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ABSTRACT

Quantum entanglement and quantum superposition are fundamental properties
of quantum mechanics, which underline quantum information and quantum com-
putation. Preparing quantum states in the macroscopic level is both conceptually
interesting for extending quantum physics to a broader sense and fundamentally im-
portant for testing the validity of quantum mechanics. In this dissertation, schemes
of preparing macroscopic entanglement and macroscopic superposition states in cav-
ity optomechanics are studied using the unitary evolution method in the nonlinear
regime or Lyapunov equation in the linearized regime. Quantum entanglement and
quantum superposition states can be realized using experimentally feasible parame-
ters with the proposals in this dissertation.

Firstly, a scheme of entangling two movable end mirrors in a Fabry-Perot cavity
that are coupled to a common single photon superposition state is studied. It is shown
that strong entanglement can be obtained either in the single-photon strong coupling
regime deterministically or in the single-photon weak coupling regime conditionally.

Secondly, a scheme of entangling two movable end mirrors, that are coupled to
two-mode entangled fields generated from a correlated-emission laser is investigated.
By tuning the input driving laser frequencies at the Stokes sidebands of the cavity,
the radiation-pressure coupling can be linearized as an effective beam-splitter-like
interaction. Hence entanglement can be transferred from the two-mode fields to the
two mechanical mirrors. Macroscopic entanglement between macroscopic mirrors
persists at temperature ~ 1K.

Thirdly, a scheme of creating macroscopic quantum superpositions of a mechan-

ical mirror via periodically flipping a photonic qubit is proposed. Quantum super-
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position states of a mechanical mirror can be obtained via the nonlinear radiation
coupling with a single-photon superposition state. However, the difference between
two superposed mechanical states is very small due to the weak single-photon cou-
pling rate available in experiment. By periodically flipping the photonic qubit state,
the difference can be magnified. It is shown in detail that this scheme is experimen-

tally feasible under current technology.
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[. INTRODUCTION

Quantum entanglement and quantum superposition are extraordinary phenom-
ena of quantum mechanics, which have potential applications in quantum metrology
[1], quantum information and quantum computation [2]. Entanglement and super-
position states of microscopic objects have been demonstrated in systems of photons,
atoms, and ions [3, 4, 5, 6, 7, 8]. Entanglement or superposition states of macro-
scopic objects remains a big challenge due to the fast decoherence of these objects
[9]. Bring quantum entanglement or superposition to the macroscopic level [10] is
not only of a conceptual interest, but also of a fundamental interest for testing novel
decoherence models [11, 12, 13, 14, 15, 16].

Cavity optomechanics [17], which explores the nonlinear radiation-pressure cou-
pling between electromagnetic wave and mechanical motion, provides a promising
platform for generating quantum states of macroscopic objects. Quantum effects,
such as normal-mode splitting between optical and mechanical modes [18, 19], op-
tomechanically induced transparency [20, 21, 22|, and squeezing of light [23, 24, 25],
have been studied in cavity optomechanics. Quantum entanglement between a
macroscopic mechanical oscillator and a cavity field has also been proposed [26, 27,
28] and demonstrated [29] in cavity optomechanics recently. It is an interesting ques-
tion whether one can generate entanglement of two macroscopic objects. Schemes
of entanglement generation of two micromechanical mirrors have been proposed the-
oretically, such as in two separate cavities by optomechanical coupling with two
entangled output fields [30], in a double cavity driven by squeezed input fields [31],
in a classically driven Fabry-Perot cavity [32], and by injecting broadband squeezed

vacuum light and laser light into a cavity [33]. More recently, atomic coherence [34]



has been considered for generation of macroscopic entanglement in a doubly-resonant
cavity [35].

Macroscopic quantum superposition states have also been studied in optome-
chanical systems using optically levitated dielectric particles [36, 37] or a massive
mechanical mirror [26, 38, 39] recently. In the former, high quality vacuum is re-
quired to prepare quantum superposition states with well separated positions. In the
latter, a strong single-photon optomechanical coupling rate, comparable to the me-
chanical oscillation frequency, is required to generate a macroscopic quantum super-
position state. To increase the single-photon coupling rate, proposals [40, 41, 42, 43]
of using collective optomechanical interactions have been considered. More recently,
there have been several proposals to achieve macroscopic quantum superpositions
in the single-photon weak coupling regime via conditioned postselection in nested
interferometers [44] or strong displaced Fock states [45, 46].

In this dissertation, I will discuss several methods to generate macroscopic quan-
tum states in cavity optomechanics and to overcome some of the difficulties in current
technology. In Chapter II, theory of cavity optomechanics is reviewed and a simple
scheme is discussed to generate deterministic entanglement between two movable end
mirrors in a Fabry-Perot cavity. In Chapter III, a scheme to entangle two mechan-
ical mirrors by their coupling to the two-mode fields of a correlated-emission laser
inside a doubly resonant cavity is studied. Entanglement of end mirrors in a doubly
resonant cavity is in relevant to the gravitational wave detection [47], such as in the
Laser Interferometer Gravitational Wave Observatory (LIGO).

Quantum superposition states of a mechanical mirror can be obtained via the
nonlinear radiation coupling with a superposition photonic state. However, the dif-
ference between two superposed mechanical states is very small due to the weak

single-photon coupling rate available in experiment. To magnify this difference, I



propose a setup in a cavity optomechanical system via periodically flipping the pho-
tonic qubit to create macroscopic quantum superpositions of a mechanical mirror, as
will be presented in Chapter IV. Finally, Chapter V summarizes the results of this

dissertation.



II. ENTANGLEMENT OF TWO MECHANICAL MIRRORS WITH A SINGLE
PHOTON SUPERPOSITION STATE*

Quantum entanglement is an important phenomenon in quantum physics, which
has potential applications in quantum information and quantum computing [2]. Since
the birth of quantum mechanics, the idea of entangling a microscopic object and a
macroscopic object, the Schrodinger’s cat state, drives people to push the limit of
quantum mechanics towards the boundary between the quantum world and the clas-
sical world [4, 7, 8, 9]. Entanglement of microscopic objects has been realized
experimentally in the systems of photons [3], atoms [5], and ions [6]. Due to fast de-
coherence of macroscopic objects [9], quantum entanglement of macroscopic objects
remains a difficult task.

Cavity optomechanics [17], exploring the effect of radiation-pressure coupling
between optical and mechanical elements, provides a platform for realizing quantum
effects of macroscopic objects. Optomechanical sideband cooling on a mechanical
oscillator [48, 49, 50, 51], normal-mode splitting between optical and mechanical
modes [18, 19], optomechanically induced transparency [20, 21, 22], and entanglement
between a mechanical oscillator and a cavity field [26, 27, 28, 29] have been proposed
theoretically and demonstrated experimentally recently.

Many theoretical proposals have been put forward to generate entanglement be-
tween two mechanical oscillators in cavity optomechanics: either with coherent driv-
ing or without coherent driving. In the former case, entanglement of two mechanical

oscillators can be generated using nonclassical states [30, 31, 33, 35]. Entanglement

*Reprinted with permission from ”Entanglement of two movable mirrors with a single photon
superposition state” by W. Ge and M. S. Zubairy, 2015. Phys. Scr., vol. 90, pp. 074015, Copyright
[2015] by the Institute of Physics



can also be generated with classical driving fields in a cavity with two mechanical
oscillators [32, 52, 53, 54], or in two remote optomechanical cavities [55, 56, 57]. More
recently, ground-state cooling as well as optomechanical entanglement has been pro-
posed in a double-resonant cavity via a correlated emission laser [34] with classical
driving fields [58, 59]. By using coherent driving, optomechanical coupling is af-
fected by the driving laser phase noise [60]. To avoid this problem, one may consider
entangling two mechanical oscillators using a single photon without coherent driv-
ing. Entanglement of two mechanical mirrors in a two-cavity optomechanical system
through the coupling of a single photon between cavities has been proposed [61].

In this chapter, we first review the theory of cavity optomechanics to formulate the
relevant Hamiltonian and to obtain the quantum Langevin equations for the system
operators. We then propose a simple setup for entangling two movable end mirrors
in a Fabry-Perot cavity using a single photon state without any coherent driving.
A similar scheme has been proposed [62] recently to generate heralded phonon Bell
states with very weak coherent driving conditioned on detection of a single photon.
Our proposal can generate deterministic entangled phonon states after measurement
on the cavity photon state. A single-photon strong coupling rate [63, 64] may be
required for our scheme to generate macroscopic entanglement. Two possible en-
tangled states can be generated depending on the final measurement outcomes. The
degree of entanglement of the generated states is quantified by logarithmic negativity
and we derive an analytical expression of the negativity for each state. Our results
show that the more probable of a state to be generated the smaller the negativity of

the state it will be. We also discuss the experimental feasibility of our scheme.
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Figure 1: Interaction of a cavity field mode with a mechanical end mirror

IT.A Theory of cavity optomechanics

Cavity optomechanics explores the radiation-pressure interaction between electro-
magnetic radiation and micromechanical motion inside a cavity. There are different
types of cavities, such as a Fabry-Perot cavity, a whispering-gallery cavity, and a
superconducting microwave circuit, which can interact with different kinds of me-
chanical objects, such as a suspended end mirror, a microtoroid, and a mechanical
membrane. Despite assorted optomechanical systems, their theories are more or less

the same.
II.A.1  The basic Hamiltonian

We consider the simplest model of cavity optomechanics, where a single mode
optical field w. interacts with a suspended end mirror in a Fabry-Perot cavity as
shown in Fig. II.A We also restrict our system such that one of the many mechanical

modes of the mirror interacts with the single mode field w,,. Before coupling the



optical field to the end mirror, the free Hamiltonian of the system is represented by

Ho = hwee'c + hwpb'b, (2.1)

where b and ¢ are annihilation operators of the mirror mode and the cavity mode,
respectively. When the optical field couples to the mirror, it exerts radiation pressure
on the mirror and displaces it from its equilibrium position. Therefore, the cavity
frequency, which depends on the cavity length L, is modulated by the mirror’s posi-

%ch r. Here w. = k7F, k is the integer mode number, and z is

tion as w.(r) =~ w. +

the mirror’s position. The interaction Hamiltonian

H, ~ h(we(z) —we)cle
= —h%cTcx

= —hgcle(b' + 1), (2.2)

where g = (w./L)x is the single-photon coupling strength, z = zo(b" + b), and
xo = \/h/2muw,, is the zero-point fluctuation. Therefore, the basic Hamiltonian of a
single-mode optical field interacts with a single-mode mechanical object is described

by
Hun = Ho + Hi. (2.3)

A more detailed derivation can be found in Ref. [65].
The exact solution of the field-mirror system is described by its unitary evolution

operator, which can be obtained exactly using Baker-Campbell-Hausdorff formula as



[66] or using the expansion of time-evolution operator [67] (see Appendix A),
Usm(t) = e iwetelegid(t)(cle) p (n(t)cTc) e_i“’mtwb, (2.4)

where ¢(t) = 2 (wpt — sin(wmt)), the displacement operator D(a) = e =" p(t) =
B(1 — e ™mt) and B = g/w,,. The first and the last terms in the product are the
free evolution of the field and the mirror, respectively. The second term describes
a Kerr-like effect of the cavity in the single-photon strong coupling regime [63, 64].
Due to the coupling between the mechanical mirror and the cavity field, the mirror
is displaced by the operator D and the displacement is proportional to Bcfe.

Now we consider the case when the cavity is driven by a strong external field.

With the driving field, the total Hamiltonian of the system is described by
H =Ho+Hi+ Har, (2.5)

where Ha, = ihEcle™ ™1t —ihE*cer!. Here |E| = /2% is the driving strength with
input power P, laser frequency wy, and cavity mode decay rate k. In the rotating

frame of the driving field frequency, the Hamiltonian is given by
H = hAcle + hwy,b'b — hgcle(bT + b) 4+ ihEct — ihE*c (2.6)

In the presence of the strong driving field, the cavity field is displaced to a mean value

E

Os = A 2iggatn

and the end mirror is displaced with a mean position ¢, = B|a/?
(details of calculating the mean values are given the following section). Then we

shift the operators ¢ — dc + a, and b — db + ¢,, and the Hamiltonian transforms



into

Hiin = hADc ¢ + hw,6b'6b — hg(c'dc + ade’ + aidc)(6b' + ob), (2.7)

where 0b and dc are the fluctuation operators around the mean values in the shifted
coordinates. For |as| > 1, the second-order term dc'dc can be neglected and the

system is linearized under the strong driving field to a Jaynes-Cummings model as

Hin = hASc ¢ 4 B, dbTob — hg(asdc 4 atdc)(5b' + ob). (2.8)

In the rotating-wave approximation [67], the interaction term in the above Hamil-
tonian can be written as —hg(a,0cTdb + adbidc) or —hg(a,dbTct + ardbdc) for red-
detuned driving frequency (A. = w,,) or blue-detuned driving frequency (A, =

—wp), respectively. Examples will be shown in the following chapters.
II.A.2  Quantum Langevin equations

We have formed the basic Hamiltonian of field-mirror interaction in cavity op-
tomechanics under an external driving field. Now we describe the system dynamics
using quantum Langevin equations. The prototype of Langevin equation describes

Brownian motion of a particle in a fluid in the form of

mi = —vyi + /2vkpTE(t), (2.9)

where 7 is the damping rate, kg is the Boltzmann constant, 7" is the temperature
of the fluid, and £(¢) is the Brownian noise. The apparently random movement
of the particle gives a steadily increasing mean deviation. The quantum Langevin

equation is derived using Heisenberg equation with the assumption that a system is



linearly coupled a heat bath consisting of an assembly of harmonic oscillators. By
substituting the variables of the heat bath, the quantum Langevin equation is given
by the Heisenberg equation involving the system Hamiltonian plus a noise term from
the heat bath. Considering the Hamiltonian H of the cavity optomechanical system

described above, the quantum Langevin equations are obtained as

6 = _(iwm + PYm)b + igCTC + £b<t>7

¢ = —(k+il)c+ige(b’ +b) + E 4+ &(1), (2.10)

where &,(t) and &.(t) are quantum Brownian noises of the mirror’'s mode and the
cavity mode, respectively, due to their coupling to their own heat bathes with
(&(t)) = (&(t)) = 0. Here 7, is the decay rate of the mirror’s mode. In the
limit of large mechanical quality-factor Q,, = wy,/vm > 1 [68], the noise of the

mirror’s mode is delta-correlated as

(E(OE )+ ELH)E())/2 = m(2n +1)5(t = 1), (2.11)

where n,, = [exp(hw,,/kgT) — 1]7' denotes the average thermal phonon number.
The quantum noise correlation of the cavity field mode depends on the property of
the heat bath the cavity mode is coupled with.When the cavity mode is coupled to
a thermal reservoir, the quantum noise of £.(t) is also a § function in the Markovian

limit, i. e.

e = rno(t—t),

(Eel) = wln+1)o(t -1, (2.12)

10



where n. = [exp(fw,./kgT) — 1]71 < 1 for optical frequency. With a strong driving
field, the system is shifted to some mean values and the system dynamics is governed
by the fluctuation operators around these mean values. The mean values o, and g
are obtained by averaging on Eq. (2.10) and taking the time derivative to be zero.

The fluctuation operators satisfy the following quantum Langevin equations

0b = —(iwm + Ym)0b + ig(asdct + aldc) + & (t),

Sc = —(k—+iA, — 2igqs)dc + igay (bt + 0b) + £.(1). (2.13)

In the linearized quantum Langevin equations, we observe that with the help of exter-
nal driving laser, the optomechanical coupling strength is multiplied by the number
of mean photons «; inside the cavity. The equations are coupled harmonic equations
with extra noise terms coming from their own heat bathes. The fluctuation operators
can be solved formally and their correlation values can be calculated accordingly. I

will come up with an example in Chapter IV on calculating the correlation values.
I1.B  The scheme for entangling two end mirrors

Now we study a simple scheme to entangle two end mirrors in a cavity without
a coherent driving field. We consider a Fabry-Perot cavity with two mechanical end
mirrors of masses mq, mo and mechanical frequencies w,,,,wm,, as shown in Fig. 2.
These mirrors can be suspended from the ground or attached to cantilevers [17] and
we assume only single mode of each mirror is involved in the field-mirror interaction.
According to the theory of cavity optomechanics introduced in the previous section,

the cavity frequency, which depends on the cavity length L, is modulated by both

Owe
oL

the mirrors positions, x1 and s, as w.(0x) ~ w, + £ (x; — z3). The Hamiltonian of

11
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Figure 2: Experimental setup for entangling two macroscopic mechanical end mirrors
M and M,. Single-photon superposition state is prepared in the cavity C' by sending
a superposition atomic state from the single-atom source A. After the evolution of
the field and the mirrors, another atom in the ground state is sent from A to the
cavity. The atomic state is then rotated with a fast /2 pulse before detected at the
detector D. The state of the mirrors then collapses into an entangled state after the
detection of the atomic state.

the system is then given by

H = hw.c'c+ Z hwm].b}bj + h%cTc(xg — 1), (2.14)
j=1,2

where b; and c are annihilation operators of the j’s mirror and the cavity mode,
respectively, z; = xgj(b; +b;) and xg, = \/h/2m;w,,, is the zero-point fluctuation
of the j’s mirror. This scheme is simpler than that in Ref. [61] where two coupled

cavities are considered.
Similarly to the case of a cavity mode coupled to a single mechanical mode, it is
straightforward to derive the unitary evolution operator of the system consisting of

one cavity field coupled to two mechanical modes individually. The unitary operator

12



of the system is then given by

U(t) — 6—iwctcTc6i¢1(t)(cTC)2D1 (771 (t)CTC) e—iwmltbibl

X eiqﬁz(t)(cTC)QDz (‘772 (t)cTC> e_iwmtb;b% (2.15)

where ¢,(t) = 5]2 (wmjt — sin(wmjt)), the displacement operator for the j’s mirror
Dj(a) = e“b;_o‘*bf, and 7;(t) = 3;(1 — e "), Here B; = Z’—:: which characterizes
the ratio of the displacement of a single photon due to radiation pressure comparing
to that of the mirror’s zero-point fluctuation. The terms proportional to (cc)? are
effective Kerr-like terms of the cavity in the presence of mechanical mirrors. In
the single-photon strong coupling regime when 3; 2 1, photon blockade effect can
happen due to the Kerr-like terms [63, 64]. The argument 7;(t)c'c in the displacement
operator means that the displacement on each mirror is proportional to the photon
number cfc if the cavity field is initially prepared in a Fock state. Therefore, a

superposition state of the cavity photon number can result in a superposition of

displacement of the mechanical mirror [66].
I1.C Entanglement generation
II.C.1 System evolution

We consider initially the mirrors are cooled to their ground states ]0>mj via op-
tomechanical cooling. A superposition state |1).) = \/L§(|O>C +|1),) is prepared inside
the cavity. Due to the radiation pressure, the cavity photon state evolves together

with the mechanical mirrors. The state of the system is given by

¥s(@) = U®)e)]0),,10)n,

= %I0>c|0>m1\0>m2 + %em(”!l%!n(mmll = 0(1)p, (2.16)

13



where the mirrors’ states |5(t)),, and [ —mn(t)),, are coherent states due to the
radiation pressure of the single photon. Here we consider, for simplicity, m; = mqy =
M, Wy = Wy = Wi, G1(t) = ¢2(t) = ¢(t) and m(t) = na(t) = n(t). From the
expression of [1)4(t)), the system of one cavity field and two-mechanical mirrors are
entangled in general.

After integer number of the mirrors’ oscillations 7,, = 2nm/w,,, the system evolves
to its initial state, namely |¢(7,)) = [1¥s(0)). There is no entanglement among
the field and the mirrors. After half integer number of the mirrors’ oscillation
Topl = (2n41)7 /wy,, the displacement of the mirrors are largest where |¢4(7,,., 1 ) =
(100,00, 100,y +€7 1), 128),0,| = 26).,.) with 8 = 81 = B and 6, = 2m(2n+1) 4.
In this case, the entanglement among the tripartite is the maximum.

To see whether there is entanglement between the mirrors due to radiation pres-

sure only, we trace over the cavity field state. We obtain the mirrors’ state as

pult) = T () (1))
= 2 (100,100,001,

+ 1)), | = 1)) 1y 1)y (D)) (2.17)

which is a mixed and separable state.
II.C.2 FEntanglement via measurement

Generation of entanglement of quantum objects, such as atoms [69] and super-
conducting qubits [70], have been considered by continuously monitoring the cavity
field that interacts with these quantum objects. If no photon is detected outside
the cavity, the system of the quantum objects is prepared in an entangled state.

Here we show that by measuring the state of the field inside the cavity, the mirrors

14



collapse to an entangled state. Depending on the measurement result, there are two
possible entangled states of the mirrors. We study the properties of each state in the
following.

To measure the photon number state of the cavity, we first map the cavity field
state to a flying two-level atom by interacting with each other for a 7 Rabi oscillation
Ur. Then we apply a fast 7/2 pulse Rz on the atomic state such that Rx|g), =
(19, + 1€),)/v/2 and Rgle), = (~lg}, + le),)/VZ, where |g), (|e),) is the ground
(excited) state of the atom. This process is assumed to be much faster than the
mirrors’ oscillation frequency w,, and the interaction time can be neglected. The

system becomes

ReUnlts(rue)9) = (VP lg)altm ) + VP Um) ) 100, (218)

where
1

JiPs (10),,,10),..,

and Py = 3+1 cos(6,)e~*#. The state of the mirrors then collapse to the state [¢/,,, )

|t} = +e128),, | = 28),,) (2.19)

(|tom_)) with probability P, (P_) after we make a measurement on the atomic state
and find the atom in the state |e), (|g),). After the measurement the mirrors are
disentangled with the atom and the cavity is in vacuum, therefore the entangled
state of the mirrors is under free evolution.

For a single-photon strong coupling rate, i. e., 8 2 1, 1,,(0|128)m, = m, (0] —
26)m, = € 27° < 1. The two parts of the entangled states, 0),,,10),,, and [28) . | —28),.
are almost orthogonal to each other. Therefore, the entanglement is strong in this
regime.

For a single-photon weak coupling rate, i. e., 8 < 1, [thny) = [0),,]0), +
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By |0) s = 10),0,11),) With Py & 1 — 2682 while [t ) & (11,10, —
10),,,11),,,) With P_ =~ 23%. The two states ¢, ) are almost orthogonal to each
other. Although P_ < 1, the state |¢,,—) is a phonon Bell state [62] which is a
strong entanglement state. Therefore, to realize the state |, ) in the weak single-
photon coupling regime, one needs to repeat the experiment many times to get one

measurement result of |g), .
I1.C.3 Entanglement quantification
I11.C.3.1 Entanglement measure

We have shown for § 2 1, the entanglement for both states [i,,) is strong
since the two parts in each state are nearly orthogonal. For 8 < 1, we have a low
probability of 23? to obtain a strong entanglement. Now we quantify the degree
of entanglement of our system in general using the logarithmic negativity [71]. A
quantum state p of a bipartite system with two subsystems A and B is defined to be

separable if and only if p can be written as

p= Dipia® p;s; (2.20)
;

with Zj p; = land 0 < p; < 1. A number of entanglement measures [71, 72, 73,
74,75, 76, 77] have been proposed based on the physicality of the partial transposed
density operator p’4. The logarithmic negativity for a continuous variable bipartite

system is defined as [71]

En(p) = loga| o™, (2.21)

where ||pT]|; is the trace norm of the partial transposed density operator p?4. The

general expression of logarithmic negativity is cumbersome to calculate since the
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density matrix has an infinite dimension as can be seen from Eq. (2.19). However,
for any pure state p = |®)(®|, the logarithmic negativity can be readily calculated

as

Ex(p) = log2<ch>2, (2.22)

where ¢, are coefficients of the Schmidt decomposed state |®) = >, cxlex) 4 ® |ex) -
Here |ey) , and |eg) 5 are orthonormal basis of the two subsystems after the Schmidt
decomposition. As will be shown in the following, the state of Eq. (2.19) can be
Schmidt decomposed into a state of two dimensions whose logarithmic negativity is

straightforward to calculate.
11.C.3.2 Zero phase

We consider, for simplicity, that e ~ 1 for both strong and weak single-photon
coupling regimes, therefore we neglect this phase term in the expression of [y, ).
This condition can be satisfied by varying the number of oscillations n for different

values of 5. First, we decompose the state |¢,, ) as

1
Ym_) = 7 D AR AR 1y (2.23)

k=1,2

where [Ay),, = (=1)(c1 0) + ¢5 [28))m,, and |Ag),, = (c3]0) — ¢1 [25))m,. Here

6 = 1+ ()R 1— ) 2,

93\ 1 +1 —242
28),, = \/ﬁ(\(—l)] 26),, — ¢ 00),, ). (2.24)

The negativity of the state [1),,,_) is £, = 1 which equals to the maximum value

of the logarithmic negativity of 2 x 2 system, i. e. the logarithmic negativity of a
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Figure 3: Degree of entanglement and generation probability for zero phase. (a)
Logarithmic negativity Ex- and (b) the corresponding probability P+ of entangled
states [1,4) versus the single-photon coupling rate f3.

Bell state. The property of strong entanglement for this state holds for all values of
p even if § < 1, albeit it happens with a small probability for small 5. |iy,,) can
be decomposed as

| Br),, | Br) (2.25)

ma?

)= 3

where ¢f = 1+ (=1)e 2% |By),, = (/&1 20) — /G /2[28))m,, and |Ba),,, =
(v/c5 /2/0) + \/Wpﬁ )m;- The negativity of this state is then given by B, =1 —
log, (14 6*452), which shows weak entanglement for § < 1 and strong entanglement
for > 1. We plot the results Ef\[/ of the two states in Fig. 3 (a) and the probabilities
P, to obtain these states in Fig. 3 (b). We observe from both figures that Ey; > EY;

while the relation of the probabilities P is the inverse.
11.C.3.3 Non-zero phase

Now we calculate the general case of the logarithmic negativity of the two states
|9m+) including the phase term . The generated states [1,,+) can be decomposed
into > df]C’f)ml\Df)mz, where |C’,§E>ml and |DF)  are the mirrors’ states under

mo
k=1,2
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Figure 4: Degree of entanglement and generation probability with the phase factor
e, (a) Logarithmic negativity Ey: and (b) the corresponding probability P of
entangled states |1),,+) versus the single-photon coupling rate £.

Schmidt decomposition and

1 1 1— 462 12
dE = | = 4 (—1)k= 1= [ ] . 2.26
k 2 +(=1) 2\/ 14 4% cos(6,) (2.26)

We do not provide the explicit expressions of |C’,:§'E>m1 and |Dk,i>m2 since they are not
important in calculating the negativity. The logarithmic negativity is the given by
Eff = 2log,(di + df). We plot the degree of entanglement and the corresponding
probability in this case for f, = 27% in Fig. 4. We observe from the figure that
the degree of entanglement as well as the probability oscillates back and forth with
increasing single-photon coupling rate due to the cos(6,) term. It is not difficult to
see from the expression of cos(f,) that for greater number n these curves will have
more frequent oscillations. By comparing the results of the two states |+ ), we also
observe that the greater the negativity the smaller the probability.

For a finite temperature 7', the mirrors are initially prepared in thermal states
given by p) () = 7 [ Payel e (Jag) (), @ [ dPone™22F M (o) () m,

TN¢h
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with thermal phonon number ny, = (e™m/*8T — 1)~! for both mirrors and kg the
Boltzmann constant. After the interaction steps described above, the final state of

the mirror will be given by the density operator

1 —|& (e n
Pmx(nn) = W//d2ald2a2e (laa|*+le2|?) /nen

X | (ar, a2)) (Ymat (a1, az)], (2.27)

where

1

‘wmi(ah 042>> = m

(|0¢1>m1 |042>m2 + ewnlal + 2ﬁ>m1 lag — 26)m2). (2.28)

The final density operator p,.(ns,) represents a mixed state of entangled states.
The degree of entanglement of such a state is very complicated to calculate and we

do not discuss it here.
II.D Discussion and conclusion

In this paper, we proposed a simple setup to generate deterministic entanglement
between two movable end mirrors in a Fabry-Perot cavity using a single photon
state. We discussed two single-photon coupling regimes of entanglement generation.
In the weak single-photon coupling regime, strong entanglement can be generated
with a very small probability. In the strong single-photon coupling regime, strong
entanglement can always be generated. Our scheme can be extended to supercon-
ducting circuits [78] and nano-resonators coupled to nitrogen-vacancy centers [79]
where single-photon strong coupling rate is possible. Another possibility of generat-
ing strong entanglement without a strong single-photon coupling rate is to magnify
the coherent states of the mirrors via periodic qubit flipping [80, 81]. By compar-

ing the two possible outcomes of the entangled states, we also observed that the
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smaller the probability to generate an entangled state the stronger the degree of
entanglement of that state.

We now discuss the experimental realization of our scheme. Single-photon su-
perposition state can be generated using a single atom in a superposition state in-
teracting for a period of = Rabi rotation [82]. We require the atom-field coupling
strength g. > w,, such that the mirrors” motion does not affect the atom-field inter-
action. This also guarantees the fast mapping between the photonic state and the
atomic state during the measurement process. We also assume the decay rate of the
photon k < w,, in order to keep the photon inside the cavity during the interac-
tion. Ground-state cooling of the mirrors has been demonstrated in optomechanics
recently [50, 51] in this regime. In summary, our scheme of generating macroscopic
entangled states may be realized in experiment.

In the next chapter, we will discuss a different idea of entangling two end mirrors
in a doubly-resonant cavity using a correlated emission laser with coherent driving.
We will show that steady state entanglement can be obtained without initially cooling

the mirrors to their ground states.

21



III. QUANTUM ENTANGLEMENT OF TWO MECHANICAL MIRRORS IN A
CORRELATED EMISSION LASER*

In the previous chapter, we discussed about entanglement generation between two
end mirrors without a coherent driving via nonlinear radiation-pressure coupling. In
this chapter, we will discuss the idea of steady-state entanglement between two end
mirrors in doubly-resonant cavity with coherent driving fields. We will show that
steady-state entanglement of mirrors are obtained by transferring entanglement from
a correlated emission laser in the linearized optomechanical coupling regime.

Quantum entanglement [83] has received a lot of interest in different areas of
physics. Entanglement of microscopic objects such as photons and ions [84] has been
demonstrated and it is of fundamental and practical importance whether we can
generate entanglement between mesoscopic and even macroscopic objects. Recently,
there are many proposals of entangling macroscopic mechanical objects via radiation
pressure coupling [65] in optomechanical system. For example, Vitali et al [27] have
shown that the stationary entanglement can be generated between an optical cavity
field mode and a macroscopic vibrating mirror. More recently, schemes of entangle-
ment generation between two micromechanical mirrors have been proposed, such as
in two separate cavities by optomechanical coupling with two entangled output fields
[30], in a double-cavity driven by squeezed input fields [31], in a classically driven
Fabry-Perot cavity [32], and by injecting broadband squeezed vacuum light and laser

light into a cavity [33]. Experimentally, strong coupling between micromechanical

*Reprinted with permission from ”Entanglement of movable mirrors in a correlated-emission
laser” by W. Ge, M. Al-amri, H. Nha and M. S. Zubairy, 2013. Phys. Rev. A, vol. 88, pp. 022338,
Copyright [2013] by the American Physical Society, and ”Entanglement of movable mirrors in a
correlated emission laser via cascade-driven coherence” by W. Ge, M. Al-amri, H. Nha and M. S.
Zubairy, 2013. Phys. Rev. A, vol. 88, pp. 052301, Copyright [2013] by the American Physical
Society
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oscillator and a cavity field has been demonstrated [19], paving the way towards
quantum optical control of entanglement in mesoscopic objects.

Recently, atomic coherence has been utilized in a correlated emission laser (CEL)
inside a doubly-resonant cavity to generate entanglement source of cavity fields [34,
85, 86, 87, 88, 89], such as in a three-level cascade atomic medium [34], using a four-
level single atom [85], and in a four-level Raman-driven quantum beat laser [88]. With
the strong entangled fields generated in a doubly-resonant cavity, it is an interesting
question whether we can entangle two end mirrors in the cavity via radiation pressure
coupling if they are mechanical mirrors that are free to move. From a practical point
of view, entanglement between end mirrors in an active Michelson interferometer is
relevant in the detection of gravitational waves [47], such as in LIGO [90].

In this regard, Zhou et al. [35] recently showed that entanglement between two
macroscopic mirrors becomes possible if atoms with initial atomic coherence are
injected into the cavity. In view of laser operation, however, one may apply an
external driving field to a gain medium in order to establish the atomic coherence,
e.g. in a correlated spontaneous emission laser (CEL) [91], rather than preparing
an initial state of coherence. In this chapter, we consider a CEL system with an
external driving field to generate entanglement between two movable mirrors as well
as two-mode fields. We show that in the strong field-mirror coupling regime, the
entanglement between the field modes can be transferred to the movable mirrors when
the cavity-driving laser frequencies are both detuned at the anti-Stoke sidebands.
Remarkably, in contrast to the previous works [31, 33, 35], our scheme can control
the degree of entanglement of two movable mirrors and of two field modes with the
external field(s) that driving the gain medium.

Moreover, the macroscopic entanglement between the mirrors of our scheme is

robust against environmental thermalization. By tuning the input laser frequencies
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both at the Stokes sidebands of the cavity, both mirrors can be cooled close to their
ground states in the resolved sideband regime [48, 49] through an effective beam-
splitter process. Meanwhile, the stationary entanglement between two mirrors are
generated via an effective down-conversion process. We show that close to ground-
state macroscopic entanglement is possible and persists for experimental temperature
above 2K with realistic parameters.

In the following, we will consider two types of gain medium used in the doubly-
resonant cavity, i.e. three-level cascade atoms [34] and four-level atoms [88]. By
using the first gain medium, the CEL can reduce to a parametric oscillator in the
strong driving limit [92]. While in the other medium, the CEL serves as a phase-
sensitive amplifier [86]. We will first review the theory of a CEL as an entanglement
source with the two types of gain medium as examples. Then we will present the
results of steady-state entanglement between the mirrors with the help of the CEL

in two different cases.
IIT.A  Theory of a CEL as a source of entanglement

Entanglement of radiation fields receives considerable interest in recent years
due to its potential applications in quantum information processing [2]. However,
generation of macroscopic entangled states with a large number of photons remains
an open question. Recently, a new type of entanglement amplifier based on two-mode
CELs[91] of cascade three-level atoms was proposed [34]. The CEL operates in the
presence of atomic coherence between the upper level and the lower level which is
created by an external driving field. Here we review the basic theory of a CEL as a
source of entanglement using both cascade three-level atoms and four-level atoms.

In order to see how does the atomic coherence in cascade three-level atoms leads

to an entangled radiation fields, we first consider an example of initially prepared
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Figure 5: Level diagrams for (a) three-level cascade atoms and (b) four-level atoms.

atomic coherence. We prepare atomic coherence between the upper and the lower
levels |a) and |¢) in an initial vacuum doubly-resonant cavity and the state of the
atom-field system is (|a) +|c))/v/2®10,0). Due to spontaneous emission, the atoms
in the excited state will undergo a transition to the intermedia level |b), and another
transition from [b) to |c). The state of the atom-field system becomes |c) ® (]0,0) +
1,1))/v/2. Clearly, the two-mode radiation fields is in an entangled state. Therefore,
the CEL can be used as an entanglement amplifier when a large number of atoms

are prepared in a coherent state.
III.A.1  Three-level cascade scheme

We consider first a scheme of using a gain medium consisting of three-level cascade
atoms inside a doubly-resonant cavity as shown in Fig. 5 (a). The natural line-width
v is assumed to be equal for all levels and the atoms are pumped to the lowest
level |c) at a rate r,. The atoms have two dipole allowed transitions |a) — |b) and
|b) — |¢) that are coupled to two nondegenerate cavity modes at frequencies vy, o,

respectively. They also have a dipole forbidden transition |a) — |¢) that can be
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induced by a resonant laser field with Rabi frequency €2 and phase ¢. The dipole
forbidden transition can be induced, for example, by applying a strong magnetic
field for a magnetic dipole allowed transition. Atomic coherence is generated by the
strong driving laser. In the interaction picture, the Hamiltonian of the system under

the rotating-wave approximation is given by [34]
af i i & e i
HY = hgi(owar + a10pa) + hga(opeas + abow) — ha (aace + O4€ ) (3.1)

Here the first two terms represent the interaction between the atomic medium and the
two cavity modes with coupling strengthes g; and g, respectiely. o;;(i,7 = a,b,c)
is the Pauli pseudo-spin operator |i)(j| of the atoms. aj,as are the annihilation
operators of each cavity mode. The third term in Eq. (3.1) generates an atomic
coherence between the levels |a) and |c), which contributes to the correlated lasing

operation of the CEL. The master equation of the atom-field system is given by

binga
Paf = —ﬁ[”Hzf,paf]- (3.2)

To study the dynamics of the cavity modes, we obtain the reduced master equa-
tion for the two-mode fields in the CEL. In the regime of large atomic decay v > &,
the atoms reach their steady state much faster than the cavity fields so that the dy-
namics of the atoms can be eliminated adiabatically. The reduced master equation is
obtained from the interaction Hamiltonian H?f using the standard methods of laser

theory [34, 67] as
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pr = —|ahaialp+ anparal — (a1 + Oéﬁ)alpal)]
P to * ]
390302p + Q22pA30 — (22 + Q) a2pay

— [alya1a2p + az1paias — (a7, + ao1)azpa]

— |awzpalal + agyajalp — (az + a3, )a} pa]

—m(aialp + paial — 2a1pa1) — ng(agagp + pagag — 2a2pa£). (3.3)

We provide a detailed derivation of the reduced master equation for this scheme in the
Appendix B. The first two terms proportional to a7 and ass in the above equation
describe the emission from level |a) and the absorption from level |c), respectively.
The next two terms correspond to the effective coupling of the two cavity modes via
atomic coherence generated by the classical field €2. The last two terms represent
the damping of each cavity mode with rate x; (j = 1,2). The system dynamics of
the two-mode fields can be obtained from the master equation, see Ref. [89] or the
study on the entanglement generation below for example.

In Eq. (3.3), the two quantum fields of the cavity are taken into account to second
order in the coupling constants g; and g, while the classical laser field is considered

to all orders in the Rabi frequency 2. The coefficients aq1, aa9, 15 and «ig; are then

given by
2 2
9ira 30
= , 3.4
= AT ) (34)
Qg9 = g27” ; (35)
27 a (QQ _|_ 72) )
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012 = —glngama

ot — 91927, Q<QQ - 272)
T4 (22 (02/4+42)

(3.7)

where the phase of the driving field is assumed to be ¢ = —7 for simplicity.
1I1.A.2 Four-level cascade-driven scheme

Now we consider a gain medium of four-level atoms in a doubly-resonant cavity,
as shown in Fig. 5 (b). The atoms are injected into the cavity with a rate r. in the
lower level |c). A coherent superposition of the upper level |a) and the lower level |c)
is created by two resonant classical laser fields of Rabi frequencies 27, €5, and phases
¢1, ¢ interacting with |a) and |¢) through an auxiliary level |be). This is one reason
we study the four-level cascade-driven scheme because all the relevant transitions are
dipole allowed. Two cavity modes are coupled to their respective atomic transitions
la) <> |by) and |by) <> |a) with coupling strengthes g; and g, as shown in Fig. 5
(b). The atomic decay rates of all four levels are assumed to be the same as v for

simplicity. The Hamiltonian of the atom-field system is given by
Q < 9) ‘
H?f = hgi0aw, a1 + hga0p, a2 — hflabzaem N h;a%ewz +He. (3.8

Similarly, by adiabatically eliminating the atomic variables, we obtain the exact

same master equation as in Eq. 3.3 for the two-mode fields. The only difference is
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the different coefficients «;; which are given as, in this case,

2 2092
g S5 o 2 2
= Z——=2(Q5 + Q5 +10 3.9
o1 72Q4DQQE( 1 2 ), (3.9)

2
g Te 4002 2 4 4\ 42
= ——— |Q7(Q7 + Q3) + (997 + Q
(&%) /)/QQzll)QgE |: 1( 1 2) ( 1 2)7

+ 8(307 + M)y +167°] (3.10)
G182

ap = —T 2 IO (O + O
12 /72Q4DQ2E |: 1( 1 2)

+ (13Q7 + 305)7* + 1247, (3.11)
_927‘c9192

= -2 2 [Q}(O] + Q3
Q21 VQQ%Q% [ 1( 1t 2)

+5(Q — Q) + 4] (3.12)

where 0% = Q2+ Q2 +4+% Q% = 07+ Q2 ++2, and we have assumed that ¢+ ¢, = 0
for simplicity. In the four-level scheme, there is no parametric limit as that in the
three-level cascade configuration in [92]. With very strong driving fields €; > v, o,
reach to different constants. By setting 2; = 25 = ), and g; = ¢go = ¢, we find that
in this limit, o;; ~ (—1)"™a with a = ¢g?r./4r?. Therefore, strong driving fields are
preferable in our scheme since the coupling strength «;; does not vanish for large
Q). This result is different from Refs. [86, 87, 88|, where atoms are initially pumped
to the auxiliary level, such that at very strong driving fields the coupling strength
aij o< 1/Q%

II1.B  Entanglement of movable mirrors in a CEL

We consider a scheme of a doubly-resonant cavity with two movable mirrors M;
and M> in a correlated emission laser using three-level cascade atoms as discussed in
Sec. A (see Fig. 6). Each of the mirrors is treated as a quantum mechanical harmonic
oscillator with an effective mass m and frequencies wy,; (j = 1,2). The annihilation

and the creation operator of each vibrational mode are b; and b} satisfying [b;, b;] = 1.
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Figure 6: Scheme of entangling movable mirrors in a doubly-resonant cavity using
three-level atoms as a gain medium. The gain medium inside the cavity is driven by
an external field and also interacts with two cavity modes.

In the interaction picture, the Hamiltonian of the system under the rotating-wave

approximation is written as H; = H?f + Hfm, where H?f given by Eq. (3.1) and

2

o= Y (hérpj ala; + hwp, bjbj)
j=1

2

+ Z ih (Eja;ei‘sjt — E;aje’i‘;jt>

J=1

- hqulaial - hGQQQG;@Q. (313)

Here H}/ and #J™ describe the atom-field and the field-mirror interaction, respec-
tively. In Eq. (3.13), the first line represents the energies of the cavity modes and
the movable mirrors. Note that ¢,,, and ¢,,, denote the frequency shift of each
cavity mode due to radiation pressure, which will be clarified later. We assume a
resonant condition on the shifted cavity modes, i.e., (11 — 6,p,) — (Wq —wp) = 0 and

(V2 — Oyp,) — (wp —we) = 0. The second line in Eq. (3.13) represents two laser fields
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driving the cavity modes, where |E;| = zhij—;] with input power P;, laser frequen-
cies wr, and decay rates x; of each mode. Here 0; = v; — 57%. —wy,; I8 the effective
detuning of each cavity-driving field. The third line in Eq. (3.13) corresponds to the
coupling via radiation pressure [65] of mirrors and cavity modes with the coupling

rates G; = Z—JJ #m] and (cavity lengthes: L;). We also define dimensionless po-

sition and momentum operators q; = (b; + b;)/\/ﬁ and p; = (b; — b;)/zx/ﬁ for the

mirrors.
II.B.1 System dynamics

In this section, we use the master equation for the reduced density operator of the
cavity field modes in CEL derived in Sec. A and then derive the quantum Langevin
equations for the field-mirror subsystem separately. This approach is justified if
the atom-field interaction is much stronger than the field-mirror interaction and the
atomic medium is here treated as a general reservoir to the two cavity modes.

From the master equation (3.3), the diffusion coefficients for the cavity modes
are readily derived using Einstein’s relation [67]. For any operators O;, Oy and their

noise operators Fp,, Fop,, it follows from Einstein’s relation

21D00) = 000 {(-5) o)

- <01 (% — FO)> (3.14)
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that the nonzero diffusion coeflicients are

2 <D T > = 20[11,
ajal
2(Dyu) = 261
2 <Da2a£> = 2(’%2 + OZQQ),
2Dy} = 2(Dypu1) = —(c1 + ). (3.15)

In the following, we use these diffusion coefficients in specifying the correlation func-

tions of the cavity-mode noise operators.
II1.B.1.1 Quantum Langevin equations

Now we derive the quantum Langevin equations for the field-mirror subsystem
and obtain their covariance matrix in steady-state. We consider a general analysis
for the field-mirror subsystem including cavity decay, mirror damping, cavity modes
noise and the Brownian noise of the mirrors. With the help of the master equa-
tion (3.3) and the field-mirror interaction Hamiltonian H f " the nonlinear quantum

Langevin equations are obtained as

; ‘ G
by = —iwmb + ZT%GICH — Ymb1 + &1,
by = —iw b—i—i%aTa — Ymba + &
2 mUY2 \/§ o W2 mY2 2y
dl = —(Iil + @'5,,p1)a1 + iGl(llql + Eleiélt + aj1a1 + Oélgag + Fal,
dg = —(1{2 + i5rp2)a2 + iGQ(Ig(]Q + E26i52t — (k99 — aglai + Fa2. (316)

We here assume that the two mirrors have the same damping rate ~,, and the same
oscillation frequency w,,. In Eq. (3.34), we have the quantum Brownian noise oper-

ators &; and fj- with their delta-correlated function at temperature 7" in the limit of
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large mechanical quality factor Q = wy,/7m > 1 [68],

(&OELE) + ELENE (1)) /2 7 (20 + 1)056(t — 1), (3.17)

where n = [exp(fw,,/kgT) — 1]~ denotes the average thermal photon number and
kg is the Boltzmann constant. We introduce the nonzero correlation functions of the

cavity noise operators I, , F 1, Fy, and F i in the presence of atomic medium as:
1 2

(Fo,(t)Fo, (1)) = 2 (Do,0,) 6(t — 1), (3.18)

where (Do, 0,) are given by Eq. (3.15).

The nonlinear Langevin equations can be transformed to linearized Langevin
equations of zero-mean fluctuation operators around c—number steady values. This
is justified if the input power P; to the cavity modes is very large [93]. That is, we
—is

take b; = bjs + 0b;, a; = ays + 0a;, where a; = aje " are the slowly-varying field

modes operators. The steady values are given by

Gilajs)?
P1s = P2s = 07 qjs = M?
Wi,
FE E
Qs =—, Qg = —2, (3.19)
S1 59

with s; = i(v; — Gjqjs — wi,) + K; + (=1 ay; and pjs = (bjs — b3,)/iV?2, ¢js =
(bjs + b%,)/V2. The term v; — Gjqj; — wy, represents the effective detuning of each
cavity mode frequency. Thus it follows that the mean frequency shift due to radiation
pressure, which is introduced in Eq. (3.13), is given by ,,, = G;gjs.

We introduce the slowing varying fluctuation operators, 6b;(t) = db;(t)e™™" and
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da;(t) = da;(t)e™* and write the linear quantum Langvin equations for them as

Glals 5a16i(wm—61)t + Z-Glals 5aT€i(wm+51)t

\/5 \/5 1 3
2 ~ ,GQO[; ; -5 .G2a2s
0by = —7,,0b0 + \/27b2in + 1 S fanet @m0t 4
2 Y 2 Tm0O2 \/5 2 \/§

G, (8byeilem=00)t | 5t gilom+o0)t)

561 = _/Ym(sgl + v Qr)/mblin +1

5a£€i(wm+§2)t

Y

5&1 = —K,Hdal + 0412(561; + Fa1 +1

) Ghang
5@2 = —KJQQ(SCLQ — Oégl(SCLJ{ + Fa2 +1 \2/52

(Obge i m=02)t 1 spleilwmtalty (3 .20)

where k1 = k9 = k for simplicity and k11 = k — @11 and Koy = Kk + age. We have
introduced the noise operators bj;, = @-e“"mt //Vm for the mirrors’ vibrational modes

(7 = 1,2), which satisfy the correlation relations [94]

(Oin()brin(t)) = ndzd(t —1')

(Bjin()bin (1)) = (n+ 150 (t = t'). (3.21)

It has been shown in [28] that the optomechanical interaction and consequently the
field-mirror entanglement are enhanced when the cavity-driving light is scattered
by the vibrating cavity boundary at the first Stokes (wz, — ws,) and the anti-Stokes
(wr,; +wi,) sidebands. Therefore there are two choices of our interest for the detuning
of each cavity-driving field, i.e., 6; = +w,, and Jy = +w,,. It is seen from Eqgs. (3.20)
that for the anti-Stokes sidebands ; = +wy,, the field fluctuation operator da; are
coupled to the movable mirror fluctuation operator 5l~)j effectively in a beam-splitter-
like (BSL) process. On the other hand, for the first Stokes sidebands d; = —w,,, each
pair of operators da; and 5Bj is coupled effectively in a parametric down conversion
(PDC) process. Due to the symmetric configuration of field-field and mirror-mirror

in our setup, we may deal with three different situations, i.e., 0 = ds = Fwp,,
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51 = 52 = —Wm and (51 = —52 = iwm.
II.B.1.2 The steady-state covariance matrix

We define the dimensionless position and momentum fluctuation operators dg; =
(6b; +6b1)/V/2, ép; = (6b; — 6b%) /iv/2, bx; = (da;+dal) /2, Sy; = (da; — dal)/iv/2
and their corresponding noise operators gjin, Djin, Fe;, Fy, (7 =1,2). We also define
u = (0qq, Op1, 0qa, Opa, Oxy1, OY1, 0%, 5y2)T. Then, the linear Langevin equations

in the rotating-wave approximation (wy,, > k, G) can be written in a compact form

as
a(t) = Au(t) + B(1), (3.22)
where
0 0 0 0 (j;n) G 0 0
0  4m 0 0 -G 0 0 0
0 0 4w 0 0 0 0 (f—fn) G
0 0 0 4w 0 0 -G 0
A= — (3.23)
0 (j—;) G 0 0 sy 0  —a;y 0
—G 0 0 0 0 K11 0 12
0 0 0 (2)G a0 Km0
0 0 —G 0 0 —Q921 0 K992

and B(t) = (\/mQin, \/TmPrin, \/Tm@2ins V 2¥mP2in, Fuys Fyys Fuy, Fy, ). For simplicity

the parameters of the two field-mirror pairs are chosen such that Gias = Gaags =
|G| The effective coupling rate is thus defined as G = G;a;,/v/2 which is

controlled by the cavity-driving input power P = P, = P.
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We study the quantum fluctuations of the operators when the system reaches
a steady-state. Since the quantum noises gjin, pjim and Fy,, F, are all zero-mean
Gaussian noises and the dynamics has been linearized, the steady state of the system
becomes a zero-mean multipartite Gaussian state. We define the covariance matrix
(CM) of the system whose elements are V;; = ({u;(0c0)u;(00) +u;j(00)u;(c0)))/2. The
system can reach a stable steady-state when all real parts of the eigenvalues of the
drift matrix A are negative. The eigenvalues s are given by the roots of equation
'+ ags® + a8+ ars+ag = 0 with ag = (k117%m + 22 G?) (K2 ym + 22 G?) + 01202172,

ap = %%»L(Fén + K2a) + 29m(K11K22 + Qia0er) + GQ(f—;lim + j—iﬂn) + Y ( o0 4 5—:1)7

Wm w.

Qg = 27m(f€11+/122)+(f<v'11/f22+%2n+(1120621)++G2(£—:n+j—fn) and ag = (K11 +K22+27m)
(0; = £wp,, j =1,2). We obtain from the Routh-Hurwitz stability criterion [95] the

following stability conditions

a; >0 (i=0,1,2,3) (324)

asasay > a% + G%CLO

Now we simply assume that the parameters satisfy the stationary conditions,

then the CM in the steady-state satisfies the Lyapunov equation [32]

AV + VAT = D, (3.25)
where
D,, 0
D= , (3.26)
0 Dy
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with D,, = diag[v,,(2n + 1), v (2n + 1), vm(2n + 1), v (2n + 1)] and

K+ o1 0 —% 0
0 K+ 11 0 —012—5a21
Dy = . (3.27)
_a1242ra21 0 K+ Q9o 0
0 Qatag 0 K+ Q9o

2

The exact solution of the CM can be obtained from Eq. (3.40) with nontrivial
elements under three different situations of our interest. We pick up relevant elements
in each case to obtain a two-mode covariance matrix V° in the steady state with
u = (0Q1,0P,0Q2,0P,)" where Q; = ¢j,x; and P; = pjy; (j = 1,2) and test
the entanglement conditions for three different pairs of macroscopic objects, namely

field-field, field-mirror, and mirror-mirror.
III.B.2  Entanglement measure for a bipartite Gaussian state

In this section, we investigate the degree of entanglement for each bipartite Gaus-
sian state of the field-mirror system under three different detuning conditions leading
effectively to the BSL or PDC process for the mirror-field coupling. By definition, a
quantum state p of a bipartite system is said to be separable if and only if p can be

written as a convex combination of product states, i.e.,

p=_Dibia® pjs, (3.28)

J

where pj4 and p;p are density operators of mode A and mode B respectively with
the probability sum Zj p; =1 (0 < p; <1). There are many criteria proposed to
test the separability for a CV bipartite system [71, 72, 73, 74, 75, 76, 96].

In this paper we employ a quantitative measure of entanglement, i.e., the loga-
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rithmic negativity Ej [71] that is based on the negative eigenvalues of the density
matrix under partial transposition. In the case of a two-mode Gaussian state, the

logarithmic negativity is given by

Exn = max{0, —In2n~ } + max{0, —In2n*},

(3.29)

where T are the two positive roots of characteristic function of the covariance matrix,

n* — (detVa + detVp — 2detVe)n® + detV*® = 0. (3.30)

In the above we assume a block-matrix form of the covariance matrix as

Va Vo
Ve = . (3.31)

VE Vg
In the following we investigate the effects of various parameters such as the input
power P, the driving field 2 and the temperature T' of the mirrors on the degree of

output entanglement. In turn this analysis shows that the generated entanglement

can be controlled by adjusting experimental conditions particularly the external driv-

ing field ©2. We consider three different detuning conditions, i.e. §; = +wp,, 0; = —wp,
and 0; = —ds = wy,, to find out an experimental configuration relevant to the output
entanglement.
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Figure 7: Logarithmic negativity Er of the two-mode fields as a function of Q/~.
(a) Effect of the cavity-driving laser power P on Ex at n = 50 for P =0 mW
(blue solid curve), P =50 mW (red-dashed curve) and P =100 mW (purple-dotted
curve). (b) Effect of thermal noise of the mirrors on Er at P = 100 mW for n = 50
(blue solid curve), n =200 (red-dashed curve), n =300 (purple-dotted curve). The
optomechanical doubly-resonant cavity parameters are taken as v, = 27 x 50 Hz,
k = 21 x 215 kHz, w,, = 27 x3 MHz, m = 5 ng, L; = 1.064 mm and Ls; = 0.810 mm
according to recent experiments [19, 97]. The input laser wavelengthes are \; = 810
nm and Ay = 1064 nm and the input power P varies from 0 to 100 mW so that
0 < G/y/fYm < 140. The atom-cavity coupling strength is gy = go = g = 2m x 2.5
MHz, the injection rate r, = 1.6 MHz and the atomic decay rate v = 1.7 MHz.

II.B.3 FEntanglement generation of two movable mirrors
II1.B.3.1 Both field-mirror pairs coupled in a BSL process

We first discuss the case of §; = 4w, (7 = 1,2) so that the field-mirror effective
coupling is a BSL process for both pairs. As has been shown in Refs. [28, 48, 97], the
effective BSL process for the field-mirror coupling is very stable since this process
followed by the cavity photon decay leads to the cooling of movable mirrors [48]. We
find from stability conditions (3.24) that the cross-coupling strength a;s and ag; can
not be too large since aqoai9; becomes negative for €2 > \/§fym. On the other hand,
the cavity loss k and field-mirror coupling strength G are preferable to be large from

Eq. (3.24). We study our scheme in the strong radiation-pressure coupling regime,
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Figure 8: Influence of atom-cavity coupling on the effective two-mode fields coupling
strength a as a function of 2/ for the coupling g = 27 x2.00, 27 x 2.25 and 27 x 2.50
MHz. The other parameters are the same as in Fig. 7.

i.e., G?/vm > k.

Field-Field pair: Let us first look at the entanglement of two-mode fields. In
Fig. 7, we plot the logarithmic negativity of the two-mode fields as a function of
the driving field strength Q for different cavity-driving laser powers P and thermal
noises n of mirrors. Except for the case of Q = /27, we see that there generally
arises the entanglement between the two-mode fields by the external driving field,
which makes the coherence of the gain medium coupled to the cavity modes.

To understand the behavior of the logarithmic negativity with the driving field
Q, we also plot in Fig. 8 the effective field-field coupling strength oo = a3,/ (k11420 +
ap20i01). By comparing Figs. 7 and 8, we see that the effective coupling a and the
degree of entanglement behave very similarly as a function of €2. That is, the driving
field €2 controls the effective field-field coupling which in turn determines the shape
of the degree of entanglement in Fig. 7. There are two peaks of entanglement Er
in Fig. 7 at Q =~ 0.5y and €2 ~ 6 which correspond to two maxima of the effective
field-field coupling strength in Fig. 8.

When the cavity-driving power P changes from 0 to a nonzero value (Fig. 7 (a)),
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we see that the degree of entanglement is slightly reduced. This is due to the coupling
of the cavity-field mode to a mirror. The effective coupling G of field-mirror pair in
Eq. (3.23) is defined as G = G, /+/2 so that it increases with the input power P in
view of Eq. (3.19). Therefore, noting that there is no direct interaction between two
mirrors in our setup, the effective coupling G indirectly transfers the entanglement
of two fields to that of two mirrors (Fig. 9). We also observe in Fig. 7 (b) that the
degree of entanglement decreases with the thermal noise n of the mirrors. Except for
two small regions around Q = 0 and = /2y where au; = 0, we generally obtain the
steady-state entanglement for the two-mode fields. The range of those two regions
with no entanglement increases as the thermal noise n increases.

Field-Mirror pair: On the other hand, the field-mirror pairs are coupled in a
BSL process and it has been proved [98, 99] that a nonclassical input state is required
to have an entangled output state in a BSL process. Under this theorem, we readily
see that there arises no entanglement between field and mirror due to the classical
input states in our scheme.

Mirror-Mirror pair: Although there is no entanglement between cavity fields
and movable mirrors, we show that the entanglement between the two-mode fields can
be transferred to the entanglement of the mirrors. To be more elaborate, the effective
coupling between the two mirrors can be obtained from Eq. (3.20) by eliminating
adiabatically the dynamics of field modes da; under the condition £ > v,,(2n + 1)
and substituting into the mirrors’ vibrational modes [30]. It can be shown in the
corresponding equations that the two vibrational modes are coupled to each other in
a PDC process so that it is possible to generate entanglement between two movable
Mirrors.

In Fig. 9, the degree of entanglement of the two movable mirrors is plotted

against the external field €2 for different cavity-driving laser powers P and thermal
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Figure 9: Logarithmic negativity Eaq of the movable mirrors as a function of Q/~.
(a) Effect of the cavity-driving laser power p on entanglement for n = 50 with P =10
mW (blue solid curve), P =50 mW (red-dashed curve) and P =100 mW (purple-
dotted curve) (b) Effect of thermal noise on entanglement at P = 100 mW for n = 50
(blue solid curve), n =200 (red-dashed curve) and n =300 (purple-dotted curve). The
other parameters are the same as in Fig. 7.

noises n. We observe in the figures that the degree of entanglement for the movable
mirrors has a similar curve to that of the two-mode fields for a large input power P
and a small thermal noise n. In our scheme there is no direct interaction between the
mirrors so one may say that the entanglement of the two mode fields is transferred
to the entanglement of mirrors due to the field-mirror coupling (radiation pressure).
In Fig. 9 (a), we observe that in a large cavity-driving power P, the value of F
is comparable to that of Er in the strong coupling regime (G/\/k7%, = 140). In
Fig. 9 (b), we also see that the degree of entanglement for the mirrors is reduced
with an increasing temperature. From the figure, we see that a macroscopic bipartite
entanglement can be realized despite the condition kg1 > hw,.

To see the effect of the atom-cavity coupling strength on the output entangle-
ment, we plot Ey versus T for different values of g with 2 = 6+ in Fig. 10. We
observe that the degree of entanglement F,, increases with the atom-cavity coupling

g. This is consistent with the increasing field-field coupling strength « so that a
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Figure 10: Effect of atom-cavity coupling on the two mirrors’ entanglement F4;
E )\ as a function of mirrors’ environment temperature 7" at 2 = 6+ for the coupling
g =27 x 2.00, 27 x 2.25 and 27 x 2.50 MHz. The other parameters are the same as
in Fig. 7.

higher entanglement from the fields can be transferred to the mirrors. However, g
has an upper bound restricted by both the cavity loss x and the field-mirror coupling
strength G such that the stability condition Eq. (3.24) is satisfied.

In Fig. 11, we plot Euq versus T for different values of x with Q = 67 to see
the effect of cavity loss on entanglement. This plot shows that the slope of F g
versus 1" decreases with an increasing cavity loss, however, it is desirable to have a
smaller x in order to obtain a higher entanglement. A larger cavity loss results in
a smaller field-field coupling strength « so that the degree of entanglement for both
the field-field pair and the mirror-mirror pair is reduced with otherwise the same
parameters. We also see that the critical temperature above which the entanglement
FE\ disappears increases with a decreasing cavity loss.

Therefore, we have demonstrated that a macroscopic bipartite entanglement of
both the field-field and the mirror-mirror pair can be obtained with the degree of
entanglement controllable by an external driving field that implements the correlated

emission laser under experimentally realizable conditions.

43



Ewm

K
015 L 2_:215kHZ
n
- 400kH
0.10 o e
K
— —600kHz
0.05¢ 2n
: T
0.0 0.8 1.0

Figure 11: Influence of cavity loss on the two mirrors’ entanglement Eu; Ea as
a function of environment temperature 7" at ) = 6~ for cavity loss g = 27 x 215,
21 x 400 and 27 x 600 kHz. The other parameters are the same as Fig. 7.

III.B.3.2  Field-marror pairs coupled in different processes

We now study the case of the two field-mirror pairs coupled in two different
processes, e.g. field 1 (F1) and mirror 1 (M1) are coupled in a BSL process and field
2 (F1) and mirror 2 (M2) are coupled in a PDC process. We obtain from Eq. (3.24)

one necessary condition needed for the steady state solution in this case as

G* G?
(/fll + 7—) (@2 - —) + a2a1 > 0. (3.32)

m m

Now the parametric region is restricted to a weak field-mirror coupling regime as
one of the field-mirror pairs is coupled in the PDC process which is hindered by the
stability condition [100]. This stability region approximates as f—j < aq1 + Q9.

In this case we find there are only three bipartite pairs, i.e. F1F2, F2M2, and
F1M2, that are coupled effectively in a PDC process to generate an entangled sta-
tionary state. All the other bipartite states are Gaussian states coupled effectively in
a BSL process which can not be entangled states due to the classical inputs. Due to

the weak radiation-pressure coupling, the field-mirror pair coupled in PDC process

44



is poorly entangled. Therefore, in this case we only obtain the entangled two-mode
fields of a correlated emission laser significantly and its degree of entanglement is

slightly reduced by the weak radiation-pressure coupling.
II1.B.3.3 Both field-mirror pairs coupled in a PDC process

In this subsection, the field-mirror coupling is considered in a PDC process for
both pairs, therefore the system of field-mirror pairs are very unstable. To see this,
we derive from Eq. (3.24) two necessary conditions by setting §; = —wyy:

G? G2
(fin - 'Y_m) <f<é22 - 7—m> + ajpae >0
Y (2a120091 + 2K11K922 + K11Ym + K227Yim) (3.33)

—GQ(FLH + K92 + 2’}/m) > 0.

This condition is more stringent than Eq. (3.32) leaving us very little to play with.
Although all the bipartite states (F1M1, F2M2, F1F2, FIM2, F2M1 and M1M2)
in this case are Gaussian states coupled effectively in a PDC process, there is no
significantly entangled bipartite state except the two-mode fields due to the weak
radiation-pressure coupling restricted by the stability condition.

Therefore, we conclude that the seemingly achievable entanglement of movable
mirrors coupled effectively in a PDC process can not be practicable due to the sta-
bility condition Eq. (3.33). In this case, we only obtain the entangled bipartite
Gaussian states of the two-mode fields in the steady-state solution.

In summary, we have studied the gain medium of cascade three-level atoms placed
inside the doubly-resonant cavity as a scheme of entangling the two-mode fields whose
entanglement can be transferred to two movable mirrors through radiation pressure.
We first studied the master equations of the atom-cavity subsystem and the quantum

Langevin equations of the mirror-cavity subsystem in order to derive the dynamical
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coupling equations among the two cavity fields and the two mirrors. We considered
three different cases of tuning the two cavity-driving laser frequencies such that
0; = +Wm, 01 = —02 = +wy, and 0; = —w,, and generalized the three cases into the
Lyapunov equation Eq. (3.40) for stationary covariance matrix V' with a generalized
drift matrix A in the rotating-wave approximation. In each case, we investigated
all six bipartite Gaussian states in steady state and the entanglement conditions
quantitatively with the logarithmic negativity Ex as well as the stability conditions
obtained from the drift matrix. Among the three cases considered, we obtain the
macroscopic entanglement of movable mirrors only in the case of both field-mirror
pairs interacting in a BSL process. The two mirrors are coupled effectively in a PDC
process in this case and the steady-state of the field-mirror system is stable in the
strong field-mirror coupling regime.

Remarkably, the generated entanglement can be controlled by adjusting the ex-
ternal driving field €2. We have shown that in the strong field-mirror coupling regime
(G? /4, > k) the entanglement of two-mode fields entanglement can be transferred
to the two movable mirrors. The degree of entanglement E4 is significant for a high
atom-cavity coupling g and a low cavity loss k. With the stability condition Eq.
(3.24) and the experimentally accessible parameters [19, 97], the macroscopic entan-
glement for two movable mirrors can be realized with the current state-of-the-art

experiments.
III.C Entanglement of two movable mirrors in a CEL via cascade-driven coherence

Now we consider a scheme, as shown in Fig. 12, consists of two micromechanical
mirrors with mass m and a four-level atomic gain medium in a doubly-resonant
cavity, as discussed in [88], with lengths L, Ly. The two mirrors are considered to

have the same vibration frequency w,, and the same mechanical decay rate ~,,. The
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Figure 12: Schematics for entangling two micromechanical mirrors in a doubly-
resonant cavity with four-level atoms as a gain medium.

dimensionless position and momentum operators of each mechanical mode ¢; and
p; satisfy [p;,q;] =i (j = 1,2). We assume that, in the steady state, two cavity
modes v; and v, are shifted by d,,, = Gi1qis and 6,p, = Gaqas, respectively and

the shifted cavity modes v; — 0, are resonant with their corresponding transitions.

Here G; = Z—JJ mZm represent the radiation pressure coupling rate for each field-
mirror pair and ¢;, are the stationary solutions of the dimensionless positions for the
mechanical modes which will be given explicitly later. The doubly resonant cavity
is driven by two lasers with frequencies wy,,wy,. Therefore, the total Hamiltonian
of the system in the interaction picture is written as H = ”H?f + H fm, Where ”HC}f is
given by Eq. (3.8) and #y,, is given by Eq. (3.13). The Hamiltonian of this scheme

differs with the previous scheme in the expression of the atom-field interaction which

result in different coefficients of the reduced master equation of the field modes.
HI.C'1 System dynamics

The stationary solutions of our system can be obtained by solving the master

equation for the reduced density operator for the cavity field modes due to the atom-
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field interaction 'H?f and quantum Langevin equations for the field-mirror subsystem
separately. This is justified if the entanglement of two-mode fields is not reduced sig-
nificantly after including the radiation-pressure coupling from the micromechanical
mirrors. The master equation is given by Eq. (3.3) and the coefficients are given by
Eq. (3.12).

Considering the field-mirror interaction Hy,, and lasing effect of atoms from Egs.

(3.13) and (3.3), the quantum Langevin equations for the field-mirror subsystem are

written as
. Gl
by = —iw,b + i—ala; — mb1 + &1,
1 1 \/§ 101 — Ymb1 + &
by = —iw b+i%aTa — Ymba + &
2 mUY2 \/§ o W2 mY2 25
dl = —(I{l + i5,,p1)a1 + iGlalql + E16i51t + a11a1 + O[lga; + Fal,
dg = —(I{Q + i5rp2)a2 + iGQQQC]Q + E2€i52t — Q202 — 0521a]£ + Faz' (334)

The quantum Brownian noise operators §; and 5; in the large mechanical quality

factor limit @ = wy,/7m > 1 [68] have d-correlated function written as:
(&OELE) + ELENE(1)/2 % (20 + 1)350(t — 1), (3.35)

Here n = [exp(hw,,/kgT) — 1]7! is the average thermal phonon number for each

mirror at temperature T and kg is the Boltzmann constant. The correlation functions

of the cavity modes noise operators Fy,, F 1, F,, and Fa; can be obtained from the
1

master equation (3.3) by using the Einstein’s relation [67, 58]:

<FO1 (t)F02 (t/)> =2 <D0102> 5(t - t,)a (336)
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where the nonzero values are <Da1a1> = q, <Da1a1> = K1, <Da2a£> = (k2 + «), and
(Dagay) = <Da1a£> = —a for strong Rabi frequencies.

We assume that the input power P; are large so that the stationary amplitudes
of the intracavity fields a4, aas are large. The nonlinear Langevin equations can be
decomposed into linearized Langevin equations of zero-mean fluctuation operators
around c—number steady state values in this approximation [93], i.e., b; = b;s +
it

0b;, a; = ajs + da;, where a; = a;e " are the detuned cavity modes operators.

Gjlajs|2
Wm )

We find that the steady state values, in the limit @) > 1, are p;; = 0, g;s =
and a5 = f—;, with s; = i6; + r; + (—1)a and pjs = (bjs — bl,)/iV2, qjs = (bjs +
b)/VE (= 1,2)

As shown in Ref. [48, 49|, a micromechanical mirror is cooled (heated) when
input laser field is red-detuned (blue-detuned). The effective coupling between the
field and the mirror in the rotating-wave approximation (RWA) is a beam-splitter
process followed by the decay of cavity photon for cooling or a down-conversion
process for entanglement [98, 99]. Indeed, the beam-spitter process for cooling in
the optomechanical system can be understood as a red-detuned photon enters into
the cavity, excites a cavity photon by absorbing a phonon from the mirror’s motion,
and then decays out of the cavity [48]. In the doubly-resonant cavity, the two-
mode fields are entangled through a down-conversion process [34, 87]. Therefore,
only when both input laser fields are red-detuned at the Stokes sidebands of cavity
modes, i.e., ; = wy,, the two micromechanical mirrors of the cavity can be entangled
via an effective down-conversion process. This is also restricted by the stability
conditions of the system [28, 48, 97] in reaching strong field-mirror cooperative regime
|Gjas)? > KjYm. Therefore, with red-detuned lasers, we can realize both ground-
state cooling of the micromechanical mirrors and macroscopic entanglement of the

two. This feature makes the steady-state entanglement robust against environmental
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thermalization.
It is convenient to define u = (dq1, dp1, dq2, Op2, Ox1, dyp, 0z, 5y2)T, where the
fluctuation operators are defined as d¢; = (553-—1—55})/\/5, op; = (553-—5?);)/2'\/5, dr; =

(da; +5a})/\/§, dy; = (0a; — 5(1})/2'\/5 with the slow varying operators db; = dbje™m*

and da; = (5&jei‘51. The corresponding noise operators are Gjin, Djin, Fe; Iy, (7 =
1,2). We consider P, = P, = P, k1 = Ky = K, and V2G a5 ~ V2Gsa5, = G for
simplicity. The linearized quantum Langevin equations in the RWA (w,, > K, G)

are given by [58]

u(t) = Au(t) + B(t), (3.37)
A A
where A = M with Ay = =yl
A Ap
0 -G 0 0
G 0 0 O
A = , (3.38)
O 0 0 -G
0O 0 G O
—K + Qaq1 0 a9 0
0 —Kk+« 0 —a
Ap — " 2o (3.39)
—Qro1 0 —K — Q99 0
0 91 0 —K — (2

and B(t) = (\/ TYmY1in, vV TmP1lin, vV Ym42in, V 2'Ymp2in7 Fxla pr F:cza Fyz)' Since the quan-

tum noises are zero-mean quantum Gaussian noises and the dynamics has been lin-
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earized, the steady-state of the system is a zero-mean multipartite Gaussian state.
The system is stable when all real parts of the eigenvalues s of the matrix A are

negative. The general stability condition of the system can be obtained from Routh-

Hurwitz criterion [95]. In our scheme, we are interested in the regime of strong Rabi

frequency (/v > 1) such that «a;; are constants. The eigenvalues s are, therefore,

given as —3[k + Y £ /—4G? + (k — 7,»)?] and Re(s) < 0 is always satisfied in the
RWA. We observe from imaginary part of the eigenvalues that normal-mode splitting
of micromechanical mirrors in the strong coupling regime G' > /2 is the same as in
Ref. [18]. This shows that the current type of cascade-driven CEL does not affect
the normal-mode splitting in the cavity optomechanics.

In the following, we assume the system is stable within our choices of parameters.

In the steady-state, the solution satisfies the Lyapunov equation [32]

AV + VAT = D, (3.40)

where the covariance matrix (CM) Vi; = [(u;(00)u;j(00) + u;(00)u;(00))]/2 and

Dy 0
D= : (3.41)
0 Dp
with Dy = v, (2n + 1)1 and
K+ o1 0 —% 0
0 K+ o 0 al2+a
Dp = ! 2 . (3.42)
_0412-50421 0 K+ Qo 0
0 al2+a 0 K+ Qg9

2
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We then solve the CM V' from Eq. (3.40) with nontrivial elements and form a
two-mode CM V* with u = (6Q1,0P;,0Q5,6P;)T for the two-mode fields and two

micromechanical mirrors, respectively.
I1I1.C.2 Entanglement criteria

We investigate the degree of entanglement for each bipartite Gaussian state. We
consider quantitative measure of entanglement based on the logarithmic negativity
Ey in Ref. [71] and Duan-Giedke-Cirac-Zoller (DGCZ) criterion [74] since both
criteria are necessary and sufficient conditions for a two-mode Gaussian state.

In the continuous variable case, the logarithmic negativity is defined as
Exn = max{0, —In2n~ } + max{0, —In2n*}, (3.43)

where n* are the two positive roots of the characteristic function of the CM, n* —

Vi Ve
(detVy + detVp — 2detVe)n? + detV® = 0 with V* = 4

VI Vg

The DGCZ criterion states that a two-mode state is considered to be entangled if
the quantum fluctuations of the two Einstein-Podolsky-Rosen-like operators, o and

0, of the two modes satisfy the inequality
. . 1
((AG)*) + ((AD)?) < a® + = (3.44)

where @ = |a| X, + %Xg and 0 = |a|P, — %f’g with the commutators [X;, Py] = 6,
and a is assumed to an arbitrary (nonzero) real number. However, this criterion is
often used in a special case as ((A4)?) + ((A9)?) < 2 (a = £1) [30, 33, 34, 35, 85, 87,
88] which can only extract partial information of entanglement for a system. In this

paper, we will use the general form in Eq.(3.44) to study the entanglement condition
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Figure 13: Logarithmic negativity of the two-mode fields (a) as a function of Q/~ at
constant n = 500 for P =0, 0.05, and 100 mW:; (b) as a function of n at constant
Q) = 20~ for P =0.05, 20, and 100 mW.

for a two-mode state and compare it with that using the logarithmic negativity.
II1.C.3 Discussion

In this section, we present the results of entangling two micromechanical mirrors
as well as two-mode fields using two different criteria. In all the numerical results, we
choose the parameters based on recent experiments [19, 97, 101]: ~,, = 27 x 50Hz,
k = 2w x 250 kHz, w,, = 27 x 30 MHz, m = 5 ng, L; = 0.532 mm and Ly, = 0.405
mm. The input laser wavelengths A; = 810 nm, and \; = 1064 nm. The cavity
coupling ¢ = 27 x 4 MHz, the injection rate r, = 1.6 MHz, and the atomic decay

rate v = 27 x 1.4 MHz.
II1.C.3.1 Marcroscopic entanglement generation

Now we discuss the effect of various parameters €2, P and n on entanglement gen-
eration of both two-mode fields and two micromechanical mirrors. In Fig. 13 we plot
the degree of entanglement for the two-mode fields versus €2/y and n, respectively,

at different input laser powers P. We observe in the Fig. 13 (a) that the amount of
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Figure 14: Logarithmic negativity of the micromechanical mirrors for P = 20, 100,
and 200mW (a) as a function of /v at constant n = 500; (b) as a function of n at
constant {2 = 20r.

entanglement increases sharply with 2 to a maximum then reaches to a constant for
2/~ > 1. This is due to the physical behavior of the scheme determined by the cou-
pling strengthes «;; under current pumping method. By comparing Fig. 13 (a) and
13 (b), we observe that Ez is fractionally reduced when interacting with microme-
chanical mirrors and the reduction increases with n. Particularly, the entanglement
of the fields vanishes when v,,n ~ x for G* > k7,, (P > 20mW) as shown in Fig.
13 (b). This justifies our approximation of solving two subsystems, i.e., atom-field
and field-mirrors, separately for small thermal noise such that £ > 7,,(2n + 1).

In Fig. 14 (a), we plot the degree of entanglement for the mirrors tunable via
external Rabi frequency at different P. We observe that E, has a similar shape
as Fr which is due to the transferring effect through radiation pressure coupling.
We find that the amount of entanglement increases with P and it is saturated for
P > 100mW as the system enters the strong-coupling regime (G > x) [101]. This is
also seen in Fig. 14 (b), in which we plot E\ as a function of n for different P. As

shown in this figure, F, decreases with increasing n and the slope of E\; becomes
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Figure 15: Influence of cavity coupling strength g on Ej, versus T at constant
P =100mW, Q2 = 20, and k = 27 x 250kHz for g = 27 x4, 27 x 8, and 27 x 16MHz.

less sharp as the coupling strength increases.

We mentioned that with strong Rabi frequencies of the driving fields, the field
coupling strength a;; ~ (—1)""«, and the field-mirror subsystem can always reach
to a steady state with arbitrary parameters in the RWA. Therefore, we can study
the effects of cavity coupling strength a and cavity dissipation rate x in a large
parametric regime, particularly when a > k.

To see the effect of cavity coupling strength o on the mirrors’ entanglement, we
plot Fig. 15. We observe that the maximum amount of entanglement increases
with g at T' = 0K. This shows that with larger value of g, the coupling strength
« increases and hence F),, increases. We also find that the highest temperature

allowed for entanglement increases with ¢ first then drops. This is due to the inverse

relation between G and « from the expression G = G;|E;|/\/w2, + [k + (—1)/a]? in
the regime of a > k. As g increases, the field-field coupling strength o becomes
larger which in turn greatly decreases the field-mirror coupling strength G. Thus,
a has to be balanced to realize an optimal 7" for entanglement when « > k. This

result is different from our previous proposal of three-level cascade system [58]. In
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Figure 16: Influence of cavity decay rate k on E versus T' at constant P = 100mW,
Q = 207, and g = 27 x 8MHz for k = 27 x 250, 27 x 500, and 27 x 10*kHz.

that scheme, required by the stability conditions, @ < &, which does not affect G
significantly as « increases.

To see the influence of cavity dissipation on the mirrors’ entanglement, we plot
Fig. 16. We observe that the maximum amount of entanglement decreases with x
at T' = 0K. The plot also shows that the entanglement is more resistant against
temperature for larger . Since in our scheme o > k, change of k¥ does not affect the
field-mirror coupling significantly. With increasing cavity dissipation, the condition
K > Ym(2n + 1) can be satisfied with larger n (The average phonon number n =
1041 for T' = 1.5K.). Remarkably, the entanglement of the two mirrors persists
for higher temperature with larger dissipation rate. This is one of the important
features distinct from previous cascade scheme [58]. We conclude from these two
properties that in order to retain macroscopic entanglement for high temperature,

strong-coupling conditions, i.e.,

Gr~a>r>y,02n+1), (3.45)
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Figure 17: Steady-state phonon numbers of M1 (ny) and M2 (ns,) versus €2/v at
constant P = 100mW, n = 500, k£ = 27 x 1MHz, and g = 27 x 8MHz.

should be satisfied.
II1.C.3.2 Ground-state cooling

We have already shown that the micromechanical mirrors can be entangled with
experimental realistic parameters. Now we show that close to ground-state cooling of
both mirrors is possible under the same experimental apparatus. As in our scheme,
each mirror is coupled to each field in an effective beam-splitter process in the RWA.
Each field serves as a zero-temperature bath to respective mirror. In equilibrium,
the phonon occupation of each mirror will be determined by the cooling mechanism
from the zero-temperature bath and the heating mechanism from the environmental
thermalization. Due to the CEL, additional noise may heat the micromechanical
mirrors from the atoms. We neglect the heating from non-RWA term which is negli-
gible when k/w,, < 1. We plot the steady-state phonon occupancies of the mirrors
versus )/ at constant P and n in Fig. 17. We observe that when there is no CEL
(€2 = 0), the final phonon numbers simply correspond to ground-state cooling in the

resolved-sideband regime. When the CEL becomes strong (€2 > ), the final phonon
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Figure 18: (a) Entanglement of two micromechanical mirrors Fj; as a function of
Q/~ and a at n = 500 and P = 100mW. (b) Projection of Fig. 18 (a) onto the front
plane (blue-solid curve) and cross section of Fig. 18 (a) at a = 1 (red-dashed curve).

numbers are still within the ground-state regime, i.e. nsi,ns ~ 1, although they are
heated by the extra noise from the atoms. The difference between ns; and nygy when
) > v comes from emission of field a; and absorption of field as in the presence
of atoms. Therefore, the micromechanical mirrors are cooled close to their ground
states, which makes our scheme more realistic since the macroscopic entanglement

is more robust against environmental thermalization.
IHI.C.3.3 DGCZ criterion for entanglement

As for a comparison, we study the entanglement of the two micromechanical

mirrors using DGCZ criterion. We define X ; = 0q;, PJ = op; and

L (@),
= @ (1 (6g2) — (092) + o (1~ (363) — (o12)

—2% ((3q1642) + (3p10ps)) (3.46)

FM(CL)
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where the steady-state quantum fluctuations are given by CM V. We carefully choose
the parameter a and plot the entanglement Fj; on §2/7 and a in Fig. 18 (a). We
find that for different values of a, entanglement condition F); > 0 is satisfied with
different intervals of £2/. To compare with the logarithmic negativity Ep, we plot
the projection of Fig. 18 (a) in Fig. 18 (b) (blue-solid curve). We observe that the
interval of entanglement on €2/ is almost the same as that in Fig. 14 (a) (red-dashed
curve) and the shapes of the entanglement are similar for the two criteria. To see the
difference of Eq. (3.44) and a special form ({(Aa)?) + ((A9)?)) < 2, we also plot the
entanglement Fj; when a = 1 (red-dashed curve) in Fig. 18 (b). It is shown in the
figure that Fiy(a = 1) > 0 is satisfied for a very small region. Therefore, we conclude
that to obtain a complete and adequate entanglement condition, the general form of
Eq. (3.44) should be considered.

In summary, we have studied the scheme of entanglement generation in a CEL via
cascade-driven coherence which avoids the experimental difficulties by using dipole-
forbidden transition. Two different entanglement criteria, i.e., the logarithmic neg-
ativity and DGCZ, are studied and shown to give the same entanglement condition
as long as DGCZ criterion is considered in a general form. We have shown that
entanglement can be transferred from two-mode fields to micromechanical mirrors in
the regime of strong coupling.

We have considered the case with pumping to the lower level |c¢), where the field
coupling coefficients «;; never vanish even in the strong Rabi frequency limit Q2 >> ~
and the field-mirror subsystem can always have a stationary solution with arbitrary
parameters under this limit. We have also studied the effects of cavity coupling
strength ¢ and cavity dissipation rate x on the entanglement versus temperature.
We recognized a strong-coupling parametric regime in Eq. (3.45) to persist macro-

scopic entanglement for the mirrors at high temperature. Within this regime, the
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macroscopic entanglement is in favor of large dissipation rate. We also achieved close
to ground-state cooling of the two mirrors in the resolved side-band limit when the
mirrors are entangled. Therefore, our scheme will make a potential candidate for the

realization of robust macroscopic entanglement.
I[TI.D  Conclusion

In this chapter, we studied entanglement generation of two end mirrors in a
doubly-resonant cavity with a CEL using two different types of gain medium, i.
e., three-level cascade atoms and four-level cascade-driven coherence atoms. We
first showed that the interaction of coherent atoms with two cavity modes gener-
ates macroscopic entangled light. Then we showed that by including the radiation-
pressure coupling to the end mirrors, the entangled light will transfer entanglement
to the two mirrors with coherent driving fields in the linearized regime. Robust
macroscopic entanglement between two micromechanical mirrors as well as close to

ground-state cooling of the mirrors is possible with realistic experimental parameters.
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IV. MACROSCOPIC OPTOMECHANICAL SUPERPOSITION VIA
PERIODIC QUBIT FLIPPING*

Quantum superposition, one of the fundamental principles of quantum mechanics,
usually appears at the microscopic level [4, 7, 8. Bringing quantum superposition to
the macroscopic level [10], of massive objects, is an intriguing task as it bridges the
quantum world to the classical world and macroscopic superposition may be used to
test novel decoherence models [11, 12, 13, 14, 15, 16].

Optomechanical systems have been recently studied to reveal quantum effects of
macroscopic objects [24, 25, 27, 29, 48, 49, 50, 51, 101, 102, 103]. One scheme uses
optically levitated dielectric particles to achieve quantum superpositions with well
separated positions [36, 37], which relies on very good cavities and high quality vac-
uum. Another approach creates a superposition of coherent states of a macroscopic
mirror by mapping a single-photon superposition state into the mechanical state
26, 38, 39]. The most demanding requirement of this scheme is a strong coupling
rate g comparable to the mechanical oscillation frequency w,, to displace a position
larger than its zero-point fluctuation with a single photon. Recently, schemes of using
collective optomechanical interactions to increase single-photon coupling rate have
been considered [40, 41, 42, 43]. More recently, there have been several proposals
to achieve macroscopic quantum superpositions in the single-photon weak coupling
regime via conditioned postselection in nested interferometers [44] or strong displaced
Fock states [45, 46].

Here, we propose a setup in a cavity optomechanical system via periodically flip-

*Reprinted with permission from Macroscopic optomechanical superposition via periodic qubit
flipping by W. Ge and M. S. Zubairy, 2015. Phys. Rev. A, vol. 91, pp. 013842, Copyright [2015]
by the American Physical Society.
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ping a photonic qubit to create macroscopic quantum superpositions of a mechanical
mirror with large distinguishable coherent states. Our scheme relieves the require-
ment of g ~ w,, with a relaxed condition in the resolved sideband regime of g ~ k,
where k is the cavity field decay rate. The generated state can be reconstructed
using quantum state reconstruction [104], such as a back-action-evading approach
[105, 106, 107].

We prepare a single-photon superposition state |¢.) = \/ii(l())c +[1),) in a Fabry-
Perot cavity with one mechanical mirror as shown in Fig. 19 (a). A coherent state
|, of the mechanical mirror is entangled with the photon state as \/Li(|0>c|oz>m +
1) |a+20),,) due to radiation pressure [26, 38|, where 2 is the displacement by
the single photon after certain time. To magnify the difference between its super-
posed mirror states, we periodically flip the cavity field states |0), and |1),. This can
be achieved by mapping the photonic state to a flying two-level atom, flipping the
atomic state with a fast 7 pulse, and mapping the atomic state back to the photonic
state. By using fast 7 pulses and flipping photon state alternatively, decoherence of
the atomic state can be avoided and the effect of the cavity decay can be reversed
probabilistically for null-result measurements [77]. The difference of the two coher-
ent states of the mirror is amplified by the number of procedures performed. The
superposition states of the mirror, with two possible outcomes, are obtained by a
final measurement of the cavity photon in the basis of \/i§(|0>C +(1),). Our scheme
can generate macroscopic superposition states with very large separation. A similar
scheme was proposed in a coupled system of a resonator and a single qubit [108].

Our proposal requires strong coherent mapping, recycling of an atomic state, and
fast atomic qubit flipping. Thanks to recent development in cavity QED, accurate
manipulation of atom-field interaction [82] has been realized and the recycling may be

achieved by transferring an atomic state between two cavities [109]. Ultrafast atomic
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Figure 19: (a) Experimental setup for the generation of a macroscopic superposition
state. Cavity 1 is an optomechanical cavity and Cavity 2 is an auxiliary cavity which
serves as an atom recycling device together with Atom source 2. (b) Illustration of
states of the system for the first seven unitary operations starting from [¢?). In each
graph, the double lines represent a two-level atom, and the center dot is the state
of the atom. The state of a mirror is entangled with the state of the atom or the
cavity field for the same color (see text). The atom on the left of each cavity is a
new atom entering the cavity and the atom on the right is recycled (discarded) if it
is in a superposition state (the ground state).

qubit 7 pulse for less than 50 ps is also available [110]. In general, our proposal is
applicable to other optomechanical platforms, such as micromechanical oscillators

24, 51, 50, 78].
IV.A The model

We consider a cavity (Cavity 1 in Fig. 19 (a)) with one mechanical mirror of

mass m and mechanical frequency w,,. The Hamiltonian of the system is described
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by [65]
H prn = hwec'c + hwmb'b — hgele(bT 4 b), (4.1)

where w,. is the cavity photon frequency, b and ¢ are annihilation operators of the mir-
ror and the cavity field mode, respectively, and g = (w./L)x is the single-photon cou-
pling strength with L being the cavity length and xzy = \/m is the zero-point
fluctuation. The unitary evolution operator of the system can be obtained exactly as
[66] Uy (t) = e~eteleei®@E D (n(t)cte) emmt™d with ¢(t) = 52 (Wt — sin(wpt)),
the displacement operator D(a) = e®' =" n(t) = f(1—e 1) and B = g/wy, (also
see Appendix A). The first and the last terms in the product are the free evolution of
the field and the mirror, respectively. The second term describes a Kerr-like effect of
the cavity in the single-photon strong coupling regime [63, 64]. The coupling between
the mechanical mirror and the cavity field acts as the displacement operator D on

the mirror and the strength is proportional to Bcfe.
IV.B Macroscopic superposition

To understand the physical mechanism of our proposal, we plot the states of the
system for the first seven steps in Fig. 19 (a) and we treat the interaction without
considering the atomic decoherence and the cavity decay. We initially prepare the
mirror in the ground state |0), , and both cavities in the vacuum state [0).. We
send a two-level atom in a superposition state |¢,) = \%(!g)a + le),) into Cavity 1
interacting for a = Rabi operation U, [82] from Atom source 1. Here |g), (|e),) is
the ground (excited) state of the atom. The atomic superposition state is mapped to
the photonic superposition state as U [¢)) = |g),[¢c)]0), ., where |¢2) = |1,)]0).]0),
is the initial state of the system. This operation is illustrated in Fig. 19 (b) graph
(ii). Here we assume the atom-field coupling strength g. > w,, so that, during the

atom-field interaction, the effect of the mechanical mirror from Hamiltonian (4.1) is
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negligible (see Appendix C.1).

Now the atom just leaves the cavity after the interaction and the field-mirror
evolves according to Uy,,. After a half cycle 7 = 7/w,, of the mirror’s oscillation, the
whole system will evolve as Uy (T)U[¢02) = J5]g), (10),]0),, + €?]1),]28),,), where
0 = 3% and the free evolution of the cavity field is omitted. This operation generates
entanglement between the cavity field and the mirror as shown in Fig. 19 (b) graph
(iii). We then send another atom in |g), from Atom source 1 into the cavity for

another m Rabi operation in order to map the photonic state to the atomic state.

The system evolves to

|¢sl> = UﬂUfm(T>U7r|¢g>

= 5100 (13,100, = e“le}, 26),,). (42)

The field-mirror interaction due to radiation pressure is switched off and the mirror
is entangled with the atom outside the cavity. The separation of the two superposed
states of the mirror is 48z, (Fig. 19 (b) graph (iv) ).

To magnify the separation of the superposed states, we use a Ramsey 7 pulse R,
and atom-field state mapping as illustrated in Fig. 19 (b) graphs (v)-(viii). We first
apply a fast 7 pulse to flip the atomic state R.[¢}) = 55]0), (€),]0),, + €°]9),126),,)-
Then we recycle the atom back into Cavity 1, mapping the atomic state to photonic
state as UpR.|l) = \/L§|g>a (11).]0),, + €*|0),]28),,). The recycling of the atomic
state can be realized by passing the atom through an auxiliary cavity Cavity 2
for a m Rabi operation and sending another atom from Atomic source 2 through
Cavity 2 and Cavity 1 for a m Rabi operation, respectively. The atomic state is

passed from the first atom to the second atom. After the © Rabi operation, the

second atom leaves Cavity 1. Now the system is under the evolution of Uy, as
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Upn(T)UxRelth) = J5¢°19), (11).128),,, +10).| — 2B),,). As shown in Fig. 19 (b)
graph (vii), the superposed states of the mirror are separated two-fold further than
that using a single-photon only. We then send in another atom from Atom source
1 in |g), to map the photonic state back to the atom and the state of the system is

represented by

12y = UpUp(T)Ur R |[901)

1 0
= 50 (1e)u[28),0 ¢ Lol = 28),). (43)

We notice that the mirror is entangled with the atom similar to that of state |}),
except that the separation between two superposed states is doubled (Fig. 19 (b)
(viii)).

To increase the difference of the two mechanical states further, we repeat the

above procedure many times. After 2N procedures, the state of the system is given

by

|¢§N> = (r_[ UWUfm(T)UﬂRW) (UﬂUfM(T)Uw)|¢2>

= 10 (1) 2N B+ okl —2V8),), (1.4)

The global phase eV

% can be neglected hereafter. We now apply a 5 pulse Rz to
the atom, which transforms |g), — (|g), + |e),)/v2 and |e), — (=|g), + |e),)/V2,

and detect the state of the atom. The mirror state collapses to

1

VAPN

[Ym) =

(1288),, + | - 2N8),,). (4.5)
Here the + (—) sign corresponds to the atomic detection in state |g), (|e),). The
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Figure 20: Quadrature distributions of the density matrix p?% (ng,). (a) Position
distribution and (b) momentum distribution of p2Y (n,), and (c) position distri-
bution and (d) momentum distribution of p*Y (ny,), at ng, = 0 (blue solid curve),
ng, = 0.5 (red dotted curve), and ny, = 1.0 (green dashed curve). 2N = 2 (for all
the following figures) and py = h/(2x0).

macroscopic superposition state is deterministically generated, albeit the specific
state is conditioned on the measurement result with probability P2V = (1£e=8V*%) /2.
The superposition state gives an average position separation between [2Nf) =~ and
| —2Np),, of 8NfBxy. Therefore, the superposition state (4.5) is considered as a
macroscopic state for 4NS 2 1 and the demanding condition of a strong coupling
rate [26, 38, 66] is relaxed by the number of repetitions. We note that for the largest
amplitude of the mirror’s coherent states obtained in this paper, the resonant cavity
frequency w, is not affected appreciably since zy/L ~ 107! for realistic parameters.

For a finite temperature 7', the mirror is initially prepared in a thermal state

67



ZRERZ
RIS
R

Figure 21: (Wigner distributions W (z,p) of (a) p2¥.(0), (b) p2¥.(0), (c) p2Y.(1.0),
and (d) p2N (1.0).

given by pf, (nm) = —— [ ae 1o/ (|a) (@), with thermal phonon number ny, =
(efwom/FBT _ 1)=1 and kp is the Boltzmann constant. After 2N repetitions and the

final measurement as described above, the state of the mirror is given by the den-

sity operator p2%(nu) = =i [ dae™lol /2 () (62X (a)], where [¢2Y () =

\/ﬁ (Ja 4+ 2Np),, + o —2Np),.). The final density operator p2, (ng,) represents
a mixed state of superposition states each with a separation of 4N3. Ground-state
cooling (ng, < 1.0) of optomechanical mirror has been realized in recent experiments
[50, 51]. For close to ground-state cooled initial state (ny, = 1.0), the quadrature dis-

tributions and phase-space distributions of p*Y (ny,) approximate those of the pure

superposition states [¢2Y ) with reduced visibility and peaks (see Figs. 20 and 21).
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IV.C Experimental feasibility

We now discuss the experimental feasibility of our scheme. To generate a macro-
scopic superposition of the mechanical mirror, fast photonic qubit flipping is required.
This depends on strong coherent state mapping between an atom and a cavity field,
and fast atomic 7 pulse. Strong atom-field coupling in cavity QED [82] and ultrafast
7 pulse in less than 50 ps [110] are realizable in current experiment. Fast atomic 7
pulse also avoids the rotation of the mirror’s coherent state and the atomic state de-
coherence. Atomic state recycling is possible by transferring from Cavity 1 to Cavity
2 [109] and recovering it back with another atom moving from the opposite direction
through both cavities. For atomic speed ~ 500m/s [82], it can move a maximum of
10~°m within half period of the mirror’s oscillation. The experimental setup may be
possible with this dimension within the near future [17].

We neglect the effect of the mechanical mirror during the atom-field interaction.

By including this effect, we obtain the generated state after the same procedures

as [02Y) & 510),(19)2N8),, = le),] = 2N8),,), where 5 = B(1 — e 352) +

Reon(55)

I5; Py see Appendix C.1). We study this effect by considering the fidelity

between [¢2V) and [¢2V) in Eq. (4.4) and we find it negligible for large ratio of g./wy,
(Fig. 22 (a)). We also study the error due to imperfect timing control which results
in a balance between the timing percentage error and N to retain a high fidelity

(Fig. 22 (b)). The generated state under variation of the atom-field interaction

time is given by [{2V) & —C1 <2 |0),]e), 2N B),, + C2<510),|g),| — 2NB),,, where
N-1

C; = 11 sin(geTapr2j—1) Sin(geTar+25) (j = 1,2) and 7; is the ith atom-field interaction
k=0

time (see Appendix C.2). Similar effect applies to imperfect controlled atom-field
coupling rate g. for each iteration.

In the resolved side-band regime, x < w,,, ground-state cooling is possible and
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Figure 22: (a) Fidelity between the state [1)2V)and the state |)2) versus the ratio
of ge/wm. (b) Fidelity between the state [1)2") and the state |¢2) versus atom-field
interaction time percentage error for N = 1000 (green dot), N = 2000 (red square),
N = 3000 (blue diamond), and N = 4000 (brown triangle). The fidelity is calculated
at each error bar for 1000 samples of 4N Gaussian random numbers with mean of

5 and standard deviation of the corresponding percentage error. The error bar is

enlarged ten times for visual purpose.

has been realized in optomechanics recently [50, 51]. In a null-result measurement
[77] when no photon leaks out of the cavity, decay of the single photon reduces the
amplitude in the mechanical state that is entangled with the single photon. Since
the single photon is entangled with the superposed states of the mirror alternatively
in our scheme, the effect of the cavity field decay can be reversed for even number
of procedures with a probability of e=*7 (see Appendix C.3). For N3 ~ 1, the

~NsT s approximately equal to e=™/9, therefore our proposal is feasible

probability e
for g ~ k which is a relaxed condition compared to that of ¢ ~ w,, in the resolved
side-band regime.

Now we consider some experimental parameters feasible within the near future.
We may choose a high-QQ micro-cavity with a single-atom coupling rate of 27w x
50MHz according to Ref. [111, 112], and a mechanical mirror oscillation frequency

Wy ~ 0.1g.. Our scheme is not limited by the ratio of a single-photon coupling

rate g to w,,. We require, in order to generation a macroscopic superposition state,
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g/k = Q2 ~ 1, where Q. = w./xk is the quality factor for the cavity field. With
L = 0.1cm and m = 1ng, we estimate Q. ~ 10!, Ultrahigh quality factor up to 10°
has been demonstrated in wedge-resonator on a silicon chip [113]. With improved
experimental parameters, g/k ~ 1 may be possible in the future. Another possibility
is to shrink the length of the optomechanical cavity. The finesse of the cavity can be
made as F' ~ 10° considering the above parameters.

To measure the generated superposition state [1)2) of the mirror, one may
consider the back-action-evading approach [105] operated in the resolved sideband
regime. Measurements of sensitivity close to [106] and even below [107] the mechan-
ical quantum zero-point fluctuation have been demonstrated recently which make
the measurement of nonclassical mechanical state possible. To obtain accurate me-
chanical position probability distribution, one uses a two-toned driving field to avoid
back-action noise [104]. By varying the phase of the probe field, the mechanical

quantum state tomography can be performed using this two-toned technique.
IV.D Discussion and Conclusion

We now discuss the possibility of testing novel decoherence models with our
proposal. The generated macroscopic superposition will undergo damping and deco-
herence according to p(t) = —22 [z, {p, p(t)}] — 2|z, [z, p(t)]] [9, 39], where ~,, is the
mechanical damping rate and D = 2my,,kgT is the diffusion coefficient induced by
the environment. The mechanical damping can be made negligible for mechanical
mirrors with high quality factor Q,, = wy,/vm > 1, while the diffusion term domi-
nates the evolution. The decoherence timescale of the off-diagonal elements in the

position representation is given by T, = with Az the spatial separation of

ﬁ2
D(Aw)?
a superposition state. Novel decoherence models may be testable with our scheme

such that the corresponding decoherence timescale T, satisfies Tpre < Thnov < Tenv,
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where 7, = 2N7 is the total preparation time. For example, the gravitationally
induced collapse model [15, 16] gives a decoherence timescale T,y ~ 2ms with our
generated superposition state 2N ~ 2, according to Ref. [114], which is less than
the environment induced decoherence 7., ~ 1lms for our scheme with Q,, ~ 107
and 7" = 0.1mK. The preparation time, 7. ~ 0.4ms, is smaller than 7,4,. Further
more, the above parameters can be varied according to the discussed conditions to
be more suitable for experimental realization.

In conclusion, we have proposed a scheme capable of creating macroscopic super-
position of a mechanical oscillator without a single-photon strong coupling rate by
periodically flipping the photonic qubit state. The scheme is experimentally feasible

within the near future, and it may be able to test novel decoherence models.

72



V. SUMMARY

In this dissertation, we have discussed about several different schemes to prepare
quantum states of macroscopic objects in cavity optomechanics, which may have
interesting applications related to quantum information, and gravitational-wave de-
tection, as well as fundamental importance for testing quantum mechanics.

In Chapter II, we reviewed the theory of cavity optomechanics with and without
a strong external coherent driving field. We obtained the quantum Langevin equa-
tions for the field operator and the mechanical oscillator operator. We proposed a
simple setup for entangling two movable end mirrors in a Fabry-Perot cavity using a
single photon superposition state without coherent driving. Our proposal can gener-
ate deterministic entangled phonon states after measuring the cavity photonic state.
We showed that two possible entangled states can be generated depending on the
measurement outcomes. We quantified the degree of entanglement of the generated
states using logarithmic negativity and derived an analytical expression of the neg-
ativity for each possible state. Our results showed that the more probable of a state
to be generated the smaller the negativity of the state it will be. The experimental
feasibility of our scheme is also discussed within current technology.

In Chapter III, we discussed the idea of steady-state entanglement between two
end mirrors in doubly-resonant cavity with coherent driving fields. We showed that
steady-state entanglement of mirrors are obtained by transferring entanglement from
a correlated emission laser in the linearized optomechanical coupling regime. We
reviewed the theory of a correlated emission laser as an entanglement source using
two types of gain mediums. Then we considered two schemes of doubly-resonant

cavity with movable end mirrors using the two types of gain mediums inside the
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cavity. Due to the radiation-pressure coupling, each cavity field is coupled to its
end mirror in an effective beam-splitter coupling process. Therefore, the mirrors can
be cooled down close to their ground state via resolved sideband cooling. The two
mirrors are effectively coupled via a down-conversion process, therefore they can be
entangled. We showed that close to ground-state entanglement between two movable
mirrors can be obtained with realistic experimental parameters.

In Chapter IV, we proposed a scheme to create macroscopic quantum superpo-
sitions of a mechanical mirror with large distinguishable coherent states in a cavity
optomechanical system via periodically flipping a photonic qubit. Our scheme does
not require single-photon strong coupling rate. We prepared a single-photon super-
position state [1).) = \%(|O>C + |1),) in a Fabry-Perot cavity with one mechanical
mirror. A coherent state |a), = of the mechanical mirror is entangled with the photon
state as \/ii(]mc]c@m + 1) a4+ 2p),.) due to radiation pressure, where 2/ is the dis-
placement by the single photon after certain time. To magnify the difference between
its superposed mirror states, we periodically flip the cavity field states |0), and [1),.
This may be achieved by mapping the photonic state to a flying two-level atom,
flipping the atomic state with a fast 7 pulse, and mapping the atomic state back to
the photonic state. By using fast 7 pulses and flipping photon state alternatively,
decoherence of the atomic state can be avoided and the effect of the cavity decay can
be reversed probabilistically for null-result measurements. The difference of the two
coherent states of the mirror is amplified by the number of procedures performed.
The superposition states of the mirror, with two possible outcomes, are obtained
by a final measurement of the cavity photon in the basis of \%(\O)C +1).). Our
scheme can generate macroscopic superposition states with very large separation.
Our proposal requires strong coherent mapping, recycling of an atomic state, and

fast atomic qubit flipping, which may be possible with improved experimental tech-
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nology. In general, this proposal is applicable to other optomechanical platforms,
such as micromechanical oscillators in a photonic crystal cavity.

In summary, we studied three novel schemes in cavity optomechanics to generate
macroscopic quantum states of mechanical objects. In the future, more attention
may be paid on some other interesting quantum states, such as Fock state, and how

to apply macroscopic quantum states to improve our technology.
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APPENDIX A

DERIVATION OF THE UNITARY EVOLUTION OPERATOR FOR AN
OPTOMECHANICAL SYSTEM

We derive in the following the unitary evolution operator for an optomechanical
system of an electromagnetic field coupled to a mechanical oscillator where the system

Hamiltonian is given by Eq. (2.3) as
Hun = hwec'c + hwnb'b — hgete(b' +b). (A1)

The unitary operator is very important for the study of undamped optomechanical
system without involving a driving field. Once the unitary evolution is obtained, the
dynamics of a specific system can be investigated.

We consider a different approach as compared to the unitary transformation
approach used in Ref. [66]. In the interaction picture of the free Hamiltonian Hy =

hwecle + hw,,b'b, the interaction Hamiltonian is given by [67]

ioy

Hi(t) = e (Hu — Ho)e

= —hgcle(ble™mt 4 e~ m?t), (A.2)

The state vector in the interaction picture, [¢;), relates the state vector in the

Shrodinger picture, [1)s), as

Wﬁ = ei%t ¢s>a (AB)
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such that

0
Slior) = i (1)), (A1)

is satisfied. The unitary evolution operator for the state vector [¢;) is given by [67]

U](t) = 1- %/t H[(tl)dtl —+ (—%)2 /t dtl /tl dtgH[(tl)H[(tQ)
(3 / Lt / "t / M) )+ (AD)

Plugging the expression H;(t), we obtain

.
—% Hi(t)dt = Lctebt (et — 1) — H.e. (A.6)
0

m

And the third term in U;(t) as

_r /dt1/ dtoH (1) Hi(tz)

= ﬁ/ dt\Hi(t1) (wic bl (emt — 1) — H.c.)

= (Lo (e - v e

(D (1 =1 o) U — 1 = 1)

= SR (e = 1) — et~ 1))

+ (i) (cte)2(wint — sinwpt) (A7)

Similarly, one can find higher order terms in U;(t). By collecting them all, we find

U[(t) _ eﬁcTCbT(ei“’mt 1)—H.c. ei( —2_)2 (cTc)2(wmt—sinwmt). (AS)
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The state vector in the interaction picture evolves as |1;(t)) = U;(t)]17(0)) and the

state vector in the Shrodinger picture evolves as
CH
[0(1)) = 7 IUL()|(0)). (A.9)

Therefore, the unitary evolution operator for the state vector |¢s) in the Shrodinger

picture is given by

Ut) = e " tU(t)

_;Ho iHoy _;Ho
— ezhtUI(t)elhtelﬁt

1 i . T 2 . . .
_ e%bT(lfe “"mt)fH.c.ez(g:—mc) (wmtfslnwmt)efzwctc*ceflwmtbfb’ (AlO)

which is exactly the expression used in Chapter II and Chapter IV.
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APPENDIX B

THEORY OF A CORRELATED EMISSION LASER

In this appendix, we provide detailed derivations to obtain the reduced density
matrix equation for a correlated emission laser. We will show how to trace the atomic
subsystem to arrive at the density matrix equation for the fields only. We consider
only the linear laser theory [67]. The atomic subsystem is dominated by the strong
coherent driving field and its own decay process. Therefore, the atomic subsystem
reaches a steady state under the influence of the coherent driving field and the fast
decay. The interactions between the cavity modes and the atomic transitions are
considered as perturbations to atomic state evolution. The steady state solution is
then plugged into the equation of motion for the whole system to obtain the equation
of motion for the field modes.

We consider the cascade three-level medium interacting with two cavity modes
illustrated in Fig. 5 (a) as an example. The system is governed by the Hamiltonian

[34],
of i i Q i id
HY = hgi(owar + ajops) + Aga(opeas + abow) — hE (Uace + 0q€ ) (B.1)

The reduced density matrix equation for the cavity modes is obtained by tracing the

atomic variables as

pr = —;LTrA[%f )

= —ig [ai, Pab] — 192 [ag, Pve] + H.c. (B.2)
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where the density matrix elements p,p, ppe are determined by the strong coherent
field and the fast decay with cavity-atom interactions considered as a perturbation.
Note that the density matrix elements p;; = (i|pa|j) ® ps, where i,j = a,b,c. Up to

the first order in g; and gs, the evolution of py., ppe are given by

foQ

pba = —YPba — Zgl (aj{paa - Pbb%) - igei(ﬁpbc - i92a2pca7
. . Q —i¢ . T
Poc =  —VPbc — 292(652,0@ - Pbba2) - de Pba — 19101 Pac; (BB)

where 7 is the decay rate for the atoms assumed to the same for all levels for sim-

plicity. The evolution of density matrix elements p.q, ppb, Pec and pg. are given by

. .Q —q %
Paa = —VPaa + 25(6 ¢pca —€ ¢pac)7
Pob = —VPbbs
. .Q o (10}
Pecc = —VPcec — ZE(G Pca — € pac) + TaPf,
Pac = —VPac+ 7'56 (Paa - pCC)’ (B4)

where the atoms are sent into the cavity initially in the ground state |¢) with a
pumping rate r,. Here we neglect the small perturbation due to the coupling between
the atomic transitions and the cavity modes in Eq. (B.4). In the steady-state, we

obtain from Eq. (B.4) by taking p;; = 0,

T 0? _ 0
Paa = 2792_’_72%”7 Pob = Y,
re 2+ 2772 re Qye
o = 2TV pe= e, B.5
p o, E T P T g, (B.5)

Plugging the above results into Eq. (B.3) and applying the adiabatic approximation,
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we obtain

—1G2Ppe = _04316{{0/‘_0‘;2@2%7
—ig1pap = Quapsas + anpran,
where
iy 30?2
11 =

4 (P +2)(B2/4++2)

9 1
Qoo = gQTCL (QQ n 72) )
_ r,Qe
Qo =1 —_—,
12 91927(92 42

1G1GaTa Q(Q? — 2792)et
4 (2 +42)(Q2/4+2)

Qo1 =

(B.7)

(B.8)

(B.9)

(B.10)

By inserting the expressions for py. and p,,, we obtain the reduced density matrix

equation for the cavity fields as given in Eq. (3.3) in Chapter III. The coefficients

a;; Tecovers to those in Eq.(3.7) when we take ¢ = —7.

Now we have derived the reduced density matrix equation for a correlated emis-

sion laser in a cascade three-level medium. This approach can be easily extended to

derive the density matrix equation for a correlated emission laser in a gain medium

with different atomic levels, such as four-level atoms discussed in Sec. C in Chapter

III.
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APPENDIX C

ATOM-FIELD-MIRROR INTERACTION AND ERROR ANALYSIS

C.1 Full Hamiltonian description of the atom-field-mirror system

Here we study the effect of the mechanical oscillator on the atom-field interaction.

The full Hamiltonian of the tripartite system is given by [115]

Hafm = thCTC + h%az - iﬁgc(a+c — CTO'_)

+  hwnb'b — hgcle(bT + b), (C.1)

where w, is the atomic transition frequency, g. is the atom-field coupling strength,
and o,, o4 are the corresponding Pauli matrices of the atomic pseudospin. In the

interaction picture, the Hamiltonian can be rewritten as

H; = ihg.(clo_ — o, c) + hw,b'b — hgcle(b' +b),

(C.2)
where we assume w, = w,. for simplicity. We perform a unitary transformation
T = e Fe'eb’) a5 considered in Ref. [66] such that

Hr =THT' = ihg. (c"D(=B)o_ — 54cD(B)) + hw,,b'b
~ ihge(clo_ — oyc) 4 hw,b'b
—ihBg.(orc+ clo_)(bT —b), (C.3)
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where we the displacement operator D(8) = e#®'=0) ~ 14 (bt —b) for § < 1. In
the following, we limit our results up to the first order in .

In the dressed state basis of the atom-field subsystem, i(clo_ —o,.¢)|£) » = ),
and (o, c+ CTJ_)|i)p = +i|F),, where |£) = \/L§(|e>a|())C +ilg),|1).). We define
o? =i(clo_—oyc) and 0 = o c+clo_ = —io! +ic” . The transformed Hamiltonian

is then given by
Hr ~ Ho + Ha, (C4)
where

Ho = hwnb'b+ hg.o?,

Hy = hBg.(c? — o) (b —b). (C.5)

In the interaction picture of Hg, the interaction Hamiltonian is given by

-Ho

;Mo _;Ho
ﬁtHlezht

Vi) = ¢
= hBg. [UﬁbTeii@gciwm)t + oF bei(2ge—wm)t

— P bleiaetem)t _ o1 peilcton)t] (C.6)

To the first order in 3, the unitary operator in the interaction picture is Uy(t) ~
1-4% fot V(7)dr. According to Ref. [67], the unitary operator in the Schrodinger
picture is given by Ur(t) = G_i%QtUp(t). By transforming back with 7, the unitary

operator including the effect of the mechanical mirror is represented by

Up(t) = TTe Uy (1) T. (C.7)
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To see the effect of the mechanical mirror during the atom-field interaction, we
consider first the unitary operator acting on the states |e),|0)_|0), and |g),[1).]0), .
Up to the first order in S,

Ur(7.)

€)410)c10),,
19)al 100 + €119)al 1) e[ 1), + €21€)410) 1),

~ D()|g),]1),10),, + e2le)y[0),]1),0: (C8)

Q

and

Ur(7y.)

9alD)el0),
—le),10),10),,, + efe=rmee
_€2|g>a‘1>c‘1>m

—D(—ejemn)[e),|0),10),,, — exlgd, 1) /1),

Q

€)al0)cl1),,

Q

(C.9)

176_iwm7g0)7w2 4 GcWm — W T
oy m 3 and €, = 4 (1 + e ™mTse)3. For

_ _ 202(
where 7,, = 7/(2¢g.), € = == T

ge > wp,, we have ¢,/ < 1 and the interaction U;(7,,) =~ U.

Next we consider the same procedures as described in the paper to obtain a
macroscopic superposition state. We replace the unitary operator U, with Uj(7,,)
and vary the field-mirror interaction time. After 2N repetitions of the prescribed

interactions, the state of the system is given by

) = (HUI(TQC)Ufm<7J)UI(TgC)R7r)

X (Ur(7g. ) U (7" U1(74.)) [42).- (C.10)
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We set 7/ = " — 27, to balance the effect due to the mechanical mirror during the

atom-field-mirror interaction. Using Egs. (C.8), (C.9) and the field-mirror interac-

tion unitary operator, we obtain the state of the system as

12N ~ 1 / /
92) % 100 (Ia)ul2N 8~ leba] = 2N8),),

(C.11)

where ' = B(1 — e"%mTsc) + 3 492 (keos(wmae)) oy we neglect the phase shift term

4g2-w3,

N6 for simplicity. The generated state [¢2V) under the full Hamiltonian description
is similar to that of the target state |[1)2) obtained in the paper, except for differ-
ent coherent states of the mirror. As can be seen from the expression of [/2V), it
approaches to [¢2V) in the limit of g./w,, > 1, which verifies the approximation
we made in the paper. For a quantitative estimation, we calculate the fidelity Fj;

between the target state [/2V) and the state |[¢)2Y) given by
Fy = [(2V[[g2N)]? & e VIO, (C.12)

C.2 Error analysis on accurate timing control

Here we study in the following the fidelity of the generated state of the system
under variations of the interaction time with respect to the target state [¢)2V) gener-
ated with the prescribed interaction time. In the paper, we considered the atom-field
interaction time 7,, = 7/(2¢.) and the field-mirror interaction time 7 = 7 /w,, to ob-
tain a macroscopic superposition state. Since the timing in each step may not be
accurately controlled, the generated state is affected. For the time scale 7,, < 7, we

consider only variations of the atom-field interaction time 7, for simplicity. After
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2N steps of the prescribed interactions, the state of the system is given by

|77Z:}§N> = (H Uaf<72n)Ufm(7—)Uaf(TQn—l)Rﬂ>

n=2

X Uas (72)Upm (7)Uag (1) [4), (C.13)

where 7 is the kth atom-field interaction time. According to Ref. [67], the unitary

operator U, s(7y) is given by

Uap(ri) = cos(gemiVech)(|g)(g])a + cos(gemuVete)(le)(e])a
sin(g.mVcfe) sin( gV ec)

ERITRVED) oty BRIV (C.14)

Vcte v ect

For g.7;, = %, the operation is given by U,s(7) = U, which flips the atom-field state

as Urle),|0), = 19),/1), and Ur|g),|1). = —le),|0).. Here we consider g.7;, ~ 7 and

keep up to the leading order term sin(g.7). By carrying out the operations on [¢/?)

explicitly, we obtain

BY) ~ —CE(0),Je), 12N0)
S \/§ C a m
eiNG'
4G 0)Jg),] — 2N Y, (.15)

V2

where C; = Hiv;Ol sin(g.Taps2i—1) Sin(geTaps2:). Therefore, the fidelity is represented

by
- 1
Fo = [(W2N][02N) P = 5(01 + Cy). (C.16)

The expression of fidelity Fs relates to the accuracy of timing control and the number

of steps one needs to perform. Therefore, to retain a high fidelity, accurate timing
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control is required to some extent to balance a large number of steps.
C.3 Reversing the effect of the cavity field decay via weak measurements

We now analyze how to probabilistically reverse the effect of the cavity decay on
the generation of macroscopic superposition via weak measurements. If the cavity
field is continuously monitored by an ideal photon detector outside the cavity and
no click event is recorded, the decay of a cavity photon results in a decrease of
the amplitude in the state associated with the single photon. This is a null-result
measurement and the effect of the cavity decay can be reversed probabilistically by
flipping the photonic state [77].

Starting with [1/?), we first map the atomic superposition state to the photonic
state and the effect of the cavity decay can be neglected for k7,, < 1. During the
field-mirror evolution time 7, the state %(|0>c +11),)19),]0),, evolves according to
Ut as well as the cavity decay. After interaction time 7, the state remains to be
a pure state with reduced amplitude as \/Li(|0)c|0>m + efe="7/2|1) |28),.)]g), With a
probability of (14 e~*7)/2. Now we map the photonic state to the atomic state and

the state of the system is then given by

25100 (13,100, = e "1e) 28),.) (C17)

Now performing the procedure the second time, the state of the system is given by

1 0 —KT/2
Z56"e T 0), (1 [26) + lo)] ~ 26),.). (C.18)

287K/T
14+e=r7"

bility to obtain the state (C.18) in the two steps is then e *7. The state of the system

for another null-result measurement with a probability Therefore, the proba-

is protected from the cavity decay probabilistically for even number of procedures
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in such a way that both superposed states of the mirror is alternatively entangled
with the single photon. After 2N repetitions, the target state |)2) can be gener-
ated faithfully with a probability of e”V*7. This can be realized by repeating the

experiment many times.
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