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ABSTRACT

By Fick’s laws of diffusion, in the classical diffusion process, the mean square path
(z%) is proportional to the time t as ¢ — oco. However, in practice, some anomalous
diffusion processes may occur, in which the relation (z?) oc t*, « # 1 holds. To describe
such processes, we need to add the fractional derivative on the time ¢, which forms the
fractional diffusion equation, and we call it FDE for short.

This dissertation contains some inverse problems in FDEs. Specifically, the
recovery of unknown conditions of coefficients from additional data on the solution u
will be considered. The results of fractional inverse problems are totally different from
the ones of the classical case. For instance, the degree of ill-posedness. This is due to the
polynomial asymptotic behavior of the Mittag-Leffler function, which consists of the
fundamental solution of FDE. This difference leads to new physics and we can ask a
question that do similar things always occur? The short answer is not always and the
slightly longer version is the analysis is always more complex. This makes the research
on inverse problems in FDEs both challenging and interesting.

For each inverse problem in this dissertation, at first it was necessary to extend ex-
isting results about the direct problem, namely the situation where all parameters in the
equation are known and we must recover u(z, t). This includes the existence, uniqueness
and regularity estimates of the solution. Then for the inverse problem, the initial step in
many of these situations is to use the equation structure to obtain an operator K one of
whose fixed points is the unknown function we seek. With this A, the key step is proving
the monotonicity of the operator in a suitable partially ordered space and then showing
uniqueness of its fixed points. In conclusion, the monotonicity property and the domain

of the operator K will lead to an iterative reconstruction algorithm and some numerical
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results are reproduced to verify the theoretical conclusions.
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1. INTRODUCTION

Classical Brownian motion as formulated in Einstein’s 1905 paper [1] can be viewed
as a random walk in which the dynamics are governed by an uncorrelated, Markovian,
Gaussian stochastic process. The key assumption is that a change in the direction of motion
of a particle is random and that the mean-squared displacement over many changes is
proportional to time (z?) = Ct. This easily leads to the derivation of the underlying
differential equation being the heat equation.

In fact we can generalize this situation to the case of a continuous time random walk
(cTRW) where the length of a given jump, as well as the waiting time elapsing between two
successive jumps follow a given probability density function. In one spatial dimension,
the picture is as follows: a walker moves along the x-axis, starting at a position x, at time
to = 0. At time t;, the walker jumps to z1, then at time ¢, jumps to x5, and so on. We
assume that the temporal and spatial increments At, = t, — t, 1, Az, = T, — Tp_1
are independent, identically distributed random variables, following probability density
functions ¢ (t) and A\(z), respectively, which is known as the waiting time distribution and
jump length distribution, respectively. Namely, the probability of At,, lying in any interval
[a,b] € (0,00) is P(a < At, < b) = [*4(t) dt and the probability of Az, lying in any
interval [a,b] C Ris P(a < Az, < b) = fab A(x) dx. For given 1 and A, the position x of
the walker can be regarded as a step function of £.

It it easily shown using the Central Limit Theorem that provided the first moment,
or characteristic waiting time 7', defined by 7' = 1 (¢)) = [ tt)(t) dt and the second
moment, or jump length variance X, po(A) = [ 22 A(t) dt are finite, then the long-time
limit again corresponds to Brownian motion,

On the other hand, when the random walk involves correlations, non-Gaussian statis-



tics or a non-Markovian process (for example, due to “memory” effects) the diffusion
equation will fail to describe the macroscopic limit. For example, if we retain the assump-
tion that X is finite but relax the condition on a finite characteristic waiting time so that for
large ¢ ¥ (t)A/t""* as t — oo where 0 < a < 1, then we get very different results. Such

probability density functions are often referred to as a “heavy-tailed.” If in fact we take

Aa

= 1.1
By +tite (-1

»(t)

then again it can be shown, [2, 3], that the effect is to modify the Einstein formulation
(x?) = Ct to (2%) = Ct“.

This above leads to a subdiffusive process and, importantly provides a tractable model
where the partial differential equation is replaced by one with a fractional derivative in
time of order o. Such objects have been a steady source of investigation over the last
almost 200 years beginning in the 1820s with the work of Abel and continuing first by
Liouville then by Riemann.

There are many ways to formulate a fractional derivative but the most useful versions
start from the Abel integral operator ,[u(t) = ﬁ [i(t — 7)°'u(r) d7. With this one
can define a derivative of f in one of two ways; first take the fractional integral then differ-

entiate the result - or reverse this order. These are the Riemann-Liouville and Djrbashyan-

Caputo fractional derivatives respectively.

" 1 ar [t
RDa ) = — T %% (1) = —_/ t — n—a—1 d
a1t u( ) dtm t U’( ) F(TL . OZ) dtm ], ( T) U(T) T,
“Deu(t) = I”_O‘ﬁu(t) = o /t(t — T)"_O‘_lu(”)(T)dT
ot o I'(n—a) /), ’

where n is the nearest integer larger than «. The DZrbaSjan-Caputo derivative tends to be

more favored by practitioners since it allows the specification of initial conditions in the



usual way. Nonetheless, the Riemann-Liouville derivative enjoys certain analytic advan-
tages, including being defined for a wider class of functions and possessing a semigroup
property.

Thus the fractional-anomalous diffusion model gives rise to the fractional differential
equation

u — Lu = f(x,t), reQ te(0,T) (1.2)

where £ is a uniformly elliptic differential operator on an open domain Q2 C R? and
usually 9% = ¢D¢. There are two special functions; the Mittag-Leffler function £, 4(z) =
Y o F(#Zﬂ), and the Wright function are key components. The first generalizes the
exponential ({D“f = \f = f(t) = E;,(—At*)) and the fundamental solution of FDE
is given in terms of a Wright function. In the classical case, « = 1, the fundamental

~7*/4 and is analytic in x and ¢ for ¢ > 0. For the typical

solution is the Gaussian —=e
examples described here we have 0 < o < 1 and /3 a positive real number although further
generalization is certainly possible. See, for example, [4].

The FDEs are known to capture well the dynamics of subdiffusion processes, in which
the mean square variance grows at a rate slower than that in a Gaussian process, and has
found a number of applications. For example, subdiffusion has been successfully used
to describe thermal diffusion in media with fractal geometry [5], highly heterogeneous
aquifer [6] and underground environmental problem [7]. At a microscopic level, the par-
ticle motion can be described by a continuous time random walk (CTRW), in which the
waiting time of the particle motion follows a heavy tailed distribution, as opposed to a
Gaussian process, which is characteristic of the normal diffusion equation. The macro-
scopic counterpart is a diffusion equation with a Caputo fractional derivative in time.

Due to unprecedented modeling capability of the FDE model, the analytical study

of the direct problem for FDE has received much attention in recent years, e.g., [8, 9].



However, in practice, the parameters in the equation are often unknown and have to be
estimated from experimental data, which leads to a wide variety of inverse problems in
FDEs. Even though the study on inverse problems remains very scarce, nonetheless, some
interesting works have been displayed. [10] provided the first mathematical study on the
inverse problems for fractional diffusion, and established the uniqueness in determining
the diffusion coefficient and the fractional order o from the lateral Cauchy data; see also
[11] for further results. [12] used a Carleman estimate to deduce the conditional stabil-
ity in determining a zeroth-order coefficient with one half order Caputo derivative. For
Carleman estimate in time fractional diffusion, we also refer [13, 14, 15]. [16] numeri-
cally observed that one single spectrum uniquely determines the potential in a fractional
Sturm-Liouville problem with a Caputo fractional derivative in space. The unique deter-
mination of a nonlinear boundary condition from overposed boundary data was studied in
[17]; see also [18] for the determination of the nonlinear source term from boundary data
and [11] for the unique determination of the spatial coefficient and/or the fractional order.
The fractional backward problem were analyzed in [9] theoretically and in [19, 20] from
a numerical point of view. [21] developed an optimal perturbation algorithm to simulta-
neously recover the diffusion coefficient and fractional order in a time fractional diffusion
equation. We refer to [22] for an updated overview on inverse problems in anomalous

diffusion.

However, in the subdiffusive process, such a specific form for )(¢) as given by (1.1)
is rather restrictive as it assumes a quite specific scaling factor between space and time
distributions and there is no reason to expect nature is so kind to only require a single
value for a.

One approach around this is to take a finite sum of such terms each corresponding

to a different value of o. This leads to a model where the time derivative is replaced



by a finite sum of fractional derivatives of orders «; and by analogy leads to the law
(x?) = g(t, ) where g is a finite sum of fractional powers. This formulation replaces the
single value fractional derivative by a finite sum " ¢; 0;7u where a linear combination
of m fractional powers has been taken. Physically this represents a fractional diffusion
model that assumes diffusion takes place in a medium in which there is no single scaling
exponent; for example, a medium in which there are memory effects over multiple time
scales.

This seemingly simple device leads to considerable complications. For one, we have
to use the so-called multi-index Mittag-Leffler function E,, ., 5. . 3,.(2) in place of
the two parameter E, 5(z) and this adds complexity not only notationally but in proving
required regularity results for the basic forwards problem of knowing €2, £, f, uy and
recovering u(x, t). see [23, 24] and the references within.

It is also possible to generalize beyond the finite sum by taking the so-called distributed

fractional derivative,

1
O u(t) = / 1(0)0u(t) da. (13)
0

Thus the finite sum derivative can be obtained by taking (o) = > 7", ¢;0(a — ;). See
[25, 26, 27, 28, 29], for several studies incorporating this extension. This in turn allows
a more general function probability density distribution function ¢/ in (1.1) and hence a
more general value for ¢(¢, o). Furthermore, if we replace 0" in (1.2) by o )u(t), then the

distributed differential equation (DDE) can be obtained
Oy — Lu = f(x,1), r e te(0,7).

With the FDE and DDE model, there are some natural questions: what is the value of

the order « or the derivative component j(«) and how to recover them? These questions



lead to an interesting variety of inverse problems in FDEs and DDEs. Needless to say
there has been much work done on this; experiments have been set up to collect additional
information that allows a best fit for « in a given setting. One of the earliest works here
is from 1975, [30] and in part was based on the Montroll-Weiss random walk model [2].
See also [7]. Mathematically the recovery in models with a single value for « turns out to
relatively straightforward provided we are able to choose the type of data being measured.
This would be chosen to allow us to rely on the known asymptotic behavior of the Mittag-
Leffler function for both small and large arguments. An exception here is when we also
have to determine « as well as an unknown coefficient in which case the combination
problem can be decidedly much more complex. See, for example, [10, 21, 17]. Amongst
the first papers in this direction with a rigorous existence and uniqueness analysis is [31].
By the way, the multi-term case, although similar in concept, is quite nontrivial but has
been shown in [23, 24]. In these papers the authors were able to prove an important
uniqueness theorem: if given the additional data consisting of the value of the normal
derivative 9* at a fixed point 2o € 9<2 for all ¢ then the sequence pair {g;, o, }7L, can be
uniquely recovered.

This thesis paper concerns two FDE models and one DDE model. Both direct problem

and inverse problem works are exhibited and can be seen in the following chapters.



2. THE FRACTIONAL INVERSE PROBLEM WITH UNKNOWN DIFFUSIVITY

2.1 Introduction

This chapter considers the FDE with a continuous and positive coefficient function

a(t) :
“Deu(z,t) — a(t)Lu(z,t) = F(x,t), x€Q, te (0,T);

u(z,t) =0, (x,t) € 002 x (0,T7; (2.1)

u(z,0) =up(x), x€9Q,

where (2 is a bounded and smooth subset of R",n = 1,2, 3, —L is a symmetric uniformly

elliptic operator defined as

n

—Lu=— Z(a”(w)uxi)% + c(z)u

ij=1

with conditions

a¥.ceC?*(Q) (i,j=1,...,n), Ois C?, (2.2)

and “D¢ is the left-sided Djrbashian—Caputo a-th order derivative with respect to time .
This work is an extension of [32] from a simple space domain 2 to R™, considers the more
general analysis for the direct problem and contains an existence argument for the inverse
problem of recovering a(t).

This chapter consists of two parts; the direct problem and the inverse problem. For the
direct problem, we build the spectral representation of the weak solution u(x,t; a). The
notation u(x,t;a) is used for displaying the dependence of the solution « on the diffu-
sivity a(t). Then the existence, uniqueness and regularity results are proved with several

assumptions on the coefficient function a(¢). Unlike [32], the right hand side function



F(z,t) is not of the form f(z)g(t), so that the proof of regularity is more delicate. For the

inverse problem, we use the single point flux data

)
a(t)a—%(xo,t;a) = g(t), 2y € 00

to recover the coefficient a(t) (We choose the data a(t) 2% (zo,t;a) = g(t) instead of
the classical flux 2% (z,t; a) because in practice, a(t) 2% (zo, t; a) is usually measured as
the flux). For the reconstruction, we only consider to recover a continuous and positive
a(t) to match the assumptions set in the direct problem. Acting a flux data, we introduce
an operator K one of whose fixed points is the coefficient a(¢). Using the weak maximum
principle [33], we establish the monotonicity and uniqueness of the fixed points of operator
K, and the proof of uniqueness leads to a numerical reconstruction algorithm. Since we
consider a multidimensional domain €2 here, the Sobolev Embedding Theorem yields that
we need to add the condition (2.2) on the operator — L to ensure the C*-regularity of the
series representation of u. Then the operator K is well-defined, where the proofs can be
seen in section 4. This is a significant difference from [32]. Furthermore, an existence
argument of the fixed points of K is included by this paper, which [32] does not contain.
The rest of this chapter follows the following structure. In section 2, we collect some
preliminary results about fractional calculus and the eigensystem of —L. The direct prob-
lem is discussed in section 3, i.e. we establish the existence, uniqueness and some reg-
ularity results of the weak solution for FDE (2.1). Then section 4 deals with the inverse
problem of recovering a(t). Specifically, an operator K is introduced at the beginning of
this section, then its monotonicity and uniqueness of its fixed points give an algorithm to
recover the coefficient a(). In particular, the existence argument of the fixed points of K
is included by this section. In section 5, some numerical results are presented to illustrate

the theoretical basis.



2.2 Preliminary material
2.2.1 Mittag-Leffler function

In this part, we describe the Mittag-Leffler function which plays an important role in

fractional diffusion equations. This is a two-parameter function defined as
z e C.
Z I'( k:a +5)’

k=0

It generalizes the natural exponential function in the sense that £ ;(z) = e*. We list some

important properties of the Mittag-Leffler function for future use.

Lemma 2.2.1. Let 0 < a < 2 and 3 € R be arbitrary, and % < ;1 < min(7, ar). Then

there exists a constant C' = C(«a, B, 1) > 0 such that

| Ea,s(2)| <

, < larg(z)| < .
T+ 1] p < larg(z)] <

Proof. This proof can be found in [34]. L]

Lemma 2.2.2. For A >0, a > 0 and n € NT, we have

dTL

B (M) = =M it (<), £ 0.

In particular, if we set n = 1, then there holds

d

afEml(—Azf“) = M E, o(=AtY), t > 0.

Proof. This is [9, Lemma 3.2]. O]

Lemma 2.2.3. If0 < a < 1l and z > 0, then E, ,(—z) > 0.



Proof. This proof can be found in [35, 36, 37]. []

Lemma 2.2.4. For 0 < a < 1, E, 1(—t%) is completely monotonic, that is,

d’I’L

(—1)n%Ea,1(—t°‘) >0, fort >0andn=0,1,2,---.

Proof. See [38]. ]

2.2.2 Fractional calculus

In this part, we collect some results of fractional calculus. The next lemma states the

extremal principle of “D¢.

Lemma 2.2.5. Fix0 < a < 1 and given f(t) € C[0,T) with ° D& f € C[0,T]. If f attains
its maximum (minimum) over the interval [0,T] at the point t = to, to € (0,T), then

“Dg f > (<)0.

Proof. Even though the conditions are different from the ones of [33, Theorem 1], the
maximum case can be proved following the proof of [33, Theorem 1]. For the minimum

case, we only need to set f = —f. ]

The following lemma about the composition between “D¢ and the fractional integral

I} is presented in [39].
Lemma 2.2.6. Define the Riemann-aASLiouville a-th order integral I as

1 t o—1
m/{)(t—ﬂ u(r)dr.

For0 < a < 1,u(t),’Dfu € C[0,T), we have

[C Pp—
I7u =

(D2 o Iu)(t) = u(t), (I? o “DCu)(t) = u(t) — u(0), t € [0, T].

10



2.2.3 Eigensystem of —L

Since —L is a symmetric uniformly elliptic operator, we denote the eigensystem of
—L by {(An, ¢n) : n € NT}. Then we have 0 < A; < Ay < --- where finite multiplicity
is possible, \,, — oo and {¢,, : n € NT} € H?(Q) N HJ(2) forms an orthonormal basis
of L*(9).

Moreover, with the condition (2.2), for each n € N7, it holds that ¢, € H 3(9) [40].
Then by the Sobolev Embedding Theorem, we have ¢,, € C'(Q) and %(mo) is well-

defined for each n € N*. Hence, without loss of generality, we can suppose

%(mo) > 0, foreachn € N*. (2.3)

Otherwise, if %(xo) < 0 for some k € Nt we can replace ¢, by —¢,. —¢,. satisfies
all the properties we need, such as it is an eigenfunction of —L corresponding to the
eigenvalue )\j, composes an orthonormal basis of L?(£2) together with {¢,, : n € NT n #

k} and %’“—)(xo) > (. The assumption (2.3) will be used in Section 4.
2.3 Direct problem—existence, uniqueness and regularity

Throughout this section, we suppose a(t), ug(z) and F'(z,t) satisfy the following as-

sumptions:
Assumption 2.3.1.
(a) a(t) € CT[0,T] :={¢ € C[0,T]:(t) >0, t € [0,T]};
(b) F(x,t) € C([0,T]; L*(Q));

(c) uo(z) € HH(Q).

11



2.3.1 Spectral representation

Definition 2.3.2. We call u(z,t;a) a weak solution of FDE (2.1) in L*(Q) corresponding
to the coefficient a(t) if u(-,t;a) € HE(Q) fort € (0,T] and for any ¢(x) € H?*(2) N
H}(Q), it holds

(“Diu(w,t;a), 9 (x)) — (alt)Lu(z, t;a), d(x)) = (F(a,t),9(2)), t € (0, T];
(u(z, 05 a), ¢(x)) = (uo(x), ¥(x)),

where (-, -) is the inner product in L*(2).

With the above definition, we give a spectral representation for the weak solution in

the following lemma.

Lemma 2.3.1. Define b, = (uo(z), dn(2)), Fr(t) = (F(x,t),dn(x)), n € NT. The

spectral representation of the weak solution of FDE (2.1) is
u(z,t;a) = iun(t; a)pn(z), (z,t) € Q x [0,T], (2.4)
n=1
where u,(t; a) satisfies the fractional ODE
Du,, (t; a) + Mpa(t)up(t;a) = Fu(t), un,(0;a) = b,, n € NT. (2.5)

Proof. For each n € NT, multiplying ¢,,(x) on both sides of FDE (2.1) and integrating it

on z over 2 allow us to deduce that
Dy (ulz, t;a), ¢n () + Anat)(u(z, t; a), pn(x)) = Fu(t), (2.6)

where (—Lu(z,t;a), pn(z)) = (u(z,t;a), —Lon(z)) = M(u(z,t;a), dn(x)) follows

12



from the symmetricity of —L. Set u,(t;a) = (u(x,t;a), ¢,(x)) and define u(z,t;a) =

o

> un(t;a)én(x). Then (2.6) and the completeness of {¢,(z) : n € Nt} lead to the
n=1
desired result. [

2.3.2 Existence and uniqueness

In order to show the existence and uniqueness of the weak solution (2.4), we state the

following lemma [34, Theorem 3.25].

Lemma 2.3.2. For the Cauchy-type problem

“Diy = f(y,t), y(0) = co,

if for any continuous y(t), f(y,t) € C[0,T), A > 0 which is independent of y € C[0, T
andt € [0,T] s.t. |f(t,y1) — f(t,y2)| < Alys — yo|, then there exists a unique solution

y(t) for the Cauchy-type problem, which satisfies “Dy € C|0, T).
The theorem of existence and uniqueness for u(x, t; a) follows from Lemma 2.3.2.

Theorem 2.3.3 (Existence and Uniqueness). Suppose Assumption 2.3.1 holds. Under Def-
inition 2.3.2, there exists a unique weak solution u(x,t;a) of FDE (2.1) with the spectral
representation (2.4) and for each n € NT, u,,(t;a) € C|0,T] is the unique solution of the

fractional ODE (2.5) with “D¢u,,(t;a) € C[0,T).

Proof. From the spectral representation (2.4), it suffices to show the existence and unique-
ness of u,(t;a),n € N*. Fix n € NT  Assumption 2.3.1 (a) and (b) yield that the
fractional ODE (2.5) satisfies the conditions of Lemma 2.3.2. Hence the existence and

uniqueness for w,,(t; ) hold. O
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2.3.3 Signofu,(t;a)

In this part, we state two properties of u, (¢; a) which play important roles in building

the regularity of u(z,t;a).

Lemma 2.3.3. Given h € C*[0,T], f € C[|0,T] with “D¢f € C[0,T], if f(0) < (>)0

and D2 f + h(t)f(t) < (>)0, then f < (>)00n [0,T].
Proof. Since f(t) € C[0,T], f(t) attains its maximum over [0, 7] at some point ¢, €
[0,T]. Ifto = 0, then f(t) < f(0) < 0.If t, € (0,7], with Lemma 2.2.5, we have
D2 f(to) > 0, which yields h(to) f(to) < 0,i.e. f(to) < 0duetoh > 0on [0,T]. The
definition of ¢, assures f < 0.

For the case of “> 0", let f(t) = —f(t), then the above proof gives f < 0, i.e.

f>0. 0

The following corollary, which concerns the sign of u,(t;a), follows from Lemma

2.3.3 directly.

Corollary 2.3.1. Set u,(t;a) be the unique solution of the fractional ODE (2.5). Then
“Du, (t; a) + Apa(t)u,(t;a) < (>)00n [0,T] and u,(0;a) < (>)0 imply u,(t;a) < (>
)0 on [0,T], n € NT.

Proof. Assumption 2.3.1 gives that \,a(t) € CT[0,T]. Then the proof is completed by

applying Lemma 2.3.3 to the fractional ODE (2.5). [

2.3.4 Regularity

In this part, we establish the regularity of u(z,;a). To this end, we split FDE (2.1)

into
(
’Diu(x,t) — a(t)Lu(z,t) = F(x,t), x€Q,tec(0,T]

u(x,t) =0, (x,t) € 002 x (0,T7; (2.7)

u(z,0) =0, x € (),
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and )
“Du(z,t) — a(t)Lu(z,t) =0, e te(0,T]

u(z,t) =0, (x,t) € 002 x (0,T7; (2.8)

u(z,0) = ug(x), =€ Q.

\

Denote the weak solutions of FDEs (2.7) and (2.8) by u"(z,t;a) and u'(z,t; a), re-

. _n

spectively (“r" and “1" denote the initials of “right-hand side" and “initial condition"). The

following lemma about u” (x, t; a) and u'(z, t; a) follows from Lemma 2.3.1 and Theorem

2.3.3.

Lemma 2.3.4. Suppose Assumption 2.3.1 holds. Then u"(x,t;a) and u'(z,t;a) are the
unique solutions for FDEs (2.7) and (2.8), respectively, with the spectral representations

as

"(x,t;a) Zu (t;a)pn(x xta Zu (t;a)pn(x (2.9)

where u',(t; a), ul (t; a) satisfy the following fractional ODEs
Dl (t; a) + Ma(t)ul (t;a) = Fo(t), u’(0;a) =0, n € NT; (2.10)

Dol (t;a) + Mpa(t)ul (t;a) = 0, ul (0;a) = b, n € N*. (2.11)

Moreover, Theorem 2.3.3 ensures the weak solution u(x,t;a) of FDE (2.1) can be

written as u(x, t;a) = u"(x,t;a) +u'(z, t;a), i.e u,(t;a) = ul (t;a) +ul (t;a), n € NT.

2.3.5 Regularity of "

For each n € N*, define

F,(t), if F,(t) > 0; F.(t), if F,(t) <0;

0, if F,(t) <0, 0, if F,(t) > 0.
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It is obvious that F,, = F7 + F, the supports of F. and F, are disjoint and F.F F, €
C10,T] which follows from F, € C[0,T]. Split u.(t;a) as ul(t;a) = ult(t;a) +
ul~(t; a), where ul>* (t; a), ul»~(t; a) satisfy

CDeur T (t;a) + Apa(t)ul " (t;a) = FF(t), un"(0;a) =0, n € NT; (2.13)

n

“Deun(t;a) + Mpa(t)ul~(t;a) = F, (t), um"(0;a) =0, n € NT, (2.14)

n

respectively. The existence and uniqueness of u)>* (¢; a) and u)>~ (¢; a) hold due to Lemma

2.3.2 and we can write
u (z,t;a) = u" T (z,t;a) + w7 (2, a), (2.15)
where
H(x, t;a) Zur+ta¢n) u" " (z,t;a) Zu (t;a)pn (). (2.16)

Then we state some properties of u!> (¢; a) and ul>~ (¢; a).
Lemma 2.3.5. Foranyn € N* u"""(t;a) > 0 and ul;~ (t;a) < 0on [0, T].
Proof. This proof follows from Corollary 2.3.1 directly. [

Lemma 2.3.6. Given a;(t),as(t) € CT[0,T] with ay(t) < ax(t) on [0, T], we have

0 <upt(tias) <up™(tiar), up™(Han) < up™(taz) <0, t €[0,7], n € N¥,
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Proof. Pickn € NT, ul»"(t;ay) and ul'* (t; as) satisfy the following system:

;

CDurt (tay) + Apay (Hult (tar) = EF(t);
DRyt az) + Anas(t)uy* (8 az) = FF (b);

UQ’JF(O; a1) = UZ’JF(O; a2) =0,

\

which leads to

“Dw 4 \yar (Hw(t) = \ul (L a2) (ag(t) — ay(t)) >0, w(0) = 0,

where w(t) = ul"(t;a1) — ul»*(¢; az) and the last inequality follows from Lemma 2.3.5
and a; < ay. Hence, Corollary 2.3.1 shows that w(t) > 0, i.e. ul'"(t;a2) < ult(t;aq)
and Lemma 2.3.5 gives 0 < u" " (t;a2) < ul'*(t;a4), t € [0,T].

Similarly, we have u>~ (¢;a1) < ul»~(t;a2) <0, t € [0, 7], completing the proof. [

Assumption 2.3.1 (a) implies there exists constants g,, (), s.t.

0<qe<a(t)<Qgonl0,T]. (2.17)

From Lemma 2.3.6, we obtain

" (8 0)] < Jup (B qa)l, Jup ™ (Ba)] < uy(tiq0)[ont € [0,T], n € NT,  (2.18)

where u" " (t; qa), ul»~ (t; q,) are the unique solutions of fractional ODEs (2.13) and (2.14)

respectively with a(t) = ¢, on [0,7]. The next two lemmas concern the regularity of

u"*(z,t;a) and “D2uT (2, t; a), respectively.
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Lemma 2.3.7.

|u" | 20, m200)) < CNF |l 2(0,11%9)-

Proof. Calculating ||u™(x,t; a)||%2(O’T; w20y directly yields
T
0 s By = [ 0yt < [ Ol i)t
—c/ HZA ULt (E @) () By
- c/ Z/\2|UT+ ta)2dt < (J/ Zmu:ﬁ(t;qa)ﬁdt,
0 =1

where the last inequality is obtained from (2.18). By the Monotone Convergence Theorem,

we have

[u"* (2, 8 @)l 20,702 () < C/O Z)\Q\UT+ (t; ga)|?dt = CZ/ upt (8 ga)|dt.

(2.19)

For each n € N, [9] gives the explicit representation of u”>" (¢; q,)

t
Wt g) = / FHE)(E = 1) By o(—Anga(t — 7))dr,
0

which together with Young’s inequality leads to

T
/0 Ay ™ (t; qo) [Pdt = || F (1) * ()‘ntailEa,a(_)‘nqtzta))H??[O,T}

< ES 20 1 Ant™ ™ Baa (= Anat ) 21077
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Lemmas 2.2.2, 2.2.3 and 2.2.4 give the bound of || \,t* " Ey o (=Auqat®)|| 10,17

T
H>\nta71Ea,a(_)\nQata>HLl[O,T] :/ ‘AnTailEa,a( nQa ‘dT
0
T
:/ AT By o (= Anqa®)dT
0
T
d
=—q ' - L _)\n a “)d
4 /0 7 Bai(=Anga?)d7

- q;l(l - Ea,l(_)‘nQaTa)) < qgl;

while the definition (2.12) provides the bound of || ;" || 20,7 as || F || 20, < || Fll 22j0,17-

Consequently, it holds fOT |IAnult(t; qo)[2dt < q;2||Fn||%2[07T], n e Nt ie

Z/ W @) P < g2 S 1 e,

n=1

which together with (2.19) and the completeness of {¢,(z) : n € Nt} in L?(Q) gives

o) e < €Y [ i 0Pt

< OZ 1Eall 21007 = ClIFI72(0.071x0)

n=1
where the constant C' only depends on «a(t). This completes the proof. [

Lemma 2.3.8.

||CD?UT’+||L2([0,T}><Q) < ClIF (| z2qo.11x0)-
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Proof. (2.13), (2.16), definition (2.12) and the Monotone Convergence Theorem give

HCDa T+||L2(0T]><Q / HZCDa T—i— Cbn ||L2(Q dt = Z/ CDa r+ )|2dt
<3 [ Cheu o + 25 0P a
n=1"0

o0 T
gzZ/ Ana(t) tazdt+22/ (t)[2dt.
n=1 0

(2.20)

The estimate of fOT | Apa(t)ul"(t; a)*dt follows from (2.17), (2.18) and the proof of
n=1

Lemma 2.3.7
Z/ |Apa(t)ult (t; a)?dt < QaZ/ Ay (85 a)|?dt < O F |72 ([0,T]xQ)>

while the completeness of {¢,(z) : n € NT} gives Z fOT |Fa(@)Pdt = |F|1 220 ryx-
Hence, (2.20) develops ||“Dyu"" |32 11,0y < C HF|| 72(j0.1)x0)» Which implies the indi-

cated conclusion. O]

The following corollary follows immediately from the proofs of Lemmas 2.3.7 and

2.3.8.

Corollary 2.3.2.

[u" 20, m2()) < CIFlr2qomix)s Dfu™ 2o mixey < ClIF | 2(i0,110)-

From Lemmas 2.3.7, 2.3.8, Corollary 2.3.2 and (2.15), we are able to deduce the reg-

ularity for u”(x,t;a) and “D¢u" (x,t; a).
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Lemma 2.3.9 (Regularity of u").

" || 220, m20)) + D" | 2qo.myx) < CIIE | r2(o.m1x0)-
Proof. (2.15) gives u" (x,t;a) = u" " (x,t;a) + u™~ (x,t; a), which leads to

" || 2qo,rmr2 ) + D" || L2071 %)
<" 201200 + 10" 1200, 1:02(0))
+ D" | 2o,y xa) + [|“DEu" | 2 o.m <

< O F || 2qo0,mx0)-

If we impose a higher regularity on ', we can obtain the regularity estimate of

" || 0,17 m2 () -

Corollary 2.3.3. Under Assumption 2.3.1, if I € C?([0,T]; L*(Q)), 0 < 6 < 1, then

e leorm) + 1°Dfu" (leqoryzz@) < CIFlcoqoryzz@),

where C depends on Q, —L and a(t).
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Proof. Foreacht € [0,T], we have

o0
" (2, ;@) |32y < Cll = Lu gy < C Y Py (t50)

n=1

)\n/ EHr)(t — 1) ' Epo(—Anga(t — 7)%)dr

2

2

/ FH(r) — EX Ot — 1) Baa(~Aualt — 7))dr

2

/ (t—1)*" 1Eaa( Aot — 7))dT

The definition of Ff(¢) yields that |F.F (1) — E;f(t)| < |F,.(7) — F,(t)|; Lemma 2.2.2

gives

¢
0< / An(t — T)a_lEO(,a(—/\nqa(t —7)%)dr = q;1(1 — Ea1(—Angat®)) < qa_l.
0

Hence,

2
lu"*(

A, /O Fu(7) = Fa(0)](t = 1) B a(=Angalt — 7)%)d7

+CY (1)
n=1

z,t; a)||%12(9)

By [9, Lemma 3.4], we have
[u" (2,5 a)l[3r20) < CIF G0 qom20)) + CIFC T2y t € (0,71,

which gives

[u" Nl oqormz@)y < CIF s oL@y

and the constant C' depends on €2, —L and a(t). Similarly, we can show
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[u"lleqorym@) < ClFllcogoryr29)-
For “Dgu’, by (2.10), we have “Dfu™t = S0 [= N a(t)ul ™t (t;a) + FF(t)]gn(z).
Then for each ¢ € [0, T,

1D u ey < C Y Qe (t0) P+ C Y [Fu(t)

n=1 n=1

<CY Pt (ta) + CIFC ) q)-

n=1

From the above proof for ||u"" H%IQ(Q), it holds
1Dy u" 220y < ClIFIgooyz2@) + CIEC DL, ¢ € 10,T),
which gives

1“Dfu | oz ) < CIFllceqoryree))-

Analogously, we can show [|“Du”~ || e o2 < CIIF |lcoo.ry:12(0)-
The estimates of u"*, u"~, “Du"* and “Du™~ yield the desired result and com-

plete this proof. [

2.3.6 Regularity of v’

In this part we consider the regularity of u°. Just as in the regularity results for u", we

first state two lemmas which concern the positivity and monotonicity of u’, respectively.

Lemma 2.3.10. With the representation (2.9) and the fractional ODE (2.11), for each

n € Nt b, < (>)0 implies that v’ (t;a) < (>)0on [0, T).
Proof. This is a directly result of Corollary 2.3.1. [

Lemma 2.3.11. Given ay,ay € CT[0,T] with a; < ay on [0,T), for each n € Nt we
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have

0 < up(t;az) < up(tsar), if by = 0;
up (t;a1) < gy (t;az) <0, ifb, <0,

Proof. Fix n € NT, from the fractional ODE (2.11), the functions ! (¢; a;) and v’ (¢; az)

satisfy the following system

;

Dol (t;ay) + Mpar (t)ud (t;a1) = 0;

Dol (t; ag) + Mag(t)ul (t;az) = 0;

ul (0;a1) = ul (0;az) = by,.
\

This gives
“Dfw 4 Nyay (Hw(t) = A\l (; ag)(as(t) — ay(t)), w(0) =0, (2.21)

where w(t) = u!,(t; a1) — ul,(t; az).

If b, > 0, Corollary 2.3.1 shows that u’ (¢; ay ), u’ (t; az) > 0. Also, Lemma 2.3.10 and
a1 < ay ensures the right side of (2.21) is nonnegative, which together with Corollary 2.3.1
implies w > 0, i.e. 0 < u! (t;a2) < u'(t;a1). The similar argument yields v’ (¢; a;) <

ul (t; ag) < 0 for the case b, < 0. O

Lemma 2.3.12 (Regularity for u°).

|| 20 7 m20)) + D5 | 2o.ryx0) < CT 2 ||uol| ga)-
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Proof. Givent € [0,T1], the direct calculation and Lemma 2.3.11 yield that
[ (2, @) 20y < Cll = Lu' (2,8 0) |72y = Cll Y Antiy (£ @) (@) | 22
n=1
=C> it a))” < O A (£.a)
n=1 n=1

Recall that [9] established the representation as u',(t; ¢.) = bpFEa1(—Aqat®), n € NT.

Hence, by Lemma 2.2.1,
Hul(xata)H%ﬂ(Q) < CH - ﬁui('xﬂf;Q)H%Q < CZ ’)‘ bnEo 1(_)‘nQata)‘2

< A2 = nqat 2—a —1)\nb2
- ;|1+Anqat“ b Z|1+A . ZinPn

<Y (—L)2up, 6n)* < Ot Juo31 0,

n=1
(2.22)
T, g o .
which leads to [[u'|| 72 12y < C Jo £ uollindt = CT*[uoll i g ie-
4 1-a
||UZ||L2(0’T;H2(Q)) S CT 2 HUOHHl(Q). (223)

For the estimate of CDtaui(x, t;a), (2.9) and (2.11) yield

“Deui(z,t;a) = ZCDa’tagbn Z)\a L (t;a)dn(z),

which together with (2.17) gives

1D (2,8 @) |72y < Q2 Y Aty (t50)?

n=1

= Qall = Lu'(z,t:0)[[2) < Ct[luolli (), t € 10,71,
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where the last inequality follows from (2.22). This result implies that
||CD?ul($>t;a)”%Q([O,T}XQ) = / 1“Dfu’ (, t; a)H%Q(Q)dt < CTl_aHUo”?{l(Q),
0

ie. [|°Dful||r2orxe) < CTFTQHUOHHl(Q), which together with (2.23) completes the

proof. [

Moreover, with a stronger condition on ug, such as assuming uy € H*(Q) N Hy(Q),

we can deduce the C-regularity estimate of u’.

Corollary 2.3.4. With Assumption 2.3.1 and ug € H*(Q) N HL(Q), then

|| ooz + 1°Div oo rizzwy < Clluollr2oy-

Proof. Lemma 2.2.1 yields that

Z A Bt (—Angat®)” < CZ [Anbn]? = C| _ﬁuoH%ﬁ(Q) < CHUOH%T?(Q): t€[0,T];
n=1

n=1

meanwhile, the following estimates have been shown in the proof of Theorem 2.3.12

I’ (2, 8 a) [y < Cll = Lu' (2,15 0) 720y < C 32021 AnbnEan(=Angat®) P,

n=1

1D (2, 10 220y < Q2 35, At (15 @)[2 = CI = L (2,8 0) 2 -

Hence, it holds that
[ (2, 8; @) | a2 () + |“Diu’ (2, )| L2y < Clluollm2, ¢ € 0,71,

which leads to the claimed result. O]
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2.3.7 Main theorem for the direct problem

The main theorem for the direct problem follows from Theorem 2.3.3, Lemmas 2.3.9

and 2.3.12, Corollaries 2.3.3 and 2.3.4, and the relation u(z, t; a) = u"(z, t; a)+u'(x, t; a).

Theorem 2.3.4 (Main theorem for the direct problem). Let Assumption 2.3.1 be valid, then
under Definition 2.3.2, there exists a unique weak solution u(x,t; a) of FDE (2.1) with the

spectral representation (2.4) and the following regularity estimates:

1—a
lull 20,msm200)) + 11D ull 2o.mxe) < CUF |l r2qomxey + T2 uollme))-

Moreover; if the conditions ug € H*(Q) N HE(Q) and F € C%([0,T); L*(Q)), 0 <0 < 1

are added, we have:

lulleqorsmz@) + [|°Diulleqorsrzwy < CUIFllooqorrz@) + [t m2@))-

2.4 Inverse problem-reconstruction of the diffusion coefficient a(¢)

In this section, we discuss how to recover the coefficient a(t) through the output flux

data

9
a(t)ajﬁ(xo,t; a) = g(t), zo € O

All cross the inverse problem work, the operator — L is assumed to satisfy the condition
(2.2), then the expression g—%’é(xo) makes sense. We only consider this reconstruction in
the space C*[0,T], which can be regarded as the admissible set for a(t). To this end,

we introduce an operator K, which will be shown to have a fixed point consisting of the

desired coefficient a(t).
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24.1 Operator K

The operator K is defined as

K(t) = — S  te[0,7]
00D SR (5 0) % ao)
n=1

with domain

D(K) = {0 € C0.T) : (1) > (1) S (o) + I [ og (a0, )] 1 € 0,77,

To analyze K, we make the following assumptions.
Assumption 2.4.1. uy, F' and g should satisfy the following restrictions:
(a) ug € H*(QY) N H(Q) with by, := (ug, ) >0, n € NT;

(b) 30 € (0,1) s.t. F(x,t) € CO([0,T]; H3(Q) N HL(Q)) with Fy(t) = (F(-,1), ¢n) >

0 on [0,T] for each n € NT;
(¢) 3N € Nt s.1. ?—%@(mo) > 0,by > 0and Fyx(t) > 00n [0,T];
(d) g € CT[0,T].

The next remark shows that the equality in the definition of K is valid.

Remark 2.4.1. Given ¢p € C*[0,T] and for each ¢ € [0, T], by the proofs of Corollaries
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2.3.3 and 2.3.4, we have

[u"* (2, ;) 3730
< C(=L)PPur* |[Fai) < C Y INupt (1)
n=1
<Cy
n=1
<Cy
n=1
+ C Z |)\711/2Fn(t><1 - Ea,l(_)\nQ¢ta))

n=1

< =L F o oryzaey + CI=L)2E ()|

2

t
NE / FHE)(E = 1) B (—Angu(t — 7)%)dr
0

2

A / N2(E, (1) = Fy(D)](t — 1) B (— Mgyt — 7)%)dr

| 2

< ClIFNo om0y + CIEC Doy

and

™™ (@t ) sy < CIF ooy @y + CIEC Bl @),

which give ||u"[|c(o.:m3 ) < CIFllcoqo.r;m )

[l (&, ) s ) < CI=L) Pl [F2gy < Ol Y A Py (6:9) (@) 1720

n=1

< CZ |/\i/anEa,1(_)\nQ¢ta)|2 < C’Z ’)‘i/2bn|2

n=1 n=1

= CI(—L£)**uo|1 720 < Clluoll3s oy,
which gives [|u || c(po,r1.m3 ) < Clluol| s (o). Combining the above two results yields that
lulleqoryms@) < CUF oo o,y @) + luollma ) < oo,
which means for each ¢ € [0, 77, ||u||g3@) < co. Recall that Q C R",n = 1,2, 3, then the
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Sobolev Embedding Theorem gives

u(x, ;) = Zun ) € C1(Q) foreach t € [0, T].

Hence, > u,(t; w)%(xo) is well-defined and

n=1

A
57 (00, 15) = Zun (z0), t€[0,7T).

The following two remarks will explain the reasonableness and reason for Assumption

24.1.

Remark 2.4.2. For the inverse problem, the right-hand side function F'(x, t) and the initial
condition wug(z) are input data, which, at least in some circumstance, can be assumed
to be controlled. Even though Assumption 2.4.1 (a), (b) and (c) appear restrictive, it
is not hard to construct functions that satisfy them. For example, in (a) if ug = coy
for some ¢ > 0, then Assumption 2.4.1 (a) will be satisfied. This will also be true if
uy = Z,iw:l ce¢r with all ¢, > 0. Similarly, (b) is satisfied if F'(z,t) is also a linear
combination of {¢,, : n € N*} with positive coefficients. For (c), by the completeness of
{¢n : n € N*}in L*(Q), there should exist N € N* s.t. 22¥(z) > 0. Otherwise, for
each ¢ € H3(Q) C L(Q), &% (o) = 0 and obviously it is incorrect. Then for this N, we
only need to set the coefficients of uy and F' upon ¢y be strictly positive.

The output flux data g(¢), it is not under our control. However, if there exists a €
CHO0,T) st a(t)2(xo, t;a) = g(t), Assumption 2.4.1 (a), (b) and Corollary 2.3.1
yield that u,(t;a) > 0; (2.3) gives g—‘%’#(xo) > 0,n € NT; Assumption 2.4.1 (c) ensures

%i%(xo) > 0 and uy(t;a) > 0 on [0, 7], where the proof can be seen in Lemma 2.4.1.
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Consequently,

ou 6 0
P — (o, t; ) Zun t;a) aj xg) > uN(t;a)%(:pg) >0, t€[0,7T].

This together with a € C*[0,T] gives that g > 0. The continuity of g follows from the
ones of a and u,(t;a), n € NT, which are derived from the admissible set C*[0, 7] and
Theorem 2.3.3, respectively. Therefore, Assumption 2.4.1 (d) is reasonable and can be

attained.

Remark 2.4.3. The well-definedness of the domain D(K) is guaranteed by Assumption
2.4.1 (a), (b), (¢) and (d) in the sense that the H?>-regularity of ug, F' and the Sobolev Em-

dug

bedding Theorem support that 5% (z) and &% (zo,t) are well defined, and the dominator

of the lower bound of D(K)

ou W OF > SN oN o O
aﬁrf(fo) + I [ﬁ(ﬂ?oat)] = ;(bn + I Fn)ﬁ(xo) > (by + I FN)FIZIV(%) >0

n [0,7]. Recall that the numerator g > 0, so that the lower bound g(t)|%% (z9) +
I[85 (0, 1)) ) > 0, which gives that D(K) is a subspace of C*[0,T]. Also, F(z,t) €
CO([0, T); H3(Q)NHJ(€)) yields that Fy(t) is continuous on [0, T], so is (by—+I0 Fiv) 92 (x

Then 3C' > 0 s.t. (by + ]fFN)?%(xO) > (' > 0, which leads to the dominator

ou ot OF
a?fw + I (5= (w0, 1)] > € > 0 on [0,7].

The strict positivity of the dominator avoids D(K') degenerating to an empty set.
In order to show the well-definedness of K, Assumption 2.4.1 (a), (b) and (c) will be
used. Furthermore, Assumption 2.4.1 (a) and (b) are crucial to build the monotonicity of

operator K; meanwhile, Assumption 2.4.1 (¢) is stated for the uniqueness of fixed points
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of K.

For the operator K, we have the following lemmas.
Lemma 2.4.1. The operator K is well-defined.

Proof. For each ¢ € D(K), Theorem 2.3.3 ensures that there exists a unique w,,(t; ) for
n € Nt which implies the existence and uniqueness of K.

Then it is suffice to show the dominator i Un (t; w)g%(xo) > 0 on [0, 7). With (2.5),
Lemma 2.3.1 and Assumption 2.4.1 (a) ang:(ll)), we have u,(t;1) > 0 on [0, 7], which
together with ‘Z—Qin’}(xo) > 0 gives i un(t;@b)%(mo) > uN(t;w)%—‘f’ﬁ@(xo). Due to the
assumption %%V—(xo) > 0, we Clairr;Tliat un(t;1) > 0. Assume not, i.e. Ity € [0,7] s.t.
un (to; ) < 0. The result uy(t;1) > 0 yields that uy(tp; 1)) = 0 so that uy(¢; 1)) attains
its minimum at ¢ = ¢. un(0;7) = by > 0 implies ¢ty # 0, i.e. ty € (0,7]. Then Lemma
2.2.5, un(to; 1) = 0 and the ODE (2.5) show that “D&u (tg; 1) = Fn(to) < 0, which

contradicts with Assumption 2.4.1 (¢) and confirms the claim. Hence,

Dt )55 () 2 w(50) i an) > 0
which completes the proof. ]

Lemma 2.4.2. K maps D(K) into D(K).

Proof. Given ¢ € D(K). The continuity of K¢ follows from the continuity of w,,(t; 1)
for each n € NT and the continuity of g, which are established by Theorem 2.3.3 and
Assumption 2.4.1 (d) respectively.

For each n € NT_ (2.5) ensures u,,(t;¢) satisfies

D (t10) + Mt () un(t0) = Fi(t), un(0;9) = by,
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Taking I;* on both sides of the above ODE and using Lemma 2.2.6 yield that

U (t5 ) + A I [0 () un (t;0)] = TP F, 4 by,

From the proof of Lemma 2.4.1, we have u,(¢;1) > 0 on [0,7], which together with
An > 0, the positivity of ¢ and the definition of I;* yields that A\, I [¢(t)u,(t;¢)] >
0. Since u,(t;v) > 0 and N\ I [(t)u,(t; )] > 0, we deduce that 0 < w,(t;¢) <
I?'F,, + b, on [0,T]. Hence, with %—%’é(xo) > 0 and the smoothness assumptions vy €

H3(Q)NH(Q), F e C%0,T); H3(Q) N H(Q)) stated in Assumption 2.4.1 (a) and (b)

respectively, the following inequality holds

- Opn - O B, L OF
> 0) 2% (20) < > _UrFu b)) = S8 ) + I e (0, 1)),

which together with g > 0 yields that

K(t) = 9() > (1) 9% (w0) + I [z w0, 1)] >0, £ € [0,7),

> u (1:1) 2 (x0)

where the last inequality follows from Remark 2.4.3. The above result and the continuity

of K lead to K1 € D(K), which is the expected result. O

2.4.2 Monotonicity

In this part, we show the monotonicity of the operator K&'.

Theorem 2.4.2 (Monotonicity). Given a1, as € D(K) with a; < ag, then Ka; < Kag on

0, 7).
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Proof. Pickn € NT, due to (2.5), u,(t; a1) and u,(t; ay) satisfy

D, (t; a1) + Mpar () un(t;ar) = Fu(t), un(0;a;) = by;

Dy, (t; ag) + Mpas(t)u, (t; az) = F(t), un(0;as) = by,
which together with a; < ay and Lemma 2.3.3 yields
CDf‘w + Apar (H)w(t) = Aun(t; az)(az(t) — aq(t)) >0, w(0) =0, (2.24)

where w(t) = u,(t; a1) — u,(t; az). Applying Lemma 2.3.3 to the above ODE yields that

w >0, i.e. u,(t;ar) > u,(t;az) > 0, which together with assumption (2.3) leads to
N n(t;alaﬁxo > untag xg) >0, t €10, 7.
! o
Therefore, with the condition g > 0 stated in Assumption 2.4.1 (d),

Kai(t) = — 9() <— 9() = Kay(t), t € [0, 77,
nZ::l wp, (t; al)g%(xo) ;::1 U (t; ag)%(l’o)

which completes this proof. [

2.4.3 Uniqueness

In order to show the uniqueness, we state two lemmas.
Lemma 2.4.3. If ai,ay € D(K) are both fixed points of K with a1 < as, then a; = as.

Proof. Pick a fixed point a(t), then

Zun (t; a) g% (zo :Za U, (t; a)%(mo) =g(t),

n=1 n=1
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which gives

Z 1°[a(t)un (t; a) ]a%%(:co) = I%g (2.25)

by taking /;* on both sides. Similarly, taking I;* on the both sides of (2.5) and applying

Lemma 2.2.6 yield that
IPla(t)u,(t;a)] = NP E, + A M, — A tu,(ta), n€ N
which together with (2.25) generates

- — agbn . — « 8@5” «
Z A, ( a) 5= (o) = > NIPF, + bn) 2= (w0) = I{'g. (2.26)

n=1

In (2.26), the convergence of the two series in C'[0, T is supported by Assumption 2.4.1,
Remark 2.4.1 and the fact that 0 < A\ < Ay <
Given two fixed points a1, as with a; < a9, then a; and as should satisfy (2.26) simul-

taneously, which gives

Z Anla—ﬂim)(un(t; a1) — un(t; az)) = 0. (2.27)

n=1
In the proof of Theorem 3.3.2, we have shown that u,(¢; a;) > u,(t;az) > 0. Also recall
that A\, 1228 (20) > 0, n € N*, then A, 222 (o) (un(t; 1) — un(t; a2)) > 0 on [0, 7] for
n € N*. Hence, (2.27) implies that

On

)\1
naj

(o) (un(t;a1) — un(t;a)) =0, t € [0,T], n € NT.

Letn = N, )\Nl%\[—(l’(ﬁ > 0 gives un(t;a1) = un(t;ag) on [0, T]. Setw(t) = un(t;a1)—
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un(t;az) = 0. Then (2.24) yields that
0 = “Dw + Aya; (H)w(t) = Avun(t; as)(az(t) — ai(t)),

i.e. uy(t;as)(az(t) — ai(t)) = 0 on [0,7]; while the proof of Lemma 2.4.1 yields that

un(t; az) > 0. Hence, we have a; = ay on [0, 7], which completes the proof. O

Before showing uniqueness, we introduce a successive iteration procedure which will

generate a sequence converging to a fixed point if it exists. Set

~ OF -1 _
ao(t) = g(t) [8—5;(950) s [ajn(xo,t)]] , Gp1 = Ko, n € N,

Then this iteration reproduces a sequence {a,, : n € N} which is contained by D(K') due

to Lemma 2.4.2.

Lemma 2.4.4. If there exists a fixed point a(t) € D(K) of operator K, then the sequence

{@, : n € N} will converge to a(t).

Proof. @y is the lower bound of D(K) and {a, : n € N} C D(K) yield that @y < @;.
Using Theorem 3.3.2, we have a; = Kay < Kay = @y, i.e. a; < a. The same argument
gives ay = Ka; < Kay = az. Continue this process, we can deduce ap < a3 < as < ...,
which means {@,, : n € N} is increasing. Since the results that @ is the lower bound of
D(K) and a(t) € D(K), it holds @y < a. Applying Theorem 3.3.2 to this inequality, we
obtain a; = Kay < Ka = a, i.e. a; < a. This argument generates a,, < a, n € N, which
means a(t) is an upper bound of {@, : n € N}.

We have proved {a,, : n € N} is an increasing sequence in D(K') with an upper bound
a(t), which leads to {a@, : n € N} is convergent in D(K) and the limit is smaller than
a(t). Denote the limit of {@,, : n € N} by a. We have @ € D(K), a < a and @ is a fixed

point of K in D(K). Hence, Lemma 2.4.3 yields @ = a, which is the desired result.  [J
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Now, we are able to prove the uniqueness of fixed points of K.
Theorem 2.4.3 (Uniqueness). There is at most one fixed point of K in D(K).

Proof. Let a1, as € D(K) be both fixed points of K. Lemma 2.4.4 implies that @,, — a;

and @,, — a9, which leads to a; = as and completes this proof. O

2.4.4 Existence

Assumption 2.4.1 is not sufficient to deduce the existence of the fixed points of K since
D(K) has no upper bound so that an increasing sequence in D(K’) may not be convergent.

In this part, we discuss the existence of fixed points, by providing some extra conditions.
Assumption 2.4.4. Additional assumptions on ug, F' and g:
(a) —Lug € H*(Q) N H;();

(b) F(x,t) = —Lug(x) - f(t) s.t. f€C0,T),0 <0< 1and f(t) > g(t)[2% (x,)]
on [0,T].

Remark 2.4.4. Assumption 2.4.4 is set up to make sure that F'(z,t) = —Lug(x) - f(t) €
C?([0,T); H3(2) N H}(R)), so that F(z,t) also satisfies Assumption 2.4.1.

Fix ug and f, if the measured data g does not satisfy Assumption 2.4.4 (b), then we can
modify 1 by increasing the value of 1 in a very small neighborhood of the point x so that
the value of %(mo) becomes larger. Meanwhile, since v is changed in a small domain,
the coefficients {b, : n € NT} only vary slightly, so do u,(¢;a) and u(z,t;a). Hence,

%(mo, t;a) and ¢(t) will not appear a significant change that can violate Assumption

2.4.4 (b).

Define the subspace D(K )" of D(K) as

DIRY = {0 € 70,71 o0 523 0) + I e, 0]
< (t) < g(t) [%(m@}i te [O,T]}
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We have proved the lower bound of D(K) is positive in Remark 2.4.3 and clearly the

/

upper bound of D(K)" is larger than the lower bound. Consequently, D(K)’ is well-

defined.

The next lemma concerns the range of K with domain D(K)'.
Lemma 2.4.5. With Assumptions 2.4.1 and 2.4.4, K maps D(K)" into D(K)'.
Proof. Given ¢ € D(K)', we have proved K¢ € C*[0,T] and

8u0 o oF -1
Ki(t) 2 g(t)| 523 (@0) + I 5= (@0, 0)]| - t € [0,7]
in the proof of Lemma 2.4.2, so that it is sufficient to show Kt < g(¢)[5% (z0)] ~on
[0, 7.
For each n € N*_ let w,(t;¢) = wu,(t;9) — by, (2.5) yields the following ODE by

direct calculation

“Diwn(t;9) + X () wa(t; ) = Xba(f (1) = ¥(t)) = 0, wa(0,9) =0,

where A,b,(f(t) — ¥(t)) > 0 follows from the fact ¥(t) < g(t) [%(xo)rl and As-
sumption 2.4.4 (b). Applying Corollary 2.3.1 to the above ODE gives w,(t;¢) > 0, i.e.
un(t; 1) > b, > 0on [0, 7). Hence,

g(t g(t Ju _
Ko = 20— < Iy ey
;%W)%@ﬁ QM%@Q
and this proof is complete. ]

The existence conclusion is derived from Lemmas 2.4.4 and 2.4.5.
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Theorem 2.4.5 (Existence). Suppose Assumptions 2.4.1 and 2.4.4 be valid, then there
exists a fixed point of K in D(K)'.

Proof. Lemma 2.4.4 yields the sequence {a, : n € N} is increasing, while Lemma 2.4.5
gives {a, : n € N} C D(K)'. Then {a, : n € N} is an increasing sequence with an upper
bound ¢(t) [%(mo)} !, which implies the convergence of {@,, : n € N}. Denote the limit
by @, clearly @ is a fixed point of K. Also, the closedness of D(K')’ yields thata € D(K)'.

Therefore, @ is a fixed point of K in D(K)’, which confirms the existence. O

2.4.5 Main theorem for the inverse problem and reconstruction algorithm

Lemma 2.4.4, Theorems 2.4.3 and 2.4.5 allow us to deduce the main theorem for this

inverse problem.
Theorem 2.4.6 (Main theorem for the inverse problem). Suppose Assumption 2.4.1 holds.

(a) If there exists a fixed point of K in D(K), then it is unique and coincides with the

limit of {a,, : n € N};

(b) If Assumption 2.4.4 is also valid, then there exists a unique fixed point of K in D(K)',

which is the limit of {a,, : n € N}.

The following reconstruction algorithm for a(t) is based on Theorem 2.4.6.
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Table 2.1: Numerical Algorithm

Iteration algorithm to recover the coefficient a(t)

1: Set up the right-hand side function F'(z, t) and the initial condition (),

then measure the output flux data g(¢). F, up and g should satisfy Assumption 2.4.1;
2: Set the initial guess as @o(t) = g(t) | 39 (o) + I2[2% (xo, t)]] 1;

3: for k =1,...,.N do

4: Using the L1 time-stepping [41] to compute u(z,t;ax_1),

which is the weak solution of FDE (2.1) with coefficient function ay_1;

5: Update the coefficient a1 by ap = Kay_1;

6: Check stopping criterion |[a, — a@y_1]z2j0,) < €o for some €y > 0;

7: end for

8: output the approximate coefficient function ay.

2.5 Numerical results for inverse problem
2.5.1 L1 time-stepping of “D¢

The fourth step of Table 2.1 includes solving the direct problem of FDE (2.1) numeri-

cally. To this end, we choose L1 time stepping [41, 42] to discretize the term “D2u(z,t)

N-1 t
1 I+ Qu(z, s)
Crha —«
D INn) = ——— ity — d
t U(l', N) F(l — Oé) ]z:;/t] s ( N 5) S
N-1 .
1 w(z, tjpr) —u(z,t;) /tﬂ+1 B
~ ty —s) “ds
Il -« = T t ( )
_ = b u('I? tN—j) B U(Z’, tN—j—l)
— i ps
Jj=0

N-1
= [bou(l' tN)—bN 1UItQ +Zb —b l’tN ])]
7=1

where

bi=((G+1)"*=i""/T2-a),j=01,...,N—1
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2.5.2 Numerical results for noise free data

In this part, we set 2 = (0,1), zo = 0, T'= 1, Lu = Uy, pick up(z) = —sinnz,

F(z,t) = —(t + 1) sin mx and consider the following two coefficients:

(al) smooth coefficient: a(t) = sin 5nt + 1.3;

(a2) nonsmooth coefficient (“smile” function):

a(t) = [0.8sin 37t + 1.5]x[0,1/3 + [—0.5sin (37 — ) + 0.6]x(1/3,2/3)

+ [0.8sin (37t — 27) + 1.5]x[2/3,1]-

In experiment (al), the exact coefficient we pick is a smooth function. Figure 2.1
shows the initial guess and the first three iterations, while Figure 2.2 presents the exact
and approximate coefficients. From these two figures, we observe that {a, : n € N}
converges to a(t) monotonically, which illustrates Theorems 3.3.2 and 2.4.6. Moreover,
the L? error of the approximation in Figure 2.2 is ||a — @y|| 120,77 = 1.04 X 107%, which
implies us the L? error of this approximation may be bounded by the stopping criterion

number ¢,. This guess is confirmed by Figure 2.4 and can be expressed as

la = @n|| 200,77 = Oleo)-

Several attempts of experiment (al) for different & € (0, 1) are taken to find the depen-
dence of the convergence rate of Table 2.1 on the fractional order «, which is shown in
Figure 2.3. This figure shows the amounts of iterations required, i.e. N, corresponding
to different «v, which imply that restricted @ € (0, 1), the larger « is, the faster the con-
vergence rate of Table 2.1 is. This phenomenon is explained in [43] by a property of the
Mittag-Leffler function; for o € (0, 1), the larger « is, the faster the decay rate of £, 1(—2)

is as z — o0o.
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©a=0.7 (da=0.9

Figure 2.1: Experiment (al): the initial guess and first three iterations

Figure 2.2: Experiment (al): the exact and approximate coefficients for « = 0.9 and
€0 = 10_6
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T T T T
-8-smooth case for ¢y = 107
nonsmooth case for ¢ = 10
smooth case for ¢ = 1072
-e-nonsmooth case for ¢ = 107}

Figure 2.3: The amounts of iterations N for different v

x10°
T

-9-smooth case

~¥-nonsmooth case

Il 221079

— an

|la

=}
o
T

é x10°

Figure 2.4: ||a — @y || 2[o,r) for different ¢y under v = 0.9

The definition of D(K) restricts the coefficient a(t) in the space C*[0, T, however,
the results of experiment (a2) indicate that Table 2.1 still works for nonsmooth a(t), which
means the numerical restriction on a(t) can possibly be extended from a(t) € C*[0,T]
to a(t) € L*[0,T]. For discontinuous «a(t), Figures 2.5 and 2.6 explain that Theorems
3.3.2 and 2.4.6 still hold, while Figures 2.3 and 2.4 illustrate the similar conclusions as the

larger « is, the faster the convergence rate of Table 2.1 is, and

||CL — ENHLQ[O,T} = O(Go).
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Figure 2.5: Experiment (a2): the initial guess and first three iterations
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Figure 2.6: Experiment (a2): the exact and approximate coefficients for « = 0.9 and

€) = 10_6
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2.5.3 Numerical results for noisy data

In this subsection, we will consider data polluted by noise. Set g be the exact data and
denote the noisy data by gs with relative noise level 9, i.e. ||(g — g5)/9| 0,77 < 6. Then

the perturbed operator K is

with domain

D(Kys) = { € CT[0,T] : g5(¢) %@:0) v If[gji(xo,t)]]l < 4(t), t € [0, 7]}

Also, the sequence {as,, : n € N} can be obtained from the iteration

ou oF -1
as0 = gs [ajrf(ﬂfo) + If[aﬁn(iojt)]] , G511 = KsQs, n € N,

Since ¢ is a small positive number and g is a strictly positive function, we can assume gs is
still positive, which means Theorem 2.4.6 still holds for K. Hence, if there exists a fixed
point as € D(Kj), the sequence {as,, : n € N} will converge to a; monotonically and
we denote the limit by @s. Table 2.1 is still able to be used to recover a; after a slightly
modification—replacing g and K by gs and K, respectively.

We take the experiments (al) and (a2) with noise level 6 > 0. Figures 2.7 and 2.8
present the exact and approximate coefficients under 6 = 3% for experiments (al) and
(a2) respectively. From figures 2.7 and 2.8, we observe that the smaller |a(t)] is, the better
the approximation is. This can be explained by J means the relatively noise level, i.e. we

pick g5 = (1+(d)g in the codes, where ¢ follows a uniform distribution on [—1, 1]. Figure
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2.9 illustrates that

la —@sn|lL20.0)/ lal| 20,7 = O(6),

showing the domination of the noise level § in relatively L? error with the reason that

€0<<(5.

0 1 1 1 1
0 02 04 0.6 08 1

t

Figure 2.7: Experiment (al): the exact and approximate coefficients with o = 0.9, ¢y =
107%and § = 3%

t

Figure 2.8: Experiment (a2): the exact and approximate coefficients with o = 0.9, ¢y =
107% and 6 = 3%
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Figure 2.9: |la — @s || z2j0.71/||@|| 20,7 for different § under o« = 0.9 and ¢y = 107°

2.5.4 Numerical results in two dimensional case

In this part, the numerical experiments on a two dimensional domain will be consid-
ered. Weset a = 0.9, ¢g = 1075, Q = (0,1)%, zo = (0,1/2), T = 1, Lu = Au, choose
uo(x,y) = —sin[rzy(l — 2)(1 —y)], Fz,y) = —(t + 1) - sin [rzy(1 — 2)(1 — y)], and

consider experiments (al) and (a2). Figures 2.10 and 2.11 confirm the theoretical conclu-

sions in section 4.
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Figure 2.10: Experiment (al) in two dimensional case

(b) Exact and approximate coefficients
Figure 2.11: Experiment (a2) in two dimensional case



3. THE FRACTIONAL POTENTIAL PROBLEM

3.1 Introduction

Here, we consider an inverse problem for the following one-dimensional time-fractional

diffusion equation:

“Deu(z,t) — Uge(,t) + q(x)u(x,t) = f(x), in D x (0,77,

—uz(0,t) + Hu(0,t) = u,(L,t) + Hu(L,t) =0, T >t>0, (3.1

u(z,0) =0, inD,

where D = (0,L), H,T > 0 are fixed constants and f is a given source term which
depends only on z. The solution to system (3.1) will be denoted by u(z,t; q) in order to
indicate its dependence on the potential ¢ > 0 belonging to L>°(D).

In this work, we are interested in the inverse problem of recovering the potential ¢(z)

in the model (3.1) from the final data

u(z,T) = g(x) forallz € D.

Physically, it represents a spatially dependent source/sink term in a bar, and hence the in-
verse problem arises in some physical applications. For the special case &« = 1, which
corresponds to the standard parabolic equation, the inverse problem has been extensively
studied [44, 45]. Specifically, Isakov [45] proved the nearly well-posedness of this deter-
mination in the Hardamard sense in some suitable Holder spaces, say ¢ € C*(D) with

A € (0,1), using the strong maximum principle, under assumptions that g € C?**(D)

*Zhidong Zhang, Zhi Zhou, Recovering the potential term in a fractional diffusion equation, IMA Jour-
nal of Applied Mathematics, 2017, 82, 3, 579-600, by permission of Oxford University Press.

49



satisfies boundary conditions and —g¢” (z) + u(x,T; 0) < 0. Besides, using the smoothing
properties of the heat equation, the parabolic maximum principle and the implicit function
theorem, Choulli and Yamamoto [44] showed that the problem is locally well-posed in
L?-sense, provided that ug is in H*(D) with s € (7/2,4) and ¢ € L*(D) is assumed to be
a priori supported in some suitable subset. However, the inverse problem in the fractional
case has not been studied.

The goal of this chapter is to establish the unique recovery, and to design a stable and
efficient numerical algorithm, via a fixed point reformulation of the inverse problems in
suitable Banach spaces. To the best of our knowledge, it represents the first theoretical
work on the potential inverse problem for equation (3.1). Our main contributions are as

follows. First, we develop a reconstruction operator by

g"(x) = Diu(x, T;¥) + f(2)

(Ko)(z) = e

Y

in the admissible set .4, and then establish the unique recovery using the contractivity of

the operator K for large T°

1 K¢1 — Kol 20y < CT |1 — @2l 2y

Second, we develop a monotone iterative reconstruction algorithm, using the monotonicity
of the operator K, i.e., Kq; < Kqs for q1,q2 € A and ¢; < go. With an initial guess
q = (¢" + f)g~' > q (Corollary 3.2.1), the algorithm provides a sequence { K"qy} such
that

Hano_QHLQ(D)_)O as n — oo

and qo > Kqq > K%qy > ... > q. Last, in the case of noisy data with level §, we propose

a regularization method using mollification and show the following error estimate for the
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approximate potential ¢

g = qesllz2py < Cle+6 + Se?),

where e denotes the regularization parameter. In particular, with the choice e = §'/3, it
gives a convergence rate O(5/3).

The rest of the chapter is organized as follows. In Section 3.2 we collect preliminary
results on Mittag-Leffler function and the fractional diffusion model (3.1). In Section 3.3,
we introduce a fixed point iteration and show its monotonicity and contractivity, which
yields the unique determination. Then a practical algorithm is developed for noisy data
based on mollification, and error estimates are given in Section 3.4. Finally in Section 3.5,
numerical results for several examples are provided to illustrate the convergence theory.
Throughout, the notation C, with or without a subscript, denotes a generic constant which

may differ at different occurrences, but it is always independent of time 7" and noise level

d.
3.2 Preliminaries

In this section, we collect a useful fact on the Mittag-Leffler function and regularity

results for problem (3.1).
3.2.1 An estimate on the Mittag-Leffler function

Here we state an estimate on the Mittag-Leffler function.

Lemma 3.2.1. Let Ay, Ao, T > 0 and o € (0, 1), then it holds that

’Ea,l(_)‘lTa) - Ea,l(_)\2Ta)| S C’)\l — )\2’)\:2T_a,

where C only depends on o and )\, denotes some constant between \y and \s.
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Proof. Applying the mean value theorem, one may find A\, € [A;, Ay such that

|EBat(=MT%) = Eq1(=XT)| = [MT™ = XoT||EL, (= AT)|.

Then a direct computation and Lemma 2.2.1 give

B (=2)]

which completes the proof. [
3.2.2 Smoothing properties of the direct problem

Now we describe smoothing properties of the model (3.1). To this end, we recall the

following classical Sturm-Liouville problem

L(qu := —u"(z) + q(x)u(x), —u'(0)+ Hu(0) =u'(L)+ Hu(L) =0 (3.2)

with ¢ > 0 belonging to L>(D) and H > 0. Clearly, L(q) is self-adjoint and pos-

o0 o0

itive definite. Here we denote {)\;(q)}52, and {#;(;¢q)}52, to be the eigenvalues and

the L?(D)-orthonormal eigenfunctions of the operator L(q) on D with the homogeneous
Robin boundary condition. Then {¢;(z;¢)};2, forms an orthonormal basis in L*(D).

Further we have the following useful estimates in [46].

Lemma 3.2.2. Given nonnegative q; € L*°(D), the eigenvalues {\,(q;)} and eigenfunc-

tions { ¢, (; ;) } to the Sturm-Liouville problem (3.2), i = 1,2, satisfy for alln € N
An(@1) = Ml(@2)| < Cllar — @2l 22(py,
H¢n($; Ch) - ¢n($;Q2)HL2(D) < C"leQI - Q2||L2(D)7

where the constant C only depends on the domain D.

52



Using the spectral decomposition, we define a Hilbert space H *(D) induced by the

norm:

0]

2o = D2 N(@°(W(), ¢ 1q))% for s> 0.
j=1

To establish smoothing properties, we represent the solution of problem (3.1) using the

eigenpairs {()\;(q), ¢;(7;q))} and introduce the operator E,(t):

(1= Eaa(=2;(0)%)) (x(-), 5(- 5 0)) (5 ). (3.3)

Eq(t>X = Z )\‘tq)

j=1"7

The operator £, (t) is used to represent the solution u(x,t;q) of (3.1), following from

separation of variables [9]:

u(z,t;q) = Ey(t) f, (3.4)

where f is independent on time. It was shown in [9, Theorem 2.2] that for the source
f(z,t) € L*((0,T); L*>(D)) and the initial data u(0) € L?*(D), there exists a unique so-
lution in L?((0,T); H*(D)). The next result gives the solution representation and related
regularity results, which are essentially established in [9, Theorem 2.1], and slightly ex-

tended in [47, 48].

Theorem 3.2.1. Let f € L?(D), then there exists a unique solution
u(z,t) € L*((0,T); H*(D)) for the fractional diffusion equation (3.1) which can be rep-

resented by (3.4). Further, the solution satisfies the following smoothing property

HUHC([O,T];HP+2—€(D)) + HCD?UHC([O,T};HP—E(D)) < Ce‘le/QHfHH,,(D),

for any small € > 0.
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3.2.3 Assumptions and general settings

To reconstruct the potential term ¢ in (3.1) from the final measurement u(7") = g, we
need to make suitable assumptions. To this end, we first recall a nonnegativity preservation
property of problem (3.1), which follows directly from the weak maximum principle [8,

Theorem 2.2].

Lemma 3.2.3. Let u(0) € H%(D), f € H¢(D) with any € > 0, be nonnegative. Then the

solution of (3.1) satisfies that u > 0 on D x [0, T].
Then the following two results are direct corollaries of Lemma 3.2.3.

Corollary 3.2.1. Assume that f € H?(D) is positive. Then we have °D$u(z,0) > 0 and

“Deu(x,t) > 0on D x [0,T).

Proof. By Theorem 3.2.1, the solution to (3.1) satisfies u € C([0,T]; H*>(D)) and °D¢u, €
C([0,T); L3(D)). Hence letting ¢ approach zero yields (“D&u(x,t;q))i=o = f > 0. Then

taking the a-th derivative of (3.1) we obtain

/

“Dg(°Diu(z, t; q)) — (“Dgu(z, 5 q)) o + q(2) (“Du(z, t; q)) = 0;

—(“Dfu(0,t;q))e + H(“Dju(0,t; q)) = (“Diu(L, t; q))o + H(“Dfu(L, t; q)) = 0;

(CD?U(%IS; q))i=0 = f(z) > 0.

Then the desired nonnegativity result follows from Lemma 3.2.3. U

Corollary 3.2.2. Let f € H?(D) be positive. Then we have u(z,T;q) > 0 and f(z) +

Uge (2, T q) > 0 forall v € D.

Proof. First recall the Riemann fractional integral [;* defined by

ou(t) = ﬁ /0 (t — 7)o u(r)dr.
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Recalling the initial condition in (3.1), a direct calculation gives the following identity

(17 o€ DEY(T) = (122 (T) = [ (T) = w(T) — u(0) = u(T).

Since “D¢u(x,t;q) € C([0,T); L*(D)), “D%u(z,t;q) > 0on Dx[0, T], and “D¢u(x, 0; q) >
0. These facts together with the definition of I{* give u(z,T;¢)> 0. Further, by Lemma
3.2.3 and Corollary 3.2.1, we deduce

(@) + uge(z, T5.9) =° Diu(a, T q) + q(a)u(z, T q)= 0,

which completes the proof. ]

Now we introduce the standing assumptions on the model (3.1).
Assumption 3.2.2. Let the data g and [ satisfy the following assumptions

(a) g > 0 is twice continuously differentiable on D ;

(b) f>0andg"(x)+ f(x) > 0forall v € D.

The smoothness requirement of g in Assumption 3.2.2 (a) follows from the regularity
pickup stated in Theorem 3.2.1, while the positivity preservation properties in (a) and (b)
are ensured by Corollary 3.2.2.

Last, we define the following operator &'

g"(x) =“Diu(z,T;¥) + f(2)

. for ¥ € A, (3.5)
g9()

(Kv)(x) =

where u(z, T’; 1) is the solution of (3.1) with the potential ¢ at t = T', and the admissible

set A is defined by

A={ye L>®(D) suchthat 0 < < (¢"+ f)/g}.
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This operator will play a crucial role below. Corollary 3.2.2 and Assumption 3.2.2 ensure
that ¢ > 0 and the operator K is well-defined. Obviously, ¢ is a fixed point of the operator

K, and by Corollary 3.2.1, the true potential ¢ belongs to A.
3.3 Recovery of the potential term

As indicated in Section 4.1, in this section, we show that the fixed point of K is unique,
provided that Assumption 3.2.2 holds true. Further, the contractivity and monotonicity of
the operator enable developing an iterative algorithm to recover the potential term ¢ from

the terminal data g.
3.3.1 Uniqueness of the fixed point

For the uniqueness, we need the following lemma, whose proof relies on properties of

the Mittag-Leffler function stated in Lemmas 2.2.1 and 3.2.1.

Lemma 3.3.1. Let q1, ¢» € A, and the operator Eq(t) be defined in (3.3). Then there is a

constant C' > ( independent of T such that
1D (Eqy — Ep)(T) fll20) < CT %[lar — g2l 2(0)

Proof. By the definition of F,(t) in (3.3), we have for ¢ € A

CDa ZEal (D) (S, On(T59))n(; q),
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and the following splitting for A :=° D&(E,, (T)f — E,(T)f)

A= Z n(@1)T7) = Eana(=An(@2)T%)) (f, ¢n(z; @1)) Oz 01)
+ZEa1 n(62)T°)(f, 65 1) — G(; 2)) b (3 1)
+ Z Eoa( T)(f, On(2562))(Pn(T5 1) — Pn(T502)) i= I + Io + I3.

Then the estimate for /; follows from Lemma 3.2.1
- (6% (% 2
111220y = Z | Eat(=A(01)T%) = Eax(—An(@2)T)|(f, dnlz; q1))?
n=1

<CT723 " () = M) (5) 74, o5 01))?

where A} is between \,,(¢1) and \,,(¢2). Note the fact that

An(q) > X (0) > A (0) >0, forall n e NT, ¢ge A (3.6)

Since A (0) is only dependent on H, one may bound /; by

11101320 < CT**lar — @all320 Zn‘% Hf bul@ @)

< CT* g1 = @all72(py-
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Similarly, the second term I, can be bounded by Lemmas 2.2.1 and 3.2.2 and (3.6)

121172 p) Z | Eo i (=An(g2) TP (f, onlasq1) — Gul(; g2))°

<CT* Z Ml @2) 2 (fs dnlsq1) — dn(z5 q2))?

n=1

< C'T_zaZ/\1(0)_2"_2HfH%2(D)||91 - Q2||%2(D) < CT |1 — Q2H%2(D)

n=1

Finally, the similar argument gives the bound for /3

HIBHL2 Z ‘Em )(f ¢n €; Q2 |H<Z5n €5 Q1 <Z5n(5€; (J2)HL2(D)
< CT g1 = qellzapy Y Aalge) 07| (f, dula; g2))|
n=1

o /2 / o 1/2
o _ 2
< CT™ |1 — a2l z2(py (Z" 2) (Z |(f7 ¢n($§92))’ >
n=1 n=1
< CT g1 = @2l L2(py-

These three bounds together complete the proof of the lemma. [

Now we can give the uniqueness of the fixed point, which is a direct result of Lemma

3.3.1.

Theorem 3.3.1. Let Assumption 3.2.2 hold. Then for a sufficiently large T, the operator

K defined in (3.5) has at most one fixed point in the set A.

Proof. By the definition of the operator K, we have for any ¢, ¢ € A

1D (Eqy — Eqp)(T) fllz2(0)

| Kq1 — Kqa|r2py < :
(D) MmMiNgeo,1] ‘9(95)|

where the operator £, is defined in (3.3). Now Assumption 3.2.2 (a) and Lemma 3.3.1
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yield the following contractive property

| Kq1 — K@l 20y < CT™||q1 — @2 22(py,

where the constant C' > 0 is independent of 7". In particular, it implies the uniqueness of
the fixed point of the operator K in the set A. [
3.3.2 Monotonicity of the operator K

The goal of this part is to prove that the operator K is monotone, i.e., K¢ < K¢
for q1, g2 € A such that ¢; < g». This property is crucial to develop an efficient iterative
algorithm. Specifically, by the monotonicity and Theorem 3.3.1, if there exists a fixed
point ¢ € A such that K¢ = g, then for the initial guess ¢y = g~ *(¢” + f) > ¢, we have
K"gy — ¢ in sense of L?-norm and ¢y > Kqo > K?qy > ... > q. Further, the monotone

convergence is highly desirable in practical computations.

Lemma 3.3.2. Let Assumption 3.2.2 hold and u(x,t; q) be the solution of (3.1) with some

q € A. Then “Du(z,t;q) > 0.

Proof. First, since “Du(x,t;q) € C([0,T]; L*(D)), we deduce that for ¢ € A

“Du(z,0;q) = Du(x, t; Q)|,.,=/f>0.

t—0

Now taking the a-th derivative CD? on (3.1) gives

“Dg(°Diu(z, t; q)) — (“Dgu(z, t;q)) o + q(2) (“Dfu(z, t; q)) = 0;

—(“Dfu(0,;:9))s + H(“Dju(0,t;q)) = (“Dfu(L, t:q))o + H(“Dfu(L, t: q)) = 0,

with the positive initial data “D%u(z,0;¢) > 0. Then Lemma 3.2.3 yields the desired

result. O
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The next theorem shows the monotonicity of the operator K, i.e.,

Kqg < Kqgy forall ¢, € A and ¢ < ¢o.

Theorem 3.3.2. Let Assumption 3.2.2 hold. Then the operator K defined in (3.5) is mono-

tone in A.
Proof. For q1,q2 € A, ¢1 < qo. Let u(z,t;q1) and u(z,t; g2) be solutions of (3.1) with
potentials ¢; and ¢o, respectively. Then w(x,t) = u(x,t;q1) — u(x, t; ¢o) satisfies

(

“Dpw(x,t) — wee (2, 1) + g (x)w(x,t) = u(w, t; g2)(g2(z) — @1 (),

—w,(0,t) + Hw(0,t) = w,(L,t) + Hw(L,t) =0,

w(z,0) = 0.

\
Now taking the a-th order derivative on the system yields

‘DY (“Dfw) = (“Diw)es + @1 (“Diw) = (“DRulz, 5 2)) (2(2) — a(x)),

—(“Dew(0, 1)), + H(Dew(0,t)) = (°Dfw (L, 1)), + HCDw(L, t) = 0,

“Dow(x,0) = 0,
\

where the right hand side (“D%u(z,t; ¢2))(g2(z) — ¢1(z)) > 0 by Lemma 3.3.2. Then the

maximum principle [8, Theorem 3] yields that

“Dew(x,t) > 0 =Y Du(x,t;q1) >° Du(z,t;q5) forall z € D, t > 0. (3.7)
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Consequently, we have

9" =“Diu(Tsq) + f _ g" =“Dju(T;q) + f
g - g

quz

from which the desired monotonicity follows. 0

Remark 3.3.1. All the discussion presented here can be easily extended to the case that

uog” —ugg
g—uo

u(0) > 0, provided an additional assumption that f >
3.3.3 An iterative reconstruction algorithm

Next we describe an iterative algorithm for finding the potential in the model (3.1). It
is based on the observation that the potential g is a fixed point of the operator K. The com-
plete procedure is given in Algorithm 1. The initial guess is chosen by ¢y = (¢ + f)g~* >
q (by Assumption 3.2.2 and Corollary 3.2.1), which is the upper bound of A, and the first
iteration gives ¢; = Kqy < ¢o by Lemma 3.3.2. Hence using Theorems 3.3.1 and 3.3.2,
Algorithm 1 generates a decreasing series {g, : n € N} such that ¢, = K"qy — ¢ in
sense of L?-norm. At each iteration, the algorithm invokes solving one forward problem

with the potential g;_,, which is the dominant computational expense.

Algorithm 1. An iterative algorithm for recovering the potential ¢(x)
: input f and g which satisfy Assumption 3.2.2;
: Set the initial guess gy = %;

1
2
3:fork=1,...,Ndo
4
5

: Compute u(z, t; qx_1), the solution of (3.1) with potential gy_1;

: Update the potential by
e _C (. T:qn_ T
ae(z) = (Kqp_1)(z) = 2 (@)="Dy é(;ﬂqzc 1)+/( );
6: Check stopping criterion ||qx—1 — qx||z2(py < € for some €5 > 0;
7: end for

8: output the approximated potential ¢y .
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3.4 Regularized reconstruction scheme

We observe that Algorithm 1 suffers from numerical instability for noisy data since
it involves a second-order numerical differentiation on the data g. Hence, we propose a
strategy to numerically stabilize the scheme. There are two predominant regularization
methods: Tikhonov regularization [49, 50, 51, 52] and mollification [53, 54, 55]. Here
we shall follow the second route and establish the error estimate rigorously. For Tikhonov
method, such an estimate will be more technical due to the involving extra penalty term.

Specifically, let gs be the perturbed terminal data. Further, we assume that g, g5 €
C?(D), ¢" is Lipschitz continuous on D = [0, L] and ||g(x) — gs(x)|o(py < 6. Then for
any g € C?(D), we may define a smooth extension g onto the interval [—¢, L + €] such

that g, gs € C*[—¢, L + €] and

19 — gsllcr-e.L+qg < Cllg — gsllcpy < C6. (3.8)

We remark that one possible smooth extension is given by

(

Y(=2)(2® = 3) + ¥(=2x) + 3¢(0),z € [~¢,0];

U(x) = S (z),x € D;

V(2 —L)((x — L)> —3) +¢(—2x + 3L) + 3¥(L),z € [L, L + €.

\

Further, for ¢ € C|a, b], we may define the following mollification [54] by

G (1) (x) = / el — (),

—€
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where the kernel function p. is defined by

16(1 —z/e)*(1 +z/€)*/(15¢), |z| <€
pe(x) =
0, |z|>e.

Note that [, pc(x) = 1 and p.(x) > 0, as aresult, G.(1)) € Cla + €, b — €] satisfies

|’G€(¢)||C[a+e,bfe} < HwHC[a,b]- 3.9)

Now the regularized terminal data and the iteration operator are defined by

95c(x) =“Diu(x,T;q) + f ()

gse(x) = Ge(gs)(x) and Kj.q= 9s.c(2)

, (3.10)

respectively. Then gs is well-defined on D, and for small €, § we may suppose that As-
sumption 3.2.2 holds true. Next we shall show that the iteration ngqg’E for the initial

guess

@5 = (95 + f)gs.

approaches an approximate data g;. which is close to the exact potential ¢g. To this end,

we present some properties of such an extension and mollification.

Lemma 3.4.1. Let g be Lipschitz continuous on D. Then there holds
|9 — GegllL=p) < Ck,

where the constant C' only depends on the Lipschitz constant of g.
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Proof. For all x € D, by the definition of the extension and Lipschitz continuity
o(a) - Gl |—\/ (@~ )la(x) ~ 53y
<0 [ nta = ole = yldy = Cl1ce/10

and the proof is complete. [

Lemma 3.4.2. Assume that g(x), gs(x) € C*(D), ¢"(z) is Lipschitz continuous on D and

l9(z) — 95(x)||c(py < 6. Then there holds
lg" = g5 clle(p) < C (e +6€7°)

where g5 = G.(G.(gs)) and the constant C'is independent of ¢ and 0.

Proof. Itis easy to see that g () = (Gcgs)” = Ge(gs"). Then

~l !

19" = g5.llzoepy < 9" — Geg" Loy + |Geg” — GeGs” || (D) @G.11)

The first term can be bounded using Lemma 3.4.1
lg" — GG || =y < Ce. (3.12)

Now it suffices to consider the second term. In fact, we have for x € D

I(z) : = (Gg")(x) = (Gegs ) (@) = (G(§" — 35")) (2)

xT+€
[ na-n@) - @) dr

—€
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Then integration by parts yields that

I(z) = p(—€)(J'(z +€) = G5’ (x + €)) — pe(€) (T (x — €) — G5’ (v — €))

oo [ @) - F ) - Dl - 7 - 1jdr

T+e
= % - G (7) = g5 (™) (x —7)[(x — 7)*/® — 1]dr

since p.(—€) = p(€) = 0. Now integrating by parts one more time and using (3.8)

64 | [T -
1)l = o | [ @)= GO~ 72/ - s

64 e ~ ~ 27/ 2 d

ST=I. 9(7) = gs(7)| - |3(z — 7)7 /e — 1]dT
64 ~ ' 2 -2

< 5 9(x) = gs(z)llc1-2¢,L429 [ |35 —1|ds < Cde ™,
15¢ 1

which together with (3.11) and (3.12) completes the proof. L]

The next two lemmas provide a bound for the error ||¢ — gs.c|[2(p)-

Lemma 3.4.3. Let q and g5, be defined as before. Then there holds for large T

1

— Qs,e S —F .k
g = @sell22(p) < 1 — T

where the constant E is defined by

9" Yse 11 o
E == = =2y + [l— = =llz2o) (I°Dful-, T;0) | ooy + 1 fll e () - (3:13)
g 9s.e 9s.e g

Proof. Using the initial guess ¢° = (¢" + f)g~", ¢§. = (g5 + f)gs. and the triangle
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inequality, we have

0 0 <19 9o L1 <FE
l¢"(x) = g5 (@)l 20y < 15 = = lr2p) + [|=— = =llz2) | fl| Lo (0) < E.
g 9é.e 9é.e g

Then for the first iteration we may deduce that

||C.I1 - Q§,€||L2(D)

9" Y. —Dgu(-,T;¢°) + f  —“Dful-,T;q8,) + f
SH_ - HLQ(D) + H - HL2(D)
g Gs,e g Gs.,e
qJ" G5 11
<= = ==z + [l=— = =lle2ll fll 2=
g 5. D) 95 g ) )
1 1 Cra 0
+ 1= = — 2| "Dful-, T5 ) || o= ()
9s.e
1
+ ||g5 (“Du(-,T;¢°) = Diul-, T 65.)) | 2()-

Since ¢°(x) > 0 and Assumption 3.2.2 holds true, by Lemma 3.3.2 and (3.7) we have

“Deu(z, T;0) > Du(x, T;¢") > 0.

Further the bound for the last term follows from Theorem 3.3.1,

1

gs.e

(“Diu(- T3¢°) = Diul, Ts45)) 20y < CTN¢° = a3l r2py < CT°E.

Consequently, [|¢" — g5 ||2py < (1 + CT~*)E. Now the similar argument yields that

2

l¢* = G5 N2y = 1Kq" = Ksets 2oy < B+ CTl¢" — g5\l 2y

<E+CT 1+ CT *)E=(1+CT >4 C*T**)E.
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Continuing this iteration and the same argument shows that for 7" large enough

- E
T n n : km—ka o
19 = sell 2oy = limlg" = g5ll2(py < lim (%C T)E = 7=
This completes the proof of the lemma. [

Lemma 3.4.4. Assume that g(x), gs(x) € C*(D), ¢"(z) is Lipschitz continuous on D and
lg(x) — g5(x)|lc(py < 0. Let E be defined in (3.13), then it holds that

E < CO(6+ e+ de?).

Proof. By the definition of £ in (3.13), we deduce that

9" (9 — 9s.) g" - gg,e 9 — Gs,e
C(||—||L2(D) + =20y + |
99Gs.e 9s.e 99s.e

E <

Iz2(p))
< C(llg = gsellzoy + 19" = g5ell2(y)-

The bound of ||g — gs.||2(p) follows from (3.8), (3.9) and Lemma 3.4.1
19 = 9s.ell=(p) <llg = GegllL=(p) + |Ge(g — Ge(9)) || Lo(D)

HG(Ge(g = g5)) | o= () < Cle +9),

which yields the estimate for the first term. This together with Lemma 3.4.2 completes the

proof of the lemma. O

Now we state the main theorem which evaluates ||¢ — g5 || z2(p) and is a direct result

of Lemmas 3.4.3 and 3.4.4.

Theorem 3.4.1. Assume that g(x), gs(x) € C*(D), ¢"(x) is Lipschitz continuous on D,
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|9 — 9sllc(py < 9. Then it holds for sufficiently large T that

g = @s.ell 2Dy < (64 €+ de?).

1-CT~«
By Theorem 3.4.1, we deduce the following corollary immediately.

Corollary 3.4.1. Assume that g(x), gs(x) € C?(D), ¢"(x) is Lipschitz continuous on D,
lg — 9sllcpy < 0 and T is sufficiently large. Then with the choice € = §'/%, we obtain the

optimal error that

C

— (s.c < —— 63
g = @sellz2(p) < 1T

3.5 Numerical confirmation

In this section, we present some numerical results to illustrate the theories established

in Sections 3.3 and 3.4.
3.5.1 Numerical algorithm

The exact solutions for the forward problem are not available in closed form, and hence
we compute the solution using the finite element method ([48, 47]) and L1 time stepping
([42, 41]). Specifically, we divide the unit interval D = (0, L) into M equally spaced
subintervals with a mesh size h = L/M. Likewise, we fix the time step size 7 at T'/N,

where 7' is the time of interest. To solve the forward problem, we use the L1 scheme to
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discretize the Caputo fractional derivative

n—1 t.:
1 j+1
°Dru(z,t,) = = Z/ ulz, 5) (t, —s) “ds
¢

['(1—a) = 0s
n—1 .
Z u(z t]+1 u(z,t;) /tJJrl(t — )" “ds
J=0 b
— lb w(x, th—j) —u(x, th—j_1)
j pars
7=0
n—1
= 7 [bou(w, tn) — bu_yu(z,to) + (b — bj_1)u(z, tn_;)],
j=1

where the weights b; are given by
b= (G+)""=")/T2=a) j=01....N -1

This together with the Galerkin finite element discretization in space gives the fully dis-
crete scheme for the forward problem (3.1): to find U", n = 1,2, ..., N such that for all

on € Vy

(Ux,en) + 7((UR) h) + 7%(qUy o) + 7 H (UL (0)0n(0) + Up (1) (1))

_bn 1Uh+z i—1 — U]:,L 3790’1)—’_7- (f SOh)

with U = P,v and V}, containing continuous piecewise linear functions.

To find the potential term ¢, we apply Algorithm 1 with an initial guess ¢, = g"T+f > q
(by Assumption 3.2.2 and Corollary 3.2.1). In case that the data is noisy, we exploit the
regularized terminal data gs. and the iteration operator Ks. given by (3.10), and then
apply Algorithm 2.  Then the theoretical argument in the previous section yields the

convergence such that ¢, — ¢s5. and ||¢s. — ¢ < ¢6'/3. In our experiments, we set our
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Algorithm 2. An iterative algorithm for recovering the potential ¢(z) from a noisy data g;

1: Let e = 6'/3, and exploit the regularized data gs,;
2: Set the initial guess ¢y = %;
3:fork=1,...,Ndo '
4: Compute u(z, t; gx—1), the solution of (3.1) with potential gj_1;
5: Update the potential by
5 (@) =“Dpu(e,Tiqp 1)+ f ()

Gr() = (Ksoqu1)(w) = D2 e JH0,
6: Check stopping criterion ||qx—1 — qx||z2(py < € for some €5 > 0;
7: end for

8: output the approximated potential ¢y .

stopping criterion by €y = 10712,
3.5.2 Numerical results for noise free data

In this part, we consider the following two potentials:
(al) smooth potential: ¢;(z) = 1 + sin(brx);
(a2) nonsmooth potential: ¢2(x) = X[0.1,0.3] + X[0.6,0.9-

For both examples, we take L = 1, and f = 10.

In Fig. 3.1, we present the numerical results of first three iterations from the initial
guess qo = QNTH > g in case of a = 0.3, 0.5, 0.7 and 1. It is observed that the operator K
defined in (3.5) is monotone such that ¢; > ¢» > q3 > ... > q, which illustrates Theorem
3.3.2. The dependence of the convergence rate on parameters « and 7" are shown in Fig.
3.2. The larger is the time T and the smaller is «, the faster is the convergence of the
fixed point scheme. Although not presented here, the same phenomena can be observed
for u(0) # 0 and f = 0. In this case, the solution u approaches the steady state solution
as T" — oo, for which the algorithm converges in one step. Further, as o approaches zero,
the solution u decays faster around ¢ = 0 (although it decays slower for large time), i.e.,

the fractional diffusion (3.1) can reach a “quasi-steady state” faster and hence the scheme
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—aq, —aq,

' —aq, . —aq,

0 Uy . a,
——exact —exact

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X

(@a=0.3 b)a=0.5

35 7
25 /\ 5
5
: —a, 2 —a
15 3 —
—0 9
1 q3 2 q3
o8 —exact ! —exact
G0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 00 0.1 0.2 03 0.4 05 06 0.7 0.8 0.9 1
X X
©)a=0.7 @a=1

Figure 3.1: Example (al): numerical results of the first three iterations at 7' = 0.1.

converges faster.

Error
Error

5 10 15 20 25 30 5 10 15 20 25 30
k k

(@T =0.1 (b)a=0.5

Figure 3.2: Example (al): error plot of the iteration with different ov or 7'.
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In Figs. 3.3 and 3.4, we present numerical results for the case of a discontinuous
potential, i.e., example (a2). The monotonicity remains valid and the convergence rates
agree with the preceding results in the smooth case: at a fixed time 7', the smaller is the
fractional order «v or (respectively, at a fixed «, the larger is the time 7'), the faster is the

convergence.

14 8

os —a, w —a, |
06 _J _qz 1 08 _q2

o q3 04| Q3
0.2 —1 al
—exact 02 —exact
OD 01 0.2 03 0.4 05 06 0.7 08 09 1 DQ 0.1 0.2 0.3 04 0.5 06 0.7 0.8 0.9 1
X X
(@) a =03 (b)a =0.5
3 7
| 5
2 )
15 —q1 q1 |
3
: — —a, - —aq,
2
05 q3 , q3
—exact ’ —exact
% o1 02 03 o4 o5 06 07 o0s 09 1 % o1 o2 03 o4 05 06 07 o8 09 1
X X
©) a=0.7 da=1

Figure 3.3: Example (a2): numerical results of the first three iterations at 7" = 0.1.

3.5.3 Numerical results for noisy data

Now we present numerical results for noisy data gs, which is generated by adding
pointwise random perturbation of level 4, i.e., gs = g[1 + d(], where ¢ follows a uniform
distribution over [—1, 1]. To illustrate our theory, we set L = 10 and f = 1, and consider

the following two potentials:
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Error
Error

5 10 15 20 25 30

(@71 =0.1 b)a=0.5

Figure 3.4: Example (a2): error plot of the iteration with different o or 7'.

(b1) smooth potential: ¢; () = 2 + sin(0.57x);
(b2) nonsmooth potential: gz(x) =1 + X2,4] T X[6,8]-

For a fixed noise level 6, we choose the regularization parameter € a priori by € = §'/3
and compute the relative error e, = |lq¢ — ql|z2(p)/||¢||L2(p). We observe a convergence
rate 6'/3, cf. Fig. 3.5, which fully explains Corollary 3.4.1. The reconstructed potentials
with 6 = 0.02 and 0.005 are shown in Fig. 3.6, which verifies the stability and efficiency

of the algorithm.
3.6 Conclusion

In this work, we have developed a practical iterative algorithm to reconstruct the po-
tential in the fractional diffusion equation (3.1) from the terminal data. We have shown the
contractivity and monotonicity of the iteration operator, and hence the unique recovery.
For a noise level d, a regularized scheme has been developed and a convergence rate of
the order O(3'/3) is shown. Numerical examples show that this numerical algorithm is

effective and stable.
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Figure 3.5: Plot of the relative error ||q — gs||r2(0,)/1|q|| 2(0,1)> With e = 0.5, L = 10 and
F=1.

S
35 ——exact potential 35 ——exact potential

. 05
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(a) smooth case with 6 = 0.005 (b) smooth case with § = 0.02

——numerical result ——numerical result
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1 1mm
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(¢) nonsmooth case with § = 0.005 (d) nonsmooth case with § = 0.02

Figure 3.6: Numerical results for different noise level 9.
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4. DISTRIBUTED DIFFERENTIAL EQUATION

4.1 Introduction

In this chapter, we consider the DDE model as

e

DWu(z,t) — Lu(z,t) = f(z,t), z€Q, te(0,7T);

u(z,t) =0, xed, te(0,T); 4.1)

u(z,0) = up(x), x €,

where we use the Djrbashian-Caputo version for D*): Dy, = fol p(a) “Deu da and

DWWy = /Ot {/01 %(t — T)—ada] d%_u(a:, 7)dr = /Ot n(t — T)d%u(g;, 7)dr,
(4.2)

with

n(s) :/0 %s‘“da. (4.3)

The rest content is organized as follows. First, we demonstrate existence, uniqueness
and regularity results for the solution of the distributed fractional derivative model on a
cylindrical region in space-time €2 x [0, T] where ) is a bounded, open set in R, Second,
in the case of one spatial variable, d = 1, we set up representation theorems for the
solution analogous to that for the heat equation itself, [56], and extended to the case of a
single fractional derivative in [17].

Section 4.2 looks at the assumptions to be made on the various terms in (4.1) and

utilizes these to show existence, uniqueness and regularity results for the direct problem;

*Reprinted with permission from "Fractional diffusion: recovering the distributed fractional derivative
from overposed data" by William Rundell and Zhidong Zhang, 2017. Inverse Problems, 33, 035008, 2017,
Copyright [2017] by IOP Publishing Ltd.
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namely, to be given 2, L, f, uo and the function 1 = u(«), then to solve (4.1) for u(z,t).
Section 4.4 will derive several representation theorems for this solution and these will be
used in the final section to formulate and prove a uniqueness result for the associated in-
verse problem to be discussed below. The main result of the current paper in this direction
is in Section 4.5 where we show that the uniqueness results of [23, 24] can be extended to

recover a suitably defined exponent function ().
4.2 Preliminary material

Let ) be an open bounded domain in R¢ with a smooth (C? will be more than suffi-
cient) boundary 02 and let 7" > 0 be a fixed constant.

L is a strongly elliptic, self-adjoint operator with smooth coefficients defined on (2,

d 0%u
Lu = Z; a;j (:c)m + c(x)u
where a;;(z) € CH(Q), c(x) € C(Q), a;j(z) = aji(z) and Zijzl a & > 030, €% for
some § > 0,all z € Qand all £ = (£, ... &) € R

To avoid unnecessary complications for the main theme we will make the assumption
of homogeneous Dirichlet boundary conditions on 052 so that the natural domain for L is
H?(Q) N H}(). Then —L has a complete, orthonormal system of eigenfunctions {,, }°
in L*(Q) with ¢, € H*(Q) N H () and with corresponding eigenvalues {),, } such that
D<A < <. <)\, > 00asn — oo.

The nonhomogeneous term will be taken to satisfy f(z,t) € C(0,T; H*(2)). This
can be weakened to assume only L” regularity in time, but as shown in [24] this requires
more delicate analysis. The initial value uo(z) € H?(Q2). We will use (-, -) to denote the
inner product in L?().

Throughout this paper we will, by following [26], make the assumptions on the dis-
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tributed derivative parameter fi.

Assumption 4.2.1.

p e 0,1, u(a) =0, p(1) #0.

Remark 4.2.1. From these conditions it follows that there exists a constant C', > 0 and an
interval (5, 3) C (0, 1) such that u(«r) > C,, on (S, #). This will be needed in our proof

of the representation theorem in Section 4.4.
4.2.1 A distributional ODE

Our first task is to analyze the ordinary distributed fractional order equation

DWy(t) = —du(t), v(0) =1, t € (0,T) (4.4)

and to show there exists a unique solution. We will need some preliminary analysis to
determine the integral operator that serves as the inverse for D) in analogy with the
Riemann-Liouville derivative being inverted by the Abel operator. If we now take the

Laplace transform of 7 in (4.3) then we have

(Ln)(z) =

1
@(22)7 where @(z):/ p(a)z%da. (4.5)
0

The next lemma introduces an operator /*) to analyze the distributed ODE (4.4).

Lemma 4.2.1. Define the operator I'™) as

e

IWe(t) = /Ot k(t — s)p(s)ds, where k(t) = % /f@oo (I)(z;)dz.

Then the following conclusions hold:

(1) DWIWG(t) = o(t), 1" DWe(t) = ¢(t) — ¢(0) for ¢ € C*(0,T);
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(2) k(t) € C*(0,00) and

1
k(t) = |k(t)] < Cln n for sufficiently small t > 0. (4.6)

Proof. This is [26, Proposition 3.2]. We remark that the result in this paper include further
estimates on « that require additional regularity on x. However, for the bound (4.6) only

C' regularity on 1 is needed. 0

Remark 4.2.2. In [26, Proposition 3.2], if the condition either 1(0) # 0 or () ~
aa’, a > 0, v > 0 1s added, then x is completely monotone. This property is not ex-
plicitly used in this paper, however as we remark after the uniqueness result, this condition

on x could be a useful basis for a reconstruction algorithm.

With 1(®), we have the following results.
Lemma 4.2.2. For each \ > 0 there exists a unique u(t) which satisfies (4.4).

Proof. Lemma 4.2.1 implies that (4.4) is equivalent to
u(t) = =M Wu(t) + 1 =: Aju.

Now the asymptotic and smoothness results of (¢) in Lemma 4.2.1 give k € L'(0,T),

that is, there exists ¢; € (0,7") such that

>

15121 (0,01) <
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Hence, given ¢, ¢ € L1(0,1,),

IMN%%w%wammSAéllVﬂ—$ﬁ@ﬂ$—@@ﬂ®ﬁ
=AAlwm»—@@ﬂ/IM@—@mmS
gAAW@wwwMﬂ-mmmmw

= M&llro,n) - |01 = GallLro)-

From the fact that 0 < A||k||11(0,4) < 1, A1 is a contraction map on L*(0,¢;) and so
by the Banach fixed point theorem, there exists a unique u; () € L'(0,t,) that satisfies
u; = Aqjug.

For each t € (t1,2t;), we have

u(t) =1—MNWu(t) =1 - )\/t K(t — s)u(s)ds — )\/tl K(t — s)u(s) ds.

t1 0

Since u = uy on (0, t;) which is now known, then

u(t) = —)\/ k(t —s)u(s)ds+ 1 — )\/ 1 K(t — s)ui(s) ds := Asu

t1 0

foreach t € (t1,2t,). Given ¢1, ¢y € L*(t1,2t;), it holds

2t1 t
H&wa—@wmmWMSA/ /wm—ﬂwm@—@@wwt

[T ool [ it - saras

1

2t
< )‘/ |¢1(5) — d2(5)| - 1Kl L1 (0.01)ds

t1

= M&ll i) - |é1 — D201 (41,260
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Hence, A, is also a contraction map on Ll(tl, 2t1), which yields and shows that there
exists a unique uy(t) € L(t1,2t;) such that uy = Ayus.
Repeating this argument yields that there exists a unique solution v € L'(0,T') of the

distributed ODE (4.4), which completes the proof. 0

Lemma 4.2.3. u(t) € C*°(0,T) is completely monotone, which gives 0 < u(t) < 1 on

[0, T7].
Proof. This lemma is a special case of [26, Theorem 2.3]. [

4.3 Existence, uniqueness and regularity
4.3.1 Existence and uniqueness of weak solution for DDE (4.1)

We state the definition of the weak solution as
Definition 4.3.1. u(z,t) is a weak solution to DDE (4.1) in L*(Q) if u(-,t) € H}(Q) for
€ (0,T) and for any 1 (x) € H*(2) N H} (),
(DWu(z,t),9(x)) — (Lu(z,t;a), 9 (x)) = (f(x,1),9(x)), t € (0,T);
(u(x,0),9(x)) = (uo(x), ¥ (x)).
Then Lemma 4.2.2 gives the following corollary.
Corollary 4.3.1. There exists a unique weak solution u*(z,t) of DDE (4.1) and the repre-

sentation of u*(x,t) is

)= [0, Bn)ua(t) + (£, 0), )P0
" 4.7)

+ /(; <%f(’ 7), ¢N>I(M)u”(t = 7)dT Y (),

where uy,(t) is the unique solution of the distributed ODE (4.4) with A = \,,.
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Proof. Completeness of {1,,(z) : n € N*} in L*(Q) and direct calculation show that the
representation (4.7) is a weak solution of DDE (4.1); while the uniqueness of u* follows

from Lemma 4.2.2. O]

4.3.2 Regularity

The next two lemmas concern the regularity of «* and D)y
Lemma 4.3.1.
lu* (2, )l eqommz@y < C(lluollaze + 10 la2@) + T2 flm qorya2@))
where C' > 0 depends on p, L and Q, and | f | (jo,11,12(0)) = H%HL2([O7T};H2(Q)).
Proof. Fixt € (0,T),
+ H Z wn I(u un( )wn($)||H2(Q) =1

i H Z;/0 <§f("7—)’ ¢”>I(M)u”<t —7)dr 7v/}n(fv)Hjﬁp(Q) = I3.

We estimate each of Iy, I, and I35 in turn using Lemmas 4.2.1 and 4.2.3 where in each

case C' > 0 is a generic constant that depends only on p, £ and ).

112 = H Z<uo,%)un(t)%(x)Hip(g) < C||£(Z<uo,wn>un( Vi (x HLQ(Q
= €l e )60 [0y = © 32 X 0

< C’Z)\Q g, P CH‘CUOHLQ < CHUOH%P(Q)
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13 = || D000, ) T (11 () |2y < © D NS (.0), ) (TP un(8)?
<O R2(F(,0), )2 / 15(7)] - Jtun t—7)|dr)2
< oSN ( [ |n<r>|d7)2

< CY NG 0), ) N6l 0y < CllElFa 0 1 (5 O Fr20)-

I3 =| i/t(%f(~,7),wn>[(“)un(t — 7)d7 (@) 12y
<cy Uot )\n<%f(~,7'),wn)l(“)un(t _ T)dTr

SOiMm@ﬂ ) vull - e =]
<cunuL10T)Z / T

< Tl | ZA? O 1) s

2
< CT||K||2L1(0,T)/O Haf('aT)HHz(Q)dT:CT””H%I(O,T)|f|12ql([o,T};H2(Q))-

Hence,

1w (2, ) |oqo,mm2 ) < Clluolla2) + Cllsllzrom 1 f( 0l m20
+ OTY2||6|| 1o,y | £ 22 (0.1 2 )

< C(luollmze) + [1F 5 0) |2y + T2 fla o,y 1202))) -

Due to the fact that « is determined by , the constant C' above only depends on u, £ and

Q. O
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Lemma 4.3.2.

I DY || oqorr1.22(0)) < C ([Juoll 20y + T2\ fl o2 () + 1 fleqomze)) »

where C' > 0 only depends on i, L and ).

Proof. Foreacht € (0,T),

D)y Z)\ o, Un) Un, (8) 0y (2 Z)\ 0), ) T Wty ()00 ()
_ ;)‘"/o <§f(-,7'),¢n>](ﬂ)un(t — 7)d7 Y (x) + f(2,1),
which implies

I DWW 0| 120y

n=1

oo t P
+”Z/\n/0 (af('ﬁ),l/}n)](“)un(t—T)dT Un ()| L2y + 1 (5 D)l L2
n=1

Combining the estimates for [, /> and /3 we obtain

1D Ao, n i () () 720 ZAQ U, Yn) *1u (t) < Clluo|| g
n=1

I ZA 0), )1 W un()v0n (@) 1720y ZAQ ) (1 (8))?

< N6l o1 ¢ 0) 12y

< Cllslltr o I F 1 Z o)
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and

Lo
13" A [ G ) ) Tt = ) @)

=3 | [ g o 1t = e < CTIR il o

Therefore,

DYooz < C (1ol @) + T2 ooy me@y) + 1 flleqorsmz@)) »

where C'is dependent only on x, £ and 2. U

The main theorem of this section follows from Corollary 4.3.1, Lemmas 4.3.1 and

4.3.2.

Theorem 4.3.2 (Main theorem for the direct problem). There exists a unique weak solu-
tion u*(z,t) in L*() of the DDE (4.1) with the representation (4.7) and the following

regularity estimate

lu*leqoryaz@) + IDM u* loqo.ryca@)

< C(H“OHH?(Q) + T2\ fl i o 1 m2 () + Hf”c([o,T};HQ(Q)))a

where C' > 0 depends only on i, L and ).
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4.4 Representation of the DDE solution for one spatial variable

In this section, we will establish a representation result for the special case 2 = (0, 1),

Lu = uy, in (4.1)

DWWy — 1y = f(o,t), 0 <2 <1, 0<t< o00;

u(z,0) = ug(x), 0 <z < 1;
(4.8)

u(0,1) = golt), 0 < t < o0;

u(1,t) = g1(t), 0 <t < o0,

where go, g1 € L*(0,00) and f(z,-) € L*(0,00) for each z € (0, 1).
We can obtain the fundamental solution by Laplace and Fourier transforms. First, we
extend the finite domain to an infinite one and impose a homogeneous right-hand side, i.e.

we consider the following model

DWWy —uy, =0, —co <z <00, 0<t<o0;

u(z,0) = up(x), —00 < x < oo.

Next we take the Fourier transform F with respect to = and denote (Fu)(&,t) by @(¢, ),
DWa(g,t) + *a(€, t) = 0.

Then by taking the Laplace transform £ with respect to ¢ and denote (£4)(&, z) by (€, 2),

we obtain

[ e (it 2) - Nao(©)) da+ e, =0,
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that is,

where ®(z) comes from (4.5).

Then we have

. 1 +oo 1 y+ioco P
U(l’,t) = ]:_10 ﬁ_l(ﬂ(g, Z)) = % / 6“0&2—7”; / ' e”%ﬂo(f) dz dg
—00 y—i00

1 y+ioco . +o00 1 . (I)(Z)/Z
- z = oixg T\T)I T~ d d
2mi ‘ /OO o’ O(2) +€2u0(§) §dz

L ()
"o ) U G e

y—1i00

) * uo)(x) dz,

where the integral above is the usual Bromwich path, that is, a line in the complex plane
parallel to the imaginary axis z = v + i, —oo < ¢t < o0, see [57]. The last equality
follows from the Fourier transform formula on convolutions and + can be an arbitrary

positive number due to the fact that = = 0 is a singular point of the function (I,(IZS)JF/;.

Throughout the remainder of this paper we will use y to denote a strictly positive constant
which is larger than ¢!/#. The number ¢!/? will be seen in the proof of Lemma 4.4.3. We
shall assume the angle of variation z for the Laplace transforms is from —m to 7, that is
zeN:={ze€C:arg(z) € (—m, 7}

For ®(z), we have the following result which will be central to the rest of the paper. It

can be shown by using the Cauchy-Riemann equations in polar form.
Lemma 4.4.1. ®(2) is analytic on C \{0}.

In the next two lemmas, we obtain important properties of ®(z).

2
Lemma 4.4.2. Re(®V?(z)) > §|<I>1/2(z)|, Rez =~ > 0.

Proof. v > (0 implies that Re z > 0, i.e. arg(z) € (=%, 5), which together with 0 < a <

land p(a) > 0yields Re ®(z) > 0, i.e. arg(®(z)) € (=%, ). This gives arg(®'/?(z)) €
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(=%, %)- Hence,

Re(®!/2(2)) = cos(arg(/2(2)))|®2(2)]| > %W(zn,

which completes the proof. 0

Lemma 4.4.3.

fy/J’ _ ,yﬂo |Z|’8 _ |Z|’80
<Oy

s In~y

for z such that Re z = v > e'/% > 0.

Proof. For the right-hand side of the inequality, j(a) € C'[0, 1] obviously implies that

there exists a C' > 0 such that |u(a)| < C on [0, 1]. Hence,

2| -1
In|z|

1 1
B(2)] < / (@) - 2| dav < C / |2 da = C
0 0

For the left-hand side, write z = r¢?. Since Re z = v>0,0¢€ (—g, %), then

B(2)] > Re((z)) = / () cos(0ar) da

B B
> C’u/ r%cos(fa) da > C, cos(ﬂ@)/ r®da
0 0
o [ 217 — [z
> (), cos(— z2|"da = Cyp——"—F"—
— u (2) Bg| ’ B ln|z|
Recall |z| > v > e!/#, we have ‘ZV:;'ZlBO > 761;1% due to the function % being
increasing on the interval (e'/?, 4+-00). O

Now we are in a position to calculate the complex integral F (%).
B(E)/z ) ) _gusga

Lemma 4.4.4. ]:71((1)(2) e T T
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Proof. From the inverse Fourier transform formula we have

~(stre) 5 L atie

We denote the contour from — R to R by Cj, the semicircle with radius R in the upper and
lower half plane by C'r+ and C'y-, respectively. Also, let C',, C'_ be the closed contours
which consist of Cyy, C'r+ and Cjy, Cr- respectively.

For the case of x > 0, working on the closed contour C;, we have

L[ B(2)
_/_of s+ e®

o b e @)z [ e R(R)/2
~ lim ﬁf S o f%ggo%/cf Bl i

I i i€ (I)(Z)/Z
= lim ]if —<I>(z) e dg,

where the second limit is 0 as follows from Jordan’s Lemma. Sinceto 0 < o < 1, v > 0,
by our assumptions we have Re(®(z)) > 0, which in turn leads to Re(®!/2(z)) > 0. Then
there is only one singular point ¢ = i®'/2(z) in C which is contained by the upper half

plane. By the residue theorem [57], we have

.1 e P(2)/z , 1 eien P(2)/z PV2(2) _gipe
1 - ixg de = 1 Qi — ixi®/ 2 (2) — P (z):p
oo 2 fif Do) 1 g2 16 = A 2mig e 2i012(z) 22 ¢

For the case of z < 0, we choose the closed contour C_. Since Re(®'/2(z)) > 0, it

follows that ¢ = —i®'/2(z) is the unique singular point in C_. Then a similar calculation
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gives

1 +Ooeix§ @(Z)/Z

oo D(2)+ £
d(z2)/z

dg

1 , 1 :
=— lim — w2 dé+ lim — e T
oo 270 j{oe D(2) + &2 &t Rooo 270 /Re P(z) 4 &2 :

which completes the proof.

4.4.1 The fundamental solution G, (z,1)

With the above lemma, we have

1 y4ico 400 @1/2 2) a1/ B
uet) =5 [ e ] ) ki) dya:
v _

—100 0o

27 2z

+o0 Y+ioco Fl/2 1
_ / [L / Q) et 2l gy | o () .
v

—00 —100

Then we can define the fundamental solution G,y (, t) as

1 y+ioco (1)1/2(2) e B1/2( e
Gz, t) = 2_7rz/ —, ¢ =R @lel gy
Y

—100

The following three lemmas provide some important properties of G, (z, ).

4.9)

Lemma 4.4.5. The integral for G,y(x, t) is convergent for each (x,t) € (0,00) x (0, c0).
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Proof. Given (x,t) € (0,00) x (0,00), with Lemmas 4.4.2 and 4.4.3, we have

1 [otiee @1/2(2) . el
|G(M)<$,t)|§E/’y_ioo |T|‘€ t‘-|€ )| ||dz
+i00 1/2
_ l/v (220 1t~ Re@/2)faly g,
A Y—ico |Z’
4300 1/2
< i/7 G i Lrallee g,
AT o ||

vt y+ioo L8
< e 12 / ,Z|—1/2e—cu,3\x|(fn\“z‘ "z < 0.
47 (In-) .

—100

Lemma 4.4.6. G,)(z,t) € C*((0,00) x (0, 00)).

Proof. Fix (x,t) € (0,00) x (0,00). Then for small |e,|, |¢;| we have

‘G(H)(IE + €, 0+ 6,5) — G(H)(l', t)| < \G(#)(x + €t + Gt) — G(H)(a:, t+ Et)|

+ |Gy (@t + &) — Gy (, 1)].

For |G (x + €5, t + &) — Gu)(2,t + €)|, the following holds

|Gy(x+ €, t+€) — Gz, t + &)
+i00 1/2
< i ! |M, ) |ezt+zet| ) |e—<1>1/2(Z)|w/2|| ) |e—<1>1/2(z)(%+6x) _ e—‘1>1/2(z)(w/2)| dz.
2T 2z

y—1i00

From the proof of Lemma 4.4.5, we have

e EGH) _ @ 2@/ < (ARG )| 4 | )|

< ¢ RIP@(Gra) | o9 2()|(/2) <2

and

1 y+ioco @1/2
2_/ ’ 5 (Z)l . ‘€Zt+zet| . ’€—q>1/2(z)|:p/2\’ dz < 0.
m v z

—1300
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Hence, after setting e1(z, €,) = |e‘¢1/2(3)(%+5z) — ¢~ ®*()/2)| we can apply Lebesgue’s

dominated convergent theorem to deduce that
hino Gy + €, t + &) — G (@, t + &)

1 y+ioco @1/2
< lim _/ |&| . |ezt+zet|_|e—q>1/2(z)\;v/2\|_ 61(27655) dz
. 2z

1 y+ico @1/2
_ |ﬁ | . |ezt+zet | . |€—CI>1/2(Z)|$/2‘ ’ . hm 61<Z, 6:2) dZ e 0
2 y—ico 22 ez —0

A similar argument also shows that lim, o |G (2, + ¢) — Gy(z,t)] = 0. From
this we deduce that lim,, ¢, |G ()(7 + €2, + ) — G()(2,t)| = 0, which shows that
G (z,t) € C((0,00) x (0,00)).

Similarly, following from the proof of Lemma 4.4.5 and the above limiting argument,

we obtain

G (2.1) € C™((0,00) x (0,09)), n € N¥,
which leads to G, (z,t) € C*°((0,00) x (0,00)) and this completes the proof. O
Lemma 4.4.7.

lim G, (2, t) = 0(x).

t—0

Proof. Fix x # 0, for each t € (0, c0),

1/2 1/2
D'/2(2) .’ezt7©1/2(z)\m|| < ot P2(2) "67¢1/2(z)|m||.
2z - 2z
The proof of Lemma 4.4.5 shows that
+i00 1/2
/"Y [} / (Z) ) ‘€7©1/2(2)‘x|| < 00
y—100 2z 7
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then by dominated convergence theorem, we can deduce that

1 Y+1i00 @1/2(2> 1/
. _ 2t—®/2(z)|z]
lim G, (1) = lim o— [ T dz
1 y+ico @1/2
= — L) Ji et el (4.10)
2T oy —ino 2z =0

270 )y —ioo 2z

for each z # 0. Let z = v + mi, we have

1 [T pl/2 ) 120 mi
lim G(N) (.T, t) = — (’Y—_{_,I.Tn)e—‘b / (y+mi)|z| dm. (411)
t—0 AT J_ v+ ma

Recalling the definition of the closed contour C'_ and the proof of Lemma 4.4.4, we see

1/2 (4 N -
& tmi) (@2 (y+mile] i analytic in C_. Then

the function :
y+me

+oo FHl/2 ;
/ W(V—We—@/?mmi)\xl dm
_ ¥+ me
1/2 ~

— lim q)/w—we%m(wmi)lw\ dm

Roo Jo oy +mi

0 1/2 : i6 :

_tim [ Rieo 2O ) oy g

Rooo | v + Rie®

o0

where m = Re™. Since Re(y + Rie®) = v — Rsinf > 0, following from the proofs of

Lemmas 4.4.2 and 4.4.3, we can deduce that

/3

Re(®?(y + Rie'?)) > 7|c1>1/2(7 + Rie®)|
- 0|18 s 530 | Bo 8 _ RBo
zcuﬁh—i-Rze | |7.j'LRze | 20R R |
’ In|y + Rie®| InR

and
0] _ _
|y + Rie| — 1 < |IR| —1

In|y+ Rie?*| —  In|R|

[®Y/2(y + Rie')| < C
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for large R. Hence, as R — oo,

0 ®'(y + Rie) o2 (r+Ric)|z|

Ri .
e v + Rie®
Rieie ; 1/2 ;10
< 1. (1)1/2 Ri 10\ .| ,—®" 2 (y+Rie*?)|x|
< |l 1920+ Rie") | |
|R| — 1 _CR'B—RBO
<C mr 17— (),
In|R|

which implies

+oo Fl 2
/ oL/ fy +mz) —®/2 (y i) |z dml| < . C|R| -1 e CRB Rﬂo || - 0.
v+ mi - In|R|
The above result and (4.11) show that
lim G, (@, t) = 0 for x # 0.

t—0

Now, we are in the position to calculate f lim¢ o G (x,t) dov. Equation

gives

00 0 0o
/OO PL%G(M)(LO dx:/ hmGu)(x t) dx+/ %E%G(u)(x,t) dx

0

Y400 1 2
/ / OBE) -arraeyl dz dx
2mi .

+i00 1 2
/ /7 CI) / e POl gz
i .

Y+ioco @1/2
= — / ) @7 qy d

271
e / (I)I/Q P N O L

y—100
2m N—ico
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Now Lemma 4.4.2 and the fact that Re z = v > 0 shows that

0

0 F1/2 ®1/2(2)a
P
/ —(Z) 2@z gy — ¢

o 22 22 l-oo 227
0o —®1/2(2)z
/ O12(2) _gragye, et TETO 1
0 2z 2z o 2z
(e} 1 y+ioco 1
Therefore, / lim Gy (z,t) do = — — - 2dz = 1, which together with (4.12)
oo t0 2T )y ine 22
yields the conclusion. [
Lemma 4.4.7 allows us to make the definition
G(H)(ZL', 0) = 15% G (x,t) = d(x). 4.13)

4.4.2 The theta functions: 0,,(z,t) and 0, (z,)

One very useful way to represent solutions to initial value problems for a parabolic
equation is through the #—function, [56]. For the case of the heat equation if we let K (z, t)
denote the fundamental solution, then set 0(z,t) = >~ *_ _ K(x + 2m,t). The value of

this function lies in the following result. If u; — u,, = 0, u(0,t) = fo(t), u(1,t) = fi(t),

u(x,0) = ug(x), then u(x, t) has the representation

o) = [ 106 =€)~ 0o + €. Dluo(e) de
0 (4.14)

-2 [ G- nandre2 [ Fe-ve-nnman

A generalization to the case of the fractional equation D} —u,, = 0 forafixed a, 0 < o <
1 can be found in [17]. Our aim is to extend this representation result to the distributed

fractional order case.
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Definition 4.4.1. We define for each p(«) which satisfies Assumption 4.2.1,

Q(M)(:L‘,t) = Z G(M)(ZL’ + Qm,t).

m=—0o0

The uniform convergence and smoothness property of 6,,)(x, t) are established by the

next lemma.

Lemma 4.4.8. 0,)(x,t) is an even function on x and uniformly convergent on (0,2) x

(0,T) for any positive T. Then 0, (x,t) € C*°((0,2) x (0,00)).

Proof. The even symmetric property follows from the definitions of G,y (x, t) and 0,y (x, t)
directly.

Given a positive 7', fix (z,t) € (0,2) x (0,7), by Lemma 4.4.2 we have

y+ioco @1/2
Z |G (@ +2m, t)| < Z / P22 ek 2m] g,
|m|>N 27” m|>N Y7 100
_ L Y+i00 @1/2(2) Z ezt,¢1/2(z)|x+2ml dZ
27TZ y—1i00 2Z |m|>N (415)
+i00 1/2
S i v @ / (Z) ‘e'yt Z e~ Re(‘bl/z(z))‘a)—i-Qm‘ dZ
o —teo 2z Im|>N
1 /’H—ioo @1/2<Z> VBia1)2
< L [P ok 5 e g,
2T Jmios 2 m|>N
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—2[@1/2(

For the series >0,y € llet2m| T emma 4.4.3 shows that

3 o= 21®12(2)||lz+2m|

|m|>N

—(1— 67\/§|<I>1/2(z)|>71<67§|©1/2(z)|(2N+2+x) i 67§|¢’1/2(z)|(2N+27x))

_N2|p1/2 _
[®1/2(2)|(2N~2)
¢ 2 =1 2@ (IR 2@NG+a) | =P (3-0))

1 — oVas2()] ©

B_~Bo B8__Bo
S 2(1 _ e—\/ﬁ(CM}%)lm)_l(e—g(qu ol )1/2)2N_26_§‘¢,1/2(z)‘

In~

_9 _N2|p1/2
§A702N 26 52|21 /2(2)]
v
where

B_~Bo
ﬁ(cuﬁ%)lp

B_~Bo
A, =2(1- e V2O )1/2)‘1, 0<C,=¢e 2 <1

only depend on v > 0. Inserting the above result into (4.15) yields

1 Y400 @1/2
> G (x +2m, 1) < P / \¥|evtAych—2e—?|¢”2<z>| dz.
™ Z

Im|>N Yoo

Meanwhile, from the proof of Lemma 4.4.5, we have

/VHOO WE*?VWW)' dz < oo.
’Y

2z

—100

Therefore,

D Gz +2m,t)| < CC2N2

Im|>N
where the constant C' only depends on 7', v and 0 < C, < 1 only depends on . We

conclude from this that for each € > 0, 3 sufficiently large N € N independent of x, ¢ such
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that

Z |G () (z + 2m, t)| < e foreach (z,t) € (0,2) x (0,7,

|m|>N
which implies the uniform convergence of the series. Then the smoothness results follow

from Lemma 4.4.6 and the uniform convergence. [

Now we introduce the definition of g(u) (x,t) and state some of its properties.

Definition 4.4.2.

Lemma 4.4.9. D(“)Q(M) (ZL‘, t) = (9(M) (ZE, t))zz, D(“)e(u)(l’, t) = (g(u) (ZE, t))$z .

Proof. The first equality follows from the fact DWW G, (z,t) = (G(,)(x, ). and the

uniform convergence of the series representation.

For the second equality, Lemma 4.2.1 yields DW¢,) = DWW a;ea(;) = 882;(;) and
this together with the first equality and Lemma 4.4.8 then gives
(g(#))m — [(u)%(%) — W) af(;mD(u)g(u) — ](u)%D(u)(%)
=gl Gl = e Gl e a0
- [ G e+ S o)
- (?;6;;) (@.1) = ?;ga(;) (.0) %2159(;) (,0) = ?92159(;) ’
which shows that the second equality holds. 0
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Lemma 4.4.10. For each 1)(t) € L?(0, 00), we have

/ 0 (0+,t — s)(s)ds = —%¢(t)v / Oy(1—,t — s)p(s)ds =0,
0 0

/O5(u)(0—,t—s)¢(s)ds:%w(t), /Og(u)(—1+,t—s)¢(s)ds:0, £ € (0,00).

Proof. Fix (x,t) € (0,1) x (0, 00), then computing the Laplace transform yields

_ o=
£(9<u)(w,t))zﬁ[ ((%am Z_: G (z, t))]
— +ioc0
Z 1 ! (I) zt+¢1/2(z)(m+2m) dz
— 27 oo
+00 100
L o ‘D (2) o t—®2(2)(@+2m) dz) (4.16)
2772
m=0
_ 1 N CI)( ) B1/2(2)(x+2m) — CI)(Z —1/2(2 m+2m)>
T a(2) ( Z 2 © 2.
m=—1 m=0
E-28V2() _ 2l (z)

2(1 — e 29 /%())

where the last equality follows from the fact Re(®'/?(z)) > 0 which is in turn ensured by

Lemma 4.4.2. Therefore,

£ ([ Bug (04t = 90(5) ) = £ 040D £((0) = ~ L0

Il
I

r (/0 B (11 — 5)(s) ds) — L1 ) L((1))

For (z,t) € (—1,0) x (0, 00), we have

+

8

e

— 1 CI)Z 1/2(,)(242m
L@ (b)) = (Z (2)6@/()< +2m) _ ]

ex¢1/2(z) _ 67(:1:+2)<I>1/2(z)

21 — e 22%())

®(2) 7<I>1/2(z)(:p+2m))

3
Il
(en)
3
I

98



which gives £(6,,)(0—,¢)) = 3 and £(0(,)(—1+,¢)) = 0, and completes the proof. [

4.4.3 Representation of the solution to the initial-boundary value problem

We will build the representation of the solution in this subsection from four representa-
tions in terms of the theta functions; the initial condition, the values of u at each boundary

x = 0, x = 1, and the nonhomogeneous term f.

Definition 4.4.3.

)= [ Gl =.0) = Bt + . sl

up(w,t) = —2 /Ot O (2, t — 5)go(s) ds;

us(z,t) = 2/0t§(u)(m —1,t — 5)g1(s) ds;

wa(,t) = /01 /Ot[e(“)@; oyt —8) = (x4 gt — 5] [%I(“)f(y, $)] ds dy.

The following four lemmas give some properties of u;, j = 1,2, 3, 4.

82U4

0x?

2
(9uj

0x?’

Lemma 4.4.11. DWWy, = j=1,2,3, DWy, = + f(z,t), where (z,t) €

(0,1) x (0, 00).
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Proof. For uy, by Lemma 4.4.9, we have

1
DWWy = / (DWW (x — y,t) — DOy (z + y, t))uo(y) dy
0
— / (D0 ( — g, 1) — DW6y(x + . ) uo(y) dy
1
4 / (DW0 (1 — y.t) — DV ( + . ) uoly) dy

= /Om [H(N)(:c —y,t) — Oy (z + yvt)i|

on(y) dy

Z.

+ /ml [Q(ﬂ)(ﬂj —y,t) — 6‘(#)(x +v, t)] uo(y) dy

Tx

1 32u1
= / [9(#)(5(7 - Y, t) — Q(M)(CL’ + v, t)} uo(y) dy = W
0 xrr

For wu,,

ou 0 — 0 - _
DWWy = x 8_752 = =20 % 5. (0w * 90) = =20 % (5,000 * 9o = 2011 % go) - B (. 0)

= —QD(“)g(“) * Jo = _2(9(u))1‘x * gJo = (—2@(;0 * go)m; = (uz)m

In an analogous fashion to the above argument, we deduce that D™ ug = (u3) .

For u4, using Lemmas 4.4.7, 4.2.1 and 4.4.8 we obtain

Ouy 0 0

1
DWyy =1 x = =% 5 (/0 Oy (@ =y, ) = Oy (z +y, )] [EI(“)f(y, )] dy)

! 0 0
= [ DO = ) = B ) [ 1 F Ny e 1 )
0

1
0
= /0 Oy (@ =y, ) = Oy (2 +y, )| * [al(")f(yy )] dy + DWIW f(z,t)

= (U4) e + f(x, ).

Lemma 4.4.12. 11_{1% uy(z,t) = up(x), 11551(1) w;(z,t) =0forj=2,3,4 2 ¢€(0,1).
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Proof. For each x € (0, 1), Lemmas 4.4.8 and 4.13 yield that

t—0

1
limu, = / (O (x —1y,0) = 0y (z +y,0))uo(y) dy
0

:/0 > (e —y+2m) — 6z +y +2m))uo(y) dy

1
= [ 80— 9)uots) dy = ().
0
The other result follows directly from the definitions of wusy, ug and u,. U]
Lemma 4.4.13. u;(0,t) = u;(1,t) =0, for j =1,4andt € (0,00).

Proof. Since 0(,(x,t) is even on x which is stated in Lemma 4.4.8, then

1
u1(0,1) = / (0w (0 =y, 1) — 0 (0 4y, 1) )uo(y) dy = 0.
0
We also have

w(1,1) = / (O (1= 1,1) — 0 (1 + 9, 8)) o)
- / (B (5 — 1,1) — B (1 + 1, D))o () dy

:/0 [Z Guyly—1+2mt) = > G<u>(y+1+2m,t)}u()(y)dy

m=—oo m=—oo

1 o0 o)
:/ [ Gy +1+2g,6) = > G(u)(y+1+2m7t)]uO(y)dy=07
0

q=—00 m=—0o0

where g = m — 1.

Following from the above proof, we obtain the conclusion for . O]

Lemma 4.4.14. u5(0,t) = go(t), u2(1,t) = 0, uz(0,t) = 0, uz(1,t) = g1(¢), fort €

(0, 00).
Proof. The proof follows from Lemma 4.4.10 directly. U
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Now we can state the representation theorem.
Theorem 4.4.4 (Representation theorem). There exists a unique solution u(zx,t) of Equa-
4
tions (4.8), which has the representation u(x,t) = Z u;.
j=1

Proof. The existence follows from Lemmas 4.4.11, 4.4.12, 4.4.13 and 4.4.14; while the

uniqueness is ensured by Corollary 4.3.1. [

4.5 Determining the distributed coefficient ;.(«)

In this section we state and prove two uniqueness theorems for the recovery of the
distributed derivative . We show that by measuring the solution along a time trace from
a fixed location z one can use this data to uniquely recover j(«). This time trace can be
one where the sampling point is located within the interior of 2 = (0, 1) and we measure
u(zo,t), or we measure the flux at z*; u,(z*,t) where 0 < z* < 1. This latter case
therefore includes measuring the flux on the right-hand boundary x = 1.

First we give the definition of the admissible set ¥ according to Assumption 4.2.1.

Definition 4.5.1. Define the set WV by

U={pecCH0,1]: p >0, u(1) #0, u(a) > Cy > 0o0n (Bo, f1)},

where the constant C'y > 0 and the interval ((y, 51) C (0, 1) only depend on V.
We introduce the functions F'(y; zo) and F(y; z*) in the next two lemmas.

Lemma 4.5.1. Define the function F(y; x¢) € C*((0,00),R) as

e($0_2)y — e_moy

F(y; o) = 21 —e2v)

where xy € (0,1) is a constant. Then the function F(y;x) is strictly increasing on the

In(2—zo)—Inxg

2oy o) € (0,00).

interval (
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Proof. Since 7 € (0,1), e@0=2¥ — ¢=2¥ < (0 and 2(1 — e~2¥) > 0 on (0,00). A direct

calculation now yields

d

d_y(e(IO*Q)y _ efwoy) — (xo _ 2)6(10*2)?4 + zoe ™Y > ()
fory € (W, o0). Then we have e(®=2¥ — ¢=¥0¥ < () and strictly increasing
on (W, 00). The function 2(1 — e~2¥) is obviously both positive and strictly
increasing on (W, o0). Hence the function F'(y; xo) is also strictly increasing on
(W, 00), which completes the proof. N

Lemma 4.5.2. For the inverse problem with flux data, define the function Fy(y;x*) €

C'((0,00),R) as
ye(1*72)y + yefm*y
21— )

Fy(y; o) =

where x* € (0,1] is a constant. Then the function Fy(y;x*) is strictly decreasing on the

interval (1/z*,00) C (0, 00).

Proof.
OF) oy _ (" =2y + D2 4 (1= e
dy 7 2(1 — e=2v)?
L (2 = 0 (( — 2)y — 1)l
2(1 — e )2 ’
hence %(y; z*) < 0ify € (1/2*, 00) and the proof is complete. O

For the important lemmas to follow, we need the Stone—Weierstrass and the Miintz—
Szasz Theorems. See the appendix for statements and references for these results.
The next result shows that the set {(nr)* : n € N} is complete in L*[0, 1] for any

positive integer r. We give two proofs of this important lemma.

103



Lemma 4.5.3. For each r € N the vector space consisting with the set of functions

{(nr)*: n € NT} is dense in the space L?[0,1], i.e.

span{(nr)* : n € Nt} = L?[0, 1]

w.r.t L? norm. In other words, the set {(nr)® : n € N} is complete in L?0, 1].

Proof. Clearly, span{(nr)* : n € N*} satisfies all the conditions of the Stone—Weierstrass
Theorem, so that the closure of span{(nr)* : n € N*} w.r.t the continuous norm is either
C[0,1] or {f € C[0,1] : f(xg) = 0,29 € [0,1]}. The two alternatives both yield that
span{(nr)® : n € N} is dense in C[0, 1] with respect to the L? norm, which together
with the fact C[0, 1] is dense in L?[0, 1] gives span{(nr)* : n € NT} is dense in L?[0, 1]
and completes the proof.

As a second proof, if for some h € C|0, 1], fol(nr)xh(x) dr = 0 for all n € Nt
then [ e*'°8™h(z)de = 0 and with the change of variables y = e this becomes
[ 98 h(y) dy = 0 for all n € N* where h(y) = h(log(y))/y. Since 322 | 1/log(rn)

diverges, the Miintz-Szdsz theorem shows that h = 0 and hence h(z) = 0. [
We now have the main result of this paper.

Theorem 4.5.2 (Uniqueness theorem for the inverse problem). In the DDE (4.8), set uy =

g1 = [ = 0and let gy satisfy the following condition

(Lgo)(z) # 0 for z € (0,00).

Given i1, o € ¥, denote the two weak solutions with respect to 1y and iy by u(x, t; jiy)

and u(x, t; uy) respectively. Then for any xo € (0, 1) and x* € (0, 1], either

U(,Io, ta ul) = u(l’o, ta “2)
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or

ou, . Ou,
a_x(x 7t7,u1) - ax(x 7@“2)7 te (07 OO)

implies j11 = ps on [0, 1].

Proof. For the first case of u(xg,t; 1) = w(xo,t; ), fix zg € (0,1), Theorem 4.4.4
yields for k =1, 2:

t
U(mo,t; Mk) = _2/ 9(#k)<x07t - S)QO(S) dSJ k= 17 2
0
which implies
t _ t _
/0 0 (u1) (o, t — 5)go(s) ds = /0 0 (us) (o, t — 5)go(s) ds.
Taking the Laplace transform in ¢ on both sides of the above equality gives
(L@ (0:)) (2) - (L00)(2) = (£ (0, ) ) (2) - (L0) ()
Since (Lgo)(z) # 0 on (0, 00), so that

(E(é(m)(xo, -))) (2) = (C(%)(xo, -))) (2), for z € (0,00).

This result and (4.16) then give

p(20-2012(2) _ —w02%(2)  (20-2)0)%(2) _ p—w02y/*(2)
1/2 = 1/2 y 2 € (0,00),
2(]_ — e 2% (Z)> 2(1 — 2%, (Z))

where

1
P;(2) :/0 pi(a)z%de, j=1,2.
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The definition of W and the fact z € (0,00) yield @;/ ?(2) € (0,00) and hence we can

rewrite the above equality as
F(®1(2);20) = F(@5(2):20). = € (0,00), (4.17)

where the function F' comes from Lemma 4.5.1.
In(2 — xp) — Inxzg
2(1 — .I’Q)

Since x € (0, 1), it is obvious that > 0. Then we can pick a large

N* € N* such that

B

2
Cy - (N)da > (111(2 — Zg) — lnxo) 7

Bo 2(1 - xO)

which together with the definition of W gives that for each z € (0,00) with z > N*,
®;(z) € (0,00) and
In(2 — zp) — Inxg

dY2(2) > i=1,2.

This result means that

In(2 — z) — Inxg

o} (nN*
(N > =S

,j=1,2 neN". (4.18)

In(2—x9)—Inzo

Lemma 4.5.1 shows that F'(+; o) is strictly increasing on the interval ( 5(1—70)

700)’

which together with (4.17) and (4.18) yields

®1?(nN*) = ®3/*(nN*), n € N*,
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that is ®1(nN*) = ®3(nN*), n € N*, sequentially, we have

/0 (p1(a) — po(@))(nN*)*da = 0, n € NT.

We can rewrite the above result as (u;(«) — pa(a), (nN*)*) = 0 for n € NT. From
the completeness of {(nN*)® : n € N} in L?[0, 1] which is ensured by Lemma 4.5.3,
we have iy — ps = 0in L?[0, 1], that is, || — pa||r2p,1) = 0, which together with the
continuity of 1, and ps shows that 13 = o on [0, 1.

For the case of g—g(:c*, ) = %(m*, t; u2), following (4.16) we have

00 P =
L (%(x,t)) =L |k * <8t8x2 G(#)(a:,t)>]

— 3/2 e 3/2
K % £—1 ( Z q) 2(2) e¢1/2(z)($+2m)dz _|_ Z @ 2(2) e_¢1/2(z)(w+2m)>]
m=0

=L

m=—1

= P3/2(z

1 — (133/2(2) H1/2 ( ) 1/2
= (2)(z+2m) —®1/2(2)(z42m)
P

@1/2(2)6(95—2)@1/2(2) + @1/2<Z>e—xq>1/2(z)
- 2(1 — e20'72()) '

Following the proof for the case u(xo, t; 1) = u(xo, t; p2), we can deduce 1y = po from

the above result and Lemmas 4.5.2 and 4.5.3. O]

Remark 4.5.1. In this paper we have considered only the uniqueness question for the func-
tion z(«). Certainly, one would like to know under what conditions this function can be
effectively recovered from the given data. Clearly this is an important question, but we
caution there are many difficulties, especially with a mathematical analysis of the stability
issue of 1 in terms of the overposed data either u(zo,t) or 2%(z*,t). One can certainly
employ the representation result of section 4.4 to obtain a nonlinear integral equation for

1 but the analysis of this is unclear. An alternative approach would be restrict the function
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w1 as in Lemma 4.2.1 to ensure that s is completely monotone and hence use Bernstein’s
theorem to obtain an integral representation for this function. We hope to address some of

these questions in subsequent work.
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5. SUMMARY AND CONCLUSIONS

5.1 Challenges

To analyze the classic diffusion equations, we need to use some basic tools in calculus,
such as product rule, chain rule and integration by parts. However, theses tools do not
work in the fractional case. That means we can not just follow the popular methods from
the classical case, but need to create some new approaches to obtain the desired results.

This is the main challenge I met in the research process of fractional diffusion equations.
5.2 Further study
5.2.1 Identification of a discontinuous source

The model we consider is

(
D~ A=, (0.1) € Q% (0,7
u(z,0) =0, x € € (5.1

u(z,t) =0, (z,t) € 92 x (0,7),

where D is a domain contained in € C R?. The inverse problem we consider is to recover

the domain D with D C €2 from knowing finite flux data

0
St =), te 0,71, 1=1,...,m,

where w is the solution of FDE (5.1). The case for & = 1 has been done in [?]. In fractional
case, I will show show D is uniquely determined by some specific finite flux data at first,

then use the regularized Newton-type methods to reconstruct the domain D numerically.
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5.2.2 Inverse source problems in the space-fractional differential equation

In addition, I will work on the following equation

(“Dfu — SDPYyu = F(z,t,bu), 0<z<1,t>0,0<a<l, 1<p<2

Results, including the existence, uniqueness and regularity of the solutions, for the direct
problems, are still incomplete. There are considerable difficulties to be faced here. Our
goal is to obtain sufficient results to attempt similar inverse problems as noted previously

for the case 5 = 2.
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APPENDIX A

The uniqueness proof in section 4.5 requires results on the density of a certain subset
of functions and we give two ways to look at this through different formulations; namely
the Stone-Weierstrass and Miintz-Szdsz theorems. We give the statements of these results
below.

The Stone-Weierstrass theorem is a generalization of Weierstrass’ result of 1885 that
the polynomials are dense in C|0, 1] and was proved by Stone some 50 years later, [58].
If X is a compact Hausdorff space and C'(X) those real-valued continuous functions on
X, with the topology of uniform convergence, then the question is when is a subalgebra
A(X) dense? A crucial notion is that of separation of points; a set A of functions defined
on X is said to separate points if, for every x,y € X, x # y, there exists a function f € A

such that f(x) # f(y). Then we have

Theorem 5.2.1. (Stone—Weierstrass). Suppose X is a compact Hausdorff space and A is
a subalgebra of C(X) which contains a non-zero constant function. Then A is dense in

C(X) if and only if it separates points.

The proof can be found in standard references, for example, [59, Theorem 4.45].
The Miintz-Szasz theorem, (1914-1916) is also a generalization of the Weierstrass ap-
proximation theorem; it gives a condition under which one can “thin out” the polynomials

and still maintain a dense set.

Theorem 5.2.2. (Miintz—Szdsz) Let A := {\;}° be a sequence of real positive numbers.

Then the span of {1, 2™, 22, ... } is dense in C|0, 1] if and only if Y ;" % = Q.

This result can be generalized to the LP[0, 1] spaces for 1 < p < oo, see [60].

118



	ABSTRACT
	DEDICATION
	ACKNOWLEDGMENTS
	CONTRIBUTORS AND FUNDING SOURCES
	NOMENCLATURE
	TABLE OF CONTENTS
	LIST OF FIGURES
	LIST OF TABLES
	Introduction
	The fractional inverse problem with unknown diffusivity
	Introduction
	Preliminary material
	Mittag-Leffler function
	Fractional calculus
	Eigensystem of -L

	Direct problem–existence, uniqueness and regularity
	Spectral representation
	Existence and uniqueness
	Sign of un(t;a)
	Regularity
	Regularity of ur
	Regularity of ui
	Main theorem for the direct problem

	Inverse problem–reconstruction of the diffusion coefficient a(t)
	Operator K
	Monotonicity
	Uniqueness
	Existence
	Main theorem for the inverse problem and reconstruction algorithm

	Numerical results for inverse problem
	L1 time-stepping of CDt
	Numerical results for noise free data
	Numerical results for noisy data
	Numerical results in two dimensional case


	The fractional potential problem 
	Introduction
	Preliminaries
	An estimate on the Mittag-Leffler function
	Smoothing properties of the direct problem
	Assumptions and general settings

	Recovery of the potential term
	Uniqueness of the fixed point
	Monotonicity of the operator K
	An iterative reconstruction algorithm

	Regularized reconstruction scheme
	Numerical confirmation
	Numerical algorithm
	Numerical results for noise free data
	Numerical results for noisy data

	Conclusion

	Distributed differential equation
	Introduction
	Preliminary material
	A distributional ODE

	Existence, uniqueness and regularity
	Existence and uniqueness of weak solution for DDE (4.1) 
	Regularity

	Representation of the DDE solution for one spatial variable
	The fundamental solution G(x,t)
	The theta functions: (x,t) and (x,t)
	Representation of the solution to the initial-boundary value problem

	Determining the distributed coefficient ()

	SUMMARY AND CONCLUSIONS 
	Challenges
	Further study
	Identification of a discontinuous source
	Inverse source problems in the space-fractional differential equation


	REFERENCES
	APPENDIX A
	By Fick’s laws



