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ABSTRACT

Recently, new shape memory alloy (SMA) - MAX phase composites (e.g. NiTi-

Ti2AlC and NiTi− Ti3SiC2) have been developed to take advantage of their unique

combination of thermomechanical responses. Of particular interest are the reversible

martensitic transformation of the SMA phase and the recoverable and irrecoverable

deformations associated with kinking in the MAX phases. By using such behaviors

in conjunction with each other, a novel composite material is produced for use in ex-

treme environments. Specifically, the nonlinear behavior of the two constituents leads

to strong mechanical damping and the possibility of developing controllable residual

stress states. To take advantage of these possibilities, detailed understanding of the

interactions of not just the mechansisms but also the composite microstructure is

needed. Therefore, a series of models are constructed to explore the various compos-

ite behaviors.

To address this need, in this work a series of models are developed to explore

the local and global responses of this system with an emphasis on the response of

these composites to thermal loadings. First, the effective transformation character-

istics of SMA composites with a stiff, elastic matrix are modeled using an efficient

micromechanical scheme and the influence of a stress redistribution associated with

transformation on the effective phase diagram is determined. The interaction of

the reversible SMA phase with an elastic-plastic MAX phase through an constant

stress, thermal cycle is then studied through image based finite element approaches.

Specifically, two microstructure models are generated. The first being a reference

two-phase system and the latter being an actual NiTi-Ti2AlC composite. By analyz-

ing response through such loadings it is demonstrated that martensitic transforma-
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tion may be used to induce permanent deformations in the MAX phase and thereby

develop residual stress states. Additional analysis of the actual composite system

reveals that these residual stress states may induce an effective two-way shape mem-

ory behavior. Comparison to experimental results also shows reasonable agreement.

Further simulations are used to explore the effect of the microstructure and identify

the impact of different features on the effective composite response.

The previous results emphasized only permanent deformations in the MAX phase

even though additional irrecoverable deformations have been experimentally ob-

served. To incorporate these effects, an enhanced constitutive model considering

both responses is needed. Currently, no such model exists in the literature. There-

fore, to address this need, a constitutive model of the MAX phase behaviors is

established and implemented in this work. Specifically, a three dimensional multi-

mechanism model considering recoverable, irrecoverable, and damage is constructed.

Both the theoretical development and numerical implementation are presented while

a three dimensional material subroutine is created. The resultant model shows good

agreement with experimental results and demonstrates the necessity of all three

mechanisms. This enhanced constitutive routine is then used with composite models

to investigate the impact of the different phases.
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1. INTRODUCTION

Shape Memory Alloys (SMAs) are a unique class of multifunctional materials

that are currently being explored for increasingly diverse applications like actua-

tors [29], sensors, MEMS devices [28] or vibration dampeners. Such implementations

have been investigated in industries including aerospace [46, 99], civil [69, 172, 218],

biomedical [71,151,158], and petroleum [5] and seek to take advantage of the unique

reversible solid-to-solid phase transformation characteristic of this class of materi-

als. Specifically, at high temperatures, the crystallographic configuration of SMAs is

austenitic and exhibits a high-symmetry (typically cubic) structure. If the tempera-

ture (or load) is sufficiently decreased (increased) the material undergoes a marten-

sitic transformation to a lower-symmetry (e.g, orthorhombic or monoclinic) marten-

sitic structure. Because of the lower symmetry, martensitic structures may take

two forms - twinned (or self-accommodated) and detwinned. The former is observed

at lower applied loads and corresponds to martensitic variants self-arranging with

no macroscopic shape change. A detwinned structure, however, corresponds to the

case in which sufficient mechanical load is applied to select a preferential marten-

sitic variant(s) yielding macroscopic shape change. This change in crystal struc-

ture from austenite to martensite leads to, amongst other things, changes in the

thermoelastic properties of the material and, more importantly, (in the case of de-

twinned martensite) inelastic deformations of approximately 1-8%. Additionally, at

the macroscale, this change further manifests as a hysteretic response in stress-strain

or strain-temperature space making it attractive for use in damping or actuation
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applications through specific thermomechanical loadings (for details on SMAs please

see the texts of [122,171]).

To better discuss the responses of SMAs, a stress-temperature phase diagram

(an example of which is presented in Fig. 1) denoting the current crystallographic

structure of the material is commonly used. The forward (austenite to martensite)

and reverse (martensite to austenite) transformations producing the SMA behaviors

of interest are typically defined in terms of four transformation surfaces - the marten-

sitic start, Ms, and finish, Mf , surfaces for forward transformation and austenitic

start, As, and finish, Af , surfaces for reverse. The start surfaces correspond to the

stress-temperature conditions in which transformation is initiated and the two finish

surfaces correspond to transformation completion. These surfaces are commonly de-

fined in terms of the zero-stress transformation temperatures (denoted M0
s , M

0
f , A

0
s

and A0
f ) determined via calorimetry measurements. The strong thermomechanical

coupling of the SMA may be seen in the phase diagram via the change in these

surfaces with stress and/or temperature and may often be considered via the stress

influence coefficients, CM and CA, for forward and reverse transformation, respec-

tively. Two key SMA behaviors may also be described via the phase diagram - the

shape memory effect (which gives SMAs their name) and pseudoelasticity. The for-

mer effect corresponds to a material which is initially in austenite being cooled into

a twinned martensitic configuration. Mechanical loading then detwins the marten-

site leading to a pseudo-plastic type response with apparent permanent deformation.

Subsequent heating, however, recovers these strains and returns the material to its

remembered austenitic state. This is referred to as the one-way shape memory effect

(OWSME) as an extra mechanical step is needed to produce the inelastic strains of

interest. The two-way shape memory effect (TWSME), on the other hand, refers to

a material which, under no applied load, produces observable macroscopic inelastic
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strain corresponding to transformation via purely thermal loadings. Development of

TWSME is typically associated with residual stress developed induced via various

processing steps. In engineering practice, the SME is typically taken advantage of

via an actuation loading path in which a mechanical bias load sufficient to induce

detwinning is applied at a high temperature and the SMA component is subjected to

a thermal cycle. Such a loading path is depicted as path (A) in Fig. 1. Pseudoelas-

ticity, on the other hand, refers to a material which is initially austenitic undergoing

a mechanical loading step that transforms the material to detwinned martensite. If

the temperature is sufficiently high, above the zero-stress austentitic finish temper-

ature, A0
f , the corresponding inelastic deformation is recovered via unloading giving

the stress-strain curve a distinctive flag shape and returning the SMA to its initial

state. This path is depicted in path (B) of Fig. 1. Note, if the temperature is not

above A0
f , complete recovery does not occur leading to unrecovered inelastic strain.

Such a path is sometimes referred to as pseudoplastic.

In the decades since the first observations of the shape memory characteristics

in NiTi at the Naval Ordinance Laboratory in the 1960’s [44] (thereby leading to

the name NiTiNOL), substantial research into SMAs has lead to and continues to

produce an impressive body of work with rapidly expanding use in the aforemen-

tioned commercial sectors [111]. As such, substantial research has been performed

in terms of finding ways of expanding the use of these materials via either filling

in the material-property space or new applications. With respect to the former,

Ashby and Breéchet [9] proposed two possible avenues: creation of (i) new alloys

and material systems or (ii) hybrid materials. Efforts towards the first approach

have resulted in the production of shape memory polymers with larger deformations

at lower stresses [136, 200], high temperature SMAs (HTSMAs) whose transforma-

tion occurs at temperatures far exceeding conventional SMAs [80,150], and magnetic
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Figure 1: SMA Characteristics: (Left) Stress-temperature phase diagram of an SMA
(left) with transformation surfaces Ms, Mf , As, and Af indicated. (Right) Example
actuation (top) and pseudoelastic (bottom) responses with loading paths denoted in
phase diagram as (A) and (B), respectively. Presented results correspond to a NiTi
(50.8 at% Ni) material with properties given by Table 3 of Lagoudas et al. [124] and
responses determined via model of that same work.

SMAs (MSMAs) whose response to magnetic excitations overcomes the frequency re-

striction of common SMAs [116,185]. The latter consideration, however, holds more

potential and has been extensively explored. Specifically, a variety of SMA compos-

ites have been developed that seek to combine the existing properties of two unique

material classes – composites and multifunctional materials.

The first SMA composite was manufactured in the late ’80s by Rogers and

Robertshaw [207] who embedded NiTi wires in a laminated polymer matrix com-

posite (PMC). Initial investigations building on this effort focused on using the

SME effect of the SMA wires in two ways – the so-called active property tuning

(APT) and active strain energy tuning (ASET) – for sound, vibration, and damping

control [26, 27, 146, 147, 203–207, 209]. The former response essentially focused on
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inserting self-accommodated NiTi wires into the PMC matrix and then using tem-

perature to induce transformation to the thermoelastically stiffer austenitic phase

while the latter used detwinned wires to take advantage of both the stiffening and

development of internal stresses via SMA recovery to enable even greater control.

Applications and investigation considering the possibility of developing actuators

soon followed by Chauhry and Rogers [52], Lagoudas and Tadjbakhsh [130, 131],

and many others [16, 36, 37, 232]. Interest in using other matrix systems focused

primarily on using the SME to strengthen the matrix material and increase the ef-

fective flow stress [235] – especially in aluminum matrix composites [7]. Ceramic

reinforcement in NiTi (in the form of TiC particles) for similar purposes was also

considered in a series of efforts by Dunand and coworkers [72,87,88,155]. Since these

first pursuits, the number of applications for SMA composites has expanded greatly

and gone beyond the original concepts of Roberts and coworkers. From an applica-

tion standpoint, SMA composite actuators have been used to develop a number of

bio-inspired robots (e.g, turtles [117], jellyfish [224,225], and inchworms [229]) while

morphing aerospace structures [95,175,176,217,223], and sensors [182,194] have been

taken from the conceptual stage to actual development. The utilization of SMA re-

inforcement for strengthening and damage suppression has also been expanded into

a number of new material systems and complementary self-healing methods have

been extensively explored [6,45,85,118]. For a more comprehensive discussion, early

reviews may be found in the work of Wei et al. [231] and, from the polymer matrix

standpoint, Neuking et al. [165] while a more comprehensive (and recent) review in

this area is presented by Lester and coworkers [137].

In addition to the growth of applications, the number and type matrix and rein-

forcing materials used in SMA composites has also greatly expanded. Examples of

such variety are presented in Fig. 2 in which polymer (Fig. 2a,b), metal (2d,e), and
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ceramic matrix(2c) materials have all been investigated in addition to porous media

(2f). From these examples, it is evident that these composite materials encompass

not only a range of matrix materials but also diverse microstructructures running

from short (2b) and long fiber (2a) reinforcement to more heterogeneous distribu-

tions (2c). With respect to polymer based systems, such gains have manifest as novel

architecture of the reinforcing SMA phase in the form of braided tubes [101], incor-

poration as warp threads [234], and ribbons with patterned holes [8]. In the metallic

matrix realm, advances in manufacturing techniques (typically powder based) such

as melt infiltration, pressing, and other sintering approaches have lead to the de-

velopment of controlled porosity SMAs (primarily NiTi through spaceholder tech-

niques) [14, 31, 167], Mg (both for increasing the effective yield strength [13] and

damping [145]), and Al matrix systems [66, 94, 187] (including those with both

NiTi and SiC reinforcement [53, 106]). Reinforcement of NiTi via additions of

CNTs [79, 133] and α-Al2O3 [78] has also been explored. More recently, however,

novel spark plasma sintering techniques (SPS) have been used to develop SMA-MAX

phase ceramic composites (e.g, NiTi− Ti2AlC, NiTi− Ti3SiC2) [108,120] that lever-

age the inelastic responses of both the SMA and MAX phase to not only strengthen

the system but also create a metal-ceramic system with an advantageous nonlinear

constitutive response. An example of the latter NiTi− Ti3SiC2 case is presented in

Fig. 2c.

Specifically, SMA-MAX phase composites have been proposed as an innova-

tive and novel metal-ceramic composite for extreme environments by seeking to take

advantage of the inelastic responses characteristic of each material. For the SMA,

the mechanism of interest is the reversible martensitic transformation while, in the

case of the MAX phases, the deformations assumed primarily to be associated with

its kinking response [22, 23] are investigated. This unique behavior has experimen-
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tions of the aforementioned parameters to their functional perfor-
mance must be synergistic, which can be a significant challenge.
This is because the functional attributes of their performance con-
tributions sometimes lead to significant conflicting consequences,
which compromise the performance of the components, as well
as undesirable ‘side effects’. For example, an adaptive beam
embedded with prestrained one-way SMA wires was expected
nominally to show substantial deflection with a reasonable actua-
tion rate, once energised through electric heating. Intuitively, it
seemed desirable for the host composite beam to (a) have a large
amount of highly prestrained wires embedded with a sufficiently
large eccentricity to deliver sufficient bending moment and then
substantial deflection; (b) have a relatively moderate flexural rigid-
ity against which the beam bending induced by the not-so-high le-
vel of bending moment would have to overcome; and (c) be
actuated by a high level of electric current to achieve desired actu-
ation responsive rate. However, these attributes led immediately
to several difficulties as they were conflicting requirements.
Although nitinol wires had a recovery strain of up to 8%, the high
level of prestraining could lead to their rapid ageing during mul-
ti-cycle actuations [12]. The thickness of the composite host re-
mained the most difficult parameter to reconcile. One the one
hand, a relatively large thickness offered a greater eccentricity
and a relatively large flexural rigidity. The latter was required
not only to return the actuated beam to its original position but
also to prestrain the embedded wire actuators again for the next
cycle. On the other hand, the greater flexural rigidity of the beam
could become a greater obstacle for the host to overcome to
achieve the desired bending. Moreover, as phase transformations
were hysteretic and could thus release latent heat, a high level of
applied current, desirable and necessary for a high actuation re-
sponse rate, could result in heat damage in the composite host
[12,13], which could in turn affect the wire actuation capability
for subsequent cycles. In addition, embedding too many SMA wires
in the host could also adversely affect the long-term through-the-
thickness mechanical properties of the host structures [14].

Although the literature abounds with individual endeavours of
using SMAs for the shape control of smart adaptive structures as
discussed in [1–9], a synergistic set of the performance attributes
from the aforementioned parameters seemed clearly application
specific involving inevitable compromises. In particular, the exper-
imental thermomechanical behaviour of embedded SMA actuators,
underpinning and justifying those compromises, has not been
understood. To this end, it is of paramount importance to develop
a good understanding of actuation characteristics of SMA-based
adaptive composite beams in terms of performance bounds of
the aforementioned important parameters. This experimental
study aims on the examination of actuation characteristics of E-
glass/epoxy and carbon/epoxy laminate beams embedded with
nitinol wire actuators. Its focus will be on the manufacturability
and actuation repeatability of adaptive composite beams and the
effects of beam length and applied current level on their actuation
characteristics. Information generated and experience gained will
be channelled into the subsequent examination of their multi-cy-
cling characteristics and related heat damage.

2. Design considerations

The design and manufacture of adaptive composite beams re-
quire considerations and selection of a significant number of per-
formance and actuation parameters. These include SMA wire
material, wire cross-sectional profile and dimension, prestrain le-
vel, volume fraction and through-the-thickness location, host com-
posite material and lay-up, a level of applied current, and beam
dimensions for the given performance requirements in terms of
bending strain. A comprehensive experimental investigation of

treating all these parameters as equal variables will be prohibi-
tively expensive. Thus the current study has focused on the varia-
tion of just four selected parameters, namely, composite host
material, applied current level, beam length and actuation cycle.

There are three major SMAs such as Cu–Zn–Al, Cu–Ni–Al and
binary Ni–Ti (nitinol) used for adaptive structural applications
[15]. The latter was selected here because of its greater strain
recovery capacity, excellent corrosion resistance, stable transfor-
mation temperatures with a relatively high electrical resistance
and compatibility with cure temperatures of the present host com-
posites. Current binary nitinol wires from Memory-Metalle GmbH
had a nickel content of 55.3%. Its transformation temperatures
were determined from thermographs generated using a differential
scanning calorimetre (DSC). They are 16 !C for Mf, 21 !C for Ms,
47 !C for As, and 55 !C for Af. While a Young’s modulus of
51.8 GPa was obtained from an austenitic stress–strain response
performed at 80 !C, a martensitic Young’s modulus of 26.5 GPa
was obtained with a yield strength of 268 MPa at 1.96%. Nitinol
wires of two different diameters (0.25 mm and 0.51 mm) were
evaluated for their strain recovery capability as well as their actu-
ation performance. Although the thinner wire in the construction
of smart beams caused the less local distortion to the composite
hosts (even when embedded in a unfavourable manner with a very
small wire-to-wire spacing), as shown in Fig. 1, the thicker wire of
0.51 mm diameter was selected for its greater potential of recovery
force for a constant wire volume fraction [16]. It was understood
that the greater energy density via the larger diameter wires could
be achieved at the expense of slower heating and cooling rates due
to their increased mass and need for thermal transfer.

Two different composite host materials, carbon/epoxy and E-
glass/epoxy, were evaluated. Although a 32-ply thick quasi-isotro-
pic carbon/epoxy laminate would provide a more useful flexural
rigidity for the host beam as well as a larger eccentricity, its flex-
ural rigidity could be much more difficult to overcome. Thus, a
16-ply carbon/epoxy laminate (T700/LTM45-EL) was used as the
host with a stacking sequence of (45!/90!/!45!/0!/SMA/0!/!45!/
90!/45!/45!/90!/!45!/0!/0!/!45!/90!/45!) with a nominal ply
thickness of 0.128 mm. The flexural modulus of the intact host
laminate beams was measured to be about 47 GPa. The flexural
modulus of the smart beams with the wires being in the martens-
itic condition was reduced to about 44 GPa. One through-the-
thickness quarter location was selected to provide a wire eccentric-
ity, although it was very desirable to have the wires embedded as
far away from the mid-plane of the beams as possible. Since the
wire diameter was about four times greater than the nominal ply
thickness, two adjacent plies were oriented to 0! in the longitudi-
nal direction of the beams so that the nitinol wires could partially
sink in between them so as to minimise local distortion, as a micro-
graph in Fig. 2 shows. The local waviness in the micrograph is still
quite visible. Nevertheless, the previous experimental investiga-

Fig. 1. A micrograph of showing three embedded nitinol wires of 0.25 mm diameter
within carbon/epoxy host.

G. Zhou, P. Lloyd / Composites Science and Technology 69 (2009) 2034–2041 2035

(a) Carbon/epoxy matrix rein-
forced with small diameter (0.25
mm) NiTi wires. Reprinted
from [240] with permission from
Elsevier.

equal to 1.875 for the first mode of vibration. q is the den-
sity of composite beam. EI is the equivalent bending stiff-
ness obtained from Eq. (1).

In order to predict the natural frequencies of the compos-
ites as a function of temperature, the material constants of
ER3 epoxy resin for different temperatures were obtained
according to dynamic mechanical analysis (DMA) and the
elastic modulus for the ER3 and the SMA as shown in
Table 2 are used.

4. Results and discussion

4.1. Microstructural observation

The physical and mechanical properties of SMA/ER3
composites will largely depend on dispersion of SMA fillers
into matrix. Fig. 4 shows the surface observation of the
SMA/ER3 composite layer using digital HF microscope.
The images shown in Figs. 4(a) and (b) are the surfaces
of the SMA/ER3 composite layers with 3.5 wt.% and
16.1 wt.% of SMA short fibers, respectively. Black and
blank parts in the images represent SMA fillers and epoxy
resin, respectively. The uniform distributions of SMA
fibers were observed from these images although small
aggregations exist occasionally in some regions.

4.2. Phase transformation of SMAs

The shape memory alloys undergo diffusionless martens-
itic transformations on cooling beyond critical tempera-

tures, Ms, which are dependent upon alloy composition,
processing procedures and thermal/mechanical treatment
condition. Fig. 5 shows the differential scanning calorime-
try (DSC) curves demonstrating the hysteresis of the phase
transformation in used SMAs. The phase transition of
SMAs occurs when the temperature increases. The begin-
ning t(As) and end (Af) temperatures of the austenite trans-
formation are from about 60 to 70 !C. In the cooling
process, R-phase transformation is involved at the temper-
ature of approximate 60–42 !C. The martensite phase
transformation temperature occurs from about 21 to 2 !C.

4.3. Flexural properties

Fig. 6 shows Young’s modulus and fracture deflection
in the developed two-layer laminated composites with dif-
ferent SMA weight contents. The equivalent elasticity
modulus in bending tests increased with the increment of
SMA fiber weight content, while the fracture deflections
decreased. These results suggest that the SMA short fiber
composites show brittle fracture behavior for high SMA
fiber content. Fig. 7 shows comparison of predicted and
experimental results on elastic modulus for developed
two-layer laminated composite beam. The theory calcula-
tion of stiffness properties agrees reasonably with the
experiment values.
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sity of composite beam. EI is the equivalent bending stiff-
ness obtained from Eq. (1).

In order to predict the natural frequencies of the compos-
ites as a function of temperature, the material constants of
ER3 epoxy resin for different temperatures were obtained
according to dynamic mechanical analysis (DMA) and the
elastic modulus for the ER3 and the SMA as shown in
Table 2 are used.

4. Results and discussion

4.1. Microstructural observation

The physical and mechanical properties of SMA/ER3
composites will largely depend on dispersion of SMA fillers
into matrix. Fig. 4 shows the surface observation of the
SMA/ER3 composite layer using digital HF microscope.
The images shown in Figs. 4(a) and (b) are the surfaces
of the SMA/ER3 composite layers with 3.5 wt.% and
16.1 wt.% of SMA short fibers, respectively. Black and
blank parts in the images represent SMA fillers and epoxy
resin, respectively. The uniform distributions of SMA
fibers were observed from these images although small
aggregations exist occasionally in some regions.

4.2. Phase transformation of SMAs

The shape memory alloys undergo diffusionless martens-
itic transformations on cooling beyond critical tempera-

tures, Ms, which are dependent upon alloy composition,
processing procedures and thermal/mechanical treatment
condition. Fig. 5 shows the differential scanning calorime-
try (DSC) curves demonstrating the hysteresis of the phase
transformation in used SMAs. The phase transition of
SMAs occurs when the temperature increases. The begin-
ning t(As) and end (Af) temperatures of the austenite trans-
formation are from about 60 to 70 !C. In the cooling
process, R-phase transformation is involved at the temper-
ature of approximate 60–42 !C. The martensite phase
transformation temperature occurs from about 21 to 2 !C.

4.3. Flexural properties

Fig. 6 shows Young’s modulus and fracture deflection
in the developed two-layer laminated composites with dif-
ferent SMA weight contents. The equivalent elasticity
modulus in bending tests increased with the increment of
SMA fiber weight content, while the fracture deflections
decreased. These results suggest that the SMA short fiber
composites show brittle fracture behavior for high SMA
fiber content. Fig. 7 shows comparison of predicted and
experimental results on elastic modulus for developed
two-layer laminated composite beam. The theory calcula-
tion of stiffness properties agrees reasonably with the
experiment values.
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(b) ER3 epoxy resin ma-
trix reinforced with 16.1
wt%, dispersed short (≈2
mm) NiTi fibers. Reprinted
from [168] with permission
from Elsevier.

The comparisons above indicate that B-1233-8 has the least
reaction and thus the most transformable NiTi (Section 3.5). How-
ever, the relative density (83.3%) is low. In order to improve densi-
fication, the graphite die was replaced with a SiC die to reach higher
sintering pressures (i.e. 200 MPa and 300 MPa in this case). Fig. 6(a)
shows the relative density of NiTi/Ti3SiC2 composites as a function
of the sintering pressure. The relative density increases from 83.3%,
to 89.1%, and to 96.3% as the sintering pressure increases from
100 MPa, to 200 MPa, and to 300 MPa. Fig. 6(b and c) shows that
the interfacial layer growth under higher pressure was negligible.
It suggests that, unlike sintering temperature and soaking time,

sintering pressure is not an influential parameter for reactions. In
other words, increasing sintering pressure not only improves den-
sification but also preserves transformable NiTi. The preserved
transformable NiTi was confirmed in DSC results (Table 1) where
percent of transformable NiTi was determined for all three cases.

3.4. Phase analyses and reaction mechanisms

The results presented up to this point indicate that the reaction
between NiTi and Ti2AlC or Ti3SiC2 is a limiting factor in fabricating
the composites. Therefore, a combination of FE-SEM, EDS, and

Fig. 4. Back scattered SEM images of (a) A-1233-8, (b) A-1233-20, (c) A-1233-30, (d) A-1253-10, and (e) A-1273-3. The insets show lower magnification micrographs. Plots (f)
and (g) show the relative density and interface thickness of these composites. Dash lines were added to highlight the interfaces.

Fig. 5. Back scattered SEM images of (a) A-1233-20 and (b) B-1233-20. The insets show lower magnification micrographs. Dash lines were added to highlight the interfaces.

L. Hu et al. / Journal of Alloys and Compounds 610 (2014) 635–644 639

(c) NiTi− Ti3SiC2 composite
produced via spark plasma sin-
tering. Reprinted from [108]
with permission from Elsevier.

was 114.3 !C and 121.5 !C respectively. The martensitic transfor-
mation start (Ms) and finish (Mf) temperature was 64.8 !C and
35.1 !C respectively. It can be inferred that the TiNi alloy is in mar-
tensitic phase at room temperature. The volume fraction of TiNi
fibers was set approximately equal to 20%. While the SiC particu-
late in the composite had four different volume fractions: 0%, 5%,
20% and 35%.

The aluminum metal matrix composite hybrid reinforced by SiC
particulate and TiNi fiber was fabricated by pressure infiltration
method in ambient air. The TiNi fibers were arrayed straight at a
constant spacing for preventing contact. Pure Al power with the

average size of 5 lm were mixed with SiC particulate in a ball mill
for about 8 h, the rotary speed was 1550 rpm. No ball was used
during mixing. After been mixed evenly, the mixed power was
poured into the gap between the TiNi fibers. The fiber holder with
mixed power was then placed in a mold into which molten pure Al
was poured, followed by pressurization at 35 MPa. An anneal treat-
ment was performed at 473 K for 30 min after the composites were
fabricated.

An evaluation was performed by scanning electron microscope
(SEM, Quanta 200FEG) with energy dispersive spectrometer (EDS)
to observe the adhesion state and interfacial reaction of the com-
posites. Mechanical properties of the composites were tested by
rectangle specimens (width 10 mm and length 80 mm) using
instron 5569 with tensile velocity of 1 ! 10"2 mm s"1 at room
temperature. The damping capacity of the composites was mea-
sured using a dynamic mechanical analyzer (DMA Q800, TA) in
the single-cantilever mode. The geometry of damping specimens
was 1.5 mm ! 8 mm ! 35 mm (thickness !width ! length). The
damping tests were conducted at constant strain amplitude of
5 ! 10"5 with a constant heating rate of 10 !C min"1.

Fig. 1. Schematic diagram of the structure in the SiCp/TiNif/Al composite.

Table 1
Phase transformation temperatures of TiNi fiber.

Phase transformation points Temperature (!C)

Mf 35.1
Ms 64.8
As 114.3
Af 121.5

Fig. 2. Typical microstructure of composites: (a) 20%TiNif/Al composite, (b) 5%SiCp + 20%TiNif/Al composite, (c) 20%SiCp + 20%TiNif/Al composite, and (d) 35%SiCp + 20%TiNif/
Al composite.
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(d) Al matrix (reinforced
with 5% SiC particles) com-
posite reinforced with long
NiTi fibers. Reprinted
from [106] with permission
from Elsevier.
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Fig. 1. Optical micrograph of the metal matrix composite obtained by Nomarsky
interferential contrast. The indium matrix surrounds Cu–Al–Ni powder particles,
showing some surface relief from the martensite variants.

infiltrated at a pressure of 3 × 105 Pa. Fig. 1 is an optical micro-
graph obtained by Nomarsky interferential contrast in a LEICA
DMRXA optical microscope. It shows a general view of the
microstructure of the composite, in which the indium matrix
surrounds the Cu–Al–Ni alloy particles. The particles undergo
the martensitic transformation after the production of the com-
posite, as if the composite exhibits such a transformation. This
fact is illustrated in Fig. 2 showing the martensitic transforma-
tion cycle, measured by differential scanning calorimetry (DSC)
in the original atomised powders, in comparison with the cycle
measured in the composite. The transformation cycle of the com-

Fig. 2. Transformed volume fraction during martensitic transformation of the
original Cu–Al–Ni powders, measured by DSC (rhombi), in comparison with
those of the composite prepared from the same powders, evaluated by integrating
the internal friction spectrum (circles).

posite has been obtained from the internal friction spectra during
cooling and heating; the integrated area of the internal friction
peak is proportional to the transformed volume fraction [11].
There is only a slight shift towards higher temperature, as well
as a slight broadening of the transformation cycle of the com-
posite. The shift in temperature is associated with the general
evolution of the transformation cycle in Cu–Al–Ni during age-
ing after quenching. The original powders were quenched, while
the powders of the composite were aged at 190 ◦C for about 1 h.

The damping behaviour of the composite has been stud-
ied by mechanical spectroscopy in a forced torsion pendulum,
described elsewhere [12], measuring tan φ; φ is the lag angle
between the strain and the stress, and tan φ represents the dis-
sipated energy by unit of volume and is called internal friction.
Internal friction has been measured as a function of tempera-
ture at various frequencies between 3 and 0.01 Hz and at various
strain amplitudes. In all cases the spectra as a function of tem-
perature have been measured under linear heating–cooling at a
rate of 60 K/h.

3. Results and discussion

In Fig. 3, we present the internal friction spectra and the
associated modulus variation of the composite during cooling
and heating. We show the results for three frequencies, 3 Hz
(Fig. 3a), 0.3 Hz (Fig. 3b) and 0.03 Hz (Fig. 3c), all with a
strain amplitude of ε = 10−5. In all the cases an internal fric-
tion peak appears during cooling, which is associated with the
forward martensitic transformation, and another during heating,
which is associated with the reverse martensitic transformation.
Both peaks are accompanied by a fall in the modulus, which is
linked to the softening of the elastic constants, undergone by the
Cu–Al–Ni particles during the martensitic transformation. An
increasing background is observed, which is due to the metallic
matrix of indium, whose melting point is at 429.6 K. Atten-
tion has to be paid to the different levels of internal friction at
the three frequencies: internal friction increases with decreas-
ing frequency, as predicted theoretically [11,13]. In Fig. 4 the
internal friction spectrum during the forward transformation of
the composite is compared with that of the bulk Cu–Al–Ni alloy
prepared by powder metallurgy after compaction by hot isostatic
pressing and hot rolling [7]. Both spectra have been measured
in the same experimental conditions: at a frequency of 1 Hz, a
strain amplitude of ε = 10−5 and a cooling rate of 60 K/h.

The bulk material exhibits the transformation at higher tem-
perature, owing to the internal stresses created during the powder
metallurgy processing. Second, the composite exhibits a broader
transformation peak and higher internal friction background.
The broadening of the peak in the composite can be understood
if we consider that, during the transformation of the Cu–Al–Ni
particles, some surface relief should appear as a consequence
of the transformation shearing. However, the indium matrix sur-
rounding the particles will oppose to the relief modifications and
will perform some stress against the shearing, which is responsi-
ble for the delay in the transformation of the particles. Besides,
when the shearing relief due to the martensite variants finally
appears, it will produce some local plastic deformation on the

(e) Indium matrix composite
with CuAlNi SMA particle re-
inforcement producing a high
damping material. Reprinted
from [208] with permission from
Elsevier.

and at heating/cooling rates of 5 K min–1. Two tempera-
ture cycles ranged from !60 to 170 !C and phase transfor-
mation data were then obtained from the second cycle. The
areas under the peaks were used to calculate the enthalpies.
The intercepts between the baselines and the tangents at the
inflection points of the peaks were taken as the transforma-
tion temperatures: As, Ap, and Af refer to austenite-start, -
peak, and -finish temperatures, and Ms, Mp, and Mf refer
to martensite-start, -peak, and -finish temperatures.

2.4. Mechanical properties characterization

The mechanical properties of the specimens were
assessed through compression testing on a screw-driven
load frame. Strain was measured by an extensometer

attached to the sample up to "5%, and by cross-head dis-
placement corrected for machine compliance at higher
strains. An alignment cage was used to ensure parallelism
of all components. The compression samples were pol-
ished with 600 lm grit sand paper to remove surface oxi-
des remaining from the machining process. The specimen
then underwent the following heat treatment: (i) annealing
for 15 min at 130 !C in air; (ii) air cooling to room tem-
perature with subsequent 20 min hold; (iii) quenching in
liquid nitrogen and 3 min hold; and (iv) warming to room
temperature and 20 min hold. This ensured that all sam-
ples had a martensitic microstructure during compression
testing, which was performed at room temperature.

Three types of compressive tests were performed. For
each test, a previously untested sample was used. First, to

Fig. 2. Scanning electron micrographs of samples (a) LP90 [51], (b) LP45, (c) LP0, (d) HP90 [51], and (e) HP0. The inset images show the channel
orientation (indicated by the dotted line) with respect to the compression direction (indicated by the arrows). (f) Magnified images of the channel
intersections in samples LP and HP.

A.J. Neurohr, D.C. Dunand / Acta Materialia 59 (2011) 4616–4630 4619

(f) Porous NiTi specimen with
controlled 2D micro channels pro-
duced by via sacrificial steel
meshes. Reprinted from [166] with
permission from Elsevier.

Figure 2: Examples of different SMA reinforced polymer (a,b), ceramic (c), and
metal (d-e) matrix composite and porous (f) systems that have recently been devel-
oped [137].

tally been observed to result in both repeatable and recoverable hysteretic loops

dissipating roughly a quarter of the mechanical energy [23]. Such a response has

been primarily attributed to the formation of incipient kink bands (IKBs) [24, 238]

although there is still some debate in the literature about the exact cause this re-

sponse [43, 113, 186]. Additionally, the development of permanent kink bands in
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these materials leads to a unique damage tolerant characteristic [20,22] not often ob-

served in ceramic materials. This combination of inelastic responses provides a novel

composite with a number of unique characteristics versus traditional metal-ceramic

composites. For instance, given the utilization of two inelastic constituents, the

composite has a higher mechanical damping [120] of interest to hypersonic vehicles.

More interestingly, the potential of the development of preferential, and controllable,

residual stress states in the composite through the interaction of two characteristic

response of the composite materials. One such possibility is thermally induced SMA

transformation strains to impart permanent deformations in the MAX phase con-

stituent and develop a residual stress state. Such a reference state could serve to not

only train in an effective, composite two-way shape memory behavior (as has been

experimentally observed [120]) but also to apply a bias load on the ceramic phase

and take advantage of its superior mechanical characteristics (especially strength).

To fully consider such effects, and help explain experimental observations, a model

for the thermomechanical response of SMA-MAX phase composites considering the

various inelastic mechanisms operative in the system is needed. Such a model has

not been previously considered, however, and will be pursued through this work. A

previous model by Cheng et al [57]. did investigate the effective thermal properties

of the NiTi− Ti3SiC2 system, but they did not consider the mechanical response or

constituent inelasticities. Additionally, to determine the effective thermomechanical

response of the composite, constitutive models of both the SMA and MAX phase

materials are needed. With respect to the former, constitutive modeling of SMAs

is an established field and a number of models have been developed and imple-

mented [127, 178]. The same can not be said for the MAX phase materials as an

appropriate model for use in these investigations is lacking and will also be investi-

gate here. Therefore, to further consider the development of an SMA-MAX phase
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composite model relevant topics in (i) MAX phase constitutive modeling and (ii)

SMA composite modeling will be introduced.

1.1 MAX Phase Constitutive Modeling

Since the first production of dense Ti3SiC2 by Barsoum and El-Raghy in 1996

and corresponding observation of its unique thermomechanical characteristics [19], an

increasing number of investigations (primarily experimental) have been undertaken

to explore the characteristics of this and the numerous other MAX phase ceramics.

This designation is used to refer to the ternary nano-layered carbides and nitrides

with the general form of Mn+1AXn (n = 1, 2 or 3) where M is an early transition

metal, A is an A-group element, and X is carbon or nitrogen [17, 22]. The most

common of these are the aforementioned Ti3SiC2 and Ti2AlC which will also be the

specific compositions considered in this work. In general, the interest in the MAX

phases arises from their high elastic stiffnesses, good electrical and thermal transport

characteristics while maintaining low coefficients of thermal expansions, and thermal

shock resistance while at the same time being readily machinable and damage toler-

ant [22].

Of particular interest is the unique thermomechanical response of these MAX

phases. At low (room) temperature and slow loading conditions, repeatable and

reversible cycles up to 1 GPa were observed in Ti3SiC2 [23]. A similar hysteretic re-

sponse has also been reported in Ti2AlC [238]. This behavior is athermal at low and

moderate temperatures and remains unchanged up to ≈900◦C. Above this tempera-

ture, the additional thermal energy aids in the dissociation of the dislocation struc-

tures responsible for the reversible cycles leading to open, rate-dependent hysteresis

loops [23,237]. For the “low” temperature response of interest, Barsoum and cowork-
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ers have associated this hysteretic response with the formation of incipient kink bands

(IKB) in properly aligned grains. These structures are comprised of parallel walls of

dislocations with opposite signs which have not yet separated/dissociated and thus

remain attracted to each other at their ends. Therefore, upon unloading, the vari-

ous dislocations run back and annihilate each other [23, 24] leading to the observed

reversible response. Although no direct observations of these IKB have been made,

their formation is supported by high c/a ratios in the crystal structures which make

twinning unlikely and the fact that dislocations are limited to motion on the basal

planes [23]. Recent electron backscatter diffraction (EBSD) observations1, however,

have noted low-angle grain boundaries that occur in loop-like structures in grains

of polycrystalline Ti2AlC after mechanical loading. These dislocation structures are

formed in the fashion expected of IKBs but are found in grains with moderate Schmid

factors and not in grains aligned with loading as postulated by the IKB theory. With

respect to the permanent deformations, and following the IKB explanation of the

MAX phase response, after sufficient load has been applied, the IKB walls sepa-

rate leading to the formation of permanent mobile dislocation walls which eventually

coalesce to form permanent kink bands (KBs) and the corresponding delamination

deformations and damage [24]. It is these kink bands which have been proposed to

imbue the MAX phases with their damage tolerant characteristics [20, 21, 74]. As

such, even at low temperatures and quasistatic loadings some MAX phases have

been observed to exhibit a graceful failure [18]. High-strain tests at room tempera-

ture, have also demonstrated pseudoductility in Ti2AlC [32]. At higher temperatures

(≈1100-1200◦), however, a temperature and strain-rate dependent brittle to ductile

transition has been noted in the failure response of Ti3SiC2 [196].

1Private communication of unpublished results of work by R. Benitez and Prof. M. Radovic of
the MSEN department at Texas A&M University
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Although the previous discussions have focused on explaining the reversible re-

sponse of MAX phases through the notion of incipient kink bands, the lack of direct

experimental observation has lead to some discussion with regard to the source of this

behavior. Notably, some recent neutron diffraction experiments [93, 113] have been

used to argue against the IKB mechanisms as the source of the observed behavior.

Specifically, Jones et al. [113] attributed the macroscopically observable response to

a Bauschinger like effect. Specifically, experimental in-situ x-ray diffraction mea-

surements lead to observation of slip and permanent deformations occurring in soft

grains (those roughly 40◦ from the compression axis) while hard grains (oriented

along or perpendicular to the compression axis) remained elastic during loading.

The macroscopic hysteresis, as postulated, is associated with residual stresses due

to slip in the soft grains and repeated dislocation generation in these grains dur-

ing loading that is, upon unloading, driven back due to elastic strains in the hard

grains. Furthermore, the authors argue against the concept of IKB formation due

to the fact that IKB formation would not in itself lead to residual strains. Their

numerical predictions, which do capture some of the qualitative details of the ex-

perimental responses, do not quantitatively predict or explain all of the features

observed in the mechanical tests. [113] Additionally, the formation of small perma-

nent deformations have been previously reported in works arguing for IKB as the

root cause (e. g, Zhen et al. [237]) and Barsoum and Radovic [22] explicitly state

that small plastic strains are occasionally necessary to nucleate IKBs. In a similar

fashion, Guitton et al. [93] used in-situ neutron diffraction to study the response of

Ti2AlN and proposed a mechanism depending on hard and soft grains interacting

to generate dislocations in grains not aligned with the compression axis. Limited

quantities of dislocations are nucleated such that there is no hardening in the soft,

plastic grains and the dislocations either run back to the nucleation site or cross
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the entire grain to the boundary during unloading [93]. Going a different direction,

Poon and colleagues [186] neglect any reversible mechanism in their analysis of the

response of Ti2AlC and instead attribute all hysteretic activities to crack friction.

This, however, neglects previous (and recent) experimental evidence indicating the

presence of a recoverable/reversible deformation even at low and mild stress levels

without obvious permanent deformations [43]. Bearing all of this in mind, the no-

tion of the formation of IKB-like dislocation structures as the cause of the reversible

deformation is adopted here (although following the EBSD observations it is not

assumed that these form in grains aligned with the loading direction). This is due

to the wealth of supporting observations such as the greater absolute dissipation of

porous versus bulk specimens [220, 238] which support a kink-type mechanism and

the recent EBSD observations. Furthermore, the fact that the IKB-like dislocation

structures observed via the aforementioned EBSD investigation occur in the “soft”

grains of the neutron diffraction studies shows agreement with those results.

Due to these interesting properties and responses, there has been interest in the

MAX phases for a variety of engineering applications. In order to utilize the material

in various applications, however, predictive models of the behavior need to be de-

veloped. To this end, Barsoum and colleagues [24] have developed a physical model

based on the kinking theory of Frank and Stroh [81] for the IKB response. This

model, although useful for the analysis of experimental results, is not formulated

in 3D or prepared for the prediction of the MAX phase responses. Similarly, two

one-dimensional models based on hysteretic unit operators [114] and the Preisach-

Mayergoyz model [239] have been constructed but are limited to IKB regimes. In

contrast to this, Poon and coworkers [186] focused on the permanent deformation

regime and utilized a one dimensional formulation based on crack-sliding to simula-

tion and predict the hysteresis loops in the regime they postulated as being purely
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due to frictional crack-sliding. Finally, Jones et al. [113] utilized a elastic-plastic self

consistent model (EPSC) with a number of simplifications (e.g, single slip system

and lack of work hardening) which even the authors admit limit their results to be

considered only as approximate. Bearing all this in mind, there is not currently a

model which can capture all the relevant mechanisms or has been developed and

implemented for use in a three dimensional finite element package.

1.2 SMA Composite Modeling

Broadly speaking, techniques for the analysis of composite and heterogeneous ma-

terials may categorized as either a mean-field or full-field approach [132]. Mean-field

techniques focus on dividing the composite microstructure into a series of distinct

phases and determining the average state of the different phases and composite. Such

approaches are typically based on either the classical results of Eshelby [77] and his

Equivalent Inclusion methods [77, 160, 195] (e.g, the Mori-Tanaka [30, 159, 160] and

Self-Consistent [105] methods) or variation principles using linear thermoelastic com-

parison composites [162,163]. Full-field approaches, on the other hand, focus on the

development of a computational domain and solving for the resultant deformation

fields via numerical techniques, typically the finite element method (FEM), and av-

eraging for the effective response. These methods may be subdivided according to

the computational domains used – unit cell (UC) or representative volume element

(RVE) [181]. The former is used with periodic structures in which a repeating het-

erogeneous structure may be identified while the latter refers to the identification of

a statistically representative volume of a nonuniform microstructure (see Pindera et

al. [181] for a lengthier discussion). Both methodologies have previously been used

for the study of heterogeneous media with nonlinear constituents and comparisons
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between various approaches considering elastic-plastic [48, 68, 90, 132, 179, 210, 211],

viscoplastic [67, 180], and damage [49] constituent responses may be found in the

literature. Here, the prior application of these approaches to SMA composites is

presented to motivate the models developed for the case of SMA-MAX composites

of interest in this study.

Initial SMA composite modeling efforts focused on the use of analytical techniques

to develop models of SMA actuators [52, 130, 131] and composite plates [112, 205].

Mean field approaches utilizing the Mori-Tanaka method soon followed to predict and

analyze the response of SMA composites [33, 39, 41, 126, 235]. Specifically, Yamada

et al. used such an approach to demonstrate the potential of the SME to increase

the effective flow-stress of an SMA reinforced Al composite. The ability of microme-

chanical methods to capture the thermomechanical response was demonstrated by

Lagoudas et al. [126] who analyzed the case of an SMA fiber reinforced compos-

ite and compared the results of both a UC (using the FEM) and the Mori-Tanaka

method. Noting this applicability, Boyd and Lagoudas used the Mori-Tanaka method

to explore the composite transformation characteristics of SMA composites and de-

termined the effective transformation surfaces [39] and demonstrated the possibility

of developing an effective TWSME even if the SMA only exhibits the OWSME [41].

The impact of material variability on the effective composite response was considered

by Bhattacharyya and Lagoudas [33] who discretized the SMA fiber reinforcement

into a series of distinct phases with different transformation temperatures and used

the Mori-Tanaka method to investigate the impact of the probabilistic distribution

of these temperatures on the effective composite response. For the analysis of SMA-

based structures, finite element techniques using layer-wise laminate approaches were

developed and used for the analysis of active metal-laminate composites [125,129].

As a result of increasing utilization of SMA composites with a wide variety of

14



matrices and intended applications, modeling approaches have also advanced sub-

stantially. With respect to mean-field approaches, the Mori-Tanaka, Self-Consistent,

and variational methods have all been utilized to study a variety of materials. A

summary of these various efforts are presented in Table 1.1. First, regarding the

Mori-Tanaka method, the behavior of porous SMAs has been studied by a variety of

authors [75,76,164,190,236]. Zhao and Taya [236] considered an analytical approach

and focused on solving for the various stages of the pseudoelastic curve while Nemat-

Nasser and coworkers [164] utilized a three phase approach treating austenite and

martensite separately. Qidwai et al. [190] and Entchev and Lagoudas [75, 76] both

utilized an incremental Mori-Tanaka approach like that developed by Lagoudas et al.

for a metal-ceramic composite [128]. The former effort of Qidwai and coworkers [190]

compared their micromechanical results to those of an UC and demonstrated that the

micromechanical averaging approach overpredicted the initial stress for phase trans-

formation while the latter investigation of Entchev and Lagoudas [75] developed

an explicit relation for the macroscopic inelastic strain and considered the impact

of pore shape. In a follow-up work, Entchev and Lagoudas [76] also incorporated

transformation induced plastic (TRIP) strains into their constitutive formulation and

explored the impact of the change in SMA thermoelastic properties on the effective

response. Additional efforts via mean-field approaches have focused on capturing

the influence of precipitates on the macroscopic behavior. For instance, Collard and

coworkers [61,62] investigated the effect of elastic Zr precipitates in a CuZnAl poly-

crystal through a two scale approach. At the single grain level, the Zr precipitates

were embedded in an SMA matrix and the constitutive responses was determined

via the Mori-Tanaka method. A self-consistent approach was then adopted to de-

termined the averaged polycrystalline response [61, 62]. For an inelastic precipitate,

Piotrowski and colleagues [183, 184] focused on the response of NiTiNb by treating
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the Nb as elastic-plastic, ductile precipitates in a transforming NiTi matrix. In their

work, the authors demonstrated that the plasticity in the Nb phase expanded the

transformation hysteresis and used used the model to study the response of pipe

couplers [183,184].

Mori-Tanaka based models have also been constructed treating the SMA as

Table 1.1: Mean-field approaches used to investigate SMA-reinforced compos-
ites [137]

Methodology Reinforcement Matrix References

Mori-Tanaka Fiber Elastomer [39,41,148]

” ” Metal [134,241]

” Particle ” [34,35,235]

” – Porous SMAs [75,76,164,190]

” – Precipitated SMAs [56,62,183,184]

Self-consistent Particle Metal or elastomer [58,219]

” Fiber Elastomer [154]

Mori-Tanaka & – Precipitated SMAs [61]

Self-consistent

Second order

variational ” Elastomer [42]

the reinforcement phase. Specifically, Lu and Weng [148] and Zhu and Dui [241]

both constructed multi-phase models considering distinct representations of austen-

ite, martensite, and the matrix. In the former case, an elastomer matrix material

was investigated and the superiority of fibrous (vs. other) reinforcement in terms of

stiffness, ease of transformation, and damping possibilities was demonstrated [148].

The latter studied elastic-plastic matrices (a metal and polymeric material) and con-

sidered the effect of reinforcement shape on the residual stresses of the constituents

through mechanical loading at different (isothermal) temperatures. Expanding on
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previous MMC strengthening efforts (e.g, [235]), Lee and Taya [134] considered the

interaction of prestrains in the SMA reinforcement and plasticity in the metal ma-

trix and predicted the increase in the effective yield strength through shape memory

recovery. Birman [34, 35] developed a three-dimensional “exact inverse” method

utilizing the Mori-Tanaka method to determine the effect of transformation on the

effective thermomechanical properties and stress state of an SMA reinforced com-

posite [34] and energy dissipation [35].

Although not as prevalent, other mean-field approaches have been used for the

analysis of SMA composites. For instance, a self-consistent scheme was constructed

by Cherkaoui and collogues [58] and used to study the stress and strain states of the

phases as a function of the applied thermomechanical loading. In a subsequent effort

by Song et al. [219], this model to study the influences of a wide set of loading and

phase distribution parameters and noted a strong dependence on these parameters.

A separate investigation by Marfia and Sacco [154] also developed a self-consistent

formulation. In this case, however, a tension–compression asymmetric SMA constitu-

tive routine was incorporated and the corresponding effects considered. Importantly,

as a part of this effort, the authors also constructed a UC FEM to validate their

model. Briggs and Ponte Catandeda [42], on the other hand, utilized a second order

variational approach to explore optimization of an SMA composite in terms of max-

imum contraction (via recovery) and bandwidth. From their analysis, it was noted

that a soft matrix with restrained fibers could lead to a better response time – albeit

with an associated energy penalty.

Mean-field approaches, although potent tools for the quick, efficient analysis of in-

elastic composites, do have a number of complications and limitations. For instance,

microstructures that may be considered are typically somewhat simple. For instance,

Eshelby based approaches require an elliptical inhomogeneity shape and a clear dis-
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tinct matrix should be evident (self-consistent approaches for polycrystalline mate-

rials have been developed). In some more complex microstructures, parameterizing

the microstructure in such a way may be difficult if not impossible – e.g, two-phase

interpenetrating composites with roughly equivalent volume fractions. Additionally,

as only phase average responses are considered some issues driven by local stress-

concentrations and concerns may not be captured. An example of this is the over-

prediction of the pseudoelastic onset stress noted by Qidwai and coworkers [190]. In

previous investigations with elastic-plastic materials, it has also been shown that the

choice of stiffness tensor (scent, isotropized tangent, or anisotropic tangent) used in

the micromechanical formulation produces substantially different inelastic responses

(in the form of hardening during yielding) [48]. Such limitations have been in-

vestigated and discussed in detail for elastic-plastic materials [48, 181, 211] and are

expected with other inelastic reponses (e.g, martensitic transformation). One way

that has been considered to address many of these concerns is the utilization of com-

putationally more expensive full-field analysis techniques.

In terms of SMA composites, both UC and RVE full-field methods have been

utilized and efforts towards this end are presented in Table 1.2. With respect to

the former, UC methods have been applied to study a variety of heterogeneous ma-

terial systems. For instance, Qidwai et al. [190] considered the response of porous

SMAs considering both open and closed porosity while the response of NiTi fiber

reinforced metallic elastic-plastic [64,65] and elastomer [4] matrix materials has also

been explored. In the former investigations, the impact of volume fraction, cross-

sectional shape, and pre-strain on both proportional and non-proportional loadings

were analyzed [64, 65] while the latter focused on internal stresses induced by the

fiber SME [4]. A variety of UCs for different hybrid composites with different re-

inforcement configurations and latent heat conditions were explored by Aurrichio
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and Petrini [12]. Sepiani and Ghazavi [212] treated the problem of an SMA re-

inforced woven composite under biaxial loadings and noted the substantial impact

of the SME on the in-plane behavior of such woven materials. Approaches using

asymptotic expansion methods have also been adopted. Specifically, Chatzigeorgiou

et al. [51] investigated periodic composites with SMA constituents and utilized a

step-by-step approach to simultaneously solve the micro- and macroscale problems.

The developed framework was used to analyze multilayered systems with metallic

elastic-plastic and SMA layers under different combined tension-shear isothermal me-

chanical loadings. They noted a strong interaction between the transformation and

plasticity mechanisms and a loss of convexity in the effective austenite finish yield

surface under some combined loadings. The case of SMA wire reinforced composites

was investigated via an asymptotic expansion approach by Herzog and Jacquet [102].

The multiscale problem was also tackled by Marfia and colleagues [152,153] by using

a self-consistent technique in a computationally efficient fashion.

In a series of investigations, Freed, Aboudi and coworkers utilized the high-

fidelity method of cells [2] to study a range of SMA composite materials. For instance,

the role of prestressed SMA fibers in concrete materials was explored using both a

damage-based [85] and a coupled damage-plastic [82] constitutive model for the con-

crete matrix. Through these investigations, the ability of such SMA reinforcement

to improve the yield strength of the effective concrete was considered. It was shown

that higher activation temperatures produced corresponding gains in the preferable

prestresses [85] and decreased residual plastic strains in the damage-plastic case [82].

Further studies explored the impact of heat transfer and thermomechancial coupling

on SMA reinforced aluminum and epoxy systems and was demonstrated that these

effects were more pronounced in the former case [84]. Various combinations of axial

and transverse loadings and their impact on the OWSME and TWSME of those
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Table 1.2: Full-field approaches used to investigate SMA-reinforced composites [137]

Methodology Reinforcement Matrix References

Unit cell – Porous SMAs [190]

” Fiber Elastomer [4]

” ” Elastomer or Metal [64,65]

” ” Nylon fiber/ elastomer [212]

(Woven composite)

Homogenization ” Elastomer [102,153]

” ” Polymer [12,83,84]

” ” Metal [12,51,83,84,152]

” ” Concrete [82,85]

” – SMA honeycombs [86]

RVE analysis – Precipitated SMAs [25]

” – Porous SMAs [10,174,189]

” Particulate MAX Phase [57,141]

” Fiber Metal [119]

same composite systems [83]. In all of these UC cases, however, the computational

domains considered remain rather simple – mostly in the form of a single inhomo-

geneity.

To enable more detailed representations of microstructures, 3D RVEs are often

constructed. Unlike UCs which are based on a repeatable microstructural unit, RVEs

are invoked to study irregular microstructures in which a statistically representative

volume is identified and appropriate computational domain constructed. Although a

number of definitions of an RVE may be found in the literature [70,104,110,115], the

fundamental premise of an RVE is that the response of the associated computational

domain (i) does not depend on the macroscopic boundary conditions [104, 110] and

(ii) is sufficiently large such that macroscopic response is spatially independent [70].

The necessary size to address these concerns is a function of micrstructural features

and responses and ways to identify the requisite size and sampling techniques have
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been presented by Kanit et al. [115].

Although extensively utilized in elastic-plastic materials, the adoption of 3D RVEs

for the analysis of SMA composites is still somewhat limited. Until recently, most

such efforts were with respect to porous SMAs [10, 174, 189]. In the earliest case,

Qidwai and DeGiorgi [189] focused on the dynamic behavior of porous NiTi. Impor-

tantly, however, they constructed their computation RVE in a statistically-informed

fashion using characterization results from X-ray microtomography. Subsequent ef-

forts, however, by Panico and Brinson [174] and Ashrafi et al. [10] used a random

RVE generation approach. The former effort explored the development of perma-

nent strains in the SMA matrix through pseudoelastic loadings [174] while the latter

investigation focused on studying the pressure dependence of the porous RVEs to

motivate the development of a constitutive model [10]. A later effort by Baxevanis

and coworkers [25] tackled the problem of the impact of precipitates on the effective

thermomechancial response of bulk Ni-rich SMAs. To that end, they constructed

a series of RVEs with different numbers, and sizes, of precipitates and simulated

the response through both pseudoelastic and actuation loading paths incorporating

diffusional and coherency effects. A recent extension to this work has focused on

predicting the response of such SMAs considering different heat treatments by con-

structing appropriate RVEs and good agreement between experiments and numerical

efforts was shown [63]. In a somewhat different vein, Kohlhaas and Klinkel [119]

utilized an FE2 approach to study different configurations of SMA wire reinforced

structures thereby demonstrating the capability of an FE2 approach to analyze such

problems.

In the SMA-MAX phase composite case of interest to this work, a number of

complications not yet addressed by the previous composite models may be identi-

fied. First, with the exception of the concrete examples, most efforts have focused
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on porous, polymer matrix, or metal matrix systems. The impact of the much stiffer

ceramic MAX phase on the transformation characteristics (both during elastic and

inelastic loading) needs to be addressed. Additionally, although some efforts have

looked at the response of these composites through SME recovery (e.g, [82,85]) that

actuation response with multiple inelastic constituents has yet to be explored. Be-

yond these constitutive issues, another challenge is posed by the SMA-MAX phase

composites and their microstructures. Specifically, the manufacture of the compos-

ites (via spark plasma sintering) results in the formation of porosity (up to ≈15%

depending on sintering conditions) and the reduction in transformable NiTi - up

to half of the initial material may be unable to transform in the worst cases of

NiTi− Ti2AlC composites [108]. This latter effect is primarily associated with NiTi

being consumed by interface reactions and corresponding compositional changes and

can have a substantial impact on the effective composite response [108]. Therefore,

the porosity and non-transforming material are essentially additional phases that

must be accounted for in the microstructural model. As most efforts discussed above

focus solely on two-phase systems, the incorporation and study of effects related to

these phases need to be performed. The exception to this statement is a previous

effort by Cheng et al. [57] who analyzed the thermal properties of the NiTi− Ti3SiC2

composite incorporating both an interphase and porosity. In this study, the interface

was shown to play a strong role in lowering the heat flux through the NiTi phase.

Their analysis, however, was limited to the purely thermal case.

1.3 Objectives and Specific Aims

As discussed above, recent efforts into the production and characterization of

SMA-MAX phase ceramic composites have highlighted a number of interesting re-

sponses and characteristics associated with the nonlinear constituents. To further
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analyze and expand on these issues, model(s) of these composite systems are needed

to not only provide additional insight and aid in understanding the experimental re-

sults but also provide feedback in to material developers in terms of ways to improve

specific responses. For instance, experimental results have indicated a roughly order

of magnitude difference in actuation strain developed during constant stress thermal

cycles between NiTi− Ti3SiC2 and NiTi− Ti2AlC composites given similar compo-

sitional concentrations [120, 141] although the source of this difference is still being

explored. Additionally, the role of the microstructure (potentially associated with

the previous observation) on the various responses of the composite system needs to

be identified and accounted for.

Therefore, in this work, a series of models are constructed to analyze and in-

vestigate the response of these composites. Given the complexity of the composite

systems (both in terms of microstructure and nonlinear constituents) involved, this

is done via a multistage approach. First, in Section 2, micromechanical models of

the system are developed to investigate the effective transformation characteristics

of stiff, ceramic matrix system and look at the impact of martensitic transforma-

tion on load redistribution. To build upon these results, in Section 3, image-based

finite element approaches are used to model the response of NiTi− Ti2AlC system

and investigate the interaction of nonlinear constitutive response of the different

phases. Importantly, the impact of the additional phases present in the system on

the effective response are explored.. These investigations focus on the development

of permanent deformations in the Ti2AlC and neglect some of the other inelastic

responses. Section 4 seeks to rectify this problem and develop a constitutive model

for polycrystalline MAX phases accounting for multiple inelastic mechanisms and

discusses the numerical implementation of said model. This expanded model is then

used in Section 5 to consider the impact of these additional mechanisms and consider
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the relative impact of the different mechanisms. Concluding remarks summarizing

this work and thoughts towards future efforts in this area are give in Section 6.
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2. EFFECTIVE SMA COMPOSITE TRANSFORMATION

CHARACTERISTICS*

Before proceeding into analysis of specific loading paths, it is beneficial to con-

sider and investigate the effective transformation characteristics of these composites.

Specifically, given the strong contrast in thermomechanical materials and large trans-

formation strains that may develop in the SMA phase, establishing the interaction

between these deformations and the matrix remains crucial in understanding any

stress redistribution or similar effects in such composites. These behaviors will play

a strong role in the following analysis and understanding them ahead of time will aid

in the interpretation of the results. Therefore, a micromechanical model of the com-

posite system is constructed and used to determine the state of the material at the

beginning and end of transformation and consider both the effective behavior of the

composite system and the interaction between the various constituents. Therefore,

in this section the model is introduced in Section 2.1 and results are then presented in

Section 2.2. A summary of the important findings are then presented in Section 2.3.

2.1 Modeling Approach

In developing the model for the composite system two components are needed

– constitutive models of the phases and a micromechanical model. With respect to

the former, a reversible constitutive model for SMAs is introduced in Section 2.1.1

while a micromechanical approach capable of describing an appropriate composite is

introduced in Section 2.1.2. The two models are then combined in Section 2.1.3 to

*Portions of this chapter are reprinted from “Transformation Characteristics of SMA Compos-
ites” by B. T. Lester, Y. Chemisky, and D. C. Lagoudas Smart Materials and Structures, 20, 094002
c©IOP Publishing [138].
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develop a framework capable of describing the behaviors of SMA composites.

2.1.1 Shape Memory Alloy Modeling

Constitutive modeling of SMAs has been extensively explored in the past quarter

century or so. Broadly speaking, these efforts focus on two main thrusts - microme-

chanical [178] and phenomenological [127] approaches. The former efforts focus on

modeling the result of a single crystal from a micromechanical standpoint by focusing

on the kinetics of transformation and then averaging the response over a polycrystal

to get an effective response [109, 142, 177]. Typically such approaches are computa-

tionally intensive and ill-suited to large scale structural simulation. Phenomenologi-

cal models, on the other hand, focus on utilizing appropriate internal state variables

to describe the macroscopically observable response and enable much more efficient

modeling of an SMA polycrystal. A number of such models (e.g, [55,124,173]) have

been constructing using a variety of ensembles of internal state variables (ISVs)

(typically various combinations of martensitic variant volume fractions and transfor-

mation strain tensors) and used to model the response of SMA structures. In the

following work, the recent phenomenological model of Lagoudas et al. [124] will be

utilized as it is developed with an eye towards the efficient analysis of the actuation

response of SMA composites and has been used to analyze a variety of SMA struc-

tures and components [96, 169]. Furthermore, this model is an extension of earlier

forms of the model of Boyd and Lagoudas [40] and the unified model of Lagoudas et

al. [125]. Subsequent efforts have further developed the model [123,192]. For use in

the micromechanical model development and aid in subsequent discussion, the model

is briefly presented.

The work of Lagoudas et al. [124] develops a phenomenological model for the

macroscopic behavior of SMAs. Specifically, an internal state variable approach
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is adopted which utilizes continuum thermodynamics to derive constitutive rela-

tions [59, 60]. The martensitic volume fraction, ξ, and transformation strain tensor,

εtrij , are used as state variables to capture the effects of the changing internal crys-

tallographic configuration on the macroscopic material response. From the resulting

analysis of the free energy, an additive strain decomposition is returned which may

be written as (in an incremental, rate-independent form2),

dεij = dεelij + dεthij + dεtrij , (2.1)

with dεij, dε
el
ij, and dεthij being the total, elastic, and thermal strain increments.

The total strain increment, dεij is assumed to be prescribed by the boundary value

problem of interest while the thermoelastic strain increments may be written as,

dεelij = Mijkl (ξ) dσkl + dMijkl (ξ)σkl, (2.2)

and

dεthij = αij (ξ) dT + dαij (ξ) (T − T0) , (2.3)

where Mijkl and αij are the current fourth-order compliance tensor and second-order

coefficient of thermal expansion tensor, respectively. External state variables, the

Cauchy stress and temperature, are denoted σij and T with T0 being a reference,

strain free temperature. In the two preceding relations, an explicit dependence of

the thermoelastic tensors on the martensitic volume fraction is shown. Previous

investigations have shown that the rule of mixtures is sufficient to capture the evo-

lution [39] and the current compliance and thermal expansion tensors may be given

as Mijkl = MA
ijkl + ξ∆Mijkl and αij = αAij + ξ∆αij, respectively, and a superscript

2In this relation, and all that follow, typical Einstein notation convention is assumed and utilized.
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A (or M) denote the austenitic (martensitic) property. The ∆ is used to define the

difference between the martensitic and austenitic values - e.g, ∆αij = αMij − αAij. In

what follows, the explicit dependence of the thermoelastic properties on ξ will be

assumed and not shown for brevity and it is assumed that each phase is thermoelas-

tically isotropic.

Next, the evolution of the inelastic transformation strain needs to be defined. To

this end, it is postulated that transformation is a volume-preserving, shear based

deformation [192] and the transformation evolves with (and only with) changes in

the martensitic volume fraction leading to an evolution expression of the form,

dεtrij = Λt
ijdξ, Λt

ij =





3
2
Hcur

(
σVMeff

) σ′ij
σV Meff dξ > 0

εtr−rev
ij

ξrev
dξ < 0

, (2.4)

where σ′ij is the deviatoric stress tensor defined via σ′ij = σij − 1
3
σkkδij (δij being

the kronecker delta) and σVMeff is the von Mises effective stress and is defined as

σVMeff =
√

3
2
σ′ijσ

′
ij. The current transformation strain magnitude, Hcur is assumed

to be a function of the effective stress magnitude [95,124] and is given as,

Hcur =





Hmin σVMeff ≤ σVMeff
crit

Hmin + (Hsat −Hmin)
(

1− e−k(σV Meff−σV Meff
crit )

)
σVMeff > σVMeff

crit

,

(2.5)

with Hmin and Hsat being the minimum and maximum observed transformation

strain magnitude corresponding to any observed TWSME behavior and full detwin-

ning, respectively. Fitting terms (k and σVMeff
crit ) are used to approximate the evo-

lution of macroscopic inelastic strain magnitude due to the stress dependence of the

detwinning process without introducing an extra internal state variable and the ensu-

ing additional complexity and computational cost. The form of the reverse transfor-
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mation tensor is selected to enforce the physical constraint that when the material is

fully austenitic (ξ = 0) no transformation strains should be present (εtrij = 0). There-

fore, εtr−revij and ξrev correspond to the transformation strain tensor and martensitic

volume fraction at reversal.

Finally, to complete the previous relations, the increment of martensitic volume

fraction (dξ) needs to be found. This is done by using the transformation strain

evolution equation (Eqn. 2.4) and the second law of thermodynamics. Through this

process, a thermodynamic driving force conjugate to transformation, πt, is found

and may be given as3,

πt = σijΛ
t
ij +

1

2
σij∆Mijklσkl + σij∆αij (T − T0) + ρ∆s0T − ρ∆u0 − f t. (2.6)

In Eqn 2.6, ρ, s0, and u0 are the material density, reference entropy, and reference

entropy, respecitively, and f t is the smooth hardening function which is solely a

function of the martensitic volume fraction and material parameters. Utilizing this

thermodynamic driving force, a transformation function (analogous in purpose to a

yield function in plasticity) of the form,

Φt =





πtfwd − Y t
fwd (σij) dξ > 0

−πtrvs − Y t
rvs (σij) dξ < 0

, (2.7)

is assumed in which Y t is the critical value for forward or reverse martensitic transfor-

mation and is assumed to depend on the stress following experimental observations

(Y t
γ = Y t

0 + DσijΛ
t−γ
ij ) [95, 124]. The subscripts fwd and rvs are used to indicate

the form of the functions for forward and reverse transformation, respectively. This

3Following common SMA modeling practice it is assumed that the specific heats of the two
phases are the same so that ∆c = 0
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constitutive model has previously been numerically implemented as a user material

subroutine (UMAT) [96,124] in Abaqus [1] via an elastic-predictor, inelastic correc-

tor approach with a convex cutting plane - return mapping correction scheme [213].

Although not unconditionally convergent, past studies have shown that for a vast

majority of problems of interest the convex cutting plane approach is sufficient to

achieve convergence with substantial increases in computational speed [191].

2.1.2 Micromechanical Model

A micromechanical approach capable of describing the response of an SMA com-

posite at the beginning and end of transformation is needed. Specifically, the problem

of a thermoelastic matrix with embedded SMA inhomogeneities is studied. By focus-

ing on the state of the material at the beginning and end of transformation, effects

like thermal expansion mismatch and transformation strains developed during a cy-

cle may all be considered to be inelastic eigenstrains and the problem becomes that

of an inhomogeneous inhomogeneity. Therefore, the results and methodologies of

Eshelby [77] and his equivalent inclusion method [160,195] may be leveraged.

To develop the model of interest, a composite like that presented in Fig. 3a is

considered. Specifically, the general composite being investigated is comprised of N

elliptically shaped inhomogeneities each comprising a volume fraction ci (with the

constraint
∑N

i=0 c
i = 1) embedded in a distinct matrix. In this case, it is assumed

that the SMA constituents are the composite reinforcement and are treated as in-

homogeneities. The elastic stiffness of the inhomogeneities and matrix are given by

Lrijkl and L0
ijkl, respectively. In the following, a superscript will be used to denote the

phase of the variable being considered with “0” being the matrix while an overbar is

used for effective, composite measures. The composite is taken to have an effective
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Figure 3: a) Representation of a SMA-composite, with N SMA inhomogeneities,
subjected to the applied tractions ti. b) Representation of a the r-th inhomogeneity in
an infinite matrix, subjected to an applied traction t0i = σ0

ijnj, according to the Mori-
Tanaka approximation [30, 195]. c©IOP Publishing. Reproduced with permission
from [138] by permission of IOP Publishing. All rights reserved.

stiffness, stress, and strain represented by L̄ijkl, σ̄ij, and ε̄ij, respectively, where the

effective stress and strain are volume averaged quantities (e.g, σ̄ij =
∫
V
σijdV ). Ad-

ditionally, as the average response is of interest here, only phase average values of

the various field quantities will be discussed. For instance, εrij is the average strain

of the r-th phase and is defined via εrij =
∫
Vr
εijdV . Furthermore, it is assumed that

an homogeneous temperature field is present. Finally, the following assumptions are

introduced with respect to the stress and strain of the constituents and composite

materials:

1. Tractions ti applied along the boundary S (with outward normal, ni) of the

composite are taken to be ti = σ̄ijnj with the volume averaged stress also being

the applied.
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2. Transformation strains are treated as inelastic eigenstrains in the inhomo-

geneities. Noting Eqn. 2.5, however, these strains depend on (i) the stress

level of the given SMA inhomogeneity, σrij, and (ii) the loading path history.

With respect to the latter consideration, the analysis here will be limited to

proportional loadings. The former point introduces a coupling between the

constitutive and micromechanical behaviors and will be addressed later in this

section.

3. The average strain in the r-th SMA inhomogeneity may be additively decom-

posed as:

εrij = εr−elij + εr−thij + εr−trij , (2.8)

where εrij, ε
r−el
ij , εr−thij , and εr−trij are the total, elastic, thermal, and transfor-

mation strains, respectively. The local constitutive law of the r-th SMA phase

is then written as,

σrij = Lrijkl
(
εrkl − εr−thkl − εr−trkl

)
(2.9)

4. The matrix phase is taken to be thermoelastic whose total strain is written,

ε0
ij = ε0−el

ij + ε0−th
ij , (2.10)

producing a constitutive law of the form,

σ0
ij = L0

ijkl

(
ε0
kl − ε0−th

kl

)
. (2.11)

One essential feature of bulk SMAs that need to be incorporated in any microme-

chanical approach is the developed inelastic transformation strains. The evolution of

such strains is typically modeled with an incremental formulation (see Section 2.1.1)
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although here an alternative approach is sought so that only the total strains are

considered. A solution is readily apparent by treating the transformation strains

as eigenstrains in the micromechanical context. The complexity in this, however,

is that transformation and its induced eigenstrains will alter the micromechancial

stress partitioning. Therefore, a coupling between the global micromechanical and

local constitutive behaviors is observed and must be both be satisfied.

To construct the model to that end, the Eshelby Equivalent Inclusion Method [77,

160, 195] and the Mori-Tanaka approximation [30, 195] will be utilized. First, the

single inhomogeneity problem represented by Fig. 3b is considered and Eqn. 2.9 is

recalled. It is noted that the total strain field, εrij may be decomposed as εrij = ε̄ij+ε̃ij

where ε̃ij is the perturbation strain field arising from the presence of the inhomo-

geneity. The constitutive law may then be rewritten as,

σrij = Lrijkl
(
ε̄kl + ε̃kl − εr−inkl

)
, (2.12)

with εr−inij being introduced as the combined inelastic strain tensor and defined as

εr−inij = εr−thij + εr−trij . Following the approach of Eshelby, this constitutive law may

also be rewritten by introducing an additional eigenstrain, εr−∗ij , associated with the

difference in stiffness between matrix and inhomogeneity such that

σrij = L0
ijkl

(
ε̄kl + ε̃kl − εr−inkl − εr−∗kl

)
. (2.13)

Equating Eqns. 2.12 and 2.13 yields the classical equivalence statement,

Lrijkl
(
ε̄kl + ε̃kl − εr−inkl

)
= L0

ijkl

(
ε̄kl + ε̃kl − εr−inkl − εr−∗kl

)
. (2.14)
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Additionally, it is observed from Eqn. 2.10 that both matrix and inhomogeneities

may have inelastic strain contributions. As such, it is assumed that the effective

strain tensor has elastic and inelastic components and may therefore be decomposed

as ε̄ij = ε̄elij + ε̄inij and the previous equivalent statement may be rewritten as,

Lrijkl
(
ε̄elkl + ε̃kl −

(
εr−inkl − ε̄inkl

))
= L0

ijkl

(
ε̄elkl + ε̃kl −

(
εr−inkl − ε̄inkl

)
− εr−∗kl

)
. (2.15)

In this way, any inelastic eigenstrains are now separated and treated in a combined

fashion enabling the consideration of an inelastic matrix. A total equivalent eigen-

strain is then introduced of the form εr−∗∗ij = εr−∗ij +
(
εr−inij − ε̄inij

)
such that the

classical solution of Eshelby relating the perturbation and eigenstrain fields,

ε̃rij = Srijklε
r−∗∗
kl , (2.16)

may be introduced. In Eqn. 2.16, Srijkl is the Eshelby tensor that is a function of

the thermoelastic properties of the matrix and inhomogeneity shape. Closed form

solutions of this tensor for simple cases (e.g, spherical or fiber inhomogeneities in an

isotropic matrix) may be found in various texts [160, 195] while a numerical scheme

based on gauss integration has been developed by Gavazzi and Lagoudas [89] for the

general anisotropic case. Equation 2.15 may then be solved analytically for εr−∗∗ij in

terms of the applied and inelastic strains and combined with Equations 2.12 and 2.16

yields a new constitutive law of the form,

σrij = Lrijkl
(
T rklmnε̄

el
mn +Rr

klmn

(
εr−inmn − ε̄inmn

))
, (2.17)
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where T rijkl and Rr
ijkl are the Eshelby interaction tensor and inelastic interaction

tensor. These tensors take the form,

T rijkl =
[
Iijkl + Srijmn

(
L0
mnrs

)−1 (
Lrrskl − L0

rskl

)]−1

, (2.18)

with Iijkl being the fourth order identity tensor (Iijkl = 1
2

(δikδjl + δilδjk)) and

Rr
ijkl = Srijmn

[(
Lrmnrs − L0

mnrs

)
Srrsqp + L0

mnqp

]−1
Lrqpkl − Iijkl. (2.19)

To relate the local constitutive law, Eqn. 2.17, to the global effective stress, the

definition of the effective stress is recalled,

σ̄ij =
N∑

r=0

crσrij =
N∑

r=0

crLrijkl
(
T rklmnε̄

el
mn +Rr

klmn

(
εr−inmn − ε̄inmn

))
. (2.20)

The Mori-Tanaka assumption [30, 159, 160] schematically depicted in Fig. 3b is in-

troduced. Specifically, in this limited RVE, the applied traction is assumed to cor-

respond to the matrix value to account for interaction effects between the various

precipitates. Therefore, ε̄elij = M0
ijklσ

0
kl and ε̄inij = ε0−in

ij leading to a revised form of

Eqn. 2.20,

σ̄ij =
N∑

r=0

crLrijkl
(
T rklmnM

0
mnrsσ

0
rs +Rr

klmn

(
εr−inmn − ε0−in

mn

))
. (2.21)

Importantly, the inelastic eigenstrain in the right-most term in now written as the

different between the inhomogeneity and matrix inelastic strains. Therefore, any

inelastic strains in the matrix may be incorporated in the formulation in the same

fashion that inelastic responses in the inhomogeneities are being investigated here.

By solving Eqn. 2.21 for σ0
ij, using the Mori-Tanaka approximation and returning to
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Eqn. 2.17, an expression for the stress in the r-th phase may be found,

σrij = Br
ijkl

(
σ̄kl −

N∑

n=0

cnLnklmnR
n
mnrs

(
εr−inrs − ε0−in

rs

)
)

+ LrijklR
r
klmn

(
εr−inmn − ε0−in

mn

)
,

(2.22)

in terms of the macroscopically known applied stress, σ̄ij, the inelastic eigenstrains,

and the stress concentration tensor, Br
ijkl, that takes the classic form,

Br
ijkl = LrijmnT

r
mnrsM

0
rsop

[
N∑

n=0

cnLnopabT
n
abcdM

0
cdkl

]−1

. (2.23)

2.1.3 Micromechanical Model of the Effective Transformation Behavior of an

SMA Composite

With the constitutive and micromechanical models established, the two models

are now combined to produce a model capable of exploring the effective transfor-

mation behavior of an SMA composite. Specifically, a two-phase SMA composite

is considered, where the SMA inhomogeneities are collectively treated as one phase

having the same shape and orientation with volume fraction cSMA and all quantities

related to this phase are denoted with the superscript “SMA”. The second phase is

the thermoelastic MAX phase matrix, and all quantities related to this phase are

denoted by the subscript 0. To determine the effective transformation surfaces of the

considered composite, namely Ms, Mf , As and Af , the four corresponding transfor-

mation conditions must be determined. Such surfaces are functions of the bulk SMA

state and its material parameters. In the composite case, however, the SMA stress is

a function of the applied macroscopic loading and microstructural parameters. With
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this in mind, the four transformation conditions may be expressed as Eqns. 2.24,

Φt
fwd(σ

r
ij (σ̄kl) , T, ξ = 0) = 0 ⇒ T = Ms,

Φt
fwd(σ

r
ij (σ̄kl) , T, ξ = 1) = 0 ⇒ T = Mf ,

Φt
rev(σ

r
ij (σ̄kl) , T, ξ = 1) = 0 ⇒ T = As,

Φt
rev(σ

r
ij (σ̄kl) , T, ξ = 0) = 0 ⇒ T = Af ,

(2.24)

where the local dependence on the global variables is explicitly given. The deter-

mination of these surfaces in terms of macroscopic variables may be performed as

follows:

1. To determine the effective transformation surface corresponding to the onset of

forward transformation, Ms, it is first noted that the SMA is in the austenitic

state. Thus, the transformation strain is zero (εtrij = 0) and the elastic stiffness

is that of the SMA is that of austenite, LSMA
ijkl = LAijkl. The inelastic strain

simply reduces to the thermal expansion strain and becomes,

εSMA−in
ij = αSMA

ij (T − Tref ) , . (2.25)

In this case, the local SMA stress is written, as:

σSMA
ij = BSMA−A

ijkl σ̄kl − bAijkl
(
αSMA
kl − αMAX

kl

)
(T − Tref ) , (2.26)

with

bAijkl = LAijmnR
SMA−A
mnrs

(
cSMABSMA−A

mnkl − Imnkl
)
, (2.27)

where the superscript “SMA-A” refers to tensors evaluate using the thermoelas-
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tic properties of an austenitic SMA. To determine the onset of transformation,

the local transformation criteria Φt
fwd(σ

SMA
ij , T, ξ = 0) = 0 needs to be satisfied

with σSMA
ij defined via Eqn. 2.26. Hence, an effective transformation criterion

for the onset of forward transformation is written as,

Φ̄r
fwd (σ̄ij, T, 0) = (1−D)

(
BSMA−A
ijkl σ̄kl

−bAijkl
(
αSMA
kl − αMAX

kl

)
(T − Tref )

)
Λt−fwd
ij

+
1

2

[(
BSMA−A
ijkl σ̄kl − bAijkl

(
αSMA
kl − αMAX

kl

)
(T − Tref )

)

∆Mijmn

(
BSMA−A
mnrs σ̄rs−

bAmnrs
(
αSMA
rs − αMAX

rs

)
(T − Tref )

)]

+ρ∆s0T − ρ∆u0 + f tfwd(0)− Y t
0 = 0. (2.28)

This condition is satisfied when T = Ms, yielding the effective transformation

surface as a function of the applied stress σ̄ij.

2. To find the transformation limit for the end of forward transformation, at

which point the SMA is fully martensitic, the transformation strain needs to

be accounted for. In this case, the inelastic strain in the SMA phase is written:

εSMA−in
ij = αSMA

ij (T − Tref ) + εtrij , (2.29)

To determine the functional form of the transformation strain, the evolution

equation (Eqn. 2.4) is integrated for the case of full transformation under iso-

baric stress conditions. This assumption is a reasonable approximation in the

case of proportional loadings. Therefore, the transformation strain is taken to
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be:

εtrij = Hcur
(
σSMA−VMeff

) 3

2

σ
′SMA
ij

σSMA−VMeff
. (2.30)

With this assumption, the expression of the local stress in the SMA phase

becomes:

σSMA
ij = BSMA−M

ijkl σ̄kl − bMijkl
[(
αSMA
kl − αMAX

kl

)
(T − Tref ) + εtrkl

]
, (2.31)

where BSMA−M
ijkl and bSMA−M

ijkl are determined considering the stiffness of the

martensitic phase. In this case, a simple analytical expression of the local

stress as a function of the applied stress and temperature does not exist due

to the coupling between the local SMA stress and the transformation strain

magnitude. Therefore, the local stress in the SMA for a specific applied stress

and temperature has to be numerically evaluated. The effective transformation

surface for the end of the forward transformation Φ̄t
fwd (σ̄ij, T, ξ = 1) = 0 is

met when T = Mf , which corresponds to the temperature to complete forward

transformation at the applied stress σ̄ij.

3. To determine the transformation limit for the onset of reverse transformation,

the relationship Φt
rev(σ

SMA
ij , T, ξ = 1) = 0 needs to be satisfied. As the material

is in the martensitic phase state at this point, the inelastic strain is:

εSMA−in
ij = αSMA

ij (T − Tref ) + εtr−revij , (2.32)

where the transformation strain is that at reversal, εtr−revij , and is taken to be

that found at the end of forward transformation for the same applied stress
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level. The local stress in this case is then written:

σSMA
ij = BSMA−M

ijkl σ̄kl − bMijkl
[(
αSMA
kl − αMAX

kl

)
(T − Tref ) + εtr−revkl

]
, (2.33)

The transformation criteria for the onset of reverse transformation is then given

as:

Φ̄t
rev (σ̄ij, T, ξ = 1) = − (1 +D)

(
BSMA−M
ijkl σ̄kl

−bMijkl
[(
αSMA
kl − αMAX

kl

)
(T − Tref ) + εtr−revkl

])

Λt−rev
ij − 1

2

[(
BSMA−M
ijkl σ̄kl−

bMijkl
[(
αSMA
kl − αMAX

kl

)
(T − Tref ) + εtr−revij

])
∆Mijmn

(
BSMA−M
mnrs σ̄rs − bMmnrs

[(
αSMA
rs − αMAX

rs

)
(T − Tref )

+εtr−revrs

])
− ρ∆s0 + ρ∆u0 + f trev (1) = 0. (2.34)

The temperature satisfying this condition is As.

4. Finally, the end of reverse transformation temperatures, Af , are determined

when the condition Φt
rev(σ

SMA
ij , T, ξ = 0) = 0 is satisfied. As the material

at this point is in the austenitic phase, the local stress in the SMA phase in

this last case the same as the martensitic start condition (Eqn. 2.26). The
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transformation criteria is written:

Φ̄r
rvs (σ̄ij, T, 0) = − (1 +D)

(
BSMA−A
ijkl σ̄kl−

bAijkl
(
αSMA
kl − αMAX

kl

)
(T − Tref )

)
Λt−rev
ij

−1

2

[(
BSMA−A
ijkl σ̄kl − bAijkl

(
αSMA
kl − αMAX

kl

)
(T − Tref )

)

∆Mijmn

(
BSMA−A
mnrs σ̄rs−

bAmnrs
(
αSMA
rs − αMAX

rs

)
(T − Tref )

)]

−ρ∆s0T + ρ∆u0 + f trev(0)− Y t
0 = 0. (2.35)

2.2 Results

To explore the transformation characteristics of an SMA-MAX composite, a rep-

resentative composite is analyzed using the established model. The SMA is taken

to be a Ni60Ti40 (wt%) material characterized by Hartl et al. [95] and the resultant

thermoelastic and transformation model parameters determined by the same authors

in a companion work [96] are given in Table 2.1. The matrix phase is taken to be

Ti2AlC that (for the purposes of this study) is assumed to behave thermoelastically.

This is done to focus on the impact of (i) the stiffness contrasts of the materials

and (ii) influence of martensitic transformation. The relevant properties are given

in Table 2.2 and it is noted that the Ti2AlC is more than three times stiffer than

the NiTi phase. The composite is taken to have 30% SMA inhomogeneities, and

the zero thermal mismatch strain reference temperature, Tref , is taken to be room

temperature (20◦C).
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Table 2.1: Model parameters for Ni60T40 (wt%) [96].

Parameter Value
EA 90 GPa
EM 63 GPa

νM = νA 0.33
αM = αA 10 x 10−6 ◦C−1

M0
s 35◦C

M0
f -31◦C

A0
s 15◦C

A0
f 69◦C

CA
∣∣
300MPa

16 MPa/◦C
CM
∣∣
300MPa

10 MPa/◦C
Hmin 0.0
Hsat 0.0158
σcrit 12 MPa

Table 2.2: Material properties for the Ti2AlC matrix [198].

Parameter Value
EMAX 278 GPa
νMAX 0.17

αMAX (from [18]) 8.20 x 10−6 ◦C−1

2.2.1 Transformation Characteristics with Spherical SMA Inhomogeneities

The effective phase diagram of the composite is determined by satisfying both

the local and global conditions by using the model developed in Section 2.1.2 and

is presented in Fig. 4. These results correspond to a uniaxially loaded composite

(σ̄ij = σ̄δi1δj1) subjected to a cooling–heating cycle. The phase diagram of the bulk

SMA is also presented for comparison. From Fig. 4, it is observed that all the com-

posite transformation limits require higher applied stresses to transform at a given
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permission from [138] by permission of IOP Publishing. All rights reserved.

temperature than those corresponding to the bulk SMA. The two transformation

limits in which the SMA is martensitic, Mf and As, both exhibit the same behavior

- a near vertical limit such that the temperatures needed to trigger the end of forward

transformation and the beginning of reverse transformation are almost stress invari-

ant. On the other hand, the forward transformation initiation limit, denoted by Ms,

maintains a similar, albeit steeper, behavior in comparison to the bulk case. The

last transformation limit, Af , is also strongly affected. This behavior presents an in-

teresting deviation from bulk SMA behavior. Specifically, an important assumption

of the bulk SMA constitutive model is that the forward (Ms and Mf ) and reverse

transformation limits (As and Af ) each share a common, stress-influence coefficient

(slope) in the phase diagram. This commonality in not maintained in the effective

response.
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To under the behaviors presented in Fig. 4, two key differences between the bulk

and composite case need to be considered. First, as the two materials in the com-

posite have dissimilar elastic moduli, the constituents have different phase average

stresses. Given the thermomechanically stiffer nature of the Ti2AlC phase, it will

carry a larger portion of the stress than the NiTi phase. Therefore, it is expected

that the SMA reinforcement stress will be lower than the effective applied stress.

The second different is the presence of the inelastic transformation strains. Such

strains are only presence in the martensitic phase and it is noted that the two sur-

faces corresponding to a martensitic SMA (Mf and As) are those exhibiting the

same near vertical behavior not observed with Ms and Af . Additionally, as may

be seen in Eqn. 2.4, the transformation direction tensor, Λt
ij, that appears in the

expression for the transformation surface, has different forms for the forward and

reverse transformation. The former case has a stress dependence while the latter

is constant through reverse transformation to ensure complete recovery. Recently,

Chatzigeorgiou et al. [51] noted that under non-proportional loadings this reverse

form of the tensor may produce effective yield surfaces that are not convex in stress

state. Although such loadings are not considered here, it is important to note the

importance of the selection of this form. Nonetheless, with these sources in mind it

can be reasonably deduced that the composite stress pertaining and transformation

strains developed during loading lead to the changes in the transformation cases.

Furthermore, the presence of these strains has a substantial impact on the marten-

sitic surfaces.

As differences in the composite transformation limits are observed when the SMA

is martensitic or austenitic, the effect of transformation on the local stress state of

the matrix and SMA phases needs to be investigated further. To explore this effect,

two cases are considered: i) when the SMA is austenitic, at the onset of forward
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transformation, and ii) when the SMA is martensitic, at the end of forward trans-

formation. The evolution of the stress in the direction of loading of each phase, σr11,

as a function of the applied stress σ̄11 for these cases is presented in Fig. 5. It is

observed that at the end of forward transformation there is an increase in the stress

in the MAX phase with a corresponding decrease in the SMA. Although the change

in SMA stiffness due to phase transformation alters the stress state of the composite,

the magnitude of the decrease in the SMA stress and the decreased influence of the

applied load on the SMA stress state at Mf indicate that this is a secondary cause

of stress reduction. Put another way, the martensitic transformation (especially its

strains) induces a redistribution of stress amongst the phases. This reduction in

stress in the SMA phases results in lower transformation temperatures for the com-

pletion of forward and onset of reverse transformation.

To further explore this stress reduction, it is necessary to investigate the rela-

tionship between the transformation strain and the applied stress. Therefore, the

local transformation strain in the direction of applied uniaxial loading of the SMA

is presented in Fig. 6 as a function of applied stress, σ̄11. The dense case is also pre-

sented for comparison. Note that the transformation strain presented is the strain

in the SMA phase determined at the limit Mf for each applied stress level. From

the results in Fig. 6, a large reduction in the local transformation strain is observed

for the composite case in comparison to the bulk results. By considering this result

with the decrease in stress presented in Fig. 5, it is concluded that the reduction in

transformation strains generated is the result of two mechanisms - the stress con-

centration effect and stress redistribution due to transformation. First, without the

consideration of transformation strains, the local stress in the SMA is linked to the

applied stress through the stress concentration tensor BSMA
ijkl . In the case of a stiff

matrix, the stress level in the SMA phase is significantly less than in the matrix
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Reproduced with permission from [138] by permission of IOP Publishing. All rights
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phase. Secondly, as previously noted, transformation modifies the composite stress

state such that stresses are redistributed amongst the SMA and the MAX phase.

As transformation strain magnitude is proportional to the stress on the SMA, both

reductions in SMA stress lead to decreases in the transformation strains generated.

It is further observed that the evolution of the transformation strains with respect

to applied stress for the composite does not reach a saturation value in the range of

applied stress considered, as it is observed for the bulk case.

Using the information provided by the analysis of the local stress state and trans-

formation strains, it becomes clear that the redistribution of stress due to the trans-

formation strain results in the nearly vertical slopes for the transformation limits

Mf and As observed in Fig. 4. Indeed, even when the applied stress is high, the
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redistribution of stress induced by the appearance of transformation strains results

in a low stress state in the SMA inhomogeneities. Therefore, the transformation

temperatures stay close to the zero stress temperatures M0
f and A0

s, which explains

the almost vertical transformation limit in the stress-temperature diagram when the

SMA is in the martensitic state.

The previous results in this section are all determined by considering only the

initial and completion states of the composite. An important question is to consider

if solving for only these states is in agreement with what is observed considering

the evolution of the composite state. To address this question, a one-dimensional

isostrain model of the composite is implemented. The isostrain approximation is

introduced due to the stiff character of the Ti2AlC phase. Details of the model are

given in Appendix A. The phase diagram numerically determined through such a
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model is presented in Fig. 7a while the stresses in the various phases through for-

ward transformation of a 300 MPa actuation cycle are given in Fig. 7. First, it

may be observed that the results of Fig. 7a exhibit the same qualitative behaviors

(and reasonable quantitative agreement) as in Fig. 4. Additionally, in Fig. 7, it is

noted during initial cooling the SMA has a lower stress than the applied. As forward

transformation progresses, however, the SMA stress is substantially reduced due to

the development of transformation strains. Therefore, the same composite behaviors

noted in the micromechanical model may be observed via the simpler 1D isostrain

approach. This agreement demonstrates that the consideration of only the initial

and final composite states is a reasonable approximation.

As the response of a composite with spherical inhomogeneities under uniaxial
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loading has already been discussed, the response under shear and biaxial loadings

shall be explored. Specifically, in the case of biaxial loadings, σ̄11 and σ̄22, the trans-
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formation surfaces for the case of Ms and Mf are determined and presented in Figs. 8

and 9, respectively, for the composite and bulk SMA. In the σ11-σ22 plane, the trans-

formation surfaces are found to be Mises ellipsoids. As the transformation strain

direction Λt−fwd
ij , it is dependent on the deviatoric stress tensor and the related J2

invariant (J2 = 1
2
σ′ijσ

′
ij), such a shape is to be expected. Additionally, the the con-

centration tensors are isotropic in the case of spherical inhomogeneities, therefore the

same equivalent local stress in the SMA phase is obtained from any applied stress

with an equivalent effective stress σ̄VMeff . This indicates that an effective phase

diagram, expressed as a function of the effective Mises equivalent stress σ̄VMeff is

identical for any proportional loading path, that includes uniaxial, multiaxial and

shear loading paths with spherical inhomogeneities.

It is also found that the size of these ellipsoids expands with increases in temper-

Figure 8: Ms transformation surfaces for SMA composite with spherical inhomo-
geneities cSMA and a dense SMA under biaxial loading. c©IOP Publishing. Re-
produced with permission from [138] by permission of IOP Publishing. All rights
reserved.

ature. In agreement with the results of Fig. 4, it is observed in Fig. 8 that to achieve
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Figure 9: Mf transformation surfaces for SMA composite with spherical inhomo-
geneities (cSMA) and a dense SMA under biaxial loading. c©IOP Publishing. Re-
produced with permission from [138] by permission of IOP Publishing. All rights
reserved.

the necessary conditions on the SMA phase to initiate forward transformation, a

larger applied stress for the composite case is required than for dense SMA. For the

end of forward transformation, there is a “bowl-like” shape indicating that substan-

tially more stress on the composite is necessary to produce the required stress in the

SMA for transformation completion at a given temperature (see Fig. 9) in agreement

with the transformation induced stress redistributions.

2.2.2 Transformation Characteristics with Cylindrical Inhomogeneities

To understand the influence of the geometry of the inhomogeneities and the effect

of the loading direction, a composite with cylindrical SMA inhomogeneities aligned

in the “1” direction is subjected to various loading conditions. As the concentration

tensors are anisotropic in the case of non-spherical inhomogeneities, it is expected

that the loading direction will influence the results. Specifically, four cases are con-

sidered:

1. L : Longitudinal uniaxial loading in the aligned direction - σ̄ij = σ̄δi1δj1.
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2. T : Transvere loading perpendicular to the axis of the inhomogeneities - σ̄ij =

σ̄δi2δj2.

3. LT : Pure in-plane shear - σ̄ij = τ̄ (δi1δj2 + δi2δj1).

4. TT : pure out-of-plane shear - σ̄ij = τ̄ (δi2δj3 + δi3δj2).

The results of these four cases are presented in Fig. 10. Figure 10a presents the
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comparison between the two uniaxial loading cases (L and T) while in Fig. 10b the

comparison between the two pure shear configurations (LT and TT) is given. Unlike

in the case of spherical inhomogeneities in which the transformation surfaces were

the same for a given σ̄VMeff , with cylindrical inhomogeneities the response is differ-

ent depending on the loading. Indeed, in Fig. 10a, the transformation limits that

correspond to loading in the longitudinal direction are steeper than the ones that

51



correspond to a transverse loading while in Fig. 10b the in-plane shear results (case

LT) are steeper than those in the out-of-plane case (TT). It is also noted that the

effect of loading direction has a larger impact on the martensitic start and austenitic

finish limits than for the two other transformation limits. In these cases, when there

is no transformation strain, the difference in the response is due to the anisotropy of

the localization tensors resulting in different stress states in the SMA phase depend-

ing on the loading considered. When transformation strains are present (martensitic

finish and austenitic start), all four cases show nearly vertical transformation limits

demonstrating the influence of the transformation strain on the stress redistribution.

To observe clearly the effect of the loading direction, at a given temperature (T =

65◦C), the composite transformation surface for cylindrical inhomogeneities aligned

in the 1-direction were determined under the previously described biaxial loading

conditions. The corresponding surface is presented in Fig. 11 along with the case

of a composite with spherical inhomogeneities and the transformation surface of the

bulk SMA at the same temperature. In Fig. 11, it is observed that the usage of

cylindrical inhomogeneities lead to an anisotropic transformation surface, and it is

clear that the stress necessary to initiate transformation in the longitudinal (“1”)

direction is higher than in the transverse (“2”) direction.

2.2.3 Parametric Studies

As the stress distribution in the composite is dependent upon the concentration

of each constituent phase and their respective stiffnesses, the influence of such pa-

rameters needs to be determined. Thus, parametric studies are performed on the

matrix elastic modulus, EMAX , and the SMA concentration to find the effective

phase transformation temperatures. Since changes in the elastic properties of the
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SMA inhomogeneities also cause different transformation behavior, the SMA prop-

erties are not changed. All the analyses in this section are carried out on a SMA

composite with spherical inhomogeneities. Note that, as discussed in the previous

section, the resulting effective transformation temperatures are identical for any pro-

portional loading path under the same Mises equivalent stress level.

To explore the effect of matrix elastic modulus, EMAX , on the transformation

response, the forward transformation temperatures, at different applied stress levels,

are determined as a function of the ratio between the elastic modulus of the matrix

and the SMA (EA for Ms and EM for Mf ). In Fig. 12a, the martensitic start temper-

atures, Ms, normalized by M0
s , are presented as a function of the normalized elastic
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modulus of the matrix. Note that the bulk case is presented for comparison at the

point EMAX/EA = 1. In this analysis, the composite is composed of 30% spherical

SMA inhomogeneities and the Poisson ratio and coefficient of thermal expansion of

the matrix is taken to be that of the SMA (for this composition νM = νA = νMAX ,

αM = αA = αMAX) so that only the matrix modulus is varied. Figure 12b presents

the results for the normalized martensitic finish, Mf , temperatures. The cases consid-

ered correspond to the elastic behavior of a wide range of matrix materials including

polymers, metals and ceramics.

In Fig. 12a, a gradual decrease in the temperature needed to initiate transfor-
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Figure 12: Effect of matrix elastic modulus on forward transformation temperatures
at a variety of σ̄11. c©IOP Publishing. Reproduced with permission from [138] by
permission of IOP Publishing. All rights reserved.

mation can be observed as the ratio of the elastic moduli increases. It is observed

that as the stiffness of the matrix increases, Ms approaches M0
s . Since there are no

transformation strains in the system, this variation is due purely to the stress con-
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centration effect that depends on the stiffness contrast of the two materials. For the

end of transformation, Fig. 12b shows that the temperature Mf decreases rapidly

toward the zero-stress limit M0
f as the ratio between the two elastic moduli increases.

Although the stress concentration effect still influences the results in this case, the

drastic decrease in Mf as the ratio of elastic moduli increases is attributed to the

effect of transformation strains and the associated stress redistribution as discussed

in Sec. 2.2.1. Importantly, the quick convergence of Mf to M0
f shows that the ap-

pearance of transformation strains is the dominant mechanism and therefore needs

to be accounted for in a variety of composite designs - including those where the

matrix has an equivalent or decreased stiffness as compared to the SMA. Note that

when the stiffness of the matrix is lower than the elastic stiffness of the SMA (in

the case of equal ν), the influence of the matrix has the opposite effect as observed

with a stiff matrix, i.e. the transformation temperatures Ms are higher than the ones

corresponding to the dense case for the same macroscopic stress level. This indicates

that the the transformation limits of this class of composites are less steep than in

the dense case. Indeed, the stress is distributed in such a manner that the local

equivalent stress in the SMA is higher than the macroscopic stress. The change in

the slopes of the transformation limits has been determined for the case of the onset

of transformation in SMA/elastomer composites by [39]. It has been shown that

the composite transformation slopes are in this case less steep than in the case of

the dense SMA, which is in agreement with the results provided here. On the other

hand, the transformation temperatures Mf corresponding to the composite matches

the temperatures of the dense case when the stiffness of the matrix is significantly

lower than the stiffness of the SMA (see Fig. 12b). The transformation strain that

is developed in the SMA phase induces a supplementary stress redistribution which

leads to a significantly lower stress level in the SMA, even if the stiffnesses are of the
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same order of magnitude.

To understand the effect of SMA concentration on the transformation response of

the composite a parametric study is also performed on SMA volume fraction. For this

analysis, the Ti2AlC ceramic is used as the matrix phase while the SMA concentra-

tion is varied. The resultant variations of Ms and Mf , normalized by the zero-stress

temperatures M0
s and M0

f , with SMA volume fraction are shown in Fig. 13. It is

noted than in the case of high volume fraction of SMA (typically when cSMA > .5),

the SMA should be considered to be the matrix phase of the composite. In this

case, non-homogeneous inelastic strains appear in the matrix and need to be treated

slightly differently as discussed in Section. 2.1.2. Nonetheless, tn the following para-

metric study, the Ti2AlC is considered to be the matrix even for high concentrations

of SMA. Although this introduces an additional approximation, the results still yield

important information regarding the trends of the composite response. Indeed, al-

though not shown, the results when cSMA = 1 match those of the bulk SMA.

For martensitic start temperatures, as cSMA increases there is a corresponding

increase in Ms. Again, this effect is attributed to the stress concentration effect that

depends on the composition of the composite. With respect to the martensitic finish

temperatures, Mf , it may be observed that the normalized temperatures grow with

volume fraction. These changes, however, are much less substantial than in the Ms

case as may be noted via the order of magnitude difference in the scales of Figs. 13a

and 13b. Therefore, although they increase, the Mf temperature remain approxi-

mately equal to the zero stress values. To consider this further, the effective inelastic

strains are plotted as a function of the SMA volume fraction in Fig. 14 at a vari-

ety of σ̄11 to investigate the previously described relationship between the two. As

these strains are determined in the martensitic state, Fig. 14 presents the sum of the

transformation and thermal strains. The thermal strains, however, do not vary with
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volume fraction or stress and are negligible due to the reference temperature chosen

and the low thermal expansion mismatch. At low and moderate cSMA in Fig. 14, very

small effective inelastic (transformation) strains are present. As cSMA reaches higher
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values these strains start to increase. It is noted that this trend is similar to the

evolution of the Mf temperatures with respect to the SMA volume fraction. It is

concluded that, at low and moderate SMA concentrations, the stress redistribution

keeps Mf approximately equal to M0
f and results in lower transformation strains.

To complete the parametric study, the effects of differing moduli and volume

fraction are considered together. Therefore, Fig. 15 presents the evolution of Ms

and Mf on a wide range of composites with various volume fraction of SMA and

elastic modulus of the matrix, all subjected to an an isobaric loading path (400

MPa), normalized by the zero-stress temperatures M0
s and M0

f . It is observed in

(a) Ms/M
0
s as a function of cSMA and EMAX/EA(b) Mf/M0

f as a function of cSMA and

EMAX/EM

Figure 15: Forward transformation temperatures as a function of SMA content and
matrix modulus at an applied load of 400 MPa. c©IOP Publishing. Reproduced
with permission from [138] by permission of IOP Publishing. All rights reserved.

Fig. 15b that at a low matrix modulus (EMAX/EA <1), and a low volume fraction

of the SMA phase, the transformation temperatures Ms and Mf differ significantly

from the zero-stress temperatures since the stress in the SMA phase is significantly
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increased due to the composite stress distribution. In the case of Ms (Fig. 15a), a

gradual dependence can be observed across the cSMA-EMAX space due to the effect

of the stress distribution. Indeed, according to the form of the stress concentration

tensor BSMA
ijkl , the stress in the SMA phase increases while the elastic stiffness of the

matrix decreases and while the volume fraction of the SMA decreases. It is observed

that the the transformation temperature corresponding to the end of transformation,

Mf , rapidly approaches M0
f as the matrix modulus increases. This indicates that the

transformation strain induced stress redistribution is a key mechanism that affects

the transformation characteristics even for a matrix with a low elastic modulus.

2.3 Summary

In this section, a quick, efficient method to analyze and determine the effective

transformation characteristics of SMA composites was developed. To facilitate this

approach, the composite and material states corresponding to the initiation and

completion of transformation were found by combining an Eshelby-based microme-

chanical approach with an SMA constitutive model. Through such a consideration,

a coupling between the extent of martensitic transformation and composite stress

state was observed. Although formulated such that transformation strains could be

in either phase, the response of composites with SMA inhomogeneities in a stiff,

elastic matrix were investigated. Specifically, effective transformation characteristics

of the composite (in terms of phase diagram and effective transformation strains)

were found. It was shown that when the material is austenitic (with no transfor-

mation strains), changes in the effective transformation surfaces are associated with

micromechanical stress distributions. For martensitic cases (Mf and As), the gen-

eration of transformation strains leads to (i) a stress redistribution lowering the

effective SMA stress and increasing the MAX phase stress (ii) near stress invariant

59



phase diagram surfaces (iii) decrease in the transformation strain magnitude of the

SMA phase. Additional parametric studies were performed to investigate the impact

of different matrix properties. Importantly, these observations demonstrate that,

even with just the stiff thermoelastic nature of the MAX phase, martensitic transfor-

mation of these cases yields (i) altered transformation characteristics with a wider

hysteresis and lower transformation strains and (ii) increased stresses in the MAX

phase constituent that could induce nonlinear behaviors. These possibilities will be

explored in subsequent sections in which nonlinear deformations are accounted for

throughout the loading cycle.
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3. ACTUATION RESPONSE OF SMA-MAX PHASE COMPOSITES*

The previous chapter presented important transformation characteristics of SMA-

MAX phase composites highlighting the impact of transformation strains on the

stress distribution in the composite. However, that analysis only considered the be-

ginning and end of transformation and considered a thermoelastic response for the

MAX phase constituent. Importantly, the response through a full actuation loading

cycle needs to be considered to investigate the evolution of this stress redistribution.

If a nonlinear constituent response is assumed for the MAX material, this evolution

is especially important. These topics will be discussed in this chapter. First, in

the remainder of this section, preliminaries regarding loading path and constitutive

responses will be presented. Section 3.1 will then introduce results pertaining to a

series of initial models of the composite material to explore this interaction. The

analysis of an actual NiTi− Ti2AlC will be given in Section 3.2. Finally,a summary

of these various results are presented in Section 3.3.

Before proceeding, some common elements in each of the following analysis sec-

tions are presented. Specifically, as with any boundary value problem, the geometry

(mesh), boundary conditions, and constitutive responses need to be defined. Al-

though the geometry changes, in each section the analysis is performed considering

an isobaric actuation loading path. Schematically, such a loading path is presented

in Fig. 16. Four steps are considered. First, in an austenitic state, the composite is

isothermally loaded to a predefined effective stress – 200 MPa in the case of Fig. 16a.

This effective, composite load level is then held constant as the composite is cooled

*Portions of this section (Section 3.1.1) are reproduced from ”Hybrid Shape Memory Alloy
Composites for Extreme Environments”, B. T. Lester, Y. Chemisky, A. B. Geltmacker, S. M.
Qidwai, R. K. Everett, and D. C. Lagoudas, 2011, Proceedings of 22nd International Conference on
Adaptive Structures and Technologies [139]. Copyright authors.
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and cooled (steps 2 and 3) through both forward and reverse transformation as in-

dicated in the phase diagram in Fig. 16b. Finally, the composite is unloaded (step

4) back to its initial loading state. The methodology used to apply these stresses

and corresponding boundary conditions will vary somewhat in the various simula-

tions (depending on the geometry) and will discussed in the appropriate section.

Nonetheless, the considered analysis is all performed considering this four-step cycle.

In all of the analyses in this chapter, an SMA (NiTi) and MAX phase constituent
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Figure 16: Considered isobaric (actuation) loading path: (a) applied load and tem-
perature through the course of the simulation steps and (b) loading path overlaid on
the phase diagram of the bulk NiTi.

(Ti2AlC) are present. With respect to the SMA phase, the constitutive model dis-

cussed in Section 2.1.1 and previously implemented as an Abaqus User MATerial

Subroutine (UMAT) [1] by Lagoudas et al. [124] is utilized. Model parameters are

determined from experimental results of dense NiTi4 produced through similar ma-

terial processing routes to that used to manufacture the composites of interest. It

is important to note that the presence of additional materials and subtle changes in

4Experimental results provided by Prof. Karaman (MSEN TAMU) and group.
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the processing conditions during composite fabrication may lead to different chem-

istry or properties of the constituents versus that observed in the dense specimens.

Such a consideration is especially important in NiTi in which slight changes in chem-

istry can lead to substantial changes in material properties (especially transformation

temperatures) [170,222]. Recently, some combined numerical-experimental methods

have been developed using the FEM with digital image correlation (DIC) methods

to determine the material parameters of bulk SMAs in an inverse fashion [156, 233]

that could eventually address this issue with SMA composites. At this time, how-

ever, such methods are not available and it is assumed the the material properties

in the composite do not vary substantially from the bulk specimens. Regarding the

MAX phases, both recoverable and irrecoverable deformations are expected due to

the combination of mechanisms and behaviors discussed in Section 1.1. Additionally,

that same discussion highlighted a lack of existing 3D models capable of describing

the inelastic thermomechanical response of these materials. Although this problem

will be alleviated in forthcoming sections, it is important to first establish a baseline

response in terms using an approximate representation of the MAX phase behav-

ior. Specifically, it is important to capture both the thermoelastically stiff nature

of MAX phases and the development of permanent deformations in the assumed

constitutive response. These are important with respect to the stress redistribu-

tion expected through transformation and for the development of any residual stress

states that may develop through such loading paths. Therefore, an elastic-plastic

assumption of the MAX phase behavior is introduced and Abaqus’ isotropic hard-

ening elastic-plastic model is used. The experimental results of Poon et al. [186] are

used to calibrate this model as they extensively characterize this response domain.

Using these approaches, the constitutive responses of the two phases are presented

in Fig. 17 and characteristic model parameters are given in Tables 3.1 and 3.2 for
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the NiTi and Ti2AlC phases, respectively.
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Figure 17: Simulated constitutive responses of the NiTi and Ti2AlC phases.

3.1 Reference Composite Response

As will be pointed out in the following section, the actual NiTi-Ti2AlC composite

that will be studied has a number of additional complications that are accounted

for. Therefore, before proceeding to the more complex examples, simpler two-phase

reference composites are considered. First, simpler representative microstructures

are considered. This study may not only illuminate the interaction of the various
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Table 3.1: Model parameters for the transformable bulk NiTi

Parameter Value
EA 67 GPa
EM 56 GPa

νM = νA 0.33
αM = αA 16 x 10−6 ◦C−1

M0
s 68◦C

M0
f 60◦C

A0
s 86◦C

A0
f 99◦C

CA 11 MPa/◦C
CM 25 MPa/◦C
Hsat 0.0345

Table 3.2: Thermoelastic properties for Ti2AlC [186].

Parameter Value
EMAX 250 GPa
νMAX 0.17

αMAX (from [18]) 8.20 x 10−6 ◦C−1

σy 540 MPa

phases but also play an important role in analyzing the impact of the composite.

Secondly, a realistic composite with a heterogeneous composite similar to that may

be expected in the actual composite is investigated.

3.1.1 Realistic Microstructure

To investigate the effective response of SMA-MAX Phase composites, a hetero-

geneous microstructure of a representative two-phase composite is constructed. The

construction of the FE-model and additional modeling details are presented in Sec-

tion 3.1.1.1 and corresponding results are given in Section 3.1.1.2
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3.1.1.1 Numerical Microstructure Generation and Modeling Approach

To account for the influences of an irregular microstructure, a numerical model

based on actual microstructures is necessary. To this end, an image-based tech-

nique which develops numerical microstructures from x-ray tomography results is

utilized. These techniques have been used to analyze of a wide variety of material

responses (e.g, yield in polycrystalline β-Ti [193]) incorporating the 3D effects of

the microstructure. The basis of this technique is first identifying and characterizing

an appropriate microstructure. First, it is noted that one of the proposed methods

for the SMA-MAX composites and used with other SMA systems (like the Mg-NiTi

composite studied by Li et al. [145]) is a melt infiltration approach. In this case, a

porous backbone is manufactured and the second phase is then infiltrated into this

skeleton. Therefore, a porous NiTi specimen5 was selected for use as a base, represen-

tative microstructure. The resultant microstructure was then characterized via x-ray

microtomography using a SkyScan 1172 tomography machine6. A FE mesh was then

created based on these results by treating each volume pixel (voxel) as a single ele-

ment and segmenting the elements as either NiTi material or pore. The porosity was

then considered to be the MAX phase material to approximate complete infiltration

of the base specimen. A reduction was applied to the mesh to maintain geometric

fidelity while achieving reasonable computational cost. Examples of this are shown

in Fig. 18 in which a 2D tomograph and reconstructed 3D numerical microstructure

are shown in Figs. 18a and b, respectively. The FE mesh used in this study is then

presented in Fig. 18c. The resultant mesh is comprised of 48% (volume) Ti2AlC.

The considered composite is virtually processed through an actuation loading

5Specimen provided by Prof. Karaman and group (MSEN TAMU)
6Microstructure characterization and mesh generation of this material was performed at the US

Naval Research Laboratory with assistance from Drs. Andrew B. Geltmacher, Alexis Lewis, Siddiq
Qidwai, and Rick Everett
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Figure 18: Numerical microstructure and mesh generation of a NiTi-Ti2AlC phase
composite: (a) segmented 2D x-ray tomograph of the characterized porous NiTi
cross-section (b) reconstructed 3D microstructure of the considered composite and
(c) the finite element mesh of the composite. Reproduced with permission from [139].

path like that presented in Fig. 16. Specifically, a mechanical load of 200 MPa is

applied to the cylindrical specimen in the axial, through-thickness (“3”) direction at

an initial temperature of 500◦C. The tensile load is applied through distributed con-

centrated forces along the top face shown in Fig. 18c while the bottom face is fixed

in the 3-direction. One node (approximately at the center) along this bottom face

is also fixed in the 1- and 2-directions to suppress rigid body motion. With respect

the material properties, these simulations were performed prior to characterization

efforts leading to the properties in Tables 3.1 and 3.2. Therefore, the SMA properties
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presented in Table 2.1 were used to model the SMA phase. For the Ti2AlC, an elastic

modulus of 278 GPa was used [198] while a yield stress of 200 MPa was used based

on the observations of Radovic et al. [197] regarding the tensile loading of a Ti3SiC2

specimen. The plastic hardening modulus of 1755 MPa with an exponent of 1.05

was selected based on a reference material. The effect of the hardening exponent

in similar cases has been previously considered and does not strongly influence the

stress state [140].

3.1.1.2 Results and Discussion

As the stress distribution and interaction of the inelastic mechanisms is of par-

ticular interest here, the stress states of the Ti2AlC phase in the direction of applied

(axial) loading, σ33, at the points labeled A-E in Fig. 16 are shown in Fig. 19. Note,

the temperature and load values are slightly different in Fig. 16 than used in this

simulation (e.g, a maximum temperature of 500◦C). Nonetheless, as they represent

the same points in the actuation load path they are used here for the corresponding

discussion. For clarity, the SMA content has been removed from the images through

post processing. Initially, at point A in Fig. 16, the composite is unloaded and the

Ti2AlC material is stress free (Fig. 19a). After mechanical loading, point B in Fig. 16,

the ceramic phase has a tensile stress state in the direction of applied loading with

areas of high local Ti2AlC content having lower stresses than areas of higher SMA

content as observed in Fig. 19b. After the composite is cooled (Fig. 16 point C),

the Ti2AlC phase, as shown in Fig. 19c, has an increased stress in the direction of

applied loading. After the composite is subsequently heated back to the maximum

temperature (point D), a large reduction in the Ti2AlC stress is noted in Fig. 19d.

Finally, after mechanical unloading (point E), the composite returns to its initial
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external loading state although the Ti2AlC phase has a residual stress state which

is mostly compressive as shown in Fig. 19e . Importantly, by comparing points with

the same external loading conditions (points A and E and points B and D) different

ceramic stress states are observed in the corresponding figures in Fig. 19. In both

cases, the difference between the two points is the effect of the thermal cycle through

forward and reverse transformation.

From the results of Fig. 19, it is demonstrated that a residual stress state does

Figure 19: Stress state in the Ti2AlC phase in the direction of applied loading (“3”)
through an actuation loading path under 200 MPa applied load (SMA phase has
been removed for clarity): (a) at the beginning of the loading cycle (b) after mechan-
ical loading (c) after cooling through forward transformation (d) following heating
through reverse transformation and (e) subsequent to mechanical unloading. Repro-
duced with permission from [139].

69



develop in the composite through a thermomechanical loading cycle incorporating

complete transformation. One essential question then is whether or not a simpler

cycle can produce such a state. If so, this path must be identified to avoid opera-

tional conditions which would increasingly lead to further permanent deformations

and eventually failure. Additionally, if such a path is identified that could simplify

the training process needed to produce such states. Therefore, the possibility of using

purely mechanical or purely thermal loading path is considered here. To consider

this issue, the final stress states in the direction of applied loading are presented

below in Fig. 20 for the previous thermomechanical and pure mechanical and ther-

mal loading paths along. The loading path used in each analysis is also presented

in Fig. 20 to highlight the different cases. For the cases of the pure thermal or me-

chanical loading, it is observed in Figs. 20a and c that both loading paths produce

a negligible residual stress state. Thus, to produce a residual stress state a coupled

thermomechanical loading path is necessary. As such, by careful consideration of

the desired operational conditions of the material, a thermomechanical loading path

may be designed resulting in a compressive residual stress state.

Although the ability to generate a residual stress state, which qualitatively ap-

pears compressive, through an actuation cycle has been demonstrated, it has not

been quantitatively considered. To this end, Fig. 21 presents the Ti2AlC phase av-

erage stress in the direction of applied loading, σ̄33, along with the average SMA

martensitic volume fraction (MVF), ξ. It is observed in Fig. 21 that during step 1,

the mechanical loading corresponding to A→B in Fig. 16, the response is initially

elastic although at higher stresses there is a small change in slope indicating the be-

ginning of irrecoverable strain generation. During the initial cooling of step 2 (B→C

of Fig. 16), prior to the initiation of forward transformation, the average stress in

the direction of loading decreases due to thermal expansion mismatch of the the two
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Figure 20: Effect of load path on the final residual stress state of the considered
SMA-MAX phase composite. The top row shows the different considered loading
paths while the bottom row shows the final stress in the direction of applied loading
of the MAX phase following the completion of the (a) purely mechanical (b) ther-
momechanical and (c) purely thermal loading paths. Reproduced with permission
from [139].

constituent phases. During forward transformation, as indicated by the increase in

SMA phase average Martensitic Volume Fraction (MVF), ξ, a sharp rise of nearly

100 MPa is noted in the Ti2AlC phase. Upon the completion of transformation, a

further reduction in the phase average stress in the direction of applied loading is

observed as the composite is further cooled. During the heating stage, step 3 in

Fig. 21 corresponding to C→D in Fig. 16, the thermal expansion mismatch yields
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Figure 21: Phase average stress of the MAX phase in the direction of applied loading
over the course of the loading cycle. Reproduced with permission from [139].

higher MAX phase average stress in the direction of applied loading. When the SMA

phase undergoes reverse transformation, indicated by the SMA phase average MVF

going to 0, a large drop of over 200 MPa is noted in the ceramic phase as the SMA

contracts allowing for a stress relaxation in the MAX phase. As the composite is

heated back to the original temperature, the phase average ceramic stress in the di-

rection of applied loading continues to increase. At the end of the heating step, point

D in Fig. 16, the ceramic has a lower phase average stress that at the same point

(B) prior to transformation. Thus, when the composite is unloaded during Step 4

(D→E) the MAX phase average stress in the direction of applied loading decreases

past zero and achieves a final average stress of -140 MPa.

As the previously discussion has indicated, the composite residual stress state

in the composite develops from the generation of irrecoverable strains in the MAX

phase. To consider the evolution of such strains over the course of the loading cycle,
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the ceramic phase average irrecoverable strain in the direction of applied loading,

ε̄p33, is presented in Fig. 22 along with the SMA phase average MVF. During the

Figure 22: Phase average irrecoverable strain of the MAX phase in the direction of
applied loading over the course of the loading cycle. Reproduced with permission
from [139].

mechanical loading of step 1 in Fig. 22, it is noted that the response is initially

elastic although towards the end of the loading step some irrecoverable strains are

generated. During cooling, step 2, prior to forward transformation a small increase

in the average irrecoverable strain in the direction of applied loading is observed.

When forward transformation occurs, a much larger quantity of irrecoverable strains

are generated in the direction of applied loading. Small amounts of irrecoverable

strain are generated during further cooling of step 2 and the initial heating of step 3

prior to reverse transformation as observed in Fig. 22. Through reverse transforma-

tion, a small amount of irrecoverable strains in the direction opposite of loading are
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generating leading to a decrease in the magnitude of irrecoverable strain in the di-

rection of loading as noted in Fig. 22. These strains are the result of local effects and

highlight the importance of microstructure in such composites as incorporation of

specific features through microstructure design could be used to increase or decrease

such effects. Over the course of further cooling, minor decreases in the magnitude of

irrecoverable strain in the direction of loading are observed in Fig. 22. By mechani-

cally unloading the composite, step 4 in Fig. 22, a more substantial decrease in the

magnitude of the plastic strains in the direction of applied loading is noted although

such reductions are much smaller than the amount of strain generated during forward

transformation. The final irrecoverable strain magnitude in the direction of applied

loading of ≈0.3%.

3.1.2 Impact of Microstructure

The previous section investigated the response of a complex heterogeneous mi-

crostructure. Although some qualitative assessments in terms of microstructure can

be made through such an analysis, the actual specific impact of different features

can be hard to extract from the effective response. Therefore, in this section, these

influences are investigated (in terms of actuation and residual stress results) via the

consideration of simplified UCs with different basic geometries. In these analysis, the

first-order metric of volume fraction of the NiTi reinforcement is kept fixed (≈ 40%)

but the geometry is varied. The microstructures being investigated are presented in

Fig. 23 and are comprised of three cases: (i) distributed spherical (ii) continual unidi-

rectional fiber and (iii) continual interpenetrating phase reinforcements. These three

cases will be denoted “Sphere”, “Fiber”, and “IPC” (for interpenetrating phase com-

posite), respectively, in what follows. The first two configurations represent common

particulate and unidirectional fiber reinforcement architectures. In the fiber case,
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the reinforcement is aligned with the direction of loading. Interpenetrating configu-

rations, on the other hand, represent continual reinforcement in all three directions

and is a representation of what might be observed in a melt-infiltrated composite.

In this case, it is assumed that the reinforcement is equal in all three direction. As

shown in Fig. 24, the ratio a/b in introduced to describe the relevant reinforcement

in each direction. The radius of the reinforcement (assumed to be a fiber-like geome-

try) in the direction of loading is denoted as a while b is used to represent the radius

of the fibers in the two transverse directions. In this fashion, a/b = 1 is the case

considered here with equal reinforcement, while a/b = ∞ would be the continual,

fiber case depicted in Fig. 23b.

Given the simplified nature of the microstructures, repeating units are easily

(a) Distributed, spherical re-
inforcement

(b) Continual, fiber reinforce-
ment

(c) Continual, interpenetrat-
ing phase composite (IPC)

Figure 23: Example microstructure investigated to determine the impact of the
architecture. The SMA reinforcement is colored green and is removed and presented
in front of the tan colored Ti2AlC matrix for clarity

identified and symmetry in three directions may be readily observed. Therefore,

one-eighth symmetry unit cells like those presented in Fig. 24 for the IPC configu-

ration are constructed and used in this analysis. As discussed in Section 1.2, Kanit

et al. [115] extensively studied the impact of applied boundary conditions on the
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analysis of various RVEs and other computational volumes. Specifically, that work

investigated both the impact of the size of the RVE and applied boundary condition

(either homogeneous strain, stress, or fully periodic boundary conditions) on the

determination of effective properties. From their results, Kanit and coworkers [115]

first noted that accurately determining the effective properties of the composite re-

quires fewer realizations for larger sized RVEs while smaller computational domains

require more realizations. Additionally, as the numerical microstructure increases in

size the impact of the boundary conditions becomes less pronounced. Nonetheless, in

smaller domains, it was observed that kinematic (strain) boundary conditions tend

towards the upper Voigt bound while traction conditions are closer to a lower Reuss

bound. [115] Bearing all of this in mind, the objective of this study is to consider the

relative impact of the microstructure on the performance of a composite. The in-

tent being to extract the impact of different base features on the composite response

rather than specific properties. Therefore, a constant (tensile) traction is applied

along one-edge while the symmetry planes have corresponding displacements fixed

as shown in Fig. 24. The remaining edges are given traction-free conditions and the

composite is assumed to have a homogeneous temperature field. A thermomechani-

cal loading corresponding to the actuation cycle as presented in Fig. 16 is applied.

The effective strain–temperature response of the composites through an actua-

tion loading path with a bias stress of 250 MPa is presented in Fig. 25. In considering

these results, it is first noted that although the effective actuation strains are much

smaller than that of the bulk SMA, a clear actuation behavior is present in all three

microstructures. By comparing the results, it is observed that the largest strains are

induced in the spherical reinforcement while the fiber case has the smallest actua-

tion strain (roughly half that of the sphere case). Interestingly, the interpenetrating

result is closer to the spherical case. Similarly, the nonlinear regime characteristic of
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a	  

b	  
x2	  

x3	  
x1	  

ti = �̄22ni

u2 (0, x2, x3) = 0

u3 (x1, x2, 0) = 0

u2 (x1, 0, x3) = 0

Figure 24: Boundary conditions and one-eighth symmetry computational domain of
the IPC microstructure. Green reinforcement is the SMA phase while the tan matrix
is the Ti2AlC content.

transformation occurs in very similar temperature domains for the sphere and IPC

cases. For the fiber case, on the other hand, transformation occurs at slightly higher

temperature. Finally, in all three cases, the development of permanent deformations

(indicated by the difference in the strains at T = 140◦C before and after transforma-

tion) is noted. Such irrecoverable strains are indicative of residual stress states like

those observed in the preceding section.

To consider these results more carefully, the phase average stress in the direction

of applied loading, σ̄r22 (where r is SMA or MAX), over the course of the loading

cycle is presented in Fig. 26. Similar to the previous results, it is noted that in all

cases initial loading leads to elastic loadings and the start of cooling induces stresses

associated with the thermal expansion mismatch. Upon transformation, the sphere

and IPC results follow the previous trends in that a sharp increase is noted in the

77



0	  

0.001	  

0.002	  

0.003	  

0.004	  

0.005	  

0.006	  

0.007	  

0.008	  

20	   40	   60	   80	   100	   120	   140	  

ε 2
2	  (
-‐)	  

Temperature	  (°C)	  

Sphere	  

Fiber	  

IPC	  

Figure 25: Effective strain–temperature response of composites with the different
reinforcement types under a constant applied biasing load of 250 MPa.
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(b) NiTi

Figure 26: Phase average stress of the different constituents in the direction of applied
loading through an actuation loading cycle with an applied tensile stress of 250 MPa.

Ti2AlC with a corresponding decrease in the NiTi phase. These trends are reversed

upon heating leading to a residual stress state. The fiber case, however, shows a

different trend. Interestingly, upon transformation, the stress results initially follow

the other cases. Quickly these results diverge and the changes are eliminated and the
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stress state in both phases is comparable to what would be expected if only thermal

expansion were present. Upon reverse transformation, only minor changes to the

stress states are noted. Therefore, upon unloading, small residual stresses (−5 MPa

in the Ti2AlC phase) are present. This evolution in the stress states stands in con-

trast to the other case and understanding the origin can be important in subsequent

material design.

To consider this problem, the various components of the SMA phase average

stress tensor, σ̄SMA
ij , of the sphere and fiber case are presented in Fig. 27a and b,

respectively. Before proceeding, it is important to note that in both cases the 11 and
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(b) Fiber Reinforcement

Figure 27: Components of the NiTi phase average stress (σ̄SMA
ij ) for different rein-

forcement cases through an actuation loading cycle with an applied tensile stress of
250 MPa.

33 (transverse to loading) results lie on top of each other in Fig. 27. In comparing

the two cases, both Fig. 27a and b show similar trends prior to transformation. Once

transformation occurs, as Fig. 26b showed, the results quickly differ. Importantly,

in Fig. 27b it is observed that transverse components (σ̄SMA
11 and σ̄SMA

33 ) increase
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in magnitude substantially more than in the spherical case. This is associated with

the deviatoric nature of the transformation strains in the SMA phase (Eqn. 2.4).

Specifically, given the cylindrical nature, as the SMA expands in the direction of

loading a corresponding contraction is produced in the lateral directions. Given the

thermoelastically stiff nature of the Ti2AlC phase, this deformation produces stresses

opposing that contraction leading to an increase in the tension in the transverse di-

rections. As presented in Fig. 28, this greatly increases the mean stress of the NiTi

case versus the sphere and IPC case. As a consequence of this changing stress state,

the magnitude of the strains generated in the direction of applied loading (Λtr
22) ac-

tually decreases in the fiber case. These leads to the reduced actuation strain and

residual stresses observed in the fiber case in Figs. 25 and 26.
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Figure 28: Phase average mean stress of the NiTi phase (1
3
σ̄SMA
kk ) through an actua-

tion loading cycle with an applied tensile stress of 250 MPa
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The spherical and fiber reinforcement cases represent two “extreme” cases with

respect to reinforcement architecture. This difference is manifest in the results just

discussed. Importantly, for microstructure design, a key question may be what hap-

pens between these cases. To address this, the IPC case is studied in more detail. In

Figs. 25 and 26, it may be seen that the results of a/b = 1 are similar to that of the

spherical reinforcement case. At larger a/b ratios, the interpenetrating case is close

in configuration to the fiber case. Therefore, the impact of this parameter on the

residual stress state to see investigate the response in the regions between the sphere

and fiber cases. Therefore, a series of unit cells with different ratios are constructed

and subjected to the same loading path and the final phase averaged stresses in the

direction of applied loading as a function of the a/b ratio is presented in Fig. 29.

From the results in Fig. 29, it is observed that the residual stress magnitude quickly

decreases as the a/b ratio increases. At values of two and above, the values of the

residual stress are nearly zero and approximate the values of the unidirectional fiber

case.

At this point, the previous discussion of boundary conditions is briefly re-

called. Specifically, all of the results presented to this point correspond to uniform

applied traction cases. To consider the impact of this assessment, additional sim-

ulations of the sphere case are considered with revised boundary conditions along

the (x1, x2, x3) = (x1, L, x3) (top) edge. Specifically, multipoint constraints are ap-

plied along that edge such that the displacements on that face are constrained to be

the same while a point load corresponding to the desired traction is applied at the

corresponding reference node. The stress in the direction of applied loading of the

MAX phase is presented in Fig. 30. From these results, it may be observed that the

same general behaviors as shown in Fig. 26a. In comparing the two results, in this

revised boundary condition case, it may be noted that during cooling and heating

81



!60$

!40$

!20$

0$

20$

40$

60$

80$

1$ 1.5$ 2$ 2.5$ 3$ 3.5$ 4$

σ 2
2fin

al
! (M

Pa
)$

a/b$

Ti2AlC$

NiTi$

T i2AlC

Figure 29: Phase average residual stress in the direction of applied loading of the
different constituents after an actuation cycle with an applied tensile load of 250
MPa. Results are for IPC architecture with different fiber radius ratios, a/b.

more substantial changes in the MAX phase stress (steeper slopes) than in the pre-

vious case. A slightly larger magnitude final residual stress is noted while a smaller

maximum stress during cooling is evident. A larger difference is noted between the

cooling and heating phase. Although not shown, the same analysis with the IPC

case demonstrates similar behaviors. In that case, however, a lower final residual

stress is noted. Nonetheless, even with these differences, the same relative behaviors

are observed – which is the objective of this work.

3.2 NiTi− Ti2AlC Composite

The previous section highlighted the possibility of generating residual stresses in

NiTi-MAX phase composites using simplified or approximate microstructures. In

this section, a model of an actual NiTi-Ti2AlC composite is explored. Beyond just

the difference in microstructure, it is noted that in the actual composite there are
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Figure 30: Phase average stress in the direction of applied loading of the MAX phase
(σ̄MAX

22 ) of the sphere case through an actuation loading cycle with an applied tensile
stress of 250 MPa

additional phases (namely porosity and a reaction layer/interphase) present further

complicating the process. Therefore, in Section 3.2.1 the generation of the microme-

chanical FE model is discussed while corresponding results are presented in Sec-

tion 3.2.2. Both the actuation response and generation of residual stress state are

explored and a series of parametric studies are performed on a number of microstruc-

tural features to investigate their impact.

3.2.1 Composite FE Model Generation

To include the effects of the heterogeneous microstructure, a numerical mesh

of composite is developed using image based techniques. These techniques utilize

x-ray microtomography, serial sectioning and other techniques to generate digital

images of the microstructure under investigation and turn them into finite element

meshes [91, 92, 143, 144, 193]. Such methodologies have been used to investigate the
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role of texture in the yield of polycrystalline β-Ti [193] and thermal stress induced

damage on the effective properties of Cr-Al2O3 composites [230]. Here, a SkyScan

1172 high-resolution micro-CT was used to image the NiTi-Ti2AlC composite spec-

imen utilized in subsequent experiments. The specimen was a 50 vol% NiTi - 50

vol.% Ti2AlC composite processed at a sintering temperature of 960◦C for a holding

time of 10 minutes under a 100 MPa applied stress using the spark plasma sinter-

ing technique. Further details of the processing methodology and approach may be

found in the work of Hu et al [108]. A finite element mesh was then created from

the tomography results by treating each volume pixel (voxel) discretely and applying

different thresholds to differentiate the three phases present in the material system

(NiTi, Ti2AlC and porosity). In this case, a mesh corresponding to the entire charac-

terized material domain is constructed. This is done as (i) essential microstructural

characteristics have not been determined a priori and (ii) lack of statistical analysis

demonstrating homogeneity in the microstructure. Therefore, the entire domain is

used in lieu of a smaller sub RVE whose representative nature has not been estab-

lished. The porosity was a result of the manufacturing and was calculated to be

10.6% of the specimen volume by using Archimedes’ principle as specified in ASTM

C20-00 [11]. As equal amounts of both Ti2AlC and NiTi powders were used in the

manufacturing, the remaining dense volume was assumed to be split evenly between

Ti2AlC and NiTi phases resulting in volume fractions of 44.7%. These volume frac-

tions were used with the histogram of the composite pixel values to find threshold

levels which best fit the expected concentrations. This approach was adopted here

because the densities of NiTi and Ti2AlC are close enough such that x-ray microto-

mography does not result in easily discernible, discrete thresholds. Given the large

data set associated with the microtomography, a mesh reduction is applied which

maintains geometric fidelity while decreasing the computational cost of the simula-
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tions. Namely, a prescribed reduction factor is applied such that the given number

of elements in each direction are reduced to a single element and assigned the most

common material value. This process results in a mesh of roughly 44,000 linear 3D

elements and is represented schematically in Fig. 31

Preliminary differential scanning calorimetry (DSC) experiments7 (Fig. 32) were

Composite Cross-
Section Resultant 3D Mesh 

Ti2AlC NiTi Porosity 

Resultant 2D Mesh 

Interphase 
(a) (b) (c) 

Figure 31: Development of finite element mesh used in this study: (a) Single 2D
image resultant from micro-tomography (b) Mesh of the cross section after applying
threshold values and mesh reduction and (c) the final 3D constructed mesh.

conducted using a TA Instruments, Q20TM DSC and indicated the composite has

a lower latent heat than is expected for the given concentration of NiTi. The re-

duced latent heat indicates that some of the NiTi content does not transform and

is indicative of the the presence of a non-negligible reaction layer or interphase.

This interphase material is likely due to a combination of effects including internal

stress fields, compositional gradients, and interfaces between the NiTi-Ti2AlC as well

as other microstructure imperfections and has been extensively discussed by Hu et

7DSC results provided by A. Kothalkar and Profs. Radovic and Karaman (TAMU MSEN).
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al. [108]. A similar effect has also been observed by Mari and Dunand in NiTi-TiC

composites who noted a reduction in transformation enthalpy and postulated it was

due to the presence of either retained, stabilized martensite or austenite [155]. Past

investigations into bulk NiTi have also shown that internal stress fields lead to re-

tained, or non-transforming, martensite [121]. As such, and although the actual

constitutive response of this interphase is unknown and likely gradient, all of this

reaction layer is assumed to be retained martensite. This assumption is investigated

in more depth in Section 3.2.2 as a parametric study. Following the experimental

results, the NiTi was split into transforming (45% of the total NiTi volume) and non-

transforming, interphase groups. Although more detailed investigation is needed to

determine spatial locations of the non-transforming NiTi, as diffusional and interface

effects will be more pronounced near the Ti2AlC-NiTi interface, NiTi elements closer

to Ti2AlC material were taken to be non-transforming.

The mesh generation methodology described above results in four distinct phases

- Ti2AlC, active NiTi, interphase, and porosity. Elements corresponding to the ac-

tive NiTi and Ti2AlC phases are described according to the constitutive models

described previously at the start of this section. The two other phases (porosity and

interphase) present in the system are assumed to behave elastically. First, as the

porosity is treated discretely, it is defined to be an elastic material with negligible

stiffness (≈ 10 Pa) and zero Poisson ratio and coefficient of thermal expansion. This

results in an elastic modulus of the porosity that is ≈ 10−9 of the SMA phase in

line with past studies by Qidwai and DeGiorgi [188] and Panico and Brinson [174].

Although the constitutive properties of the interphase are unknown, it is assumed

that this phase behaves as retained martensite and the elastic properties are assigned

to be those of the martensitic phase used for the transforming NiTi.

As described at the start of this chapter, the composite is subjected to an ac-
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Figure 32: Heat flow of bulk NiTi and the NiTi-Ti2AlC composite measured through
3 heating-cooling cycles via DSC.

tuation loading path as shown in Fig. 16. Both the loading and cooling rates are

assumed to be sufficiently slow to ensure quasi-static loading conditions so that la-

tent heat and temperature gradient effects may be neglected. To implement this

loading path, the long, axial direction (“x3”) is used as the loading direction. As fur-

ther statistical analysis is needed to determine an appropriate representative volume

element (RVE) size for this material, periodic boundary conditions are not utilized.

Such a consideration also represents experimental conditions used to investigate this

material. Therefore, one edge (x3 = 0) is taken to be the bottom and fixed in the

loading direction. A single point at the center of the composite on the bottom edge

is fixed in all directions to prevent rigid body motion. A rigid plate is then placed in

contact with the top surface with a no penetration contact condition. A concentrated

force is applied equivalent to the desired stress is then applied at the center of the

rigid plate to evenly distribute the applied load. The remaining edges are assumed to

be traction-free. Following the experimental procedure, the initial temperature, T0,
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is 140◦C and the composite is cooled to room temperature (20◦C). As temperature

gradients are neglected and a homogeneous temperature field exists in the composite,

the temperature field is prescribed throughout the material body.

3.2.2 Results and Discussion

To explore the response of the present NiTi-Ti2AlC composite, the effective ac-

tuation behavior of the composite is investigated - both numerically and experimen-

tally. First, the experimental results of actuation cycles are presented and some

unique characteristics of the composite response are discussed. Numerical simula-

tions are presented and the two results compared. The computational results are

then used to explore elements of the composite response not easily accessible exper-

imentally. Specifically, the simulations are probed to examine the interaction of the

two phases and, importantly, the development of any residual stress states in the

composite. Finally, parametric studies on different composite microstructural and

themomechanical loading parameters are performed to identify and quantify their

influences on the composite response.

3.2.2.1 Effective Actuation Response

The effective actuation response of the composite is first characterized experi-

mentally8. Isobaric heating-cooling cycles were conducted under uniaxial compres-

sive bias loads on an MTS Insight electromechanical test frame. Details of these

tests may be found in the work of Kothalkar et al. [120] on the experimental char-

acterization of NiTi-Ti3SiC2 composites. Unlike the loading path described at the

start of the chapter, however, the composite is not unloaded at the end of each

8Experimental results of the NiTi-Ti2AlC composites provided by A. Kothalkar and Profs.
Radovic and Karaman (TAMU MSEN).
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heating-cooling cycle. Instead, after heating back to the reference temperature the

load on the composite is increased to the next test condition. The heating-cooling

results of these experiments are presented in Fig. 33. For clarity, and as the response

through thermal cycling is of specific interest here, only the heating-cooling cycles

are presented. To facilitate comparisons of the results, all experimental results start

from zero strain at the reference temperature.

A number of key characteristics may be observed from the experimental results
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Figure 33: Effective strain vs. temperature results of the NiTi-Ti2AlC composite
thermally cycled at different constant applied compressive biasing loads

in Fig. 33. First, the composite shows a hysteretic behavior when subjected to an

actuation path. The presented loops are similar to that observed in bulk NiTi albeit

approximately an order of magnitude smaller in the measured strain. Importantly,

the development of these hysteresis indicates this material system maintains some of
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the important characteristics necessary for actuator applications. In further agree-

ment with bulk NiTi behavior, the size of the hysteresis loop grows with the applied

stress magnitude. Initially, at lower applied stress levels, the non-linear deformations

are small and primarily recoverable as indicated by the mostly closed hysteresis loop.

The slight opening of the hysteresis loop at the reference temperature indicates the

development of some irrecoverable deformation although which is likely associated

with cyclic effects (namely TRIP in the SMA phase). At these stages, as the inelas-

tic responses are mostly recoverable, the mechanism driving these behaviors is the

reversible martensitic transformation of the active NiTi phase. As the applied stress

level increases, so does the size of the hysteresis loop. When sufficient stress levels

are applied (above 200 MPa), the hysteresis loops open further and the amount of

irrecoverable, permanent deformations associated with these cycles also increases.

Interestingly, the irrecoverable strains generated through the 200, 250, and 300 MPa

cycles are nearly the same while subsequent cycles at higher loads exhibit a stress

dependency. Thus, the actuation loops have both a recoverable and irrecoverable

component which points to the activation of both the recoverable (martensitic trans-

formation) and irrecoverable (permanent deformations of the Ti2AlC or NiTi phases)

mechanisms. Another important result of the activation of these mechanisms is a

change in the behavior of the effective martensitic finish (Mf ) temperature. For bulk

SMAs, this temperature must increase with the applied stress magnitude. From

Fig. 33, however, a decrease in the temperature is observed as the applied stress

increases.

The elastic modulus of the composite material was also determined. Due to the

various inelasticities of the system, resonant ultrasound spectroscopy (RUS) [157,199]

was performed to accurately determine the elastic modulus of the composite [108].

The composite elastic modulus was measured to be 124 GPa through these RUS
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techniques.

To further explore the transformation characteristics of the composite under in-

vestigation, the effective (composite) response is numerically simulated under the

loading path described at the start of the chapter with different applied compressive

bias loads. Each simulation is initiated from an undeformed, stress-free configura-

tion. The effective composite strain in the direction of loading-temperature results

are presented in Fig. 34 although the loading and unloading portions of the cycle

are not shown in the figure for clarity. The results presented in Fig. 34 show many

-‐0.6	  

-‐0.5	  

-‐0.4	  

-‐0.3	  

-‐0.2	  

-‐0.1	  

0	  

0	   50	   100	   150	  

Eff
ec
/v

e	  
St
ra
in
,	  ε

33
	  (%

)	  

Temperature	  (°C)	  

100	  MPa	  

150	  MPa	  

200	  MPa	  

250	  MPa	  

300	  MPa	  

400	  MPa	  

450	  MPa	  

Figure 34: Numerical simulation of the effective strain-temperature response of the
composite under different applied compressive bias loads.

important characteristics in qualitative agreement with the experimental results in

Fig. 33. First, both open and closed hysteresis loops are observed. At the smaller

applied load levels, those below 200 MPa, a closed hysteresis is observed with trans-
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formation strain magnitudes similar to those of the experimental results and much

lower than in bulk NiTi (<≈ 0.5%). As these inelastic deformations are recoverable,

this behavior is associated with the reversible martensitic transformation of the SMA

phase. Above 200 MPa, however, open loops are observed indicating the development

of irrecoverable strain through the heating-cooling cycle. In this case, and similar to

what is observed experimentally, the presence of both recoverable and irrecoverable

inelastic strains associated with the activation of SMA-related transformation and

irrecoverable deformations of the MAX phase, respectively, is noted. Furthermore,

by increasing the applied stress magnitude the transformation strains generated in

a heating-cooling cycle increases and the martensitic finish temperature decreases.

Examination of the numerical results also produces an effective elastic modulus of

117 GPa - a ≈ 5% difference from the experimental measurement.

Although good qualitative agreement is observed , some quantitative differences

between the results are evident. One such difference lies in the effective coefficient

of thermal expansion. In this case, the model predicts a lower value than experi-

mentally observed. Part of this difference may be associated with the experimental

extensometer measurement of the strain incorporating a portion of the test frame

grips. Although only a very small segment of the grips is included in this measure-

ment, given the sensitivity of the thermal expansion coefficient this may produce

some of the discrepancy. Interestingly, the thermal expansion coefficient is smaller in

the experimental 100 MPa case than in subsequent cooling-heating paths indicating

the cause may be related to cyclic effects and possibly retained martensite. Secondly,

the modeling results also predict lower effective inelastic (both transformation and

irrecoverable) strains than the experimental results. This disagreement, however,

may be due to subtle, albeit influential, differences between the experimental and

numerical investigations.
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To properly compare the two results, important distinctions between the ex-

perimental methodology and numerical simulations must be pointed out. First, in

performing the experiments, one virgin material specimen was used for all the exper-

iments. Although using only one specimen enables the utilization of one microstruc-

turally informed finite element mesh, this means that the affect of any damage,

residual stresses, cyclic hardening, or other permanent deformations is propagated

into subsequent thermomechanical cycles. All modeling simulations, on the other

hand, assume an initial stress-free composite configuration. Thus, some differences

between the numerical and experimental results are expected as the history effects

of previous actuation cycles are present in one set of results (experimental) but not

the other (numerical). As the composite investigated here was originally a virgin

specimen, some cyclic instabilities, particularly TRIP associated with the untrained

NiTi content, are to be expected which alter subsequent thermomechanical cycles.

The TRIP effects may be further magnified by the external surfaces of porosity near

NiTi grains relaxing stored energy leading to retained martensite. This distinction

complicates comparisons between the experimental and numerical results and would

require using new specimens for each cycle to eliminate these effects.

Another source of possible uncertainty lies in the thermomechanical properties

of the different phases. Specifically, although their constitutive responses were de-

termined through the bulk responses of material manufactured in a similar fashion,

processing of the composite results in a different manufacturing path. Thus, some

variation in the actual material properties is likely resulting in slightly different con-

stitutive responses. Furthermore, localization effects may lead to activation of some

mechanisms such as plasticity in either the active NiTi or interface constituents which

are not currently accounted for in the model. Even considering these possible sources

of uncertainty, the qualitative agreement in terms of important characteristics of the
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thermal mechanical cycle and agreement in the predicted effective elastic modulus

indicate the developed model provides an appropriate conservative estimate of the

composite behavior and is useful for further investigation of the unique inelastic re-

sponse.

In the previous discussions, the influences of the various mechanisms on the ef-

fective composite actuation response have been discussed and explored. Notable

amongst these behaviors is the reversible martensitic transformation of the NiTi

phase and the irreversible deformations of the Ti2AlC phase. With these different

materials and behaviors another unique possibility remains. Specifically, the possi-

bility of using the inelastic responses of the different phases to develop an effective

behavior not found in either constituents needs to be assessed. In a similar material

system, Kothalkar et al. [120] have shown that a NiTi-Ti3SiC2 composite subjected

to thermomechanical actuation cycles develops residual stresses in the composites.

As a result of these residual stresses, further cooling-heating cooling cycles after re-

moving bias loads produce a hysteresis loop characteristic of shape memory materials

under compression. The capability of the current material system to produce such

residual stresses is qualitatively explored here both experimentally and computa-

tionally. Experimentally, at the end of all of the thermomechanical cycles in Fig. 33,

the composite is unloaded to a minimum load (10 MPa) and subjected to another

cooling-heating cycle. Similarly, a numerical simulation of a composite subjected

to a 450 MPa actuation path, unloaded to 10 MPa, and thermally cycled was also

performed. The unloaded strain-temperature results are presented for both cases in

Fig. 35. As was discussed previously, an important difference between the two cases

is that the experimental case incorporates the effect of all the actuation cycles while

the numerical simulation only includes the highest load cycle.

From the results in Fig. 35, it is observed that both the numerical and exper-
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Figure 35: Effective strain-temperature response of the NiTi-Ti2AlC composite ther-
mally cycled under a 10 MPa compressive bias load experimentally measured after
repeated actuation cycles and numerically predicted after a 450 MPa cycle.

imental results exhibit hysteretic behaviors and develop reversible transformation

strains. Due to the presence of these transformation strains it may be reasoned that

both composites have non-zero residual stress states. Importantly, such results also

indicate a two-way shape memory (TWSME) behavior has been trained into the

composite by using a combination of the one way shape memory effect (OWSME) of

the NiTi phase and irrecoverable strain generation of the Ti2AlC phase. In compar-

ing the two results, however, it is noted that there is a derivation from the predicted

composite response in the experimental response. Specifically, instead of contracting

through transformation the experimental results indicate the composite is trying to

expand. Even with this difference, as the strains observed are relatively small the

difference between the two results remains small - <≈ 0.08%.

Although small, this difference does indicate an important composite response.
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Specifically, in the modeling simulations, the effective response of the composite

attempts to contract through transformation indicating the SMA phase has a com-

pressive residual stress. In the experimental results, however, the effective composite

response tries to expand through transformation which is typical when an SMA is

subjected to a tensile load. This experimental result is quite interesting as the spec-

imen is only subjected to compressive thermomechanical loading cycles which result

in a tensile no-load response. Furthermore, experiments on a similar material system

(NiTi-Ti3SiC2) [120] subjected to a similar loading path and history has an effective,

no-load response which contracts similar to the current modeling results. Thus, in

order to get this small change from a residual compressive to tensile stress state,

another mechanism must be active in the composite and have a large individual ef-

fect. As indicated in previous discussions in this section, irrecoverable strains from

mechanisms such as localized damage, irrecoverable cyclic effects, and plasticity in

the interface or NiTi phase may be generated and playing a large role in the effec-

tive response. Specifically, the irrecoverable strains associated with these sources are

interacting with those of the Ti2AlC producing the unexpected residual stress state.

To fully explore those result, further study is required to identify the source and

magnitude of the different irrecoverable strains.

3.2.2.2 Residual Stress States

Both the numerical and experimental results of the effective actuation response

of the composite qualitatively indicate the development of permanent deformations

and associated residual stress states. To quantitatively explore the impact of these

permanent deformations on the residual composite stress state, further analysis of

the numerical results is performed. Specifically, the Ti2AlC and NiTi phase average
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stress, σ̄33, and irrecoverable strain, ε̄irr33 , in the direction of applied loading through

the course of an actuation cycle with an applied compressive load of 350 MPa are con-

sidered and presented in Figs. 36a and 36b, respectively. These simulations assume

that the composite is initially stress-free to highlight the effect of the actuation cycle

even though some residual stresses may exist due to previous cyclic or manufactur-

ing causes. The NiTi phase average martensitic volume fraction, ξ̄, is also presented

to indicate the occurrence of forward and reverse transformation. In Fig. 36a, it is

observed that initially the phase average stress in the direction of applied loading for

both the Ti2AlC and NiTi phases increases in magnitude over the course of mechan-

ical loading (step 0 → 1). Due to the differences in the elastic moduli, the Ti2AlC

phase carries substantially more load at 1 than the NiTi. Through cooling (1→ 2),

differences in the thermal expansion coefficients lead to a stress magnitude gain in

the Ti2AlC phase and a corresponding drop in the NiTi stress level. When cooling

induces forward transformation (indicated in Fig. 36a by the change in ξ̄ from 0 to 1),

however, a large change in the stress magnitudes in the direction of applied loading is

noted. Specifically, higher and lower magnitude stresses are noted in the Ti2AlC and

NiTi phases, respectively, following the transformation. This difference is caused by

the stress redistribution from the SMA phase to the stiffer ceramic phase associated

with martensitic transformation [138]. Heating of the composite (2 → 3) leads to

relatively small reductions in stress magnitudes in the direction of applied loading

of the Ti2AlC phase and corresponding gains in the NiTi phase. Reverse transfor-

mation, as indicated by the return of the average martensitic volume fraction, ξ̄ to

zero, leads to much larger changes in stress magnitude - larger than even those ob-

served during forward transformation. Specifically, the Ti2AlC phase average stress

magnitude decreases while a large increase is noted in the NiTi phase. Both of these

changes are larger than during forward transformation indicating the impact of the
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(a) Ti2AlC phase average stress in the direction of applied
loading, σ̄33
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(b) Ti2AlC phase average irrecoverable strain in the direction
of applied loading, ε̄irr33

Figure 36: Ti2AlC phase average stress, σ̄33, and irrecoverable strain, ε̄irr33 , in the
direction of applied loading and phase average NiTi martensitic volume fraction, ξ̄,
through the course of an actuation cycle with a compressive 350 MPa applied load

transformation cycle. At the end of the heating cycle (loading step 3), however, the

two phase average stresses are different than at the start of the heating cycle (1).

Thus, when the mechanical load is removed (step 3→ 4) a non-zero final stress-state
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is produced. Specifically, a final tensile phase averaged stress in the Ti2AlC of ≈50

MPa is developed through the course of this actuation cycle with a corresponding

compressive NiTi stress.

To consider the cause of the final residual stresses noted in Fig. 36a, the irrecover-

able strain in the direction of applied loading of the Ti2AlC phase through the course

of the loading cycle is presented in Fig. 36b. During the mechanical loading step, no

strains are initially generated. As the load reaches higher values, some irrecoverable

strain associated with local stress concentrations and microstructural effects is ob-

served. Subsequent stress magnitude increases associated with cooling also lead to

creation of small quantities of irrecoverable strain. During transformation, however,

the corresponding inelastic strains of the active SMA phase have to accommodated.

As was observed in Fig. 36a, one effect of this accommodation is the associated

stress redistribution leading to increased stress on the Ti2AlC phase. Substantial

quantities, more than seen prior to transformation, of irrecoverable strains are then

generated in the Ti2AlC due to these stresses. Subsequent cooling similarly creates

small amounts of irrecoverable strains. During heating, which reduces the Ti2AlC

stress magnitude, no change in irrecoverable strain magnitude is noted - even dur-

ing reverse transformation. This fact leads to the difference in the stress magnitude

recovery observed during reverse transformation. Specifically, the inelastic strains as-

sociated with martensitic transformation recover while the associated irrecoverable

strains generated in the Ti2AlC phase are not. Thus, elastic strains are generated

to compensate leading the altered stress change during recovery and, ultimately, a

residual stress state. In this case, an applied compressive loading results in a final

tensile residual stress in the Ti2AlC phase and a compressive residual in the NiTi.

For the NiTi-Ti2AlC composite investigated here, it has been proposed that a

compressive residual stress on the ceramic phase may take advantage of superior
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mechanical properties (specifically toughness). With an applied compressive load

on the composite, however, a tensile residual stress was produced on the Ti2AlC

phase. Thus, to explore the possibility of a compressive residual stress, the response

of the composite under a tensile applied load is explored. As is common in ceramics,

Ti2AlC, like other MAX phases, exhibits a strong tension-compression asymmetry

in terms of mechanical response. Even with this difference, there are limited reports

in the literature of the tensile response of MAX phases (and Ti2AlC in particu-

lar) [196, 197, 221]. The only report on the tensile behavior of Ti2AlC characterized

the materials creep response [221]. Past investigations by Radovic and colleagues

have, however, explored the mechanical response of Ti3SiC2 under various tensile

conditions [196,197]. Importantly, both closed and open hysteresis loops characteris-

tic of incipient and permanent kink bands, respectively, were observed during cyclic

monotonic tensile testing at room temperature [196]. A decrease in the strength

when loaded under tension rather than compression was noted, however [196]. For

this work, due to the lack of the data on the tensile Ti2AlC response, the tension-

compression asymmetry shall not be considered. Although this assumption impacts

the quantitative assessment of these results, qualitative analysis is still possible as

the relevant mechanisms are still observed under tensile loadings.

The phase average stress of the Ti2AlC and NiTi constituents in the direction of

applied loading are presented in Fig. 37a while the Ti2AlC phase average irrecov-

erable strain in the direction of applied loading is given in Fig. 37b for a actuation

loading path with a tensile applied load of 350 MPa. In both figures, the NiTi phase

average martensitic volume fraction is also presented to indicate the onset of trans-

formation. The results of Fig. 37 have many similarities to the compressive applied

loading case (Fig. 36). First, mechanical loading (0→1) results in the average stress

of both phases increasing such that they are in tension prior to the thermal load-
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(a) Ti2AlC phase average stress in the direction of applied
loading, σ̄33

0"

0.2"

0.4"

0.6"

0.8"

1"

0"

0.01"

0.02"

0.03"

0.04"

0.05"

0.06"

0.07"

0.08"

0.09"

0.1"

0" 1" 2" 3" 4"

N
iT
i"S
M
A"
Ph

as
e"
Av

g.
"M

VF
"<"
ξ"

Ti
2A
lC
""A

vg
."I
rr
."S
tr
ai
n"
<"ε

irr
33
"(%

)"

Loading"Step"
""Ti2AlC""Strain" SMA"MVF"T i2AlC

Load	   Unload	  Cool	   Heat	  

(b) Ti2AlC phase average irrecoverable strain in the direction
of applied loading, ε̄irr33

Figure 37: Ti2AlC phase average stress, σ̄33, and irrecoverable strain, ε̄irr33 , in the
direction of applied loading and phase average NiTi martensitic volume fraction, ξ̄,
through the course of an actuation cycle with a tensile 350 MPa applied load

ing cycle as indicated in Fig. 37a. During cooling, the thermal expansion mismatch

has the opposite effect seen during the compression cycle and small decreases in the

Ti2AlC phase average stress magnitude are observed. Upon transformation, how-
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ever, the same gain and reduction in Ti2AlC and NiTi, respectively, phase average

stress magnitudes evident during compression are noted. Further cooling and subse-

quent heating produces small changes associated with thermal expansion mismatch

until reverse transformation. Similar to the compression cycle, the Ti2AlC and NiTi

phases undergo a substantial phase average stress magnitude decrease and increase,

respectively, upon reverse transformation. Again, the size of these changes are larger

than noted during forward transformation leading to a non-zero final stress state

after completing heating and mechanical unloading. Importantly, unlike the com-

pression case, with the tensile applied bias load the Ti2AlC has a negative final phase

average stress with a corresponding positive state in the NiTi phase.

The phase average Ti2AlC irrecoverable strain generation in the direction of ap-

plied loading (Fig. 37b) again points to martensitic transformation as the cause of

this effect. Specifically, as noted during the compressive cycle, mechanical loading re-

sults in some irrecoverable strain generation. Cooling, however, decreases the Ti2AlC

stress magnitude with a tensile applied load leading to no real changes in the Ti2AlC

phase average irrecoverable strain. Forward transformation, and the associated stress

magnitude increase, does induce the creation of additional irrecoverable strains in

the direction of applied loading. Subsequent cooling and heating and the associ-

ated thermal expansion mismatch produces small gains in the irrecoverable strain

magnitude. Again, upon reverse transformation, the irrecoverable strains associated

with permanent deformation in the Ti2AlC are not recovered leading to the observed

residual stress state. Importantly, in both cases the final phase average irrecoverable

strain is ≈ 0.1% - meaning the desired residual stress states may be developed with

relatively modest permanent deformations. Thus, by selecting an appropriate bias

load, a desired residual stress state (either tensile or compressive) may be induced.

The results above describe the response of the composite under a specific applied
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Figure 38: Final residual stress in the Ti2AlC phase and absolute value of the com-
posite irrecoverable strain, |ε̄final33 | at different applied compressive stress levels

loading level. To consider the impact of different applied stresses, the final residual

stress in the Ti2AlC and the final irrecoverable strain in the direction of applied load-

ing, ε̄final33 , are presented for different applied compressive loadings. It is observed

from Fig. 38 that initially, at low applied loads, very little irrecoverable strain is

generated. Correspondingly, little residual stress is developed in the composite. As

increasing mechanical loads are applied, greater quantities of irrecoverable strains

are generated which in turn lead to higher residual stress magnitudes. Interestingly,

a nearly linear relationship between the final irrecoverable strain and residual stress

magnitude is observed allowing for the possibility of selecting a final residual stress

magnitude through appropriate biasing load determination.

The previous results consider only the average response of the different phases.

However, local effects associated with the microstructure also need to be considered

and analyzed to aid in material design and determine how well the average response
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Figure 39: Ti2AlC phase stress field in the direction of applied loading, σ33, along
the composite centerline with a tensile bias load of 350 MPa: (a) initial configuration
(b) after mechanical loading (end of step 1) (c) following cooling (step 2) (d) at end
of heating cycle (step 3) and (e) mechanical unloading (step 4)

represents the local constituent response. To this end, the stress fields in the direc-

tion of applied stress, σ33, of the Ti2AlC phase are presented in Fig. 39 for different

loading points of the 350 MPa tension loading case. As the state of the ceramic phase

is of primary interest here, visualization of other elements is suppressed. Further-

more, the specimen is cut along the center x2 − x3 plane to remove edge effects and

emphasize what is happening in the bulk of the composite. Initially, at point A in

Fig. 39, the composite is in a stress-free configuration. At the end of mechanical load-

ing, point B, a heterogeneous, tensile stress state is observed throughout the Ti2AlC
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phase. After cooling and undergoing forward martensitic transformation, point C,

interesting changes are observed in the Ti2AlC stress state. Namely, the stress in the

direction of applied loading has decreased along some of the edges while increases in

the local stress may be noted on the interior of the composite. Upon heating back to

the original temperature and the SMA phase transforming back to austenite, a het-

erogeneous tensile state is present in Fig. 39d. Importantly, in comparing the states

at points B and D - which have the same temperature and applied stress conditions

- the Ti2AlC stress in the direction of loading is generally lower after undergoing

the heating cooling cycle. Thus, the loading path history is observed to influence

the composite response and through the transformation cycle the stress magnitude

has been reduced in the composite. When the composite is unloaded, Fig. 39e, this

reduction leads to the compressive residual stress in the Ti2AlC. In general, after

unloading the Ti2AlC appears to be mostly in compression with pockets of tensile

residual stress. To further consider the local stress state, the distribution of the final

residual stress in the direction of applied loading of the different field points is pre-

sented in Fig. 40. Through this distribution, the results of Fig. 40 show that most

of the ceramic phase is under compression (58.2%) with a mean value of -48.3 MPa

and a standard deviation of 106.2 MPa. These measures may be further discussed

by again looking at the spatial distribution of the stresses. Specifically, the results

of Fig. 39e are rescaled and presented in Fig. 41 such that all areas of tension are

shaded black. From Fig. 41 it is noted that the tensile areas are primarily located

in the edge and thus associated with edge effects. In considering the results of both

Figs. 40 and 41, in addition to the final average residual stress, locally the composite

is primarily in a compressive stress state.
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Figure 40: Distribution of final residual stress in the direction of applied loadings
measured at all the field points of the Ti2AlC phase. Final stress distribution of the
Ti2AlC phase (Fig. 39e) is inserted for reference.

3.2.2.3 Parametric Studies

Parametric studies are performed on different composite characteristics to de-

termine their effect on the effective response. Specifically, four parameters are

considered: porosity, fraction of transformable NiTi, elastic modulus of the non-

transforming NiTi and the zero-stress reference temperature, T0. This group of four

characteristics is selected to assess the validity of the assumed values and study their

influence on the composite response.

Porosity – Porosity in these composites are formed as a result of the incomplete

sintering of the Ti2AlC phase in SPS. The role of these imperfections in the com-

posite response needs to be determined. Importantly, in their recent study, Hu et

al. [108] characterized the mechanical response and compressive strength of Ti2AlC

and noted a strong dependence on porosity while Poon et al. [186] noted a reduction
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Figure 41: Residual stresses in the direction of applied loading, σ33, in the ceramic
phase with tensile areas colored black

of ≈20% in modulus and a 75% decrease in yield strength in a 10% porous specimen.

Thus, the effects of the porosity on the composite response are considered here. This

is necessary as the porosity content is determined assuming no reaction between the

individual phases during sintering leading to uncertainty in the calculation. There-

fore, a range of 5-12.5% porosity is considered to represent a likely range of porosity.

To consider the impact of the porosity, simulations were performed using differ-

ent porosity levels as input while maintaining equal volume fractions of total NiTi

and Ti2AlC. The total quantity of active NiTi was also kept constant. The results

of simulations with different porosities under a compressive applied load of 200 MPa

are shown in Fig. 42 with the 10% case being the previously studied result. In

Fig. 42, it is observed that porosity has a small impact on the effective actuation

response. Specifically, minor increases in the hysteresis size and associated trans-

formation strain are noted with increases in porosity. Similarly at higher porosities,
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Figure 42: Effective actuation response of the composites with different porosity
levels

the hysteresis loops have slight openings indicating the generation of irrecoverable

strains. Both of the effects may be explained by considering the increased load each

phase will carry due to the increased porosity content. Notably, although differences

are present, their magnitude is not large. This is especially evident in the two lower

porosity cases in which the responses are quite nearly the same. To consider the

influence of the porosity further, the final residual stress in the direction of applied

loading and the composite irrecoverable strain at the different porosity levels are

presented in Fig. 43. For comparison purposes, the results are normalized by the re-

sults of the case studied in Section 3.2.2.1 (labeled the 10% case here). In this case,

changing the porosity from 5% to 12.5% leads to changes of 67% and 87% of the

normalized final residual stress and irrecoverable strain, respectively. Furthermore,

the rate of increase in the normalized final irrecoverable strain is higher than the

residual stress.

Active NiTi Volume Fraction – As has been discussed previously, the stress
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Figure 43: Final applied residual stress in the Ti2AlC phase and composite irrecov-
erable strain with different porosities normalized by the results for the 200 MPa 10%
case

distribution associated with martensitic transformation is responsible for many of

the unique characteristics of the effective composite response. Interestingly, how-

ever, much of the NiTi considered in the composite does not transform due to other

reaction phases or compositional changes near the interface [120]. Due to the differ-

ent possible causes, some variation in the interphase content versus that measured is

likely. Furthermore, improvements in the material manufacturing are likely to be able

to substantially reduce this additional phase by controlling the interface thickness

through adjustments in the processing parameters. Thus, understanding the effect

of the interphase content on the effective response is important for future develop-

ment. To identify the effect of this manufacturing consequence on the composite,

the effective actuation response at 200 MPa was determined with different fractions

of the active NiTi. For this study, the total NiTi (active and interphase) volume
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fraction was held constant while the concentration of the active material was varied.

In the following, the percentages used will refer to the fraction of total NiTi content

that is active. The previous results correspond to 45% of the total NiTi being active

with 55% being the interphase. The effective actuation response for these different

cases is presented in Fig. 44.

It is evident from the results presented in Fig. 44 that the fraction of the ac-
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Figure 44: Effective actuation response of the composites with different fractions
of the active NiTi. The percentages listed for the different cases correspond to the
fraction of total NiTi content which is active.

tive NiTi has a substantial impact on the effective response of the composite. First,

as would be expected, no hysteresis loop is observed in the case of no active NiTi.

As the concentration of active NiTi increases, so does the size of the corresponding

hysteresis loops. In fact, a nearly order of magnitude increase in the transforma-

tion strain is observed in going from the 25% to 100% case. Furthermore, such an

increase in the transformation strain also leads to increases in the stress redistri-
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bution between the phases. This may be noted in Fig. 44 through the increase in

final irrecoverable strain with active NiTi concentration. This relationship is further

studied in Fig. 45 which presents the final residual stress of the Ti2AlC and effective

irrecoverable strain in the direction of applied loading. These results are normalized

by the baseline (45% active NiTi) case for comparison reasons.

In determining the influence of active NiTi content on the final composite con-
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Figure 45: Final Ti2AlC phase average residual stress in the direction of applied
loading and final effective irrecoverable strain normalized by the baseline case with
different fractions of active NiTi.

figuration, it is first noted that in going from 0 to 100% active NiTi results in a

more than five-fold increase in the normalized final stresses and irrecoverable strains.

Initially, at 0% active NiTi, very low permanent deformations are present due to

microstructural effects. As the active NiTi concentration grow, increased amounts of

composite material are undergoing martensitic transformation and the corresponding
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stress redistribution leads to larger stress magnitudes on the Ti2AlC phase. These

increased loadings generate more permanent deformations and thus more irrecover-

able strains and greater residual stresses. The rate at which both the final residual

stress and irrecoverable strain grows also increases with concentration. Thus, it may

be observed, that the interphase is quite detrimental to using martensitic transfor-

mation to create residual stress states. Specifically, by eliminating this phase, lower

applied stresses may be used to generate a specific magnitude residual stress.

Elastic Modulus of the Interphase – The interphase represents approximately 20%

of the composite which is likely due to diffusional and manufacturing effects asso-

ciated with the reactivity of the constituent phases. The properties of this phase,

however, are unknown and are likely actually spatially gradient due to the compo-

sitional variations in the phase. Furthermore, given the disparate elastic properties

of the base constituents, a wide range of possible values are possible. Therefore,

the effect of this phase and its effective elastic properties on the composite response

needs to be assessed. To this end, the actuation response of the composite loaded

at 200 MPa with different elastic moduli of the interphase material, ranging from a

stiffer material more representative of the ceramic phase to compliant responses pos-

sible for a martensitic material, is shown in Fig. 46. In this analysis, only the elastic

modulus of the interphase is changed in each simulations - the response of the active

NiTi is unchanged. As was discussed in Section 3.2.1, the interphase is distributed

throughout the composite in elements near the Ti2AlC content to approximate the

interface. Similar to the effects seen with the active NiTi content, decreases in the

interphase modulus leads to higher transformation and irrecoverable strains are ob-

served. This difference is associated with the greater loads on the active NiTi and

Ti2AlC due to the reduced load carrying capabilities of the interphase. The change in

transformation strain is not as pronounced as in the case of the active NiTi fraction.
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Figure 46: Effective actuation response of the composites with different elastic moduli
(E) of the interphase.

Specifically, a decrease in the modulus by a factor of 9 produces only a 36% increase

in the transformation strain and 0.02% larger irrecoverable strain.

Loading Path Reference Temperature, T0 – As with all metal-ceramic composites,

the mismatch between the coefficients of thermal expansion lead to residual stresses.

The temperature at which these stresses are zero, however, is not certain and the

influences of these stresses need to be accounted for. At the higher sintering tempera-

tures, relaxation through creep is also likely leading to a different stress-free reference

temperature. Thus, to further investigate this effect, finite element simulations were

performed with different strain-free reference temperatures, T0. For these analysis,

an initial small biasing load (5 MPa) is applied at the reference temperature and the

composite is cooled to T =140◦C. At this temperature, the composites are loaded to

the full biasing load, in these cases 200 MPa, and a heating cooling cycle is performed.

The results of the actuation cycle are presented in Fig. 47 where the strains of each
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case are zeroed at T =140◦C to facilitate comparisons. For each of the different
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Figure 47: Effective actuation response with composites considering different stress-
free reference temperatures, T0.

reference temperatures, a compressive hysteresis is observed in all cases. Both the

transformation and irrecoverable strains generated increase with reference tempera-

ture due to the presence of the additional compressive stresses associated with the

coefficient of thermal expansion mismatch. For instance, the transformation strain

increases by 21% in raising the reference temperature from 140◦C to 800◦C. In going

from the 600◦C to the 800◦C, a smaller growth in strains is noted than in going

from 400◦C to 600◦C. Thus, proper determination of the reference temperature is

necessary to precisely determine the irrecoverable strain.
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3.3 Summary

For this effort, the effective actuation response of NiTi-Ti2AlC composites were

explored via finite element methods. These simulations (primarily) differed from

those of the previous section by (i) use of a nonlinear elastic-plastic constitutive

model for the MAX phase and (ii) consideration of the whole thermomechanical

loading path. In this way, the interaction of the separate inelastic mechanisms and

their impact on the effective response could be considered. Three different cases

were explored: (i) a representative microstructure (ii) simplified microstructural

units and (iii) an actual NiTi-NiTi− Ti2AlC composite. The first and the third uti-

lized image-based techniques to directly incorporate microstructure features while

the second considered three simplified microstructural units to explore their impact

on the response. From these different cases, it was observed that like the previ-

ous study a reduction in transformation strain and similar shift in transformation

temperatures was observed. Importantly, it was also shown that the stress redistribu-

tion identified in the previous case was sufficient to induce permanent, irrecoverable

deformations in the MAX phase material. As such, when the SMA recovers elastic

deformations are induced in the MAX phase. Upon unloading this combination leads

to a residual stress state in the composite which can be controlled via the thermo-

mechanical loading condition. An actual composite was then investigated and the

numerical results were compared to experimental results. Importantly, additional

phases associated with porosity and inactive NiTi (resulting from species diffusion

during processing) were accounted for. The resulting analysis showed good qualita-

tive agreement with the experimental in predicting decreasing transformation strain,

an initially closed hysteresis loop that transitions to open as the stress increases, and

the development of an effective two-way shape memory behavior (associated with
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the aforementioned residual stress state). Some quantitative differences between the

experimental and numerical results were noted. These variations likely arise from

differences between material properties used (calibrated from bulk not composite

specimens), microstructural uncertainty (e.g. differences in porosity, active NiTi

content), or assumed constitutive behavior. A series of parametric studies were per-

formed considering the first two categories. Through such a study, it was shown

that the active NiTi content had the strongest impact and substantially influenced

the effective response. The effect of the assumed constitutive response of the MAX

phase model will be explored in subsequent sections.

To further investigate these materials additional experiments would also prove

quite informative. First, as mentioned in the previous paragraph, additional full

field characterization efforts should be performed such that the response of the indi-

vidual constituents can be extracted. Such efforts can extract the actual constitutive

response of the base materials and account for processing effects and influences. This

is especially true for the non-transforming phase as the constitutive response of these

phases is unknown. Furthermore, investigations like this are essential to determin-

ing any cyclic effects (like TRIP in the SMA phase) that may develop and needs

to be accounted for. Macroscopically, measurements (whether through spectroscopy

or mechanical unloading) of the effective modulus should be made. In this way the

evolution of any damage (and permanent kink bands) in the MAX phases could be

determined and investigated.
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4. MAX PHASE CONSTITUTIVE MODELING

In the previous chapter, the inelastic response of the MAX phase constituent was

captured via an elastic-plastic approximation. Experimentally, however, both recov-

erable and irrecoverable deformations have been observed in MAX phase materials

due to multiple active deformation mechanisms [22]. As discussed in Section 1.1, no

current model exists capable of describing the unique responses of the MAX phase -

yet alone in a manner well suited and efficient for the analysis of MAX phase struc-

tures. Therefore, in this section, efforts to develop a model which consider both

the recoverable, repeatable, and hysteretic response of MAX phases associated with

IKB formation and irrecoverable deformations arising from the development of kink

bands (KB) and plasticity are discussed and presented. Importantly, the develop-

ment of kink bands also leads to formation of cracks, delaminations, and damage

that must be accounted for in any constitutive formulation adding an additional de-

gree of complexity. Before proceeding further, it is important to consider if models

of other materials with comparable responses may be found in the literature for use

as a basis. With respect to the recoverable mechanisms, modeling of the reversible

hysteretic response associated with martensitic transformation in SMAs has long

been studied [55, 124, 127, 178] and a number of models coupling the martensitic

transformation with rate-independent plasticity [100] and rate-dependent viscoplas-

ticity [54, 97] have been developed. A recent preliminary effort has also been taken

to consider fatigue damage [98], although in this case the irrecoverable deformations

evolve with martensitic transformation (not as a separate mechanism) and are for-

mulated for fatigue degradation of the material rather than through critical loading

levels. In coming from the other perspective, substantial effort has been devoted
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in the past half-century to predictive modeling of damage through the continuum

damage mechanics framework [135]. In this regard a number of investigations have

focused on the modeling of damage evolution and plasticity (e.g. [3, 103,135,228] to

name a few) and some recent works have looked at “recovery” in the sense of an

external self-healing agent [15, 227] but there is, to the author’s best knowledge, no

model currently considering the coupling and combination of a reversible/recoverable

mechanism and that inducing permanent deformations and damage. Thus, a new

model is developed here.

To facilitate and aid in the model development, the responses of interest for the

MAX phases are shown below in Fig. 481 for a Ti2AlC specimen. Specifically, in

Fig. 48a, the recoverable, hysteretic response of MAX phases that has motivated

much of the interest is shown. Clearly, the response of this material exhibits a hys-

teretic response and although the strains may be small with respect to SMAs, the

applied stress levels are quite high leading to large energy dissipation. With respect

to this behavior, it is noted that upon unloading the initial slope (and corresponding

modulus) does not exhibit a substantial drop versus that observed during loading.

This is indicative of an initially elastic unloading. Additionally, with a damage

based mechanism a difference between the loading and unloading modulus would be

expected. Therefore, it can be assumed that this recoverable mechanism is not as-

sociated with damage formation. Furthermore, the elastic unloading regime is much

smaller than that predicted by Jones and coworkers [113] in their Bauschinger-like

EPSC model indicating a difference from kinematic-hardening plasticity. Considering

these facts, this response is attributed to the development and subsequent annihi-

lation of IKB type-dislocation structures as discussed in Section 1.1. The strain to

1In what follows, experimental results and material specimens are provided courtesy of Prof. M.
Radovic, R. Benitez, and group
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failure response of a Ti2AlC specimen is provided in Fig. 48b. In such a response, it

can be clearly seen that a both a surprising amount of nonlinear strain and material

softening (both atypical for ceramics) are evident in the response. It must be noted

that although Figs. 48a and b are both of Ti2AlC they are produced from different

base powders. This is primarily important for the latter response which has shown

a strong dependence on grain size and impurity content and the result shown in

Fig. 48b seems to lie on the ductile side of that spectrum. Regardless, Fig. 48b does

clearly show that permanent irrecoverable damage-based mechanisms are active in

the material and need to be accounted for in the subsequent model.

With this in mind, a three-dimensional phenomenological model of MAX phase
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Ti2AlC specimens made from two different powders.

materials will be developed in this section. The underlying theory and constitutive

formulation is presented in Section 4.1 while details of the numerical implementation
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are discussed in Section 4.2. Results of example problems are then given in Sec-

tion 4.3 while a summary of these efforts is presented in Section 4.4.

4.1 Theoretical Development

Before delving into the details of the formulation, the framework, objectives,

and some assumptions are first introduced. First, the model being developed is in-

tended for use in capturing the meso- or macroscale response of polycrystalline MAX

phases. Therefore, a phenomenological approach is adopted and used to describe this

response. Such a selection is also motivated by the continuing debate in the litera-

ture as to the underlying physical mechanisms giving rise to the behaviors of interest.

Additionally, as the applications of interest are low–temperature (for a ceramic), the

developed framework is intended for use in temperature ranges below 900◦C. In fact,

the experiments studied (both for the bulk and composite cases) are below 200◦C.

Previous experimental studies have shown that the MAX phase response is athermal

and rate-independent under quasi-static loadings in this regime [23, 237]. This tem-

perature also lies below those observed for the brittle to ductile transition [196] and

such effects are not considered here. Instead, the response and behaviors associated

with three inelastic mechanisms are considered. Detailed discussions will be found

in the forthcoming sections, but the three mechanisms of interest are:

1. Incipient Kink Band (IKB) Formation – The reversible, repeatable hysteretic

response presented in Fig. 48a and extensively characterized in the litera-

ture [22, 23, 237] has been attributed to the formation of kink-band like dis-

location structures that have not yet disassociated.

2. Kink Band (KB) Formation – Dissassociation of aforementioned IKB’s into

permanent structures creating kink bands. Such deformations lead to perma-
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nent deformations and delaminations and crack producing macroscopic dam-

age. Macroscopically, this mechanism manifests both as permanent deforma-

tions and damage in the sense of loss of load bearing capabilities.

3. Plastic Slip – Permanent, plastic deformations may occur in grains not oriented

favorably for the formation of IKBs. Experimental results have indicated the

possibility of permanent deformations in impurity content in the Ti2AlC ensem-

ble or potentially glide in non-kinking grains. Collectively, these contributions

will be referred to as the plasticity mechanism.

To capture the individual and coupled response of these distinct behaviors, a multi-

mechanism model will be developed via a phenomenological, internal state variable

(ISV) based continuum thermodynamics [59, 60, 149] approach. In this case, it is

assumed that each material point is comprised of a statistically significant and rep-

resentative set of grains representative of the bulk specimen such that the model

captures the effective behavior of such an ensemble. A model for the material re-

sponse may then be constructed by developing an free energy function including

terms associated with the internal variables. Such variables are used to describe

microstructural changes and evolutions associated with inelastic deformation and

thermodynamic considerations and physical observations will be used to determine

appropriate yield and evolution behaviors. For the above described responses, it is

assumed that each of the three listed mechanisms may occur individually or simulta-

neously. For convenience, in the following discussion the superscripts “r”, “d”, and

“p” will be used for variables related to the recoverable (IKB), damaging (KB), and

plastic mechanisms.

To begin this process, the total (Gibbs) free energy of the material is decomposed
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such that,

G (σij, T,Υ) = Gte (σij, T,Υ) +Gr (σij, T,Υ) +Gd (σij, T,Υ) +Gp (σij, T,Υ) (4.1)

where Gte is the thermoelastic energy and Gr, Gd, and Gp are the inelastic energies

associated with the respective mechanisms. The set of internal state variables (scalar

and tensorial) that will be introduced in the sequel is denoted as Υ. Splitting the free

energy in this fashion assumes that the corresponding inelastic contributions of the

different processes are additive and enables the treatment of each term individually.

With this decomposition, the thermoelastic energy, Gte, is,

Gte (σij, T, Υ) = − 1

2ρ
σijMijklσkl −

1

ρ
σijαij (T − T0) + (4.2)

c
[
(T − T0)− T ln

(
T
T0

)]
− s0T + u0,

where ρ, σij, Mijkl, αij, c, T, T0, s0, and u0 are the mass density, symmetric Cauchy

stress tensor, current fourth-order compliance tensor, thermal expansion tensor, spe-

cific heat, current absolute temperature, reference temperature, reference entropy,

and reference internal energy. The specific energetic contributions of the different

mechanisms and the corresponding energies will be discussed individually in detail

in Sections 4.1.1–4.1.3. The coupling of the different mechanisms and corresponding

combined model is then presented in Section 4.1.4.

4.1.1 Incipient Kink Band Formation

One of the key physical responses of MAX phases that has made these mate-

rials so appealing is the repeatable hysteresis loops observed even under relatively

high-loads (up to 1 GPa) [23]. Although the inelastic strains remain rather small in
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comparison to some active materials (notably shape memory alloys), the recoverable

deformations remain large for a bulk ceramic with stiffnesses in the neighborhood of

300 GPa. Importantly, however, these repeatable hysteresis loops dissipate roughly

a quarter of the applied energy giving the material excellent damping characteristics

and subsequent permanent kinking (see the following section) yield a “damage” tol-

erant ceramic (with many other interersting possibilities) [20].

As discussed in Section 1.1, the exact mechanism responsible for this behavior is

still being debated in the literature [24, 43, 93, 113, 186]. A variety of explanations

ranging from crack sliding [186] to an extreme Baushinger-like effect [113] have been

proposed and supported with a variety of experimental observations. Nonetheless, in

this work, the incipient kink band (IKB) concept is invoked and used to motivate the

phenomenoligical model. This theory is used as (i) the relevant features have been

extensively characterized (e.g, [22,23,237]), (ii) substantial circumstantial observa-

tions (like greater absolute dissipation of porous versus bulk specimens [220, 238])

and (iii) recent, unpublished electron backscatter (EBSD) results2 indicating the

presence of kink band-like dislocation structures. In the IKB theory put forth by

Barsoum and coworkers [23,24], these structures form as a result of a limited number

of plastic slip systems in grains poorly aligned with respect to (parallel) the loading

axis after a critical applied load. Although recent EBSD results differ from this expla-

nation in that the observed dislocations were in grains with moderate Schmid factor,

the observation of such structures gives credence to such an explanation. Specifically,

the formation of these bands is necessitated as deformation may only occur via basal

slip and twinning is unlikely due to the high c/a ratios of the crystal structure [23].

The resultant IKBs take the form of parallel dislocation walls with opposite signs

and the end dislocations remain attached. Upon load reversal, the attractive forces

2Private communication with R. Benitez and Prof. Radovic
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between the dislocations enable these structures to run-back upon each other and

annihilate the dislocations nucleated during loading [24]. As no damage occurs, this

process may be repeated multiple times.

To capture the response of the reversible hysteretic , an internal state variable ap-

proach is adopted. Such variables are meant to capture and describe the evolution of

the microstructure through inelastic deformations. Specifically, four state variables

are utilized - two tensorial and two scalar. First, a scalar kinked volume fraction, ζ,

is introduced. Physically, such a volume fraction is interpreted as the total volume of

the material comprised of kink-band dislocation structures. With this definition, it is

important to note that ζ incorporates both incipient and permanent kink bands with

the restriction that permanent kink bands may only form from incipient structures.

Therefore, changes in the total kinked volume fraction are only achieved through the

development of annihilation of IKBs. Additionally, as will be discussed in subsequent

sections, a volume fraction variable is selected to better enable efforts to couple the

different mechanisms. Secondly, an inelastic strain tensor, εrij is introduced as an

ISV to capture the inelastic deformations associated with IKB formation. Finally,

two variables capturing the hardening effects are introduced - βrij and gr represent-

ing the kinematic and isotropic hardening, respectively. Importantly, the backstress

associated with the kinematic hardening variable may be interpreted as the inter-

nal stresses associated with the attractive/repulsive forces of the dislocation walls of

opposite sign. Isotropic hardening effects are then captured by the independent gr

state variable representing effects including various kink bands interacting with each

other and texture effects.

Before proceeding further and giving specific functional forms, some specific as-

sumptions regarding the assumed physical process will be introduced and discussed

to better illuminate the derived model. To this end, recent compressive stress-strain
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experimental results of dense Ti2AlC will be used3. First, numerous experimental

results indicate a strong dependence of the functional form on the grain size (and

presumably texture although such experimental results are not as strongly estab-

lished) of the bulk specimens. It is assumed that these effects are captured through

calibration of model parameters. Subsequent efforts may more strongly establish a

relationship on these parameters although they are neglected for the time being. To

highlight these response, Fig. 49 shows the room-temperature response of Ti2AlC

subjected to different maximum stress values. In these results, it is important to

note that the presented cycles correspond to the second cycle at the given maximum

load. The first cycles showed a small permanent deformation like those reported in

the literature. However, as the repeatable behavior is of interest here, the second

cycles are considered. From Fig. 49, a number of interesting behaviors of the MAX

phases may be observed. First, the dotted black lines are used to denote a perfect

elastic response during loading and upon unloading in the 800 MPa case. With this

as a comparison, it is readily apparent that the material response exhibits signifi-

cant nonlinearity (roughly 30% of the strain is inelastic at 800 MPa). Additionally,

from this result, it may readily be seen that the nonlinear behavior begins at a mod-

est stress level ( 200 MPa) and that the loading trajectories are the same. Some

differences are noted at the higher stress response of the 800 MPa case although

previous studies have reported slight hardening in the material response with per-

manent deformation [237]. Thus, this hardening is assumed to be a result of some of

the permanent deformations during previous cycles. With respect to unloading, by

comparing the 800 MPa case in Fig. 49 to the corresponding elastic path, the initial

response seems to have an initially elastic unloading. Such a response is important as

3All experimental results provided by Prof. Radovic and R. Benitez. To the author’s knowledge
the corresponding results are currently unpublished.
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Figure 49: Repeatable, hysteretic room temperature compressive stress-strain re-
sponse of Ti2AlC at different maximum compressive stress values. Results shown
correspond to the second cycle at the given stress level and the results correspond
to the same material specimen loaded incrementally.

it would indicate that the material is undamaged through the IKB loading process.

Additionally, the sequential loading trajectories and response repeatability during

increasingly higher loadings indicate no permanent effects of the IKB formation.

Thus, it is assumed that the IKB process does not damage the material or change

the thermoelastic properties (Gte 6= Ĝte (ζ)).

Further consideration of the unloading of Fig. 49 yields additional information in

regards to the hysteretic behavior of the MAX phases. Specifically, it is noted that

at lower stress levels the unloading trajectories fall on the same path. Such a path

appears to be near linear and, interestingly, ends at the zero stress level. Therefore,

it would seem that the nonlinear unloading doesn’t complete until complete exter-

nal load removal. Additionally, in comparing the unloading behavior to that of the

loading, it can be seen that in some ways the unloading response mirrors that of the
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loading. Specifically, at the onset of the inelastic phenomena, a nonlinear hardening

is observed. As the behavior progresses, the hardening appears in Fig. 49 to settle

into more of a linear response. Finally, by visual inspection, it would seem that the

elastic regimes during both IKB growth and annihilation (loading and unloading,

respectively) occur over a similar stress magnitude. These issues will be expanded

upon in subsequent analysis.

To further expand upon this point, the experimental hardening is considered.

Specifically, in this case, the change in stress with inelastic strain is defined to be

hardening and is plotted for three experimental cases in Fig. 50. The results come

from the same set used to produce Fig. 49 and correspond to compressive stress-

strain cycles (in Fig. 50 compressive stresses and strains are taken to be positive).

For these results, the inelastic strain is simply defined as the difference between the

measured total strain and elastic strain which is taken to be the recorded stress di-

vided by an elastic modulus value found from analysis of the experimental results.

Lower stress regions in which the inelastic strain is approximately zero are taken

to be elastic regimes. Both unloading and loading curves portions of the loading

cycle and for comparison reasons the unloading stress is taken as |σrev−σ| such that

the initial point corresponds to the start of unloading and the maximum value is at

completion. In considering these results, it is also important to note that here no

distinction is made between any inelastic mechanisms. Specifically, the hardening

here is the total inelastic hardening observed in the system. Although these results

correspond to the repeatable, second cycles of the experiments whose behavior is

attributed to the formation and subsequent removal of IKB loops, the incorporation

of other mechanisms cannot be ruled out.

From the results of Fig. 50 a number of important results may be observed.

First, as discussed with regard to Fig. 49 the loading and unloading curves show
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Figure 50: Inelastic hardening during loading and unloading of MAX phases at
different maximum stress values

surprising similarities - this is especially true in the 600 MPa case. Specifically, after

the onset of inelastic deformation an initially nonlinear character transitions to an

increasingly linear evolution as the material is subject to further inelastic response.

The 800 and 1000 MPa cases show the same general trend although some difference

is noted at higher stress values where a seemingly slight variation in the curve is

noted. Such a difference, although slight, could be associated with additional active

mechanisms (e.g, plasticity) during loading. The small variation in elastic modulus

between loading and unloading of the different load cases (manifest by the different

slopes in the linear range) is potentially associated with damage formation in prior

cycles or similar effects and as such isn’t assumed to be a part of the IKB response.

Interestingly, however, the unloading cycles demonstrate similar nonlinear to linear

hardening evolutions. As the material is unloading, the only operative mechanism is

expected to be IKB contraction and this evolution is associated with that behavior.
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Additionally, although some scatter exists, the various results (e.g, 600 and 1000 MPa

cases) seem to lie on similar trajectories. One surprising observation in these behav-

iors is in regards to the onset of nonlinear deformation. By assuming the nonlinear

behavior begins at the inflection point (when the inelastic strain starts increasing), it

is noted that the stress difference needed to initiate (both forward and reverse) IKB

motion is roughly the same between loading and unloading (at least to the resolution

of these results). This observation will be important in the subsequent discussion and

motivation of the appropriate yield surfaces. To elaborate, consider for a moment

an elastic-plastic material with a yield stress, σy. Assuming for a second that the

material exhibits pure isotropic hardening and undergoes a proportional deforma-

tion sufficient to initiate plastic flow, then if the load is reversed and increased in the

opposite direction (say a tension-compression loading) plastic flow will begin again

after a change in stress of 2
(
σy + σhard

)
, where σhard is some non-zero stress asso-

ciated with the isotropic hardening. In the corresponding pure kinematic hardening

case, the change in stress would be 2σy. With these experimental results, however,

the needed change in stress would seem to be σy. This observation would seem to

preclude the possibility that this material response is simply an extreme Bauschinger

effect. Instead, one potential phenomenological explanation in this case is that σy is

the stress necessary to initially form the IKBs most favorably oriented for such defor-

mations. As the applied stress increases, additional IKBs are nucleated in grains in

less preferential grains that require higher loads to form. Previously generated IKBs

grow and expand in such a way that the microstructural forces keeping the IKBs

attached offset the additional external loads. Therefore, once the loading is reversed,

IKB annihilation begins as soon as the initial nucleation loading is removed and the

internal attractive forces dominate.

Given the above described internal variable set list and the previously stated

129



assumption that IKB growth does not affect the thermoelastic energy, the inelastic

free energy contribution associated with the presence of IKBs may be given as,

Gr = (σij,Υ
r) =

1

ρ
gr +

1

3ρ
κrβrijβ

r
ij −

1

ρ
σijε

r
ij, (4.3)

with κr being the backstress modulus. As stated previously, at this time, temperature

and rate-dependencies are not included as the model is intended for low and mid

temperature regimes. At higher temperatures, a temperature dependence is expected

due to the increase dislocation mobility. Rate effects are neglected for similar reasons.

The two hardening terms, gr and
1

3
κrβrijβ

r
ij, describe the energy stored in the IKB

structures – for instance that associated with the intra-dislocation forces. The elastic

energy associated with the perturbation arising from the corresponding strains is

captured by the final σijε
r
ij term.

The corresponding rate of mechanical energy dissipation due to the growth or

contraction of IKBs, ξr, may then be written as,

ξr = −ρ∂G
r

∂Υr Υ̇
r

= −ρ ∂G
∂εrij

ε̇rij − ρ
∂G

∂βrij
β̇rij − ρ

∂G

∂gr
ġr. (4.4)

Using the defined energy in Eqn. 4.3 with the dissipation given by Eqn. 4.4 leads to

the modified dissipation expression of the form,

ξr = σij ε̇
r
ij −Xr

ijβ̇
r
ij − ġr, (4.5)

where Xr
ij is the backstress associated with kinematic hardening (Xr

ij =
2

3
κrβrij). At

this stage, a further assumption is introduced. Specifically, the evolution of these

internal variables (and the corresponding dissipation) occurs only with changes in the

kinked volume fraction, ζ̇. In this way, ζ̇ plays the role of consistency multiplier in
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classical plasticity and a similar assumption in utilized in the modeling of martensitic

transformation and other inelastic mechanisms in SMA [97,100,124]. Additionally, it

is assumed that the isotropic hardening energy is a function of this volume fraction

and only the kinked volume fraction. With these assumptions in mind, evolution

equations of the form,

ε̇rij = Λr
ij ζ̇ , (4.6)

β̇rij = Λr
ij ζ̇ , (4.7)

ġr =
∂g

∂ζ
ζ̇ = f rζ̇ , (4.8)

are assumed. The specific form of these functions will be discussed in the follow-

ing sections for the growth/annihilation (loading/unloading) stages. For clarity, the

subscripts “g” and “a” will be used for the growth (loading) and annihilation (un-

loading) states, respectively. Finally, with these relations, the dissipation may be

rewritten,

ξr = σijΛ
r
ij ζ̇ −Xr

ijΛ
r
ij ζ̇ − f rζ̇ =

(
µrijΛ

r
ij − f r

)
ζ̇ , (4.9)

where the effective stress, µrij is introduced and defined as,

µrij = σij −Xr
ij. (4.10)

By inspecting Eqn. 4.9, a total thermodynamic driving force conjugate to IKB gen-

eration, πr, may be defined. Specifically,

ξr = πrζ̇ , (4.11)

where πr = µrijΛ
r
ij − f r.
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4.1.1.1 IKB Growth (Loading)

To describe the response of the material through IKB growth, expressions for Λr
ij

and f r need to be determined. First, in defining Λr
ij, a von Mises flow rule is utilized

to describe the direction of strain generation. This selection is motivated by the fact

that although the formation of IKB nucleation and growth relies on forming a parallel

set of dislocation walls, it is still a shear-based dislocation mechanism. At this stage,

an additional model parameter describing the magnitude of strain per unit kinked

volume, γr, is introduced to scale the strain generation with kinked volume fraction.

Unlike SMAs, this parameter is not easily observable from macroscopic experiments.

Therefore, values for this parameter will be assumed and fit to experimental data.

Such a value is expected to be quite small and depends on grain size. For instance,

Kalidindi et al. [114] note the theoretical maximum nonlinear strain for a fully re-

versibly kinked Ti3SiC2 would be 0.035 and a value of similar magnitude would be

expected. Therefore, the IKB strain evolution tensor is assumed to be (during IKB

growth) as,

Λr
ij = γr

3

2

µr
′
ij

µr−VMeff
, (4.12)

where the “′” denotes a deviatoric tensor (µr
′
ij = µrij−

1

3
µrkkδij) and the Mises effective

stress is defined as µr−VMeff =

√
3

2
µr
′
ijµ

r′
ij. In considering the hardening of the IKB,

it is assumed that, initially, at low kinked volume fractions the IKBs are distributed

throughout the relevant grains and the forces acting on them from other IKBs are

small. Thus, the hardening in this regime is tied primarily to hardening effects

associated with constraints from grain boundaries and texture. As more IKBs are

nucleated and growth of existing loops become more important, the effects of the

internal forces become more dominant. With this interpretation in mind, a decaying
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exponential form of the rate of isotropic hardening change, f rg is utilized and given

as,

f rg (ζ) =
B

k

(
1− e−kζ

)
., (4.13)

where B and k are experimental fit parameters.

With these terms defined, a yield function for IKB growth, Φr, may be proposed.

Specifically, a function of the form,

Φr
g = πrg − Y r, (4.14)

is proposed where Y r is the critical energy needed to grow an IKB.

4.1.1.2 IKB Annihilation (Unloading)

During unloading, the IKBs contract and eventually the dislocations walls of

opposite sign annihilate each other returning the material to its initial state. It is

important to note that if some of the IKB’s disassociate into permanent kink bands,

full recovery is not possible and the associated deformations are not recovered (this

interaction will be discussed in more detail in later sections). Given the coupling

between the loading and unloading stages, however, it is desirable to describe the

response in a fashion analogous to a reversible inelastic mechanism.

To capture the inelastic response upon unloading, two things needed to be de-

fined - the evolution of the internal variables and the yield function. First, the new

forms of the former functions shall be described and used to motivate a form of the

latter. During loading, it was assumed that kinking strains develop in the direc-

tion of the effective stress, µrij. Upon unloading, a similar argument could be made

for proportional (radial) loading cases. If the material is subjected to a complex

non-proportional loading, however, using the same definition of loading could lead
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to non-zero strains with a zero IKB volume fraction. This is a non-physical situa-

tion. Therefore, an analogy is made to reverse transformation of in phenomenological

shape memory alloy models [40,124,192], and a direction tensor of the form,

Λr
ij =

εr−revij

ζrev
, (4.15)

with the superscript “rev” denoting the values at loading reversal. In such a fashion,

the strain is normalized per unit volume fraction and upon any unloading path it is

ensured that the recoverable strain is zero.

For the change in isotropic hardening, the discussion and observations of Figs. 49

and 50 are revisited. Specifically, as was noted in the associated discussion, a distinct

similarity is evident in the evolution of the hardening during loading and unload-

ing. That is the initial hardening shows a more nonlinear nature while at further

progression of the inelastic mechanisms a more linear character is observed. In the

previous section, this was attributed to the relative contributions of effects like grain

boundary interactions and texture (isotropic) and backstresses from developed IKBs

(kinematic). Here a similar argument is made. Specifically, effects such as grain

boundary pinnings are the first to be relieved while the backstresses are relaxed

more slowly along with the decrease in applied stress necessary to keep the IKBs

open. In keeping with this analogy, an unloading hardening of the form,

f ra =
B

k

(
1− e−(ζrev−ζ)) , (4.16)

is assumed such that it essentially mirrors the effect upon unloading with the sub-

script a indicating annihilation of the IKBs through unloading.

With these relationships defined, the remaining consideration is the determina-
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tion of the yield function for annihilation (unloading). As previously discussed, it

is assumed that during loading an equilibrium is established between the external

load and internal configuration forces that keep the IKBs open but associated. Upon

reversal, the internal forces remain unchanged while the external load is gradually

removed. In this frame, it is assumed that the annihilation process is controlled by

the attractive, internal forces formed during the growth process. Initially, as the

external stress is decreased, the applied load is still sufficient to prevent any disloca-

tion motion due to the attractive, configurational forces. This accounts for the initial

elastic regime observed in Fig. 49 and other MAX phase experiments. Eventually,

however, the externally applied load is insufficient to maintain an equilibrium with

the internal configurational forces and inhibit dislocation motion. Thus, the IKBs

begin to contract. This continues until no load remains to keep the IKBs open. With

such an interpretation, it is noted that the IKB structures already exist at the start of

the unloading process. Therefore, IKB annihilation does not require the nucleation

of additional dislocations, but is instead based merely on their motion. In such a

fashion, the critical thermodynamic force necessary for the onset of IKB contraction

is not that needed for dislocation formation (like during growth) but instead is the

energy needed to contract and move the dislocation structures. This critical value is

tied to the established hardening in the material which serves to inhibit IKB motion.

In this way, the unloading yield function may be defined as,

Φr
con = −

(
σij −

2

3
κrβrij

)
Λr
ij − f ra + f r−revg , (4.17)

where the signs are reversed due to the fact that this mechanism occurs during un-

loading. Additionally, such a form is selected such that independent of the maximum

applied load, the annihilation process begins after the maximum stress is reduced by
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the yield values to match the observations in Fig. 50.

4.1.2 Permanent Kink Band Formation

Unlike the incipient kink bands, experimental evidence observations have ob-

served permanent deformations in the form of delaminations, kink bands, shear

bands, grain buckling, and and microcracking [20,73,74,220]. Specifically, Barsoum

and El-Raghy [20] observed deformation via a combination of permanent kinking

and delaminations in large-grain oriented Ti3SiC2 in areas lacking constraint. Simi-

larly, Sun and coworkers [220] observed kink bands in 43% porous Ti3SiC2 and noted

the presence of the pores aid in the formation of the permanent kink bands. The

combination of these mechanisms is largely associated with the damage-tolerant na-

ture of the MAX phases [20, 73]. Given these observations, the phenomenological

effects of these deformation modes are incorporated into the proposed model. To

capture these effects, a continuum damage mechanics (CDM) framework is adopted

and the the incorporation of such a model is incorporated here. Continuum dam-

age approaches have been well established over the last 50 years to describe the

influences of microcrack formation and permanent deformations through mechani-

cal, fatigue, and viscoplastic loadings. Such approaches focus on the effective stress

concept of Kachanov and incorporate damage effects through stiffness degradation

associated with a damage variable (either scalar or tensorial). Detailed discussion

of this topic may be found in various texts (e.g, Lemaitre and Chaboche [135]) al-

though recent efforts have extended these principles to ductile [3, 103], brittle [50],

quasi-brittle [202,228], and composite [38] materials.

To model the effects associated with kink band formation and the associated de-

formations, a set of internal variables associated with damage, Υd, are introduced.

Five internal variables are introduced in this fashion – ζd, Dij, ε
d
ij, β

d
ij, and gd. The
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scalar variable ζd is the isotropic variable used to physically represent the total prop-

agation of damage through the material. The second order tensor Dij then describes

the loss of load bearing capability due to damaged areas. Note, at this time no as-

sumption is made on the relationship between ζd and Dij. Instead, they are assumed

to act independently although some interdependency is expected and the relation-

ship between them will be expanded upon in subsequent sections. As alluded to in

the previous section, much of the coupling between the different mechanisms in this

formulation is captured through relationships on the volumes undergoing different

inelastic mechanisms. Therefore, ζd is interpreted as the permanently kinked volume

fraction. An additional restriction is imposed such that ζd ≤ ζ as it is assumed that

any volume must be first incipiently kinked before separating into the permanent

state.

With ζd defined in this fashion, an additional note is need in the description of

Dij. In most previous cases, the damage tensor is related to the damage area and mi-

crocrack densities [3,161]. Specifically, Dij =
√
ρiρj where ρi = Adi /Ai (no sum) with

Adi being the damaged area in the i-th direction and Ai the total area in the same

direction [3]. If both the scalar ζd and tensorial Dij variables have geometric inter-

pretations, however, issues of independence or contradiction could exist. To address

this point, the tensorial variable Dij is instead interpreted as the variable capturing

anisotropic stiffness degredation associated with kink band formation without invok-

ing the microcrack density concept. Specifically, this argument is used as the loss of

stiffness may not just be associated with microcracks but instead kinked or buckled

volumes and associated effects. Additionally, the damage, kinking process occurs

via multiple mechanisms (e.g, kinking and delimitation) and a purely microcrack

density argument may be insufficient to capture the complex effects of such modes.

In this way, any issues with contradictory definitions and independence are avoided.
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It is noted, however, that in the isotropic damage limit, ζd does play the role of the

damage variable and the tensorial representation is unnecessary. Initially, however,

the two variables are treated independently to allow for anisotropic damage.

Additionally, an inelastic strain of the form εdij is added to the internal variable

set list. Specifically, this term is used to describe permanent strains developed as a

result of the damage process. Changes in elastic strain due to changes in the mate-

rial stiffness are not included in this term and thus there is no reversible nature in

this strain. In previous efforts [3], such strains were attributed random geometries,

orientations, and distributions of cracks which remain open and cannot be recov-

ered upon unloading. With respect to the MAX Phases, similar deformations may

be attributed to the formation of kink bands and resulting kinematic incompata-

bilities, cracks, and delaminations formed when IKBs separate into permanent kink

bands. Finally, kinematic and isotropic hardening effects are captured through the

introduction of βdij and gd, respectively. With all of these in mind, and assuming a

rate and temperature independent mechanism, the inelastic energy associated with

permanent kink band formation is,

Gd
(
σij,Υ

d
)

=
1

ρ
gd +

1

3ρ
κdβdijβ

d
ij −

1

ρ
σijε

d
ij, (4.18)

where κd is the modulus of kinematic hardening variable. Additionally, the inclusion

of the damage tensor, Dij also modifies the thermoelastic free energy of the system

such that,

Gte (σij, T,Dij) = − 1

2ρ
σijQ

T
ijmnM

0
mnrsQrsklσkl −

1

ρ
σijαij (T − T0)

+c
[
(T − T0)− T ln

(
T
T0

)]
, (4.19)
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with M0
ijkl being the undamaged compliance tensor, superscript “T” denoting the

tensor transpose and Qijkl being the map between the undamaged and damaged

materials defined as [228],

Qijkl =
1

2

[
δij (δkj −Dkj)

−1 + (δil −Dil)
−1 δkj

]
, (4.20)

and δij being the kroneker delta. The current damaged compliance tensor is then

defined as,

Mijkl = QT
ijmnM

0
mnrsQrskl (4.21)

With the relevant variables and free energy defined, the corresponding rate of

mechanical dissipation of the kinking, damage process, ξd is given as,

ξd = −ρ∂G
d

∂Υd
Υ̇
d

= −ρ ∂G
∂Dij

Ḋij − ρ
∂G

∂εdij
ε̇dij − ρ

∂G

∂βdij
β̇dij − ρ

∂G

∂gd
ġd. (4.22)

The corresponding derivatives (and conjugate thermodyanmic driving forces) are

determined to be,

−ρ ∂G
∂Dij

= Yij = −ρ∂G
te

∂Dij

=
1

2
σmn

∂Mmnkl

∂Dij

σkl, (4.23)

−ρ ∂G
∂εdij

= σij, (4.24)

−ρ ∂G
∂βdij

= −2

3
κdβdij, (4.25)

producing a dissipation of,

ξd = YijḊij + σij ε̇
d
ij −

2

3
κdβdijβ̇

d
ij − ġd. (4.26)
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To complete the discussion, evolution equations for the various internal state vari-

ables must be prescribed. Similar to the IKB dissipation, it is assumed that the

the damage process occurs with the evolution of the damage volume fraction, ζd.

Additionally, the isotropic energy is taken to be a function of ζd and ζd alone. With

this mind, the following evolution equations are postulated:

Ḋij = Λd
ij ζ̇

d, (4.27)

ε̇dij = Λd
mn

∂Mijkl

∂Dmn

σklζ̇
d, (4.28)

β̇dij = Λd
ij ζ̇

d, (4.29)

ġd =
∂gd

∂ζd
ζ̇d = fdζ̇d. (4.30)

The damage variable direction tensor is taken to be,

Λd
ij = γd

(
Wij√

WmnWmn

+ ν̃δikδjk

)
(4.31)

with Wij = Yij − 2
3
κdβdij, ν̃ being a pressure dependence coefficient, and γd a scaling

coefficient relating the magnitude of the evolution of Dij with ζd. In this fashion, the

damage evolves in the direction of the changing elastic strain energy. Additionally,

the damage strain evolution, Eqn. 4.28, is proportional to the loss of elastic strain

due to the damage process. Similar to previous damage models [3, 103], a decaying

exponential form of the change in isotropic hardening energy function is also adopted

of the form,

fd = q
(

1− e−cζd
)
, (4.32)
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where q and c are fit parameters. Introducing these relations into Eqn. 4.26, yields

a damage dissipation expression of,

ξd =

[(
Yij −

2

3
κdβdij

)
Λd
ij + σijΛ

d
mn

∂Mijkl

∂Dmn

σkl − fd
]
ζ̇d. (4.33)

It is noted that by using Eqn. 4.23,

σij
∂Mijkl

∂Dmn

σklΛ
d
mn = 2YmnΛd

mn, (4.34)

yielding,

ξd =

[
3

(
Yij −

2

3
κdβdij

)
Λd
ij − fd

]
ζ̇d. (4.35)

Thus, the dissipation associated with deformation may be described through the use

of a single scalar thermodynamic driving force, πd, such that

ξd = πdζ̇d. (4.36)

Additionally, with such a form, a yield function for the damage mechanisms of the

form,

Φd = πd − Y d, (4.37)

is postulated where Y d is the (constant) critical energy for damage propagation.

4.1.2.1 Isotropic Damage Reduction

The tensorial damage form used in the previous section, Dij, is used to describe

the anisotropic evolution and development of damage (e.g. cracks aligned in different

directions). One common reduction used for such analysis is the consideration of an

isotropic damage variable. In this case, the permanently kinked volume current
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fraction, ζd, assumes the role of the isotropic damage variable. In this way, the

current compliance tensor becomes,

Mijkl = ψM0
ijkl (4.38)

where ψ =
1

1− ζd or ψ =
1

(1− ζd)2 using the equivalent strain or equivalent strain

energy, respectively. Voyiadjis and Katten [226] present an in depth discussion of

the different damage variables, although for know the general form Eqn. 4.38 is used.

With the reduction in order of the damage tensor, the corresponding thermodynamic

driving force also becomes a scalar relation and simplifies to,

Y = −ρ∂G
te

∂ζd
=

1

2
σij

∂ψ

∂ζd
M0

ijklσkl. (4.39)

Similarly, the kinematic variable reduces to a scalar variable, leading to an equation

of the form,

Λd
ij → λd = γd (1 + ν̃) . (4.40)

The evolution of the permanent kinking strain and damage kinematic variable (which

also becomes a scalar variable) similarly reduce such that,

β̇d = λdζ̇d, (4.41)

ε̇d = λd
∂ψ

∂ζd
M0

ijklσklζ̇
d. (4.42)

These simplifications lead to an equivalent thermodynamic driving force of,

πd =

[
3

(
Y − 2

3
κdβd

)
λd − fd

]
. (4.43)
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4.1.3 Irrecoverable Permanent Deformations

In addition to the above mentioned effects of kink band formation (incipient and

permanent), the possibilities of other inelastic plastic deformation – specifically glide

in non-kinking grains. Such deformations are accounted for via a plasticity type

formulation. To capture these effects of this mechanism, four internal variables are

assumed to comprise Υp - p, εpij, β
p
ij, and gp. In this context, p is a scalar internal

variable representing the volume fraction of plastically deformed material and not an

effective strain measure like those used in most classical continuum plasticity theories.

An analogy could be made to p being a dislocation density via the reintrepetation

of the variable and corresponding evolution equation, but in this case a volume

fraction is selected for connection with the previous described kinking mechanisms.

Specifically, this selection is made as the volume 1 − p could be interpreted as a

plastically deformed volume incapable of kinking thereby placing an upper bound on

ζ. A parameter, γp, is introduced representing the plastic slip magnitude per unit

volume of plastically deformed material. It should be noted, however, that in practice

the determination of such a parameter experimentally is not trivial and difficult to

implement. By setting γp = 1, the variable p may be viewed as the effective plastic

strain in the classical sense. The macroscopic, inelastic strain is selected as another

internal variable and denoted as εpij. Two variables (one tensorial and one scalar) are

also introduced to describe hardening effects - βpij and gp. Specifically, isotropic effects

are described via the total isotropic hardening energy gp and may include energies

corresponding to dislocation pinning (for example). Kinematic hardening effects

are captured through the tensorial variable βpij and used to captureany associated

backstresses. Importantly, at this time it is assumed that this mechanism represented

rate-independent plastic effects and any temperature-softening is neglected. With
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these definitions, the total inelastic energy of this mechanism is written as,

Gp (σij,Υ
p) =

1

ρ
gp +

1

3ρ
κpβpijβ

p
ij −

1

ρ
σijε

p
ij, (4.44)

where κp is the corresponding hardening modulus.

In further defining the problem, the rate of mechanical dissipation associated

with plasticity, ξp is now explored and written as,

ξp = −ρ∂G
p

∂Υp Υ̇
p

= −ρ ∂G
∂εpij

ε̇pij − ρ
∂G

∂βpij
β̇pij − ρ

∂G

∂gp
ġp, (4.45)

where the derivates are also the corresponding thermodynamic driving forces and are

given as,

−ρ ∂G
∂εpij

= σij, (4.46)

−ρ ∂G
∂βpij

= −2

3
κpβpij. (4.47)

Using these definitions, the mechanical dissipation is rewritten as,

ξp = σij ε̇
p
ij −

2

3
κpβpijβ̇

p
ij − ġp. (4.48)

In a similar fashion to the previous cases, it is assumed that the plastic mechanism

and its dissipation evolves with, and only with, the plastic volume fraction, p. Fur-

thermore, the isotropic energy is taken to be purely a function of this same volume

fraction. With this assumption, the evolution equations need to be determined and
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are postulated as:

ε̇pij = Λp
ij ṗ, (4.49)

β̇pij = Λp
ij ṗ, (4.50)

ġp = fpṗ, (4.51)

where Λp
ij is tensor the direction of the flow and fp is the change in isotropic energy.

Additionally, an effective plastic stress, µpij, is introduced of the form µpij = σij −Xp
ij

where Xp
ij = 2

3
κpβpij is the plastic back stress. The plasticity is assumed to be shear-

based and the classic, J2-type von Mises form,

Λp
ij = γp

3

2

µp
′

ij

µp−VMeff
, (4.52)

is assumed for the flow direction. A power-law form is used for the change in plastic

isotropic energy. Therefore, fp = Lpn where L and n are material fit parameters.

Combining these relations, leads to a total dissipation form of,

ξp =

[(
σij −

2

3
κpβpij

)
Λp
ij − fp

]
ṗ. (4.53)

By defining πp to be the total thermodynamic driving force conjugate to the evolution

of plastic volume fraction the total mechanical dissipation becomes,

ξp = πpṗ. (4.54)

A plastic yield function of the form,

Φp = πp − Y p, (4.55)
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where Y p is the (constant) critical thermodynamic driving force for plastic volume

formation, is then assumed.

4.1.4 Multiple Couple Mechanisms (MCM) Model

With the models of the various mechanisms described, the coupled and combined

response of the considered material may now be discussed. First, the total free energy

of the system is written as,

G (σij, T,Υ) = − 1

2ρ
σijMijklσkl −

1

ρ
σijαij (T − T0) (4.56)

+c

[
(T − T0)− T ln

(
T

T0

)]
− s0T −

1

ρ
σij
(
εrij + εdij + εpij

)

+
1

ρ

(
gr + gd + gp

)
+

1

3ρ

(
κrβrijβ

r
ij + κdβdijβ

d
ij + κpβpijβ

p
ij

)
,

where Mijkl is the current compliance tensor defined via Eqn. 4.21. In considering

the above free energy, it is observed that there is no coupling between the various

states variables of the different mechanisms. That is to say, the different configura-

tional driving forces are not coupled and do not directly interact. With respect to

the plasticity and kinking mechanisms, such an assumption is motivation by the fact

that these deformations occur in different grains and the long range effects are taken

to be negligible. In terms of the kinking, permanent kink bands and the correspond-

ing damage are taken to interact with the other inelastic deformations through the

redistribution of the stresses and not via the internal variables. Additional couplings

may be observed in this system, however, and they are presented first.

In the given material model, the coupling is addressed in a variety of fashions.

First, additional interactions between the evolution of incipient and permanent kink

bands terms are noted. Although it has been stated that these mechanisms are not

mixed in the free energy, physically their values (and volumes) must be related. For

146



instance, as already mentioned a constraint is imposed such that the material must

be incipiently kinked prior it begin permanently disassociated. Additionally, any

volumes undergoing plastic deformation are poorly aligned for kinking and will not

undergo such deformations. Mathematically, this restriction results in the following

inequality,

0 ≤ ζd ≤ ζ ≤ 1− p ≤ 1. (4.57)

Furthermore, if a IKB disassociates into a permanent form it logically follows that

the recoverable deformations associated with those structures are now permanent.

These observations lead to modifications of the evolution laws of the form,

ε̇rij = Λr
ij ζ̇ − Λrg

ij ζ̇
d, (4.58)

ε̇dij = Λd
mn

∂Mijkl

∂Dmn

σklζ̇
d + Λrg

ij ζ̇
d, (4.59)

where Λrg
ij is the IKB strain direction tensor, Λr

ij, evaluated during the growth (load-

ing) regime. In considering Eqns. 4.58 and 4.59, it is noted that by summing these

expressions the Λrg
ij ζ̇

d terms cancel. Thus, the total inelastic strain tensor is pre-

served and this additional interaction is not in and of itself dissipative. Therefore,

this modification to the evolution equations serves primarily to track what strains

are recoverable and irrecoverable.

With these interactions established, constitutive equations for the fully coupled

MAX phase material are sought. To accomplish this task, the 2nd law of Thermody-

namics, in the form of the Clausius-Planck inequality,

−ρĠ− σ̇ijεij − ρsṪ ≥ 0, (4.60)
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is recalled. By considering the postulated free energy (Eqn. 4.56), the selected inter-

nal variables, this inequality may be rewritten:

−
(
εij + ρ

∂G

∂σij

)
σ̇ij − ρ

(
s+

∂G

∂T

)
Ṫ +

(
−ρ∂G

∂ζ
ζ̇ − ρ ∂G

∂βrij
β̇rij − ρ

∂G

∂εrij
ε̇rij

−ρ ∂G
∂gr

ġr
)

+

(
−ρ ∂G

∂ζd
ζ̇d − ρ ∂G

∂βdij
β̇dij − ρ

∂G

∂Dij

Ḋij − ρ
∂G

∂εdij
ε̇dij − ρ

∂G

∂gd
ġd

)

+

(
−ρ∂G

∂p
ṗ− ρ ∂G

∂βpij
β̇pij − ρ

∂G

∂εpij
ε̇pij − ρ

∂G

∂gp
ġp
)
≥ 0. (4.61)

Most of the thermodynamic driving forces and evolution equations have been ex-

pressed and discussed in the previous sections. The additional derivatives,

−ρ ∂G
∂σij

= Mijklσkl + αkl (T − T0) + εrij + εdij + εpij, (4.62)

−ρ∂G
∂T

= σijαij + ρc ln

(
T

T0

)
+ ρs0, (4.63)

are specified here to complete those definitions. By invoking the arguments of Cole-

man and Noll [60], constitutive equations for the material may be derived from

Eqn. 4.61. Specifically, it is noted that Eqn. 4.61 must be satisfied for any admissi-

ble thermodynamic path. In the case of arbitrary, independent, and elastic stress or

temperature excursions, this statement means the bracketed terms associated with

σ̇ij and Ṫ must be zero. Therefore,

εij = Mijklσkl + α (T − T0) + εrij + εdij + εpij, (4.64)

s =
1

ρ
σijαij + c ln

(
T

T0

)
+ s0. (4.65)

(4.66)
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The remaining expressions in Eqn. 4.61 correspond to inelastic dissipation. By re-

calling the previous equations in this chapter, the dissipation may be rewritten,

(
µrijΛ

r
ij − f r

)
ζ̇ − σijΛrg

ij ζ̇
d

+
[(

3Yij −Xd
ij

)
− fd

]
ζ̇d + σijΛ

rg
ij ζ̇

d

+
(
µpijΛ

p
ij − fp

)
≥ 0, (4.67)

or

πrζ̇ + πdζ̇d + πpṗ ≥ 0. (4.68)

The final coupling results from the stress and load redistribution arising from

the loss of load bearing capacity due to the damage process. To address this point,

the well established effective stress concept is introduced. This theory is well estab-

lished and a cornerstone of continuum damage mechanics and the text of Lemaitre

and Chaboche [135] is referenced for details and a review. Specifically, through this

approach, it is assumed that a material point or element under consideration is com-

prised of undamaged and damaged volumes. The state variables (both external and

internal) of such a material point then represent the average response of the con-

stituent with its damaged and undamaged material volumes. Through the effective

stress concept, however, it is taken that any deformation, be it elastic or inelastic,

occurs only in the undamaged configuration and corresponding constitutive response

should be written in this configuration. Therefore, a mapping is needed between the

effective response and the undamaged material. To perform such an operation an

effective configuration comprised only of the undamaged material is introduced. By

then noting that the damaged portion of the material carries no load and the total

force applied to both the damaged and effective, undamaged configurations are equal
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yielding the classical isotropic relationship that,

σ̄ =
σ

1−D (4.69)

where σ̄ is the stress in the effective configuration, σ is the stress of the damaged

material point, and D is the isotropic damage variable defined as Ad/A where Ad

and A are the damaged and total areas of the effective and damaged configurations.

In the model developed here, ζd is this damage variable.

With this in mind, the effective stress concept is expanded here for use with the

various mechanisms observed in the MAX phases. Specifically, it is noted that in the

preceding sections three mechanisms were introduced - IKB formation, permanent

kink band formation, and permanent (here considered as plastic) inelastic defor-

mations. Although such mechanisms operate independently, they are not unrelated.

Specifically, as was noted previously, IKB formation is a precursor to permanent kink

band formation and thus such a mechanism should be restricted to occurring in the

incipiently kinked domain. Additionally, given that both incipient and permanent

kink formation is associated with the formation of dislocation loops on basal planes

aligned with applied loading, a strong dependence on the texture of the material

on the macroscopic behavior is expected. Such effects are accounted for through

the calibration constants and material properties given the scale (and nature) of the

proposed model, but it can also be reasoned that in a material volume element repre-

sented by a material point kinking will only occur in some of the grain and material

assemblage. This is an important distinction as remaining volume will not kink and

may instead be subject to other forms of inelastic deformation. In the described pre-

viously, one such possibility is plastic slip in any impurities or poorly aligned grains

leading to the plasticity mechanisms considered here.
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Bearing these restrictions in mind, the concept of an effective configuration is

Actual	  Material	  Element	  
Effec0ve,	  

Undamaged	  

A = Ā + Ad

ĀĀ

B̄B̃
B

Intermediary	  
Configura0on	  

Figure 51: Schematic depicting various material configurations. Schematically, gray
areas are elastically deforming materials, green represents volumes incipiently kinked,
red those plastically deforming and white the damaged, permanently kinked volumes

utilized to investigate the couplings between various mechanisms. First, as shown in

Fig. 51, a two-dimensional4 material volume element with total area A with various

volumes deformed by different mechanisms is considered. The actual material vol-

ume is referred to as the B configuration and corresponding state variables of the

total material volume element shall be denoted without any additional accent is con-

sidered. This configuration has total area A and is comprised of permanently kinked

(damaged), incipiently kinked, plastically deforming, and elastic areas denoted by

Ad, Aζ , Ap, and A0, respectively such that A = Ad +Aζ +Ap +A0. By normalizing

4a 2D argument is utilized for construction and as a though experiment. The concept is readily
extended to a 3D model as proposed here
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with respect to the total area, the previously defined internal variables ζ, ζd, and

p may be defined as
(
Aζ + Ad

)
/A, Ad/A and Ap/A. Following the previous CDM

concept, an intermediary configuration denoted by B̃ is created by removing all of

the damaged area. This configuration, however, still has heterogeneous and distinct

areas corresponding to the different volumes. Therefore, to get an effective, ho-

mogenized representation another configuration, B̄, is introduced such that constant

incipiently kinked and plastic volume fractions (ζ̄ and p̄) are found in the domain.

The total area of both the intermediary and effective configurations (B̃ and B̄) are

the same and denoted as Ā defined as Ā = A − Ad. At this point it is essential to

note a key difference between ζ and ζ̄. Specifically, in the damaged configuration

B, ζ represents the total kinked (incipient and damaged) volume fraction. In con-

structing the intermediary and effective configurations, however, the damaged area

is removed as it does not contribute to the response of the material. Thus, ζ̄ does

not represent the total kinked volume in that configuration. Instead, it represents

only the incipiently kinked volume fraction. To determine the relationship between

these variables, ζ̄ is defined to be Aζ/Ā and p̄ is given as p̄ = Ap/Ā. Substituting

the various definitions above yields the following relationships,

ζ̄ =
ξ − ζd
1− ζd , (4.70)

p̄ =
p

1− ζd . (4.71)

Interestingly, for a fixed value of ζ, ζ̄ may actually decrease with increases in the

permanently kinked material volume.

The impact of these configurational assumptions is observed in the dissipation of
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the material. Recalling Eqn. 4.68, the total dissipation may be written as,

ξ = πrζ̇ + πdζ̇d + πpṗ ≥ 0. (4.72)

where the configurational forces and controlling state variables are written in the

damaged configuration (B). The constitutive assumptions discussed in the previous

section for the incipient kinking and plastic formation, however, were written and

developed without consideration of the formation of damage. Thus, it is beneficial to

consider there responses in terms of the effective configuration. Additionally, consid-

ering that the mechanisms act only in undamaged materials and the net dissipation

between the different configurations is the same, the dissipation potential may be

rewritten as,

ξ = π̄r ˙̄ζ + πdζ̇d + π̄p ˙̄p. (4.73)

In returning to Eqns. 4.70, however, it is readily observed that both ζ̄ and p̄ may

change with variation in ζd only. Such a consideration leads to the possibility that

effective dissipations in such a fashion could be non-zero even if the respective mecha-

nism is not active. Therefore, a different form of the effective dissipation is necessary.

Specifically, the rate of change of the volume fractions in the effective volume frac-

tion used in defining the dissipation are taken to be the total time derivative of ζ̄

and p̄ with ζd fixed (ζ̇d = 0). Physically, such an assumption also corresponds to all

dissipation tied to the formation of permanent kinks is captured by ξd. Additionally,

the permanent kinking is taken to act in the damage configuration and its dissipation

remains unchanged. Therefore, the total dissipation becomes,

ξ = π̄r
ζ̇

1− ζd + πdζ̇d + π̄p
ṗ

1− ζd . (4.74)
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In formulating the constitutive model, it is desirable to cast all of the terms in

the current, damaged configuration. Therefore, terms for π̄r and π̄p in terms of the

current configuration need to be considered. To this end, an analogy may be made

between these thermodynamic driving forces (fluxes of the respective internal state

variables) and the total corresponding force and the mechanical case of stress and

force. Given that these terms are also scalar relations simple relations of the form,

π̄r =
πr

1− ζd , (4.75)

π̄p =
πp

1− ζd , (4.76)

may be derived leading to a final mechanical dissipation of the form,

ξ =
πr

1− ζd
ζ̇

1− ζd + πdζ̇d +
πp

1− ζd
ṗ

1− ζd . (4.77)

With the total dissipation of the material constituent under investigation given in

Eqn. 4.77, yield functions for the different mechanisms in the damaged configuration

may be given as,

Φr = ± πr

1− ζd − Y
r ≤ 0, (4.78)

Φd = πd − Y d ≤ 0, (4.79)

Φp =
πp

1− ζd − Y
p ≤ 0. (4.80)
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Complementary Kuhn-Tucker conditions are then given as

ζ̇

1− ζdΦr = 0, Φr ≤ 0,
ζ̇

1− ζd ≥ 0, (4.81)

ζ̇dΦd = 0, Φd ≤ 0, ζ̇d ≥ 0, (4.82)

ṗ

1− ζdΦp = 0, Φp ≤ 0,
ṗ

1− ζd ≥ 0 (4.83)

to find the solution addressing multiple dissipation. In the Kuhn-Tucker conditions

for the incipient kinking and plasticity mechanism, it may also be noted that by

assuming ζd bounded such that 0 ≤ ζd ≤ 1 the term may be taken as positive and

removed from the relation.

A final note with regard to this coupling. Specifically, the derivation of this model

proceeded by considering each mechanism independently and reducing the dissipa-

tion to a single scalar thermodynamic force and internal state variable conjugate

pair. The consideration of an effective configuration was then used with respect to

the scalar thermodynamic driving force to relate the force/ISV pair in the effective

and damaged configurations. Existing models, however, typically map each thermo-

dynamic driving force (e.g. stress, backstresses, and rate of change of hardening)

from the damaged to the effective configuration separately (e.g, [3, 228]). Such a

formulation can better account for anisotropic damage and evolution that is not cap-

ture via the scalar relations used here. Nonetheless, the current formulation comes

with a tremendous computational advantage by using such a formulation (one scalar

configurational mapping rather than multiple scalar and tensorial mappings). As the

current focus is on the mechanistic coupling rather than anisotropic effects, the use

of such an assumption would seem justified. Furthermore, as the anisotropic effects

are not being used in these yield functions, the isotropic reduction of the kinking

model (Section 4.1.2.1) is used in the remainder of this work.
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4.1.5 Consistency Relations

In the previous section, the constitutive equation, yield functions, and evolution

equations of a MAX phase consisting of multiple coupled mechanisms was presented.

To determine the response of the material through a loading path, however, meth-

ods to determine the increments of inelastic deformation are needed. Such a task

may be accomplished by determining the increment of the controlling (consistency)

parameter of the relevant mechanism (dζ, dζd, and dp) which are found via the con-

sistency relations of the relevant yield surface. As a rate independent formulation

is used, the time derivative is dropped in favor of the total derivate (e.g, ζ̇ = dζ).

Therefore, these relations are presented in this section. Specifically, in returning to

the yield functions defined by Eqns. 4.78–4.80, it is noted that these relations define

the admissible domain of the material state. The thermoelastic domain of the i-th

mechanism (i = r, d, p) is defined by Φi < 0 while inelastic states occur on the

surface Φi = 0. Therefore, even after the activation of any inelastic mechanism, the

material must like on the surface thereby leading the consistency constraint dΦi = 0

where the d is used to define the total derivative (for a complete discussion of the

thermodynamics, please see Qidwai and Lagoudas [192] or the text of Lubliner [149]).

Enforcement of this criteria may then be used to solve for the relevant consistency

parameters.

Recalling Eqns. 4.78–4.80, the various yield functions may be considered as,

Φr = Φ̂r
(
σij, ζ, β

r
ij, ζ

d
)
, (4.84)

Φd = Φ̂d
(
σij, ζ

d, βdij
)
, (4.85)

Φp = Φ̂p
(
σij, ζ

d, βpij, p
)
, (4.86)
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which, when expanding via the chain rule leads to,

dΦr =
∂Φr

∂σij
dσij +

∂Φr

∂ζ
dζ +

∂Φr

∂ζd
dζd +

∂Φr

∂βrij
dβrij = 0, (4.87)

dΦd =
∂Φd

∂σij
dσij +

∂Φd

∂ζd
dζd +

∂Φd

∂βd
dβd = 0, (4.88)

dΦp =
∂Φp

∂σij
dσij +

∂Φp

∂p
dp+

∂Φp

∂ζd
dζd +

∂Φp

∂βpij
dβpij = 0. (4.89)

The set of three scalar equations, Eqn. 4.87–4.89, need to be solved simultaneously

for the scalar multipliers, dζ, dζd, and dp. Therefore, the remainder of the derivatives

and increments need to be identified. First, by differentiating Eqn. 4.62 and using

the postulated evolution equations, the increment of stress is written,

dσij = Lijkl

(
dεkl − αkldT − Λr

kldζ − Λp
kldp−

(
λd + 1

) ∂ψ
∂ζd

M0
klmnσmndζ

d

)
, (4.90)

where dεkl and dT are taken to be prescribed via the boundary value problem being

solved. The increments dβrij, dβ
d, and dβpij are given by Eqns. 4.7, 4.41 and 4.50,

respectively. Therefore, only the yield function derivatives are needed to determine

the above relations. For the reversible, IKB mechanism these may be defined as,

∂Φr

∂σij
= ± 1

1− ζdΛr
ij, (4.91)

∂Φr

∂βrij
= ∓ 1

1− ζd
2
3
κrΛr

ij, (4.92)

∂Φr

∂ζd
= ± 1

(1− ζd)2π
r, (4.93)

∂Φr

∂ζ
= ± 1

1− ζd

{
Be−kζ dζ > 0

Be−k(ζrev−ζ) dζ < 0
, (4.94)

where “±” is used to distinguish between the grown (loading) and annihilation (un-

loading) portions of IKB formation. With respect to Eqns. 4.91 and 4.92, these
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relations are arrived at by noting in scalar form the stress component of the yield

function (µrijΛ
r
ij) is γrµr−VMeff . Therefore, by noting the well established relation-

ship
∂σV M−eff

ij

∂σij
= 3

2

σ′ij
σV Meff the expressions in Eqns. 4.91 and 4.92 are established.

Regarding the kinking mechanism, the derivatives,

∂Φd

∂σij
= 3λd

∂ψ

∂ζd
M0

ijklσkl, (4.95)

∂Φd

∂ζd
=

3

2
λd

∂2ψ

(∂ζd)2σijM
0
ijklσkl − cqe−cζ

d
, (4.96)

∂Φd

∂βd
= −2

3
κdλd, (4.97)

are found. Finally, the derivatives of the plastic yield function are specified as,

∂Φp

∂σij
=

1

1− ζdΛp
ij, (4.98)

∂Φp

∂p
= − 1

1− ζpLnp
n−1, (4.99)

∂Φp

∂ζd
=

1

(1− ζd)2π
p, (4.100)

∂Φp

∂βpij
= − 1

1− ζp
2

3
κpΛp

ij. (4.101)

where the arguments used in determining Eqns. 4.91 and 4.92 are again used for

Eqns. 4.101 and 4.101

4.2 Numerical Implementation

In the previous section, a three-dimensional constitutive model for the MAX

phase response was developed. The intent of such a model is to be used in solving

for the response of various geometries (in this case, composite RVEs) in different

boundary value problems. For such cases, the problem may be separated into two

considerations. The first is the global boundary value problem incorporating the
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different boundary conditions and geometric configurations. This scale is typically

handled via the utilization of finite element based approaches. In such cases, the

updated response of the material to applied loading increments must be solved at

each material point (the local scale). With respect to the global problem, numerous

software packages and implementations exist and have been extensively tested. The

package Abaqus has been and will be used in this work. A numerical implementation

of the MAX phase model capable of addressing the local problem, however, is not

yet developed. Thus, in this section, approaches for the developed material model

are presented. Specifically, the solution method for the updated material state is

presented in Section 4.2.1 while tangent moduli needed for the implicit formulations

of interest are given in Section 4.2.2.

4.2.1 Return Mapping Algorithm

In a displacement-driven finite element formulation (as is used by Abaqus), an

approach for determining the material state subject to arbitrary strain and temper-

ature increments is needed. Methods to this regard have been extensively developed

for nonlinear materials (especially plasticity [47,214,216]) and are extensively lever-

aged in this case. The text of Simo and Hughes [216] provides numerous insightful

discussions to this regard and the interested reader is referred there. Specifically, if

the material state is known at loading increment n the objective of this model is to

determine the corresponding n + 1 state subject to loadings dεn+1
ij and dT n+1. The

total strain increment, dεn+1
ij , and temperature increment dT n+1 are passed in from

the global FE solver. In this case, although a temperature increment is being passed

in it is a prescribed loading condition and not a solution variable. Therefore, only

the mechanical field is being solved for.
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To determine the updated material state, an elastic-predictor inelastic-corrector

scheme is utilized [216]. In such a case, it is initially assumed that the loading

increments correspond to an elastic loading such that,

trialdσn+1
ij = Lijkl

(
dεn+1

kl − αkldT n+1
)

(4.102)

and the inelastic variables are unchanged from the previous increment (e.g, trialζn+1 =

ζn, trialεr−n+1
ij = dεr−nij etc.). The n+ 1 stress tensor is written as,

σn+1
ij = σnij + dσn+1

ij , (4.103)

and the current trial stress corresponds to the one in which the trial increment

(Eqn. 4.102) is used. With these trial values established, the various yield-like func-

tions may be checked for inelastic deformations,

trialΦr−n+1 = Φ̂r
(
trialσn+1

ij ,trial ζn+1,trial ζd−n+1,trial βr−n+1
ij

)
, (4.104)

trialΦd−n+1 = Φ̂d
(
trialσn+1

ij ,trial ζd−n+1,trial βd−n+1
)
, (4.105)

trialΦp−n+1 = Φ̂p
(
trialσn+1

ij ,trial ζd−n+1,trial βp−n+1
ij ,trial pn+1

)
. (4.106)

If all the trial yield functions satisfy the thermoelastic constraints that trialΦi−n+1 ≤ 0

where i = r, d, p then the trial solutions are accepted as the correct ones (dσn+1
ij =trial

dσn+1
ij etc.) and the new material state is returned to the global solver. On the other

hand, if any of the three yield functions are greater than zero an inelastic response is

predicted and the material state must be corrected. Before proceeding, it is impor-

tant to note that there are seven possible inelastic cases: (i) just IKB (ii) just KB

(iii) just plasticity (iv) IKB-KB (v) IKB-plasticity (vi) KB-plasticity (vii) IKB-KB-
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plasticity. Although some of these cases are not expected to physically occur (just

damage or damage-plasticity), routines to handle all seven cases must be introduced.

Many of these cases may be determined as reductions of the others.

The multisurface cases also necessitate an additional consideration. Specifically,

multiple positive yield surfaces indicating inelastic deformation does not mean that

multiple inelastic mechanisms are active [216]. To explain this, Fig. 52 is used as

an illustrative example. Specifically, two yield surfaces (generically, Φ1 and Φ2) are

represented in Fig. 52. At state n, it is evident that σnij lies on the surface Φ1−n and

inside the domain Φ2−n ≤ 0. After an elastic solution, the trial solution trialσn+1
ij

lies outside both of these surfaces, trialΦ1−n+1 > 0, trialΦ2−n+1. Upon correction,

however, it is noted that σn+1
ij lies on the surface Φ1−n+1 = 0 and remains inside

the domain Φ2−n+1 ≤ 0. Thus, although the trial yield functions indicate two active

mechanisms, it can be observed that this does not necessarily mean both inelastic

mechanisms are operative. Therefore, additional checks are needed in the correction

routines to ensure physically meaningful increments are determined. Specifically, in

the case presented in Fig. 52, Φ2 would have to contract to achieve the converged

solution therefore needing negative increments in the internal state variables – a

physically inadmissable solution. Such cases are used as checks in the developed al-

gorithm and if violated they are used to correct the operative mechanisms evaluated

in the correction routine. Additionally, this illustration may be used to conceptu-

ally introduce one other concept – solutions methodologies for multiple surface cases

should be solved simultaneously. Concurrent or sequential simulations can overcor-

rect with one mechanism making it difficult to satisfy both conditions simultaneously.

To perform the inelastic correction, Return Mapping Algorithms (RMAs) are

used in which the single surface case is presented in Fig. 53. These algorithms per-

form a series of inelastic correction iterations to return from the initial trial solution
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Figure 52: Schematic of a case in which the elastic trial solution results in the
indication of multiple inelastic activations even though only one really is.

to the correct n+1 yield surface. The theory and implementation of these algorithms

is extensively treated in the text of Simo and Hughes [216] with an emphasis on plas-

tic constitutive laws while Qidwai and Lagoudas [191] discussed their application to

shape memory alloys. These efforts are used to motivate and inform the construction

of the routines used in this effort. First, with respect to terminology, “increment”

will be used to denote sequential loading steps related to the global boundary value

problem. “Iteration” refers to inelastic steps performed as a part of the correction

routine. With respect to variable nomenclature, a general form of kxn+1 will be used

for the kth correction iteration of the n+ 1th loading increment of variable x. In this

fashion, the trial solution corresponds to k = 0 and will be referred to as such in the

following.

A number of different RMAs are found through the literature and the reader
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Figure 53: Schematic illustration of the general return matting algorithm inelastic
iteration correction scheme.

is referred to the work of Simo and Hughes [216] for many of these. Two of the

more common approaches utilized are the closest point projection and convex cut-

ting plane. In distinguishing the two approaches, the former method is implicit and

enforces normality on the final (k + 1) iteration. The latter is an explicit method in

which normality is enforced on the initial (k) iteration [216]. In comparing the two

cases, a key difference is the need to calculate the gradient of the inelastic direction

tensor in the closest point approach that is not needed in the convex cutting plane

method. This results in the closest point approach being computationally more in-

tensive than the convex cutting plane. Furthermore, the closest point is capable of

determining an algorithmic tangent modulus while the convex cutting point utilizes

a continuum tangent modulus. This difference will be discussed in more detail in

Section 4.2.2, but it is important to point out that the algorithmic modulus is more

expensive than the continuum approach. Both methods have been investigated for
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the case of SMAs by Qidwai and Lagoudas [191] who noted a preference for the

convex cutting plane approach due to much improved computational speed. As part

of this conclusion, however, the authors noted that the convex cutting plane may

present an instability under reverse transformation. Additionally, the simulations

are dominated by local constitutive stress evaluations rather than global boundary

value problems so the impact of the difference in tangent modulus may not be of great

consequence in the studied cases. Subsequent efforts regarding SMAs [95,96,100,124]

have extensively utilized the convex cutting plane approach to analyze a variety of

SMA structures. In this study, although both methods have been implemented, the

closest point projection is utilized. This selection is motivated by the more complex

global boundary value problems the composite RVEs of interest represent versus

those studied by Qidwai and Lagoudas [191]. In this case, the more complex tangent

moduli and the corresponding robustness can aid in the global convergence prop-

erties and initial simulations demonstrated improvement in this regard. Therefore,

although more expensive, the improved robustness is of more interest in this study

and the closest point projection is utilized.

In the following sections, although there are seven distinct cases, a subset of the

algorithms are presented to demonstrate the development and various considerations.

Section 4.2.1.1 first introduces the use of the closest point projection for the single

mechanism IKB case. The extension to all three mechanisms is presented in Sec-

tion 4.2.1.2 which case will also be referred to as “Multiple Coupled Mechanisms”

and denoted by MCM for short. The remaining cases all represent simplifications

from the fully coupled case.
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4.2.1.1 IKB Formation

First, to introduce the usage of the RMA scheme closest point projection method,

the single-mechanisms reversible, IKB is presented and discussed. As mentioned

before, it is assumed that all state variables at state “n” are known and the loading

increment is applied in the form of dεn+1
ij and dT n+1. Furthermore, given the multiple

mechanisms, it is taken that 0Φr > 0 while 0Φd ≤ 0, 0Φp ≤ 0 such that only

the IKB-related mechanisms is active. As such, all state variables related to those

mechanisms (denoted by a superscript p or d) are taken to be unchanged from the

n state (e.g, dεp−n+1
ij = dεp−nij etc.). Therefore, the numerical approach needs to

determine: σn+1
ij , εn+1

ij , εr−n+1
ij , ζn+1, βr−n+1

ij , and T n+1. Trivially, given the known

loading increments, εn+1
ij = εnij + dεn+1

ij and T n+1 = T n + dT n+1. The remaining 19

solution variables may be defined as,

σn+1
ij = σnij + dσn+1

ij , (4.107)

εr−n+1
ij = εr−nij + dεr−n+1

ij = εr−nij + Λr−n+1
ij dζn+1, (4.108)

βr−n+1
ij = βr−nij + dβr−n+1

ij = βr−nij + Λr−n+1
ij dζn+1, (4.109)

ζn+1 = ζn + dζn+1, (4.110)

in which the evolution equations have been applied. To solve these equations, it is

first noted that at any correction iteration k the incremental constitutive law may

be written as,

kdσn+1
ij = Lijmn

(
dεn+1

mn − αmndT n+1 −k dεr−n+1
mn

)
, (4.111)

165



and note the the converged yield function at the n+1 converged must still be satisfied,

kΦr−n+1 = Φ̂r
(
kσn+1

ij ,k βr−n+1
ij ,k ζn+1, ζd−n+1

)
= 0. Furthermore, given the implicit

nature of the closest point projection routine, residuals of the form,

kRεr−n+1
ij = −kεr−n+1

ij + εr−nij +k Λr−n+1
ij dζn+1, (4.112)

kRβr−n+1
ij = −kβr−n+1

ij + βr−nij +k Λr−n+1
ij dζn+1, (4.113)

are defined where kΛr−n+1 is used to denote the dependence of the tensor on the

incremented state variables (kΛr−n+1
ij = Λ̂r

ij

(
kσn+1

ij ,k βr−n+1
ij

)
). The 12 residual, 6

constitutive, and 1 yield equations form a set of 19 equations that can be solved for

the updated material state. To accomplish this fact, each equation is linearized via

the Newton-Rhapson iteration method as described by Simo and Hughes [216] and

by noting that the residuals and yield function at the n + 1 state should be zero.

Additionally, over an inelastic correction increment, it is noted the variables at the

nth state and the applied loading increments do not change. Such a process results

in the following system of equations,

k∆σn+1
ij = −Lijmn k∆εr−n+1

mn , (4.114)

0 =k Φr−n+1 +
∂Φr

∂σij
k∆σn+1

ij +
∂Φr

∂ζ
k∆ζn+1 +

∂Φr

∂βrij

k∆βr−n+1
ij , (4.115)

0 =k Rεr−n+1
ij −k ∆εr−n+1

ij +k ∆Λr−n+1
ij dζn+1 +k Λr−n+1

ij
k∆ζn+1, (4.116)

0 =k Rβr−n+1
ij −k ∆βr−n+1

ij +k ∆Λr−n+1
ij dζn+1 +k Λr−n+1

ij
k∆ζn+1, (4.117)

where ∆ denotes the change over an inelastic increment – k∆x =k+1 x−k x.

First, as all of the variables in Eqns. 4.115–4.117 correspond to the kth iteration

of the n+1th increment, those superscripts will be neglected in the remainder of this

section. Secondly, in Eqns. 4.116 and 4.117 it is noted that the change in the direction
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tensor, ∆Λr
ij is introduced. In the case of IKB growth (dζ > 0), the direction tensor

is defined by the effective stress and this increment may be written as,

∆Λr
ij =

∂Λr
ij

∂σmn
∆σmn +

∂Λr
ij

∂βrmn
∆βrmn = Aσijmn∆σmn + Aβijmn∆βrmn, (4.118)

in which Aσijmn and Aβijmn are introduced for convenience. These two tensors are the

direction gradients which distinguish the closest point projection method from the

convex cutting plane and represent an additional cost to evaluate. Following the

approach of Simo and Hughes [216] and Qidwai and Lagoudas [191], these tensors

may be written as,

Aσijmn =
3

2
γr

1

µr−VMeff

(
Iijmn −

1

3
δijδmn −

1

(µr−VMeff )2µ
r′

ijµ
r′

mn

)
, (4.119)

Aβijmn = −γrκr 1

µr−VMeff

(
Iijmn −

1

(µr−VMeff )2µ
r′

ijµ
r′

mn

)
. (4.120)

The differences in the two terms arise from (i) the kinematic hardening modulus 2
3
κr

and (ii) βrij is a deviatoric tensor (by construction) while σij is not. Furthermore,

during IKB contraction both of these tensors are null.

The directionality of IKB growth versus contraction is captured via the form

of the direction tensor Λr
ij and the partial derivatives of the yield function. These

derivatives may be found in Eqns. 4.91–4.94. With these terms defined, Eqns. 4.116–

4.117 can be rewritten as a set of 13 equations for the correction increments as,




∂Φr

∂ζ
∂Φr

∂σmn

∂Φr

βr
mn

Λr
ij Mijmn + dζAσijmn dζAβijmn

Λr
ij dζAσijmn −Iijmn + dζAβijmn








∆ζ

∆σmn

∆βrmn





=





−Φr

−Rεr

ij

−Rβr

ij




, (4.121)
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in which ∆εrij = −Mijmn∆σmn is used to eliminate six equations. This procedure is

used to iteratively correct the solution until convergence (in terms of residual mag-

nitude and yield function) is achieved.

4.2.1.2 Multiple Coupled Mechanisms

The previous section only considered the solution of a single mechanism. In

this section, the case of the solution with all three mechanisms is treated. As with

before, it is assumed that all of the state variables at state “n” are known and

increments dεn+1
ij and dT n+1 are applied and the corresponding material state at

“n + 1” needs to be determined. Additionally, the trial solution of the three yield

functions are all assumed to lie outside the thermoelastic domain – 0Φr > 0, 0Φd > 0

and 0Φp > 0. Furthermore, for this case, it is taken that the loading criteria for all

three mechanisms are satisfied and they are active. Therefore, beyond the trivial case

of εn+1
ij and T n+1, the solution scheme to be presented needs to find the following 40

unknowns: σn+1
ij , εr−n+1

ij , ζn+1, βr−n+1
ij , εd−n+1

ij , ζd−n+1, βd−n+1, εp−n+1
ij , pn+1, and
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βp−n+1
ij . The incrementation of these terms are written as,

σn+1
ij = σnij + dσn+1

ij , (4.122)

εr−n+1
ij = εr−nij + dεr−n+1

ij = εr−nij + Λr−n+1
ij dζn+1 − Λrg−n+1

ij dζd−n+1, (4.123)

βr−n+1
ij = βr−nij + dβr−n+1

ij = βr−nij + Λr−n+1
ij dζn+1, (4.124)

ζn+1 = ζn + dζn+1, (4.125)

εd−n+1
ij = εd−nij + dεd−n+1

ij

= εd−nij +
(

Λrg−n+1
ij + λd ∂ψ

∂ζd
Mijmnσmn

)
dζd−n+1, (4.126)

ζd−n+1 = ζd−n + dζd−n+1, (4.127)

βd−n+1 = βd−n + dβd−n+1 = βd−n + λddζd−n+1, (4.128)

εp−n+1
ij = εp−nij + dεp−n+1

ij = εp−nij + Λp−n+1
ij dpn+1, (4.129)

pn+1 = pn + dpn, (4.130)

βp−n+1
ij = βp−nij + dβp−n+1

ij = βp−nij + Λp−n+1
ij dpn+1. (4.131)

Additionally, with all three mechanisms active, the incremental constitutive equa-

tion may be written as:

dεn+1
ij = k

(
∂ψ
∂ζd

)
M0

ijmn
kσn+1

mn dζ
d−n+1 +Mijmn

kdσmn + αijdT
n+1 +k dεr−n+1

ij

+kdεd−n+1
ij +k dεp−n+1

ij . (4.132)
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It is recalled that ψ = ψ̂
(
ζd
)

and Mijkl = M̂ijkl

(
ζd
)

and the three coupled constitu-

tive equations may be denoted,

kΦr−n+1 = Φ̂r
(
kσn+1

ij ,k βr−n+1
ij ,k ζn+1,k ζd−n+1

)
, (4.133)

kΦd−n+1 = Φ̂d
(
kσn+1

ij ,k βd−n+1,k ζd−n+1
)
, (4.134)

kΦp−n+1 = Φ̂p
(
kσn+1

ij ,k ζd−n+1,k βp−n+1
ij ,k pn+1

)
. (4.135)

Residuals for the inelastic strain and kinematic hardening variables may then be

formed and defined such that,

kRεr−n+1
ij = −kεr−n+1

ij + εr−nij +k Λr−n+1
ij dζn+1 −k Λrg−n+1

ij dζd−n+1, (4.136)

kRβr−n+1
ij = −kβr−n+1

ij + βr−nij +k Λr−n+1
ij dζn+1, (4.137)

kRεp−n+1
ij = −kεp−n+1

ij + εp−nij +k Λp−n+1
ij dpn+1, (4.138)

kRβp−n+1
ij = −kβp−n+1

ij + βp−nij +k Λp−n+1
ij dpn+1, (4.139)

kRεd−n+1
ij = −kεd−n+1

ij + εd−nij +
(
kΛrg−n+1

ij + λd k ∂ψ
∂ζd
M0

ijmn
kσn+1

mn

)
dζd−n+1, (4.140)

kRβd−n+1 = −kβd−n+1 + βd−n + λddζd−n+1. (4.141)
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Following the same linearization procedure used in the IKB case (and past works [191,

216]) results in the following set of equations:

0 =
[
kψ +k

(
∂ψ
∂ζd

)
dζd−n+1

]
M0

ijmn
k∆σn+1

mn +
{[

k

(
∂2ψ

(∂ζd)
2

)
dζd−n+1 +k

(
∂ψ
∂ζd

)]
M0

ijmn
kσn+1

mn

+k
(
∂ψ
∂ζd

)
M0

ijmndσ
n+1
mn

}
k∆ζd−n+1

+k∆εr−n+1
ij +k ∆εd−n+1

ij +k ∆εp−n+1
ij , (4.142)

0 = kΦr−n+1 + ∂Φr

∂σij
k∆σn+1

ij + ∂Φr

∂ζd
k∆ζd−n+1 +

∂Φr

∂ζ
k∆ζn+1 + ∂Φr

∂βr
ij

k∆βr−n+1
ij , (4.143)

0 = kΦd−n+1 + ∂Φd

∂σij
k∆σn+1

ij + ∂Φd

∂ζd
k∆ζd−n+1 +

∂Φd

∂βd
k∆βd−n+1, (4.144)

0 = kΦp−n+1 + ∂Φp

∂σij
k∆σn+1

ij + ∂Φp

∂ζd
k∆ζd−n+1 +

∂Φp

∂p
k∆pn+1 + ∂Φp

∂βp
ij

k∆βp−n+1
ij , (4.145)

0 = kRεr−n+1
ij −k ∆εr−n+1

ij +k ∆Λr−n+1
ij dζn+1 +k Λr−n+1

ij
k∆ζn+1

−k∆Λrg−n+1
ij dζd−n+1 −k Λrg−n+1

ij
k∆ζd−n+1, (4.146)

0 = kRβr−n+1
ij −k ∆βr−n+1

ij +k ∆Λr−n+1
ij dζn+1 +k Λr−n+1

ij
k∆ζn+1, (4.147)

0 = kRεp−n+1
ij −k ∆εp−n+1

ij +k ∆Λp−n+1
ij dpn+1 +k Λp−n+1

ij
k∆pn+1, (4.148)

0 = kRβp−n+1
ij −k ∆βp−n+1

ij +k ∆Λp−n+1
ij dpn+1 +k Λp−n+1

ij
k∆pn+1, (4.149)

0 = kRεd−n+1
ij −k ∆εd−n+1

ij + dζd−n+1 k∆Λrg−n+1
ij +

dζd−n+1λd k
(
∂ψ
∂ζd

)
M0

ijmn
k∆σn+1

mn +
{[

λddζd−n+1 k

(
∂2ψ

(∂ζd)
2

)
+ λd k

(
∂ψ
∂ζd

)]
M0

ijmn
kσn+1

mn

+kΛrg−n+1
ij

}
k∆ζd−n+1, (4.150)

0 = kRβd −k ∆βd−n+1 + λd k∆ζd−k. (4.151)
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In the same fashion as with the single mechanism case, as all of the terms are defined

on the kth iteration and the (n + 1)th incrementation, those superscripts will be

assumed and not presented for clarity in the remaining part of the section. The

change in the normal direction of the IKB mechanism, ∆Λr
ij is defined in Eqn. 4.118.

For the other cases,

∆Λp
ij =

∂Λp
ij

∂σmn
∆σmn +

∂Λp
ij

∂βpmn
∆βpmn = Bσ

ijmn∆σmn +Bβ
ijmn∆βrmn, (4.152)

∆Λrg
ij =

∂Λrg
ij

∂σmn
∆σmn +

∂Λrg
ij

∂βrmn
∆βrmn = Cσ

ijmn∆σmn + Cβ
ijmn∆βrmn. (4.153)

where,

Bσ
ijmn =

3

2
γp

1

µp−VMeff

(
Iijmn −

1

3
δijδmn −

1

(µp−VMeff )2µ
p′

ijµ
p′

mn

)
, (4.154)

Bβ
ijmn = −γpκp 1

µp−VMeff

(
Iijmn −

1

(µp−VMeff )2µ
p′

ijµ
p′

mn

)
. (4.155)

and Cσ
ijkl = Aσijkl and Cβ

ijkl = Aβijkl evaluated during the IKB growth (loading)

regime. During most loadings, these tensors should be the same. Nonetheless, they

are treated separately for such cases. The various derivatives are as defined in Sec-

tion 4.1.5. These equations may then be rearranged in terms of the 40 incrementation

variables as,
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1 0 λd 0 0 0 0 0 0 0

0 ∂Φr

∂ζ
∂Φr

∂ζd
∂Φr

∂βr
ij

0 0 ∂Φr

∂σij
0 0 0

∂Φd

∂βd 0 ∂Φd

∂ζd
0 0 0 ∂ζd

∂σij
0 0 0

0 Λr
ij 0 C3

ijmn 0 0 C9
ijmn 0 0 0

0 Λr
ij −Λrg

ij C4
ijmn −Iijmn 0 C5

ijmn 0 0 0

0 0 C7
ij dζdCβ

ijmn 0 −Iijmn C6
ijmn 0 0 0

0 0 C1
ij 0 Iijmn Iijmn C2

ijmn Iijmn 0 0

0 0 0 0 0 0 dpBσ
ijmn −Iijmn Λp

ij dpBβ
ijmn

0 0 ∂Φp

∂ζd
0 0 0 Λp

ij 0 ∂Φp

∂p
∂Φp

∂βp
ij

0 0 0 0 0 0 dpBβ
ijmn 0 Λp

ij C8
ijkl








∆βd

∆ζ

∆ζd

∆βrmn

∆εrmn

∆εdmn

∆σmn

∆εpij
∆p

∆βpij





=





−Rβd

−Φr

−Φd

−Rβr

mn

−Rεr

ij

−Rεd

ij

0

−Rεr

ij

−Φp

−Rβp

ij





, (4.156)

where

C1
ij =

(
∂2ψ

(∂ζd)
2dζd + ∂ψ

∂ζd

)
M0

ijmnσmn + ∂ψ
∂ζd
M0

ijmndσmn, C2
ijmn =

(
ψ + ∂ψ

∂ζd

)
M0

ijmn,

C3
ijmn = −Iijmn + dζAβijmn, C4

ijmn = dζAβijmn − dζdCσ
ijmn, C5

ijmn = dζAσijmn − dζdCσ
ijmn,

C6
ijmn = dζd

(
Cσ
ijmn + λd ∂ψ

∂ζd
M0

ijmn

)
, C7

ij = λd
(
dζd ∂2ψ

(∂ζd)
2 + ∂ψ

∂ζd

)
M0

ijmnσmn + Λrg
ij

C8
ijmn = −Iijmn + dpBβ

ijmn, C9
ijmn = dζAσijmn. (4.157)
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4.2.2 Tangent Moduli

The previous section described the method to integrate the constitutive equations

and determine the n+ 1th material state after being subjected to applied increments

of dεn+1
ij and dT n+1. Such methods address the local constitutive problem at each ma-

terial point but not the global finite element boundary value problem. Although this

global case is typically handled by external finite element software (here, Abaqus),

the solution of problems of interest require the tangent matrix, Lijkl, of each material

point be known [201]. This matrix is defined as:

dσij = Lijkldεkl −ΘijdT, (4.158)

with Θij being the thermal tangent matrix. The determination of these matrices

has been heavily investigated for various plastic materials [47,215,216]. Importantly,

these derivations can be split into two categories – continuum and consistent (algo-

rithmic). As defined by Simo and Taylor [215], the former case is determined from

the constitutive formulation independent of the numerical implementation. The lat-

ter tensor, however, is derived in a fashion incorporating algorithmic considerations

thereby resulting in a consistent linearization maintaining the quadratic convergence

rate of the Newton-Rhapson method. With respect to SMAs, this distinction has

been heavily discussed and explored by Qidwai and Lagoudas [191] while continuum

tangent moduli for multimechanism cases such as plastic-damage [3], transformation-

plasticity [100], and transformation-viscoplasticity [97] have all been determined. In

the following, consistent tangent moduli used for this model are derived. First, in

Section 4.2.2.1, the single mechanisms IKB mechanism case is presented while Sec-

tion 4.2.2.2 gives the case for the multiple mechanisms case. Before proceeding, it is

noted that these terms are derived for the converged n + 1 state. Therefore, unless
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specifically noted, all of the terms refer to those evaluated at the converged iteration

of the n+ 1th increment.

4.2.2.1 IKB Formation

To determine the tangent modulus, the incremental constitutive equation,

dσij = Lijkl (dεkl − αkldT − dεrkl) , (4.159)

is recalled. From Section 4.2.1.1, it is noted that the recoverable strain at the n+ 1th

iteration may be written as,

εr−n+1
ij = εr−nij +

(
ζn+1 − ζn

)
Λr−n+1
ij , (4.160)

which upon differentiating produces an algorithmic increment of,

dεr−n+1
ij =

(
ζn+1 − ζn

)
dΛr−n+1

ij + Λr−n+1
ij dζ. (4.161)

The difference between the continuum and the consistent formulations may be clearly

seen in Eqn. 4.161. Specifically, in a continuum formation the (ζn+1 − ζn) dΛr−n+1

term is not present although it accounts for changes in the direction of the inelastic

response over a loading cycle. Under non-proportional loadings, this term can be

important in global convergence to capture evolution in the stress state. Returning

to Eqn. 4.159 and introducing ζ̃ = ζn+1 − ζn, the constitute equation is rewritten,

dσij = Lijkl

(
dεkl − αkldT − ζ̃dΛr−n+1

kl − Λr−n+1
kl dζ

)
. (4.162)
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Therefore, to determine the tangent modulus, the change in direction, dΛr−n+1
ij , and

incipiently kinked volume fraction, dζ, need to be determined. First, referring to

Eqn. 4.118, dΛr
ij (dropping the n+ 1 superscript) is written as,

dΛr
ij = Aσijkldσkl + Aβijkldβ

r
kl, (4.163)

where dβrij, determined in the same algorithmic fashion as Eqn. 4.161, is

dβrij = dΛr
ij ζ̃ + Λr

ijdζ. (4.164)

Combining Eqns. 4.163 and 4.164 produces an expression for dΛr
ij of the form,

dΛr
ij = Dr

ijkl

(
Aσklmndσmn + AβklmnΛr

mndζ
)
, (4.165)

with,

Dr
ijkl =

(
Iijkl − Aβijklζ̃

)−1

. (4.166)

By using Eqns. 4.165 and 4.166 in Eqn. 4.162, yielding a revised constitutive equation

in which only dζ is unknown,

dσij = EijmnLmnkl

[
dεkl − αkldT −

(
Iklrs + ζ̃DklopA

β
oprs

)
Λr
rsdζ

]
, (4.167)

where

Eijkl =
(
Iijkl + ζ̃LijrsD

r
rsmnA

σ
mnkl

)−1

. (4.168)

To determine dζ, the consistency equation,

0 =
∂Φr

∂σij
dσij +

∂Φr

∂ζ
dζ +

∂Φr

∂βrij
dβrij, (4.169)
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is used. Specifically, by introducing Eqns. 4.164, 4.165, and 4.167 into the consistency

relation (4.169) dζ is determined to be,

dζ = − 1

H

(
∂Φr

∂σij
+ ζ̃

∂Φr

∂βrop
Dr
opmnA

σ
mnij

)
EijrsLrskl (dεkl − αkldT ) , (4.170)

in which,

H = −
(
∂Φr

∂σij
+ ζ̃

∂Φr

∂βrop
Dr
opmnA

σ
mnij

)
EijrsLrskl

(
ζ̃Dr

klabA
β
abcd + Iklcd

)
Λr
cd(4.171)

+
∂Φr

∂ζ
+
∂Φr

∂βrij
Λr
ij + ζ̃

∂Φr

∂βrij
Dr
ijmnA

β
mnklΛ

r
kl.

In the previous relations, the loading/unloading dependence related to the recover-

able mechanism is embedded in the various derivatives of the kinking function, Φr,

which are given in Section 4.2.1.1. Equation 4.170 may then be substituted into the

constitutive law (4.167) yielding a final expression of the form,

Lijkl = EijmnLmnrs

[
Irskl (4.172)

+
1

H

(
Irsop + ζ̃DrsxyA

β
xyop

)
Λr
op

(
∂Φr

∂σab
+ ζ̃

∂Φr

∂βref
DefcdA

β
cdab

)
EabtuLtukl

]
,

Θij = Lijklαkl. (4.173)

Before proceeding, and given the complexity of Eqn. 4.172, some reductions are

considered to make comparisons to existing cases. First, the case of pure isotropic

hardening is investigated by setting the relevant kinematic hardening terms to zero

(Aβijkl =
∂Φr

∂βrij
= 0). With this simplification, Dr

ijmn = Iijmn, and (by premultiplying

E−1
ijkl with Mijkl and rearranging),

Eijkl =
(
Mijmn + ζ̃Aσijmn

)−1

Mmnkl = EijmnMmnkl, (4.174)
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in which Eijmn is defined in Eqn. 83 of Qidwai and Lagoudas [191]. By noting that

∂Φr

∂σij
= Λr

ij (see Eqn. 4.91 – with ζd = 0 for the purely IKB case), the tangent modulus

becomes,

Lijkl = Eijkl −
Eijmn

∂Φr

∂σmn
∂Φr

∂σab
Eabkl

∂Φr

σij
Eijkl ∂Φr

∂σkl
− ∂Φr

∂ζ

, (4.175)

which is in same form as Eqn. 86 of Qidwai and Lagoudas [191] under similar assump-

tions. By further setting ζ̃ = 0, Eijkl = Lijkl and the continuum tangent modulus is

returned.

4.2.2.2 Multiple Coupled Mechanisms

The single mechanism model of the preceding section is extended to the mul-

timechanism case. In the same fashion as Eqn. 4.161 and using expressions from

Section 4.2.1.2 (Eqns. 4.123-4.131), the strain and kinematic hardening variable in-

crements may be written as,

dεrij = ζ̃dΛr
ij + Λr

ijdζ − ζ̃ddΛrg
ij − Λrg

ij dζ
d, (4.176)

dεpij = p̃dΛp
ij + Λp

ijdp, (4.177)

dεdij = ζ̃d
(
dΛrg

ij + λd ∂2ψ

(∂ζd)
2M0

ijklσkldζ
d + λd ∂ψ

∂ζd
M0

ijkldσkl

)
(4.178)

+
(

Λrg
ij + λd ∂ψ

∂ζd
M0

ijklσkl

)
dζd, (4.179)

dβrij = ζ̃dΛr
ij + Λr

ijdζ, (4.180)

dβpij = p̃dΛp
ij + Λp

ijdp, (4.181)

dβd = λddζd, (4.182)
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where ζ̃ = ζn+1− ζn, p̃ = pn+1− pn, and ζ̃d = ζd−n+1− ζd−n. By using the definition

of the derivative of the different direction tensors, Eqns. 4.119, 4.120, 4.154 and 4.155

with the increments of the IKB and plastic kinematic hardening variables (Eqn. 4.180

and 4.181, respectively), equations for dΛr
ij and dΛp

ij may be determined. Specifically,

for the plastic term an expression of the form

dΛp
ij = Dp

ijkl

(
Bσ
klmndσmn +Bβ

klmnΛp
mndp

)
, (4.183)

with

Dp
ijkl =

(
Iijkl − p̃Bβ

ijkl

)−1

, (4.184)

may be found while the expression for dΛr
ij is given in Eqn. 4.163.

The incremental constitutive law is initially written as,

dεij = dMijklσkl +Mijkldσkl + αijdT + dεrij + dεdij + dεpij. (4.185)

By using relations Eqns. 4.177-4.182, 4.183, and 4.163, a revised constitutive law in

terms of dζ, dζd, and dp is found,

dσij = EMCM
ijkl

(
dεkl − αkldT −H2

kldζ −H1
kldζ

d −H3
kldp

)
, (4.186)

where,

EMCM
ijkl =

[(
ψ + ζ̃dλd ∂ψ

∂ζd

)
M0

ijkl + p̃Dp
ijmnB

σ
mnkl + ζ̃Dr

ijmnA
σ
mnkl

]−1

, (4.187)

H1
ij =

(
∂ψ

∂ζd
+ ζ̃dλd

∂2ψ

(∂ζd)2 + λd
∂ψ

∂ζd

)
M0

ijklσkl, (4.188)

H2
ij =

[
Iijkl + ζ̃Dr

ijklA
β
mnkl

]
Λr
ij, (4.189)

H3
ij =

[
Iijmn + p̃Dp

ijklB
β
klmn

]
Λp
mn. (4.190)
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The variables dζ, dζd, and dp may then be found from three consistency equations,

0 =
∂Φr

∂σij
dσij +

∂Φr

∂ζ
dζ +

∂Φr

∂ζd
dζd +

∂Φr

∂βrij
dβrij, (4.191)

0 =
∂Φd

∂σij
dσij +

∂Φd

∂ζd
dζd +

∂Φd

∂βd
dβd, (4.192)

0 =
∂Φp

∂σij
dσij +

∂Φp

∂ζd
dζd +

∂Φp

∂p
dp+

∂Φp

∂βpij
dβpij. (4.193)

These three equations can be rearranged to produce a system of three equations

in terms of the total strain and temperature increments by using the constitutive

relation (4.186) and the same relations used to derive it. Specifically, the resultant

system of equations is written as,

−Kr
ijE

MCM
ijkl (dεkl − αkldT ) =

[
∂Φr

∂ζ
+
∂Φr

∂βrij

(
Iijmn + ζ̃Dr

ijmnA
β
mnkl

)
Λr
kl (4.194)

−Kr
ijE

MCM
ijkl H2

kl

]
dζ +

[
∂Φr

∂ζd
−

Kr
ijE

MCM
ijkl H1

kl

]
dζd −Kr

ijE
MCM
ijkl H3

kldp,

−Kd
ijE

MCM
ijkl (dεkl − αkldT ) = −Kd

ijE
MCM
ijkl H2

kldζ

+

(
∂Φd

∂ζd
+ λd

∂Φd

∂βd
−Kd

ijE
MCM
ijkl H1

kl

)
dζd

−Kd
ijE

MCM
ijkl H3

kldp, (4.195)

−Kp
ijE

MCM
ijkl (dεkl − αkldT ) = −Kp

ijEijklH
2
kldζ

+

(
∂Φp

∂ζd
−Kp

ijE
MCM
ijkl H1

kl

)
dζd

+

[
∂Φp

∂βpij

(
Iijmn + p̃Dp

ijklB
β
klmn

)
Λp
mn +

∂Φp

∂p

−Kp
ijE

MCM
ijkl H3

kl

]
dp, (4.196)
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with,

Kr
ij =

∂Φr

∂σij
+ ζ̃

∂Φr

∂βrrs
Dr
rsmnA

σ
mnij (4.197)

Kd
ij =

∂Φd

∂σij
(4.198)

Kp
ij =

∂Φp

∂σij
+ p̃

∂Φp

∂βpmn
Dp
mnklB

σ
klij. (4.199)

By rewriting the constitutive equations as,

−Kr
ijE

MCM
ijkl (dεkl − αkldT ) = a11dζ + a12dζ

d + a13dp, (4.200)

−Kd
ijE

MCM
ijkl (dεkl − αkldT ) = a21dζ + a22dζ

d + a23dp, (4.201)

−Kp
ijE

MCM
ijkl (dεkl − αkldT ) = a31dζ + a32dζ

d + a33dp, (4.202)

the increments may be determined to be,





dζ

dζd

dp





= −



b11 b12 b13

b21 b22 b23

b31 b32 b33








Kr
ij

Kd
ij

Kp
ij




EMCM
ijkl (dεkl − αkldT ) , (4.203)

where bij = a−1
ij . With these increments determined, the final tangent modulus may

be given by,

Lijkl = EMCM
ijmn

[
Imnkl +H2

mn

(
b11K

r
rs + b12K

d
rs + b13K

p
rs

)
EMCM
rskl (4.204)

H1
mn

(
b21K

r
rs + b22K

d
rs + b23K

p
rs

)
EMCM
rskl

H3
mn

(
b31K

r
rs + b32K

d
rs + b33K

p
rs

)
EMCM
rskl

]
,

Θij = Lijklαkl. (4.205)
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4.3 Results

The previous two sections detail the theoretical development and numerical im-

plementation of a multi-mechanism model for predicting and describing the constitu-

tive response of MAX phase materials. Here, the capabilities of using this model to

capture the response of the MAX phase. First, experimental results of compressive

stress-strain cycles are investigated and used to calibrate the model. Some additional

To consider the accuracy of the developed MAX phase model, a series of com-

pressive stress-strain experiments performed on a fine grain Ti2AlC specimen at

room-temperature and under quasi-static conditions are investigated5. Specifically,

a series of monotonically increasing loading-unloading cycles under compression are

performed and select cycles are shown in Fig. 54. From this experimental investiga-
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Figure 54: Experimental results of polycrystalline, fine-grained Ti2AlC under mono-
tonic, cyclic compressive loadings. Two cycles are shown at each load level (Figure
and results provided by R. Benitez and Prof. M. Radovic, unpublished)

5Experimental results in this section are provided by R. Benitez and Prof. M. Radovic, TAMU
MSEN. These results are currently unpublished and provided to the author via private communi-
cation.
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tion a number of important characteristics may be observed. First, the repeatable

hysteretic behavior of MAX phases is evident at many load levels and the size of these

loops increases with applied stress. Additionally, and especially at 1200 MPa, it can

be observed that the first cycle is open with corresponding permanent deformations

resulting from the kinking and plastic mechanisms. As a part of this investigation,

the relative Young’s modulus (a measure of the damage) and irrecoverable strain

developed over these cycles were also measured. Since all of these mechanisms are

observed and characterized in this set of results, these experiments will be used to

investigate the performance of the developed model.

Before analyzing the capabilities of the model, the relevant calibration parameters

must first be identified. As uniaxial results are being studied the material is assumed

to be elastically isotropic and isotropic damage is considered. Therefore, 19 param-

eters must be specified and are listed in Table 4.1 for summary. With respect to

Table 4.1: Necessary model parameters for the developed MAX phase model.

Response Parameters
Thermoelastic E0, ν, α
IKB formation B, k, κr, γr, Yr

Kinking q, c, ν̃, κd, γd, Yd
Plastic L, n, κp, γp, Yp

thermoelastic properties, values of E0 = 278 GPa, ν = 0.17, and α = 8.2x10−6◦C−1

as listed in Table 2.1 are utilized. The remaining properties, and corresponding,

responses are now investigated individually.

First, the reversible IKB response is calibrated and studied by considering the

second, stable cycles of Fig. 54. Five parameters must be identified for this purpose:
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the strain per unit kinked volume, γr, critical thermodynamic driving force, Yr, and

three hardening parameters – B, k, and κr. The strain per unit kinked volume, is

an assumed value used to relate the developed strain and the corresponding internal

state variable. Experimentally, this parameter cannot be determined from direct

observation and it is assumed that γr = 0.035. Kalidindi et al. [114] used the same

value, in a comparable role albeit for Ti3SiC2, in their analysis and it is derived from

the micromechanical model of Barsoum and colleagues [24]. The remaining param-

eters are all determined by analyzing the results of the 1200 MPa case. Specifically,

the unloading portion of this curve is used to calibrate the remaining parameters.

This selection is made as the reversible IKB mechanisms is the only one that should

be active during unloading and the effects can be decoupled from any plasticity or

damage based characteristics. In a similar fashion to Fig. 50, the nonlinear strain as

a function of unloading stress is extracted and used for calibration. From such an

analysis, an onset stress of 145 MPa may be determined. Noting that Yr is the onset

stress multiplied by γr, a value of Yr = 6.125 MPa is determined. The remaining

hardening parameters (B, k, and κr) are then determined as a best fit to the non-

linear strain versus stress (hardening) behavior. These are listed below in Table 4.2.

With these results determined, the second cycle of the 1200 MPa load cycles is

simulated while the corresponding 800 and 1000 MPa results are predicted and pre-

sented in Fig. 55. Numerical simulations are performed via Abaqus using the UMAT

developed in the previous section. A single 3D linear element is considered in which

one node along the bottom is fixed in all directions to prevent rigid body motion.

The bottom face is fixed in the “3” direction and a surface traction load is applied

along the opposite face producing a uniaxial, homogeneous stress field across the ele-

ment. From the these results it may be seen that overall good agreement is observed

between the numerical and experimental data. With respect to the simulated 1200

184



0	  

200	  

400	  

600	  

800	  

1000	  

1200	  

0	   0.002	   0.004	   0.006	   0.008	   0.01	  

Co
m
pr
es
si
ve
	  S
tr
es
s	  (
M
Pa

)	  

Compressive	  Strain	  (-‐)	  

800	  MPa	  -‐	  Exp	  

800	  MPa	  -‐	  Sim	  

1000	  MPa	  -‐	  Exp.	  

1000	  MPa	  -‐	  Sim	  

1200	  MPa	  -‐	  Exp	  

1200	  MPa	  -‐	  Sim	  

Figure 55: Experimental results of the IKB response of polycrystalline, fine-grained
Ti2AlC at maximum applied compressive loads of 800, 1000, and 1200 MPa. Corre-
sponding simulation of the 1200 MPa and prediction of the 800 and 1000 MPa cycles
are also given. The cycles are offset from each other for clarity.

MPa, the initial linear and nonlinear portions of the loading path show very good

agreement. At higher load levels (above 1000 MPa), some deviation in the results

may be observed associated with decreased hardening in the numerical simulation.

As a result, the maximum strain is slightly over-predicted. Similar behaviors are

also noted during unloading although importantly complete recovery is observed in

both experimental and model results. The predicted results also show agreement. In

general, however, the model results show a more compliant response during nonlinear

behavior than the reference experimental cases. The loading domains are below the

1000 MPa deviation point noted during the simulation case so this distinction may

be a result of differences in material response. Specifically, the same specimen is

used in all experiments and repeatedly cycled so permanent nonlinear cyclic effects

could contribute to the observed differences. With all of this noted, overall good

agreement and capabilities with the developed model.

185



The experimental results indicate the development of permanent deformations

and damage over the course of cycling. Contributions from plasticity and damage

through various mechanisms are expected and have been reported. As the postulated

model allows permanent deformations via both the permanent kinking and plastic-

ity mechanisms, distinguishing these two effects from macroscopic experiments may

be difficult. Therefore, the two behaviors are handled individually and their con-

tributions established sequently. First, the permanent kinking (damage) mechanism

is investigated. In the experimental study, the damage was determined via multiple

resonant ultrasound spectroscopy (RUS) measurements and the results are presented

in Fig. 56 in terms of relative Young’s Modulus, E/E0, over the course of the loading

cycle. From these results, it is noted that even at high stress levels relatively low

quantities of damage are measured (less than 1%). For use in modeling, these re-

sults are replotted in Fig. 56 in terms of the permanently kinked (damaged) volume

fraction, ζd. In determining this value, it is noted that the equivalent strain energy

assumption is utilized for the damaged material state such that ψ = 1/
(
1− ζd

)2
.

This selection is made (over the effective strain) due to the presence of nonlinear

strains in the system.

Six material parameters related to the kinking model must be determined prior

to its use. First, as on compression experiments are investigated, the pressure-

dependent coefficient (ν̃) is set to zero. Similarly, for simplicity and given the exper-

iments are only presented as maximum stress, the kinematic hardening modulus, κd

is neglected (κd = 0). The scaling coefficient, γd is assumed to be one such that the

damage and ζd scale one-to-one. That leaves three parameters to be determined –

the two isotropic hardening variables q and c and the critical driving force, Yd. With

respect to the latter parameter, it is noted that with these simplifications and by
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Figure 56: Damage measures of the Ti2AlC as a measure of applied stress. Exper-
imentally, the damage was measured as the relative Young’s Modulus (E/E0) via
resonant ultrasound spectroscopy. The experimental results are replotted in terms of
the model damage, ζd. Results of a 1200 MPa loading cycle considering both damage
and IKB is also presented.

setting ζd = 0,

Yd = 3
σd

E0
, (4.206)

where σd is the stress value corresponding to damage initiation. Based on the when

the damage begins to deviate, this parameter is taken to be σd = 350 MPa and the

remining two parameters are found such that they best fit the hardening response

and are given in Table. 4.2. It is noted that given the relatively small damage accu-

mulates in the experimental domain, multiple parameter sets could probably capture

the relevant features to an accurate degree. Using these parameters, and those de-

veloped previously for the IKB, the two mechanism (IKB-KB) model is utilized.

Specifically, two load-unload cycles up to a maximum of 1200 MPa are simulated

and the stress-strain results are given in Fig. 57. In these results, it is noted that the

results of the two cycles are nearly identical. Some, small permanent deformations
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are observed at the end of the first loading cycle although by comparison to Fig. 54.

Additionally, the damage parameter over the course of the first loading cycle is pre-

sented in Fig. 56 and reasonable agreement between the experimental and numerical

results is noted. As such, it is reasonable to attribute the difference in permanent

strains to the plastic mechanism not yet incorporated.

To incorporate the plastic deformations developed in the Ti2AlC through the

0	  

200	  

400	  

600	  

800	  

1000	  

1200	  

0	   0.001	   0.002	   0.003	   0.004	   0.005	   0.006	   0.007	  

Co
m
pr
es
si
ve
	  S
tr
es
s	  (
M
Pa

)	  

Compressive	  Strain	  (-‐)	  

Sim	  -‐	  1st	  Cycle	  

Sim	  -‐	  2nd	  Cycle	  

Figure 57: Numerical results of a simulation considering IKB and KB formation in
the MAX phase through two repeated compressive 1200 MPa load-unload cycles of
the Ti2AlC under investigation.

loading cycles, the experimentally determined, irrecoverable strain as a function of

applied stress is presented in Fig. 58 along with the permeant strain developed in

the prior simulation. In distinguishing the two, the prior simulation only considered

deformations arising from the the kinking process whereas the experimental result

does not distinguish a source. As was noted in the corresponding discussion, the

irrecoverable strain from the previous simulation is substantially lower than the ex-
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perimental values. The difference between the two is assumed to arise from plasticity

in non-kinking grains and is associated with the plastic mechanism and is determined

(by using a natural logarithmic fit of the experimental data) and given in Fig. 58.

This result is used to calibrate the plastic model. It is also noted that this corre-

sponds to a two-part calibration procedure where the KB related damage response

must first be determined and used to isolate the plastic strain.

There are five parameters that must be specified for the plastic portion of

0	  

0.00005	  

0.0001	  

0.00015	  

0.0002	  

0	   200	   400	   600	   800	   1000	   1200	  

Irr
ec
ov
er
ab

le
	  S
tr
ai
n	  
(-‐)
	  

Stress	  (MPa)	  

Exp	  

Sim	  -‐	  Dam	  Only	  

Difference	  

Sim	  -‐	  Dam	  +	  Pls	  

Figure 58: Irrecoverable strain as a function of the applied stress for the Ti2AlC being
considered. The experimentally determined value is presented along with simulation
results of the permanent strain for the IKB-KB case (Fig. 57) and of the fully coupled,
multimechanism model. Simulation results determined from a a 1200 MPa loading
cycle. The difference between the experimental and IKB-KB simulation results is
also presented.

the model. First, it is assumed that a purely isotropic hardening is responsible for

this mechanism and the kinematic hardening modulus is set to zero. As only the

macroscopic response is reported and no detailed, microscopic results are available to

determine the plastic strain per unit volume, it is assumed that γp = 1 and p may be
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interpreted as the effective plastic strain. The critical thermodynamic driving force

takes the form of the plastic yield stress and by using the experimental fit of Fig. 58

it may be determined to be 142 MPa. The two hardening parameters are then found

from by fitting to the inelastic strain-applied stress hardening. As the results from

Fig. 58 indicate a difference between the onset of plastic deformation and damage,

the hardening in this regime is used to determine the fit to avoid any interactions.

Using the calibrated model developed over the preceding section (and with the pa-

Table 4.2: Calibrated model parameters for the developed MAX phase model.

Response Parameters
E0 278 GPa
ν 0.17
α 8.2x10−6◦C−1

B 1008 MPa
k 11
κr 6 MPa
γr .035
Yr 6 MPa
q 300 MPa
c 37
Yd 1.32 MPa
L 1.92x108 MPa
n 1.44
Yp 142 MPa

rameters of Table 4.2), the numerical response of two compressive loading-unloading

cycles up to 1200 MPa is simulated and presented in Fig. 59 along with the corre-

sponding experimental response. Before comparing the results, it is noted that the

calibration process uses the second-stabilized cycle at 1200 MPa and damage and

irrecoverable strain to determine the model parameters. The first-cycle response of

the material is not used at any part and the interactions between the mechanisms
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arise as a prediction. First, in comparing the experimental and numerical results of
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Figure 59: Stress-strain response of a Ti2AlC specimen through two compressive
loading-unloading cycles up to 1200 MPa. Experimental and numerical results (using
the coupled, multimechanism model) are presented.

Fig. 59 good agreement may be observed. Qualitatively, the simulated results exhibit

important behaviors of the experiments. Specifically, the first cycle results in per-

manent deformation. Upon reloading, the material follows a similar trajectory and

returns to the initial unloading point. Secondly, in both experiments and modeling,

the unloading paths of the first and second cycle lie on top each other. Therefore,

permanent deformations occur during the first cycle and a stabilized hysteresis loop

is observed afterward. Quantitatively, some small differences are noted although

overall good agreement is observed. Specifically, in comparing the results it is noted

that slightly more irrecoverable strain is noted in the simulation case than the exper-

iments. This may also be seen in Fig. 58. In that result, it is important to note that

calibration is only performed prior to the damage initiation. Excellent agreement
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is observed during that regime although the irrecoverable strain is overpredicted at

higher stress levels. Secondly, the nonlinear hardening of the computation response

is lower than in the experiments. This is especially true in the first cycle and is likely

a result of using the unloading portion of the second, stabilized cycle for calibration

as discussed with the previous results. As such, the final total strain is slightly higher

in the numerical rather than the experimental results.

To expand on these results, the evolution of five internal variables through the

first loading cycle are presented in Fig. 60. Specifically, two volume fractions (the

total kinked, ζ, and damage (permanently kinked), ζd) are given along with the

inelastic strain components in the direction of applied loading of the different mech-

anisms. First, it is noted that even at 1200 MPa the IKB volume fraction is still

only 7%. Although no experimental measurement of this value has been determined,

based on the proposed theory and dependence on grain orientation it is not expected

to be a large value. In this case, the permanent kinked volume fraction remains quite

low. In considering the inelastic strains, the largest contribution in Fig. 60 comes

from recoverable mechanisms while the permanent strains of the damage remains

quite low. In terms of the model, these results yield one other important result.

Specifically, it may be observed that different sets of internal variables are active at

different times. Therefore, the implemented form of the model is sufficiently flexible

as to study different combinations of the mechanisms.

Before proceeding, two other cases are presented. First, the possibility of using

the model to simulate paths to multiple load levels is explored in Fig. 61a. Specifi-

cally, a two cycle (loading-unloading) similar to that previously studied. In this case,

however, the first cycle only goes to 600 MPa while the second cycle then increases

the applied load. From these results, it is observed that after the initial loading

cycle some small permanent deformations are established upon unloading. When
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Figure 60: Internal state variables predicted by the MAX phase model through a 1200
MPa compressive loading cycle. Strain values correspond to those in the direction
of applied load.

reloaded, the specimen follows a similar trajectory. At the end of this cycle, addi-

tional irrecoverable deformations are observed and the behaviors in Fig. 61 follow

what is qualitatively expected. Therefore, the ability of the model to handle such

loading paths is established. Finally, a parametric study is performed on the assumed

parameter kinking strain per unit volume fraction, γr. Values of γr = 0.025, 0.035,

and 0.045 are considered and the results are presented in Fig. 61b. In this case,

only the recoverable mechanism is considered to isolate the effect of this parameter

on the appropriate mechanism. From these results, it may be observed that as γr

increases the hysteresis size (and therefore energy dissipated) and inelastic strain.

Similarly, the hardening decreases with γr. Although not presented, it is noted that

the the IKB volume fraction, ζ, also scales with γr. Specifically, values of 8.5 and

2.4% at 1000 MPa are returned for the γr = 0.045 and 0.025 cases, respectively.

Qualitatively, these trends follow those observed with increasing the grain size of

MAX phase materials [23,237] and a connection between these parameters could be
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made and useful in subsequent investigations.

Briefly, in this section a theoretical model for MAX phase materials was estab-
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Figure 61: Additional simulations of the MAX phase model.

lished considering three distinct mechanisms (recoverable IKB, damaging KB, and

irrecoverable plasticity). The different responses were then coupled and a numerical

3D implementation was developed and implemented. This model was then used to

simulate and analyze the response of experimental results of a Ti2AlC specimen and

good agreement was observed. Therefore, this model is considered as reasonable for

use in more complex analysis of MAX phase materials.

4.4 Summary

During this chapter, a constitutive model for MAX phase ceramics was estab-

lished. This effort sought to address the lack of a 3D phenomenological models for

such materials and enable study of the interactions of these responses in the compos-

ites. Three mechanisms were considered in the model: (i) a reversible mechanism
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assumed to be associated with incipient kink band formation (ii) permanent irrecov-

erable and damage deformations tied to the transition of incipient kink bands to

their permanent counter parts and (iii) permanent plastic deformations correspond-

ing to plastic slip in non-kinking grains. In developing the model, each mechanisms

is developed independently with corresponding internal state variables and evolution

equations and then coupled. In coupling the model it is assumed that each mechanism

is largely independent and coupling occurs through two primary fashions. First, it is

taken that any permanent kink bands may only form after being incipiently kinked

and any such volumes are no longer recoverable. Secondly, and following the effective

stress concept, a mapping is introduced to take the thermodynamic driving forces

associated with incipient kinking and plastic deformation from the effective, current

configuration to the undamaged one. An elastic predictor-inelastic corrector numer-

ical implementation of the model via the closest-point projection return mapping

algorithm is developed for all of the various independent and coupled models. Algo-

rithmic (consistent) tangent moduli of the different cases are also derived and both

the inelastic correction and tangent moduli are implemented as an Abaqus UMAT.

To consider both the theoretical model and numerical implementation, recent exper-

imental results of a Ti2AlC specimen are investigated. The calibration procedure for

the various material parameters and mechanisms is discussed and the relevant prop-

erties determined. Simulated results show good agreement with experimental and

predictions of other loadings are also performed. Importantly, the developed model

is shown to be able to capture the relevant behaviors of the MAX phase model. In

considering the various mechanisms, it is also demonstrated that both the damage

associated with kink band formation and plastic slip-based deformation is necessary

to produce the opening during the initial loop. Additional simulations are used to

investigate the capabilities of the model such that it may be considered for use in
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subsequent composite efforts.

The developed model represents the first evolution towards a multimechanism

model of these MAX phases. These efforts can be expanded and built upon through

additional information gleaned through experimental investigations. First, as previ-

ously mentioned, many of the hardening parameters and responses are dependent on

the grain size. Detailed experimental investigations characterizing the composite at

different grain sizes could allow for a functional form of all of the different parameters

(e.g. strain per unit kinked volume, critical value for kinking, and modulus). Such

a parameterization could greatly expand the set of results the model can capture.

Furthermore, in this effort it is assumed that the hardening of the different mecha-

nisms is independent. Systematic investigations allowing for progressively evolving

permanent mechanisms (e.g. plastic strain and damage) followed by characterization

of the reversible IKB mechanism would shed light on these relationships and allow

for more complex forms of the hardening and additional couplings.
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5. INTERACTION OF INELASTIC MECHANISMS IN SMA-MAX PHASE

COMPOSITES

In the previous chapter (Chapter 4) a multimechanism model to describe the phe-

nomenological behavior of MAX phase materials was developed and implemented.

Previous investigations (Chapter 2 and 3) developed models of this composite but the

investigations were limited to considering (at most) only a single inelastic mechanism

in the MAX phase constitutive behavior. Here, those investigations are expanded

upon by using the model developed as a part of this work to study the behaviors.

Specifically, the interaction of the martensitic transformation behavior of the SMA

constituent and kinking response of the MAX phase is considered such that a range

of deformation mechanisms are studied.

First, for this investigation the FE continual fiber reinforcement model developed

in Section 3.1.2 is revisited. As the focus of this investigation is on the interaction of

the mechanisms, this two-phase microstructure is utilized in lieu of the image-based

microstructure in Section 3.2 to remove any influences of the interphase or porosity

and focus on the constitutive interactions. The effects of many such microstructural

features were studied in Section 3.2.2.3. Therefore, the continual fiber geometry of

Fig. 23b is utilized and FE boundary value problem described by Fig. 24 is consid-

ered. With respect to the MAX phase material, Ti2AlC is again utilized and the

3D UMAT developed as a part of Chapter 4 is used to capture the response. For

the purposes of this study, a modified constitutive response is considered. Specifi-

cally, as the only small amounts of damage were reported experimentally (Fig. 56)

and the corresponding effect was minor (Fig. 57) this mechanism is neglected in this

section. This serves to not only help focus on just two mechanisms in the MAX
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phase and separate their influences but also aid in computations as the cost of every

numerical constitutive iteration is reduced. Secondly, in the previous section only

minor irrecoverable plastic deformations were observed. The hardening response in

this section is modified to (i) enable higher quantities of irrecoverable deformations

and (ii) the onset stresses are modified such that distinct reversible and reversible

and plastic regimes are noted. This latter change is made such that the impact of

each mechanism can be separated. The SMA is taken to be NiTi and the assumed

strain-temperature and stress-strain responses of the two phases are presented in

Fig. 62a and b, respectively. In Fig. 62a, the elastic unloading is also indicated (by

the dotted black line). From this, it may be observed that the irrecoverable strain is

substantially larger than the recoverable strain associated with IKB formation. Both

of these deformations, however, pale in magnitude with respect to those of the SMA

constituent.

The aim of this investigation is to look at the interaction of the various mech-
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anisms. Therefore, forward transformation of the SMA phase is studied and con-

sidered. To that end, the response of a NiTi-Ti2AlC composite under an applied

compressive loading of 250 MPa is studied via the constructed model. The effective

stress in the direction of loading of each phase determined in this fashion is presented

in Fig. 63a while the evolution of the phase average internal state variables (ISVs) is

given in Fig. 63b. First, as expected at the start of the cooling path the MAX phase

constituent is at a higher stress level due to it more substantial mechanical stiffness.

Additionally, it is noted from Fig. 63b that some IKBs have been generated during

pure mechanical loading. As cooling progresses, and like previous results, some small

changes in the stress associated with thermal expansion mismatch occur. Eventu-

ally, transformation is initiated through the cooling process. Initially this results in

a stress increase in the Ti2AlC phase pursuant to previous discussions. At this point,

additional IKBs are formed and it may be observed that additional kink bands con-

tinue to expand throughout transformation. Part of the way through transformation,

however, the directional stresses of Fig. 63 begin to show a different trend. Specif-

ically, the Ti2AlC stress magnitude starts to decrease while the SMA constituent

exhibits an increase. It is pointed out that the complementary von Mises stress does

increase and this qualitative trend was evident in the responses of Fig. 27 and was

associated with this specific geometric configuration. Nonetheless, this interaction

does point out an interesting trend with respect to these processes. Specifically, as

this directional change occurs in close combination to the onset of plastic deforma-

tion the difference in the impact of the mechanisms may be observed. From Fig. 63b,

it can be observed that at the end of cooling the effective plastic strain is more than

.2% – roughly an order of magnitude more than the corresponding recoverable strain

from the IKB process. Therefore, the change in direction is likely associated with

(i) the larger magnitude deformations of the plastic mechanism and (ii) the more
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compliant tangent modulus resulting from these extra processes.

To build upon these results, additional simulations are performed with different

!350%

!300%

!250%

!200%

!150%

!100%

!50%

0%

20% 40% 60% 80% 100% 120% 140% 160%

Av
g%
St
re
ss
,%%
%%%
%%%
%%%
%(M

Pa
)%

Temperature,%°C%

Composite%

NiTi%

Ti2AlC%

�̄
2
2

T i2AlC

(a) Effective stress of the composite, σ̄22, and
constituents, σ̄r

22.

0"

0.0005"

0.001"

0.0015"

0.002"

0.0025"

0"

0.1"

0.2"

0.3"

0.4"

0.5"

0.6"

0.7"

0.8"

0.9"

1"

20" 40" 60" 80" 100" 120" 140" 160"

Irr
ec
ov
er
ab

le
"S
tr
ai
n"
(;)
"

Vo
lu
m
e"
Fr
ac
Ao

n"
(;)
"

Temperature,"°C"

MVF"

IKB"

PlasAc"Strain"
, ⇣̄

, ⇠̄

, p̄

(b) Phase averaged martensitic volume fraction,
ξ̄, IKB volume, ζ, and Ti2AlC effective plastic
strain, p̄.

Figure 63: Evolution and constituent response through a cooling path and forward
transformation.

applied compressive bias stresses. Specifically, compressive bias loadings of magni-

tude 100, 175, 250, and 325 MPa are considered and will be referred to by their

magnitude (neglecting the sign) in the following discussions for conveince. The 250

MPa case corresponds to the results in Fig. 63. The evolution of the phase averaged

IKB volume fraction, ζ̄, effective plastic strain, p̄, and martensitic volume fraction, ξ̄,

through the cooling portion of these different loading paths is presented in Fig. 64a,

b, and c, respectively. First, from Figs. 64, it is noted that in the 100 MPa case

negligible amounts of plastic strain and IKBs develop. Therefore, this case may be

considered the elastic simulation. With respect to the 175 MPa simulation, IKB for-

mation is seen to occur while mere traces of plasticity are observed. As such, this case

will be taken to be a purely IKB case. The two higher load levels, 250 and 325 MPa,

both show the activity of both mechanisms and are taken to be the multimechanism
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results. Distinguishing the two, as was noted with respect to Fig. 63, a temperature

portion of IKB only deformation during transformation was observed. In comparing

Figs. 64b and c, however, both MAX phase mechanisms seem to activate with the

onset of forward transformation. In all cases, as the applied bias load increases the

amount of inelastic deformations increase as well. It is also observed that in the

multimechanism cases IKB formation occurs during the mechanical loading process

prior to transformation. From Fig. 64c, even though the change in applied bias
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load remains constant the temperature difference between initiation of transforma-

tion does not and the 325 MPa case is shifter versus the other results. Whether

this arises from SMA behavior or the earlier activation of nonlinear behaviors in the

MAX phase cannot be determined but does point to an additional interaction.

The impact of these different responses is explored in Fig. 65 in which the phase

averaged stress in the direction of loading of the different constituents is presented.

Specifically, the Ti2AlC and NiTi stresses are presented in Fig 65a and b, respec-

tively. First, with respect to the Ti2AlC phase, the results observed for the four cases

show all show similar trends to those discussed with respect to Figfig:Ch5:250Case.

Specifically, in all cases, an initial increase in magnitude with respect due to thermal

expansion mismatch is noted followed by a small increase during initial transforma-

tion. A decrease in the stress magnitude is then observed during the latter stages

of transformation. Although the cases vary in magnitude and intensity this general

trend is followed and limited information may be gleaned from this result. It may

be observed, however, that the transformation induced stress decrease is more pro-

nounced in the elastic and IKB cases and the additional plastic mechanisms seem

to diminish this effect. The NiTi results (Fig. 65, on the other hand, demonstrates

this effect more clearly. Lower bias load cases show a pronounced stress magnitude

increase through transformation. At larger load levels, and as additional plasticity

is generated, this change in loading state is nearly damped out and only small non-

linearities in the stress evolution are noted.

Finally, the effective and constituent strains through the cooling cycle are pre-

sented in Fig. 66. The Ti2AlC phase average stress is presented in Fig. 66a while the

NiTi results are presented in Fig. 66b. In all cases, it can be observed that the SMA

strain is larger than the corresponding deformations in the Ti2AlC. With respect to

the Ti2AlC, the strains are primarily elastic although some small nonlinear defor-
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Figure 65: Evolution of constituent phase averaged stress in the direction of applied
loading through cooling paths with different applied effective compressive bias loads.

mations are evident in the 175 MPa case. Through the plastic cases, larger strains

are observed and generated through the transformation process. With respect to

the NiTi content, larger strains are noted due to the transformation process. As was

previously reported, these strains are lower than what would be expected for the bulk

SMA due to the stress evolution through cooling. Therefore, in the effective results

of Fig. 66c, nonlinear actuation strains are evident. Importantly, in these results, the

presence of the IKB strains are not seen to substantially change the results versus

that expected of the pure plasticity cases.

In taking the previous results together, it may be seen that the recoverable

IKB mechanism incorporated into the MAX phase response does not substantially

alter the behavior or interaction of the different phases. By comparing the observed

behaviors in the 175 MPa case with only the IKB mechanism active and the 100

MPa elastic case, it can be seen that the two behaviors exhibit the same qualitative

characteristics and most of the quantitative differences is likely associated with the

load level. For instance, in the effective MVF response (Fig. 64c), transformation
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Figure 66: Evolution of phase averaged strain in the direction of applied loading
through cooling paths with different applied effective compressive bias loads.

completes at nearly the same temperature at effective loads of 100 and 175 MPa.

This stress invariance is characteristic of the elastic results presented and discussed

in Chapter 2. In these cases, the stress redistribution effects are likely associated

with the specific configurations here. When the plastic mechanism is activated at

higher load levels, its response and features are observed to dominate the effective

characteristics. Although this behavior is somewhat exaggerated in the assumed

constitutive response, its influences are seen to quickly dominate and mask those of
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the recoverable mechanism. This is likely associated with two effects. First, during

nonlinear deformations the mechanical tangent modulus of the MAX phase materials

is still substantially stiffer than the SMA – especially during transformation. There-

fore, elastic like interactions result. Secondly, the kinking strains are substantially

smaller than the plastic and especially transformation strains. The contributions of

the kinking strain are essentially hidden due to these larger deformations. If the

plastic strain magnitude is decreased the reversible strains may play a larger role,

but they are still dominated by the transformation deformations.
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6. CONCLUSIONS

In this work, the nonlinear, thermomechanical response of SMA-MAX phase com-

posites was investigated. Experimental results have shown these materials to have a

complex microstructure with dissimilar thermoelastic properties leading an already

complex micromechanical problem. The nonlinear constitutive responses of the two

base SMA and MAX phases only served to complicate this response and motivate

the need for complementary modeling investigations. To accomplish this task, a se-

ries of models were constructed to investigate different features with an emphasis

on the effective actuation behavior and associated interactions through temperature

induced martensitic transformation. In this section, closure is brought to these in-

vestigations. First, in Section 6.1, a summary of the various methods and results are

presented. Potential future endeavors are then presented in Section 6.2 to highlight

the next steps.

6.1 Summary

Given the complex micromechanical and constitutive responses, a series of mod-

els were constructed to explore different features. First, an Eshelby-based microme-

chanical model was constructed in Chapter 2 and used to establish the effective

transformation characteristics and the interaction of the stiff thermoelastic phase.

Inelasticity associated with martensitic transformation was captured via the utiliza-

tion of eigenstrains and a model coupling the micromechanical stress state with the

SMA constitutive response was developed. Importantly, a transformation induced

stress redistributed was observed that lead to near stress invariant martensitic finish

and austenitic start transformation surfaces. Additionally, the reduction in transfor-
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mation strain due to the presence of a stiff, blocking material was demonstrated. The

developed model was then used to explore the impact of various material parameters

on the effective behaviors.

To explore the response these composites through actuation loading paths, finite

element techniques were utilized. Specifically, a series of reference microstructures

were generated and used to investigate the nonlinear thermomechancial response.

Image based methods using microtomography were adopted and used to generate

both a reference and actual composite microstructure based on different material

specimens. By considering the interaction of an SMA constitutive response incorpo-

rating martensitic transformation and an elastic-plastic approximation to the MAX

phase behaviors, the evolution through an isobaric cooling–heating cycle was cap-

ture. In these cases, it was shown that thermally induced transformation leads to

additional stress generation in the MAX phase and corresponding permanent defor-

mations. Upon recovery, these irrecoverable strains produce a residual stress state

and the development of this state was extensively explored via both geometries. The

realistic microstructure included additional observations regarding the presence of

porosity and a reaction layer resulting from processing. As such, a series of para-

metric studies were performed investigating the impact of these different parameters

on the effective behaviors. The reaction layer content was demonstrated to have an

especially pronounced impact on the residual stress state. Additionally, the numeri-

cal microstructures generated through image based techniques included a number of

features and exhibited complicated architectures. To distill the impact of different

characteristic features on the effective response, a series of simplified unit cells were

constructed. By parameterizing these different features, the impact was identified

and it was shown that continual, fiber reinforcement has a lower effective transfor-

mation strain and residual stress than either interpenetrating or spherical cases.
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The results previously described focused on using a single-mechanism elastic-

plastic model for the MAX phase response. Previous experiments have demonstrated

MAX phases exhibit a more complicated, multimechanism response with recoverable,

irrecoverable, a damage characteristics. To date, no model exists for this response.

Therefore, a phenomenological, multimechanism model incorporating these different

features was developed in this work and implemented as an Abaqus UMAT. A return

mapping algorithm (RMA) implementation for the fully coupled case was developed

along with a corresponding algorithmic tangent modulus. The model was then used

to analyze experimental results of a Ti2AlC specimen. Good agreement was seen

between experimental and numerical results and permanent deformation as a result

of damage and plasticity was demonstrated. The developed model was then used

with a previous FE model to investigate the impact of the recoverable mechanisms

on the effective response and the coupled response. Through these investigations,

the prominence of the permanent mechanisms and stiff thermoelastic contrast over

recoverable IKB formation was demonstrated in the composite response.

6.2 Future Work

This investigation focused on two key elements: MAX phase constitutive mod-

eling and micromechanical modeling of the nonlinear composites. With respect to

the former, the efforts here produced the first 3D model capable of capturing the

relevant behaviors. Many of the interactions between the relevant mechanisms are

treated in a first order way and as such a number of observed features and character-

istics have yet to be incorporated. For instance, increased hardening with cycling has

been experimentally observed but not incorporated into this model. High temper-

ature, rate-dependent responses have been shown to produce interesting behaviors
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but are not treated here as they are outside the domain of interest. Nonetheless,

these effects pose an interesting challenge to be tackled. Of particular relevance to

this work, an IKB explanation was adopted to explain the relevant results and used

to motivate the model in this work. Experimentally and theoretically, the detailed

understanding of this mechanism is still being investigated and additional results to

this regard should be used to refine the interactions and responses used in this work.

Furthermore, a multistep calibration process was adopted in this work to determine

the relevant model parameters. Such an approach was necessary as distinguishing

the contributions of the different behaviors (especially with respect to the perma-

nent mechanisms) is not a trivial exercise from macroscopic experimental results.

Improved methods to decouple the different responses from such results is an impor-

tant task for not just model calibration but also model motivation and remains an

exciting challenge – for many nonlinear materials, not just MAX phases. Numeri-

cally, the coupled multi surface problem posed by the constitutive model provides for

a complex implementation. In general, methods to improve (i) speed and efficiency

and (ii) global convergence properties should be investigated. These improvements

are especially important for the composite case, as in some the results here the in-

teractions between the responses lead to a non-proportional loading necessitating a

robust implementation.

The SMA-MAX phase composites studied here provide a rich challenge in many

aspects due to the complex material responses. Interestingly, and especially in the

NiTi case, subtle changes in composition and processing can strongly influence the

effective behavior. As discussed in Chapter 3, the sintering process used to produce

these novel materials may lead to heterogeneous composition gradients. Accurate de-

termination of the constituent material parameters in this case remains difficult be-

cause of this variation. Specifically, in the studies of this work, calibration of material
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properties was performed off of bulk specimens produced via similar methods. The

variations in composition and pressure states between the actual and idealized meth-

ods can substantially affect this process and substantial uncertainty exists around

these properties. Therefore, and similar to the MAX phase responses, methodolo-

gies to distinguish and determine the actual properties need to be introduced and

used to better identify the relevant responses. Along a similar vein, cyclic effects in

the SMA phase were not directly treated. Shape memory alloys, and particularly

NiTi, are well known to need a “training” cycle to thermomechanically stabilize the

constitutive response. How this training evolves in this composite and its impact is

not clear and both experimental and numerical investigations are needed to clarify

the impact of this response – especially on load transfer characteristics. Finally,

and potentially most interestingly, these composites exhibit multiple uncertainties

and their impact needs to be quantified. Specifically, variability is expected both in

terms of microstructural features like grain size, reaction layer thickness, pore size

and shape amongst others and constitutive properties as was just discussed. Many of

these features are unknown a priori and are subject to change due to subtle changes

in manufacturing or processing conditions. Statistical investigations of the impact

of both constitutive and microstructural uncertainties are needed to determine the

relevant impact of each and help establish bounds on the relationships. With respect

to shape memory alloys, these methods remain in their infancy but efforts towards

this end could be essential in establishing not only effective property ranges but also

correlations to different parameters.
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APPENDIX A

ISOSTRAIN COMPOSITE MODEL

A simple analytical model of the SMA-MAX phase composites of interest is con-

structed. Specifically, an isostrain (corresponding to the Voigt bound) approxima-

tion is introduced. Such an assumption is introduced as (i) the large contrast in

thermoelastic stiffnesses would preclude an isostress assumption and (ii) it roughly

approximates a “blocking-force” condition that might be expected. The developed

model considers an SMA (denoted by a subscript “1”) and MAX (subscript “0”)

phase. The former is described via a 1D implementation of the constitutive routine

in Section 2.1.1 while a 1D isotropic hardening elastic-plastic law is introduced for

the MAX phase (note for elastic analysis the yield stress is simply set to infinity).

With the isostrain assumption, the total effective stress, σ̄, may be written as,

σ̄ = c0σ0 + c1σ1, (A.1)

or, in an incremental fashion,

dσ̄ = c0dσ0 + c1dσ1. (A.2)

The MAX phase behavior may then be described via the constitutive law,

σ0 = E0 (ε0 − α0 (T − T0)− εp) , (A.3)

with E0, α0, T , and T0 being the MAX phase modulus, coefficient of thermal ex-

pansion, temperature, and zero-strain reference temperature, respectively. The total
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strain of this phase is represented by ε0 while εp is the current total plastic strain.

Incrementally, the behavior is described via,

dσ0 = E0 (dε0 − α0dT )− E0dε
p, (A.4)

where the thermoelastic and plastic contributions are separated. Finally, an yield

function of the form,

σ0
Φ p n0

0 = −K (ε̃ ) ,
1

− Y− 0 (A.5)
φ

where K and n0 are the hardening modulus and exponent, respectively, while Y0

is the critical thermodynamic value to induce plastic deformation. The ε̃p is used

to denote the monotonically increasing plastic strain (dε̃p =
√
dεpdεp) instead of

the current value observed in the constitutive law. As porosity (represented by φ) is

possible in the MAX phase, its influences are introduced in two ways. First, as shown

in the yield expression, Eqn. A.5, it is used in a fashion analogous to an isotropic

damage variable so that the continuum damage type “effective” stress is used in

considering the onset of yielding. Secondly, porosity is used to determine the value

of the current elastic modulus. Specifically, following Hu et al. [107], the modulus

ˆ ˜is assumed to be a function of the porosity and is given by E0 = E0 (φ) = E0e
−bφ

˜where E0 is the dense modulus and b is an exponent fit to experimental results.

For the SMA phase, a constitutive law of the form,

( )
σ1 = E1 (ξ) ε tr

1 + α1 (T − T0)− ε , (A.6)

or incrementally,

( ) ( )
dσ1 = E1 (ξ) dε1 − dα1 (T − T tr

0)− α1T − dε + dE1 ε1 − α1 (ξ)− εtr , (A.7)
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where,

EMEA∆E
dE1 =

(EM − ξ∆E)2dξ, (A.8)

and

dα1 = ∆αdξ, (A.9)

is used. By noting dεtr = Hcur (σ1) σ1
| |dξ, the SMA stress increment may be written,
σ1

dσ1 = E1 (ξ) (dε1 − α1 (ξ) dT ) + (A.10)
[ ( )]
EMEA∆E

2(EM
(ε1−∆E)
− α (ξ) (T − T0)− εtr1 )− E1 ∆α (T − T0) +Hcur (σ1) σ1

|σ1| dξ.

One dimensional forms of the transformation function are given by,

Φfwd
1 = (1−D) |σ1|Hcur 1

(σ1)+ ∆Sσ2
1+σ1∆α (T − T0)+ρ∆s0T−ρ∆u0

2
−f tfwd (ξ)−Y t

1 = 0,

(A.11)

for forward and,

tr−rev
Φrvs ε 1

1 = (1 +D)σ1
ξrev

− ∆Sσ2 t t

2 1−σ1∆α (T − T0)−ρ∆s0T+ρ∆u0+frev (ξ)−Y1 = 0

(A.12)

for reverse.

To investigate the response of the composite through an arbitrary loading path,

it is assumed that dσ̄ and dT are known and prescribed by the numerical solver. The

isostrain assumption yields dε̄ = dε0 = dε1 and the effective strain may be found

(via Eqns. A.2, A.4, and A.10),

dσ̄ + (c0E0α0 + c1E1 (ξ)α1 (ξ)) dT
dε̄ = . (A.13)

c0E0 + c1E1 (ξ)
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An elastic predictor-inelastic corrector scheme can be readily adopted. In the latter

case, if both mechanisms are active, applying convex-cutting routines to incremental

constitutive law and consistency equations produces three equations in terms of three

unknowns – the inelastic correction increments of the total effective strain, plastic

strain, and martensitic volume fraction denoted respectively by ∆ε,̄ ∆εp, and ∆ξ.

These three equations are,

(c0E
p

0 + c1E1 (ξ)) ∆ε̄− c0E0∆ε + c1γ∆ξ = 0, (A.14)
( )

σ0 E0 σ
∆ε̄− 0 E0

+ nK (ε̃p)(n−1) ∆εp =|σ0| 1− φ |σ0| 1− φ −Φ0,

( )
∂Φ1 ∂Φ1 ∂Φ1

E1 (ξ) ∆ε̄+ + γ ∆ξ = Φ1
∂σ1 ∂ξ ∂σ1

−

where,

γ = EMEA∆E
2M

(ε̄− α1 (ξ) (T T
(E −ξ∆E)

− 0)− εtr) (A.15)
( )

−E1 (ξ) ∆α1 (T − T0) +Hcur (σ σ
1) 1

|σ1| ,
{

∂Φ (1−D) σ1 cur
1 | |H (σ1) + ∆Sσ1 + ∆α1 (T − T0) ; dξ > 0

= σ1 ,
∂σ1 − ev

+D) εtr−r

(1 rev −∆Sσ1 −∆α1 (T − T0) ; dξ < 0
ξ {

∂Φ −∂f tfwd
1 ; dξ > 0

= ∂ξ

∂ξ ∂f t
.

rev ; dξ < 0
∂ξ

With respect to the smooth hardening function,f t, special care needs to be taken

in evaluating the derivatives. Specifically, due to the selected form, slight numerical

adjustments need to be made to avoid expressions that can not be appropriately

evaluated. This topic is treated extensively in the work of Lagoudas et al. [124] and

details will be left to that work. Finally, in the developed model, the cases of just

transformation of plasticity may easily be handled by setting ∆εp or ∆ξ to zero,
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respectively. Finally, as an elastic guess may incorrectly indicated both surfaces are

simultaneously active, an additional check is needed following the inelastic corrector

to ensure that both surfaces are indeed active.
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