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ABSTRACT

The negative powers of an elliptic operator can be approximated via its Dunford-Taylor integral
representation, i.e. we approximate the Dunford-Taylor integral with an exponential convergent
sinc quadrature scheme and discretize the integrand (a diffusion-reaction problem) at each quadra-
ture point using the finite element method. In this work, we apply this discretization strategy
for a parabolic problem involving fractional powers of elliptic operators and a stationary prob-
lem involving the integral fractional Laplacian. The approximation of the parabolic problem is
twofold: the homogenous problem and the non-homogeneous problem. We propose an approxi-
mation scheme for the homogeneous problem based on a complex-valued integral representation
of the solution operator. An exponential convergent sinc quadrature scheme with a hyperbolic
contour and a complex-valued finite element method are developed. The approximation of the
non-homogeneous problem in space follows the same idea from the homogeneous problem but we
need to additionally discretize the problem in the time domain. Here we consider two different
approaches: a pseduo-midpoint quadrature scheme in time based on Duhamel’s principle and the
Crank-Nicolson time stepping method. Both methods guarantee second order convergence in time
but require different sinc quadrature schemes to approximate the corresponding fractional opera-
tors. The time stepping method is stable provided that the sinc quadrature spacing is sufficiently
small. In terms of the approximation of the stationary problem involving integral fractional Lapla-
cian, we consider a Dunford-Taylor integral representation of the bilinear form in the weak formu-
lation. After approximating the integral with a sinc quadrature scheme, we need to approximate
the integrand at each quadrature point which contains a solution of a diffusion-reaction equation
defined on the whole space. We approximate the integrand problem on a truncated domain together
with the finite element method.

For both problems, we provide L? error estimates between solutions and their final approxi-
mations. Numerical implementation and results illustrating the behavior of the algorithms are also

provided.
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CHAPTER I

INTRODUCTION

Various natural phenomena can be modeled by fractional diffusion or anomalous diffusion
[53]. A typical example is the Lévy flights with the isotropic measure |z|~9~2dz, where d is
the space dimension and s € (0,1). This is also called the symmetric s-stable Lévy process [4]
and the corresponding infinitesimal generator is called fractional Laplacian and denoted by (—A)*
(see also the definition below). The fractional Laplacian has been applied to various areas such as
finance [22], predator search patterns [65], peridynamics [64] and porous media flow [27]. Another
motivation comes from some physical models in R¢ involving the Dirichlet-to-Neumann (DTN)
map in R, e.g. electroconvection [26] and the surface quasigeostrophic models [39]. One can
realizes the DTN map as the fractional Laplacian with the power 1/2. In fact, it is shown in [20]
that the fractional Laplacian with any power s € (0,1) can be treated as a DTN map via the
so-called s-harmonic extension problem.

In this work, we consider two kinds of spatial fractional differential operators which are fre-
quently used in above models: fractional powers of elliptic operators and the fractional Laplacian.
The former is from spectral theory. Let X and Y be two Hilbert spaces such that Y is dense in X
and Y can be compactly embedded into X. The unbounded L mapping from Y to X is defined

based on a bilinear form d(-, -) which is symmetric, coercive and bounded on Y x Y, namely,
(Lw,0) = d(w, §), forallf €Y,

where (-, -) denotes the X inner product. We also refer to Section I1.2 for a detailed definition. The

fractional differential operator L* for s € (0, 1) is defined by the eigenfunction expansion

j=1



Here {1);} is an X -orthonormal basis of eigenfunctions of L with positive non-decreasing eigen-
values {\;}. In this work, we set {2 be a bounded Lipschitz domain, X = L*(Q),and Y = H} ().
If (2 is convex, the Dirichlet form d(u, v) = [, Vu-Vv dx foru,v € Hj(S2) defines the unbounded
operator L. = —A with the domain D(L) = H}(2) N H%(Q) (also called the Dirichlet Laplacian)
and L? is referred to as the spectral fractional Laplacian. Thanks to the Fredholm Alternative The-
orem, the definition (I.1) makes sense with the domain of the operator D(L*) = {v € L?(Q) :
Liv e L*(Q)}.

The definition of the second operator relies on the Fourier transform. Given v in the Schwartz

class, the fractional Laplacian is defined as a pseudo-differential operator with symbol (], i.e.

F((=A)w)(¢) = [{[*F(v)(C) (1.2)

with F denoting the Fourier transform. Parseval’s theorem implies that the domain of (—A)® is a

subspace of H?*(R?). An equivalent pointwise definition is given by (cf. [47])

(=A)v(z) = cq PV K(z —y)(v(z) —v(y))dy, with K(y)=

R4

g 13

where ¢4 s 1s a normalization constant and P.V. stands for the principle value. To distinguish with
the spectral fractional Laplacian, (—A)® is also referred to as the integral fractional Laplacian.

A crucial tool to investigate the PDEs involving the above fractional differential operators is
the equivalent DTN map mentioned above. With this approach, one can study the solution of a
local problem in R¥*!, which implies the properties of the solution to the original problem; see

[21, 59, 67].
I.1 Model Problems and Existing Numerical Approaches

The numerical approximation to PDEs involving fractional differential operators is necessary.
Unfortunately, unlike the case s = 1, a direct numerical approach (e.g. the finite element method

using local basis functions), i.e. assembling and solving a linear system with a dense system matrix



is unattractive from a computational point of view. It is also a demanding computational problem
as the size of the system matrix becomes large. Our goal is to seek efficient “indirect approaches”
to construct and solve such linear systems.

The approximation of stationary problems involving the fractional differential operators has
become a popular topic in recent years; see e.g. [41, 54, 12, 13, 2, 31, 40] and the references

therein.
A Stationary Problem involving Fractional Powers of Elliptic Operators

Given a bounded Lipschitz domain 2 C R¢ and a right hand side data f € L?(Q2), we want to

find the solution u € D(L?) satisfying

L'u=f, inQ, (L4)

where the fractional differential operator L is defined by (I.1). In [43], Kato proposed to represent
the solution v = L~°f as a Dunford-Taylor integral with a complex contour encompassing the
eigenvalues of L (Cauchy integral in the operator form). Deforming the contour of the integral

appropriately, one derives the so-called Balakrishnan formula [6],

u=L"°f= /OO p s (pd + L)~ f dp. (1.5)
0

We note that the formula above is a general definition of negative powers of regularly accretive
operators; see [43]. The formula (I.5) also suggests the following discretization strategy: apply a
numerical integration scheme to the integral with a quadrature spacing £ > 0 together with a set
of quadrature points {x;}; use finite element methods to approximate (u;I + L)™' f for each j.
In [12], an exponentially convergent sinc quadrature scheme [48] is developed and a conforming
finite element discretization is applied to approximate the integrand at each quadrature point.

Two alternative approaches are available. In [41], the numerical approximation of the stationary

problem is based on the eigenfunction expansion of L;, where L; is an approximation of L in a



finite dimensional space. The resulting approximation is essentially the same as its Dunford-Taylor
integral representation (cf. (I[.24)) but it requires the computation of the discrete eigenvectors
and their eigenvalues (e.g. singular value decomposition). Another approach [54] is to treat the
fractional power of L as a DTN map via the s-harmonic extension problem on the semi-infinite
cylinder © x (0,00). If u(z,y) for (z,y) € Q x (0,00) is the solution to the local extension
problem, then u(x) = u(x,0). Numerically, the extension problem can be approximated using the
finite element method in a truncated domain €2 x (0, )) for some ) > 1. The truncation error in )
becomes exponentially small as ) increases. We refer to the review paper [8] for extensions based

on this approach, such as time dependent problems, obstacle problems and adaptivity.
A Stationary Problem involving the Integral Fractional Laplacian

The stationary problem involving the integral fractional Laplacian reads: given  C R¢ and

f € L*(), we want to find u € L*(R?) satisfying
w=0, inQ  (APu=f, inQ. (L6)

Here (—A)* is defined by (I.2). We first provide a variational formulation of (1.6): seek u € H*(€)

so that

a(u, ¢) == /R ((—A)*%0) ((—A)*2¢)) dm:/wax, Vo € H*(Q), (1.7)

where H*(€2) stands for the set of functions in { whose extension by zero belongs to H*(R%) and @
and a denote extensions by zero. The bilinear form a(-, -) on the left hand side of (I.7) is bounded
and coercive in H %(€2). Thus, the Lax-Milgram theory guarantees the existence and uniqueness of
the solution w satisfying (1.7) (see Section V.1 for details).

For simplicity, we use continuous piecewise linear finite element spaces to approximate the
solution of (I.7). The convergence analysis is classical once the regularity properties of solutions

to problem (I.7) are understood (regularity results for (I.7) have been studied; see [2] and [59]).



However, the implementation of the resulting discretization suffers from the fact that, the entries
of the stiffness matrix, namely, a(¢;, ¢;), with {¢;} denoting the finite element basis, cannot be
computed exactly except for the one dimensional case.

Similar to the operator form (I.3), an integral representation of the bilinear form is given by

ofu.) =5 [ [ (@) =)o) ~ @)K~y dy . a8

It is possible to apply the techniques developed for the approximation of boundary integral stiff-
ness matrices [60] to deal with some of the issues associated with the approximation of the dou-
ble integral above, namely, the application of special techniques for handling the singularity and
quadratures. However, (I.8) requires additional truncation techniques as the non-locality of the
kernel implies a non-vanishing integrand over R¢. These techniques are used to approximate (1.8)
in [31, 2]; see also [1] for a detailed implementation. In particular, [2] use their regularity theory
to do a priori mesh refinement near the boundary to the rate of convergence under the assumption

of exact evaluation of the stiffness matrix.
1.2 Contents of this Work

In this work, we follow the Dunford-Taylor integral approach for the stationary problem (I.4) to
develop numerical algorithms for a time dependent problem involving fractional powers of elliptic
operators as well as the stationary problem (I.6). Our presentation is organized as follows. We start
from Chapter 1.2 with basic notations and norm equivalence between different Sobolev spaces. Our
instrumental methods of discretization, the finite element method and sinc approximation on the
real line are also introduced in Chapter 1.2. In Chapter III and Chapter IV, we develop approxima-
tion schemes for the time dependent problem. Chapter V discuss the numerical approximation of
the bilinear form in (I.7) via its Dunford-Taylor integral representation and provide error estimates
for the resulting discrete problem in both the energy and L?(2) norms.

More detailed descriptions of the contents of this work are given in the following.



Approximation of the Homogeneous Parabolic Problem

The numerical approximation to the time depended problem

up+ Lu = f, in(), u(t=0)=wv (1.9)

is twofold: the approximation to the homogeneous problem (f = 0 and v # 0) and the approxima-
tion to the non-homogeneous problem (f # 0 and v = 0). The former is similar to the stationary
problem (I.4). The only difference is that we apply a complex-valued integral representation of the

tL* with a hyperbolic contour; see [36, 52, 62] for similar techniques.

solution operator W (t) = e~
A sinc quadrature scheme together with a complex-valued finite element approximation are devel-
oped in Chapter I1I. Given a fixed time ¢, we provide the L?(Q2) error estimate for the finite element

tLh in Theorem II1.3. Our proof is based on the elliptic regularity for

approximation W, (t) = e~
the unbounded operator L. We also note that when the fractional power s = 1, Theorem III.3
provides the same rate of convergence as in [69, Chapter 20]. Theorem IIL.5 and Remark III.4
show that the L?(f2) error between the finite element approximation and its sinc approximation

with 2N + 1 quadrature points decays in the rate O(e~°/ ™)

for some positive constant c. The
total error can be estimated by combining the finite element error and the sinc quadrature error (see

Theorem III.6).
Approximation of the Non-homogeneous Parabolic Problem

The numerical approximation the non-homogeneous problem requires two steps: the finite
element approximation to static problem and the numerical discretization in the time domain.

The error estimates for the finite element approximation to the static problem follows the ho-
mogeneous case; see Theorem IV.1. It turns out that the rate of convergence may degenerate if f
is nonsmooth in space.

Starting from the finite element approximation to the static problem, we further consider two
different approaches for the discretization in time. One can directly discretize the solution operator,

which by Duhamel’s principle, is a convolution in time between W/, (¢) and the L?(2)-projection



of f onto the finite element space. Here we apply a pseudo midpoint quadrature scheme, i.e. given

a partition {¢,} on [0, ¢,

/ Wi€)maf (t — €) d = /

]

%Z / W dems(e—t, )

Wi (&) mnf(t — &) dS

where 7, is the L?(Q) projection into the finite element space. Theorem IV.2 shows that the
error for the above approximation with A" uniform subintervals is bounded by O(N ~2) provided
that the right hand side data is in H?(0,¢; L?(2)). We then apply an exponentially convergent
sinc quadrature scheme to approximate the Dunford-Taylor integral representation of the discrete
operator ft Wi, (r) dr with 2N + 1 quadrature points. This leads to an additional error with the
rate O(e~<VN); see Theorem IV.4.

The second approach is to apply the implicit time stepping methods. Here we consider the
Crank-Nicolson scheme. Theorem IV.7 guarantees the second order convergence rate in time but
the right hand side data needs to be more regular in space compared with the previous approach. At
each time step, one still needs to approximate the discrete fractional operator (1 + 7L5)~!, where
7 > 0 denotes the time step. This can be approximated by invoking a similar Balakrshnan formula
(see (IV.27)). Theorem IV.9 provides the error estimate for the exponentially convergent sinc ap-
proximation at each time step. The error between the solution and its final approximation consists
of the error from the discretization in both time and space, and errors from the sinc approximation
at each time step (see Theorem IV.11).

Both time discretization schemes have their own advantages. As mentioned before, the numer-
ical integration approach requires less regularity in space on the right hand side data. The time
stepping method leads to a set of approximations at all time nodes in [0, ¢], while the numerical

integration approach only gives an approximation at the target value of ¢.



Approximation of the Integral Fractional Laplacian

In Chapter V, we propose a nonconforming finite element algorithm to discretize the problem
(I.7) via the Dunford-Taylor integral approach which avoids computing the singular integral (I.8).

We first derive an alternative integral representation of the bilinear form in (I.7). That is

a(n, ) = cs /00 tl_QS/((—A)(I —t2A)')0 dx dt (1.10)
0 Q

for n,0 € H (€2). There are two issues needed to be addressed in developing the numerical

methods based on the above integral formulation:
e The discretization of the infinite integral with respect to ¢ using a quadrature scheme;
e The approximation of the function w(t) := w(t,x) = (—A)(I — t*A)~17.

We address the former issue above by first making the change of variable t2 = ¢Y which
results in an integral over R. We then apply a sinc quadrature to obtain the approximation of the

bilinear form

N+
a®(n,0) = C;k Z esya'/((—A)(eyjf—A)—lmeda;, forall0,n € L*(Q2),  (L11)
j=—N- @

where £ is the quadrature spacing, y; = kj, and N~ and Nt are positive integers. For € H 5(Q2)
and n € H 9(Q2) with § € (s,2 — s]. Theorem V.3 together with Remark V.3 shows that the error
between a(n, §) and a*(n, #) is bounded by O(e~""/)) provided that N* + N~ = O(1/k?).
Note that for each sinc quadrature point t; = e~%/2, w(t;) is defined in whole space R¢ and
decays exponentially as |x| tends to infinity since u is supported on §2; see [5, Lemma 2.1]. By
taking the advantage of this decay property, we approximate w(t;) in the following two steps. We

first approximate w(t;) in a truncated domain B (¢;) which is defined by

BY(t;) = {141+ M)z : z € B}, t>1

{2+ M)z : x € B}, t <1,



where B is a bounded convex set containing 2. Then we define the approximation w™ (¢;) solving
the same equation but vanishing on the boundary of B (¢;). Replacing w(t;) with w(¢;) in
(I.11) leads to the approximation of a”(-,-), denoting by a®(-,.). Theorem V.5 guarantees that
for sufficiently large M and 7,0 € L*(12), the error between a*(n, §) and " (1, §) is bounded by
O(e™*M). Next, we associate to a subdivision of B (¢;) the finite element space V}/(¢;) and the
restriction a}”™ (-, -) of a®M (-, -) to VM (t;) x VM(t;). For simplicity, the subdivisions of B (t,)
are constructed to coincide on 2. Denoting by V,,(£2) the set of finite element functions restricted
to 2 and vanishing on OS2, our approximation to the solution of (I.7) is the function u;, € V()
satisfying

ai’M(uh,vh) = / fuop dx, for all v, € V(). 1.12)
Q

Lemma V.11 guarantees the V;({2)-coercivity of the bilinear form afL’M(-, -) assuming the sinc
quadrature spacing is sufficiently small. Consequently, u; is well defined again from the Lax-
Milgram theory. Moreover, for every ¢, given a sequence of quasi-uniform subdivisions of B (¢;),

we show (in Theorem V.9) that for 77 in H?(D) with 8 € (s,3/2) and for 6}, € V,(D),
@™ (s ) — @™ (n, 0] < C(L+In(h )R nll o o 160 s -

Here C' is a constant independent of M, k and h, and 7, € V() denotes the Scott-Zhang inter-
polation or the L? projection of v depending on whether 3 € (1,3/2) or 3 € (s, 1].

The first Strang’s Lemma implies that the error between u and w in the H (£2)-norm is
bounded by the error of the best approximation in H *(€2) and the sum of the consistency errors
from the above discretization steps (see Theorem V.13). If the domain is smooth, we can apply
the regularity results from [38] together with standard duality argument to obtain the L?(2) error

estimate; see Theorem V.14.



CHAPTER 11

PRELIMINARIES

In this chapter, we review some mathematical tools for both discretization strategies and nu-
merical analysis for our model problems. The outline is as follows. We introduce Sobolev spaces
and scales of interpolations spaces in Section II.1 and Section II.2, respectively. We shall use
the intepolation spaces to define fractional powers of elliptic operators. This will be discussed in
Section II.3. Our numerical techniques, the Galerkin finite element method and the sinc approxi-
mation, are reviewed in Section I1.4 and Section II.5, respectively. In Section I1.6 we review the
numerical algorithm for the problem (I.4) as well as the error analysis.

We use the notation

A<c¢B and A<CB

where ¢ and C' are generic constants independent of A, B and discretization parameters. We may

hide the above constants by using the notation
AXB and A > B.
Given two Hilbert spaces X and Y, || - || x_y denotes the operator norm with the definition

F(6
HFHX~>Y = sup || ( )HY
oexo20 |0]x

II.1 Sobolev Spaces

In this work, Sobolev spaces are used to characterize the smoothness of functions. For more

details about Sobolev spaces, we refer to [3, 51, 66].

10



The Weak Derivative.

Let o = (o, am, - -+ , ag) be a multi-index and define |o| = Z?Zl ;. For a smooth real-valued

function v defined on (2, the differential operator D is given by

dlely

Qg Q2 Qg *
8(131 al'Q A al’d

D% =

Let C§°(£2) be the space of infinity differentiable functions which are compactly supported in §2.

A locally integrable function u has a weak derivative v, if v is locally integrable and satisfies

/w dx = (=1)k / vD%¢ dx, for all ¢ € C5°(Q).
Q

Q

Throughout the disseration, D denotes the weak derivative.
Sobolev Spaces.

Given a Lebesgue measurable function v defined in 2 and p > 1, define the norm || - || .»() by

1/p
[0l ey = (/Q IU(I)V”dx) .

Denote LP(€2) the collection of all such v for which ||v||z»(q) is finite. Then, given an integer r > 0,

the Sobolev space WP ((2) is defined by
W™ (Q) = {v € LP(Q) : D% € L’(Q) forall |a| < r}.

The corresponding Sobolev norm and semi-norm of WP ({2) are given by

1/p 1/p
[v][wre@) = Z ||Dav||zL)p(Q) and  |v|wre(o) 1= Z HDQUHI[)/P(Q) )

|a|<r |af=r

respectively.
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For o € (0, 1), define the fractional Sobolev semi-norm | - |yye.n(q) by

lo(z) — v(y)[? )“p
V|wep(Q) ‘= ——————dxdy
[0fwer(0) </Q o |z —yldtor

and set W7P(Q) := {v € LP(Q) : |v|wenr) < oo}. For a positive and non-integer r, we write
r = m + o where m is the largest integer less than r so that o € (0, 1). Then, the Sobolev space

WP (1) is defined by
WnP(Q) :={v e W™P : D% exists and in WP(Q) for all |a| = m}

and the full norm is given by

1/p
lullwro@) == | lulfpm) + D 1D ulben)
|a|=m
For r > 0, W™P()) is a Banach space (see [3]). In particular, when p = 2, the Sobolev space
H"(Q) := W"2(Q) is a Hilbert space.

We note that in the space
Hy(Q) :={ve H'(Q) |u=00n0Q},

the semi-norm | - | ;1 () is equivalent with the full norm || - || y1(q) thanks to the Poincaré inequality.
Define the dual space H () to be the set of bounded linear functionals acting on H;(2) such
that the norm

Fv
| F|| -1y == sup —< )
vEHL(Q) |U|H1(Q)

is finite. Here (-,-) denotes the duality pairing between H'(Q2) and H;(f2). Note that L*(Q2) C
H~Y(Q) by identifying f € L*(€2) with the linear functional (f,-)q € H'(Q), where (-, -)q is the

L?(€2) inner product (v, w)q = [, vw dz.
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I1.2  Scales of Interpolations Spaces
The Unbounded Operator L and the Dotted Spaces.

Let us assume that dq(-, ) is a symmetric, coercive and bounded bilinear form on H}(Q) X

H{(€2). This means that there exists two positive constants ¢y and ¢; such that
colv] gy < da(v,v); |da (v, w)| < e1|v|pq)lw]m @), for all v, w € Hy(Q).

For f € L*(Q) define T'f := w € H(Q) to be the unique solution (guaranteed by the Lax-
Milgram Theorem) of
do(w,0) = (f,0)q, for all § € Hy(Q). (IL1)

Note that 7" is obviously one to one. So we denote L to be the inverse of 7" and define the domain
of L to be the image of L*(€2) under T

Now we define the dotted spaces for » > 0 with respect to the operator L. We note that since T’
is compact and symmetric on L?((2), Fredholm theory guarantees that 7" has a L*({2)-orthonormal
basis of eigenfunctions {1;}32, (also orthogonal in Hj(£2)) with non-increasing real eigenvalues
p1 > pe > ps > ... > 0. Clearly, ¢); is also an eigenfunction of L with the eigenvalue \; = 1/p;

for every positive integer j. For r > 0, the dotted space H "(Q) is defined by
H' () := {f € LAQ): ) NI(fval < OO} :
j=1

These spaces form a Hilbert scale of interpolation spaces equipped with the norm

0]

0 1/2
j=1
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We also denote by H~"() the dual space of H"(2) when s € [0, 1]. It is known that

1/2
H‘T(Q):{FEH‘l(Q):HFHH_T (Z/\ F¢j> <oo}.

The following lemma is instrumental to our numerical analysis.

Lemma IL1. Let a € [0,2] and b € [0, 1] satisfying a + b < 2. Then for i € (0, 00), there holds
(1L +T) 7l gr-vi@y < 12Nl oy, Sorall o € H(Q).

Proof. Writing ¢ in the form of the eigenfunction expansion yields

[e.9]

At
| (pd + T)_lﬁb“fq—b(m = Z m|(¢a¢j)9|2
j=1

—(a+b)/2
_ N2
Z (MH ) (@ %5)al
< “a+b—2||¢||2. a(Q)’

The above inequality follows from the Young’s inequality

(/\j—l)(a+b)/21u1*(a+b)/2
< 1.
pA A -

Real Interpolation between two Hilbert Spaces.

Let X and Y be two Hilbert spaces. Y is continuously embedded and dense in X. For each

t > 0and v € X, define the K -functional

Kxy(tv) := inf [lo = 6]l + £[|6]fy- (I1.2)
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For o € (0, 1), we define the norm (cf. [45, 18])

© A
||U||[X7y]0 = (/ t UKX7y<t,U) 7) .
0

The corresponding intermediate space [X, Y], is then given by
(X, Y], ={ve X : ||Jullxy), <oo}.

By convention, [X,Y]o = X and [X,Y]; = Y. The space [X, Y], is a Hilbert scale between X
and Y. If [ Xy, Y], is another scale (as above) and L is a linear operator which is simultaneously

bounded from X to X and Yy to Y, i.e. ||Lu|lx < Cy|lu|lx, and || Lully < Co|ul|y,, then,
1£ulipys, < G2 CF llullixo o, (L3)

The Intermediate Spaces between H'(Q) and H*(2) N H} ().
Define the intermediate spaces H*(2) for r € [—1, 2] by

(

H™(Q) N Hy(Q), 1<r<2,
H™(Q) == ¢ [L*(Q), Hy ()]s, 0<r<l,
[H(Q), L*(Q)]ps1, —1<7<0.

\

Here we note that for r € [0, 1], we use the semi-norm | - | 1 (q) as the norm of H(f2). Hence, the

corresponding K-functional is

Ko(t,u) = eegéf(m lu = 0]|72() + 210171 () (I1.4)
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Norm Equivalency.

Since || - [|rq) = || - [lar(q) for r = —1,0,1, the spaces H"({2) and H'"(Q) coincide for
r € [—1,1] and their norms are equal. In order to extend the equivalency to r € [1, 2], we shall
extend the definition of the solution operator 7, i.e. we define T'F' = w as the solution to (II.1)

with the right hand side replaced by (F’ 6). We then assume that
Assumption IL.1. There exists o € (0, 1] so that for every r € [0, o],
(a) T is a bounded operator mapping from H—"(Q) into H'™(Q);

(b) The functional F' defined by
(F,0) := dgo(u,0), forall § € Hy(Q)

is a bounded operator from H'™ (Q) to H=17 ().
Under the above assumption, we are able to extend the equivalency property to r € [1,1 + af:

Proposition IL.2 ([12], Proposition 4.1). H"(Q) and H" () coincide for r € [—1,1+ o] and their

norms are equivalent. In particular when r € [—1,1], ||v]|grq) = ||v|lar @) for v € H"(C2).

Remark IL1. Forr € (1,1+ a), the equivalency constants between || - || ) and || - |[m- () may
depend on €1 due to the regularity estimates in Assumption I1.1. In particular, when ) is a dilation
of a fixed domain, these constants are independent of the dilation parameter. This will be proved

in Chapter V.

II.3 Fractional Powers of Elliptic Operators

We shall give the definition of fractional powers of elliptic operators based on the eigenfunction
expansion. When the fractional power is negative, we introduce an equivalent definition using the
Dunford-Taylor integral. We also refer to [47, Chapter 4] for general definitions of fractional

powers of operators, .
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Fractional Powers of Elliptic Operators.

For s € (0,1), define the fractional power of L by eigenfunction expansion (I.1) under the

setting in Section II.2. That is,

Lo = X (v,¢)aty, (IL5)

=1
with v in the domain of the operator is D(L*) := {v € L*(Q) : L*v € L*(Q)} = H*(Q). For

v,w € H5(Q), the bilinear form

A(v,w) = (L0, L*Pw)g = Y " N (v,95)a(w, ¥;)o. (IL6)

j=1

: — 12
satisfies A(v,v) = ||v]] ()"

The Dunford-Taylor Integral Representation.
For s € (0,1) and f € L?(f), we define L™ f by replacing s with —s in (IL5). L™*is a

bounded operator on L?(2) and we have the following Dunford-Taylor integral representation

1
L f=— 25zl — L) 'fdz  for f € L*(). (IL.7)
211 C(ro,00)

Here z~* = e~*!"* with the branch cut for the logarithm along the negative real axis. The above
integral contour should encompass the eigenvalues of L and avoid the negative real axis. Indeed,
we may choose the contour C(rg, 6y) for o > 0 and 0 < 6, < 7 consisting in the following three

segments (see also Figure 11.1) :

C, = {z(r) .= re'® with r real going from 4+ oo to ro} followed by
Co = {2(0) := roe" with 6 going from 6y to — 6y} followed by (I1.8)

Cs = {2(r) := re”" with r real going from ry to + 0o} .
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Letting 7o — 0 and 6y — 7 ,we obtain the well known Balakrishman formula (cf. [47])

L~f = M /OO S (pd + L) f dp. (I1.9)
0

™

Above two integrals converge as Bochner integrals and coincide with the definition of L~° f for all

f € L*(Q) (Theorem 2.1 of [12]).

Figure II.1: The example contour C(rg, fy) in (IL.7).

I1.4 Galerkin Finite Element Approximation
Finite Element Spaces.

We additionally assume that €2 is polyhedral. Let {7;(€2)}32, be a sequence of globally shape
regular and quasi-uniform (cf. [34]) conforming subdivisions of {2 made of simplexes. This means
that for any positive integer j and any simplex 7 € 7;(€2), there are positive constants p and ¢

independent of j such that if R, denotes the diameter of 7 and r, denotes the radius of the largest
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ball which can be inscribed in 7, then,

(shape regular) R,/r; < cand (I1.10)
i-unif R. <p min R,. IL11
(quasi-uniform) Tg%x()é : < pT ?%% : ( )

Fix the positive integer j and denote by V;(Q2) C H; () the space of continuous piecewise linear
functions subodinate to 7;(€2) and by M; the dimension of V;(Q). Let h; = max,¢7; () 1, and
set h; — 0 as j — oo. Throughout this dissertation, we omit the subscript j and relate the finite
element spaces to h = hj, i.e. fix h > 0, denote by 7,({2) the above subdivision, by V,,(€2) the

finite element space, and by )}, the dimension of V().
Discrete Operators and Discrete Norms.

For any F € H (), we define the finite element approximation T, F' € V() of TF €

H;(€2) as the unique solution to (again, invoking the Lax-Milgram Theorem)
do(ThF, ¢n) = (F, ¢n), for all ¢, € V(Q2). (L.12)

For f € L*(Q), using the previously mentioned identification, T}, f = T),7,f, where 7, is the

L?(£2) orthogonal projection onto V;(2), namely,

(mnf, on)a = (f, én)as for all ¢, € V;,(Q2).

The operator Ly, : V() — V,(Q) defined by

(Lnvn, &n)a = da(vn, ¢n), for all ¢, € V,(Q).

is the discrete counterpart of L. Ly is the inverse of 7T}, restricted to V,(Q2). Similar to 7,
Th|v, @) has positive eigenvalues { uj,h}jj\ihl with corresponding L?(2)-orthonormal eigenfunctions

{z/%h}j]\ihl. The eigenvalues of L;, are denoted by \; j, := Mﬁ forj=1,2,..., M.
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Define the discrete fractional operator L : V;(2) — V,(Q2) by

My,
Lyvon =Y X5, (0n,vy0)0tsin, (IL.13)
j=1

and the bilinear form A (-, -) on V,(Q) x V,(Q2) by

My,
Ap (v, wp) = Z A (U, Yin)a(wn, Yjm)a- (I1.14)
7j=1
For r > 0, we also define the discrete dotted norms || - || i1 () bY

M, 1/2
[onll gir () = (Zﬁﬂ(%ﬂm)dﬁ ,  foru, € Vi(Q2).
j=1

Due to the fact that max; A\, < C h=2 (cf. [18, eq. (2.8)]), the above discrete dotted norms directly

implies the following inverse estimate: for 7,0 > 0, we have
”Uh||H;+J(Q) S Ch/_UH/UhHH}:(Q)a fOI‘ Uh c Vh(Q), (]:[15)

where the constant C' only depends on c and p in (IL.10) and (IL.11), respectively. A discrete version

of Lemma II.1 is the following.

Lemma IL3. Leta € [0,2] and b € [0, 1] with a + b < 2. Then for any 1 € (0, 00),

(I +T3) " Gl vy < 12 nllgrpys Sor all dn € Vi (Q).

Approximation Results.

By Lemma 5.1 of [13], there exists a constant ¢(r, o) independent of & such that for o € [0, 2]

and r € [0, 1] satisfying r 4+ o < 2, there holds

(L = 75) fllur ) < c(r, o) h?|| fllmr+o - (I.16)
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Also we recall the following finite element error estimate from [13].

Proposition I1.4 ([13], Lemma 6.1). Let part (a) of Assumption I1.1 holds for some o € (0, 1]. Let
r € [0,1] and set oo, = (o + min(1 — 2r, «v)) /2. Then there is a constant C' independent of h such

that for all f € H*(Q),

(T = T0) fllpgzr () < CR*™

£l 0y- (11.17)

Norm Equivalency between Continuous and Discrete Scales.

We shall need the norm equivalency between [|vp| ;7o) and [[va]| g-(q) for va € V4 (£2). When
r € [0, 1], there holds

CHUhHH}TL(Q) < ||UhHHr(Q) < HUhHH;(Qy (IL.18)

where the constant c only depending on shape-regularity and quasi-uniformity. The right inequality
above follows from the interpolation and the fact that the norms in L*(€2) and H'(f2) coincide with
those of H?(Q) and H} (Q) when restricted to v, € V,,(Q). In view of (IL16) with o = 0, 7, is

stable in H" (£2) norms (see also [17]) for r € [0, 1], i.e.
||7Thf||Hr(Q) S C”fHHT(Q)a fOI‘ 8.11 f - HT(Q) (ng)

Letting r = 0 and r = 1 respectively yields that 7, is simultaneously bounded from L?(Q) to
HY(Q) and H'(Q) to H}(Q). Invoking the interpolation estimates (I.3) and setting f € V(1)

yield the left inequality of (II.18).

Remark I1.2. Let « be the regularity index given by Assumption IL.1. Forr € [1,14+a]N[1,3/2)
and for all vy, € Vy(R2), it follows that (see [70, Prop. 3.10] for a proof)

C”“h”H;(Q) < ||Uh||Hr(Q) = C||Uh||H;(Q)’

where the dependency of the constant c is the same as the constant in (11.18) but the constant C
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additionally depends on constants in Assumption I1.1.
When r € (1,1 + aJ, we have

Lemma IL5. For v € H'(Q) withr € [1,1 + o, there exists a constant C' independent of h so
that

1m0l iy () < Cllvll ey (I1.20)

Proof. Letw € H}(Q), define the Riesz projection r,w := wy, € V;,(2) which uniquely solves

do(wh, on) = da(w, @), for all ¢, € V().

We claim that ||7’hv||H,g(Q) < Cl|v]| gr(q)- Indeed,

dQ ("U, ¢)

dQ (ThU, ¢)
lrnvllpy ) = sup mo——= <O sup  Tmm——— = Ol (g
BEVL(Q) ||¢||H§*T(Q) PEH2=T(Q) ||¢”H2*T(Q)

Here the inequality above holds due to (IL.18) and V,(Q) € H*"(f). Hence, for v € H"(Q), we

apply the above result to obtain

17n0ll iy ) < Nrwvll iy + 11 = )0l )
< vl ey + O (1T =7l + 1T = ri)ollinge )

< Cloll (-

Note that in the second inequality above we use the inverse estimate (II.15) and in the third in-
equality we apply (II.16), Proposition I1.2 and the approximation property of r, (e.g. [69, eq.
(2.23)]

I =)ol @) < Ch™ vl

H7(Q)"

The proof is complete. O
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IL.S Sinc Quadrature on the Real Line

The sinc method is our primary technique to discretize the integral representation such as (I1.9).
In this section, we introduce a class of functions whose integrals along the real line can be approx-

imated with exponential accuracy with respect to the spacing using a sinc method.
The Sinc Method.

Given f € L'(R), we want to approximate the integral [, f(x) dz. We first subdivide the real

line by equally spaced intervals with a quadrature spacing £ > 0 and approximate

/Rf(x) dr~k Y  f(jk). (I1.21)

j=—00

Then we approximate the above infinite sum by a finite sum, i.e. given two positive integers N

and N~ depending on £, define the sinc approximation by

kY f(k). (I1.22)

j=—N-

Error Analysis.

Let us consider the following function space for the sinc approximation.

Definition II.1. Given d > 0, define the space S(By) to be the set of functions [ defined on R

satisfying

(a) f extends to an analytic function in the infinite strip
By :={2z€C: IJm(z) <d}

and is continuous on By.
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(b) There exists a constant C' independent of y € R such that
d
k/ l9(y + iw)| dw < C;
—d

(c)
Ny = [ " (lgly + id)| + lgly — id)]) dy < oo,

—00

Note that the above definition is stronger than that used in [48]. By [48, Theorem 2.20], we

have the error estimate for the quadrature scheme (I1.21):

< N(By)

‘/m fe)yde—k S k)

j=—o0

To further obtain the error estimate between (I.21) and (I1.22), we need the exponentially decay

estimates of the function f. We will provide the full error estimate when f is explicitly defined.
I1.6 Approximation of Negative Powers of Elliptic Operators

Let L be the unbounded operator defined in Section I1.3. Given f € L?(2) and s € (0,1),
we consider the stationary problem (I.4). The solution is v = L~°f. In this section, we briefly
overview the finite element approximation of u from [12, 13]. We shall follow the ideas provided

in this section and consider the approximation of a time dependent problem in the next chapter.
II.6.1 Space Discretization

We first apply the Balakrishman formula (I1.9) to the negative power of L;. That is

s sin(ms) [ _,
up = L, °m, f = Er ) / S wp(t) dp. (I1.24)
0
where wy,(t) = (uI + Lp,) 'mp f solves

p(wn, dn)a + da(wn, ¢n) = (f, dn)a, for all ¢, € V().
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The theorem below provides the L?(2) error estimate between u and uy,. The idea of the proof
is to bound the error with the Balakrishman formula and utilize the the finite element error es-
timate (I[.17) together with (I.16), Lemma II.1, Lemma II.3 and the norm equivalency results

(Proposition I1.2 and (II.18)).

Theorem I1.6 (Theorem 4.3 of [12]). Suppose that u is the solution of (1.4) and wy, is finite element
approximation given by (11.24). Let Assumption I1.1 holds for some o € (0, 1]. Set v = o« — s when
a > sandy = 0when a < s. For f € H?(Q) with § > ~, there exists a constant C' uniform in h
such that

lu = up||r2) < Chl®|| f 250 - (I1.25)

Here

(

C'ln(1/h) : ifo =~vyand a > s,

Cp = c ifd >~vand a > s,

C ifs > a.

I1.6.2 Sinc Quadrature

We further approximate wu; by discretizing the Dunford-Taylor integral (II.24) with a sinc
quadrature scheme. To this end, we use the change of variable ¢ = e and apply the formula
(I.22), i.e. given the quadrature spacing k& > 0 and two positive integers N~, N depending on k,

the approximation of uy, is

ke sin(rs) Nt
. sin(ms (1=)5.0, (¢ I
up = ——" | gN_e wp(t5) (IL.26)
4 j=—

with y; = kj and t; = e¥.
We follow Section IL5 to prove the exponential convergence of u¥. The idea of the proof will
be applied in Section II1.3, IV.2 and IV.3. So we sketch the proof and refer to [12, Theorem 3.5]

for more details.
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We expand u} in the discrete eigenvector basis and get

sin(7s
o}~ ) = fT S IOl i)l
=1 (11.27)

max € ) 11220

where
] Nt
g =/ nWdy—k > g(ik)
—00 j=—N-
with

a(y) = el + )7

Thus, we can focus on scaler case, namely, proving the exponential decay of £(\) for all A > \;
(recalling that \; is the smallest eigenvalue of L). In fact, letting d = 7/2, we can show that g,

satisfies the decay property

e for Rez > 0,

)\—e(l’s)mez : for Rez < 0,
1

forall z € By and A > \;. Apply the decay property yields gy € S(By) and hence the error bound

(I1.23) holds when f is replaced by g,. Also, the decay estimate implies that

—00 o0 1 . 1 kN~ 1 )
k k)| < — e1=8)jk < _/ e1=9)Y J, < o~ (1=9)N"k
j_;—l POk = j:;l A1 T M s v= (1—s5))\
Similarly,
By loa(k) < zemN
j=N+t+1

Combing above two estimates together with (I1.23) yields the full error estimate of the sinc ap-

proximation.
Theorem IL.7 (Theorem 3.5 of [12]). Let uy, and u’fL be defined by (11.24) and (11.26), respectively.
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Letd = /2 and S(By) be defined by Definition I1.1. Then, there holds

mmg<Nw@

k
lun = upllz20) < T

(11.28)

1 —sNtk 1 —(1-s)N~k
+ Se + = s))\le .

Here the constant N (By) is defined as in part (c) of Definition I.1.

11.6.3 Choice of Parameters

In practice, we advocate to balance the three exponentials on the right hand side of (II.28),
thereby imposing

m/k~sNTk~ (1—s)N k.

Thus, given k > 0, we choose

+ _ 7T_2 - _ m
N+t = {SA Cand N~ = [(1—5)/&} , (11.29)

which leads to

lun — wfll 2y < €™ /%, (I1.30)

Combing the right hand side of (I1.25) and (I1.30) gives the L?(£2) estimate of the error between
the solution u and its final approximation uf. We can take the advantage of the exponential decay
(I1.30) by letting £ as a function of h. Without the knowledge of the regularity of the right hand

side data, we set

7.[.2

W= = .
N

Now we let Uy, := uﬁ with k, N*, N~ defined as above. According to (II.26), we shall compute
Uy, by solving (e¥ I + Lj)~ ', f independently. Totally there are N~ + NT + 1 ~ O((Inh)?)

equations need to be solved.
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CHAPTER III

APPROXIMATION OF THE HOMOGENEOUS PARABOLIC PROBLEM *

Let us consider the numerical approximation of time dependent problems involving fractional
powers of elliptic operators. In this chapter we focus on the homogeneous parabolic problem: find

u:Q x [0, T] — R satisfying

uy + L°u =0, in Q x (0, T],
(IL.1)

u =, on ) x {0},

where v € L*(Q), s € (0,1) and L? is defined by (IL5).

Here is the online of this chapter. We first provide the weak formulation of the homogenous
problem and a Dunford-Taylor integral representation of the weak solution in Section III.1. In
Section I11.2, we show a L*(Q)) error estimate between the solution u(¢) and its finite element
approximation uy(t) for a fixed time ¢. Section III.3 discusses an exponentially convergent sinc

quadrature scheme approximating wy,(¢). Numerical results are provided in Section III.4.
III.1 Integral Representation of the Solution

Given a final time T > 0, the weak formulation of (IIL1) is: find u € L?(0, T; H*()) with
uy € L2(0, T; H5(Q)) such that

(ug, ) + A(u, ¢) = 0 for all ¢ € H*(Q) and for ace. t € (0, T],
(11.2)

u(0) = v,

where the bilinear form A(-, -) is given by (II.6). The standard analysis for time dependent parabolic

equations, see for example [35, Section 7.1.2], implies the existence and uniqueness of a solution

*Chapter III is reprinted from “The approximation of parabolic equations involving fractional powers of elliptic
operators”, 2017, Journal of Computational and Applied Mathematics, 315, 32—48, Copyright [2017] by Elsevier.
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of (II1.2) (it is the limit of the partial sums below) given by

=Y e (v, 90t (IT1.3)

Jj=1

We shall use the contour C := C(ry, #) given by (I1.8) with 7y € (0, A1) and # = 7/4 to define
the Dunford-Taylor integral representation of the solution. The Cauchy’s theorem applied to the

partial sums of (III.3) and the Bochner integrability of the Dunford-Taylor integral implies that

1 S
= / e " R.(L)vdz. (IL.4)

0 = e th
u(t) =e v )

Here R.(L) = (21 — L)™' and 2° := ¢*!"# with the logarithm defined with branch cut along the

—tz*

negative real axis. Note that e is also well defined since the range of z° is smaller than its

preimage and hence avoids the branch cut.

Remark IIL.1. We have to point out that it is sufficient to set 0 € (0,7/2] in (IL.8) so that the
integral (IIL.4) is finite. This is because when z = re™? with r > ry, Re(e ") = et cos(0) o

we require < 7/(2s) for all s € (0,1) so that Re(e™*") decays exponentially as r — oc.

Notations.

According to the above remark, we cannot deform the contour (I.8) and rewrite (I11.4) as a
real integral like (I.9). So we will directly discretize (III.4) over a more appropriate path (not
C) in the complex plane. Given a complex number z, the definition of R.(L) = (21 — L)™*
requires the Sobolev spaces of complex valued functions. As usual, a complex Sobolev space is
just two copies of the real valued space. For instance, the complex version of H}((2) is the set of
functions v + 4w where v, w are real valued functions in H; () with the norm [|v + iw|| g3 ) =
(||v||§{6 R |lw||? i Q))l/ 2. For convenience, in the complex case, we shall use the same notations
for the Sobolev spaces. We have to point out that the negative spaces are defined using bounded
antilinear functionals. Also the L?(€2) inner product should be (v, w) = [, vw d with w denoting

the conjugate of w and definitions of bilinear forms like A(-, -) follows a similar change. Note that
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the properties of Sobolev spaces and discrete operators introduced in Chapter 1.2 still hold in the
complex setting.

In the rest of this chapter, all spaces are defined on (). So we omit the domain part in the
notation of function spaces and inner-products. For example, we write H* = H*(Q), V), = V4(Q)
and (., ) = (., )Q
IIL.2 Finite Element Approximation

I11.2.1 The Approximation Scheme

The finite element approximation of (II1.2) considered here reads: find u;, € H'(0, T;V},) such

that
(uni(t), on) + An(upn(t), o) =0, fort € (0,T], and ¢, € V, and
(IIL.5)
up(0) = vy, := mpo.
Here wy, ; is the partial derivative of u;, with respect to ¢ and Ay(-, -) is given by (Il.14). Similar to

(I11.4), the solution of (IIL.5) is given by

My,
1

up(t) = e_tLivh = Z et (Uhﬂ/)jﬁ)qﬂj,h = z—m/e—tzSRz(Lh)vh dz. (111.6)

j=1 ¢

II1.2.2 Error estimates

We shall adopt the same procedure as we mentioned in Section I1.6.1 to estimate the error
between u(t) and uy,(t). To this end, we need to update Lemma II.1 and Lemma II.3 in the complex

setting.

Lemma IIL.1. Let T' and T}, defined by (11.1) and (11.12), respectively. Then there is a positive

constant C not depending on z € C and f € L? such that
12|75 T (7 = T) 7 fllpe < C| f]| 22 (11L.7)

The same inequality holds on Vj, with T' replaced by Tj,.
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Proof. We first show that

lj — 277 < Opy + 12717, forz €, (I11.8)

with {1, } the set of non-increasing eigenvalues of 7". According to the definition of C in (IL.8), we
shall bound the left hand side of (II1.8) for z € C; fori = 1,2, 3.

For z € C,, the triangle inequality implies that

1

rot = <rgt =y <27 = ).
Also,
2|7+ < 2
So
—1
/r’ J—
TP (o7 ) < L2 = . (I11.9)
2r,

If z € Cs, then 27! is on the line segment connecting 0 to r; 'e"™/4; see Figure III.1. It follows

that |z7% — ;| > Jm(z71) = |2|7'/v/2. Also,

z~! — ;| is greater than or equal to the distance

from y; to the line segment, i.e., |2~ — ;| > j1;/+/2. The same inequalities hold for C; and hence
2
|y — 271 > %(W + 12171, forall z € C; UCs. (I11.10)

Combining (IT1.9) and (IT1.10) completes the proof of (II1.8).
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To—lem/4

w

S

/4 N

Figure IIL.1: Plot of 2! — y; for z € Cs.

Now we are ready to show (III.7). As the proof of the continuous and discrete cases are

essentially identical, we provide the proof for the former. Expanding the square of left hand side

of (IIL.7) gives
—2s l1-s/.—1 -1 2 - |Z|7S’u.}_8 ? 2
W= o T =) e =) (o ) (L)l (IIL11)
= Em 1
Thus, invoking (IIL.8) yields
A TR
weeS (Gt )
J

The Young’s inequality yields

2 sl + (=9

< <1
27+ 1y e
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so that combining the above two inequalities gives

W < C|IfIl7

and completes the proof of the lemma. 0

Remark II1.2. We note that the constant C' in (I11.7) only depends on rq and \y by (111.9). In fact,

since we can choose any o € (0, \1), we can avoid the dependencies by choosing ro = A1 /2.

The following lemma provides the estimate between 7, R, (L)v and R, (L )m,v for z € C. This

is the crucial step for the error analysis.

Lemma IIL.2 (Approximation of the resolvent). Let Assumption II.1 hold for some o € (0, 1].

Then for z € C and v € H* with § € [0, (1 + ) /2], we have

|(mhRo(L) — R.(Lp)mn)v||z2 < Oz 02 |v]| o (I1.12)

with C' independent of z, v and h.

Proof. |1|Noting that R, (L) = (21 — L)™' = T(2T — I)™Y and R, (L7, = (21 — L) 'my, =
(2T, — )"y, = (2T, — I)~'T},, we obtain

TR, (L) — R.(Ly)mn = mn(R.(L) — R.(Lp)mp)
=mp|T (2T — I)7' — (2T}, — 1))
= mp (2T — D)7 Y(2T) — DT — Ty(2T — D)) (2T — 1)~
= mp (2T, — 1) YTy — T) (2T — 1)~

— — (2T — D) 'y (T = T) (2T — 1),
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where for the last step we used the fact that 7, (2T, — I)™' = (2T}, — I) "', Let

W(z) = |2|" (T — )7y (T — T3) (2T — 1)

= | 2|7 F(T, — 2 ) T (T — Ty)(T — 27 11) 7L

To complete the proof, it suffices to show that
W ()| 2512 < Ch*. (I11.13)

Notice that

W <[l (T — =)l oo [|(T = i)l fracs o

~~
=:1 =11

(I1.14)
[z PEUT — 2 DYoo s
T
Now, we estimate the three terms on the right hand side above separately. For 111, we have
H(T —1)—1” ||T(17a)/2(T_ 2/71])7111}||L2
—z : rac1 = SU
H26— Ho~1 wer% | Low]| .2
|TU=/2(T — 2711)72T0)| 12
= sup
6eL? ||9||L2
_ ||T17[(1+a)/276] (T . 271])71HL2.
Applying Lemma IIL.7 for s := (1 + «)/2 — 0 € [0, 1] to obtain
I = ||z~ /200 — 2 D)7 s, fras < C. (I11.15)
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To estimate I, we invoke (I1.19) and (I1.18) to write

I(Th — =7 D) 7'l greape < CIN(T — 27 ) 7 gy o

< C(Th — 2 D) Ml pallmnll oy e

(II.16)
< COITn =27 D)7 Hlgasye
< C”Th}*[(lﬂl)/ﬂ (Th _ Zﬁl[)ilHL?"
Since (1 + «)/2 € [0, 1], applying Lemma II1.7 again gives
1= ||z~ M7, — 2D Il a2 < C. (I11.17)

Combining (II1.15), (II1.17) and applying Proposition 1.4 with r = (1 — a)/2 to estimate II yield
(III.13). The proof is complete. O

Now we are in a position to show the main result of this section.

Theorem IIIL.3 (Finite element approximation). Assume that Assumption I1.1 holds for some o €
(0,1]. Let u(t) be the solution of the homogeneous problem (I11.2) and let uy(t) be the finite
element approximation given by (IIL.5). Given the initial data v € H? with § € [0, (1 + a)/2],

there exists a constant C(t) independent of h such that

Nw(t) — un(t)||2 < CE)R*||0]|mes, (TI1.18)
where
C: if a <9,
C(t) = § Cmax{1,In(1/t)} : ifa =0, (II1.19)
Ct=@=0/s . ifa > 4.

\

Remark IIL3. If o < 1, then the above theorem guarantees the rate of h** for all § > o without

any degeneration as t — 0. Note that the theorem only guarantees a rate of In(1/t)h? for small t,
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0 > 1 and a = 1. In contrast, the classical analysis when s = o = § = 1 [69] provides the rate

Ch? (without the In(1/t) for small t).

Proof of Theorem I11.3. By the norm equivalency mentioned in Remark II.1, we use the H" norm
instead of H" norm for € [—1,1 + ] in the proof.

We shall analyze the error in two parts, i.e. by triangle inequality

lu(®) = un ()2 = (e — e~ imy)o]| 2

< ||(1 — Wh)e’thvHLz + Hﬁh(e’m — e*tLiwh)vHLz.

In view of (I1.16),

I|(1 — ﬂh)e_thvHLz < ChQO‘He_tLSv

| 720

We bound the term on the right hand side by eigenfunction expansion setting ¢; = (v, ), the
Fourier coefficient of v, and distinguish two cases. When d > «, we use the representation (II1.3)

of e £y to write

e _tLSUHHza ZAM N CJ|2 < /\2(a 6)2/\25|CJ|2 @0 || ||H25

S

Otherwise, when § < «,

—tL®

le™ v e

_ t—2(o¢ 6)/82)‘26| t)\s)(oz 5)/8 —tA%)2

7=1

|H2a

Using the fact that for x > 0 and n = (o — ) /s, 2¢™* < C(n) = C and hence

He—tLS < Ct_Q(a_é)/SHUH?p&

||H2a
Thus, we are left to bound
|7n (e — e hmy)o|| . (II1.20)
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Since

S S ]— S
m(e™ — e Hhm ) = i e " mp(R.(L) — Ro(Ln)mp)v dz,
¢

we have

1 X
—tLs _ _—tL} < —tzs
|7 (e e )|z < _27r/c|€

Applying Lemma I11.2 gives

Z|—1+0c—5 d|Z|

(e — iy Yol e < OB o] s / et
C

It remains to show that for a constant C'(¢) independent of h,

/ |e—tzS
C

Note that |z| = r for z € C; and hence

2|70 d)z| < C(t).

‘e—tZS Z|—1+a—6 d|Z| S C.

Co

For the remaining part of the contour, we have

o
S = / e |20 d|2| = 2/ e~ cos(sm/tr . ~1+a=6 7.
C1UCs T0

If6 > o,
S < C/ Pt g < .

70

If § < o, we use the change of variable y = cos(sm/4)tr® to get

a—0
S

7, = Ctlo-o)s / - e—vy1Ha=0)/s gy < Qtwa)/sp(
S

cos(ms/4)tre
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(R, (L) — R.(Lp)mp)v|| L2 d|2].

(II1.21)

: (I11.22)
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where I'(z) is the Gamma function. Finally, when § = «, the same change of variables yields

S = C/ ey~ dy.

os(ms/4)trg

If ¢ is large such that cos(ws/4)try > 1, then

2 SC’/ e_yy_ldygo/ e Vdy=Cle.
1 1

Otherwise, splitting the integral gives

1
S <C e Yy tdy+Cle

cos(ms/4)trg

1
< C’/ ytdy+ C/e < Cmax{1,In(1/t)}.

os(ms/4)tr
This completes the proof of (III.21) and hence the theorem. [

III.3 Sinc Approximation
In this section, we develop an exponentially convergent quadrature approximation to (I11.6).
I11.3.1 The Sinc Method

For a real constant b € (0, A;/v/2), define
v(z) :=b(cosh z +isinhz), z€C (1I.23)

and set the contour

C = {y(y) :y €R}.

We replace C with Cin (II1.6) to obtain,

S 1 S
up, = ey, = 57 Ae_tz R.(Lp)vpdz
¢
111.24
) oo ( )

— 2—7[_2 e_m(y)s,y/(y)[(,y(y)] . Lh)_lvh] dy
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The sinc approximation Q}]:[’k(t)vh to (II1.6) with 2V + 1 quadrature points and quadrature spacing

k > 0 is defined by
Q" (v = —5—= > e Y () [(v(y;) I — Ln) " va) (II.25)
N

with y; = jk.
I11.3.2 Error of the Sinc Approximation and the Total Error

Following the idea from Section I1.6.2, it suffices to bound the error

0 N
8<>‘7 t) = / g)\<y7 t) dy —k Z g/\(jka t)? (11126)
o =
where
gz, 1) = e (y(2) = N1 (2), forze C,t>0. (TI1.27)

The lemma below (see the proof in the next section) guarantees the exponential decay of £ (A, t)
uniformly in A > A;. It uses the following notations for b € (0, A1/ \/5), N an integer, k£ > 0 as
above and d € (0,7/4)

K = cos [s(m/4 +d)] {\/ibsin(w/zl - d)}

Ve =] [Tl 0l - dolaf, e a2
M(t) := (1+ L(kt)), where L£(z) := 1+ |In(1 — e 7).

Lemma IIL4. Let £(\,t) be given by (I11.26) for an integer N and k > 0 and k be defined by

(II1.28). Then, there is a constant C' not depending on t, h, k and N satisfying

N(d,t) = M(t)cosh(kN) fnz—Stest). (I11.29)

0,01 < C(Gar—1 + N

The function N(d,t) is uniformly bounded when t is bounded away from zero and bounded by
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CM(t)ast — 0.

Theorem IIL.5 (Sinc approximation). Let uy(t) be the finite element approximation defined by
(IIL.5). fok (t)vy, defined by (11.25) is the sinc approximation of uy,(t). Then there exists a constant
C independent of t, h, k and N, satisfying

N(d,t) M (t) cosh(kN) 7,'@2*8tekNS> 10| . (TI1.30)

Nk
— ’ 2 <
lan(£) = @37 (B)onlcz < C(e%d/k ~1 " sinh(kN)
Given a positive constant ¢, assume that kN > c. Since M (t) < max(1,1In(1/t)), we have

lun(t) — Q) * (t)vp |2 < C'max(1,In(1 /t))<ef2wd/k . ew—mkm)

"UHL2.

Proof. We expand v, in the discrete eigenvector basis {1, 5} and get

My,
(e = Qp*())unllz2 = (2m) 72 D 1€z P |(0n, v5)
j=1
< (2m)7* max [E(\jn, t)[||vallZ2,
My,
Applying Lemma II1.4 into the right hand side above and using the fact ||v|| 2 < ||v||2 complete
the proof of the theorem. 0

Remark III.4 (Rate of convergence). As in [46], we set k := In N/(sN) for some N > 1. The

mononicity of cosh x/ sinh x for positive x implies that

cosh(kN)
sinh(kN)

cosh(In2/s)

<
~ sinh(In2/s)

(IIL.31)

and hence for a fixed time t,

N(d,t M(t N
Jun(®) = Q" (Blzz < © (€4s7rdN(/lnN)_ 1t entzgs)N) [ollz2 = O (7M™ ¥) . (1132)
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Remark IIL.5 (A balanced scheme). When t is small, we attempt to balance the error coming from
the two terms in (I11.30) by setting

2md
~ t2—s sNk )
_/{ K e

To this end, given an integer N > 0, we define k to be the unique positive solution of

1+s
SNk _ 2 51d

ke .
Kt
It follows that fort < 1and N > 1,
245 1+s
N Nk _ 2" Nrd > 2 7Td.
Kt K
It follows that Nk > ( with ( being the root of
1+s
Ce = 2'*57d
K
so that
cosh(kN) < cosh(()
sinh(kN) ~ sinh(¢)
Thus,

|un(t) — Qthk(t)vhHLz < C'max(1, ]n(l/t))e—%'d/k.

We combine Theorem II1.3 and Theorem I11.5 with the balanced scheme from Remark IIL.5 to

obtain the estimate of the total error.

Theorem II1.6 (Total error). Let u(t) be the solution of the problem (I11.2). Set uf = iLV ’k(t)vh
with N determined by k according to Remark IIL5. Let Assumption II.1 hold for some o € (0, 1].

Then. given the initial data v € H?, there holds

| — uk||2 < (C(t)h** 4+ max(1,1n(1/t))e= 2™k ||v]| g2,
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where C(t) is given by (I11.19).

I11.3.3 Proof of Lemma II1.4

We first mention a fundamental ingredient provided in [46].

Lemma IIL.7 ([46], Lemma 1). Forr,v > 0,
/ e 7h®@) g < L(7) (I11.33)
0

and
[ s < 1 £ (I 34)

with L(7) defined as in (I11.28).

Two properties of g, (z, t) are required to show Lemma II1.4: ¢,(z,t) € By for some d > 0 and
ga(z,t) decays exponentially as SRez — +oo. The following lemma provides the ingredients for

showing these properties.

LemmallL8. Let 0 < d < w/4and X > Ay, v(z) be defined by 111.23) and By = {z € C: Jm(z) < d}.

The following assertions hold.

(a) There exists a constant C' > 0 only depending on A\, b and d such that
v(z) =\ >C  forall z € Bg; (1IL.35)
(b) There exists a constant C' > 0 only depending on A\, b and d such that

1V (2)(v(z) =N <C  forall z € By;

(c)
Re(7(2)°) > rcosh(Re(2))® > k2%l forall z € By.
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Proof. For z € C, we rewrite y(z) by

Re(y(2)) = V/2bcosh(e(z)) sin G - Jm(z)> and
_ (111.36)
Jm(y(z)) = V2bsinh(Re(z)) sin (Z + ﬁm(z))

In order to show part (a), let 3, > 0 be any number such that Cy := A\; — v/2bcosh (1o) > 0. Then

for 2 € By with |Re(2)| < vo,

I7(2) = Al > [Re(v(z) — )| = |V/2bcosh (Re(z)) sin (% — Jm(z)) — Al

(I11.37)
>\ — \/§bcosh(y0) = ().
On the other hand, if z € By with [PRe(z)] > o,
I7(2) — Al > |Im(y(z) — A)| = V/2b| sinh (fRe(z))] sin (ﬁm(z) + %)
(II1.38)
> v/2bsinh(yo) sin (% — d).
Combing (I11.37) and (III.38) proves parts (a).
To show part (b), note that
1V (2)] < |Re(7'(2))] + |Tm(¥(2))| < 2V2bcosh(Re(z2)). (IT1.39)
For z € By with |Re(2)] < o, (I11.37) yields
_ 2v/2b cosh
Y EOGE) =N s =5 50), (I11.40)
0
Similarly, for z € Bq with |Re(2)| > yo, there holds
2 cosh
A - € B ¢ a1

~ | sinh(Re(z))| sin(r/4 —d)
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where to derive the last inequality we used the fact

2
e2vo — 1

cosh(x)
| sinh ()]

§‘1—|— ‘, for x € R with |z| > y,.

Hence (111.40) and (II1.41) imply part (b).

To show part (c), we note that by (II1.36),

for all z € By.

Jm(y(2))|  |sinh(PRe(z))|sin(7r/4 + Tm(z)) an (T
' = cosh(Re(2)) sin(r /4 — Im(z)) = (5+9)

Thus,

|arg(y(z))| < Z +d, for all z € By,
so that together with the observation |y(z)| > |Re(v(2))| and (II1.36), we arrive at
Re(7(2)°) = [7(2)[" cos(s arg(y(2)))
> cos(s(m/4 + d))[v(2)[°

> cos(s(m/4 +d))|Re(v(2))|°

> rcosh(Re(2))* > 2%zl for all z € By.

Lemma IIL.9. Let g be defined by (111.27).

(a) (Exponential decay) There holds

lga(z,t)] < Cemtrlcoshez)”, forall z € Byand A\ > ). (1I1.42)

(b) gx(y,t) € S(Bqg) forall X\ > A.

Proof. (a) follows from part (b) and (c) in Lemma III.§. We now show part (b) by verifying

Definition II.1 for g,. Part (a) of Lemma II1.8 implies part (a) of Definition II.1. Applying (I11.42)
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yields

d
/ lgx(y +in, t)| dn < 2dCetrcosho)” < O forally € RR,
—d

and

NGt = e [ (loa(y — 0] + loa(y + 9. 0) dy

<C / e~rtleoshy)® gy (I11.43)
0

1 e
< C/ e*lit(COShy)S dy + C/ efnt(coshy)s dy
0 1

The first integral on the right hand side above is bounded by 1. For the second, making the change

of integration variable, (cosh y)® = cosh 7, gives

L /°° onleoshy)® g, — 1 / " ooy S coshy (IIL.44)
. 8 Jog coshnsinhy

where 17y = cosh™*[(cosh (1))?]. As cosh(y)/ sinh(y) is decreasing for positive y and sinh(7)/ cosh(n) <

1 for positive u, applying Lemma II1.7 gives

cosh(1) [ . cosh cosh(1) st cosh(1)®
< ) rteoshn g < 217 (] t))e "t eosh(1)®, 111.45
~ ssinh(1) /770 € = ssinh(1)< + L(xt))e ( )

Combining this with the bound for the first integral of the right hand side of (II1.43) proves (c) [

Proof of Lemma I11.4. We split the error (), t) in two parts, i.e.

EN )| < ‘/ oy, t)dy —k Z 9 (jk, 1) ‘WL]C > loalik, ). (I11.46)

Jj=—00 l7|>N

In view of Lemma IIL.9, part (b), we invoke (I1.23) to get

N(d,t
Jl _‘/ g)\ ya dy k Z gx ]kt‘— 27rd(/k_)1

]7—00
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For the second term of (II1.46), we take the advantage of (II11.42) to derive that

oo

k:—k}:%ghwngZ:emmWVgC/ e~ treosh(v)” gy (LIL47)

i1>N il>N N
Repeating the arguments in (I11.44) and (I11.45) (with ug := cosh™'(cosh(kN)*®)) gives

< C cosh(kN)
— sinh(kN)

C cosh(kN)
sinh(kN)

(1 _|_£(K,t))e—ntcosh(k:N)S

(14 L(kt))e 2 e

This completes the estimate for the second term of (I11.46) and proof. ]

III.4 Numerical Hlustration

In this section, we present some numerical experiments illustrating the error estimates provided

in Section III.2 and Section III.3.
II1.4.1 Error from the Finite Element Approximation

Consider the one-dimensional domain €2 := (0, 1). Let L be the unbounded operator associated

with the form d(u, v) = [

0 u'v" dz and set the initial data

2z, x < 0.5,
v(z) = (II1.48)
2 — 2z, x > 0.5.

To illustrate the error behavior predicted by Theorem II1.3, we use a mesh of equally spaced
points, i.e., h = 1/(M + 1) with M being the number of interior nodes. We set V), to be the set
of continuous piecewise linear functions surbodinate this mesh vanishing at 0 and 1. The resulting
stiffness Eh and mass Mh matrices defined in terms of the standard hat-function finite element
basis {¢;}, i = 1,..., M are tri-diagonal matrices with (tri-)diagonal entries h~'(—1,2, —1) and
h(1/6,4/6,1/6), respectively. The matrix form of Lj, is given by L, = ]Tjh_lgh.

These matrices can be diagonalized using the discrete sine transform, i.e., the M x M matrix
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with entries S;; := V/2hsin(ijrh). Thus, the matrix representation of L; can be rewritten as
L, = S7'AS with A denoting the diagonal matrix with diagonal Ay; = 6h~2(1 — cos(irh))/(2 +
cos(imh)),7 = 1..., M. The matrix Zh takes coefficients of a function wy, € V}, to those of Lwy,.

Let V be the vector in RM defined by

‘N/j:(v’gbj% jzl,,M

tL

Then, the matrix representing e~ *“iwy, is thus given by S~!e™*"S so the vector of coefficients

representing uy,(t) = e tLhmy,v is given by
S~'D(t)SV

where D(t) is the diagonal matrix with diagonal entries

3e~thi
h(2 + cos(imh))’

D(t);; = i=1,... M.

The action of S on a vector can be efficiently computed using the Fast Fourier Transform in
O(M In M) operations and S~! = S.

Note that v of (IIL.48) belongs to H3/>2¢(0,1) for any € > 0. Theorem IIL.3 with o = 1
guarantees

() = un(t)|| 2 < Ct=/4+/5p2,

To compute the solution u(t) at the finite element nodes, the exact solution u is approximated
using the first 50000 modes of its Fourier representation. The number of modes is chosen large

enough such that it does not influence the space discretization error.

Table II1.1 reports the L? error ¢; := ||u(t) — up,(t)|| 12 and its observed rate of convergence
L2-OROC; := In(ei/eir1)
In(hi/hit1)
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for different s at time ¢ = 0.5. In all cases, we observed |[u(t) — uy(t)||z2 ~ h? as predicted by

Theorem II1.3, see also (II1.18).

h s =10.25 s=0.5 s=20.75

1/8 | 1.13x 1073 1.21 x 1073 9.41 x 1074

1/16 | 3.08 x 107* | 1.87 | 3.03 x 107* | 2.00 | 2.37 x 107* | 1.99

1/32 | 797 x 107° | 1.95 | 7.58 x 107° | 2.00 | 5.94 x 107> | 1.99

1/64 | 2.01 x 1075 | 1.98 | 1.89 x 107° | 2.00 | 1.48 x 107> | 2.00

1/128 | 5.05 x 1075 | 2.00 | 4.74 x 107¢ | 2.00 | 3.71 x 107¢ | 2.00

Table I11.1: L? errors and observed rate of convergence (L?-OROC) for different values of s. The
observed error decay is in accordance with Theorem III.3.

II1.4.2 Error from the Sinc Quadrature

We now focus on the quadrature error estimate given in Theorem II1.5 and study the two differ-
ent relations between k and NNV discussed in Remark II1.4 and Remark II1.5. Here we consider the
scalar case to verify Lemma III.4. To do this we introduce an approximation to ||€(-, )| 1 (10,c0)

defined by the following procedure.

(I) We examine the value of |E(\, t)| for \; = 10y for j = 0,1,--- ,N. Here 4 > 1 and N/
is chosen sufficiently large so that |E(\, t)| is monotonically decreasing when A > Ay, (for

t = .5, we take . = 3/2 and N/ = 40).

.....

Ner1 — Moo
[EC D000 & max [E(pi,0.5)],  where pri= At + R =y,

By adjusting /., N and [, we can obtain ||E(-, t)|| e (10,00) to any desired accuracy.
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In Figures II1.2 and IIL.3, we report values of ||£(-,)||z(10,0c) as a function of N obtained by
runing the above algorithm with A and p adjusted so that the results are accurate to the number of
digits reported. When considering Remark IIL.5, we choose d = 7/8.

For Figure II1.2, we take ¢ = 0.5. The blue lines give the results for Remark III.4 while the red
lines give the results for Remark III.5. Except for the case of s = .25, the scheme in Remark II1.5
is somewhat better.

For Figure II1.3, we take N = 32 and report the errors as a function of ¢. In all cases, we see
significant improvement from Remark II1.4 to Remark III.5 when ¢ is small. When considering

Remark II1.5, we choose d = 7/8 so that k& can be computed as a function of N.

1e0

1e-2

le-4

1e-6

1e-8

1e-10

1e-12 T

1e-14

1e-16

1e-18

10 100

Figure II1.2: ||£(+,0.5)| o (10,00) as a function of N discussed in Remark IIL.4 and Remark IIL.5
reported in blue and red, respectively.
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1e0

$20.25
3 s=0.50 -- & -
1e2 | §=0.75 -0

1e-4
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1e-6 Bk e

1e-8 [ B

1e-10 T il

1e-12 B

1e-14

1e-16

Figure IIL.3: ||£(-,1)| L (10,00) With N = 32 as a function of ¢ discussed in Remark III.4 and
Remark III.5 reported in blue and red, respectively.

111.4.3 A Two Dimensional Problem

Set €2 to be the unit square (0,1)? and L is the unbounded operator associated with the form

d(u,v) = |, Vu - Vv dz. The initial data is set to be the checkerboard function

1 if (21— 0.5)(z2 — 0.5) > 0,
v(xy, 29) = (1I1.49)

0 otherwise.

Since we have v € H'/272¢(Q) for all € > 0, Theorem III.3 guarantees an L? error decay
() = un(t)|| 2 < Ct=G/4+/5p2,

To approximate the solution, we use the scheme (II1.25) with N = 40 and & = In(N)/(sN)
(the scheme in Remark II1.4). Here we use triangle [63] to generate meshes such that each mesh is
quasi-uniform and controlled by maximum area of cells. Approximation QhN ’k(0.5)vh for different
values of s are provided in Figure I11.4, thereby illustrating the effect of s on the diffusion strength.

In addition, snapshots of fo’k (t)vy, at different times ¢ are provided in Figure IIL5.
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pppe

s =0.25 s=0.5 s=0.75

Figure I11.4: Approximations Qg’k(0.5)vh for initial data problem for different values of s. The
diffusion process is faster when increasing s.

pe®

t=1.0 t=15 t=20

Figure IIL5: Evaluation of the solution Q}"*(¢)uy, at different time when s = 0.25.

Finally, the total approximation errors ||Qn " (t)v, — u(t)||r> at t = 0.5 are reported in Ta-
ble II1.2 for different values of s. The optimal order 2 predicted by Theorem III.6 is obtained for

large s, while the asymptotic regime for s = (.25 was not reached in the computations.
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h? s =025 s=0.5 s=0.75
0.02 2.38 x 1072 1.47 x 1073 6.11 x 1074
0.005 6.20 x 1073 | 1.94 | 4.72 x 10™* | 1.64 | 1.66 x 10~ | 1.88
0.00125 | 1.59 x 1073 | 1.96 | 1.21 x 10~* | 1.96 | 4.32 x 107° | 1.94
0.0003125 | 4.26 x 10=* | 1.90 | 3.17 x 107® | 1.93 | 1.09 x 10~ | 1.99
0.000078125 | 1.13 x 107* | 1.91 | 7.88 x 1076 | 2.01 | 2.73 x 107¢ | 2.00

Table II1.2: Total approximation error || Qn " (t) —u(t)|| .2 at t = 0.5 and convergence rate for initial
data (II1.49) with different values of s. The optimal order 2 predicted by Theorem III.6 is obtained
for large s, while the asymptotic regime for s = 0.25 was not reached in the computations.
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CHAPTER IV

APPROXIMATION OF THE NON-HOMOGENEOUS PARABOLIC PROBLEM *

This chapter is continuation of the preceding chapter on the numerical approximation of the
parabolic problem. So notations mentioned in Chapter III are still applied to this chapter. We now
focus on the numerical approximation of the non-homogeneous problem: given a right hand data

f e L*0,T; L*)), we want to find u : Q x [0, T] — R satisfying

uy + L°u = f, in 2 x (0, T],
av.y
u =0, on Q2 x {0}.

The weak formulation reads: find u € L2(0, T; H*(Q)) with u, € L*(0, T; H%(€2)) such that

(us, ®)a + A(u, @) = (f(t),¢) forall ¢ € H*(Q2) and for ae. t € (0, T],
(Iv.2)

u(0) = 0.

By Duhamel’s principle, the solution of the above problem is given by

u(t) = /0 e S f(t - €) de. (IV.3)

We again obtain the finite element approximation of (IV.1) by replacing L with L;,. The error
analysis is provided in Section IV.1. The major task of this chapter, is the discretization in time.
Here we consider two approaches. In Section IV.2, we discuss the approximation to the solution
(IV.3) using a numerical quadrature scheme. In Section IV.3, we consider the time discretization
of (IV.1) with the Crank-Nicolson time stepping scheme. Some numerical results are provided in

Section IV.4 to support the error analysis for above discretization schemes.

*Section IV.1 and Section IV.4.1 are reprinted from “The approximation of parabolic equations involving fractional
powers of elliptic operators”, 2017, Journal of Computational and Applied Mathematics, 315, 3248, Copyright [2017]
by Elsevier.
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IV.1 The Finite Element Approximation

The finite element approximation of (IV.2) reads: find u;, € H'(0, T;V}) such that

(wnt, dn) + An(un, on) = (f(t), dn), Vo, € Vyandae. t € (0,T),

(Iv.4)
Uh(O) - 07
with the solution given by
t
up(t) = / et f(t — €) dE. IV.5)
0
If f € L°°(0, T; H?), Theorem III.3 immediately implies the following L? error estimate
t S S
[u(t) = un(t)]| 2 < / (75" — e™Fhmy) £(€)]12 dE
0
t
< [ COm™ 7t - Ol
0
< C(hv t)||f||L°°(O,T;H25)'
Here C(t) is given by (I11.19) and
( Cth*> - 0> a,
t
C(h,t) = h2°‘/ (&) de = { Ctmax(1,In(1/t))h** : § = a, (IV.6)
0
t
Ch*® / ledlsge. §<a
0

When § < «, the above argument shows that the optimal convergence rate 2« is achieved provided
that the integral [} ¢~(3=9)/% d¢ is finite, i.e. @ = s + & — ¢ for every € > 0. We summarize the

above discussion in the following theorem.

Theorem IV.1 (Finite element approximation). Suppose Assumption II.1 holds for some o € (0, 1].
Furthermore, we assume that f € L>(0, T;H?) with § € [0, (1 + «)/2]. Let u be the solution of

(IV.2) and wy, is the finite element approximation given by (IV.4). Let & = min(«, s + 0 — €) with
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€ positive and sufficiently small. Then we have

lu(t) = un(®)llz2 < CORf 1o 0,7:025)-

Here )
Ct: 0> a,
C(t) =1 Ctmax(1,n(1/t)): 6=a, (IV.7)
-5t S<a
\

IV.2 Time Discretization via Numerical Integration
IV.2.1 Discretization in Time

We now further approximate u;, given by (IV.5) by discretizing the integral with respect to &.

To do this, we decompose the integral [0, ] onto N subintervals
O=th<ti <...<ty_1 <ty =t,

where, for ¢ =0,..., N,

ty == LT, with 7 =t/N. (IV.8)

On each subinterval we set ¢,_ 1= %(tg_l + t¢) and propose the pseudo-midpoint approximation

17) 174
| etinp-gdcn [ etiami-ny)
te—1 te—1 ’

= Lp* (7" Hh — e ) my f(t —t,_1)

= Ly, " (W (te—1) — Wa(te))gn(t,_1)-
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nand gp(r) = mf(t — r). We further use the bar symbol to denote

Here we set Wy, (r) = e

average quantities over the subinterval [t,_1, /], e.g.

_ — 1
Wy :Vy =V, Wy = ;/ Wh(f) 3
te—1

and
g =2 / " n(6) de.

T Jty_y

Hence, by summing up the contributions from each subinterval, the time discretization of u;, be-

comes
N E—
=7 Wgn(t, 1) (IV.9)
/=1

N
ZL S Wh tg 1 Wh(tg) ghn tg 1
/=1

Let us estimate the error between uy,(¢) and w7 (¢) in the measure of 2
Theorem IV.2 (Time discretization). Assume that g(r) = f(t — r) belongs to H*(0,T; L?). Then
fort € [to, T] with ty > 0, there exists a constant C' independent of h and T satisfying

[un(t) — w, ( Mz < 72((1+ \/%)Hftt”L?(O,t;B) + CIn N | fill oo (0,6522))- (Iv.10)
where f, and fy; denote the first and second partial derivative in time of f
Proof. [ 1] We note that since ||W),(r)|| 222 < 1 for 7 € (0,t) and |7, ]| 22 < 1
)llz2 dS

= / W) a2l (9(€) — oty

| [ witemate) - otey)

< 7lgell 0.1y

Here we use the fact that

3

lo€) = g(tll= =1

gem) dnllrz < [§ = talllgell o022 < TllgellL=0502)-

l\)\»—l
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For the rest of subintervals, namely I, = [t, 1, t,] with £ > 2, we use the following decoposition

| W@ - ot )

:me(yg—g(tg_;)ﬁ/tl (Wh(€) = Wo)mn(g(€) — g(t,_1)) d€.

=:F

We estimate £} by
1Bl z2 < TIWemnllp2-s 22119, — 9t 1)l 22 (IV.11)

We now bound ||[W || z2— 12 and ||g, — g(t,_ 1 )|| 2 separately. For the latter, we expand g(n) at

n= tgfé to get

g(n) — g(tu%) = (n— tg,%)gt(t@,%) + /t” (r— tf—%)gtt(r) dr.

1
=3

As a consequence, taking advantage of ¢,_ 1 being the midpoint of the interval /,, we obtain

Gr—9(tp1) = . / e (9(n) — g(t,_1)) dn

T Jtey
1 174 n

— [ [ et pautdran
T to_1 tk—%

and hence using a Cauchy-Schwarz inequality

19, — g(Q%)HL? < 7'3/2HgttHH(t@,l,te;L?)- (IV.12)

In order to bound ||W 7|2 1.2, we note that form the definition of W}, (r) and the stability of 7y,
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we derive that

— L[ e
Wemliaoe < 2 [ e Himllonra de
e (IV.13)

1 [h
< —/ d¢ = 1.
T Jtey

Estimates (IV.12) and (IV.13) into (IV.11) give the final bound for Fj:
[ E][z2 < 7_5/2||gtt||L2(te,1,t[;L2)- (IV.14)
We estimate Es

IBelliz < [ 10V = Wobmalliacsolo(©) ot )2 . av.1s)

ti—1

In this case as well, we need to estimate two terms separately, namely ||(W},(¢) — W), || p2 2

and ||g(§) — g(tgfé)HLz. For the latter, we write

13
19(&) — gt )l = H/ ge(m) dnllrz < 7l gell ooty 0512)- (IV.16)
t,

[N

Next, we bound ||(W}(€) — W ,)mh|| 12— 12. As before, it suffices to estimate ||W,(£) — W2 2.

To achieve this, we use set of the orthonormal eigenfunctions {¢); ,} of L; and derive that
—r\S _ _
Wi (r)jnll2 = Al pe e <pTl < tf_ll, for r € [to_q,t.

Whence,

W}IZ(T)||L2%L2 S tg__ll and
IWa(€) = Well 2oz < Tsup [[Wy(r)|| 2o < 78,0

T‘elg

The above estimate and (IV.16) in (IV.15) imply the final bound on E5

B2z < 722 | gell 2o oo 0:22)-
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Summing up the estimates of £} and £ from each subinterval and using a Cauchy-Schwarz

inequality, we yield that

N N
lun —wp |2 < P gillzonzzy + 772D Mgl 2y ez + T Mgl ooz >ty

=2 £=2
N-1
1 Iv.17
< 72||9tt||Loo(o,t;L2) + T5/2N1/2||gtt||L2(o,t;L2) + 72 Z z”gtHLOO(O,t;L?) ( )
=1

=7((1+ \/E)HgttHLw(O,t;L?) + CIn Nl gl Lo 0,6522))-

We note that for the last inequality above we used the fact that Zj\il Jj1 < Chn(W —1). To

conclude, we observe that

HgtHLOO(O,t;LQ) = HftHLOO(O,t;LQ)a HgttHL2(0,t;L2) = HfttHL2(0,t;L2)

and that the embedding H'(0,t) C L*>(0,) is continuous with norm independent of ¢ > t,.  [J

Remark IV.1. In (IV.10), we can remove the term In N when f, € L>(0,t;H®) withe > 0. In

fact, we can estimate || Es|| 2 in (IV.15) by

IBallir < [ NOVAO) = Wlligssn i l9(©) — ot

te—1

In view of (IL.18) and Proposition 11.2, we have |[mn|| e, e < C and also ||g(§) — g(t,_1)[lme <

7'||9t||Loo(tLl7té;Hs). We also note that

Wi () aallie = Xgpe™in = 1490508, (2 1/

< ONX LT, forr € [t t]

and hence HWh<€>—W[HH}5L*>L2 < Crt, 1. This leads to || By | 1> < CT3tZ_11+E/SHgtHLQ(tg,l,tl;Hey

Since T Zg\gl te:lf els < fot E-1Hels d¢ < C, we insert these results back into (IV.17) to obtain

lun = lz2 < (L4 VOl full L0522 + Cll fell o).
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IV.2.2 Sinc Approximation of (IV.9)

In view of (IV.9), one remaining problem is to compute the quantity
D (t, 7)gn := Ly (e — e~ g,

fort > 0,7 > 0 and g, € Vj. We proceed as in the homogeneous case discussed in Section I11.3.
We consider the Dunford-Taylor integral representation of Dy, (¢, 7) with the contour C given by
(IT1.23). Given a sinc quadrature spacing £ > 0, we use a positive integer /V to be defined below.

For ¢t,7 > 0 and g5, € V}, we propose the following sinc approximation to Dy, (¢, 7):

T .
Qnlt T)gn = T o Z em )" — =TT () 7 (y) (Y ()T — L) g, (IV.18)

with y; = jk. Hence, a computable approximation of the solution to the non-homogeneous prob-

lem becomes

N
wN k() = Z QF (tg_y, T)mnf(t — tey1). (IV.19)
/=1

Remark IV.2 (Implementation). To minimize the number of system ((y(y;)I — Ly) ') solves gy, in

(IV.19), we write

L N N
Ufk(t)z—%;';v (et @)™ — et )y () =y () (Y () ] = L) " mnf (E =1, 3)
k ¥,
= =5 > Y)Y W) ()] — La) Dy,
j=—N

where

N
Z —te-17(y)° _ p—tev(y;) )th(t_tz 1). (Iv.20)

(=1

To implement the above, we proceed as follows:

1) Compute the inner product vectors, i.e., the integral of f(t — t,_1,2) against the finite element

basis vectors, for all /.
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2) For each, j:

a) compute the sums in (IV.20) but replacing 7, f (t—t,_1/2) by the corresponding inner product
vector, and
b) compute y(y;)~*v (y;)(7(y;)I — Ly) "' D; by inversion of the corresponding stiffness matrix
applied to the vector of Part a).
3) Sum up all contribution and multiply the result by —5—
To analysis the error between 7 (¢) and ué\/k (t), we start with the approximation of Dy, (¢, T)

by QF(t, ) with t > 0.

Lemma IV.3. Let 7 > 0 and d € (0,7/4). Assume that kN > c for some positive constant c.

When t > 0, there exists a constant C' independent of h, N and k such that for any g, € V),
I(Dalt, ™) = @5t Pgnllze < Crmax(LIn(1/e)) (¢ 2% 4 =2 Y gy o, av21)
When t > 0, we have
1(Dn(0,7) = Q7 (0, 7)gnllzz < Cle™>™* 4 e=*N) || g 2. (IV.22)
Proof. For z € By, define
ga(z,t,7) = (e — eIy (2) 7/ (2) (v(2) = A)

Note that in view of part (b) of Lemma IIL.8, g,(z,t,7) with ¢,7 > 0 has the exponential decay

property

a(2,1, 7)) < Cly(2) ] / e dy
(IV.23)

— C/ —ri)%e( (2)*%) dr < OTe—tSRe(v(z) < Cre™ tr(cosh Rez)s
t
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with « defined by (II1.28). Hence we follow the proof of Lemma III.4 and Remark III.5 to obtain
the estimate (IV.21).

When ¢ = 0, we note that
Du(0,7)gn = (L;,* — L;,"e” " h)gy.

does not have the exponential decay property (IV.23) due to the term L, °g,. So we estimate the
sinc approximation error for L, °g;, and L; *e” " h g, separately. In view of Lemma IIL8.(c), we
have

02 (2)] == 12759 (2) (7(2) ] — \)7Y| < Cr2sesMel,

So we follow the argument before Theorem I1.7 together with the above decay property to conclude
that the L? error between L, °g; and its sinc approximation in Q% (¢, 7)gs, should be bounded by
C (6_2“"/ kpe—sN k) Here the constant C' is independent of A, 7, N and k. On the other hand, we
simply estimate the sinc approximation error for L, *e~ %% g;, by using the same exponential decay
estimate as above since |e*”(z)s| < 1 for z € By. Hence we have shown (IV.22) and the proof is

complete. [

We are now ready to show the error estimate for the sinc approximation on the non-homogeneous

problem.

Theorem IV.4. Let t > 0 and assume that f € L>*(0,t; L?). Assume that Nk > c for some
positive constant c. Let uﬁ/ and uﬁfk be defined by (IV.9) and (IV.18), respectively. Then there

exists a positive constant C' independent of h, 7, k and N satisfying

o — w2 < Ctma(1, In(1/0)) (e 4 NP2 £l 1) (IV.24)
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Proof. We write

) =y a2 < [[(Da(0,7) = (0, 7)) f (£1)]] 2

1
2

N-1
+ > I Onlte-1,7) = Q(te—rs 7)) mnf (t = 1)l 12
(=2

The first term on the right hand side follows from (IV.22). In terms of the summation above, we

apply (IV.21) to get

T

I(Dnlte—1,7) = Qfi(te—r, T))Tnf(t — to_1)| 12
2

~
U

N-1
kN

S C”f||Loo(07t7L2)T Z maX(l, ln(]‘/té—l)) <6_27rd/k2 _|_ 6—52*51&[_16 s)

=2
N-1

< Ol fllzeonee) (747 D max(L, In(1/te-1))

(=2

N-1
e N2 3 4 max(1, In(1 /tz_1)>)
=2
< C(tmax(1,In(1/t))e” ™% + tmax(1, In(1/t))e ™) f|| oo (0.1:02)-
Combing above two estimate yields the desired estimate. 0

Remark IV.3 (Relation between N and k). We balance the error in (IV.24) by letting 2nd /k =

sNk/2 so that Nk = \/4wrdN/s > \/4wd/s when N > 1. Hence the error of the sinc approxi-

mation is bounded by C(t max(1,In(1/t))e274/k,

IV.2.3 The Total Error

We end this section by combining the error estimates from Theorem IV.1, IV.2 and IV 4.

Theorem IV.5 (Total Error). Let u(t) be the solution of the non-homogeneous problem (IV.2).
uj,yk(t) is the approximation of u defined by (IV.19) together with the choice of N based on
Remark 1V.3. Given the regularity index o« € (0,1] from Assumption II.1, assume that f €

L>(0,t;H2) N H?(0,t; L?) with 6 € [0,(1 + 6)/2]. Then fort > to > 0, there exists a posi-
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tive constant C satisfying

Nk ~ o
Ju(t) — w, " ()]l 2 < COP| f| pooo.1.720)
t
+ (L + VO fll 222 + Cln;”ftHLw(o,t;L?))

+ Ctmax(1, 1n(1/t>)6_2ﬂd/k||f||Loo(0’t;L2).

Here C(t) is given by (IV.6).

IV.3 The Crank-Nicolson Time Stepping Method

In this section, we consider an alternative approximation in the time domain. Recall from (IV.4)

that the finite element approximation uy,(t) satisfies the equation
upt + Liup =7 f(t), fort > 0 withu,(0) = 0.

The Crank-Nicolson time stepping scheme reads: given a time step 7 > 0 and a nonnegative
integer n, we approximate {uy(t,)}>>, with t,, = n7 by {u} }°°, C V}, satisfying

n+l _ n n+1 n
Up  —Un + L3 <%T+Uh> = ;:“/2, forn >0 withu) =m0, (IV.25)

where f}' /2 _ Tnf (t 1 ). We simplify the above equation and find that

uptt = (145 L) 7 (0 = SLiuy + (1 + SLy) " e
2 2 2 (IV.26)

T n n
= (I + 5 L3) 7 @u + 7 fy ) —

The remaining issue is to approximate F,g;, := (I + 7L%)"tg,, for g, € V. To do this, we invoke

the following Balakrishman formula:

sv_1 sin(ms) [ w _
I+ L) = 7(r | / 1+ 2p8 cos(ms) + p?s (ud + Ly) ™" dpe. (IV.27)
0
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Hence

sin(ws) [ 1 ) -
Frn = T+7Y°L,) gy dp.
gh s /0 1+ 2,u$ COS(?TS) + ,LL25 (,LL +T7 h) gn At

Now we apply a sinc method to the above integral representation. We use the change of variable
1 = e¥ and set the quadrature spacing k£ > 0 together with a positive integer N. The approximation

of E, gy, is given by

: N i(s+1)
y _ sin(ms)k Z evi(s+ i 1s7 \—1
rdh = s j=—N 1+ 2esYi cos(ms) + 5% (eI + 7 /L) gn- (IV.28)

We replace E,/, = (I + %Li)*l with QF o tO obtain our final approximation, i.e. we approximate

{un(t,)} using {u]"*} which satisfies
upt™r = QF L (2up VP —up® forn > 0 with uy* = 0. (IV.29)

IV.3.1 Error Analysis for the Time Discretization

Let us consider the estimate of the L? error between the finite element approximation uy,(,,)
and its time discretization uj. Let W, := (I + ZL5)"'(I — ZL3). Recalling in Section IV.2 that
Wi (t,) = e~t»Li, W™ should be an approximation of W}, (¢, ). The error between the two is given

by the following lemma.
Lemma IV.6. Assume that Tman:L”.7Mh{>\§7h} < ayg for some 0 < oy < . For g, € Vy, there
exists a positive constant C' independent of h, T and n satisfying

(Wi (ta) = W)gnllze < CHI 7272 gull s, (IV.30)

where 6 € [0, 2s].

Proof. For the cases 0 = 0 and § = 2s, (IV.30) follows from Theorem 7.2 and 7.1 in [69],
respectively. The proof is complete by invoking the interpolation estimate (II.3) with these two

cases. ]
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Remark IV.4. We can remove the assumption T maxj{)\i L} < ag in the above lemma by applying

the Backward scheme at the first two time steps, i.e.
ut = B (ul +7fY),  forn=0,1.

Then we apply the Crank-Nicolson scheme for n > 2. The same error estimate has been proved in

[69, Theorem 7.4]; see also [49] for more details.

Theorem IV.7 (Error estimate for the Crank-Nisolson scheme). Let t,, = nt with 7 > 0 and
the nonnegative integer n. Let uy(t,) and u}} given by (IV.4) and (IV.25), respectively. Under
Assumption II.1 for some o € (0,1), we assume that s € (0, (1 + «)/2]. Assume that the right
hand side data f satisfies f € L>(0,t,;H?), f, € L>(0,t,;H*) and f,, € L*(0,t,; L?), where
6 € (s,(1+a)/2]and &’ € (0, (1 + a)/2]. We additionally assume that T max;{};, } < ag. Then

there exists a positive constant C' independent of h and T satisfying

lun(tn) — uhllze <C7° (1 + (TS oo 0,tait29)

@ Y Al + Ml ) -

Proof. Recalling that f;' = 7, f(t,), we apply the first equation of (IV.26) recursively from

n — 1to 0 and get

n—1
up =7 WEITE p fit2, (IV.31)

J=0

On the other hand, we let f;,(t) = 7, f(t) and rewrite uy(t,,) as

nol et
Uh(tn) = Z Wh(tn - g)fh(é) df
j=0""

n—1 1
=TS Witaeson) [ Walr =€) fulty + ) .
=0 N

J/

TV
=1
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Thus,

n—1

ey = uy —up(t,) = TZ (W” B, o f; Iz Wh(tn—j—l)—H)
7=0
n—2
=T Z (WET= = Wi(tuejo1)) Brpafit'?
=0

n—2
+7 Z Wh(tn—j-1) ( 7'/2fj+1/2 )
=0

n—1/2 n— n n n
< T/2f / ]7_ 1) = €h71 + 6]7”2 + 6h,3'
We shall bound ey, ; for i = 1, 2, 3 separately.
We first bound e}, ;. Since E; /» and Wi, (t, ;1) commute and || E; 5|22 < 1, we have

2’

n—2
Jefallis <7 3 W = Wty ) 5
=0

Applying Lemma IV.6 yields

]4—1/2

lepllze < 073215

725

ot e
< 072/0 E7HSAE N fI] oo 0.0 720) < Ct T2 f || oo 0,005m25)

+1/2
Note that for the second inequality, || £/ ™"/ gz < Cllf CGr2)llgzs < Cllf Lo, .ias) due to
Lemma II.20.
Before we estimate ||e}; , |12, let us consider ||ET/2fJ+1/2 — ||z for j = 0,...,n — 2.

f]+1/2

According to the Taylor expansion of at t;, we write

) ti+7/2
ET/Q ;Jl+1/2 = T/zﬂhf( ) + TET/zﬂhft( ) + ET/z/ (tj + 7/2 - f)ﬂhftt(f) dg.

J
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Similarly, .
1
- / Wi(r — £7) dé mf(t;) + 7 / Wi(r — £7)€ € mfu(t;)
0

tj+er
/ Wh T - fT (/t (t» + &1 — T})ﬂ'hftt<77) dn> d€.

J
Notice that in above two equations, both the L? norm of last terms on the right hand side can be

bounded by
tjt1
cr [ Nl ds.
t

It remains to bound |[7'E, jomn f(t;) — 7 [ Wi(r — €7)etd€ mfO(t;) 12 for I = 0,1, where

f© = fand f = f,. Note that for A > 0, there exists a positive constant C' satisfying
‘(1+)\/2 /gl (1= d§‘<0)\2’ for0 <1<2.

So let us consider the case [ = 1 and the case [ = 0 should follow the same argument. Using the
eigenfunction expansion with respect to {¢, 5 } and letting ¢, , be the corresponding decomposition

coefficients for { = 1,2, ..., My, we obtain

1
||T(Er/2—/0 Wi (T — E7)EdEYWh (tn—j1)mn fo(t5) |2

My,

2722(1"‘7/\%/2 /f -or “Ldﬁ) THnmmNncg,
/=1
Mh

<Cr’ Z(T)\e p)ie 2 hcz h (IV.32)
=1

My,
—2(1-6"/s)_4 25" s \2—28'/s o2t 1AS
B Ctnqu T E )‘Z,h (tn—j—1)\g7h) neIs ‘fhcgh

- 6'/s —2(1-4"/s
<0tn2§11”4ZA§i 2= O T mfut)

n—j—1
Similarly,

I(E, /> — / Wi(r = 1) dO)Wi(t—j-1)mnf () 2 < 15T I mnf (£5) | oo
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Now we can apply the above two estimates to bound e}, ,. That is

(2—46/s (1-6/s
lefall < 0732 (BN s + 652 N fult)l g ) + 7 Z/ | fu©)ll de
< Cr? (tfl,/s_l||f||L°°(0,tn;H2‘5) + t?z,/s||ft||L°°(0,tn;H25’) + ||ftt||L1(0,tn71;L2)> :

We follow the same argument in the previous step to bound |[[ef ;|| > with j = n — 1. The

only difference is in (IV.32). Note that
1 Mp

17 (Ery2 = / Wilr = En)EdE)mafu(t))|F2 < O ) (7M7) chn < Ol fe(tu-)lIZ2,
0

(=1

where we used the assumption 77, < « to bound the second inequality. Hence

tn
leznllze < CT2(||f(tn—1)||L2 + 1 fe(tn-1) | 2 +/ | feell 2 d€>'
tn—1

The proof is complete by combing the estimates of ¢}, fori = 1,2, 3. [
IV.3.2 Error Analysis for the Sinc Approximation
The key to the error analysis between Q¥ and E, is showing that the integrand function

ez(erl)

1 + 2 cos(ms)es® + 252

ga(T;2) = (e* + 7'1/5)\)_1

defined in By for some d > 0 has an exponential decay as [Rez| — oco. In fact, we can show that

Lemma IV.8 (Exponential decay). Given d € (0, min(w/2,7/s — 7)), there exists a positive

constant C' independent of T satisfying

lga(T; 2)| < Ce=*Pezl, for z € By.
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Proof. We factorize g,(7; z) as

esz 62
2) = : : . V.33
g/\(T Z) (1 + esz+zs7r) (1 + eszfzyr) e + T1/s )\ ( )
We first note that
e* 69‘{2,2 1
< ) 1V.34
e* + 7Us\| = Mz cos(Jmz) + 7/5\ ~ cosd ( )

For Rez < 0,

L 65557 > [BRe(1 + €)= 14 ¢ cos s(Imz + 7)

> 1+ e coss(d+ ) > 1+ min(0, cos s(d + 7)) =: ¢o > 0.

Analogously, |1 +esz*i5“| > ¢p. Thus, we combine above estimates and conclude that for Rez < 0,

es%ez
T;2)| < .
lgA(75 2)] < 2 cosd
For Rez > 0, we write g,(T; 2) as
NGO c ‘ (IV.35)

(1 + efsz+is7r> (1 + efszfimr) ez + by
and follow the same argument as the case Rez < (. Hence the proof is complete. [
We are able to provide the error estimate between Q* and E’.

Theorem IV.9 (SINC quadrature error for one-step time iteration). Let Q¥ defined by (IV.28) be
the sinc approximation of E;, = (I + 7L5)™! Givend € (0, min(n/2,7/s — 7)), there exists a

positive constant C' independent of h, k and T and N satisfying

2sin(ms 2 s
1Q" — E.||12myre < () ( +e N’“). (IV.36)

msc3cosd \ e2md/k — 1
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Proof. 1t suffices to show the scalar case, i.e.

N
% | 2 2 B
E(T; \) = ’k/ oy dy—k D ga(r k])‘ < (627rd/k — t+e Nk) . (IV.37)
. e

sc3 cosd

Note that for z € Bgand A > 0. [e*+7'/*)\| > 71/X > 0. Also based on the proof of Lemma IV.8,
the denominators of g, (7; z) in (IV.33) and (IV.35) are bounded away from zero. So g,(7;z) is

analytic in By4. Also, invoking the decay estimate (IV.36),

d
/‘ ( )’ n < 2 <
Ty +1in)|d o0
dg)‘ Y n _c%cosd

and

4 > 4
N(By) < “Ydy = ——— < o0.
(Ba) = c cosd/o c W scg cosd >

Hence g)(7; z) € S(By) and (I1.23) holds for f = g,(7; ). Also,

kY loalmsk)] < - /Oo gy < 2
T; :
INTIRN = 2 cosd v= sc3 cosd

§1>N+1 Nk
Combing the above estimate as well as (I1.23) gives the desired estimate. [

Remark IV.5. In spite of the usual choose k = 1/ V'N, we balance the two exponential terms on
the right hand side of (IV.36), i.e. given a fixed k, we choose N = 2nd/(sk?) so the quadrature

error estimate becomes O(e~274/F),

Before we analysis the error ||u} — u}""|| 12, let us discuss the stability of the numerical scheme
(IV.29). Let E,.()\) and Q¥ () be the scalar version of F, and Q¥ by replacing L;, with \. Recalling

the notation £(7; A) in (IV.37), we assume that N is large enough so that

(k) o Snlms) 2 ( 2 +est) Smin( X /2 1 )

T scicosd \ e2md/k —1 I+ T)‘f,h/2’ 1+ T)‘?Vlmh/Q
(v.38)
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sothatfor j =1,..., My,

Q7 Ni)l 1Bz pp(Nj)l + 1QF(Nji) = Erp2(Aj)|

81n(7rs)
= [Ez )| + ———[E(X )]
T/\j,h

< |Bs (s ok
< 1B Ol + 5 2

Alsoforj =1,..., My,

Q¥(Njn) = Erpp(Njn) = 1QE(Njn) — Erj2(Ajn)]

= Bupa(hu) — g0 )

1
= Ernon) = T =0
h

So 0 < Q%\;5) < 1forall 7 > 0. Applying this to the scheme (IV.29) yields that [|2Q% —

I||z2—z2 < 1 and hence

k &
™ e < Nlup Nz + 71 f (o)l 2

This implies the stability of the numerical scheme.

Theorem IV.10 (Error estimate on sinc approximation). Given a time step T, the number of time
steps n and a sinc quadrature spacing k, let u™* defined by (IV.29) be the approximation of u}}
given by (IV.26). We also assume that k is small enough so that (IV.38) holds. If f € L>(0,t,; L?),

then there holds
t2r(k)

n

=yl < 11 oe 0.2

Proof. Note that Qf_ /2 and 2Q* — I are approximations of E, 2 and W, respectively. Similar to

(IV.31), we write

|_|

n—

n 1/2
S0k~ QT

Jj=0
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Hence,

—_

ap =yt =7y (W = 20k, = D@L

= o

S .

+7Y W E s — QFpo) Ay

<
Il

We simply bound ¢, by

|’g2||L2 S an(k)HfHLOO(O,tn;L?)- (IV39)

In terms of €1, noting that ||(2Q* o — D212 < 1 by stability,

W2~ (2Q%), — 1)

n—1
< Brjp = Q¥ plliomre Y IWE 2o 2 l2Q% ;5 — D"l poss g2 < mrr(k).
=0
So
— n(n —1)
E1llze <7 (n =5 = Dllfllz=osmir2) = TTHfHLw(o,tn;L?)- (Iv.40)
=0

Combing (IV.40) and (IV.39) together with the relation ¢,, = n7 gives the desired estimate. [

I1V.3.3 The Total Error

Let us summarize the error estimates from Theorem IV.1, IV.7 and IV.10.

Theorem IV.11. Given a time step T, the number of time stepping n and a sinc quadrature spac-
ing k, let qu defined by (IV.26) be the approximation of u(t,) defined by (IV.2). Assume that
Assumption (I1.1) holds for some o € (0, 1]. We also assume that TAy, , < ag for some ag > 0
and (IV.38) holds so that the numerical scheme (IV.26) is stable. If the right hand side data f
satisfies [ € L®(0,t,; H?) for 6 € (s, (1 + a)/2], fi € L=(0,t,;H*) for &' € (0, (1 + a)/2]
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and fy € L'(0,t,; L?). Then

lu(t) = wy |2 < COR fll oo 102

+ 07'2(<1 + th/s_l)“f“LOO(O,tn;H%) +(1+ th/s)HftHLOC(O,tn;H%') + HfttHLl(o,tn;L?))

t2r(k)
+ Tﬂf”m@(o,tn;ﬁ)-

Here C(t) is given by (IV.6).
Let us discuss the relations between discretization parameters to end this section.

Remark IV.6 (Choice of parameters). Given a fixed mesh size h, we can first choose T so that
T < QO/\th,h ~ Ch?. Then we set r(k) < CT13 so that the numerical scheme is stable and the

second order convergence in time is also guaranteed.

IV.4 Numerical Illustration

In this section, we provide some numerical simulations to verity the error estimates we have

shown in Section IV.1, Section IV.2 and Section IV.3.
IV.4.1 Error Behavior based on Finite Element Approximation

Consider the one dimensional non-homogeneous problem (IV.4) with the bilinear form d(u, v) =
fol u'v" dz and the right hand side f(¢,2) = f(x) = v(x) in (IIL.48). We compute the finite el-
ement approximation uy(t) using the method mentioned in Section IIL.4.1. In Table IV.1, we
report the asymptotic observed convergence rate for ¢ = 0.5. This rate is defined by OROC:=
In(epy/€n,,)/In2 for s > 1/4 and OROC:= In(ep,,, /ep,,)/ In2) for s < 1/4 where the mesh size
h; = 1/2°. The finer mesh sizes were used in the case of s < 1/4 to get closer to the asymptotic

convergence order.
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5 < 0.25 s> 0.25

s 01,0203 ]04)] 05|06 07087 |09

OROC | 1.73 | 1.88 | 1.95 | 1.99 | 2.00 | 2.00 | 2.00 | 2.00 | 2.00

™M | 1.7 | 19 | 20 | 20 | 20 | 20 | 20 | 2.0 | 2.0

Table IV.1: Observed rate of convergence (OROC) for different values of s together the rates
predicted by Theorem IV.1 (THM).

IV4.2 Error Behavior in Time via Numerical Integration

We consider the non-homogeneous problem (IV.4) in the square domain 2 = [0, 1]* and we set
the bilinear form d(u,v) = [, Vu - Vv dx for u,v € Hj(2). We also let the right hand side data
f(t,z,y) = (3t + t3(272)*) sin(wz) sin(7y). Since sin(mz) sin(7y) is a eigenfunction of L and
272 is the corresponding eigenvalue, the solution should be u(t, x,y) = 3 sin(7x) sin(my).

We test the numerical scheme (IV.19) by fixing a uniform triangle mesh with the mesh size
h = 1/128. We also choose N = 160 and the sinc quadrature spacing k = \/W with
d = 7/8. This guarantees that the error from the time discretization dominants the total error.
Table IV.2 reports the L? error between u(t) and uﬁl\/k fort = 1 and N = t/7 against the time step

7. The convergence order 72 is observed.
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T s=0.3 s=20.5 s =0.7

1 3.03 x 107! 3.55 x 1071 3.91 x 1071

1/2 | 9.83x 1072 | 1.62 | 1.40 x 10~ | 1.34 | 1.90 x 10~ | 1.04

1/4 | 2.65x 1072 | 1.89 | 4.04 x 1072 | 1.79 | 6.29 x 1072 | 1.59

1/8 [6.94x 1073 | 1.93| 1.05x 1072 | 1.94 | 1.72 x 1072 | 1.87

1/16 | 1.95x 1073 | 1.83 | 2.67 x 1073 | 1.98 | 4.39 x 1073 | 1.97

Table IV.2: L? errors and observed rate of convergence for different values of s. The observed
error decay in time is in accordance with Theorem IV.2.

IV.4.3 Error Behavior in Time using the Crank-Nicolson Time Stepping Method

We consider solving the same problem as above but using the scheme (IV.29). We again set
h = 1/128. In terms of the sinc approximation (IV.28), we set N = 160 and k = 1/ \/W
with d = £ min(7/2,7/s — 7) so that the error from the quadrature scheme is sufficiently small.
Table IV.3 reports the L? error between u(t) and uZ’k for t = 1 and n = t/7 against the time step

7. The convergence order 72 is observed.

T s=0.3 s =10.5 s =0.7

1 2.63 x 1071 2.97 x 1071 3.25 x 1071

1/2 | 7.00 x 1072 | 1.91 | 7.97 x 1072 | 1.90 | 8.69 x 1072 | 1.90

1/4 [ 1.75x 1072 | 1.99 | 1.99 x 1072 | 2.00 | 2.14 x 1072 | 2.02

1/8 | 4.35 x 1073 | 2.01 | 4.96 x 1073 | 2.01 | 5.36 x 1072 | 2.00

1/16 | 1.06 x 1073 | 2.04 | 1.21 x 1073 | 2.03 | 1.33 x 1073 | 2.01

Table IV.3: L? errors and observed rate of convergence for different values of s. The observed
error decay in time is in accordance with Theorem IV.7.
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CHAPTER V

APPROXIMATION OF INTEGRAL FRACTIONAL LAPLACIAN

The goal of this chapter is to study the numerical approximation of solutions of partial differ-
ential equations on bounded domains involving the integral fractional Laplacian (I1.2). Recall the

problem (1.6): given the right hand side data f defined in (2, we want to find u satisfying

(—AYT=f  inQ, (V.1)

where - denotes the extension by zero. A weak formulation of the above problem is introduced
in Section V.1. We will discretize the weak formulation based the Dunford-Taylor integral rep-
resentation of the bilinear form. The representation is provided in Section V.2. In Section V.3,
Section V.4 and Section V.5, the approximation scheme is developed in three steps and consistency
error estimates are also provided for each step. We use the final approximation of the bilinear form
to generate our discrete problem and show an energy norm error estimate for the approximated
solution in (V.6). The L%() error estimate is also discussed assuming that the domain is smooth.
Detailed implementation of the approximation scheme together with numerical experiments are

provided in Section V.7.
V.1 Test Space and Variational Formulation
V.1.1 The Sobolev spaces H"(R?%) and H" (1)

For v € L*(R?), the Fourier transform

(Fv)(C) == /Rd ey (z) da, for ¢ € R?
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is an invertible mapping form L?(R?) onto L?(R). It is known that for r > 0

</Lﬁl'+'CV>WJ%xcn2dc)lm

is an equivalent norm for H"(RY) (see e.g. [68]).
For r € [0, 2], the set of functions in {2 whose extension by zero are in H"(R?) is denoted by
H' (). The norm of H(f2) is given by [l - (ray- Note that for r € (0,1) and v in the Schwartz

space,

(=ayo) = [ eFoer e~ [ [ SR day 2

Thus, we prefer to use

1/2 ~ o~ 2 1/2
e G R (B =) R

as the norm on H "(2) for r € (0, 1). This is justified upon invoking a variant of the Peetre-Tartar
compactness argument. Suppose that the sequence {u, }>°, C H" () satifsies ||u,|| Fir() = 1 but
[unllz2(0) > nlun| g q)- Since H"(Q) C H"(£) and the injection of H" () into L2() is compact
(cf. [37, Theorem 1.4.5.2 and 1.4.3.2]), without loss of generality by passing to a subsequence, u,,
convergences in L2(£2) as n — co. This implies that {u,,} is a Cauchy sequence in H"($2) and we

set the limit to be v. Notice that

1/2
0= oy = ([ JeP7o@R dE)

Fv = 0 and hence v = 0, which contradicts to the assumption [|u,| 5., = 1. Therefore,

[vllz2(0) < Clo|gr g foru € H" () and the full norm of H"(2) is equivalent its semi norm.
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V.1.2 The Variational Formulation

The variational formulation of (V.1) is: find u € H*(Q) satisfying
a(u,v) = (f,v)a,  forallv e H¥(Q), (V.4)

where

a(u, v) = /R (-8 A7) dr. (V.5)

We refer to Section V.7.1 for the description of model problems. According to the discussion in
Section V.1.1, the bilinear form a(-,-) is bounded on H*(2) x H*({2) and coercive on H*({2).

Thus, the Lax-Milgram Theory guarantees existence and uniqueness.
V.1.3 More Notations

We define the Dirichlet form on H'(2) x H'(Q) to be

do(n, ) = /QVU -Vodzx.

According to Section I1.2, we denote Tf, the solution operator associated with the form (v, w)q +

do (v, w) for v,w € H} (). This means that for F' € H~1(Q), 0 = ToF € H} () solves
(0,0)0 +da(0,6) = (F,¢),  forall ¢ € Hy(). (V.6)

Set Lg, to be the inverse of Ty, and define the dotted spaces H" () with - € [—1, 2] is defined using

the unbounded operator Lg,.

Remark V.1 (Norm equivalence for Lipschitz domains). Forr € (1,3/2), it is known that H" () =
H™(Q) N HY(Q) = H"(Q). On the other hand, we note that when OS2 is Lipschitz, —A is an iso-
morphism from H" () to H"2(Q), i.e. Assumption II.1 holds for o € (0,1/2); see [42, Theorem
0.5(b)]. We apply this regularity result into Proposition I1.2 to obtain H'(Q) = H" (). Since
H"(Q) coincides with H"(Q) for r € 0,1] (see e.g. [23, Lemma 4.11]), the norms of H"(Q) and
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H "(Q) are equivalent for r € [0, 3/2) and the equivalence constant may depend on (). In this chap-
ter, we use H "(2) to describe the smoothness of functions defined in ). When functions defined
on a larger domain (see Section V.4 and V.5), we will use these interpolation spaces separately so
that we can investigate the dependency of constants.
V.2 An Alternative Integral Representation of the Bilinear Form

The goal of this section is to derive the Dunford-Taylor integral representation of the bilinear

form a(+, -) and some of its properties.

Theorem V.1 (Equivalent Representation). Let s € (0,1) and 0 < r < s. Forn € H**"(R%) and

0 € H"(RY),
((_A)(err)/?n’ ( A) s—r /20) _ Cs/ t2725(_A<[ . t2A)—1n’ (9) %’ (V7)
0

where

oo, 1-2s -1 ;
y 2sin(ms)
s 1= d =——", V.8
’ (/0 L+y? y) m v

Proof. Let I1(n,0) denotes the right hand side of (V.7). Parseval’s theorem implies that

17

(AU =£8)00) = [ S F T i v9)
and so
1-2s ’CP YR
I(n,0) = Cs/ t /Rd 1+t2m2 (m)(Q)F(0)(¢) d¢ dt. (V.10)

In order to invoke Fubini’s theorem, we now show that

of | -2 m 1 IFO)©) e dt < oo.

1+ ¢2[C]?

Indeed, the change of variable y = ¢|(| and the definition (V.8) of ¢, implies that the above integral
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is equal to

o [ FOIFOQ! [t aac = [ EFEmEIFO©) @

which is finite for n € H"(RY) and § € H* " (R?). We now apply Fubini’s theorem and the same

change of variable y = ¢|(| in (V.10) to arrive at

= [ I TN de = (=), () )

This completes the proof. ]

Theorem V.1 above implies that for 7, 0 in H*(€2),

dt

a(n,9>:cs/ > (w(7], 1), 0)e - (V.11)
0

where for ¢ € L*(R?)
w(t) = w,t) = —t2A( — *A) 1.

Examining the Fourier transform of w(1), t), we realize that w(t) := w(¢,t) := ¢ + v(v, t) where

v(t) == v(y,t) € H'(R?) solves

(v(t), @)ra + t2dpa(v(t), d) = — (1, d)ga, forall p € H'(R?). (V.12)

The integral in (V.11) is the basis of our numerical method for (V.4). The following lemma, in-
strumental in our analysis, provides an alternative characterization for the inner product appearing

on the right hand side of (V.11).

Lemma V.2. Let ) be in L*(R?). Then,

(w(n,t), s = inf {|[n— 0| + t*dga(0,0)} =: K(n,1). (V.13)

9 H1(R4)
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Proof. Letn be in L?(R?). We start by observing that for any positive ¢ and ¢ € R¢,

RN U)I(S

solves the minimization problem

inf {|F(n)(C) — 21 + £°|[*|2[*}

and so

. 2 12(4(2].]2 t*¢J
inf {|F(n)(C) — 2" + L7I¢°[=7} =

et TQWWW(OIQ- (V.14)

We denote ¢ to be the inverse Fourier transform of gg Note that ¢ is in H'(R?) (actually, ¢ is

in H2(R%)). Applying the Fourier transform, we find that

K(n,t) = inf /Rd(lf(n)(é‘)—f(9)(é)|2+t2IC|2!f(9)(C)I2)dC. (V.15)

0eH (R?)

Now, ¢ is the pointwise minimizer of the integrand in (V.15) and since ¢ € H 1(]Rd), it is also the

minimizer of (V.13). In addition, (V.14), (V.15) and (V.9) imply that

Kt = [ e PR = i), e

This completes the proof of the lemma. [
Remark V.2 (Relation with the vanishing Dirichlet boundary condition case). The above lemma

implies that for n € H*(),

ot
a(n,n):cs/ t 2K(77,t)7.
0

On the other hand,

> dt
‘. / 2 K0 (1)
0 t
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with

K§(n,t) == inf — 0|3 t*d (0,0 V.16
a(n,1) 96215(9)“!77 [Z20) + tda(0,60)} (V.16)
is an equivalent norm for n € H*(Q0). Let {4/%} C HZ () denote the L?(Q)-orthonormal basis of
eigenfunctions satisfying

do( ?,0) = \( ?,6)9, forallGEHé(Q).

As the proof in Lemma V.2 but using the expansion in the above eigenfunctions, it is not hard to see

that

with wo(n,t) =n +vand v € H}(w) solving
(v,0)q + t2dg(v,0) = —(u, 0)q, forall € Hi(Q).
This means that if n € L*(Q), K(7,t) < K3(n,t) and hence

(w(ﬁv t)a 77)9 < (wQ(na t)> 77)9'

V.3 Approximation of the Bilinear Form: Sinc Approximation
In this section, we analyze a sinc quadrature scheme applied to the integral (V.11).
V.3.1 The Sinc Quadrature Scheme

We first use the change of variable =2 = ¢¥ so that (V.11) becomes

Cs

on.0) =5 [ et O)a dy
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Given a quadrature spacing £ > 0 and two positive integers N~ and N, set y; := jk so that

t; = e vil2 = 79K/ (V.18)

and define the approximation of a(7, §) by

N+
csk sui i~
a'(,0) = == Y e (w(i 1) 0o (V.19)
j=—N-

V.3.2 Consistency Bound

The convergence of the sinc quadrature depends on the properties of the integrand
9(y;n,0) = e (w(m, 1(y)), 0)a = (—A(eyf —A)7', 5>Rd : (V.20)

More precisely, we shall show that g(y;7,0) € S(Bq) with d = 7/4. In our context, this leads to

the following estimates for the sinc quadrature error.

Theorem V.3 (Sinc quadrature consistency). Ler d = pi/4. Suppose 6 € H*(Q) and 1 € H*(Q)

with 6 € (s,2 — s|. Let a(-,-) and a*(-,-) be defined by (V.4) and (V.19), respectively. Then we

have N5
k d
la(n,0) — a®(n,0)| < —en 1
V2 (st
ts Se( SN k/2H7]Hg5(Q)H9| (@) (V.21)

L 015
Proof. We start by showing that the conditions (a), (b) and (c) of Definition II.1 hold. For (a),
we note that g(-;7,6) in analytic on By if and only if the operator mapping z +— (e*I — A) ™! is
analytic on By. To see the latter, we fix 2y € B and set pg := e*. Clearly, pop/ — A is invertible

from L?(R?) to L*(R?). Let My := ||(pol — A) ™| z2(ra) r2(ray. For p € C, we write

pl — A= (p—po)I+ (pol —A) = (pol —A) ((p—po)(po —A)""+1),
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so that the Neumann series representation

o0

(pI =)' = (Z(—l)j(p —po) (ol — A)‘j> (pol —A)~

J=0

is uniformly convergent provided ||(p — po) (pol — A) 7! || 2 r2(rey < 1 or
[P — pol < 1/Mp.

Hence (pI — A)~! is analytic in an open neighborhood of py = e* for all py € B and (a) follows.
To prove (b) and (c), we first bound g(z;7, ) for z in the band By. Assume 1 € ITI‘S(Q) and

0 € H*(Q) with § € (s,2—s]. For z € B, we use the Fourier transform and estimate |g| as follows

o [ M r@ @ i

a e +[¢]?

2 ~
<vaere [ L ir@IF@)

l9(2;1m,0)] =

Here we used the fact that |e* + [([?] > Ree” + [¢[* > (e + |¢]?)/V/2. If Rez < 0, we deduce
that

19(2;m,0)| < V2 |n]| 1200 16| L2 - (V.22)
Instead, when Rez > 0, we write

2\1—(6+s)/2( ,Rez\(6+s)/2 "
Ul ) s 7 ) | 7 B) i

|9(z; 1, 0)| < V/2ele70%ez/2 /

R4 ez 4|2

Whence, Young’s inequality guarantees that

l9(z;m, )] < V272 ]l s 0 16]

75 (0) (V.23)
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Gathering the above two estimates (V.22) and (V.23) gives

v
ﬁ||77||L2(Q)||9||L2(Q)7 y <0,

d
/ l9(y +iwin, O)|dw < 4 © (V.24)
,d ~ _
E||UHH‘5(Q)H9HHS(Q)> y =0,
and
44/2 21/2
N(Bqg) < 5—||77||Hs 101l 75 o) + —||77||L2<Q>||0||L2 (V.25)

Estimates (V.24) and (V.25) prove (b) and (c) respectively.
Having established (a), (b), and (c), we can use the sinc quadrature estimate (I[.23). In addition,

from (V.22) and (V.23) we also deduce that

V2 -
k Z g(kjsn, 0)| < ?6 NN 2@ 10]] 20 and
/3 (V.26)
2/2 ¥
k Z g(kjsn,0)| < me( e k/2||77||H 101 20
j>N++1
Combining (II.23) and (V.26) shows (V.21) and completes the proof. L]

Remark V.3 (Choice of N~ and N™). Balancing the three exponentials in (V.21) leads to the
following choice

72 /(2k) =~ (0 — s)NVk/2 ~ sN k.

Hence, for given the quadrature spacing k > 0, we set

4 2 2

N = |——— d N~ = : V.27
h% - sﬂ " {MW (V20

With this choice, (V.21) becomes

la(n, 8) — a* (1, 0)] < v (&9l 7o 0y 101l 7o) (V.28)

86



where

d—s s

v(k) =3 ( 2v2 + ﬁ) e/ (2k) (V.29)

V.4 Approximation of the Bilinear Form: Domain Truncation

Let B be a convex bounded domain containing €2 and the origin. Without loss of generality, we
assume that the diameter of B is 1. This auxiliary domain is used to generate suitable truncation
domains to approximate the solution of (V.12). We introduce a domain parameter A/ > 0 and
define the dilated domains

=(1 1+ M : B 1
BY (1) = {y=(01+t(1+M))z : x € B}, t>1, V30)

{y=02+ M)z : z € B}, t<1.

The approximation of a*(-, ) in (V.19) reads

N+
c.k _ ~
a"M(n,0) === Y (M t). 0)a, (V31)
j=—N-

with t; := t(y;) = e"¥/2, according to (V.18), and
wh (t) = wh (@, 1) = Al gaa ) + 0" (7, 1), (V.32)
where vM (t) := vM (7, t) solves
(0M(t), 9) gy + gy (v (1), 0) = —(n,¢),  forall g € Hy(BY(t)); (V.33)

compare with (V.12). The domains B (¢;) are constructed for the truncation error to be exponen-

tially decreasing as a function of M. This is the subject of next section.
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V4.1 Consistency

The main result of this section provides an estimate for a® — a®*. It relies on decay proper-
ties of v(7),t) satisfying (V.12). In fact, Lemma 2.1 of [5] guarantees the existence of universal

constants ¢ and C such that
Vo, )z @y + [0, Dl z2am@y) < Ce™ max(LOMI ]| L2y, (V.34)
provided n € L*(Q2) and v(t) := v(7], t) is given in (V.12). Here
AM(t) .= {x € AM(t) : dist(x, 0AM (1)) < t}

so that the minimal distance between points in  C B and A (¢) is greater than M max(1,¢). An

illustration of the different domains is provided in Figure V.1.

Figure V.1: Illustration of the different domains in R2. The domain of interest {2 is a L-shaped
domain, B C B (t) are interior of discs, and A (t) is the filled portion of B (t).
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Lemma V.4 (Truncation error). Let n € L*(2), e(t) := v(f),t) — v™(7,t) and c be the constant

appearing in (V.34). There is a positive constant C not depending on M and t satisfying
le)|| L2 (parryy < Ce™ max(l’t)CM/tHUHLQ(Q)- (V.35)

Proof. In this proof, C' denotes a generic constant only depending on ). Note that e(t) satisfies

the relations
(e(t), @) prp) + t2dpmy(e(t), 0) =0, V¢ € Hy(BY (1)),

e(t) =v(t), ondBM(t).

(V.36)

Let x(t) > 0 be a bounded cut off function satisfying x(t) = 1 on 9B*(t) and x(t) = 0 on
M(t) \ AM(t). Without loss of generality, we may assume that ||V x(t)||ze®e) < C/t. This

implies

X0 )|z 1) + LIV ()0 (0)) | 28 1)

< Ol z2am @y + VU] L2(ar 1))

< Ce —max(1,t) cM/tHnHL2

Here we use the decay estimate (V.34) for last inequality above. Now, setting e(t) := x(t)v(t) +

C(t), we find that ((t) € H}(BM(t)) satisfies

(C(1), @) gy ey + Cdprrry (((2), @) = —(x(B)v(t), ) prr(ry — dpary (X (E)v(t), @)
for all $ € H}(BM (t)). Taking ¢ = ((t), we deduce that

IS Z2(m 1y + LNV T2 0y < IXEV0 O 20401y + E NV OO0 O 24000y

< 06_2 max(1,t)cM/t ||n||%2(§2)

Thus, combining the estimates for ((¢) and x(¢)v(t) completes the proof. O

Lemma V.4 above is instrumental to derive exponentially decaying consistency error as M —
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oo. Indeed, we have the following theorem.

Theorem V.5 (Truncation error). Let ¢ be the constant appearing in (V.34) and assume M >

2(s + 1)/c. Then, there is a positive constant C' not depending on M nor k satisfying
a"(n,0) — a"M(n,0)] < Ce™ M|l 12 1]l 22(0) foralln,0 € L*(Q). (V.37)

Proof. In this proof C denotes a generic constant only depending on ). Let 7,6 be in L?(Q). It

suffices to bound

N+t
csk o
= X el — )0

—1 N+
<Ok Y evluty) —vM(t),0)al + kD ei|(v(ty) —v™ (L)), )al
j=—N-— Jj=0
=: B+ F»

with v(t) = v(7),t) defined by (V.12) and v (t) = v™ (7}, t) defined by (V.33). We estimate £,
and F, separately, starting with E;.
From the definition t; = ™% /2 we deduce that when J <0,t; > 1so that (V.35) gives

-1

Ey < Che™™ Y e 0]l o) |10 2(0)
j=—N-

. kefsk .
<Ce MmHUHL?(Q)H@HL?(Q) < CeMnll 210l L2 -
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Similarly, for j > 0, 1.e. t; < 1, using (V.35) again, we have

N+

Ey <Ck Y eie” M|yl 120 |10]] 120
=0

N+
< CkY e MU |l 1|0 L2
=0

N+
= Cke M Z6(876M/2)yjHn”L?(Q)”e”L?(Q)
=0
< Ce~M i 10l 22210l 22(0)
- 1 —exp(k(s —cM/2))
C —cM
= m”n\lmml\@!\m(m < Cem M [nll 2016120,

where we have also used the property cM /2 — s > 1 guaranteed by the assumption M > 2(s +

1)/c. O

V.4.2 Uniform Norm Equivalence on Convex Domains

Since the domains B () are convex, the regularity index a in Assumption II.1 is 1. Thus the
norms in H" (B (t)) are equivalent to those in H"(BM (t)) N H} (BM (t)) for r € [1,2]. However,
as we mentioned in Remark V.1, the equivalence constants depend a priori on B (t) and therefore
on M and t. We show in this section that they can be bounded uniformly independently of both
parameters.

To simplify the notation introduced in Section V.1 and Section II.2. We shall denote T ;) by
T, Lgmgy by Ly and H*(BM(t)) by H*. We recall that BM(t) is a dilatation of the convex and

bounded domain €2 containing the origin, see (V.30). We then have the following lemma.

Lemma V.6 (Ellipitic Regularity on Convex Domains). Let f € L*(BM(t)). Then 0 := T,f is in
H?2(BM(t)) N HY(BY(t)) and satisfies

101l z2(8M 1)) < CllfllL2(8M 1)) (V.38)

where C'is a constant independent of t and M.
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Proof. Itis well known that the convexity of B and hence that of BM (¢) implies that § € H*(BM (t))n
H(BM(t)). Therefore, the crucial point is to show that the constant in (V.38) does not depend on
M or t. To see this, the H? elliptic regularity on convex domains implies that for 6 c H}(B) with

Af € L*(B) then § € H?(B) and there is a constant C' only depending on B such that
0li2(s) < Cll A0 2. (V.39)

Let y be such that BM (t) = {yz, z € B} (see (V.30)) and (&) = () for # € B. Once scaled

back to BM(t), estimate (V.39) gives
‘9|H2(BM(25)) S CHAHHLQ(BM(t)) = CHf - HHL2(BM(t))' (V40)

Now 6 = T, f immediately implies that ||0|| g1 (1)) < || f|lr2(Br () and (V.38) follows by the

triangle inequality and obvious manipulations. [

Remark V.4 (Intermediate Spaces). Lemma V.6 implies that D(L,) = H? = H?*(BM(t)) N
H}(BM(t)) with norm equivalence constants independent of M and t. As D(Li/ = 0 =

H3(BM(t)), forr € [1,2]
H” = [H'(BY(t)), H*(BY(t)) N Hy(BY (t))],-1= H"(B™ (1)) N H) (B (t))

with norm equivalence constants independent of M and t.

Lemma V.7 (Norm Equivalence). For 5 € [1,3/2), let 6 be in HP? and 0 denote its extension by

zero outside of BM (t). Then 6 is in H?(R%) and
161126 < ClI6] 5 ey

with C not depending ont or M.

Proof. Given § € H'(BM(t)), we denote R to be the elliptic projection of @ into H} (B (t)),
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i.e., RO € HY(BM(t)) is the solution of

(RO, @) gy ) + dpm ) (RO, ¢)

= (0,9) gy + dpnp) (6, 9), forall ¢ € Hy(BY(t)).

It immediately follows that
| RO g = | RO ey < 0N e (o)
Also, if § € H?(BM(t)), Lemma V.6 (see also Remark V.4) implies
| RO|| g2 < Cl|RO|| 21y < OO 25 1)
with C' not depending on ¢ or M. Hence, it follows by interpolation that
1RO 176 < CsllOl(m 8™ 1)), 12(BM (1))51 - (V.41)
Now when # € H? ¢ H'(BM(t)), R = 6 so that in view of (V.41), it remains to show that
01l (B ), 52 (BM ()] 50 < CHéHHﬁ(Rd),

for a constant C' independent of M and ¢. To see this, note that 6 is in H' (R?) and the extension of
V0 by zero is in H*~!(R%). We refer to Theorem 1.4.4.4 of [37] for a proof when d = 1 proof and
the techniques used in Lemma 4.33 of [32] for the extension to the higher dimensional spaces. This
implies that ] belongs to H”(R?). Moreover, the restriction operator is simultaneously bounded

from H7(RY) to H7(BM(t)) for j = 1,2. Hence, by interpolation again, we have that

1011z (82 (1)), 12 BM ()51 < 10| 128 (ma)-

This completes the proof of the lemma. 0
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V.5 Approximation of the Bilinear Form: Finite Element Approximation

In this section, we turn our attention to the finite element approximation of each subproblems
(V.33) in a® (., -). Throughout this section, we omit when no confusion is possible the subscript
J in t;, i.e. we consider a generic ¢ keeping in mind that the subsequent statements only hold for
t =t; withj = —N—, ..., N*. We also make the additional unrestrictive assumption that B used

to define BM (t) (see (V.30)) is polygonal. In turn, so are all the dilated domains B (t).
V.5.1 Finite Element Approximation of o" (-, -)

Based on the notations introduced in Section IL4, we set 7, (t) := T,(BY(t)) for t = t;,

j = —N—,..,NT, given by (V.18). We assume that the conditions (II.10) and (II.11) hold for

T,M(t;) with constants ¢, p not depending on j. We also require that all the subdivisions match on
Q, ie.

Tn(Q) € T,M(t)) (V.42)

for each ;7. We discuss in Section V.7 how to generate subdivisions meeting these requirements.
Finally, in terms of the finite element space, we use the short notation Vi (¢) := V,,(BM(t)).
We are now in position to define the fully discrete/implementable problem. For 7, and 6, in

V5 (€2), the finite element approximation of a® (-, -) given by (V.31) is

N+
csk s ~
ap™ (nn, 01) = 5 Z Vi (wp! (T, £5), On ) (V.43)
j=—N-
with

wy! (M, t) = Tl pas oy + 0y (1) (V:44)

and where v} (t) € VM () solves
(vp"(£), dn) g ey + dpar iy (Vp' (8), dn) = — (T ) Bary,  Vobu € VI (2). (V.45)

Remark V.5 (Assumption (V.42)). Two critical properties follow from (V.42). On the one hand,
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our analysis below relies on the fact that the extension by zero vy, of v, € V() belongs to all

VM (t). This property greatly simplifies the computation of (wj (1, t;), 0x) p in (V.43).

V.5.2 Approximations on B (¢)

Since aﬁ’M(-, -) requires approximations by the finite element methods on domains B (¢).

Standard finite element argumentations would lead to estimates with constants depending on B (¢)
and therefore M and ¢. In this section, we exhibit results where this is not the case due to the par-
ticular definition (V.30) of BM (t).

We can use interpolation to develop approximation results for functions in the intermediate
spaces with constants independent of M and ¢. The Scott-Zhang interpolation construction [61]

gives rise to an approximation operator 73 : H}(BM(t)) — VM (t) satisfying

17 — 7m0l i sy < Clinlla sy @),

foralln € HY(BM(t)) = H' and

17 = 70l vy < Chlnllmzsm ey,

for all n € H*(BM(t)) N HY(B™(t)) = H?. The Scott-Zhang argument is local so the constants
appearing above depend on the shape regularity of the triangulations but not on ¢ or M. Interpo-
lating the above inequalities shows that for all r € [0, 1]

inf
M

Jnf I = Xl vy < CR|nl ey foralln € H'*" (V.46)
h

with C' not depending on ¢ or M.
Let 7}, denote the finite element approximation to 73, i.e., for [’ € H, Tip F' = wy, with

wy, € V,M(t) being the unique solution of

(wh, &) gy gy + dpniy (Wi, dn) = (F, én), for all ¢y, € V' (¢).
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The approximation result (V.46) and standard finite element analysis techniques implies that for

any r € [0, 1],
I T F — Ty Fllr2pm ) < CHTNTF || goee < CRMY|F v, (V.47)

where the last inequality follows from interpolation since ||T.F|| g1 (pr(yy < || F||g-1(pr ) and
(V.38) hold.
For f € L?*(BM(t)), we define the solution operator associated with the Dirichlet form d g ;) (-, -).
That is
Sif :==mn € Hy(BY(t)) (V.48)

satisfying,

dBM(t) (77’ ¢) = (fv QS)BM(t)v for all gb € H(%<BM(t))

andlet S, 1, f € VM (t) denote its finite element approximation; compare with 7; and T}, ;. Although

the Poincaré constant depends on the diameter of B (¢), we still have the following lemma.

Lemma V.8. There is a constant C' independent of h, t, or M satisfying

1Sef = Senfllrzmmey < CR2flln2sm)-

Proof. For f € L*(BM(t)), set e, :== (S; — Sip)f. The elliptic regularity estimate (V.40) on

convex domain and Cea’s Lemma imply

|€h|H1(B]\4(t)) = iIl]fQI ‘Stf - Xh|H1(BJW(t)) S Oh’Stf|H2(BM(t))
XhEVh (t)

< ChlIAS fll2sra) = Chllfll 2y ),

where C' is a constant independent of £, ¢ and M. Galerkin orthogonality and the above estimate
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give
lenll 22y = Ay (ens Sien) = dpyy (en, (St — Sin)en)
< |€h!H1(BM(t))|(St - St,h)eh\Hl(BM(t))
< Chlenlm vy llenll 2 )
Combining the above two inequalities and obvious manipulations completes the proof of the

lemma. L]

We shall also need norm equivalency on discrete scales. Set H} := H}(BM(t)) forre [—1,2].
Recall from (I1.18) and Remark II.2 that for r € [0, 3/2), there exists a constant ¢ and C' indepen-

dent of h satisfying
CH”L}hHH; < lvpllgr < ||vh||H}TL, for all v, € V(). (V.49)

Lemma V.6 guarantees that the constants above also independent of M and t. The spaces for
negative r are defined by duality and the stability of the L?( B (t))-projection 7, yields for r €
[0, 1],

cllvall - < lonllg— < llvallgz---  forall v, € Vi'(2). (V.50)

V.5.3 Consistency

We are now ready to estimate the consistency error between o (-, -) and a}"" (-, -) on V().
Its decay depends on a parameter € (s,3/2), which will be related later to the regularity of the

solution u to (V.4).

Theorem V.9 (Finite element consistency). Let 8 € (s,3/2) and o € [s,min(2s,s + 1/2)]. We
assume that the quadrature parameters N~ and N are chosen according to (V.27). There exists

a constant C independent of h, k and M satisfying

| (s 04) — ™ (im0 < C(L+ (k™ )RH 72 | s ) 160 ]| 7o (V.51)
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forall ny, 0, € V,(Q).

Proof. In this proof, C' denotes a generic constant independent of h, M, k and ¢.

Fix n, € V,(Q) and denote by 7, its extension by zero outside 2. We first observe that for

0, € V,(2) and 0, its extension by zero outside €2, we have

(w (Um ) On)o = (th (M, t ) 9h>BM(t)7 (V.52)

where 7, denotes the L? projection onto V1 (¢). Using the above identity and recalling that ¢; =

e %/2 we obtain

M (1, O) — ay™ (n, 0n) = /f > e G [, ty) — wp (T t5), 0n) 5o
;<1
_.E
Cs Sy [~ ~
+5 K > e Fpw (T, t5) — wi (T ), 0n) ooy
t;>1
o

We bound the two terms separately and start with the latter.

In view of the definitions (V.32) of w* (¢) and (V.44) of w! (t), we have
Anw ([, t) = wy! (7, 1) = T (7, ) = 03 (7 1). (V.53)

We recall that T; = T'gum () and S; are defined by (V.6) with the domain BM (t) and (V.48) respec-

tively. Using these operators and the relations satisfied by v (¢) and v (t) (see (V.33) and (V.45)),

we arrive at

%hU)MGV]h, t) — w,]y(ﬁh, t) = [St,h(St,h + t2f)71 - %hSt<St + t21>71]ﬁh
(V.54)
=1*(Sps +t 2D T (Sen — So)(S; + 21) 7,
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Thus,

[Fnw™ (7, t) = wp! (T, B[] L2000 1)
< E(Sen + D) T (Sen — S)Se+ D)7 7l 2 v )

< C[I(Sen + D) T NSen — Sell 1S + 1) 7H 7l 2 oy

Here we have used || - || to denote the operator norm of operators from L2(BM(t)) to L2(BM(t)).

Combining

1(Sen + D) T <75, (S + D)7 <72

and Lemma V.8 gives

[7pw™ (Tn, t) — wp (T, 0| < CE2R Tl 20 -
Whence,

| Ea| < CP2E D~ eV | aan () 10| 20 o))

;>3

< Ch2thHL2(Q)HHhHLQ(Q) <k Z 6(8+1)jk> < ChQthHLQ(Q)HehHLQ(Q)

jk<2In2

We now focus on E; which requires a finer analysis using intermediate spaces. Also, we

argue differently for 8 € (1,3/2) and for 5 € (s, 1]. In either case, we define
¢ :=min(l 4+ o —2s,1/In(1/h))

and note that

€' <c(l+1In(1/h)) and h“<c (V.55)

with ¢ depending on s but not h.

99



When 5 € (1,3/2), we invoke (V.53) again to deduce

Bu < kY e @™ (s t) — o (s )] 10n ) - (V.56)

1
tj<3

We set u(t) := t~2 — 1 and compute

A0 (T t) = oy (T, ) = 21+ p(O)Tep) ™ Ton — FaT + p(t)T) ™ il V)

= (tp()) () + Top) "' T (T — T) (u(t) L+ T3) "',

which is now estimated in three parts. In view of Lemma II.1 with 7" = 7}, we have
1) T+ T0) oo < 1,

For the second part, the error estimate (V.47) with 1 4+ r = [ reads
1 Ten — Till o2y r2(prry) < Ch’.

We estimate the last term of the product in the right hand side of (V.57) by

| (M(t)_l + E,h)_l%h||L2(BM(t))—>H,j“

< It + Ton) ™ Mesastey o [ Fall g oy

Thus, Lemma I1.3, the inverse estimate (I1.15) and (V.55) yield

H(M(ﬂil + Tt,h)il%hHLQ(BM(t))aH;“ < O ho—2s—¢4(25+e-2) < O ho—2s4(2s+e=2)

Note that for ¢ € (0,1/2],0 < t* < p(t)~* < 5t < 3 so that
16t
(tu(t)™ < 9
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Combining the above estimates with (V.57) gives
7™ G ) — 0 G Ol < CES B2y, (V.58)

Since t; = e ¥i/2,

esyjt25+e _ efeyj/2.
J
Estimates (V.56) and (V.58) then yield
[Br < CRP2k S e i s 00 e
ky;>21In2 (V59)

< CH2 e | o110 -

Now we bound the right hand side above in two cases. If « < 1 (i.e. s < 1/2), in view of

Remark V.1 and (V.49), there exists a constant C' satisfying
100l < CllOn]l e < CllORII ra() < ClIO oy (V.60)

We apply Lemma V.7 for 7, together with the above inequality to arrive at

By < 0h5+a—2s—e”ﬁh”Hﬁ(Rd)H@hHﬁa(m L Z e~ cIk/2
Hy;)<3

< Ce W2 | ey 1908 | ey = CH7F 72 (L (A ) 1l 7 ) 1600 7o -

If o > 1, we estimate ||0), | jro using Lemma V.7 to get the same bound as above.

When (3 € (s, 1], we bound (V.57) with different norms. In fact, there hold

IO T+ T) Mgz <771 N Ton = Till g2y < O
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and

H(/L(wfl +E,h)il%h|’L2(QJ\/[(t))_>Hh_a < Ch~1+B+a—2s—ey(2s+e—p-1)

Combining these estimates leads to the same result as in (V.59). The rest of the proof are the same

as in the previous step except that we use the fact |7, g5 < Cl|nn | 75 (o) as in (V.60).

The proof of the theorem is complete upon combining the estimates for £; and F. 0

V.6 The Discrete Problem and Error Estimates

The finite element approximation of the problem (V.1) is to find u;, € V;(2) so that
abM(up,0,) = (f,0h)  forall 6, € V4(€). (V.61)

Analogous to Lemma V.2, we have the following representation using K-functional. The proof

of the lemma is similar to that of Lemma V.2 and is omitted.

Lemma V.10 (K-functional formulation on the discrete space). For n, € V,(€), there holds

(wy (s ), mn)p = (Wi (s ), 70) ey =2 Kn (s £),

where

Rl t) = min (10 = o220y + o oms om) )

We emphasize that for v, € V2 (t), its extension by zero 7, belongs to H'(R?) and therefore

This property is critical in the proof of next theorem, which ensures the V,,(€2)-ellipticity of the

discrete bilinear for afl’M. Before describing this next result, we recall that according to (V.28)

|a(nn, 0h) — a* (1, 0n)| < 7(k)||77h”ﬁ5(ﬂ)||9h| H*(Q)
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with & between s and min(2 — s,3/2) (since V,,(Q) € H327<(Q) for any ¢ > 0) and v(k) ~
Ce~™/(2k)  Also, we note that based on (II.15) and the norm equivalency (cf. Remark V.1 and

(I1.18)), there holds the inverse estimate

—rt |

lonll gty < et " lonll gy Yon € Vi (1), (V.63)

Theorem V.11 (V,(Q)-ellipticity). Let & in Theorem V.3 between s and min(2 — s,3/2), k be
the quadrature spacing and cy be the inverse constant in (V.63). We assume that the quadrature
parameters N~ and N are chosen according to (V.27). Let (k) be given by (V.29) and assume

that k is chosen sufficiently small so that
cry(k)hi ™% < 1.
Then, there is a constant c independent of h, k and M such that

kM
ap (

forall gy, € V,,(£2).

nh777h) 2 Cth’ %s(g)?

Proof. Let n, € V() so that 7, € H'(R?). We use the equivalence relations provided by

Lemmas V.2 and V.10 together with the monotonicity property (V.62) to write

N+ N+
csk sys 1 [~ csk U T~
a’f?M(Uhﬂ?h) =5 Z ™ K (1ln, ) = 5 Z i K (1, t;) = a" (nn, mn).-
j=—N- j=—N-

The quadrature consistency bound (V.28) supplemented by an inverse inequality (V.63) yields

af{M(Uh,ﬁh) > a(nn, Mn) — V(k)||77h||ﬁ5(9)||77h|

e = () — ey [l ).

The desired result follows from assumption c;v(k)h*™® < 1 and the coercivity of af(-,-); see

(V.2). [l
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Now that the consistency error between a(-, -) and a,™ (-, -) is obtained, we can apply the first
Strang’s lemma to deduce the convergence of the approximation u; towards u in the energy norm.
To achieve this, we need a result regarding the stability and approximability of the Scott-Zhang
interpolant 7% [61] in the fractional spaces H?(€2) with 3 € (1,3/2).

This is the subject of the next lemma. We refer to [10, Appendix A] for a detailed proof. We

also refer to [24] for the proof when § € (1/2,1].

Lemma V.12 (Scott-Zhang Interpolant). Let 5 € (1,3/2). Then, there is a constant C' independent
of h such that

17370l 76 0y < Cllvll o) (V.64)

and for s € [0, 1],

17570 = vl ey < CR7 0l gy, (V.65)

forallv e H?(Q).

We note that the above lemma holds for 5 € (0,1) and s € (0, ) provided that 7}7 is re-
placed by 7, the L? projection onto V;(); see (IL.19) and (I1.16). In order to consider both case

simultaneously in the following proof, we set I, = 7, when § € [0,1] and II;, = 7;* when

g€ (1,3/2).

Theorem V.13. Assume that the solution u of (V.1) belongs to H?(Q) for B € (s,3/2). Let
d = min(2 — s,) be as in Theorem V.3, k be the quadrature spacing and c; be the inverse
constant in (V.63). We assume that the quadrature parameters N~ and N are chosen according

to (V.27). Let (k) be given by (V.29) and assume that k is chosen sufficiently small so that
cry(B)h % < 1.

Moreover, let uy, € V,(Q) be the solution of (V.61). Then there is a constant C' independent of h,
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M and k satisfying

lu = unll oy < COR) +e M + (14 In (AR a2 0y, (V.66)

Proof. In our context, the first Strang’s lemma (see e.g. Theorem 4.1.1 in [25]) reads

[ = ]

n wh€VA(Q) ||

0 it (il sup M@z @)l w)
Q) = 7 v, () hilHs () p ,

Hs ()

where C' is a constant independent of h, k and M. From the consistency estimates (V.28), (V.37)

and (V.51) with a = s, we deduce that

[|w — up| Hs(Q) < Cllu — Hyul H5(Q)

+C(y(k) + =M 4+ (14 In (b)) [yl s g
The desired estimate follows from the approximability and stability of II},. [

Next, we show a L?(f2) error estimates using a duality argument. We note that Theorem 7.1
together with Theorem 5.4 in [38] (see also Proposition 2.7 in [14]) guarantees that when 0f) is of
C™ class and f is in L2(£2), the solution of the problem (V.1) is in H*(€2) for a = min{2s,1/2 +
s} — e for every € > 0. Now we apply this regularity result to a dual problem. That is, if z € H* (Q)
solves

a(0,2) = (u—up,0)q,  foralld € H*(Q), (V.67)

we have

”ZHfja(m < CHu—uhHL2(9)- (V.68)

Theorem V.14. Under the assumptions in Theorem V.13, assume 0S) is of C'*° class and let

a =min{2s,s + 1/2} — e. We have

o — unllzzey < Ol (W) (R) + e + I ()R ull ey (V.69)

)
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Proof. We let e;, = u — uy and 6 = ey, in (V.67) to write
lenllZ2() = alz, en).
By adding and subtracting a(I1,z, e;,) and a(Il,z, IT,u) together with the relation
a(llyz,u) = (f,1z) = ai’M(th,uh),

we obtain that

lenll72) = a((I — Ty)z, 1) + a(llpz, en)
=a((I =)z, ep) + a(llpz, Mpen) + a(llyz, u — [Myu)
= a((I — 1)z, e) + a(Ilyz, her) + ap™ (yz, up) — a(Il,z, Tu)
= a((I =TIz, e) + [a(ITyz, Tren) — ap™ (Tyz, hey,)]

+ [alfi’M(HhZ, Myu) — a(Ilpz, Hpu)| = I + 11 + 111.

We first deduce with the help of Lemma V.12 and (V.68) that

1] < ||z = Tiz]

Hs(Q) = Hs(Q)

< CR|lzll oo llenll s @) < CRllenll 2@ llenll 7=q)-

(V.70)

Next, we invoke the consistency error estimates in Theorem V.3, V.5 and V.9 with 6, = Il,e;, and

np, = 1I,z to obtain

11| < O(y(k) + e + In(h™)A*) 12ll ey lenll 7+

< C(y(k) + e~ + (AR lenl 2o llenl

Hs(Q)"
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Finally, we apply the consistency error estimates again with 6, = Il;z and 7, = I[I,u to get

[111] < C(y(k) + e + In(h™ A7) 12| o o 1ull o

< C(y(k) + =M + ()7 lenll 2ol s o).

Combining above three estimates into (V.70) and the energy norm estimate (V.66) for ||ey,|

He(Q)

gives the L? error bound (V.69). N

V.7 Numerical Implementation and Results

In this section, we present detailed numerical implementation to solve the following model

problems.
V.7.1 Model Problems

One of the difficulties in developing numerical approximation to (V.4) is that there are relatively
few examples where analytical solutions are available. One exception is the case when (2 is the

unit ball in R%. In that case, the solution to the variational problem
a(u,d) = (1,¢)p,  forall ¢ € H*(Q) (V.71)

is radial and given by, (see [31])

2-257(d/2)

e T eI (A [2%)" (V72)

It is also possible to compute the right hand side corresponding to the solution u(z) = 1 — |z|?
in the unit ball. The corresponding right hand side can be derived by first computing the Fourier

transform of , i.e.,

F(@) = 212(I¢)/ICP,
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where J,, is the Bessel function of the first kind. When 0 < s < 1, we obtain

225T(d/2 + )
T(d/2)T(2-s)’

flx) =F 122 R(¢) = Fy(d/24s,s—1,d/2,]z]*),  (V.73)

where o F] is the Gaussian or ordinary hypergeometric function.

Remark V.6 (Smoothness). Even though the solution u(x) = 1 — |x|? is infinitely differentiable on
the unit ball, the right hand side f has limited smoothness. Note that f is the restriction of (—A)*u
to the unit ball. Now u € H3>~¢(R%) for ¢ > 0 but is not in H*/?(R%). This means that (—A)* is
only in H3/>725=¢(R%) and hence f is only in H*/?>=2=¢(Q). This is in agreement with the singular
behavior of o Iy (d/2+ s,s — 1,d/2,t) att = 1 (see [58, Section 15.4]). In fact,

T(d/2 + s)T(1 — 2s)

2F1 (d/2+ 5,5 —1,d/2,1) = [(d/2+1—s)[(~s)

when 0 < s < 1/2,

. 2F1(d/2+375_17d/27t)_ F<d/2) _

Jm “log(1—1) = T(Ci)rg) Vs = 1/2
GF(d24s,5—1,d/2,t)  T(d/2)

tlirln_ (EDESE = T C120(/2) when 1/2 < s < 1.

This implies that for s > 1/2, the trace on |z| = 1 of f(x) given by (V.73) fails to exist (as for
generic functions in H3/*=2%(R%)). This singular behavior affects the convergence rate of the finite
element method when the finite element data vector is approximated using standard numerical

quadrature (e.g. Gaussian quadrature).

V.7.2 Numerical Implementation

Based on the notations in Section V.4, we set () = B to be either the unit disk in R? or ) =
(—1,1) in R. Let BM(¢) be corresponding dilated domains. In one dimensional case, we consider
T(22) to be a uniform mesh and V;(£2) to be the continuous piecewise linear finite element space.
For the two dimensional case, 7,(2) a regular (in the sense of page 247 in [25]) subdivision made

of quadrilaterals. In this case, V;(£2) is the set of continuous piecewise bilinear functions.
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Non-uniform Meshes for B (t).

We extend 77, (€2) to non-uniform meshes 7, (¢), thereby violating the quasi-uniform assump-
tion. For ¢ < 1, we use a quasi-uniform mesh on BY(¢) = BM(1) with the same mesh size h.
When t > 1 and Q2 = (—1,1), we use an exponentially graded mesh outside of 2, i.e. the mesh
points are 4= for i = 1,..., [M/h] with hg = h(In~)/M, where ~ is the radius of B (t) (see
(V.30)). Therefore, we maintain the same number of mesh points for all B (t). When (2 is a unit
disk in R2, we start with a coarse subdivision of B () as in the left of Figure V.2 (the coarse mesh
of {2 in grey). Note that all vertices of a square have the same radial coordinates. We also point
out that the position of the vertices along the radial direction and outside of €2 follow the same
exponential distribution as in the one dimensional case. Then we refine each cell in €2 by con-
necting the midpoints between opposite edges. For the cells outside of €2, we consider the same
refinement in the polar coordinate system (Inr, ) with » > 1 and 6 € [0,2x]. This guarantees
that mesh points on the same radial direction still follows the exponential distribution after global
refinements and the number of mesh points in 7, (¢) is unchanged for all ¢ > 0. The figure on the

right of Figure V.2 shows the exponentially graded mesh after three times global refinement.

Figure V.2: Coarse gird (left) and three-times-refined non-uniform grid (right) of B (¢) with
M =4 andt = 1. Grids of D are in grey.
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Matrix Aspects

To express the linear system to be solved, we denote by U to be the coefficient vector of wuy,
and F to be the coefficient vector of the L? projection of f onto V(). Let Mj,(t) and Ay(t) be
the mass and stiffness matrix in V) (¢). Denote Mg, to be the mass matrix in V;(€2). The linear

system is given by

in (TA)k <
ST” S e Mo (e¥ M (t) + An(t) " An(t)U = F (V.74)
i=—N-

with y; = ik and t; = e~ vi/2. Here Mg p,, U and F' are all extended by zeros so that the dimension

of the system is equal to the dimension of V7 (¢).
Preconditioner

Since the linear system is symmetric, we apply the Conjugate Gradient method to solve the
above linear system. Due to the norm equivalence between H?({2) and H*(£2), the condition num-
ber of the system matrix is bounded by Ch 2. In order to reduce the number of iterations in one
dimensional space, we use fractional powers of the discrete Laplacian Lq j as a preconditioner,

where Lo, : Hi(Q) — L*(9) is defined by

dp(Layw, ¢n) = do(w, ¢p), for all ¢, € V().

This can be computed by the discrete sine transform similar to the implementation discussed in
Section II1.4.

In two dimensional space, we use the multilevel preconditioner advocated in [16].
V.7.3 Numerical Illustration for the Non-smooth Solution

We first consider the numerical experiments for the model problem (V.71) and study the be-

havior of the L?() error.
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Influence from the Sinc Quadrature and Domain Truncation.

When D = (—1,1), we approximate the solution on the fixed uniform mesh with the mesh
size h = 1/8192. The domain truncation parameter M is also fixed to be 20. Thus, A is small
enough and M is large enough so that the L?(2)-error is dominant by the sinc quadrature spacing
k. The left part of Figure V.3 shows that the L?(2)-error quickly converges to the error dominant
by the Galerkin approximation when k approaches zero. Similar results are observed from the
right part of Figure V.3 when the domain truncation parameter M increases. In this case, the mesh

size h = 1/8192 and the quadrature step size k = 0.2.
Error Convergence from the Finite Element Approximation

We note that we implement the numerical algorithm for the two dimensional case using the
deal.ii Library [7] and we invert matrices in (V.74) using the direct solver from UMFPACK [28].
Figure V.4 shows the approximated solutions for s = 0.3 and s = 0.7, respectively. Table V.1 re-
ports errors ||u — up || 2(q) and rates of convergence with s = 0.3,0.5 and 0.7. Here the quadrature
spacing (k = 0.25) and the domain truncation parameter (M = 4) are fixed so that the finite ele-
ment discretization dominates the error. Since the solution u is in H*11/ 27¢(02) (see [2] for a proof),

Table V.1 matches the expected rate of convergence min(1, s + 1/2) according to Theorem V.14.

111



il
il

\
N
AR
%y

RN

P
/([

02 025 03 03 04 045 05 055 06 065 07 1 2 3 4 5 6 7

Figure V.3: The above figures report the L?(2)-error behavior when D = (—1,1). The left one
shows the error as a function of the quadrature spacing & for a fixed mesh size (h = 1/8192) and
domain truncation parameter (M = 20). The right plot reports the error as a function of the domain
truncation parameter M with fixed mesh size (h = 1/8192) and quadrature spacing (k = 0.2). The
spatial error dominates when k is small (left) and M is large (right).

#DOFS s=0.3 s=0.5 s=0.7

345 2.69 x 1071 | - 1.63 x 1071 | - 1.03 x 107! | -

1361 1.59 x 107 | 0.7575 | 9.07 x 1072 | 0.8426 | 5.55 x 1072 | 0.8918

5409 9.56 x 1072 | 0.7323 | 5.05 x 1072 | 0.8438 | 2.95 x 1072 | 0.9091

21569 571 x 1072 | 0.7447 | 2.78 x 1072 | 0.8633 | 1.54 x 1072 | 0.9366

86145 3.38 x 1072 | 0.7547 | 1.51 x 1072 | 0.8832 | 7.91 x 1073 | 0.9641

344321 | 1.99 x 1072 | 0.7644 | 8.07 x 1073 | 0.9004 | 3.97 x 1073 | 0.9936

Table V.1: L?(Q2)-errors for different values of s versus the number of degree of freedom used
for the 2-D nonsmooth computations. #DOFS denotes the dimension of the finite element space

VM(t).

V.7.4 Numerical Hlustration for the Smooth Solution

When the solution is smooth, the finite element error (assuming the exact computation of the

stiffness entries, i.e. no consistency error) satisfies

||U . uhHL?(Q) S Ch2—25+min(s,1/2)'
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Figure V.4: Approximated solutions of (V.72) for s = 0.3 (left) and s = 0.7 (right) on the unit
disk.

In contrast, because of the inherent consistency error, our method only guarantees (c.f., Theo-
rem V.13)

”'LL o uhHLQ(Q) S Ch3/2—25+min(s,1/2). (V75)

Table V.2 reports L?((2)-errors and rates for the problem (V.4) with the smooth solution u(z) =
1 — |z|* and the corresponding right hand side data (V.73) in the unit disk. To see the error decay,
here we choose the quadrature step size £ = 0.2 and the domain truncation parameter M = 5.
The observed decay in the error does not match the expected rate (V.75). We think this loss of
accuracy may be due either to the deterioration of the shape regularity constant in generating the
subdivisions of B (t) (see Section V.7.2) or to the imprecise numerical integration of the singular
right hand side in (V.73).

To illustrate this, we consider the one dimensional problem. Instead of using (V.73) to compute

the right hand side vector, we compute

(07" ¢, u)a + (O 'u. d)o
2 cos(sm)

(f, ¢5) = a(u, ¢;) = (V.76)

with Q = (—1,1). We note that when s < 1/2, the fractional derivative with the negative power

2s — 1 still makes sense for the local basis function ¢;. The right hand side of (V.76) can now be
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computed exactly.

#DOFS 5s=20.3 5s=10.5 s=0.7

409 6.24 x 1072 | - 9.55 x 1072 | - 1.35 x 1071 | -
1617 290 x 1072 | 1.10 | 4.33 x 1072 | 1.14 | 6.27 x 1072 | 1.10
6433 1.44 x 1072 | 1.01 | 1.94 x 1072 | 1.15 | 2.81 x 1072 | 1.16
25665 721 x 1073 | 1.00 | 8.55 x 1073 | 1.19 | 1.20 x 1072 | 1.23
102529 | 3.56 x 1073 | 1.02 | 3.67 x 1073 | 1.22 | 4.78 x 1073 | 1.32
409857 | 1.74x 1073 | 1.04 | 1.54 x 1073 | 1.25 | 1.73 x 1073 | 1.47

Table V.2: L*(§2)-errors and rates for s = 0.3, 0.5 and 0.7 for the problem (V.4) with the right hand

side (V.73). #DOFS denotes the number of degree of freedoms of QM (¢).

We illustrate the convergence rate for the one dimensional case in Table V.3 when the L?(2)-
projection of right hand side is computed from (V.76). In this case, we compute at s = 0.3,0.4,0.7

as the expression in (V.76) is not valid for s = 0.5. We also fix £k = 0.2 and M = 6. In all cases,

we observe the predicted rate of convergence min(3/2,2 — s), see (V.75).

h s=0.3 s=04 s =0.7

1/16 | 4.51 x 10~* 3.47 x 1074 9.27 x 1074

1/32 | 1.42x107* | 1.58 | 1.02 x 107* | 1.77 | 4.16 x 10~ | 1.16
1/64 | 4.25x107° | 1.63 | 3.31 x 107 | 1.62 | 1.80 x 107* | 1.21
1/128 | 1.34 x 107° | 1.66 | 1.14 x 1075 | 1.54 | 7.66 x 1075 | 1.23
1/256 | 4.43 x 1076 | 1.59 | 4.06 x 1075 | 1.49 | 3.21 x 1075 | 1.25
1/512 | 1.50 x 1076 | 1.56 | 1.46 x 107¢ | 1.48 | 1.33 x 1075 | 1.27

Table V.3: L?(Q)-errors and rates for s = 0.3, 0.4 and 0.7 for the one dimensional problem when

right hand side of the discrete problem is computed by (V.76).
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CHAPTER VI

CONCLUSIONS, EXTENSIONS AND FUTURE RESEARCH

This dissertation has provided numerical schemes for parabolic problems involving fractional
powers of elliptic operators and a stationary problem involving the integral fractional Laplacian.
The approximations of both problems are based on the Dunford-Taylor integral representation of
the corresponding solution operators. We note that since the integrand subproblems are diffusion-
reaction problems, finite element software libraries can be applied.

Our studies in this dissertation have also contributed to the theoretical understanding our nu-
merical methods. As a natural extension of the stationary problem (I.4), Chapter III shows that
the L?(2) error between the solution to the homogenous problem and its final approximation con-
sists of two parts: the error from the space approximation and the exponentially convergent sinc
approximation. The convergence rate in space only depends on the elliptic regularity index (As-
sumption II.1). In Chapter 1V, the approximation schemes for the non-homogeneous problem have
an extra time discretization error. The convergence rate in space for the non-homogeneous problem
not only depends on the regularity index but also on the smoothness of the right hand side data.
Both time discretization approaches for the non-homogenous problem, i.e. the pseduo-midpoint
quadrature scheme in time and the Crank-Nicolson time stepping method, guarantee the second
order convergence. In Chapter V, the error of the approximation to the stationary problem involv-
ing the integral fractional Laplacian consists of three terms: the error of the sinc approximation,
domain truncation and the finite element approximation. The first two errors decay exponentially
and the convergence rate for the finite element approximation depends on the regularity of the
solution.

We next consider two extensions.

e Approximation of Space-time Fractional Parabolic Equations. Numerical methods discussed

in Chapter III and Section I'V.2 can be applied to the following space-time fractional parabolic
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problem: given v € L*(Q) and f € L>(0, T; L*(92)), find u satisfying

O)u+ L*u =0, in Q x (0, T],

U=, on 2 x {0},

where 0, denotes the left-sided Caputo fractional derivative with the order v € (0, 1). The
above problem has a unique solution (see [55, Theorem 6]), which can be explicitly written

as

ul(t) = ult, - v+/W Ft—r)dr.

Here, for w € L?*(),
E(t)w —t'L*)w = Z ey 1 (—1A5) (w, 5) ;s

and

W(tw =t e, ("L )w = Z ﬂil@%v(_ﬂ)‘j’)(w> Vi),

j=1
with e, ,(z) denoting the Mittag-Leffler function. Noting that the kernel 1V (¢) is singular at
t = 0, we can apply the numerical scheme from Section IV.2 and overcome the singularity
by utilizing a geometric refinement towards ¢ = 0 so that we still obtain the second order

convergence in time (up to a logarithmic factor). We refer to [9] for the details.

e Error Estimates in H*(§)) Norm. In this dissertation, we only consider L?(§2) error estimate
for the numerical approximation of the parabolic problem. We note that we can also show
error estimates in the energy norm, i.e. H*({2) norm. The H?*({2) norm error estimate for the
space-time fractional parabolic equation is provided in [9] and the idea of the proof can be
applied to the parabolic problem (I.9). Refined error estimates for sinc approximation are

givenin [11].

We end this chapter with two direction for future research.
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e Fractional Diffusion on Surfaces. The Matérn field on a manifold can be constructed through
a fractional stochastic partial differential equation, i.e. solving the problem (I.4) on a smooth
surface with L replaced by the Laplace-Beltrami operator and f replaced by the Gaussian
white noise; see [44]. We can also invoke the formula (I.5) to approximate this problem by
replacing L with an finite element approximation on the surface. We note that the common
finite element methods on surface like parametric finite element methods [33], trace finite
element methods [57] and the narrow band methods [30, 29] are non-comforming. The error
analysis using these numerical methods with a non-smooth right hand side data is an open

question.

e Obstacle Problems involving the Integral Fractional Laplacian. The American option pric-
ing problem is modeled by a parabolic obstacle problem involving a pseudodifferential op-
erator [15]. In particular, the pseudodifferential operator is defined by a convolution with a
kernel function K (y) = e ¥l /|y|'*2°. This diffusion process is called the tempered stable
process and when A = 0, we are back to the s-stable Lévy process (i.e. integral fractional
Laplaican). A priori error analysis and a posteriori error analysis for the obstacle problems
using the singular integral representation are discussed in [50, 56] as well as 1d numerical
simulations. Here we consider the numerical approximation in two or higher dimensional
space using the Dunford-Tarylor integral approach to approximate the American option pric-

ing problems on multiple assets (cf. [19]).
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