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ABSTRACT

Sparsity is a standard structural assumption that is made while modeling high-dimensional
statistical parameters. This assumption essentially entails a lower dimensional embedding of the
high-dimensional parameter thus enabling sound statistical inference. Apart from this obvious
statistical motivation, in many modern applications of statistics such as Genomics, Neuroscience
etc. parameters of interest are indeed of this nature.

For over almost two decades, spike and slab type priors have been the Bayesian gold standard
for modeling of sparsity. However, due to their computational bottlenecks shrinkage priors have
emerged as a powerful alternative. This family of priors can almost exclusively be represented
as a scale mixture of Gaussian distribution and posterior Markov chain Monte Carlo (MCMC)
updates of related parameters are then relatively easy to design. Although shrinkage priors were
tipped as having computational scalability in high-dimensions, when the number of parameters is
in thousands or more, they do come with their own computational challenges. Standard MCMC
algorithms implementing shrinkage priors generally scale cubic in the dimension of the parameter
making real life application of these priors severely limited. The first chapter of this document
addresses this computational issue and proposes an alternative exact posterior sampling algorithm
complexity of which that linearly in the ambient dimension.

The algorithm developed in the first chapter is specifically designed for regression problems.
However, simple modifications of it allows tackling other high-dimensional problems where these
priors have found little application. In the second chapter, we develop a Bayesian method based
on shrinkage priors for high-dimensional multiple response response regression. We show how
proper shrinkage may be used for modeling high-dimensional low-rank matrices. Unlike spike
and slab type priors, shrinkage priors are unable to produce exact zeros in the posterior. In this
chapter we also devise two independent post MCMC processing schemes based on the idea of
soft-thresholding with default choices of tuning parameters. This post processing steps provide

exact estimates of the row and rank sparsity in the parameter matrix.
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Theoretical study of the posterior convergence rates using shrinakge priors are relatively un-
derdeveloped. While we do not attempt to provide a unifying foundation to study these properties,
in chapter three we choose a specific member of the shrinkage family known as the horseshoe prior
and study its convergence rates in several high-dimensional models. These results are completely
new in the literature and also establish the horseshoe priors optimiality in the minimax sense in

high-dimensional problems.
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1. BAYESIAN SHRINKAGE

1.1 Introduction

Recent technological advances in different branches of science has enabled scientists to gather,
collect and process extremely complex high-dimensional data. Classical statistical techniques are
known to be inadequate in analyzing these data sets. However, in the last twenty years statisticians
have made a conscious effort to develop statistical techniques specially designed to handle complex
high-dimensional data. Popularly known as the the ‘small n, large p’ regime, these techniques have
also ushered in new theoretical works basing them on sound foundations.

When considering a high-dimensional statistical model, one often assumes certain structure
in the parameters for developing inferential tools. For example, in a linear regression problem
y = X + ¢, when the design matrix X has more columns than rows, traditional least squares
estimates do not exist. A common assumption made in this case is that the parameter vector 3 is
sparse. This means only a small proportion of entries of 3 are non-zero and most of its entries are
zero or very close to zero. If X has n rows and p columns, then assuming a sparse 3 essentially
shrinks the parameter space from R” to a subspace close to the origin. Restricting the parameter
space to such a subspace then lays the groundwork for developing statistical methods. Frequentist
penalized likelihood methods essentially optimize the classical least squares objective function
subject to the constraint that the parameter lives in a possibly much lower dimensional subspace of
RP. One popular example of this idea is the LASSO [5] where the least squares objective function
is minimized subject to a /; penalty on the parameter [, i.e. the LASSO estimator of 3 is defined

as,

p
Brasso = arggnin ly — X8Il + 2> 8] (1.1)

j=1
In (1.1) A is a tuning parameter which optimized over a set of plausible values and controls the
sparsity in the estimate BLASSO. Of course, setting A = 0 recovers the least squares estimator

and A = oo corresponds to the sparsest estimate BL asso = 0. Several other penalized estimators



for S in the regression model have been proposed in the literature. See [6, 7] for the SCAD and
MCP estimators. The book [8] is an excellent monograph for a compact overview of the works on
penalized estimation in high-dimensional models.

From a Bayesian perspective, a natural way to model sparse parameters is to consider a prior
which is a mixture of two densities, one of which is a continuous density for the non-zero entries
and the other is a point mass at zero. The mixture proportion controls the degree of sparsity in the
parameter. A typical point mass mixture prior for the j** entry of a parameter 5 € R? is displayed

below:

m(85) = wg(By) + (1 —w)do(B;)- (1.2)

Here ¢(-) is a continuous density over the real line and is popularly known as the slab part of
the prior 7. dg(+) is point mass at 0, known as the spike part and w controls the proportion of
non-zeros in the parameter 5. Originally developed by [9] and further improved by the seminal
work of [10], the spike slab priors have been remarkably successful in statistical models involving
sparsity. For example, [11] used them in the context of high-dimensional factor models, [12]
addressed the high-dimensional multiple response regression problem. [13] analyzed prior (1.2) in
the context of Gaussian sequence model. The authors considered an empirical Bayes estimate of
w and showed the posterior median is an optimal estimator in minimax sense when the continuous
density ¢ is sufficiently heavy-tailed. When consider a fully Bayesian analysis [14] showed how the
rather seemingly innocuous Uniform prior on w may lead to suboptimal inference. They suggested
using a Beta-Binomial prior on w wherein the parameter are chosen so as to assign exponentially
decaying mass on increasing model size for optimal inference. In a more recent work [15] showed
that the Beta-Binomial prior on w in conjunction with a Laplace density for g(-) lead to posteriors
which contract at the optimal rate in a frequentist sense when the truth belongs certain sparsity
classes. While the anlysis in [15] was carried out for the Gaussian sequence model, the authors
extended their results in [16] with the same choice of prior in a linear regression framework. [16]
also that the posterior distribution using prior (1.2) in linear regression leads to posteriors which

are low-dimensional Gaussian distribution in an asymptotic sense.



Although spike and slab priors are known to enjoy theoretical optimality for quite some time
now, their use in real world applications have been limited due to the computational challenges
involved. When 3 € RP, posterior MCMC sampling involves model search over an exponentially
growing model size; for with p variables there are 2P possible models to search over. Moreover,
the need to properly integrate estimates from different model sizes have garnered a separate line of
research known as Bayesian model averaging. See [17] for more details and the intricacies involved
in the problem. As a result, their impact on the broader scientific community has been rather
limited, whereas frequentist methods enjoy an overwhelming popularity in day to day practice of
high-dimensional statistics.

[18], in his seminal work introduced the idea of shrinkage. Consider a sample y ~ N(0,1), 6 €

RP. The maximum likelihood estimator of 6 in this case is y. However, the following estimator

N p—2
Ostein = 1— 1.3
" y( wé) (-

. . . 2
Stein showed that 6, dominates g, under the squared error loss: HQ — QH . [19] established
2

known as Stein’s estimator,

an empirical Bayes interpretation of Stein’s estimator. Full Bayes estimators such as the posterior
mean automatically provides some shrinkage. For example, in a Gaussian model with Gaussian
prior on the mean, the posterior mean is a convex combination of the sample mean and prior mean.
Anchoring on the idea that Bayes estimators provide automatic shrinkage, a new class of priors
started to emerge in the last two decades. Popularly known as shrinkage priors, these priors aim to
aggressively shrink the noise components of a sparse parameter towards zero while retaining the
signal components as much as possible. This is achieved by having an individual scale parameter
for each component called the local scale parameter and a global scale parameter is introduced
which shrinks the entire parameter towards the origin [20]. A further advantage of these priors is

due to their conditionally Gaussian representation. Suppose 6 € RP, a shrinkage prior is defined



hierarchically as follows,

indp.

0; | Aj, 7~ N(O,/\?TQ),]': 1,...,p (1.4)

indp.

)\]Nf7

7 ~ h.

In the above display ); correspond to the local scale parameter for the 5 component of 6 and 7
is the global shrinkage parameter. f and h are densities on the positive real line. Different choices
of the mixing densities f and h lead to different marginal densities of . The choice of f and h
are obviously very crucial. Recipes for choosing f and & are provided in [20] where the authors
suggest an exponentially light-tailed distribution for A allowing for sparse estimates and f should
be sufficiently heavy-tailed to capture the signal/non-zero components.

Several authors have suggested different choices of f and h. [21, 1, 22, 23] are members of
a long list of shrinkage priors. In this thesis we will mainly be focusing on methodological and
theoretical aspects of the horseshoe prior from [1] which is obtained when f and h are both set to
the standard Half-Cauchy distribution on the positive real line. The density of the standard Half-
Cauchy distribution is f(z) o (1 + 2?) (g ). Marginal distributions for the Dirichlet-Laplace
prior [23] and the horseshoe prior [1] are provided in figure 1.1 and figure 1.2. Both these priors
exhibit a sharp spike in around the origin which mimics the point mass of spike and slab priors and
helps shrink the noise variables aggressively. The tail of the horseshoe prior decays very slowly
similar to the Cauchy distribution, while Dirichlet-Laplace tail is slightly lighter. These operating
characteristics effectively provides a continuous analogue of spike slab priors.

The continuous nature of shrinkage priors comes as a boon in posterior computation. Since, due
to their conjugate Gaussian formulation as shown in (1.4), designing MCMC chains for posterior
sampling are relatively straightforward - closed form full conditional distributions allows for Gibbs

sampling and the parameter can be updated in a block thus resulting in better mixing of the MCMC



Comparsion of priors: central region
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Figure 1.1: Marginal distribution for the Dirichlet-Laplace prior with hyperparameter 1/2 and the
horseshoe prior are plotted around a neighborhood of zero. The Laplace and Cauchy densities are
also plotted for reference.
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Figure 1.2: Same densities as in figure 1.1. Here the focus is on the tail behavior of the priors.



chain. For example, consider the canonical linear regression model,

y=Xp+e€ e~N(0,1). (1.5)

When S is believed to be sparse, one possible choice for a prior distribution on [ is the horseshoe
prior. The full conditional posterior distribution of 3 thenis N(A~1 X"y, A1), where A = X" X +
A~!, where A is a diagonal matrix with A\>7% as its ;' entry.

Posterior summaries from these MCMC chains such as posterior mean or median can then be
used as point estimates for 3. The fully Bayesian treatment of the problem also allows for quanti-
fying the uncertainty by means of credible intervals which is not the case for Bayesian spike slab
priors and frequentist penalized methods. Seemingly, shrinkage priors provide a unified founda-
tion for high-dimensional analysis with its appealing computational tractability and the ability to

simultaneously provide point estimates and uncertainty intervals.
1.2 Research questions and motivation

In the previous discussion we hope to have provided a convincing argument for the use of
shrinkage priors. However, one major computational bottleneck has restricted their usage in data
sets of real scientific interest. For example, in genome wide association studies it is common to
record activities of thousands of genes related to a particular response. In such scenarios, im-
plementing a linear regression model with a shrinkage prior would require sampling from a very
high-dimensional Gaussian distribution at each and every MCMC iteration.Furthermore, this high-
dimensional Gaussian distribution involves a matrix inversion. Standard MCMC algorithms for
this problem have complexity scaling cubic in the number of parameters which can be very time
consuming even when there is only a few hundred parameters. The first question that we will be

asking ourselves is,
e can we develop a faster algorithm?

The idea of shrinkage is not only limited to regression problems. When multiple responses are

observed for a set of subjects or individuals along with possibly thousands of predictors, proper
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shrinkage is warranted. However, priors for multiple response problems based on shrinkage are rel-
atively underdeveloped due to their computational challenges. Provided our answer to the previous

question is a yes, in the next chapter we ask,

e can we develop a computationally tractable, sound methodology for handling multiple re-

sponse at the same using the idea of shrinkage?
If again the answer is a yes, we ask,
e what theoretical guarantees can we provide for these methods in a high-dimensional setting?

1.3 Outilne

Here we provide a brief snapshot of the rest of our work motivated from the research questions
discussed above.

In the first chapter we consider the model (1.5) with a shrinkage prior on 3. Suppose n is the
sample size and p is the number of predictors. Existing algorithms [24] which rely on comput-
ing Cholesky factors have O(p?) complexity. As a solution to this problem we develop an exact
sampling algorithm for Gaussian distributions which relies on data augmentation. Computational
complexity of the proposed algorithm is O(n?p) providing huge gains in time when p > n. To
provide a perspective, for (n,p) = (100,5000) and 6000 MCMC iterations our algorithm offers
a speed-up factor of 250 times over the algorithm in [24]. A MATLAB script implementing the
algorithm with the horseshoe prior [1] is publicly available here. An R package is also available at
CRAN.

The next chapter focuses on the multiple response regression problem. Often several variables
of interest, possibly correlated, are measured on different individuals/subjects along with a set of
predictors and it is known that statistical procedures ignoring the correlation may lead to incorrect
inferential decisions. A simple yet powerful model for studying multiple responses and a set of
predictors is the multi-response linear regression model: Y = XC + E| Y € "7 C € RP*?. In
the presence of many predictors it is then natural to ask in this setting which variables are impor-

tant and whether there is a latent dependence among the important ones. Here we simultaneously
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address the problems of rank reduction and variable selection in high-dimensional reduced rank
models from a Bayesian perspective. We develop a novel shrinkage prior on the coefficient matrix
which encourages shrinkage towards low-rank and row-sparse matrices. The prior is placed on a
full-rank decomposition of C' bypassing need to specify a prior on the unknown rank. Since shrink-
age priors are unable to select variables, we propose two independent post-processing schemes to
achieve row sparsity and rank reduction with encouraging performance. A key feature of our
post-processing schemes is to exploit the posterior summaries to offer careful default choices of
tuning parameters, resulting in a procedure which is completely free of tuning parameters. When
compared with existing frequentist methods our proposed methodology showed a decoupling ef-
fect for rank estimation and variable selection, whereas for the frequentist methods overfitting of
the rank is necessary for optimal variable selection. The methodology is available for MATLAB
implementation here.

Finally, we investigate the theoretical properties of the posterior obtained from a horseshoe
prior in several high-dimensional models. Such studies of the horseshoe prior quantifying rates of
convergence [25, 26] focus exclusively on the normal means problem with their proofs crucially
exploiting an exact conjugate representation of the posterior mean. However, other than [27] who
studied the case p < n, there are no posterior consistency results for the horseshoe prior in regres-
sion or general statistical models of practical ineterest where such representation is not possible.
Furthermore, [27] did not quantify the rate of convergence. To aid theoretical analysis, we adopt
the fractional posterior framework developed in [28] where only a prior mass condition is suffi-
cient to guarantee consistency of the fractional posterior. In this work, our key contribution is in
providing a novel non-asymptotic prior concentration result for the prior in around minimax neigh-
borhoods of low-rank and row sparse matrices which drives the concentration of the posterior. The
result is established allowing p to grow sub-exponentially in 7 , a first of its kind in this setting.
To exhibit our result’s full generality we extend our results to high-dimensional single response

regression models and factor models.
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2. FAST SAMPLING OF GAUSSIAN SCALE MIXTURE PRIORS IN
HIGH-DIMENSIONAL REGRESSION

2.1 Introduction

Continuous shrinkage priors have received significant attention in recent years as a mechanism
to induce approximate sparsity in high-dimensional parameters. Such priors can be almost exclu-
sively expressed as global-local scale mixtures of Gaussians [20]; examples include the relevance
vector machine [29], normal/Jeffrey’s prior [30], the Bayesian lasso [31, 32], the horseshoe [1],
normal/inverse-Gaussian priors [22], generalized double Pareto priors [33] and Dirichlet—Laplace
priors [34]. These global-local priors [20] aim to aggressively shrink out the noise coefficients
while retaining the signals, thereby providing an approximation to the operating characteristic of
the more traditional discrete mixture priors [9, 35, 14], which allow a subset of the parameters to
be exactly zero.

' A major attraction of the global-local priors has been computational efficiency and simplicity.
Posterior inference poses a stiff challenge for discrete mixture priors in exploring very large model
spaces in moderate to high-dimensional settings. On the contrary, the scale-mixture representa-
tion of global-local priors allows parameters to be updated in blocks via a fairly automatic Gibbs
sampler in a wide variety of statistical problems; examples include regression [32, 33], wavelet
denoising [20], factor models and covariance estimation [36, 37], dependent time series [38] name
a few. Moreover, recent results suggest that a subclass of global-local priors can achieve the same
level of statistical accuracy as the discrete mixture priors in high-dimensional estimation prob-
lems. For the normal means problem, [34] and [25] established optimal posterior concentration of
the Dirichlet-Laplace and horseshoe priors respectively. In the context of large covariance esti-
mation via factor models, [37] showed that both appropriately chosen discrete mixture priors and

global-local priors lead to a minimax rate of posterior concentration. While a general theory for

*Reprinted with permission from “Fast sampling with Gaussian scale-mixture priors in high-dimensional re-
gression” by Anirban Bhattacharya, Antik Chakraborty and Bani K. Mallick, 2016, Biometrika, 103(4), 985 - 991,
Copyright [2016] by Biometrika Trust.



global-local priors is yet lacking, more results are likely to appear in the near future.
In this article, we focus on computational aspects of global-local priors in the high-dimensional

linear regression setting

y=XB+e €e~N(00%,), (2.1)

where X € R™P is a n x p matrix of covariates with the number of variables p potentially
much larger than the sample size n. In such p > n settings, one expects the vector of regression
coefficients 5 € RP to be sparse. A global-local prior on § assumes the following hierarchical

structure:

B | Aj,T,UNN(O,A§T202), (j=1,...,p), 2.2)
Ni~f, (G=1,...,p) (2.3)
T~g¢g, o~Ah, 2.4)

where f, g and h are densities supported on (0,00). In the above display, the A;s are usually
referred to as local scale parameters while 7 is a global scale parameter. Different choices of f and
g lead to different classes of priors. For instance, a half-Cauchy distribution for f and ¢ leads to
the horseshoe prior of [1]. General guidelines for choices of the densities f and g can be found in
[20] and [37].

Exploiting the scale-mixture representation (2.2), it is straightforward to write down a Gibbs
sampler for the above class of priors. In particular, the conditional posterior of 3 given y and

A= (A1,...,A,)", 7 and o is Gaussian:
BlyAmo~NATX"y 0?A7"), A= (X"X+AY), A, =7diag(A],...,\). (2.5)

Further, the p local scale parameters \; have conditionally independent posteriors and hence A =

(A1,...,Ap)" can be updated in a block. Even in cases where \;s and 7 do not admit conditionally
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conjugate posteriors, a slice sampling algorithm [39] can be adapted to update these parameters
efficiently.

A standard algorithm to sample from Gaussian distributions as in (2.5) can be found in [24],
which avoids inverting A and instead performs a Cholesky decomposition of A and a series of lin-
ear system solutions to generate samples. While this is efficient for moderate values of p, obtaining
a Cholesky decomposition of A at each MCMC step becomes highly expensive for large p. One
cannot resort to precomputing the Cholesky factors since the matrix A* in (2.5) changes from one
iteration to the other. The resulting computational bottleneck obscures the computational advan-
tages of global-local priors when p is large. In this article, we present an exact sampling algorithm
for Gaussian distributions as in (2.5) which relies on data augmentation and block matrix manip-
ulations. We show that the computational complexity of the proposed algorithm scales linearly
in the dimension p. Computational gains with increasing dimensionality is illustrated through a

simulation example on linear regression with the horseshoe prior [1].
2.2 The algorithm

We first state our algorithm in a general setting. Suppose the goal is to sample from N,,(x, ),

with

Y= ("¢ 4+ DN pu=xdTa, (2.6)

where ® € R™*P, D € RP*P is symmetric positive definite and v € R™*!. It is straightforward
to observe that (2.5) is a special case of (2.6) with ® = X/o, D = oA, and a = y/o. Further,
the need to sample from a distribution as in (2.6) arises in almost all the applications of continuous
shrinkage priors mentioned in the introduction and the proposed approach can be seamlessly inte-
grated into such settings. In the sequel, we do not require D to be diagonal, however we implicitly
assume that D~ is easy to calculate and it is straightforward to sample from N(0, D). This is the
case, for example, if D corresponds to the covariance matrix of an AR(q) process or a Gaussian

Markov random field.
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Letting Q = X! = (®"® + D~ ') denote the precision (or inverse covariance) matrix and
b = ®"q, we can write ;1 = Q~'b. [24] proposed an efficient algorithm to sample from a Gaussian
distribution with precision matrix ) and mean Q~'b that avoids explicitly calculating the inverse of
(2 which is computationally expensive and numerically unstable. Instead, the algorithm in Section
3.1.2. of [24] performs a Cholesky decomposition of () and uses the Cholesky factor to solve a
series of linear systems to arrive at a sample from the desired Gaussian distribution. The algorithm

adapted to the present setting can be expressed as follows:

Algorithm 1. [24]

(i) Compute the Cholesky decomposition (®™® + D) = LL".
(ii) Solve Lv = ®"q.

(iii) Solve L™m = v.

(iv) Solve L™w = z, where z ~ N(0, I,,).

(vi) Set @ = m + w. Then, 6 ~ N(u, X).

The algorithm in [24] was originally developed to efficiently sample from Gaussian Markov
random fields where the precision matrix () has a banded structure and a Cholesky factor can be
computed efficiently. Even though the precision matrix (®*® + D~!) does not have any special
structure in the present setting, Algorithm 1 remains practically useful as long as p is around 500;
however, for larger values of p, there is an inevitable breakdown point. In fact, the complexity of
the algorithm scales as O(p?) since the Cholesky decomposition in step (i) requires O(p?) floating
point operations and the subsequent linear system solutions can be performed in O(p?) floating
point operations [40].

The O(p?) complexity is prohibiting in high dimensional settings where p is in the order of tens
of thousands or even higher. We present an alternative exact mechanism to sample from a normal

distribution with parameters as in (2.6) below:

Proposition 2.2.1. Suppose 0 is obtained by following steps (i) - (iv) of Algorithm 2. Then, 6 ~
N(u, X), where v and 3 are as in (2.6).
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Algorithm 2. Proposed algorithm

(i) Sample u ~ N(0, D) and § ~ N(0,1,,).
(ii) Set v = du + 6.

(iil) Solve (P DP" + I,))w = (av — v).
@iv) Set 0 = u + T Dw.

A proof of Proposition 2.2.1 is provided in Section 2.2.1. While the sampling mechanism
is valid for all n and p, the computational gains are most prominent when p > n and the as-
sumptions regarding DD made at the beginning of the Section are satisfied. Indeed, the primary
motivation behind the algorithm derivation is to scale down the problem from p to n dimensions
using the Sherman—Woodbury—Morrison matrix identity [41] and then using Gauss—Jordan type
factorizations and linear system solvers to scale back to p dimensions. When D is diagonal as case
of continuous shrinkage priors (2.2), the complexity of the proposed algorithm can be accurately

calculated.

Proposition 2.2.2. Assume D is diagonal and p > n. Then, steps (i) - (iv) in Algorithm 2 can be

carried out via O(n?p) floating point operations.

Proof. We use a couple of facts from [40]: (i) if By € R™*™2 and By € R"2*"3, then the product
By B can be computed in O(m;msmg) floating point operations; (ii) if B € "™, then the linear
system Bx = y can be solved in O(m?) operations. Since D is diagonal, sampling u in step (i)
can be carried out in O(p) floating point operations and the matrix multiplication ®u in step (ii)
takes additional O(np) operations. Once again using that D is diagonal, the matrix ® = ®D can
be computed in O(np) floating point operations and hence the complexity of calculating ® D®™ =
PP is O(n?p). The n X n linear system in step (iii) can be computed in O(n?) operations. Finally,
since @ is already calculated in step (iii), the matrix multiplication ®* Dw = (®)w takes O(nZp)

operations. Since p > n, n?p > n3, and the overall complexity is O(n?p). O

In comparison to the O(p®) complexity of Algorithm 1, the proposed Algorithm 2 therefore

offers substantial gains in p > n settings with a reduction in complexity from cubic to linear in p.
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Our numerical results in Section 2.4 indeed show that when p < n, both algorithms have similar
computation time while Algorithm 2 is significantly faster when p is large.

When D is not diagonal, the complexity of the proposed algorithm needs to be calculated on a
case by case basis depending on the structure of D. Without any assumptions on D, calculating P
above would take O(np?) operations which is the dominating term in the complexity calculations.
Even in this case, the complexity reduces from cubic to quadratic in p which can be substantial

when p is large.
2.2.1 Algorithm Derivation

We now prove Proposition 2.2.1 by deriving Algorithm 1 in a constructive fashion. We begin

with an identity for X derived from the Sherman—Woodbury—Morrison formula [41].

Y= (®"®+D ' =D— DO (PDPT +1,)"'®D. 2.7)

Using (2.7), we first obtain a more amenable expression for y as

i = DO"(®DP" + 1) a. (2.8)

To see this, recall from (2.6) that 4 = X®"a. Using (2.7), ¥d" = D" — DO (PDP™ +
L) '®D®T = DPT — D™ (PDPT + I,,) " H(PDPT + I, — I,) = DOT(®DP™ + 1)~ 1.

We now provide a data augmentation scheme to sample from N(0, X). Clearly, if n ~ N(0, ),
then 6 = 1 + 7 gives us a sample from N(u, ). We first record a matrix identity below that can
be easily verified:

P S I, 0 P 0 I, P'S
= , 2.9)

ST R stpt 1,/ \o R—s"P 5] \0 1,
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where P € R"*" and R € RP*? are invertible and S € J"*P. Letting

P S L, 0 P 0

ST R STpPToI, 0 R—STP'S

Q, L, T are (n 4+ p) x (n + p) matrices and (2.9) can be conveniently expressed as 2 = LI'L".

|
Further, L is invertible, with L™! = ! easily derived since L is lower triangular.

—-STp~t 1

p

Therefore, ' = L~1Q(L~1)".

Now, set P = (®D®" +1,),S = ®D and R = D. Let u ~ N(0,D),d ~ N(0,I,) and
v = ®u + § as in steps (i) - (ii) of Algorithm 1 and set ( = (v",u")" € R"™P. By construction,
cov(v,u) = ®D = S and var(v) = (PDP" + 1) = P, which implies the covariance matrix of ¢
is {2. Moreover, since u and 0 are independent,  has a joint Gaussian distribution. Since both u
and v are zero mean, we conclude that ¢ ~ N(0, ).

Next, using the identity T' = L7'Q(L™")", we have (, = L7!'¢ ~ N(0,T'). The crucial
observation is that with the present choices of P, .S and R, the lower p x p diagonal block of I,
R — S™P~1S = ¥, using the identity (2.7). Therefore, if we collect the last p entries of (, in a
vector 7, then  ~ N(0,Y). Exploiting the structure of L™, we have n = u — S"P~!v. Note

further from (2.8) that 4 = ST P~'«. Finally,

O=p+n=5S"Platu—S"Plv=u+S"P a—0).

The proof is completed by noting that P! (o — v) is identical to w in step (iii) of Algorithm 1 and

ST =Do".
2.3 Application to Bayesian shrinkage priors

Returning to our original motivation, we illustrate the scalability of the proposed algorithm
through an application to linear regression with a horseshoe prior [1] on the regression coefficients

B 1in (5.15). The horseshoe prior is obtained by placing independent half-Cauchy priors on the A;s
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and 7 in the hierarchical specification (2.2) - (2.4), with the half-Cauchy density given by (1 +
%) 711 (0,00 (t). To complete the prior specification, we consider an improper prior m(c?) o o~2 on
o. Posterior computation proceeds in a straightforward manner via a Gibbs sampler which cycles
through sampling from (i) 8 | y, A\, 7,0, (ii)) A | B,7,0, (i) 7 | B,\,0 and o | y, 3, A, 0, where
recall that A = (\y,...,\,)". We use a slice sampling algorithm from the online supplement to
[39] to update the A;s and 7, while 02 has an inverse-gamma conditional posterior. The conditional
posterior of § is Gaussian as given in (2.5) and is the main computational bottleneck when p is
large. As noted in the beginning of Section 2.2, letting ® = X /o, D = ¢%A, and a = y/o,
we are in the setting of (2.6) and the algorithms in Section 2.2 can be applied to sample from the
conditional posterior of 3.

We borrow a simulation setting from §3.3.1 of [42] to generate the data. Given n and p, the
p columns of the design matrix X were generated independently from a standard n dimensional

Gaussian distribution. All but the first 5 entries of [ were set to zero, while the non-zero entries

were sampled independently as (—1)"(a + |z

), with r ~ Bernoulli(0.4), z ~ N(0,1) and a =
5logn/+/n. Finally, y was generated from a N(Xf3,0?I,) distribution with ¢ = 2. We fixed
n = 100 and varied p from 500 to 5000 with a step size of 500. We additionally included the case
where (n, p) = (100, 200). For each value of p, 10 datasets were generated as above.

The Gibbs sampler mentioned in the previous paragraph was run for 6000 iterations where
we alternatively used the standard Algorithm 1 and the proposed Algorithm 2 to sample from
the conditional posterior of 3 in step (i). Steps (ii) - (iv) of the Gibbs sampler were identically
implemented for both methods. All computations were implemented in MATLAB on a INTEL(ES-
2690) 2.9 GHz machine with 64 GB DDR3 memory. Figure 2.1 plots the time in seconds averaged
over the 10 datasets to run 6000 iterations of the Gibbs sampler for the two methods in a logarithmic
scale against p. The actual times in seconds for selected values of p are presented in Table 2.1.
From Fig. 2.1 and Table 2.1, it is evident that both algorithms have similar computation time when
p < n, while the proposed algorithm produces massive gains for larger values of p. Table 2.1 also

shows that the absolute run time for 6000 iterations of the Gibbs sampler in our case takes only
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Figure 2.1: Linear regression with horseshoe prior [1] on the regression coefficients. Logarithm

of time (in seconds) to complete 6000 iterations of a Gibbs sampler is reported. Algorithm 1 and

proposed Algorithm 2 were applied to sample from the conditional posterior of 3 in (2.5). Sample

size n was fixed at 100 and the dimension p was varied from 500 to 5000, with 500 step size.

Additionally the case p = 200 was included. Reprinted with permission from [65].

40 seconds. We have tried p as large as 20, 000 in our case which takes less than 5 minutes to run

6000 iterations.

Table 2.1: Same setting as in Fig. 2.1. Absolute time (in seconds) to run 6000 iterations of the
Gibbs sampler reported for the two algorithms for chosen values of p. Reprinted with permission
from [65].

P Time (in seconds)

Algorithm 1~ Algorithm 2

200 5.50 6.05
500 8.79 31.03
1000 12.83 160.92
2000 20.04 944.78
3000 27.60 2616.80
4000 35.76 5775.70
5000 43.99 11314.28

2.4 Frequentist operating characteristics in high dimensions

The proposed algorithm provides an opportunity to compare the frequentist operating charac-

teristics of shrinkage priors in high-dimensional regression problems, hitherto unexplored poten-
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Figure 2.2: Boxplots of ¢, /5 and prediction error across 100 simulation replicates. HSme and
HSm respectively denote posterior point wise median and mean for the horeshoe prior. True 3,
is 5-sparse with non-zero entries from setting (a). Top row: X = I, (independent). Bottom row: X ;;
=1,%;7=0.5, j # j' (compound symmetry). Reprinted with permission from [65].
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tially due to the computational bottleneck. We compare various aspects of the horseshoe prior [1]
to a host of frequentist procedures and obtain highly promising results. While space constraints
prevent us from a more detailed study, we expect similar results for the Dirichlet-Laplace [23],
normal-gamma [22] and generalized double-Pareto [33] priors, which we hope to report elsewhere.

We first report comparisons with SCAD [6] and MCP [7] penalties in terms of estimation
and prediction accuracy. We considered model (5.15) with n = 200, p = 5000 and 0 = 1.5.
Letting x; denote the ith row of X, the z;s were independently generated from N, (0, X), with
(i) ¥ = I, (independent) and (ii) ¥;; = 1,3, = 0.5,5 # j' = 1,...,p (compound symme-
try). The true 3y had 5 non-zero entries in all cases, with the non-zero entries having magnitude
(a) {1.5,1.75,2,2.25,2.5} and (b) {0.75,1,1.25,1.5,1.75}, multiplied by a random sign. For
each of the four cases, we considered 100 simulation replicates. The frequentist penalization ap-
proaches were implemented using the R package ncvreg via 10-fold cross-validation. For the

horseshoe prior, we considered both the posterior mean and the point wise posterior median as a
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Figure 2.3: Same setting as in Fig 2.2. True 3, is 5-sparse with non-zero entries from setting (b)

Reprinted with permission from [65].
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point estimate. Figures 1 and 2 report boxplots for ¢1 (||3 — So||1) £2 (|| — Bol|2) and predic-
tion (|| X 8 — X Bo||2) errors across the 100 replicates for the two signal strengths. The horseshoe
prior can be seen to be highly competitive across all simulation settings, in particular when the
signal strength is weaker. An interesting observation is the somewhat superior performance of the
point wise median compared to the mean even under an ¢, loss; a similar fact has been observed
about point mass mixture priors [15] in high dimensions. We repeated the entire simulation with
p = 2500 and obtained similar conclusions. Overall, out of the 24 = 2 (choices of p) x 2 (covari-
ate designs) x 2 (signal strength) x 3 (error criterion) settings, the horseshoe prior had the best
average performance over the simulation replicates in 22 cases.

While there is now a huge literature on penalized point estimation, the question of uncertainty
characterization in p > n settings has started receiving attention only very recently [3]. Although
Bayesian procedures provide an automatic characterization of uncertainty through the posterior
distribution on parameters, the resulting credible intervals are not guaranteed to possess the cor-

rect frequentist coverage in nonparametric/high-dimensional problems [43]. This compelled us to
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empirically investigate the frequentist coverage of shrinkage priors in p > n settings; it is trivial
to obtain element-wise credible intervals for the ;s from the posterior samples. We compared the
horseshoe prior with the recently proposed approach of [3], which can be used to obtain asymptot-
ically optimal element wise confidence intervals for the 3;s. We considered a similar simulation
scenario as before. We let p € {500, 1000}, and considered a Toeplitz structure (;;; = 0.9 77
for the covariate design [3] in addition to the independent and compound symmetry cases stated
already. The first two rows of Table 2.2 report the average coverage probabilities (over 100 simu-
lation replicates) and lengths of confidence intervals for the horseshoe and [3], averaged over the 5
signal variables. The last two rows report the same averaged over the (p — 5) noise variables. The
standard deviations corresponding to the averages are provided in the subscripts.

It can be readily seen from Table 2.2 that the horseshoe had a superior performance. Sev-
eral observations are worth mentioning. First, an attractive adaptive property of shrinkage priors
emerge, where the length of the intervals automatically adapt between the signal and noise vari-
ables, maintaining the nominal coverage. The procedure of [3] on the other hand seems to obtain
approximately equal sized intervals for the signals and noise variables. We should mention here
that the default choice of the LASSO tuning parameter \ =< W suggested in [3] seemed
to provide substantially poorer coverage for the signal variables at the cost of improved coverage
for the noise. For each setting, we separately tuned the parameter (assuming the knowledge of the
truth) to arrive at the coverage probabilities reported. The horseshoe (and other shrinkage priors)
on the other hand are free of tuning parameters. The same procedure that was used for estimation

automatically provides valid frequentist uncertainty characterization.
2.5 Discussion

The numerical results in the previous section warrant additional numerical and theoretical in-
vestigations into properties of shrinkage priors in high dimensions. The proposed algorithm can be
used for essentially all the shrinkage priors used in the literature and should prove to be useful in an
exhaustive comparison of existing priors. Further, as stated previously, the scope of the proposed

algorithm extends well beyond the linear regression setting. For example, extensions to logistic and
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Table 2.2: Frequentist coverage probabilities and lengths of 95% intervals for the LASSO and the
horseshoe. The confidence intervals for the LASSO were constructed using the method in [3]. The
intervals for the horseshoe are the usual symmetric posterior credible intervals. For both methods,
the average coverage probabilities and lengths of the intervals are reported after averaging across
all signal variables (row 1 and 2) and noise variables (row 3 and 4). Numbers in the subscript
denote the standard errors corresponding to the average coverage probabilities. Reprinted with
permission from [65].

Dimension 500 1000

Design Independent Comp Symm Toeplitz Independent Comp Symm Toeplitz

LASSO HS LASSO HS LASSO HS LASSO HS LASSO HS LASSO HS

Signal Coverage 0.75912 0.93p.01 0.739.04 0.950.00 0.800.07 0.949.04 0.787.12 0.94p.00 0.779.02 0.949.01 0.769.03 0.950.01
Signal Length 0.46 0.42 0.71 0.85 0.79 0.86 0.41 0.39 0.76 0.82 0.96 1.05
Noise Coverage 0.99.008 1o.000 098001 Lo.ooo 0.980.01 lo.ooo 0-99.01 099000 0.9%.01 looo 09901 Lo.o

Noise Length 0.43 0.02 0.69 0.04 0.78 0.05 042  0.006 076 0.007 098  0.003

probit regression are immediate using standard data augmentation tricks [44, 45]. The same is true
for other generalized linear models and survival models. Multivariate regression problems where
one has a matrix of regression coefficients can be handled by updating the vectorized version of the
coefficient matrix in a block; note this is an example where even if the number of variables is not
bigger than the sample size, the number of regression coefficients may be large if the dimension of
the response if moderate. Factor models offer another attractive area of application of the proposed
algorithm. Shrinkage priors have been used as a prior of factor loadings in [36]. While [36] update
the p > n rows of the factor loadings independently, exploiting the assumption of independence
in the idiyosyncratic components, their algorithm does not extend to approximate factor models,
where the idiyosyncratic errors are dependent. The proposed algorithm can be adapted to such
situations by updating the vectorized loadings in a block. Finally, we envision applications in high
dimensional additive models where each of a large number of functions is expanded in a basis, and

the large collection of basis functions are updated in a block.
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3. BAYESIAN SPARSE MULTIPLE REGRESSION FOR SIMULTANEOUS RANK
REDUCTION AND VARIABLE SELECTION

3.1 Introduction

Studying the relationship between multiple response variables and a set of predictors has broad
applications ranging from bioinformatics, econometrics, time series analysis to growth curve mod-
els. The least squares solution in a linear multiple response regression problem is equivalent to
performing separate least squares on each of the responses [46] and ignores any potential depen-
dence among the responses. In the context of multiple response regression, a popular technique
to achieve parsimony and interpretability is to consider a reduced-rank decomposition of the coef-
ficient matrix, commonly known as reduced rank regression [47, 48, 49]. Although many results
exist about the asymptotic properties of reduced rank estimators [50], formal statistical determi-
nation of the rank remains difficult even with fixed number of covariates and large sample size
due mainly to the discrete nature of the parameter. The problem becomes substantially harder
when a large number of covariates are present, and has motivated a series of recent work on pe-
nalized estimation of low rank matrices, where either the singular values of the coefficient matrix
[51, 52], or the rank itself [53] is penalized. Theoretical evaluations of these estimators focusing
on adaptation to the oracle convergence rate when the true coefficient matrix is of low rank has
been conducted [53]. It has also been noted [54] that the convergence rate can be improved when
the true coefficient matrix has zero rows and variable selection is incorporated within the estima-
tion procedure. Methods that simultaneously handle rank reduction and variable selection include
[51, 54, 55]. To best of our knowledge, uncertainty characterization for the parameter estimates
from these procedures is currently not available.

The first fully systematic Bayesian treatment of reduced rank regression was carried out in [56],
where conditioned on the rank, independent Gaussian priors were placed on the elements of the

coefficient matrix. While formal Bayesian model selection can be performed to determine the rank
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[56], calculation of marginal likelihoods for various candidate ranks gets computationally burden-
some with increasing dimensions. The problem of choosing the rank is not unique to reduced rank
regression and is ubiquitous in situations involving low rank decompositions, with factor models
being a prominent example. [11] placed a prior on the number of factors and proposed a computa-
tionally intensive reversible jump algorithm [57] for model fitting. As an alternative, [36] proposed
to increasingly shrink the factors starting with a conservative upper bound and adaptively collaps-
ing redundant columns inside their MCMC algorithm. Recent advancements in Bayesian matrix
factorization have taken a similar approach; see for example, [58, 59, 60, 61].

From a Bayesian point of view, a natural way to select variables in a single-response regression
framework is to use point mass mixture priors [10, 14] which allow a subset of the regression
coefficients to be exactly zero. These priors were also adapted to multiple response regression by
several authors [12, 62, 63, 64]. Posterior inference with such priors involves a stochastic search
over an exponentially growing model space and is computationally expensive even in moderate
dimensions. To alleviate the computational burden, a number of continuous shrinkage priors have
been proposed in the literature which mimic the operating characteristics of the discrete mixture
priors. Such priors can be expressed as Gaussian scale mixtures [20], leading to block updates
of model parameters; see [65] for a review of such priors and efficient implementations in high-
dimensional settings. To perform variable selection with these continuous priors, several methods
for post-processing the posterior distribution have been proposed [66, 67, 68].

In this article we simultaneously address the problems of dimension reduction and variable
selection in high-dimensional reduced rank models from a Bayesian perspective. We develop a
novel shrinkage prior on the coefficient matrix which encourages shrinkage towards low-rank and
row-sparse matrices. The shrinkage prior is induced from appropriate shrinkage priors on the
components of a full-rank decomposition of the coefficient matrix, and hence bypasses the need to
specify a prior on the rank. We provide theoretical understanding into the operating characteristics
of the proposed prior in terms of a novel prior concentration result around rank-reduced and low-

sparse matrices. The prior concentration result is utilized to prove minimax concentration rates of

23



the posterior under the fractional posterior framework of [28] in a ultrahigh-dimensional setting
where the number of predictor variables can grow sub-exponentially in the sample size.

The continuous nature of the prior enables efficient block updates of parameters inside a Gibbs
sampler. In particular, we adapt an algorithm for sampling structured multivariate Gaussians from
[65] to efficiently sample a high-dimensional matrix in a block leading to a low per-iteration
MCMC computational cost. We propose two independent post-processing schemes to achieve row
sparsity and rank reduction with encouraging performance. A key feature of our post-processing
schemes is to exploit the posterior summaries to offer careful default choices of tuning parameters,
resulting in a procedure which is completely free of tuning parameters. The resulting row-sparse
and rank-reduced coefficient estimate is called a Bayesian sparse multi-task learner (BSML). We
illustrate the superiority of BSML over its competitors through a detailed simulation study and
the methodology is applied to a Yeast cell cycle data set. Code for implementation is available at

www.stat.tamu.edu/~antik.
3.2 Bayesian sparse multitask learner
3.2.1 Model and Prior Specification

Suppose, for each observational unit ¢ = 1,...,n, we have a multivariate response y; € R
on ¢ variables of interest, along with information on p possible predictors z; € R?, a subset of
which are assumed to be important in predicting the g responses. Let X € R"*? denote the design
matrix whose ith row is z, and Y € R"*9 the matrix of responses with the ith row as y;. The

multivariate linear regression model is,

Y=XC+E, E=(,....e"", (3.1)

where we follow standard practice to center the response and exclude the intercept term. The
rows of the error matrix are independent, with e; ~ N(0,%). Our main motivation is the high-
dimensional case where p > max{n, ¢}, although the method trivially applies to p < n settings

as well. We shall also assume the dimension of the response g to be modest relative to the sample
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size.

The basic assumption in reduced rank regression is that rank(C') = r < min(p, q), whence
C admits a decomposition C' = B, Al with B, € RP*" and A, € R?*". While it is possible to
treat 7 as a parameter and assign it a prior distribution inside a hierarchical formulation, posterior
inference on r requires calculation of intractable marginal likelihoods or resorting to complicated
reversible jump Markov chain Monte Carlo algorithms. To avoid specifying a prior on r, we work
within a parameter-expanded framework [69] to consider a potentially full-rank decomposition
C = BA" with B € 1**9 and A € R?*9, and assign shrinkage priors to A and B to shrink out the
redundant columns when C' is indeed low rank. This formulation embeds all reduced-rank models
inside the full model; if a conservative upper bound ¢* < ¢ on the rank is known, the method can
be modified accordingly. The role of the priors on B and A is important to encourage appropriate
shrinkage towards reduced-rank models, which is discussed below.

We consider independent standard normal priors on the entries of A. As an alternative, a
uniform prior on the Stiefel manifold [70] of orthogonal matrices can be used. However, our
numerical results suggested significant gains in computation time using the Gaussian prior over
the uniform prior with no discernible difference in statistical performance. The Gaussian prior
allows an efficient block update of vec(A), whereas the algorithm of [70] involves conditional
Gibbs update of each column of A. Our theoretical results also suggest that the shrinkage provided
by the Gaussian prior is optimal when ¢ is modest relative to n, the regime we operate in. We
shall henceforth denote I1,4 to denote the prior on A, i.e., ap;, ~ N(0, 1) independently for h, k =
1,...,q.

Recalling that the matrix B has dimension p X ¢, with p potentially larger than n, stronger
shrinkage is warranted on the columns of B. We use independent horseshoe priors [1] on the
columns of B, which can be represented hierarchically as

bin | Ay 7 ~ N(0,0%,72),  Ajn ~ Ca,(0,1), 7, ~ Ca,(0,1), (3.2)

J
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independently for j = 1,...,pand h = 1,...,q, where Ca, (0, 1) denotes the truncated standard
half-Cauchy distribution with density proportional to (1+¢*) "1 ) (t). We shall denote the prior
on the matrix B induced by the hierarchy in (3.2) by I 5.

We shall primarily restrict attention to settings where ¥ is diagonal, > = diag(c?,. .. ,03),
noting that extensions to non-diagonal > can be incorporated in a straightforward fashion. For
example, for moderate ¢, a conjugate inverse-Wishart prior can be used as a default. Furthermore,
if 3 has a factor model or Gaussian Markov random field structure, they can also be incorporated
using standard techniques [36, 24]. The cost-per-iteration of the Gibbs sampler retains the same
complexity as in the diagonal Y. case; see §3.3 for more details. In the diagonal case, we assign
independent improper priors 7(02) o< 05, %, h = 1,...,q on the diagonal elements, and call the

resulting prior Iy.

The model augmented with the above priors now takes the shape

Y = XBA"+ E, ¢ ~N(0,%), (3.3)

B ~1lg, A~Il, X ~Il. (3.4)
We shall refer to the induced prior on C' = BA™ by Il¢, and let

p(Y | C, 3 X) X |§]|—”/2 e—atr{(Y—XC)Efl(Y_XC)T}/2

denote the likelihood for (C, X).
3.3 Posterior Computation

Exploiting the conditional conjugacy of the proposed prior, we develop a straightforward and
efficient Gibbs sampler to update the model parameters in (3.3) from their full conditional dis-
tributions. We use vectorization to update parameters in blocks. Specifically, in what follows,

we will make multiple usage of the following identity. For matrices @, @5, 3 with appropriate
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dimensions, and vec(A) denoting column-wise vectorization, we have,
vec(P Do P3) = (P @ Py)vec(Py) = (P3P; ® Ii)vec(Py), (3.5)

where the matrix ¢; has k£ rows and ® denotes the Kronecker product.

Letting 6 | — denote the full conditional distribution of a parameter ¢ given other parameters
and the data, the Gibbs sampler cycles through the following steps, sampling parameters from their
full conditional distributions:

Step 1. To sample B | —, use (3.5) to vectorize Y = X BA™ + E to obtain,
y=(X®A)p+e, (3.6)

where § = vec(BT) € RP7¥L, i = vec(Y™) € R"*! and e = vec(ET) ~ N,y (0,3) with & =
diag(%, . .., Y). Multiplying both sides of (3.6) by ©~1/2 yields J = X 8 + & where § = S1/2y,
X =2"12(X®A)and & = 52 ~ N,,4(0, L,, ). Thus, the full conditional distribution 3 | — ~
Nuo(Q5' X7, Q3'), where Qp = (X" X+A"") with A = diag(A\3 72, ..., A2, 72, .. A5 72, A2 72,
Naively sampling from the full conditional of 3 has complexity O(p3q¢®) which becomes highly
expensive for moderate values of p and ¢q. [65] recently developed an algorithm to sample from a
class of structured multivariate normal distributions whose complexity scales linearly in the ambi-
ent dimension. We adapt the algorithm in [65] as follows:
(i) Sample v ~ N(0, A) and 6 ~ N(0, I,,) independently.
(i) Set v = Xu + 6.
(iii) Solve (XAXT + I,,)w = (§ — v) to obtain w.
(iv) Set 8 = u + AX"w.
It follows from [65] that 3 obtained from steps (i) - (iv) above produce a sample from the
desired full conditional distribution. One only requires matrix multiplications and linear system

solvers to implement the above algorithm, and no matrix decomposition is required. It follows

from standard results [40] that the above steps have a combined complexity of O(q¢® max{n?, p}),
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a substantial improvement over O(p3¢®) when p > max{n, ¢}.

Step 2. To sample A | —, once again vectorize Y = X BA" + F, but this time use the equality of

the first and the third terms in (3.5) to obtain,
y=(XB®Il,)a+e, (3.7

where e and y are the same as in step 1, and a = vec(A) € R7°*1. The full conditional posterior
distribution a | — ~ N(Q;'X.,7,Q31), where Q4 = (XX, +I2), X, = 2" 2(XB ® 1)
and y = >l 2y. To sample from the full conditional of a, we use the algorithm from §3.1.2 of
[24]. Compute the Cholesky decomposition (X X, + [,2) = LL". Solve the system of equations:
Lv =X}y, L"m = v,and L"w = z, where z ~ N(0, I;2). Finally obtain a sample as a = m+w.
Step 3. To sample o7 | —, observe that 07 | — ~ inverse-Gamma(n/2, S;,/2) independently
across h, where S, = {Y,, — (XBA"),}"{Y, — (XBA"),}, with ®;, denoting the hth column of
a matrix ®. In the case of an unknown ¥ and an inverse-Wishart(q, I,) prior on ¥, the posterior
update of 3 can be easily modified due to conjugacy; we sample > | — from inverse-Wishart{n +
. Y -XO)"Y - XC)+ 1L}
Step 4. The global and local scale parameters \;;’s and 73,’s have independent conditional pos-
teriors across j and h, which can be sampled via a slice sampling scheme provided in the online
supplement to [39]. We illustrate the sampling technique for a generic local shrinkage parameter
Ajr; a similar scheme works for 7,. Setting 7;;, = )\j_hQ, the slice sampler proceeds by sampling u, |
Nin ~ Unif(0,1/(1 + n;,)) and then sampling 75, | ujn ~ Exp(27; /623, )H{nn < (1 — ujn)/usn},
a truncated exponential distribution.

The Gibbs sampler above when modified to accommodate non-diagonal . as mentioned in step
3 retains the overall complexity. Steps 1-2 do not assume any structure for ¥.. The matrix >~/
can be computed in O(g*) steps using standard algorithms, which does not increase the overall
complexity of steps 1 and 2 since since ¢ < n < p by assumption. Modifications to situations

where X has a graphical/factor model structure are also straightforward.
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Point estimates of C, such as the posterior mean, or element-wise posterior median, are readily
obtained from the Gibbs sampler along with a natural uncertainty quantification, which can be
used for point and interval predictions. However, the continuous nature of our prior implies that
such point estimates will be non-sparse and full rank with probability one, and hence not directly
amenable for variable selection and rank estimation. Motivated by our concentration result in
Theorem 3.5.7 that the posterior mean X C' increasingly concentrates around X C,, we propose two
simple post-processing schemes for variable selection and rank estimation below. The procedures

are completely automated and do not involve any input of tuning parameters from the user’s end.
3.3.1 Post processing for variable selection

We first focus on variable selection. We define a row-sparse estimate C r for C as the solution

to the optimization problem

p
Ca = angamin { |XT = XTI + 3 ]2 . 68)

DeRpxa =

where ®U) represents the j* row of a matrix ®, and the ft;8 are predictor specific regularization
parameters. The objective function aims to find a row-sparse solution close to the posterior mean
in terms of the prediction loss, with the sparsity driven by the group lasso penalty [71]. For a
derivation of the objective function in (3.8) from a utility function perspective as in [68], refer to
section 3.7 and 3.8.

To solve (3.8), we set the sub-gradient of (3.8) with respect to I'¥) to zero and replace ||[T'V)||

by a data dependent quantity to obtain the soft thresholding estimate,

A6 _ 1 (1_ ) )X.TR- (3.9)
XX 21XTRyll ),

where for x € R,z = max(x,0), and R; is the residual matrix obtained after regressing X C on
X leaving out the j' predictor, R; = X -3 kot X k@g’“). For practical implementation, we use

C as our initial estimate and make a single pass through each variable to update the initial estimate
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according to (3.9). With this initial choice, R; = X;C and | X7 R;|| = || X;[|2[[C])-

While the p tuning parameters p; can be chosen by cross-validation, the computational cost
explodes with p to search over a grid in p dimensions. Exploiting the presence of an optimal
initial estimate in the form of C, we recommend default choices for the hyperparameters as L =
1/||C;||=2 which in spirit is similar to the adaptive lasso [72]. When predictor j is not important,
the minimax /,-risk for estimating C’éj) is (log q)/n, so that ||6(j) | < (log q)/n. Since | X,||* < n
by assumption, fi;/[| X} R;| = n'/?/(log q)*/? > 1, implying a strong penalty for all irrelevant
predictors.

Following [68], posterior uncertainty in variable selection can be gauged if necessary by re-

placing C with the individual posterior samples for C in (3.8).
3.3.2 Post processing for rank estimation

To estimate the rank, we threshold the singular values of X éR, with GR obtained from (3.9).
In situations where row sparsity is not warranted, C' can be used instead of éR. For sq,...,5,4
the singular values of X 63, and a threshold w > 0, define the thresholded singular values as
vp = spl(sp, > w) forh = 1,...,q. We estimate the rank as the number of nonzero thresholded
singular values, that is, 7 = Y ¢ _ I(v, > 0) = > ¢_ I(s, > w). We use the largest singular
value of Y — XC r as the default choice of the threshold parameter w, a natural candidate for the

maximum noise level in the model.
3.4 Simulation Results

We performed a thorough simulation study to assess the performance of the proposed method
across different settings. For all our simulation settings the sample size n was fixed at 100. We
considered 3 different (p, ¢) combinations, (p, ¢) = (500, 10), (200, 30), (1000, 12). The data were
generated from the model Y = Xy + E. Each row of the matrix £/ was generated from a
multivariate normal distribution with diagonal covariance matrix having diagonal entries uniformly
chosen between 0.5 and 1.75. The columns of the design matrix X were independently generated

from N(0,Xx). We considered two cases, ¥x = I, and x = (0;}), 055 = 1, 0;;, = 0.5 for
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1 # j. The true coefficient matrix Cy = B, AT, with B, € RP*™ and A, € R, with the
true rank ro € {3,5,7}. The entries of A, were independently generated from a standard normal
distribution. We generated the entries in the first s = 10 rows of B, independently from N(0, 1),
and the remaining (p — s) rows were set equal to zero.

As a competitor, we considered the sparse partial least squares (SPLS) approach due to [73].
Partial least squares minimizes the least square criterion between the response Y and design matrix
X in a projected lower dimensional space where the projection direction is chosen to preserve
the correlation between Y and X as well as the variation in X. [73] suggested adding lasso
type penalties while optimizing for the projection vectors for sparse high dimensional problems.
Since SPLS returns a coefficient matrix which is both row sparse and rank reduced, we create
a rank reduced matrix éRR from éR for a fair comparison. Recalling that GR has zero rows,
let S, r denote the sub-matrix corresponding to the non-zero rows of GR. Truncate the singular
value decomposition of S r to the first 7 terms as obtained in §3.3.2. Insert back the zero rows
corresponding to C r 1n the resulting matrix to obtain GRR. Clearly, (?*RR € RP*7 so created is
row sparse and has rank at most 77; we shall refer to C rr as the Bayesian sparse multi-task learner
(BSML). Matlab implementation of the proposed method can be found online at www.stat.
tamu.edu/~antik.

For an estimator C of C, we consider the mean square error, MSE = ||C' — C||2/(pq), and
the mean square prediction error, MSPE = || X C—XCy |%/(nq) to measure its performance. The
squared estimation and prediction errors of SPLS and GRR for different settings are reported in
table A.1 along with the estimates of rank. In our simulations we used the default 10 fold cross
validation in the cv. spls function from the R package spls. The SPLS estimator of the rank
is the one for which the minimum cross validation error is achieved. We observed highly accurate
estimates of the rank for the proposed method, whereas SPLS overestimated the rank in all the
settings considered. The proposed method also achieved superior performance in terms of the two
squared errors, improving upon SPLS by as much as 5 times in some cases. Additionally, we

observed that the performance of SPLS deteriorated relative to BSML with increasing number of
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covariates.

In terms of variable selection, both methods had specificity and sensitivity both close to one
in all the simulation settings listed in table A.1. Since SPLS consistently overestimated the rank,
we further investigated the effect of the rank on variable selection. We focused on the simulation
case (p,q,m9) = (1000, 12, 3), and fit both methods with different choices of the postulated rank
between 3 and 9. For the proposed method, we set ¢* in §3.2.1 to be the postulated rank, that
is, considered B € RP*¢ and A € R for ¢* € {3,...,9}. For SPLS, we simply input ¢*
as the number of hidden components inside the function spls. Figure 3.1 plots the sensitivity
and specificity of BSML and SPLS as a function of the postulated rank. While the specificity is
robust for either method, the sensitivity of SPLS turned out to be highly dependent on the rank.
The left panel of figure 3.1 reveals that at the true rank, SPLS only identifies 40% of the significant
variables, and only achieves a similar sensitivity as BSML when the postulated rank is substantially
overfitted. BSML, on the other hand, exhibits a decoupling effect wherein the overfitting of the
rank does not impact the variable selection performance.

We conclude this section with a simulation experiment carried out in a correlated response
setting. Keeping the true rank r( fixed at 3, the data were generated similarly as before except that
the individual rows e; of the matrix E' was generated from N (0, X)), with X;; = 1, 2;; = 05,1 <
i # j < q. To accommodate the non-diagonal error covariance, we placed a inverse-Wishart(q, I,
prior on .. An associate editor pointed out the recent article [4] which used spike-slab priors on the
coefficients in a multiple response regression setting. They implemented a variational algorithm to
posterior inclusion probabilities of each covariate, which is available from the R package locus.
To select a model using the posterior inclusion probabilities, we used the median probability model
[74]; predictors with a posterior inclusion probability less than 0.5 were deemed irrelevant. We
implemented their procedure with the prior average number of predictors to be included in the
model conservatively set to 25, a fairly well-chosen value in this context. We observed a fair degree
of sensitivity to this parameter, which when set to the true value 10, resulted in comparatively poor

performance. Table 3.2 reports sensitivity and specificity of this procedure and ours, averaged
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over 50 replicates. While the two methods performed almost identically in the relatively low
dimensional setting (p, q) = (200, 30), BSML consistently outperformed [4] when the dimension

was higher.

Table 3.1: Estimation and predictive performance of the proposed method (BSML) versus SPLS
across different simulation settings. We report the average estimated rank ("), Mean Square Error,
MSE (x10~%) and Mean Square Predictive Error, MSPE, across 50 replications. For each setting
the true number of signals were 10 and sample size was 100. For each combination of (p, ¢, ()
the columns of the design matrix were generated from N(0, ¥ x ). Two different choices of ¥ x was
considered. ¥ x = I, (independent) and Xx = (0} ),0;5 = 1,07y = 0.5 for i # j (correlated). The
method achieving superior performance for each setting is highlighted in bold.

(p,9)

(200,30) (500,10) (1000,12)

Independent Correlated Independent Correlated Independent Correlated

Rank Measures BSML SPLS BSML SPLS BSML SPLS BSML SPLS BSML SPLS BSML SPLS
T 3.0 79 30 94 30 97 30 88 32 94 34 89

3 MSE 3 14 5 15 3 7 5 30 3 50 3 38

MSPE 0.07 025 0.06 017 022 015 034 021 035 419 030 1.51

97 49 122 49 99 48 98 51 99 51 99

>
o

5 MSE 5 69 9 61 3 10 6 24 2 108 4 129

MSPE 011 38 009 46 0.17 041 020 038 0.32 954 0.32 463

T 69 103 69 158 6.8 10 6.7 97 68 102 6.6 115
7 MSE 6 116 10 112 3 20 5 49 2 195 4 261

MSPE 0.12 10.81 0.11 9.01 0.16 0.72 0.16 092 0.32 1670 0.31 7.44
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Table 3.2: Variable selection performance of the proposed method in a non-diagonal error structure
setting with independent and correlated predictors; e; ~ X, 0;; = 1,05 = 0.5. Sensitivity and
specificity of BSML is compared with [4].

BSML (4]

(p,q) Measure Independent Correlated Independent Correlated

Sensitivity 1 1 0.96 0.87

(200,30) Specificity 0.90 0.84 0.77 0.67
Sensitivity 1 0.99 0.9 0.8

ro=3 (500,10) Specificity 0.99 0.99 0.80 0.64
Sensitivity 0.99 0.99 0.92 0.63

(1000,12) Specificity 0.99 0.99 0.80 0.64

3.5 Yeast Cell Cycle Data

Identifying transcription factors which are responsible for cell cycle regulation is an important
scientific problem [73]. The yeast cell cycle data from [75] contains information from three dif-
ferent experiments on mRNA levels of 800 genes on an a-factor based experiment. The response
variable is the amount of transcription (mMRNA) which was measured every 7 minutes in a period of
119 minutes, a total of 18 measurements (Y") covering two cell cycle periods. The ChIP-chip data
from [76] on chromatin immunoprecipitation contains the binding information of the 800 genes for
106 transcription factors (X). We analyze this data available publicly from the R package spls
which has the above information completed for 542 genes. The yeast cell cycle data was also ana-
lyzed in [55] via sparse reduced rank regression (SRRR). Scientifically 21 transcription factors of
the 106 were verified by [2] to be responsible for cell cycle regulation.

The proposed BSML procedure identified 33 transcription factors. Corresponding numbers for
SPLS and SRRR were 48 and 69 respectively. Of the 21 verified transcription factors, the proposed

method selected 14, whereas SPLS and SRRR selected 14 and 16 respectively. 10 additional tran-
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Figure 3.1: Average sensitivity and specificity across 50 replicates is plotted for different choices of
the postulated rank. Here (p, ¢, 79) = (1000, 12, 3). Values for BSML (SPLS) are in bold (dashed).
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scription factors that regulate cell cycle were identified by [76], out of which 3 transcription factors
were selected by our proposed method. Figure 3.2 plots the posterior mean, BSML estimate C RR»
and 95 % symmetric pointwise credible intervals for two common effects ACE2 and SW14 which
are identified by all the methods. Similar periodic pattern of the estimated effects are observed as
well for all the other two methods in contention, perhaps unsurprisingly due to the two cell cycles
during which the mRNA measurements were taken. Similar plots for the remaining 19 effects
identified by our method are placed inside the supplemental document.

The proposed automatic rank detection technique estimated a rank of 1 which is significantly
different from SRRR (4) and SPLS (8). The singular values of ¥ — X showed a significant
drop in magnitude after the first four values which agrees with the findings in [55]. The 10-fold
cross validation error with a postulated rank of 4 for BSML was 0.009 and that of SPLS was 0.19.

We repeated the entire analysis with a non-diagonal >, which was assigned an inverse-Wishart

prior. No changes in the identification of transcription factors or rank estimation were detected.

3.5.1 Concentration results

In this section, we establish a minimax posterior concentration result under the prediction loss

when the number of covariates are allowed to grow sub-exponentially in n. To best of our knowl-
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Figure 3.2: Estimated effects of ACE2 and SWI4, two of 33 transcription factors with non-zero
effects on cell cycle regulation. Both have been scientifically verified by [2]. Dotted lines corre-
spond to 95% posterior symmetric credible intervals, bold lines represent the posterior mean and
the dashed lines plot values of the BSML estimate C'rg.

edge, this is the first such result in Bayesian reduced rank regression models. We are also not
aware of a similar result in any model involving the horseshoe or another polynomial tailed shrink-
age prior in ultrahigh-dimensional settings. [27] applied the general theory of posterior consistency
[77] to linear models with growing number of covariates and established consistency for the horse-
shoe prior with a sample size dependent hyperparameter choice when p = o(n). Results [25, 26]
that quantify rates of convergence focus exclusively on the normal means problem, with their proofs
crucially exploiting an exact conjugate representation of the posterior mean.

A key ingredient of our theory is a novel non-asymptotic prior concentration bound for the
horseshoe prior around sparse vectors. The prior concentration or local Bayes complexity [77, 28]
is a key component in the general theory of posterior concentration. Let ¢y[s;p] = {6y € R :
#(1 < j <p:by #0) < s} denote the space of p-dimensional vectors with at most s non-zero

entries.

Lemma 3.5.1. Let Ilyg denote the horseshoe prior on R? given by the hierarchy 6; | X\;, 7 ~
N(0,A372), Aj ~ Cay(0,1), 7 ~ Cay(0,1). Fix 6y € {o[s;p| and let S = {j : 6y; # 0}. Assume

s = o(p) and logp < n" for some v € (0,1) and max | 0y; |< M for some M > 0 for j € S.
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Define § = {(slogp)/n}'/2. Then we have, for some positive constant K,
HH5<0 : ||0 — (9()”2 < 5) > 6—Kslogp'

Proof. Using the conditional formulation of prior IIgg defined in equation (3.2) we have,

Mus([16 — folls < 6) = / pr(18 — Bolla < 8 | 7)f(r)dr
T (3.10)
> / pr(l18 = Boll2 < 8 | 7). (r)dr,

Tx

where I, = [1,/2, 7] with 7, = (s/p)** {(log p)/n}*/2. Let S = {1 < j < p: 6y; # 0}. We first
provide a lower bound of the conditional probability pr(||3 — follo < 6 | 7 € I.,). For 7 € I+, we

have,

pr(18 — Bolls < 51 7) > pr (185 — boslls < 5/2 | 7)pr (18- < 5/2 | 7
5 5 (3.11)
> I (18-l < 572 1 7) TLor (13 <ﬁ|f).

JjeS jeSe

For a fixed 7 € I, we will provide lower bounds for each of the terms in the right hand side of
(5.7); pr{|B; — Boj| < 0/(2s*/2)} forany j € S, and pr{|B;| < §/(2p"/?)} for any j € S°.
We first consider pr{| ; |< 6/(2p'/?) | 7} with T € I... Since given 7 and X, ; ~ N(0, A372),

we use the Chernoff bound for a Gaussian random variable to obtain,

pr {181 > 62072 | Apor} < 26 OP) < gomR I _ 9o )
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since nd? = slog p. Thus,

P18 < 8/ 1 7} = [ pr{lBs] < 6/ | s 7} SO

| {i-2en () by

J

4 p? 4
=1—— - )1+ X))\, =1—-—-T
/)\j eXp( 882)\3)( + j) Vi T )

™

where 7 = [, exp { —p?/(8s?A3)} (1 4+ A2)~'d);. We then bound the integrand from above as

follows,

2 2
p 2\—1 p -2

1= ———— (1 + X)) dN; < — A:Cd;

/AjeXp( 882&2)( ) j‘AjeXp( SSZA?) 7o

I'(1/2) sv/2m

TR/ p

where we made the substitution z = 1/)? at the third step. Thus, for 7 € I, pr(| 3; |< §/2p*/? |

7) > 1 — Rs/p, where R = (32/7)"/2.

Next, for pr(| Bj—Bo; |< do|7) with T € I,., we have, letting 6y = s~+/%(§/2) = 27 {(log p) /n}'/2,

1
pr(l 65 = foj 1< do | 7) = (2/n°)"" /M /lj—ﬂo<5o exp{—ﬁf/(m?r?)}mdﬂjd)\j
2/ 1
/ B S NPy
2 /m)" /Iﬁj—ﬂo|<6o /1 ; e 5;/(%?72)})\3'7(1 + A7) 42145

2/7’ 1
> (2/7T3)1/2/ exp(—33/2) (/ 1—)\260\3') dg;,
|85 —Bol<do 1/7 + 5
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since for \; € [1/7,2/7], 1/(A;7) > 1/2 and exp{—/37/(2A\;7%)} > exp (=37 /2). Continuing,

_
pr( 85— o 1< | 1) 2 @)n 2 g [ e (-2,
T |85 —Bo|<do
_
> (2/n) g exp{=(M +1)*/2} &y
> KT(so
s\*% 1o
> K | - 8P K*p_5/2
- p n puy b

where in the third step, we used 4 + 72 < 5 and in the final step we used n < p. Substituting these

bounds in (5.7), we have for 7 € I,

pr(|B = Bolla < 6| 7) > (1 — Rs/p)’ " K,e~%s/2) loap > o~ Kslogp, (3.12)

where K is a positive constant. The proof is completed upon observing that pr(r € I..,) > 7./(27),
so that we get,

s (||8 — Bolla < §) > e Ksloer, (3.13)
for some positive constant K. [

We believe Lemma 3.5.1 will be of independent interest in various other models involving the
horseshoe prior. The only other instance of a similar prior concentration result in p > n settings
that we are aware of is for the Dirichlet—Laplace prior [37].

We now study concentration properties of the posterior distribution in model (3.3) inp > n
settings. To aid the theoretical analysis, we adopt the fractional posterior framework of [28], where
a fractional power of the likelihood function is combined with a prior using the usual Bayes formula
to arrive at a fractional posterior distribution. Specifically, fix & € (0, 1) and recall the prior I

on C' defined after equation (3.4) and set Iy, as the inverse-Wishart prior for . The a-fractional
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posterior for (C, ) under model (3.3) is then given by
ILo(C, 2| Y) o< {p(Y | C,5; X)}* e (C) Hx(2). (3.14)

Assuming the data is generated with a true coefficient matrix Cy and a true covariance matrix
¥, we now study the frequentist concentration properties of II,, (- | Y) around (Cy, >). The
adoption of the fractional framework is primarily for technical convenience; refer to Appendix A
document for a detailed discussion. We additionally discuss the closeness of the fractional posterior
to the usual posterior in the next subsection.

We first list our assumptions on the truth.
Assumption 3.5.2 (Growth of number of covariates). logp/n? < 1 for some vy € (0,1).
Assumption 3.5.3. The number of response variables q is fixed.

Assumption 3.5.4 (True coefficient matrix). The true coefficient matrix Cy admits the decomposi-
tion Cy = ByAj where By € ¥ and Ay € RV for some ry = kq, k € (0, 1]. We additionally
assume that A is semi-orthogonal, i.e. AjAy = 1,,, and all but s rows of By are identically zero

for some s = o(p). Finally, max | Cojn |< T for some T > 0.
]7

Assumption 3.5.5 (Response covariance). The covariance matrix Xy satisfies for some a; and as,
0 < a1 < Smin(20) < Smax(X0) < ag < 00 where Syin(P) and sy.x(P) are the minimum and

maximum singular values of a matrix P respectively.
Assumption 3.5.6 (Design matrix). For X; the jth column of X, max;<;<, || X;|| < n.

Assumption 1 allows the number of covariates p to grow at a sub-exponential rate of e’ for
some v € (0,1). Assumption 2 can be relaxed to let ¢ grow slowly with n. Assumption 3 posits
that the true coefficient matrix Cj admits a reduced-rank decomposition with the matrix By row-
sparse. The orthogonality assumption on true A, is made to ensure that B, and Cj have the same

row-sparsity [55]. The positive definiteness of YJ; is ensured by assumption 4. Finally, assumption
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4 is a standard minimal assumption on the design matrix and is satisfied with large probability if
the elements of the design matrix are independently drawn from a fixed probability distribution,
such as N(0, 1) or any sub-Gaussian distribution. It also encompasses situations when the columns
of X are standardized.

Letpo(Y | X) = p(Y | Cop, Xo; X) denote the true density. For two densities ¢, g» with respect

to a dominating measure /i, recall the squared Hellinger distance h*(q1,¢2) = {(1/2) [ (qi/ 2
qé/ *)2du}. As a loss function to measure closeness between (C, %) and (Cy, %), we consider the

squared Hellinger distance h? between the corresponding densities p(- | C,3; X) and po(- | X). It
is common to use h? to measure the closeness of the fitted density to the truth in high-dimensional
settings; see, e.g., [78]. In the following theorem, we provide a non-asymptotic bound to the

squared Hellinger loss under the fractional posterior 11, .

Theorem 3.5.7. Suppose o € (0,1) and let 11,, , be defined as in (5.11). Suppose assumptions 1-
5 are satisfied. Let the joint prior on (C, X)) be defined by the product prior Il and Iy, where Il is
the inverse-Wishart prior with parameters (q,1,). Define ¢, = max{K; log p/s,.(Z0),4/52:,(Z0) }en
where p = Spax(X0)/Smin(X0) and K is an absolute positive constant related to Lemma 4.0.2 in

chapter 4 and €, = {(qro + roslogp)/n}*/2. Then for for any D > 1 and t > 0,

(C,%): B {p(Y | X;C, %), po(Y | X)} > (2( ; Eﬁ\Y} < e
with P(C) 5,,) Probability at least 1 — K5 /{(D—1+t)ne?} for sufficiently large n and some positive

constant K.

Proof. Fix a € (0,1). Define U,, = |(C,X) : %Da{(C, %), (Co, To)} > D—|—3t~2

} Letn =

(C,%) and 19 = (Cp, ). Also let p%") denote the density of Y | X with parameter value 7

under model (3.3). Finally, let I1,, denote the joint prior Il X Ily. Then, the a-fractional posterior

probability assigned to the set U,, can be written as,

fU —arn(n,m0) dHn
Hna<U ‘Y) fe arn(nno)dl‘[n =

: (3.15)

Pl
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where 7,,(1,19) = log o / p%"). We prove in Lemma 4.1.1 of chapter 4, with P((gg,zo)-probability
atleast 1 — K, /{(D — 1 +1t)?né2}, the denominator D,, > e~ P+, for some positive constant
K. For the numerator proceeding similarly as in the proof of theorem 3.2 in [28] we arrive at,
P((gg,zo) {Nn < e‘(D”t)”E%} >1—1/{(D—1+t)?ne2}. Combining the upper bound for N,, and
lower bound for D,, we then have,

1 (D+3t) _

Hn,a |:(C’ Z> : EDG{(C7Z)7 (007 E0)} 2 | Y| < e—tn?ﬁz

ETL J— Y

l—«

with P\ -probability at least 1 — K5/{(D — 1 + t)*ne2}. Finally, we combine the following two

inequalities [28] for two densities p and ¢ to arrive at the conclusion, Ds 2(p, q) > 2h*(p,q), and

al-
B l-—a

sy

D,B(p,Q)SDagDﬁ,0<CY§ﬂ<1 O

The proof of theorem 3.5.7 hinges upon establishing sufficient prior concentration around Cj
and >, for our choices of Il and IIy; which in turn drives the concentration of the fractional
posterior. Specifically, building upon Lemma 3.5.1 we prove in Lemma 4.0.6 of chapter 4 that for
our choice of II» we have sufficient prior concentration around row and rank sparse matrices.

[54] obtained ne? = (qro + roslogp) as the minimax risk under the loss || XC — X ||%
for model (5.15) with ¥ = I, and when Cj satisfies assumption 3. Theorem 3.5.7 can then be
viewed as a more general result with unknown covariance. Indeed, if X = I,, we recover the
minimax rate €,, as the rate of contraction of fractional posterior as stated in the following theorem.
Furthermore, we show that the fractional posterior mean as a point estimator is rate optimal in

the minimax sense. For a given @ € (0,1) and ¥ = I, the fractional posterior simplifies to

IL,.(C|Y)x{p(Y|CI;X)}c.

Theorem 3.5.8. Fix o € (0, 1). Suppose Assumptions 1-5 are satisfied and assume that Y. is known
to be X.y. Without loss of generality assume Yo = 1,. Let €, be defined as in theorem 3.5.7. Then

forany D > 2 andt > 0,

2(D + 3t)

1
I P || XC — XCol2 >
W{(Jeﬂ% nq|| C — XCyl% > A=

42
6%|Y}§et"5"
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holds with ng)probability at least 1 — 2/{(D — 1 + t)ne2} for sufficiently large n. Moreover, if
C = [ CI,, o (dC), then with P((;;) probability at least 1 — K, /{ne2}

|| XC - XCy ||+ < Kane?,

for some positive constants K| and K independent of a.

Proof. For C' € RP*9, we write p(cn ) to denote the density of Y|X which is proportional to
e~ WY =XO(=XO)T}/2 For any C* € RP*? we define a e-neighborhood as,
B, (C"¢) = {C € R /p(c”*) log(pl! /pt)dY < né?, /p(c"*) log?(pl) /p))dY < nez} :

(3.16)

Observe that B,,(Co, €) D A,(Co,e) = {C € R : L| XC — XCy||3 < *} forall € > 0 and the

Rényi divergence D, (p(cn), pg; )) = 2| XC — XCy||}. By a similar argument as in step 1 of the

proof of Lemma 4.1.1 of chapter 4, we have IIo{A,(Cp, €,)} > e K7 for positive K. Hence the

first part follows from [28, theorem 3.2].

For the second part first observe that from [28, corollary 3.3] we get [(ng)™' || XC'— Xy ||7
IL,,(dC | Y) < Ka{a(l1—a)} e, with Pg;)—probability atleast 1— K /{ne?}, where K and K
are positive constants independent of «. using the convexity of the Frobenius norm and applying
Jensen’s inequality, we get /2 || XC' — XCy ||2= a/2 || X [C1,4(dC) — X [Co1L,,, ||%<
a/2 [ || XC = XCy ||F 11,4(dC) < Kn(1 — o)~ *e2 for some positive K. O

For theorem 3.5.8 the optimal bound is obtained for & = 1/2 which is consistent with [79]
where the authors consider a pseudo-likelihood approach for weighted model aggregation of sev-

eral least squares estimates.
3.5.2 Fractional and usual posterior for reduced rank models with prior I1-

While [28] proved that II,, ,(- | Y) converges to IL,,(- | Y) weakly as @« — 1— for general
statistical models and priors, in this section we investigate what more can be said in reduced rank

models with Il as the prior and given some rate information is available for the fractional pos-
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terior. As a measure of discrepancy between the fractional posterior II,, ,(- | ) and the usual
posterior II(- | Y) we use the Kullback-Liebler divergence defined as D(p || q) = [ plog(p/q) du
for two densities p and ¢ with some common dominating measure p. Since for two k- dimensional
Gaussian distributions N (61, I,) and N(6,, ), the Kullback-Liebler divergence is || 6; — 0, ||3 =< k,
we consider a Cesdro average of the form p~' D{II, (- | Y),II(- | Y)}. For a discussion on in-

formation theoretic motivation for using Cesaro averages of Kullback-Liebler distances see [80].

Theorem 3.5.9. Consider model (5.15) with ¥ = 1, and the prior on C'is Il as defined in section

2.1. Recall €, from theorem 3.5.8. Then,

. _ ro + roslo
Jim 7 D{IL (] Y) | 1 V) < K (000D,

with Pg;) -probability at least 1 — Ky /{ne?}, where K, and K, are positive constants independent

of a.

Proof. Let us write mo(Y) = [1,(C)*II(dC) and m(Y) = [1,,(C)II(dC) where 1,,(-) is the
likelihood function for model (1) from the main document. From Theorem 3.4 of [28] there exists
A, such that A, = {Y : lim, ;- my(Y) = m(Y)} and P, (A,) = 1. Let us now turn our
attention to D{IL, (- | Y),II(- | Y)}.

D{IL,o(- | V), II(- [ Y)} = /log{ﬂn,a(~ | Y)/H(- | Y) L a(- | Y)dC
= logm(Y)/ma(Y) + (1%0‘) / Y — XC|210,4(- | Y)dC
<logm(Y)/ma(Y) + (1 — ) / 1Y — XCo|[3IL,0(- | Y)dC

+(1-a) [ IXC = XCol Tyl | Y)aC.
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Using theorem 3.5.8 and from corollary 3.3 of [28] we have the following following result,
a/2/ 1 XC — XCo||3Hpo(- | Y)dC < Kine2(1 —a)™?

with Pg, probability at least 1 — Ky/(ne?) ™!, where K, K, are positive constants independent of

a. Let B, € Y™ be the set where the above result holds. Then for Y € A, N B, we have,
D{TL,o(- | Y),TI(- | Y)} <logm(Y)/ma(Y) + (1 = a)[|Y = XCo||7 + (2/a) Kine;,
Letting « — 1— in the above display, we get fory € A, N B,

lim p 'D{IL, (- | Y),TI(- | Y)} < 2K;(ne2)/p.

a—1_

The result then follows from a union probability bound on A,, N B,,. [l

Theorem 3.5.9 suggests in the limit &« — 1— the fractional posterior and the usual posterior
for IIc and model (5.15) are only ¢, apart in the average Kullback-Leibler sense. Thus poste-
rior/fractional posterior summaries such as mean, median are expected to be close with high proba-
bility under ng). Further empirical evidence of virtually indistinguishable results from IT,, (- | Y)
and I1(- | V) is provided in appendix A justifying our choice of the theoretical environment. From
a computational point of view, for model (5.15), raising the likelihood to a fractional power only
results in a change in the (co)variance term, and hence our Gibbs sampler discussed subsequently,

can be easily adapted to sample from the fractional posterior.
3.6 Definitions required for proofs of Theorem 3.5.7, 3.5.8, 3.5.9

For two densities py and py, with respect to a common dominating measure p and indexed by
parameters 6 and ¢, respectively, the Rényi divergence of order « € (0, 1) is defined as D, (0, 6y) =
(a—1)""log [ pgpg, “dp. The a-affinity between py and py, is denoted by A, (pg, pe,) = | pipg, *dp =

e~ (=) Dalpo:rey)  See [28] for a review of Rényi divergences.
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3.7 Derivation of equation (3.8)

Set ¥ = I,. Suppose Y* € R"*Y be n future observations with design points X so that
given C, Y* can be decomposed into Y* = XC + E* where £* where the individual rows of E*
follow N(0,3). We define the utility function in terms of loss of predicting these n new future
observations. To encourage sparsity in rows of a coefficient matrix I' that balances the prediction

we add a group lasso penalty [71] to this utility function. We define the utility function as,

P
LOY*T) = [[Y* = XT3+ > wllTP, (3.17)

j=1
where the p tuning parameters {1 }1;:1 control the penalty for selecting each predictor variable and
1) represents the j** row of any matrix ®. Intuitively we want 14; to be small if the 5" predictor
is important and vice versa. The expected risk, E{L(Y™*, ")}, after integrating over the space of all

such future observations given C' and ¥, is
p
L(T,C,%) = qu(E) + | XC = XT|5 + Y ][T9J2. (3.18)
j=1
Finally we take expectation of this quantity with respect to 7(C' | Y, X') and drop the constant
terms to obtain (3.8).
3.8 Derivation of equation (3.9)

We let ®; and @) denote the j** column and row of a generic matrix ®. Using the subgradient

of (10) with respect to ') [81], we have
2X](XT = XO) + pjoy; =0, j=1,....p, (3.19)

where a; = TV /||ITW| if TP # 0 and ||ay]] < 1 when |[TW| = 0. For I'¥ = 0 we can
rewrite (3.19) as, 2X7 (3, ; XxI'W — XC) + pjo; = 0 which imply that a; = —2XTR;/pu;,

where R; is the residual matrix obtained after regressing X C on X leaving out the j*" predictor,
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Rj = XC —3,; X, I'™. We can use this to set V) to zero: if o; < 1set I'¥) = 0. Otherwise
we have 2X7(X;I'0) — R;) 4 11,1V /|T@]|| = 0. Solving for I'?) in the above equation we then

get,

-1
- 1
o = (X}Xj + 2|!F<j>||> XTR;. (3.20)

This solution is dependent on the unknown quantity ||T'7)||. However, taking norm on both sides
in (3.20) we get a value of ||['Y)|| which does not involve any unknown quantities: ||[['7)|| =
(IXTR;||—p;/2)/ X} X;. Substituting this in (3.20) we get, ') = (XTX;)™" (1 — p;/2||XTR;||) XTR;.

Finally, combining the case when 'U) = 0, we have (3.9).
3.9 Further results on Yeast cell cycle data

The yeast cell cycle data consists of mRNA measurements Y, measured every 7 minutes in
a period of 119 minutes. The covariates X are binding information on 106 transcription factors.
When applied to this data, the proposed method identified 33 transcription factors out of 106 that
driving the variation in mRNA measurements. 14 of the identified transcription factors are among
the 21 scientifically verified [76]. In section 3.5 we provided estimated effects of two of the 21
scientifically verified transcription factors. Here we plot the estimated effects of the remaining

transcriptions factors that were scientifically verified.
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Figure 3.3: Estimated effects of the 19 of 21 scientifically verified transcription factors selected
by the proposed method. Effects of other two, viz. ACE2 and SWI4 are included in the main
manuscript. Red lines correspond to 95% posterior symmetric credible intervals, black lines rep-
resent the posterior mean and the blue dashed line plots values of the BSML estimate C'rg.
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4. RELATED PROOFS FROM CHAPTER 3

4.1 Prior concentration results

We establish a number of results in the following sequence of Propositions and Lemmas to
prove Theorem 3.5.7 and 3.5.8. The main goal here would be to establish prior concentration
results around true model parameters. Recall the definitions of €, and ¢, from Theorem 3.5.7 and
3.5.8 in the previous chapter respectively. For Theorem 3.5.7 we need a lower bound on the prior
probability assigned to the set B (10, &,) = {n = (C, %) : [\ log(pS) /pi™)dY < ne?} by the
product prior 1I,, = IIo ® IIy. Similarly, for Theorem 3.5.8, we need the prior probability of the
set B,(Cy, €,) = {C € RP*1 : fp(cno) log(pco)/p(n) dY < né? fpc)log pco)/p(g))dY < ne2}.
We start by characterizing B’ (1o, €,,) and B,,(Cy, €,) in terms of |2 — Xg||% and || X C — X Cy]|%.
But first, we record few inequalities which we will use frequently in our subsequent analysis. For

any two matrices A & B,

Smin(A)[|Bllp < [|AB|[r < [|All2]| Bl 4.1)

smin(A)|[Bll2 < [[AB|l2 < [|All2[[ B2 (4.2)

For a proof of these inequalities, see the supplementary document of [37].
Proposition 4.1.1. Consider model 3.1 in chapter 3, Y = XC + E, e¢; ~ N(0,X). Then,
" log(p(™) Y = Plog 1204 P (5E S 1) 4 S (XC— XCo) S (XC— X )|
P log(ply /i)Y = S log o4 S tr(3 7 80 — 1) + 2 | o)X ( o) [
4.3)

Moreover, when ¥y = X = 1, we have [ pg, log(pg:))/pg))dY = 271 XC — X% and if

1C = Col|% < 1, then [ p& log?(p) /pl) < 27| XC = X o3

Proof. The expression for [ p%z) log(pno) / Dy )dY follows directly from the formula of Kullback-

Liebler divergence between two Normal distributions. Setting > = >, on the right hand side of
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4.3 yields the second assertion. Using formulas for variance and covariance of quadratic forms of
Normal random vectors the third assertion is proved by noting that ||C' — Cy |3 < ||C' — Cp||% when
I = Collz < 1.

]

Lemma 4.1.2. Let 3, X be q X q positive definite matrices and § € (0,1). If || — Xo||r < 0 and
0/ Smin(20) < 1/2, then

(K log p)d*
Stin (Z0)

min

tr(SeX ! —1,) —log | LX<

where K is some absolute positive constant and p = 28 .x(20) /Smin(Z0)-

Furthermore,

I(XC = XCo)™H(XC = XCo) "I < {4/55im(Z0)HIXC = XCol&

Proof. For the first claim see Lemma 1.3 in the supplementary document of [37]. To prove the
second claim, by (4.1) we have, ||(XC — XCy)X " H(XC — XCp)"||% < [|XC — XCol|%||=71|3
where || P||2 is the largest singular value of the matrix P. Lemma 1.3 from [37] also provides a

lower bound of 8, (X) as smin(X0)/2. Since 272 = 1/8min (o), the result follows immedi-

ately. 0

According to Lemma 3.5.1, it is equivalent to consider prior concentration of the Frobenius
balls || XC' — X Cyl|r and ||3 — X¢||r for sufficient prior concentration around Kullback-Leibler
neighborhoods. In the following sequence of lemmas we prove Il and ITy, = inv-Wishart(q, I,)

satisfies such concentration.

Lemma 4.1.3. Suppose the q x q matrix ¥ ~ Ils, where Iy, is the inverse-Wishart distribution

with parameters (q,1,). Let ¥y be any fixed symmetric positive definite matrix. Let § be such that
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20725/ smin(X0) € (0,1). Then,
My (3 ||S = So||p < 8) > e,

where 'T' is a positive constant.

Proof. By inequality (4.1), we have the following,

(3 : |2 = Xollr < 0) > (S [[BX7" = Lllr < 6/[2]2)
> e {Y: |SeX 7! = Lllr < 0/Smin(X)}
> [Is{%: HEOZT1 — I, llF < 20/5min(X0)}

> T { : |22 7152 — Lllp < 26/smin(%0)},

where we have used the the lower bound $pin (%) > Smin(20)/2 from the previous lemma and
the similarity of the two matrices SoX ! and Si/*S'5l/. Let ¢; be the ;™ eigenvalue of H =
50718y where j = 1,...,q. Then ||[H — I[|% = 329 (¢; — 1)* < 46%/s2,,(50). Letting

8y = 2725/ 5min(X0), we then have,

HE{%‘ Y (65— 1) <487 shu(Z0), G =1, ,q}
J
Iy,

=1
o

1— 4. .
HE{(bj: <¢j<1,j:1,...,q}

v

(¢J_1)2<537]:177Q}

1+ 0.
1 -4, 1 -4, ,

where t = 20, (1 — d,) ! which by assumption lies in (0, 1). Noting that H ~ Wishart(gq, 3,) and

invoking Lemma 1 of [82] we have the following lower bound on the probability assigned by Il
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to the event in (4.4),

1 -9, 1 -9,

_ 14+1),7=1....
5. (1+1t),5=1, ,q}

1—6,\" [ 26, \" _, (1o
> * * —ba(5 *> )
_51(1+5*) (1_5*> e +e (4.5)

Hence, for d, small enough, (4.5) can be lower bounded by e~ T for some positive constant 7T’

and sufficiently large n. [

Recall the prior 115 from chapter 3. If a matrix B € RP*? ~ Ilp then each column of B is a
draw from Ilgg. In the following Lemma we generalize Lemma 1 to provide a lower bound on the
probability the prior 15 assigns to Frobenius neighborhoods of By € RP*™. By assumption 3 the
h*" column of By, b, € fy[s;p]. In order to make the Frobenius neighborhood well defined, we

append (q — ry) zero columns to the right of By and set By, = (B, | OP*(a770)),

Lemma 4.1.4. Let the entries of By, € RP*? satisfy max | By. |< M for some positive constant
M. Suppose B is a draw from Ilg. Define 65 = {(roslogp)/n}/%. Then for some positive
constant K we have,

HB(HB — BO*HF < 53) Z €_KT051ng.

Proof. Observe that, since by assumption 3, 1y = kq for some x € (0, 1],

q
Hp(||B — Bo«l|lr < 6B) > HHHS (th — bop|2 < qfl/z(;B)

h=1
q r -
= ]I Mas | 1o — bonllz < {(xslogp)/n}*/?
h=1 - |
T r ] q
= [ I Tas 16w = bonlla < {(kslogp)/n}' | J] Tas [th — bonll2 < {(ks 108;10)/”}1/2}
h=1 - - h=rg+1
ro - 1 4
= [ Tas | 1165 — bonlla < {(wslogp)/n}?| J] Tins [||bh||2 < {('%10%17)/”}1/2}
et L 1 hZrot
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From Lemma 3.5.1 we have, Hgs|||br, — bon||2 < {(kslogp)/n}'/?] > e~ K1s18? for some positive
K. Arguments along the same line of first part of Lemma 3.5.1 can also be applied to obtain
that, Ilgs (||b]|2 < {(kslogp)/n}'/?) > (1 — Rs/p)? > e~K21°¢P for some positive K> and R as

defined in Lemma 3.5.1. Combining these two lower bounds in the above display we have,
5(]|B — Bou||r < 05) > e~ Kiroslogp ,—K2(q—ro)slogp.

Since 79 = kg, the result follows immediately with K’ = K; + (1/k — 1) K». O

Similar to Lemma 4.1.4, the following result provides a lower bound on the probability as-
signed to Frobenius neighborhoods of Ay by the prior IT4. Again we append (¢ — 7o) columns at

the right of Ay and set Ag, = (A4, | O9<(a=m0)),

1/2

Lemma 4.1.5. Suppose the matrix A ~ 11 4. Let § 4 = (qro/n)"/*. Then for some positive constant

K we have,

HA(HA — AO*HF < 5A) > equTO.

Proof. First we use vectorization to obtain IT4(||A — Ao|lr < d4) = ILa(]Ja — agl|2 < d4), where

a,ag € R4 Using Anderson’s lemma [83] for multivariate Gaussian distributions, we then have,

Ma(lla = aolls < 84) = ¢ "I pr([lallz < 64/2)

=" pr(|lallz < 84/2).

The quantity pr(||a|| < d4/2) can be bounded from below as,

2

pr(llalls < 64/2) > {pr(l a; |< 64/q)}* > Te " (34/q)" > e 7,

where K is a positive constant. Since rq = kg, it follows that TT4 (|| A— Ap.||r < §4) > e K70, [

Our final result will concern the prior mass assigned to Frobenius neighborhoods of C' € RP*9,
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As in chapter 3 we write I for prior on C' = BA™ induced from I1z and I14.

Lemma 4.1.6. Suppose Cy satisfies assumption 3. Let C' ~ 1l with ll¢ as defined above. Define

5c = {(qro + roslogp) /n}'/2. Then for some positive constant K,

HC<||C - C(()HF < 50) > e_K(qTO-i-Toslogp)'

Proof. Recall the definition of By, and A\, from Lemma 4.1.4 and 4.1.5 respectively. Using the

triangle inequality followed by (4.1), we have,

IC = Collp = |BA™ = BouAg. |l p = [|BA" = Bo. A" + Bo. A" — Bo. Ayl »
= [[(B = Box)A™ + Bo.(A = Ao.)" || p
< |I(B = Bo) A" [ + | Bo(A = Ao)"[| ¢

< Smax(A)|(B = Box) || + Smax(Bo)[| A = Aol -

From standard random matrix theory [84] it is well known that for a random matrix of dimension
my X meo with independent Gaussian entries, the largest singular admits a high probability upper
bound; for every t > 0, Syax(a) < /M1 ++/m2+1 with probability at least 1 —2 exp (—t?/2). Also
since the elements of By are bounded, so is syax(Bo), say by £. For a sufficiently large positive

number L and for A € ' = {A : spax(A4) < 2,/q + L} we then have,

IC = Collr < (2¢/q+ L) | B — Boullr + £ || A — Aol |-

Thus we have, Ilo(||C — Col|r < 6c) > He{(2y/q+ L)||B — Bollr + &[|A — Aol|r < dc}. Since
dc = {(gro +roslogp)/n}'/? > 2712 [{(ros(log p) /n)}'/* + (qro) /] =
271/2(55 + 4), the probability I (||C — Collr < d¢) > Tg(||B — Bollr < K165) TA(||A —
Api||F < K364), where K; and K are positive constants.

From Lemma 4.1.4 it follows that, [I5(||B — By||r < K154) > e £ms1°8P and from Lemma

4.1.5 we have, IT4(||A — Agllr < K904) > e 790, Hence IIo(E N {C : ||C — Co|lr < dc}) >
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e~ K(arotroslogn) - Since for two sets £y and Ey, pr(Ey U Ey) > pr(Ey) + pr(E;) — 1, the Lemma

is proved. [

4.2 Denominator in the proof of Theorem 3.5.7

Recall D,, from the proof of Theorem 3.5.7 in chapter ??. The following lemma establishes a

high probability lower bound for D,, under the true data generating distribution PT%I ),
Lemmad.2.1. Let D,, = [ e~ dIL, . Let B;:(19, &) = {n = (C, %) : fp£,’;‘) (logp%)/p%"))dY <
né, Y. Then, with Pé:f)—probability atleast 1 — K/(D — 1 + t)ne?, we have,

D. > e—TOé(D-f—t)n?E
n =

I

forany D > 1 andt > 0 for some positive constants K.

Proof. The proof is divided into three parts. First we show that IT,,(B;:{no, €,)} > 7" for some
positive 7. Then after noting D,, > I1,{B;(no, €,)} Dy, where D} = [ [ -, e (M) qIrs,
we bound the expectation and variance of Z where Z is such that log D} > Z and Hf is the

restriction of 11, to B} (1o, €,). Finally, we provide a high probability lower bound of D .

Step 1. From proposition 4.1.1 if ||X — Xo||r < €, then (n/2){tr(X7'30 —1,) —log | ZoX! |
} < ne2/2. Alsoif | XC — XCyl|% < ne then ||(XC — XCo)L " HXC — XCp)™||% < ne2 /2.
Hence B} (1o, ¢,) D AX(no,e){n = (C, %) : | XC — XCyl|% < ne?, ||X — Xollr < €.} and
I, {45 (0, &)} = He{C | XC = XCo||F < ne} He{X: |2 — Bollr <&}

Using Lemma 4.1.2 we get that [I5{3 : |2 — Xz < &} > e 7" Next,
1X(C = Co)lIF < IXIIC = Coll < qlrgjaé)HXjHQHC — CollF = ng||C — Col%

where the first inequality follows from the Cauchy-Schwartz inequality and the last equality holds

due to assumption 5 for a sufficiently large n. Due to lemma 4.1.6 we have I {C : ||C' — Cy|3 < €2} >

—Kne

e " for some positive constant K. Since q is fixed, for large n, nq is of the order n and ¢, and

55



¢, varies only by constants, therefore by Lemma 4.1.6 I (||C' — Cy||2 < &.2/q) > e "%, Thus

we get IIo{C : | XC — XCy||% < ne2} > e "% Finally collecting the lower bounds for the

—Tne?

individual probabilities we have I1, (B} {no, €,}) > e~ " for some positive 7" as desired.

Step 2. It is obvious that,

Dy, >I,{ Ba(no, &)} e~ ML, (B, (g, &)} dlI,
Bn(no,€n)

= Hﬂ{Bﬂ(HOaEn)}D:N

where D} = e‘a“(””m)dﬂf . Let B be a shorthand for B (1o, €,). By Jensen’s inequality

an (770 »gn)

applied to the concave logarithm function we then have log D} > « [, log py (n) / pg’g iy = z

(say). Then,
n B
EW(Z) =~ /KL(pno ,piNdIIE > —Tnae?,

for some positive T', where the last inequality follows from the definition of 5.

Next we compute the variance of Z under R%‘ ),

vary,(Z) = o®EQ{Z — ER)(2)}?
:of/ U {log(ply) /p{7) — ESY (log pli?) /plY) } dIT,, rp%ﬁ)dy
= / / {log(p{ /p —Eé?UO%Z?%’SW%"))}Zp%’é)dﬂndY
= / { / {log(ply) /9" — B3 (log iy /™) } Pm)dy} dIt,
— o2 /B {var,, (7*)}dII,,

where Z* = logp\t) /pi” = 32" log pu, (Yi)/py(Y:) = 327, Z7. Hence due to independence
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var,, (Z*) = nvar,,(Z7). Now,

1 1
vat,, (Z) = var,, {50/1 — O Y — CTa) — (Y — G55 (% c&m} -

Let (Y7 — Ciz1) = up and (Y7 — C"xy) = uy and (Cjxy — C"x1) = u. Then,

var,, (Z7) = ivarno (TS g — uf B g + ug S ug — ug Sg )
= %var770 {u" S u+ 20" g + ug (7 = S5 Hue }
= ivau"?70 {20 g + u (71— Zg Huo }
= var,, (u"X " ug) + }lvalm70 {ug(Z™" =g uo} + ;COVWO {u" S g, ug (B
= "SIy Y  u + %tr{(Z_lEo —1,)%}
< Gz — CTaa |2 B0l 157112 + %Hzl/?zozl/? — L%

_ 1 _
<N Coan = Cranllz [Zolla =715 + 1% — ZHFIZTE

4|30l I

OT . CT 2 - E 112 Z _ E 2
> —Sfmn(zo) 1Co 21 13 + 2” 2] ol

4] Zo]l2

ol 1 OT - CT 2 = E o E 2
= S?nin<20)“ ES! ‘Tl”Q + S?njn(z())H OHF?

where we have used the lower bound on s, (X) from lemma 4.1.2. Therefore, var,,(Z*) <

o =R M=ol X — XCy|2 + a2 = (2 5|2 — Zoll. Since B > Aj(n,€,) from step 1, and

min (Z0)
H{An(no, €,)}, we finally get var,, (Z) < Ka?ne? for some positive constant K.

Step 3. For any D > 1 and ¢ > 0, by Chebyshev’s inequality

PI{Z < —Ta(D +tne;} = PI{Z < —=Ta(D — 1+t + 1)ne.}

n ~2
= Péo){Z (—=Tane?) < —Ta(D — 1+ t)ne?}

var,, (Z)
~ {Ta(D —1+t)ne2}?
K
< =
~ T%D —1+t)%ne?’
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where we have used the fact that var,,(Z) < Kné2. Thus we get with P\;"-probability at least

1 - K/(D—1+t)*ne?,
log DX > —To(D + t)ne2 & Df > ¢~ ToD+oner

for some positive constant K. Since D,, > IL,(B) D and IL,(B) > e~ "% > e=TeP+0ne (D >
1), we finally obtain,

_ =2
Dn > e Ta(D+t)nen7

with P{"”-probability at least 1 — K/(D — 1 + t)2ne2 for some positive constant K. O
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5. CONVERGENCE RATES OF FRACTIONAL HORSESHOE POSTERIORS IN
HIGH-DIMENSIONS

5.1 Introduction

Nowadays data arising from various scientific fields like Genetics, Physics, Bioinformatics, Psy-
chology nowadays are inherently high-dimensional in nature. For example, in Genetics it is of in-
terest to study gene behaviors for thousands of genes and typically measurements are only available
for a few hundred patients. In such scenarios it is frequently assumed that the high-dimensional
parameter possesses a low-dimensional structure. One popular way of providing the parameter
with a low dimensional structure is by assuming it is ‘sprase’, wherein most of the elements of the
parameters are exactly equal to or very close to zero. In the literature, the non-zero component of
the parametr is known as the signal and zero or small part is known as noise. The presence of high-
dimensional parameters have motivated a series of works based on thresholding or regularization
in common statistical problems of regression [5, 6, 7, 72, 85], covariance estimation [86, 87, 88]
among others. While there is now a plethora of frequentist methods that rapidly produce point
estimates in such problems, the uncertainty associated with such estimates, a decidedly non-trivial
problem, has only gained limited attraction until recently [3, 89, 90].

On the other hand, by interpreting regularization as priors over parameter spaces, Bayesian
methods have the innate ability to produce a posterior distribution over the space of parameters
instead of just providing a point estimate. There is now a rich body of literature on various pos-
sible choices of such priors, commonly referred to as shrinkage priors - see [22, 33, 1, 23] and
references therein. A unifying theme of these priors lies in the fact that these priors can mostly
be expressed as global-local scale mixture of Gaussian distributions [20], wherein a single global
scale parameter controls the overall shrinkage in the estimation procedure and local scale param-
eters allow for capturing signals with large magnitude. The Gaussian representation also allows

for straightforward Markov chain Monte Carlo sampling from the posterior distribution [65]. For
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a class of shrinkage priors [91, 92] establishted rapid mixing and convergence at a geometric rate
of these sampling procedures. More recently, [65] developed an exact sampling scheme for sam-
pling from a high-dimensional Gaussian distribution frequently encountered in the computational
process involving shrinkage priors. Further computationally tractable algorithms are discussed
and explored in [93]. The choice of the mixing distributions for the scale distribution essentially
determines the priors ability to recover sparse parameters. Indeed, [83] proved sub-optimal risk
properties of several routinely used mixing distributions such as the Inverse Gamma distribution.
[20] prescribed a heavy-tailed prior on the local scale parameters, while the prior on the global
scale parameter should have sufficient mass near zero.

In a seminal work [94] obtained the minimax lower bound for estimating a sparse vector of a
given dimension and for £? risks. Several frequentist estimators have been proven to be optimal in
the sense of attaining the minimax risk for models ranging from Gaussian regression, generalized
linear models to graphical models [8]. Analyzing the posterior obtained from shrinkage priors
requires obtaining the convergence rate of the posterior to a point mass at the true parameter. We
say a prior is optimal for sparse estimation if this convergence rate coincides with the minimax rate
for the sparse class.

[77] provided sufficient conditions for posterior convergence rates in a general statistical model
where the number of parameters are allowed to grow with the sample size or the parameter space
itself can be infinite. The conditions include a prior concentration result and careful construction
of sieves with a control on their entropy. Furthermore, the prior probability assigned to the com-
plement of the sieves is required to be exponentially small. Intuitively, the prior mass condition is
used to control the marginal distribution of the parameter under the specified prior and the sieve
condition guarantees existence of exponentially consistent tests which are then used to control
the posterior probability. In the canonical sparse normal means problem [23] proved the poste-
rior contracts at the minimax rate for the Dirichlet-Laplace prior using the aforementioned tools.
Their results can be extended to more sophisticated statistical models analogously, see [37] for a

treatment involving high-dimensional factor models. However, for polynomial tailed priors such
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as the horseshoe [1] the exponentially decaying prior mass assigned to the complement of sieves
is difficult to verify. This technical difficulty has restricted its theoretical treatment to the normal
means model where the conditionally independent Gaussian scale mixture representation is cru-
cially exploited to achieve a tractable expression of coordinatewise posterior means. In particular,
[25] showed that the horseshoe posterior contracts at the minimax rate for a suitably chosen global
scale parameter, while [95] established similar results with an empirical Bayes and full Bayes ap-
proach by specifying a prior on the global scale parameter. In their work [25], the authors interpret
the global scale parameter as the proportion of signal variables upto logarithmic factors. See also
[26] for a study of the horseshoe prior from a testing perspective.

As noted earlier, the conditional independence structure is usually not valid for many practical
statistical models. For instance, in a linear regression problem, the design matrix induces cor-
relation in the posterior distribution of the coefficient vector. Thus results from [25, 95] cannot
be readily adopted to more complex models although empirical studies have shown the superior
performance of the horseshoe across different settings [65].

In this article, we adopt the fractional posterior framework [28]. Here a fractional power of the
likelihood function is combined with the prior using Bayes theorem to obtain a fractional poste-
rior. [28] show only a prior mass condition is sufficient to prove convergence rate of the fractional
posterior. Simulation results in Appendix A and Theorem 3.5.9 show in Gaussian models, as far
as estimation and prediction is concerned, fractional and usual posterior are almost indistinguish-
able. Here we focus on analyzing fractional posterior obtained from horseshoe related priors in

regression and factor models.
5.2 Notation

Let lp[s;p] = {0 € R : #(1 < j < p:6; #0) < s} be the subset of R with at most s
non-zero entries. For a vector § € %, let Sp = {1 < j < p, : 6; # 0}, called the support of
0. We write || - ||2 to denote the I norm and || - ||; denote the [; norm. The Kullback-Liebler
divergence between two distributions P and (@) is written as D(P || Q). We will use I, to denote

the k-dimensional identity matrix.
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5.3 The horseshoe prior

The horseshoe prior was originally introduced in [1] as a sparse prior over § € R? in the model

y; =0+ ¢, 6 CN(0,1), j=1,....p, (5.1)

when the true mean 0y € ly[s;p]. A draw n € RP from the horseshoe prior can be hierarchically

represented as,

indp.
i | A, T N0, X3 (5.2)
N ECh0,1) j=1,...p (5.3)
T~y (5.4)

where C*(0, 1) is the standard Half-Cauchy distribution on the positive real line R* with density
function f(z) o< (1 + 2?) 19 and g is the density of a distribution on R+ with respect to the
Lebesgue measure. Let the joint prior thus induced on 7 be Ilgs. The global scale parameter 7
controls the overall shrinkage while the local scale parameters \; allow to capture the coordinates
with large magnitude. Choices of g are discussed below. First, we give a brief overview of the
properties of the hierarchy (5.2)-(5.4).

Fix 7 = 1. Due to independence the conditional posterior mean of 6; in model (5.1) with

apriori 0 ~ llgg, is given by,

1
E(ej ‘ yja)‘j) - (1 - 1_|_)\2> Yj-

J

Evidently, the amount of shrinkage for each coordinate j is then controlled by the variable w; =
(14 A%)~". When \; ~ C*(0, 1), the induced prior on w; is a Beta(1/2,1/2) distribution [1] which
has its peak near 0 and 1 and a plateau in between. Thus the prior IIgg has the ability to shrink

noise coordinates heavily towards 0 with w; close to 1 yet at the same time retain signal coordinates
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with small w; values. Furthermore, because there are no hyperparameters involved, the horseshoe
prior has enjoyed wide popularity among the class of global-local shrinkage priors.

When estimating 6, previous theoretical works [25, 95] have interpreted 7 to be the proportion
of non-zero components in y upto logarithmic factors. Indeed, small values of 7 will result in
sparser draws of 7, see figure 1 of [25]. In this article we set g to be the Half-Cauchy density [1].
However, simple modifications with an Unif(0, 1) prior on 7 lead to similar conclusions.

For 6y € ly[s; p| with s = o(p), [94] provided the minimax squared error loss as,

inf sup By || 0 — 6o |[3= slog(p/s), (5.5)
where the infimum is taken over all possible estimators 0. In what follows, we will be working
with the approximate minimax rate of slogp. Next, consider n independent copies (Y;)!, of the
p-dimensional vector Y; = (y;;)}—,. We work in a high-dimensional regime where the dimension
p is allowed to grow with the sample size n. Further, the sparsity s of 6, may also change with n.
In terms of notation, we will use p,, and s,, to make their dependence explicit on the sample size.
Bayesian asymptotic results rely heavily on the prior mass assigned to neighborhoods of the true
parameter [96, 77, 28]. Given a sparse vector 0y € ly[s,; pn|, our first result is a non-asymptotic

concentration result of IIgg on shrinking [, neighborhoods of 6.

Theorem 5.3.1. Suppose n, p, and s,, is such that s,,/p, < 1/2 andlog p, = o(n) and s, log p, =
o(n). Let 0y € ly[sn; pn] be such that for all j € Sy, we have % log% < 0o < pp, for some

positive constant m. Then for some positive constant C),

HHS(H 0 — 00 ||2§ 571) Z B_CHJ?L = e_csn IOan'
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Proof. Using the conditional formulation of prior (5.2)-(5.3) we have,

as (160 — boll2 < 0,) = /mne = bolla < 0 | T)g(r)dr
j (5.6)
> / pr(l|0 = boll2 < 6, | 7)g(r)dr,

*

where I, = [r,/2,7,] with 7, = (8,/pn)*? (log pp/n)/2. Let S = {1 < j < p, : y; # 0}. We
first provide a lower bound of the conditional probability pr(||§ — 0y||2 < 6, | T € I,.,) by dividing

it into two terms. For 7 € .- we have,

O, On
pr(lf = o)) < 60 | 7) = pr (||95 ~usllo < 22 | ) pr (nesch <O )

> [T (16— 0l < 5= )Hpr(|e|< =)

jES jEeSe

(5.7)

Now we will provide lower bounds for each of the terms pr{| 6; — 6y; |< 6,/ (23n *)} for any
j€ Sandpr{| 0; |< o /(an %)} for any j € S and for 7 € I,

We first consider pr{| 6, |< & /(2p >y | 7} with 7 € I,.. Since given 7 and A, g, ~
N(0, /\?7'2), we use Chernoff type bounds for a Gaussian random variable to obtain,

o s o
8372 8372 852\ ‘

pr (] 0; |>5/2p1/2|/\j,7')§26 < 2e = 2e

Hence,

pr(1 6 1< 6,/22 | 7) = / pr(1 6, 1< 8,/20Y% | A7) F )N,

Aj
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2
where I = [ 5, XP <_ 83271)\2.) (14 A3)~'d\;. We then bound the integrand from above as follows,
n’\j

v; 2\—1 v; 2
I= ——" L+ X)) d\, < T | AN
/AjeXp( 85%A§)( ) J—/AjeXp( 82)\2)
:1/002_1/28}{1) ks dz, z=1/)\
2 /o 82 ’

I'(1/2)  s,/2m

2(p2/8s2)'%  pn

Thus for 7 € I, pr(| 0 |< 6,/2p/* | 7) > 1 — R™, where R = (32/m)"/2.

n

For pr(| 0; — 6y, |< do|7) with 7 € I, we have, letting 5y = 9,,/2+/5,,

1
0. — 0. ) —(2/73 1/2/ / —02/(2N2 ) ———d\.db;
pr(| J 0j |< 0o | T) = (2/7°) N 9790|<506Xp{ ]/( 3T )})\jT(1+)\?) jaY;

29()]/7' 1
> (2/7° 1/2/ exp{—07/(2\37%) } ————-d\;db);
( / ) 790|<50 Hoj/‘r { ( )})‘]T(1+)‘j2) J J

3y1/2 0 1 Hoslm 1
> (2/7°) / exp (——) —/ ——d\;db;,
|60;—600|<do 298] 200j Oo;/T 1+ A 7

J

since for \; € [0o;/7,200;/7], 1/A;7 > 1/(260;) and exp{—07/(2A\37%)} > exp (—63/265;).
Moreover, in the interval [6o; /7, 200; /7], (1 + A7)~ > (1 + 465, /72). Thus,

1 6 1 07
r(] 0; —0o; [< o | T 2/13)1/2 2% / ex <——]) do;
p (| 0j | 0 | ) ( / ) 2803 . 1 + 480]/7— 0 _90|<50 p 20(2)] J

92
2/m 1/2—/ exp < ) do;.
( / ) 408] + 72 |60;—00|<do 208]

By the assumption that 6y; > dy, it follows that 6;/6y; < 2 when | 6; — 6; |< do. Furthermore,

since for every 7 € I, 7> < 77 < 03 because s, /p, < 1/2, we get 465, + 7> < 56,. Putting
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together these bounds in the above display and using (‘)gj < p* we get,

pr(] 0; — 0o, |< 8o | 7) > (2/7°) /272

o T00 = 0j — Pn ;
505; ! n n

(5.8)
assuming s, logp, > 1 where K = 1(2/7%)"/2e~2. Substituting these bounds in (5.7), we have

forT e I,

Pn—Sn
pr(l6 — 6] < 6| 7) > (1 - RS—") K 3onhosmn > o~Crlosy, (59)

n

for some positive constant C'. Then the unconditional prior mass Ilgs(|| 6 — 6y ||2< 6,,) admits the

following bound,

1T 0 —40 <6n > _CSnIOan/ dr > —C'sp log pn T
(1000 o on) = ¢ Iz e e

> efcsnlogpnﬁ > esznlogpn

for some positive constant C'.

]

A version of theorem 5.3.1 appeared in [97] for bounded uniformly 6,. One key feature of our
proof is in choosing the global shrinkage parameter 7 carefully so that sufficiently large number
of elements of a draw from Ilgg are shrunken towards zero. This happens if 7 is restricted within
a constant interval of (s, /p,)*?{(log p,)/n}'/?. The lower threshold 2~'+/(log p,,) /n represents
a certain minimum signal strength below which the prior is unable to distinguish it from a noise
variable. Such minimum thresholds exist in the literature [25] who call it the detection boundary.
Theorem 5.3.1 will be the key building block in our subsequent studies of several high-dimensional

models.
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5.4 Fractional posteriors

In this section we introduce fractional posteriors and related concepts developed recently in
[28]. Suppose we observe n independent but not necessarily identically distributed data points
XM = (Xy,...,X,) from a distribution Py where 6 € © is the parameter of interest. We assume
Dy to be the density of Py with respect to some dominating measure u. Let (IP’én), pé”)) be the
corresponding product measure and density of the n random variables with respect to ;™ . For

€ (0,1), the a-fractional likelihood is defined as,

Lna(0) = {pé") }a , (5.10)

the usual likelihood raised to the power . Suppose II, is a prior distribution on ©. Then the
a-fractional posterior I1,, , is defined by substituting the a-fractional likelihood in equation (5.10)

in the usual Bayes theorem. For B € B, the o-field of O,

Jig Ln.a(6)11,,(dB)
Jo Ln.o(0)11(d6)

(B | X™) = (5.11)

We assume 6, to be true value of the parameter and also assume that the model is correctly spec-
ified, i.e. 0y € ©. To measure the recovery of 6, we will use the Rényi divergence D, (0, 6y) =
D, (pé ), p00)> of order @ € (0, 1) which for two densities ¢; and g» with respect to some common

dominating measure v is defined as,

Da<q17 Q2) =

1 log/qf‘qéla)dy. (5.12)

[28] show that the rate of contraction of I1,, ,, at 6, is determined by the concentration of 11,, around
certain Kullback-Leibler type neighborhoods of . We state here the concentration result of II,, .,

from [28] for the sake of completeness. Define for every positive € the set,

(n)

B,,(0, €) {9 €O /pgo log Py d,ﬂ < neé /peo log® < Doy d,u < ne } (5.13)
pe
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The following theorem provides a nonasymptotic upper bound to the probability assigned by II,, ,,

to D, neighborhoods of 6.

Theorem 5.4.1 ([28]). Fix o € (0, 1). Suppose €, is such that ne% > 2. Let 11, satisfies
Hn(Bn<607 En)) Z e—ne%‘
Then forany D > 2 andt > 0,

2

1 D + 3t
I, . (9 €0 :—Dy0,06y) > il egyxw) < e7tnen
’ n 11—«

holds with Péz)—probabilily atleast 1 —2/(D — 1+ t)*née2.

A simple application of theorem 5.3.1 and 5.4.1 gives the following fractional posterior con-
centration result for model (5.1) with 6y € ly[s,; p,] and apriori 6 ~ Tlgs. With a € (0, 1) and for
n independent copies ym — (Y1, ...,Y,) where each Y; is generated according to model (5.1),

the a-fractional posterior is given by,

a n
I, (0 | V) o exp (-5 STYi-0 ||§> Tys (d6) (5.14)
=1

Theorem 5.4.2. Consider model (5.1). Let the true parameter 0y € ly|s,;pn] be such that for

j € Sp,, Ly/lEEn < 6o; < p* and s,, p, and n satisfy the conditions of theorem 5.3.1. Fix

2 n

a € (0,1). Then the a-fractional posterior 11,, ,, defined in (5.14) satisfies,

D+ 3t
l—«

Hn,a (6 €0O.: % || 0 — 6)0 ||§Z Sn 1ngn> < e—tsnlogpn

forany D > 2 and t > 0 with [Péz)—probabilily atleast 1 — 2/{(D — 1 + t)*s,, log p,, }.

Proof. Let €, = {(snlogp,)/n}/2. Since D (N(6,1,,) || N(0,1,,)) = 271 || § — 6y ||3, the

set B,(6o,€,) D {0 :|| @ — 6y ||3< €2}. From theorem 5.3.1 we then get ITgs{ B, (6o, €,)} >
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s (0 :|| 6 — 60y ||2< €2) > e~C7. Therefore the theorem follows from theorem 5.4.1 noting that

Da(6,60) = 22 |10 — b0 | =

Given II,, , satisfies theorem 5.4.1 with rate €,, [28, Corollary 3.3] prove that with Péz)—
probability at least 1 — Cy/(ne2), [n1Du(0,00)I,4(d8) < Cy(1 — a) e, for positive con-
stant Cy, C5 independent of . As a result, we get from theorem 5.4.2 that [ || 6 — 6y ||3
a(df) < Cofa(l — a)} s, logp, with high Py -probability. Then using the convexity of
the lo-norm followed by Jensen’s inequality it immediately follows that the a-fractional poste-
rior mean 0, = [ 011, ,(df) is a rate optimal estimator in the minimax sense: || 0, — 0y |2<

Co{a(l — a)} s, logp,. [25] proved minimax optimality under /5 loss of the usual posterior

mean obtained from a horseshoe prior in the normal means model.
5.5 High-dimensional sparse linear regression

While the normal means model in equation (5.1) certainly provides insight into the operating
characteristics of the prior IIgg, practical statistical models seldom admit such simple parameteri-

zation. We now consider the Gaussian linear regression model defined as,
Yn = XuBy + €n, €0 ~ Nyy(0,021,), (5.15)

where y, € R"” and X,, is a n X p, dimensional deterministic matrix. We focus on the high-
dimensional case where n < p,, and allow p,, to grow with n exponentially fast; logp, < n7,
for some v € (0,1). Our object of interest will be the contraction rate of fractional posteriors
I1,, , when the true parameter (3, € ly[s,;p,] and 3, is endowed with the prior Ilgs. Fix a €
(0, 1). Since the additive error in model (5.15) is assumed to Gaussian, for any Borel set B € R?,

IL,0(B | yn) is,
oY 2
_ fBeffHZ/*XanHQHHS<dﬂn)

(B | yn) = [ e 3l XubnlE g (d,) 10

In the high-dimensional setting n < p,, the structure of the design matrix plays a central role in

evaluating the performance of a statistical procedure [8]. However, for the relatively easier problem
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of prediction optimality is achieved by imposing the following minimal assumption on X,,.

Assumption 5.5.1. The entries of X, satisfy || X|| =  max | X3 =< n. This holds if the entries
SJSPn
are standardized, a common practice. Also if the entries are generated from a distribution which

is independent of n and p,, for example from a N(0, 1) distribution.
We now generalize Theorem 5.4.1 to model (5.15).

Theorem 5.5.2. (Prediction recovery) Fix o € (0,1). Assume that o, € lo[sn;pn] satisfies the

conditions in theorem 5.4.2 and X,, satisfies assumption 5.5.1. Then for any D > 2 and t > 0,

Q D+ 3t
Hn,a (ﬁ € §Rp : 5 || Xnﬁ - XnﬁOn ||gZ

Sp, logpn) < g lon logp",
11—«

with szzl -probability at least 1 — 2/{(D — 1+ t)?s, log p, }.

The proof of Theorem 5.5.2 follows along the same lines as that of Theorem 5.4.2. Assumption
5.5.1 is made to ensure sufficient prior concentration around (3, propagates to prior concentration

around X, 3y,,. The precise arguments are collected below.

Proof. For model (5.15) and for every ¢ > 0 we have B, D {8 : [|[X8 — X(l|3 < née?}.
Now from Theorem 5.3.1 we have Igs{3 : |3 — Bol|3 < (snlogp,)/n} > e CsnlePn  Since

1X3 — XBoll3 < |IX|| I8 = Bollz and || X || < n, the result immediately follows from 5.4.1. [

Connections with previous work: The most comparable result to Theorem 5.5.2 for the prior
ITgs is provided in [98] with the rate €,, = s,, log p,,. The authors prove the equivalent of Theorem
5.5.2 for the usual posterior with prior IIgg where they allow a deterministic choice of the global
shrinkage parameter 7. Thus, Theorem 5.5.2 establishes that the fractional posterior also achieves
the optimal convergence rate. In [99] convergence properties of the fractional posterior is studied
with a joint prior on the model size and the coefficients. [16] extensively studied the usual posterior

in model (5.15) with a similar prior as considered in [99].
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5.6 High-dimensional sparse factor models

Factor models are a widely popular tool to model the dependence structure of multi-dimensional
observations through a linear combination of unobserved underlying factors [100, 101]. When
the number of factors is sufficiently small compared to the dimension then it can also be inter-
preted as a dimension reduction tool [88]. Suppose we observe yi,...,y, ~ N(0,€,) where
y; € RP». ¢ = 1,...,n independently and our parameter of interest is €2,. A k factor model

proposes the following decomposition,
yi = Aami + €, (5.17)

where k < p,, 7; € R¥*! are the unobserved factors, A,, € RP»** is the factor loading matrix
and ¢; ~ N(0,%,), ¥, = 021,,. When n; ~ N(0,1;), then Q,, = A, A’ + 3,,. Thus model (5.17)
reduces the number of parameters from {p,(p, — 1)/2} to p,(k + 1) - a reduction of quadratic
to linear in p,,. While for small to moderate p,, model (5.17) may provide sufficient dimension
reduction, in many modern applications such as Genomics where p,, may be in thousands, fur-
ther sparsity structure is warranted for devising efficient statistical procedures. Especially, in the
Bayesian framework [74] introduced sparse factor models where the loading matrix A is modeled
to be sparse via proper point mass mixture priors. See also [11, 102]. Computational challenges
involving point mass priors have motivated the an alternative class of priors known as shrinkage
priors. [36] used independent shrinkage priors on the columns of the loading matrix A starting with
a conservative estimate of the number of unknown factors. [37] elicited a prior on A by having
independent Dirichlet-Laplace priors [23] on the columns of A. The authors show minimax (upto
log factors) convergence rates of the posterior distribution in Frobenius and operator norm loss
when the dimension p,, grows exponentially with n; logp, < n?, v € (0,1).

Suppose €2, € C,, is the true data generating parameter, i.e. we observe,

n iid
y( ) = (Y1, .-, Yn), where y; ~ N(0, ),
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where C,, is the cone of covariance matrices of order p,, X p,. In order to estimate §2(,,, we model
the data as y; ~ N(0, 2,,) and use (5.17) to decompose 2,, as ,, = A, A} + 3,,. Before we begin

our prior prior specification, we list the assumption we make on €,,.

Assumption 5.6.1. €, is of the form, Qy,, = Ao, A, + Xon, where Ay, € JepnxFkon Lo < p, and

— 42
EOTL — O-OHIPTL'

Assumption 5.6.2. Each column of Ny, € {[s,; p,] with s,, = o(p,) and the entries of the columns

are uniformly bounded by some positive T

Assumption 5.6.3. There are positive constants a and b such that a < Spmin(Q0r) < Smax(Q0n) < b

for every n.

Suppose k. is a conservative estimate of the number of factors kg,,. Although £, is not known,
assuming k., > ko,, we will set our prior in order to shrink out the redundant (k. — k,,) columns.
To that end, letting A;, j = 1,..., k. to be the ' column of A,,, we specify a the horseshoe prior

IIgs with individual global shrinkage parameter 7; for each column,

Anj | g, i ~ N(o,ﬁhrf), Yn; ~ CT(0,1), 7; ~ CT(0,1). (5.18)

2

We call the joint prior on A,, as II,,. As for the residual variance o, we use a Gamma(a, b)

prior which will be referred as 11, . The joint prior thus elicited on €2,, through A,, and o,, will be
denoted by Il, = 115, ® II,, . Under this setup, for a fixed @ € (0, 1), the a-fractional posterior

for B € C,, is,
Jpexp {=5 S0 55y} 1o, (d2)
Jo, exp {=2 300 5, i} g, (d92,)

The set B,, from Theorem 5.4.1 on which we study the prior concentration in the current context

Hn,a(B | y(n)) =

(5.19)

is characterized in the following lemma.

Lemma 5.6.4. For every positive €, we have B,,(Qo,,€) D Avn{(AOn, Oon), €}, where

Zn{(AOna UOn)v 6} = {(AOna UOn) : ||A0n - An”%‘ < CEQa (UOn - gn)Q < 062/2931}7
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for some positive constant C.
Proof. First we note that for every € > 0, B,,(Q0,,€) D A, (Qop, €), where

(n) (n) (n) 2
An(Qopy€) = < Qp /pglo)n log% < né?, /p&)n <log ?O;L - /ngO) log ?0;) < ne?
Pq,, Pq, b

The Kullback-Liebler divergence between N(0,p,) and N(0,€,) is 27 tr(Q2,'Q0, — L) +

log |22, |. Hence we have,

(n)
n Po,,, _ B
/ Py, 108 p?;i) = (n/2) tr(Q, ' Qon — T,) + log [0,

n

By similar calculations we also have,

p(n) ng) i 1 1 2
/ Pogm L0 / Pow log p(O; = (n/2) tr (2,"Q0n — 1,)" = 192 Q00 — T, |-

Qn Qn

From Lemma 1.3 of [37] we have that for 6 € (0,1) and 6 /smin(Q0n) < 1/2,[|Q0n — Qull% < 6
implies tr(€2;, Qo — 1,,,) + log |29, | < €62, for some positive constant C. Also, from the same
result we get for [|Qq, — Q|| < & €2 Qn — L, || < K62, for some positive K. Therefore, the
set A,,(Qon, €) after adjusting for constants contains the set A% (Qo,, €) = {€2,, : [|Q0, — Qs 17, < Ce },
for some positive C'.

Our next goal is to write Al (Qq,, €) in terms of Ag,, and 0. If || Ag, — A,|| < ¢ for sufficiently

small § then,

19200 — Qull7 = [1A0n G, — AL + (00n — 0)T,, I
< | AonAg, — AuAL|[5 + (000 — 0)*pn
< HAOn - AnHF ||A0n - A||2 + (UOn - U)2Ipn

< HAOn - AH?? 2 HAOan + (oon — 0)2Ipn7
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where to obtain the first inequality we have used (a — b)? < 2(a? + b*) and for the last two steps

we used [|AB|| < ||A|l, || Bl and ||A]|, < ||A|| . Hence we have the following set containment,

AZ (Qop, €) D gn{(AOn,UOH), e} = {(Aon, o0n) : || Aon — AnH?; < O, (oo, — 0p)* < CE¥/p2}.
(5.21)
L]

Suppose our initial guess of the number of factors k, is such that k, = Mk, for some constant
M > 1. Then we have the following prior concentration result for A, {(AOn, 0y,), €} for the prior

IIg

n*

Theorem 5.6.5. Consider the prior llq . Then,
o, {B(Qon,€)} > e~ Chkonsn 10gpn’

for some positive C.

Proof. From Lemma 5.6.4 we get Il {B,(Qon, €)} > g [A.{(AOn, 00,), €}]. The rest of the

proof is very similar to Lemma 4.0.4 and is omitted here. U

Based on 5.6.5 we get the following convergence rate for the fractional posterior distribution

in Hellinger distance.

Theorem 5.6.6. For prior Ilg, we have for any o € (0,1) andt > 0

< e_tkOn Sn log pn

— bl

D+ 3t
Hn,a {Qn . h2(an0,an) 2 }

(1-a)
with Pézi-probability at least 1 — 2/{(D — 1 + t)*kons, log p, } for any D > 2.

Proof. The result holds for any Rényi divergence of order o € (0, 1) by Theorem 5.4.1. The claim

then follows from the equivalence of Rényi divergences [28]. [
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6. SUMMARY AND CONTRIBUTIONS

In this thesis we have attempted to lay a solid foundation for applications of shrinkage priors
in various high-dimensional problems. Our contributions cover the computational, methodological
and theoretical aspects of this class of priors.

In particular, in chapter 2 and 3 we focus on the computational and methodological part. We
develop an exact sampling algorithm for MCMC updates in chapter 2 which scales linearly in the
dimension. Then building on this fast algorithm, we extend shrinkage priors to model low-rank,
row-sparse matrices in 3. Finally, in chapter 5 we establish the minimax optimality of fractional
horseshoe posteriors in high-dimensional regression and factor models. Our prior concentration re-
sult can be easily adopted to cover other sparse situations such as dictionary learning, approximate

sparse factor models etc.
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APPENDIX A

FRACTIONAL VERSUS USUAL POSTERIOR

In this section, we provide some additional discussion regarding our adoption of the fractional
posterior framework in the main document. We begin with a detailed discussion on the sufficient
conditions required to establish posterior contraction rates for the usual posterior from [77] and
contrast them with those of fractional posteriors [28]. For simplicity, we discuss the i.i.d. case
although the discussion is broadly relevant beyond the i.i.d. setup. We set out with some notation.
Suppose we observe n independent and identically distributed random variables X,..., X, | P ~
P where P € P, a family of probability measures. Denote L, (P) as the likelihood for this data
which we abbreviate and write as X (). We treat P as our parameter of interest and define a prior
I1,, for P.

Let Iy € P be the true data generating distribution. For a measurable set 3, the posterior

probability assigned to B is

o Jp Ln(P) TL,(dP)
B AT = [p Ln(P)I1,(dP) (A.1)
For o € (0, 1), the a-fractional posterior I, (- | Y') is,
oy JpiLa(P)}1L,(dP)
Ipa(B | X"™) = AL (P}, (P)’ (A2)

The fractional posterior is obtained upon raising the likelihood to a fractional power oo and com-
bining with the prior using Bayes’s theorem.
Let p and p, be the density of P and P, respectively with respect to some measure 1 and p(™

and p((]”) be the corresponding joint densities. Suppose €, is a sequence such that €, — 0 and

ne — oo as n — oo. Define B, = {p : [p{" logp” /p™ < neZ, [ p" log? pi" /p™ < ne2}.

Given a metric p on P and § > 0, let N(P*, p,d) be the covering number of P* C P [77]. For
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sake of concreteness, we focus on the case where p is the Hellinger distance. We now state the

sufficient conditions for IT,,(- | X ™) to contract at rate ¢, at Py [77].

Theorem A.0.1 ([77]). Suppose €, be as above. If, there exists P, C P and positive constants
Ch, Cy such that,

1. log N(P,, h,€,) < ne,

2. I, (P¢) < e, and

3. I, (B,) > e~ Csmen,

then T, {p : h*(p,po) > Me, | X™} — 0 in Py-probability for a sufficiently large M.

However, if we use the fractional posterior IT,, (- | X)) for a € (0,1), then we have the

following result from [28],

Theorem A.0.2 ([28]). Suppose condition 3 from Theorem S1 is satisfied. Then Hn,a{h2 (p,po) >

Me, | X™} — 0 in Py-probability.

We refer the reader to [28] for a more precise statement of Theorem A.0.2. The main difference
between Theorems A.0.1 and A.0.2 is that the same rate of convergence (upto constants) can be
arrived at verifying fewer conditions. The construction of the sets PP,,, known as sieves, can be chal-
lenging for heavy-tailed priors such as the horseshoe. On the other hand, one only needs to verify
the prior concentration bound I1,,(B,,) > e~Cs"% 1o ensure contraction of the fractional posterior.
This allows one to obtain theoretical justification in complicated high-dimensional models as in
ours. To quote the authors of [28], ‘the condition of exponentially decaying prior mass assigned
to the complement of the sieve implies fairly strong restrictions on the prior tails and essentially
rules out heavy-tailed prior distributions on hyperparameters. On the other hand, a much broader
class of prior choices lead to provably optimal posterior behavior for the fractional posterior’.
That said, the proof of the technical results below illustrate that verifying the prior concentration
condition alone can pose a stiff technical challenge.

We now aim to provide some intuition behind why the theory simplifies with the fractional

posterior. Define U,, = {p : h*(p, po) > Me, }. From equation (R2) and (R3) in [28] U,, can be al-
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ternatively defined as, U,, = {p : Do (p,po) > M*¢,}, where the constant M* can be derived from
M by the equivalence relation Rényi divergences [28, equation (R3)]. The posterior probability
assigned to the set U, is then obtained by (A.1) and the fractional posterior probability assigned
to U, follows from (A.2). Thus after dividing the numerator and denominator by the appropriate

power of L, () we get,

(A.3)

and

. (U, | X™) =

/ { f:gp)) }a hnF) (A.4)

[z} mr

Taking expectation of the numerator in (A.4) with respect to F and applying Fubini’s theorem to

interchange the integrals yields [;; e ~(1=a)Da(ppo) I], (d P) which by definition of U, is small. The
same operation for (A.3) leads to [, II U, »(dP) which isn’t necessarily small, needing the introduc-
tion of the sieves P, in the analysis.

We conducted a small simulation study carried out to compare the results of II,, and II,, ,, for
different choices of « in the context of model (3) in the main document with priors defined in
(4). We obtain virtually indistinguishable operating characteristics of the point estimates, further

corroborating our theoretical study.

We end this section by recording a high probability risk bound for the Rényi loss [28] in the

following corollary that is subsequently used.

Corollary A.0.3 ([28]). Fix o € (0,1). Recall the definition of Rényi divergence between p and

po from the main document: D (p,po) = (o — 1)7! log [ p®py~*dp. Under the conditions of
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Table A.1: Empirical results comparing 7, MSPE = (nq) || XC — X} ||% and MSE=(pq)~!||C —
Col|% for different choices of the fractional power . o = 1 corresponds to the usual posterior.
The data used in this table was generated in a similar manner as described in section 3.4 of this
document.

(X))
(200,30) (500,10) (1000,12)
Independent Correlated Independent Correlated Independent Correlated
o  Measures BSML SPLS BSML SPLS BSML SPLS BSML SPLS BSML SPLS BSML SPLS
7 3.0 7.9 3.0 9.4 3.0 9.7 3.0 8.8 3.2 9.4 34 8.9

1 MSE 3 14 ) 15 3 7 ) 30 3 50 3 38
MSPE 0.07 025 006 017 022 015 034 021 035 419 030 1.51

T 3.0 3.0 3.0 3.0 3.0 3.1

0.5 MSE 1.9 2.7 1.9 3.9 1.2 14
MSPE 0.05 0.06 0.15 0.25 0.22 0.32

T 3.1 3.0 3.0 2.9 2.9 3.0

0.75 MSE 1.8 24 1.6 4.3 1.2 1.2
MSPE 0.08 0.07 0.16 0.22 0.32 0.31

T 3.0 3.1 3.0 3.0 3.1 2.9

0.95 MSE 2.1 29 1.5 3.6 1.5 1.5
MSPE 0.09 0.07 0.16 0.29 0.31 0.31

Theorem A.0.2, for any k > 1,

1 k
J{am a1 x0) < K -0yt

with Py-probability at least 1 — Ky /(ne?), where K, and K are positive constants independent of

Q.
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