it is easier to work with this Wick rotation, we will consider this case and hence we

have ni5 = d45.
5.2.5 Why the Wick rotated theory is necessary to study the fermionic sector?

The previous work [39] about finding a higher-dimensional origin for the Salam-Sezgin theory,
as we have emphasized, is based on non-compact SO(2,2) gauging of the half maximal super-
gravity in seven dimensions. Also, there is a possibility, as we shall show in the next chapter, to
construct the bosonic sector of the Salam-Sezgin theory by this non-compact gauging and at the
same time, retain the kaluza-Klein vector potential .4 ,,. Hence, one may speculate the possibility
of obtaining the fermionic sector with the same gauging. However, one can show it is inconsistent
to assume the same ferminic truncations as [39] and also keep A,,. It can be observed from the
vielbein transformation in (5.23), since both ¢, and 17 have been truncated to zero, as it was
assumed in [39], then the supersymmetry transformation of A ,, shall be vanishing. Hence, A,
itself should be truncated.

One may argue, other fermionic truncation may be employed to keep A ,, and using the non-
compact gauging. The form of gaugino transformation in (5.22) forces us to assume the following
truncation for the positive chirality * part of the gaugino: A\ = 7,575 A™. Also, other consequence
of this reduction is H,) = 0. Then considering the Yang-Mills supersymmetry transformation in

(5.23) leads to a fermionic truncation of w; = 0. The latter result is based on the assumption

>Note here the positive and negative chiralities are with respect to the space-time chirality operator I'?, and it
should not be confused with that of the composite one which we discussed previously.
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from the bosonic sector where the Chern-Simons contribution vanishes if A2 = +A3*. If one

) Eo8
considers the supersymmetry transformation of 1 in (5.22), then since H,, = 0, then one has
S ~ g(x'? + x*) 712¢.° In addition to this, since the fermionic degrees of freedom are 20, then
one needs to truncate the latter field (since it is not possible to make this field proportional to other
fermionic fields), meaning that 6.4,, = 0, or A, should be truncated. This argument shows the
bosonic and fermionic ansatz, presented in [39], is the only consistent possibility if one considers
SO(2,2) non-compact gauging in seven dimensions.

It is worth to mention that the truncation discussed in [39] does not consistent with the compact
SO(4) gauging. To see this, one may find the supersymmetry transformation of the field ¢, which
is truncated to zero in that work, is non-vanishing. According to (5.22), there is a My, = Naa
contribution in that transformation, which actually becomes zero for the case of SO(2,2), but it
shall be 4 in the case of SO(4) gauging. It clearly indicates that this scheme of truncations does
not consistent with the compact gauging, and one needs to use the non-compact one, as it was
employed in [39].

In the next section, we perform a Kaluza-Klein circle down to six dimensions and consider the

bosonic truncations and equations of motion.
5.3 The Kaluza-Klein circle reduction to six dimensions: bosonic sector

The Kaluza-Klein circle reduction is a standard calculation which we presented in the chapter

2. Using those results, one can write the metric ansatz as follows

482 = % A + 7% (dz + A (5.32)

where ¢ is a “breathing mode”, and o? = 4—10. Also in this section, we insert hat on seven-

dimensional fields to distinguish them from the six-dimensional ones. The bosonic ansitze for

a circle reduction are standard and shall be addressed in the next part.

®The scalar has been ignored, this is why “~” has been used
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5.3.1 The ansiitze for gauge potentials

For obtaining the Salam-Sezgin theory, one does not need six gauge potentials of the SO(4)
half maximal theory, thus one may truncate them. We consider a consistent truncation where
only the maximal Abelian subgroup, i.e. U(1)?, of SO(4), gauged Yang-Mills fields are retained.

Namely, A2 = A, and A% = A

A (1, are kept. Also, one may truncate all scalars in the coset

SL(4,R)/SO(4), i.e. mz* = ;% Consequently, with the assumption of keeping the compact
gauge group SO(4), then M,3 = d,3. Obviously, this truncation is consistent with all equations

of motion. Having assumed this truncation, and using (5.20), then one can write

dHy =Fo NEl, .,  Fo=dA,,  F,=dA, . (5.33)
Based on the above relations, one can write
dHyy = Ld(Fpy N A+ Ay A F), (5.34)
and hence
Hy =dBu + Y Fo NAL + L NA. (5.35)

The ansitze for the Kaluza-Klein circle reduction for the bosonic fields are standard and can

be written as follows

Hyy = He) + Hy A (dz + Ay),
Aw = A + xdz, AZU = Al + X dz,
By = By + By A dz,

Foy = Foy+dx A(dz+ Ay, Fl =F, +dxX' A(dz+ Ay). (5.36)

65



Therefore, one may find the following relations for six-dimensional fields

—s (XdAy + XAA,) AN Agy — 5 (Agy Ndx' + Ay Ndx) N Ay,

(1) W ANdx + Agy Adx),

F(2) — dA(l) - dX /\ A(1)7 F(IQ) - dAzl) - dX/ /\ A(l), f(g) - dA(l) . (5.37)

Writing in the flat indices, one can find the following relations between components of seven-

and six- dimensional fields

]:Iabc = 6—3a<p Habca Hab7 = 620@ Haba
Ag = e (Ag —xAd), AL =e (A — Y A,), Ar=e*¥y, A =y

a —

& =eXe, (5.38)

In addition to this, one can easily obtain relations between the components of seven- and six-

dimensional fields in the curved indices

Hegypp = Heywp + 3Hoy v Ay Hesypwe = Hooy o,

Au = Aua A:L = AL? Az = X5 Alz = Xla

B<2> pv = B(2>uw B('z)uz = B(l)u- (5.39)

At this stage, following [45], a re-parametrization of two scalar fields ® and ¢ is introduced as

follows

2, 4
P =e5V 5%, 200p = =2 — ¢. (5.40)
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With these preliminaries, the six-dimensional bosonic Lagrangian becomes

1
Lo = Rl — 2xdp A dp — tadp A dyp — 3274 5 F o) A Froy — e xH g A H,
1, 1
—1e2%7V xHyp) A Hpy + 3 €29 (xF) A Fio) + *F), AF),)

e (wdx Adx +xdx Ady') — TL — Vi, (5.41)

where

V =4g%e 27, (5.42)
and €, is the Chern-Simons term in six dimensions which shall be studied in the next subsection.
Note that the Yang-Mills kinetic terms have a wrong sign.

5.3.2 The Chern-Simons term in seven dimensions

Let us calculate the Chern-Simons variation for the Abelian truncation, i.e. flm = A(lf), 12122) =

flf’f). Since all of the fields in this part is seven-dimensional, then we omit the hat for simplicity.
The expression we have used here to calculate the Chern-Simons term is eqn (10) of [40]. Since the
normalization convention for the trace operator does not specify clearly in the latter, we generally
assume

Tr(FAF)=cF9AF", (5.43)

where this c is either 1 or % We have the following relations for 02,

60 =AF(FAF+F NFYN(FASA+F NSA)
=4F(FAFAFANSA+FANFANF NSA

+EF'NF'ANFANSA+F NF'ANF' ANGA). (5.44)
Also, 6€;, shall be written as follows
0 =2c(FANFANFNSA+F NF'NEF'ANGA). (5.45)
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Now, combining the above relations, one may find the following relation for the Chern-Simons

variation

00 =200 — 0Qu =4c[(1—=c)FAFANFNSA+ (1 —c)F' ANF' NF' NGA

—cFENFANF NSA —cF' ' NF'NF AGA]. (5.46)

Therefore, for the specific value of ¢ = % we have the following

0y =FANFANFANSA+F NF'ANF' NGA

—~FANFANF NOA —F'ANF'NEFANGA. (5.47)

After some algebra, one finds the 7D Chern-Simons term, up to a total derivative is

Qo =3FANFANFNA+IFNFANF'ANA —SFAFANF NA (5.48)

The above relation for seven-dimensional Chern-Simons term can be vanished in specific cases,
e.g. F = +F". Therefore, we apply a further truncation and assume A = 4, or in six dimensions
A=A"and y =\ .

5.3.3 The bosonic equations of motion

Now, we shall find equations of motion of the six dimensional theory derived from the La-
grangian above (5.41). To ensure the truncation we have imposed on the Yang-Mills fields, i.e.
A = A" and xy = X/ is consistent, we present equations of motion for both gauge potentials and
the axions, and then we will deduce the above mentioned truncation is consistent with the equa-
tions we will present. However, the Chern-Simons term is vanishing according to the argument

presented in the previous part. First we state scalar equations of motion

1 1
O¢ = {2 Fo + g Hiy + 4 Lez#- Y HE, — €2¢(F2 + ) —dg’e 2%,

1
Oy = Le2™V 7 — 62¢ YHE 4+ e ((0x) + (0X)?). (5.49)

68



Next, we consider equations of motion for one-form potentials A, and Af, as follows:

1
—d(e? * Hy A (A o~ X .,4(1))) +e? % Hyy A Fl, .

—d(e? * Hay A (A = X Aw)) +€” * Hyy A . (5.50)
The equation of motion for the Kaluza-Klein vector potential 4 ,, reads

1
d(e2?™ x Fpp)) = —€® x Hyy A [dB) — L (WdAu) + xdAl,, + Ay Adx + Al A dX))

1
+1e720 (xFp A dx + *F, A dY). (5.51)

Next, we consider equations of motion for potentials B, and B, in the following

1,
d<62¢ Yk Hy)) = d(e? * Hyy AN Awy),

d(e? * Hy) = 0. (5.52)
Finally, equations of motion for axionic scalar fields x and x’ are

1,
d(e‘w xdy) = e? * Hgy NdA, AN Ay — (e x Hy A A A Ay — e2%7Y Ho A dAm

)
_d(€§¢ * H ) N Am) d(6§¢ * Fioy N Aw)
) 1,
de™ xdy') = e® * Hyy NdAuy A Agy — d(e? * Hygy A Agy A Apy) — €277V % Hypy A dA,

1
—d(e2? Vs Hy A Ayy) — d(e§¢ « Fly NAy) . (5.53)

Now it is a straightforward task to check the ansazt A = A’ and x = \’ is consistent with

the above mention equations. therefore, it is possible to find more convenient relations. Plugging
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(5.52) in (5.50), one can obtain the following relations for the six-dimensional field strengths
1 1
d(e2? % Fip)) = —e2° Y % Hypy Adx +€® % Hy A F . (5.54)

Using the equations (5.50) and (5.52), one can find the following equations of motion for the

axionic scalar field

1
d(e_w * dX) - ed) * H(3) /\ dA(l) /\ A(l) - eé(j}_w * H(Q) /\ (ZdA(l) - dX /\ dA(l))

1
—e2? % Fpy AdAy, . (5.55)

The equation of motion for Kaluza-Klein vector field strengths, can be easily found by using

H ,, relation from (5.37)
1 1
d(ei‘”w * .7:(2)) = —e? x Hgy N Hppy + e 2% % Foy Ndyx . (5.56)

5.3.4 The bosonic truncations

There is only one scalar field appears in the Salam-Sezgin theory, while the theory presented in
the last part has three scalars ¢, 1) and x . Hence, one needs to perform a consistent truncation of
these scalars. The axions were truncated to zero in [39], but, if these fields would be just constant
numbers, then, obviously, they did not contribute in the kinetic part of the Lagrangian. Upon
investigation in the supersymmetry transformations, one has to truncate both A and A’ to zero.
However, since the covariant derivative depends on the gauge field, one needs to keep the axion,
but one may assume it is not a dynamical field, but a constant number to be determined by
supersymmetry transformations.

In that sense, one can retain the standard gauging in the covariant derivative, however, instead
of the usual Yang-Mills vector potential, one has the Kaluza-Klein vector potential A, as a gauge
field.

Now, we may check whether our proposed truncation is consistent with the bosonic equations
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of motion. It can be easily verified that equation of motion for the axion (5.55) , and also the field

strength [, (5.50) are trivially satisfied. The remaining equations after this truncation shall be

1 1 - 71
D¢ = 12" Fo + ge” H + 1277V HY, — dgPe 27,
1 1
1 50+ 2 1, 50— 2
Oy = §e2¢ w]—"@) — §e2¢ wH@)’

1

1
d(e2”tV x« Fp)) = —e x Hyy A Hyy . (5.57)
Also, the six-dimensional bosonic Lagrangian has the following form

1
Lo = Rxl — Lxdp AN dop — dxdp Ndip — 2e27MY < F ) N Fio) — Le? % Hpy) A H,

1 1
1297V uH ) A Hpy — 4% e 2% %1. (5.58)

This is still not the bosonic Salam-Sezgin Lagrangian, and one more truncation is needed to
this theory be achieved. Assume the scalar field v is vanishing, and at the same time, ]:(22) =H (22).
They are consistent with equations of motion (5.57). Therefore, due to the re-parametrization given
in (5.40) one has

b= e 3? W0 = —¢, O =elf%, (5.59)

Y

Finally, the bosonic Lagrangian shall be that of the Salam-Sezgin

1 1
Lo = Rxl — Lxdp A dp — €27 F o) N Fooy — 3 xHy N Hy — 4g% e 2% 1, (5.60)

2

with the rescaling of F, = Hj, = 2 Fé), where F,, is the field strength in the Salam-Sezgin

71



theory. Let us summarize all the bosonic truncations we have found so far

77/] = 07 o = 6160(%07 20&@ = _¢7 WAO[ = 6Aa7 Mocﬁ - 50467

FABZO, A@:A;:_XA(M A7:A/7:X7 FQZHQ :2F2

/
(2) (2) @ X=X = const. ,

H(S) — dB(2) - dB(l) VAN A(l), H(Q) - dB(l), F(g) - d.Au) (5.61)

Since F2, = H?

) (2> one has options of F,) = +H,,. The important question of which sign should

be chosen, is not answered by the bosonic sector, and it will be determined by the supersymmetry
considerations. Also, the constant value of the axion shall be determined by the supersymmetry

transformations as well.
5.3.5 The supersymmetry transformations?

We stated in 5.2.4 that the starting point theory in seven dimensions is a Wick rotated theory
which we may find it by d 55 — —i 055 Wick rotation. However, the reality condition for the
fermionic fields becomes vague here. In spite of that, we found a fermionic truncation for the
circle reduction of the Wick rotated theory and we could recover the fermionic Lagrangian of the
Salam-Sezgin theory. This is a very encouraging hint about the presence of such an exotic theory
in seven dimensions.

We do not present our calculations in the fermionic sector, since the seven dimensional theory

is not yet rigorously proved to be existed.
5.4 Final remarks

It is instructive to find out the embedding of the seven-dimensional metric in ten dimensions.
Recall our Wick rotation 055 — —i 045, or the other option ®/* — —i ®!/4, One needs to
investigate the consequences of this odd choice.

The embedding of seven-dimensional metric ansatz to ten dimensions, as in eqn (46) of [15],

is as follows

=

3
d16 A

NI

ds® =g~

10

1
(ds? + g2 @72 A" M5 Du® D). (5.62)
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Hence, after applying either of the above Wick rotations, one can write
1
ds, =Q (ds: — g2 @2 Dp® Dp®) . (5.63)

It means the dimensional reduction has been performed on three time-like coordinates instead
of the usual space-like reduction. One may conclude this reduction is a case of Hull’s [50, 51]
program about time-like reduction. Actually he found there is an exotic type IIA in (6,4) signature,
1.e. 6 space-like and 4 time-like coordinates [50]. Then one may speculate the Wick rotated
supergravity we are looking for, is actually the three time-like reduction of type 1A (6,4).

This is an interesting possibility and further work is needed to find a more elaborated connec-

tion between the Wick rotated seven dimensional supergravity and the time-like reduction.
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6. PAULI S? REDUCTION OF THE SALAM-SEZGIN THEORY

6.1 Introduction

In the previous chapter we saw an alternative higher dimensional origin for the Salam-Sezgin
theory where the Kaluza-Klein vector potential A ,, is non-zero. As we have emphasized there, the
reason for keeping this field is to use the “Hopf fibration technique” and to find a group-theoretical
explanation for the consistent Pauli S? reduction of the Salam-Sezgin theory, constructed by Gib-
bons and Pope in [38].

The first step towards using the Hopf fibration technique, is starting from a seven-dimensional
theory. As we have discussed in the previous chapter, if one considers just the bosonic sector,
this theory can be SO(2, 2) gauged half maximal, i.e. N = 2 seven-dimensional supergravity. This
theory has been investigated in [39], and it may be derived from type I or Heterotic string theory
as it was shown in [15].

The next step is performing the Kaluza-Klein S! reduction down to six dimensions to obtain
a non-chiral N = (1,1) supergravity. Then, one may apply consistent truncations to obtain the
Salam-Sezgin theory. However, the difference between the six-dimensional bosonic truncation
imposed in [39] and ours is the Kaluza-Klein field strength F,, and two-form field strength H ,,
in one hand and the Yang-Mills field strengths F'2 and F>! in the other hand. Let us compare two

(2) (2)

truncations in the following
Truncation given by [39] : Fo=Hy, =0, FQ=-F),

Our truncation : Foy=—Hg, FP=F=0. (6.1)

Note both of these truncations are consistent and give rise to the Salam-Sezgin theory in the bosonic
sector.
Then one needs to perform an SU(2) DeWitt reduction of the seven-dimensional theory to

obtain a four-dimensional one [44]. Now, having obtained a consistent reduction of the Salam-
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Sezgin theory with its Dirac monopole A,,), it is a straightforward calculation to write the the
SU(2) as a U(1) Hopf fibration over S? . The crucial point here is, the ansatz we may write in the
Hopf fibration manner, should be consistent with the truncation we have applied in six dimensions
to obtain the Salam-Sezgin theory. As we will observe, this truncation is consistent with the Hopf
ansatz. Thus, one can read off the consistent S? reduction of the Salam-Sezgin theory, and find
the exact same results as [38] after some field rescalings. Therefore, by this method, we have a
group-theoretic understanding of why the Pauli S? reduction of the Salam-Sezgin theory works.

In this chapter, we deal with fields in seven, six and four dimensions. To avoid ambiguity, the
convention is as follow. We insert a hat on seven-dimensional fields and four-dimensional ones are
appearing without any symbol on them everywhere. Especially in section 6.5, and where there is a
chance of an ambiguity, we shall insert a bar on six-dimensional quantities.

The rest of this chapter is organized as follows. In section 6.2, we shall consider the non-
compact SO(2,2) half maximal seven-dimensional supergravity and perform some truncatuions.
In section 6.3, we perform a Kaluza-Klein S! reduction followed by our bosonic truncations to
obtain the Salam-Sezgin theory. We perform an SU(2) DeWitt reduction in section 6.4, and we
consider the Hopf fibration technique in section 6.5 to find the S? reduction of the Salam-Sezgin
theory. Also, we will verify the consistency of our ansatz by inserting it in six-dimensional equa-

tions of motion.
6.2 Truncation of N = 2 gauged SO(2, 2) supergravity in seven dimensions

The gauged SO(4) half maximal supergravity in seven dimensions, as we described in length
in chapter 5, can be obtained from maximal SO(5) seven-dimensional supergravity found in [40]
in two steps:

First, one may use the Inonii-Wigner group contraction limit of SO(5) gauged supergravity to
find a maximal supergravity (i.e. N = 4) with SO(4) gauge group.

Second, one may perform a consistent truncations on bosonic and fermionic fields of the max-
imal SO(4) theory to obtain a half maximal theory with N = 2, but with the same SO(4) gauging

in seven dimensions.
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The entire Lagrangian and the supersymmetry transformations of seven-dimensional gauged

SO(4) half maximal supergravity were given in 5.2.3.
6.2.1 Pass to a non-compact SO(2,2) gauging

As it was illustrated in [41], it is possible to pass from a compact Yang-Mills gauging to
a non-compact one. Following that idea, it was assumed in [39] the gauging can be the non-
compact SO(2,2) rather than the compact SO(4) one. One needs to simply assume 75 =
diag (1,1, -1, —1).

The main motivation of choosing the non-compact gauging is obtaining the positive definite
potential of the Salam-Sezgin theory, which is one of the main obstacle to find a higher dimensional
embedding of this theory. According to a no-go theorem by Maldacena and Nunez [43], if the
lower-dimensional space-time has a positive definite potential, then the non-singular internal space
should be non-compact. This is why the non-compact group was chosen in [39].

Now, having described the bosonic part of the half maximal theory with non-compact SO(2, 2)
gauging in seven dimensions, one may perform a consistent bosonic truncation to find a simpler

theory in seven dimensions.
6.2.2 Truncation of SO(2,2) half maximal theory in seven dimensions

If one interests in just the bosonic section of the Salam-Sezgin theory and its Pauli S? reduction
down to four-dimensional space-time, then it is more convenient to impose truncations in seven-
dimensional SO(2, 2) half maximal theory, before performing the S' Kaluza-Klein reduction. The
truncation is as follows

% =05, A =, (6.2)

The above truncation is obviously consistent, i.e. the equations of motion of the bosonic La-
grangian (5.17) is consistent with them. The final bosonic Lagrangian after applying the above

truncations has become

~ ~ ~ ~ ~ ~ ~ ~ ~ 1
L;=Ril—207?xd® Nd® — 107" &H,) A Hyy — 4g° 92 41, (6.3)
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where we insert hat on fields to emphasize they are seven-dimensional ones. Note we have used
the non-compact gauging to obtain the potential term, i.e. 1;5 = diag(1,1,—1,—1), and also
Mp = n4s, according to truncation of the scalar fields.

The Bianchi identity (5.20), after the above truncations reads
dH, = 0. (6.4)

Now, one may perform the S* Kaluza-Klein reduction to find the bosonic sector of the Salam-

Sezgin theory.
6.3 The Kaluza-Klein circle reduction down to six dimensions

The Kaluza-Klein circle reduction is a standard calculation which we presented in the chapter

2. Using these results, one can write the metric ansatz as follows

d3z = e*? dsg + e 5% (dz + Ay))?, (6.5)

where ¢ is a “breathing mode”, and o* = 4.

Making use of the seven-dimensional Bianchi identity di 3 = 0, one can write

The ansitze for the Kaluza-Klein circle reduction for the bosonic fields are standard and can

be written as follows

where
H(3) == dB(g) - dB(l) A A(l) 5 H(g) - dB(1> y .F(g) - dA(l) . (6.8)
The relations between the flat and curved components of seven- and six- dimensional fields are
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as follows

A

-3 2 2 A 2
Habc =e Habca Hab? =" Hab7 e=ee
H prp — H<s> pvp T 3H<2) [ Ap], H prz — H, v
Boyw = Beyuw,  Beyuz = By - (6.9)

The convenient re-parametrization of scalar fields is introduced again as follows
2, 4,
O =e57 5%, 200p = =29 — ¢. (6.10)
Having obtained the circle reduction, the six-dimensional bosonic Lagrangian becomes

1
Lo = Rxl — txdp A dp — Ladp A dyp — 1e29 5 F o) A Frpy) — e xHy A H,

1 1
16297V xH,) A Hpy — 4g°e 271, (6.11)

Now, we shall find equations of motion of the six dimensional theory derived from the La-
grangian in (6.11). They are exactly as eqn (5.57).

At this stage, we impose truncations in six-dimensional fields to obtain the Salam-Sezgin the-
ory.

6.3.1 The bosonic truncations in six dimensions

The bosonic sector of the Salam-Sezgin theory can be achieved by the following truncations in
six dimensions

Y =0, Ay =—-Bu = = Ay, (6.12)

1
V2
where A, is the gauge potential appears in the Salam-Sezgin theory. It is easy to check the above

ansatz is consistent with the six-dimensional equations we have found in (5.57).

Now, the six-dimensional bosonic Lagrangian in (6.11) becomes that of the Salam-Sezgin the-
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ory

— 1 _ _ 1

where we have used bar to emphasize the fields are six-dimensional ones. (No bar on F{,, since
there will be no such a field in four dimensions below and therefore it will be surplus.)
The next step is performing a DeWitt SU(2) reduction of seven dimensions down to four,

which will be the subject of the next section.
6.4 DeWitt SU(2) reduction from 7D theory

In this section, we perform a group-theoretic DeWitt reduction of the seven-dimensional theory,
the half maximal SO(2, 2) supergravity, on a group manifold S® = SU(2). The consistency of this
reduction is guaranteed by a group-theoretic argument as we have emphasized in chapter 1. The
method we have used here is analogous to that of chapter 4.

The ansitze for the metric and three-form H,, in terms of four-dimensional fields read

40!
A2 2dl¢! 7.2 1 -2 ——=¢ i j
ds; = eV dsy+ 39 e 37 T,

He = mg > Qu + g2 Loy BPAV AVE + g7 CP AV + H), (6.14)

where ' = o' —gA’, and o' are the left-invariant one-forms of SU(2), as described in eqn (4.28) of
chapter 4, and o/ = 2%. The matrix 7;; describing the scalar fields is unimodular. The three-form
Qs is Qs = v Av? A VP, as it was mentioned in chapter 4. Also four-dimensional fields B and
C" are one-form and two-form triplets of SU(2) respectively. Finally H, is a four-dimensional
three-form.

Having obtained the complete reduction ansiztze for an SU(2) reduction of seven-dimensional

theory, the next step is writing S? = 52/S" and using the Hopf fibration method.
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6.5 SU(2) as a U(1) Hopf fibration over S

Now, following the same line of reasoning as in section 4.3.2, one can write SU(2) as a U(1)
Hopf fibration over S?. We may use extensively the calculations we presented in chapter 4. One

can write

V' =2gp (dz + Aw) — A7 Typeggep” Dyt
Lo ! ANV = 2g(dz + Ay) ADp' + A T 1w

Qg = %ajkyi A AV = 29(dz + Ayy) N wey , (6.15)

where we already provided the proof for all of above relations in section 4.3.2. However, we
rescale g and use z instead of 7.
Now, with these preliminaries, one may write down DeWitt SU (2) ansétze in (6.14) in a Hopf

fibration manner. To do so, one may start from the metric. It reads
a2 2a/¢" 7.2 1 -2 _do —1 =1 i ; _4d 9
ds; = e dsy+ 39 "¢ 3 Y AT T Du' D +e” 37 Adz + Apy)”, (6.16)
where, as in section 4.3.2, the gauge potential is

Ay =59 cosOdip — 3p' A" — 597 AT T e Wy Dyt A=Tyu'w . (6.17)

After some calculations, one can find the field strength of the above Kaluza-Klein gauge po-

tential as follows

Foy = —4g " UA 2w + 397 A 26 Dt A DT Ty pl ™ — SAT Ty F - (6.18)

1
2

where U = 2T}, Ty,; pi'p? — AT,

Now, one needs to compare the above result with the metric we found from a circle reduction
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in (6.5). It turns out

4d'
e 8 = 3 A, (6.19)
and also
1, ! 4_0/ / ; 5
dsg = e 20T dst + 1972 e T Y AT T Dyt Dyl (6.20)

The next step is finding the Hopf fibration form of the seven-dimensional three-form H (3)» usIing

(6.14) and the relations (6.15). It reads

ﬁ@) =2mg ?(dz + Ay) ANwey + 972 B A (29 (dz + Aqy) ADp' + AT 17 wes)

+g PO A (2g p(dz + Awy) — A7 Ty i e D//) + H, . (6.21)
Recall H,,, can be written as

I:I(3> = dB(Q) = dB(2> + dB(l) A dz = dB(g) — dB(l) N A(l) + dB(l) A (dZ -+ A(U)

= ﬁ(g) + H(Q) AN (dZ + A(l)) . (622)

Hence, comparing the above relations one can read off the six-dimensional two-form and three-

form field strengths H ,, and H.s, as follows

Hyy = 2mg?we — 29 "B A Du' + 21'C",

Hy =g 2 A7 T 1/ B' Awey — g P A Typeijo " CF A Dyt + H,. (6.23)

6.5.1 Imposing the six-dimensional truncations

Now, all the bosonic fields of six-dimensional theory have been written in terms of the four-
dimensional ones. The next step is considering the truncations in six dimensions necessary to
obtain the Salam-Sezgin theory, and applying those constraints on the Hopf ansatz we have found.

Recall to obtain the Salam-Sezgin theory one needs to perform the following truncations in six
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dimensions

Foy=—Bs, Y =0. (6.24)

Now, let us explore the consequences of the above constraints. Comparing results of (6.18) and

(6.23), one can observe
U=4mg ' A?, B' = —iA"%,;4 DTy Ty 10 C'=iIANT'T,; P (6.25)

Now, pursuing the same argument as presented in section 4.4, one can claim since B" is a four-
dimensional field, it shall not depend on the internal components p*, therefore T;; = d,;, and hence
A = T;; u'1? = 1. Also from the expression for U, one finds U = 2T Ty,; ‘! — AT;; = —1. In

summary, one should have

T,j=0;, m=-—39, B'=0, C'=31F". (6.26)

i

The other constraint is ¢ = 0, and from (6.10), it can be seen that ¢ = —20a, and ¢ = efgd’.
Then, from relation (6.19), one has 6 =a/¢’.

Note here in contrast with chapter 4, it is possible to satisfy the constraints resulted from the
needed truncation in six dimensions. Now, having found an interpretation of the SU(2) as a U(1)
Hopf fibration over S?, one can write down the ansizte for the Pauli S? reduction of the Salam-
Sezgin theory down to four dimensions.

Using the above relations between different scalar fields, from the metric ansatz given by

(6.20), one may read off the ansatz for Pauli S? reduction of the Salam-Sezgin theory as follows
=2 Lo o1 2 ey ip
dsg =e 2%dsy+ 39 " e2* Du'Dpu’ . (6.27)

The next step is using the relations given by (6.26) in results (6.23) to write down the ansizte
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for the Salam-Sezgin two-form and three-form field strengths

Foy = V2F = —V2H, = \/%g_lwm - %Mi F,

Hyy = Hyy — 297 e F'pd A Dpt (6.28)

The six-dimensional scalar field ¢ is the same as four-dimensional one, meaning that in six

dimensions it does not depend upon the internal manifold. Now the reduction ansézte are complete.
6.5.2 Consistency of the ansatz

The way we have found our reduction ansatz, i.e. the Hopf fibration technique, guarantees its
consistency by group-theoretical argument. However, it is useful to directly verify this important
issue. One may check the consistency of the ansatz, by insert it in six-dimensional equations of
motion. If all of the internal manifold dependence would cancel, then the remaining equations, all
would depend upon four-dimensional fields, could be considered as the space-time equations of
motion which may be derived from a four-dimensional Lagrangian.

First, we consider the Bianchi identity. From (6.8), one can write

To find out the consequence of this six-dimensional equations, one may employ the following

relations which we already proved in section 4.3.2.

DF' =0, %gijk Dy A DpF = plwe,, D(Du') = geij FY ¥, Dwy, = gDu' A F*.

(6.30)
Hence, dH ,, becomes
dHy = DHy = dHy — g7 ey F* ADpd A DuF — g e FU il A D(Du*)
=dHg — 397" W F Awey — 1F ANF + Lpipd FENFY (6.31)
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To find out the right hand side of (6.29), one can write

Therefore, the Bianchi identity in six dimensions becomes

dHg = 1F" ANF'.

(6.32)

(6.33)

As we expected, the internal manifold dependence, terms involving x, Dy’ and wi,, cancels

out and the final result just depends upon four-dimensional space-time.

The next step is considering the six-dimensional equations of motion. Since they involve find-

ing the Hodge-dual calculation, let us first present it. We have employed the result in appendix B.

The * means the Hodge-dual with respect to six-dimensional metric dsZ. Then H.s, is

1

_ o 1 1

_zllg_lc‘fz’jk Mj (_1)2X1 * Fi N Ekmn Mm D'un - ﬁ ed) * H<3) A W)

—i—ﬁ « F'AN Dy’
Also, to find the six-dimensional Hodge-dual of F|,,, one can write

* ) = %g_lifﬂ(z) - \/Lf(,u% F') = \/Lig_l e ? (492) e 2% % 1

. 1 . 3
— i (1) e2? « F A ws = 2v2ge 27 x 1

1
1 26 i
“avag €2 W A

One may find *1 as follows

1 1
xl=e ‘z’meﬁ’ *]l/\w@):me 2% * TA we .
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(6.35)

(6.36)



Finally, *d¢ can be written as

1

1
Rdg = (—1)2e 2% L 2% 5 dg Awpyy = 272 kdp Ay - (6.37)

Having obtained the above relations, now we can consider the equations of motion in six di-
mensions. From the bosonic Salam-Sezgin Lagrangian in (6.13) , we can derive the following

equation for the scalar field
1 _ _ 1
d¥de + Le2? %F ) N Fpoy + e %Hygy A Hiyy — 4g° e 2 %1 =0. (6.38)

Now, if one substitutes the six-dimensional ansétze given in (6.28), and using the above result

for xd¢, the six-dimensional scalar equations yields

1 3 1, A
d(zl;g_2 *do N Wey) + %6§¢ (2\/59 e 2% w1 4\/1592 ez o FEA w<2>) A

(739 'way — 5 F') + € (gz € % Higy Awy + 3% F' A Dpr') A

- 1 1
(Hay = 197 e Fip? A DpF) —4g”e727 (re72% x 1A wg) = 0. (6.39)

Now, the surviving terms above have a form of G,y A w,), where G, is a four-form in space-time.

Hence G,y A\ w(,y = 0, implies G,y = 0. It means

ﬁd*dgb—i—e_‘i’ *]l+ﬁe¢ui,uj*F"/\Fj+ée2¢ * Hpy N H s,

Loe? (i x FONF —«F'AF) —e ® x1=0. (6.40)

- 1642

As it is clear from the above relation, all S? dependence of fields cancels out and the remaining

equation is that of a four-dimensional scalar field, which reads

dxdp + €** xHiy N Hi) + 1e”*F' NF' = 0. (6.41)
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Now, let us consider the one-form gauge potential six-dimensional equation of motion. From

the Lagrangian (6.13), it reads
1 _
d(e2%%F ) — e® % Huy A Flpy = 0. (6.42)

Using relations (6.28), (6.34) and (6.35), one can write

2V2gd(e™ x 1) — 4\/1592 d(e? p' % F' A weyy) — € (ﬁ e? % Hep A we + ﬁ * F* N Dp') A

(59 'we) — J5i' F') = _ﬁ e’ (d¢ A FUAwe + p'D* F' Aw,

Fgutx FEA D A FP — €@ % Huy A i FP A wy — g FEAFIA Dyt uj> =0, (6.43)

where we have used (6.30). Now, it is apparent that the S? dependence vanishes and the four-

dimensional equation becomes
dp N*F' + Dx F' —e® x Hyy NF' =0, (6.44)
Finally the six-dimensional equation of motion for B, is
d(e?*H ) =0. (6.45)
Using (6.34), and the relations in (6.30), the above equation implies

ﬁ d(e* * Huy Awey) + td(e(ﬁ « F'ADy') = ﬁ [d(e% * Hg)) A we,

—e® % Hy) A gD’ F' + gD(e? * F)Y ADp' + g% e® % F* N ey FIpF| = 0. (6.46)

Since [ A Fi = 1F' FJ « 1, then it is symmetric under the exchange of i and j indices, hence

the last term in the above relation vanishes. Then, again all of the internal manifold dependence
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vanishes and one concludes the following equations

d(e* xHy) =0, and D(e?*F%) —e**xHy AF' =0. (6.47)

Having obtained all of the field equations for four-dimensional space-time, one may observe
that those fields can be derived from the following bosonic Lagrangian in four dimensions.
Ly=Rxl—Ltxdp Ndp— L’ xH) N Hiy) — 2e® «F* N F' (6.48)

4

Finally one may compare the ansizte we have found here with those of [38]. With the following

rescalings, one can recover the Pauli S? reduction of the Salam-Sezgin theory presented in [38]

A V2A, g V2g, ¢— —0. (6.49)
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7. CONCLUSION AND OUTLOOK

In this dissertation, we have investigated different consistent Kaluza-Klein-Pauli reductions.
All the dimensional reductions we have considered are Pauli (coset) reductions, which besides few
exceptions, they are generally inconsistent.

In chapter 2, we considered a toy example of the Klein-Gordon scalar field, and explaining why
one has an infinite massive tower of fields in the lower dimensional theory, after a circle reduction
of a massless scalar in the higher dimensions. Also, we presented the reduction ansitze for the
metric and gauge potential for the circle reduction.

In chapter 3, we found the embedding of two specific truncations, i.e. 3 + 1 and 2 + 2 of STU
gauge supergravity, in eleven dimensions. STU gauged supergravity is a maximal Abelian sub-
group of the eminent N = 8, gauged SO(8) four-dimensional supergravity. We have found the
metric and four-form field strength ansétze for 3 + 1 case for the first time, and we could recover
the results of [34] in 2 4+ 2 truncation.

We have used a systematic method to find Pauli reductions. This method was introduced in [7]
and named “Hopf fibration technique” in [45]. One performs a consistent DeWitt reduction of a
higher dimensional initial theory, say 7, on a group manifold G down to the lower-dimensional
space-time theory, named 75. Furthermore, one may construct another consistent DeWitt reduction
of T} on a group manifold H, where G D H, and obtains a theory 7, whose dimension is higher
than that of the space-time. The claim is, there is a consistent Pauli reduction of 75 on a coset space
G /H to give the space-time theory, 3. It can be justified, if one considers a Hopf fibration of G
as a group manifold H bundle over a coset space GG/ H, then the consistency of the Pauli reduction
on a coset space GG/H is guaranteed based on the consistencies of both DeWitt reductions of 7}
on group manifolds G and H. Thanks to this Hopf fibration technique, one may find out a deeper
understanding of why a “miraculous” Pauli reduction works.

We have employed the Hopf fibration technique to investigate the possibility of the Pauli re-

ductions in two different scenarios. First, in chapter 4, we consider an .S 2 reduction of the minimal
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supergravity in five dimensions. The main motivation for this investigation is the resemblance
of the bosonic Lagrangian of the latter theory and that of eleven-dimensional supergravity. As a
result of this analogy, and since there are S7, S* and S° Pauli reductions of eleven-dimensional
supergravity, one may conjecture there are S? or S3 reductions of minimal supergravity in five
dimensions. Making use of this technique, one may start from minimal supergravity in six di-
mensions as the initial theory, and perform an S* reduction to find minimal supergravity coupled
to a vector multiplet in five dimensions. However, to obtain pure five-dimensional minimal su-
pergravity, one needs to perform consistent truncations in five dimensions. The next step, shall
be an SU(2) DeWitt reduction of the initial theory to give a three-dimensional space-time. Now,
viewing the S® = SU(2) as a Hopf fibration of an S* bundle over coset space S? = 53/S*, one
can find the consistent Pauli S? reduction of the five-dimensional minimal supergravity coupled
to a vector multiplet. While it is an interesting result in its own right, this construction has not
been our main goal of the investigation, and we are looking to find an S? reduction of pure five-
dimensional minimal supergravity. As we have mentioned above, one needs to perform truncations
in five dimensions to obtain the latter theory from the former one. However, a simple consideration
shows these truncations are not compatible with the ansatz we have found for minimal supergrav-
ity coupled to a vector multiplet, and the search for constructing the Pauli reduction of minimal
supergravity fails. Although this analysis does not provide a rigorous mathematical proof of the
impossibility of the reduction, it is very promising. Especially, we have tried to find a trial ansatz
and by inspecting the higher dimensional equations of motion, we hoped to find the correct ansatz.
Again, this method failed to give a correct ansatz. Therefore, by considering these examinations,
it seems very persuading to believe there is no consistent Pauli S? of the minimal supergravity in
five dimensions.

Our second inquiry, in chapter 6 is revisiting an interesting question of the possibility of a
consistent S? Pauli reduction of six-dimensional N = (1, 0) Einstein-Maxwell supergravity. The
latter theory found by Salam and Sezgin in 1984, and hence it has been named Salam-Sezgin

theory. Since this theory admits a Minkowski, x S? vacuum with N = 1 supersymmetry, it is
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an interesting inquiry to find out whether this theory admits the full non-linear Pauli S? reduction.
Gibbons and Pope found out a “remarkable” consistent reduction ansatz in 2003, however, the
underlying reason of why this ansatz is achievable remains obscure. Furthermore, Salam and
Sezgin observed in their original paper [36], since the integer S? Dirac monopole charge n has
been fixed by the equations of motion to be n = =1, then regarding the fact that an S? with a
singly charge Dirac monopole on it is an S3, they conjectured the possibility of the presence of an
S3 dimensional reduction of a seven-dimensional theory to give the four-dimensional Minkowski
vacuum they found from the spontaneous compactification of their theory. This is exactly what we
have found with the Hopf fibration technique.

To use the Hopf fibration technique, one needs to find an embedding of the Salam-Sezgin
theory in a higher-dimensional one. This has been done in [39] and an M-theory origin of this
theory has been found. However, the Kaluza vector potential A ,), arises from a circle reduction
of the metric of a seven-dimensional theory, was set to zero in their work. Since this vector field
is corresponding to a Dirac monopole on 52, its vanishing means the monopole charge has to be
set to zero, and hence the resulting Hopf fibration is just a trivial S? x S! instead of the expected
S3 one. To remedy this problem, one has to find another embedding of the Salam-Sezgin theory
where the vector potential A, is non-zero. We have found such an embedding.

The alternative embedding of the Salam-Sezgin theory in M-theory has been found based on
the assumption that the Kaluza vector potential A ,, is not zero. The striking feature of this embed-
ding is the role of a constant axion. According to the standard Kaluza-Klein circle reduction, one
may obtain a scalar, named axion, from a reduction of a vector one-form gauge potential. While
this axion has been always assumed either to be truncated to zero or to be a scalar field depends
on the space-time coordinate in the literature, we presume this field is a constant to be determined
by the supersymmetry transformations. By this premise, one can retain the usual covariant deriva-
tive. Since the six-dimensional Yang-Mills gauge potentials are truncated to zero in our scheme,
one needs a vector potential in the covariant derivative to be gauged. Thanks to the circle reduc-

tion, the Kaluza vector potential A ,, appears along with an axion in the covariant derivative of
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six-dimensional theory, and this vector potential can play a role of the usual gauge vector in the
covariant derivative as a result of the constant axion.

In the first embedding of the Salam-Sezgin theory in M-theory found in [39], it was assumed
the compact SO(4) gauge group of the seven-dimensional theory is changed to a non-compact
group of SO(2,2). They could recover the positive definite potential of the Salam-Sezgin theory
by this premise. We constructed the alternative embedding, in the bosonic sector, with the non-
compact gauging in chapter 6, where the vector potential A, is non-zero. However, to retain the
vector potential A ,), if one would consider the fermionic sector as well, one has to start from
an N = 2 with SO(4) gauging, but a “Wick rotated’ supergravity in seven dimensions, as it was
shown in chapter 5. The Wick rotation can be achieved by either 655 — —i 655 or ®/* —
—i PL/4, together with H),np — —Hynp. However, as we have emphasized in chapter 5, the
reality condition of this theory is not very clear. This is why we did not present our fermionic
calculation in this dissertation. Nevertheless, both supersymmetry transformations maintain the
Lagrangian is invariant under them. More promising, we could find exactly the same Lagrangian,
both bosonic and fermionic sectors, as that of the Salam-Sezgin theory. Also, according to our
fermionic truncations, the supersymmetry transformations become the same as those of the Salam-
Sezgin theory.

Upon writing down the embedding of seven-dimensional metric ansatz in ten dimensions, one
can observe that the Wick rotated theory in seven dimensions, results from a time-like reduction of
ten-dimensional type I theory. In other words, the metric of the internal manifold, has an overall
negative sign as opposed to the usual positive sign. Time-like reduction is an interesting possibility
in the dimensional reduction program, which explored by Hull in 1990s [50,51]. Since reduction
is time-like, then the higher dimensional theory should have a different space-time signature than
that of Minkowski. In this case, to obtain a (¢,s) = (1,6) theory with three time-like compact
coordinates, the ten dimensional theory should have a signature of (¢,s) = (4,6). This is a possi-
bility in Hull’s work in [50] as a type IIA (4,6). It is intriguing that the Salam-Sezgin theory has

an embedding with the usual space-like reduction and also an exotic time-like one.
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Having found an alternative embedding of the Salam-Sezgin theory with non-zero vector po-
tential A, one can follow the Hopf fibration technique to find an S? reduction of the latter theory.
In chapter 6, we showed in detail how this works. After performing a circle reduction of seven-
dimensional theory, one needs to impose a truncation to obtain the Salam-Sezgin theory in six
dimensions. The crucial point is to verify whether this truncation is consistent with the Hopf
ansatz we find. Unlike the case of chapter 4, we showed this truncation is actually consistent with
the Hopf ansatz in chapter 6, meaning that, there is a consistent Pauli S? reduction of the Salam-
Sezgin theory down to four dimensions. The two contrasting examples of chapters 4 and 6 show
how a truncation can be critical for the possibility of finding a consistent Pauli reduction.

One may employ the Hopf reduction technique to find more Pauli reductions of different su-
pergravities. Especially the case of Pauli S? reduction is the easiest one to implement. However,
one may consider more involved geometries and may find more interesting Pauli reductions. In
addition to this, one may use the assumption of the constant axion to find different truncations,
especially when there is a Maxwell gauge potential in the higher-dimensional theory. Since one
may truncate the lower-dimensional Maxwell gauge potential to zero and by keeping the axion as a
constant number, one can still retain the usual gauging in the lower-dimensional theory by making
use of the Kaluza-Klein vector potential.

The other exciting possibility is the time-like reduction which may give rise to more consistent

dimensional reductions or even constructing of unknown supergravities.
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APPENDIX A

FINDING THE FIELD RE-DEFINITIONS

It is important to find the field re-definitions between [36], the original paper of Salam and Sez-
gin, [40] where SO(5) gauged maximal supergravity in seven dimensions was initially constructed,
and [39] where the first embedding of the Salam-Sezgin theory was introduced. Especially since
the fermionic Lagrangian was not presented (beside the two kinetic terms) in the last work, one
needs to find the field re-definitions to obtain the the full fermionic Lagrangian of the Salam-Sezgin
theory, from reduction and truncations of the original theory of [40] and compare it with that of
the Salam and Sezgin work in [36].

Let us label fields and coupling constant of [36] and [40] with tilde and prime respectively,
while those of [39] are without any labeling. To begin with, one may compare the bosonic La-
grangian of SO(5) gauged maximal supergravity in seven dimensions, i.e. eqn (8) of [40] and eqn
(1) of [39]. Hence one can find the following

Lr=2L0 g=13g, Fo=V2F,, Su=-2V3ims|

- (A.1)

where m = % ¢’ in the former paper. One can observe that the supersymmetry transformations, eqn
(9) of [40] and equations (6) and (9) of [39], agree with each other upon considering the above field
redefinitions. However, there is a typographical error in eqn (2) of [39], where the field strength

was defined. According to [40] (below eqn (9)), the field strength was defined as usual
(/2)AB = dAEl)AB + g/ A21)AC A AEl)CB ’ (AZ)

where we rewrite it in the form-language, and also rename the vector potential from B, to A(,,.
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Upon using the above field redefinitions, one has to find the following relation in [39]
F(z)AB = dA(l)AB + \/59 A(I)AC A A(1)CB ) (A.3)

where v/2 is missing in eqn (2) of [39]. However, since we consider the abelian truncation of the
original theory to obtain the Salam-Sezgin theory, this issue shall be irrelevant. However, this issue
reflects in the definition of ();;. If one accepts the definition of this quantity as it is presented in

eqn (6) of [40], then ();; defined in eqn (2) of [39] should be modifies as follows
T4 (647 d+ V29 Ay a®) " 04 = Py + Qi ; Pij =Py, Qij=Qu; (A4

where factor of \/§ has been added. Since it is somewhat inconvenient to have the factor of v/2,
we redefine the gauge potential in the way that this factor becomes absorbed in that field. This is

the convention which used in [15] and we follow it.
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APPENDIX B

FINDING THE HODGE-DUALITY RELATION WITH A SPHERICAL CONSTRAINT

B.1 The notation

We follow the convention and notion of [26]. For convenience, we present the main definitions

here. First of all, to specify our notation, consider a general p-form in a general D dimensions
Wy = %wmm...up dz' ANdxt? N ANdatr (B.1)
Then, the Hodge-dual of this p-form field is defined as follows

k (dxtt N - Ndatr) = %e,,l...,,q’“”"‘f’ dz" A - Ndx¥, (B.2)

where ¢ = D — p. Here
€urnp = V9] Eurnp (B.3)

is a totally anti-symmetric Levi-Civita tensor while the Levi-Civita tensor density €,,...,,, = (1, —1,0)
for an even, odd or no permutation of (0,1,---, D — 1) respectively. All upstairs indices Levi-

Civita density tensor is related to the above one as follows
gmhp = (_1>t Epa-pp > (B.4)

where ¢ is number of time-like component in the metric. Here, since the Levi-Civita density tensor
is not a tensor, hence its indices do not raise and lower by the metric. However those of the

Levi-Civita tensor do raise and lower by the metric, then one can find out

R Ll (B.5)
g9
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One can use (B.2) to find the following relation for the components of a Hodge-dual form field

(*w)(Q) = % (*w)l/1--~yq dx™ VANEIIAN dx’a ,

1 i
(KW)yvy = 57 €vry Wiy eoopty -

Also, again using (B.2) for the case of p = 0, one can write

=L HLA . 2]
1= 5 €pyoopp d2™ Ao NdzhP

(B.6)

(B.7)

Other important relation which we have been used it extensively is the applying the Hodge-dual

twice on a general p-form. The result is as follows

* kW, = sk (dxt N - Ndatr) = z%q! Wy eoopty Evpg P % (dX” N - A da™?)

H le"'Hp

VI Qg A e

1 M1 fhp €pyp
1Pp

plg! Wpg-pp Evrevg

= (=1)P Wy, ST AP N - A daP = (=1)PT wyy g 2PN A daf?

o Oprpp

= (—1)pq+t Wiy

where 0,57 = 5[[;? REERA ;’]]. We have employed the following relation

WL PpPlePg 1N\t sp1p
Eppypipi g € PP = plgl (1) Opribd

Note according to the above definition one has 65170 = 1.

Another useful relation is *A ) A B,, = 1%! A.B x 1. The proof is as follows

%Ay A By = = Ay €™ Bpyop dz A - Adztt A daPt A - A dafP

p'?q!

— 1 pmn 1)t Prvaptp
= AP B €y ey (— 1) €TV 5 ]

pq!
— 1 Sp1pp ABLHp — 1 Amrpp 1
i O A Bpp, ¥ 1= A By, ¥ 1= 5 A.B x 1,
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where we have used (B.9) and also

dz"t A ANdatP = (=1)F e 1 (B.11)

where one can readily find out this relation from (B.7).
B.2 The Hodge-dual on a sphere

In this section, we consider an important problem of finding the Hodge-dual of a general p-
form on a sphere. For simplicity one can assume the sphere has a unit radius. Then, one may
parametrize the (D — 1)-sphere in D dimensions by z* where 9, 22" = 1. Note that the index in
x# can raise and lower by the delta Dirac metric and hence one may simply write the constraint as

z#x? = 1. Then considering the following metric

ds* = G datdz” (B.12)

one needs to find the following Hodge-dual *(dz** A - - - A da#?). Because of the constraint, D — 1
components are independent, and hence the Hodge-dual of a p-form shallbea D —p—1=¢—1

form. Considering this point, the most general form of the Hodge-dual of a p-form is as follows

* (dxt Ao ANdatr) = ﬁ Compovg P AT N NdaP (B.13)
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when A” is a general function to be determined. To find this function, one may apply the Hodge-

dual operation twice on a p-form as follows

sk (dxt N - Ndatr) = ﬁ €vmomg TP AY x (dx AN - Ndatrt)

_ 1 1 v V1-Vg—1 1
= Plg=D1 €yyl...yq71” ke A €pp1--pp =L AP dxPt A - A dafP

(=1)Pla—1)

VL pp ViVg—1 AP P1 . Pp
DT € vi-vg—1 Av €ppypp APdz" N - Ndx

=(p+1) (_1)p(q—1)+t SVEI e A AP P A - A daP

PPLPp
— (_1)P(Q—1)+t (6Z 5g115; . p5Z1 551p5p> Au AP dxPr A - A dxPr
= (—1)Pla=D+t (A, AV dz" A+ Adat? — p A, d” AP A - A dat)
= (=1)P@ D gy A At (B.14)
where we have used (p + 1) 0pp/-p, = 0 Opi-p, — PO}, 61 7, and the anti-symmetrization has

been dropped since this term is coupled to dz”* A - - - Adz??. The last line was written according to

the general result of (B.8). To achieve this result, the following two conditions should be satisfied
A AV =1, A,dz" =0. (B.15)
We claim the following expression for A* will fulfill both of the above conditions

Al = L g g (B.16)

=9,

where A = ¢g" x#x¥. Now, one may readily check the above expression satisfies both conditions

in (B.15) as follows

A, da" = g, Atdr” = \/LZ G g 2P da¥ = \/LZ ¥ dx” = ﬁ d(z"z") =0,
A AY = g, APAY = L g, 2P 7727 = £ g7 V2" = 1. (B.17)
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This completes the proof. Thus the final result for a Hodge-dual of a general p-form with the

constraint of z#x* = 1 shall be

* (datt A - Ndatr) = (qj1)! \/LZ Covgovg PGP X d N NdPet (B.18)

One can may consider two important special cases of the above general result.
Corollary 1. Consider the case p = 0. Then we have
x1 = (Dll)' \} €y, 970 P AT N - N datP

= (Dll)' \} €vnvp 1 § PP AT N - AN da"Pt F !

- (Dil)! \/LZ <€MV1-"VD—1 z” + (D - 1) €vp-vp_1 T )gup at xP dx” N - N datP

- (Dil)! \/ZEMM“-ALD dat N N dEt (B.19)
where we have used the following Schouten’s identity
€lurpepp V;t] =0= €pipa-pp VH = €ppo-pp Vul Tt Cpgn V/JD ) (B.20)

and also the relation z#dz* = 0.

Corollary 2. Consider the case p = 1. Hence, according to (B.18), one can write

xdzt = (DiZ) \/lZ €vinvp o 9P P AT N - A datP2
= ﬁ \/LZ 9" 9" €ppynp_no 0 AT N N dTVP2 (B.21)

Considering an S? reduction, which has been studied frequently in the literature, one needs to

examine the case of D = 3. From the above formula, one can write

* dr' = fglm Iim V19l €jm " dak \F\/|g 197" €ine gre 2" dak % \;Egijkxjgkgdxé,
(B.22)
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where we have used the identity (4.44) in chapter... ;j;, gj_nlb gk_n1 = |g|™" €tmn gei- Note i, j, k, - - =

1,2, 3 and they raise and lower by §;;, thus one may not worry about up and down indices in this

Y

situation.
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