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ABSTRACT

Quantum entanglement and quantum superposition are fundamental properties

of quantum mechanics, which underline quantum information and quantum com-

putation. Preparing quantum states in the macroscopic level is both conceptually

interesting for extending quantum physics to a broader sense and fundamentally im-

portant for testing the validity of quantum mechanics. In this dissertation, schemes

of preparing macroscopic entanglement and macroscopic superposition states in cav-

ity optomechanics are studied using the unitary evolution method in the nonlinear

regime or Lyapunov equation in the linearized regime. Quantum entanglement and

quantum superposition states can be realized using experimentally feasible parame-

ters with the proposals in this dissertation.

Firstly, a scheme of entangling two movable end mirrors in a Fabry-Perot cavity

that are coupled to a common single photon superposition state is studied. It is shown

that strong entanglement can be obtained either in the single-photon strong coupling

regime deterministically or in the single-photon weak coupling regime conditionally.

Secondly, a scheme of entangling two movable end mirrors, that are coupled to

two-mode entangled fields generated from a correlated-emission laser is investigated.

By tuning the input driving laser frequencies at the Stokes sidebands of the cavity,

the radiation-pressure coupling can be linearized as an effective beam-splitter-like

interaction. Hence entanglement can be transferred from the two-mode fields to the

two mechanical mirrors. Macroscopic entanglement between macroscopic mirrors

persists at temperature ∼ 1K.

Thirdly, a scheme of creating macroscopic quantum superpositions of a mechan-

ical mirror via periodically flipping a photonic qubit is proposed. Quantum super-
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position states of a mechanical mirror can be obtained via the nonlinear radiation

coupling with a single-photon superposition state. However, the difference between

two superposed mechanical states is very small due to the weak single-photon cou-

pling rate available in experiment. By periodically flipping the photonic qubit state,

the difference can be magnified. It is shown in detail that this scheme is experimen-

tally feasible under current technology.
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I. INTRODUCTION

Quantum entanglement and quantum superposition are extraordinary phenom-

ena of quantum mechanics, which have potential applications in quantum metrology

[1], quantum information and quantum computation [2]. Entanglement and super-

position states of microscopic objects have been demonstrated in systems of photons,

atoms, and ions [3, 4, 5, 6, 7, 8]. Entanglement or superposition states of macro-

scopic objects remains a big challenge due to the fast decoherence of these objects

[9]. Bring quantum entanglement or superposition to the macroscopic level [10] is

not only of a conceptual interest, but also of a fundamental interest for testing novel

decoherence models [11, 12, 13, 14, 15, 16].

Cavity optomechanics [17], which explores the nonlinear radiation-pressure cou-

pling between electromagnetic wave and mechanical motion, provides a promising

platform for generating quantum states of macroscopic objects. Quantum effects,

such as normal-mode splitting between optical and mechanical modes [18, 19], op-

tomechanically induced transparency [20, 21, 22], and squeezing of light [23, 24, 25],

have been studied in cavity optomechanics. Quantum entanglement between a

macroscopic mechanical oscillator and a cavity field has also been proposed [26, 27,

28] and demonstrated [29] in cavity optomechanics recently. It is an interesting ques-

tion whether one can generate entanglement of two macroscopic objects. Schemes

of entanglement generation of two micromechanical mirrors have been proposed the-

oretically, such as in two separate cavities by optomechanical coupling with two

entangled output fields [30], in a double cavity driven by squeezed input fields [31],

in a classically driven Fabry-Perot cavity [32], and by injecting broadband squeezed

vacuum light and laser light into a cavity [33]. More recently, atomic coherence [34]
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has been considered for generation of macroscopic entanglement in a doubly-resonant

cavity [35].

Macroscopic quantum superposition states have also been studied in optome-

chanical systems using optically levitated dielectric particles [36, 37] or a massive

mechanical mirror [26, 38, 39] recently. In the former, high quality vacuum is re-

quired to prepare quantum superposition states with well separated positions. In the

latter, a strong single-photon optomechanical coupling rate, comparable to the me-

chanical oscillation frequency, is required to generate a macroscopic quantum super-

position state. To increase the single-photon coupling rate, proposals [40, 41, 42, 43]

of using collective optomechanical interactions have been considered. More recently,

there have been several proposals to achieve macroscopic quantum superpositions

in the single-photon weak coupling regime via conditioned postselection in nested

interferometers [44] or strong displaced Fock states [45, 46].

In this dissertation, I will discuss several methods to generate macroscopic quan-

tum states in cavity optomechanics and to overcome some of the difficulties in current

technology. In Chapter II, theory of cavity optomechanics is reviewed and a simple

scheme is discussed to generate deterministic entanglement between two movable end

mirrors in a Fabry-Perot cavity. In Chapter III, a scheme to entangle two mechan-

ical mirrors by their coupling to the two-mode fields of a correlated-emission laser

inside a doubly resonant cavity is studied. Entanglement of end mirrors in a doubly

resonant cavity is in relevant to the gravitational wave detection [47], such as in the

Laser Interferometer Gravitational Wave Observatory (LIGO).

Quantum superposition states of a mechanical mirror can be obtained via the

nonlinear radiation coupling with a superposition photonic state. However, the dif-

ference between two superposed mechanical states is very small due to the weak

single-photon coupling rate available in experiment. To magnify this difference, I

2



propose a setup in a cavity optomechanical system via periodically flipping the pho-

tonic qubit to create macroscopic quantum superpositions of a mechanical mirror, as

will be presented in Chapter IV. Finally, Chapter V summarizes the results of this

dissertation.
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II. ENTANGLEMENT OF TWO MECHANICAL MIRRORS WITH A SINGLE

PHOTON SUPERPOSITION STATE∗

Quantum entanglement is an important phenomenon in quantum physics, which

has potential applications in quantum information and quantum computing [2]. Since

the birth of quantum mechanics, the idea of entangling a microscopic object and a

macroscopic object, the Schrodinger’s cat state, drives people to push the limit of

quantum mechanics towards the boundary between the quantum world and the clas-

sical world [4, 7, 8, 9]. Entanglement of microscopic objects has been realized

experimentally in the systems of photons [3], atoms [5], and ions [6]. Due to fast de-

coherence of macroscopic objects [9], quantum entanglement of macroscopic objects

remains a difficult task.

Cavity optomechanics [17], exploring the effect of radiation-pressure coupling

between optical and mechanical elements, provides a platform for realizing quantum

effects of macroscopic objects. Optomechanical sideband cooling on a mechanical

oscillator [48, 49, 50, 51], normal-mode splitting between optical and mechanical

modes [18, 19], optomechanically induced transparency [20, 21, 22], and entanglement

between a mechanical oscillator and a cavity field [26, 27, 28, 29] have been proposed

theoretically and demonstrated experimentally recently.

Many theoretical proposals have been put forward to generate entanglement be-

tween two mechanical oscillators in cavity optomechanics: either with coherent driv-

ing or without coherent driving. In the former case, entanglement of two mechanical

oscillators can be generated using nonclassical states [30, 31, 33, 35]. Entanglement

∗Reprinted with permission from ”Entanglement of two movable mirrors with a single photon
superposition state” by W. Ge and M. S. Zubairy, 2015. Phys. Scr., vol. 90, pp. 074015, Copyright
[2015] by the Institute of Physics
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can also be generated with classical driving fields in a cavity with two mechanical

oscillators [32, 52, 53, 54], or in two remote optomechanical cavities [55, 56, 57]. More

recently, ground-state cooling as well as optomechanical entanglement has been pro-

posed in a double-resonant cavity via a correlated emission laser [34] with classical

driving fields [58, 59]. By using coherent driving, optomechanical coupling is af-

fected by the driving laser phase noise [60]. To avoid this problem, one may consider

entangling two mechanical oscillators using a single photon without coherent driv-

ing. Entanglement of two mechanical mirrors in a two-cavity optomechanical system

through the coupling of a single photon between cavities has been proposed [61].

In this chapter, we first review the theory of cavity optomechanics to formulate the

relevant Hamiltonian and to obtain the quantum Langevin equations for the system

operators. We then propose a simple setup for entangling two movable end mirrors

in a Fabry-Perot cavity using a single photon state without any coherent driving.

A similar scheme has been proposed [62] recently to generate heralded phonon Bell

states with very weak coherent driving conditioned on detection of a single photon.

Our proposal can generate deterministic entangled phonon states after measurement

on the cavity photon state. A single-photon strong coupling rate [63, 64] may be

required for our scheme to generate macroscopic entanglement. Two possible en-

tangled states can be generated depending on the final measurement outcomes. The

degree of entanglement of the generated states is quantified by logarithmic negativity

and we derive an analytical expression of the negativity for each state. Our results

show that the more probable of a state to be generated the smaller the negativity of

the state it will be. We also discuss the experimental feasibility of our scheme.
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Figure 1: Interaction of a cavity field mode with a mechanical end mirror

II.A Theory of cavity optomechanics

Cavity optomechanics explores the radiation-pressure interaction between electro-

magnetic radiation and micromechanical motion inside a cavity. There are different

types of cavities, such as a Fabry-Perot cavity, a whispering-gallery cavity, and a

superconducting microwave circuit, which can interact with different kinds of me-

chanical objects, such as a suspended end mirror, a microtoroid, and a mechanical

membrane. Despite assorted optomechanical systems, their theories are more or less

the same.

II.A.1 The basic Hamiltonian

We consider the simplest model of cavity optomechanics, where a single mode

optical field ωc interacts with a suspended end mirror in a Fabry-Perot cavity as

shown in Fig. II.A We also restrict our system such that one of the many mechanical

modes of the mirror interacts with the single mode field ωm. Before coupling the
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optical field to the end mirror, the free Hamiltonian of the system is represented by

H0 = ~ωcc†c+ ~ωmb†b, (2.1)

where b and c are annihilation operators of the mirror mode and the cavity mode,

respectively. When the optical field couples to the mirror, it exerts radiation pressure

on the mirror and displaces it from its equilibrium position. Therefore, the cavity

frequency, which depends on the cavity length L, is modulated by the mirror’s posi-

tion as ωc(x) ≈ ωc + ∂ωc
∂L
x. Here ωc = k πc

L
, k is the integer mode number, and x is

the mirror’s position. The interaction Hamiltonian

H1 ≈ ~(ωc(x)− ωc)c†c

= −~ωc
L
c†cx

= −~gc†c(b† + b), (2.2)

where g = (ωc/L)x0 is the single-photon coupling strength, x = x0(b† + b), and

x0 =
√

~/2mωm is the zero-point fluctuation. Therefore, the basic Hamiltonian of a

single-mode optical field interacts with a single-mode mechanical object is described

by

Hun = H0 +H1. (2.3)

A more detailed derivation can be found in Ref. [65].

The exact solution of the field-mirror system is described by its unitary evolution

operator, which can be obtained exactly using Baker-Campbell-Hausdorff formula as

7



[66] or using the expansion of time-evolution operator [67] (see Appendix A),

Ufm(t) = e−iωctc
†ceiφ(t)(c†c)2D

(
η(t)c†c

)
e−iωmtb

†b, (2.4)

where φ(t) = β2 (ωmt− sin(ωmt)), the displacement operator D(α) = eαb
†−α∗b, η(t) =

β(1 − e−iωmt), and β = g/ωm. The first and the last terms in the product are the

free evolution of the field and the mirror, respectively. The second term describes

a Kerr-like effect of the cavity in the single-photon strong coupling regime [63, 64].

Due to the coupling between the mechanical mirror and the cavity field, the mirror

is displaced by the operator D and the displacement is proportional to βc†c.

Now we consider the case when the cavity is driven by a strong external field.

With the driving field, the total Hamiltonian of the system is described by

H = H0 +H1 +Hdr, (2.5)

where Hdr = i~Ec†e−iωLt− i~E∗ceiωLt. Here |E| =
√

2Pκ
~ωL

is the driving strength with

input power P , laser frequency ωL, and cavity mode decay rate κ. In the rotating

frame of the driving field frequency, the Hamiltonian is given by

H = ~∆cc
†c+ ~ωmb†b− ~gc†c(b† + b) + i~Ec† − i~E∗c (2.6)

In the presence of the strong driving field, the cavity field is displaced to a mean value

αs = E
i∆c−2igqs+κ

and the end mirror is displaced with a mean position qs = β|α|2

(details of calculating the mean values are given the following section). Then we

shift the operators c → δc + αs and b → δb + qs, and the Hamiltonian transforms

8



into

Hlin = ~∆cδc
†δc+ ~ωmδb†δb− ~g(δc†δc+ αsδc

† + α∗sδc)(δb
† + δb), (2.7)

where δb and δc are the fluctuation operators around the mean values in the shifted

coordinates. For |αs| � 1, the second-order term δc†δc can be neglected and the

system is linearized under the strong driving field to a Jaynes-Cummings model as

Hlin = ~∆cδc
†δc+ ~ωmδb†δb− ~g(αsδc

† + α∗sδc)(δb
† + δb). (2.8)

In the rotating-wave approximation [67], the interaction term in the above Hamil-

tonian can be written as −~g(αsδc
†δb+ α∗sδb

†δc) or −~g(αsδb
†δc† + α∗sδbδc) for red-

detuned driving frequency (∆c = ωm) or blue-detuned driving frequency (∆c =

−ωm), respectively. Examples will be shown in the following chapters.

II.A.2 Quantum Langevin equations

We have formed the basic Hamiltonian of field-mirror interaction in cavity op-

tomechanics under an external driving field. Now we describe the system dynamics

using quantum Langevin equations. The prototype of Langevin equation describes

Brownian motion of a particle in a fluid in the form of

mẍ = −γẋ+
√

2γkBTξ(t), (2.9)

where γ is the damping rate, kB is the Boltzmann constant, T is the temperature

of the fluid, and ξ(t) is the Brownian noise. The apparently random movement

of the particle gives a steadily increasing mean deviation. The quantum Langevin

equation is derived using Heisenberg equation with the assumption that a system is

9



linearly coupled a heat bath consisting of an assembly of harmonic oscillators. By

substituting the variables of the heat bath, the quantum Langevin equation is given

by the Heisenberg equation involving the system Hamiltonian plus a noise term from

the heat bath. Considering the Hamiltonian H of the cavity optomechanical system

described above, the quantum Langevin equations are obtained as

ḃ = −(iωm + γm)b+ igc†c+ ξb(t),

ċ = −(κ+ i∆c)c+ igc(b† + b) + E + ξc(t), (2.10)

where ξb(t) and ξc(t) are quantum Brownian noises of the mirror’s mode and the

cavity mode, respectively, due to their coupling to their own heat bathes with

〈ξb(t)〉 = 〈ξc(t)〉 = 0. Here γm is the decay rate of the mirror’s mode. In the

limit of large mechanical quality-factor Qm = ωm/γm � 1 [68], the noise of the

mirror’s mode is delta-correlated as

〈ξb(t)ξ†b(t
′) + ξ†b(t

′)ξb(t)〉/2 ≈ γm(2n+ 1)δ(t− t′), (2.11)

where nm = [exp(~ωm/kBT ) − 1]−1 denotes the average thermal phonon number.

The quantum noise correlation of the cavity field mode depends on the property of

the heat bath the cavity mode is coupled with.When the cavity mode is coupled to

a thermal reservoir, the quantum noise of ξc(t) is also a δ function in the Markovian

limit, i. e.

〈ξ†c(t)ξc(t′)〉 = κncδ(t− t′),

〈ξc(t)ξ†c(t′)〉 = κ(nc + 1)δ(t− t′), (2.12)
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where nc = [exp(~ωc/kBT ) − 1]−1 � 1 for optical frequency. With a strong driving

field, the system is shifted to some mean values and the system dynamics is governed

by the fluctuation operators around these mean values. The mean values αs and qs

are obtained by averaging on Eq. (2.10) and taking the time derivative to be zero.

The fluctuation operators satisfy the following quantum Langevin equations

δ̇b = −(iωm + γm)δb+ ig(αsδc
† + α∗sδc) + ξb(t),

δ̇c = −(κ+ i∆c − 2igqs)δc+ igαs(δb
† + δb) + ξc(t). (2.13)

In the linearized quantum Langevin equations, we observe that with the help of exter-

nal driving laser, the optomechanical coupling strength is multiplied by the number

of mean photons αs inside the cavity. The equations are coupled harmonic equations

with extra noise terms coming from their own heat bathes. The fluctuation operators

can be solved formally and their correlation values can be calculated accordingly. I

will come up with an example in Chapter IV on calculating the correlation values.

II.B The scheme for entangling two end mirrors

Now we study a simple scheme to entangle two end mirrors in a cavity without

a coherent driving field. We consider a Fabry-Perot cavity with two mechanical end

mirrors of masses m1,m2 and mechanical frequencies ωm1 , ωm2 as shown in Fig. 2.

These mirrors can be suspended from the ground or attached to cantilevers [17] and

we assume only single mode of each mirror is involved in the field-mirror interaction.

According to the theory of cavity optomechanics introduced in the previous section,

the cavity frequency, which depends on the cavity length L, is modulated by both

the mirrors positions, x1 and x2, as ωc(δx) ≈ ωc + ∂ωc
∂L

(x1− x2). The Hamiltonian of

11



Figure 2: Experimental setup for entangling two macroscopic mechanical end mirrors
M1 and M2. Single-photon superposition state is prepared in the cavity C by sending
a superposition atomic state from the single-atom source A. After the evolution of
the field and the mirrors, another atom in the ground state is sent from A to the
cavity. The atomic state is then rotated with a fast π/2 pulse before detected at the
detector D. The state of the mirrors then collapses into an entangled state after the
detection of the atomic state.

the system is then given by

H = ~ωcc†c+
∑
j=1,2

~ωmjb
†
jbj + ~

ωc
L
c†c(x2 − x1), (2.14)

where bj and c are annihilation operators of the j’s mirror and the cavity mode,

respectively, xj = x0j(b
†
j + bj) and x0j =

√
~/2mjωmj is the zero-point fluctuation

of the j’s mirror. This scheme is simpler than that in Ref. [61] where two coupled

cavities are considered.

Similarly to the case of a cavity mode coupled to a single mechanical mode, it is

straightforward to derive the unitary evolution operator of the system consisting of

one cavity field coupled to two mechanical modes individually. The unitary operator
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of the system is then given by

U(t) = e−iωctc
†ceiφ1(t)(c†c)2D1

(
η1(t)c†c

)
e−iωm1 tb

†
1b1

×eiφ2(t)(c†c)2D2

(
−η2(t)c†c

)
e−iωm2 tb

†
2b2 , (2.15)

where φj(t) = β2
j

(
ωmj t− sin(ωmj t)

)
, the displacement operator for the j’s mirror

Dj(α) = eαb
†
j−α

∗bj , and ηj(t) = βj(1 − e−iωmj t). Here βj =
x0jωc

Lωmj
which characterizes

the ratio of the displacement of a single photon due to radiation pressure comparing

to that of the mirror’s zero-point fluctuation. The terms proportional to (c†c)2 are

effective Kerr-like terms of the cavity in the presence of mechanical mirrors. In

the single-photon strong coupling regime when βj & 1, photon blockade effect can

happen due to the Kerr-like terms [63, 64]. The argument ηj(t)c
†c in the displacement

operator means that the displacement on each mirror is proportional to the photon

number c†c if the cavity field is initially prepared in a Fock state. Therefore, a

superposition state of the cavity photon number can result in a superposition of

displacement of the mechanical mirror [66].

II.C Entanglement generation

II.C.1 System evolution

We consider initially the mirrors are cooled to their ground states |0〉mj via op-

tomechanical cooling. A superposition state |ψc〉 = 1√
2
(|0〉c + |1〉c) is prepared inside

the cavity. Due to the radiation pressure, the cavity photon state evolves together

with the mechanical mirrors. The state of the system is given by

|ψs(t)〉 = U(t)|ψc〉|0〉m1
|0〉m2

=
1√
2
|0〉c|0〉m1

|0〉m2
+

1√
2
ei2φ(t)|1〉c|η(t)〉m1

| − η(t)〉m2
, (2.16)
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where the mirrors’ states |η(t)〉m1
and | − η(t)〉m2

are coherent states due to the

radiation pressure of the single photon. Here we consider, for simplicity, m1 = m2 =

m, ωm1 = ωm2 = ωm, φ1(t) = φ2(t) = φ(t) and η1(t) = η2(t) = η(t). From the

expression of |ψs(t)〉, the system of one cavity field and two-mechanical mirrors are

entangled in general.

After integer number of the mirrors’ oscillations τn = 2nπ/ωm, the system evolves

to its initial state, namely |ψs(τn)〉 = |ψs(0)〉. There is no entanglement among

the field and the mirrors. After half integer number of the mirrors’ oscillation

τn+ 1
2

= (2n+1)π/ωm, the displacement of the mirrors are largest where |ψs(τn+ 1
2
)〉 =

1√
2
(|0〉c|0〉m1

|0〉m2
+eiθn|1〉c|2β〉m1

| − 2β〉m2
) with β = β1 = β2 and θn = 2π(2n+1)β2.

In this case, the entanglement among the tripartite is the maximum.

To see whether there is entanglement between the mirrors due to radiation pres-

sure only, we trace over the cavity field state. We obtain the mirrors’ state as

ρm(t) = Tr〈|ψs(t)〉〈ψs(t)||〉

=
1

2

(
|0〉m1

|0〉m2
〈0|m2

〈0|m1

+ |η(t)〉m1
| − η(t)〉m2

〈−η(t)|m2
〈η(t)|m1

)
, (2.17)

which is a mixed and separable state.

II.C.2 Entanglement via measurement

Generation of entanglement of quantum objects, such as atoms [69] and super-

conducting qubits [70], have been considered by continuously monitoring the cavity

field that interacts with these quantum objects. If no photon is detected outside

the cavity, the system of the quantum objects is prepared in an entangled state.

Here we show that by measuring the state of the field inside the cavity, the mirrors
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collapse to an entangled state. Depending on the measurement result, there are two

possible entangled states of the mirrors. We study the properties of each state in the

following.

To measure the photon number state of the cavity, we first map the cavity field

state to a flying two-level atom by interacting with each other for a π Rabi oscillation

Uπ. Then we apply a fast π/2 pulse Rπ
2

on the atomic state such that Rπ
2
|g〉a =

(|g〉a + |e〉a)/
√

2 and Rπ
2
|e〉a = (−|g〉a + |e〉a)/

√
2, where |g〉a (|e〉a) is the ground

(excited) state of the atom. This process is assumed to be much faster than the

mirrors’ oscillation frequency ωm and the interaction time can be neglected. The

system becomes

Rπ
2
Uπ|ψs(τn+ 1

2
)〉|g〉a =

(√
P−|g〉a|ψm−〉+

√
P+|e〉a|ψm+〉

)
|0〉c, (2.18)

where

|ψm±〉 =
1√
4P±

(
|0〉m1

|0〉m2
± eiθn|2β〉m1

| − 2β〉m2

)
, (2.19)

and P± = 1
2
± 1

2
cos(θn)e−4β2

. The state of the mirrors then collapse to the state |ψm+〉

(|ψm−〉) with probability P+ (P−) after we make a measurement on the atomic state

and find the atom in the state |e〉a (|g〉a). After the measurement the mirrors are

disentangled with the atom and the cavity is in vacuum, therefore the entangled

state of the mirrors is under free evolution.

For a single-photon strong coupling rate, i. e., β & 1, m1〈0|2β〉m1 = m2〈0| −

2β〉m2 = e−2β2 � 1. The two parts of the entangled states, |0〉m1
|0〉m2

and |2β〉m1
| − 2β〉m2

,

are almost orthogonal to each other. Therefore, the entanglement is strong in this

regime.

For a single-photon weak coupling rate, i. e., β � 1, |ψm+〉 ≈ |0〉m1
|0〉m2

+
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β(|1〉m1
|0〉m2

− |0〉m1
|1〉m2

) with P+ ≈ 1 − 2β2 while |ψm−〉 ≈ 1√
2
(|1〉m1

|0〉m2
−

|0〉m1
|1〉m2

) with P− ≈ 2β2. The two states |ψm±〉 are almost orthogonal to each

other. Although P− � 1, the state |ψm−〉 is a phonon Bell state [62] which is a

strong entanglement state. Therefore, to realize the state |ψm−〉 in the weak single-

photon coupling regime, one needs to repeat the experiment many times to get one

measurement result of |g〉a.

II.C.3 Entanglement quantification

II.C.3.1 Entanglement measure

We have shown for β & 1, the entanglement for both states |ψm±〉 is strong

since the two parts in each state are nearly orthogonal. For β � 1, we have a low

probability of 2β2 to obtain a strong entanglement. Now we quantify the degree

of entanglement of our system in general using the logarithmic negativity [71]. A

quantum state ρ of a bipartite system with two subsystems A and B is defined to be

separable if and only if ρ can be written as

ρ =
∑
j

pjρjA ⊗ ρjB, (2.20)

with
∑

j pj = 1 and 0 ≤ pj ≤ 1. A number of entanglement measures [71, 72, 73,

74, 75, 76, 77] have been proposed based on the physicality of the partial transposed

density operator ρTA . The logarithmic negativity for a continuous variable bipartite

system is defined as [71]

EN (ρ) ≡ log2||ρTA||1, (2.21)

where ||ρTA||1 is the trace norm of the partial transposed density operator ρTA . The

general expression of logarithmic negativity is cumbersome to calculate since the
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density matrix has an infinite dimension as can be seen from Eq. (2.19). However,

for any pure state ρ = |Φ〉〈Φ|, the logarithmic negativity can be readily calculated

as

EN (ρ) = log2

(∑
k

ck

)2

, (2.22)

where ck are coefficients of the Schmidt decomposed state |Φ〉 =
∑

k ck|ek〉A⊗ |ek〉B.

Here |ek〉A and |ek〉B are orthonormal basis of the two subsystems after the Schmidt

decomposition. As will be shown in the following, the state of Eq. (2.19) can be

Schmidt decomposed into a state of two dimensions whose logarithmic negativity is

straightforward to calculate.

II.C.3.2 Zero phase

We consider, for simplicity, that eiθn ≈ 1 for both strong and weak single-photon

coupling regimes, therefore we neglect this phase term in the expression of |ψm±〉.

This condition can be satisfied by varying the number of oscillations n for different

values of β. First, we decompose the state |ψm−〉 as

|ψm−〉 =
1√
2

∑
k=1,2

|Ak〉m1
|Ak〉m2

, (2.23)

where |A1〉mj = (−1)j(c−1 |0〉+ c−2 |̃2β〉)mj , and |A2〉mj = (c−2 |0〉 − c−1 |̃2β〉)mj . Here

c−k =

√(
1 + (−1)k

√
1− e−4β2

)
/2,

|̃2β〉mj =
1√

1− e−4β2
(|(−1)j+12β〉mj − e

−2β2|0〉mj). (2.24)

The negativity of the state |ψm−〉 is E−N = 1 which equals to the maximum value

of the logarithmic negativity of 2 × 2 system, i. e. the logarithmic negativity of a
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Figure 3: Degree of entanglement and generation probability for zero phase. (a)
Logarithmic negativity E±N and (b) the corresponding probability P± of entangled
states |ψm±〉 versus the single-photon coupling rate β.

Bell state. The property of strong entanglement for this state holds for all values of

β even if β � 1, albeit it happens with a small probability for small β. |ψm+〉 can

be decomposed as

|ψm+〉 =
1√
4P+

∑
k=1,2

c+
k |Bk〉m1

|Bk〉m2
, (2.25)

where c+
j = 1 + (−1)je−2β2

, |B1〉mj = (
√
c+

1 /2|0〉 −
√
c+

2 /2|̃2β〉)mj , and |B2〉mj =

(
√
c+

2 /2|0〉+
√
c+

1 /2|̃2β〉)mj . The negativity of this state is then given by E+
N = 1−

log2(1 + e−4β2
), which shows weak entanglement for β � 1 and strong entanglement

for β � 1. We plot the results E±N of the two states in Fig. 3 (a) and the probabilities

P± to obtain these states in Fig. 3 (b). We observe from both figures that E−N > E+
N

while the relation of the probabilities P± is the inverse.

II.C.3.3 Non-zero phase

Now we calculate the general case of the logarithmic negativity of the two states

|ψm±〉 including the phase term eiθn . The generated states |ψm±〉 can be decomposed

into
∑
k=1,2

d±k |C
±
k 〉m1

|D±k 〉m2
, where |C±k 〉m1

and |D±k 〉m2
are the mirrors’ states under

18



EN
-

EN
+

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Β

E
N±

(a)

P-

P+

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Β

P
±

(b)

Figure 4: Degree of entanglement and generation probability with the phase factor
eiθ0 . (a) Logarithmic negativity E±N and (b) the corresponding probability P± of
entangled states |ψm±〉 versus the single-photon coupling rate β.

Schmidt decomposition and

d±k =

√√√√1

2
+ (−1)k

1

2

√
1−

[ 1− e−4β2

1± e−4β2 cos(θn)

]2

. (2.26)

We do not provide the explicit expressions of |C±k 〉m1
and |D±k 〉m2

since they are not

important in calculating the negativity. The logarithmic negativity is the given by

E±N = 2 log2(d±1 + d±2 ). We plot the degree of entanglement and the corresponding

probability in this case for θ0 = 2πβ2 in Fig. 4. We observe from the figure that

the degree of entanglement as well as the probability oscillates back and forth with

increasing single-photon coupling rate due to the cos(θn) term. It is not difficult to

see from the expression of cos(θn) that for greater number n these curves will have

more frequent oscillations. By comparing the results of the two states |ψm±〉, we also

observe that the greater the negativity the smaller the probability.

For a finite temperature T , the mirrors are initially prepared in thermal states

given by ρ0
m(nth) = 1

(πnth)2

∫
d2α1e

−|α1|2/nth(|α1〉〈α1|)m1⊗
∫
d2α2e

−|α2|2/nth(|α2〉〈α2|)m2
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with thermal phonon number nth = (e~ωm/kBT − 1)−1 for both mirrors and kB the

Boltzmann constant. After the interaction steps described above, the final state of

the mirror will be given by the density operator

ρm±(nth) =
1

(πnth)2

∫ ∫
d2α1d

2α2e
−(|α1|2+|α2|2)/nth

× |ψm±(α1, α2)〉〈ψm±(α1, α2)|, (2.27)

where

|ψm±(α1, α2)〉 =
1√
4P±

(
|α1〉m1

|α2〉m2
± eiθn|α1 + 2β〉m1

|α2 − 2β〉m2

)
. (2.28)

The final density operator ρm±(nth) represents a mixed state of entangled states.

The degree of entanglement of such a state is very complicated to calculate and we

do not discuss it here.

II.D Discussion and conclusion

In this paper, we proposed a simple setup to generate deterministic entanglement

between two movable end mirrors in a Fabry-Perot cavity using a single photon

state. We discussed two single-photon coupling regimes of entanglement generation.

In the weak single-photon coupling regime, strong entanglement can be generated

with a very small probability. In the strong single-photon coupling regime, strong

entanglement can always be generated. Our scheme can be extended to supercon-

ducting circuits [78] and nano-resonators coupled to nitrogen-vacancy centers [79]

where single-photon strong coupling rate is possible. Another possibility of generat-

ing strong entanglement without a strong single-photon coupling rate is to magnify

the coherent states of the mirrors via periodic qubit flipping [80, 81]. By compar-

ing the two possible outcomes of the entangled states, we also observed that the
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smaller the probability to generate an entangled state the stronger the degree of

entanglement of that state.

We now discuss the experimental realization of our scheme. Single-photon su-

perposition state can be generated using a single atom in a superposition state in-

teracting for a period of π Rabi rotation [82]. We require the atom-field coupling

strength gc � ωm such that the mirrors’ motion does not affect the atom-field inter-

action. This also guarantees the fast mapping between the photonic state and the

atomic state during the measurement process. We also assume the decay rate of the

photon κ � ωm in order to keep the photon inside the cavity during the interac-

tion. Ground-state cooling of the mirrors has been demonstrated in optomechanics

recently [50, 51] in this regime. In summary, our scheme of generating macroscopic

entangled states may be realized in experiment.

In the next chapter, we will discuss a different idea of entangling two end mirrors

in a doubly-resonant cavity using a correlated emission laser with coherent driving.

We will show that steady state entanglement can be obtained without initially cooling

the mirrors to their ground states.
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III. QUANTUM ENTANGLEMENT OF TWO MECHANICAL MIRRORS IN A

CORRELATED EMISSION LASER∗

In the previous chapter, we discussed about entanglement generation between two

end mirrors without a coherent driving via nonlinear radiation-pressure coupling. In

this chapter, we will discuss the idea of steady-state entanglement between two end

mirrors in doubly-resonant cavity with coherent driving fields. We will show that

steady-state entanglement of mirrors are obtained by transferring entanglement from

a correlated emission laser in the linearized optomechanical coupling regime.

Quantum entanglement [83] has received a lot of interest in different areas of

physics. Entanglement of microscopic objects such as photons and ions [84] has been

demonstrated and it is of fundamental and practical importance whether we can

generate entanglement between mesoscopic and even macroscopic objects. Recently,

there are many proposals of entangling macroscopic mechanical objects via radiation

pressure coupling [65] in optomechanical system. For example, Vitali et al [27] have

shown that the stationary entanglement can be generated between an optical cavity

field mode and a macroscopic vibrating mirror. More recently, schemes of entangle-

ment generation between two micromechanical mirrors have been proposed, such as

in two separate cavities by optomechanical coupling with two entangled output fields

[30], in a double-cavity driven by squeezed input fields [31], in a classically driven

Fabry-Perot cavity [32], and by injecting broadband squeezed vacuum light and laser

light into a cavity [33]. Experimentally, strong coupling between micromechanical

∗Reprinted with permission from ”Entanglement of movable mirrors in a correlated-emission
laser” by W. Ge, M. Al-amri, H. Nha and M. S. Zubairy, 2013. Phys. Rev. A, vol. 88, pp. 022338,
Copyright [2013] by the American Physical Society, and ”Entanglement of movable mirrors in a
correlated emission laser via cascade-driven coherence” by W. Ge, M. Al-amri, H. Nha and M. S.
Zubairy, 2013. Phys. Rev. A, vol. 88, pp. 052301, Copyright [2013] by the American Physical
Society
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oscillator and a cavity field has been demonstrated [19], paving the way towards

quantum optical control of entanglement in mesoscopic objects.

Recently, atomic coherence has been utilized in a correlated emission laser (CEL)

inside a doubly-resonant cavity to generate entanglement source of cavity fields [34,

85, 86, 87, 88, 89], such as in a three-level cascade atomic medium [34], using a four-

level single atom [85], and in a four-level Raman-driven quantum beat laser [88]. With

the strong entangled fields generated in a doubly-resonant cavity, it is an interesting

question whether we can entangle two end mirrors in the cavity via radiation pressure

coupling if they are mechanical mirrors that are free to move. From a practical point

of view, entanglement between end mirrors in an active Michelson interferometer is

relevant in the detection of gravitational waves [47], such as in LIGO [90].

In this regard, Zhou et al. [35] recently showed that entanglement between two

macroscopic mirrors becomes possible if atoms with initial atomic coherence are

injected into the cavity. In view of laser operation, however, one may apply an

external driving field to a gain medium in order to establish the atomic coherence,

e.g. in a correlated spontaneous emission laser (CEL) [91], rather than preparing

an initial state of coherence. In this chapter, we consider a CEL system with an

external driving field to generate entanglement between two movable mirrors as well

as two-mode fields. We show that in the strong field-mirror coupling regime, the

entanglement between the field modes can be transferred to the movable mirrors when

the cavity-driving laser frequencies are both detuned at the anti-Stoke sidebands.

Remarkably, in contrast to the previous works [31, 33, 35], our scheme can control

the degree of entanglement of two movable mirrors and of two field modes with the

external field(s) that driving the gain medium.

Moreover, the macroscopic entanglement between the mirrors of our scheme is

robust against environmental thermalization. By tuning the input laser frequencies
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both at the Stokes sidebands of the cavity, both mirrors can be cooled close to their

ground states in the resolved sideband regime [48, 49] through an effective beam-

splitter process. Meanwhile, the stationary entanglement between two mirrors are

generated via an effective down-conversion process. We show that close to ground-

state macroscopic entanglement is possible and persists for experimental temperature

above 2K with realistic parameters.

In the following, we will consider two types of gain medium used in the doubly-

resonant cavity, i.e. three-level cascade atoms [34] and four-level atoms [88]. By

using the first gain medium, the CEL can reduce to a parametric oscillator in the

strong driving limit [92]. While in the other medium, the CEL serves as a phase-

sensitive amplifier [86]. We will first review the theory of a CEL as an entanglement

source with the two types of gain medium as examples. Then we will present the

results of steady-state entanglement between the mirrors with the help of the CEL

in two different cases.

III.A Theory of a CEL as a source of entanglement

Entanglement of radiation fields receives considerable interest in recent years

due to its potential applications in quantum information processing [2]. However,

generation of macroscopic entangled states with a large number of photons remains

an open question. Recently, a new type of entanglement amplifier based on two-mode

CELs[91] of cascade three-level atoms was proposed [34]. The CEL operates in the

presence of atomic coherence between the upper level and the lower level which is

created by an external driving field. Here we review the basic theory of a CEL as a

source of entanglement using both cascade three-level atoms and four-level atoms.

In order to see how does the atomic coherence in cascade three-level atoms leads

to an entangled radiation fields, we first consider an example of initially prepared
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(a) (b)

Figure 5: Level diagrams for (a) three-level cascade atoms and (b) four-level atoms.

atomic coherence. We prepare atomic coherence between the upper and the lower

levels |a〉 and |c〉 in an initial vacuum doubly-resonant cavity and the state of the

atom-field system is
(
|a〉+ |c〉

)
/
√

2⊗ |0, 0〉. Due to spontaneous emission, the atoms

in the excited state will undergo a transition to the intermedia level |b〉, and another

transition from |b〉 to |c〉. The state of the atom-field system becomes |c〉 ⊗
(
|0, 0〉+

|1, 1〉
)
/
√

2. Clearly, the two-mode radiation fields is in an entangled state. Therefore,

the CEL can be used as an entanglement amplifier when a large number of atoms

are prepared in a coherent state.

III.A.1 Three-level cascade scheme

We consider first a scheme of using a gain medium consisting of three-level cascade

atoms inside a doubly-resonant cavity as shown in Fig. 5 (a). The natural line-width

γ is assumed to be equal for all levels and the atoms are pumped to the lowest

level |c〉 at a rate ra. The atoms have two dipole allowed transitions |a〉 − |b〉 and

|b〉 − |c〉 that are coupled to two nondegenerate cavity modes at frequencies ν1, ν2,

respectively. They also have a dipole forbidden transition |a〉 − |c〉 that can be
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induced by a resonant laser field with Rabi frequency Ω and phase φ. The dipole

forbidden transition can be induced, for example, by applying a strong magnetic

field for a magnetic dipole allowed transition. Atomic coherence is generated by the

strong driving laser. In the interaction picture, the Hamiltonian of the system under

the rotating-wave approximation is given by [34]

Haf
I = ~g1(σaba1 + a†1σba) + ~g2(σbca2 + a†2σcb)− ~

Ω

2

(
σace

−iφ + σcae
iφ
)
. (3.1)

Here the first two terms represent the interaction between the atomic medium and the

two cavity modes with coupling strengthes g1 and g2 respectiely. σij(i, j = a, b, c)

is the Pauli pseudo-spin operator |i〉〈j| of the atoms. a1, a2 are the annihilation

operators of each cavity mode. The third term in Eq. (3.1) generates an atomic

coherence between the levels |a〉 and |c〉, which contributes to the correlated lasing

operation of the CEL. The master equation of the atom-field system is given by

ρaf = − i
~

[Haf
I , ρaf ]. (3.2)

To study the dynamics of the cavity modes, we obtain the reduced master equa-

tion for the two-mode fields in the CEL. In the regime of large atomic decay γ � κj,

the atoms reach their steady state much faster than the cavity fields so that the dy-

namics of the atoms can be eliminated adiabatically. The reduced master equation is

obtained from the interaction Hamiltonian Haf
I using the standard methods of laser

theory [34, 67] as
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ρ̇f = −
[
α∗11a1a

†
1ρ+ α11ρa1a

†
1 − (α11 + α∗11)a†1ρa1)

]
−
[
α∗22a

†
2a2ρ+ α22ρa

†
2a2 − (α22 + α∗22)a2ρa

†
2

]
− [α∗12a1a2ρ+ α21ρa1a2 − (α∗12 + α21)a2ρa1]

−
[
α12ρa

†
1a
†
2 + α∗21a

†
1a
†
2ρ− (α12 + α∗21)a†1ρa

†
2

]
−κ1(a†1a1ρ+ ρa†1a1 − 2a1ρa

†
1)− κ2(a†2a2ρ+ ρa†2a2 − 2a2ρa

†
2). (3.3)

We provide a detailed derivation of the reduced master equation for this scheme in the

Appendix B. The first two terms proportional to α11 and α22 in the above equation

describe the emission from level |a〉 and the absorption from level |c〉, respectively.

The next two terms correspond to the effective coupling of the two cavity modes via

atomic coherence generated by the classical field Ω. The last two terms represent

the damping of each cavity mode with rate κj (j = 1, 2). The system dynamics of

the two-mode fields can be obtained from the master equation, see Ref. [89] or the

study on the entanglement generation below for example.

In Eq. (3.3), the two quantum fields of the cavity are taken into account to second

order in the coupling constants g1 and g2 while the classical laser field is considered

to all orders in the Rabi frequency Ω. The coefficients α11, α22, α12 and α21 are then

given by

α11 =
g2

1ra
4

3Ω2

(Ω2 + γ2)(Ω2/4 + γ2)
, (3.4)

α22 = g2
2ra

1

(Ω2 + γ2)
, (3.5)
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α12 = −g1g2ra
Ω

γ(Ω2 + γ2)
, (3.6)

α21 =
g1g2ra

4

Ω(Ω2 − 2γ2)

γ(Ω2 + γ2)(Ω2/4 + γ2)
, (3.7)

where the phase of the driving field is assumed to be φ = −π
2

for simplicity.

III.A.2 Four-level cascade-driven scheme

Now we consider a gain medium of four-level atoms in a doubly-resonant cavity,

as shown in Fig. 5 (b). The atoms are injected into the cavity with a rate rc in the

lower level |c〉. A coherent superposition of the upper level |a〉 and the lower level |c〉

is created by two resonant classical laser fields of Rabi frequencies Ω1, Ω2, and phases

φ1, φ2 interacting with |a〉 and |c〉 through an auxiliary level |b2〉. This is one reason

we study the four-level cascade-driven scheme because all the relevant transitions are

dipole allowed. Two cavity modes are coupled to their respective atomic transitions

|a〉 ↔ |b1〉 and |b1〉 ↔ |a〉 with coupling strengthes g1 and g2 as shown in Fig. 5

(b). The atomic decay rates of all four levels are assumed to be the same as γ for

simplicity. The Hamiltonian of the atom-field system is given by

Haf
I = ~g1σab1a1 + ~g2σb1ca2 − ~

Ω1

2
σb2ae

iφ1 − ~
Ω2

2
σcb2e

iφ2 + H.c.. (3.8)

Similarly, by adiabatically eliminating the atomic variables, we obtain the exact

same master equation as in Eq. 3.3 for the two-mode fields. The only difference is
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the different coefficients αij which are given as, in this case,

α11 =
g2rcΩ

2
1Ω2

2

γ2Ω4
DΩ2

E

(Ω2
1 + Ω2

2 + 10γ2), (3.9)

α22 =
g2rc

γ2Ω4
DΩ2

E

[
Ω4

1(Ω2
1 + Ω2

2) + (9Ω4
1 + Ω4

2)γ2

+ 8(3Ω2
1 + Ω2

2)γ4 + 16γ6
]
, (3.10)

α12 = −g
2rcΩ1Ω2

γ2Ω4
DΩ2

E

[
Ω2

1(Ω2
1 + Ω2

2)

+ (13Ω2
1 + 3Ω2

2)γ2 + 12γ4
]
, (3.11)

α21 = −g
2rcΩ1Ω2

γ2Ω4
DΩ2

E

[
Ω2

1(Ω2
1 + Ω2

2)

+5(Ω2
1 − Ω2

2)γ2 + 4γ4
]
, (3.12)

where Ω2
D ≡ Ω2

1 +Ω2
2 +4γ2, Ω2

E ≡ Ω2
1 +Ω2

2 +γ2, and we have assumed that φ1 +φ2 = 0

for simplicity. In the four-level scheme, there is no parametric limit as that in the

three-level cascade configuration in [92]. With very strong driving fields Ωj � γ, αij

reach to different constants. By setting Ω1 = Ω2 = Ω, and g1 = g2 = g, we find that

in this limit, αij ≈ (−1)i+jα with α ≡ g2rc/4r
2. Therefore, strong driving fields are

preferable in our scheme since the coupling strength αij does not vanish for large

Ω. This result is different from Refs. [86, 87, 88], where atoms are initially pumped

to the auxiliary level, such that at very strong driving fields the coupling strength

αij ∝ 1/Ω2.

III.B Entanglement of movable mirrors in a CEL

We consider a scheme of a doubly-resonant cavity with two movable mirrors M1

and M2 in a correlated emission laser using three-level cascade atoms as discussed in

Sec. A (see Fig. 6). Each of the mirrors is treated as a quantum mechanical harmonic

oscillator with an effective mass m and frequencies ωmj (j = 1, 2). The annihilation

and the creation operator of each vibrational mode are bj and b†j satisfying [bj, b
†
j] = 1.
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Figure 6: Scheme of entangling movable mirrors in a doubly-resonant cavity using
three-level atoms as a gain medium. The gain medium inside the cavity is driven by
an external field and also interacts with two cavity modes.

In the interaction picture, the Hamiltonian of the system under the rotating-wave

approximation is written as HI = Haf
I +Hfm

I , where Haf
I given by Eq. (3.1) and

Hfm
I =

2∑
j=1

(
~δrpja

†
jaj + ~ωmjb

†
jbj

)
+

2∑
j=1

i~
(
Eja

†
je
iδjt − E∗j aje−iδjt

)
− ~G1q1a

†
1a1 − ~G2q2a

†
2a2. (3.13)

Here Haf
I and Hfm

I describe the atom-field and the field-mirror interaction, respec-

tively. In Eq. (3.13), the first line represents the energies of the cavity modes and

the movable mirrors. Note that δrp1 and δrp2 denote the frequency shift of each

cavity mode due to radiation pressure, which will be clarified later. We assume a

resonant condition on the shifted cavity modes, i.e., (ν1 − δrp1)− (ωa − ωb) = 0 and

(ν2 − δrp2)− (ωb − ωc) = 0. The second line in Eq. (3.13) represents two laser fields
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driving the cavity modes, where |Ej| =
√

2Pjκj
~ωLj

with input power Pj, laser frequen-

cies ωLj , and decay rates κj of each mode. Here δj ≡ νj − δrpj − ωLj is the effective

detuning of each cavity-driving field. The third line in Eq. (3.13) corresponds to the

coupling via radiation pressure [65] of mirrors and cavity modes with the coupling

rates Gj ≡ νj
Lj

√
~

mωmj
and (cavity lengthes: Lj). We also define dimensionless po-

sition and momentum operators qj = (bj + b†j)/
√

2 and pj = (bj − b†j)/i
√

2 for the

mirrors.

III.B.1 System dynamics

In this section, we use the master equation for the reduced density operator of the

cavity field modes in CEL derived in Sec. A and then derive the quantum Langevin

equations for the field-mirror subsystem separately. This approach is justified if

the atom-field interaction is much stronger than the field-mirror interaction and the

atomic medium is here treated as a general reservoir to the two cavity modes.

From the master equation (3.3), the diffusion coefficients for the cavity modes

are readily derived using Einstein’s relation [67]. For any operators O1, O2 and their

noise operators FO1 , FO2 , it follows from Einstein’s relation

2 〈DO1O2〉 =
d

dt
〈O1O2〉 −

〈(
dO1

dt
− FO1

)
O2

〉
−

〈
O1

(
dO2

dt
− FO2

)〉
(3.14)
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that the nonzero diffusion coefficients are

2
〈
Da†1a1

〉
= 2α11,

2
〈
Da1a

†
1

〉
= 2κ1,

2
〈
Da2a

†
2

〉
= 2(κ2 + α22),

2 〈Da2a1〉 = 2
〈
Da†1a

†
2

〉
= −(α12 + α21). (3.15)

In the following, we use these diffusion coefficients in specifying the correlation func-

tions of the cavity-mode noise operators.

III.B.1.1 Quantum Langevin equations

Now we derive the quantum Langevin equations for the field-mirror subsystem

and obtain their covariance matrix in steady-state. We consider a general analysis

for the field-mirror subsystem including cavity decay, mirror damping, cavity modes

noise and the Brownian noise of the mirrors. With the help of the master equa-

tion (3.3) and the field-mirror interaction Hamiltonian Hfm
I , the nonlinear quantum

Langevin equations are obtained as

ḃ1 = −iωmb1 + i
G1√

2
a†1a1 − γmb1 + ξ1,

ḃ2 = −iωmb2 + i
G2√

2
a†2a2 − γmb2 + ξ2,

ȧ1 = −(κ1 + iδrp1)a1 + iG1a1q1 + E1e
iδ1t + α11a1 + α12a

†
2 + Fa1 ,

ȧ2 = −(κ2 + iδrp2)a2 + iG2a2q2 + E2e
iδ2t − α22a2 − α21a

†
1 + Fa2 . (3.16)

We here assume that the two mirrors have the same damping rate γm and the same

oscillation frequency ωm. In Eq. (3.34), we have the quantum Brownian noise oper-

ators ξj and ξ†j with their delta-correlated function at temperature T in the limit of
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large mechanical quality factor Q = ωm/γm � 1 [68],

〈ξj(t)ξ†k(t
′) + ξ†k(t

′)ξj(t)〉/2 ≈ γm(2n+ 1)δjkδ(t− t′), (3.17)

where n = [exp(~ωm/kBT ) − 1]−1 denotes the average thermal photon number and

kB is the Boltzmann constant. We introduce the nonzero correlation functions of the

cavity noise operators Fa1 , Fa†1
, Fa2 and Fa†2

in the presence of atomic medium as:

〈FO1(t)FO2(t
′)〉 = 2 〈DO1O2〉 δ(t− t′), (3.18)

where 〈DO1O2〉 are given by Eq. (3.15).

The nonlinear Langevin equations can be transformed to linearized Langevin

equations of zero-mean fluctuation operators around c−number steady values. This

is justified if the input power Pj to the cavity modes is very large [93]. That is, we

take bj = bjs + δbj, ãj = αjs + δãj, where ãj ≡ aje
−iδjt are the slowly-varying field

modes operators. The steady values are given by

p1s = p2s = 0, qjs =
Gj|αjs|2

ωm
,

α1s =
E1

s1

, α2s =
E2

s2

, (3.19)

with sj = i(νj − Gjqjs − ωLj) + κj + (−1)jαjj and pjs = (bjs − b∗js)/i
√

2, qjs =

(bjs + b∗js)/
√

2. The term νj − Gjqjs − ωLj represents the effective detuning of each

cavity mode frequency. Thus it follows that the mean frequency shift due to radiation

pressure, which is introduced in Eq. (3.13), is given by δrpj ≡ Gjqjs.

We introduce the slowing varying fluctuation operators, δb̃j(t) ≡ δbj(t)e
iωmj t and
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δaj(t) ≡ δãj(t)e
iδjt and write the linear quantum Langvin equations for them as

δ ˙̃b1 = −γmδb̃1 +
√

2γmb1in + i
G1α

∗
1s√

2
δa1e

i(ωm−δ1)t + i
G1α1s√

2
δa†1e

i(ωm+δ1)t,

δ ˙̃b2 = −γmδb̃2 +
√

2γmb2in + i
G2α

∗
2s√

2
δa2e

i(ωm−δ2)t + i
G2α2s√

2
δa†2e

i(ωm+δ2)t,

δȧ1 = −κ11δa1 + α12δa
†
2 + Fa1 + i

G1α1s√
2

(δb̃1e
−i(ωm−δ1)t + δb̃†1e

i(ωm+δ1)t),

δȧ2 = −κ22δa2 − α21δa
†
1 + Fa2 + i

G2α2s√
2

(δb̃2e
−i(ωm−δ2)t + δb̃†2e

i(ωm+δ2)t), (3.20)

where κ1 = κ2 = κ for simplicity and κ11 ≡ κ − α11 and κ22 ≡ κ + α22. We have

introduced the noise operators bjin ≡ ξje
iωmt/

√
γm for the mirrors’ vibrational modes

(j = 1, 2), which satisfy the correlation relations [94]

〈b†jin(t)bkin(t′)〉 = nδjkδ(t− t′)

〈bjin(t)b†kin(t′)〉 = (n+ 1)δjkδ(t− t′). (3.21)

It has been shown in [28] that the optomechanical interaction and consequently the

field-mirror entanglement are enhanced when the cavity-driving light is scattered

by the vibrating cavity boundary at the first Stokes (ωLj − ωm) and the anti-Stokes

(ωLj +ωm) sidebands. Therefore there are two choices of our interest for the detuning

of each cavity-driving field, i.e., δ1 = ±ωm and δ2 = ±ωm. It is seen from Eqs. (3.20)

that for the anti-Stokes sidebands δj = +ωm, the field fluctuation operator δaj are

coupled to the movable mirror fluctuation operator δb̃j effectively in a beam-splitter-

like (BSL) process. On the other hand, for the first Stokes sidebands δj = −ωm, each

pair of operators δaj and δb̃j is coupled effectively in a parametric down conversion

(PDC) process. Due to the symmetric configuration of field-field and mirror-mirror

in our setup, we may deal with three different situations, i.e., δ1 = δ2 = +ωm,
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δ1 = δ2 = −ωm and δ1 = −δ2 = ±ωm.

III.B.1.2 The steady-state covariance matrix

We define the dimensionless position and momentum fluctuation operators δqj =

(δb̃j + δb̃†j)/
√

2, δpj = (δb̃j − δb̃†j)/i
√

2, δxj = (δaj + δa†j)/
√

2, δyj = (δaj − δa†j)/i
√

2

and their corresponding noise operators qjin, pjin, Fxj , Fyj (j = 1, 2). We also define

u = (δq1, δp1, δq2, δp2, δx1, δy1, δx2, δy2)T . Then, the linear Langevin equations

in the rotating-wave approximation (ωm � κ, G) can be written in a compact form

as

u̇(t) = Au(t) +B(t), (3.22)

where

A = −



γm 0 0 0 0
(
δ1
ωm

)
G 0 0

0 γm 0 0 −G 0 0 0

0 0 γm 0 0 0 0
(
δ2
ωm

)
G

0 0 0 γm 0 0 −G 0

0
(
δ1
ωm

)
G 0 0 κ11 0 −α12 0

−G 0 0 0 0 κ11 0 α12

0 0 0
(
δ2
ωm

)
G α21 0 κ22 0

0 0 −G 0 0 −α21 0 κ22



, (3.23)

and B(t) = (
√
γmq1in,

√
γmp1in,

√
γmq2in,

√
2γmp2in, Fx1 , Fy1 , Fx2 , Fy2). For simplicity

the parameters of the two field-mirror pairs are chosen such that G1α1s = G2α2s =

|Gjαjs|. The effective coupling rate is thus defined as G ≡ Gjαjs/
√

2 which is

controlled by the cavity-driving input power P ≡ P1 = P2.
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We study the quantum fluctuations of the operators when the system reaches

a steady-state. Since the quantum noises qjin, pjin and Fxj , Fyj are all zero-mean

Gaussian noises and the dynamics has been linearized, the steady state of the system

becomes a zero-mean multipartite Gaussian state. We define the covariance matrix

(CM) of the system whose elements are Vij = (〈ui(∞)uj(∞)+uj(∞)ui(∞)〉)/2. The

system can reach a stable steady-state when all real parts of the eigenvalues of the

drift matrix A are negative. The eigenvalues s are given by the roots of equation

s4 +a3s
3 +a2s

2 +a1s+a0 = 0 with a0 = (κ11γm+ δ1
ωm
G2)(κ22γm+ δ2

ωm
G2)+α12α21γ

2
m,

a1 = γ2
m(κ11 + κ22) + 2γm(κ11κ22 + α12α21) + G2( δ1

ωm
κ22 + δ2

ωm
κ11) + γm( δ1

ωm
+ δ2

ωm
),

a2 = 2γm(κ11+κ22)+(κ11κ22+γ2
m+α12α21)++G2( δ1

ωm
+ δ2
ωm

) and a3 = (κ11+κ22+2γm)

(δj = ±ωm, j = 1, 2). We obtain from the Routh-Hurwitz stability criterion [95] the

following stability conditions

 ai > 0 (i = 0, 1, 2, 3)

a3a2a1 > a2
1 + a2

3a0

. (3.24)

Now we simply assume that the parameters satisfy the stationary conditions,

then the CM in the steady-state satisfies the Lyapunov equation [32]

AV + V AT = −D, (3.25)

where

D =

 Dm 0

0 Df

 , (3.26)
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with Dm = diag[γm(2n+ 1), γm(2n+ 1), γm(2n+ 1), γm(2n+ 1)] and

Df =



κ+ α11 0 −α12+α21

2
0

0 κ+ α11 0 α12+α21

2

−α12+α21

2
0 κ+ α22 0

0 α12+α21

2
0 κ+ α22


. (3.27)

The exact solution of the CM can be obtained from Eq. (3.40) with nontrivial

elements under three different situations of our interest. We pick up relevant elements

in each case to obtain a two-mode covariance matrix V s in the steady state with

u = (δQ1, δP1, δQ2, δP2)T where Qj = qj,xj and Pj = pj,yj (j = 1, 2) and test

the entanglement conditions for three different pairs of macroscopic objects, namely

field-field, field-mirror, and mirror-mirror.

III.B.2 Entanglement measure for a bipartite Gaussian state

In this section, we investigate the degree of entanglement for each bipartite Gaus-

sian state of the field-mirror system under three different detuning conditions leading

effectively to the BSL or PDC process for the mirror-field coupling. By definition, a

quantum state ρ̂ of a bipartite system is said to be separable if and only if ρ̂ can be

written as a convex combination of product states, i.e.,

ρ̂ =
∑
j

pj ρ̂jA ⊗ ρ̂jB, (3.28)

where ρ̂jA and ρ̂jB are density operators of mode A and mode B respectively with

the probability sum
∑

j pj = 1 (0 ≤ pj ≤ 1). There are many criteria proposed to

test the separability for a CV bipartite system [71, 72, 73, 74, 75, 76, 96].

In this paper we employ a quantitative measure of entanglement, i.e., the loga-
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rithmic negativity EN [71] that is based on the negative eigenvalues of the density

matrix under partial transposition. In the case of a two-mode Gaussian state, the

logarithmic negativity is given by

EN = max{0,−ln2η−}+ max{0,−ln2η+},

(3.29)

where η± are the two positive roots of characteristic function of the covariance matrix,

η4 − (detVA + detVB − 2detVC)η2 + detV s = 0. (3.30)

In the above we assume a block-matrix form of the covariance matrix as

V s =

 VA VC

V T
C VB

 . (3.31)

In the following we investigate the effects of various parameters such as the input

power P , the driving field Ω and the temperature T of the mirrors on the degree of

output entanglement. In turn this analysis shows that the generated entanglement

can be controlled by adjusting experimental conditions particularly the external driv-

ing field Ω. We consider three different detuning conditions, i.e. δj = +ωm, δj = −ωm

and δ1 = −δ2 = ωm, to find out an experimental configuration relevant to the output

entanglement.
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Figure 7: Logarithmic negativity EF of the two-mode fields as a function of Ω/γ.
(a) Effect of the cavity-driving laser power P on EF at n = 50 for P =0 mW
(blue solid curve), P =50 mW (red-dashed curve) and P =100 mW (purple-dotted
curve). (b) Effect of thermal noise of the mirrors on EF at P = 100 mW for n = 50
(blue solid curve), n =200 (red-dashed curve), n =300 (purple-dotted curve). The
optomechanical doubly-resonant cavity parameters are taken as γm = 2π × 50 Hz,
κ = 2π×215 kHz, ωm = 2π×3 MHz, m = 5 ng, L1 = 1.064 mm and L2 = 0.810 mm
according to recent experiments [19, 97]. The input laser wavelengthes are λ1 = 810
nm and λ2 = 1064 nm and the input power P varies from 0 to 100 mW so that
0 ≤ G/

√
κγm ≤ 140. The atom-cavity coupling strength is g1 = g2 = g = 2π × 2.5

MHz, the injection rate ra = 1.6 MHz and the atomic decay rate γ = 1.7 MHz.

III.B.3 Entanglement generation of two movable mirrors

III.B.3.1 Both field-mirror pairs coupled in a BSL process

We first discuss the case of δj = +ωm (j = 1, 2) so that the field-mirror effective

coupling is a BSL process for both pairs. As has been shown in Refs. [28, 48, 97], the

effective BSL process for the field-mirror coupling is very stable since this process

followed by the cavity photon decay leads to the cooling of movable mirrors [48]. We

find from stability conditions (3.24) that the cross-coupling strength α12 and α21 can

not be too large since α12α21 becomes negative for Ω >
√

2γm. On the other hand,

the cavity loss κ and field-mirror coupling strength G are preferable to be large from

Eq. (3.24). We study our scheme in the strong radiation-pressure coupling regime,
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Figure 8: Influence of atom-cavity coupling on the effective two-mode fields coupling
strength α as a function of Ω/γ for the coupling g = 2π×2.00, 2π×2.25 and 2π×2.50
MHz. The other parameters are the same as in Fig. 7.

i.e., G2/γm � κ.

Field-Field pair: Let us first look at the entanglement of two-mode fields. In

Fig. 7, we plot the logarithmic negativity of the two-mode fields as a function of

the driving field strength Ω for different cavity-driving laser powers P and thermal

noises n of mirrors. Except for the case of Ω =
√

2γ, we see that there generally

arises the entanglement between the two-mode fields by the external driving field,

which makes the coherence of the gain medium coupled to the cavity modes.

To understand the behavior of the logarithmic negativity with the driving field

Ω, we also plot in Fig. 8 the effective field-field coupling strength α ≡ α2
21/(κ11κ22 +

α12α21). By comparing Figs. 7 and 8, we see that the effective coupling α and the

degree of entanglement behave very similarly as a function of Ω. That is, the driving

field Ω controls the effective field-field coupling which in turn determines the shape

of the degree of entanglement in Fig. 7. There are two peaks of entanglement EF

in Fig. 7 at Ω ≈ 0.5γ and Ω ≈ 6γ which correspond to two maxima of the effective

field-field coupling strength in Fig. 8.

When the cavity-driving power P changes from 0 to a nonzero value (Fig. 7 (a)),

40



we see that the degree of entanglement is slightly reduced. This is due to the coupling

of the cavity-field mode to a mirror. The effective coupling G of field-mirror pair in

Eq. (3.23) is defined as G ≡ Gjαjs/
√

2 so that it increases with the input power P in

view of Eq. (3.19). Therefore, noting that there is no direct interaction between two

mirrors in our setup, the effective coupling G indirectly transfers the entanglement

of two fields to that of two mirrors (Fig. 9). We also observe in Fig. 7 (b) that the

degree of entanglement decreases with the thermal noise n of the mirrors. Except for

two small regions around Ω = 0 and Ω =
√

2γ where α21 = 0, we generally obtain the

steady-state entanglement for the two-mode fields. The range of those two regions

with no entanglement increases as the thermal noise n increases.

Field-Mirror pair: On the other hand, the field-mirror pairs are coupled in a

BSL process and it has been proved [98, 99] that a nonclassical input state is required

to have an entangled output state in a BSL process. Under this theorem, we readily

see that there arises no entanglement between field and mirror due to the classical

input states in our scheme.

Mirror-Mirror pair: Although there is no entanglement between cavity fields

and movable mirrors, we show that the entanglement between the two-mode fields can

be transferred to the entanglement of the mirrors. To be more elaborate, the effective

coupling between the two mirrors can be obtained from Eq. (3.20) by eliminating

adiabatically the dynamics of field modes δaj under the condition κ � γm(2n + 1)

and substituting into the mirrors’ vibrational modes [30]. It can be shown in the

corresponding equations that the two vibrational modes are coupled to each other in

a PDC process so that it is possible to generate entanglement between two movable

mirrors.

In Fig. 9, the degree of entanglement of the two movable mirrors is plotted

against the external field Ω for different cavity-driving laser powers P and thermal
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Figure 9: Logarithmic negativity EM of the movable mirrors as a function of Ω/γ.
(a) Effect of the cavity-driving laser power p on entanglement for n = 50 with P =10
mW (blue solid curve), P =50 mW (red-dashed curve) and P =100 mW (purple-
dotted curve) (b) Effect of thermal noise on entanglement at P = 100 mW for n = 50
(blue solid curve), n =200 (red-dashed curve) and n =300 (purple-dotted curve). The
other parameters are the same as in Fig. 7.

noises n. We observe in the figures that the degree of entanglement for the movable

mirrors has a similar curve to that of the two-mode fields for a large input power P

and a small thermal noise n. In our scheme there is no direct interaction between the

mirrors so one may say that the entanglement of the two mode fields is transferred

to the entanglement of mirrors due to the field-mirror coupling (radiation pressure).

In Fig. 9 (a), we observe that in a large cavity-driving power P , the value of EM

is comparable to that of EF in the strong coupling regime (G/
√
κγm = 140). In

Fig. 9 (b), we also see that the degree of entanglement for the mirrors is reduced

with an increasing temperature. From the figure, we see that a macroscopic bipartite

entanglement can be realized despite the condition kBT > ~ωm.

To see the effect of the atom-cavity coupling strength on the output entangle-

ment, we plot EM versus T for different values of g with Ω = 6γ in Fig. 10. We

observe that the degree of entanglement EM increases with the atom-cavity coupling

g. This is consistent with the increasing field-field coupling strength α so that a
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Figure 10: Effect of atom-cavity coupling on the two mirrors’ entanglement EM;
EM as a function of mirrors’ environment temperature T at Ω = 6γ for the coupling
g = 2π× 2.00, 2π× 2.25 and 2π× 2.50 MHz. The other parameters are the same as
in Fig. 7.

higher entanglement from the fields can be transferred to the mirrors. However, g

has an upper bound restricted by both the cavity loss κ and the field-mirror coupling

strength G such that the stability condition Eq. (3.24) is satisfied.

In Fig. 11, we plot EM versus T for different values of κ with Ω = 6γ to see

the effect of cavity loss on entanglement. This plot shows that the slope of EM

versus T decreases with an increasing cavity loss, however, it is desirable to have a

smaller κ in order to obtain a higher entanglement. A larger cavity loss results in

a smaller field-field coupling strength α so that the degree of entanglement for both

the field-field pair and the mirror-mirror pair is reduced with otherwise the same

parameters. We also see that the critical temperature above which the entanglement

EM disappears increases with a decreasing cavity loss.

Therefore, we have demonstrated that a macroscopic bipartite entanglement of

both the field-field and the mirror-mirror pair can be obtained with the degree of

entanglement controllable by an external driving field that implements the correlated

emission laser under experimentally realizable conditions.
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Figure 11: Influence of cavity loss on the two mirrors’ entanglement EM; EM as
a function of environment temperature T at Ω = 6γ for cavity loss g = 2π × 215,
2π × 400 and 2π × 600 kHz. The other parameters are the same as Fig. 7.

III.B.3.2 Field-mirror pairs coupled in different processes

We now study the case of the two field-mirror pairs coupled in two different

processes, e.g. field 1 (F1) and mirror 1 (M1) are coupled in a BSL process and field

2 (F1) and mirror 2 (M2) are coupled in a PDC process. We obtain from Eq. (3.24)

one necessary condition needed for the steady state solution in this case as

(
κ11 +

G2

γm

)(
κ22 −

G2

γm

)
+ α12α21 > 0. (3.32)

Now the parametric region is restricted to a weak field-mirror coupling regime as

one of the field-mirror pairs is coupled in the PDC process which is hindered by the

stability condition [100]. This stability region approximates as G2

γm
< α11 + α22.

In this case we find there are only three bipartite pairs, i.e. F1F2, F2M2, and

F1M2, that are coupled effectively in a PDC process to generate an entangled sta-

tionary state. All the other bipartite states are Gaussian states coupled effectively in

a BSL process which can not be entangled states due to the classical inputs. Due to

the weak radiation-pressure coupling, the field-mirror pair coupled in PDC process
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is poorly entangled. Therefore, in this case we only obtain the entangled two-mode

fields of a correlated emission laser significantly and its degree of entanglement is

slightly reduced by the weak radiation-pressure coupling.

III.B.3.3 Both field-mirror pairs coupled in a PDC process

In this subsection, the field-mirror coupling is considered in a PDC process for

both pairs, therefore the system of field-mirror pairs are very unstable. To see this,

we derive from Eq. (3.24) two necessary conditions by setting δj = −ωm:



(
κ11 − G2

γm

)(
κ22 − G2

γm

)
+ α12α21 > 0

γm(2α12α21 + 2κ11κ22 + κ11γm + κ22γm)

−G2(κ11 + κ22 + 2γm) > 0.

(3.33)

This condition is more stringent than Eq. (3.32) leaving us very little to play with.

Although all the bipartite states (F1M1, F2M2, F1F2, F1M2, F2M1 and M1M2)

in this case are Gaussian states coupled effectively in a PDC process, there is no

significantly entangled bipartite state except the two-mode fields due to the weak

radiation-pressure coupling restricted by the stability condition.

Therefore, we conclude that the seemingly achievable entanglement of movable

mirrors coupled effectively in a PDC process can not be practicable due to the sta-

bility condition Eq. (3.33). In this case, we only obtain the entangled bipartite

Gaussian states of the two-mode fields in the steady-state solution.

In summary, we have studied the gain medium of cascade three-level atoms placed

inside the doubly-resonant cavity as a scheme of entangling the two-mode fields whose

entanglement can be transferred to two movable mirrors through radiation pressure.

We first studied the master equations of the atom-cavity subsystem and the quantum

Langevin equations of the mirror-cavity subsystem in order to derive the dynamical
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coupling equations among the two cavity fields and the two mirrors. We considered

three different cases of tuning the two cavity-driving laser frequencies such that

δj = +ωm, δ1 = −δ2 = +ωm and δj = −ωm and generalized the three cases into the

Lyapunov equation Eq. (3.40) for stationary covariance matrix V with a generalized

drift matrix A in the rotating-wave approximation. In each case, we investigated

all six bipartite Gaussian states in steady state and the entanglement conditions

quantitatively with the logarithmic negativity EN as well as the stability conditions

obtained from the drift matrix. Among the three cases considered, we obtain the

macroscopic entanglement of movable mirrors only in the case of both field-mirror

pairs interacting in a BSL process. The two mirrors are coupled effectively in a PDC

process in this case and the steady-state of the field-mirror system is stable in the

strong field-mirror coupling regime.

Remarkably, the generated entanglement can be controlled by adjusting the ex-

ternal driving field Ω. We have shown that in the strong field-mirror coupling regime

(G2/γm � κ) the entanglement of two-mode fields entanglement can be transferred

to the two movable mirrors. The degree of entanglement EM is significant for a high

atom-cavity coupling g and a low cavity loss κ. With the stability condition Eq.

(3.24) and the experimentally accessible parameters [19, 97], the macroscopic entan-

glement for two movable mirrors can be realized with the current state-of-the-art

experiments.

III.C Entanglement of two movable mirrors in a CEL via cascade-driven coherence

Now we consider a scheme, as shown in Fig. 12, consists of two micromechanical

mirrors with mass m and a four-level atomic gain medium in a doubly-resonant

cavity, as discussed in [88], with lengths L1, L2. The two mirrors are considered to

have the same vibration frequency ωm and the same mechanical decay rate γm. The
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Figure 12: Schematics for entangling two micromechanical mirrors in a doubly-
resonant cavity with four-level atoms as a gain medium.

dimensionless position and momentum operators of each mechanical mode qj and

pj satisfy [pj, qj] = i (j = 1, 2). We assume that, in the steady state, two cavity

modes ν1 and ν2 are shifted by δrp1 = G1q1s and δrp2 = G2q2s, respectively and

the shifted cavity modes νj − δrpj are resonant with their corresponding transitions.

Here Gj ≡ νj
Lj

√
~

mωm
represent the radiation pressure coupling rate for each field-

mirror pair and qjs are the stationary solutions of the dimensionless positions for the

mechanical modes which will be given explicitly later. The doubly resonant cavity

is driven by two lasers with frequencies ωL1 , ωL2 . Therefore, the total Hamiltonian

of the system in the interaction picture is written as H = Haf
I +Hfm, where Haf

I is

given by Eq. (3.8) and Hfm is given by Eq. (3.13). The Hamiltonian of this scheme

differs with the previous scheme in the expression of the atom-field interaction which

result in different coefficients of the reduced master equation of the field modes.

III.C.1 System dynamics

The stationary solutions of our system can be obtained by solving the master

equation for the reduced density operator for the cavity field modes due to the atom-
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field interaction Haf
I and quantum Langevin equations for the field-mirror subsystem

separately. This is justified if the entanglement of two-mode fields is not reduced sig-

nificantly after including the radiation-pressure coupling from the micromechanical

mirrors. The master equation is given by Eq. (3.3) and the coefficients are given by

Eq. (3.12).

Considering the field-mirror interaction Hfm and lasing effect of atoms from Eqs.

(3.13) and (3.3), the quantum Langevin equations for the field-mirror subsystem are

written as

ḃ1 = −iωmb1 + i
G1√

2
a†1a1 − γmb1 + ξ1,

ḃ2 = −iωmb2 + i
G2√

2
a†2a2 − γmb2 + ξ2,

ȧ1 = −(κ1 + iδrp1)a1 + iG1a1q1 + E1e
iδ1t + α11a1 + α12a

†
2 + Fa1 ,

ȧ2 = −(κ2 + iδrp2)a2 + iG2a2q2 + E2e
iδ2t − α22a2 − α21a

†
1 + Fa2 . (3.34)

The quantum Brownian noise operators ξj and ξ†j in the large mechanical quality

factor limit Q = ωm/γm � 1 [68] have δ-correlated function written as:

〈ξj(t)ξ†k(t
′) + ξ†k(t

′)ξj(t)〉/2 ≈ γm(2n+ 1)δjkδ(t− t′). (3.35)

Here n ≡ [exp(~ωm/kBT ) − 1]−1 is the average thermal phonon number for each

mirror at temperature T and kB is the Boltzmann constant. The correlation functions

of the cavity modes noise operators Fa1 , Fa†1
, Fa2 and Fa†2

can be obtained from the

master equation (3.3) by using the Einstein’s relation [67, 58]:

〈FO1(t)FO2(t
′)〉 = 2 〈DO1O2〉 δ(t− t′), (3.36)
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where the nonzero values are
〈
Da†1a1

〉
= α,

〈
Da1a

†
1

〉
= κ1,

〈
Da2a

†
2

〉
= (κ2 + α), and

〈Da2a1〉 =
〈
Da†1a

†
2

〉
= −α for strong Rabi frequencies.

We assume that the input power Pj are large so that the stationary amplitudes

of the intracavity fields α1s, α2s are large. The nonlinear Langevin equations can be

decomposed into linearized Langevin equations of zero-mean fluctuation operators

around c−number steady state values in this approximation [93], i.e., bj = bjs +

δbj, ãj = αjs + δãj, where ãj ≡ aje
−iδjt are the detuned cavity modes operators.

We find that the steady state values, in the limit Q� 1, are pjs ≈ 0, qjs ≈ Gj |αjs|2
ωm

,

and αjs =
Ej
sj

, with sj ≡ iδj + κj + (−1)jα and pjs ≡ (bjs − b∗js)/i
√

2, qjs ≡ (bjs +

b∗js)/
√

2 (j = 1, 2).

As shown in Ref. [48, 49], a micromechanical mirror is cooled (heated) when

input laser field is red-detuned (blue-detuned). The effective coupling between the

field and the mirror in the rotating-wave approximation (RWA) is a beam-splitter

process followed by the decay of cavity photon for cooling or a down-conversion

process for entanglement [98, 99]. Indeed, the beam-spitter process for cooling in

the optomechanical system can be understood as a red-detuned photon enters into

the cavity, excites a cavity photon by absorbing a phonon from the mirror’s motion,

and then decays out of the cavity [48]. In the doubly-resonant cavity, the two-

mode fields are entangled through a down-conversion process [34, 87]. Therefore,

only when both input laser fields are red-detuned at the Stokes sidebands of cavity

modes, i.e., δj = ωm, the two micromechanical mirrors of the cavity can be entangled

via an effective down-conversion process. This is also restricted by the stability

conditions of the system [28, 48, 97] in reaching strong field-mirror cooperative regime

|Gjαjs|2 � κjγm. Therefore, with red-detuned lasers, we can realize both ground-

state cooling of the micromechanical mirrors and macroscopic entanglement of the

two. This feature makes the steady-state entanglement robust against environmental
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thermalization.

It is convenient to define u = (δq1, δp1, δq2, δp2, δx1, δy1, δx2, δy2)T , where the

fluctuation operators are defined as δqj = (δb̃j+δb̃
†
j)/
√

2, δpj = (δb̃j−δb̃†j)/i
√

2, δxj =

(δaj +δa†j)/
√

2, δyj = (δaj−δa†j)/i
√

2 with the slow varying operators δb̃j ≡ δbje
iωmt

and δaj ≡ δãje
iδj . The corresponding noise operators are qjin, pjin, Fxj , Fyj (j =

1, 2). We consider P1 = P2 ≡ P , κ1 = κ2 ≡ κ, and
√

2G1α1s ≈
√

2G2α2s ≡ G for

simplicity. The linearized quantum Langevin equations in the RWA (ωm � κ, G)

are given by [58]

u̇(t) = Au(t) +B(t), (3.37)

where A =

 AM AI

AI AF

 with AM = −γmI,

AI =



0 −G 0 0

G 0 0 0

0 0 0 −G

0 0 G 0


, (3.38)

AF =



−κ+ α11 0 α12 0

0 −κ+ α11 0 −α12

−α21 0 −κ− α22 0

0 α21 0 −κ− α22


, (3.39)

andB(t) = (
√
γmq1in,

√
γmp1in,

√
γmq2in,

√
2γmp2in, Fx1 , Fy1 , Fx2 , Fy2). Since the quan-

tum noises are zero-mean quantum Gaussian noises and the dynamics has been lin-
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earized, the steady-state of the system is a zero-mean multipartite Gaussian state.

The system is stable when all real parts of the eigenvalues s of the matrix A are

negative. The general stability condition of the system can be obtained from Routh-

Hurwitz criterion [95]. In our scheme, we are interested in the regime of strong Rabi

frequency (Ω/γ � 1) such that αij are constants. The eigenvalues s are, therefore,

given as −1
2
[κ + γm ±

√
−4G2 + (κ− γm)2] and Re(s) < 0 is always satisfied in the

RWA. We observe from imaginary part of the eigenvalues that normal-mode splitting

of micromechanical mirrors in the strong coupling regime G > κ/2 is the same as in

Ref. [18]. This shows that the current type of cascade-driven CEL does not affect

the normal-mode splitting in the cavity optomechanics.

In the following, we assume the system is stable within our choices of parameters.

In the steady-state, the solution satisfies the Lyapunov equation [32]

AV + V AT = −D, (3.40)

where the covariance matrix (CM) Vij ≡ [〈ui(∞)uj(∞) + uj(∞)ui(∞)〉]/2 and

D =

 DM 0

0 DF

 , (3.41)

with DM = γm(2n+ 1)I and

DF =



κ+ α11 0 −α12+α21

2
0

0 κ+ α11 0 α12+α21

2

−α12+α21

2
0 κ+ α22 0

0 α12+α21

2
0 κ+ α22


. (3.42)
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We then solve the CM V from Eq. (3.40) with nontrivial elements and form a

two-mode CM V s with u = (δQ1, δP1, δQ2, δP2)T for the two-mode fields and two

micromechanical mirrors, respectively.

III.C.2 Entanglement criteria

We investigate the degree of entanglement for each bipartite Gaussian state. We

consider quantitative measure of entanglement based on the logarithmic negativity

EN in Ref. [71] and Duan-Giedke-Cirac-Zoller (DGCZ) criterion [74] since both

criteria are necessary and sufficient conditions for a two-mode Gaussian state.

In the continuous variable case, the logarithmic negativity is defined as

EN = max{0,−ln2η−}+ max{0,−ln2η+}, (3.43)

where η± are the two positive roots of the characteristic function of the CM, η4 −

(detVA + detVB − 2detVC)η2 + detV s = 0 with V s =

 VA VC

V T
C VB

 .

The DGCZ criterion states that a two-mode state is considered to be entangled if

the quantum fluctuations of the two Einstein-Podolsky-Rosen-like operators, û and

v̂, of the two modes satisfy the inequality

〈
(∆û)2

〉
+
〈
(∆v̂)2

〉
< a2 +

1

a2
, (3.44)

where û = |a|X̂1 + 1
a
X̂2 and v̂ = |a|P̂1 − 1

a
P̂2 with the commutators [X̂j, P̂j′ ] = iδjj′ ,

and a is assumed to an arbitrary (nonzero) real number. However, this criterion is

often used in a special case as 〈(∆û)2〉+ 〈(∆v̂)2〉 < 2 (a = ±1) [30, 33, 34, 35, 85, 87,

88] which can only extract partial information of entanglement for a system. In this

paper, we will use the general form in Eq.(3.44) to study the entanglement condition
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Figure 13: Logarithmic negativity of the two-mode fields (a) as a function of Ω/γ at
constant n = 500 for P =0, 0.05, and 100 mW; (b) as a function of n at constant
Ω = 20γ for P =0.05, 20, and 100 mW.

for a two-mode state and compare it with that using the logarithmic negativity.

III.C.3 Discussion

In this section, we present the results of entangling two micromechanical mirrors

as well as two-mode fields using two different criteria. In all the numerical results, we

choose the parameters based on recent experiments [19, 97, 101]: γm = 2π × 50Hz,

κ = 2π × 250 kHz, ωm = 2π × 30 MHz, m = 5 ng, L1 = 0.532 mm and L2 = 0.405

mm. The input laser wavelengths λ1 = 810 nm, and λ2 = 1064 nm. The cavity

coupling g = 2π × 4 MHz, the injection rate ra = 1.6 MHz, and the atomic decay

rate γ = 2π × 1.4 MHz.

III.C.3.1 Marcroscopic entanglement generation

Now we discuss the effect of various parameters Ω, P and n on entanglement gen-

eration of both two-mode fields and two micromechanical mirrors. In Fig. 13 we plot

the degree of entanglement for the two-mode fields versus Ω/γ and n, respectively,

at different input laser powers P . We observe in the Fig. 13 (a) that the amount of
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Figure 14: Logarithmic negativity of the micromechanical mirrors for P = 20, 100,
and 200mW (a) as a function of Ω/γ at constant n = 500; (b) as a function of n at
constant Ω = 20γ.

entanglement increases sharply with Ω to a maximum then reaches to a constant for

Ω/γ � 1. This is due to the physical behavior of the scheme determined by the cou-

pling strengthes αij under current pumping method. By comparing Fig. 13 (a) and

13 (b), we observe that EF is fractionally reduced when interacting with microme-

chanical mirrors and the reduction increases with n. Particularly, the entanglement

of the fields vanishes when γmn ≈ κ for G2 � κγm (P > 20mW) as shown in Fig.

13 (b). This justifies our approximation of solving two subsystems, i.e., atom-field

and field-mirrors, separately for small thermal noise such that κ� γm(2n+ 1).

In Fig. 14 (a), we plot the degree of entanglement for the mirrors tunable via

external Rabi frequency at different P . We observe that EM has a similar shape

as EF which is due to the transferring effect through radiation pressure coupling.

We find that the amount of entanglement increases with P and it is saturated for

P > 100mW as the system enters the strong-coupling regime (G� κ) [101]. This is

also seen in Fig. 14 (b), in which we plot EM as a function of n for different P . As

shown in this figure, EM decreases with increasing n and the slope of EM becomes
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Figure 15: Influence of cavity coupling strength g on EM versus T at constant
P = 100mW, Ω = 20γ, and k = 2π×250kHz for g = 2π×4, 2π×8, and 2π×16MHz.

less sharp as the coupling strength increases.

We mentioned that with strong Rabi frequencies of the driving fields, the field

coupling strength αij ≈ (−1)i+jα, and the field-mirror subsystem can always reach

to a steady state with arbitrary parameters in the RWA. Therefore, we can study

the effects of cavity coupling strength α and cavity dissipation rate κ in a large

parametric regime, particularly when α� κ.

To see the effect of cavity coupling strength α on the mirrors’ entanglement, we

plot Fig. 15. We observe that the maximum amount of entanglement increases

with g at T = 0K. This shows that with larger value of g, the coupling strength

α increases and hence EM increases. We also find that the highest temperature

allowed for entanglement increases with g first then drops. This is due to the inverse

relation between G and α from the expression G = Gj|Ej|/
√
ω2
m + [κ+ (−1)jα]2 in

the regime of α � κ. As g increases, the field-field coupling strength α becomes

larger which in turn greatly decreases the field-mirror coupling strength G. Thus,

α has to be balanced to realize an optimal T for entanglement when α � κ. This

result is different from our previous proposal of three-level cascade system [58]. In

55



k

2 p
=1MHz

k

2 p
=500Hz

k

2 p
=250kHz

0 1 2 3 4 5
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

THKL
E

M

Figure 16: Influence of cavity decay rate κ on EM versus T at constant P = 100mW,
Ω = 20γ, and g = 2π × 8MHz for κ = 2π × 250, 2π × 500, and 2π × 103kHz.

that scheme, required by the stability conditions, α � κ, which does not affect G

significantly as α increases.

To see the influence of cavity dissipation on the mirrors’ entanglement, we plot

Fig. 16. We observe that the maximum amount of entanglement decreases with κ

at T = 0K. The plot also shows that the entanglement is more resistant against

temperature for larger κ. Since in our scheme α� κ, change of κ does not affect the

field-mirror coupling significantly. With increasing cavity dissipation, the condition

κ � γm(2n + 1) can be satisfied with larger n (The average phonon number n =

1041 for T = 1.5K.). Remarkably, the entanglement of the two mirrors persists

for higher temperature with larger dissipation rate. This is one of the important

features distinct from previous cascade scheme [58]. We conclude from these two

properties that in order to retain macroscopic entanglement for high temperature,

strong-coupling conditions, i.e.,

G ∼ α� κ� γm(2n+ 1), (3.45)
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Figure 17: Steady-state phonon numbers of M1 (nf1) and M2 (nf2) versus Ω/γ at
constant P = 100mW, n = 500, k = 2π × 1MHz, and g = 2π × 8MHz.

should be satisfied.

III.C.3.2 Ground-state cooling

We have already shown that the micromechanical mirrors can be entangled with

experimental realistic parameters. Now we show that close to ground-state cooling of

both mirrors is possible under the same experimental apparatus. As in our scheme,

each mirror is coupled to each field in an effective beam-splitter process in the RWA.

Each field serves as a zero-temperature bath to respective mirror. In equilibrium,

the phonon occupation of each mirror will be determined by the cooling mechanism

from the zero-temperature bath and the heating mechanism from the environmental

thermalization. Due to the CEL, additional noise may heat the micromechanical

mirrors from the atoms. We neglect the heating from non-RWA term which is negli-

gible when κ/ωm � 1. We plot the steady-state phonon occupancies of the mirrors

versus Ω/γ at constant P and n in Fig. 17. We observe that when there is no CEL

(Ω = 0), the final phonon numbers simply correspond to ground-state cooling in the

resolved-sideband regime. When the CEL becomes strong (Ω� γ), the final phonon
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Figure 18: (a) Entanglement of two micromechanical mirrors FM as a function of
Ω/γ and a at n = 500 and P = 100mW. (b) Projection of Fig. 18 (a) onto the front
plane (blue-solid curve) and cross section of Fig. 18 (a) at a = 1 (red-dashed curve).

numbers are still within the ground-state regime, i.e. nf1, nf2 ∼ 1, although they are

heated by the extra noise from the atoms. The difference between nf1 and nf2 when

Ω � γ comes from emission of field a1 and absorption of field a2 in the presence

of atoms. Therefore, the micromechanical mirrors are cooled close to their ground

states, which makes our scheme more realistic since the macroscopic entanglement

is more robust against environmental thermalization.

III.C.3.3 DGCZ criterion for entanglement

As for a comparison, we study the entanglement of the two micromechanical

mirrors using DGCZ criterion. We define X̂j = δqj, P̂j = δpj and

FM(a) ≡ a2 +
1

a2
−
(〈

(∆û)2
〉
M

+
〈
(∆v̂)2

〉
M

)
= a2

(
1−

〈
δq2

1

〉
−
〈
δp2

1

〉)
+

1

a2

(
1−

〈
δq2

2

〉
−
〈
δp2

2

〉)
−2

a

|a|
(〈δq1δq2〉+ 〈δp1δp2〉) , (3.46)
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where the steady-state quantum fluctuations are given by CM V . We carefully choose

the parameter a and plot the entanglement FM on Ω/γ and a in Fig. 18 (a). We

find that for different values of a, entanglement condition FM > 0 is satisfied with

different intervals of Ω/γ. To compare with the logarithmic negativity EM, we plot

the projection of Fig. 18 (a) in Fig. 18 (b) (blue-solid curve). We observe that the

interval of entanglement on Ω/γ is almost the same as that in Fig. 14 (a) (red-dashed

curve) and the shapes of the entanglement are similar for the two criteria. To see the

difference of Eq. (3.44) and a special form (〈(∆û)2〉+ 〈(∆v̂)2〉) < 2, we also plot the

entanglement FM when a = 1 (red-dashed curve) in Fig. 18 (b). It is shown in the

figure that FM(a = 1) > 0 is satisfied for a very small region. Therefore, we conclude

that to obtain a complete and adequate entanglement condition, the general form of

Eq. (3.44) should be considered.

In summary, we have studied the scheme of entanglement generation in a CEL via

cascade-driven coherence which avoids the experimental difficulties by using dipole-

forbidden transition. Two different entanglement criteria, i.e., the logarithmic neg-

ativity and DGCZ, are studied and shown to give the same entanglement condition

as long as DGCZ criterion is considered in a general form. We have shown that

entanglement can be transferred from two-mode fields to micromechanical mirrors in

the regime of strong coupling.

We have considered the case with pumping to the lower level |c〉, where the field

coupling coefficients αij never vanish even in the strong Rabi frequency limit Ω� γ

and the field-mirror subsystem can always have a stationary solution with arbitrary

parameters under this limit. We have also studied the effects of cavity coupling

strength g and cavity dissipation rate κ on the entanglement versus temperature.

We recognized a strong-coupling parametric regime in Eq. (3.45) to persist macro-

scopic entanglement for the mirrors at high temperature. Within this regime, the
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macroscopic entanglement is in favor of large dissipation rate. We also achieved close

to ground-state cooling of the two mirrors in the resolved side-band limit when the

mirrors are entangled. Therefore, our scheme will make a potential candidate for the

realization of robust macroscopic entanglement.

III.D Conclusion

In this chapter, we studied entanglement generation of two end mirrors in a

doubly-resonant cavity with a CEL using two different types of gain medium, i.

e., three-level cascade atoms and four-level cascade-driven coherence atoms. We

first showed that the interaction of coherent atoms with two cavity modes gener-

ates macroscopic entangled light. Then we showed that by including the radiation-

pressure coupling to the end mirrors, the entangled light will transfer entanglement

to the two mirrors with coherent driving fields in the linearized regime. Robust

macroscopic entanglement between two micromechanical mirrors as well as close to

ground-state cooling of the mirrors is possible with realistic experimental parameters.
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IV. MACROSCOPIC OPTOMECHANICAL SUPERPOSITION VIA

PERIODIC QUBIT FLIPPING∗

Quantum superposition, one of the fundamental principles of quantum mechanics,

usually appears at the microscopic level [4, 7, 8]. Bringing quantum superposition to

the macroscopic level [10], of massive objects, is an intriguing task as it bridges the

quantum world to the classical world and macroscopic superposition may be used to

test novel decoherence models [11, 12, 13, 14, 15, 16].

Optomechanical systems have been recently studied to reveal quantum effects of

macroscopic objects [24, 25, 27, 29, 48, 49, 50, 51, 101, 102, 103]. One scheme uses

optically levitated dielectric particles to achieve quantum superpositions with well

separated positions [36, 37], which relies on very good cavities and high quality vac-

uum. Another approach creates a superposition of coherent states of a macroscopic

mirror by mapping a single-photon superposition state into the mechanical state

[26, 38, 39]. The most demanding requirement of this scheme is a strong coupling

rate g comparable to the mechanical oscillation frequency ωm to displace a position

larger than its zero-point fluctuation with a single photon. Recently, schemes of using

collective optomechanical interactions to increase single-photon coupling rate have

been considered [40, 41, 42, 43]. More recently, there have been several proposals

to achieve macroscopic quantum superpositions in the single-photon weak coupling

regime via conditioned postselection in nested interferometers [44] or strong displaced

Fock states [45, 46].

Here, we propose a setup in a cavity optomechanical system via periodically flip-

∗Reprinted with permission from Macroscopic optomechanical superposition via periodic qubit
flipping by W. Ge and M. S. Zubairy, 2015. Phys. Rev. A, vol. 91, pp. 013842, Copyright [2015]
by the American Physical Society.

61



ping a photonic qubit to create macroscopic quantum superpositions of a mechanical

mirror with large distinguishable coherent states. Our scheme relieves the require-

ment of g ∼ ωm with a relaxed condition in the resolved sideband regime of g ∼ κ,

where κ is the cavity field decay rate. The generated state can be reconstructed

using quantum state reconstruction [104], such as a back-action-evading approach

[105, 106, 107].

We prepare a single-photon superposition state |ψc〉 = 1√
2
(|0〉c + |1〉c) in a Fabry-

Perot cavity with one mechanical mirror as shown in Fig. 19 (a). A coherent state

|α〉m of the mechanical mirror is entangled with the photon state as 1√
2
(|0〉c|α〉m +

|1〉c|α + 2β〉m) due to radiation pressure [26, 38], where 2β is the displacement by

the single photon after certain time. To magnify the difference between its super-

posed mirror states, we periodically flip the cavity field states |0〉c and |1〉c. This can

be achieved by mapping the photonic state to a flying two-level atom, flipping the

atomic state with a fast π pulse, and mapping the atomic state back to the photonic

state. By using fast π pulses and flipping photon state alternatively, decoherence of

the atomic state can be avoided and the effect of the cavity decay can be reversed

probabilistically for null-result measurements [77]. The difference of the two coher-

ent states of the mirror is amplified by the number of procedures performed. The

superposition states of the mirror, with two possible outcomes, are obtained by a

final measurement of the cavity photon in the basis of 1√
2
(|0〉c ± |1〉c). Our scheme

can generate macroscopic superposition states with very large separation. A similar

scheme was proposed in a coupled system of a resonator and a single qubit [108].

Our proposal requires strong coherent mapping, recycling of an atomic state, and

fast atomic qubit flipping. Thanks to recent development in cavity QED, accurate

manipulation of atom-field interaction [82] has been realized and the recycling may be

achieved by transferring an atomic state between two cavities [109]. Ultrafast atomic
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(a)

(b)

Figure 19: (a) Experimental setup for the generation of a macroscopic superposition
state. Cavity 1 is an optomechanical cavity and Cavity 2 is an auxiliary cavity which
serves as an atom recycling device together with Atom source 2. (b) Illustration of
states of the system for the first seven unitary operations starting from |ψ0

s〉. In each
graph, the double lines represent a two-level atom, and the center dot is the state
of the atom. The state of a mirror is entangled with the state of the atom or the
cavity field for the same color (see text). The atom on the left of each cavity is a
new atom entering the cavity and the atom on the right is recycled (discarded) if it
is in a superposition state (the ground state).

qubit π pulse for less than 50 ps is also available [110]. In general, our proposal is

applicable to other optomechanical platforms, such as micromechanical oscillators

[24, 51, 50, 78].

IV.A The model

We consider a cavity (Cavity 1 in Fig. 19 (a)) with one mechanical mirror of

mass m and mechanical frequency ωm. The Hamiltonian of the system is described
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by [65]

Hfm = ~ωcc†c+ ~ωmb†b− ~gc†c(b† + b), (4.1)

where ωc is the cavity photon frequency, b and c are annihilation operators of the mir-

ror and the cavity field mode, respectively, and g = (ωc/L)x0 is the single-photon cou-

pling strength with L being the cavity length and x0 =
√

~/2mωm is the zero-point

fluctuation. The unitary evolution operator of the system can be obtained exactly as

[66] Ufm(t) = e−iωctc
†ceiφ(t)(c†c)2D

(
η(t)c†c

)
e−iωmtb

†b with φ(t) = β2 (ωmt− sin(ωmt)),

the displacement operator D(α) = eαb
†−α∗b, η(t) = β(1−e−iωmt), and β = g/ωm (also

see Appendix A). The first and the last terms in the product are the free evolution of

the field and the mirror, respectively. The second term describes a Kerr-like effect of

the cavity in the single-photon strong coupling regime [63, 64]. The coupling between

the mechanical mirror and the cavity field acts as the displacement operator D on

the mirror and the strength is proportional to βc†c.

IV.B Macroscopic superposition

To understand the physical mechanism of our proposal, we plot the states of the

system for the first seven steps in Fig. 19 (a) and we treat the interaction without

considering the atomic decoherence and the cavity decay. We initially prepare the

mirror in the ground state |0〉m, and both cavities in the vacuum state |0〉c. We

send a two-level atom in a superposition state |ψa〉 = 1√
2
(|g〉a + |e〉a) into Cavity 1

interacting for a π Rabi operation Uπ [82] from Atom source 1. Here |g〉a (|e〉a) is

the ground (excited) state of the atom. The atomic superposition state is mapped to

the photonic superposition state as Uπ|ψ0
s〉 = |g〉a|ψc〉|0〉m, where |ψ0

s〉 = |ψa〉|0〉c|0〉m

is the initial state of the system. This operation is illustrated in Fig. 19 (b) graph

(ii). Here we assume the atom-field coupling strength gc � ωm so that, during the

atom-field interaction, the effect of the mechanical mirror from Hamiltonian (4.1) is
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negligible (see Appendix C.1).

Now the atom just leaves the cavity after the interaction and the field-mirror

evolves according to Ufm. After a half cycle τ = π/ωm of the mirror’s oscillation, the

whole system will evolve as Ufm(τ)Uπ|ψ0
s〉 = 1√

2
|g〉a

(
|0〉c|0〉m + eiθ|1〉c|2β〉m

)
, where

θ = πβ2 and the free evolution of the cavity field is omitted. This operation generates

entanglement between the cavity field and the mirror as shown in Fig. 19 (b) graph

(iii). We then send another atom in |g〉a from Atom source 1 into the cavity for

another π Rabi operation in order to map the photonic state to the atomic state.

The system evolves to

|ψ1
s〉 = UπUfm(τ)Uπ|ψ0

s〉

=
1√
2
|0〉c

(
|g〉a|0〉m − e

iθ|e〉a|2β〉m
)
. (4.2)

The field-mirror interaction due to radiation pressure is switched off and the mirror

is entangled with the atom outside the cavity. The separation of the two superposed

states of the mirror is 4βx0 (Fig. 19 (b) graph (iv) ).

To magnify the separation of the superposed states, we use a Ramsey π pulse Rπ

and atom-field state mapping as illustrated in Fig. 19 (b) graphs (v)-(viii). We first

apply a fast π pulse to flip the atomic stateRπ|ψ1
s〉 = 1√

2
|0〉c

(
|e〉a|0〉m + eiθ|g〉a|2β〉m

)
.

Then we recycle the atom back into Cavity 1, mapping the atomic state to photonic

state as UπRπ|ψ1
s〉 = 1√

2
|g〉a

(
|1〉c|0〉m + eiθ|0〉c|2β〉m

)
. The recycling of the atomic

state can be realized by passing the atom through an auxiliary cavity Cavity 2

for a π Rabi operation and sending another atom from Atomic source 2 through

Cavity 2 and Cavity 1 for a π Rabi operation, respectively. The atomic state is

passed from the first atom to the second atom. After the π Rabi operation, the

second atom leaves Cavity 1. Now the system is under the evolution of Ufm as
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Ufm(τ)UπRπ|ψ1
s〉 = 1√

2
eiθ|g〉a (|1〉c|2β〉m + |0〉c| − 2β〉m). As shown in Fig. 19 (b)

graph (vii), the superposed states of the mirror are separated two-fold further than

that using a single-photon only. We then send in another atom from Atom source

1 in |g〉a to map the photonic state back to the atom and the state of the system is

represented by

|ψ2
s〉 = UπUfm(τ)UπRπ|ψ1

s〉

=
1√
2
eiθ|0〉c (−|e〉a|2β〉m + |g〉a| − 2β〉m) . (4.3)

We notice that the mirror is entangled with the atom similar to that of state |ψ1
s〉,

except that the separation between two superposed states is doubled (Fig. 19 (b)

(viii)).

To increase the difference of the two mechanical states further, we repeat the

above procedure many times. After 2N procedures, the state of the system is given

by

|ψ2N
s 〉 =

(
2N−1∏
n=1

UπUfm(τ)UπRπ

)(
UπUfm(τ)Uπ

)
|ψ0
s〉

=
eiNθ√

2
|0〉c (−|e〉a|2Nβ〉m + |g〉a| − 2Nβ〉m) , (4.4)

The global phase eiNθ can be neglected hereafter. We now apply a π
2

pulse Rπ
2

to

the atom, which transforms |g〉a → (|g〉a + |e〉a)/
√

2 and |e〉a → (−|g〉a + |e〉a)/
√

2,

and detect the state of the atom. The mirror state collapses to

|ψ2N
m±〉 =

1√
4P2N
±

(
|2Nβ〉m ± | − 2Nβ〉m

)
. (4.5)

Here the + (−) sign corresponds to the atomic detection in state |g〉a (|e〉a). The
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Figure 20: Quadrature distributions of the density matrix ρ2N
m±(nth). (a) Position

distribution and (b) momentum distribution of ρ2N
m+(nth), and (c) position distri-

bution and (d) momentum distribution of ρ2N
m−(nth), at nth = 0 (blue solid curve),

nth = 0.5 (red dotted curve), and nth = 1.0 (green dashed curve). 2Nβ = 2 (for all
the following figures) and p0 = ~/(2x0).

macroscopic superposition state is deterministically generated, albeit the specific

state is conditioned on the measurement result with probability P2N
± =

(
1±e−8N2β2)

/2.

The superposition state gives an average position separation between |2Nβ〉m and

| − 2Nβ〉m of 8Nβx0. Therefore, the superposition state (4.5) is considered as a

macroscopic state for 4Nβ & 1 and the demanding condition of a strong coupling

rate [26, 38, 66] is relaxed by the number of repetitions. We note that for the largest

amplitude of the mirror’s coherent states obtained in this paper, the resonant cavity

frequency ωc is not affected appreciably since x0/L ∼ 10−11 for realistic parameters.

For a finite temperature T , the mirror is initially prepared in a thermal state
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Figure 21: (Wigner distributions W (x, p) of (a) ρ2N
m+(0), (b) ρ2N

m−(0), (c) ρ2N
m+(1.0),

and (d) ρ2N
m−(1.0).

given by ρ0
m(nth) = 1

πnth

∫
d2αe−|α|

2/nth(|α〉〈α|)m with thermal phonon number nth =

(e~ωm/kBT − 1)−1 and kB is the Boltzmann constant. After 2N repetitions and the

final measurement as described above, the state of the mirror is given by the den-

sity operator ρ2N
m±(nth) = 1

πnth

∫
d2αe−|α|

2/nth |ψ2N
m±(α)〉〈ψ2N

m±(α)|, where |ψ2N
m±(α)〉 =

1√
4P2N
±

(
|α + 2Nβ〉m ± |α− 2Nβ〉m

)
. The final density operator ρ2N

m±(nth) represents

a mixed state of superposition states each with a separation of 4Nβ. Ground-state

cooling (nth < 1.0) of optomechanical mirror has been realized in recent experiments

[50, 51]. For close to ground-state cooled initial state (nth = 1.0), the quadrature dis-

tributions and phase-space distributions of ρ2N
m±(nth) approximate those of the pure

superposition states |ψ2N
m±〉 with reduced visibility and peaks (see Figs. 20 and 21).
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IV.C Experimental feasibility

We now discuss the experimental feasibility of our scheme. To generate a macro-

scopic superposition of the mechanical mirror, fast photonic qubit flipping is required.

This depends on strong coherent state mapping between an atom and a cavity field,

and fast atomic π pulse. Strong atom-field coupling in cavity QED [82] and ultrafast

π pulse in less than 50 ps [110] are realizable in current experiment. Fast atomic π

pulse also avoids the rotation of the mirror’s coherent state and the atomic state de-

coherence. Atomic state recycling is possible by transferring from Cavity 1 to Cavity

2 [109] and recovering it back with another atom moving from the opposite direction

through both cavities. For atomic speed ∼ 500m/s [82], it can move a maximum of

10−5m within half period of the mirror’s oscillation. The experimental setup may be

possible with this dimension within the near future [17].

We neglect the effect of the mechanical mirror during the atom-field interaction.

By including this effect, we obtain the generated state after the same procedures

as |ψ̄2N
s 〉 ≈ 1√

2
|0〉c
(
|g〉a|2Nβ′〉m − |e〉a| − 2Nβ′〉m

)
, where β′ = β(1 − e−i

π
2
ωm
gc ) +

β
4g2c (1+cos(π

2
ωm
gc

))

4g2c−ω2
m

(see Appendix C.1). We study this effect by considering the fidelity

between |ψ̄2N
s 〉 and |ψ2N

s 〉 in Eq. (4.4) and we find it negligible for large ratio of gc/ωm

(Fig. 22 (a)). We also study the error due to imperfect timing control which results

in a balance between the timing percentage error and N to retain a high fidelity

(Fig. 22 (b)). The generated state under variation of the atom-field interaction

time is given by | ¯̄ψ2N
s 〉 ≈ −C1

eiNθ√
2
|0〉c|e〉a|2Nβ〉m + C2

eiNθ√
2
|0〉c|g〉a| − 2Nβ〉m, where

Cj =
N−1∏
k=0

sin(gcτ4k+2j−1) sin(gcτ4k+2j) (j = 1, 2) and τi is the ith atom-field interaction

time (see Appendix C.2). Similar effect applies to imperfect controlled atom-field

coupling rate gc for each iteration.

In the resolved side-band regime, κ � ωm, ground-state cooling is possible and
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Figure 22: (a) Fidelity between the state |ψ̄2N
s 〉and the state |ψ2N

s 〉 versus the ratio

of gc/ωm. (b) Fidelity between the state | ¯̄ψ2N
s 〉 and the state |ψ2N

s 〉 versus atom-field
interaction time percentage error for N = 1000 (green dot), N = 2000 (red square),
N = 3000 (blue diamond), and N = 4000 (brown triangle). The fidelity is calculated
at each error bar for 1000 samples of 4N Gaussian random numbers with mean of
π
2

and standard deviation of the corresponding percentage error. The error bar is
enlarged ten times for visual purpose.

has been realized in optomechanics recently [50, 51]. In a null-result measurement

[77] when no photon leaks out of the cavity, decay of the single photon reduces the

amplitude in the mechanical state that is entangled with the single photon. Since

the single photon is entangled with the superposed states of the mirror alternatively

in our scheme, the effect of the cavity field decay can be reversed for even number

of procedures with a probability of e−Nκτ (see Appendix C.3). For Nβ ∼ 1, the

probability e−Nκτ is approximately equal to e−πκ/g, therefore our proposal is feasible

for g ∼ κ which is a relaxed condition compared to that of g ∼ ωm in the resolved

side-band regime.

Now we consider some experimental parameters feasible within the near future.

We may choose a high-Q micro-cavity with a single-atom coupling rate of 2π ×

50MHz according to Ref. [111, 112], and a mechanical mirror oscillation frequency

ωm ∼ 0.1gc. Our scheme is not limited by the ratio of a single-photon coupling

rate g to ωm. We require, in order to generation a macroscopic superposition state,
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g/κ = Qc
x0
L
∼ 1, where Qc = ωc/κ is the quality factor for the cavity field. With

L = 0.1cm and m = 1ng, we estimate Qc ∼ 1011. Ultrahigh quality factor up to 109

has been demonstrated in wedge-resonator on a silicon chip [113]. With improved

experimental parameters, g/κ ∼ 1 may be possible in the future. Another possibility

is to shrink the length of the optomechanical cavity. The finesse of the cavity can be

made as F ∼ 106 considering the above parameters.

To measure the generated superposition state |ψ2N
m±〉 of the mirror, one may

consider the back-action-evading approach [105] operated in the resolved sideband

regime. Measurements of sensitivity close to [106] and even below [107] the mechan-

ical quantum zero-point fluctuation have been demonstrated recently which make

the measurement of nonclassical mechanical state possible. To obtain accurate me-

chanical position probability distribution, one uses a two-toned driving field to avoid

back-action noise [104]. By varying the phase of the probe field, the mechanical

quantum state tomography can be performed using this two-toned technique.

IV.D Discussion and Conclusion

We now discuss the possibility of testing novel decoherence models with our

proposal. The generated macroscopic superposition will undergo damping and deco-

herence according to ρ̇(t) = − iγm
~ [x, {p, ρ(t)}]− D

~2 [x, [x, ρ(t)]] [9, 39], where γm is the

mechanical damping rate and D = 2mγmkBT is the diffusion coefficient induced by

the environment. The mechanical damping can be made negligible for mechanical

mirrors with high quality factor Qm = ωm/γm � 1, while the diffusion term domi-

nates the evolution. The decoherence timescale of the off-diagonal elements in the

position representation is given by τenv = ~2
D(∆x)2

with ∆x the spatial separation of

a superposition state. Novel decoherence models may be testable with our scheme

such that the corresponding decoherence timescale τnov satisfies τpre < τnov < τenv,

71



where τpre ≈ 2Nτ is the total preparation time. For example, the gravitationally

induced collapse model [15, 16] gives a decoherence timescale τnov ∼ 2ms with our

generated superposition state 2Nβ ∼ 2, according to Ref. [114], which is less than

the environment induced decoherence τenv ∼ 11ms for our scheme with Qm ∼ 107

and T = 0.1mK. The preparation time, τpre ∼ 0.4ms, is smaller than τnov. Further

more, the above parameters can be varied according to the discussed conditions to

be more suitable for experimental realization.

In conclusion, we have proposed a scheme capable of creating macroscopic super-

position of a mechanical oscillator without a single-photon strong coupling rate by

periodically flipping the photonic qubit state. The scheme is experimentally feasible

within the near future, and it may be able to test novel decoherence models.
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V. SUMMARY

In this dissertation, we have discussed about several different schemes to prepare

quantum states of macroscopic objects in cavity optomechanics, which may have

interesting applications related to quantum information, and gravitational-wave de-

tection, as well as fundamental importance for testing quantum mechanics.

In Chapter II, we reviewed the theory of cavity optomechanics with and without

a strong external coherent driving field. We obtained the quantum Langevin equa-

tions for the field operator and the mechanical oscillator operator. We proposed a

simple setup for entangling two movable end mirrors in a Fabry-Perot cavity using a

single photon superposition state without coherent driving. Our proposal can gener-

ate deterministic entangled phonon states after measuring the cavity photonic state.

We showed that two possible entangled states can be generated depending on the

measurement outcomes. We quantified the degree of entanglement of the generated

states using logarithmic negativity and derived an analytical expression of the neg-

ativity for each possible state. Our results showed that the more probable of a state

to be generated the smaller the negativity of the state it will be. The experimental

feasibility of our scheme is also discussed within current technology.

In Chapter III, we discussed the idea of steady-state entanglement between two

end mirrors in doubly-resonant cavity with coherent driving fields. We showed that

steady-state entanglement of mirrors are obtained by transferring entanglement from

a correlated emission laser in the linearized optomechanical coupling regime. We

reviewed the theory of a correlated emission laser as an entanglement source using

two types of gain mediums. Then we considered two schemes of doubly-resonant

cavity with movable end mirrors using the two types of gain mediums inside the
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cavity. Due to the radiation-pressure coupling, each cavity field is coupled to its

end mirror in an effective beam-splitter coupling process. Therefore, the mirrors can

be cooled down close to their ground state via resolved sideband cooling. The two

mirrors are effectively coupled via a down-conversion process, therefore they can be

entangled. We showed that close to ground-state entanglement between two movable

mirrors can be obtained with realistic experimental parameters.

In Chapter IV, we proposed a scheme to create macroscopic quantum superpo-

sitions of a mechanical mirror with large distinguishable coherent states in a cavity

optomechanical system via periodically flipping a photonic qubit. Our scheme does

not require single-photon strong coupling rate. We prepared a single-photon super-

position state |ψc〉 = 1√
2
(|0〉c + |1〉c) in a Fabry-Perot cavity with one mechanical

mirror. A coherent state |α〉m of the mechanical mirror is entangled with the photon

state as 1√
2
(|0〉c|α〉m + |1〉c|α + 2β〉m) due to radiation pressure, where 2β is the dis-

placement by the single photon after certain time. To magnify the difference between

its superposed mirror states, we periodically flip the cavity field states |0〉c and |1〉c.

This may be achieved by mapping the photonic state to a flying two-level atom,

flipping the atomic state with a fast π pulse, and mapping the atomic state back to

the photonic state. By using fast π pulses and flipping photon state alternatively,

decoherence of the atomic state can be avoided and the effect of the cavity decay can

be reversed probabilistically for null-result measurements. The difference of the two

coherent states of the mirror is amplified by the number of procedures performed.

The superposition states of the mirror, with two possible outcomes, are obtained

by a final measurement of the cavity photon in the basis of 1√
2
(|0〉c ± |1〉c). Our

scheme can generate macroscopic superposition states with very large separation.

Our proposal requires strong coherent mapping, recycling of an atomic state, and

fast atomic qubit flipping, which may be possible with improved experimental tech-
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nology. In general, this proposal is applicable to other optomechanical platforms,

such as micromechanical oscillators in a photonic crystal cavity.

In summary, we studied three novel schemes in cavity optomechanics to generate

macroscopic quantum states of mechanical objects. In the future, more attention

may be paid on some other interesting quantum states, such as Fock state, and how

to apply macroscopic quantum states to improve our technology.
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Entanglement of distant optomechanical systems. Phys. Rev. A, 85:033805,

2012.

[58] Wenchao Ge, Mohammad Al-Amri, Hyunchul Nha, and M Suhail Zubairy.

Entanglement of movable mirrors in a correlated-emission laser. Phys. Rev. A,

88:022338, 2013.

[59] Wenchao Ge, M Al-Amri, Hyunchul Nha, and M Suhail Zubairy. Entanglement

of movable mirrors in a correlated emission laser via cascade-driven coherence.

Phys. Rev. A, 88:052301, 2013.

[60] P Rabl, C Genes, K Hammerer, and M Aspelmeyer. Phase-noise induced

limitations on cooling and coherent evolution in optomechanical systems. Phys.

Rev. A, 80:063819, 2009.

[61] Jie-Qiao Liao, Qin-Qin Wu, and Franco Nori. Entangling two macroscopic

mechanical mirrors in a two-cavity optomechanical system. Phys. Rev. A,

89:014302, 2014.

[62] Hugo Flayac and Vincenzo Savona. Heralded preparation and readout of en-

tangled phonons in a photonic crystal cavity. Phys. Rev. Lett., 113:143603,

2014.

[63] P. Rabl. Photon blockade effect in optomechanical systems. Phys. Rev. Lett.,

107:063601, 2011.

[64] A. Nunnenkamp, K. Borkje, and S. M. Girvin. Single-photon optomechanics.

Phys. Rev. Lett., 107:063602, 2011.

[65] C. K. Law. Interaction between a moving mirror and radiation pressure: A

hamiltonian formulation. Phys. Rev. A, 51:2537, 1995.

[66] S. Bose, K. Jacobs, and P. L. Knight. Preparation of nonclassical states in

82



cavities with a moving mirror. Phys. Rev. A, 56:4175–4186, 1997.

[67] M. O. Scully and M. S. Zubairy. Quantum Optics. Cambridge University Press,

New York, 1997.

[68] Rafael Benguria and Mark Kac. Quantum langevin equation. Phys. Rev. Lett.,

46:1, 1981.

[69] M. Plenio, S. Huelga, A. Beige, and P. Knight. Cavity-loss-induced generation

of entangled atoms. Phys. Rev. A, 59:2468, 1999.

[70] Jian Li, K. Chalapat, and G. Paraoanu. Entanglement of superconducting

qubits via microwave fields: Classical and quantum regimes. Phys. Rev. B,

78:064503, 2008.

[71] G. Vidal and R. F. Werner. Computable measure of entanglement. Phys. Rev.

A, 65:032314, 2002.

[72] Asher Peres. Separability criterion for density matrices. Phys. Rev. Lett.,

77:1413, 1996.

[73] Micha l Horodecki, Pawe l Horodecki, and Ryszard Horodecki. Separability of

mixed states: necessary and sufficient conditions. Phys. Lett. A, 223:1, 1996.

[74] Lu-Ming Duan, G. Giedke, J. Cirac, and P. Zoller. Inseparability criterion for

continuous variable systems. Phys. Rev. Lett., 84:2722, 2000.

[75] R. Simon. Peres-horodecki separability criterion for continuous variable sys-

tems. Phys. Rev. Lett., 84:2726, 2000.

[76] Mark Hillery and M. Zubairy. Entanglement conditions for two-mode states.

Phys. Rev. Lett., 96:050503, 2006.

[77] Qingqing Sun, Hyunchul Nha, and M. Zubairy. Entanglement criteria and non-

locality for multimode continuous-variable systems. Phys. Rev. A, 80:020101,

2009.

[78] J-M Pirkkalainen, SU Cho, Jian Li, GS Paraoanu, PJ Hakonen, and MA Sil-

83
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[98] M. S. Kim, W. Son, V. Bužek, and P. L. Knight. Entanglement by a beam

splitter: Nonclassicality as a prerequisite for entanglement. Phys. Rev. A,

65:032323, 2002.

85



[99] Wang Xiang-bin. Theorem for the beam-splitter entangler. Phys. Rev. A,

66:024303, 2002.

[100] C. Genes, D. Vitali, and P. Tombesi. Emergence of atom-light-mirror entan-

glement inside an optical cavity. Phys. Rev. A, 77:050307, 2008.
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APPENDIX A

DERIVATION OF THE UNITARY EVOLUTION OPERATOR FOR AN

OPTOMECHANICAL SYSTEM

We derive in the following the unitary evolution operator for an optomechanical

system of an electromagnetic field coupled to a mechanical oscillator where the system

Hamiltonian is given by Eq. (2.3) as

Hun = ~ωcc†c+ ~ωmb†b− ~gc†c(b† + b). (A.1)

The unitary operator is very important for the study of undamped optomechanical

system without involving a driving field. Once the unitary evolution is obtained, the

dynamics of a specific system can be investigated.

We consider a different approach as compared to the unitary transformation

approach used in Ref. [66]. In the interaction picture of the free Hamiltonian H0 =

~ωcc†c+ ~ωmb†b, the interaction Hamiltonian is given by [67]

HI(t) = ei
H0
~ t(Hun −H0)e−i

H0
~ t

= −~gc†c(b†eiωmt + be−iωmt). (A.2)

The state vector in the interaction picture, |ψI〉, relates the state vector in the

Shrödinger picture, |ψs〉, as

|ψI〉 = ei
H0
~ t|ψs〉, (A.3)
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such that

∂

∂t
|ψI〉 = − i

~
HI(t)|ψI〉, (A.4)

is satisfied. The unitary evolution operator for the state vector |ψI〉 is given by [67]

UI(t) = 1− i

~

∫ t

0

HI(t1)dt1 + (− i
~

)2

∫ t

o

dt1

∫ t1

0

dt2HI(t1)HI(t2)

+ (− i
~

)3

∫ t

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3HI(t1)HI(t2)HI(t3) + · · · (A.5)

Plugging the expression HI(t), we obtain

− i
~

∫ t

0

HI(t1)dt1 =
g

ωm
c†cb†(eiωmt − 1)−H.c. (A.6)

And the third term in UI(t) as

(− i
~

)2

∫ t

0

dt1

∫ t1

0

dt2HI(t1)HI(t2)

= − i
~

∫ t

0

dt1HI(t1)

(
g

ωm
c†cb†(eiωmt1 − 1)−H.c.

)
= (

g

ωm
)2(c†c)2

(
1

2
b†2(eiωmt − 1)2 +H.c.

)
+ (

g

ωm
)2(c†c)2

(
bb†(e−iωmt − 1 + iωmt) + b†b(eiωmt − 1− iωmt)

)
=

1

2
(
g

ωm
)2(c†c)2

(
b†(eiωmt − 1)− b(e−iωmt − 1)

)2

+ i(
g

ωm
)2(c†c)2(ωmt− sinωmt) (A.7)

Similarly, one can find higher order terms in UI(t). By collecting them all, we find

UI(t) = e
g
ωm

c†cb†(eiωmt−1)−H.c.ei(
g
ωm

)2(c†c)2(ωmt−sinωmt). (A.8)
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The state vector in the interaction picture evolves as |ψI(t)〉 = UI(t)|ψI(0)〉 and the

state vector in the Shrödinger picture evolves as

|ψs(t)〉 = e−i
H0
~ tUI(t)|ψs(0)〉. (A.9)

Therefore, the unitary evolution operator for the state vector |ψs〉 in the Shrödinger

picture is given by

U(t) = e−i
H0
~ tUI(t)

= e−i
H0
~ tUI(t)e

i
H0
~ te−i

H0
~ t

= e
gc†c
ωm

b†(1−e−iωmt)−H.c.ei(
gc†c
ωm

)2(ωmt−sinωmt)e−iωctc
†ce−iωmtb

†b, (A.10)

which is exactly the expression used in Chapter II and Chapter IV.
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APPENDIX B

THEORY OF A CORRELATED EMISSION LASER

In this appendix, we provide detailed derivations to obtain the reduced density

matrix equation for a correlated emission laser. We will show how to trace the atomic

subsystem to arrive at the density matrix equation for the fields only. We consider

only the linear laser theory [67]. The atomic subsystem is dominated by the strong

coherent driving field and its own decay process. Therefore, the atomic subsystem

reaches a steady state under the influence of the coherent driving field and the fast

decay. The interactions between the cavity modes and the atomic transitions are

considered as perturbations to atomic state evolution. The steady state solution is

then plugged into the equation of motion for the whole system to obtain the equation

of motion for the field modes.

We consider the cascade three-level medium interacting with two cavity modes

illustrated in Fig. 5 (a) as an example. The system is governed by the Hamiltonian

[34],

Haf
I = ~g1(σaba1 + a†1σba) + ~g2(σbca2 + a†2σcb)− ~

Ω

2

(
σace

−iφ + σcae
iφ
)
.(B.1)

The reduced density matrix equation for the cavity modes is obtained by tracing the

atomic variables as

ρ̇f = − i
~

TrA[Haf
I , ρ]

= −ig1[a†1, ρab]− ig2[a†2, ρbc] +H.c. (B.2)
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where the density matrix elements ρab, ρbc are determined by the strong coherent

field and the fast decay with cavity-atom interactions considered as a perturbation.

Note that the density matrix elements ρij = 〈i|ρa|j〉 ⊗ ρf , where i, j = a, b, c. Up to

the first order in g1 and g2, the evolution of ρba, ρbc are given by

ρ̇ba = −γρba − ig1(a†1ρaa − ρbba
†
1)− iΩ

2
eiφρbc − ig2a2ρca,

ρ̇bc = −γρbc − ig2(a2ρcc − ρbba2)− iΩ
2
e−iφρba − ig1a

†
1ρac, (B.3)

where γ is the decay rate for the atoms assumed to the same for all levels for sim-

plicity. The evolution of density matrix elements ρaa, ρbb, ρcc and ρac are given by

ρ̇aa = −γρaa + i
Ω

2
(e−iφρca − eiφρac),

ρ̇bb = −γρbb,

ρ̇cc = −γρcc − i
Ω

2
(e−iφρca − eiφρac) + raρf ,

ρ̇ac = −γρac + i
Ω

2
e−iφ(ρaa − ρcc), (B.4)

where the atoms are sent into the cavity initially in the ground state |c〉 with a

pumping rate ra. Here we neglect the small perturbation due to the coupling between

the atomic transitions and the cavity modes in Eq. (B.4). In the steady-state, we

obtain from Eq. (B.4) by taking ρ̇ij = 0,

ρaa =
ra
2γ

Ω2

Ω2 + γ2
ρf , ρbb = 0,

ρcc =
ra
2γ

Ω2 + 2γ2

Ω2 + γ2
ρf , ρac =

ra
2γ

Ωγe−iφ

Ω2 + γ2
ρf . (B.5)

Plugging the above results into Eq. (B.3) and applying the adiabatic approximation,
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we obtain

−ig2ρbc = −α∗21a
†
1ρf − α∗22a2ρf ,

−ig1ρab = α12ρfa
†
2 + α11ρfa1, (B.6)

where

α11 =
g2

1ra
4

3Ω2

(Ω2 + γ2)(Ω2/4 + γ2)
, (B.7)

α22 = g2
2ra

1

(Ω2 + γ2)
, (B.8)

α12 = ig1g2
raΩe

−iφ

γ(Ω2 + γ2)
, (B.9)

α21 =
ig1g2ra

4

Ω(Ω2 − 2γ2)eiφ

γ(Ω2 + γ2)(Ω2/4 + γ2)
, (B.10)

By inserting the expressions for ρbc and ρab, we obtain the reduced density matrix

equation for the cavity fields as given in Eq. (3.3) in Chapter III. The coefficients

αij recovers to those in Eq.(3.7) when we take φ = −π
2
.

Now we have derived the reduced density matrix equation for a correlated emis-

sion laser in a cascade three-level medium. This approach can be easily extended to

derive the density matrix equation for a correlated emission laser in a gain medium

with different atomic levels, such as four-level atoms discussed in Sec. C in Chapter

III.
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APPENDIX C

ATOM-FIELD-MIRROR INTERACTION AND ERROR ANALYSIS

C.1 Full Hamiltonian description of the atom-field-mirror system

Here we study the effect of the mechanical oscillator on the atom-field interaction.

The full Hamiltonian of the tripartite system is given by [115]

Hafm = ~ωcc†c+ ~
ωa
2
σz − i~gc(σ+c− c†σ−)

+ ~ωmb†b− ~gc†c(b† + b), (C.1)

where ωa is the atomic transition frequency, gc is the atom-field coupling strength,

and σz, σ± are the corresponding Pauli matrices of the atomic pseudospin. In the

interaction picture, the Hamiltonian can be rewritten as

HI = i~gc(c†σ− − σ+c) + ~ωmb†b− ~gc†c(b† + b),

(C.2)

where we assume ωa = ωc for simplicity. We perform a unitary transformation

T = e−βc
†c(b†−b) as considered in Ref. [66] such that

HT = T HIT † = i~gc
(
c†D(−β)σ− − σ+cD(β)

)
+ ~ωmb†b

≈ i~gc(c†σ− − σ+c) + ~ωmb†b

−i~βgc(σ+c+ c†σ−)(b† − b), (C.3)
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where we the displacement operator D(β) = eβ(b†−b) ≈ 1 + β(b† − b) for β � 1. In

the following, we limit our results up to the first order in β.

In the dressed state basis of the atom-field subsystem, i(c†σ−−σ+c)|±〉p = ±|±〉p,

and (σ+c + c†σ−)|±〉p = ±i|∓〉p, where |±〉p = 1√
2
(|e〉a|0〉c ± i|g〉a|1〉c). We define

σpz = i(c†σ−−σ+c) and σpy = σ+c+c
†σ− = −iσp++iσp−. The transformed Hamiltonian

is then given by

HT ≈ H0 +H1, (C.4)

where

H0 = ~ωmb†b+ ~gcσpz ,

H1 = ~βgc(σp− − σ
p
+)(b† − b). (C.5)

In the interaction picture of H0, the interaction Hamiltonian is given by

V(t) = ei
H0
~ tH1e

−iH0
~ t

= ~βgc
[
σp−b

†e−i(2gc−ωm)t + σp+be
i(2gc−ωm)t

−σp−b†e−i(2gc+ωm)t − σp+bei(2gc+ωm)t
]
. (C.6)

To the first order in β, the unitary operator in the interaction picture is UV(t) ≈

1 − i
~

∫ t
0
V(τ)dτ . According to Ref. [67], the unitary operator in the Schrödinger

picture is given by UT (t) = e−i
H0
~ tUV(t). By transforming back with T , the unitary

operator including the effect of the mechanical mirror is represented by

UI(t) = T †e−i
H0
~ tUV(t)T . (C.7)
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To see the effect of the mechanical mirror during the atom-field interaction, we

consider first the unitary operator acting on the states |e〉a|0〉c|0〉m and |g〉a|1〉c|0〉m.

Up to the first order in β,

UI(τgc)|e〉a|0〉c|0〉m

≈ |g〉a|1〉c|0〉m + ε1|g〉a|1〉c|1〉m + ε2|e〉a|0〉c|1〉m

≈ D(ε1)|g〉a|1〉c|0〉m + ε2|e〉a|0〉c|1〉m, (C.8)

and

UI(τgc)|g〉a|1〉c|0〉m

≈ −|e〉a|0〉c|0〉m + ε∗1e
−iωmτgc |e〉a|0〉c|1〉m

−ε2|g〉a|1〉c|1〉m

≈ −D(−ε∗1e−iωmτgc )|e〉a|0〉c|0〉m − ε2|g〉a|1〉c|1〉m,

(C.9)

where τgc = π/(2gc), ε1 = 2g2c (1−e−iωmτgc )−ω2
m

4g2c−ω2
m

β and ε2 = i gcωm
4g2c−ω2

m
(1 + e−iωmτgc )β. For

gc � ωm, we have εi/β � 1 and the interaction UI(τgc) ≈ Uπ.

Next we consider the same procedures as described in the paper to obtain a

macroscopic superposition state. We replace the unitary operator Uπ with UI(τgc)

and vary the field-mirror interaction time. After 2N repetitions of the prescribed

interactions, the state of the system is given by

|ψ̄2N
s 〉 =

(
2N∏
n=1

UI(τgc)Ufm(τ ′)UI(τgc)Rπ

)
×
(
UI(τgc)Ufm(τ ′)UI(τgc)

)
|ψ0
s〉. (C.10)
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We set τ ′ = π
ωm
− 2τgc to balance the effect due to the mechanical mirror during the

atom-field-mirror interaction. Using Eqs. (C.8), (C.9) and the field-mirror interac-

tion unitary operator, we obtain the state of the system as

|ψ̄2N
s 〉 ≈

1√
2
|0〉c
(
|g〉a|2Nβ′〉m − |e〉a| − 2Nβ′〉m

)
,

(C.11)

where β′ = β(1 − e−iωmτgc ) + β 4g2c (1+cos(ωmτgc ))

4g2c−ω2
m

and we neglect the phase shift term

Nθ for simplicity. The generated state |ψ̄2N
s 〉 under the full Hamiltonian description

is similar to that of the target state |ψ2N
s 〉 obtained in the paper, except for differ-

ent coherent states of the mirror. As can be seen from the expression of |ψ̄2N
s 〉, it

approaches to |ψ2N
s 〉 in the limit of gc/ωm � 1, which verifies the approximation

we made in the paper. For a quantitative estimation, we calculate the fidelity Fs1

between the target state |ψ2N
s 〉 and the state |ψ̄2N

s 〉 given by

Fs1 = |〈ψ2N
s ||ψ̄2N

s 〉|2 ≈ e−4N2|β−β′|2 . (C.12)

C.2 Error analysis on accurate timing control

Here we study in the following the fidelity of the generated state of the system

under variations of the interaction time with respect to the target state |ψ2N
s 〉 gener-

ated with the prescribed interaction time. In the paper, we considered the atom-field

interaction time τgc = π/(2gc) and the field-mirror interaction time τ = π/ωm to ob-

tain a macroscopic superposition state. Since the timing in each step may not be

accurately controlled, the generated state is affected. For the time scale τgc � τ , we

consider only variations of the atom-field interaction time τgc for simplicity. After
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2N steps of the prescribed interactions, the state of the system is given by

| ¯̄ψ2N
s 〉 =

(
2N∏
n=2

Uaf (τ2n)Ufm(τ)Uaf (τ2n−1)Rπ

)
×Uaf (τ2)Ufm(τ)Uaf (τ1)|ψ0

s〉, (C.13)

where τk is the kth atom-field interaction time. According to Ref. [67], the unitary

operator Uaf (τk) is given by

Uaf (τk) = cos(gcτk
√
cc†)(|g〉〈g|)a + cos(gcτk

√
c†c)(|e〉〈e|)a

+
sin(gcτk

√
c†c)√

c†c
c†σ− −

sin(gcτk
√
cc†)√

cc†
cσ+. (C.14)

For gcτk = π
2
, the operation is given by Uaf (τk) = Uπ which flips the atom-field state

as Uπ|e〉a|0〉c = |g〉a|1〉c and Uπ|g〉a|1〉c = −|e〉a|0〉c. Here we consider gcτk ≈ π
2

and

keep up to the leading order term sin(gcτk). By carrying out the operations on |ψ0
s〉

explicitly, we obtain

| ¯̄ψ2N
s 〉 ≈ −C1

eiNθ√
2
|0〉c|e〉a|2Nβ〉m

+C2
eiNθ√

2
|0〉c|g〉a| − 2Nβ〉m, (C.15)

where Ci =
∏N−1

k=0 sin(gcτ4k+2i−1) sin(gcτ4k+2i). Therefore, the fidelity is represented

by

Fs2 = |〈ψ2N
s || ¯̄ψ2N

s 〉|2 ≈
1

2
(C1 + C2). (C.16)

The expression of fidelity Fs2 relates to the accuracy of timing control and the number

of steps one needs to perform. Therefore, to retain a high fidelity, accurate timing
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control is required to some extent to balance a large number of steps.

C.3 Reversing the effect of the cavity field decay via weak measurements

We now analyze how to probabilistically reverse the effect of the cavity decay on

the generation of macroscopic superposition via weak measurements. If the cavity

field is continuously monitored by an ideal photon detector outside the cavity and

no click event is recorded, the decay of a cavity photon results in a decrease of

the amplitude in the state associated with the single photon. This is a null-result

measurement and the effect of the cavity decay can be reversed probabilistically by

flipping the photonic state [77].

Starting with |ψ0
s〉, we first map the atomic superposition state to the photonic

state and the effect of the cavity decay can be neglected for κτgc � 1. During the

field-mirror evolution time τ , the state 1√
2
(|0〉c + |1〉c)|g〉a|0〉m evolves according to

Ufm as well as the cavity decay. After interaction time τ , the state remains to be

a pure state with reduced amplitude as 1√
2
(|0〉c|0〉m + eiθe−κτ/2|1〉c|2β〉m)|g〉a with a

probability of (1 + e−κτ )/2. Now we map the photonic state to the atomic state and

the state of the system is then given by

1√
2
|0〉c

(
|g〉a|0〉m − e

iθe−κτ/2|e〉a|2β〉m
)
. (C.17)

Now performing the procedure the second time, the state of the system is given by

1√
2
eiθe−κτ/2|0〉c (−|e〉a|2β〉m + |g〉a| − 2β〉m) , (C.18)

for another null-result measurement with a probability 2e−κτ

1+e−κτ
. Therefore, the proba-

bility to obtain the state (C.18) in the two steps is then e−κτ . The state of the system

is protected from the cavity decay probabilistically for even number of procedures
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in such a way that both superposed states of the mirror is alternatively entangled

with the single photon. After 2N repetitions, the target state |ψ2N
s 〉 can be gener-

ated faithfully with a probability of e−Nκτ . This can be realized by repeating the

experiment many times.
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