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A BSTRACT 
The transformat ion  between w o rk and other  forms 

o f  energy i s  accompl ished i n  turbomach i nery. The abi l ­
i ty o f  a turbine t o  produce work when handl ing  a c om· 
pressible f lu id  and when taking ei ther i ts axia l  or rad ia l  
con figura t ion  i s  presented for the user  o f  the equ i pment  
r ather  than the designer o r  research worker. 

The bas ic  conservat ion pr inciples o f  m ass, l i near  
m omentum, energy, and angular momen tum i n  thei r 
s teady, one-dimens iona l  form are  summarized; the  f ig­
u res  of mer it o f  t urb;ne stage performance inc lud ing  
effic iency,  react ion and reheat  a re defined and  i nfer· 
re lated. Correla t ion  of l osses w i th performance parame· 
ters  i s  presented f i rs t  for  the O\'er-all s tage. Then the 
Soderberg corre la t ion i s  provided for hand l ing  the  axia l  
s tage, component  b y  c omponent ,  a n d  the  Benson corre· 
l a t i on  is i n troduced for  use with a rad ia l  s t age. An 
example  l i s ts a l l  o f  the p arameters and  flo w  cond i t ions  
w hich can  be  predicted for  a prospective· des ign  o r  evalu­
a ted for  a n  ex is ti n g  u n i t  of  hardware. 

INTRODUCTION 
Turbomachinery is commonly used to br ing  about 

t he  t ransformat ion between work and o ther  forms o f  
energy inc lud ing i n ternal, potent ial, a n d  k i net ic  energy, 
a n d  t o  a much lesser extent, heat. As a t ransformer o f  
energy, turbomachiner y  plays an  impor tan t  p a r t  i n  i n ·  
dus t r i al p rocesses and  systems. I t  i s  t o  the d es ign e r  and  
operator  o f  such  sys tems, who  mus t  be ab l e  t o  set  real is· 
t i c  specifica t ions  and  ver i fy achievable performance, tha t  
t h i s  paper  i s  d irected. 
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The apparatus i n  w hich the transformat ion from 
w o rk t o  the o ther energy forms takes place i s  cal led a 
pump w h en handl ing incompressible f lu ids  and  a com· 
presso r  when h andlin g  compressible flu ids. Conversely, 
the t ransformation o f  the var ious  energy forms i n t o  work 
occurs i n  a turbine regardless o f  the compress ib i l i ty  o r  
incompressibi l i ty  o f  t h e  work ing  f luid.  W e  shal l  b e  
concerned only  with turbines  hand l ing  compressible 
flu ids  in th is  paper. 

The product ion of work  by  a turb ine  depends  upon  
i ts ab i l i ty  t o  f i r s t  produce  then  reduce the angu lar  m o· 
mentum o f  the working f lu id. Where a large mass f low 
i s  handled by  the turb ine, the angular  momentum change 
can be carried ou t  a t  essen t ia l ly  a cons tan t  radia l  posi· 
l ion from the rotor ax is  o f  ro ta t ion; such a configura· 
tion is a n  axia l  turbine. However,  where only a smal l  
mass flo w  i s  availab le  t o  t he  turb ine, a reduc t ion  i n  bo th  
tangent ia l  veloci ty  componen t and  radia l  posi t ion o f  the  
flu id i s  n ecessary to  real ize the greatest poss ib le  angular  
momen tum change; the r esu l t i ng  configurat ion i s  an  
i n ward radia l  f low turb ine. Af ter  cons ider ing the con­
cepts which are appl icable  i n  general t o  b o th turbine 
t ypes, w e  shal l  develop the  loss  correla t ions  i n  para l le l  
for t he  axia l  and radia l  turb ine. 

S ince  every effor t  ha s  been made t o  m ake the paper 
self-con ta ined, the subject ha s  been c i rcumscr ibed. An 
accou n t  o f  the performance, design methods and proce· 
dures, research efforts a n d  u nsolved problems wou ld  
comprise a monograph o r  b o ok on  each  turb ine  t ype. 
As a cons i s tent con t inua t ion  of the work on axia l  t u r­
b ines, the  book by Horlock 1 i s  recommended t o  the read­
er. No c omparable book exis t s  o n  the radial tu rb ine  
bu t  the  monograph by  Mizumachi:! i s  suggested. 

DESCRIBING EQUATIONS 

We begin w i th the  descr ib ing  equat ions. The pr in·  
ciples o f  the  conservation o f  mass, l inear  and  angular  
momentum, and energy descr ibe  the flu id  flo w  phe· 
nomena i n  turbomachine  c o mponen ts. The formula t ions  
of these  pr inciples a re of ten  m i sleadi n gl y  ca l l ed  the gov­
erni n g  equat ions even though, o f  course, they exert n o  
in fluence on  the f luid d y namic  events. 

A genera l  v iew wi th  n omenCla ture  of an  element o f  
a turbomachine passage i s  shown  i n  Figure  l. A com· 
plete l i s t  o f  the n omenc la ture  u sed i n  the  paper appears 
in sec t i on  I.  In Figure l, the passage is  o r i en ted w i th 
respect t o  a cy l indr ica l  coord inate  system ( r ,  {), z I. The 
u n it vector i n  the r-di rection i s  i ,  ro ta ti n g  i 90° in  the 
pos i t ive fJ-d irec t ion  locates j. Perpendicu lar  t o  the  p lane 
formed b y  i and j i s  the u n i t  v ec to r  k i n  the  z-d i rect ion,  
shown  pos i t ive  i n  the f igure. Ro ta t ion  o f  the turboma· 
chine ro tor  t akes place abou t  the  z-axis and  i s  cons idered 
posi t ive in the sense o f  pos i t ive  fJ. A flu i d  part ic le p 
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Figure 1. Flow A long a Surface of Revolution in a 
Turbomachine .  

located a t  a radius  R by the radius vec tor  r from the 
or igin moves w i th the ve loc i ty  c .  The components  of  
the ve loc i ty  i n  the three coordinate d i rections  are  u ,  v, w,  
respectively. However, these  veloci ty  componen t s  are 
usual ly  replaced by  a more conven ien t group i n  the  tu r­
bomachinery  con text. The tangen t ia l  o r  blade-to-blade 
component o f  c i s  denoted c,  and the merid ional c om­
ponen t  o f  c, which i s  the resul tan t  o f  u and w, i s  denoted 
Cm· Then u i s  used t o  denote the rotor  tangent ia l  veloci t y  
a t  the poin t  i n  quest ion ( u =I= c,l and w i nd icates t he  
par tic le  veloci t y  rela t ive  t o  a coord ina te system ro ta t ing 
w i th the  angular  ve loc i ty  o f  the rotor. F ina l ly ,  n i s  a 
u n i t  vector posi t ive i n  the sense of being outward drawn  
from the  surface t o  which i t  i s  perpend icular. Thus, a t  
the i n l e t  s ta t ion ( 11, n 1 i s  para l le l  to  c 1 but  o f  opposi te 
sense whi le  a t  ( 2 I, n ,  and c ,  are parallel and o f  the same 
sense. 

The formula t ion  of the conservat ion  of mass pr inci ­
p le  i s  summarized in  Table la.  We d o  not  look at  d is­
crete particles b u t  rather at a con t inuum of  par ticles 

Table la . Conservation of Mass Principle (Con tinuity 
E quation). 

compri s i ng  the system mov ing  through the turbomachi n e  
passage. T h e  mass of  the  system i s  defi:',.fl b y  eq. ( l). 
The conservat ion of mass o f  tha t  system i s  expressed 
by  eq. ( 2 I. The cond i t ions  o f  the system mov ing  
through the  passage are then  related t o  cond i t ions  i n  the  
f low as observed from a f ixed pos i t ion  b y  means  o f  
Reynolds Transpor t  Theorem. Appl ica t ion  o f  t h i s  theo­
rem results in eq. ( 31 which i s  a u seful,  i n tegral  formu ­
l a t i on  o f  t he  principle. The  pr inc ipl e  i n  t he  f o rm o f  a 
d i fferent i a l  equat ion  appears i n  eq. ( 41 w here  a n  a p­
propr ia te  form of Green's Theorem r ela t ing  area a n d  
vo lume i ntegrals was  u sed t o  f irs t  mod i fy e q .  ( 3 I . The 
s impl i f icat ion to s teady,  one-dimensiona l  f low i s  most  
important t o  our  presen t i nterests. For  s teady f low, 
changes w i th respect t o  t ime d o  n o t  occ u r  ( i J  ··ut = 0 I ; 
for  one-d i mensional  flow, changes i n  f low cond i t ions  
occur on l y  i n  the  d i rec t ion  o f  f low. The second i n tegra l  
i n  eq. ( 3 I c a n  then be  evalu ated w i th t h e  resul t  shown 
i n  eq .  ( 5). The  useful forms, eq .  (31, 141 and  (51 are  
each  of ten  cal led the con t inu i t y  equat ion .  

The reader  mus t  rea l ize  tha t  the equa t ions  i n  Table 
l a  do n o t  const i tute a der ivat ion of  eq. ( 5 I but they are 
a reminder  o f  the importan t ideas behind  the  exis tence 
o f  eq. ( 5) . A more c omplete explana t ion  and  der iva t ion 
can  be  found in  the bas ic  referenc e  books by  Shapi ro\ 
Daily a n d  Harleman\ Owczarek\ and Thompson11• The 
comments  apply equal ly  t o  the o ther  par ts  of Table l. 

A summary of  the pr inc iple  of conservat ion o f  
l inear m omentum appears i n  Table lb. After  defi n ing  
the momen tum of the sys tem i n  eq .  ( 61, w e  see  tha t  i t  
can b e  changed b y  the appl icat ion o f  body  and  sur face 
forces. Th e  principle is expressed in eq. ( 7 I and  is jus t  
Newt on's second law o f  mot ion.  The i n tegral  form for  
fixed coord ina tes i s  g iven  i n  eq .  ( 8 I w h ere an impor tant 
s impl i f icat ion has been i n troduced. S urface forces a rise 
from the appl icat ion o f  s tress to  the su rface. Such s tress 
i s, in general, both n o rmal  (pressure I and tangent ia l  
( shear) t o  the surface. Here  the shear  s tress i s  o mi t te d  

f"" Dllt'·dim•n�iot7o/, .:stNqy rofafiona/ fl•"' aiM! s�tJmliM, 
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(9) 
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(If) 

Table lb . Conservation of Linear Momen tum Principle 
(Equations of Motion). 
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as a consequence o f  assuming  n egl igible viscosity o f  the 
working f lu id, and on ly  a surface force due to the pres·  
sure  appears i n  eq. I 8 I .  Nonetheless, v iscos i ty  i s  a t  the 
basis  o f  the existence o f  losses in turbomachine p assages. 
We shal l  rei n troduce th is  effect a t  a l a ter  po in t  i n  th is  
paper b y  us ing loss coeffic i ents which mod i fy the results 
o f  inv i sc id  flow calculat ions. The d ifferent ia l  form of 
the equat ions o f  m o ti o n  i s  given by eq. I 9) and i s  often 
ca lled Euler's equat ion. Once aga in  applyi n g  the condi­
t ions  o f  steady, one-d imensiona l  f low, i n tegrat ion o f  eq. 
I 8 I resu l ts i n  Bernou ll i's equa t i on ,  eq. no I .  I t  is va l id  
for bo th  ro ta t iona l  f low a long a streamli n e  and i rrota·  
t i ona! f low throughout  the  flow f ie ld.  If  one  assumes 
isentropic flow ( ds = 0 I, the i n tegral i n  eq. ( 10 )  be­
comes the enthalpy and the Bernou l l i  constant  is synony­
mous w i th the s tagnatio n  en thalpy.  

The conservat ion  o f  energy pr inc ip le  i s  out l ined in 
Table 1 c, where the energy o f  the  system i s  defined by 
eq.  ( 1 2}. The pr inc iple is w ell  known as the f irs t  law 
of  thermodynamics where the  change o f  energy o f  the 
system i s  the ne t  effect o f  the heat  and work transfers,  
eq. ( 13 I .  Referred to a f ixed observer, we  have eq. 
( 1 4a} and after a considerable ca lcula t ion,  this becomes 
eq. I 1 4b}. I t  i s  then conven ient to  group a l l  the vo lume 
i n tegrals and write the d i fferent i a l  form eq. ( 1 51. Now 
assuming no heat  o r  work t ransfer together wi th  steady ,  
one-dimens ional  f low,  w e  obta in  t h e  s impl i fi ed d ifferen­
tial form eq. ( 1 6} which  is i n terpreted to  be  the product  
of  the magn i tude  o f  the ve loc i ty  and the  d irec t iona l  
derivat ive o f  t he  Bernou l l i  cons tan t  i n  the d i rect ion of  
the f low.  S ince the ve loc i ty  i s  no t  zero ,  the change o f  
t h e  Bernou lli  constant  a long  a s treamline  mus t  be  zero. 
Integra t ing  eq. ( 1 6 } ,  w e  can  on ly  conclude that  the stag·  
nat ion enthalpy i s  constant a long a streamline,  eq. ( 17). 
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Table lc. Conservation o f  Energy Principle (First Law 
o f  T hermo dynamics). 
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Table ld. Conservation o f  A ngular Momentum Princi­
ple (Moment  of Momentum). 

The form o f  eqs. ( 14} and (15 }  was  developed w i th 
a v iew to y i eld i ng  eq. ( 1 7  I . The reader is advised tha t  
m a n y  forms  o f  the  energy equa t ion  are  developable for  
o ther  purposes a s  i s  ev iden t  i n  the books  referred to  
above. Our  purpose i n  ob ta in ing  eq .  ( 1 7} was  twofold.  
Under  the assumpt ions  ident i fied above, the energy equa ·  
t i on  and Bernou l l i's equat ion  o f  mot ion are no t  i n d e­
pendent and un ique  results ,  bu t  rather one  and the same 
th ing. On the other  hand ,  as po inted ou t  i n  the i n t ro ·  
duc t ion ,  i t  i s  the p urpose o f  turbomachinery  to  effect the  
transformat ion between  work  and other  forms o f  energy.  
Thus  in a rotor passage o r  in a turbomachine stage which  
inc ludes a ro tor  passage, the  work term wil l  n o t  be  zero ,  
the consequence  o f  w hich i s  to  change the va lue  o f  the 
Bern ou l l i  constant o f  the f low UJX>n p assage thro u gh the 
ro to r. 

The las t  o f  the conservat ion pr inc ip les i s  concerned 
w i th angu l a r  momentum ( moment o f  momentum) and 
i s  summarized in  Table 1 d. The angular  momen t u m  of  
the  system, eq.  ( 1 8) i s  jus t  the m oment o f  the l i near  
momentum o f  the  system, eq .  ( 6 } .  In  add i t i on  t o  the  
m oments  o f  the body and s urface forces, w e  adm i t  t he  
poss ib i l i ty o f  mechan ica l  m oments o r  torques ,  as  are  
encountered in  turbomach ine  applica t ions, hav ing a n  e f­
fec t  o n  o r  be ing  affected by  the angular momen t u m  
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change o f  the system, eq. ( 19 ) . To a f ixed observer, 
the resu l t  is eq. ( 20) . 

Up to  th is  point w e  have  attempted t o  present the 
summaries in the parts o f  Table 1 w i th a certain sym· 
metry. I t  i s  not possible t o  carry that idea any further 
in the p resent example. The angular  momentum princi ­
p le  i s  usua l ly  u sed for one  o f  two purposes. Had the 
full stress tensor been inc luded in the l inear momentum 
equat ion ,  the conservat ion o f  angular mometum could 
have been used to show that  that  tensor  must be sym· 
metric ,  a resu l t  which has consequences in the  s tudy of  
viscosi ty and the  const itu t ive equat ions o f  the  working 
f lu ids. Such considerat ions  are outs ide the scope of the 
p resent paper. Of more immediate importance i s  the use 
o f  the angular momentum equation to  compute the torque 
o r  mechanica l  work transfer o f  a turbomachi n e  in which 
the angular momentum o f  the flowi n g  f lu id i s  changed. 

In eq. ( 20 ) , the resu l tan t  moment  of the body force, 
the surface force and the mechanica l  torques i s  a vector  
quant i ty  w i th components  act in g  abou t  the three co _ordi­
uate a xes. The components about  the axes in the i and 
j direct ions are simply equ i l ibrated by  the bearin gs of  a 
turbomachine  rotor. The m oment about  the z-ax i s, the 
axis  of  rotation of the rotor, i s  capable o f  producing a 
w ork transfer  across the boundar ies o f  the machine. The 
remainder o f  Table 1d i s  devoted to  calcu la t ing  th is  
torque and  the mechanical  w ork transfer  which resu l ts .  

The componen t o f  the moment  about  the z-axis  i s  
wr i tten i n  general i n  eq .  ( 2 1  I .  A fter appl y ing the sim· 
p l i ficat ions  o f  steady, one-d imensional  flow, eq. ( 22 ) is 
easi ly obtained and is known as Euler's Turbine Formula. 
The c ircumflex over the product  "flv denotes a "sui table" 
average. Consistent w i th the one-dimensional  calcula­
t ions  i n  connect ion w i th the previous conservat ion  equa· 
l ions,  v (or c 11) i s  considered constant  over the c ross­
section. Where R is also constan t as  at the d i scharge 
of a radia l  compressor i mpeller, n o  problem ar ises. 
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Figure 2a . Radial Turbin e Stage Configuration .  
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Figure 2b .  A xial Turbin e S tage Configuration . 

Where R varies over the cross-sec ti on, as a t  both the  
in le t  and ex i t  o f  an axi a l  t u rb ine  rotor, a root-mean­
square value o f  R i s  o ften used but n o  generally accepted 
custom seems to ex is t. Aga in  if R i s  the constan t t i p  
radi us then  flR = u and flRc11 = uc". Remember, h o w ·  
ever, tha t  on ly a spec i a l  average leads t o  t h i s  a t tract ive 
resul t .  

The mechanica l  energy o r  work term for the energy 
equat ion may be ca lcu la ted by  d ividing the product  of  
the torque and the angular  veloci ty by the mass  f low 
rate. Subs t i t u t ing  th is  resu l t  i n  the energy equat ion for 
adiabat ic  f low I n o  heat  transfer) results in  eq.  ( 23 ) ,  
which together wi th the  momen tum equat ion eq. ( ll) 
and the cont inu i ty equa t i on, eq. I 5), is a basic tool  o f  
one-d imens iona l  aerodynamic an alys i s  o r  syn thesis. 

It should be n o ted that  the work  calcu la ted by eq. 
( 23 I corresponds to  the energy  actual ly  yielded by the  
work ing f lu id bu t  i s  d imin i sh ed by  th ree smal l  parasi te  
losses before del ivery as shaf t  w ork by  the turbine. Ro tor  
d i sk  fr ict ion returns  a sma l l  amount  o f  the work  as hea t  
to the downstream f low wh i l e  sea l  and bear ing  fr ic t ion 
diss ipates a smal l  amount of  the w ork wh ich i s  lost  from 
the system . 

F IGCRES OF MERIT 

Stage Configuration 
Before proceedi n g  to summarize the various defin i ·  

l ions o f  e ffic iency,  react ion,  e tc .  and to show their i n ter­
rela t ions, we have assembled in Figure 2 sketches o f  the 
physical  conf igura t ion o f  both a radia l  and an ax ia l  
tu rb ine  s tage, the s tage b lad ing  and veloci ty diagrams 
as we l l  as  an  enthalpy-entropy d i agram on  which  the  
s tage  f low processes can  be  traced. Corresponding s ta­
t ions (l), (2 t, ( 3 ) ,  and  (4 t are  shown i n  Figures 2 a  
a n d  2b f o r  each turb ine t ype. Stat ions ( l  ) a n d  ( 2) 
designate s tator or  n ozz le  i n le t  and exit respect ively wh i l e  
s tat ions ( 3 )  and  ( -1- I spec ify  ro tor  i n l e t  and  ex i t  respec· 
l ively.  Other n o menclature and terms are clearly sho w n  
on t h e  f igure. 
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Figu re 2c . Stage N omencW.ture and Velocity Triangles . 

With l i t t le effor t ,  Figure 2c can be imagined appl i ca­
b le  t o  both  rad ia l  and  ax ia l  turbine types. In each case 
the gap between s tat ions ( 21 and ( 3 1  i s  exaggerated to 
accommodate the  ve loc i ty  d iagrams. Two o f  the  many  
b lades  i n  bo th  the  s t a to r  and  the ro tor  a re  shown in  the  
f igure. To  the  le f t ,  the  geometry o f  the b lade  prof i le  
is illus trated. The  s ta tor  b lade angle a' i s  measured 
between a l ine tangen t t o  the c amber l ine  a t  the blade 
edge and the  d i rec t ion paral le l  t o  the  rotor  axis ( th e  
mer id ian l i ne) . T h e  ro tor  blade angle measured re la­
t i ve t o  the  moving b lade  i s  deno ted f3 and again meas­
u re d  between cambe r  l ine tangent and  meridian l i n e. 
Other profi le  d imens ions  and  angles are shown. To the 
r i gh t ,  the  geometry  o f  the gas f low over  the blade prof i le  
is  illus tra ted. The gas ve loci ty  c m akes an angle a a t  
the s ta tor  blade edge a n d  i s  measured w i th respect t o  
the merid i an l i n e. T h e  gas r ela t ive  veloci ty w m akes 
an  angl e  f3 a t  t he  ro to r  b lade edge and i s  measured w i th 
respect t o  the mer id ian  l i ne. Other componen ts o f  the  
gas  v eloci t y  and  the  ro to r  tangent ia l  velocit y  are shown 
o n  the veloc i ty d i agrams. 

The d i s ti nc t i on  be tween  the b lade angl e  and  the  gas 
angle a t  the  s ame stat ion has  been emphas ized above 
because a d ifference  at  the  blade leading edge,  say ,  o f  
the gas f lo w  d i rec t ion  a n d  the blade camber l i n e  resul t s  
i n  f lo w  a t  inc idence and  a l o s s  occurs. A t  the  b lade 
t ra i l ing  edge, s imi lar  misa l ignment i s  ca lled a deviat ion.  
To  complete the n omenclature the  sum o f  the blade 

angles i s  c al led the blade camber whi le  the sum o f  the 
gas angles about  a blade describes the turning o f  the 
f low and is cal led the deflect ion.  Express ions  for  these 
terms for both stator and rotor are inc luded in Figure 2c. 

S tage h-s Diagrams 
Perhaps the most  important  diagram for descr ib ing 

the f lo w  phenomena i n  a turbine s tage a t  o u r  present 
level  o f  one-d imens iona l  f low analysis  and  loss  c orrela­
t ion i s  the enthalpy-entropy d iagram for the  s tage shown 
in Figure 2d. Stat ion n umbers on  this d iagram coinc ide 
w i th those  o n  the prev ious  parts o f  Figure 2. Two l i nes 
deno ti n g  the flow process are  shown even though,  o f  
course, on l y  one  process takes place. The t o p  l i n e  con ­
n ec t s  s tagnat ion condi tions  a t  the  several s ta t io n s  whi le  
the lower  l ine den o tes the stat ic  condi t ions. Not ice that  
the  same entropy va lue  i s  applicable to  bo th s ta t ic  and 
stagnat ion  condi t ions  a t  a given station. A l so  n ote that  
an  actua l  p rocess termina tes i n  an  unprimed s ta t ion  num­
ber wh i l e  the same p rocess under  ideal  i sen tropic  con­
d i ti on s  w ou ld  have termina ted a t  the s ta t ion des ignated 
b y  the correspond ing  s ingl e  pr imed n u mber. 

Isent ro pic Efficiency and Reaction 
There are n umerous parameters by which  the  ab i l i t y  

o f  a turb ine  to  conver t  energy i n to mechan ica l  w o rk can  
be  judged. As  a group they  may  be designa ted figures 
of meri t and we shall guard against a l lowi n g  the  group 
t o  become too  large. 

A summary of the formulat ions of the  f igures o f  
m e r i t  i s  g iven i n  Table 2 .  Eqs. ( 24 ) ,  ( 25) a n d  (26) 
comprise the  defini t ions  of the stator o r  n ozzle effic iency, 

h 

b 

Figure 2d. 

Vaneles.s Space 
Sfafor (Noc� le) 

c 

h-s Diagram fo r  Turb ine  Stage P ro cess . 
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Table 2a .  Figures o f  Merit : Isen tropic Efficiency and 
Reaction . 

the ro tor  effic iency and  the stage isentropic effic iency 
respec t i ve ly .  The s ta t ion po in ts a t  w h ic h  the  en thalpy is  
evaluated are those shown i n  Figure 2d. The s tage 
isentropic  effic iency i s  of ten ca l led the stage adiabat ic  
efficiency. The thermodynamic basis for  making such 
a defin i t i on o f  s tage efficiency i s  d iscussed by Horlock1 
( Chapter  1 ) . 

In general, the  s lope o f  the  cons tant  pressure  l i nes 
on the d iagram is i nversely proport iona l  t o  the absolute 
temperature for  any gas.  Such l i nes curve upward and 
d iverge s l igh tl y  a t  i nc reasin g  entropy. If  a process d oes 
not encounter e i ther a large pressure  change o r  a l arge 
entropy change, then it i s  an  acceptable approximat ion 
to  assume tha t  the  constan t pressure  l i nes are stra ight  
and paral lel. The approximat ion in  eq. ( 27) i s  made 
on th is  basis and  manipulat ion o f  the enthalpy d i ffer· 
ences p roduces eq. ( 28 ) where  the stage and rotor  effi· 
c iencies are ident i f iable. Expand ing  one of  the terms 
in eq. ( 28) y i elds  eq. ( 29) in which the degree o f  reac· 
tion of  the turb ine s tage is defined. Put t ing it all to· 
gethe r  results i n  eq. ( 30 ) , a remarkab ly  simple rela t ion  
between s tage, n ozzle and rotor  effi c i ency and the  reac· 
tion o f  the  s tage. 

Nozzle and  ro tor  effic iencies have been defined t o  
yield t h e  s imple rela t ion  eq. ( 30). Their  defi n i ti on  i s  
ident ical  o r  near ly  ident ica l  to  many appearing i n  the  
l iterature. Ori gi n al l y  the  reaction o f  a s tage was  ex· 
pressed in terms o f  the pressure  when fluid flow condi·  
t ions were essen t ially incompressible. Now i t  i s  ap·  
propriate  to use  enthalpy w i th compressib le  flu ids. The 
react ion expresses the ra t io  o f  stat ic enthalpy change i n  
the ro tor  (h.1 - h1) t o  tha t  over the s tage (ht - h1). I t  
really describes the port ion of the expans ion taking place 

in  the ro tor  in  comparison to  the  expans ion across the 
s tage. The e xpress ion  for  the react ion i n  eq.  ( 29) i s  
then recognized i f  the entering veloc i t y  c�o and the  leav· 
ing velocity c1 are approximately equal t o  each o the r  
and considered sma l l  wi th  respect to  c.1• 

Polytropic Efficiency and Reheat  
In Table  2b, the defi ni t ion  o f  the f igures o f  mer i t  

o f  a t u rb ine  s t age  are cont inued. A n  incremen tal  enthal­
py  drop  dh,, occurs across a "small" s t age and with th i s  
the  sma l l  s ta ge efficiency i s  defi n ed i n  eq.' ( 3 1 ) .  If  the  
sma l l  stage effic iency i s  cons tan t  for a l arge n u mber o f  
increments i n  a tu rb ine  s tage, i n tegrat ion th rough o u t  the  
s tage y i elds eq. \32 ) where  the cons tan t effic iency ap·  
p l icable  across  the s tage i s  ca l led the  po ly t rop ic  effi­
c ienc y. Comparing terms in eq .  ( 32 )  leads t o  eq .  ( 33 ) 
where n i s  the  poly tropic  exponen t used to re late  the  
p ressure  and the  temperature  i n  the ac tua l  expansio n  
process. Eq. ( 34 I, rela t ing  the poly tropic  effic iency to 
the i sen tropic  effic iency us ing the s tage p ressu re  ra t i o, 
i s  found w i th  a l i t tl e  algebraic manipu la t ion .  

Whereas the  assumpt ion o f  s t ra ight, para l le l  con·  
s tant  pressure l i nes on  the h-s d iagram led t o  eq .  ( 30 ) ,  
the reten t ion  o f  their  s l ight ly d iverging character is t ic  
leads t o  the s tage o r  turbine reheat factor. The ra t io  o f  
t h e  sum o f  the  incrementa l  isen tropic  enthalpy drops 
through the many  "smal l" s tages t o  a s ingle  isen tropic  

Po 7PT (jl) 

Si11ce 'lr c 

d7; 
T. 

• (-'- ) ( fl-1) 
1-1 fl 

(.Jt) 

(.!..:!..)!if!._ 'ls 1 fJ• 

{12) 

¥-1 
1 - ( .E!f:.) T Pot 

(J-1) 

(35) 

Table 2b . Figures of Merit: Polytropic E fficien cy and 
Reheat . 
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entha lpy  drop over  the  whole s tage i s  def ined as the  
reheat  facto r, see eq. ( 35 I .  Rela t ing  the i sen tropic  drops  
t o  the  ac tua l  changes by means o f  the  efficiency, the 
reheat  factor may  be expressed a s  the rat io  o f  the  isen·  
t ropic  to  the  poly tropic turbine stage effic iency,  eqs. (351 
and  ( 36 I . S ince the cons tan t  p ressure  l ines  d iverge a t  
greater entropies, t h e  sum o f  the  smal l  s tage isen tropic 
enthalpy d rops w il l  be somewhat l a rger than the  s ingle 
o ver-all i sentropic change from the in i t i a l  cond i t i on s  over 
the  same p ressure i n terval.  Hence, the  rehea t factor  i s  
somewh a t  greater than  unity. Consequent ly,  the  turbine 
isentropic  efficiency i s  somewha t  greater than  the tur­
b ine  polytropic  efficiency. In any even t, s ince  the poly ­
t ropic  efficiency  is less than u n i ty, eq. 1331 a lso shows 
th a t  the  poly tropic exponen t i s  greater than the ra t io  o f  
the  spec i fi c  hea ts of  the  gas hand led b y  the  t urbine. 

Fluid Mechan ics of a Turbin e S tage 
Many of  the ingredients  for a one-d imens ional flu id  

mechanica l  analys is  or  syn thesis  o f  a turb ine  s tage are 
now at hand.  These inc lude the  equat ions  o f  cont inu i ty 
eq. ( 5 I ,  mot ion eq. ( ll I ,  energy eq. I 1 7  I ,  conversion  
be tween angular  momen tum and work eq. ( 23 I ,  and the 
var ious  defi n i t ions  and in terrela t ions  be tween efficiency, 
react ion  and reheat jus t  summarized. Occas ionally some 
addi t iona l  knowledge o f  basic compressib le  flu id  dy ­
namics  may be needed i n  carry ing  o u t  a s tage analys is, 
k nowledge w h ich we w ill  n o t  be able t o  rev iew here. 
Reference t o  Morlock's work 1 is suggested for  those i n ter· 
ested in ax ia l  t u rbines. Rad ial turbines  do n o t  enjoy 
as  mature a development as ax ia l  turb ines and no s ingle 
reference book can be ident i fied. Howeve r, a fa ir ly  
complete acco u n t  may be cons tructed from references 2,  
and 7-1 8. 

However, one  important poi n t  rema ins  and  the bal­
ance o f  this paper i s  given t o  i ts cons iderat ion .  Refer­
ring t o  Figure 2d, i t  wi l l  b e  n ecessary t o  determine con­
d i ti ons  a t  stat ion ( 2 I from ( 2' I , a t  ( 3 I from ( 2 I ,  and 
a t  ( 4) from ( 4' I in order t o  complete an  eva luat ion o f  
turb ine  s tage performance. These  three s t eps  establ ish 
ac tua l  f low cond i t ions  i n  p lace o f  the ideal  us ing corre­
la t ions  of the  n ozzle loss, the i n cidence loss  and  the  ro tor  
passage loss respect ively. 

CORRELATION OF TCRBINE E FFICIENCY WITH 
FLOW CONDITIONS AND STAGE CONFIGURATION 

Before w e  consider the  c orrela t ion  o f  l osses i n  the 
ind iv idua l  elemen ts of  a tu rb ine  s tage, we recogn ize  a 
general  correla t ion  of s t age performance w i th  flow con­
d i t ions  and s tage con figu rat i o n  f irs t  suggested b y  Balje.lfl 
More recent ly,  Balje and Bin sley,�" assuming tha t  n i ne  
i ndependen t var iables wou ld  adequa tely descr ibe the 
turb ine  s tage performance, used the  me thod  o f  d imen·  
s iona l  analys is  t o  obtain the  s ix  d i mens ionless parameters 
l i sted in Table 3. Balje11' found prev ious ly  t ha t  effi­
c iency was pr imar i ly  a func t ion  of spec i fi c  speed and 
spec i f ic  d iameter; this  i s  sho w n  i n  Figu re 3 wh i ch i s  
adapted from Figure 1 5  o f  reference 1 9. The  remain ing  
p arameters mus t  a t  least be accoun ted for. 

Whi le  d imens ional  ana lys i s  s uggested a Mach n um ­
b e r  i n fluence i n  general, experience ind ica tes t h a t  the 
c ruc ia l  cond i t ion  i s  i n  the  re la t ive f low a t  the  rotor in let. 
If the  re la t ive ve loci ty  exceeds the son ic  speed, then 

Table 3.  Dimens ion less Parameters for Balje Stage Per ·  
formance Correla tion . 

shock wave  pat terns  are created i n  the blade passage� 
resul t ing i n  rap id ly  i nc reasing losses. Figure 3 is l imi t· 
ed, therefore lo M * w.J < 1. Since  th i s  a l lows some s l igh t· 
ly superson ic  cond i t ions  i n  the absolute  flow, say  a t  tht  
s ta tor  ex i t, i t  i s  n ot a s t ringent requi rement for  industrial 
mach inery. The i n fluence of t h e  ra t io  of speci fi c  heat� 
i s  n o t  read i l y  ev iden t  i n  references 19 and 20. Where i l  
i s  men t i oned a t  a l l  i n  reference 1 9, y = 1.4, t he  va lut 
for gases comprised o f  d ia tomic  m olecules. The sma ll 
var ia t ion o f  y with  tempera ture will a ffect the eff ic iency 
t o  the exten t o f  2 t o  4'/t perhaps b u t  tha t  i s  wi th in  lht 
precis ion o f  the cor re la t ion, Figure 3. The l arge v ar ia· 
t i on  i n  y comes w i th the  a tomic  s tructure o f  the  gas. 
Vavra,�1 for example, poi n ts o u t  the great performanct 
d ifferences encountered when hand l ing  helium in n uclear 
power sys tems. For such a monatomic  gas, y = 1.66 
However, the  effect s  o f  l a rge y and the smal l  m olecu lar 
w eigh t  hav e  n o t  been sufficien tly i so lated t o  ass ign tht 
contr ibut ion of each in modi fy ing  the d iagram v alues oJ 
Figure 3. 

Of more  common i n fl uence i s  the  effect o f  the  rna 
ch ine  Reynolds  number, Re•'. Comparing Figures 1 �  
and  1 6  of  reference 11)  shows tha t  the rad ia l  and axia 
turb ine  corre la t ions  are  qui te s imi lar  for N, > 10 anc 
adequately represen ted by  our Figure 3 for Re* = 106 
Th e  i n fluence of Re* on design poin t  stage effic i ency il 
described in F igure  4 where at Re* = 10'1, the referenc( 
va lue  of the i sen tropic  effic iency i s  the d i agram valu( 
from Figure 3. If, after usi n g  the  s tage spec i f i c  spee( 
and  speci f i c  d iameter  to determine  the efficiency, th( 
machine Rey no lds  n umber Re•' =1= 10'1, the  d iagram effi 
c i ency should be  mod i fied as a func t ion  of N, and  Re' 
from Figure 4. An e laborat ion o f  the  Rey n olds  numbe1 
effect  appears in reference 22, and add it iona l  speci fi (  
i n format ion is shown  in F igure 3 of reference  27 ( par 
B ) . 

A word qua li fyin g  the use  of the  N,D, c o rrela t ior 
i s  desirable. While s imi lar i ty  ana lys i s  for  co r relat in1  
compress ib le  flu i d  dynamic  phenomena dates  from lht  
1 930's, Cordier�:l was perhaps the  f i r s t  to  show that bes 
performance of m any turbomachi n es p lo t ted o n  N. - D 
c oordinates produced a locus  o f  po in ts approximat in1 
t he  r idge l i ne  o n  the  effic iency con tour  map of F igure 3 
Shepherd1' gave the  method and  model  wh ich  Balje111 anc 
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Balje and Hinsley�" u;:;ed i n  developing the  deta i l s  for the  
turhomachinery appl icat ion .  Boret�-l has  earefutly eval· 
u aterl the  basis  o n  which such d imt•n;;iona l  ana ly;;is i s  
made and  reference  25 give;, an idea o f  t h e  extent  t o  
wh i ch  such  work can be 

'
carried. Vav ra�1 cr i t ic izes the  

approach by  c i t ing  perfo rmance of  actua l  turbomach ine  
u n i ts w hich grea t ly  exceeds the d iagram \'al u es .  This  
does not  d iscr('d i t  ei ther the method o r  Figure :3 b u t  
o n l y  Pmphasizes t h a t  each user m u s t  assemble  h i s  o w n  
d a t a  f r o m  experipnce a n d  rnain ta in  t h e  d iagram up-to ­
date. In sec t ion G ,  t he  example o f  rad ia l  t u rb ine  s tage 
syn thesis w as carried ou t  part ia l ly  based on the  /1/JJ, 
correl a t i on o f  s tage effic iency. 

LOSS MECHANISMS 

Information o n  the f low processf•s i n  the  i nd i v idua l  
elements o f  a turbine stage i s  sufficient l y  complete that  
l os" mechanisms m av be described and actual  flow con­
d i t ions  correla ted with respect to apparen t l y  bas i c  param­
eters. In th i s  sec t ion the  mechanisms wi l l  h e  iden t i fied 
and  references where the correla t ions  were formula ted 
wi l l  be tabul a ted. In ihe next sect ion ,  a procedure as 
cons i s ten t as can be devi"ed at thi� t ime,  w i ll he presen t­
ed for aseerla in ing  the actual  f low cond i t ions  based o n  
the  i d e a l  condi t ions  f o r  b o t h  an a x i a l  turb ine  s tage and  
a rad i a l  turbine. When t ime  and kno wledge a l l ow,  the  
element-by-element ana lys i s  o f  sec t ion  F i s  l o  b e  pre-

ferred to the o ver-a l l  correl a t i on  o f  s taw� perfo rmance 
gtven in  ;;;ect ion D. 

A xial Turb in e  Loss Meehan isms 
Losses i n  an  ax ia l  tu rb ine  � l atre passage are  assoc i ­

a ted w i th the b l ade  profi le, t he  passage s idewal l  o r  end­
>1 a l l, secondary f low,  blade t i p  runn ing  clearnnee, f low 
inc idence to  the blade !<:"ading edze, and d i sk  fr ic t ion .  
The blade prof i le  los� i s  due 

' io b �iU!Hlary lu yer growth 
in  the d irec t ion  o f  f low.  The  l oss  i s  one  o f  s t ain at ion 
pres:;ure due  t o  a loss o f  m omen tum o f  the v i scou

'� f lu id .  
The boundary l ayer t,!!'Cm th,  hence l o::;s, very much  de­
pend� on the prof i le  shape and the pressure grad ien t  to 
which the f low i s  subjected. The  loss c oeffici en t  r esu l ts 
from averaging  the  l oss  su ffered in the boundary  layer  
over a l l  t h e  f low i n  the  passage. T h e  endwal l  l oss  i s  
agai n  due to  a l o s s  o f  momen t u m  i n  the  boundary  layer  
b u t  i t  i s  dear tha t  ne i ther  the  prt'ssure gradien t  nor  the  
f low d i rect ion t o  which the  endwa l l  flo w  i s  subjePtcd i s  
the  same as the  prof i le  f low .  Desp i te  th i s, the same loss 
coefficien t i s  often used for both. More su i tab ly, the 
endwal l  loss  i s  combined w i th !he secondarv f low loss. 
Adi acent b lade profi les produce bo th  the ;lesi red ex i t  
How condi t ions  and  a pressure  grad ien t  across the  pas· 
sage from pressure surface t o  suc t ion  sur face. On oppo·  
s i t e  s ides o f  the  same b lade the  d ifferent  p ressure  d i s t r i ­
bu t i ons  produce the blnde l o ad i n g. Across t he  fio w  
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passage, the  pre:<sure  gradient i nduces a componen t of 
f low from the h i;;her  to  the  l ower p re,;su re regions  which  
i s  o ften iden t i fied as  the  secondary  f low.  lt. i s  synony·  
mous  w i th a t hree-d imens iona l  boundary  layer, i s  s ubject 
to complicated separa t ion  phenomena and  resul t s  i n  the 
appearance o f  v or t i c i ty  in  the  ex i t  How. Mechanical ly,  
the end o f  the  mov ing ( ro t o r  I blades i s  free o f  the  shroud 
casing. Pressure d ilferences across the  blade th ickness  
then  . i nduce  leakage f low s  through the dearance space. 
Pressure l o�s, turbu lence and  i n terference wi th  the pri­
mary passage f low con t r ibu te  t o  the  t i p  clearance loss. 
Shock-free flow at t h e  leadi n g  edge of the  blade occurs 
when the gas angle and the blade angle co inc ide. \Vhen 
the gas angle var ies from this cond i t ion,  a component of 
the  ve loci ty  perpendicu lar  t o  the  camber  l i ne  i s  par t ia l ly  
o r  wholly d i ss ipa ted as  a l oss in k ine t i c  energy. F inal ly ,  
in the dose c learance  between ro tor d i sk  and cas ing 
d i aphragm, the  entrapped flu i d  i s  dragged abou t  b y  the 
rotor and viscous d iss ipa t i on  becomes a power l oss. 

The mechanisms described above  h av e  been recog·  
n ized  and  conver ted i n t o  correla t ions  o f  the  severa l  l o s ses  
whereby e i ther  the  en thalpy o r  the  s tagna t ion  pressure 
at  the  ac tua l  exi t  cond i ti ons  i s  rela ted t o  the  same prop­
er tv 1d1ich w o uld  h e  obta ined a t  the  conc lus ion  o f  a n  
i se;1t ropic  process. For  t h e  a x i a l  turb ine  s tage, the  refer­
tcnces where the  corre la t ions  may  he  found are  g iven i n  
Table ;{ .. 

Radial Turbine Loss ]'v!echanisms 
The  passages in  a radia l  turb ine  s tage s uffer losses 

o f  the  same na ture  as  the  axial  s t age. As men t i oned 
previ ous ly,  the  rad ia l  t urb ine  does n ot enjoy the  same 
matur i ty  as  ye t  as the  ax ial, hence no t  bou11d a r y  l ayer  
cons idera t ions  b u t  ra ther  p ipe o r  channe l  fri c t i on  loss  
effect s  are  the bas is  for  the  n ozzle passage and  t h e  ro tor  
passage loss  correla t i ons. The  ro tor  b lade inc idence  and  
the  d isk f r i c t ion  g ive  r i se  l o  losses iden t ica l  t o  t h e  ax i a l  
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configurat ion.  Th e  rotor d ischarge loss i s  wor th  a sep· 
arate n ote. In  a s ingl e  s tage machin e, the  rotor d is· 
charge loss, associated w ith the  unrecoverable k inet ic  
energy o f  the  exi t  f low,  i s  o ften i solated from the stage 
performance and the isentropic efficiency is given o n  a 
total-to-static bas is. Where the  discharge k inet ic  energy 
i s  recoverable as  i n  a mul t i stage machine, the total-to ·  
to ta l  basis  for  the eff ic iency i s  u sed. 

The corre lat ions  of the radia l  turbine loss mecha· 
n isms appear in the l i terature as  given in Table 4. Of 
a l l  invest igators, only Mizumachi2 approaches the  n ozzle 
and  rotor passage l osses w ith  an  account o f  profi le, end·  
w al l ,  and s econdary effects. He then combines the re· 
s uits into a n  equ i valent passage loss c oefficient. 

LOSS CORRELATIONS 

Numerous  attempts have  been made to assemble cor ­
re lat ions o f  the  many  loss  effects i nto  an  o ver-all stage 
performance predict ion method. We w i l l  p resent the  
Soderberg32 correlat ion for the ax ia l  configuration be­
cause o f  its s impl ic it y  and unusua l  abil ity  t o  predict ac ­
tua l  results. The c orrelat io n  has  been appl ied by  S ten· 
n i ngaa an d  eva luated b y  Horlock, 1 Amann and Sheri ­
dan,34 Lenherr  and Carter,3� and  Brown30 a l l  o f  whom 
give i t  a s l ight  preferenc e  over that o f  Ainley and Mathie ­
son.37 It mus t  b e  sa id, however, t hat the l a tter correla­
t ion i s  much more  elaborate and d irected at two-dimen­
s i ona l  design rather than the p u rposes o f  this paper. 

The Soderberg ax ia l  turbine loss  correla t ion  i s  sum­
m arized i n  Tab le  5 .  The correla t ion  i s  str ict ly applicable 
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Tab le 5. Soderberg A xial Turbine Loss  Correlat ion .  

to  condit ions o f  an  opt imum space-chord ra t io  g iven b y  
eq. ( 37). T h e  departure o f  ac tua l  b lad ing geometry 
from this condit ion should be  c hecked. A loss coefficient 
f i s  determined from Figure Sa as a funct ion  o f  the  gas 
deflect ion  and the  blade max imum th ickness. The effects 
of Reyn olds  number  and aspect ra t io  are n ext i n troduced 
in eq. ( 38 ) .  Fina l ly  e i s  modified for  an  inc idence loss  
us ing Figure 5b.  The resultin g  loss c oeffic i en t  then 
m akes i t  poss ib le  t o  est imate  the  actual  proces s  endpoint  
enthalpy from the  isentropic va lue  as shown i n  eq. ( 39) 

-
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Figure Sa . Ent halpy Loss Coe fficient for Use Wit h  the 
Soderberg Correlation .  
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Figure Sb . Inf luence of Incidence on the Soderberg 
Loss Correla t ion . 

and  illustrated on Figure  2d. A subsequent correct i on  
o f  s tage efficiency due  to  b lade  t ip c learance i s  presen ted 
ambiguous ly  i n  the litera ture and i s  n o t  shown here. 
I t  mus t  be real ized that  the  Soderberg procedure appl ies 
t o  one  passage. Where bo th s tator and  rotor passages 
occu r in a s tage, the procedure must be appl ied twice. 
Dixon  1;, suggests that  t w o  forms of eq. ( 381 be u sed, 
one for r o tors, one for s ta tors but th i s  is confi rmed b y  
n o  o ther au thor. Fina l ly  eq. I 391 i nvo lves  the  actual  
exi t  ve loc i ty w h ich usually can n o t  be  determined un t i l  
the enthalpy i s  known. Clearly then so lu t i on  o f  eq. ( 391 
requi res i terat ion over the  process ca lcu la t ions  b u t  i n  the  
w r iter's experience convergence i s  achieved i n  the  sec· 
ond, at most t h i rd loop. 

Correlat ion of the loss effects i n  a rad ia l  turb ine  
s tage i s  much less  complete and has been subject t o  far  
l ess  cr i t i ca l  evaluat ion than that  o f  the  ax i a l  turb ine. 
Reports o f  t hree impor tan t  experimenta l  programs deal­
ing w i th radial turbines exis t; the D.I.G.T. w o rk i n  Eng· 
l and,1�.au the  Japanese i n dustr ia l  program,�·1x and  the  
NAS A  space power package program in  the  USA of  
wh ich  the  w ork  of reference 13  i s  par t. Of  these  three  
programs, Benson:m presen ts  a consis tent loss  corre la t ion 
a t  the  level  of  the presenta t ion o f  th i s  paper. The pro·  
cedure  i s  s u mmarized in  Table 6. 

A n ozzle loss coeffi c ien t  is f i rs t  determi n ed from 
Figure 6a as  a funct ion o f  the discharge Mach number. 
Th e  ac tua l  n ozzle endpo i n t enthalpy can  b e  determined 
i terat ive ly  b y  eq. ( -t.O 1. Figure 6b then y i elds  the  ro tor  
inc idence  loss  c oeffic ien t  w hich combined wi th  the  ac tua l  
gas angles i n  eq. ( 4 1 ) leads to  the ac tual  ro tor  i n l e t  

{ort"�/afton mclud�.s etfed of.· 
Non;/.- pa$.sa9e. 
Rctor blade iHcidence 
Rofor passa9e ;,.1t:ltu:'1in9 {lu.it:t friction, det/I''OHce, di>k 

frid•.on 

i) Odermine noetlf! lo5s coeffic<ent 5H from F'f· IDa 
or ute .Yr� = o.l 

ii) Calculate a<fuol noilele endpo,nf enfl1olpj 

s (fat� 2;:12 • t) - '(_.,.. 
�" 2 (3J 

llthtrE mk. • o. 4�8 (Bemat�, t'/7o) 
ml< • o. 44-Z (Pufral, efal. t'ftU) 

(4o/ 

(4!) 

(42) 

(44) 
Table 6. Benson Radial Turbin e  Loss Correla t ion .  

enthalpy, eq. ( 421 . The bas is  f o r  t h e  r o t o r  p assage loss  
coeffic ien t i s  the w o rk o f  Futra l  and  W asserbauer; l!l the  
analysis o f  the exper imen tal  da ta  in  references 1 3  and  30 
leads to very s imi lar  v alues o f  the parameter i n  eq. ( 431 . 
The f ina l  endpo in t  enthalpy a t  the  ro tor  ex i t  i s  aga in  

O.IZ ....._ 
r-- ...... ......... 

r---
0.04 

0 
0.18 o.zz o.Ztf> o.Jc o.i14 o.:1B o.42 o.� a.5c 

c2j02 , 1'/ol:ele Mach Nvm!Jer 

Figure 6a. Nozzle En tha lpy Loss Coeffic ien t for t he 
Benson Correla t ion .  
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Figure 6b . Rotor  Inlet Shock Loss for t he Benson 
Correla tion . 

determined i tera t ive ly by eq. ( lt i. Note thal rela t ive  
velocities, w ,  are  u sed i n  the rotor correlat ion.  

STAGE ANALYS IS OR SYNTHESIS 
In drawing th is  presentatio n  of turbine aerodynamic 

performance including losses t o  a c lose, it w i l l  he helpful  
t o  show a tabulat ion i n  '�>hic.h the resulb of svnthesis of 
a radia l  turbine s tage are given i n  deta i l. o

'
n l y  results 

are  shown i n  Tahle 7 a n d  these m a y  prove a gu ide  to the  
conscien t ious  w o rker in  applyi n g  h i s  knowledge of com· 
pressihle f lu id  dvnamics together w i th the loss corre la­
t ions  shown i n  th is  paper. At the left top o f  the  table i s  
i ncluded the i nformation n ecessary to  begin the  calcu!a­
l ion. At the top r ight are over-al l  s tage p arameters 
wh ich eome out o f  the procedu re whi le  the  flo w  cond i ­
t ions  calculated for  the four s ta t ions  in the turb ine  
compr i se  the rema inder o f  the table. 

Results such as shown in Table 7 and as are v i elded 
by al l  o f  t h e  co rrelat ious i n troduced in th is  paper

� 
are t o  

be  designated on-design-point condit ions  for  the  turb ine  
s tages cons idered. Some o f  the  flu i d  mechan ic  ca lcu la ­
t ions  for  on-design-point est imates are i l lus trated in  ref­
erences :3H and 39. Jt  was po inted ou t  b y  Benson'10 
t hat his correlation a8 weH as t hat o f  reference 1.3 was  
very usefu l  in  o ff-design-point  est imates o f  stage per ­
formance as wel l  b ut such predict ions  are o uts ide the 
scope o f  th is  paper. 

HEFERENCES 

L J. H., A xial Flo w  
a n d  Co., Ltd., London ( 1 966!. 

2. Mizumachi,  N., "A Study of Radi a l  

Bu tterworth 

s t i tu te  o f  Indus tr ia l  
· 

lJniver�i tr o f  
i Dec. 1 958 I (English t ranslat ion: ln

.
dus t ry Pro· 

gram Report  No. H'-t/6, Uni vers i ty  o f  Mich igan, 
Ann Arbor  \Nov. 1 9601 ; c opy obta inable  from 

l ibrary ) .  

.3. Shapi ro, A. H., The DJnam£cs and Thermodyna mics 
of t:ompressible Fluid Flow ,  Vol. L The Honald 
Press Co. 0 953 ) . 

,j., Daily, J. \V'., Harleman, D. R. F., Fluid Dyn a mies ,  
Addison-Wesley Publ ish i n g  Inc., ( 1066 ) .  

5. Owczarek, .1. Introduction to  Fluid ��!ec hanics , 
Interna t iona l  Textbook Co., ( 1968 1 .  

6. Thompson, P. A., Compressible -Fluid Dyn amics ,  
J\kGraw-HiH Book ( l 1)7]). 

7. Balje, 0. E., "Con t ri but ion !o the Problem of De­
s igning Radia l  Turbomuch ines," ASME Transac­
tions ,  7-t. pp. -:151-172 0952 I . 

a. Jamieson, A.  W. "The Had i a l  Turbine," 
9, Gas Turbine Principles and Practic e, D. 
Noslrand Co., lnc. \ 1955 i. 

'). Shepherd, D. 
Mar:mil lan Co. 

Principles of Turbonwchinery, The 
El56i. 

1 0. Wallace, F. "Theoret ica l  Assessment o f  t h e  Per-
fonnance Characteris t ics  o f  Inw a rd Rad ia l  Flow 
Turbines," Proceedings , lns t .  of liieclwn ical Engi-
neers , 1 pp ():il -%2 ( 195H). 

1 1. Knoernschi ld, E. JVL "The Rad ia l  Turbine  for  Low 
Specific S peeds and Low Veloc i t y  Faetors," Journal 
Engineering for Power, .ASME Transactions , fi3A , 
pp 1 -8 ( ]�)6]). 

1 2. Hiett, G. F., and Johns ton,  I. H., "Experiments Con­
cerning  the Aerodynamic  Perfo rmance  o f  Inward ­
Flow Rad ia l  Turbines," Proceedings , lns t .  of Me­
dwnical Engineers , 178, p a rt .'3i, pp 2B--J.2 ( 1 %.') ) . 

1 3. Futral, S. M., Wasserhauer, C. A., "Off-design Per­
formance Predic t ion  w i th  Exper imenta l  Veri f icat ion 
for  a Radial-i n flow Turb ine," Report TND-262 1 ,  
NASA ( Feb. 1 965;. 

I L Wilson, D. G., Jansen, W., "The Aerodynamic  and 
Thermodynamic  Desi gn o f  Cryogeni c  Rad iat-in fl o w  
Expanders," Paper 65-W'A 'PID-6, ASME ( No v. 
l %51. 

1 5. Dixon, S. L., "Hadia l  F low Turb ines," Cha pter 8, 
Fluid illechanirs ,  Thermodyna mics of Turbom a ­
ch inery, Pergamon Press ( 1 966 ) .  

1 6. Jansen, W., Qva!e, E. B., "A Rap id  lVIethod  for 
Predictin g  the Off-design Performance  of Hadia l ­
i n flow Turbines," Paper 67-WA./GT-3, ASME ( Nov. 
1 %7). 

1 7. Vavra, M. H., '"R ad i a l  Turb ines," Pt. '1,, A GARD­
VKI Lecture Series on Flow in Turbin es ( Ser ies 
::f:/::61, Von Karman Institute for  Flu i d  Dynamics 
( March 1 968 ) . 



102 PROCE E D I N G S  OF T H E  F I R ST T U R B O M A C H I N E R Y  SYMPOSI U M  

"1 AS S  F l f lW R A T E { L P M / S Ef } 

I NL � T S TA G  T E � P  l O R I 

J NL F T S T A G  P R E S S ( P � I A I  

G .&S C 0 N S ! H 2 I S  E C 2 - ll  P I 
S fA G F  S 'fil �  P R E S S  !:' A H r 
N OZ l l  F I N L E T  M A C H  �! 0 
R OT O R  I � A B S F L C W A N G L E I O E G I 

M P'•H  M U I"I  S l  T P f ll C  T O P  

0 . 4 6 9  

2 0 1 0 . 0  

3 C . Q O  
1 7 1 6 . 4 7 

1 . 9 3 1  

C ., l 0 0 
1 9 . 9 8  
O . B "i O  

R OT O R  OUT '\ 8 S  F L O W  fi N Gl f ! O E G l  

R OT O R C U T  B L A D E  F C G F  f! N SL E ! D E G )  
R n T O R O UT R l= l C P [ i  MI\ C H  N f'  

9 L O C  
9 0 . 0 0  
0 . '5 1 5  

2 . 0 0 0  R OT O R  flU T HU A  !; ! � M E T E R  ( I I\. } 

S P E C I F I C  S P H D  

S P E C I F T f. n i A � E T E R 
� OT O R  S P H D ! P P I-1 1 

P O T O R  f [ P  O I A M F T E A  1 1 � 1 

F L C W  C fl ND I T I C N S  

') T A T I 'J 'J  

S T li G  P R E S S U R E  C P S I � I 

S T A G  T E M P E R A T U R E  ( n R I  

S T  ' G  E 'll T H A L P Y  H l T U I L R NI ) 

� � C H  N U M R F P ( S T A G ) 

S T A G  S 1 UN D  V E l OC I T Y ! F T / S E C } 

S T A G  O f N S i T Y  f l 8 M / F T � l 

P � F" S S UR F ( P S J  A I 

T F "1 P E R I\ T U R F  I ') P l  

E N T H AL P Y  ! B T U / l A M )  

M A C H N ! J M R F P  ( S T A T f C l  

S OU ND V r t O C I T Y  ( F T / S E C I 

O E N S  I T Y  ( l  B M / F T  3 t 

6 '3 .  3 0  2 
1 . 6 8 4 

"i B o o n . c 
5 . 6 4 0  

!) V N I\ M T C  V I S C O S I T Y  l L R M / F T - S F C ) 

C P I T I C � l S O U I\I fl V != UK I T Y ( F T / S E C I 

M A S S  F L O W  R A T E  ( L R � / S F C I 

110 l l l t-'1 F  F L O W  P A  T F.  ( F n 1  S EC I 

N O Z Z l E  Y N L F T C f A �..! E T f R  ! I N  I 

N O l l l E  F X H  D I A M F H R  l PH 
l � P E l l f: R  l N L  F T  f) f A '� F T E R  ( I N ) 

B U I. O E  F X I T ,  H U R  O I 11 "' q F P  I I  N ) 

8ll\ D E  t X I T  • S H R O U D D I A M E T E R  ( J  N )  
P A S S A G E  W l O T H  f PH 
C P O  S S- S I: C  T I C N  A R F  A O N £') 

A R S O L U T F  V H f: C H Y ,  c I F T I S E C ) 

P � R j f)H rt� A l V F  L C C i T V ,  u n = r t s  s:: c 1 
R H A T I V E � H O C  T T Y , w { F  T / S E C ) 

S f A G f  P A R A M E T F R S 

S P H T l P R E S S l i F T 2 / S f C 2 - 0 R ) 

R A T I O O F  S P E C f i= I C  H E A T S  

T U R B l N E  l" A C H  N O 

T UR B I N E  R E YN O L D S N O  
I S F � T P O P I C  W O R K C B T U / L B M I 

A C T U A L  W O R K  O U T  ( � T U / L B � I  

I S E N  S T A G E  F. F F ( T O T  T O  T O T I 

N O Z Z l F  F F F I C I F N CY 

R O T O R  E F F I C I E N C Y 

O E G R f F  n f  R E AC T I O N 

N O  N O l l l E  B l A D E S  

N O Z Z L E  6 l b D E  l E N G T H  I I � )  

S l I P  F A C TO P  

N IJ  R OT O R  Il l  A O E S  
R O T O R  T i P B L A D E  A N G L E  ( O E G ) 

R Q T O P  D I A M E T F Q  R A T I O  

N O l l l F 

I N  ( l } 

3 0 . '1 0 

2 0 1 0 . 0  

5 5 4 . 2 2 

0 . 1 0 0  

2 1 4 ? . q  
0 . 1) 4 l 5 

3 0 . 7 0 

2 0 0 6 . 7 

5 5 3 . 3 1  
0 .  i O O  

2 t 4 l . l 
0 .  0 4 1 3  

? • 9 7 E -O "i  

1 9 8 4 . 9  
0 . 4 6 9  

u .  3 5 9 

1 () . 0 7 4  

0 . 2 9 q  
9 . 1 8 2  

2 1 4 . l 

N O Z Z L F.  

O U T  P l 

2 9 . 7 4  

2 0 1 0 . 0  

5 5 4 . 2 2  

0 .  5 8  2 
2 l 4 2 . CJ  
O . I1 3 Q CJ  

2 3 . '11 8 

1 8 9 7 . 3  

5 2  3 .  1 6  
0 . 5 9 9  

2 0 8 2 . 0 

0 . 0 3 3 6 

2 . 8 6 E -0 5 

1 9 R 4 . 9 

0 . 4 6 9  

1 3  .. 9 7 9 

'5.. 9 2 2  

0 . 2 9 9  

4 . 8 7 9 

1 2 4 7 . 1  

R O T O R 

I I\!  0 1  

2 9  .. 5 2  

2 0 1 0  .. 0 

5 5 4 ,; 2 2 

0 . 6 0 5  

2 l 4 2 . q  
0 . 0 3 9 6  

2 2 . 9 7 

1 8 R 8 . 4  

5 2 0 .  7 1  

0 . 6 2 4  

2 0 1 1  .. 1 

o . 0 3 2 R 

2 . � 5 E- 0 5 
1 9 8 4 . q 

0 . 4 (-) 9 
1 4  . 2 R4 

5 . 6 4 0 

0 . 2 8 6 

4 . 6 4 0 

1 2 9 5 . 4 
1 42 7 . 3  

48 9 . 7  
S H R  C I JO P F L .II T I V E  v n o r n v ,  w s  f F T / S E C )  
cn= t !I TT V E  C P I T I C A L  M i\ C H N U M B F  R 

A B S O LUT f F L CW A N G L E I D E G I  

D � L A T I V E F L O W A N G L E ,  S H Q OU O ( D E G I  

R El A T I V E F L nW A � G l E ,  H U B  ( DE G . 

'5 6 . 1 0  1 9 .  � 2  

0 . 2 4 7  

p:� .  9 8  

6 4 . 8 7 

64 .. 8 7 

6 q 0 3 ,,'� 
1 .  3 3 1  

0 . 7 1 9 

9 3 3 9 8 6 .  
8 4  .. 0 1  

6 9 . '5 2 

o .  8 2 7 5  

0 ., 8 5 0 9 

0 ., 8 8 3 9 
o .  5 1 7 9 

1 2 
' ·  2 t l  
o .  8 5 6 

1 6  

9 0 . 8 0  

1 .  7 3 7  

P O  T O R  

f\ U T  ( 4 )  

1 1) . 9 5  

1 7 '5 7 .. 9 
ttf3 4 . 1 0  

0 . 2 1 9  

? 0 0 4 . 0 
o .  0 2 4 '5  

1 '5 . 1 4  

l 7 3 5 . 3 

4 7 f! . 4 8  
0 . 2 8 0  

l Ci 9 l .. l 
O . C 2 1 6  

2 . 1 0 f- 0 5  

1 8 '5 6 . �  

0 . 4 6 9  

1 q .. c n o 

3 . 2 4 6  

3 . 2 4 6  
0 . 5 0 4 
5 . 1 3 5  

5 5 8 . 3  

8 2 1 . 5  

9 9 3  .. 3 
0 .. 5 3 5  

q o . o o  
3 4 . 2 0 

34 . 20 

E N T R OP Y  G A I N  ! S T A G )  1 2  .. 7 3 1  1 3 1  .. 3 3 5  

Table 7. Exam ple: Radial Turbine Stage Synthesis .  
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NOMENCLATURE 

A eross-�ec t iona l  area 
a area 

b 
c 
c 

Cm 

E 

sonic  vel oc i ty hn!?'ed o n  loca l  cond i t i ons  
son ic  v eloc i ty  based on c r i t i ca l  cond i t i on s, 
i .e., condi t ions  where loca l  ve loci ty  jus t  equa l s  
;;on ic  velocity,  thus where c '�= a c= a ,  
blade length ( see Figure 2c ) 
absolute  veloci t y  
vecto r  o f  the  absolu te  f lu i d  v eloc i t y  F i g-
ure l )  

component  o f  absolute f lu id  ve loc ity  m m e­
r id ional plane  
component o f  absolu te f lu i d  veloci ty perpen ­
d icu lar  ! o  merid iona l  plnne 
speci fi c  h e a t  a t  cons ta n t  pressu r e  o f  flow ing 
flu id  
spec i f ic  hea t  at constant  vo lume o f  flowin g  
f lu id  
hydrau l ic d iameter ( see Table  51 

speci fi c  d iameter ( see Table 3 I 
d i ameter 
shroud d iameter ( see  F igure  2a I 
hub  d i ameter ( see Figure  2 a ) 

energy o f  sy-stem ( see Table  l c )  
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e 
r 
g 
ii 
lit, 
l! 
h 

i, J, k 
i 

Ji 
M 

Jf * ,.  

" m 
N, 
N 
n 
;; 

p 
p 
Q 
Q 
R 
Re" 
Re11  

Ru 
r 
r 

r, -!J, z 

s 
s 
s 
s 
r 
T 

tma.r 
u 

i n ternal  energy ( thermodynamic  property ) 

vec tor  force 

gravita t io n al accelerat ion 

angular m omentum o f  system Table ld l 
isentropic  w o rk extract ion ( = h o t  - h o 1 ) 
blade he igh t  

enthalpy ! thermodynamic  property 1 
u n i t  vectors i n  the coordinate  d i rec t ions  ( see 
Figure 1 l 

incidence \ Ree Figure 2c ) 

b lade chord ( see Figure 2c l 

m oment 

mass o f  sy;,tem ( see Table 1 a )  

relat ive  M ach  n u mber based o n  cr i t i ca l  con ·  
d i ti ons  

mass  f l ow ra te  Table l a ) 

specific ( see Table 3 )  

ro ta t ive  speed 
po lytropic  exponent 

o u tward drawn u n i t  n ormal vec tor  \ S('C 
u re 1 ) 
l inear  momentum o f  sys tem I see Table 1 b ) 

pressure ( thermodynamic proper ly '! 

volume flo w  rate o r  capaci ty 

hea t  transfer  >�< i th  respect to the  s ys tem 

radius  from axis  o f  ro ta t ion ( �ee  Figure l l  

mach ine  Reynolds n umber ( see Table ;>, I 
Rey n o ld s  n umber based on  passage h y d rau l i c  
d iameter ( see Table  51 
reheat factor ( see Table 2b ) 
radius  vector l ,;ee Figure l ) 
degree o f  react ion  o f  turbine stage ( see Table 
2 a j  
o r thogonal ,  cyl indrical  coordinate  sy,; tem ( see 
Figure l )  
surface area o f  control  volume 
coordinate a long s treamlin e  

entropy I thermodynamic property I 
blade p i tch  or spacing ! Figure 2c l 

torque 

temperature  I thermodn1amic property ) 

t ime 
blade thickness ( see Figure 2c  1 
blade o r  rotor t ip velocity 

u, v, w components o f  c in the three coord ina te d i ­
rect ions  ( see Figure 1 I 

v 
v 
w 
w 

u· �, 

{3 
{3' 
'Y 
y 
0 
0 

n 
\1 

l n  

S ubscr ip ts 

vo lume o f  con trol  volume 

vo lume 

w ork transfer w i th respect to the sys tem 

rela t ive  flu id  veloci t y  
componen t o f  the  rela t ive  flu i d  veloc i ty  in  
meri d i ona l  p lane 
componen t o f  the rela t ive  flu id  
pendicu lar  t o  merid iona l  p lane  

shock  loss coeffic ien t ( see  Figure 6h I 
stat o r  gas angle  l see  Fi)!Ure 2c  I 
Blator blade angle ( see  Figure 2e ) 
rotor gas angle 1 see Fi,gure 2c I 
rotor blade angle ( see figure 2c ) 

s tagger angle ( see Figure 2e ) 
ra t io  nf spec i fi c  heats  

b lade ( �ee Figure 2a l 

devia t i on  I see Figu re 2c ) 

energy ./ un i t  m ass  I ;:ee Table l c } 

deflec t ion I see  Figure 2c  I 

per-

nozzl•:• \ s ta tor  l eff ic iency ( see Table 2 a 'l 
rotor  eff ic ienty Table  2 a ) 
turbine  s ta;.;e i sen tropic eff ic iency 
2 a i 
�mall effic iency ( see Tahle 2 b )  

Table  

t u rb ine  s tage poly tropic  effic iency ( see Table 
2b ) 
camber ( see Figure 2e ) 

dynamic  viscosi ty  

l oss c odficient based o n  enthalpy 
5 1 
n ozzle l oss coeff ieient ( see Figure 6a "l 
rotor loss coefficien t ( see Table 6 )  

den>.i ty � thermod ynamic  property l 
g,rav i ta t ional po ten t i al 

ro t o r  an;wlar  veloc i ty  ( see F igure 1 1  

Table  

Yector  o p£rator  1 . o::: iJ ' (J r  T + 1 1r ii /(j{) T 
+ il .  r)z k i 
logar i thm to base e 

1 ,  2, 3, 4 turb ine  s tage s ta t ion  n u m bers I see Figure 2 )  

0 

5 

r 

local  s tagna t ion  cond i t i ons  v, hich a re ob ­
ta ined when 

s ta tor  

ro tor  


