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ABSTRACT

The Hochschild cohomology of an associative algebra is a Gerstenhaber algebra,
having a graded ring structure given by the cup product and a compatible graded
Lie algebra structure given by the Gerstenhaber bracket. The cup product can be
defined generally from multiple perspectives and has been studied for many classes
of algebras. The Gerstenhaber bracket, however, has not admitted such a general
definition, making computations difficult.

In this dissertation, we characterize the Gerstenhaber algebra structure on the
Hochschild cohomology of group extensions of quantum complete intersections. We
utilize the notion of twisted tensor products, a noncommutative tensor product, and
adapt a technique of Wambst’s to compute the graded ring structure on Hochschild
cohomology. The bracket structure is computed by employing an alternative descrip-
tion given in recent work of Negron and Witherspoon. When the group is trivial, this
work extends the previous computations of the graded ring structure of Hochschild
cohomology of quantum complete intersections to include the bracket structure. As
an example, we compute the Gerstenhaber algebra structure for two generator quan-

tum complete intersections extended by selected groups.
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1. INTRODUCTION

Hochschild cohomology is used in many diverse areas of mathematics including
representation theory, deformation theory, and the study of the structure of algebras.
In low homological degrees, Hochschild cohomology of an algebra reveals some of the
structure of the algebra such as the center and possible derivations on the algebra.
A large gap in cohomology implies smoothness of finitely generated commutative
algebras as shown by Avramov and Iyengar in [2]. Beyond the vector space structure,
Hochschild cohomology has graded ring structure given by the cup product and
compatible graded Lie algebra structure given by the Gerstenhaber bracket, making
it a Gerstenhaber algebra. The cup product on cohomology has been widely studied
for many algebras but the Lie bracket on Hochschild cohomology is less understood
as it can be difficult to compute.

Both products are typically computed on projective resolutions. Motivated by
deformations, Gerstenhaber originally defined the Lie bracket structure of Hochschild
cohomology in [10] on the bar resolution. While the bar resolution is a projective
resolution for any algebra over a field, some algebras have projective resolutions
that are more tuned to the structure of the specific algebra. For example, the Koszul
complex is a finite length resolution for the polynomial ring whose differentials involve
multiplying by the generators while the bar resolution is an infinite length resolution
whose differentials involve summing over increasingly long tensor products. In order
to compute the brackets using a different resolution, in general, one needs to construct
chain maps between the two resolutions, pass elements through a chain map to the
bar resolution, compute the bracket, and then pass back through a chain map to

the desired resolution. While such chain maps always exist, they can be difficult to



explicitly state. For example, see [26] or [27]. Fortunately, Negron and Witherspoon
gave a more computationally minded description of the Lie brackets in [23] on any
resolution which is compatible with the bar resolution. Unlike more traditional
techniques, this method does not require explicit chain maps to and from the bar
resolution. In this dissertation, we utilize this bracket description to study the Lie
structure of group extensions of quantum complete intersections.

The behavior of Hochschild cohomology of quantum complete intersections has
been shown to vary greatly based on the choice of quantum coefficients, exhibit-
ing behaviors unseen with commutative algebras. Quantum complete intersections
of interest here are noncommutative generalizations of truncated polynomial rings.
Formally, if k is a field, m1, my, ...., m,, are positive integers, and q = {¢;; }ijef1,2,..n}
such that ¢; ; € k* for all 4,5 € {1,2,...,n}, ¢;; = q;jl, and ¢;; = —1, then define

A((lml’m”“’m”) = k(x1, g, ..., Tn| Tixj = —q; jrjz, o) =0forall i,5 € {1,2,...n}),

the quantum complete intersection on q and (my,...m,,). That is, Aflml’m
a noncommutative truncated polynomial ring generated by =z, xs, .., x,, where x; is
truncated at z;" and multiplication on the set of generators is commutative up
to multiplication by non-zero scalars. This noncommutative multiplication can be
replicated using iterated twisted tensor products given by Bergh and Oppermann in
[6] as will be shown in Example 3.1.1.

The quantum complete intersection A((12’2""’2)

was introduced by Manin in [19, Ex-
ample 3.2] as an example of a quantum Grassmannian (exterior) algebra. Avramov,
Gasharov, and Peeva first formally defined quantum complete intersections in [1] by

introducing the notion of quantum regular sequences, generalizing complete intersec-

tions and regular sequences. A discussion of other possible classes of noncommutative



complete intersections can be found in [15].

Buchweitz, Green, Madsen and Solberg showed that the two generator quantum
complete intersections, AgQ’Q), whose quantum coefficient is not a root of unity have
infinite global dimension but finite Hochschild cohomology in [7], the first example
of this type. When the quantum coefficient is a root of unity, A512’2) has infinite
Hochschild cohomology with large gaps determined by the root of unity. Bergh and
Erdmann generalized this result in [5], showing that the general class of two generator
quantum complete intersections, Aflml’mz), have finite Hochschild cohomology if and
only if the quantum coefficient is not a root of unity. In [25], Oppermann furthered
this study by showing that the Hochschild cohomology of finite quantum complete
intersections, A‘(lml’m27""m"), is intimately tied to the choice of quantum coefficients.

In this dissertation, we allow a finite group to act diagonally on the quantum
complete intersections and study the effect on Hochschild cohomology. In particular,

(m17m2=---7mn) (ml,mg ..... m

if G is a finite group acting on Ag , we denote by Ag ") %G the group
extension of Agml’m”“’m”) by G. Work on the structure of Hochschild cohomology
of AY™m2mn) sy s related to efforts to understand Hochschild cohomology of

Sq(V) x G. The quantum symmetric algebra, Sq(V'), of the vector space V' is

Sq(V) =T(V)/(vv; — qijusuili, j € {1,2,...,n}) where T'(V) = EB yen
n>0
and {vy,vg,...,v,} is a k-basis for V. The structure of Hochschild cohomology of
an algebra reveals information about possible deformations the algebra. In the case
of Sq(V') x G, deformations of this algebra include many algebras of interest, such
as quantum Drinfeld Hecke algebras, rational Cherednik algebras [9], and braided
Cherednik algebras [3]. The explicit relation between Hochschild cohomology of

Sq(V') x G and quantum Drinfeld Hecke algebras is given by Naidu and Witherspoon



in [21]. Deformations of AJ™"™2"™) x G are related to quotients of these interesting

algebras.

The document is organized as follows. In Section 2, we give the necessary ho-
mological framework and define the Gerstenhaber algebra structure on Hochschild
cohomology. As in [5] and [25], the work in this dissertation utilizes the notion of
twisted tensor products for computations on quantum complete intersections. We
define twisted tensor products in Section 3 and give the results of Nguyen, With-
erspoon and myself regarding bracket constructions using twisted tensor products
contained in [11]. Section 4 contains a description of the Gerstenhaber algebra
structure on Hochschild cohomology of group extensions of quantum complete in-
tersections. When the group is trivial, this work extends the computations of [7] and
[25] (when m; = 2 for all i) to include the bracket structure. To demonstrate this
result, we compute the structure for several two generator cases, including cases with
a specified group action and cases with a specified quantum coefficient, in Section 5.
Both cases contain new computations which give a sense of the behaviors that can

be found in Hochschild cohomology of noncommutative algebras.



2. HOMOLOGICAL ALGEBRA

We start by providing the homological techniques which we will need in Section 4,
the main section of this document. In Section 2.1, we give a brief introduction to ho-
mological terminology and use this to define the Hochschild cohomology vector space
structure. We give a definition of the Gerstenhaber algebra structure on Hochschild
cohomology in Section 2.2 on the bar resolution. In Section 2.3, we discuss alterna-
tive descriptions of the cup product and bracket on more general resolutions. We
will use the descriptions from Section 2.3 in Section 4.

Unless otherwise noted, ® = ®,, and all modules are left modules for the remain-

der of the text.
2.1 Hochschild cohomology

We start by defining the homological terminology which will be used in later
sections. A more general discussion of homological algebra can be found in [13], [18],
and [30].

Definition 2.1.1. Let R be a ring. A chain complex D over R is a sequence of

R-module homomorphisms

05 05 8; i
D:.. i) Di—i—l ;1> D; = D;_4 —1>

such that 6;0;41 = 0 for all i € Z. The R-module homomorphisms d are called

differentials or boundary maps.

If D is a chain complex over R with boundary maps d, then, because 6;0;11 = 0,
Im ;1 C Kerd; for all ¢ € Z. Therefore the quotient Ker ;/ Im §; 41 is well-defined.

The R-module Ker §;/ Im 6,4 is called the ith homology module and is denoted H; (D).

5



A sequence of R-module homomorphisms

d; 0; 0; i
D:.. —+2) Di+1 —+1) D, = D, —1>

is exact if Imd;,; = Kerd; for all © € Z. An exact sequence is, by definition, a
complex with H;(ID) = 0 for all 7 € Z.

If D and E are chain complexes over R, a chain map ¢ : D — E is a family of
R-module homomorphisms {¢; : D; — E;|i € Z} such that ¢;_10; = d:¢; where 8§ and
& are the families of boundary maps on D and [E respectively. We can combine the
complexes D and E to create a new complex called the total complex of the tensor

product, a useful construction which we will use throughout the rest of the text.

Definition 2.1.2. Let D and E be chain complexes over R with R-module homo-

morphisms 8 and & respectively. The total complex Tot(D®E) is

5 by s 5
TotD®E): ..~ P D,eE - P Dok > P D,oE ..

ptg=it+1 ptq=i ptg=i—1
where §i(d @ e) = 0,(d) @ e + (—1)Pd @ d,(e) for d € D, and e € E,.

Throughout the text, D ® E should always be interpreted as the total complex,
Tot(D ® E), with boundary map as described in Definition 2.1.2 unless otherwise

stated.

Remark 2.1.3. Terms with a co- prefix are defined under the given definition with all
maps reversed. For example, a cochain complex D over R is a sequence of R-module
homomorphisms

0i—1

57; 51‘ 6i
D:..—D,_1>D; ;1> Di—l—l i)

such that 6;410; = 0 for alli € Z.



We finish the basic homological terminology with a key definition for Hochschild

cohomology.

Definition 2.1.4. Let R be a ring. A projective resolution of an R-module X is an

exact sequence of R-module homomorphisms

P 5 p 2 p 2 p X 0

where for each 1 > 0, P; is a projective R-module.

That is, a projective resolution of X as an R-module, P, is a chain complex such

that P; is projective for all : > 0, P_; = X, P, =0 for all « < —1, and P is exact.

Remark 2.1.5. Projective resolutions exist for any R-module as can be shown by a

constructive proof. See for example [13, Chapter IV Section 4.

Let us give an example of a projective resolution for an algebra which we will

refer back to frequently.

Example 2.1.6. Let k be a field and R, = klz]/(z?), the truncated polynomial
ring. Let R be the opposite ring and R = R, ® RP. Then R, 1s an RS-module
with action given by left and right multiplication, (r' @ r")r = r'rr” for all v € R,,

r @r" € R:. Consider
5 pe %2 pe 01 pe 00
Ky:... >R, >R, >R, - R, —0

with §;(a®@b) = (z @1+ (—1)1 @ z)(a®b) for all i > 0 and dy(a @ b) = ab for
a,b € R,. Notice ¢; is an RS-module homomorphism for all i > 0 and RS is a free

(and thus projective) RS-module. It remains to check that K, is exact.



Fori odd, Im d; = spang{(z®1—-1®x)} and Ker; = spang{(z®@1+1®x)}.
Fori >0 even, Imé; = spang.{(r®1+1®x)} and Ker§; = spang.{(z®@1—-1®x)}
and Im &g = R. All of this information together implies that P, is exact and thus a

projective resolution for R, as an R.-module.

If R is a graded ring, then a graded R-module X is a module that can be written

as a direct sum

X:@Xm

meN

such that R;X; C X,y;. Let X and Y be graded R-modules, a homomorphism
f: X — Y is graded of degree m if f(X;) C Yiim. A graded projective resolution
of an R-module X is a projective resolution such that P; is a graded R-module and
the degree of 9; is 0 for all © € Z.

Continuing our example, we can assign R, a natural Z-grading by polynomial
degree. In this case, K, is not a graded projective resolution because each ¢§; has
degree 1 for ¢ > 0. If we shift the degrees of the modules, however, we can change
the degrees of ¢; for i > 0. Define (RS(a)), = (R%)p—q. That is, in RS (a), the degrees

of all homogeneous elements are increased by a from their degree in R. Then
/ 03 e 02 e 01 e %0
K,:.. = R(2) = R.(1) » R, = R, —»0

is a graded projective resolution for R, as an RS-module, where 6;(a ®b) = (x ® 1+
(-1)1®z)(a®0Db) for all i > 0 and dp(a ® b) = ab for a,b € R, as before.

To get a projective resolution for R, ® R, = k[z,y]/(2% vy*), consider the total
complex, Tot(K, ® K,). Denote k[x,y]/ (2%, y*) by A% to compare with our later
constructions. Because the tensor product and direct sum of projective modules is

a projective module, each of the (A??)c-modules in Tot(K, ® K,) is projective.



Moreover, as a result of the Kiinneth Theorem, Tot(K, ® K,) is an exact sequence.
See, for example, [13, Chapter V, Theorem 2.1] for the statement of the Kiinneth
Theorem. Therefore Tot(K, ® K,) is a projective resolution of A% as a (A%2)e-
module. In general, the total complex can be used to construct a projective resolution
for any algebra over a field that can be expressed as the tensor product of two algebras
for which we know the projective resolutions.

Now that we have the homological framework, we can work towards the definition
of Hochschild cohomology. Let k be a field and A be an associative k-algebra. As
in Example 2.1.6, let A°? be the opposite algebra which is A as a vector space with
opposite algebra multiplication and A® = A ® A°? be the enveloping algebra of A.
Notice A is a left A°-module with action (Mg ® A\j)A = AgAA; for Mg, A1, A € A.

Let M be a A®~module. Define Hochschild cohomology of A with coefficients in
M, HH*(A, M) by the following procedure: Let

P: 3PP %P2 A0
be a projective A°-module resolution of A. Apply Hompe(—, M) to P and drop the

Homye (A, M) term to get the sequence

Home (P, M) : 0 — Hompe (P, M) 25 Hompe (Pr, M) 2 Hompe (Py, M) 55 ...
where 0 (f) = f; for i > 0. While P was an exact sequence, Homy. (P, M) may not
be exact. Moreover, for f € Hompe(P,—1, M), we have 6;,,0;(f) = 6;1(fd) =
fd:0ix1 = f(0) = 0 because P is exact and f is a homomorphism. Therefore

Homye(P, M) is a cochain complex on which cohomology is well-defined. Define the



1th Hochschild cohomology k-module of A with coefficients in M to be the quotient
HH(A, M) = H'(Homp. (P, M)) = Ker (67,)/ Im(6}).

Remark 2.1.7. In this definition of Hochschild cohomology, we are implicitly using
the Ext functor. As a result, this definition can be shown to be independent of
choice of projective A°-module resolution. A thorough discussion of the Ext functor
and resolutions can be found in [13]. For other equivalent definitions of Hochschild

cohomology, including the simplicial definition, see [30, Chapter 9].

We have a natural grading by homological degree such that elements in HH'(A, M)
and Homy.(P;, M) have homological degree i. Define HH*(A, M) to be the graded
vector space

HH'(A, M) = @G HH'(A, M).

i>0

In the special case that M = A, we shorten the notation HH*(A, A) to HH*(A) and
call HH*(A) the Hochschild cohomology of A. We now demonstrate the definition of
Hochschild cohomology by giving an example using the projective resolution from

Example 2.1.6.

Example 2.1.8. Let k be a field and R, = k[z]/(z*). K, is a projective resolution
for Ry as an RS-module. To compute HH'(R,), apply Hompge (—, R;) to K, and drop

Hompg. (R;, R;) to get
0 — Hompe (RS, Ry) 2 Hompe (RS, Ry) 2 Hompe (RS, Ry) 2 ...

where &5 =0, 67 (f) = fd;, and 6;(a®@b) = (x @1+ (=1)'1 @ x)(a ® b) for all i > 0

and a,b € R,. Homomorphisms in Hompge (RS, R,) are determined by the image of

10



1®1. Let f € Hompge (RS, R;) with f(1® 1) = ax +b for a,b € k. Assume f has
homological degree i — 1.

If i is odd, 0;f(1®1) = fo;(1®1) = fz®1—-1®x) = 2b—bxr = 0 and
therefore Im 67 = 0 and Ker 7 = Homp. (RS, R,). If i > 0 is even, 6/ f(1® 1) =
fo(1®1l)=fzr®1+1®x) =xb+ br = 2bx and therefore Im 6] = spany{z} and

Ker ¢ = spang{x}. Therefore
HH’(R,) = Hompge (RS, R,) & R,,

HH*(R,) = spany{x}/(0) = spani{x}, and
HH**"(R,) = Hompg. (RS, R,)/spang{z} = k.

2.2 Gerstenhaber algebra structure

In addition to the graded vector space structure, Hochschild cohomology of A
has a graded ring structure given by the cup product and a compatible Lie algebra
structure given by the Gerstenhaber bracket, making HH*(A) a Gerstenhaber algebra.
We will use this section to discuss the general definition of these products, given at

the chain level on the bar resolution.

Definition 2.2.1. Let A be an algebra over a field k. The bar resolution of A, B(A),

is a free A°-module resolution of A given by
B=BA): .. BA ZAQAA B AGA L A0

where

GMo @M ® .. ®Xir1) = > (-1 @M @ ... @ A Ams1 @ .. ® Mgy

m=0

11



fO?" /\0, ceey )‘i-‘rl eA.

The ith homological degree term in the bar resolution of A is denoted B;. Notice
B; = A®*2 for each ¢ > 0. It can be shown that the bar resolution is a free (and

therefore projective) A®-module resolution of A.

Remark 2.2.2. If we set P =B in the definition of Hochschild cohomology given in

the previous section, we recover the original definition given by Hochschild in [14].

By our construction in Section 2.1, we can express elements in HH'(A) at the
chain level as equivalence classes of elements in Homae(B;, A) = Hompe(A®2 A).
We now define the products on Hochschild cohomology at the chain level. Let f €

Homye (A®™2  A) and g € Homye(A®72 A). Define the cup product of f and g by
f—=9M@®M®.0Niyjr1) = f(M@M®..0AN®1)g(1RNi1 ® ... @ Nt @ Nijjy1)

for any Ao, A1, ..o, Aitj+1 € A. With the cup product, HH*(A) becomes a graded ring,

graded by homological degree.

Remark 2.2.3. Denote by f and g the representative functions of f € Hompe(A®7F2, A)
and g € Hompe(A®7F2 A) in HH(A). If f € HHY(A) and g € HH/(A), then
f— g = (-1)Yg — f, making HH'(A) a graded commutative ring with respect

to ~—. Proof of this relation can be found in [10, Section 7, Corollary 1].

We will next describe the compatible Lie algebra structure, as defined by Ger-
stenhaber in [10]. The Gerstenhaber bracket is defined via the circle product of f

and g, given by the following equation. Let

JogMo®@A ®...®@\iy;) = Z(_l)(j_l)(m_l)f()\o QMO ... ® A ®

m=1

12



J1ROA ® .. @ Aptjm1 ® 1) @ At ® oo @ Aigj)

for any Ao, A1, ..., Aix; € A. Then define the Gerstenhaber bracket, in terms of o, to
be

[f.g)=fog— (-1 Ngo .

Let f € HH'(A), g € HH/(A), and h € HH'(A). Then the Gerstenhaber bracket

satisfies

[77 g] = _(_1>(i71)(j71) [ga 7]

and

(=1 DED[F, g1, h) + (~1)V VDG, A, f] + (D) POVR, f],g] = 0,

making HH'(A) a graded Lie algebra with respect to [—, —]. Proof of these bracket
properties is given by Gerstenhaber in [10]. Specifically, in [10, Section 7], it is shown
that the circle product defines a pre-Lie system which, by [10, Section 2, Theorem 1]
makes (HH'(A),[—,—]) a graded Lie algebra. While the Gerstenhaber bracket is
well-defined on cohomology, the circle product is not.

Moreover, the two products satisfy

[f— 9.0 =[f.h] =g+ (-1)""Vf — [g.] (2.2.4)

for f € HH'(A), g € HH/(A), and h € HH'(A). That is, the Gerstenhaber bracket
behaves as a graded derivation with respect to the cup product. Proof of this result
is given in [10, Section 8, Corollary 2]. The graded ring structure, graded Lie algebra

structure, and compatibility relation between the structures (2.2.4) makes HH'(A) a

13



Gerstenhaber algebra.
2.3 Alternative descriptions of products

For our computations in Section 4, we will need definitions of the product struc-
tures more targeted to our setting. First, let us introduce yet another multiplication.
The bar resolution of A admits a comultiplication given by the diagonal map on B,

Ap : B — B ®, B which is a chain map given by

n

ApMo @M @ ... @ Appy) = Z(/\O ® .. @A ®1) @4 (1 Ans1 @ . @ Ang1)

m=0

for Ao, ..., Aur1 € A. We will define the product structures on HH*(A) on the chain
level in terms of this diagonal map.
Let f € Hompe(B;,A) and g € Hompe(B;, A). Using the diagonal map, we can

view f — g, previously defined in Section 2.2, as the composition
Ag f®ag Iz
f—g:B—=Bo\B——"Ax A=A (2.3.1)

where p is the multiplication map giving the isomorphism A ®, A = A. If K is
a another resolution for A with diagonal chain map, Ak, lifting the identity map
1o : A — A, then the cup product is given by (2.3.1) after replacing B with K. That

is, if f, g € Homye(K, A), then the cup product is given by

Fog KA Ko KIS Ag A% A

In particular, if K is a subresolution of B for which Ag induces a comultiplication
on K, then the cup product on K is also induced by the composition in (2.3.1).

To demonstrate the ring structure on Hochschild cohomology of an algebra, we will

14



continue developing Example 2.1.6. Notice the resolution used in this example was

not the bar resolution.

Example 2.3.2. Let k be a field and R, = kl[z]/(2?). Recall, HH*(R,) = R,,
HH™(R,) = spany{z}, and HH®"(R,) = k for i > 0. Before computing the cup
product, let’s adopt some new notation to better track homological degree. The pro-

jective resolution from which we computed cohomology was
53 e 52 e 61 e 60
P,:.. =R, = R, — R, = R, — 0.

Let €; be the copy of 1 ® 1 in homological degree i and € the dual RS-module ho-
momorphism. Then, in this notation, HH'(R,) = spani{1, x, x€], €5, xel, €, ...} as a

vector space. It can be shown that a diagonal map on P, is

Ap, (1) = Y & @, €.

i=p+q

Then (2.3.1) gives us fori,j >0,

v ¢ = e,
T — xeyq =0,
T€i1 xe;j-{-l =0,
T€y 1~ ezj = xez(iﬂ.)ﬂ, and

* — * _ *
€2 €25 = €2(i+j)"

The reader can check that HH'(R,) = R, X N\ (x€})[€s], the fiber product of rings.
That is, HH*(R,) is the subring of R, ® \"(x€})[es] consisting of pairs (a,b) such that

the images of a and b under the augmentation maps of R, and \"(x€})[es] respectively

15



are equal where x, xe}, and €5 are in the kernel of their respective augmentation maps.

While the cup product can be defined using any projective resolution, there is
no such general description of the Lie bracket structure. However, the bracket can
be defined on certain resolutions. In [23], Negron and Witherspoon defined the

Gerstenhaber bracket on any resolution, K, of A satisfying the following conditions:

Conditions 2.3.3. (a) There is a chain map ¢ : K — B lifting 1,.
(b) There is a chain map 7 : B — K such that m. = 1.

(c) K admits a diagonal chain map, Ak : K — K&K, such that Agt = (1@p1)Ax.

Notice K = B(A) trivially satisfies the conditions above. It is argued in [23] that if

A is a Koszul algebra and K is its Koszul resolution, then K satisfies the conditions

above. Explicit diagonal maps for Koszul algebras can be found in [8] and [22].
Assume K satisfies Conditions 2.3.3. To define the Gerstenhaber bracket on K,

we will need the following definition.

Definition 2.3.4. Let C and D be cochain complexes. A chain map C — D is called
a quasi-isomorphism if the induced maps H(C) — H'(D) are isomorphisms for all

1€ 2.

Let A be the cochain complex

A:...-0=20—-A=0—-0—..

with A in homological degree 0 and 0 in all other degrees. Let m : K — A be a
quasi-isomorphism. That is, m induces the isomorphism H°(K) 2 A. Then, as in

[23, Section 3.2], define

Fx = (m®A Ix — 1g ®a m) Koy K — K. (235)
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Let ¢ : K®)y K — K be a A°module homomorphism which satisfies d(¢) = Fx
where d is the boundary map on the double complex Homye (K ®, K, K). That is,
d(¢) = dx¢ + dpdrex for dxgk the differential on Tot(K ® K) and dk the differential
on K. An iterative method for computing such a ¢ map is given in [23, Lemma
3.3.1]. We will call such a ¢ map a contracting homotopy for Fx. As given in [23,
Definition 3.2.2], for f € Home((K),,A) and g € Hompe((K),,, A), we can define

the o-product on the chain level as a composition

Ixk®r9@a 1Kk
_

Ffog: K25 K®y K2 K o) Koy K Koy K-S KD A (2.3.6)

where, in 1g ®) g ® 1k, we are including the identification K ®, A = K and the
function is given the Koszul sign convention. That is, for 21 @12 ® 23 € Koy K®, K

with 21 homogeneous,
(Ix ®a g ®4 1g)(1 @4 22 @4 23) = (=1)"" 2 @4 g(22) @) 23

where ||z1]] is the homological degree of z;.

Remark 2.3.7. We recover the original definition of the o-product given by Ger-
stenhaber in [10] when we set K = B and ¢((Ao @ ... ® Ai) ®x (Niz1 @ ... ® Nj)) =

Ao ® oo ® Aidig1 ® ... ® ;.

As in Section 2.2, let [f,g] = fog — (—=1)»DmNg o f According to [23,
Theorem 3.2.5], this definition of the Gerstenhaber bracket agrees with the definition
given in Section 2.2 on cohomology. Using this definition, we are able to compute
brackets on certain “nice” resolutions other than the bar resolution without having
to pass to the bar resolution definition. We will use this description of brackets for

the remainder of the dissertation.
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We conclude this section by computing the bracket structure for the ongoing

example, Example 2.1.6.

Example 2.3.8. Let k be a field and R, = k[z]/(x?). To use the methods of this
section, we must check that P, satisfies Conditions 2.3.3. Let 1 : P, — B be defined
by 1(e;) = 12%'®1 fori > 0. Choose a map 7 : B — P, such that r(102%'®1) = ¢
for each © > 0. Such a map exists because we can make a free RS -basis of B; which

includes 1 ® 2" ® 1. As we saw in Example 2.5.2, a diagonal on P, is given by

A]}DZ(EZ') == Z €p ®RI €q-

i=p+q

It can be readily checked that Apt = (1 ®g, t)Ap,. Therefore P, satisfies Condi-
tions 2.3.5.

Then by [11, Lemma 4.2], the contracting homotopy ¢ is
i (€ Or, T"€;) = O (—1) €ijin

where 0, 1 1s the Kronecker delta. Using (2.5.6) and these maps, the reader will find

that the low degree non-zero brackets, for example, are
[ze], x] = x and [€;, xe]] = —2¢5.

All other brackets can be computed using the equation (2.2.4) and our previous com-

putations.
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3. TWISTED TENSOR PRODUCTS

In this section, we discuss twisted tensor products and study their behavior with
Hochschild cohomology. Section 3.1 contains the pertinent development of twisted
tensor products and Hochschild cohomology given by Bergh and Oppermann in [6].
The reader is directed to [6] for a more detailed discussion of twisted tensor products.
In Section 3.2, we discuss the bracket structure on Hochschild cohomology of twisted

tensor products as given by Nguyen, Witherspoon and me in [11].
3.1 Preliminaries

Let R and S be associative algebras over a field k, graded by abelian groups A
and B respectively. Let
t: A®z, B — k*

be a homomorphism of abelian groups which we will call the twisting map. We will
denote t(a ®zb) = t<*> for all a € A and b € B. Then, as in [6], define R ®' S, the
twisted tensor product of R and S, to be R® .S as a vector space with multiplication
given by

(10 ® 50)(r1 ® s1) = t<IMlls0> (i @ s051)

for all homogeneous elements rg,r; € R and s, s1 € S, where |- | denotes the grading
degree of the element. Twisted tensor products have been used to construct quantum
polynomial rings in [20], quantum exterior algebras in [4], and quantum complete

intersections in [5], [11], and [25]. We give now an explicit construction of A2,

Example 3.1.1. Let q = {¢;;}ijeq1,2,..n) Such that ¢ ; € k* for alli,j € {1,2,...,n},
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qji = ql-_JI, and q;; = —1. Define the quantum complete intersection

Ag’2"“’2) = k(z1, 29, ..., Tn| T3 = —qi jxj75, T2 =0 for all i,j € {1,2,..n}).

We will construct Ag’?""’z) by taking an iteration of twisted tensor products of

the algebra R, from Ezample 2.1.6. The algebras R,, and R,, are both Z-graded by

polynomial degree. Therefore define

R,, @" Ry, by the twist t1<m> = —Qi%-

Then notice Aﬁf’” ~ R, ®@" R,,. We continue building towards A22’2""’2) by defining
(Rey @ Ray) ©' Ry by t51 = =g and 1500 = g3,

Again, by construction, we get Aff’“) ~ (R,, ®" R,,) ®2 R,,. We can continue this
process to get

A2 2 ((((Ryy ®" Ryy) ® Ry,) @) @' Ry,

q

where tf[j”b = —qj_ﬂ-lJrl forie{1,2,...,n—1} and j <i and [j] = (0,...,0,1,0,...,0),

the i-tuple with a 1 in the jth coordinate and O otherwise.

%) s central to this disserta-

The class of quantum complete intersections A((]Q’Q"
tion and will be discussed in more depth in Section 4. In the meantime, we must
develop more techniques for computations with twisted tensor products. Our aim is
to construct an (R ® S)%-module resolution of R ®" S using resolutions of R and S.

To do this, we must give a graded (R ® S)°-module structure to the twisted tensor

product of graded R°-modules with graded S°-modules.
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Definition 3.1.2. Let X be a graded R®-module andY be a graded S¢-module. Define

a graded (R @' S)-module structure on X @'Y by the action
((T’ ® S) ® (7"/ ® S/>>($ ® y> _ t<\a:|||s|>t<|r/|||y|>t<\r"||s|>(Txrl ® 8y8/>

forrr" € R, s, €S, xeX,andy €Y.

Remark 3.1.3. There is a subtly about the graded module structure of X @'Y as
it compares to the individual grading of X and Y. See [6, Remark 4.2] for more

discussion of this point.

Let X be a graded R°-module and Y be a graded S¢ -module with graded pro-

jective bimodule resolutions
P...—-—FPB—-P—>F—>X—0

Q:..> Qs> Q1 —>Qo—Y —0

of X and Y respectively. Then by [6, Lemma 4.5], the total complex, Tot(P @' Q),
is a graded projective bimodule resolution of X ®'Y. That is, we can use a twisted
version of the total complex to construct a resolution for algebras given by a twisted
tensor product. Just as Tot(P, ® P,) is a projective resolution for A?? (recall this
discussion in Section 2.1), Tot(P,, ®" P,,) is a projective resolution for ASf’”. We

will use this twisted total complex in our computations in Section 3.2.1.
3.2 Brackets on Hochschild cohomology

The purpose of this section is to construct the Gerstenhaber bracket on Hochschild
cohomology of the twisted tensor product of two algebras when we are given the

brackets on Hochschild cohomology of the two algebras. We forgo discussion of the
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vector space and cup product structures because they are defined for arbitrary res-
olutions (recall Section 2.3). The results in this section are attributed to Nguyen,
Witherspoon and me and can be found in more detail in [11].

Let R and S be associative algebras over a field k, graded by abelian groups A

and B respectively. Let t : A ®z B — k* be a twisting map. Assume

P:...—-P—>P—>F—R—0

is a graded projective resolution of R as an R°-module and

Q:...%Q2—>Q1—>Q0—>S%O

is a graded projective resolution of S as an S°-module. Assume additionally that P
and Q satisfy Conditions 2.3.3. That is, there are maps ¢g, ¢p, Ap, and Ag from
which we can define the bracket on HH*(R) and HH"(S) using (2.3.6).

As we saw in the previous section, Tot(P ®' Q) is a A & B-graded projective
bimodule resolution of R ®'S. Our aim is to construct the bracket on the total
complex using the description in Section 2.3. Thus, assume that we are in the setting
in which K = Tot(P ®' Q) satisfies Conditions 2.3.3. In order to use (2.3.6), we must
first determine a contracting homotopy ¢ : Tot(P®'Q) ® gets Tot(PR!Q) — Tot(P&*
Q). We would like to construct this ¢ from the contracting homotopies ¢p and ¢q.
Because ¢p and ¢g are defined on (P ®z P) and (Q ®s Q) respectively, we begin by

defining a chain map from Tot(P ®' Q) ®rgrs Tot(P @' Q) to (P®rP) ®' (Q ®s Q).

Lemma 3.2.1 ([11, Lemma 3.3]). The chain map

o : Tot(P @' Q) ®pgis Tot(P @' Q) — (P@rP) @' (Q ®s Q)
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defined by
o((z@y) @ (@ @y)) = (-1 o ) o (yo i) (3.2.2)
is an isomorphism of (R &' S)¢-modules. Recall ||y|| € Z is the homological degree
of y € Q and |y| € B is the graded degree of y.
Using o, we can now define the Fx map given in Section 2.3. Let mg : Q — A
and mp : P — A be quasi-isomorphisms. Then define

F=((mp ®r 1p) ® (Mg ®s Lg) — (Lp ®r mp) @ (1g ®s mg))o.

F'is in fact the chain map Fropeig). We record this in the following lemma.
Lemma 3.2.3 ([11, Lemma 3.4]). F = Frypgtg) as in (2.3.5).

For this F', we determine a corresponding contracting homotopy ¢. The following
lemma is critical to the computations and constructions for remaining work and is

shown by tracing back through the definitions of the involved maps.

Lemma 3.2.4 ([11, Lemma 3.5]). Let ¢p, pg be contracting homotopies for Fp and

Fo respectively as in (2.3.6). Define

¢ = (¢p ® (Mg ®g 1g) + (—1)P(1p ®p mp) ® ¢g)o

on (P, ®" Q;) Qrets (P, ® Qq). Then ¢ is a contracting homotopy for F.

With this map ¢, we now have the necessary tools to compute the bracket struc-

ture on HH*(R ®' S) given the structures on HH'(R) and HH"(S) by the formula
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(2.3.6),

Fog: K25 K®y K2 K o) Koy K ZE298 1 ko KA K A,
setting K = Tot(P ®' Q), A = R®"' S, and ¢ as in Lemma 3.2.4.

Before computing examples in the subsequent section, we apply these techniques
to a more general problem. Let R and S be algebras over a field k, at least one of

them finite dimensional. Le and Zhou proved that
HH (R ® S) = HH'(R) ® HH*(S) (3.2.5)

as Gerstenhaber algebras in [16]. To prove this result, they define the bracket struc-
ture and cup product structure on HH'(R) ® HH*(S) using the brackets and cups
on the individual cohomologies as we have in this section. Under the more gen-
eral setting of the twisted tensor product, Bergh and Oppermann proved in [6] that
the isomorphism holds as algebras under the cup product for a subalgebra of the
Hochschild cohomologies on both sides of (3.2.5). In [11], Nguyen, Witherspoon,
and I used the bracket development restated in this section to prove that the iso-
morphism of [6] extends to an isomorphism of Gerstenhaber algebras. That is, if
the brackets on the Hochschild cohomology of two algebras is known, we can recover
some of the brackets on Hochschild cohomology of the twisted tensor product of
these algebras, without having to make explicit computations on a resolution of the

twisted tensor product.
3.2.1 Quantum complete intersections

In this section we use the techniques of the previous sections to compute the

brackets on Hochschild cohomology of the quantum complete intersection, Ag2’2).
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Buchweitz, Green, Madsen, and Solberg computed the vector space and cup product
structures of Hochschild cohomology of Aff’Q) in [7]. We utilize the vector space
description in this section. The brackets in this section were originally computed by
Nguyen, Witherspoon, and me in [11, Section 4]. We include these computations for
comparison with our results in Section 5.

As shown in Example 3.1.1, quantum complete intersections can be constructed
by iterated twisted tensor products as in Example 3.1.1. In particular, A(22 is
isomorphic to R,, ®" R,, where R, = k[z]/(2?) and twist given by t7'~ = = —q, ;.
We have already collected quite a bit of information about HH*(R,) in the previous

examples which we will use in this section. By Example 2.1.6, P, is a projective

resolution for R, as an R{-module given by
P,:. 2 RS R RS RS0

with §;(a ®b) = (z @1+ (=1)'1 @ z)(a ® ) for all i > 0 and dy(a ® b) = ab for
a®b € RS. Therefore K = Tot(P,, ®" P,,) is a graded projective resolution for
Aﬁf’z) by [6, Lemma 4.5]. See Definition 2.1.2 for the formal description of K. It can
be shown (and will be shown in great detail in Section 4) that K is isomorphic to

the resolution

0
5 P ALY ALY B (B ALYe ALY D AR ARD By 702 g

i+j=2 itj=1

where €;; = €, ® €; and ¢; is the copy of 1 ® 1 in homological degree 7 and
o (eiy) = w1y + (—1)"¢ei1 o+ q'yeij1 + (—1) "€ j1y.

By a slight abuse of notation, we will use the resolutions K and K’ interchangeably
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according to the situation.

Remark 3.2.6. The resolution K’ as defined above is the resolution found in [7] by

making the identification fl"  Eim—i-

Now, because Agm) is Koszul and K is a Koszul resolution, Conditions 2.3.3 hold.
Thus to compute brackets using (2.3.6), we first need to compute the maps ¢ and Ak
for K as described above. As given by [11, Lemma 3.5] and used in Example 2.3.8,
Gir;(€:@R, ™€;) = Opm1(—1)i€;4j11 is a contracting homotopy for P,. We will call this

map ¢p to distinguish this map from our desired map ¢ for K. Then by Lemma 3.2.4,

P(€i ®A£12’2) xlymep,r)
= ¢((e: ® ) RN (—q2) " (2l @ y™e,))
= (¢p ® (mp @g,, 1p) + (=1)"*?(1p ®p,, mp) ® op)((—qu2) "™ Pale, @ y™e,)

= (—qu2) PP (G 1 (—1) ey © 509" € + (—1) 0y 068" @ Ot (1) €j4r41)-

Simplifying, we get ¢(e; ; ® @2 zhyme, )

;

(—C])mHmél,l(—1)iym€i+p+1,m ifj=0,p>0
(=)™ 01 (= 1)y €10+ (=) 0 (=1) € paat, i j=0,p=0

(=)0 (1) € jyraat, if j>0,p=0

0, otherwise.
\

The last map which needs to be defined before computing examples is Ag. How-

ever, this map is given in [7] after making the identification f[‘ < €n—i. That is, by
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[7, p. 810], the diagonal on K is given by

1(i4-1—w)
A]K(ei,j) = E E ) €w—1,] ®A‘<12,2> €itl—w,j—I-

w=0 [=maz{0,w—1}

It is shown in [11] that Ak satisfies Age = (1 ® A2 t)Ag for the inclusion map given
q

by (e ;) = f;“.

With Ak and ¢x, we now have enough information to compute brackets on
HH’(A((}M)) for some choices of ¢; 2. We will compute the example when ¢; 5 is not a
root of unity and when ¢ 3 is a dth root of unity for d > 1 odd. All other computa-

tions for ¢; o # 0 can be found in [11].

Example 3.2.7. Assume ¢, 2 is not a root of unity. As given by [7, Section 2.1],

HH'(AG?) = klwy]/((2y)?) >x N (2€f g, yep 1)

Therefore we need to compute the brackets for pairs of elements from the set of algebra
generators {xy, vej 5, yep,}. All other brackets can be computed using (2.2.4). The

reader can check that

* x *
T€] g O TE o = T€] g
* x
T€19O Y€y = 0,
* x
Y€p1 O TE g = 0,

* * *
Y€p,1 © Y€p1 = Y€o,1-

Therefore all of these circle products result in Gerstenhaber brackets that are 0. Non-
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zero brackets arising when pairing generators with the degree 0 element xy are:

[a:e’{’o,xy] =xy and [yeal,xy] = 2v.

The algebra in this example, A((f’Q) for g1 2 not a root of unity, provided an answer
to Happel’s question [12]: does the vanishing of Hochschild cohomology in high
degrees of a finite dimensional algebra over a field imply finite global dimension? In
[2], Avramov and Iyengar showed that for commutative algebras, the answer is yes.
However, for AS,M) with ¢12 not a root of unity, the answer is no, as shown in [7].
When ¢ 5 is a root of unity, Buchweitz, Green, Madsen, and Solberg showed in [7]
that HH'(A&Q’Q)) does not vanish but has large gaps in cohomology corresponding to

the root of unity. We now look at the brackets on one such example.

Example 3.2.8. Assume qi2 is a dth root of unity for d > 1 odd. By [7, 3.1],

translated into our notation,
HH(AG) = Klwy]/((29)%) X & (N (0650, 965, [E5a0: €0 €6 20l (06 20 — (€2.0)%)):
Thus we need to calculate the brackets on pairs of elements from the set

{zy, xﬁik,o’ yeé,p ezd,m ez,d, 63,2(1}-

The rest will follow by applying (2.2.4). We again leave it to the reader to check that,

of these pairs, the non-zero circle products are

* * _ *
{L‘ELO o) 1'6170 = ZL‘ELO,

(xy)ieédp © xe’io = 2d(xy)ie§d70,
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(fy)iejz,d © xe’{’o = d(xy)iefl,dv
953,1 © yeal = 953,1,
(xy)'€5q0 0 Y€1 = 2d(wY) €5 04, and

(fvy)iefz,d o 963,1 = d(Iy)iEZ,d-
Then the non-zero Gerstenhaber brackets are

[xq,o, zy| = xy,

lyeo zy) = wy,
[€;d707 956?,0] = 2de5 0,
[€d,4: €1 o] = deg g,
[eq,a)Y€o,1] = deg g, and

* * 1 *
[60,2d7 y€0,1] = 2d€0,2d'
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4. GROUP EXTENSIONS OF QUANTUM COMPLETE INTERSECTIONS

The behavior of Hochschild cohomology of quantum complete intersections is
controlled by the choice of quantum coefficients as was shown in [5], [7], and [25].
In this section, we allow a finite group to act diagonally on the algebra and study
the behavior of Hochschild cohomology of group extensions of quantum complete
intersections. In this case, Hochschild cohomology is controlled by the quantum
coefficients as well as the choice of diagonal group action. We restrict to the case
of diagonal group actions for two main reasons: (1) in Section 4.2 this action allows
for the decomposition of a complex into subcomplexes, a crucial step in the proof
of the vector space structure, while other actions would not directly allow for such
a decomposition and (2) allowing for a more general group action would require
restrictions on our choice of quantum coefficients.

We utilize the notion of twisted tensor products developed in Section 3 and adapt
a technique from [29] to compute the vector space structure in Section 4.2. As in
[29], we restrict to the characteristic 0 case as it is required by the contracting
homotopy used in the proof. We use techniques adapted from [7] to compute the cup
product in Section 4.3. Using the alternative bracket description given by Negron
and Witherspoon in [23] and [24], summarized in Section 2.3, we compute the bracket
structure in Section 4.4. When the group is trivial, the formula in Section 4.4 yields
previously unknown bracket computations on Hochschild cohomology of quantum
complete intersections, extending the work of [5], [7], and [25].

For the remainder of the paper, we assume k is a field of characteristic 0.
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4.1 Projective resolutions

As in Example 3.1.1, let q = {¢i;}ijecf1,2,..n) such that ¢;; € k* for all 4,5 €
{1,2,...,n}, q;; = q;jl, and ¢;; = —1 and

Afl2’2"“’2) = k{1, 29, ..., vy |Ti2; = —qi jx 75,07 =0 for all 4,5 € {1,2,..n}),

the class of quantum complete intersections of interest for this paper. Notice that
this definition agrees with the definition of Ag’z"”’?) found in [25] with the additional
assumption that char k = 0. For brevity of notation, we will denote AgQ’Q""’Q) by Aq
unless emphasis is needed.

Let G be a finite group which acts diagonally on the generating set z1, xo, ..., x,
of Aq. That is, if we denote the action of g on A by 9\ for g € G and A € Aq, then
for each i € {1,2,...,n} and g € G, there exists a x,,; € k such that 9z; = x ;.
By extending linearly to all of A4, this action induces an action of G on Aq by
automorphisms. Notice, for all g € G and ¢ € {1,2,...,n}, x,,; is necessarily a root
of unity because G is a finite group. With these structures, we define the group

extension of Aq by G.

Definition 4.1.1. Define Aq X G, the group extension of Aq by G (also called skew
group algebra, crossed product, or smash product in other contexts), to be Aq ® kG

as a vector space with multiplication determined by

(Ao ® g0) (A1 ® g1) = Mo A1) ® gogn

for Ao, \1 € Aq and go, g1 € G.

We are interested in the Hochschild cohomology of Aq x G. It is well-known

that Hochschild cohomology of group extensions has a particular form given by the
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isomorphism
HH'(Aq ¥ G) = (HH'(Aq, Aq % G))°, (4.1.2)

where (HH'(Aq, Aq ¥ G))¢ is the G-invariant subspace of HH*(Aq, Aq X G). A com-
parable result on Hochschild homology of group extensions was given by Lorenz in
[17]. In [28], Stefan proved the isomorphism (4.1.2) in the more general setting of
Hopf Galois extensions. As a result of this isomorphism, to compute HH (Aq % G)
we can start with a resolution of A4 and incorporate the group action later in the
computation. With this result in mind, we now construct a resolution of A4 as a
Ag-module.

In Example 3.1.1, we saw that Aq = (...((Rs, ®" R,,) @ R,,) @ ...) @1 R,
where tf[j”b = —q;ilJrl forie {1,2,...,n—1} and j < ¢ and [j] = (0, ...,0,1,0,...,0),
the i-tuple with a 1 in the jth coordinate and 0 otherwise. By Example 2.1.6, each

EgCC . 3> R 2> R 1> R 0> RI ) O
cotte x x x

with §;(a ®b) = (z @1+ (=1)'1®@ z)(a ®b) for all i > 0 and dy(a ® b) = ab for
a,b € R,. Then by [6, Lemmas 4.3, 4.4, 4.5],

K = Tot(K,, ®" K,, ®” ... @" ' K,, )
is a projective resolution of Ay as a (Aq)°-module. By definition of the total complex,

K= P K)o ®" (Ki), @ .. @ (Kas,

i1+ie+...+in=m
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= P R (i) @" R (in) @ @ RS (i)
i1+i2+...Fin=m

where the boundary map is the induced map on K,

om((1® 1)@, @1 (1®1))

=Y (1e)e" .. @ (el)e" ..a" (191)
k=1

+ (=2 (1@ 1) Q" .. %1 (1@ x;) @% ... " (1®1).

e
2,41 ) -modules,

By [6, Lemma 4.3], we have an isomorphism of graded (R,, ®" R
RS (1) ®4 RS

Zj+1

(ij11) = (Ro; @Y Ry, )(ij,ij41) given by

'—<r’1|r2>—<ij |T‘2>—<7”/1 ‘ij+1>

; (r1 ®% 1ry) @ (1] @Y rl)

(1 @r)) &Y (ry @1h) =t

for 1,7, € Ry, and ro,15 € R By iterating this isomorphism and changing

Tj+1°

notation, we get an isomorphism of graded (Aq)®-modules,

(K)m = @ Aq€i17i2,---7inAq7

i1+i2+...Fin=m

where €;, ;, . is the copy of 1 ® 1 in homological degree 7; in z;, defined by sending
xtln ® xi‘i ®t1 xgz R xg/z ®t2 ®tn—1 xzn ® xg% c (Km1)i1 ®t1 (K$2)i2 ®t2 ®tn—1 (Kxn)zn

to

o +iad Fipoy .00 .00 an oy ah fe% A
| I(_Qk,l) BOTR TP XX iy i Ty Ty T € Ny g, i g

k<l

Using the €;, i, ., notation, we can better track homological degree of elements.

n
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After making this identification, the boundary map becomes

n
5777/(6117127---7171) - ( Qk,l‘rlen7---11—1,11—1,114—17---,% qlk 01,0 11—1,21—1,Zz+1,---72n$1)'

k=1 k<l k>l

(4.1.3)

Because i1 + 15 + ... + i, = m, we could have also written the boundary map

n
5771(61'1,2'2,..-,%) - (H qk,lxlezlymzl—lﬂl_lﬂl—o—l:-n,"n

=1 k<l

+ (=12t [ (= ur) €L 0).
k>

The latter description will be more helpful in later calculations. As in the previous
section, we will refer to this identified complex as K with boundary maps ¢,, for the
remainder of the paper.

Homomorphisms 7 € Homa,e((K)n, Aq X G) are entirely determined by the

images, n(€, iy....4,), fOr 1,49, ...,0, € N with ¢y + 42 + ... + ¢, = m. Denote by

€\ in....in, the dual function in Homs ) (K, Aq % G) defined by € ;. . (€ jp..j,) =
Oiy 1 0ig jo -0 g © 1 Where 0;, ;. is the Kronecker delta. In terms of these € ;, . |

any homomorphism 7 € Hom, e ((K).,, Aq X G) can be written

n= Z Z ()\zgl,iz,...,in ® 9)5:1,1'2,...,1'”

9€G i1t+ig+...+in=m

g . . .
where X/ ;€ Aq depends on iy, 1y, ..., 9, and g. Moreover, because

HOIIl(Aq)e (K, Aq b G) = @ HOIIl(Aq)e (K, Aq (%9 g),

geG

we can restrict to only looking at homomorphisms in Hom, - (K, Aq ® g) for each
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g €.
Before we move further, we will need some additional notational conveniences,

as in [29]. Elements of A, are linear combinations of the monomials cx{"z5*...x

Qn
n

for ¢ € k and «; € {0,1}. Denote z* = z{'z3%...x%", using multi-index notation,

n

.....

Denote |B| = 1 + P2 + ... + B, Lastly, as in the twisting maps in the construction
of A, denote [i] = (0,...,0,1,0,...,0), the n-tuple with 1 in the ith coordinate and 0
otherwise.

Using this notation, we then describe the induced boundary map on

Homy ) (K, Aq ® g) as

0 (2% @ g)ep)(ey) =(2% @ g)e5om(ey)

=(2" ® g)es Z quﬂ?lev (—1)2kst P H(_QI,k)BkEW—[l}l’l))

=1 k<l k>l

for g,y € N* with || = m — 1 and a € {0,1}". Refer to (4.1.3) for the expression
of 0, In order to get a non-zero value from €j(e,_)), we need v — [I] = 8 or,

equivalently v = 5 + [I]. That is,

o (2% ® g)ep) Z HleIl T @ g)epy

=1 k<l

— ()= T () (2 @ g)aieh )
k>l

=> (I aia) @M @ g,
l

— (=)= T T (=)™ (—aue) ™ xga (2" @ g)erpy)
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@1 ® g)cs .

If y =1or (—1)* Hk¢l(—qk7l)5k*ak = Xy, the coefficient of the €, ) term is 0 in

6™ ((x* @ g)ep). Accordingly, to simplify the differential expression, define

0 if o) = 1
0 if (_1)& Hkﬂ(_QkJ)BFak = Xg,l
(_1)2’“[Bk(de(_Qk,l)Bk_ak

_(_1)Bl Hk>1(—th~c)akfﬁ’“xg,l) otherwise

Qg<a7ﬂ7l) =

for [ € {1,2,...,n}. Then, using this notation,

o (2% ® g)e) = Z Qy( g 9)€54 (4.1.4)

for # € N* with |f| =m — 1 and « € {0,1}"™.
The construction of €2, agrees with and should be compared to the €2, used in

the proof of [29, Theorem 6.1].
4.2 Hochschild cohomology

To compute Hochschild cohomology, we break the complex Homyg (K,Aq ® 9)
into subcomplexes. The decomposition of the complex, given in this section, is an

adaptation of a method of Wambst originally used in [29, Section 6] to compute the
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Hochschild cohomology of quantum symmetric algebras and was adapted by Naidu,
Shroff, and Witherspoon in [20] to compute the Hochschild cohomology of group
extensions of quantum symmetric algebras. In this section, we adapt the method
again to compute Hochschild cohomology of group extensions of quantum complete
intersections.

For each m € N,g € G, and v € (N U {—1})", consider the set
K" = spanp{(z® ® g)esla € {0,1}", 3 € N", || =m, and 8 —a =7}

of all elements in homological degree m with fixed § — a. Notice, for a € {0,1}",
f € N" asin (4.1.4), the difference f—a € ({0, 1}UN)" is unchanged by the boundary
map dy,. Therefore for fixed g € G and v € (N U {-1})", Ky, = D,y K", is a
subcomplex of Hom,,)- (K, Aq ® g).

We will show that for some g € G and v € (N U {—1})", the subcomplexes K,

are acyclic and, for others, the differentials are 0. This condition on the subcomplexes

is determined by the set

Co={veN U {-1})"VIlym=—1or (-1)" H(_Qk,l)% = Xgi)s
Kl

a set of v which satisfy a relation between the quantum coefficients and diagonal

action by g.
Lemma 4.2.1. Ifg € G and vy € (N U {—1})" — C,, then K, is acyclic.

Proof. Let g € G and v € (N U {—-1})" — C,. To show this result, we adapt the
proofs of [29, Theorem 6.1] and [20, Lemma 4.6] to this setting. That is, we will

construct a contracting homotopy for these subcomplexes but first we will need a bit
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more notation. Let

||’7||9 = #{l S {1727 --«,n}l’}/l 3& —1 and (_1)71 ]i[(_(]k,l)wC 7é Xg,l}
k#l

count the number of indices not satisfying the conditions of C;. Because we assumed
v € (NU{-1})" — C,, some index must not satisfy the conditions of C, and thus

I7lg # 0.
Now, let m € N be fixed, and define h,, : K" — K"' by

n

* 1 a—
hin (2% @ g)eg) = B —all, wy(a, B,1)(x* " @ g)es
=1

for § € N" with |3] = m, a € {0,1}" such that 8 — a =~ and

(

0 ifay=0o0r ;=0

wyl@, 5,1) = 1 0 if [T (—aea) o (= 1) = —xgy -

Qula—[1],8—1[,1)~" otherwise.

\

Let us check first that wy(co, §8,1) is well-defined. That is, that Qg (a — [I], 5 —
[1],1) # 0 for any o € {0,1}", f € N*, and | € {1,2,...,n} that do not sat-
isfy the first two cases of w,. Note that Q,(a — [I], 5 — [I],]) = 0 if and only if
(= [1]); = 1 or (—1)B=1M)x [Les(—@r)? = xgu by definition of Q,. There-
fore we need only check that we do not consider Q,(a — [I], 8 — [I],1)~* when (a; —
() = 1 or (=1) @I, (=) = xgu. Because ay = 0 or 1, (v = [I]); # 1
so this condition is never satisfied. For the second condition, if o and [ satisfy
(=) T,y (=a@ur) % = g, then (=1)7 [T (—ais)? % = —xg. But this

«, [ satisfies the second case of w, and therefore wy(c, 8,1) = 0 and we do not
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consider Qg (a — [I], 8 — [I],1)~*.
Remark 4.2.2. Because we divide by ||5 — a||, in hy,, we require that char k = 0.

I claim that h is a contracting homotopy. That is, h,,116™ + 6™h,, = ]I‘Km .
9,7

Let « € {0,1}", 8 € N with |8| = m such that 8 — «a = =, then

(hm+15m“+5mhm)((fv°‘ ® g)ep)

n n

“B_ 111

+ Qe = [j], 8 = [, Dwg(, B,)) (T & g)el i

wg Oé‘i‘[],ﬁ—i- [l]7j)

n

:m S Qe B, Dwyla +[1], 8+ [1),1)

+ Qg(a —[1], B = [I], Dwy(a, B,1)) (2% @ g)e
> (e, B, Dwgla+ 11,5+ [1], 5)

J#l
+ Qg = [7], 8 = [1], Dwg(r, B,0)) (@I @ g)ely, iy

1
"5 all,

We need to show that

n

1

TR S (Qg(a, B, Dwyla+ [I], B+ [1],1)

+ Qe = (1,8 = [1, Dwyla, B,1)) (2° @ g)e

= (2" ® g)ep

and
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m Z (Qg(a, B, Dwy(a + [1], B+ 1], 7)
9 j#

+Qy(a = [1], 8 = 1], Dw,(a, ﬁ;ﬂ) (@ @ g)es, i

=0.

Let us start by showing the second condition. Assume j # [. Notice, because
(a£r])s = as and (B £ [r])s = Bs for r # s, Qy(a, B, Dwy(a + 1], 8+ [1],7) and
Qy(a—[7], 8 — [j], Dwg(cv, B, 5) are both either simultaneously 0 or nonzero. If they
are 0, we have nothing to prove. Therefore assume these terms are nonzero. If j <,

then

Qq(, B, Dwg(a +[I], B+ [1], ) + Qg = [5], B = [1], Dwgy(ev, B, )
:(_1)Zk<lBk(H(_q&l)ﬁk_ak _ (_1)51 H(_QZ,k)_ﬂkJ’_ang,l)

k<l k>l
(=)= ([ [(=aug) ™ + (07 T [ (=) 7 xg5) ™!
k<j k>j
+ (—1) Xkt Pr(— H(_qk’l)ﬁk*ak + (—=1)* H(_ql,k)*5k+akxg’l)
k<l k>1
(1)< % (T T (=) + (=% ] (=ain) 7 xgg) ™
k<j k>j

If j > [, then

Qg(, B, Dwy(a+ [I, 8+ 1], 5) + Qq(a =[5, B = 7], Dwy(a, B, )
:(_1)Zk<zf5k(H(_qk’l)ﬁrak _ (_1)51 H(_QZ,k)7Bk+ang,l)

k<l k>l1
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(1)< % (= T T (=ae )™ = (=15 T](=qin) 7 xgs) ™"

k<j k>j
+ (_1)Zk<lﬁk<H(_qk’l)/gk*O‘k —(=1)" H(_ql’k)*ﬁk‘Fang’l)
k<l k>l
(== ([ (o)™ + (D7 [ [ (i)™ g™
k<j k>j

Thus for every j,l € {1,2,...,n} with j # [,

Qy(av, B, Dwg(a + I, B+ [1], 7) + Qg = [7], 8 = 1], Dwy(@v, B, 5) = 0,

giving us our desired expression.

Now we will show

n

> (e, B, Dwgla+ (1], 8+ [1],1)

=1

1

18— 04||g
+ Q0= (1], 8= 1], Doy, B, 1) (2 @ g)e;

= (2% ® g)es

by showing that

> (e, B, Dwgla+ 1], 8+ [1,0) + Qe — (11, 8 = [, Dwg(ev, 8, 1) = |18 — ally-

=1

Recall, we assumed v € (N U {—1})" — C,. Thus for some [ € {1,2,...,n}
and any f € N" and o € {0,1}" with 8 — a = v, we have §, — o # —1 and

(=17 [Tz (= @)= # Xga. I B — g = =1 or (=177 [y (—qua) ™~ =

41



Xg.i» then Qg (a, 8,1) = 0 and w, (e, B,1) = 0 by definition, making
Qy(a, B, Dwy(a + [1], B+ [1], 1) + Qe = [1], B — [I], Dwy (e, B, 1) = 0.

Therefore these indices do not contribute to either side of our desired expression. If

By — oy # —1and (—1)h Hk#(—qk,l)ﬁk_o‘k # Xg., then we consider two cases.
Case 1: Assume o; = 1, then Q,(a, 5,1) = 0 by definition of €2, and our other

assumptions become (—1)% Hk#(—qk’l)ﬁ’“*ak # —Xg, and B # 0. Then, by definition

of Wgs because (_1>5l Hk;él(_q]c,l)ﬁk_ak % —Xg,l» ﬁl # 0, and o 7£ 0, w9<a757 l) =
Qu(a—[1],8—[1],1)~'. Therefore

Qy(a, B, Dwy(a + 1], B+ 1], 1) + Qy(a = [1], B = [I], wy (e, B, 1) = 1.

Case 2: Assume oy = 0, then Q (o —[I], 3—[l],!) = 0 by definition of 2, and our
other assumption becomes (—1) ], #(—qk,l)ﬁ’v*ak # Xgi- Therefore, by definition
of wy, because oy +1 # 0, B +1 # 0, and (—1)%+! Hk#(—qk,z)ﬁ’“_a’“ # —Xgl,

wy(a+ 1], B+ [1],1) = Qy(c, 3,1)"". Thus
Qg(a, B, Dwg(e + (1], B+ (1], 1) + Qe = [I], B = 1], Dwy (v, ,1) = 1

in this case as well.

We have seen that
Qy(a, B, Dwy (o + U], B+ [1], 1) + Qu(a = [1], B — [1], Dwy (e, B, 1)

detects the [ € {1,2,...,n} for which 8, — oy # —1 and (—1)%— Hk#(—qkl)ﬁk*“k +
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Xg,, giving us our final result,

n

> (Qla, B, Dwgla+ 1], B+ [1], 1) + Qg — [1], B = [1], Dwy(a, B, 1)) = ||B = al,.

=1

O

Therefore the subcomplexes K|, , for a fixed g € G and v € (N U {—1})"—C|, are
acyclic and do not contribute to the cohomology. We now are now ready to compute

HH(Aq, Aq ® g), focusing on those K., for which ¢ € G and v € Cj.

Theorem 4.2.3. For each g in G,

HH™(Aq, Aq ® g) = @ @ span{ (1% ® g)es}-
BEN" ae{0,1}"
|B|=m B—acCy

Therefore HH™(Aq % G) is the G-invariant subspace of

@ @ @ span{ (1% ® g)ej}.

geG BEN™ ae{0,1}"
|Bl=m B—acCy

Proof. We start by showing that for v € C,, o™ = 0. If vy € C,, then for all

‘K;;}7
Le{1,2,..,n}, v =—Lor (=1)"[[,_4(=qi)"™ = Xg.-
Case 1: If 4y = —1, then oy = 1 and /5, = 0, making Q,(c, 8,1) = 0. Therefore
§*((z* @ g)e) = 0 by equation (4.1.4).
Case 2: If (—1)" [, ,(—qx1)™ = Xy, we break into two cases: oy = 0 or oy = 1.
Assume o; = 1, then Q(a, 8,1) = 0 and therefore 0*((x* ® g)ej) = 0. In this case,
the condition that (—1)" ], _,;(—=qri)"™ = X, is unnecessary. Assume oy = 0, then

(—1)% Hk#(—q;c,z)% = (=)™ Hk;ﬁz(_%l)% = X4, and therefore Q, (e, 8,1) = 0 in

this case as well, making 6*((2* ® g)ej) = 0.
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Thus for v € Cy, o™ = 0. Then the cohomology of subcomplexes K for

e,
v € Cy is spany{ (v* ® g)es|8 — a = v}. By Lemma 4.2.1, the subcomplexes K" for

v ¢ C, are acyclic and thus do not contribute to cohomology. Therefore

HH™(Aq, A\q ® g) = @ @ span{ (7% ® g)es}-
BEN™ ae{0,1}"
|B|l=m B—acCy

[]

Remark 4.2.4. In order to use Theorem 4.2.3, we will need to specify the G-action
on HH™(Aq % G). The group action is the induced action on Homy (K, Aq ¥ G).
That is, for f € Hompe (K,Aq x G) and g € G, 9f(\) = (1 ® NfENA g for
A e K.

4.3 Cup product

We now have a complete description of the vector space structure of HH™ (Aq X G).
To understand the algebra structure, we will need a bit more development.
Recall, by Section 2.3, we can view the cup product, — on B as a composition,

for f € Homy,)(B;, A) and g € Homy ) (B, A)
fogiBA) 2 Bo, B I A 0 Ay S Ag

where g is the multiplication map. To make use of this description, we will define
yet another resolution of Aq, PP, which is a subcomplex of B such that the diagonal
Ag induces a comultiplication on P. That is, Ag(P) C P ®,, P.

We begin by defining an n-dimensional analog of the f/* defined in [5] and [7].
Let foo0,.00 =1, fyy = a; for all [ € {1,2,...,n}, and fz = 0 for any 8 € Z™ with
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p < 0forsomel € {1,2,...,n}. Then for € N", define f3 iteratively by the relation

fs = Z(H qg;’i)fﬁ—[l} & 2.

=1 k>l

That is, for 5 € N, f3 is a linear combination of all tensor products of length ||
with ; ;’s for each i € {1,2,...,n} and coefficient q* determined by the commuting
coefficients that appear when moving the generators past each other starting from

the configuration with generators in increasing index order. For example,
f0.21,0,..,0) = T2 ® Toy @ T3 + @2372 ® T3 ® T2 + q%,gxs @ Ty X To.

As in [7], let

fa=1® f3®1.

Consider the Afl—module resolution

dgtt
P ——%6}A®M®A—% @)A@ﬁ@A——»
o o1

where

di'(fs) = Z qu;xjfﬂ i+ ( H lfﬁ

J=1 1<) I>j
Remark 4.3.1. The motwation for developing fs is that we have, as we saw in

Section 3.1.1, an isomorphism

@ Ng® fp @ Ng = @ Aqeshq
BeEN™ BeEN™
[Bl=m |8|=m

defined by sending fg to eg. This isomorphism preserves the differential on the re-
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spective complezes, making P = K. See Section 4.1 for the definition of K. We
introduce both resolutions because the resolution K is computationally useful while
the resolution P is a subcomplex of the bar resolution, inheriting the diagonal on B

(which we will prove next).

For each m € N, (P),, C (B(Aq))m. I claim, as was shown in [7] for n = 2, that
P is a subcomplex of B. To see this, we will show that the differential on the bar
resolution, d, induces the map dp defined above.

Fix 8 € N with |8 = m. On the bar resolution, d(A; ® ... ® \,;,) is a sum of terms
formed by removing the ith tensor symbol, multiplying the (i —1)st and the ith term,
and then multiplying the result by (—1)*"! for ¢ € {1,2,...m—1}. See Definition 2.2.1
for the definition of the differential on the bar resolution. Thus d(fs) contains all of
the terms in Y7 (I],; qlifjmjfg,[j] + (=)™ 15, q;flfﬁ,[j]xj) which are the result of
removing the first and last tensor symbol respectively. Thus what needs to be shown
is that the terms that come from removing the ith tensor symbol, i € {2,3,...,m—2},
do not appear in d(fg).

For a € {1,2,...,n}™ define 2, = 24, ® To, ® ... ® T,,,. Then we can write

fﬂ - Z qaxa

ac{1,2,...,n}™
#{l|ay=i}=8; Vie{1,2,...,n}

where % is determined by the commuting coefficients that appear when moving
the generators past each other starting from the configuration with generators in
increasing order according to index.

Consider a single term q* ® z, ® 1 in fﬁ. If a; = a4 for any i € {2,3,...,m—2}
then, because mjz = 0 for all j € {1,2,...,n}, the term coming from removing the

ith tensor symbol is 0 as desired. If a; # «a;41 for any i € {2,3,...,m — 2} then,
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without loss of generality, assume «; < ;1. By definition of fg, ‘];/3 contains the
term q%qa; 0 @ Tay @ Tay @ . @ Tay_; @ Tayy; Ty @ Tayy @ ... @ T, ® 1. When
we remove the ith tensor symbol, multiply the (i — 1)st and ith terms, and multiply

by (=1)"!'in q* ® o, ® 1, we get

(—1)"'q" @ Ty @ .. @ Tay | @ Ty Tagyy @ Taypy @ oo @ Tgyy, ® 1
= (_1)i_1qa(_qai7ai+1) ® Loy ®.® Ta,; 4 & xai+lxai ® xai+2 ®..Q Ta,, ®1

= (—1)'q%ar,am1 @ Tay ® v ® Tay ; @ Tayy, Ty ® Tagyy @ oo @ T, @ 1

When we remove the ith tensor and multiply by (—1)"" in q%ga, 0,y @ Tay @ Ty ®

@y, BTy @ Ty ® Tayyy ® .o ® Ty, ® 1, we get
(=1 " Uas i1 @ Tay @ Tay ® e @ Tay , ® Tagsy Tay @ Tagry @ oo ® T, @ 1.

Thus in d( fg), these two terms cancel each other as desired. Notice no other terms
in f~5 contribute to the 1®z,, ®%q, ®...Q T, |, ®Ta, Ta; ®Tay,, @ ... @Tq,, @1 term
in d(fs). Therefore d(f5) = 37— (TI,; @' fo-in + (=)™ Tlis; @S- 1725) = do(f3)
and PP is a subcomplex of B.

Now, to see that the diagonal on B(A,) restricts to a diagonal on P, recall
Ap(M® . @ Amg1) = > (M@ .. @A @ 1) @y (1O Aip1 @ .. ® A1)
=0
for Ao, ..., Am41 € Aq. For € N™ and 0 < ¢ < |f| fixed, we have

o= Y, (] @fa® fy

a+y=p 1<i<n
a,YEN™ and |a|=t k<l
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Therefore define,

Z H q’Ykaz fa ®Aq fV'

at+y=p 1<I<n
k<l
Then the diagonal map, Ap, is induced by Ag. Moreover, by Remark 4.3.1, K = P.

Therefore, using this isomorphism, we have our desired diagonal map

= 2 Il aMea®nge
at+y=p1<I<n
k<l
and we are finally ready to describe the cup product.
By Theorem 4.2.3, the vector space, HH™(Aq, Aq X G), has a basis given by all
(z% ® g)ej such that 3 — a € Cy. Then, the cup product, defined on these basis

elements is given by the following formula.

Theorem 4.3.2. If o,y € {0,1}", 8,k € N", and g,h € G, then

(xa ® g) (ZE7 ® h 6 = H X H q“kﬁl 'Vkal —Vk (ch—i—’y ® gh>eg+n-
=1 k<l

Proof. Let o,y € {0,1}", B,k,p € N" and g,h € G. Because we can identify K as
a subcomplex of B(Aq), we can compute the cup product, (v* ® g)ej — (27 ® h)e;,

as the composition

T®9)esR(zYQh)€eS,
KﬂK@AqK( DTN (Ag X G) @a, (Mg x G) 5 Ag x G.

Then

(2% @ g)es — (27 @ h)eg(ep)

— (2 ® 9)es ® (27 @ )en(A(e,))
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= p((z* ®9)6 ® (27 @ h)e Z H qlf:klplep ®Aq 60”))'

pl+p"=p1<i<n
k<l

Notice for the last equality, we need p' = 3, p" = k, and p = kK + .

(2% ® g)eg — (27 @ h)e, p( I a5 (2" @ g) @a, (a7 @ b))
1<Ii<n
k<l
= [[ ¢*@" @9 on)
1<I<n
k<l
:Hx YT ars? (e @ gh)
=1 k<l
= [ [au T s (—aen) ™ (@ @ gh).
=1 k<l

Thus (z°®g)e; — (2@h)e; = [[- 1ngz Hk<lq”kﬁl (1) (20T ®gh)eh, .. O
4.4 Gerstenhaber bracket

With a bit more structure, we can compute the brackets on HH*'(Aq % G) using
the techniques of [23] (discussed in Section 2.3) adapted to this setting. We must
first show that K satisfies Conditions 2.3.3 (a)—(c):

(a) Let ¢ : K — B be defined by sending ez — f3, with ez, f3 defined as in the
previous section.

(b) By the Comparison Theorem, there exists a chain map 7 : B — K. Choose a
map 7 such that fg — €5. Such a map exists because {f5}|5|:m may be extended to
a free Ag-basis of Bjg. By construction, we have m = 1.

(c) Let the diagonal map Ag : K — K ®x, K be defined by

Ax(eg) = Z H qlzklalﬁa Qg €

a+y=81<I<n
k<l
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for § € N”, as in Section 4.3. We saw in Section 4.3,

Apiles) = Del(fa) = Y [ @i fa®a, £

at+y=p1<I<n
k<l

On the other hand,

(L ®Aq L)AK(e,B) _ (L ®Aq Z H qkkalea ®Aq 6y Z H qkkoélfa ®Aq f,y‘

at+y=01<I<n a+y=p1<I<n
k<l k<l

Therefore Agt = (1 ®a, t)Ax as required.
Thus K satisfies Conditions 2.3.3 and, if ¢ : K®y, K — K is a contracting homo-

topy, we can define the o-product on HH*(Aq, Aq) on the chain level as a composition

Ag®prqlr Igk®rq9®rq Lk
— e

fog: K25 Ke, K K ©5, K @2, K Koy, K3 KD A,

for f € Homp((K);, Aq) and g € Homy e ((K)pm, Aq). However, we would like to
define the o-product on HH (A X G, Aq x G). By [24], we can define such a o-product
using a similar technique as above, extended trivially to the group.

Define K to be the resolution
B K 9EG B K @ kG B Ke@kG B A X G = 0

where 5~m = 0 ® Ly Let Agx = Ag ® 1y¢ be the induced diagonal map on K.
Let ¢ = ¢ @ 1. Then, by [24, Section 2.2], for f € Hom,ug)e (Km,A x G) and

g € Homp wq)e (K, Aq % G) we can view the ¢-circle product, fogsg, as a composition

K K GKﬁK(@AquK@AqNGK

1;®9®1

L R 9y e KSR D Agu G
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where the tensor products in 1z ® g ® 1z are over Aq x G, 1z ® g ® 13 includes the
indentification K ® AguG Ag X G = K, and this function has Koszul signs as in (2.3.6).

By [23, Theorem 3.2.5], the Gerstenhaber bracket on HH'(Aq X G) is given by
[f,9]=fozg— (=) Y Vgos f

at the chain level. Thus the only remaining work is to determine ¢.

By Lemma 3.2.4, ¢ can be defined iteratively as the complex K = Tot(...((K,, ®"
K.,)®2...)®@"1K,, ) is defined iteratively. To get a closed form description of ¢, we
need to introduce some additional notation. Define K = Tot(...((K,, ®" K,,) ®"
o) @11 K,,) and for a € {0,1}, let ag_1) = (a1, as,...,0q_1) the (I — 1)-tuple
consisting of the first [ — 1 entries of a.

As we saw in Example 2.3.8, for 8,7 € Nand « € {0,1}

P (€5 Dng 27€y) = Ga1(—1) €arysi.

Therefore, by Lemma 3.2.4, for 8,7 € N? and o € {0,1}?,

P (€5 Ong 27€;) =(—q1,2)* "T85, 000,1(— 1) 252 €qy iy

+ (=q12)™ 6 000, 1 (1) Ple i)

2
(_1)wl551+1+~~-+52,0(571+...+yl,1,05a1,1 H (—qhk)o‘k(’ﬂﬂ)

= I<k<2
H (—qp) > P H (=g ) r (@) Fashs
1<kt 1<r<s<2
r#l#£s

Ap41 a9 a1 Q-1
'/L‘l-i-]. ...5(72 €ﬁ+7+[l]$1 ...CL’l_l .

Compare this ¢k to the ¢ from Section 3.2.1. As suggested by the formula for
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g, we claim that ¢ = @k is defined, for 8,y € N* and « € {0,1}", by

n

dles Ong 1°6) =Y ()05, 445, 0004t 00arn [ (—ana) ™0

=1 I<k<n
[T (—ae)™@ D T (—gs)rtestresass:
r#l#s

T g
We will show this by induction. We have established the base case with ¢gu) and

¢g@. Now assume the formula holds for ¢g-1). Then for 8,7 € N* and o € {0, 1}",

Sxon (€5 @aq 2%6,) =0(] [ (—arn) ™" es @nq 27006y @2,
k<n

= (g ® Fg, + (=1)*"PF) @ ¢k, )0

by Lemma 3.2.4. Recall ¢ is the chain map isomorphism defined in Lemma 3.2.1
that allows for rearranging terms in the tensor product of complexes. Simplifying,

we get

Prm (€5 ng 7€)
=(Pgm-1 ® Fuézn + (1) PF ® ¢x,,)

( H(_q’“v”)an%_ﬂn(aﬁm(_1)%'7("_1)‘66(%1) ®pq T Vey, ) R €g, @ xanew)
k<n

et < H (_Qk n)an"/k_ﬁn(oék‘f"yk) (_1)ﬁn‘7(n71)|)

n—1

_ 1
( (—1)Pen ”‘5ﬁz+1+...+5n_1,05wl+...+w_1,o5al,1( | | (—qup) 0t
=1 I<k<n—1

H <_le)ak(5l+1) H (—qrs)aT(as‘i"Ys)“rasﬁr)

1<k<l 1<r<s<n—1
r#l#s
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[e7AR] Qp—1 [o%1 (7] Qo
Li41 - Tn—1 By +vm—n+lI¥1 L1 ® 08,025 €,

+ (_1)%(”71)'“7(”71)|6|’Y<n71>\,065(n71)$a<n71) ® 6an71(_1)6n€5n+7n+1>

by the inductive hypothesis. Now, we can rearrange our terms to get

Prm (€5 Ong 7€) = ( H(—Qk,n)a”’“_ﬁ"(a’“ﬂ’“)(—1)’8“7("71)‘)

k<n

n—1

< Z(—l)lﬁ("fl)l5ﬁz+1+...+6n,0571+...+w_1,o5al,1 < H (—qu ) Y

=1 I<k<n—1

H <_QI€l>ak(Bl+1) H (—qTS)aT(as‘i"Ys)‘i’asBr H(_Qk n>ak(0£n+7n)

1<k<li 1<r<s<n—1 k<l
r#l#s

n l [o} n ap_
H(_qkm)a (Br+ve+( D)xl_ﬁl_.wg E,B—s—v—i-[l]x?l---%l_lll

k<n

+ (_1)|5\5|7(n71)|70 ( H (_qk’n)ak(ﬂn‘i")/n‘i’l)) €ﬁ+7+[n]$a("_l))

k<n

n—1

:Z(_l)lm6ﬁl+1+~~ﬂm05%+.u+’nf17050111< H (_QZ,k)ak(%—H) H (_Qk,l)ak(ﬁl—H)

=1 I<k<n 1<k<l

— O‘T(a5+78)+as/gr Q41 Qn a1 oy
| | ( qr,s) l'l+1 Iy Eg_s_y_i_mxl Ty
1<r<s<n
r#£l#s

+ (_1)|5\5|7(n_1)|’0(5%71 ( H(_qk’n)ak(vnﬂ)) eﬁﬂerxoc(nA)
k<n

:Z(—1)w5,Bl+1+-~-5n,0571+--~+71—1,05041,1< H (—qu) 0+ H (=) P+
I=1

I<k<n 1<k<l

o ar(as+vs)+tasB Q41 @ aiy op—1
” (—qy,s) T TS Tpq Ty €apy )T Ty
1<r<s<n

r#£l#s

as desired. Therefore
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n

P(es @n, 7€) = Z(_l)lm5ﬁl+1+...+,3n,05’y1+...+71—1,050cz,1< H (—C_Il,k)a’“m“)

=1 I<k<n
H (—qor) @ Bi+D) H (_qrs)ar(aﬁvs)msﬁr)
1<k<l 1<r<s<n
r#l#s

« n oy
IR el S URNI || K
for 8,7 € N" and « € {0,1}".

We now have all of the necessary pieces to compute the Gerstenhaber bracket,

[f.9] = foz9— (—1)" D Ngo, f (4.4.1)

for f € Homyua)e((K)m,Aq x G) and g € Hom xg)-((K);, Aq X G). Notice
{(z* ® g)(esg ® 1)* }ac{o1}m,genn ge forms a basis of Hom(Aqxg)e(K, Aq X G). In the
following theorem, we give the circle product on elements of this form. While these
elements are not necessarily non-zero elements of cohomology, the given formula can
be extended linearly to give a well-defined bracket on cohomology by restricting to

the elements of the form as in Theorem 4.2.3.

Theorem 4.4.2. For o,y € {0,1}", 8,k € N*, and g,h € G,

(27 @ h)(ex ® 1) 0 (2% ® g)(ep @ 1)°

n
— — +1
- Z Z (_1)‘p ﬁK'B' )5p'lp+17ﬁ7‘+1'"6p£1,7ﬂn5p/1/+~-+p;‘/—1705a7‘71
r=1  pp =t B[]
(0 —B)>0 VIe{1,2,....n}

Q(CL,CH-V—[T] ® hg)<€n+,8—[r] ® 1)*
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where

Q= H X (= gss) yos(or=prt1) H q/f,kz(p;_ﬁl) H qZklﬂl H (=)D

1<s<r 1<k<i<r<n 1<r<k<Ii<n r<s<n
ot (ay+p!")+a(p!,—B —a —(yotay)a
H (=) t(eut+piy)+ore (ph,—Bu) (=)@ (—qu.s) (Yo tow)as
1<t<u<n 1<s<r 1<v<r<s<n
t#r#u s<v<n
—Yo
I (—quo) e
r<s<n
r<v<s
Proof.

(27 @ h)(ex ® 1) 0 (29 @ g) (€5 ® 1)*(€, ® 1)
=(27 @ h) (e, ® 1)"(1g ® (2% @ g)(es ® 1)* @ 1) AP (e, @ 1)
=(27 @ h) (e, ® 1) (1 @ (2% ® g)(es © 1)" @ 1) (A @ 1)

( Z H qz%p;‘fp @ €y ®1>

p/—‘,-p”:p 1<l<n
k<l

=(27 @ h)(e, ® 1)"¢(1g @ (2° @ g)(es © 1)* @ 1g)

/11,1

( Z Z H qp%pﬁy'“yl € Q€ Q €y @ 1>.

v'4v=p' p'4+p""=p 1<I<n
k<l

In order to get a non-zero output from the function 1z ® (2% ® g)(eg ® 1)* ® 1z, we
need v = . Set v/ = B, then v/ = p' — B. Applying this map thus gives us the

Koszul sign (—1) =88l making

(27 @ h)(ex ® 1) og (2 ®@ g)(es @ 1)"(¢, ® 1)
=27 @ h)(ex @ 1)*¢

< Z (_1)|p’fﬁ||ﬁ| H qZ%P;JF/Bk(p’fﬂ)l

p’—‘,—p":p ISISTL
(P’ —B)1>0 Vie{1,2,...,n} k<t
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ep’—ﬂ ® (Ia ® g) ® Gp// ® 1)

We need (p) — ), > 0 for all [ € {1,2,...,n} because €,_p is tracking homolog-
ical degree which is positive in each coordinate. Therefore d(y_g), .+ +(p/—p)n0 =

Ot 1 ria---0p;,,8,- We will use this in the next expression.

(27 @ h)(e, ® 1)* % (*®g)(eg @ 1) (e, @ 1)

=(27 @ h)(e, ©1)"¢

< Z (_1)|pu/3||5| H qZ%pHﬁk(p’—ﬁ)z

p’—}—p”:p ISZSTL

€@ (T*RY) Vey ® 1)

=(27 @ h)(ex ©1)°

( 3 (1)l =811 T qfhri ot

p’J,»p”:p ISZS'IZ
n
_1)\lP"-8l s (P +1)

Z< 1) 5p;~+1:ﬁr+1 o '5P%76n 6P’{+~~+P;4/_1,05Clr,1 <_q7‘,8)
r=1 r<s<n

s ;«* 41 u Z ;* u
H (—qsr)® (P —Br+1) H (_qt’u)at(a +pu) o (ply—Bu)
1<s<r 1<t<u<n

t#£r#£u

Q41 (0% [e5) Qpr—1
M ...l'nnﬁp/,ngp/uerl T ®g)

In order to get a non-zero output from the function (27 ® h)(e, ® 1)*, we need
p—B+p"+[r] =k Thatis, k+ 5 —[r] = p' + p” = p. Notice
Qipt1 Qp—1 Q41 Qpr—1

T X €y gy )] T ®g = (2,2 1) (€ —prpr @) (2772 ®g)

by the definition of the multiplication on Aq x G. The second expression makes it
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clearer how to apply (27 ® h)(e, ® 1)*. Then

(27 @ h)(6 ®1)" 05 (2% ® g) (65 ® 1)*(e, ® 1)
/I /! /+ /_B
= Z (—1)l' =818 H Tk Br(p' =B

Pl +p" =r+B—[r] 1<i<n
(0 —B)>0 Vie{1,2,....,n} E<l

n

- s(pfl+1

Z(_l)lp ﬁlép'rwﬁrﬂ"'5P4wﬁn5p’{+..+p;’,1,05ar,1 H (=)t

= r<s<n

[T (~an)® @40 T (—gua) e titentl=p

1<s<r 1<t<u<n

t#r#u

Qr—1

(a7 © 1) (a7 @ h) (2273 © g)

n

= S (=)l =aldain T gfhersoute=on
r=1 p'+p’=k+B-Ir] 1<i<n
(p'=B)1>0 Vie{1,2,....n} k<l
69;.+175r+1"’6,01”5n5P,1/+..+p;’71,05047-,1 H (_QT,s)as(pT+1)
r<s<n
H (_qsr)as(p;“_ﬂr'i_l) H <_Qtu)at(au+pg)+at(ph_ﬂu) H Xz.s
’ ’ ,S
1<s<r 1§;<;2§n 1<s<r
t£r+u
H (_QS,U)iaS% H (_QU,S)i(%Jrav)as H (_QU,S)iwas
1<s<r r<s<n r<s<n
s<v<n 1<v<r r<v<s
ot hg.

This expression can be simplified slightly to eliminate trivial terms. That is,

(27 @ h)(ex ® 1) 05 (2% ® g)(ep @ 1)

n

_ '—B(|8]+1

_Z Z <_1)|p Pl )6P;-+1’Br-+l"‘6pgmﬂn5P,1,+..+P?,1’0600"71
r=1

P +p" =k+p—r]
(p,_ﬁ)lzo Vle{l,Q,,’fL}

Qs as(pr.—PBr f— ”B
H Xh’g(_qw) (o —Br+1) H qg,kz(p B H quclz

1<s<r 1<k<i<r<n 1<r<k<iI<n
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H (_qrs)as(ﬁ?}'-i-l) H (_qtu)at(au+pﬁ)+at(pL—ﬁu) H (=)

r<s<n 1<t<u<n 1<s<r
t#r#u s<v<n
—(Yvt+ow)a — Yot
| | (—%,s) (Yotav)as | | (_qv’s) v Qs
1<v<r<s<n r<s<n
r<v<s

(2° M @ hg)(eprppy @ 1)".

]

We will denote oj as o for the remainder of the text to ease notation. By the
work in this section, the Gerstenhaber algebra structure of the Hochschild cohomol-
ogy of group extensions of Aq is completely formulated. When the group is trivial,
the work of this section recovers the Gerstenhaber brackets for Hochschild coho-
mology of quantum complete intersections, extending previous computations. The
Gerstenhaber algebra structure can also be used to collect information about the

deformations of these algebras.
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5. BRACKETS FOR SOME GROUP EXTENSIONS OF QUANTUM
COMPLETE INTERSECTIONS

In the previous section, we gave a general description of the Gerstenhaber struc-
ture on group extensions of quantum complete intersections. We use this section
to compute these structures for several cases when n = 2. In Section 5.1, we allow
the diagonal group action to vary and restrict the choice of quantum coefficient. In
Section 5.2, we allow the quantum coefficient to be a dth root of unity and fix the
diagonal group action to agree with the quantum coefficient. The vector space struc-
ture is computed for all d and the bracket structure is computed for d > 1 odd. When
the characteristic of the field is 0, these example cases are generalizations of, and
can be compared to, the Gerstenhaber brackets computed in [11, Section 5] (when
n = 2) and the vector space computations in [5, Section 3] and [7, Section 3| for

quantum complete intersections.
5.1 Two generator quantum complete intersections

Now that we have the general formulas for the Gerstenhaber algebra structure
on HH(Aj x ), we can apply them to simple examples very similar to the examples
computed in [11, Section 5.1]. Let n = 2 and assume ¢ 5 is not a root of unity and
G is an abelian group. For simplicity, let ¢ = ¢y o.

Then, by Theorem 4.2.3,

HH™(A? x G) = (@ @ @ span{(z* ® g)e;})°
g€eG BeN™ aec{0,1}"
|Bl=m B—aeCy

where Cy = {y € (NU {~1})?|Vi, 7 = —1 or (—1)™ Hk#(_%,l)% = Xg.i}-

Therefore we have two conditions on the v = 8 — a for which (z* ® g)ej is
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non-trivial in HH™ (A2, A2 % G),

m=—Lor (=1)(=¢ ") = xga

and 7 = —1 or (=1)(—q)™ = x,2.

If 4 = —1, then, as ¢ is not a root of unity and x, 2 must be a root of unity, we

cannot have (—¢q)™*

= (—1)"x,,2 and thus, for v € C,, we need v, = —1.

Alternatively, if 73 # —1, then for v € C,, we need (—1)"(—¢ ) = x,1. But,
again because ¢ is not a root of unity, we must have v, = 0 and x,; = 1. Thus v, #
—1 forces 2 # —1 also. Therefore, for v € Cy, 71 must satisfy (—1)?(—¢)™ = xy.2,
forcing v = 0 and x49 = 1.

That is, we have two options for non-trivial elements, either v = (=1, —1) or

v =(0,0) and x,1 = Xg2 = 1, making

HH'(Ag % G) = (spani{€; o, {(1172 @ 9)€) o }oec

{(z2 ® g)en, (11 ® g)el g, (1172 @ g)€T 1} gec He

Xg,lZXg,Qzl

= EB span{€s.0, {(T172 @ 9)€0.0} xg1xg.2=15
geG

{(1'2 ® 9)63717 (xl ® 9)6{,07 (l‘1$2 ® g)eil}XgJ:Xg,Q:l}'

We can now use our formula from Theorem 4.3.2,

2
(2 @ g)es — (@7 @h)e, = [ [xgy [ [ a7 (1) (@ @ gh)ep..
=1 k<l

to compute cup products. Because of the factor z**7 in the product, the only possible

60



non-zero cup products in homological degree greater than 0 are

(22 ® g)eg, — (1 @M)€l g = xg10"(=1) (2122 ® gh)e}
= —Xg,1(T172 ® gh)e]

= — (2122 ® gh)e}

and, using either the formula given in Theorem 4.3.2 or the graded commutativity

of — on HH™(A2 x G) given in Remark 2.2.3,
(T1 @ h)ej g — (22 ® g)eg; = (T122 ® hg)ey ;.

The element ¢ is the multiplicative identity with respect to — and (7172 ® g)€j
has cup product 0 with any of the generators except € .

Finally, we can use our formula from Theorem 4.4.2, restated for the case n = 2,

(z7 @ h)(ex @1)" 0 (27 © g)(eg @ 1)°

:Z Z (_1>|p 7[3'("8‘“)50’”175#1--'5p417ﬁn5p’1’+--+p¥71705%1

r=1 p'+p"=k+B~]r]
(p'=B)e>0 Vee{1,2}

IT x(=ae) @20 I (—grs) @0 (@71 @ hy)

1<s<r r<s<2

(€ntp-pr ® 1)°

()

to compute brackets. Then the non-zero o-products are

(LEQ & h,)(EO’l & 1)* 0] (lez & 9)(60,0 X 1>*

= 3 ()" (g) (1 ® hg) (00 ® 1)
p'+p""=(0,0)
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= Xn1(T122 @ hg) (€00 ® 1)*

= (l‘lfbg X hg)(E(),() (29 1)*
and

(z2 @ h)(€01 @ 1) o (2172 ® g)(€0,0 ® 1)" = (2122 ® hg)(€0,0 ® 1)7,
(1 @h)(e10@1) 0 (21 ®g)(e10® 1) = (21 ® hg)(e10® 1),
(11 @ h)(e10®@1)" 0 (2172 ® g)(€0,0 ® 1)* = (172 ® hg)(€9,0 ® 1)7,
(122 @ h)(e11® 1) 0 (21 @ ¢)(€10® 1)" = (2122 @ hg)(e11 ® 1)7,
(1 ® g)(e10® 1) 0 (2122 ® h) (€11 ® 1)" = (2122 ® gh) (611 ® 1)7,
(22 @ D) (€01 @ 1)* 0 (22 @ g) (€01 @ 1)" = (22 @ hg) (e ® 1)",
(x122 @ h)(€11 ® 1) o (22 ® g)(€01 ® 1)" = (2122 ® hg)(e11 ® 1)*, and

<x2 ® 9)(60,1 & 1)* © ($1x2 @ h)(ﬁ,l & 1)* = (1’1562 & gh)(€171 & 1)*.
Using our formula (4.4.1), modifying for this notation,

(2 @ g)(es @ 1), (27 @ h)(ex @ 1)7]
= (" @g)(eg@1) 0 (27 @ h)(ex @ 1)°

— (=AY @ h) (e @ 1) 0 (¢ @ g)(es @ 1),

we can complete the bracket computations. The non-zero brackets among pairs of

the generators of HH*(AZ % G) are

(72 @ h) (€01 ® 1)*, (2122 ® g) (€00 ® 1)*] = (2172 ® hg) (€00 ® 1) and

[(z1 @ h) (€10 @ 1), (2122 ® g) (€00 ® 1)*] = (2172 @ hg)(e00 @ 1)".
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Notice that the bracket and cup product computations agree with the results in

[11, Section 5.1] and [7, Section 2.1] respectively when G = 1, given in Example 3.2.7.
5.2 A specific group action

We will now consider a specific example, on Afl, to study the structure in more
depth. Let ¢1 2 = ¢ be a primitive dth root of unity. Let G = (g) be the cyclic group

generated by an element g with |G| = d. Assume that G acts on A<21 by
930 = qry and Yxy = ¢ s,

That is, G acts on the generators of Afl by multiplication by powers of the quantum
coefficient.
By Theorem 4.2.3, we know that HHm(Ag X (3) is isomorphic to the G-invariant

subspace of

DD D svamda"®g)e}

=1 BeN? ac{0,1}?
|Bl=m p—aeC';

where

Cy={y€ NU{-1})? VI,v=—1or, for k#1,(—1)"(—gqx)"™ = ql”k}
={ye (NU{-1})?|V I,y =—1or, for k #1,q/" = (-1)"1}
={ye (NU{-1})? 7 = —1or ¢ = (-1)" and

vy = —1 or ¢"T = (=1)P.
Therefore to find a non-trivial element of cohomology, we need to first check the

conditions for which v € (NU{—1})? satisfies y; = —1 or ¢"**" = (—=1)P and v, = —1

or ¢+ = (=1)P! and then check for terms that are G-invariant.
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To compute the cup product, by Theorem 4.3.2, we know that for o, v € {0, 1}?,
B,k €N? and ¢', ¢’ € G,

(SL’a ® gi)e (xfy ®g 6 _Hqu'n ankﬁl ’Ykaz ) —vRoy ($a+'y ®gi+j)€;;+ﬁ
=1 14k k<l

:qi(71—72)+m152—71042 (_1)_710‘2 (;BO"H X gi+j)62+
-

Under these assumptions, Theorem 4.4.2 becomes, for o,y € {0,1}?, 8,k € N?,

and ¢*, ¢’ € G,

(7@ g ) e @1) 0 (2" @ g')(es ® 1)

2
- Z Z (_1)|p _BK‘BHI)&P;HﬂrH"'504”/%5p’1’+...+plr'71,05ar,1

r=1 p'4p"=k+B—[r]
(p'=B)e=0 Vee{1,2}

H q]as QST 045 p'r Br+1) H as(plrl+1)

1<s<r r<s<2

H (_QS,U)_QS% (‘/L‘OH_W_M & gi+j)(€n+57[r] X 1)*
1<s<r
s<v<2

= Z ( 1)\0 —BI(18l+1) 5 , 525041, (_q172>a2(p/1/+1)
p'+p"=r+B—[1]
(p'—B)¢>0 vee{1,2}
(:L,oz+’yf[1] ® gi+j)(65+ﬁ_[1] ® 1)*
+ Z (_1)\p’fﬁ\(lﬁl+1)5p,, 000y 1072 (—q) 1 (Po= B2t D)1
19 )
p/+p”:f$+,3—[2]

(P —B)e>0 Vee(1,2}

(2Pl @ ") (6nppop ® 1)".

As in [7] and [11], we study the specific structure of Hochschild cohomology for
each choice of d. We compute the graded vector space structure for all possible

choices of d # 0 and the Gerstenhaber brackets for the case d > 1 odd.
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5.2.1 q adth root of unity for d > 1 odd

If d > 1 is odd, then

Cp={y € (NU{-1})?|m=—1or (3t k€N, v +i=tdand |y =2k) and
vo=-—lor (3t ke N,y +i=tdand |y| =2k)}
—{ve (NU{-1})?|yn=—-landy=—1or
v1=—land 3teNyp=2t4+1ands=1or
vo=—land 3teNy =2t4+1ands=1or

Jt,t' eN,yy =td—iand v =t'd —i and t +t' even}.

From this description, we immediately get

HH<A<217 A?; X (G) = @ span{(r; ® g)EE,Qt-i-lv (72 ® 9)6;t+1,07 (172 ® 9)6515,07
teN

(7172 ® g)€g 00}
d

@ @ spari{ (1 ® 9') €l va—i (21 ® 9) a1 vaiv

i=1 tt'eN
t+t' even

(T2 ® gi)erdfi,t’d7i+1v (172 ® gi>€:d7i+1,t’d7i+1}

d
@ spang{(r172 © ¢')€5 9, (1 g')e5 o}

i=1

as a vector space. In this expression, the terms ¢, , should be interpreted with

a,b > 0 and thus we only consider t large enough to make the homological degrees

nonnegative.
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Then, after taking the G-invariant subspace, we get

HH‘(A?I x () = @ spang{(z1 ® Q)ES,Qtd—h (72 ® g)eztd—l,m (T172 ® g)eﬁtd,o,
teN

(172 ® g)ﬁé,zm}

d
@ @ spank{ (1 @ ¢ )i va—ir (1 @ G')€1aii1prais

=1 ¢tt'eN
t+t' even
(22 ® ") € iva—ist> (T122 ® §)€fu_is1pdg—iv1}
d
@ spang{ (1172 ® g')€g 0, (1 @ g")€g 0}
i=1

as a vector space.
We will forgo the cup product structure in favor of showing the bracket structure.

The non-zero brackets are, for ¢,¢',¢" " € N and i,j € {1,2,...,d},

(22 ® g)€spa_1.05 (11 ® 9)€5 9 1) = (28'd — 1) (22 @ ¢*)€30a 921015

— (2td — 1)q(71 ® gz)EZt’dfl,Qtd—%
(2122 ® g)€5a0, (21 ® g)€g01q1] = (28'd) (2125 @ 92)€;t/d71,2td—17
(1® gi)E:’dfi,t“dfﬂ (21 ® 9)€ga1] = (H'd =) (1® gH—l)Er/dfifl,thth”dfifl7
(71 ® gi)er’dfiJrl,t”dfi? (11 ® 9)€g 1] = ('d =i+ 1) (21 ® gi+1)€:’d7i,2td+t”d7ifl7
(72 ® gi)G:’d—i,t”d—i—&-l’ (21 @ g)€gatar] = (H'd — i) (72 ® gi+1>€:’d—i—1,2td+t”d—i

- (Qtd - 1)(](551 ® gi+1)€;€k’d—i,2td+t”d—i)

(2172 ® gi)ez’d—i-&-l,t”d—i—i-lv (71 ® 9)€0 21q-1] = (H'd — i+ 1) (2172 ® gi+1)€:’d—z‘,2td+t”d—i7
(2172 ® gi)eé,m, (22 ® 9)63,%(1—1] = (2t'd)q(w129 @ 92)€;td—1,2t’d—1’
[(1© ¢ )i pma—ir (12 @ 9)€Gap-1) = ("d = 1) (1 ® ¢ e amrai1 pmai1s

(71 ® gi)e;fk’d—i—f—l,t”d—i? (22 ® 9)€5.20a-1] = ('d — i)q' (21 ® gi+1)6§td+t’d—i,t”d—i—1
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— (2td — 1)(72 ® gH—l)€;td+t’d—i—1,t”d—ia
(72 ® gi)er’d—i,t”d—i-&-l? (22 @ g)€gata_r] = (t"d —i + 1)q'(z2 ® gi+1)Eztd+t’d—z‘—1,t”d—z‘7
(7172 ® gi)ez’d—i—s-l,t”d—i—i-lv (T2 ® 9)€0.2a-1)
= ({t"d —i+1)¢ (z122 ® gi+1)€;td+t’d—i,t”d—iv

(1 gi)er’d—i,t”d—m (7172 ® g)€314.0]
t'd—i—1

_ t'd—i+1 ph+i+1 i1y %
=(-1) E g (1 ® 9™ ) parva—ipra—i1s
pH=0

(71 ® gi)e;fk’d—i—',-l,t”d—i? (172 ® g)eztd,o]
= —(2td) (7172 ® gi+1)6;td+t’d—i,t”d—i7

(72 ® gi)EI’dfi,t“dfi+17 (7172 ® g)€51.0]
d—i
o L .
= (_1)td ' Z ¢ (2122 ® gz+1)€;td+t’dfi,t”d7i7
p5=0
(1 gi)EI’dfi,t“dfiv (7172 ® 9)€§ 214

t'd—i—1

- (_1)t,d_i Z qplll+1($2 ® gi+1)€:’d—z‘—1,2td+t”d—i
py=0
t"d—i—1
g ’_ . .
- (_1)td ' Z q" 2td+z+1($1 ® gz+1)€;€k’d—z‘,2td+t”d—i—17
ph=2td
(71 ® gi)G:’dfiJrl,t”dfi’ (7172 ® 9)€§ 214]

t'd—i
_ t'd—i+1 o +1 i+1\ _*
=(-1) E ¢ (102 ® 97 )€g i1 vvdird—is

py=0

(72 ® gi)ef/d—i,t"d—iﬂ, (2172 ® 9)€§ 214)
2td+t" d—i
o s .
= (=1) - Z q" 2tdﬂ(flﬁlﬂfz ® gl+1)€:’d—i,2td+t”d—i

py=2td

— (2td)q(z172 ® 9i+1)€;d—i,2td+t"d—ia
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(21 ® gj)GI"d—jH,t”'d—ju (1 gi)EZd—z',t'd—i]

=—(td—i)(1® gi+j)e?t—‘rt”)d—i—j,(t’—‘,—t”’)d—z‘—j7
(72 ® gj)er’d—j,t”d—j—l-lv (1w gi)efd—i,ﬂd—i]

= —(t'd—i)d'(1® gH—j)Ezkt-i-t”)d—i—j,(t’+t”’)d—z‘—j7

(2122 ® gj)é;d—j+1,t"d—j+17 (1® gi)e;fkd—i,t’d—i]

td—j—1
. t”d—j-i—l p//+1 it *
= (1) E ¢ (22 @ 97 )€ aij (¢4 dmivj i1
1
p7=0

" +t"")d—i—j

td—i } : ph—t" d+i+j i+5 *
+ <_1) q 2 (I‘l ® g )6(t+t//)d—i—j+1,(t’—l—t"’)d—i—j7

ph=t""d—i+1

(2122 ® gj)ES,oa (1® gi>€:d7i,t’d7i]
td—i—1

= (—1)" Z ¢ (wy @ 9 €aipai

py=0
t'd—i—1
+ (=1 Z ¢ @ © ¢ )€y paions
po=0
[(z1® gj)ﬁj;”d—j—&—l,t”’d—ja (1 ® gi)erd—i—i—l,t’d—z’]
=(t+t")d—i—j)(a ® giJrj)ezkt-i-t”)d—i—j—&-l,(t’—i—t”’)d—i—j7
(2 ® ") €pa—jima—jins (01 @ 9)€a i pai]
= (t"d — j)(z2 ® giJrj)€>(kt+t”)dfifj,(t’+t”’)d7ifj+1
- (t/d - Z')qi(xl ® giﬂ)ezﬁtﬂ”)d—z’—j+1,(t'+t“')dfifju
(2122 ® gj)er/d7j+l,t”dfj+1> (71 ® gi)E;‘,kdfiJrl,t’d—i]

= (t"d —j+ 1) (2122 ® gH_j)Ezkt+t”)d7ifj+1,(t’+t”’)d7ifj+1
td—i

td—i P41 i+7 o*
+(—1) E T (12, ® g )6(t+t”)d7ifj+1,(t/+t”’)d7ifj+17
pi=0

(2122 ® gj)ES,o, (11 ® gi>€:d—i+1,t’d—i]
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td—i
= (—1)" Z ¢! (z122 ® giJrj)e:d—i,t’d—ia
py=0
(22 ® gj)ﬁffd—j,tﬂd—jﬂa (T2 ® gi)erd—i,t’d—i—f—l]
[(t///d — j + 1)q] — (t/d — Z =+ 1)ql] (3;'2 ® gi+j)62(t+t”)d—i—j,(t/-i-t”’)d—i—j—‘rl7

(7172 ® gj)er/dfj+l,t”dfj+1? (72 ® gi)e;tkdfi,t’dfi+1]

= (tmd —J+ 1)qj($1962 ® giJrj)€?t+t”)dfifjJrl,(t’+t”’)dfifj+1

t'd—j
td—i o —t"d+j+i—1 Q5 *
- (=1) E : q (T122 @ g )€(t+t”)d—z’—j+1,(t’+t”’)d—i—j+1’
py=0

and

(7172 ® 9j>€3,07 (2 ® gi>€:d—i,t’d—i+1]
td—i
= (—1)f Z ¢ (1122 ® gz+])€:d—i,t’d—i'
PH=0
We can compare these results to the computations in [11, Section 5.3] and [7,
Section 3.1] when ¢ = 0, given in Example 3.2.8.

5.2.2 q a dth root of unity for d > 2 even

If d > 2 is even, then

Cp={yeNU{-1})*m=-lor Bt eNpp+i= t%l and |y| =t
and ¢t + ¢’ even) and
yo=—-lor (3t,t' e N,y +i= tg and |y| = ¢/
and t +t' even)}
={vye (NU{-1})?|m=—-1landy=—1or

v =-1land 3t €N,y =t +1 and
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d
i:t§+1andt+t'even or

vo=-1land 3t €N,y =t +1 and

d
i:t§+1andt+t’even or

d d
¢t e N,y :t§ —dand 5 = t'§ —iand t 4+t even}.
From this description, we immediately get

* é * *
HH(Ag, Ag % G) = @ spang{ (21 ® 9)€g ap415 (11 ® g2 F)eg o1, (T2 ® 9)€34110,
teN

d d
(22 ® g§+1)€;t,07 (T172 ® g)eét,O’ (1172 ® g§+1)€;t+1,07

d
(r122 ® 9)63,%, (r129 ® 92+1)€3,2t+1}

d
AP AP
ED EB spani{(1® g )Etg—z‘,t'g—i’ (11 ®yg )etg—z'ﬂ,t'g—i’
=1 tt'eN
t+t' even

(22 ® gi>€:%—i,t’g—i+l’ (1122 ® gi>€:§—i+1,t’g—i+1}
d
P spani{ (w122 ® g')es o, (1@ g')es o}

i=1

as a vector space.

Then the G-invariant subspace is

[SIfH

HH' (A2 % G) =D spani{ (11 @ 9)€5 a1, (21 ® 92715 14 (12 © 9)€fy 1,

teN

d a
(22 ® 92 )efu0, (2172 @ g€l 0, (1172 @ g2 )€y 1 o,

* d *
(2172 @ 9)€0 4g» (T172 ® g2+1)60,td71}

d
AP APE ]
@ @ spani{(1© g )Etg—i,t/g—w (11®g )et%—i-i-l,t’%—i’
i=1 tteN
t+t' even
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(22 ® gi)ezg_i,t/g—mv (127 © gi)GIg—i+1,t'g—i+1}

d
D spani{(z12: ® 9') 5.0, (1@ g) 50}
i=1
as a vector space.
5.2.8 q= -1
Now assume ¢ = —1. That is, d = 2 and we are in the commutative truncated

polynomial case. Then

Cp={ye(NU{-1})?mm=-1lorIteN,y —i=2tand
v2=—1lordteNy—i=2t}
={ye(NU{-1})’| n=—-1and v, = —1or
v1=—land 3t €Ny =2t+7or
Vo=—1land 3t €Ny =2t 47 or

Jt,t' € Nyyy =2t +4 and o = 2t' + i}

From this description, we immediately get

2
HH‘(A?p Ai X G) = @ @ spani{(z1 ® gi)€;,2t+i7 (22 ® gi>€§t+i,07 (T122 ® gi)€;t+i+1,07

i=1 teN

(122 ® gi)€8,2t+i+1}
2

@ @ spang{ (1 ® gi)€;t+i,2t’+i7 (1 ® gi>€§t+i+1,2t’+ia

i=1 tt'eN
(22 ® 9")€E3ppipprivrs (X172 @ §') €y i1 001}
d
P span{ (@172 ® )i, (18 g')ei o}
=1
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as a vector space.

Then, after taking the G-invariant subspace, we get

HH' (A3 % G) = D spani{ (21 © 9)6 o141, (22 @ 9)65141 0, (2122 ® g)ely

teN

(172 @ g)€g.90}

2
@ @ spani{(1® gz)€;t+i,2t’+i7 (1 ® gz>€;t+i+1,2t’+i7

i=1 t,t/'eN

(72 ® gi>€§t+i,2t’+i+1a (T179 ® gi)€;t+i+1,2t/+i+1}
d

P spand (22 @ g')ei o (1@ g')elo}
i=1
as a vector space.

524 q=1

Finally, if ¢ = 1, we are considering the truncated skew polynomial ring. In this

case,

Cr={ye (NU{-1})’| m=—-1or It €N,y + 7 =2t and
72 =—1lor 3t e Ny + v =2t}
={ve (NU{-1})?| 7 =—-1and = —1or
v1=—land 3t €N,y =2t+1or
vVo=—land 3t e N,y =2t+1or

HtEN,’Yl—l—’YQ:Qt}.
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From this description, we immediately get

HH’(AZ X G) = @ spang{ (71 ® 1)68,2t+1’ (22 ® 1)€;t+1,07 (172 ® 1)€§t,07

teN

(2172 ®@ 1)€5 94}

@ Spank{(l & 1)62tu (1‘1 ® 1)6:—1—1,#7 (xQ ® 1)6:,75’-%-1’
t,t'eN
t+t’ even

(T172 ® 1)€:+1,t/+1}

@ spang{(z122 ® 1)68,0, (1® 1)6870}

as a vector space.
Because the group action is trivial in this case, we can directly compare this result

to [7, Section 3.5] and [11, Section 5.6].
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6. CONCLUSION

In this dissertation, we discussed the Gerstenhaber algebra structure of the
Hochschild cohomology of noncommutative associative algebras over a field. We
utilized the notion of twisted tensor products given by Bergh and Oppermann in [6]
to compute the vector space and cup product structures of Hochschild cohomology
of AS,Q’Q""’Q). Using an alternative bracket definition given by Negron and Wither-
spoon in [23], we were able to formulate the Gerstenhaber bracket on HH'(A((f’z"”’Q)).
As well as characterizing the structure of Hochschild cohomology of a large class of
algebras, when the group acting on A32’2""’2) is trivial, this work provides a complete
description of the Gerstenhaber algebra structure on Hochschild cohomology of this
class of quantum complete intersections, extending the previous results of [7] and [25]
to include the bracket structure. While brackets are useful for determining formal
deformations, the bracket structure is less understood than the other structures on
Hochschild cohomology.

The work presented in this dissertation has natural extensions for future work.
Continuing my work on quantum complete intersections, I want to investigate the
Gerstenhaber algebra structure of Hochschild cohomology of group extensions of
more general quantum complete intersections, AE,’”IW""W), allowing generators to
be truncated at arbitrary powers. The techniques used by Oppermann in [25] can
potentially be extended to the group extensions of quantum complete intersections to
assist in computing the vector space and cup structure on cohomology. The bracket
structure however may prove to be more difficult in this more general setting. In this

dissertation, the quantum complete intersections considered were Koszul algebras

and thus brackets could be computed using the techniques given by Negron and
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Witherspoon in [23]. When m; # 2 for any ¢ € {1,2,...,n}, the quantum complete
intersections are not Koszul. There is a natural choice of projective resolution for
single generator truncated polynomial rings as given in [29, Exercise 9.1.4]. Taking
the total complex of the twisted tensor product of these natural resolutions would
result in a resolution for A2 However, it is not immediately clear that this
resolution construction satisfies Conditions 2.3.3, allowing us to use the techniques
of [23] for bracket computations.

In addition, I plan to study quantum complete intersections and their group
extensions in more detail by studying the deformations of these algebras. In defor-
mation theory, one deforms or perturbs the algebra structure slightly to create a
class of related algebras by introducing a new parameter. By studying the defor-
mations of an algebra, one can characterize a large class of closely related algebras.
Deformations of group extensions of quantum complete intersections may be related
to other algebras of interest, such as restricted rational Cherednik algebras. To be-
gin this research, I am currently working with Christine Uhl, a graduate student
at the University of North Texas who has experience with deformations of similar
algebras, to study a particular class of deformations of group extensions of quantum
complete intersections. The goal is to achieve a result comparable to that of Naidu

and Witherspoon in [21], bridging the gap between the homological perspective of

deformations and PBW conditions of quantum Drinfeld Hecke algebras.
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