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ABSTRACT

The last four or five decades have seen considerable advance-
ments in the life assessment methods of mechanical components.
These methods have been shown to be equally suitable for new as
well as used components and even with components with disconti-
nuities. Assessment of life of turbomachinery components has
been done with the help of these methods. It will be demonstrated
how one can use these methods to determine maintenance
schedules. The same concepts also help to facilitate in repair or
retire decisions of used components.

This tutorial discusses the utility of available and established
techniques to perform life assessment of mechanical components.
This will include the life assessment on the following basis:

• Deterministic type of assessment and

• Probabilistic type of estimation.

Presentation is arranged on the following topics:

• Discussion of common damage mechanisms,

• An overview of the concepts and the methods of life estimation,
and

• Discussion of case histories extended to include the probabilis-
tic aspect. Examples will include components from steam turbines,
gas turbines, fluid catalytic cracking (FCC) expanders, and cen-
trifugal compressors mostly taken from the literature where
available.

INTRODUCTION

Traditionally, the reliability assessment of a component is based
on the deterministic type of evaluation process. A component is
considered reliable when a calculated factor of safety, i.e., implied
margin of the design, is above certain predetermined value.
Experience has shown that the component will work with these
limit values. However, these methods do not provide the following
important information.

• Most of these margins provide safety based on stress, i.e., the
projected stress is kept below certain known material property.
Determination about the safe operating life is difficult to ascertain
by these numbers. The real issue, however, is to provide an answer
to the question “what is the safe life of the component?”
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• Deterministic methods do not consider variation and uncertain-
ties in the value used for determining the margin.

This paper focuses on the discussion of tools that are available
today that promise to bring a broader scope of data. This will
permit industry to make a more quantifiable decision pertaining to
the risk of continuing operation of machines or components.

These methods have helped in the process of making a decision
about reliability, including retirement decisions and establishing
maintenance and inspection intervals for turbomachinery. It will
become evident that actual permissible variations rather than
average worst case provide a more representative number for reli-
ability. Examples are included to demonstrate the utility of the
tools and the concepts. These have the promise to help in the life
assessment of turbomachinery components on a logical and a
rational basis. Therefore, statistical and probabilistic concepts will
be discussed and used to assess the effect of variability present in
geometrical dimensions, uncertainty in loads (operations), and
variation in material properties.

Many of these topics have been presented, analyzed, and discussed
by many but it seems prudent to review and discuss briefly some of
the theory of probability, damage mechanisms, and concepts even at
the risk of being repetitive and being perceived as recycling.

DETERMINISTIC TYPE OF ANALYSIS
In a deterministic type of analysis the estimated response of a

mechanical component is kept below certain preestablished safe
limits. The response may be deformation, strain, stress, etc. For
example stress is kept below certain mechanical properties of the
material of construction. A margin is usually allowed between the
applied load (stress) and the established limit (strength of the
material). One of such measures is known as “factor of safety.” The
desirability for use of the structure is signified by the value of
factor of safety to be greater than unity.

In the deterministic evaluation of the reliability of a mechanical
component, one assumes loads and material properties to be
known and to be single valued. This process assumes no variation
in them. Of course, the assumption that there is no uncertainty
about them is hardly true in most of the practical applications.

PROBABILISTIC TYPE OF ANALYSIS
Due to uncertainty in the variables, the response is also expected

to have scatter in its magnitude. Therefore, the estimated margin or
“factor of safety” does not indicate true margin and does not
indicate a good measure of safety. The estimation of the occurrence
of the violation of the criteria or the “limit” is a measure of proba-
bility. Alternatively, the number of times response meets the
criteria is a measure of probability of success, i.e., a measure of the
reliability of the structure.

For example in a high cycle fatigue situation Goodman criterion
is applied for reliability evaluation. The factor of safety is shown
to depend on mean stress and alternating stress imposed on the
component as well as on ultimate strength and fatigue strength of
material of the component as it will be discussed in a later section.
Uncertainty in the imposed loading and/or variation in the geomet-
rical dimension of the component will be reflected in the
magnitude of stress. Thus the stresses should be represented by a
statistical distribution. Similarly the observed scatter in the
material properties can also be described by statistical distribution.
Once the scatter has been established then the chances of the factor
of safety having a value larger than a desired value can be calcu-
lated, thus providing an estimate of probability.

Singh, et al. (2004), used the concept described above to estimate
reliability of an impeller in the presence of a discontinuity. It was
shown that the reliability of the impeller could be estimated with use
of fracture mechanics. However, there are uncertainties or random-
ness in the parameters that can influence the reliability. For example
there is scatter in the material properties and there is always uncer-
tainty about the actual size of the defects. Singh (1991) also with the

help of the fracture mechanic’s concept and probabilistic methods
evaluated reliability of a weld repaired steam turbine rotor. The life
extension, remaining life assessment, and fitness-for-service
concepts have evolved to keep plants running beyond design life.
This has been achieved either by reassessing the design and/or
repairing as needed. Methods using probabilistic concepts have been
used to estimate reliability of many structures, e.g., Thacker, et al.
(1990), used it for turbopump blades; Singh, et al. (Singh, 1985;
Singh and Ewins, 1988; Singh, 1992), demonstrated its use for
turbine blades and turbine bladed disk design.

The basic assumptions in each probabilistic evaluation are that
with inherent variations in stress levels and in properties of the
material, it is extremely rare that any particular set of values will
occur at once. The limit values of each parameter might not occur
at the same time. Once the statistical properties of any parameter
influencing safe life of the equipment are known, the method
allows us to estimate the probability of reaching a specific number
of safe operating cycles.

The statistical property of any variable is described by a proba-
bility density function (PDF). Area under the curve is the
probability of occurrence. By moving from left to right on the PDF,
the probability of occurrences of a particular value increases.

Obviously, the more information one has on the statistical char-
acteristics of the parameters used in estimating reliability, the
better will be the estimate of the probability of reaching a specific
number of cycles before failure. Analysis gets more complicated
with an increasing number of parameters to be considered.

The response of a structure depends on the interaction of applied
stress (S) and components’ resistance (R). The deterministic
method defines a margin by the ratio R/S, called factor of safety.
There are uncertainty in the values of both S and R and these are
represented in statistical terms by a PDF. In the probabilistic terms
the reliability is estimated as follows:

(1)

where Pf is the probability of failure.
Figure 1 shows graphically the mathematical statement made by

Equation (1). The shaded portion under the curve is not considered
in the deterministic evaluation.

Figure 1. Description of Pf = P((R-S) < or = 0).

Even for a simple case, calculation can get very involved. To
mitigate this complexity, techniques have been developed that
perform many calculations (often thousands) rapidly or at least
automatically using information from PDFs. In Monte Carlo simu-
lation, for example, by using multiple analyses a picture of the
probability of safely achieving any number of operational cycles
immerges. Using the results of such a simulation, the level of risk
associated with any given cycle to failure can be established.
Based on this information, better decisions can be made using an
estimated risk for operating the equipment with a suspected flaw,
but the risks associated with reaching a particular number of cycles
can be ascertained as well.
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DAMAGE MECHANISMS

Damage of a component will be considered as the inability of
the component to perform its intended function reliably, economi-
cally, and safely. Specifically, damage manifests itself as:

• Excessive deformation (a deformation failure is a change in the
physical dimensions or shape of a component that is sufficient for
its function to be lost or impaired),

• Breakage of parts in just a single application of load (may result
in multiple pieces),

• Breakage or undesirable deformation after some elapsed time
under sustained loadings (creep rupture),

• Breakage due to fluctuating load (may result in multiple pieces,
high cycle fatigue (HCF) or low cycle fatigue (LCF), interaction of
HCF, LCF, and creep),

• Fracture in the presence of discontinuity in the material (may
result in multiple pieces, crack growth, fracture mechanics).

The following mechanisms will be discussed and examples of
the methods for assessing the effect of each of the mechanisms will
be provided in later sections. In particular these mechanisms are:

• Creep

• High cycle fatigue,

• Low cycle fatigue,

• Fatigue-creep interaction, and

• Growth of a discontinuity in the material.

DEFORMATION

Deformation or strain (deformation per unit length) is a measur-
able quantity and damage is inferred through the knowledge of
deformation and theoretically by strain. Stress is conventionally
used to define the limit for safe use of a mechanical component.
Stress is an inferred quantity because it is derived from measured
displacement or strain. Stress is never measured. Importance of
this argument will become clear by examining the material data
from the basic pull test, i.e., stress-strain curve, shown in Figure 2.

Figure 2. Typical Stress Versus Strain Curve for a Metal.

Deformation or strain can be classed as either elastic deforma-
tion or plastic deformation. Elastic deformation is recovered upon
unloading. Where this is the only deformation present, stress and
strain are proportional for most materials. For axial loading, the
constant of proportionality is the modulus of elasticity, E.

Plastic deformation is not recovered upon unloading and is
therefore permanent. Once the plastic deformation begins, only a
small increase in stress usually causes a relatively large additional
deformation. The value of stress where this behavior begins is
called yield strength.

It is the plastic or in general terms the inelastic strain that causes
damage in the material. The sustained type (steady) of loading that

causes yielding becomes undesirable. If the load is kept on,
material can go to final fracture. In the case of variable loads, the
strains that are not recovered provide energy for the damage in
material. Generally, ductile materials are able to sustain large
strains compared to brittle materials.

THEORIES OF FAILURES FOR STATIC LOADING

Many theories have been propounded to estimate the maximum
static load that may be applied to a component without causing
failure. These theories use data obtained from uniaxial tests when
in the real situation the stress system will be multiaxial. This way
one can avoid experimental determination of an infinite number of
stress combinations of stresses that may arise in the real situation.
Some of them are listed below. A more detailed description is
provided in APPENDIX A.

• Maximum Normal Stress Theory (Rankine Theory)

• Maximum Normal Strain Theory (Saint Venant Theory)

• Maximum Shearing Stress Theory (by Guest)

• Internal-Friction Theory and Mohr Theory (by Coulomb and
Mohr)

• Maximum Strain Energy Theory (by Beltrami, by Huber, by
Haigh)

• Hencky-von Mises Theory (by Hencky and by von Mises)

In a uniaxial tension test, when the specimen starts to yield, the
following six quantities reach their limits simultaneously:

1. The principal stress (σ = P/A) reaches the tensile elastic strength
(elastic limit or yield point) of the material.

2. The tensile strain ε reaches the value of strain, εe.

3. The maximum shearing stress (τ = 1/2 P/A) reaches the shearing
elastic limit or shearing yield stress τyp of the material, τyp = 1/2 σyp.

4. The total strain energy W absorbed by the material per unit
volume reaches the value We = 1/2 (σ2e/E).

5. The strain energy of distortion Wd (energy accompanying
change in shape) absorbed by the material per unit volume reaches
a value Wde = ((1+μ)/3E) σe

2.

6. The octahedral shearing stress reaches the value τGe = ( 2/3) σe
= 0.47 σe

In the case of a uniaxial tensile test each of the six quantities
described above are reached simultaneously. When the state of
stress is multiaxial the listed six quantities will not occur simulta-
neously. It becomes important to consider which one of the
quantities should be chosen to limit the loads that can be applied to
a member without causing inelastic strain.

DETERIORATION MECHANISM

Creep

A permanent deformation can also occur when a high loading is
applied and is maintained constant for some time. This phenome-
non of permanent set, which is time dependent, is called creep.
This type of permanent deformation occurs in materials at high
temperature even at a relatively low stress. If the load is applied for
a longer period of time, the component can also rupture. This is
termed stress rupture.

Creep properties are generally determined by means of a test in
which a constant axial load or stress is applied to the specimen and
resulting strain is recorded as a function of time. After the instan-
taneous strain, εo, a decelerating strain rate stage (primary creep)
leads to a steady minimum creep rate, ε· (secondary creep), which
is finally followed by an accelerating stage (tertiary creep) that
ends in fracture at a time, tr. The strain at rupture, εr, represents the
rupture ductility. Larson and Miller (1972) introduced a very
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useable concept of a time-temperature parameter in the form T(C
+ log t). Their argument depended on the rate theory. This
parameter is known as the Larson Miller Parameter (LMP). The
result of this method is to collapse a large amount of data to a
single curve. Thus a plot of stress versus LMP results in a single
plot, within limit of scatter, regardless of the time-temperature
combination employed to drive the parameter. A value of 20 was
initially proposed for C, but a value between 10 and 40 is found to
be suitable for many materials. T is taken in absolute units (°F +
460) and time in hours. A typical chart for a material is shown next
in Figure 3.

Figure 3. Larson-Miller Parameter Chart for Waspaloy®.

In a general term the following equation is used:

(2)

where LMP = (T + 460)(20 + log10t ).10�03.
It is evident from Equation (2) that when stress and temperature

are known, the time to rupture can be estimated. In the case for a
required life of the component at a given operating temperature,
the limit on the applied stress can be found. This is a deterministic
evaluation without any regard of variations in either of the param-
eters. Examine Figure 4, which shows variations in applied stress
as statistical distribution and upper and lower limit curves repre-
senting scatter in the test data.

Figure 4. Probabilistic Type Plot of Creep Rupture Data.

Figure 4 pictorially shows the variation in the estimated LMP.
This scatter will result in a statistical type distribution on life for
given temperature. Later an example will be provided that will

show the difference between two approaches (deterministic and
probabilistic) and the implication on the design decision.

HIGH CYCLE FATIGUE

If the number of cycles to failure for a mechanical structure is
large under cyclic load with relatively small stress, it is known as
high cycle fatigue. The most widely used design criterion in a high
cycle fatigue situation is called Goodman criterion. This is depicted
on a Goodman diagram. The cyclic material properties used in this
diagram is taken from stress (S) versus cycles to failure (N) data
obtained from laboratory tests on the material (Figure 5). The slope
of this curve for most materials is almost horizontal after about 106

cycles. Below the corresponding stress level of 106 cycles, a small
reduction in stress produces a large increase in life. A component’s
health is determined by a factor of safety that is calculated by an
equation proposed by Goodman. Just the knowledge of this calcu-
lated factor of safety, however, does not provide any clue about the
expected life of the component. A method has been proposed by
Singh (2001) to calculate a factor of safety based on life.

Figure 5. S-N Curve.

Mean stress influences the fatigue life of a mechanical
component. The Goodman equation accounts for the effect of
mean stress on fatigue life and it is given below:

(3)

Equation (3) represents a straight line as shown in Figure 6 for
factor of safety (FS) equal to unity. Each radial line of Figure 7 cor-
responds to a life and it represents the magnitude of fatigue
strength, i.e., the magnitude of alternating stress when the mean
stress is zero for a given life as depicted in the S-N curve.

Figure 6. Goodman Diagram with Factor of Safety Line.

When a mechanical structure goes through a complete cycle of
loading, the total strain of the hysteresis loop consists of two parts,
namely elastic strain and inelastic strain. Figure 8 shows an ideal
hysteresis loop representing one cycle of a cyclic loading.
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Figure 7. Goodman Diagram with Constant Live Lines.

Figure 8. An Ideal Hysteresis Loop.

In general, however, the inelastic strain is composed of plastic
strain and creep strain. For pure fatigue loading, creep strain is
zero, thus the inelastic strain is composed of only plastic strain.

Total Strain = Elastic Strain + Plastic Strain

(4)

Morrow (1965) modified the above equation as shown below to
include the effect of mean stress on cycles to failure as follows:

(5)

The first of the above equations relates to the HCF part of the life
estimation while the second part relates to the LCF.

Singh (2001) derived an expression for cycles to failure for a
specified factor of safety (FS):

(6)

where Nf is the cycles to failure for a given FS. This is a function
of FS, σm, and material properties.

PROBABILISTIC HCF

By applying the above equations, Singh (2001) demonstrated
the probabilistic reliability assessment of mechanical components.
Figure 9 helps explain the reasoning behind such evaluation. It
shows an S-N diagram of a material with a band of curves. The

band represents the scatter of the test data. The estimated stress
applied to a component is also shown to have variation on the y-
axis. This variation results from the influence of variations in
operating loads, geometrical tolerances, and it also includes the
inaccuracy in the calculation method.

Figure 9. Depicting Scatter of Data in S-N Curve.

The resulting assessment of the operating life is shown on the x-
axis. It is clear that due to variations in material property and
stress, the operational cycle is not single valued but it varies within
a range. The implication of this can be seen in the probabilistic
Goodman diagram shown in Figure 10. The factor of safety is not
single valued but has a range of values; therefore operating life will
also have a range.

Figure 10. A Probabilistic Aspect of Goodman Diagram.

LOW CYCLE FATIGUE

When the cyclic stresses are high, typically in the neighborhood
of the yield strength of the material, the applied load cycles to
failure are small. The life is controlled by the inelastic component
of strain. The total strain has elastic and inelastic components, and
the plots of these components versus cycles to failure on a log-log
plot are straight lines.

The most widely quoted fatigue life model is often expressed by
the Mason-Coffin equation relating life to plastic strain range
through a power law. Manson and Halford (1967) proposed that the
cyclic life depended on total strain range, which in turn consisted
of elastic and plastic components, each of which was linear with
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cyclic life on log-log scales. Total strain range was thus asymptotic
to plastic line in the LCF region where plastic strain was much
larger than elastic strain, and asymptotic to the elastic line in the
HCF range where the elastic strain greatly exceeds plastic strain.

(7)

The coefficient M is primarily governed by ductility, and coeffi-
cient G by strength.

Low cycle fatigue tests are time consuming and expensive as
compared to monotonic tensile tests. Halford and Manson (Halford
and Manson, 1968; Manson and Halford, 1967) proposed the
method called Universal Slope after examining the properties of a
large number of materials. By utilizing monotonic tensile proper-
ties, a strain versus cycles to failure curve can be estimated. This
method does not give the most accurate results for all materials, but
it provides a very good first estimate. To aid in the material testing
for fatigue and initial comparison among materials, this method
has been found to be very useful. They realized that to obtain
fatigue properties of material is time consuming and expensive.
They tried to use monotonic test properties to estimate fatigue
properties. A simple equation universalizing the life model
exponents with an approximate relation of M and G to the material
properties was proposed:

(8)

where D is the logarithmic ductility and σu the ultimate tensile
strength, and E the elastic modulus. An example chart for
SS347/348 bar at 1000 F is shown in Figure 11.

Figure 11. Life Cycle Chart for SS347/348 Bar Using Universal
Slope Method.

Morrow (1965) arranged the life relation equation as follows:

(9)

where strain is expressed as amplitude, rather than a range, and life
as a reversal (a cycle being two reversals). εf is defined as a
“ductility coefficient,” and σf as a strength coefficient. He also
modified the equation to include effect of mean stress on the
fatigue life of the component as discussed earlier.

The probabilistic discussion for the LCF life assessment is the
same as for the HCF. Due to uncertainties in the involved
parameter the LCF life will also have a range with different prob-
abilities associated with it. An example that provides support to the
above argument is given later.

FATIGUE AND CREEP INTERACTION

In the event a component is subjected to a cyclic load with a pos-
sibility of creep deformation in the material during cycling, fatigue

and creep interaction may occur. The phenomena of fatigue and
creep interaction are complex. Many methods of treating this phe-
nomenon have been proposed; a large number of which are similar.
In each case, there is a basic link in the framework of the method
to one or more of the mechanisms that is relevant to the high tem-
perature problems. Some of them are listed below.

• Time and Cycle Fraction Summation (Robinson, 1952; Taira,
1962)

• Ten Percent Rule (Halford and Manson, 1968; Manson, 1966;
Manson and Halford, 1967)

• Time and Cycle Fraction Summation Using Cyclic Creep
Rupture Data (Manson, et al., 1971)

• Frequency Modified Life Equation (Coffin, 1971)

• Strain Range Partitioning Method (Manson, et al., 1971)

• Frequency Separation (Coffin, 1976)

• Hysteresis Loop Analysis (Ostergren, 1976)

• Energy Based Analysis (Leis, 1977)

• Damage Accumulation (Majumdar and Maiya, 1976, 1979,
1980)

Manson (1971) proposed the method of strain range partitioning
(SRP). Over the past many years, many materials have been tested
using the SRP framework and laboratories in other countries have
investigated its usefulness in relation to their problems. In 1978, a
NATO AGARD meeting was held in Aalborg, Denmark, specifi-
cally for the purpose of sharing experiences among the U.S. and
European laboratories in the application of this method given in the
literature (“Characterization of Low Cycle High Temperature
Fatigue by the Strainrange Partitioning Method,” 1978).

While some limitations were recognized, the general usefulness
of the approach was verified. More recently the method has been
evaluated in Japan, and at least one investigative team (Hirakawa
and Tokimasa, 1981) expressed SRP to be “…the most promising
of the methods studied…” for the types of materials used. Thus,
the basic concepts behind SRP (both a scientific explanation of
material behavior and a technologically viable method) have been
examined and verified by many investigators.

The major portion of the following description has been taken
from the work of Manson and Halford (1983). Further discussion
will be limited to the strain range partitioning method.

SRP METHOD

The basic thrust of this method is that different types of strain
range type yield different hysteresis loops, thus it should yield
different life.

The SRP method attempts to take cognizance of two types of
deformation that can occur in the creep range for some materials.
The strain that is introduced by grain boundary (GB) sliding and
attendant slip plane (SP) sliding is referred to as “creep.” On the
other hand, if the loading is rapid, there is no time for GB sliding
to occur, and all strain is absorbed as SP sliding such as plasticity
occurs at room temperature by only SP sliding without involve-
ment of GB sliding. For this reason, the strain introduced by SP
sliding will be called “plasticity” even if it occurs at high temper-
ature.

Four different types of strain ranges become possible by
combining the two types of strains with their occurrence in the
tension and compression halves of the loop. “Plastic” and “creep”
strain are referred to as P and C, and the notation that the first letter
refers to the tensile part of the loop and the second to the com-
pressive half is adopted. The four permutations of strain ranges that
are possible become εpp, εcc, εcp, and εpc.

The other types of strain range involve different types of
combined slip plane and grain boundary sliding, producing
different deformation effects and life relationships. An overall
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view of the four types of strain range and the idealized associated
hysteresis loops are shown in Figure 12.

Figure 12. Types of Deformation That Can Occur in the Creep
Range.

The level of damage due to cyclic loading, i.e., due to fatigue of
a component, should be proportional to the area of the hysteresis
loop created during cyclic loading. Experimental results show that
even for the same strain range life can be different for different
strain types (Figure 13).

Figure 13. Strain Range Versus Cycle Curves for PP, PC, CC
Types.

It seems that the following are the two main reasons for the
appeal for the use of SRP.

• SRP provides a mechanism for the use of simple cyclic test data
(similar to the use of uniaxial test data in the case of multiaxial
stress system) to complex cyclic hysteresis loops in the event of
creep fatigue interaction.

• Life should depend on the type of strain even though the
magnitude of strain range may be identical.

Vogel, et al. (1976), used the SRP method to predict crack ini-
tiation life of a jet engine’s combustor liner and correlated the
analytical results against representative engine and test rig data.

They concluded that the SRP approach with the calculated
stress/strain presented in the paper is a viable method for predict-
ing combustor chamber liner life to a cracking mode of failure.
Moreno, et al. (1983), compared results of two analyses, one
from SRP and the other from a method produced by a major
turbine manufacturer. The life was overpredicted by analyses
compared to the observed cyclic crack initiation life. McKnight,
et al. (1983), used the SRP method to predict crack initiation life.
The SRP method predicted life from 1200 to 4420 cycles
compared to an observed life of 3000 cycles. Schiffer, et al.
(1990), and Lucas and Singh (1992) described the use of SRP
technique in the design of components for a compressed air
energy storage (CAES) expander.

CUMULATIVE FATIGUE DAMAGE ANALYSIS

Damage to material is a nonreversible and a nonlinear process.
The linear type of cumulative damage rule has been widely used
but this could not take into account the effect of sequence of
loadings. Phenomenon of damage is path dependent because it is a
nonlinear process. The situations arise where many hystensis loops
of different types are imposed on a given structure. A cumulative
damage analysis is required to take into account the fatigue
damage done by hysteresis loops representing different load
histories. Practical cases are encountered where high cycle fatigue
and low cycle fatigue are superposed having large differences in
amplitude and frequencies. To analyze such a situation Manson
and Halford (1981) developed the damage curve approach (DCA).
In a situation when many different types of load history can be
imposed on a structure, the DCA lends to clean calculation strategy
and the method can be automated.

Figure 14 helps in understanding the approach. This plots the
accumulation of “damage” as a function of cycle ratio for various
life values. The linear damage rule would require that the curves be
coincident for all life level. It is their separateness that produces the
loading order effect. All curves start at the origin that represents the
initial condition of the material where the damage state is zero, and
terminates at failure F where D = 1.0.

Figure 14. Damage Curve Concept for Cumulative Damage in
Complex Loading.

The DCA concept is that damage accumulation proceeds along
the curve associated with the life level at which a cycle ratio is
applied. For example if a cycle ratio n1/N1 is first applied at the life
level N1, the damage will go from zero to A. If at this point a new
loading level is introduced, the life of which is N2 and the damage
curve is OBF. The point B on this curve has the same damage as
point A on curve OAF. If n2 cycle is then applied at the N2 life
level, the point C is located as shown. Similarly, if n3/N3 is applied
at the N3 life level, point D is located at the same level as C and
increment DE by the cycle ratio n3/N3 and so on for an arbitrary
sequence of loading.

The extent of the loading order effect is shown in Figure 14. In
a two level test at which the first load is applied at the low life
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level, say from O to A followed by a loading at a higher level, say
from B to F, the sum of the cycle ratio clearly omits the distance
AB and is less than unity. If the high life cycle ratio is applied first
along OB followed by the low life cycle ratio along AF, it is clear
that the cycle ratio associated with AB is included twice, and
therefore the summation of the cycle ratio is greater than unity.
They defined damage (D) as:

(10)

In a more general case when K loadings are applied before
failure occurs, the equation for DC analysis becomes:

(11)

Subscripts 1, 2, 3, … (K�1), K are sequence numbers of the
loadings as they occur. Of particular interest in Equation (11) is that
the only constant that remains in the final equation is the exponent
0.4; all the others cancel in the derivation. Examination of a series
of values in the range of 0.3 to 0.5 reveals that the final result is not
greatly altered when one uses 0.4. The use of Equation (11) was
suggested based on universalized value of 0.4 as the exponent.

The SRP method in general can be utilized to estimate life in the
situation of fatigue creep interaction by following the steps listed
below:

• Material is tested to generate strain range versus life data for the
basic pure generic strain types.

• The effect of the operational load histories is estimated by
analysis. From the resulting hysteresis loops tabulation is made of
the estimated various types of strain ranges for each operational
cycle type.

• Prediction can be made regarding the number of cycles to failure
for each load history by using the interactive damage rule.

• The damage curve analysis technique is used to assess the life of
the component by combining different load histories.

FRACTURE MECHANICS

The presence of a crack or crack like discontinuity may weaken
a component. Crack might grow to failure so that it fractures into
two or more pieces. This can occur even at stresses below the
material’s yield strength. Many books and technical papers
(Hertzberg, 1965) have been written about the practical use of
fracture mechanics. For more detailed descriptions, the references
mentioned earlier should be studied. The objective of this section,
however, is to provide and discuss some salient features briefly
about the subject. This is important so that one can appreciate the
theory and the analysis process to be used later in this paper.
Emphasis is placed on the basic principles with the fracture
mechanics model that can be used in making decisions about reli-
ability of components with reportable discontinuities. Two more
important aspects were discussed in Singh (2004) as listed below:

• Basic assumptions to understand the theoretical framework

• Aspects of fracture theory to establish a physical basis for design
of mechanical structure 

In the fracture mechanics type of analysis, the stress fields near
the crack tips are classified as three basic types. These are shown
in Figure 15. Mode I is called opening mode, Mode II is known as

sliding mode, and Mode III is termed as tearing mode. Of all three
modes, Mode I is the most pertinent for brittle crack propagation.

Figure 15. Modes of Fracture.

The stress distribution near the crack tip is analyzed by use of
the theory of elasticity. The analysis is simplified based on the
sharp slit approximation of a crack (Figure 16), the tip of the crack
is assumed to be perfectly sharp in the unstressed condition. The
surfaces generated by moving cracks are considered to be free of
forces at all stages of loading. The stress field at the crack tip takes
a simple solution of stress field near the tip (the distances from the
tip are small compared to the characteristic dimensions of the crack
system).

Figure 16. Stress Analysis at the Crack Tip.

The characteristics of the stress field and its strength at the crack
tip are defined by the stress intensity factors (KI, KII, KIII). It
depends only on the loading and crack geometry. The stress
intensity factor is the mathematical expression that describes the
redistribution of load paths for transmitting load past a crack.

(12)

An expression for the crack growth rate (called slow crack
growth regime) versus alternating stress intensity factor is
expressed as follows:

(13)

or

(14)
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The plot of the above expression on a log-log plot is a straight line
with b as the slope of the straight line. A similar equation generated
from the material test data has been used to assess reliability of
many mechanical components for many years.

A reliability evaluation of a mechanical component can be
accomplished with the following information:

• Location, size, and orientation of indication

• Far field stress near the indication

• Analytical expression of the stress intensity factor at the crack
tip, e.g., the crack tip stress intensity factor of a surface crack with
a circular cross section is expressed as:

(15)

• Estimation of cycles required for the initial crack (ai) to reach
the critical crack size (ac) is derived from the equation represent-
ing crack growth data [Equation (13)]:

(16)

And the final crack length after N cycles is given by:

(17)

where p = (2.0�b)/2.0.

• Material properties are obtained by appropriate fracture
mechanic type tests.

PROBABILISTIC ASPECT

As discussed earlier due to scatter in the material data and/or
uncertainty in stress estimation and physical dimensions thereby
causes variation in the ΔK. Figure (17) shows the scenario where
the da/dn values and in the end the estimated life (N) will have
variability. There are ways to estimate that variation in terms of
statistical distribution that will yield a reliability curve for N. This
will be demonstrated by example.

Figure 17. Probabilistic Aspect of Crack Growth Data.

EXAMPLE 1—
CREEP RUPTURE LIFE EVALUATION
OF A MECHANICAL COMPONENT

To illustrate the use of the Larson-Miller parameter (LMP) and
a deterministic approach this example is taken from Viswanathan
(Undated). This can represent any component at high temperature
and effect on creep life due to change in temperature. Under design
condition of stress, σ = 7.5 ksi, and temperature, T = 1000°F,
design is good for 347,520 hours (40 years) based on the creep
property of the material of construction. Later on the plant is to be
operated such that the temperature, T, of the component will be
estimated to be 1050°F. Assessment is made in the resulting
reduction of creep life of the component using the Larson-Miller
parameter.

• T = 1000°F
t = 347,520 hours

LMP = (T + 460)(20 + log10 t) = 37,289

As LMP is a function of stress and stress has not changed, LMP
will remain the same.

Now, for T = 1050°F and for the estimated LMP:

• (1050 + 460)(20 + log t) = 37,289 or
t = 49,573 hours (5.7 years)

The estimated reduction in creep life of the component life is:

• 347,520 hours � 49,573 hours = 297,947 hours (34.3 years)

Assume a 4 percent spread in temperature, i.e., from 1029°F to
1071°F (2 percent variation on either side of 1050°F) in the
estimate and it is normally distributed. A probabilistic calculation
using a Monte Carlo simulation is done for the percent probability
of achieving creep life. It is shown in Figure 18 and Figure 19.
Table 1 lists the calculated probability associated with a desired
creep rupture life of the component. It is evident from Figure 19
that after including the influence of variations in parameters, a
creep rupture life of about 3.5 years with a probability of 99.98
percent is achievable. However, there is only 49.98 percent proba-
bility of achieving a creep rupture life of 5.7 years as estimated by
the deterministic approach.

Figure 18. Creep Rupture Life (Hours) Versus Percent Probability.

Figure 19. Creep Rupture Life (Years)Versus Percent Probability.

EXAMPLE 2—
LCF LIFE EVALUATION
OF A MECHANICAL COMPONENT

This example demonstrates the method of assessing LCF life of
a component. The use of the cycle versus strain amplitude relation
to determine the life of an intake assembly for a hot gas expander
based on the finite element analysis (FEA) result is illustrated
next.

The normal operating conditions data for the example case are
as follows:

• Inlet temperature: 1400°F

• Discharge temperature: 1150°F

• Nosecone flange inner ring temperature: 800°F

The following loading conditions are considered for this:

• Mechanical loads—pressure, gravity, and piping

• Thermal loads with temperature gradient of 1400°F/1100°F at
intake flange and 1400°F/800°F at nosecone flange
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Table 1. Creep Rupture Life Versus Percent Probability.

A life cycle chart is shown in Figure 20 and the FEA model for the
component is shown in Figure 21.

Figure 20. Life Cycle Chart for SS347/348 (0.004 In/Sec) Based on
Test Data. (Courtesy Conway, et al., 1975)

Figure 21. FEA Model for the Example Intake Assembly.

The FEA was performed with the loadings described earlier. The
analysis considered elastic deformation only. The estimated
maximum stress is about 62,600 psi, which is larger than the yield
strength of the material of construction. It means that for the
loading considered, there might be plastic localized deformation in

the structure. Thus, the result either should be adjusted for the
plastic deformation or an elastoplastic analysis should be
conducted. The result of the analysis for mechanical as well as
thermal loads is shown in Figure 22. The elastic analysis yields
stress value larger than actual and the corresponding strain values
to be lower than the actual value. It is the value of strain that should
be considered for the life calculation. For this analysis adjustment
is made by using Neuber’s approximation, which has been used
successfully in cases of localized yielding. The total strain is
estimated to be about 0.85 percent for the stress value of 62,600
psi. The corresponding plastic strain is about 0.60 percent.
Following is a brief description of Neuber’s method. One way of
expressing the Neuber’s rule is by Equation (18).

(18)

Figure 22. Equivalent Stress under Mechanical and Thermal
Loading.

After utilizing the definition of stress and strain concentrations the
final equation turns out to be:

(19)

Equation (19) represents a hyperbola called Neuber’s hyperbola.
The intersection of this hyperbola and the stress-strain curve
should provide the actual state of stress condition in the material
(Figure 23). As indicated on the plot (Figure 20), the component
has about 1000 life cycles.

Figure 23. Depiction of Neuber’s Hyperbola.
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Results of a probabilistic calculation are discussed next. A
variation of a total of about 10 percent is assumed for the strain
amplitude; a 5 percent variation on both sides from the average
value. Also a total of 5 percent variation in the material properties
is assumed for the analysis. For this calculation only the plastic
portion of the strain-life relation is utilized for simplicity. Figure
(24) shows the plot of the probability for a given number of cycles.

Figure 24. Safe Operational Cycle Versus Percent Probability.

There is about 79 percent probability for 1000 operational
cycles. It seems that in this case 900 operational cycles seems to
have nearly 100 percent probability.

EXAMPLE 3—
RELIABILITY EVALUATION OF AN
AXIAL COMPRESSOR DISK WITH
INDICATION OF DISCONTINUITIES

Indications of crack like discontinuity were discovered on the
rim of an axial compressor disk. A portion of the disk is shown in
Figure 25. Analysis has been performed to determine the reliabil-
ity of the disk and to find out whether it is suitable for long-term
use. A linear elastic fracture mechanics (LEFM) approach was
chosen to estimate reliability of the subject disk.

Figure 25. A Portion of Axial Compressor Disk.

Figure 26 shows the location of indications on the surface of the
lock. To evaluate the effect of these on the reliability stress around
these locations will be determined.

Figure 26. Location of Indications.

Stress levels were calculated by using finite element analysis. A
“slice” of the disk representing one blade pitch was used for the
analysis [Figure (27)]. To simulate the complete disk the displace-
ment degrees of freedom of corresponding nodes of both surfaces
of the “cut” sections were coupled. The blade centrifugal pull was
simulated by applying loads equal to the centrifugal pull of the
blade rotating at the maximum continuous operating speed of the
compressor train.

Figure 27. FE Model of One Pitch of the Disk.

After the analysis, the stress contours were plotted to determine
the stress levels near the crack locations. As the following plots
show, the indications are in areas where the stresses in planes per-
pendicular to the flaws are predominately compressive.

Figure 28 shows the tangential stress contours on the disk rim
surface calculated at the maximum continuous operating speed
(MCOS). Note that the stresses in the crack areas are predomi-
nately compressive. Based on classical analysis techniques, cracks
located in elastic compressive stress fields should not propagate.

Figure 28. Tangential Stress Contour.

Figure 29 shows the axial stress contours on the disk rim surface
at MCOS. Note that the stresses in the crack areas are predomi-
nately compressive. Any tensile stresses are very low.

Since it is difficult to determine the actual direction of growth of
the crack tip, and since the direction of crack growth can change to
conform to changing stress directions as the crack progresses, a
conservative, but not unreasonable, approach to crack growth cal-
culations is to use the maximum principal stress in the area of the
cracks regardless of direction. The maximum principal stress
contours in the areas of the indications are plotted in Figure 30 and
Figure 31. Based on these plots it is evident that crack number 1
(Figure 26) is the most likely to progress to where it will break
through the blade attachment wall.
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Figure 29. Axial Stress Contour.

Figure 30. Maximum Principal Stress Contours at the Axial
Midplane of the Disk. This Is near the Approximate Location of
Cracks Nos. 2 and 3.

Figure 31. Maximum Principal Stress Contours in a Plane
Through the Axial Location of Crack No. 1.

A stress of 14 ksi was chosen as the crack-tip stress for the crack
growth calculations since it is the largest tensile principle stress in
the crack area even though it is some distance from the crack tip
and is oriented parallel to the plane of the crack.

The growth of crack number 1 will be used to estimate the suit-
ability of the disk since that crack appears to be subjected to the
highest maximum principle stress and is closest to the attachment.
For this analysis, the length of crack number 1 is assumed to be
0.44 inch, the maximum length measured for these cracks.

DETERMINISTIC TYPE LEFM ANALYSIS

The first estimation is performed to see if the existing indica-
tions will grow in the first application of the load.

(20)

The calculated value of KI is less than the material toughness, KIc
[30 ksi (sqrt(in))], therefore the indication is not expected to be
unstable in the first load application.

The next step in the analysis is to estimate the critical size of the
growing crack. Size of the crack larger than the critical size will
become unstable.

(21)

ac = (30 / (1.3*14))2 = 2.7 inches deep or 5.4 inches wide for semi-
circular indication. This indicates that long before reaching the
critical flaw size, crack number 1 will break into the blade attach-
ment slot as shown in Figure 32. The crack size at breakthrough
was estimated to be equal to 0.44 + 2 (0.25) = 0.94 inch.

Figure 32. Possible Progression of Crack.

The next step in the analysis is to estimate the number of opera-
tional startup and shutdown cycles for initial indication to
breakthrough into the attachment.

(22)

As mentioned earlier in the “FRACTURE MECHANICS”
section, Equation (22) should be numerically integrated. Assuming
that the stress remains constant at the tip of the growing crack, the
equation provided in the earlier section can be used. A numerical
technique is used to calculate the number of cycles. The estimated
number of operational cycles is 1.14E+06.

Based on the estimate, it will take more than 1.0 million start-
stop cycles of the compressor for crack number 1 to breakthrough
into the attachment.

PROBABILISTIC TYPE LEFM ANALYSIS

Each step described in the deterministic calculation will be
repeated with utilizing the information about variation in the value
used. For example, there is some inaccuracy in the determination of
the indication size, material properties, and in the stress magnitude.
For this example the following variations have been used:

• Stress varies between 13.3 ksi and 14.7 ksi, a total variation of
10 percent.

• Indication size between .418 and .462, 10 percent variation

• Material properties

• Fracture toughness, 30 ksi [sqrt(in)] to 43 ksi [(sqrt(in)]
• b 3.534 to 3.912
• m 2.40 � 10�11 to 2.94 � 10�11

Results of this analysis are plotted in Figure 33 through Figure 35.

Figure 33. Safe Operational Cycle Versus Percent Probability.

Figure 33 is the plot of the probability of successfully achieving
a desired operational cycle (start-stop). It is estimated that there is
about 99.97 percent probability of achieving 6.00E+05 cycles
while deterministic estimation of the cycle is 1.14E+06. The
projected probability for the 1.14E+06 cycle is about 1.50 percent.
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Figure 34. Magnitude of SIF Versus Percent Probability.

Figure 35.Critical Crack Size Versus Percent Probability.

Figure 34 is the plot of stress intensity factor (SIF) against its
probability. This figure will help decide whether the crack will be
unstable in the first application of load.

Figure 35 is the plot of critical crack size and its probability. The
critical size of the crack becomes unstable. It shows that the critical
size is about 2.5 inches with about 99.99 percent probability. The
size of 2.7 inches calculated earlier from a deterministic analysis
has a probability of about 29.5 percent.

EXAMPLE 4—
FAILURE OF CRACKED COMPONENTS:
FRACTURE MECHANICS APPROACH

The presence of a crack in a component may weaken it so that it
fails by fracturing into two or more pieces. This can occur at
stresses below the material’s yield strength. The fracture
mechanics approach was discussed earlier and the following
example will demonstrate its use in evaluation of the reliability of
a component.

Indications of crack like discontinuity were discovered near the
blade slot (fir tree) of an expander disk shown in Figure 36. Linear
elastic fracture mechanics was utilized to determine the suitability
of its use. Stress levels were calculated using a detailed finite
element model. For the purpose of this report the material proper-
ties were taken from those provided in Aerospace Structural
Metals Handbook (1991). For example the following disk material
properties for Waspaloy® at 800°F were used:

• Yield strength: YS = 106 ksi

• Fracture toughness: KIC = 75 ksi in1/2

Figure 36. Expander Disk with Initial Cracks.

The crack growth rate was taken from published data
(Aerospace Structural Metals Handbook, 1991) and is represented
by the equation below (Figure 37):

(23)

or

(24)

where:
da/dN = Crack growth rate, in/cycle
ΔK = Stress intensity at the crack tip point, ksi in1/2

Figure 37. Plot Log (dK) Versus Log(da/dN) for Waspaloy® at
800°F.

A finite element analysis was performed to calculate stress
levels. The FEA model for the blade and the detail of disk attach-
ment area is shown in Figure 38. Stress levels in the area of the
indications were taken from a solid (3-D) finite element stress
analysis of a disk attachment under centrifugal loading at the rated
speed of the expander. The centrifugal loading was assumed to be
equal to the longest blade that can be utilized. The first principal
stress at the indication location was the hoop stress (S) at 23.3 ksi.

Figure 38. FEA Model of Blade and Attachments.
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To help in the disposition of the disk the following two fracture
mechanics evaluations were conducted.

• Will the reported indication go to fracture in the first application
of the load? This is done by estimating the stress intensity factor
and by comparing it to the fracture toughness of the material. This
is similar to what was done in the previous example.

Diameter of the reported indication was 0.266 inches. The
measured size of the indication was multiplied by 3.162 to
simulate an area 10 times larger (assuming a circular indication).
This was done to account for the inaccuracies in the measured
areas of the indications. Therefore, for the evaluation, the initial
flaw size (a) has been taken as 0.422 inch.

The following expression was used to estimate the stress
intensity at the crack tip:

(25)

Since, KI (30.1 ksi in1/2) < KIC (75 ksi in1/2), the indication will not
become unstable in the first application of load.

• How many start-stop cycles can the disk experience before the
flaw sizes reach critical flaw size? To be conservative, it was
assumed that the indication spanned the bottom of the attachment
for the entire thickness of the disk (about 4 inches). It was further
assumed that the flaw spans to the attachment bottom.

This was done to add even more conservatism. It should be
noted that the flaw being evaluated is not the size of the indication
as reported but it was 0.6 inch deep over the entire thickness of the
disk (about 4 inches).

The following expression was used to estimate the stress
intensity at the crack tip:

(26)

The calculated start-stop cycle is equal to 36,600 cycles.

The results of these two evaluations suggest that the disk is
suitable for the intended application.

Similar to the previous example a probabilistic type calculation
was performed. Variation in stress and material properties was
assumed to be similar to the previous example.

Figure 39 is the plot of SIF against its probability. This figure
will help decide whether the crack will be unstable in the first
application of load. It shows that the value of SIF will have a range
of 31 to 34 ksi [sqrt(in)]. Probability will have a range from 0.43
percent to 100 percent.

Figure 39. Stress Intensity Factor Versus Percent Probability.

Figure 40 is the plot of the probability of successfully achieving
a desired operational cycle (start-stop). It is estimated that there is
about 99.90 percent probability of achieving 36,000 cycles while
deterministic estimation of the cycle is 36,600 cycles. The
projected probability for the 36,600 cycle is about 99.00 percent.

SUMMARY

This paper focused on three points:

• Important modes of damage

Figure 40. Operational Cycles Versus Percent Probability.

• Deterministic concept and factor of safety (factor of ignorance)

• Probabilistic concept and reliability

A discussion about basic modes contributing to the damage of
mechanical components is provided. Concepts of damage with
methods of its effect on the reliability of mechanical components
have been presented. It is easier and it is a practice to make a
decision based on deterministic concepts but it looks more real to
make a decision based on probability/reliability/risk assessment. It
is more honest to conduct a probabilistic type analysis. These will
bring manufacturers and operators closer in realizing that there are
always variations in the loads, geometry, and material properties so
that a probabilistic type of analysis might provide a more realistic
estimate of reliability or risk.

APPENDIX A—
SOME OF THE THEORIES OF
FAILURES WITH STATIC LOADS

Maximum Normal Stress Theory (Rankine Theory)

The material will fail under any condition of loading when the
maximum normal stress at any point reaches the limiting value.
Mathematically, this can be expressed as:

(A-1)

where:
σu is the maximum principal stress
Sm is the limiting stress as determined from an axial test

Maximum Normal Strain Theory (Saint Venant Theory)

The material will fail at a point under any condition of loading
when the maximum normal strain at that point reaches a critical
value as determined for an axial test in tension or compression.
Mathematically, this can be expressed as:

(A-2)

where:
εu is the maximum principal strain at the point
εm is the critical strain as determined from an axial test

Maximum Shearing Stress Theory
(A Special Case of Coulomb Theory)

Under any condition of loading, the material will fail when the
maximum shear stress reaches the value of limiting shear stress as
experimentally determined under pure shear test. Mathematically,
this can be expressed as:

(A-3)

where:
σij is the maximum shear stress in the material
εm is the limiting shear stress determined from test

Maximum Shear Energy Theory
(Developed by Beltrami, Huber, Haigh)

The material will fail, regardless of the combination of stress
and strain at the point when the value of strain energy per unit
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volume at the point in the material reaches the maximum value of
strain energy per unit volume that the material is capable of
absorbing under an axial loading condition.

Strain Energy:

(A-4)

The strain energy in a biaxial stress system per unit volume:

(A-5)

or

(A-6)

where:
u and v are two normal directions
v is Poisson’s ratio

For the failure:

(A-7)

or

(A-8)

Hencky vonMises Theory
(Developed by Hencky and vonMises Independently)

(A-9)

NOMENCLATURE

σ psi Stress
ε in/in Strain, subscript e for elastic, p for plastic, 

and t for total
σa psi Alternating stress
σe psi Fatigue strength
σm psi Mean stress
σult psi Ultimate strength
Δε in/in Strain range
Δσ psi Stress range
σf’ psi Fatigue strength coefficient
C None Fatigue ductility coefficient
E psi Modulus of elasticity
FN None Factor of safety based on life
FS None Factor of safety based on stress
Nf cycles Cycles to failure
Nf0 cycles Life when  m = 0.0
Nf1 cycles Life when FS = 1.0
b None Fatigue strength exponent
d None Fatigue ductility exponent
A None σf’/E for zero mean stress
a,c in Crack dimensions
a0 in Starting crack dimension
ac in Critical crack dimension
ai in Starting crack dimension
af in Final crack dimension
ath in Crack size that will not grow
KIC ksi [sqrt(in)]Fracture toughness

KI ksi [sqrt(in)] Stress intensity factor
KT None Theoretical stress concentration
Kσ None Stress concentration
Kε None Strain concentration
N cycles- Total number of cycles
ΔKth ksi[sqrt(in)] Threshold value
Pf Probability of failure
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