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ABSTRACT

We study the SO(3), x SO(3); sector of both the SO(8) and ISO(7) gauged
N = 8 supergravity in four dimensions. By uplifting an N = 3 critical point of
the latter theory, we get a wrapped AdS; x Mg in ten dimensional massive type ITA
supergravity. The dual three dimensional superconformal Chern-Simons theory is
identified through AdS/CFT correspondence. The conjecture is tested by comparing
the spin-2 Kaluza-Klein modes and spin-2 operators in the dual CF'T, and by compar-
ing the Gravitional Euclidean Action of the gravitational solution and Free Energy
of the dual CFT. We review the non-perturbative method to study conformal field
theory called “Conformal Bootstrap” and apply it to study CFT’s with F,/SU(3)
flavor symmetry in 6 — e dimensions. The possibility of applying conformal bootstrap

to study AdS/CFT is also discussed.
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1. INTRODUCTION

Since its formulation [1], AdS/CFT correspondence has been playing a very im-
portant role in theoretical physics. This duality not only improves our understanding
of string theory, but also introduce a new non-perturbative method to study super-
conformal field theories. The supergravity limit of string theory is of special interest.
Let’s take the duality between AdSs x S% and ' = 4 super Yang-Mills as an example.

Type IIB supergravity has a solution describing N coincident D3-branes [2]:

1
dsty = ———=n + / f(r)(dr? + rdQ2),
f
v (E
fir)=1+ o L* = 470 g, N, (1.1)

whose near horizon (r — 0) limit is AdSs x S°:

L2dz2*  L?
_l’_

dsi, = - (udatdz”) + L2d0’. (1.2)

22
Roughly speaking, supergravity is a good approximation to string theory when the
AdS5 radius is much larger than string length scale L? > o/ (which is equivalent
to saying that o correction is negligible). Since L* = 4rg,a?N, the condition is
equivalent to:

gsN > 1. (1.3)

Also, to suppress quantum effect so that classical supergravity is valid, the string

coupling constant need to be small

gs < 1. (1.4)



According to AdS/CFT dictionary, string coupling is dual to Yang-Mills coupling
squared, g, = g%,,/4m, and D3 brane number N is dual to the rank of gauge group
SU(N). The conditions (1.3) and (1.4) then tell us that the dual CET should be in

the following limit [1]:

A=gryN>1, N/A=1/g1,, > 1. (1.5)

Clearly N > 1 is implied. For CFT at large N limit, the t’"Hooft parameter A plays
the role of coupling constant. Supergravity is therefore dual to the strongly coupled
conformal field theory. On one hand, this is good since one could use supergravity
as a non-perturbative method to study superconformal field theory. On the other
hand, however, it makes the testing of AdS/CFT correspondence difficult, since the
strongly coupled limit of superconformal field theory is complicated. The standard
examples of AdS/CFT correspondence involve maximally supersymmetric solutions

and conformal field theories [1]:

AdSs x S°>  Low energy effective action on D3 branes
AdS,y x ST Low energy effective action on M2 branes

AdS; x S* ¢ Low energy effective action on M5 branes (1.6)

The low energy effective action on D2 branes was long known to be the N' = 4
Super Yang-Mills theory. The low energy effective on M2 branes, on the other hand,
remains mysterious for many years, it was until in [3] that people constructed an
Lagrangian with six out of the eight supersymmetry manifest, which is normally
referred ABJM (Aharony-Bergman-Jafferis-Maldacena) theory. As denoted by the

quiver diagram in Figure 1.1. The theory contains two gauge group U(N) x U(N),



k.i:. K

Figure 1.1: A quiver diagram for the ABJM theory.

whose kinetic terms are Chern-Simons terms whose Chern-Simons levels sum to zero.
Chiral multiplets transforms as bi-fundamentals of the two gauge group. The dual
solution of this theory is the AdS; x CPj solution of type IIA string theory, or
AdS, x S7/Z; solution of M-theory [4,5].

Let’s compare the isometry of the gravational solution solution and flavor sym-
metries of the dual ABJM theory. Follow the discussion in [3]. In M theory, the

solution is given by

L2
ds® = stid& + L2d0%,

L
Fy~ Nvol(d), - = (3202 N)V/6 (1.7)

P

where the internal space S7 clearly has 8 killing spinors, and therefore the solution

is maximal supersymmetric. One could write S7 as
dsgr = (Y + w)* + dsgps (1.8)

where

2 S dudz |3 zdzE [
dsgps = & __ 1 __\2
doim1 #Z (D iz1 22)

(Dimn 27




It is then possible to perform a Z; quotient, which is the Hopf fibration explained
in [4], to get

1
dsgr /g, = E(dw + kw) + dsips (1.10)

where ¢ = ki/. Preforming the reduction to type ITA supergravity in ten dimen-

sional, we get a solution (in string frame)

2 L3 1 2 2
dsiy = ——(5ds%as, + dscps)

k4
LS
2¢ _
€ = E
3
Fluy = §L3vol(4), Floy = kdw (1.11)

Under the branching of SO(8) — SU(4) x U(1):

8 = 60+1,+1

8, — 41+ 41_1 (112)

CP3 has only six killing spinors, which are the U(1) neutral ones. To get ABJM

theory, let’s start from the non-abelian A/ = 2 Chern-Simons Lagrangian [6]:

SN2 = / % < /O 1 Tr[VDa(etVDaetV)]> (1.13)

the vector superfield consists of the gauge field A, an auxiliary scalar field o, and a

Dirac spinor y, and scalar D. In components, the action is simply [7]:
N—2 _ kK 2 _
Sps = = Tr(A(l) N dA(l) = §A(1) N A(l) A A(l) —xx +2Do). (1.14)

where the trace are taken in the fudamental representation of the gauge group.



Introduce a few more terms, one could get a theory where the supersymmetry is

enhanced to N' = 3 [6,8]:
SN=3 — gN=2 4 / d*0(Qe¥Q + Qe V) + / d@?(—ﬁmﬁ +QdQ).  (1.15)

Notice that ® has no kinetic term, and could be integrated out to get the superpo-

tential

w=2QrQ)(@rQ) (1.16)

where T is the generator of the gauge group. The theory has an SU(2) flavor
symmetry.
The ABJM theory, on the other hand, consists of two copy of (1.15) with opposite

Chern-Simons level, coupled to two copy of chiral superfields through [3]:

k
Lint = gTr[%) — O] + Tr(Bi®)Ai) + Tr(A;® ) B;) (1.17)

One could integrated out the auxilary superfield ®(;) and ®, and get the superpo-
tential

2T cab

W=— ¢“'Tr[A, ByA.By] (1.18)

In N' = 2 language, the action has an explicit SU(2)x SU(2) symmetry, acting
separately on A; and B;. If one write the action in components, the extra SU(2),
symmetry intervenes A; and B; and the symmetry group is enhance to SU(4).
Notice in (1.17) A; and B; plays the role of Q and @ in (1.16), hence they form
doublets of SU(2),. SU(4) is exactly the isometry of internal space CPj3 of the dual
gravational solution.

In this thesis, we will study a specific example of AdS/CFT correspondence—the



N = 3 theory (1.16) and its dual AdS solution. It was realized in [9] that Romans
term [10] induce a net Chern-Simons level to the dual conformal field theory, meaning
that the sum of Chern-Simons levels for all gauge group is proportion to the Romans
mass parameter m. (Notice the ABJM theory has zero net Chern-Simons level.)
Our solution would be a warped AdS; x Mg solution of Romans deformed type ITA
supergravity in ten dimensions. The internal space Mg has S® topology.

A common way to search for AdS solutions in ten dimensional type ITA/IIB
or eleven dimensional M-theory is to search for critical points (vacuum solutions)
with positive cosmological constants in lower dimensional gauged supergravity the-
ories [11-16]. If the lower dimensional supergravity is a consistent truncation of the
corresponding higher dimensional theory, we could in principle be able to uplift the
solution to higher dimensions. Four dimensional SO(8) gauged N = 8 supergravity
is known famously as an consist reduction of eleven dimensional supergravity [17].
Recently, the dyonic ISO(7) gauged N/ = 8 supergravity is shown to be a consist
reduction of ten dimensional Romans deformed type ITA supergravity [18,19]. The
dual solution of (1.16) shows itself as an A/ = 3 critical point of such a four dimen-
sional maximal supergravity theory. In Chapter 2, we will first classifies the critical
points in an SO(3), x SO(3); sector of N = 8 SO(8)/ISO(7) gauged supergrav-
ity [20,21], and then uplift the A/ = 3 solution found in ISO(7) gauged theory to a
solution of massive type ITA supergravity in ten dimensions [21]. In Chapter 3, we
identify the dual three dimensional superconformal field theory in three dimensions,
and talk about various tests of the conjectured AdS/CFT correspondence [22].

We mentioned that one of the attractive features of AdS/CFT correspondence
is that supergravity is dual to strongly coupled limited the corresponding CFT. In
Chapter 4, we will introduce another non-perturbative method for conformal field

theory call “Conformal Bootstrap”. The idea of conformal bootstrap was introduced



in the 1970s by Alexander Polyakov [23] and also by Sergio Ferrara, Raoul Gatto
and Aurelio Grillo [24]. Its later application to two dimensional conformal field
theories lead to the famous work of Alexander Belavin, Alexander Polyakov and
Alexander Zamolodchikov [25], where two dimensional minimal models was classified.
In higher dimensions, it was re-introduced in 2008 to study the particle physics model
Conformal Technicolor, and later became extreme successful in the study of models
such as three dimensional Ising model [26,27], O(N) vector models [28,29], Gross-
Neveu(-Yukawa) models [30], and various superconformal theories [31-34]. We will
apply this method to study CFT with F,/SU(3) flavor symmetry in 6 — ¢ dimension.
We will also discuss the possibility of applying conformal bootstrap to test AdS/CFT
correspondence.

Chapter 5 presents our conclusion and some discussion.



2. FOUR DIMENSIONAL SUPERGRAVITY AND CRITICAL POINTS*

The field content of four dimensional ungauged maximal supergravity is listed in

Table 2.1 [35]. The theory could be derived from eleven dimensional supergravity

multiplicity | 1 8 | 28 |56 | 70

Table 2.1: Field content of four dimensional A/ = 8 supergravity.

by a seven torus reduction. The 35 complex (70 real) scalars parametrized the coset
E77)/SU(8). Ez(7) is the global symmetry, and SU(8) is the R symmetry group—a
local symmetry whose gauge connection are composite fields made of scalars. It is
a general feature of supergravity theories that bosonic fields transform as represen-
tations of global symmetry group, while fermonic fields transform as representations
of R-symmetry group.

It is possible to gauge some of the generators of the global symmetry group to get
a gauged theory, for example, the famous de Witt-Nicolai theory [36] is the SO(8)C
E7(7) gauged version of the theory constructed in [35]. Recent years, it was noticed
that the possible gauging of [35] could be classified by the so called Embedding

Tensor formalism.

*Part of the result reported in this chapter is reprinted Holographic RG flow in a new
SO(3) x SO(3) sector of w-deformed SO(8) gauged = 8 supergravity by Yi Pang, C. N.
Pope and Junchen Rong, published in JHEP, 08:122, 2015, Copyright [2015] by The Authors,
[DOI:10.1007/JHEP08(2015)122]. JHEP articles are published on open access terms, with Cre-
ative Commons 4.0 (CC BY 4.0) license [https://creativecommons.org/licenses/by/4.0/] and the
copyright is retained by the authors. Part of the result reported in this chapter is also reprinted
with permission from N =8 solution in dyonic ISO(7) gauged mazimal supergravity and its uplift to
massive type IIA supergravity by Yi Pang and Junchen Rong, published in Phys. Rev. D 92, no. 8,
085037 (2015), Copyright [2015] by American Physical Society, [DOI:10.1103 /PhysRevD.92.085037].



2.1 Embedding Tensor Formalism

The 4D maximal supergravity is characterised by the embedding tensor ©,,*
which completely specifies the gauging [37]. Embedding tensor enters the Lagrangian

through the quantity
X = Oute, [ Xur, Xn] = —Xun' Xp. (2.1)

The second equation above implies that the gauged generators form a closed algebra.
Indices M, N ... transform as 56 of E;(;) which decompose into 28 & 28 of SU(8) or
28 @ 28’ of SL(8). The decompositions of 56 of Er(7y under SU(8) or SL(8) suggest
two different bases in which the E;(7) covariant quantities can be formulated.

In terms of the SL(8) basis in which Vis = {Vjap, VI*P!}, the pure scalar sector

of the 4D gauged maximal supergravity is given as

L = éTr(auMa“Ml)

1
_ﬁ(XMNRXPQSMMPMNQMRS + 7XMNQXPQNMMP), (22)

where MMY is the inverse of M,y constructed from the bilinear of the 56-bein as

Mun = (LL)yx,  L(@)u™ = S|PL(¢)p", (2.3)
with
1 [ [P il 0 ¢y
1 DN PRV el PRCY!
44/2 FZ]AB _iF’LjAB (bzgk‘l 0

The indices M, N label the 56 irreps realized in the SU(8) basis, and therefore the

unitary matrix S converts the SU(8) basis to the SL(8) basis [15]. A, B,... denote



the fundamental representation of SL(8) while i, j, ... denote the 8 representation of
SU(8). The 2-gamma matrices I';;4® comprise the generators of SO(8) in the chiral
spinor representation. The position of the index is not crucial.

When the gauge group is a subgroup of SL(8) C Erx), the embedding tensor

could be expressed in the following general form:

—faBcp EF —QAB CcD EF
N AB N
Xapym | = , X7y = ,
CD AB _CD
f ABEF EF

(2.5)
where fagep®t = 2\/555931[053 and gAPpptP = 2\/55[[253”05?]}. Opc and &g
are 8 x 8 matrix, the constraints on embedding tensor require them to satisfies the

following relations [38]:
040X P x (52, or O4cx? =0 (2.6)

The solution [39]
0 = cos(w)ls, 6 =sin(w)ls (2.7)

correspondes to the SO(8) gauging, the existence of the parameter w, hence the
existence of a whole one parameter family of SO(8) gauged N/ = 8 supergravity in
four dimensions surprised a lot of people, as the w = 0 theory, or de Witt-Nicolai
theory was long assumed to be unique.

Another solution is also interesting:
0 = g - diag(l;,0), &= m-diag(07,1). (2.8)

which corresponds to the ISO(7) gauging. ISO(7) group is defined as the group of 8

10



by 8 matrix that preserves the metric

n = diag(I;,0) (2.9)

which could also be constructed from SO(8) group by Inéni-Wigner contraction.

Take the so(3) algebra as an example

[R',R* = R*, [R* R’ =R' |[R®R'=R? (2.10)

scale the generators as

R' = AR R* - \R?, (2.11)

and take the singular limit A — oo, the algebra becomes the Euclidean algebra es.
In a similar way SO(8) could be contracted into ISO(7).

It was explained in [38] that the SL(8) Cartan generator

Aped = : (2.12)

acts on embedding tensor and rescales the electric and magnetic coupling constant
(g,m) separately. This rescaling can be compensated by a non-linear field redefi-
nition. Consequently, the only two inequivalent choices correspond to m = 0 and
m # 0. We will see later that this redefinition is actually inherited from ten dimen-

sional massive type ITA supergravity.

11



2.2 SO(3), x SO(3), sector of N' = 8 supergravity
2.2.1 Branching Rules and invariant four form

In our convention, we take the 70 scalars of NV = 8 supergravity to transform
as 35, and 35, representation of SO(8), while the eight supersymmetry generators
transforms as 8, of SO(8). Denoting the 35, (35.) representation of SO(8) as (anti)

self-dual invariant four forms:
1 . .
o = 1 Gijmdr’ A dx? Ndx® Adat o {i, gk, 1} € 8. (2.13)

Finding scalars invariant under a certain subgroup of the gauge group is then equiv-
alent to finding invariant four forms of the gauge group. We are going to follow the

following branching rules

SO(8) € SO(3), x SO(3), x SO(3), < [SO(3), x SO(3)4lp x SO(3),

8 — (3,1,1) +(1,2,2) + +(1,1,1) — (3,1) +(2,2) + (1,1) (2.14)

The subscript “D” means the diagonal subgroup of SO(3),, x SO(3) . Since we have
only one singlet from 8, after the branching, the truncated theory, consisting of all
the field invariant under SO(3), x SO(3), subgroup of SO(8), would be an N =1
supergravity. We will now work out explicitly the scalar sector of this theory. First
we have to find all the scalar invariant under such a group. Branching rules tells us
there are two singlets following from the branching of 35, representation of SO(8),
and another two singlets following from the branching of 35.. All we need to do is
to construct two four form invariant under SO(3); x SO(3), which are not (anti)
self-dual to each other and take the self-dual and anti-self dual parts of them to get

the four singlets. Starting with SO(3) x SO(4) subgroup, we have the following four

12



forms:

dxt A dx? Adx® A da® e (150(3)V, 130(4))
dx' Adzd A dz® A dab € (350(3)v’ 650(4)) with =1,2,3 € 80(3)
and ab=4...7€S0(4)

or equivalently, SO(3),, x SO(3), x SO(3)p:

dx' A dx? A dx® A da® € (1so@)yvs 1so@),» 1so), )

(2.15)
7721; is the t'Hooft matrix. Under the SO(3), x SO(3), subgroup, they contains the

following singlets:

dxt A dx? A dxd A da® € (1so3),s 1so@m), )

eipniydat Adad Adz® Ada® € (1so@),, 1so),) with i =1,2,3 € SO(3), (2.16)

Notice 7 is now taken to be SO(3),, index, and has been contracted. The dual form

are also invariant scalar to be kept, actually, they could be written as the following

nintadz® A dxb A dxe A dx? = dzt A da® A da® A da”

ni,dxt A dx® A dab A dz® (2.17)
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where we have used the t'Hooft matrix:

0-10 0 00-10 00 0-—1

X 10 00 , 000 —1 \ 0010

n = , N = , N = (2.18)
00 01 100 0 0-10 0
00 —10 010 0 1000

which transforms as 3 of SO(3),, whose generators are chosen to be

1

Bl = —(R" — R®)
1

B2 = —(R” — R

1
B3 = —§(R°3 — R'). (2.19)
t’Hooft matrix are invariant under SO(3),, whose generators are chosen to be

1

Al = 5(R" + R¥)
1

A2 = Z(R” + R™)

1
A3 = 5(RO?’ + R™). (2.20)

R9’s are so(4) generators, with (RY);; = —(RY);; = 1, and other elements equal to
zero.
In summary, the branching rules tell us that there are two complex scalar invariant

under the SO(3) , xSO(3), subgroup of SO(8) (or ISO(7)), and they could be written
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as

Y, = @Z)ldazl Adz? Adx? A dx® + 1/_)1dx4 Adz® A dx® Ada”

Yy = @Z)g(—dxl Adz? Adzt Adx” + dxt A da® A da® A da® + dat A da® A dat A da®
+dzt A da® A da® A da” — da? A dad A dat A da® + do? A da? A da® A da”)
+o(dat A da* A da® A da® — dat A da® A da” A da® + da? A dat A da® A da®
+da? A da® A dx" A da® + da? A dat A da” A da® — da® A da® A da® A da®)

(2.21)

To plug such an Ansatz into (2.4), we first need to specify our gamma matrix nota-

tion.
2.2.2  Gamma matriz Notation for SO(8)

SO(8) gamma matrices admit a real representation:

F1:02®02®01®00, F2=02®U3®00®02,
F3:02®00®02®03, F4:U2®UO®02®017
[°=0y® 0, ® 0 ® 0o, I’ =0y ® 0y ® 03 ® 0,
F7:—02®02®02®02, F8:01®00®Uo®007

ngrl...rgz—03®00®00®00. (222)

All of them are block off-diagonal:

INE : (2.23)
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The 8 by 8 matrix f}a is an invariant tensor carrying all three fundamental {8;, 8., 8,}
index of SO(8), such a property are normally call the “triality” of the corresponding
lie algebra so(8), which could also be easily seen from the structure of the dykin

diagram in Figure 2.1. Notice that since f?a = 074, I and « index makes

Figure 2.1: Dynkin diagram of lie algebra so(8)=D,.

no difference under SO(7). The SO(7), invariant tensor Clqg,» is proportional

to Zl i1 fﬁ;f‘;ﬁ, whilst The SO(7)_ invariant tensor C_;;k is proportional to

A

2= Vi Ry
2.2.8  Scalar potential in the SO(3)p x SO(3) invariant sector of SO(8) gauged

supergravity

Plug in the ansatz (2.21) into (2.4), (2.3) and then (2.2), we get the SO(3)p x

SO(3), scalar sector in N' = 8 SO(8) gauged supergravity.
e IL=R— %((6@)2 + sinh? ¢1<aal)2) - 3((@@)2 + sinh? ¢2(802)2> V. (2.24)
where we have redefined the scalars as

U = S, g = §a€” (2.25)
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The potential can be expressed in terms of the superpotential W theory as

ow 2 0W
V=g 204+ |5 - 3W] 2.26
g 2455+ 5l50 1 = 3WP), (2:26)
In terms of (;, (5 defined as
¢; = tanh %qble_i"l, (o = tanh %gbgei” , (2.27)

the superpotential W can be expressed as

1 1 — 1w 1w iw
W =—e“1—|GP)"2(1 -6 |46 — 3¢ — 1+ G(5e™™ + 3G Ge™ — 4G G |-
(2.28)

The potential appears to be more complicated

1%
64— = —256 cosh® ¢,

9
42 cosh ¢ cosh? ¢ (—57 — 20 cosh 2¢5 + 13 cosh 4¢, + 24 sinh? ¢y cos 40)
+8sinh ¢ sinh® 2¢, (cos(o; — 309) + 3 cos(a; + 02))
+4sinh® ¢y {16(COS(2M — 303) + 3 cos(2w + 72))(1 — cosh ¢ cosh® ¢y)

+ sinh ¢, sinh?® ¢, (6sin(2w + o1) sin 209 — 2 cos(2w + o1 — 607)
—8sinh ¢4 (3 sinh ¢ + sinh 3¢) cos(2w — oy)

—3 sinh ¢ (17 sinh ¢ + 5sinh 3¢,) cos(2w + 07) cos 202} . (2.29)
Notice the potential is invariant under the following transformation:

w—w+n/4, oy =01 —7/2, 09— 0y+7/2 (2.30)

Ww— —w, 01— —01, 03— —03 (2.31)
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Therefore, for inequivalent theory, w lives in [0, 7/8].

It is useful to compare our sector with other sectors that has been studied. The
symmetry group SO(3), x SO(3), could be embedded in SO(8) along the following
chain

SO(3),, x SO(3), C Ga C SO(7) € SO(8). (2.32)

On the other hand the SU(3) invariant sector of N/ = 8 supergravity has been
throughly studied both in the original de Wit and Nicolai theory [11,12,40] and in

the w deformed case [41], with the group embedding
SU(3) € Ga € SO(7) C SO(8). (2.33)

Using Newton-Raphson method, given the potential (2.29), we scanned for its critical
points. All the critical points with G or SO(7) symmetry are found, and they agree
with previous results. We also found two critical points with SO(3), x SO(3),
symmetry. One of them preserving N = 3 supersymmetry was first discovered
by [42]. For this critical point, the evolution of the two complex scalars and the
associated cosmological constant with w are displayed in Figure 2.2. This is the first
N = 3 vacuum in SO(8) gauged N' = 8 supergravity. The mass spectrum of the

fluctuations around this vacuum is given by [42]:

m?L3 1 x (3(1+v3));6 x (1+V3);1 x (3(1—v3));6 x (1 — V3);

4% (—Z); 18 x (=2); 12 x (—2);22 0. (2.34)

By virtue of supersymmetry, the Breitenlohner-Freedman bound [43] is respected.
The other SO(3), x SO(3), critical point is non-supersymmetric. However, it

turns out to be stable against fluctuations. The mass spectrum of the perturbations
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around this vacuum depends on w. For w = 7/8, it is listed below

m? L3 - 1 x (6.72079); 1 x (5.29013); 4 x (—1.96647);9 x (—1.73861);
9 x (—1.60284); 1 x (—1.59124); 8 x (—1.18046);5 x (—0.98076);

4 % (—0.73134); 5 x (0.61746); 1 x (0.58185);22 x 0 . (2.35)

Notice again that the Breitenlohner-Freedman bound is not violated at this critical
point. For this critical point, the evolution of the two complex scalars and the
associated cosmological constant with w are displayed in Figure 2.3. It should be
noticed that both critical points cease to exist when w goes to 0 as the values of
cosmological constant diverge. For completeness, in Table 2.2, we list all the critical
points contained in the SO(3), x SO(3)y invariant sector. Three remarks need to

be mentioned:

e a) The two transformations (2.30) and (2.31) combine into a symmetry for
w=m/8

01— —01 —T)2, 09— —0y+7/2 (2.36)
which is explicit in the table.

e b) Points related by

¢i = —¢i, 0; o+

have the same location in the complex plain, hence should not be treated as

different points.

e ¢) It is interesting to see that there are two critical points with the same cos-

mological constant, but with different residue symmetry, one with G, another

with SO(3),, x SO(3),.
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symmetry o1 o1 o oo | V(g =1) | stability
N =38
SO(8) 0ol - 0 I V.
N =0
SO(7)_ | 04195 | = | 04195 —r | 67482 | x
N=0
SO(7)_ | 0.6406 -5 0.6406 5| —7.7705 X
N=0
SO(7), | 04195 | =« | 0.4195 m| —6.7482 | x
*N=0
SO(7)4 | 0.6406 0 0.6406 0| —7.7705 X
N =
Gy | 0.4840 %’r 0.4195 % —7.0397 vV
N =
Gy | 0.6579 | —1.9693 | 0.6579 1.9693 | —7.9430 vV
N =1
Go | 0.6579 | 0.3985 | 0.6579 | —0.3985 | —7.9430 vV
*N =0
Gy | logd —7 log v I —449 X
*N —
SO(3)p x SO(3), | log¥ S log ¥ 7 —49 vV
*N =0
SO(3)p x SO(3), | 03114 |  —= | 0.9914 = | —10271 |

Table 2.2: Critical points in the w = /8 theory of N = 8 SO(8) gauged supergavity.

(We use ¢ to denote the number /3 + 2v/3. The mass spectrum of fluctuation

supergravity in Table 2.2.

20

around the critical points are independent of w, except for the last one. w — 0, points
with marked with “*” disappear, while the two points with SO(7)_ symmetry merge
into one become degenerate in energy.) Table reprinted with permission from [20].

We listed all the known critical points in SO(3),, x SO(3); sector of SO(8) gauged




2.2.4  Scalar potential of the SO(3)p x SO(3), invariant sector in ISO(7) gauged

supergravity

Plug in the ansatz (2.21) into (2.4) and (2.3), using (2.8) in (2.2), we get the

SO(3)p x SO(3), scalar sector in N/ = 8 dyonic ISO(7) gauged supergravity.

V:

6i4 g*(cosh ¢y — cos oy sinh ¢)?(cos oy sinh ¢ + cosh ¢)

X (196 cos(o, + 30) sinh ¢ sinh® ¢y + 4 cos(o1 — 303) sinh ¢y sinh® ¢y
+35 cos(o1 — 02) sinh ¢4 sinh ¢9 + 467 cos(o; + 09) sinh ¢y sinh ¢

+47 cos(o1 — 02) sinh ¢y sinh 3¢9 — 97 cos(o; + 02) sinh ¢y sinh 3¢

+4 cos o7 sinh ¢; cosh ¢2(28 cos 209 sinh? G + 47)

—2 cosh ¢ (28 cos 309 sinh? 2 + 101 cos 09 sinh ¢9 — 7 cos g9 sinh 3¢

4 cosh ¢5(200 cos 205 sinh? ¢ 4 226) — 50 cosh 3¢,)

—28 cos oy sinh ¢ cosh 3¢y — 768)

+gm sin® oy sinh? $2(cos oy sinh ¢y — cosh ¢)? x (3 sin o sinh ¢ cosh ¢
+ sinh ¢ (4 sin 05 cosh ¢1 — sinh ¢; (3 sin oy cos o9 + 4sin o cos 01)) )

1
+§m2 (cosh ¢y — cos oy sinh ¢ ) (cosh ¢y — cos oy sinh ¢)° . (2.37)

the potential can be expressed in terms of a superpotential W, with

2 0W

O,
v =2(455, "+ 3las,

2= 3w?). (2.39)
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where

_9 ®2 icg - ®2\9 P2  iog G2\ 3
W = 4(Cosh ) + €72 sinh —2) (cosh 5 ~¢ sinh —2)
¢2 ¢1 ioy s ¢1 ioo ¢1 iop ¢1 . ¢2
X (cosh 5 (7 cosh 5 € sinh 5 ) + €2(cosh 5 7€' sinh 5 ) sinh 5 )
im b1 ioy b1 ®2 ioy : P26
+ (cosh 5 ¢ sinh 5 )(cosh 5 € sinh 2) : (2.39)

The location of the critical point depends on m/g, however, as mentioned before,
the effects due to different m /g can be compensated by a nonlinear field redefinition.
Therefore we can choose this ratio to be the one most convenient for our purpose.

In finding the locations of the critical points, we choose

m
oo (2.40)
g

The scalar potential (2.37) possesses an SO(3), x SO(3)p invariant stationary point
preserving N/ = 3 supersymmetry of the original N' = 8 theory which lies outside the
residual N' = 1 supersymmetry of the truncated theory. In terms of the complexified

fields
& = tanh €', & = tanh ¢ye'72, (2.41)

the N = 3 point is given by

3 2 i
- - _ = = 2.42
51 5 57 52 27 ( )

The mass spectrum of the fluctuations around this vacuum has been obtained previ-

ously in [42] by a group theoretic method without referring to the detailed position
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of the critical point:

miL2 . 1x (3(1+v3)); 6x(1+v3); 1x(3(1-V3); 6x(1—V3);

9 5
4x (=7) 18x(=2); 12x (=) 22x0, (2.43)

where the AdS radius squared L2 = —6/V, V(g = 1,m = 2) = —32/v/3. (The
integer to the left of the multiplication sign indicates the degeneracy of the mass
eigenvalue, while the number to the right indicates the corresponding mass squared.)
There is another A/ = 1 critical point with Gy global symmetry:

G =& = —i. (2.44)

To obtain this critical point, we have combined the Newton-Raphson method with
the “inverse Symbolic Calculator” technique. The mass spectrum of the scalar fluc-

tuations around this vacuum is given by
m?L2: 1x (4£V6); 14x0; 27x (—i(11-V6)), (2.45)

where the AdS radius squared L2 = —6/V, V(g = 1,m = 2) = —512/3/(25v/5).
Besides the supersymmetric critical points, there are three more nonsupersymmet-
ric critical points, preserving SO(3)r x SO(3)p, G2 and SO(7), global symmetries

respectively. The SO(3), x SO(3)p invariant critical point is located at

¢ = 0.353669 + 0.0552267i, & = —0.0293804 + 0.534729i, (2.46)
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with the mass spectrum given by

m?Ly . 1 x (6.72740); 1 x (5.28662); 4 x (—1.96422); 9 x (—1.75110);
9 x (—1.58816); 1 x (—1.58552); 8 x (—=1.17591); 5 x (—0.98271);

4% (—0.72962); 5 x (0.62977); 1 x (0.58436); 22 x 0, (2.47)

where the AdS radius squared L2 = —6/V, V(g = 1,m = 2) = —18.662034. The G,
invariant point is given by

Si=8=3. (2.48)

The associated mass spectrum has the simple structure
m’Ly: 2x6; 14x0; 54x(-1), (2.49)

where the AdS radius squared L2 = —6/V, V(g = 1,m = 2) = —32/+/3. It should
be emphasized that the spectra associated with the nonsupersymmetric SO(3)r X
SO(3)p-and Ge-invariant critical points lie above the Breitenlohner-Freedman (BF)

bound. The last SO(7),-invariant critical point is located at
¢ = ¢y =—glog3, o1=0,=0. (2.50)
The mass spectrum of the SO(7),-invariant critical point reads
m?LE: 1x6; 7x0; 35x(=%); 27x(-£), (2.51)

where the AdS radius squared L2 = —6/V, V(g =1,m = 2) = —15 X 55 /23. This

point is unstable against fluctuations as the mass squared of some scalar modes is
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symmetry & & V(g =1,m = 2) | stability
N=0
SO(7)_ | —Llog? | ~Llog? | —15x5s/25 X
N=1
e —i/4 | —i/4 | —=512v/3/(25V/5) V
N=0
Go i/2 i/2 —32/V/3 V
N =3
SO(3), x SO(3), i_32 i/2 —32/V/3 v
N =0 0.353 | -0.0293
SO(3),, x SO(3), | +0.0552i | +0.534i ~18.6 Vi

Table 2.3: Critical points in the dyonic 1SO(7) gauged N' = 8 supergavity.

below the BF bound. The scalar mass spectra associated with the two Go-invariant
critical points and the single SO(7)-invariant point coincide with those given in [16],
where the Go- and SO(7)-invariant critical points in D = 4 maximal supergravities
with all gaugings are analyzed.

Details of all the critical points in the SO(3)g x SO(3)p-invariant sector are

summarized in Table 2.3.
2.3 Uplifting critical point into solution of massive type ITA supergravity
2.3.1  Supersymmetric SO(3)p x SO(3), invariant solution in massive 11A

It was realized in [18] that the four dimensional dyonic ISO(7) gauged supergav-
ity is a consistent truncation of ten dimension massive type IIA supergravity. An
solution of the lower dimensional theory would then automatically be a solution of
the higher dimensional theory. In this and the following subsection, we will lift the

N =3S50(3), x SO(3), and the two Gy critical points to 10D.
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In terms of the auxiliary coordinates on S°

pu' = sinécosf cos i, p* =siné cosh sinx,
p? = sinésinf cosp, p* = sin & sin by sin ),

vt = cos&cosby, 1? = cosEsinbycos xa,

v® = cos € sin s, sin yo, (2.52)

which satisfy S>%_, 4 + 327 /v’ = 1, the metric on the round S takes the

form

ds%s = d€* + sin® £d3 + cos® £dQ;
= d&® + sin® & (d0; + cos® 01dx] + sin® 0;dy?)

+ cos? £(df3 + cos® Oydx3). (2.53)

To lift the solution of the 4D dyonic ISO(7) gauged supergravity to that in the 10D
massive type IIA supergravity, we utilize the uplift formulas given in [18], in which
the internal components of the 10D metric, the dilaton, and various form fields are

constructed in terms of the SL(7)-covariant blocks of the D = 4 scalar matrix Myn:

1
gmn — ZQQAKZL]K?{LMLLKL7

37 ~ ~
e 2% = —g™A,,A, + Axjz  MIBTE

A 1
A 1
Amn — —éAgme?]aanMUKg,
. 1
Amnp = AmAnp + ggAgqu}ZJKTIL;LMUKL, (2.54)
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where K7} = 29*2§]m”x[18nxj], Kl = 49*28[ma71(’“)n]xJ. Due to our gamma matrix

notation, {z!} are related to {u”, v} by the similarity transformation
S = diag(1,1,1,1,-1,~1,1), (2.55)

which brings the SL(7)-covariant blocks of the D = 4 scalar matrix M,y into a
form invariant under the standard SO(3)p x SO(3), transformation given in [20].
The convention of 10D massive type ITA supergravity, is adapted to be in accord

with [44], where the Lagrangian is take to be

1 1 1
Lio=Rx1—=sxdpAdp— §e%¢ * Fiay N Foy = 57 % Fiay A Fg

2
1 _1g 1
—56 2% Fy N Fyy — §dA(3) A dA(g) A A(g)
1 1 1
—5mdAp) N (Aw) = P (Ap)” — gm?ei? « 1 (2.56)

Define various field strength

Floy = dAn) + mAp), Fis =dAp

1
Flay = dAg) + Ay AdAe) + —Ae) A Ap), (2.57)
and the equation of motions and Bianchi identities becomes

d(eéq5 * F(4)) = —F(3) VAN F(4), d(€%¢ * F(Q)) = —Gé(b * F(4) A F(S)a

_ 1 3 1
d(e ? % F(g)) = —EF(4) AN F(4) — me2? x F(g) —e2% % F(4) VAN F(Q),
5 5 3 3 1
dxd(¢) = —Z€S¢U0l(10) - Z€§¢ * oy N\ Fa) + 56 ? x Fizy N Fi3)
1.

— —65¢ * F(4) A\ F(4),

W~

dFy) = Fo) A Fizy,  dFz =0, dFg = mF). (2.58)
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the following scalings leave the Lagrangian and equation of motions invariant:

. . X ) A A ) A .
Ay = mAwy, Ap = 1A, Ag = A, dsly o T1dsY, e o T 2e?,

. - - - . . . . m
A(l) — I{A(l), A(g) — RQA(Q), A(g) — I{3A(3), dS%O — I{QdS%O, m — ;

(2.59)

Notice that the second scaling is merely based on the dimensionality. The scaling
symmetry of the 4D theory (2.12) reflects itself in the 10D theory as a combination of
the above two scalings with 7 = A2, k = A~ where ) is identified as the parameter
of Apeq in (2.12).

Notice also that the gauge transformations

Aqy = Aq) — dA) —mAq), Ap) = Ap) +dAq),

m
A(g) — A(g) + dA(g) — dA(O) VAN A(Q) — mA(l) A A(g) — 3/\(1) VAN dA(l). (260)

leave invariant the Lagrangian and equation of motion. The Romans parameter m,
induce a Stueckelberg type of transformation, where a two form could “eat” a one
form, and become massive.
The 10D solution corresponding to the A/ = 3 critical point is then obtained as
follows:
3v3

L_2d§fo = A_I(Tdsid&l) + Grndy™dy", (2.61)

where

9 3 11
A =382"1(cos2{ +3) 8= 1, = = (24 cos 2§ + 3 cos 4€ + 37), (2.62)
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and the internal metric on the deformed S® is given as

Imndy™dy" = 3V3(AZ)"| — sin? 2£dE?
4

+8(cos 26 + 3)dp - dp + 4(cos 26 + 3)dv - dv
16

16y pdpP M dvt — m(dﬂAnﬁBqu)z ,

(2.63)

where 7’s are the generators of SO(3)g embedded in SO(4) ~ SO(3)z x SO(3)y,

00 0 -1 0010 0-10 0
o loo-10 , | 000-1 ., |1000
010 O —-100 O 00 0-1
100 O 0100 0010

Denote K! = pun, gdu®, various p-form fields can then be expressed as

2

LA, = Kivix ——
c ) g cos 26 + 3

L% 7% A4 = 271 { —8dv' A K" 4 6sin 26dE A VK!
+2(3 cos 26 + 5)vinly pdu A du®

—(3cos 26 + 5)eFuidyd A dl/k} ,  (2.65)

L3 Ay = —E! { 6sin 277 dE A K A dv”
+2(3 cos 26 + 5)e*vidvd A dpt Ak pdp®
+4€TFICE N dvd A dvt -

3v3

Q3. 2.66

g csc? EETFICT A KT A /Ckl +
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where df)) = vol(AdS,) which is the volume element of the “unit” AdSy. Finally,

the 10D dilaton is given by

A=
3\/§(cos 26 4+ 3) '

(2.67)

Notice that everything is written in terms of SO(3) x SO(3)p invariant quantities
(any function of ¢ is invariant as p - u = sin®¢ is an invariant quantity ). Here

5
6

we have introduced two constants L? = Q_ﬁg*%/wml/12 and e? = Qgg%m_ using

the scaling symmetries (2.59). It is easy to checked that our solution satisfies the

equations of motion of massive type ITA supergravity.
2.3.2  Gg-tnvariant solutions in massive type I1A

In our notation, we can write down the almost complex structure on unit S° as
1 m n i i Lo A B, Lok i k
Joy = EJmndy ANdy" =K' ANdv' + 7Y nypdp” Adp” + g€ dv’ N dv®, (2.68)

which satisfies J,,,J™ = —§!

m?

and also —%J(g) A Ji2y = *6J(2). The parallel torsion
of J(g) is

1
G = —3dJo). (2.69)

Then H3) = x¢G 3 satisfies the relation

dH(g) = 2J(2) AN J(g), (270)
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where “x¢” is the Hodge dual defined with respect to the S® metric. The uplift of

the N/ = 1 Gy-invariant critical point gives rise to the 10D solution

25v/15
256
32 3 3 ~

e 29 = g7 2%t L_161¢’0A(1) =0,

1 25v15

L2 1% Ay = = L3ei® Ay = -H
€ (2) () e AG = et g

15%/8

L2433, = o3 ds’ o) + adse, o= ——,
10 ( Ad54) S6 2\/5

Qs), (2.71)

where ds%; is the metric of the unit S® given in (2.53). Again, we introduced L? =
2712 25/121/12 and % = 28gém ¢ using the scaling symmetries. It is recalled
that in [45], general N = 1! flux compactification of massive type ITA string has
been analyzed. Our N = 1, Gy-invariant solution is a special case of their result.
The stable nonsupersymmetric Go-invariant solution is obtained by uplifting the

nonsupersymmetric Go-invariant critical point of the D = 4 theory and the result is

3\/3 33/8

L7%ds, = a_3(1_6d3124d54) +adsts, a= ST

32 3
€_§¢ = e_i(boa_l

. L™ Ay =0,

o 1y A 1 g 1y A 1 3v3
L 26 2¢()A(2) — _§J(2)’ L 3€4¢0A(3) — —§H(3) —+ TQ(S) <272)

'Here N = 1 means four real supercharges.
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Figure 2.2: The w dependence of N' =3 SO(3),, x SO(3), critical point. (Red dot:
w = 0. Black dot: w = 7/4. Dashed line of the bottom plot corresponds to Vy = —6.)

Figure reprinted with permission from [20].

32



0S¢

0o

ImJ

.,
................

05k _____ (1 [w)

-1.0

10 05 00 05 .0
Re {
2k
_al
R
>
Ll
U’ I
2 I
| [
-5
-6-
0.00 0.05 0.10 0.15 0.20 0.25
w/rT
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Vo = —6.) Figure reprinted with permission from [20].
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3. REFINED TEST OF ADS/CFT CORRESPONDENCE*

3.1 Romans term and Chern-Simons conformal field theory
We have explained how to get (non)supersymmetric (warpped) AdS solution of
10 dimensional massive type ITA supergravity, by uplifting critical points of four
dimensional ISO(7) gauged N = 8 critical points. Now we will explain what the
dual field theory is. We know the Wess-Zumino coupling [46] on D2 brane is give by

1 2
SWZ = (27Tl§)2[£D2/ FQ . §tr[e"”pAZ&,A2 + gAZAgAZ] (3].)

R1.2

where pips is the D2 brane charge. This is exactly the Chern-Simons kinetic term.
Another way to get Chern-Simons terms on branes is through the Wess-Zumino
coupling on D4 branes, with the D4 branes wrap a two-cycle of the internal space,
the two form Fiy) induce Chern-Simons terms on the three transverse dimension,
which is exactly the mechanism in ABJM theory [3]. For our N' = 3 solution, the
internal space is S®, which has no two-cycle, it is then making sense to assume the
dual theory has only one gauge group.

The second important fact is that our solution preserves three supersymmetry, the
dual theory then need to be an A = 3 superconformal Chern-Simons field theory. As
we mentioned in the introduction, an N' = 3 supersymmetric Chern-Simons theory

was constructed in [8], and was studied in [6], if one take the gauge generator in

*Part of the result reported in this chapter is reprinted with permission from AN =3 solu-
tion in dyonic ISO(7) gauged mazimal supergravity and its uplift to massive type ITA supergravity
by Yi Pang and Junchen Rong, published in Phys. Rev. D 92, no. 8, 085037 (2015), Copy-
right [2015] by American Physical Society, [DOI:10.1103/PhysRevD.92.085037]; Evidence for the
Holographic dual of N' = 3 Solution in Massive Type IIA by Yi Pang and Junchen Rong, pub-
lished in Phys. Rev. D 93, no. 6, 065038 (2016), Copyright [2016] by American Physical Society,
[DOI:10.1103/PhysRevD.93.065038].
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(1.16) to be the generators in the adjoint representation of the gauge group, (1.15)

could be written in components as [6]:

_k

£ 47

1 1

[C'S(A) + Tr(D®sy, — §xabxab + XX + ésab[sbc, 5]
1 2 1 b I 1 Ic|2
_ _ DCL _ (&

+2|VMQIa| + 511 D70 4|3abq !

1 a 1 a s oa 3 a
+§¢1a7ﬂvm/)l - 5% s’ + g, X a0 + iqrax™.

This would be the dual theory of our N/ = 3 solution.

(3.2)

Before talking about the detailed tests of this AdS/CFT correspondence, let say

a few words about the relation between the known critical point in dyonic ISO(7)

gauged N = 8 supergravity, which are listed in Figure 3.1, according to the hight of

cosmological constant. The N = 2 point found in [18] is also included. The figure

N

0, Gy N=3, S0(3)x SO(3)

N=0, SO(3)x SO(3)

Figure 3.1: List of critical points according to the heights of their cosmological

constants. Figure reprinted with permission from [21].

indicates one could construct domain wall solution interpolating between these criti-

cal point, correspondingly, there should be RG flow running between these conformal
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field theories.
3.2 Short Kaluza-Klein multiplets and BPS protected operators

Even though the original proposed AdS/CFT correspondence (1.6) was between
maximal supersymmetric solution and maximal supersymmetric conformal field theo-
ries, it is widely believed that AdS/CFT correspondence is also valid in backgrounds
with reduced supersymmetry. As an example, we are going to study the warped
AdS, x Mg solution of type ITA supergravity (2.61), which has N' = 3 reduced su-
persymmetry (six supercharges). To figure out the dual superconformal field theory,
let’s use a principle of AdS/CFT correspondence:

Principle 1: Isometries of the background solution becomes global symmetries of the
dual field theory.

A round six sphere has SO(7) isometry, the solution (2.61) however has only SO(3); x
SO(3), isometry. Pay attention to the term (dun zuPv*)?, dv' is a three vector of
SO(3),, while du# and p? are both four vectors of SO(4) ~ SO(3), x SO(3) 5. With
the help of t' Hooft matrix, du”n’ s is now a vector of SO(3) . It is then clear that
(duniy P r')? breaks SO(7) into SO(3), xSO(3) , = SO(3), x {SO(3) r xSO(3) } p-

The dual N' = 3 superconformal field theory should preserve two SO(3) ~SU(2)
global symmetry group. One type of N' = 3 superconformal field theories were
proposed in [6]. Depending on the number of chiral multiplets, the theory had
USp(2Ny) x SU(2) global symmetry, where SU(2), is contained in the supercon-
formal group OSp(3]4). As USp(2) ~ SU(2), the Ny = 1 theory is then a candidate

of the dual superconformal field theory, the symmetry of the two side of the corre-
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spondence match as:

SO(3), « USp(2) (3.3)

SO(3),, ¢+ SU(2) (3.4)

Notice SO(3), becomes the R symmetry, which is in accord with the branching rules

(2.14), where the eight supersymmetry generators transforms as triplets of SO(3),.
To test this proposal, we need to use another principle of AdS/CFT correspon-

dence:

Principle 2: Short Kaluza-Klein multiplets are dual to single trace gauge invariant

BPS operators of the dual superconformal field theory.

On the gauge theory side, one need to know the spectrum of the boundary CFT.

The BPS operators of this superconformal field theory was studied in [47], where the

following three BPS multiplets was shown to exist:
e short graviton multiplet DS(2, Jg +3/2, Jg|3), with jr = 0 and jr € ZTU{0},
e short gravitino multiplet DS(3/2, Jg + 1, Jg|3), with jr = jr € %Z*,
e short vector multiplet DS(1, Jg, Jr|3), with jp = jr € £ 4+ 3Z7.

If the proposed SCFT is indeed dual to the N' = 3 solution (2.61), we’d better find
the same multiplets in Kaluza-Klein modes. The internal space of (2.61) is clearly
not homogeneous, this makes the study of Kaluza-Klein reduction quite complicated.
The spin-2 modes, on the other hand, is calculable. We consider fluctuations of the

metric around the N = 3 background

Gun — Gun + harw. (3.5)
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Similar to the cases studied in [48-52], applying the separation of variables to the
transverse and traceless (with respect to the AdS; metric g4, without the warp

factor) part of fAL,W,

h;u/ = hw,(:v)Y(y), vgh’uu = 07 gﬁlwh/w = 07 (36)

we find that the spin-2 modes solving the homogenous linearized Einstein equation

satisfy

3V/3

Y<y)L62(D4 + Z)h,uu + h,uuoy<y) = O, L(Q) = ?7 (37)
where [ is the Laplacian on the unit AdS,, and the operator O is given by
OY () = —2— 00 (/=T On)Y ()
Y = M 9109 N )
1 — o —mn

V96
where §g is the metric on the round S°. The operator O can be written explicitly as

Cr — O
2 )
(3.9)

~ 1 1 1
L:0O=0 = 5852 + 5(3cot£ —2tan &) + 5 sec® ECy + (2csc? € — 1)Cp +

where Cy, Cr, Cr and C}, are the quadratic Casimirs associated with the subgroups

of SO(7):
SOB3)y, SOB3)r =S0(3)r, SO(3)x =S0(3),, and SO(3)x (3.10)

Notice we have changed the notation of these subgroup, so as to make clear the field
theory correspondence, where F' stands for “Flavor”, “R” stands for R-symmetry,

and “R” stands “right-handed”. When acting on scalars, these Casimirs can be
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expressed as bilinears of Lie derivatives associated with Killing vectors generating

the corresponding SO(3). Killing vectors associated with SO(3)y are given by

. 0
i _ijk
v =€e"vio T (3.11)

whilst Killing vectors associated with SO(3)r and SO(3)g take the form

9
ouB’

p = _NA(Ti)ABi (3.12)

ffv = _MA(T@AB a,uB‘

In the expressions above |,

1 1 1
T]%" — _§(R12 o R34)7 T]%‘ — _§(R13 o R42), T]ii — _§(R14 o R23>, (313)

1 1
Th=S(R? +R¥), Th= (R°+R®), Th= (RM+R®),  (3.14)

N[ —

where the RY are the SO(4) generators, with (R¥);; = —(R"%);; = 1, and all other

elements equal to zero. Then the quadratic Casimirs are given by
Cr = ﬁé%ﬁg%, Cpr = ,Cf%ﬁg}'{, Cy = ,Cg%'/ﬁé%/, Cr = (;Cg}'% + ﬁg@)(ﬁg% + ,C&/)
(3.15)
The harmonic function Y (y) satisfies OY (y) = —m2Y (y) leading to

(04 + 2)hy — mhy,, = 0. (3.16)

From the equation above, one can solve for the AdS energies carried by the spin-2

modes. For each m?, we have
1
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To find eigenmodes for the operator 6, it is useful to know the eigenfunctions of var-
ious Casimirs. We recall that spin-0 harmonics on a round 6-sphere are characterized
by (n,0,0), n =1,2--- representations of SO(7) and also form a complete basis for
smooth scalar functions on manifold with S topology. Thus, the decomposition of
the SO(7) harmonics under the SO(3)r x SO(3)r subgroup should give rise to a
complete functional basis on the internal space of the N/ = 3 solution (2.61) which
is a smooth deformation of S°. Since the SO(3)r x SO(3)z subgroup is embedded

in SO(7) via the chain
SO(7) D SO(4) x SO(3)y ~ SO(3)r x SO(3)r x SO(3)y D SO(3)r xSO(3)%, (3.18)

we first branch the (n,0,0) irrep under the SO(4) x SO(3)y subgroup. This yields a

sequence of irreps of SO(4) x SO(3)y of the form (¢,0);,,, where (¢,0) correspond to

Jvo
the highest weights of the SO(4) irrep. Here ¢, ji; are non-negative integers. Under
the isomorphism SO(4) ~ SO(3)r x SO(3) g, the highest weights ({1, {2) of SO(4) are

related to the isospins (jr, jr) of SO(3)r x SO(3)g by
JF = %(51 + 205), JR = %51' (3.19)

This means further branching of (¢,0) under SO(3)r x SO(3)g leads to a sequence
of irreps with jp = jg. The analysis above suggests that the eigenfunctions of the

Casimirs C'r, Cg, Cy should take the form

P=2jF q=Jjv

F(E)(aa,a, kH ) (Bisiy i, E v, € %Z* u{0}, v ezt u{o,
(3.20)
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where
a1t ' v
A= A=1...4 vt = ) =1---3 3.21
a sin&’ ’ Y cos¢’ ' 7 (8.21)

and f (&) is a function of & which cannot be determined by group theoretical analysis.
Coefficients ag,4,..4, and fB;4,..4, are totally symmetric, traceless with respect to
their indices and transform according to the (jr, jr, jv) irrep of SO(3)r x SO(3)g X
SO(3)y. Since SO(3)r is the diagonal of SO(3)r x SO(3)y, the eigenfunctions of
its Casimir can be obtained by decomposing the product of aa, a,...4, and Bjjj,..4, in
terms of irreps of SO(3)z using Clebsch-Gordan coefficients. In the end, we achieve
the mutual eigenfunctions for Cr, Cg, Cy, Cr labeled by the quantum numbers

1

2Z+ u{0}, v eZ"u{0}.

(JrsJrsdv,Jr)s  Jr=ljv = jels-++ v +ir, Jr €
(3.22)
For simplicity, we denote the eigenfunction obtained through the above procedure

by the abstract symbol

V) = jr, jrs v, Jr)- (3.23)
It satisfies
CrlY) = cr|t), cr = —Jjr(jr+1),
CrlY) = crl¥), cr=—jr(jr +1),
CV’¢> = CV‘¢>7 Cy = _jV<jV + 1)7
CrlY) = crlt), cr = —jr(Jr + 1), (3.24)

which also illustrates the normalization of the Casimirs. Substituting the ansatz

Y(y) = f(E)ir, jr v, Jr), (3.25)
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into (3.9) and making the change of variable

u=cos’¢, flu)=f(9), (3.26)

we arrive at an equation for f(u)

(1 — w22 (u) + %(m?’ — 1002 + 3u) ] ()

+ (}lu(Bu + 1)ep + }1(1 —u)ey + %u(l —u)(cr + 2m2)) f(u)=0.

(3.27)
By a further change of variable
Flu) = w2 (1 — u)F H(u), (3.28)

the equation above is brought to the form of a standard hypergeometric differential

equation
d*H dH
u(l—u)— + (¢ — (a+ b+ 1)u)— — abH (u) = 0, (3.29)

du? du

where the constants are given by

1 . . . . . .
cp:ﬂ—JUﬁA&%F—@%—@R+&ﬂ+a5+gp+%v+m,

1
b= Z(\/lzy% +12jp — 453 — 4jr +8m? 4+ 25 + 4jp + 25y + 5),

3
c=jv+3 (3.30)

There are two independent solutions to the hypergeometric differential equation

above

oFi(a,b,c,u), and u'"%F(1+a—c,1+b—c2—cu). (3.31)
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The second solution should be discarded, since the corresponding f(u) is singular
at w = 0. The first solution converges for |u| < 1. It can be proved that for
(1 —u)?¥2F(a,b, c,u) to be regular at u = 1, the coefficient @ must be a non-positive
integer. Regularity of the solution thus dictates the mass squared m? to depend on

the quantum numbers quadratically

1
m' =3 (2n(4jF 2y +5) + djpjy + 2+ Tje+4n° + j + jr + 2 +5j V) - (552)

where n € ZT U {0}. A typical spin-2 excitation with AdS energy being an integer

is given by n = 0, jr = 0 and jy = jg, which leads to
m? = jr(jr +3), Eo=jr+3, jr€Z"U{0}. (3.33)

It should be noted that gravitons with the same SO(3)r x SO(3)z quantum numbers
and AdS energies appear in the short graviton multiplet DS(2, jz + 3/2, jr|3) of
OSP(3|4) [53], which we quote in Table 3.1.

Since the supergravity background preserves N = 3 superconformal symmetry,
the spin-2 states (3.33) must form complete DS(2, jr +3/2, jr|3) multiplets together
with other lower spin states with proper quantum numbers and AdS energies. The
spin-2 states (3.33) are singlets with respect to SO(3)r, which means all the states
belonging to the short graviton multiplets are singlets of the flavor symmetry. On
the CFT side, the spectrum of BPS operators in the N' = 3 superconformal SU(N)
Chern-Simons-matter theory with 2 adjoint chirals has been studied by [47]. Tt was
shown that the short multiplets DS(2, jgr + 3/2, jz|3) composed by gauge invariant
operators are singlets of the flavor symmetry. Therefore, our results demonstrate

a perfect matching between the short graviton multiplets in the KK spectrum of
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As | 2 3/2 1 1/2 0
[Jr — 1] [Jr]
Jr+4 [Jr — 1]
[Jr — 2]
JrR+7/2 [Jr],[Jr — 1]
[Jr + 1], [JR] [JR]
jr +3 | [Jr] [JR], [Jr — 1] [Jr — 1]
r — 1], [Jr — 2] Jr — 2]
[Jr + 1] [Jr + 1], [JR]
Jr +5/2 [JR] [JR], [Jr — 1]
[Jr — 1] [Jr — 1], [Jr — 2]
[Jr + 1] [Jr]
Jr +2 [JR] [Jr — 1]
[Jr — 1]
Jr +3/2 [JR]

Table 3.1: Short graviton multiplet DS(2, jgr + 3/2, jr|3)of OSP(3|4). The red one
denote the spin-2 mode. Table reprinted with permission from [22].

fluctuations around the N' = 3 vacuum in massive IIA and the short multiplets
involving spin-2 operators in the N = 3 superconformal SU(N) Chern-Simons matter
theory with two adjoint chirals.

A list of the bulk spin-2 states labeled by their quantum numbers is given in Table
3.2, from which one can see that the spectrum includes long graviton multiplets with
rational dimensions. This feature has been observed for other M-theory and string
theory backgrounds [48,54-57]. A class of long multiplets with rational dimensions
was termed as the “shadow” multiplets [57]. From the bulk point of view, shadowing
mechanism is related to the fact that the same harmonics also appear in other fields
belonging to short multiplets. In the spectrum obtained here, the long graviton
labeled by (g, jv,Jjr,n) = (1,r,7r,0) carries £y = r + 4. The corresponding long

graviton multiplets are shadows of vector multiplets.
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3.3 Euclidean Action and Free Energy

Another test of AdS/CFT correspondence involves the third principle:
Principle 3: Fuclidean Action of the bulk solution is equal to F' = —log(Z), where

7 is the partition function of the dual superconformal field theory on a Euclidean S®.

3.3.1  Supersymmetric Localization and Free Energy

Supersymmetric Localization is a powerful non-perturbative technique that allows
us to calculate exactly free energy and BPS Wilson line in certain supersymmetric
conformal field theories. It have been applied to various superconformal field theories
such as N' = 4 super Yang-Mills theory [58] and ABJM theory [59]. Let’s follow [60],
and consider an N = 2 theory on S3, whose quiver diagram are show in Figure 3.2.
Every node denotes a gauge group, while every line denotes chiral multiplets. Lines
connects different nodes are bi-fudamental in (N, N) of U(N), x U(N),, while lines
connecting each nodes itself transform as adjoint representation of the gauge group.
We consider the case where the kinetic term of each group are Chern-Simons terms

with level the same Chern-Simons level k [7]:

G .
ka v a a 21 a Aa Aa =
Log = Z Etr[e“ PALO, AL+ §A A2A® — xx + 2Do] (3.34)

pErveTp
a=1

the partition function are given by

G N . i=1 N
L 1 dA? lk a\2 . 2 )\;41 B A? — Fmatter
= e /11 [IZI 2_] - [7 29 ] [T (%7)-

(3.35)
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Figure 3.2: A quiver diagram for the A/ = 2 Chern-Simons matter theory. Notice all
the gauge sectors have equal Chern-Simons level.

where Fi.ier depends on the representation of chiral matter field. If the chiral

multiplets live in the bi-fudamental (N, N) of U(N), x U(N):

N .
ab o ab 1 a b
Fmatter - Z]ZZIZ |:1 — A"+ %(Al o )\]):| (336)

If the chiral multiplets live in the adjoint representation of U(N).:

N )
adj,c c 1 c c
Fmatter - Z]ZZIZ |:1 — A%+ %(Az - )\]):| (337)
where we have defined
. i 1 . ;
I(z) = —zlog(1 — &*™*) + % |:7T22 + %Lig(e%”z) - %} . (3.38)
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In general when the rank of the gauge group is not too small, the integral is difficult
to perform. A saddle point method was however proposed in [61] based on numerical
estimation in various examples. At leading order of O(1/N), the eigenvalues A¢ could
be approximated by

Ad = N"(xi + iy;) (3.39)

Using such an approximation, we could get a general formula for such theories [60]:

3v/3m 2/3
FSCFT = W{G + Z (1 _ AI)(I _ 2(1 _ AI)Q)} /{:1/3]\]5/3.

I€ matter fields

+O(N®/3) (3.40)

Ay is the scaling dimension of chiral multiplets living in the adjoint or bifudamental
representation of U(N). For N' = 2 theories, chiral multiplets are BPS protected

and alway have scaling dimension:
Ar =Ry, (3.41)

where R is the U(1), € OSP(4]2) charge of the chiral multiplets. Even though BPS
protected, since U(1)5 group could mix with other flavor U(1) group, the R-charge
and A7 of chiral multiplets could be renormalized. N = 3 theories could be viewed
as special cases of NV = 2 theories where OSP(42) is enhanced to OSP(4/3). Since
U(1)r € SU(2)z, U(1) charge is fixed, and therefore not renormalized. For the

theory we are interested in, chiral multiplets are doublets of SU(2), therefore:

Ar=TRp=-. (3.42)
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Plug it in (3.40), we get

9
Fscrr = 4—031/%1/31\75/3. (3.43)

The bulk calculation of the gravitational free energy is also easy to preform. The
number of massive D2-branes which is equal to the rank of the gauge group is deter-

mined by the quantized Page charge [62,63].
_ ) 1
/ F(6) = / €%¢*F(4) + A(g) AN dA(g) + émA(g) A A(g) N A(g) = —(271’55)5]\/7. (344)
56 56

Plugging the A/ = 3 solution, we get

1 1673
(2mls)5g> 3

=N. (3.45)

On the other hand, the gravitational free energy is inversely proportional to the
effective D = 4 Newton’s constant

{2 02— 3\/§g—7/3

fo— 1/3 4
Fgrawty 2G4’ 16 (m/2) ’ (3 6)

where ¢ is the radius of AdS, and the effective D = 4 Newton’s constant is related

to the string length by
r 2m
167Gy (27l,)3g

=Vol(5°). (3.47)

In the equation above , Vol(S®) = 1273 is the area of a unit S Finally, using the

relation between the Romans mass parameter and the induced Chern-Simons level [9]

m = F(o) = (3.48)

21l
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we can express the free energy of the N' = 3 supergravity solution in terms of k and

N:

9
Fgravity - £31/6k1/3N5/3‘ (349)

This obvious agrees with the CFT localization result, which is another strong evi-

dence for the proposed AdS/CFT correspondence.
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(e, dvigr) [ n| | m? Eo S(hort)/L(ong)
(0,0,0) [0 0 3 S
(0, 0, 0) |1 7 13+ /37 L
(0, 0, 0) |2 18 6 L
(0,1, 1) |0 4 4 S
(0,1,1) |1 13 1(3+/61) L
(0,1, 1) |2 26 53+ V113) L
(3 0,5) [0 | §]]3B8+3v2) L
G,ooH 1] % 5(343v6) L
(5,0, 5 [2] | 2] |3i3++106) L
G 1) [0 [Z]]i6+v30 L
S ERNEE: 5(34+V78) L
(3,1, 3 2] | 2] |13+ V13Y) L
G132 Jol [ 3] ]iB+2/10) L
G152 [1] [ 2] [iB3+2v21) L
(3 1, 35) |2] [ ¢ z L
(1,0,1) |0 5 1(3++/29) L
(1,0,1) [1] |16 13+ V73) L
(1,0, 1) |2 31 1(3 4+ v/133) L
(1,1, 0) |0 9 1(3+35) L
(1, 1, 0) |1 22 1(3+97) L
(1, 1, 0) |2 39 2(3 4+ V/165) L
(1,1, 1) [0 10 5 L
(1,1, 1) |1 23 =(3+/101) L
(1,1, 1) |2 40 8 L

Table 3.2: An incomplete list of the KK spectrum of spin-2 states. The “Short”
and “Long” refer to the short and long multiplets which the spin-2 states belong to.
Here we remind the reader that jr = |jv — jr|, -+, jv +jr, jr € 327 U{0}, jv €
Z*+ U {0}. Table adapted with permission from [22].
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4. CONFORMAL BOOTSTRAP

4.1 Introduction to Conformal Bootstrap

Scalar four point function for any CF'T could be written as

< ()2 (a)o(rs) >= Y g Nodsoi, (u.0)

Ocoxp T12 T34

where ga, i, (u,v) is the so called “conformal block”, which is a general function
that does not depend on the specific CFT. In four dimensions the conformal block

is given by

ga1(.0) =~ (ka(2)ha-1-2(2) = (z ¢ 2))

kg = $5/22F1(ﬁ/27 5/27 B, I)u

2 .2 2 .2
_ T1aT3y — Lo3T14
u=zz= v=>1-2)(1-2) = (4.1)
x%3x§4’ x%3x34

as computed by Dolan and Osborn [64,65]. The crucial information here is that
conformal block ga ;(u,v) is fully fixed by conformal algebra, while the information
of any given CFT is contained solely in OPE coefficient \p and operator spectrum.

Equating s-channel and t-channel, we get:

< @(21)P(22)P(w3)P(24) > — (21 <> 23) Z Mo F, =0 (4.2)

Oepxop

where

UA¢gA7l(u, v) — qu{qA,l(v, w)
uls — pBe )

A _
FAj’ (2,2) =
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Let’s make the following assumption:

Assumption: In ¢ x ¢ OPE, all spin-0 operators has scaling dimension A > Ag.

(4.4)
If one finds that F;a (2, 2) > 0 for all the operator satisfying [66]:
A > Ay, for =0
A > [+ 2 (Unitary bound), for >0 (4.5)

Then (4.2) tells us that the assumption is invalid for “unitary” CFT’s, as such CFT’s
has real OPE coefficients, hence A2, > 0.
Instead of working with FAA:Z’ (z, z) themselves, we could instead search for a linear

functional « such that

a(Fr3(2,2) >0

A > Ay, when [ =
or { (4.6)
A > Aynitary, When >0
A commonly used basis for such a functional is that
a= Y 0o (4.7)

m4n<A

The problem of searching for the coefficients a,,, that satisfies (4.6) could be con-
verted to a numerical semi-definite programming problem and solved using a semidef-
inite program solver call “SDPB”, which are specially designed for conformal boot-
strap problems [67]. We will come back to this, but for now, let’s warm up with

a two dimensional example—solving the two dimension Ising model. A throughout
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discussion of this example is could be found in [68].
4.1.1 2D Example

In two dimensions, the conformal block is given by

gA,l(u, U) = kA—&-l(Z)ka—l(Z) — (Z > 5) (48)
Defined a vector

N F37(0.5,0.55) — F57(0.5,0.4)

UA:‘Z = N N ) (4.9)
FL9(0.5,0.6) — F29(0.43,0.35)

The crossing equation (4.2) then tells us that

A
> AN =0 (4.10)
Oepxop

Notice the crossing equation is supposed to be satisfied by any value of z and z, we
have just taken some specific value for them here. Also, since we are dealing with
Euclidean conformal field theory, z and Z should be taken to be independent.
In Figure 4.1 and 4.2, we plot such vectors on a two dimensional surface !.
We have taken Ay = 1/8. Compare the two figures, we see that after making the
assumption that the first scalar has scaling dimension A > 1.03, there is no points

above the dashed line, which simply means that there is no chance that (4.10) could

be solved by any set of real OPE coefficients. Hence we know that the first scalar

!The vectors are rescaled by the following function

1/(1/20), 1#0
ug {1—(A—l)/10, 1=0. (4-11)

to make the plot look nicer.
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Figure 4.1: Plot of the vector defined in (4.9) with A, = 1/8. Each curve stands for
vectors with different spin. The arrow shows the direction of increasing A, all curves
start with the vector with A = Ayiniary. The black dot in the center stands for the
identity operator.

operator (except for the identity operator) appearing in the OPE has to have the
scaling dimension less that 1.03. Let’s remind ourself that the two dimensional Ising

model has the spectrum:

A, =1/8 A =1, (4.12)
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Figure 4.2: Plot of the vector defined in (4.9) with A, = 1/8. Each curve stands for
vectors with different spin. The arrow shows the direction of increasing A. All curve
start with the vector with A = Ayintery, except for the spin-0 curve which starts
with A = 1.03. The black dot in the center stands for the identity operator.

and the following fusion rules:

oxo~1+e¢
exen~1+e

EX 0T~ oO. (4.13)

Taking Ay = 1/8 is equivalent to saying we are studying the first channel. Notice

the bound we got is with in 3% of the actual value A, = 1. Considering we are doing
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the bootstrap by simply plotting dots, this is pretty remarkable.
4.1.2  CFT’s with Global Symmetry

It is possible to consider conformal field with global symmetry. Now the decom-

position of four point functions becomes:

— — 1 .
< br(w1)¢(22)brc(w3)or(21) >= —5—55 > Pl (Z \ogai(u, v>>
Tig T3g Oci
where i € {all irreps appearing in ¢ x ¢}. (4.14)

take O(N) vector model as an example, the projector P%K , are now

1
P = —01s0
LKL = FOIIOKL
1 1 1
P§€}<L = 5511:5.]1( + §5IK5JL — N(S]J(sKL
1 1
P%)KL = §5IL5JK - §5IK5JL (4.15)
equating the s-channel and t-channel :
— 1
< ¢[<$1)¢J(I2)¢K($3)¢L(SIJ4) > —{;El < T3, I < K} =0 (416)

and collect the coefficient of independent tensor structure d;;0xr, 07075 and drxd .

We got the following three crossing equation:

0 F _F
Sops| Fl+d | a=2)F | +D pu| F [=0 (4.17)
S+ T+ A—
H —(1+2)H —H

56



These crossing equations were worked in [69] in a slightly different notation. They
were later applied to three dimensional O(N) vector model in [28].
Instead of repeating their work, we are going to consider the exceptional group

(5. The product of two fundamental irreps of Gy gives
TXT=14+7+14+27 (4.18)
in terms of OPE, it is given by:

b1 % by ~ 81,0M + dpyOF + O[(Il;l]) + Og;)) (4.19)

satisfying O[(Il;l])d]JK = 0, Oé?;;, (SIJ =0 (420)

where dj i are the famous invariant three form of G3. The constrains (4.20) guar-

(14)

antee that O[U]

and O((?;)) indeed lives in irreducible representation of G,. The

projector are now give by

1
P, = ;51J5KL

Pgl)KL = —drjmdxrm
puy L5 5 L 100+ diyard
1IKL = 5O0ILOTK = 501K JL t argmaK LM
1 1 1
Pk = §5IL5JK + §5IK5JL - ?5IJ5KL (4.21)
we have assumed the normalization djyndyyry = —075, and the signs are fixed by

reflection-positivity. One could contract the projectors with 0770 75 to get the correct

dimension of each representation. When we go from s-channel to t-channel, hence
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make the replacement {1,1,u} — {3, K, v}, one need to use the relation

1.1 1 1
drjmdrry = —§(§5IL5JK - §5IK5JL) - %JCIJKL (4.22)

where frjxr = %EUKLMdiMNp, corresponding to the Hodge dual of Gy invariant
three form. The coefficients has to do with our normalization. Collecting the co-
efficients of {6IJ5KL7 5[L6JK - 51K(5JL, (S[[ﬁ][( + 5[[{6][,, f[JKL}, we get the CI’OSSng

equations:

F 3F
0 I F 3
0 H —H 0

Zpl + ZP? + ZPM + me =0 (4.23)
1+ £ 7— £ 14— £ 27+ 8L
_H H H 9H
7 6 3 14

One could try to bound the scalar operator in the singlet representation of Gs, such a
plot is given in Figure 4.3, which appears to be equal to the bound for the first scalar
in 1 representation O(7). This is a very general feature for conformal bootstrap, as
observed in [70]. The bound for singlets of the subgroup turns to be equal to be
equal the bound for singlets of the parent group. Non-trivial results start to appear
when we introduce and bound the gap A > AL for the first non-conserved current,

hence spin-1 operator in 7~ channel of Gy. The branching rule from O(7) to Ga:

21 2147 (4.24)

tells us that one need conserved current in 7 of Go for the global symmetry to be

enhanced to O(7). Introducing a gap in this channel therefore allows us to study Go

58
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Figure 4.3: Bootstrap study of G invariant theory in D = 3. Bounds on the first
scalar in 1 representation of G, are plotted, which appears to be equal to the bound
for the first scalar in 1 representation O(7).

invariant theory which are not O(7) invariant. Bounds for the massive spin-1 current
in four dimension are presented in Figure 4.4. Notice there seems to be a “kink”
resembling the two dimensional Ising model [71]. We are not sure whether such a
kink corresponds to an actual conformal field theory or not. A confirmation using
other methods such as d = 4 — € loop calculation would be extremely interesting.
Our ultimately objective is, however, to use the Gy conformal bootstrap to study the
dual theory of the solution we found, this however requires the knowledge of the full
Kaluza-Klein spectrum, which has not been worked out yet. We hope to come back

to this problem in the future.
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Figure 4.4: Bootstrap study of Gs invariant theory in D = 4. Bounds on the non-
conserved current operator (spin-1) in 7 representation of Gs.

4.2 CFT with F,/SU(3) flavor symmetry in 6 — e dimension
4.2.1 One loop calculation in 6 — € dimension

As an interesting application of conformal bootstrap, let’s consider a theory with
F,/SU(3) flavor symmetry in 6 — € dimensions:

Loy = %Me/ kg’ o7 o", (4.25)

where djjf is the totally symmetric invariant tensor of F,/SU(3). For the case of Fy,
the flavor symmetry group is taken to be the compact real form of the lie algebra f;,
which is also known as the isometry group of octonionic projective plane OP? [72].

We will first use e-expansion to show that these theories have stable IR fixed

points. The idea of e-expansion in 6 — e dimensions could be dated back to [73].
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Where the interaction

LS = gu?¢P. (4.26)

wnt

was studied, and the 1-loop beta function was found to be

€ 3

Blg) =—59—

3 4.2
29 7 25637 (4.27)

Notice the beta function has a zero at imaginary vale of g, which is related to the
the so called ”Yang-Lee Edge Singularity” [74,75]. The model with O(N) global
symmetry and the interaction

—€ € 1 1 7 11
Loy =n /269173 +5927(¢'¢ ). (4.28)

was considered more recently [76,77], where 7 is an O(N) singlet and ¢* is a O(N)
vector, in the pursuit of studying the critical O(N) vector model in five dimension
(by taking e = 1). An IR fixed point was found for large enough N > Ni.iicar- In
1-loop calculation [76], Neiticar Was found to be 1038, while in three loop calculation
Neriticw = 64 [77]. Tt is therefore an interesting problem to figure out the actual
Neriticar 10 five dimensions. In [78], the method of conformal bootstrap was imple-
mented and a kink was found for N as low as 35, which seems to indicated a much
lower N iticar than the three loop result.

Throughout this subsection, we will follow the convention in [76]. The Feynman
rules could be summarized as in Figure 4.5.

Before calculation the beta function, we first need to consider the wave function

renormalization, as indicated by Figure 4.6. The graph is given by

1 1 1
D) = =(—¢* I ==g*0 0 = =g°
1 2( 9 )drapd ana 59 Orslh 59 51J/(

dPq 1 1
2m)P (p + q)? ¢?
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Figure 4.5: Feynman rules.

Figure 4.6: Wave function renormalization.

where we have used the relation

dravdjab = 017 (4.29)

which is in fact a choice of the normalization of the invariant tensor d;;rx. The

integral I; was preformed in the appendix A of [76],

1 T(2-D/2T(D/2-1%,1 4 py
(PR (- D2T(D-2)
7 T(e)2)

~ "oy e OV .

11:

We have used the renormalization condition p? = M?. The 1/e pole in D; must be
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canceled by the counter term —p?d,, therefore

5.9 T2
12(47)3 (M2)</2°

(4.31)

The Feynman diagram related to vertex renormalzation is Figure 4.7. which is

Pm——————

’ N
’ \
1 \
1 1
1 1
! I
\ /
\ /
~ ~
s~ -7 A
s - AN
4 N
4 Y
’ \
’ \

Figure 4.7: Vertex renormalization.

dPk 1 1 1

D2 = (_g)gdlabdjbcd[(calz = —935[2 — _QSBI/ ( 1

2m)P (p — k)? (k + q)? K

We have defined the constant g’ by

dladebchCa = _B/dIJKa

which we will calculate later. The diagram has a 1/¢ pole

B'g°> T(e/2)

D2 = 5 amp 2yl
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canceled by the contour term —dg, so we have

_ f'g® T(e/2)
5, = 2T AT (4.35)

For the calculation of the integral, we again refer the readers to the appendix A
of [76].
The Callan-Symanzik equation [79-81] for Green’s function with m external legs

1s:

0 0
M—— — G™ = . 4.36
( aMJrﬁ(g)angm%) (4.36)
Apply it to GP?, we get
1 0 1
Then the anamolous dimension is
1 0 1 g¢°
=-M—0s = = 4.38
T =M oM™ T (4n) 12 (438)
Apply the Callan-Symanzik equation to G, the beta function becomes
€ 0 1 € 1+4p
= —— M—(=6,+ =g(304)) = —= 3 4.39
Blg)=—59+ oz % T 9( o) =59+ 5563 Y (4.39)
Notice ' = —1 give us back the single scalar result (4.26). We could now see that
for
, 1
B> —— (4.40)
4
the beta function has a real zero at
12873¢
2= : 4.41
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Plug in (4.38), we get
e 1
61+45

Yo = (4.42)

Of course, for the critical point to exist, the flavor symmetry group we pick needs
to have at least a rank-3 totally symmetric tensor. Fy group is know to have such a
tensor carrying three fundamental (26 or (0,0,0,1)) index, while SU(N) group have

such tensors carrying three adjoint index. For Fy, 5 was calculated in [82,83] to be

By = 3/17. (4.43)

While for SU(N), one could use various Mathematica packages such as [84] to get

N (N - 12
ﬁ@mz_i%ﬁf%‘ (4.44)

Therefore, one loop result suggest that there exist a IR fixed point at 6—e dimensions

Fy | SU(3) [ SU4)
B 13/7| 3/10 | -1/6

Table 4.1: The constant 5’ defined in (4.33).

for Fy group and SU(N) with N < 4, see Table 4.1.

Next we will calculated the anomalous dimension of scalar operators O’/ ~ ¢!¢”,
we need to consider the three point function < ¢;(p)¢”(q)O' (p+q) >, as indicated
by the Feynman diagrams in Figure 4.8. The operator O/ ~ ¢¢’ forms a re-

ducible representation of the flavor group, we therefore need to decompose them into

65



Figure 4.8: Renormalization of operator O/ ~ ¢!¢”’.

irreducible representation. For Fy, this could be achieved using the projectors:

1
P%)KL = %5IJ5KL
P%?(L = drymdrrm
(324) 1 1 1
Piixr = §5IL5JK + §5IK5JL —drymdrrm — %5”51@

1 1

2. (1 1
sz})@ =(2) (§5IL5JK - §5IK5JL + T(5diomdyxnr — 5dsomdixm

9 2 2

1
9

2 2

7. (1 1 1
P?JZ?): =(2) (§5IL5JK — 50rx0y1 — 2(§dILMdJKM — —dyjrmdrixm)

(4.45)

One could contract the generators with 0710 7 and check that the projectors give the

correct dimension for each representation. The scalar operators form a irreducible

representation could be written as
oWl P,T(?KLQSKQSL'
Use (4.29) and (4.33), one could check the following relations:

i) @)

Pilirodeaidors = Ai- P, Plipodeoudiis = By - Py,
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with a little bit calculation, we get

Bl = 0, B26 == ]_, B324 == 0
In Figure 4.8, the first diagram gives
Dy = (—9)*PY, podprrdonsly = Aig? P 1
3= (—9) KLPQ4PMIGQMJL2 i Frikrt2,

while the second diagram gives

D, = (—Q)QP%dePQMdMKsz = _BiQQP([i}KLIQ-

The 1/e€ pole is canceled by

IR O N )

Yo = ~Aisamp T Py ey
then
2
P Ty
Og2e1 = - 2(4m)3 (M2)e/? +0 =160,
Sinaq — f—3 L(e/2) NG
$2€26 2(47?)3 (M2)e/2 12(47T)3 (M2)6/2
1 g2 T(ef2) _3
(5¢2e324 = _ﬁ 2(47?)3 (M2>€/2 +0= 7(5¢
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The anomalous dimension is given by

0

Vozeas = Morr(—dg2ens +0g) = (126 + 4) 7
0
Yozer = Morr(=dg2er +0g) = —107
0 8
Vp2e324 = 8M( dp2ez2a + 0p) = 7%5. (4.53)

The anomalous dimension of d;;x @'’ ¢, however, could simply be calculated by

the second derivative of beta function

Agser =d+ aﬁ—() =d+e=6. (4.54)

g 9=9*

These are all the operators related to our later bootstrap study. Notice for the case
of SU(3) and SU(4), (4.52) is also valid, simply because the projectors take the same

form for these three irreps, as long as one make the replacement

26 — Adj, 324 — (S,S) (4.55)

For later reference, we summarize the scaling dimension of operators in D = 5.95
and D = 5 in Table 4.2 and Table 4.3. Notice for flavor group SU(4), in D = 5,
the scaling dimension of Aj2¢; violates the unitary bound. It is possible that such a
IR fixed point would not survive in when one takes ¢ — 1. We will skip this theory
when we do conformal bootstrap.

Another remark need to be mentioned, for SU(N) group, the interaction £; =

gdr ' ¢’ 9" has a hidden assumption that there is no fields transforms in the
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F, SU(3) | SU(4)
o' 1.97807 | 1.97879 2
el 3.91930 | 3.91212 | 3.7
»Pel 6 6 6
$* € 26/Adj | 3.97807 | 3.97879 4

Table 4.2: Scaling dimension of operators in D = 5.95 from one loop calculation.

F, | SU@3) | SUA4)
P! 1.56140 | 1.57576 2
el 2.38596 | 2.24242 -2
el 6 6 6
¢? € 26/Adj | 3.56140 | 3.57576 4

Table 4.3: Scaling dimension of operators in D = 5 from one loop calculation.

fundamental representation of SU(N). A more general type of interaction is

L= G dapcd P67 + oy (6" T, (4.56)

where 7" are SU(N) fundamentals. We leave this theory for future research.
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4.2.2 Conformal Bootstrap study of CFT with ¥F,/SU(3) in 6 — € dimensions

The crossing equations for four point function of scalar operators carrying adjoint

index of SU(N) has been worked out in [85],

F 3 F
0 o -3F
DXL o |+ Ass | FLE D A | L
1+ (8.8)+ off (S,A)—
—H = H
H H
~H 3 ¥
0 0
F 0
Adj+ " Adj—
3
O 4H

Here we will simply work out the F4 crossing equations. Remember the four point

could be decomposed as

N T T e Pp—— = 3Pl (ZAogMuv>

T19 Oci
where ¢ € {1+,26+,324+,52_,273 }. (4.58)

where the projectors are given in (4.45). To go from s-channel to t-channel, hence

make the replacement {I,z; — J, 23}, one need to use the following relation:

1
drymdrry + drgmdroy + dikvd v = ﬁ(élJéKL + 071005k + 0rx0y1) (4.59)
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This equation could also be viewed as the defining relation of f; algebra. The tensor

drsavdgpa has originally three independent choice of index structure, because of the

above relation, we are left with two independent tensors d iy drxyrand drjydgna —

dismdrpn, which have definite parity (ignoring the 0’s) under I <» K. Make the

replacement

1
drymdrrv — 5

1
+og (00K + 0120k + OrxdsL)

1 1
2

1
+%(51J5KL +6r00yk + 01x0y1L),

n

< or(w1) 9y (02) 9K (v3)Pr(24) > —{I, 71 > J, 23} =0

(dIJMdKLM - dKJMdILM)

and collect independent tensor structures, we get

0
0
DN 0 [+DM%
1+ 26+
£
26
_H
26

+3 A,

52—

H
2

—F

+ Z Az

273—

+ ) Ay

324+

1
sdrovdykym — §dJLMdIKM — _Z(dIJMdKLM — drymdrom)

|
wly o
oy

4
T

—_
oo

ol

|

71F
182

13

1
— sdikmdiLm

- _dJLMdIKM

(4.60)

(4.61)

(4.62)



We will now use these bootstrap equation to study conformal field theory in D = 5.95
with and D = 5 respectively.

Make the assumptions that:

e The first scalar operator in the 17 channel has scaling dimension A = A},

e the second scalar operator in the 1" channel has scaling dimension A > A an

e the second scalar operator in the 267 /Adj" channel has scaling dimension

A > A;g}i aj- (The first scalar in this channel is simply Ay.)

We will test whether a conformal with the specific choice of {Ay, A(lm), A(12"d), Aggfi i)
is allowed by conformal bootstrap.

For F, invariant theory in D = 5.95, the result is given in Figure 4.9. The
blue curve assumes that there is only one relevant scalar which is Fy singlet in the
spectrum, while the red curve assume the second scalar which is F, singlet has scaling

(2nd) _ 6.05. For both curves, the second scalar operator

dimension bigger than A
which lives in 26 representation is assumed to have scaling dimension bigger than
mean field theory value, hence A nd) = 2A,4. Notice both curves has a sudden change
of slope around (A4, A*") = (1.97807, 3.91930), which are the value calculated from
1-loop e-expansion.

For SU(3) invariant theory in D = 5.95, the result is given in Figure 4.10. The
blue curve assumes that there is only one relevant scalar which is SU(3) singlet in the
spectrum, while the red curve assumes the second scalar which is SU(3) singlet has
scaling dimension bigger than A(12"d) = 6.05. For both curves, the second scalar op-
erator which lives in Adj representation is assumed to have scaling dimension bigger
than free theory value, hence A(;Gnd) = 2A,. Notice the curves have a sudden change

of slope around (A4, A'*") = (1.97879, 3.91212), which are the value calculated from

1-loop e-expansion. This is a nontrivial check of our previous calculation.
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Figure 4.9: Bootstrap study of F, invariant theory in D = 5.95. Allowed choice of

{Ay, A'¥'} is indicated. The second scalar operator in 26" channel is assumed to

have scaling bigger than A(zzﬁnd) = 2A4. For the red curve, the second scalar in 17F

channel is assumed to have scaling bigger than A(fnd) = 5.95. For the blue curve, the
second scalar in 11 channel is assumed to have scaling bigger than A > A(fnd) = 6.05.

The black dot indicates the result form 1-loop calculation.

Now let’s focus to theories in five dimensions. We study F, and SU(3) invariant
theory in D = 5 in Figure 4.11 and Figure 4.12, we make the assumption that
there is only one relevant scalar operator which are F,/SU(3) singlet. The three

curves correspond to three different choices of A(;GT;CX dj—the second scalar operator

lives 26/Adj of F,/SU(3). Notice that as we increase the value of A(226"d

), the curve
starts to surround the black circle. Our guess is that the actual value of (Ag, A7*)
is somewhere around the circle. Notice the location of the circle does not match

the 1-loop calculation (black dot). This is however not to be worried. Since one

has to take the limit € — 1 to extrapolate the e-expansion result to five dimensions,
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Figure 4.10: Bootstrap study of SU(3) invariant theory in D = 5.95. Allowed choice

of {Ay4, A} is indicated. The second scalar operator in Adj* channel is assumed
to have scaling bigger than Afﬁ?) = 2A,. For the red curve, the second scalar in 1%

channel is assumed to have scaling bigger than A(12nd) = 5.95. For the blue curves,
the second scalar in 11 channel is assumed to have scaling bigger than A(lznd) = 6.05.
The black dot indicates the result from 1-loop calculation.

there is no guarantee that one loop calculation should be correct. Remember that
for three dimensional Ising model, the 4 — ¢ 1-loop expansion tells us that the critical
exponent [86]:

1

1
v =g+ g~ 0.583333 (4.63)

corresponds to the scaling dimension

A, = 1.28571. (4.64)

74



3.0

Allowed
2.5}

NG Excluded

2.0t

P50 152 154 156 158 160 162

Figure 4.11: Bootstrap study of F, invariant theory in D = 5. Allowed choices of
{Ay, A"} is indicated. The second scalar operator in 17 channel is assumed to

have scaling bigger than A(lznd) = 5. For the blue, yellow, and red curve, the second

scalar in 26" channel is assumed to have scaling bigger than A(zzﬁnd) = 2A,,3.3 and
3.5 respectively. The black dot indicates the result from 1-loop calculation.

The more precise result form conformal bootstrap is however [29]:
v =0.620971(4), A, = 1.412625(10). (4.65)

It is of course of great interest to study the precise spectrum using either higher loop

e-expansion [87], or mixed operator conformal bootstrap [27].
4.3 Superconformal Bootstrap and AdS/CFT

As we mentioned in the introduction, AdS/CFT correspondence provides us a

new method to study conformal field theory. Especially, the supergravity limit of
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Figure 4.12: Bootstrap study of SU(3) invariant theory in D = 5. Allowed choices
of {A4, A} is indicated. The second scalar operator in 1 channel is assumed to

have scaling bigger than A(lznd) = 5. For the blue, yellow, and red curve, the second

scalar in 26" channel is assumed to have scaling bigger than A:(lznd) = 2A,4,3.2 and

3.3 respectively. The black dot indicates the result from 1-loop calculation.

string theory is dual to

N>1,A>1 (4.66)

limit of the corresponding conformal field theory. There has been a lot nontrivial
tests of the correspondence. For example, the spectrum of BPS protected operators
match precisely with the Kaluza-Klein spectrum of AdSs x S® [88]. In general, some
kind of BPS protection mechanism was necessary to carry out the calculation form
both the conformal field theory side and the supergravity side. When this is not the
case, the field theory side of calculation becomes extremely difficult.

In [89,90], the authors calculated the anomalous dimension of the double trace op-

erator O'O7 | by first calculating the four point function < Of(z1)O7 (22) O (x3)OL(x,) >
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using Witten diagrams [91] in AdSs, and then take the limit z3 — x4. The operator
O ~ Tr[¢'¢’] is the chiral primary operators of N' = 4 Super Yang-Mills theory.
The result turns out to be

1 4

where N is the rank of the gauge group SU(N). Notice the double trace operator is
not BPS-protected, and therefore one in general do not know how to calculate its
anomalous dimension in CF'T side. It was until very recently, such a prediction form
AdS/CFT was tested using N = 4 super conformal bootstrap [32]. Interestingly, the
result matches the AdS calculation beautifully.

Another interesting phenomenon happens when the supergravity solution is not
maximally supersymmetric. Take the N'=3 solution discussed in Section 2.3.1 as an
example. We have shown in Table 3.2 that the corresponding Kaluza-Klein spectrum
contains long multiplets. Unlike string state, whose dual operator has large anoma-
lous dimension of the order A\'/* [1], these supergravity states has finite anomalous
dimension as A — 0o. In terms of standard AdS/CFT dictionary, the dual operators
should be "single trace” operators which are not BPS-protected. In this section, we
prepare the basic information for implementing superconformal bootstrap to study
the spectrum of a superconformal field theory with known AdS dual [92], we will

leave the numerical bootstrap as a future project.
4.8.1 N =1 Superconformal bootstrap

Before discussing applying conformal bootstrap to ADS/CFT, we need to prepare
some basics about superconformal bootstrap. The basic ingredients are worked out
in [31,93]. We will give a short review here. Consider the four point function <

ppdT T >. For simplicity, we take ¢ (and ¢') to be chiral (and anti-chiral) operators,
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or simply the lowest (power in @) component of the chiral superfield ® (and ®f). Its

scaling dimension and U(1), charge of this operator are related by
A¢ = =T (468)

As fixed by chiral condition.

Before performing conformal bootstrap, the first task one encounter is to work out
the “selection rules”, or in other words, which operator could appear in the operator
product expansion of ¢ x ¢ or ¢ x ¢'. Equivalently, one could ask the question, for

the three point function
<®PO! >, or < DO, > (4.69)

to be non-vanishing, what condition does O; need to satisfy. In [94], the general
structure of three point in four dimensional superconformal field theory has been
worked out. Applying the condition that ® is chiral [31], one could work out the
selection rules. Instead of using superspace method, one could requires that the oper-
ators appearing in ¢ X ¢ OPE to be annihilated by the superconformal transformation

generator () (contained in superconformal algebra). The final conclusion are equiv-

alent. There are three type of superfields O; that with non vanishing < @CIDO; >:

e Chiral multiplet ®2, with r = (2r4) and [ = 0. This operator lives in the N'=1

chiral ring, and are clearly BPS-protected:
A =2A,.
Only one operator in this multiplet appears in ¢ x ¢ OPE, which is the super-
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conformal primary, with

A=A, 1=0. (4.70)

e Non-chiral short multiplet O, . with s; — sy = 1/2, spin [ = 2s, odd,
r = 2rg—1. This operator is also BPS-protected, and therefore have the scaling
dimension

A=20,+1+1.

Only one operator in this multiplet appears in ¢ x ¢ OPE, which is the level-1
SUSY descendant, with

A=2A,+1, Ieven. (4.71)

e Non-chiral long multiplet O, 4, with | = 2s; = 2s5 even, 1y = 2r — 2.
These operators are not BPS-protected, their scaling dimension just need to
satisfy unitarity bound

A> 200y — 3| +1+2.

Only one operator in this multiplet appears in ¢ x ¢ OPE, which is the level-2
SUSY descendant, with

A> 204 =3[ +1+3, [even. (4.72)

Notice the first two type have the same expression for their scaling dimension and
are both BPS-protected, we will call them “BPS” when we write down bootstrap
equations. The third family will be referred as “non-BPS”.

For ® x ® OPE, the condition is greatly relaxed, the only condition for <

79



®®dTO; > to be non vanishing is that the superconformal multiplet O; needs to
be neutral

r=0, A>I1+2 (4.73)

¢

where [ could be either even or odd. We will call these operators “neutral’” operator

when we write bootstrap equations. More than one operator in this multiplet appears
in ¢ x ¢ OPE, which will be clear shortly.

The four point function of chiral primaries are:

< ()0 (r2)0wa) ¢ (4) >= g O MpGalwv) (A7)

Li2 T34 A>l42

where the superconformal blocks Ga ;(u,v) is simply a linear combination of confor-

mal blocks:

G 1,0) = 900, 0) + g, ) +§ 3T
AU, V) = gag\u, v 4A+l+19A+1,l+1 u,v N

I A+l 1A—1-2
HGar ) Ga o)l

gA+1,1-1 (U, U)

(4.75)

as computed in [93]. Notice the superconformal block are determined by the SO(4,2)
and U(1)g quantum numbers of the “superconformal” primaries. Conformal pri-
maries in the same supermultiplet have OPE coefficients proportional to each other,
as they are related by supersymmetry. The conformal primaries in a superconformal
multiplets with spin s; = s, = [/2 and scaling dimension A is listed in Table 4.4,
the special case [ = 1 “long graviton multiplet” could be found in [95]. When the
unitary bound Ay > [ + 2 is saturated, some conformal primaries decouples, which
are generally referred as the phenomenon of “multiplet shorten” [96]. The same

phenomenon could be observed in the expression of superconformal block, when you
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| (s1+1/2,5,+1/2) | A | R-charge | |
L (1/21/2) | A+l | 0 [*]

(1/2,0) Ag+12] -1

(0,1/2) ANg+1/2] +1

(0,1/2) Ag+32] -1

(1/2,0) Ag+3/2] +1

(0,0) Ay 0 ¥

(0,0) Ag+1 12

(0,0) Ap+1 —2

(0,0) Ag +2 0 ¥
(1/2,-1/2) Ap+1 0
(—1/2,1/2) Ao +1 0
(0,—1/2) Aog+1/2] +1
(—1/2,0) Ao+1/2] -1
(0,—1/2) Ag+3/2] -1
(—=1/2,0) Ao +3/2 1

| (—1/2,-1/2) [ Ag+1 | 0 ¥

Table 4.4: N'=1 long multiplets with spin-/, satisfies the unitary bound Ay > [ + 2,
in terms of quantum numbers of the conformal group SO(4,2) and the U(1)% group.
The last column denotes the conformal primaries appear in (4.75).

take A = [+ 2 in (4.75), the last two terms vanish. “Multiplet shorten” for most
general multiplets (for example, s; # s5) are summeried in [97].

The crossing equation:

tells us that
> AoFar=0. (4.77)
A>142

This equation itself could give us bounds for the scaling dimension of operators

appear in ¢ X ¢, which is the approach take in [93]. However, to get more stringent
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bound, one need to consider another four point function [31]

— —
< @(21)¢T (w2) P (4) 0T (23) > = 2A¢ Y Z)\ogm (u/v,1/v)
12 34
2A¢ 55, Z)\2 1)!Ga(u,v) (4.78)
Tig T3y
where
~ 1 A+l 1A—-1-2
gA,l(Ua U) = QA,Z(%U) - ngmﬂ,lﬂ(% U) - ngA—‘rl,l—l(u)/U)
1 A+1 1A —-1—
Haagre) G D) (4.79)
we have used the general relation for conformal blocks
g(u/v,1/v) = (—1)lgA,l(u,v). (4.80)

Consider a different order of contraction of (4.78), and using the selection rules, we

get:

< G(1)d(24) 0" (22)0" (w3) >= —x—x-

T Ty

> Nogea,u(vu)

BPS, | even

+ Z Xoga(v, U)) :

non-BPS, | even

| — 1 1 (

(4.81)
Collecting (4.77), (4.78) and (4.81), we get
Fau 0 0
S| Far [+ Bagas |+ DL | Fay | =0 (482)
netural+ ~ BPS+ non-BPS+
Ha, —Hon 1 —Hny
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The crossing equation was derived in [31, 93], and could be easily generalized to
superconformal field theories with extra flavor symmetries. Especially in [98], the
O(N) SCFT’s were considered, of which the O(4) case it of special interest for our

case, as will be explicit in the next section.
4.8.2 The CFT dual of AdS5 x T

The dual theory of AdSs x T'! was identified in [92] by Igor R. Klebanov and
Edward Witten, hence sometimes referred as Klebanov-Witten theory. T is a five

dimensional space which could be written in coset form

~ SU(2) x SU(2)  SU(2) x SU(2) x U(1)
Ms=="0m = umxu@ (4.83)

The dual theory is a four dimensional A' = 1 superconformal field theory with
SU(2)xSU(2) global symmetry, and the gauge group SU(N)xSU(N). The field con-
tent could be represented by the same quiver diagram as the ABJM theory [3], see
Figure 1.1. See [99] for the relation between Klebanov-Witten theory and ABJM
theory. The theory contains two set of bi-fundamental of SU(N)xSU(N), A; and B;,

transforms as doublet of either of the SU(2)’s. A superpotential of the form

W~ eijeler[AinAjBl]. (4.84)

is present and the SU(2)xSU(2)~0O(4) flavor could be seen explicitly.
The superpotential (4.83) alway has U(1)g-charge R = 2, which means the fields
A; and B; has
R=1/2. (4.85)

When the theory flow to IR fixed point, superconformal algebra fixed the scaling
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dimension of chiral primaries to be

Ay = gR _3/4 (4.86)

To do conformal bootstrap, one need to consider four point function of gauge invari-

ant operators. The chiral operator

is in the chiral-ring and therefore has the scaling dimension Ag = %, they live in
the (1/2,1/2) representation of SU(2)xSU(2). Knowing the scaling dimension Ag
is in fact one of the advantage of picking AdSs x T as the solution to implement
bootstrap test of AdS/CFT correspondence. This save us a lot of CPU time as we
do not need to change Ag when doing numerics. We could now use superconformal

bootstrap method introduced in previous subsection to study the four point function

< ¢r(21)¢(22) Pl (23) 0} (24) > (4.88)

where ¢; are the lowest component of the superfield ®;. According to the spin

production rule
(1/2,1/2); x (1/2,1/2)_; — (0,0)0+ (0,1)p + (1,0)0 + (1, 1)o, (4.89)

U(1)z neutral operators which are SU(2)xSU(2) singlets could appear in ¢; x ¢/,
OPE. Another advantage of picking AdSs x T'! as to implement bootstrap test of
AdS/CFT correspondence is that the full Kaluza-Klein spectrum is known for this

solution, which was calculated in [95]. For readers who are not familiar with the con-
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ventions of Kaluza-Klein reduction, we recommend the reference [100]. Kaluza-Klein
spectrum tells us that the first U(1)z neutral operators which are also SU(2)xSU(2)

singlets such has the scaling dimension

A =27 -2~ 32915 (4.90)

We hope to get this number from numerical bootstrap. As a generalization to this
direction of research, it would be interesting to test AdS/CFT correspondence for
solutions/dual theories which are not supersymmetric. It should be mentioned that
AdS/CFT has been used to study condense matter system [101], and the whole idea
relies on the assumption that AdS/CFT works even without supersymmetry. We

hope to come back to this in the future.
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5. CONCLUSION AND DISCUSSION

In this dissertation, we first classified all the critical points of both SO(8) gauged
and dyonic ISO(7) gauged N' = 8 supergravity in four dimensions with residue
symmetry bigger that SO(3)p x SO(3), subgroup of the gauge group. The first
N = 3 solution of ten dimensional Romans deformed type ITA supergravity in ten
dimensions was constructed by uplifting the corresponding N = 3 critical point in
four dimensions.

The CFT dual of this solution was proposed to be the three dimensional N’ = 3
Chern-Simons matter theory [6,8]. In order to test the correspondence, we studied
the spin-2 Kaluza-Klein reduction of the solution, and found that it match with
the spectrum of short BPS protected operators in the dual field theory. We also
calculated the Fuclidean gravitational action, and found that it match precisely
with the free energy of the dual CFT at leading order in 1/N. Based on the two
non-trivial tests, we can conclude that the proposed AdS/CFT correspondence is
indeed correct.

We also reviewed the non-perturbative method “Conformal Bootstrap”, and ap-
plied it to CFT’s with F,/SU(3) flavor symmetry in 6 — ¢ dimension. The scaling
dimension of the first few operators was first calculated using traditional Feynman
diagrams method up to 1-loop. To test the Feynman diagrams calculation, numerical
conformal bootstrap was preformed. In D = 5.95, the curve of bounds for opera-
tor dimensions shows a sudden change of slope at the valued calculated at 1-loop,
therefore provide strong evidence for the correctness of our Feynman diagram re-
sult. In D = 5, as we chage our assumptions for the operator spectrum, the curve

of bounds start to form a peninsula surrounding certain regions in the (A, A(ll‘gt))
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plane, we therefore conjecture that the CFT’s survive in five dimensions as one take
¢ — 1. The possibility of using this method to test AdS/CFT correspondence was
also discussed, where we argued that the CFT dual of AdSs x T solution in type
I1B supergravity is a good candidate to implement numerical bootstrap.

As a newly born technology for strongly coupled system, conformal bootstrap has
been extremely successful in getting critical exponents for various models. For three
dimensional Ising model, the critical exponents provided by conformal bootstrap
is up to two orders of magnitude more precise than the result coming form lattice
Monte Carlo simulation [29]. Also, we expect conformal bootstrap to be applicable to
systems that are not accessible by lattice method. Famously, the Nielsen—Ninomiya
no-go theorem [102] says that it is in general very difficult to define chiral fermions
on a lattice in even dimensions. Such difficulty is however not present in conformal
bootstrap. We hope that within years of development, conformal bootstrap would
be able to answer some of the long-standing unsolved problems in conformal field
theory, such as what’s the lower bound of Ny for Banks-Zaks fixed point [103, 104]
to appear in QCD with N, = 37 Is there any conformal field theories in space-time
dimension higher that six?

We also want to mention that our discussion of AdS/CFT correspondence has
been focused on solutions of string/M theory and their dual superconformal field
theories. Starting with [101], there has been various attempts in trying to apply
gauge/gravity duality to the down-to-earth problems of condensed matter physics.
It would be very interesting to see whether these ideas could give us some more

insights on dealing with strong coupled systems.
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