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ABSTRACT

Many applications such as porous media and material science possess multiscale
nature of media properties and high number of variables. As a result, forward prob-
lems on todays computer architectures require high cost of computations. The dis-
sertation is devoted to creating novel model reduction techniques in order to carry
out these prohibitively expensive computations.

Model reduction techniques can be divided into two categories, local reduced-
order modeling techniques and global reduced-order modeling techniques. Local
reduced-order modeling techniques include many multiscale and homogenization type
methods. Multiscale techniques provide significant computational savings since the
same multiscale basis functions are used for all forward simulations. While homoge-
nization methods allow reducing cost of computations by solving cell problems with
varying order of accuracy. As for global model reduction technique, we consider the
earlier approach called Balanced Truncation (BT), where the system is written in
terms of a mapping from input to output. In the dissertation local model reduction
techniques and the global model reduction technique are combined.

Local-global model reduction techniques are designed for different problem set-
tings. First, we examine the flow in porous media with separable scales. We employ
hierarchical approaches for solving local problems. Then the obtained coarse-grid
models are coupled with BT approach.

Next problem formulation describes the flow in porous media without scale sep-
aration. Two cases of media properties are considered: general heterogenous media
with a parameter and a time-varying heterogeneous media, where the media proper-

ties depend on time. For these type of problems we use appropriate form of BT and
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combine it with the offline - online GMsFEM procedure.

Finally, we consider a coupled flow and transport problem, where the transport
equation is convection dominated. Both flow and transport equations are discretized
on a coarse grid using GMsFEM. We bring together the mixed coarse-grid discretiza-
tion of convection-diffusion equation and BT approaches to obtain an accurate local-

global model reduction.
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1. INTRODUCTION*

Many relevant engineering and physical problems in porous media flow involve
model equations that are inherently multiscale in nature. In particular, the under-
lying properties of the reservoir, such as porosity and permeability, often exhibit
heterogeneous and high-contrast behavior (see , e.g. [16, 22, 29, 50, 56]). For exam-
ple, flow conduits (such as fractures or channels) represent regions of media whose
permeability may be many orders of magnitude larger than surrounding regions. On
the other hand, flow barriers (such as deformation bands or compressed shale) are
modeled by a permeability that is many orders of magnitude smaller than surround-
ing regions. Furthermore, the description of a porous medium typically involves
some level of uncertainty that must be incorporated into the model. In turn, solving
such problems on a fully-resolved scale may become a prohibitively expensive task,
especially when numerous computations must be performed for uncertainty quan-
tification, model optimization, and/or sensitivity analysis. As a result, the need for
more computationally efficient and suitably accurate solution techniques for single-
phase flow models as well as for coupled flow and transport models is of particular
interest in this work.

In the dissertation, the first problem we consider is devoted to a single-phase
flow model with scale separation (Section 3). For problems with scale separation,
one can use homogenization techniques to derive macroscopic equations. Homog-
enization techniques are limited to problems with scale separation and are more

effective compared to multiscale methods, which are designed for problems without

*Parts of this section have been reprinted from E. Gildin, M. Ghasemi, A. Protasov, Y. Efendiev,
Nonlinear Complexity Reduction for Fast Simulation of Flow in Heterogeneous Porous Media,
paper SPE 163618 presented at SPE Annual Technical Conference and Exhibition, Woodlands,
Texas, USA, 18-20 February, 2013.



scale separation. In this section, we combine Balanced Truncation (BT) and the
homogenization. The global reduced-order model is formulated for the homogenized
equation and we study the convergence of the reduced-order homogenized model and
the fine-scale detailed model analytically.

Over the past two decades, coarse-grid multiscale methods have been used as
suitable alternatives for solving fully-resolved computational models (see, e.g. [,
6, 27, 41, 42, 43]). This class of methods involves the construction of a coarse so-
lution space in which solutions are sought within the span of a set of multiscale
basis functions. For this work, we follow the framework of the Multiscale Finite Ele-
ment Method (MsFEM), where the basis functions are independently pre-computed
through solving a set of localized problems that resemble the global operator [41].
The multiscale basis functions are then consolidated in order to form a coarse space
in which a specified global formulation is used to construct a reduced-order solution.
Due to the localized fine-grid computations, relevant behavior of the global system
is inherently embedded into the multiscale basis functions. As such, these types of
multiscale spaces are equipped with a direct method of projecting the coarse-grid
solutions to the fine grid. Furthermore, as the basis functions are independent, Ms-
FEM (and related approaches) offers a more efficient solution technique in a parallel
setting. While standard multiscale methods have been effective for a variety of ap-
plications [26, 27, 28, 30], recent literature has offered a generalized framework for
the enrichment of coarse solution spaces. In particular, the Generalized Multiscale
Finite Element Method (GMsFEM) is a robust solution technique where the stan-
dard coarse-grid solution spaces from MsFEM may be systematically enriched to
converge to the fine grid solution [7, 24, 25]. The additional basis functions are
constructed through solutions of localized eigenvalue problems that are used in or-

der to further capture the underlying behavior of the system. Due to this type of



construction, GMsFEM offers an approach where the number of basis functions and
resulting coarse space dimension may be carefully chosen to adhere to a desired level
of accuracy. However, since the localized eigenvalue problems scale with respect to
the fine mesh, in this work we wish to avoid direct eigenvector calculations when
sources of uncertainty are incorporated into the problem formulation.

When considering parameter-dependent problems that may require repeated cal-
culations, the coarse space enrichment may be split into two stages for an added
boost in efficiency. More specifically, in the Section 4, we implement an offline-online
procedure in which the basis function computations and coarse space construction
are executed (see also [9, 12, 49, 51]). The main goal of doing so is to allow for
the efficient construction of an online space for each fixed parameter value; in turn,
avoiding the need to directly recompute the eigenvectors for separate realizations.
The first stage of the computation involves forming a larger-dimensional (as com-
pared to the online space) parameter-independent offline space. The offline space
accounts for a suitable range of parameter values that may be used in the online
stage, and the construction constitutes a one-time preprocessing step. The offline
space is created by initially producing a set of “snapshot” functions in which a num-
ber of localized problems are solved on each coarse subdomain for a specified number
of parameter values. The offline space is then obtained by solving a set of localized
eigenvalue problems that use averaged parameter quantities within the space of snap-
shots. The use of averaged quantities at this point of the offline stage is what makes
this computation parameter-independent, and suitable as a pre-processing step. At
the online stage, we finally solve analogous reduced-order eigenvalue problems within
the offline space for a given parameter value in order to construct the desired online
coarse space. In order to perform global model reduction we use BT approach on a

coarse-grid problem obtained by GMsFEM.



In Section 5 we develop a method for a single-phase flow equation in time-varying
heterogeneous media. The above approach was adapted to a time-varying case by
using a special form of BT developed in [53]. The main advantage of this method
is the fact that it doesn’t require finding expensive solutions of Lyapunov equations.
We offer a novel technique based on described GMsFEM approach coupled with
the time-varying BT. Numerical results validate the computational efficiency of the
suggested global-local model reduction method.

In Section 6, we extend above concepts and consider coupled flow and transport
processes. Our previous studies in Section 3, 4, and 5 consider elliptic type equations,
while in Section 6, we also consider convection-dominated transport equation, which
is coupled to the elliptic flow equations. The global model reduction approach is
proposed based on BT and using local model reduction techniques. For local model
reduction technique, we use a mixed GMsFEM for both flow and transport equa-
tions. The mixed finite element approach gives the mass conservation, which is very
important for subsurface applications. We present numerical results, which show

that with only a few degrees of freedom one can achieve accurate approximations.



2. PRELIMINARIES

2.1 First model problem

For our first model problem, we concentrate on a single-phase parameter-dependent
flow equation in heterogeneous media. We assume that k(x; ) is a high contrast co-
efficient (i.e., the ratio kmax(2)/kmin(z) is large) and an input u (controllable source
term) varies on a coarse grid and p is used to represent the parameter dependence.
Next, we introduce a mathematical formulation of the problem. We search for a

solution p(z,t) of the system

% = diV(/ﬁJ(ZL‘; ;L)Vp) + f(u) in D, (2.1a)

p=g¢g ondD, (2.1b)

where the input (or control) u € R™ is given, D is a domain in R?, the right hand
side f(u) is square integrable and depends linearly on u, g denotes the boundary
condition. The above model is solved along with a specified initial condition p(x,0) =
po(z). We also suppose that an output (measurable quantity) is given by an operator
acting on the state (solution) as ¢ = Cp = (Ci(p), ..., Cn(p)). Modeling subsurface
reservoir flow can be considered as an example, where an input is described by well
rates and an output is the pressure at the wells. In this case, C' can be considered
as a selection matrix of grid cells that have been allocated to wells.

In order to solve Equation (2.1), in Section 4 and Section 5, we will use the
GMsFEM, which is based on continuous Galerkin framework. We partition the
domain D into a set of finite elements (e.g., quadrilaterals or triangles) into a coarse

grid which we denote by 7#. We use {y;}2*, to denote the vertices of the coarse
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Figure 2.1: Illustration of the coarse grid, coarse elements, and a coarse neighborhood

mesh, and define the neighborhood of a node y; by

wi=| J{K; e T yi e K} (2.2)

See Figure 2.1 for an illustration of a coarse neighborhood. In addition, we assume
that there is a refinement of the coarse mesh and we denote this fine grid by 7".
We denote the space of linear finite element functions subordinated to 7" by V"

and we search for p(z,t) € V" such that

/ @v = —/ k(x; p)Vp Vo +/ f(u)v for all v € V" (2.3)
p Ot D D

The above equation yields the discrete form
Mp, = —A(p)p + Bu, (2.4)

where M := [m;;] = / ¢i¢; is a mass matrix, A(p) := [a(p)i;] = / k(x; 1)V Vo,
D D

is a stiffness matrix, Bu := [(bu);] = / f(u) ¢;, and ¢; is used to denote standard
D

6



bilinear basis functions that span V. Given matrices M, A(u), and B we solve (2.4)

using a backward Euler, implicit time marching scheme

P = (M + AtA(p) " MpF + (M + AtA(p))” AtBu, (2.5)

where p* denotes the discrete pressure solution at the k time level. Using N; to
denote the number of fine grid points, we note that the square matrices are of size
NyxNy. A main goal of this work is to derive a suitable reduced order model of size

N, such that N, < Ny.
2.2 Generalized Multiscale Finite Element Method (a local approach)

Below we briefly discuss the Generalized Multiscale Finite Element Method (GMs-
FEM) that we use in Sections 4-6. A more detailed description will be delegated to
Section 4.2. As GMsFEM hinges on a set of localized spectral problems that are
used to construct a suitable coarse scale solution space, we refer to GMsFEM as
a local model reduction technique. The main purpose of GMsFEM is to derive a
suitable reduced order model of the original system. In the context of GMsFEM,
this is done through the systematic construction of a coarse solution space that is
formed through a series of independent, local computations [25]. In particular, stan-
dard multiscale spaces may be systematically enriched through a careful choice of
localized eigenvalue problems that capture the underlying structure of the system.
Formally speaking, GMsFEM yields a transformation matrix R € R*Ne such that

we may express Equation (2.4) as

R"MR(p.), = —R"A(p)Rp. + RT Bu (2.6)



or

(pe)e = —A°()pe + Bu, (2.7)

where A°(n) = (RTMR)'RTA(p)R, B¢ = (RTMR)™' RTB, and p. denotes the
coarse scale solution. Similarly, an approximation to the measurable output may
be written as ¢ = CRp. = C°p.. The square matrices in (2.6) are of size N.x N,
where N, < N; denotes the size of the respective coarse solution space. Thus,

Equation (2.7) (or Equation (2.6)) serves as a local model reduction of Equation (2.4).
2.3 Homogenization (a local approach)

Next, we introduce a mathematical formulation of the problem with separable
scales. For a given input u € R™, we seek of state p(t,-) € H'(D) such that

dp

i div(k(x, %)Vp) + f(u). (2.8)

We assume D is a domain in RN (R? or R?) with a small period ¢ > 0 compared
to the size of the whole domain D. The coefficient x(z,y) is assumed to be periodic
with respect to y and the observed quantity ¢ = Cp, where C(p) = (C1(p),...,Cu(p))-
Moreover, we assume the following boundary conditions: p = g on 9D, g € H(9D)
and an initial condition p(z,y,0) = 0.

Next, we briefly discuss the idea of homogenization. We introduce a microscopic
variable or fast periodic variable y = ¢ and a macroscopic variable or slow periodic

variable z.

We assume the solution can be expanded as the following sum

—+00

. T T T T
pi(x,t) = Zelpi = po(x, =, t) +epr(z, =, t) + Epalz, =, t) + Epa(z, =, t) + ..., (2.9)
i—o € € € €



where the functions p;(z,y,t),7 = 1,2, ... are periodic in y with period 1. It is shown

in Section 3.1 that the homogenized equation can be written as

d,
CZO — divy*Vpo = f(u) in D,
Po=¢go on 0D, (2.10)
p0($a O) = 07

where the homogenized coefficient is defined as sj; = [, [k(z,y)(e; + VN (e; +

V,N;)|(z,y)dy and N(z,y) is a solution of a cell problem defined by:

—divyk(z,y)(e; + VyNi(z,y)) =0 in Y,
(2.11)

N(z,y) is periodic in Y.

As usual, {e;}¥ | denotes standard basis in RY.
Moreover, it was shown in Section 3.1 that the expansion can be written as
pe(x’ t) = pO(fE, %7 t)+€p1(x7 %7 t)+€2p2(377 %a t)+€3p3(l’, %7 t>+ - pO(xa t)—f—GN(ZE, y)

Vpo + 0, where [|0||m1(py = O(e/?).
2.4 Balanced Truncation (a global approach)

Below we describe a general idea of model reduction technique called Balanced
Truncation (BT) followed from the theory summarized in [38]. BT can be successfully
applied in order to approximate the input-output behavior of linear systems. We

consider the following time-invariant system

p(t) = Ap(t) + Bu(t) for t e (0,00), (2.12a)
p(0) = po, (2.12b)
q=Cp(t), (2.12¢)



where pg is an initial condition and ¢ is an output.

Now we introduce Laplace transform for a time-varying vector p(t) by

Lip|(s) = /OOO “Stp(t)dt for s € R.

Similarly, we can write L[u](s) = fooo “tu(t)dt and Llg)(s) = [;~ e g
t)dt + (e~ ( ) \;8"
Next, we can write the Laplace transform of the system (2.12) as sL[p](s) —p(0) =
AL[p|(s) + BL[u](s) or Llp(s) = (sI — A)~'p(0) + (sI — A)~"BL[u](s).
Finally, we can find the output as L[q] = CL[p|(s) = C(sI — A)~'p(0) + C(sI —
A)LBLu(s).

Notice that L[p](s) = [~ e=*p( =~ Jy (=s)e™'p

)
(2.1

In a case of p(0) = 0 we get L[g] = G(s)L[u|(s), for as called transfer matrix of
the system G(s) = C(sI — A)"'B. Then, we call a state-space modal (4, B, C,0)

satisfying
G(s) = (2.13)
a realization of G(s).
Next, we define the observability Gramian as W,(t f esATCTCesAds and the
controllability Gramian as W,(t f e“ABBTesA" ds. Tt can be shown that the

controllability and observability Gramians satisfy the following Lyapunov equations

respectively,
AW, +W, A"+ BB = 0 and A™W,+W, A+ CTC = 0. (2.14)

Now we compute a basis such that transforms the controllability and observability

Gramians to be equal and diagonal. In this case, the quantities o; = v/ A; (W.W,),

10



1 =1,---,n are called the Hankel Singular Values. The reduced system G, can be
obtained by selecting the dominant eigenvalues.
In [38] it has been shown that the reduced system G, (s) is balanced and asymp-

totically stable, moreover the following error estimate takes place

I1G(s) = Gr(8) e = (Orpa + -+ 00). (2.15)

2.5 Second model problem

We consider a coupled flow and transport system in the following form

%:GAC—U-Vc+f in D x (0,7), (2.16a)
v=—kVp in D, (2.16Db)
divv=0 in D, (2.16¢)

where D is a given domain in R?, G is a diffusivity of the medium, 7' > 0 is a fixed
time moment, x is a conductivity, f is a source term, c is a concentration, and p is a
pressure. The boundary conditions are ¢(z,t) = 0 on 9D x [0,7T], p(z) = 0 on OD.
The initial condition is ¢(z,0) = 0 in D.

In order to achieve mass conservation, we use mixed finite element methods. We

introduce a new auxiliary variable w (flux or flux-concentration), so the system (2.16)
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can be written in a mixed formulation

Oc

aZ—V‘w"‘f in D x (0,7), (2.17a)
w=—GVec+wvc in Dx(0,T), (2.17b)
v=—-kVp in D, (2.17¢)

divo =0 in D. (2.17d)

We assume that the basis functions for the concentration ¢ and the pressure p
are piecewise constant functions on a coarse grid. Following [16], we will construct
multiscale basis functions for the flux w and the velocity v.

Below we write a discretized form of the problem (2.17). We assume that the
domain D is partitioned in a usual way into a union of rectangles which we denote by
TH. The fine mesh we denote as 7". We define by £ = {E; : 1 <i < N,} the set
of all edges/faces of elements in T, where N, is the number of coarse edges/faces.

We introduce the coarse neighborhood of the edge/face E; as

wi={KecT?:0KNE;+#0}. (2.18)

Figure 2.2 for an illustration of a coarse neighborhood was given at [16], where
the coarse mesh is shown by black lines and the fine mesh is shown by grey lines.
We denote the coarse trial space (will be introduced in Section 6) for the pressure

p and the concentration ¢ by

Qu = {¥ : Y|k, € Po(K;) for all K, € TH}. (2.19)
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H A fine cell
inT"
K
F;
K
A coarse cell
in TH

Figure 2.2: Illustration of a course neighborhood w; (in green) corresponding to the
coarse edge E; (see [16])

We introduce the multiscale solution space for the flux w and the velocity v as

Vi =Jor and Vy=[]Jo;. (2.20)
E; E;

3 K

We discretize the time interval [0,7] uniformly by the points t" = ndt, n =
0,1,---, N, where dt is the time step and N = T'/t.
Next GMsFEM approximation of (2.17) can be written as following (see [16]).

For all n > 1, find ¢}y, € Qu , w} € V§, pu € Qu, vy € V}y, such that

n _ n—1
/—CH S e+/(V-w}}‘9)5=/f"“95 for V¢ € Qn,
D ot D D
pG D G
1 (2.21)
/_UH.@_/(V.@)Z,H for Vi € V,
Dk D
/ (V- op)p = for Vp € Qu,
D
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where the boundary condition py = g. For § = 0,1/2 and 1, we get the Backward
Euler, Crank-Nicolson and Forward Euler Methods, respectively. The brief construc-
tion of Vi1, Vjy, and W, will be discussed in the section 6 as well as the novel approach

based on BT model reduction.
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3. COARSE-GRID MODEL REDUCTION WITH BALANCED TRUNCATION
FOR FLOWS IN POROUS MEDIA WITH SEPARABLE SCALES

In this section, we combine efficient homogenization methods on a coarse grid with
global model reduction techniques. In [22], this is done using multiscale finite element
methods; however, the cost of computing local solutions can be expensive due to
small-scales and high-contrast in the coefficients. We employ hierarchical approaches
for solving local problems. In particular, we propose solving local problems with
different resolutions and then consider combining these multi-resolution solutions
to achieve an accurate approximation of the effective properties. These coarse-grid

models are coupled with BT.
3.1 Homogenization

Below we remind the theory of a periodic homogenization (see [3]). The main goal
of the homogenization is to move from a microscopic description of a problem to an
averaged /macroscopic formulation. As mentioned before we introduce a microscopic
variable or fast periodic variable y = ¥ and a macroscopic variable or slow periodic

variable z.

We assume the solution can be expanded as the following sum

“+00

- x x x x
p(x,t) = Zelpi = po(x, =, t) +ep1(x, —, 1) +Epo(x, =, t) + Eps(x, =, 1) + ..., (3.1)
— € € € €

where the functions p;(x,y,t),7 = 0,1,... are periodic in y with period 1. The
following fact is the obvious implementation of chain rule and will be used for ensuing
calculations.

Remark. We assume F(z,y,t) € H'(D), then LF(z,%,t) = ZF(z,y,t) +
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%d%F(x, y,t), where y is evaluated at point y = <.

Without loss of generality, we will limit ourselves to a one-dimensional problem.

] € . d 3 y T
For further calculations we denote the operator F** := %< — div(k(z, 2)Vp,) = f(u).
Using Equation (3.1) and some obvious regrouping, the following expression is ob-

tained:

. X _ .
Fe=—¢2 [dﬂ)y/i(l‘, y)Vypo} (x, o t) — et [dwyn(x, Y)(Vapo + Vyp1)+

+divyk(z,y)Vypol (, ‘ t) + +€ ([ = divar(z, y)(Vapo + Vypr)—

)
€

. T dp,, =x
—divyk(x,y)(Vepr + Vypg)] (z, = t)+ CZ (x, - t))+

400
dp : T
+ Z € [d—i — divgk(,y) (Vop; + Vypis1) — divygs(z, y) (Vi + Vypia)] (2, - t).
i=1

(3.2)
In other words, we are looking for a solution of the equation F := :’2032 a;et = f(u),
where coefficients a;(i = —2,—1,0,1,2,...) of the power series F° are defined from

Equation (3.2). Clearly, a; = 0 for i # 0 and a9 = f(u). We consider two-scale
problem, so only first three terms are sufficient to use. We introduce corresponding

three equations:

a—2 = [dil@lﬁ(l‘, y)vyPO] (Iv Y, t) = 07 (33)
a_y = [divyr(z,y)(Vapo + Vypr) + divers(z,y)Vypo (z,y,1) = 0, (3.4)

ag = [ - dil}xli(l’, y)<vxp0 + Vypl) - divyﬁ(l‘a y) (vmpl + vpr)] (l‘7 Y, t)+

+ )= s

(3.5)

Since po(x,y, t) is periodic in y, then Equation (3.3) implies py(z, y, t) actually doesn’t
depend on y and we can rewrite po(z,y,t) = po(z,t).
Moreover, taking into account V,po(z,t) = 0, Equation (3.4) can be transformed

as following:
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[divys(z,y)(Vepo + Vyp1) + diver(z, y)Vypo| (z,y,t) =
= [divy"i(xu y) (vcch + vypl)] (I, Y, t) = 0

or

—divyk(x,y)Vyp1(x,y,t) = divyk(z, y)Vaipo(z, t).

Therefore, the last equation gives an expression for p;(z,y,t) in terms of py(z,t).
More precisely, pi(x,y,t) = Zf\;l %Ni(m,y) = N(z,y)Vpo up to some constant
function ¢(z), where N(z,y) is a solution for a cell problem defined by:

—divyk(z,y)(e; + VyNi(z,y)) =0 in Y, (36)
3.6

N(z,y) is periodic in Y.

As usual, {e;}¥, denotes standard basis in RY.
Equation (3.5) represents an equation for the unknown ps in a unit periodic cell

Y =[0,1] x [0, 1] and it can be rewritten as following:

—divyk(z,y)Vypa(x,y,t) =

= —%(w,t) + [divek(z, y)(Vapo + Vypr) + divgs(z, y)Vepi | (2,9, 1) + f(u). (3.7)

Notice that py(z,y) has periodic boundary condition, so

/ divyk(z,y)Vypa(z, y, t)dy :/ (k(z,y)Vypa(z,y,t)) - ndS = 0.
Y

5)4

Hence after integrating both sides of Equation (3.7) over Y, the following expression
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takes place:

dp,
dt

(,t) = f(u))dy.
(3.8)

/ [diver (2, y)(Vapo + Vyp1) + divys(z, y) Vapr | (2, y, t)dy = /(
Y Yy
Notice that a term

/Y [dii}yﬁ(l‘, y)vxpl} (3:7 Y, t>dy = /Y [divyﬁ(aja y)vx (N(.I, y)Vpo(x, t))] (1‘, Y, t)dy = 0

according to the periodicity of N(x,y) and the following fact.
Remark. We assume F(x,y) is a periodic function with respect to y €
Y =1[0,1], then [, %F(x,y)dy = F(z,1) — F(x,0) = 0.

Equation (3.8) can be written as

dp,

Peta,t) = div, | [ y)(Vapo + Vo)) o)y = £0)

and the homogenized equation can be written as

dp,

%(z,t) — divgk*Vpo(z,t) = f(u) in D,
Po=go on 0D, (3.9)
po(l’, O) = 07

where the homogenized coefficient is defined as £ = [, [r(z,y)(e; + V,N;)(e; +
V)] (z,y)dy.

We show below that the expansion can be written as p®(z,t) = po(z,t)+epi(z, Z,t)+
epa(x, £, t)+e*ps(x, £,t)+... = po(x, t)+eN(z,y)-Vpo+0(z,y,t), where ||0]| g1 (p) =
O(e/?).

For simplifications, we assume that the right hand side f(u) = 0. Note that 6
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satisfies the following system:

d0 — divyk*V,0 =0,

dt (3.10)
0 = —eN(z, E)

€

Since the minimum energy is achieved on solution, we have [, V8| < [, V0|
for any arbitrary 6,,, with boundary conditions ,,, = —eN(z, f) on 0D. We consider
a function 7 € C*°(D) such that 7 = 1 on 9D and 7 = 0 on D°. For simplicity,
we assume D = [0,1] x [0,1], 7 = 1 in a boundary strip with length § and 7 = 0
otherwise. Then it can be easily shown V7 ~ %. The following computations take
place:

1
/ Vb2 < c/ VN (z, D)2 + c/ 2N (z, D2V < COH + csHE~ —
D D € D € 02

= CH(0+ %) = CHe, where [, |N(z,2)*dy = 6H.
Therefore, ||0]|z1(py = O(e'/?) and it serves to take into account boundary condi-
tions. In order to keep simple explanation, we ignore . Hence the pressure is equal

to

x
p(x,t) = po(x,t) + epy (z, ?t)’ (3.11)

where p;(z,y,t) is a function periodic in y (see [3]). Therefore, our problem becomes

dp©
dt

= div(k(z, %)Vpﬁ) + f(u). (3.12)

We notice that the computational cost for finding such solution is cheap due to
the following fact that the solution can be found for a single RVE and is independent
of e.

We assume (¢ € H} (D) x H!, (V) is a test function, then the weak form of the

per
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equation (3.12) can be written as:

d €
/D( di ,Qe)dx:/D/i(x,%)Vpevgedx—l—/D(f,ge)dx. (3.13)

dp1(x,2,t),t €0 0
% X @0 4nd the two-scale convergence holds: Vpt =

dp® __ dp
Note that - = —t0+e o

d d

pro(ﬂi, t) + Vyp1<x> Y, t)

Therefore, the limiting equation for p(z) can be rewritten as following:

dpo .
/D B0 e = /D /Y (2 5) (Vo + V1) (Vo V1) dyds + /D F)Gode. (3.14)

3.2 Full tensor product FEM
3.2.1 Reduced BT approach

Full tensor product FEM is considered in this section for solving the homogenized
system. For simplicity, we omit dependence of ¢ in the derivations below. Matrix
formulation is described below. We denote basis functions in H} (D) as {®;(z)}(i =
1,...,N), basis functions in L*(D) as {Uy(x)}(k = 1,..., M) and basis functions in
HL (V) as {B(y)}(1 = 1,.., 1),

We assume that po(z) = SN, ¢;®i(2), pi(z,y) = Soor, Zl]‘zl AV (2) T (y).

Remark. Notice that the relationship between coefficients dy; and ey can be

found from the following equation:

pr(@,y) =D D du¥i() i (y) = Z D) enVi(@)Ui(y)e®i(x).  (3.15)

We assume (; = ®;(x) for some j = 1,..,N and { = W,(z)¥,(y) for some

r=1,...M,s=1,..., M.
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Therefore, Equation (3.14) can be rewritten as following:

/chz @i( dff—// ki, y)( czV Q;(x)) VP, (z)dydr+

[ Ko ) (3 T 0 Vo (3.16)

// k(z, )/ iid,ﬂk () Vo ®; (2)dyda—+

k=1 l=1

/ / (. 9)( szkm ()0 (2)V, () dyd+

k=1 l=1

+/Df(u)<1>

We reorganize terms of Equation (3.16):

N

Z(/q%()@ :r:dc’ Zj:// (z,y) Vi (2)V,; (z)dydz)c;+

i=1 YD

+Z// (2,y) Vo @ (2) U, (2)V, U, (y)dydz)c;+

+ Z // k(2 y) U (2)V, U (y) Vo @, (¢) dyda ) di +

k=1 =1

#3030 )W)V, ) )V, B ) )i

+ /D f(u)®;(z)dx
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Using matrix notation, the equation can be written in the following form:

M M M M
ZQZ] dcl ZA]zCz_I'ZZ ]7,07, ZZ Bk ]ldkl Z Z rk jldkl+

i=1 r=1 k=1 =1 k=1 1=1
(3.17)
where
fD [y K(z,y) Vo ®@i(2)V, @ (x)dydz for i =1,...,N,j =1,...,N;
= [ [y &( (x)V, 0 i)V, @i(x)dydr for l =1,.. . M,i=1,..,N,j =
1,...,M;
Fj = fD f(u)i)j(x)dx for j=1,...,N;
= [ [y &( (2)V, U (y) U, (2)V,, Uy (y)dyda for r = 1,.., M, j =
Lo Mi=1,. Mi=1,.. M
= [, ®; z)dr fori=1,..,N,j=1,..,N (assume Q;; = 0 for all

i:N+LmN+MMJ:N+LMN+MM)

Therefore, the matrix form of Equation (3.17):

% C1 Fy
& (A) s (B1) sz (Bar) war CN Fy
d(jil) . (B*> (SH)MXM‘“(SIM)MXM di1 0 B
Q = + =
d(d, *
Aoy | (B e (S ) st (Saian) v || din 0
xd duig] [ 0]
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_Fl_
B 7 r . dy;
(A)NXN (Bl>N><M"'(BM)N><M FN
C1
_ (BY) jixn N (S11) sz (S1ar) prsc it i |+ 0 _
CN
_(B&)szv_ (Syr1) nrait (SMM>M><M_ 0
Koveva
. O -
(A)NxN (B)NXMM (F)lxN
= (C)lxN] + {(d)lxw} + ., (3.18)
(B*>MM><N (S)MMxMM (O)lxMM

where B = [By,...Byl, ¢ = [e1,...,en|, d = [dy, e dy gy ozl
(S10) st (S1n) et

F=[F,..,Fx)and S=| ...

From the last Equation (3.18)
B*c+ Sd =0,

and the expression of d in terms of ¢ can be found as d = —S~Y B*c.
The size of matrix S is comparable to the size of the whole system. The sparse
tensor product finite element method can be used in order to reduce the dimension

of S and be able to compute S(=1 as well as a hierarchical approach.
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We denote the 'non-zero’ part of the matrix @) as Q, ie., Q is N x N matrix,
where coefficients Q;; = [}, ®; x)dr for i =1,..,N,j =1,..,N. Then we can

rewrite the first equation of the system (3.18) as
~ dC (—1) p* (—1) p=*
Q% = Ac+Bd+F = Ac— BS"VB"c+ F = (A= BS“VB )+ I,

Finally, we get the system:

dc

(Q)NXN f;

= (A—BS“YB")c+F, (3.19)

q=Ce.

For simplicity, we assume that FF = Ku. The BT Approach will be applied in
approximating the input-output behavior of linear systems and a-priori error bounds
can be easily computed. In order to apply the BT approach, we need to take Laplace
transform of dynamic system (3.19). We recall that the Laplace transform for some

function ¢(t) is defined as

Ligl(s) = /0+00 “tg(t)dt,s € R. (3.20)

Moreover,

e = [ et == [T tee s (@ telo)| = st oo

Therefore, the Laplace transform of dynamic system (3.19) yields

SQL[c](s) = c(0) = (A — BSTVB*)L[|(s) + K L[u](s),
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which gives

Llc](s) = (sQ — A+ BS“YB*)Vz(0) + (sQ — A+ BS“YV BV K L[u](s)
and the output

Lig(s) = C(sQ — A+ BS"YB*)V2(0) + C(sQ — A+ BSTYB) VK Lu](s).
We assume ¢(0) = 0, then
Llg)(s) = C(sQ — A+ BSTVB") VK L[u](s) = G(s)L[u](s)
for transfer matrix
G(s) = O(sQ — A+ BSTV BV,

The balanced realization can be written as

D (A4 — BSCD B+ (1)
G(s) = A - BETUE) oK . (3.21)

C 0

By BT approach, there exists matrices Ay, By, C} such that

G(s) = (3.22)

is also a realization of G(s).

We note that the computational cost for S~ can be substantially high, there-
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fore, it is useful to apply several sparse techniques in advance. Such techniques are

described in the next section.
3.2.2  Lowest order basis
We assume that {®;(z)}(i = 1,..., N),{¥;(y)}( = 1,..., M) are piecewise-linear
functions and {Vx(z)}(k = 1,..., M) are piecewise constant functions. We divide D
into intervals Iy, Iy, ...Ig and denote (k(z,y))a,r, = [, (@, y) ¥, (2)V;(x)dz. Also, for

simplicity we assume

D=10.1) = ol ¥ = 10,26 = J by i) (3.23)

Then the matrices of Equation (3.17) can be written as following:

(Srj)li:/ / (2, y) U, (2)V, 0 (y) ¥ (2) V, U (y)dyde =
DJY
v <H($,y>>$’h(5ﬁ%dy, ] = l7

Yi—1

=/Y</<o(fc’,y)h@%@(y)Vy@z(y)c?mdy= — [P k(2 y))ar, Oriprdy, § =141,

Y

B y?jl,l <Ii([)§, y)>a:,lr5riHL5dy, ] =] — 1,
(3.24)

\

for

r=1, M,j=1,. M,1=1,. Mi=1,.,MH, =
(B,),; = / / (i, )W ()Y 0, () Vo s () dydar —
DJY

_ /Y (K2, 9))at, Vo U (9) Vo by () dy =
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yz’:il(/i(x, y)>$’1T5TiHLIHLydy for 7,7 — odd; j,i — even,
— % {k(2,Y)) 0.1, 0ri iydy for j — odd, i — even,

Yi—1 H, H

for

Now we will show that a cell problem (3.6) can be derived from the equation
Equation (3.17).

We rewrite a cell problem (3.6) as following

/YVyNj(fv,y)ﬂ(fv’y)vy‘i’j(y)vy@z(y>dy= —/Yﬁ(x,y)vy@z(y)dy-

After averaging on the interval I, we get the following equation:

/Y Yy Nj(@, ) (6@, 9))er, Vi V() V, Wily)dy = — /Y (K2, 9))a,1, Vy Wily) dy.

Therefore, the equation

B¢+ Sd=0

can be written as

([ (06,000 T B0 Va)er — [ ()20, 9, Trlw)y = 0.
Y Y
3.2.83 Discussion on computational savings

As we saw in a previous section full tensor product FEM involves calculations
solutions of cell problems for each macroscopic point x € D. Depending on a struc-

ture of the domain D such calculations can be very expensive or even impossible to
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make. Also note that the computational complexity of BT approach is O(N?) for
N being a size of a problem. Therefore, we have to carefully chose the size of an
input-output system (3.19).

In order to reduce computational cost for BT method, two techniques are sug-
gested: a hierarchical approach and a sparse tensor product approach. The first
method avoids enormously massive computations by using a grid hierarchy and a
precomputed information for nearby cell equations. The second method uses a spe-
cial form of sparse tensor product FEM and it achieves convergence rates comparable

to the full FEM.
3.3 Hierarchical approach

Below we offer a basic computational algorithm that is followed by method jus-
tification. We briefly discuss the main concept of a hierarchical approach. It uses
a sequence of finite element spaces where we compute cell equations with different
order of accuracy. Firstly, for chosen macro-grids, we calculate solutions for cell prob-
lems with high accuracy. Secondly, for a finer grid we calculate respective solutions

with less accuracy and correct them using high accurate nearby solutions.
3.3.1 Algorithm

We assume D = (JpZj, where Zp = 2 + k for a center of grid-block & and
a = - rescaled unit periodic cell. We can associate k with labeling denoted by k.
Henceforward, by N(x,y) we mean the analytic solution for (3.6). We fix k €
{1,...,G},G € Z, and the corresponding macro-grid Z;. By N*(z,y) we denote the

solution for the following problem

—divy((/: k(z,y)dz)(I+VN*(z,y))) =0, /YNk(x,y)dy = 0, N¥(z,y) is y—periodic.
(3.25)
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Now we define variational forms as following;:

A, (E)(NF, B) = / /Y w2, 4) VN (2, 4)V, b(y)dydz, (3.26)

(f*(y) / / k(z,y)V,o(y)dyde. (3.27)
Therefore, the weak variation form of Equation (3.25) can be written as
Ay(E) (V@) = (f4(y), )1, (3.28)

The problem (3.28) can be solved by standard Galerkin FEM.
We suppose that the basis functions {W,(z)}$_, correspond to the grid-blocks

{Zx}%_,, so we may write

Msx

=1

The above approximation is exact in the numerical or discrete sense if the basis
{U)(x)} are piecewise constants. We assume ¢(z,y) = U,(y) and after plugging the

above expression into (3.25), we obtain

/: /Y/f(f%y) I+Zem% IV Ui(y) | VyUs(y)dyde = 0. (3.30)

Solving the above system for each =, we may construct

M M
~ Zzekl\l/k

k=1 =1
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We denote such finite element approximation of solution by

N(zy) = ) enPi)li(y). (3.31)

Below we suggested a hierarchical approach for solving problem (3.28) and we
denote the corresponding solution by N (x,y).

For clearness, we describe a hierarchical algorithm for 2-level case. For multilevel
case it can be easily done by induction.

Step 1 : Build FEM Spaces. A fixed macro-grid Z is considered. We wish to
find an approximation N (Zy, -) satisfying (3.28) by using Galerkin FEM. We denote
a local coarse space by V¢ and local fine space by V/, V¢ C V/. We denote the error
in V/ by h and the coarsening FE factor by r.

Step 2 : Build Macro-Grid. First, we build a nested macro-grid for D denoted
by

Ty CcTy CD.

Suppose we have an initial grid Ty with distance between neighboring nodes at most
H and Tj can be obtained by refinement with grid spacing Hr~*.

We then define the hierarchy of macro-grids {Sp, S1} as So = To, S1 = 11\ So. We
refer to the coarsest grid Sy as the anchor points. We require that the hierarchy of
macro-grids be dense. That is, we require that for macro-block = € =, there exists

a nearby grid-block =;, such that
dist (k, k') < O(Hk™). (3.32)

Step 3 : Calculating the Correction Term.

We will rewrite the equation (3.28) in a matrix form. In order to do that, for
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fixed grid block =, we denote

(Ay), = / /Y )W (@)Y, Bu(y)V, B () dyda, (3.33)

and

(bg), = —/: /Y/-@(x,y)vy\ils(y)dydx and ey = (eg);. (3.34)

Therefore, (3.28) in a matrix form can be written as
M
Z (Ak)g (er)e = (bi), or Aper = b. (3.35)
=1

We outline an idea from multilevel algorithm. Suppose we have solved e; in grid-
block Z; and suppose we wish to solve the equation in a nearby grid-block Z;/. Then

we write the correction term as wy = e — e, and so the correction term satisfies
Ak/wk/ = bk/ — Ak/ek. (336)

The idea is to eventually solve wys in a coarser space than we used to solve e;. Then,

we let the approximation
e = Wy + €. (337)

3.3.2  Assumptions
In order to guarantee the existence and uniqueness for the solution, we make a
few assumptions on k(z,y) and N(z,y).
Assumption 3.3.1 k(z,y) is
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a) a smooth function of v and y, i.e. k(.,y) € CY(D) and k(x,.) € C*Y) for
some positive integers k and [,

b) Lipschitz in x, i.e. there exists a positive constant C' so that |k(zq1,y) —
K(xe,y)| < C - dist(xy, z2),

c¢) bounded above and below, i.e. there are positive constants o and [ so that for
allz € D,y €Y the following inequality o - ||z|| - ||y|| < k(z,y) < B-||z|| - ||y]| takes

place.

Assumption 3.3.2 N(x,y) is
a) a smooth function of z, i.e. N(.,y) € C"(D) for some l; € R.
b) Lipschitz in x, i.e. there exists a positive constant Cy so that |N(x1,y) —

N(zq,y)| < Cy - dist(zy, x2).

Assumption 3.3.3 The solution N(x,y) of the problem is in C'(Z, x Y). For
the finite element approzimation N(z,y) = 224:1 le\il eklwk(x)\il(y) there exists a

positive constant C' such that
IN(z,9)) = N(@, )l | < ChIIN||az, - (3.38)

Notice that from Assumption 3.3.1 we can easily derive the Lipschitz condition

on A, (Zx)(N*, ®):

Proposition 3.3.1 There exists a constant v so that
|(Ay(ER) (N, @) — Ay (Ep) (N*, @) (v, w) | < Ak — K[ [[v]lv[lw]lw (3.39)

for all k, k' satisfying (3.32).
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Remark. A hierarchical solution may not be periodic on cells, but it can be fized

by applying oversampling techniques [27].
3.3.8  Main theorem

We apply the same rectangular hierarchy of macro-grids as in [13]. Our goal is to
prove that suggested hierarchical approach gives the same order of accuracy as the
full solve.

We use the FE solution and trial spaces (V;, W;)~, described in step 1 of algo-
rithm. We assume that Vo = Wy = () and we denote macro-grids by {Sy, S ..., S}
A macrogrid =; for some fixed k is considered. We apply Galerkin method to find a

solution N € V; with high accuracy for the following problem:
Ay<EE>(NE? CD) = (f’;:, CD) Vo € W,. (340)

Assume we found a solution N; and we consider a macrogrid Zp,. Then by
finding the correction term from A,(Zg)(ws,, @) = R((fg/, o) — Ay(EE,)(Ng, /),
we can find an approximation of N as N ’f, =R ws, + N, g , where R - the fine-to-coarse
operator.

Our goal is to prove the following estimates.

Theorem 1. There is a positive constant C' independent of an error in the finest

FFE space h such that
IN = Ne|lmnyy < C - h-log(h™h), (3.41)

where N(x,y) is an analytical solution of the cell Equation (3.6) and ]\7,; = N +we
1s an approximated solution obtained by hierarchical algorithm Step1-Step3.

Theorem 2. There is a positive constant C' independent of an error in the finest
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FFE space h such that
lp— Pl < C - h-log(h™), (3.42)

where p is an analytical pressure solution of Equation (2.8) and p is an approximated
pressure solution obtained by hierarchical approximation of N.

Theorem 3. There is a positive constant C independent of an error in the finest
FFE space h such that

g —gllgr < C-h-log(h™"), (3.43)

where q is an analytical output and ¢ is an approrimated output obtained by hierar-
chical approximation of N.

First, let’s prove the following regularity relation. We remind the definition of k.
We assume that D = | J; 2z, where = = = + k for a center of grid-block k and = -
a rescaled unit periodic cell. We can associate k with labeling denoted by k.

Lemma 1. For centers of grid-blocks E, k' the following error estimate holds
1Nz = Nl vy < Cl =, (3.44)

for some constant C'.
Proof of Lemma 1. We fix centers of grid-blocks E, K. Therefore, equations

(3.25) for Ni, N can be written as following:

/ ( / m(x,y>d:c> VNV, t)dy = | ( /

ff(%y)dx) Vyo(y)dy, (3.45)

E
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Since we assume that the domain D is periodic, then each macro-grid differ by

Fu(x,y)dw> YV, NoV,6(y)dy = — /Y ( / n(x,wdx) V,0(y)dy.  (3.46)

E K’

translation, i.e. we can write Z; = 2+ k and En =B+ k' for unit cell . We assume
x,g:xo—i—lgand Ty :x0+1§'.
We make change of variables in both equations (3.45), (3.46) and subtract one

from another:

/Y ( /: (k(a+F, y)dx) V., N¥V,6(y)dy — /Y ( /: (k(x + E’,y)dx) V,N¥V,6(y)dy
= — /Y ( /: (k(z +k,y) — k(z + K y))dx) v, 0(y)dy

We denote the right hand side — ., (fE(li(:L‘ +ky) —k(z+ K, y))dx) V,o(y)dy =

(3.47)

I,. The equation (3.47) can be rewritten as

/Y (/5 (k(z + kK, y)dx> (vyNE _ VyNE'> V,6(y)dy —

L= /Y (/E("f(l“ +k,y) = Kz + K y))dx) V,N¥V,6(y)dy .

We denote I, = — [, (fﬁ k(x4 k,y) — sz + E’,y))dm) VyNEIqub(y)dy. Then
I; and I, can be easily estimated through Lipschitz inequality.

First, from Assumption 1b we have

1< [ [ Inta 4 Eoy) = sla+ F o)l 19,600 e dady <
Y JE

(3.49)
[ [ CIE=F1-119,000) 1. 2o dvd
=2JY
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Secondly, we have:

1< [ [ 16 Fo) = o Bl 198 e, IV duds <

L[ e =R IV i 19,00 ey duds
=2JY
(3.50)

Since the gradient of Lipschitz function is bounded by Lipschitz constant, we

have

L[ e =R 98 i 19,00 ey duda < @51)
=JY

[ [ e = F1- L 9,0 vy
=JY

We take ¢ = NF — N¥ then the left hand side of the equation (3.48) can be

written as

—

| / / (k(& + B, y) VN — k(e + 7, y)V, NV, (NF — N¥)dyda| <
=JY

[ Eop = a4 )l 19,8 = NP Py

The second term:
| / / (k(e + )V, NE — (a + K )V, NV, () dydar| <
=JY

/ / (k(z + &, y)V,N* — k(z + K, y)V,N* )V, 6(y)|dydz <
=JY

| [ et Bl 19,87 = 9,87 9,000y
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Since the gradient of Lipschitz function on bounded interval is bounded, we have

/ / 5z + K, )] - [V, NF — O, NF| |V, 6(y) | dydz <
=JY

// C-|V,NF - v,N¥|. C*dyda.
=JY

Therefore, || Ny — N ||y < Clk — k|1, O

Proof of theorem 1.

Assume that N, ,f € V/. We choose the nearby grid-block Z;, by assumption (3.32).
We will define the hierarchical solution by N,f, = W 4 N,{ for smooth correction
term W = Ny — Ny.

From the variational formulation we get
Ay (Ep) (w, @) = Ay(Ep) (Ni, @) — Ay (E) (N, @) = (fi, @) — Ay(Zk) (Nw, @) (3.52)

Since from (3.13) we have A,(Ep)(Ng, ®) = (fir, ®), then the equation (3.52)

can be rewritten as following:
(f5 = fir, @) = (Ay(Bn) — Ay (Bw)) (Ng, @) = Ay(Ep) (w, ) = Ay (Ep) (@™, @). (3.53)

From Cea’s lemma, Lipschitz inequality the following error estimate holds for

fixed micro-grid Z:

l|w —&“"|| < Crh -1 = Ch. (3.54)

Therefore, from the definition of correction term and the equation A, (=) (@, ®) =

(fk”a q))a
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AyER)(@, @) = (fi — fr, @) = (Ay(Ex) — Ay(E)) (N}, D). (3.55)

From Assumptions, Equation (3.53), Equation (3.55) and following the proof of
Theorem 3.1 at [13]:

||écorr($7 ) - (Dcorr(xa )HV <
< 1/BI((fe = fe)(w = @eorr)|| + 1/B]| Ay (Er) — Ay(Er)) (Nis (w = Deopr))|| < log(%)-

Finally, we proved that ||N — NEHHl(y) <C-h- log(%). O

Proof of theorem 2.

Notice that pi(z,y) = N(z,y)Vpe(z), therefore it is enough to prove the estimate
just for po(x).

Using the definition of the homogenized coefficient «*, multiplying by a test func-

tion ®; and integrating over the domain D, the Equation (3.9) can be written as

d M
_/ % j://H($7y)v:cp0vzq)jdyd$+2//H(x,y)vyp1v$q)j(y)dydg}+
D pJy “—~ JpJy
+ [ p s
D
(3.56)
and
dpo R . M R R
- E@j = Kz, y)VpoVa®;dydr + Z (2, y) V1 Ve @, (y)dydz+
D pJy —~ JpJy
+/ f(u)®;(z)dx,
D
(3.57)

where j =1,..., N.
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Subtracting equations (Equation (3.56) - Equation (3.57)) and taking into account

that py just depends on x, we have:

d(pn — D R
_/Dw@j:/jj/ylﬁ(ﬂj,y)vx(po_po)vzq)jdydﬂH—
//m(x,y)VyNVx(po—ﬁo)vmq)jdydx+

DJY

[ [ste.) - ) Ve Vatdudot (55

M
S [ t6t) = o) 9,0V ()
k=1 /DY
/ / k(2 ) VepoVy(N — NV, ®,dydz.
DJY

Now take ®; = (py — po) and integrating over the time, the Equation (3.58) can

be rewritten as
/ / po ——dx dt—l—/ / / k(2 y) (I + V,N)(Va(po — po)) dydrdt =
/ / / /{(:r,y)Vy(N — N)V.poVa(po — po)dydxdt+
o JpJy
M T
Z/ / / k(x, Y)Vy(N — N)Vyp1 V. (po — po)dydrdi+
—Jo JpJy

T
| [ | )9 = N0~ oy
o JplJy
(3.59)
We assume < k(z,y)(/ +V,N) >> ¢ for some 6 > 0, then the following estimate

can be obtained

min / / Po— Po)? + (Valpo — fo))?)dadt < C' - | N — N[ - lpo — foll .

Finally, [[po — polli < C" - [N = Ny < C-h-log(h™!).
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Proof of theorem 3.

According Theorem 2 we have that ||py — ol < C - h - log(h™).

Clearly, ||qgo — dollmr = ||C]|z - |lpo — Pollzr < C - h-log(h™') for some constant
C. O

3.4 Sparse approximation

Below we offer a general construction of sparse tensor product FEM and apply
it for given input-output system (3.19). It was showed in [40] that the convergence
rate for proposed approach is fundamentally the same as for full FEM.

To construct the sparse tensor product finite element spaces in {2 x Y we define
hierarchical sequence of finite element spaces: V% C V! C V2 C ... - subspaces of
HY(Q), V) C V! C V2 C ... - subspaces of Hj(Y). Notice that p; € L*(, H'(Y)) ~
L*(Q) @ H'(Y), so we assume the finite element basis for py is V' = VI @ V.
Define W! = V! — V=l such as VI = W' @Vt i=1,.,L.

Then the full tensor product space can be written as

vE— @ WZO®WI1,

0<lo,l1 <L

while the sparse tensor product space can be written as

‘@ @
0<lp+l <L
We say that dim(V*) = K.
Notice that the dimension of V¥ is O(2%?") and the dimension of ZL is much less,
O(2¢LL).
Now we can define the basis of spaces as: W% = span(¥;,1, V2, oo Yoy )

wh = spcm(\iflll, \Tfllg, e ‘i’hjzl) for some fixed ly,l; € R. Then the following rep-
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resentations hold p1(z,y) = > o<y 11, <1 ZZ}L ifj:l AW (1)U, (y) and po(z) =
Zi\il ¢;®i().

Now we can follow the same procedure as for full tensor space.

We assume (; = ®;(x) for some j = 1,..., N and {; = Uy, (2)¥,,(y) for some
r=1,...,j,and s =1,..., 7.

Therefore, the equation (3.14) can be rewritten as following:

/Dzdc;it)@(rﬂ)@j(x)da::/D/Y/@(x,y)(zciVx@i(x))Vxéj(x)dydx+

—i—/D/Y/f(:c,y)(;cimebi(x))\Iflor(x)vyﬁ!lls(y)dydx—i- (3.60)

jlo Jll

+/D/ (Y 3N A (@) V() Ve ®; (@) dydat

0<lo+l1<Lk 1 m=1

Jig Iy

+/D/ Z ZZlellqjlok vqjllm( ))\I]lor(x>vy\ijlls(y>dyd$+

0<l0+ll<L k=1 m=1

+ /D f(u)®;(z)dx

We reorganize terms of equation (3.60):

;(/ B, (2)®;(2)d dc’ i::// (@, )V o By () V5 () dydar)ci+

—I-Z(/D/Y/f(:);,y)Vxéi(x)\Illor(as)Vy@lls(y)dyda:)ci+
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Jig Iy

£ Y Y3 /D /Y (2, ) Wi () V1 () Vo () ) o 1

0<lp+l1 <L k=1 m=1

Jig Iy

+ Z ZZ(/D/Y/f(x,y)\Illok(x)V\i/llm(y)\I!lor(x)vy\iflls(y)dydaz)d?f;—I—

0<lo+i1 <L k=1 m=1

+ /D F(w)®;(z)dz.

Using matrix notation, the equation can be written in the following form:

Fy
_Cl_
0 _ (A)NXN(B)NXK CN n 0 _
dey (B rxn(S)kxx | | du
i 0 | 0
dk
L 0

o

_ (A)nxn |:(C>1><N:|+ (

. INxK [(d)lxK:|+ (F)1xn

(0>1><K

: (3.61)

(S)KXK

where A;; = [, [, 62, y)Vo®i(2)V,®;(x)dydx for i = 1,..,N,j =1,...,N;

(B)i(kj) =/, )y k() Ur(2) VI, (y) V0, (x)dydz for (kj) =1,...,K,i=1,...,N;

F; = [, f(u)®i(x)dx for j =1,...,N;

(S)iyany = Jp Jy #la,9) o (2)VE; (y) Vi (2)V, Wi(y)dydz for (rf) = 1,..., K, (il) =
1,.., K;

Qij = fD Q;(2)®;(z)dx for ¢ = 1,...,N,j = 1,..., N (assume @Q;; = 0 for all

42



i=N+1, . ., N+K j=N+1,.,N+K).

From the last equation of (3.61)
B¢+ 8d =0,

and the expression of d in terms of ¢ can be found: d = —SCY B*c.

The size of matrix S is comparable to the size of whole system. The sparse tensor
product finite element method can be used in order to reduce the dimension of S
and be able to compute S

We denote the 'non-zero’ part of the matrix Q as Q, i.e., Q is N x N matrix,
where coefficients Q;; = [, @i x)dzx fori =1,...,N,7 =1,..,N. Then (3.61)

can be rewritten as:
d . L e
QézAmJM+F:mHB§mB%+F:M—B$)Bk+F
Notice that the output:

ﬂm:/kvas/zm%m+ma
D D

so denoting by C the operator such that Cc = fD [(x) - Vypodzx, the output can be

c
rewritten as ¢ = [C' 0] =Cc+0="Cec

d
Finally, we get the system:

de -

<QMWN = (A—BS“YB" e+ F, (3.62)
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3.5 Conclusions

This section is devoted to an input-output formulation for a parabolic problem,
where input is a defined, controllable quantity and output is a measurable quantity.
Proposed approach reduces computational cost of obtaining a solution for the flow
in heterogeneous porous media with separable scales.

As a first step of the process, in order to discretize the problem two types of FEM
were considered standard (full tensor product) and sparse tensor product FEM.
The main advantage of a sparse tensor product approach over standard is the fact
of getting a system of much smaller size, while convergence rates are comparable to
full tensor product FEM. As a second step, a combination of both global and local
model reduction techniques was applied in order to carry out computations on a
discretized system. The following approach was developed for both sparse and full
tensor product FEM. First, two-scale homogenization was applied to the system.
Hierarchical approach allows solving local problems with different resolutions and
then combines these multi-resolution solutions to achieve an accurate approximation.
Secondly, the system is transformed in order to apply a global model reduction
technique BT Method. The latter enables to get a good approximation of a solution

by solving a system of much smaller size than the original one.
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4. COARSE-GRID MODEL REDUCTION WITH BALANCED TRUNCATION
FOR FLOWS IN GENERAL HETEROGENEOUS POROUS MEDIA WITH
A PARAMETER *

4.1 Preliminaries

In this section we concentrate on a case where the permeability doesn’t have a
scale separation. The following section was published at [50]. We consider a problem
in which we are interested in the effects that a small dimensional set of forcing inputs
has on a small dimensional set of measurable outputs. In the context of flow model-
ing, the forcing inputs may represent an injection-production well configuration, and
the measurable outputs may represent fixed or averaged pressure values at specified
regions of the porous medium. We emphasize that in a basic framework, each eval-
uation of the input-output mapping requires the solution(s) of the model equation
such that the measurable outputs are available. As such, cost effective alternatives
to using fully resolved approximation techniques are desirable. Due to the localized
construction of the coarse spaces mentioned above, GMsFEM may be viewed as a
local model reduction technique for the approximation of the model equation (or the
subsequent output quantities). More specifically, GMsFEM yields a reduced-order
model in which the mapping is approximated by solving smaller systems of equations
to obtain the output values.

We propose a local-global model reduction technique in which GMsFEM is com-
bined with balanced truncation (BT) (see, e.g., [22, 33]). BT is a global model re-

duction technique that offers rigorous apriori error bounds and solution stability, and

*Reprinted from Journal of Computational and Applied Mathematics, Vol. 271, M. Presho, A.
Protasov, E. Gildin, ”Local-global model reduction of parameter-dependent, single-phase flow
models via balanced truncation”, Pages 163-179, Copyright 2014, with permission from Elsevier.
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has been shown to be an effective model reduction tool for a variety of applications.
For example, BT was recently applied to single-phase flow equations in [22], and we
refer the interested reader to [33] for a more extensive discussion on using BT as an
effective global model reduction technique. The main idea is recast the partial the
differential equations into the systems framework, in which an input-to-output map-
ping, that is, transfer function, is constructed based on the internal state-variables.
Based on how much we can steer a state variable from an initial condition to a final
condition given a finite set of inputs, or how much we can infer the state of these
variables based on some measurements (output) of the system, we can determine the
most important state variables in this input-output mapping. In order to apply the
method, we solve a set of coupled Lyapunov equations that use matrices from a given
input-output dynamical system [38, 57]. The solutions of the Lyapunov equations
are called the observability and controllability Gramians, and their combination is
used to construct a reduced order system through using truncated eigenvectors of
the specified matrices. The associated eigenvalues (so-called Hankel singular values)
that appear in the apriori bounds have been shown to decay rapidly (see [2, 31]),
and therefore the measurable outputs of the system can be accurately approximated
by solving a substantially reduced order model. An important consideration of BT
is that the solutions of the Lyapunov equations can be very expensive to compute
[11, 14, 20]. Thus, BT may not be a suitable global model reduction technique if a
fully-resolved system of equations yields Lyapunov equations that are prohibitively
expensive to solve. As such, applying BT to a coarse-scale set of equations obtained
through GMsFEM is shown to be a tractable approach for solving the model equation

considered in this work.
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4.2 Offline-online Balanced Truncation approach

An application of BT approach to parameter-dependent problems can be com-
putationally insufficient since we have to solve series of Lyapunov equations. In
particular, solving these equations directly on the fine scale for varying permeability
samples, boundary conditions, and forcing terms will quickly become prohibitively
expensive. BT of linear time-varying system was studied in [54], where error bounds
were derived. However, the computational cost of a problem linearly depends on
time steps which further necessitate increasing the efficiency of the method. In turn,
in this work we propose the use of a multiscale, offline-online BT approach in order
to obtain inexpensive solutions. The method is based on GMsFEM that allows us
to construct an independent set of online basis functions in which a coarse solution
may be sought. As the resulting global system will then be posed on a coarse grid,
we avoid the need to implement BT directly on the fine grid.

The method consists of two stages: offline and online. At the offline stage, a
space of “snapshots” is first computed. Then, the fixed offline space is constructed
through a spectral reduction of the original snapshot space. We emphasize that the
offline space is constructed such that it is independent of the input space (e.g., the
input parameters that define the permeability field), and is used during the online
stage in order to efficiently construct a set of multiscale basis functions (and online
solution space). In essence, the online step yields a small dimensional subspace of
the offline space for each fixed pu. As such, at the online stage coarse solutions
may be quickly computed for specified input parameters. We remark that this type
of construction is a main contribution of this work, and serves to further decrease
the computational cost associated with the local model reduction. In particular,

the online space construction will no longer depend on eigenvalue problems that
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scale with respect to the size of the local fine mesh. Rather, the online eigenvalue
computations are performed within a significantly reduced space that depends on the
pre-processed offline eigenfunctions. A related local-global model reduction approach
was offered in [22], where the authors considered a parameter-independent model that

did not necessitate the need for a more efficient offline-online approach.
4.2.1 Generalized Multiscale Finite Element Method
4.2.1.1 Offtine computation

At the offline stage, we first construct a snapshot space Vg subordinated to
each coarse neighborhood w; in the domain (refer back to Figure 2.1). Construction
of the snapshot space involves solving a set of local problems for a suitable range of

input parameters, and in order construct the space we solve the following eigenvalue

problems on each coarse neighborhood w;:

Al Y™ = XS (s U™ in i (1.1
where p; (j =1,...,J) is a specified set of fixed parameter values. Neumann bound-

ary conditions are used for solving the eigenvalue problems, however mention that
other global formulations may warrant the use of modified boundary conditions [23].

The matrices in Equation (4.1) are defined as

AGs) = s onl = [ #5100 Foms - S(0) = [501)mn] = [ 73 1)0060m
(4.2)
where ¢,, denotes the standard bilinear, fine-scale basis functions and k will be defined

in the next section (cf. (4.8)). We point out that Equation (4.1) is the discretized
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form of the continuous equation

—div(k(, ;) V) = NPT in w;,

For notational brevity we now omit the superscript w; for the eigenvalue problems,
yet it is assumed throughout this section that the offline and online space computa-
tions are localized to respective coarse neighborhoods. After solving Equation (4.1),
we keep the first L; eigenfunctions that correspond to the dominant eigenvalues

(asymptotically vanishing in this case) in order to form the snapshot space
Vinap = span{wlsg.ap o 1<j<J and 1<1< L},

for each coarse neighborhood w;. We then reorder the snapshot functions using a

single index to create the matrix
Rsnap = inapa SRR ?\Eﬁip] ) (43)

where Mg, denotes the total number of functions that are kept in the snapshot
matrix construction.

At this stage, we perform a dimension reduction of the space of snapshots using
an auxiliary spectral decomposition in order to construct the offline space V. More
precisely, we seek a subspace of the snapshot space such that it can approximate any
element of the snapshot space in the appropriate sense defined via auxiliary bilinear
forms. The main objective is to use the offline space to efficiently (and accurately)
construct a set of multiscale basis functions for each p value at the online stage. And
we reiterate that the offline bilinear forms are chosen to be parameter-independent,

such that there is no need to reconstruct the offline space for each p value. The
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analysis in [25] motivates the following eigenvalue problem in the space of snapshots:
AOH\I]OH — /\zﬁsoﬁquﬂ7 (44)

where

A% = (0] = / R )V - Ty = BT AR,

and

S = (s3] = [ R = B S B

where %(x, i), and &(z, u) are domain-based averaged coefficients. Here, A and S
denote similar fine scale matrices as defined in Equation (4.1), except that averaged
coeflicients are used in the construction. To finalize the offline space we then choose
the smallest M g eigenvalues from Equation (4.4) and form the corresponding eigen-
vectors in the space of snapshots by setting ¢ = S i \If?;f TP (for k= 1,..., Myg),

where \Ifgif are the coordinates of the vector U¢f. We then create the offline matrix
iy ff
Rot = [, ¥in,g]

to be used in the online space construction.
4.2.1.2  Online computation

With the offline space available, we next construct the associated online coarse
space V¥ (u) on each coarse subdomain for a specified p realization. In principle,
we want the online space to be a small dimensional subspace of the offline space for
computational efficiency. More specifically, we seek a subspace of the offline space
such that it can approximate any element of the offline space in an appropriate sense.

We reiterate that at the online stage, the reduced-order bilinear forms are chosen to
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be parameter-dependent. Similar analysis (see [25]) motivates the following eigenvalue

problem to be solved in the offline space:
AP ()W = XS () R, (4.5)

where

A1) = ™ )] = [l ) VST VT = RIAGS) Ros

and
5% (1) = 5" () = [ s 0557 = RIS ) o,
and k(z; pu) and K(x; p) are now depend on the specified p value. Finally, to generate
the online space we choose the smallest M, eigenvalues from Equation (4.5) and
form the corresponding eigenvectors in the offline space by setting ¥ = > U ;?ff
(for k=1,..., M,,), where Wy are the coordinates of the vector Wi, We emphasize
that the size matrices in (4.5) now solely depends on the dimension of the offline
space. As such, the diminished computational cost of creating the online space is
in contrast to the more expensive alternative of directly using localized fine-grid

computations in the space construction.
4.2.1.83  Global formulation using online space

In order to incorporate our online basis functions into a reduced-order global for-
mulation of Equation (2.1) we start with an initial coarse space VI"*(11) = span{y; }2\",,
where N, denotes the number of coarse nodes. We use y; to denoted the standard

multiscale partition of unity functions which are defined by
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—div(k(z; 1) Vxi) =0 K € w;, (4.6)

Xi =gi on JK, (4.7)

for all K € w;, where g; is a bilinear boundary condition. Using the initial partition

of unity we define the summed, pointwise energy x (cf. Equation (4.2)) as

Ny
F=ry HVyl| (4.8)

i=1

where H denotes the coarse mesh size. In order to construct the global, coarse-
grid solution space we then multiply the partition of unity functions by the online
eigenfunctions from the space Vi (u) to form the basis functions

Yig = x 0" for 1 <i< N,and 1 <k < M (4.9)

on?’

where we recall that M¥ denotes the number of online basis functions to keep for
each w;. We note that the basis construction in Equation (4.9) yields a basis set
to be used within a continuous Galerkin global formulation, however, continuity is
not a requirement for a discontinuous Galerkin formulation (see [23]). The online,

spectral multiscale space is then defined as

Von(p) = span{ey;p: 1 <i < N, and 1 < k < M2}, (4.10)

and using a single index notation, we write V,, (1) = span{t;}Y¢,, where N, denotes
the total number of basis functions that are used in the coarse scale formulation.

Recalling Equation (2.6) we now introduce the final form for the operator matrix R

52



to be used in the global system construction. In particular, we set R = [¢1,...,¥n.],
where 1); represents the vector of nodal values of each basis function defined on the
fine grid. To solve Equation (2.1) we seek p.(z,t; 1) = Y. bi(t)i(x; n) € Von such

that

apcv
L Ot

= —/ k(x; 1) Vp, Vo +/ f(u)v for all v € V,. (4.11)
D D

The above equation yields the discrete form

M (pe)e = —A"(n)pe + B*u, (4.12)

M* :=[myy] = / Y1) is a coarse mass matrix, A*(u) := |ags] = / k(x; ) Vip; Vi,
D D

is a coarse stiffness matrix, B* := [b;] = / f(u);, and ; denotes the coarse
basis functions that span V,. As previously mZntioned in Subsection 2.2, the coarse
matrices may be written using the operator matrix R as follows: M* = RTMR,
A*(u) = RTA(p)R, and B* = RTB, where M, A(u), and R are the fine scale
matrices from Equation (2.4). The operator matrix may analogously be used to

project coarse scale solutions back to the fine grid. We note that expressing the

linear system as

(Pe)r = —A(p)pe + B,
(4.13)
qc = Ccpc;
where A%(u) = (M*)"YA*(u), B¢ = (M*)~'B*, and C¢ = C'R is the appropriate form

for applying the BT approach that is described in the next subsection.
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4.2.2  Balanced Truncation

The process of global model reduction may be generally stated as follows: for a
given model G (such as the system in Equation (4.13)), we wish find a lower order
system G, such that G and G, are close in some sense [57]. In our case, to reduce

the size of the coarse system

we will apply BT.

In order to reduce the complexity of the system, we can find state space variables
that can be truncated without compromising the input-output behavior of GG. This
can be accomplished by finding the states that are very difficult to steer (weakly con-
trollable) and simultaneously states that cannot be inferred from the measurements
or outputs (weakly observable). To this end, we form a joint measure of observability

and controllability through solving the Lyapunov equations

Wob A(p) + (AC(W)TWob +(Co)ree =0, (4.14)
A Weo + Weo (A1) + B(B)" =0,
where W, is the so-called observability Gramian, and W,, is the controllability
Gramian [38]. The solution of these two Lyapunov equations play an important role
in model reduction and in particular in the balanced truncation method. Several
algorithms have been devised to efficiently compute their solution. In the simplest
form, they depend on dense matrix computations such as in the the Bartels-Stewart

[10] method as modified by Hammarling [35] and are in general of order O(n?).

Many other algorithms have been developed to reduced its computational complex-
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ity, but they rely on iterative methods and low rank approximations of the solution
[34, 48, 52|, which in many cases may not give an appropriate solution. Once the
Gramians are available, they are expressed in the form of their Cholesky decomposi-
tions: Wy, = LI, Loy, and We, = Lo, LL . We then find the first N, ordered eigenvalues

and normalized eigenvectors of LEFOWO;DLCO, that is, we solve

LEWayLeo & = pi&; for i=1,...,N,. (4.15)

The eigenvalues and (row) eigenvectors of L WLy, are given by {p;} and {¢;} =
{07 LT LT} (i = 1,...,N,), where 0; = p.’*>. With the respective eigenvalues

co~ob

and eigenvectors in place we form the matrices U and V such that

oy 1/241
V= Leofo o bnoy®] and U= i | Lo,
ox, ",
with UV = Iy,. The reduced order model of Equation (4.13) is finally formed by
creating the matrices A" (u) = UA(n)V, B" = UB¢, and C" = C°V, where the value
of r depends on the decay of these eigenvalues. This will be shown in the numerical

experiments in the next section. In particular, we arrive at the reduced dimension

model (e.g., A"(u) has size N, xN,) where

(pr)e = —A"(u)pr + B'u,
(4.16)

qr = Crpra
and the output ¢" closely approximates ¢°.

A notable property of BT is that the apriori error estimates simply depend on

the eigenvalues of Equation (4.15) (see [31]). In particular, the error estimate de-
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pends upon the magnitude of the summation of all truncated eigenvalues. Another
advantage of BT is the fact that the stability of the resulting system is preserved
[4]. However, a possible limitation of the method is that the Lyapunov equations
in Equation (4.14) require costly, dense computations. As a result, applying BT
directly to a large dimensional input-output system may become prohibitively ex-
pensive. In this section, the combined GMsFEM-BT approach avoids the need for
large dimensional computations while still maintaining a suitable level of accuracy.
More specifically, since the method is applied directly to a online coarse-scale system
(which has already been reduced using local GMsFEM), the computational cost can

be significantly reduced.
4.3 Numerical results

In this section we offer a variety of numerical results to validate the performance of
the proposed offline-online balanced truncation approach. All solutions are computed
on the two-dimensional unit domain D = [0, 1]x 0, 1], and we assume a homogeneous
boundary condition p = 0. For the initial condition we use po(z) = 0. We let f(u)
be a piecewise constant forcing parameter on a coarse grid, such that the j* column

of B (recall Equation (2.4)) is defined as

)
0 otherwise,

where we use K to denote the j™ coarse element of the domain. In essence, the
matrix B is a mapping of a coarse-dimensional parameter u to the fine grid. For
all examples in this section, u is taken to be a multi-dimensional random parameter
subordinated to the coarse grid such that each component is uniformly distributed

on [0,1]. For each set of examples, a new input sample is drawn and used for the
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respective comparisons. Additionally, we assume that the output selection matrix
is defined by C = BT. As a result, the output quantities of interest are taken as
upscaled pressure solutions localized to the coarse elements. In order to solve the
fine scale problem in Equation (2.1), we discretize D into a 100x100 fine element
mesh.

For the first set of examples, we assume that the permeability field from Equa-
tion (2.1) takes the form r(x, ) = p1k1(x) + poka(x), where the pair (pg, po) is as-
sumed to be drawn from [0, 1]2. See Figure 4.1 for an illustration of the permeability
structure. In addition, the resulting field exhibits a randomized high-contrast struc-
ture, where the contrast is taken to be Kpax/Kmin = 10%. This type of permeability
structure serves to model a field containing enhanced flow conduits such as fractures
or channels. For all two-dimensional examples we use fixed values of ;1; = 0.4 and
e = 0.7 to create the composite field. In order to generate the snapshot space for
the offline-online procedure (cf. (4.3)) we use three equally spaced points in each
dimension and keep L; = 12 eigenfunctions so that Mg,a, = 32x12 = 108. For this
set of examples we initially solve the using the fully-resolved system of equations
from (2.4), and compute the corresponding output quantities. This computation is
typically the most expensive, and is used as the benchmark for testing the accuracy
of proposed method. In addition, we also solve the GMsFEM system in (4.13) and
obtain the corresponding output quantities. Finally, we apply BT to the coarse scale
equations from (4.13) to significantly reduce the dimension of the resulting system.
Throughout this section, we are interested in comparing the outputs resulting from
the fully resolved system and the reduced dimension system. In particular, we con-
sider the errors of the output quantities of interest as the respective solutions advance
in time. For the comparisons, we denote the fine-scale solutions as py, p3,...,p}',

the GMsFEM solutions as pl,p?, ..., pM, and the reduced solutions obtained by BT
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Figure 4.1: Permeability coefficients for a two-dimensional parameter-dependent
problem

as pl.p?, ..., pM. Here, we use M to denote the total number of time steps that
are used in the simulations. Figure 4.2 represents the quality of GMsFEM for an
arbitrary example, and serves as a motivation for online-offline balanced truncation
approach.

We then compute the respective output quantities ¢/ = C/p}, ¢* = Cpl, and

g = C"pt (for i =1,..., M), where the triangle inequality

la"* = "l < llg™ = a™llz + la™ = ¢l (4.17)

serves as a guideline for choosing an appropriate BT dimension. In particular, we
wish to choose the dimension such that the errors ||¢/* — ¢%'||; and ||¢>" — ¢"||» are
comparable. In doing so, we ensure that the error between the fully-resolved outputs
and GMsFEM-BT reduced model is not dominated by a single term. Throughout
this section we use a discrete, relative [2-norm scaled by the coarse output norm.
For the first set of examples, a time step of At = 5x107% is used, and we run

the simulations for 20 total time steps such that a steady state is observed. For
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Figure 4.2: Time variant pressure fields for fine-scale and coarse-scale systems

the following examples, we consider 10x10 and 20x20 coarse mesh configurations
that yield a variety of online coarse space dimensions. In particular, for the 10x10
coarse mesh we consider online spaces of dimension N, = 364,564, and 779, and for
the 20x20 coarse mesh we consider online spaces of dimension N, = 802, 1163, and
1524. The time variant output for selected fine-scale, coarse-scale, and reduced-order
systems is shown in Figures 4.3 and 4.4. Figure 4.3 corresponds to an online space
of dimension N, = 564 and Figure 4.4 corresponds to an online space of dimension
N, = 1524. In both figures, we plot the respective outputs for three time levels such
that the fine output is in the first row, the coarse output is in the middle row, and the
reduced output is in the third row. In Figure 4.3 we see from the illustrations that the
reduced outputs are nearly indistinguishable from the fine outputs for the case when
we use a reduced dimension of N,. = 70. Similarly, the outputs in Figure 4.4 are nearly

indistinguishable for a reduced dimension of N, = 300. For further comparison, we
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suitable choice of reduced dimensions will also be offered.
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Figure 4.3: Time variant output comparisons for a 10x10 coarse mesh configuration

also offer sets of plots that illustrate the similarities between the fine, coarse, and
reduced dimension outputs for either coarse mesh configuration at the steady state
time in Figures 4.5 and 4.6. These initial illustrations serve as a motivation for

more rigorous error comparisons below. In addition, a more detailed discussion on a

Table 4.1 compares the errors between the outputs of the respective steady state

solutions using a variety of online coarse spaces and reduced model dimensions cor-
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Figure 4.4: Time variant output comparisons for a 20x20 coarse mesh configuration

responding to a 10x10 coarse mesh. In particular, we test the error quantities
from Equation (4.17) using online coarse space dimensions of N, = 364,564, and
779, and BT reduced dimensions of N, = 20,30,40,50; N, = 30,50,70,90 and
N, = 100,200, 300, 400; respectively. We emphasize that the coarse spaces and re-
duced dimensions are much smaller than the fine-scale system of size Ny = 10201.
We see from the first two columns of Table 4.1 that the error between the fine-scale

and GMsFEM outputs decreases as the dimension of the coarse space increases. In
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Figure 4.5: Steady state output comparisons for a 10x10 coarse mesh configuration
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Figure 4.6: Steady state output comparisons for a 20x20 coarse mesh configuration

addition, we see that it is sufficient to reduce the size of the BT system to N, = 50—70
for the case of N, = 364, N, = 70—90 for the case of N, = 564, and to N, = 110—150
for the case of N, = 779 in order to obtain a comparable level of reduced dimen-
sion accuracy. An analogous set of results corresponding to a 20x20 coarse mesh
is offered in Table 4.2. The table suggests that it is sufficient to reduce the size of
the BT system to NN, = 40 — 50 for the case of N. = 802, N, = 150 — 200 for the
case of N, = 1163, and to N, = 300 — 400 for the case of N, = 1524 in order to
obtain a comparable level of reduced dimension accuracy. We note that the error
estimates associated with the BT reduction (see [31]) loosely govern an appropriate
size of the reduced system through a consideration of the Hankel singular values (i.e.,

the eigenvalues from Equation (4.15)). In particular, we generally choose a system
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Figure 4.7: Hankel singular value decline as a guideline for choice of BT system size

whose size is consistent with a sufficient decline in the eigenvalue order. For exam-
ple, we see from Figure 4.7 that the reduced dimensions of N, = 70 — 90 (N, = 564
case) and N, = 300 — 400 (N. = 1524 case) roughly correspond to 3 — 4 orders of
reduction in the respective eigenvalues. We again note that these reduced systems
are in stark contrast to the size of the fully-resolved system (N; = 10201), while
offering a suitable level of accuracy.

For a broader range of comparisons, we also offer a set of plots in Figure 4.8
that show how the relative errors advance in time for 10x10 and 20x20 coarse mesh
examples. For the 10x10 case, we consider N, = 564, and for the 20x20 case we
consider N, = 1524. However, we mention that these results are representative for
all cases. From Figure 4.8 we see that an increase in the size of reduced-dimension
yields a decrease in the time-dependent errors. And as expected from Table 4.1, we
see that a suitable range of reduced-dimensions essentially “encapsulates” the fine
vs. coarse errors advancing in time, further validating an appropriate choice of BT
dimensions.

For a final set of comparisons, we offer a set of computational times corresponding
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| dim(Von) [Ne] | Fine-Coarse Error (%) | Coarse-BT Error (%) | BT Size [N,] |

364 1.45 4.61 10
364 1.45 2.37 30
364 1.45 1.62 50
364 1.45 1.13 70
564 1.22 3.63 30
564 1.22 1.94 50
564 1.22 1.08 70
064 1.22 0.95 90
779 0.44 2.34 40
779 0.44 1.27 70
779 0.44 0.38 110
779 0.44 0.19 150

Table 4.1: Measurable output errors for a variety of reduced model dimensions at
steady state: 10x10 coarse mesh

| dim(V,n) [Ne] | Fine-Coarse Error (%) | Coarse-BT Error (%) | BT Size [N,] |

802 1.55 3.03 20
802 1.55 2.14 30
802 1.55 1.37 40
802 1.55 1.33 20
1163 0.51 1.60 20
1163 0.51 0.87 100
1163 0.51 0.52 150
1163 0.51 0.33 200
1524 0.36 0.93 100
1524 0.36 0.43 200
1524 0.36 0.26 300
1524 0.36 0.01 400

Table 4.2: Measurable output errors for a variety of reduced model dimensions at
steady state: 20x20 coarse mesh
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to the fine, coarse, and reduced dimension solution procedures. All computations
were performed serially on a dual-core desktop workstation where each core uses two
Intel Core i3 3.20 GHz processors, each with 4GB of RAM. We emphasize that these
timing comparisons do not account for the parallelizable nature of the GMsFEM
online space construction, however still offer some promising behavior. In particular,
a parallel implementation of the method would likely render the online GMsFEM
computations negligible. The results in Table 4.3 are devoted to a 10x10 coarse
mesh and Table 4.4 contains a set of 20x20 coarse mesh results. The top row
shows the required time to calculate a solution for the given fine-scale system of the
size Ny = 10201 (100x100 fine element mesh). Next, the actual time of finding a
solution by the online-offline balanced truncation approach for the same coarse space
dimensions is provided (N, = 364,564, 779 for Table 4.3, and N, = 802,1163, 1524
for Table 4.4). The final times are obtained by adding three components: a time
for the construction of the GMsFEM online space, a time for solving the Lyapunov
equations, and a time for finding a solution for the reduced GMsFEM-BT system.
These numerical results show a significant reduction in the computational cost for
the smallest coarse dimension of N, = 364. In particular, a computational time of
78.3 seconds for the fine-scale solve can be serially reduced to a time of 8.1 seconds for
this reduced model. We reiterate that even for this online space dimension, we obtain
steady state output errors that are less than 1.5% (cf. Table 4.1). Additionally, the
larger-dimensional choices resulting from a 10x10 coarse mesh are still noticeably
smaller than the fine-scale counterpart while offering declining errors. In contrast,
the 20x20 results in Table 4.4 show an increase in computational expense mainly due
to an increase in the Lyapunov system dimension (cf. (4.14)). Thus, we conclude that
a more tractable approach in this setting is to accept slightly larger errors resulting

from reduced systems with more reasonable timing.
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| System | Size | Time (sec) |

| Fine 10201 | 783 |
GMsFEM (Online) | 364 7.2
BT 50 0.9
GMsFEM-BT 50 8.1
GMsFEM (Online) | 564 12.2
BT 70 3.9
GMsFEM-BT 70 16.1
GMsFEM (Online) | 779 144
BT 110 19.1
GMsFEM-BT 110 33.5

Table 4.3: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms: 10x10 coarse mesh

| System | Size | Time (sec) |
| Fine 10201 | 783 |
GMsFEM (Online) | 802 21.4
BT 40 13.2
GMsFEM-BT 40 34.6
GMsFEM (Online) | 1163 41.3
BT 150 45
GMsFEM-BT 150 86.4
GMsFEM (Online) | 1524 65.2
BT 300 115.5
GMsFEM-BT 300 180.7

Table 4.4: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms: 20x20 coarse mesh
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Figure 4.8: Comparison of relative errors for fine, coarse and reduced models

For a final set of examples, we consider a four-dimensional permeability field
defined by r(z,p) = pikri(x) + poke(x) + psks(z) + para(z), where the values
(1, p12, 13, p14) are assumed to be drawn from [0, 1]*. We introduce a slight abuse
of notation by using k; and ks to denote different fields than the two-dimensional
case before. See Figure 4.9 for an illustration of the individual fields for the current
four-dimensional case. For all subsequent examples we use fixed values of p; = 0.4,
o = 0.7, u3 = 0.3, and py = 0.8. In order to generate the snapshot space in this case
(cf. (4.3)) we use three equally spaced points in each dimension and keep L; = 12
eigenfunctions so that Mg,., = 3*x12 = 972.

In compliance with the two-dimensional problem, we offer an analogous set of
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| dim (Vo) [N.] | Fine-Coarse Error (%) | Coarse-BT Error (%) | BT Size [N,] |

364 1.35 4.15 20
364 1.35 2.00 20
364 1.35 1.42 80
364 1.35 0.21 110
607 0.34 1.30 60
607 0.34 0.81 90
607 0.34 0.33 120
607 0.34 0.15 150
850 0.14 0.82 100
850 0.14 0.27 150
850 0.14 0.13 200
850 0.14 0.05 250

Table 4.5: Measurable output errors for a variety of reduced model dimensions at
steady state for a four-dimensional problem

examples. The time step for these examples is chosen to be At = 1x10~* and we
run the simulations for a total number of 40 time steps. For this set of results we
limit ourselves to a 10x10 coarse mesh configuration with online space dimensions
of N. = 364,607, and 850. We offer a set of output illustrations corresponding to
the fine, coarse, and reduced models in Figures 4.10 and 4.11. As before, we see
that the respective outputs at a variety of fixed times are nearly indistinguishable.
Furthermore, we see from Table 4.5 and Figure 4.12 that we are able to determine
a suitable reduced dimension based on the corresponding output errors. And as
expected, Table 4.6 shows that this range of online space and reduced dimensions
offers serial simulation times that are smaller than the fine-scale solve. As before,
the N, = 364 case yields the best timing while still producing errors that are less
than 1.5%.
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Figure 4.9: Permeability coefficients for a four-dimensional parameter-dependent
problem

4.4 Conclusions

In this section we propose a local-global model reduction technique for the accu-
rate calculation of output states of a parameter-dependent, single-phase flow model.
We treat the problem using a combined approach in which GMsFEM is used as an
effective local model reduction tool, and BT is used as an effective global model
reduction tool. GMsFEM hinges on the independent construction of a set of multi-
scale basis functions that are used to form a lower-dimensional coarse solution space.
The localized multiscale basis function computations are cast in the framework of

an offline-online procedure in which a respective set of eigenvalue problems are used
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Figure 4.10: Time variant output comparisons for a four-dimensional problem

to capture the underlying behavior of the system. Since the computation of the
snapshots and offline space accounts for a one-time preprocessing step, the online
coarse space may be cheaply constructed for a fixed input state. Given the locally
reduced coarse system, we then apply balanced truncation (BT) to further reduce
the size of the system while maintaining a suitable level of output state accuracy.
BT is a global model reduction technique in which the input-output mapping is

approximated through the spectral construction of a reduced-order model, and re-
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Figure 4.11: Steady state output comparisons for a four-dimensional problem

| System | Size | Time (sec) |
| Fine 10201 | 783 |
GMsFEM (Online) | 364 8.3
BT 80 1.3
GMsFEM-BT 80 9.6
GMsFEM (Online) | 607 16.9
BT 120 6.6
GMsFEM-BT 120 23.5
GMsFEM (Online) | 850 21.3
BT 200 224
GMsFEM-BT 200 43.7

Table 4.6: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms for a four-dimensional problem

quires the solution of a set of Lyapunov equations. The efficiency of the proposed
method depends on the size of the online coarse space, due to the fact that the Lya-
punov equations represent a main source of computational expense. However, the
GMsFEM-BT approach is shown to be quite flexible with respect to the online space
and reduced dimensions, and may be readily modified in order to ensure that the
resulting output errors are comparable. In turn, the associated numerical examples
suggest that the proposed method is a suitable approach for closely approximating

the output state of the parameter-dependent, single-phase model equation.
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5. COARSE-GRID MODEL REDUCTION WITH BALANCED TRUNCATION
FOR FLOWS IN TIME-VARYING HETEROGENEOUS POROUS MEDIA

5.1 Local-global model reduction for a time-varying system

In this section, we propose a local-global model reduction technique that combines
GMsFEM method with BT for a time-varying system. As in Section 4, we use the
GMsFEM as a local model reduction technique. But as a global model reduction
technique, a special computationally efficient form of a time-varying BT is used. We
offer a brief outline of the general procedure below.

We describe a time-variant model as following. Find a solution p(z,t) of the

system

% = diV(/i(iL‘; t)Vp) + f(w;t) in D, (5.1a)

p(t) =g(t) on 0D, (5.1b)

where the input (or control) v € R™ is given, D is a domain in R?, the right hand
side f(u;t) is square integrable and depends linearly on u, g denotes the boundary
condition. The above model is solved along with a specified initial condition p(z,0) =
po(z). We also suppose that an output is given as ¢(t) = C(¢)p(t).

For completeness, we rewrite the Equations (4.13) on a coarse grid (in a discrete
setup) for a time-variant case. We denote the transformation matrix which was
obtained by GMSFEM as R € RY*Ne and the coarse-scale equation can be written

as

R'M(t)R(p.); = —RTA(t)Rp. + R" B(t)u (5.2)
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or

(pe)e = —A(t)pe + B(t)u, (5.3)

where A°(t) = (RTM(t)R)™'RTA(t)R, B¢(t) = (RTM(t)R)"'R”B(t), and p,. de-
notes the coarse scale solution. Similarly, an approximation of the measurable output
may be written as ¢°(t) = C(t) Rp.(t) = C(t)p.(t).

The next step is to apply BT for the time-varying system (5.3). We use the
special computationally efficient form of a time-variant BT that was introduced in
[53, 54]. The detailed algorithm is formulated in the next Section. In order to find a
suitable approximation for the input-output map, we consider the transfer function
G(t). The approximation of G(t) can be accomplished by finding projection matrices,
namely U(t) and V' (t), such that Equation (5.3) can be projected onto a much smaller
subspace. To this end, the sequence of reduced-order model G, (t) can be computed

by setting

AT(t) = UMAS )V (t): B'(t) =UW®)B% C(t) = CV(t). (5.4)

We remind the fact that the number of truncated states can be chosen according
to error estimates that are expressed through Hankel singular values (HSV’s).

Finally, a globally reduced system can be written as following

(pr)e = =A"(t)p, + B"(t)u, (5.5a)

¢ =C"(t)pr, (5.5b)

such that A"(¢) has size N,xN,, where N, < N. < N;. The performance of the

proposed method will be assessed by comparing the measurable output quantities
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q(t), ¢°(t), and ¢"(t) resulting from Equations (5.1), (5.3), and (5.5), respectively.
As an approximation for the suggested reduced time-variant system (5.5), the

discrete-time formulation is given below

Dr(tisr) = (T 4+ AtA™(8)) " pro(te) + (I + AtA" (1))~ AtB' (t)u, (5.6a)

q" (tes1) = C"(t)pr (trr)- (5.6b)

5.1.1  Implementation of balanced truncation approach for time-varying systems

Sandberg developed the algorithm for a time-variant BT in [53] and the following
theorem was proved.

Theorem. In a case when G is stable and has initial realization at rest, there
exists a reduced-order model G : ||G—G||y < ~ with realization of order i(k) < n(k) if
and only if there exist bounded semi-definite solutions P(t) - controllability Gramian,

Q(t) - reachability Gramian to
A“(k)P(k)(A°(k)" — P(k+ 1) + B(k)(B)" (k) < 0, (5.7)

(A(R))"Q(k + 1)A%(k) — Q(k) + (C°(k))"C (k) <0, (5-8)

and Apin(P€(k) - Q°(k)) = v with multiplicity n(k) — n(k) for all k. Here P(k) and
Q(k) are discrete time instants of P(t) and Q(t).

Optimal Gramians can be calculated as following:

A(RYP(k)(A°(K)T + Be(k)(B(k))" = P(k + 1), (5.9a)

P(0) =0, (5.9b)
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(A°(k))" Q(k + 1)A*(k) + (C°(k)) " C*(k) = Q(k), (5.10a)

Q(N +1)=0. (5.10b)

Time-varying BT algorithm. To find an output ¢ given coarse matrices A€,
B¢, C° and M*:
INPUT coarse matrices A¢, B¢, C° and M€, a size k of the reduced system; a size
N of the coarse system; a total number Nt of time steps; a time step dt
OUTPUT approximated output ¢ of a reduced system
Step 1 Seti=1,P—zero N x N matriz (the initial controllability Gramian),
Q —zero N x N matriz (the initial observability Gramian), p, —zero kx1 column
(the solution of the reduced system).
Step 2 For v < Nt do Steps 3-12.
Step 8 Update A¢, B¢, C*¢, M°.
Step 4 Bs= (M°+dtx A°)\ B S = (M°+ dtx A°) \ Mc. (Calculate
auxiliary terms.)
Step 5 P =S+*PxS + Bsx Bs'. (Update the controllability Gramian)
Step 6 Set j = 1.
Step 7 For j < Nt —i+ 1 do Step 8.
Step 8 Q =5 xQ xS+ Cs xCs. (Update the observability
Gramian)
Step 9 Find T - the matrix of the right eigenvectors of the matrix P * (@),
where the eigenvalues of P x () are sorted in a descending order.
Step 10 A, =T xA°xT;B, =T «B%C, =CxT; F, =T % F°, M, =

T"* M€« T. Next, cut all matrices A, B,, C,., F,., C, by eliminating (k + 1)th, ..., Nth
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columns and rows. (Calculate reduced matrices.)
Step 11 Solve (p,); = —A"(t)pr + B"(t)u.
Step 12 Calculate ¢ = C, * p,. (Calculate the final output.)

Computational advantage.

First, note that the original method for computing Gramians involves SVD cal-
culations (using Cholesky factors) and it has computational cost O(n?®). While the
new method significantly reduce the number of calculations due to its structure.

Second, for varying right hand side F° the Gramians P and () can be reused.
Therefore, P and () can be calculated once and at each time step we need to calculate
the output.

The numerical illustration is proposed in the next section.
5.2 Numerical results

In order to study the implementation of the proposed balanced truncation ap-
proach for time-varying systems we consider three numerical cases. The first choice
of permeability k(x,t) = ko(z)-exp(t) is referred as a separable case, where the initial
permeability field ko(z) = k(z,0) has the structure shown in Figure 5.1. Notice that
this permeability field ko(x) exhibits a high-contrast structure, where the contrast is
taken to be Kmax/Kmin ~ 10% —10%. The second and the third cases are non-separable
examples. We use Nt as a total number of time steps.

The first non-separable case has the following permeability at a time step s:

¢ =15 for a high-contrast region,
ki1(z,t) = exp(c- —), where
Nt _ .
c=1 otherwise.
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The second non-separable case has a permeability at a time step s as following:

exp(1 +4.5- «;) for a high-contrast region,

Koz, t) = Ko(z) -
1 otherwise.

The separable permeability coefficient is illustrated in Figure 5.2 and non-separable
cases are represented in Figures 5.3-5.4 for some time instants.

A domain, boundary and initial conditions, a right hand side and an output are
chosen as in the first set of examples in Section 4. We consider the two-dimensional
unit domain D = [0, 1]x[0, 1], we assume a homogeneous boundary condition p = 0
and as the initial condition we use po(z) = 0. We let f(u) be a piecewise constant

forcing parameter on a coarse grid, such that the 5 column of B is defined as

1 if v € Kj,
B.j) =
0 otherwise,
where we use K; to denote the j™ coarse element of the domain. In essence, the
matrix B is a mapping of a coarse-dimensional parameter u to the fine grid. For all
examples u is taken to be a multi-dimensional random parameter subordinated to the
coarse grid such that each component is uniformly distributed on [0, 1]. Additionally,
we assume that the output selection matrix is defined by C' = B. For simplicity of
computations, the output selection matrix and the right hand side don’t depend on
time. And finally, we discretize D into a 100x100 fine element mesh. In all cases
10x10 coarse mesh is considered with online space of dimension N, = 564.
In order to justify GMsFEM, we list the illustration of the pressure fields for the

fine-scale system (see Figure 5.5) and for the coarse-scale system (see Figure 5.6) for

a non-separable case 1.
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#10°

Figure 5.1: Initial high-contrast permeability coefficient x

The rest of numerical results are devoted to comparing the outputs from the fine-
scale system and the coarse-scale system. We take a discrete, relative [2-norm scaled

by the coarse output norm. At each time step we wish to choose the dimension such

i
2

that the fine to coarse errors ¢/ —¢%?||; and the coarse to reduced errors ||¢%¢ —q
are comparable (where 7 is the time instant).

Table 5.1 compares the errors between the outputs of the coarse-scale system
and of the reduced system using a variety of time steps and a variety of reduced
system size for a separable case. Tables 5.2 and 5.3 contain numerical results for a
non-separable case 1 and a non-separable case 2, respectively. We test BT reduced
dimensions of N, = 5,10, 20 and time steps of Nt = 5,10, 20,50 for the same time
interval dt = 0.01. We see that the fine to coarse system error decreases as the
number of time steps increases and the coarse to reduced system error decreases as
the BT reduced dimensions increases. We remind that the size of coarse space is 564

and the ’optimal’ size of reduced space is 20, while the fine-scale system is of size
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Figure 5.2: High-contrast permeability coefficients for a separable case, 10 time steps

Ny = 10201.

The next sets of numerical results verify the computational efficiency of the pro-
posed method. Tables 5.4, 5.5, 5.6, 5.7, 5.8 and 5.9 contain computational times
corresponding to the fine, coarse, and reduced dimension solution procedures. All
calculations were completed serially on a dual-core desktop workstation where each
core uses two Intel Core i3 2.6 GHz processors, each with 8GB of RAM. We note
that a parallel implementation of the suggested method would likely provide the
online GMsFEM computations negligible, but still computational savings are signif-
icant. Tables 5.4, 5.5 are devoted to a separable case; Tables 5.6, 5.7 are devoted
to a non-separable case 1 and Tables 5.8, 5.9 are devoted to a non-separable case 2.
Since all above tables show similar numerical observations, we concentrate on Table
5.4 for a separable case with 10 time steps. The first row shows the required time
to calculate a solution for the given fine-scale system. Next row is the actual time
of finding a solution by the online GMsFEM approach. The last time is obtained

by adding three components: a time for the construction of the GMsFEM online

80



Time steps [Nt] | Fine-Coarse Error (%) | Coarse-BT Error (%) | BT Size [N,] |

5 1.54 4.37 5
5 1.54 2.33 10
5 1.54 1.12 20
10 1.52 4.45 5
10 1.52 2.34 10
10 1.52 1.12 20
20 1.52 4.49 5
20 1.52 2.36 10
20 1.52 1.12 20
50 1.51 4.52 5
50 1.51 2.37 10
50 1.51 1.12 20

Table 5.1: Measurable output errors for a variety of reduced model dimensions at
steady state: 10x10 coarse mesh ( dim(V,,) [IV.] = 564, a separable case)

Time steps [N{] | Fine-Coarse Error (%) | Coarse-BT Error (%) | BT Size [N, ] |

5 1.82 4.60 5
5 1.82 2.27 10
5 1.82 1.12 20
10 2.09 4.89 5
10 2.09 2.66 10
10 2.09 1.23 20
20 2.27 8.87 5
20 2.27 297 10
20 2.27 1.38 20
50 2.39 11.31 5
50 2.39 3.24 10
50 2.39 1.47 20

Table 5.2: Measurable output errors for a variety of reduced model dimensions at
steady state: 10x10 coarse mesh ( dim(V,,) [N.] = 564, a non-separable case 1)
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Figure 5.3: High-contrast permeability coefficients for a non-separable case 1, 10
time steps

space, a time for solving the Lyapunov equations, and a time for finding a solution
for the reduced GMSFEM-BT system. This numerical example shows a significant
reduction in the computational cost. In particular, a computational time of 563.23
seconds for the fine-scale solve can be serially reduced to a time of 7.09 seconds for
the reduced model. Figures 5.7, 5.8 and 5.9 give an illustration of fine, coarse and

reduced outputs for a separable case, a non-separable case 1 and non-separable case

2, respectively.
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| Time steps [N¢] | Fine-Coarse Error (%) | Coarse-BT Error (%) | BT Size [N,] |

5 1.34 6.15 5
5 1.34 2.98 10
5 1.34 1.29 20
10 1.34 2.97 5
10 1.34 2.90 10
10 1.34 1.25 20
20 1.33 2.88 5
20 1.33 2.86 10
20 1.33 1.24 20
50 1.33 5.82 5
50 1.33 2.83 10
20 1.33 1.23 20

Table 5.3: Measurable output errors for a variety of reduced model dimensions at
steady state: 10x10 coarse mesh ( dim(V,,) [N.] = 564, a non-separable case 2)

| System | Size | Time (sec) |
| Fine | 10201 | 563.23 |
GMsFEM (Online) | 564 3.71
BT 100 3.38
GMsFEM-BT 100 7.09

Table 5.4: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms: a separable case, 10 time steps

| System | Size | Time (sec) |

| Fine [ 10201 | 3160.72 |
GMsFEM (Online) | 564 21.65
BT 100 28.71
GMsFEM-BT 100 50.36

Table 5.5: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms: a separable case, 50 time steps
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Figure 5.4: High-contrast permeability coefficients for a non-separable case 2, 10
time steps

| System | Size | Time (sec) |
| Fine [ 10201 | 553.04 |
GMSsFEM (Online) | 564 5.04
BT 20 3.41
GMsFEM-BT 20 8.59

Table 5.6: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms: a non-separable case 1, 10 time steps

5.3 Conclusions

In this section we consider a time-varying system that represents a typical source
of computational expense. A new robust and computationally efficient method is
suggested, and it is based on combing local and global model reduction techniques.
As a local model reduction, we use the GMsFEM and as a global model reduction
a special form of time-varying BT. We would to remark that such form of time-
varying BT doesn’t require calculations of ”expensive” Lyapunov equations in each

time interval.
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| System | Size | Time (sec) |

| Fine | 10201 | 2708.89 |
GMsFEM (Online) | 564 23.33
BT 20 27.75
GMsFEM-BT 20 63.01

Table 5.7: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms: 10x10 coarse mesh, a non-separable case 1, 50 time steps

| System | Size | Time (sec) |
| Fine | 10201 | 566.67 |
GMsFEM (Online) | 564 4.48
BT 20 2.87
GMsFEM-BT 20 7.35

Table 5.8: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms: a non-separable case 2, 10 time steps

| System | Size | Time (sec) |

| Fine [ 10201 | 2885.71 |
GMsFEM (Online) | 564 21.36
BT 20 28.05
GMsFEM-BT 20 49.41

Table 5.9: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms: 10x10 coarse mesh, a non-separable case 2, 50 time steps
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Figure 5.5: Pressure fields for a non-separable case 1, 10 time steps, a fine-scale

system
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Figure 5.6: Pressure fields for a non-separable case 1,

system
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Figure 5.7: Time variant output comparisons for a separable case, 10 time steps
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Figure 5.8: Time variant output comparisons for a non-separable case 1, 10 time
steps
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Figure 5.9: Time variant output comparisons for a non-separable case 2, 10 time
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6. BALANCED TRUNCATION METHOD FOR COUPLED FLOW AND
TRANSPORT

6.1 Local-global model reduction

In this section we consider a new local-global model reduction technique based
on BT approach for solving coupled flow and transport equations. A suggested
method combines the GMsFEM with BT approach for a mixed formulation. The
mixed formulation provides a mass conservative velocity field and is important for
subsurface applications. In this section, we use coarse-grid models for both flow and

transport equations. The mixed formulation used in the section is presented in [16].

6.2 Generalized Multiscale Finite Element Method for coupled flow and transport
6.2.1 Multiscale solution space Vi

First, we present the construction for the snapshot space V.. As in [16], we define
the local problem as following. For each E; € £, on its neighboring coarse cell K,

find p’ € Qu, ¥} ; € V)Y, such that

Uy + £V =0 in K,
V-@ij,j:ozj» in K,
(6.1)
Loon=0 on 0K\ E;,

v?j )

i _ i A
by M =0; on kj

where j varies over all fine-grid edges on Ej;, a§ is a constant on K, n is a fixed

unit-normal vector on 0K, and 5; (x) is defined on F; with respect to the fine-grid

90



edges such that

i
5 — I, onej,
;=

0, on the other fine-grid edges.
Here, @)}, is piecewise constant basis functions.
Next we solve the local problems with respect to F; and a local snapshot space
can be obtained as V' = span{¢}, ; : 1 < j < J;}, where J; is the number of the

fine-grid edges on E;. The snapshot space is constructed as following
V=V =span{y ;1 1< j < ;1 < i < N} (6.2)
E;

After renumerating the snapshot functions by a single index&we obtain the coarse-
to-fine snapshot matrix R = [ 1,05, - 7¢ZS] , where Ly = Ze J;.

Next, we construct the offline space V. We define the .gigenvalue problem in
Vot as following:

AT = N MW (6.3)

where Agﬁ - IEZ( f},s ’ n)( f},t ' n)? and Mz?ﬁ = fwi % f},s ’ f;,t'

In order to compute the offline space, we need to select L eigenvectors of (6.3)

corresponding to the smallest L} eigenvalues, and then calculate the element ¢, , =

Ji
Z Uy f]] for k = 1,2,--- L' Finally, the local offline space is constructed as
j=1
= Span{gbfhk :1 <k < L's} and the offline space is
=V =span{gl , : 1 <k < Lig, 1<i < N (6.4)

E;

After renumerating the basis functions by a single index, the offline matrix can

, B _ i
be obtained as Rz = [ VP, 204 , where Log = E Lig.

i=1
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We define the multiscale solution space as Vj; = V. In order to approximate vy,

we need to solve the following problem. Find py € Qp, vy € Vj such that

K

1
/—UH~@:/(V~6)pH for Vo € Vg,
b p (6.5)

/(V-UH)wzo for Vo € Qp,
D
where the boundary condition py = g.

6.2.2 Multiscale solution space Vi

The process is similar as for the multiscale solution space V}j ([16]). A local
problem corresponding to each coarse-grid edge E; € £ is defined as following.

Find ¢ € Qu, ¥}, ; € V;, such that

i i i _ -
wj TGV —vgc; =0 in K,

Vo, =ai K,

J

(6.6)
Uy =0 on 0K\ E;,
wfv’j n = 5; on Ej.
The snapshot space is constructed as
Ve =Vt = span{y), ;1 <j < Ji, 1<i < N} (6.7)

E;

and the coarse-to-fine snapshot matrix as Ry = {wi", (R ,Q,DZ"S] :
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In order to find a snapshot space W, we solve the adjoint problem of (6.6)

2y, —GVP, =0 inK,
V-zf;’-+—vH~sz7<:ai- in K,
iTa J j (6.5)
2y i =0 on K\E;,

Z2tem =0, on E;.

The snapshot space W,* is formed by the snapshot functions zfv’j for all B; € TH.
As before, the local offline space Volff’ for wy can be obtained by solving the

following eigenvalue problem in V.
AT = N M (6.9)

where A = fE n) (Yl - n), M = f Gw s G = % Then the
offline space is VJj = UE 1@;;1 = span{gzbjwc 1 <k <Ll <i<N,.} and the
offline matrix is RY% = { [N AR ,gbfoﬁ] .

We constructed V¥ = V_§ and the testing space
={zeW”:(z—w) n|g=0, forall Ec&? forsome we VY, (6.10)

where n is the unit-normal vector of the coarse-grid edge E. Finally, the GMsFEM

solution ¢y, wy can be computed by (2.21).
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6.3 Novel model reduction approach based on Balanced Truncation

We write the discretized formulation of (2.17) on a fine grid as following:

( 00 At M, C+G> W(tns1)

0o M.| 2 —cT 0 (tni1)
00 M, C+G w(t, 0
:< _%. ) U .
0 M. -CT 0 c(tn) f(tns1)

After performing GMsFEM, we denote a trial and a testing snapshot matrices

R, O R, O _
as Ryia = and as Rjeq = , respectively. Therefore, the

0o RY 0 RZ

discretized formulation on a coarse grid can be written as

o ( 00 At | My c+(;) W(tns1)
test * Llrial *

0 M| 2 T 0 c(tns1)

00 At M, C+G w(t,)
RtTest ' ( - 7 : * Lrial ° +
0 M., —CT 0 c(ty)
0
+At-RE - ,
f(tn—H)

and the coarse system can be written in a compact form for BT as

wy (L, wg (t, 0
Pt H(tns1) A, H(tn) B |

CH(tn+1) CH(tn) f(thrl)

where
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1
00 M, C+G
AH = (Rg;st ' < + % . > . Rtrial) . Rtrial) .
0 M. -7 0

( 00 At M, C+G )
: * Lrial s
0 M., -CT 0

-1

00 M, C+G

By = (th;st : ( + % ) ) ’ Rtrial) - At - Rz;stv
0 M, —-CcT 0

and wpy,cy denote the coarse scale solution. Similarly, an approximation of the

measurable output may be written as qy = CRPy = CyPy.

We denote Fy = By - and we have the following coarse system

fH (tn+1)

i = Auli s Lo (6.11)
qz—i-l — CHPIT}—I-I'

The next step is to apply BT approach. We calculate the Gramians by solving

the following Lyapunov equations:

Wob A + (Ar) Wop + (Ci)TCly = 0, 012
AHWCO + WCO(AH)T + FH(FH>T = 07
where we denote the observability Gramian as W}, and the controllability Gramian

as Weo. Then having Cholesky decompositions of Gramians: W, = LI L., and

Weo = LCOLE07 we can solve the spectral problems

LEWoLeo& = pi& for i=1,...,N,, (6.13)
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where N, is the number of first ordered eigenvalues and normalized eigenvectors of
LI WL, and we can choose N, according to the desired error. The eigenvalues

T7r1rT
coLob

and (row) eigenvectors of LX We,Le, are given by {p;} and {¢;} = {o; ¢/ L
(t=1,...,N,), where 0; = pi /2. With the respective eigenvalues and eigenvectors

in place we form the matrices U and V such that

o7t 12¢,
V= Le[aoy 2 noy’] and U=| | Lo,
on?Cn,
with UV = Iy,. The reduced order model of Eq. (6.11) is finally formed by creating
the matrices Ap = UAyV, Fr = UFy, and Cr = CyxV. Finally, we arrive at the

reduced dimension model:

Pptt = ApPp + Fg,
(6.14)

n+1l __ n—+1
qR = CRPR .

We would like the output gr to approximate qg.
Note that since the method is applied directly to the online coarse-scale system
(which has already been reduced using local GMsFEM), the computational cost can

be significantly reduced.
6.4 Numerical results

In order to study the performance of the proposed GMsFEM-BT approach for
approximating coupled flow and transport equations we consider two numerical cases.
For both cases we have the two-dimensional unit domain D = [0, 1]x]0, 1] and the
diffusivity G = 1. The final time is taken to be T = 0.1. We use 10 time steps
(At =0.01).
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Figure 6.1: High-contrast permeability coefficient x; and the source term f; for the
first case

The first case consists of a permeability x(x), the source term f = f; as shown in
Figure 6.1. Note that this permeability field x;(z) exhibits a random high-contrast
structure, where the contrast is taken to be kI /xPi" ~ 10*. The boundary condi-
tion is ¢ = —7xy. We discretize D into a 100x 100 fine element mesh.

The second case consists of a permeability ko(z), the source term f = f as shown
in Figure 6.2. The boundary condition for this case is ¢ = 10(x — y). We discretize
D into a 200x200 fine-grid element mesh. We define the output coefficients for both
cases to be the average concentration in the coarse elements. The velocity fields are
shown in Figures 6.3 and 6.4 (see [16]).

In order to show the accuracy of the GMsFEM, we list the show the concentrations
for fine-scale system (see Figure 6.5) and for coarse-scale system (see Figure 6.6) for

the first case at different time instants. We need to make a note about the fine-scale
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Figure 6.2: High-contrast permeability coefficient ko and the source term fo for the
second case

solution we used in Figure 6.5. The approximation of the fine-scale solution for the
velocity field was calculated having one basis function for the pressure field and three
basis functions for the velocity field.

The rest of numerical results are devoted to comparing the outputs from the
fine-scale system, the coarse-scale system and the reduced system. We denote the
fine-scale solution at the last time step as Pp, the GMsFEM solution as Py, and
the reduced solution obtained by BT as Pr, where P = (w,¢)" as before. Then we
can calculate all outputs qp = CrPr, qg = Cy Py, and qr = CrPg. Notice that all
inputs are calculated at the specific time instant (for simplicity, we omit the ”time

index”). Applying the triangle inequality, we have

lar — arll2 < llgr — qull2 + llaa — qrll2- (6.15)
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Figure 6.3: Velocity (—7by, —7bs) for the first case

We would like to choose the dimension such that the errors ||gr —qu||2 and ||gg —qr||2
are comparable. For further computations we take a discrete, relative [?>-norm scaled
by the coarse output norm.

For the first case, a 10x10 coarse mesh is considered and for the second case,
a 20x20 coarse mesh is considered with online spaces of dimension N. = 760 and
N, = 2920, respectively. Tables 6.1 and 6.2 compare the errors between the outputs
of coarse-scale system and the reduced system using a variety of reduced system
size. For the first case, we test BT reduced dimensions of N, = 3,4,5 and we
observe that the error between the coarse-scale system and the reduced coarse-scale
system decreases as the BT reduced dimension increases. We remind that the size
of coarse space is 760 and the ’optimal’ size (defined as the global reduced-order

system size, which yields an error comparable to the error between the coarse-grid
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Figure 6.4: Velocity (—10b;, —10by) for the second case

and fine-grid systems) of reduced space is 3 — 4, while the fine-scale system is of size
Ny = 30200. For the second case, the optimal ’size’ for the reduced system is 4 — 5
global modes, while the fine-scale system is of size Ny = 120400.

Table 6.3 contains a set of computational times corresponding to the fine, coarse,
and reduced dimension solution procedures. All calculations were completed serially
on a dual-core desktop workstation where each core uses two Intel Core i3 2.6 GHz
processors, each with 8GB of RAM. We notice that a parallel implementation of the
suggested method would likely provide the online GMsFEM computations negligible,
but still computational savings are significant. The first row shows the required time
to calculate a solution for the given fine-scale system. Next, the actual time of
finding a solution by the online GMsFEM approach. The last time is obtained by

adding three components: a time for the construction of the GMsFEM online space,
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Figure 6.5: Fine-scale solution ¢ for the first case at 1, 5 and 10 time steps
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Figure 6.6: Coarse-scale solutions c¢ for the first case at 1, 5 and 10 time steps

a time for solving the Lyapunov equations, and a time for finding a solution for the
reduced GMsFEM-BT system. We can observe that the computational time for the
GMsFEM is small compared to the BT. Also, the computational time of performing
BT is very small. Performing BT on the fine grid is very expensive. Figures 6.7 and
6.8 give an illustration of the fine, coarse and reduced outputs for the first and the
second cases, respectively. We observe from these figures that BT coarse-grid output

approximation is close to the coarse-grid output approximation.

BT Dimension [N,] | Fine-Coarse Error (%) | Coarse-BT Error (%) |

3 5.93 9.66
4 5.93 4.79
) 2.93 1.28

Table 6.1: Measurable output errors for the first case
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BT Dimension [N,] | Fine-Coarse Error (%) | Coarse-BT Error (%) |

3 10.68 20.59
4 10.68 15.19
) 10.68 6.96

Table 6.2: Output errors for the second case

| System | Size | Time (sec) |
| Fine 30200 | 298.63 |
GMsFEM (Online) | 760 0.02
BT 4 4.22
GMsFEM-BT 4 5.14

Table 6.3: Computational timing comparisons between the fine, GMsFEM online,
and BT algorithms for the first case

6.5 Conclusions

In this section we develop a reduced-order modeling technique for a coupled
flow and transport equation. In order to have mass conservation we consider a
mixed formulation for both flow and transport equations. GMsFEM constructs the
multiscale spaces for the flux and the velocity by choosing the snapshot spaces and
implementing local spectral decompositions. For further model reduction we use BT
approach on a coarse-scale system for a mixed formulation. From the numerical
examples, we observe that suggested coupled GMsFEM and BT technique allows to

reduce the model significantly.
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Figure 6.7: Output comparisons for the first case at 1, 5, and 10 time step instants

(a) Fine (IV; = 30200)

Nt=10

(b) GMSFEM (N, = 760)

Nt=10

(c) BT (N, =4)
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7. CONCLUSIONS

Problems involving heterogeneous porous media applications entail prohibitively
expensive computations due to the large-scale fields and extremely complex geom-
etry. The proposed work is devoted to creating computationally efficient methods
based on combining model reduction techniques such as Balanced Truncation (BT)
approach, Generalized Multiscale Finite Element Method (GMsFEM), homogeniza-
tion techniques. Four different model settings are considered.

The first case contains a model for flows in porous media with separable scales.
In this section, two main objectives are achieved: a robust and inexpensive hier-
archical local-global reduced-order modeling technique to solve problems involving
heterogeneous porous media applications is developed and a modeling technique is
further applied to obtain a solution for a single-phase compressible flow.

The second case is devoted to a model for a parameter-dependent, single-phase
flow in general heterogeneous porous media. The input-output formulation of the
problem is considered. The main result is a creating the offline-online local-global
model reduction technique, where GMsFEM is used as a local model reduction tool
and BT as a global model reduction tool. The localized multiscale basis function
computations are cast in the framework of an offline-online procedure in which a
respective set of eigenvalue problems are used to capture the underlying behavior of
the system. Since the computation of the snapshots and offline space accounts for a
one-time preprocessing step, the online coarse space may be cheaply constructed for
a fixed input state.

In the next section, the second case is extended to a time-dependent permeability

problem. The main challenge of this problem is a computational cost. The special
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time-varying GMsFEM-BT approach allows solving the problem and obtaining time
reduction due to the use of time-varying BT.

The last case is devoted to a convection-dominated flow and transport coupled
system. We consider a mixed formulation for both flow and transport equations
in order to preserve the mass conservation. As the first step of the process, the
coarse grid solver from [16] is applied. This solver uses only a few multiscale basis
functions in each coarse block to solve the coupled system. As the second step, the
BT technique is applied on the obtained coarse system. The main contribution is
a development of a robust model reduction technique that allows to significantly

reduce the size of the system and save the computational timing.
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