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ABSTRACT

This work explores the interplay of C*-dynamics and K-theory. More precisely, we
study the extent to which various forms of finite-dimensional approximation proper-
ties of a topological nature, witnessed in reduced C*-crossed products, are reflections
of approximation conditions at the level of the dynamics. Such conditions admit
purely algebraic K -theoretical interpretations that we describe and utilize to prove
deep structural results.

We introduce the notions of Matricial Field (MF) and Residually Finite Dimen-
sional (RFD) actions of a discrete group I' on an arbitrary C*-algebra A. These
actions have spatial interpretations in the case where the algebra A = C'(X) is com-
mutative; these are described. We show that a reduced crossed product A x,I"is MF
(RFD) if and only if the reduced group C*-algebra C5(I") is MF (RFD), and the ac-
tion is MF (RFD). Examples include the limit periodic actions defined by Voiculescu
and, in the classical case, the chain recurrent Z-systems of Pimsner. In the presence
of sufficiently many projections MF and RFD actions can be expressed by elegant,
simple, K-theoretic conditions.

We then focus on actions of free groups on AF-algebras, in which case we prove
that a K-theoretic coboundary condition determines whether or not the reduced
crossed product is a Matricial Field (MF) algebra. One upshot is the equivalence of
stable finiteness and being MF for these reduced crossed product algebras. We also
exhibit crossed product algebras for which the Ezt semigroup is not a group; indeed
any action of a free group on a UHF algebra gives rise to an MF crossed product
whose Ezt semigroup is not a group.

Minimal C*-systems (A,I") are described by certain filling conditions witnessed
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at the level of the induced actions of I' on Ky(A) and on the Cuntz semigroup W (A).
A notion of topological transitivity is defined for noncommutative systems again in
terms of the induced action on K-theory. We prove that prime reduced crossed prod-
ucts come from topological transitive actions and, conversely, topologically transitive
and properly outer systems yield prime reduced crossed products.

In the presence of sufficiently many projections we associate to each noncommu-
tative C*-system (A,T",«) a type semigroup S(A,T", ) which reflects much of the
spirit of the underlying action. We characterize purely infinite, as well as stably
finite, crossed products by means of the infinite or rather finite nature of this semi-
group. Using ideas of paradoxical decompositions we obtain, for a certain class of

simple crossed products, a dichotomy between the stably finite and purely infinite.
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1. INTRODUCTION AND PRELIMINARIES

Operator algebras is a rich and diverse field that bridges several disciplines in
mathematics. It distinctively blends ideas from functional and harmonic analysis,
noncommutative geometry, topology, group theory and dynamics. Initiated in the
1930’s and 1940’s in a series of papers by Murray and Von Neumann, the theory of
operator algebras is broad, interacting with almost every area of mathematics and
admitting applications in areas such as mathematical physics, quantum mechanics
and the development of quantum field theory. While the treatise of von Neumann
algebras progressed and presented with substantial achievements, most notably the
great classification theorems of Alain Connes, George Elliott initiated a far reaching
program of classifying separable nuclear C*-algebras by their K-theoretic data. As
the study of C*-algebras is appropriately termed noncommutative topology in light
of Gelfand’s theory, this work lies in the framework of noncommutative topologi-
cal dynamics. More precisely, using classification and K-theoretic techniques, we
establish several structure theorems for C*-algebras arising from crossed products.

Dynamical systems and the theory of operator algebras are inextricably related [7],
[27], [36]. Topological dynamics has long played a significant role in the study and
classification of amenable C*-algebras by providing a wealth of examples that fall
under the umbrella of Elliott’s classification program as well as examples that lack
certain regularity properties [51], [52], [20], [18]. In his recent survey article on oper-
ator algebra structure theory [7], Blackadar rightly speaks of the “algebraization of
dynamics”. The crossed product construction permits the exploitation of symmetry
through the acting group and is generous enough to produce a variety of C*-algebraic

phenomena [36],[54]. Indeed, the dynamics provide a tool for the coordinatization of



algebraic structure. One would like to decipher information about the the crossed
product algebra by studying the dynamics and, conversely, describe the nature of
the dynamics by looking at the operator algebra’s structure and invariants. The
transition from classical dynamics to noncommutative topological dynamics presents
several challenges and subtleties. One way to approach these issues (which has been
very fruitful in my work) is to interpret dynamical conditions K-theoretically and

use classification techniques to uncover pertinent information.
1.1 Finite-Dimensional Approximation Properties

Unless otherwise specified, we make the blanket assumption that all C*-algebras
A will be considered separable and with unit 14, and all groups I' will be discrete.
We will frequently encounter the free group F, on r generators. If A and B are
C*-algebras we will write A ©® B for the x-algebraic tensor product, and A ® B for
the minimal (spatial) tensor product. Let’s recall a few definitions.

A Cr*-algebra C' is said to be exact provided that the functor — ® C' is exact.

More precisely, C' is exact provided that for every exact sequence of C*-algebras

the sequence

0—J2 0% A @Y By c—0

is also exact.
In 1997 Blackadar and Kirchberg introduced in [8] the so called matricial field
(MF) algebras. A separable C*-algebra A is said to be MF if it can be expressed as a

generalized inductive system of finite-dimensional algebras, or equivalently, if there



is a natural sequence n = (ny);>1 and a *-monomorphism

L:A— Qni= ﬁMnk/éMnk
k=1 k=1

Denote by m : [[;2; M,, — Qn the canonical quotient mapping. If such an em-
bedding ¢ exists along with a u.c.p. lift, that is, a unital completely positive map
@A — [, M,, such that 7 o ® = ¢, A is said to be quasidiagonal. A good
treatise on QD algebras can be found in [11]. It is readily seen that an algebra A
is MF (QD) if it satisfies the following local property: for every ¢ > 0 and finite set

) C A, there is a k and *-linear (u.c.p.) map 1 : A — M such that

ih(ab) — h(a)p()|| <e  Va,be Q,
@l = lall] <& VYaeQ.

Recall that a separable algebra A is said to be residually finite dimensional (RFD)
if there is a sequence of *-homomorphisms ¢, : A — My, with ||, (a)|| 7 ||a|| for
all a € A. Clearly being MF, QD or RFD passes to C*-subalgebras, RFD algebras
are QD, and QD algebras are MF. Moreover, MF algebras are stably finite. To see

this, suppose (ag)g>1 € [[he; M, is a sequence with

1o, = m((ar)k) 7 ((ar)x) = m((aar)x),

it follows then that [lazar — 1m, || — 0. A little spectral theory shows that [laraj —
lu,, | — 0, so that 7((ax))m((ax))" = lq, thus @y is finite and hence A, being
isomorphic to a unital subalgebra of @)y, is also finite. Since M, (A) is also MF, A is

stably finite. It is still unknown whether or not stably finite algebras are MF, or if



there is a countable discrete group I' for which C5(I") fails to be MF.

There are several notions of ‘rank’ in the C*-literature which are meant to reflect
notions of ‘dimension’ in topology. In this piece we shall only need real rank and
stable rank. Write GL(A) for the set of invertibles in A, and Ay, for the set of
self-adjoint elements. The C*-algebra A is of stable rank one, written sr(A) = 1,
if GL(A) C A is norm-dense, and A is of real rank zero, written RR(A) = 0, if
GL(A) N Ay, C Ag, is norm-dense. Algebras of real rank zero have an abundance of
projections, indeed, one proves that A has real rank zero if and only if every element
of the algebra can be approximated by a linear span of finitely many projections. In

this case we say that the projections are total in A.
1.2 Dynamical Systems and Discrete C*-Crossed Products

Group actions pervade mathematics and much of this piece. Recall that a group
action is simply a group homomorphism A : I' — Perm(E) from a group I' to the
group of permutations on an arbitrary set E. At times, for economy, we write ' ~ F
to denote the action and hs(z) = s.z for s € I and x € X. When E has additional
structure, e.g. when E = X is a topological space, £ = A a C*-algebra or £ =
(G,G",u) an ordered abelian group, one imposes extra conditions on the action so
that it respects the prescribed category. More precisely, by a continuous action I'
X, or equivalently a transformation group (X,T'), we mean a group homomorphism
h : I' — Homeo(X) where Homeo(X) denotes the group of homeomorphisms of a
locally compact Hausdorff space X. In an operator algebraic framework one speaks
of a C*-dynamical system (A,T',«), where A is a C*-algebra, I' a topological group
and o : I' = Aut(A) a continuous group homomorphism into Aut(A); the topological
group of automorphisms of A with the point-norm topology. Again we emphasize that

since I' is discrete, we need not worry about the continuity of o. In the case where A



is a commutative algebra, say A = Cy(X) for some locally compact Hausdorff space
X, C*-systems (Cy(X),I", ) are in one-to-one correspondence with transformation
groups (X, T") via the formula a,(f)(z) = f(s7t.z) where s € T, f € Cp(X),z € X.
Given a C*-dynamical system (A, T, ), we write A x, " to denote the full crossed
product C*-algebra whereas A X, , I' will stand for the reduced algebra (at times
we will omit the ). We briefly recall their construction and refer the reader to [12],
[54] and [36] for more details. First consider the algebraic crossed product A X o I'

which is the complex linear space of all finitely supported functions

C.(T',A) = {Zasus :FCTlas € A},

seF

equipped with a twisted multiplication and involution: for s,t € I';a,b € A

(aus)(buy) = aas(b)ug,

(aus)® = ag1(a™)usr.

If A C B(H) is faithfully represented (the choice of representation is immaterial),
the *-algebra A X, I' can then be faithfully represented as operators on H ® ¢*(T")
via

aus(E®6;) = az (a) @6y E€H, s tel.

Completing with respect to the operator norm on B(H ® ¢*(T")) gives the reduced
crossed product A x, ,I'. To realize the full crossed product, for each z € A X150 I,

consider

2]l = sup |7 (z) B0



where the supremum runs through all *-representations 7 : A X,z o ' = B(J{). Then

Axg D= A Xy, o DM

If I is an amenable group then we have A x, ' = A x, , I'. Furthermore, if I' is
amenable and A is nuclear then A x, , I' is nuclear as well.
We will at times make use of the conditional expectation E : Ax ,I"' = A, which

is a unital, contractive, completely positive map satisfying E(> . asus) = ae.

sel’

1.3 K-Theretical Dynamics and Finiteness

This work is K-theoretic in flavor; the reader may want to consult [6] for a
suitable treatment thereof, as well as [2] for the necessary results concerning the

Cuntz semigroup. We briefly outline the story-line of Ky(A) and W (A) here.
1.3.1 K-theory and the Cuntz Semigroup

If Ais a C*-algebra, M, ,(A) will denote the linear space of all m x n matrices
with entries from A. The square n x n matrices M,(A) is a C*-algebra with pos-
itive cone M,(A)". If a € M,(A)" and b € M,,(A)*, write a @ b for the matrix
diag(a, b) € My ym(A)T. Set Mo(A)T = |,5, Mn(A)T; the set-theoretic direct limit

of the M, (A)* with connecting maps

a 0
M, (A) = M,11(A), givenby a—a®0=

0 b

Write P(A) for the set of projections in A and set Poo(A) = [ 5, P(M,(A)).
Elements a and b in M, (A)" are said to be Pedersen-equivalent, written a ~ b,
if there is a matrix v € M,, ,(A) with v*v = a and vv* = b. We say that a is Cuntz-

subequivalent to (or Cuntz-smaller than) b, written a 3 b, if there is a sequence
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(Ug)k>1 C M (A) with ||vfbuy —al| — 0 as k — oo, If @ b and b 3 a we say that
a and b are Cuntz-equivalent and write a &~ b. Restricting to projections, one can
work out that for p,q € Po(A), p = ¢ if and only if p & p’ ~ ¢ for some p' € P (A)
if and only if there is a subprojection r < g with p ~ r < ¢. With a little work one
shows that ~ and & are equivalence relations on M, (A)" and that a ~ b implies
a ~ b. It is customary to write V(A) = P (A)/ ~, and [p| for the equivalence
class of p € Poo(A). Also set W(A) := M, (A)T/ ~ and write (a) for the class of
a € My (A)*t. W(A) has the structure of a preordered abelian monoid with addition
given by (a) + (b) = (a ® b) and preorder (a) < (b) if @ 3 b. The monoid W (A)
embeds into Cu(A4) := (A ® K),/ =, the Cuntz semigroup of A. For this work,
the monoid W(A) will be suitable for our purposes and we will refer to it as the
Cuntz semigroup as in [2]. With addition and ordering identical to that of W (A),
V(A) is also a preordered abelian monoid. There is a cardinal difference between the
orderings on V(A) and W (A); the ordering on W (A) extends the algebraic ordering
(x,y,z € W(A) with x +y = z implies x < z) but only in rare cases agrees with
it. With V(A), the ordering agrees with the algebraic one. Indeed, [p] < [g] iff
p 2 qiff p@®p ~ ¢ for some p’ which gives [p| + [p'] = [q]. As a brief reminder,
Ko(A) = 9(V(A)) the Grothendieck enveloping group of V(A) and [plo = 7v([p])

where v : V(A) — Ky(A) is the canonical Grothendieck map.
1.3.2  Finiteness, Cancellation, and Refinement

Notions of ‘finite” and ‘infinite’ are widespread throughout all disciplines of math-
ematics, including the theory of C*-algebras. We learn that a C*-algebra A is finite-
dimensional (as a linear space) if and only if A = M, &- - -@&M,, . But C*-algebraists
are more interested in the notion of finiteness that mirrors Dedekind finiteness for

sets; recall that a set E is (Dedekind) infinite if and only if it admits a non-surjective



injection o : ' — FE, and finite otherwise. In the same spirit, a concrete algebra
A C B(H) should be ‘infinite’ if it admits a non-unitary isometry v € A. We make
this more precise.

Projections p,q € P(A) are Murray-vonNeumann equivalent, written p ~ ¢, if
there is a v € A with v*v = p and vv* = q. A projection p in A is infinite if p ~ ¢ for
some subprojection ¢ < p. It was shown in [30] that p infinite if and only if p®b = p
for some non-zero b € M,,(A)". A unital C*-algebra A is said to be infinite if 1,4 is
infinite. Otherwise, A is called finite. If M, (A) is finite for every n € N then A is
called stably finite.

A unital, stably finite C*-algebra A yields an ordered abelian group Ky(A) with
positive cone Ko(A)" := v(V(A)) and order unit [14]o. In this case, a state on the
ordered abelian group (Ky(A), Ko(A)*, [1]o) is a group homomorphism S : Ky(A) —
R with S(Ko(A)*) € R* and S([1]o) = 1. The collection of all such states is
denoted by S(Ky(A), Ko(A)T,[1]o). Every tracial state 7 on A gives rise to a state

Ko(1) : Ko(A) — R via the formula

Ko(7)([plo) = 7(p)-

It is important to note that when A is exact, every state § on (Ky(A), Ko(A)™T, [1]o)
arises in this way, that is, 8 = Ky(7) for a tracial state 7 on A.

Occasionally we shall require our algebras to have cancellation, which simply
means that the Grothendieck map + is injective. It is routine to check that algebras
with stable rank one are stably finite and have cancellation. Moreover, when A is
stably finite the map V(A) — W(A), [p] — (p) is injective. To see this, suppose

(p) = (q) for p,q € Ps(A), then p = g and ¢ = p. Therefore, we can find p', ¢’ € Py



with

p®p ~q, and ¢B¢ ~p.

This gives

p~qgdd ~pdp @d.

Since A is stably finite, this is only possible if p’ = ¢ = 0. Thus p ~ ¢ so [p] = [q].

Recall that a semigroup K has the Riesz refinement property if, whenever Z?’:l xT; =
Yo, Y, for members xy, ..., Ty, Y1, .., Ym € K, there exist {z;;};; C K satisfying
> % = ; and Zj zij = y; for each i and j. If A is a stably finite algebra with
RR(A) = 0 then S. Zhang showed that Ky(A)" has the Riesz refinement property

[56].
1.3.83 Induced K-Theoretic Dynamics

A C*-dynamical system induces a natural action at the K-theoretical level, and
the order theoretical dynamics will reflect information about the nature of the ac-
tion and will often describe the structure of the crossed product. If (G,G",u) and
(H,H",v) are ordered abelian groups each with their distinguished order units, a
morphism in this category is a group homomorphism § : G — H which is positive
and order unit preserving, i.e. S(GT) C H', and (u) = v respectively. We also

write

OAut(G) == {7 € Awt(GQ) : 7(G") = G*,7(u) = u}

for the set of ordered abelian group automorphisms. When the group is Z¢, we
employ the standard ordering defined by the positive cone (Z4)* := (Z>¢)?, and
whose order unit is (1,1,...,1). Recall that (Ko(My,), Ko(My)™,[1]) = (Z,Z7,d),
and if X is a zero-dimensional compact metric space, Ko(C(X)) = C(X;Z) with

natural point-wise ordering. The Ky-functor is covariant, namely, if ¢ : A — B is



a *-homomorphism (x-automorphism), one obtains a positive group homomorphism
(ordered group automorphism) Ko(¢) : Ko(A) — Ko(B) defined by Ky(¢)([p]) =
[6(p)] where p is a projection living in M, (A) for some n. For economy we sometimes
write ¢ = Ko(¢). Note that for every action o : I' — Aut(A), there is an associated
action & : I' — OAut(Ky(A)) where a(s) = a5 @ Ko(A) — Ko(A) is the induced
automorphism. Again, in the case of stable finiteness, the positive cone Ky(A)" is
a partially ordered monoid, whose ordering is inherited from Ky(A)" and coincides
with the algebraic ordering. Restricting & to Ky(A)™ also gives an action of order
isomorphisms. In the same manner a C*-system (A,T',«) induces an action & :
I' = OAwt(W(A)) via ds({a)) = (as(a)), where s € T, and a € My (A)*. Here
OAut(W(A)) will denote the set of monoid isomorphisms of W (A) which respect the

ordering.
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2. MF CROSSED PRODUCTS!

In this chapter we are particularly interested in finite-dimensional approxima-
tion properties of C*-algebras. While nuclearity and exactness are measure-theoretic
concepts, residual finite dimensionality, quasidiagonality and admitting norm mi-
crostates are properties more topological in nature as they concern matricial ap-
proximation of both the linear and multiplicative structure of the algebra. In this
work we flesh out the appropriate dynamical conditions that give rise to such topo-
logical approximations in resulting reduced crossed products, and give K-theoretic
expression to these conditions when the underlying algebras have sufficiently many
projections. One purpose of this section is to provide a K-theoretic interpretation
of dynamical approximation properties such as residual finiteness and quasidiagonal
actions as introduced by Kerr and Nowak in [28], and by doing so, extend results
found in [10] and [38].

In the classical setting, Pimsner described a purely topological dynamical prop-
erty for a Z-system (X,Z) that renders the resulting crossed product C'(X) x, Z
AF-embeddable. He showed in [38] that for a self-homeomorphism 7" of a compact
metrizable space X the following are equivalent: (1) the crossed product embeds into
an AF algebra, (2) the crossed product is quasidiagonal, (3) the crossed product is
stably finite, (4) “T" compresses no open sets”, that is, there does not exist a non-
empty open set U C X for which T'(U) ; U, which is equivalent to the action being
chain recurrent, that is, for every x € X and every € > 0, there are finitely many
points © = x1,...,x, = x such that d(T'(z;),xj41) < e for 1 <j <n.

It was N. Brown who saw condition (4) as being essentially K-theoretical, at

IPart of this chapter is reprinted with permission from “MF Actions and K-theoretic Dynamics”
by Timothy Rainone, 2014. J. Funct. Anal., 267, 542-578, Copyright 2014 by Elsevier B.V.
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least in the presence of many projections [10]. When X is zero-dimensional we have
Ko(C(X)) = C(X:Z), and the chain recurrence condition is expressed as T(f) < f
for no non-zero f € C(X;Z), where T : C(X;Z) — C(X;Z) is the induced order
automorphism given by T(f) = foT~!. Brown was then able to generalize Pimsner’s

result to the non-commutative setting as follows.

Theorem 2.0.1 (Brown). Let A be an AF algebra and o € Aut(A) an automor-

phism. Then the following are equivalent:
1. A x,7Z is AF-embeddable.
2. A Xy 7 is quasidiagonal.
3. A Xo Z stably finite.

4. The induced map & : Ko(A) — Ko(A) “compresses no element”, that is, there
is no x € Ko(A) for which &(x) < x; equivalently, H, N Ko(A)T = {0}, where

H, is the coboundary subgroup {x — &(x) : = € Ky(A)}.

One of the main results of this chapter, Theorem 2.2.14, extends Brown’s result
to the case of a free group on r generators acting on a unital AF algebra. In this case
the coboundary subgroup is given by H, = im(o) where o : ©}_, Ko(A) — Ko(A)
is the coboundary morphism in the Pimsner-Voiculescu six-term exact sequence. In

abbreviated form our theorem says the following.

Theorem 2.0.2. Let A be a unital AF algebra and o« : F, — Aut(A) an action of

the free group on r generators. Then the following are equivalent:
1. H, N Ky(A)*T ={0}.

2. The reduced crossed product A xy o F, is MF.

12



3. The reduced crossed product A Xy, F, is stably finite.

In order to extend the results of Pimsner and Brown to actions of discrete count-
able groups, one needs the right notion of chain recurrence for arbitrary transforma-
tion groups and a corresponding approximation property for C*-dynamical systems.
D. Kerr and P. Nowak then introduced residually finite actions and quasidiagonal ac-
tions in [28] where it was shown that these systems give rise to MF crossed products
provided that the reduced group C*-algebra of the acting group is itself MF. This
is a necessary condition as being MF passes to subalgebras and the reduced group
C*-algebra sits canonically inside the reduced crossed product. Thus one cannot
hope for quasidiagonality, or much less AF-embeddability, when the acting group
is non-amenable, for Rosenberg’s result ([22]) asserts that a discrete group whose
reduced C*-algebra is quasidiagonal must be amenable.

Matricial field (MF) algebras were introduced by Blackadar and Kirchberg in [8].
These are stably finite C*- algebras which arise from generalized inductive limits of
finite-dimensional algebras, or, equivalently, which admit norm microstates [12]. The
MF property is the C*-analogue of admitting tracial microstates, i.e., embeddabil-
ity into the ultrapower R“ of the hyperfinite II; factor. Blackadar and Kirchberg
remarked that there is no example of a stably finite separable C*-algebra which is
known not to be MF, but that a good candidate is C§(F,). Then came the deep
result of U. Haagerup and S. Thorbjgrnsen in [23] that showed that C%(F,) is in
fact MF. It therefore seems natural to focus our attention on actions of free groups
on AF algebras. By studying the induced K-theoretic dynamics of such systems,
purely algebraic conditions emerge which are necessary and sufficient for A x, , F,
to be MF, one in the form of locally invariant states on Ky(A) and the other in the

spirit of a coboundary subgroup as in Brown’s work (Theorem 0.2 of [10]). These
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are summed up in Theorem 2.2.14 below. These K-theoretic conditions enable us to
prove that being MF and being stably finite are equivalent for this class of crossed
products.

MF algebras are interesting in their own right but are also important in Voiculescu’s
seminal study of topological free entropy dimension for a family of self-adjoint el-
ements ay,...,a, in a unital C*-algebra A [50]. Indeed the latter is well-defined
only when C*({ay,...,a,}) is MF. There is also a connection between MF algebras
and the Brown-Douglas-Fillmore Ezt semigroup introduced in [13]. We will exhibit

several examples of MF algebras whose Ezt semigroup is not a group.
2.1 Residually Finite, Residually Finite Dimensional, and MF Actions

Definition 2.1.1. Let (X,d) be a compact metric space and I' a discrete group.
A continuous action h : I' — Homeo(X) is said to be residually finite (RF) if for
every € > 0 and finite set F' C I', there exists a finite set £ which admits an action

k:T — Perm(FE) and a map ¢ : E — X such that
1. d(C(ks(2)), hs(C(2))) < e foreach s € F and z € E,
2. X C. ((F), that is, ¢ has e-dense range in X.

This notion of a residually finite action was introduced in [28], from which we
mention a few results. It is easily verified that if a group admits a free residu-
ally finite action on some compact space then the group itself must be residually
finite, hence the name. Moreover, a residually finite action I' ~ X will yield a I'-
invariant probability measure on X which extends in a canonical way (by composition
with the conditional expectation) to a trace on C'(X) x, I". Thus residually finite
transformation groups (X, I") produce stably finite reduced crossed products. Theo-

rem 2.2.14 below and Lemma 3.9 in [28] together show that the converse holds true
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when dim(X) = 0 and I' = F,. It is also shown that when dealing with Z-systems
(X,7Z), residual finiteness is equivalent to chain recurrence [15].
We introduce here a stronger notion than residual finiteness; one that demands

exact and global equivariance.

Definition 2.1.2. Let (X,d) be a compact metric space and I' a discrete group.
A continuous action h : I' — Homeo(X) is said to be residually finite dimensional
(RED) if for every € > 0 there exists a finite set £ which admits an action k : ' —

Perm(FE) and a map ¢ : F — X such that
1. ((ks(z)) = hs(((2)) for every z € E and s € T.
2. X C. ((F), that is, ¢ has e-dense range in X.

In other words, a transformation group (X,I") is RFD if for every ¢ > 0 there
is finite [-invariant subsystem which is e-dense. Clearly every RFD action is RF,
but the converse is false in general; minimal Cantor systems Z ~ X yield infinite-
dimensional, simple, stably-finite crossed products C(X) x Z ([40]). As remarked
above such systems are residually finite but cannot be residually finite dimensional
by Theorem 2.1.5 below. The nomenclature is justified by Theorem 2.1.5 and Propo-
sition 2.1.7.

As observed by the authors of [28], residually finite actions I' ~ X have C*-
dynamical expressions when looking at the induced action on the algebra C(X)
(see Proposition 2.1.6 below). Indeed, what is witnessed at the algebraic level is
a finite dimensional approximating property familiar to C*-enthusiasts along with
an approximate equivariance. We make similar observations when studying RFD

actions (see Proposition 2.1.7). Here are the appropriate definitions at the C*-level.

Definition 2.1.3. Let ' be a discrete group and A a C*-algebra.
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1. An action o : I' — Aut(A) is said to be matricial field (MF) provided that:
given £ > 0, and finite subsets {2 C A and F C T, there exist d € N, a map
v: [ — UMy) (s+ vs), and a unital *-linear map ¢ : A — My, such that for

every a,b € () and s,t € F

(a) [lp(ab) = pla)p(d)l <&,
() [lle(@)l = llall] <e.
(©) [leas(a)) — Ad, (p(a))]| <e,

(d) |lvse — vsve]| < €.

If the unital map ¢ can be further chosen to be completely positive, « is said

to be quasidiagonal (QD).

2. The action « : I' — Aut(A) is said to be residually finite dimensional (RFD) if
for every € > 0 and finite subset {2 C A, there is a d € N, a x-homomorphism

m: A — My and a unitary representation v : I' — U(My) such that

(a) ||m(b)]| > ||b]| — € for every b € Q,

(b) m(as(a)) = Adys)(m(a)) for every a € A and s € I'.

A few remarks and key observations concerning Definition 2.1.3 are in order. Ev-
ery RFD system (A,T") is clearly QD, and every QD system is MF. We show that
MF actions are in fact QD when the underlying algebra is amenable (see Proposi-
tion 2.1.17). It is obvious that if a : '~ A is RFD (QD, MF), then A is itself RFD
(QD, MF). Note that any finite dimensional algebra can be embedded into a full
matrix algebra, so we may replace My by any finite dimensional algebra B without
changing the notion. Also, when verifying that an action is MF or QD, it suffices to

consider finite subsets of a generating set of the acting group I'.
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The properties of being MF, QD, or RFD pass to subalgebras, so if a C*-system
(A, T, a) yields an MF (QD, RFD) crossed product, one expects the underlying
algebra A as well as the group algebra C5(I') to be MF (QD, RFD). In these cases
one can also decipher information about the action «. Indeed, the structure of the

reduced crossed product algebra determines the nature of the action.

Proposition 2.1.4. Let A be a unital C*-algebra, and o : T — Aut(A) a homomor-
phism. The following hold.

1. If A xyo I is RFD, then C5(T') is RFD and the action o is residually finite

dimensional.
2. If Ax, oI is @D, then C5(I") is QD and the action o is quasidiagonal.

3. If Axy oI is MF, then C{(I') is MF and the action « is matricial field. More-

over, if A is nuclear, a is quasidiagonal.

Proof. Suppose A %, I is residually finite dimensional. Again, being RFD passes
to subalgebras, so C;(I') is RFD as it sits canonically inside the reduced crossed
product. If e > 0 and if 2 C A is a finite set, then there is a d and a *-homomorphism
¢ Axyo ' = My such that ||¢(c(b))|| > ||e(b)|| —e = ||b]| — € for every b € Q, where
t: A= Ay, I denotes the natural inclusion. Set 7 = ¢ ot : A — My Now
define a unitary representation v : I' — U(d) as v(s) = ¢(1us), where ug denote the
canonical unitaries in the crossed product implementing the action. Set v, = Ad, )

so that v : ' ~ My is an action. We verify
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and this completes the proof of (1).

We prove (3) next. Let ¢ > 0, and let F' C I, F C A be finite subsets. For s € I'
denote by u the canonical unitaries in A x, ,I" and for economy write B = A x, ,I'.
Now set

Q = {us,ul,ug,usa,a = s,t € F, ae€F} CB.

Next, set K = max,cq ||| + 1. By an elementary perturbation result, there is a
0 < 6 < min{l,e/4} with the following property: if D is any C*-algebra with d € D
satisfying ||d*d —1|| < 0 and ||dd* —1]| < J, there is av € U(D) with ||d—v| < ¢/4K.

Assuming B is MF, there is a unital *-linear map 1 : B — M such that

[(zy) — ()Pl <0 Va,y,€, (2.1)

@) = llzl| <6 Vo e (2:2)

Since 0 < e, F C 2 and in light of the inequalities (2.1) and (2.2), all what is
needed to show now is approximate equivariance with an appropriate map v : I' —

U(My). Note that for r € F or r = st with s,t € F we have

[0 (ur ) (ur) = 1| = [0 (ur)p(ur) — P(uzug)[| <6,

therefore, by our choice of §, there are unitaries v,., in My for each » € F or r = st

with s,¢ € F that satisfy ||v, —¥(u,)| < e/4K. Extend v : I' — U(My) arbitrarily.
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We need to show that for every a in ¥ and s,t € F

[P(as(a)) = Ady, (P(a))[| = [[¢(ujaus) — v(a)oj| <e, (2.3)

lvse — vsv]| < €. (2.4)
To this end, first note that (2.2) implies that for each z € Q

@)= @) = llzll + llzll < [l @) = llzll] + [l <6 + (K - 1) < K.

Using (2.1) along with the definition of the vy yields

[ (usaus) = vsp(a)og] < Iy (usaug) — P lusa)p(u)ll + ¢ (usa)(ug) = P(usa)vg]
+ ¥ (usa)og = P lus)P(a)vgll + 9 (us)p(a)vg = vsp(a)vf]]
<0+ ([ (usa)[[|ep(us)™ = vil]
+ 9 (usa) = Pus)(@)|llvg]l + [[9(us) = vsllll9(a)e]]

K. -— K <452
<0+ 4K+6+4K < 1 £,

which establishes (2.3). To see (2.4),

[ose = vsoill < fJose = (st | + ([ (usue) = (us)tp(u) |
+ \Il/}(us)w(ut) — 05t (ug) || + [lost) (ur) — vsun

0+ bl = + o <=

- 4K 4K

The action is thus MF. If A is amenable, Proposition 2.1.17 ensures that « is QD
and the proof of (3) is complete. The proof of (2) is identical except for the fact that

we may choose 1) to be completely positive provided that B is quasidiagonal. O
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We now embark on establishing partial converses to Proposition 2.1.4. Reduced
crossed products emerging from a QD C*-system exhibit a finite-dimensional ap-
proximating property, they admit norm microstates. Indeed, it was shown in [28], in
the separable case, that if « is quasidiagonal and C§(I") is MF, the reduced crossed
product algebra A x, ,I" is also MF. However, we must point out that the definition
of a QD action in [28] is somewhat stronger than Definition 2.1.3. In lieu of a local
approximately multiplicative map v : I' — U(Mj), the authors require a legitimate

action v : I' ~ M with
() |le(as(a)) —vs(p(a))]] < e, for every a € Q and s € F.

Assuming that such an action v exists, apply the GNS construction to (M, 7), where
7 is the unique faithful tracial state on My, to obtain the faithful representation
7.t My — B(L?(My, 7)) & M. Then define unitaries in My by v,(2) = 7:(\1:)
for s € T' and © € M. It is easily verified that v : I' — U(My2) is in fact a
unitary representation satisfying vsm,(x)vi = 7, (vs(x)) for « € My. Replacing ¢ by
7, o @ and My by My we then have an MF (or QD) action in the sense of 2.1.3.
Therefore Definition 2.1.3 is a weakening of that given in [28]. With some extra
work one can still prove Theorem 3.4 in [28] with our weakened definition of a QD

action. We include this result for completeness along with other partial converses to

Proposition 2.1.4.

Theorem 2.1.5. Let I' be a discrete group and o : IT' — Aut(A) an action on a

separable unital C*-algebra A.

1. The reduced crossed product A ' is RFD if and only if C5(I') is RFD and
a 1s RFD.

2. If CX(T) is MF and « is @D, then the reduced crossed product A X o 1" is MF.
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3. If Cx(T') is QD and o is MF, then the reduced crossed product A iy, is MF.

Proof. (1): Consider an RFD action a : I' ~ A. We then have a sequence -
homomorphisms 7, : A — M, and unitary representations v, : I' — U(My, ) such

that for every s € I" and a € A:
(1) lm(a)l A [lall as n — oo.
(i) mn(as(a)) = Ady,s)(ma(a)).

For economy write M =[]~ M, , and U(k,) = U(M],, ). Consider the unitary
representation v : I' = W(M) = [],5, U(k,) given by v(s) := (vn(8))n>1, and the
*-homomorphism 7 : A — M defined by 7(a) := (7,(a))n>1. Also set S = Adys),
so that 5 : ' — Aut(M) is an action. Condition (i) ensures that 7 is injective, and
condition (ii) implies equivariance of 7, that is m(as(a)) = Bs(m(a)) for every s € T’
and a € A. We thus have a monomorphism of C*-dynamical systems 7 : (A, ', o) —
(M, T, B). Therefore, A x, ' < M %, 5. Since § is an inner action, we know

that M x5 ' = M ®un C5(I'), whence

Axyo ' = M @pmin CX(IT).

Now simply note that since both M and C5(I') are RFD algebras, so is their
minimal tensor product M ®u, C5(I'). Being RFD passes to subalgebras, so we
conclude A x,, I'is RFD.

(2): (The proof of this is essentially the same proof as Theorem 3.4 in [28].)

(3): We have a sequence of #-linear maps ¢, : A — M, and maps v, : [' —

U(M, ) such that for every s,t € ' and a,b € A:
(1) |len(ab) — @n(a)pn(b)|| — 0, as n — oo.
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(i) [len(a)ll = llall as n — oco.
(iii) flon(cs(a)) — Ady, (s (en(a))l] = 0, as n — oco.
(iv) [Jop(st) — va(s)va(t)]| — 0, as n — oo.
Write M = [[02, My, /@,- My, and 7 : [[)~ M, — M the canonical quotient

map. Now consider the maps ® : A — M and v : [' — U(M) given by

®(a) = w(n(a))n]  v(s) = 7[(vn(s))n]-

By properties (i) and (ii) ® is an *-monomorphism, and by property (iv) v is a
unitary representation. Therefore, we have an inner action 5 : I' ~ M defined by
Bs := Ad,, for s € I'. Note that property (iii) implies that Ss5(P(a)) = ®(as(a)) for

every a € A and s € I". Indeed

Bs(®(a)) = Ad,, (®(a)) = 7[(va(8))nlT[(Dn(a))n]7[(vn(5))n]" = T[(vn(5)nla)vn(s)")n]
= 7[(¢n(as(a)))n] = ®(as(a)).

We thus have a monomorphism of C*-dynamical systems ® : (A,T",a) — (M, T, 5).
Therefore, A Xy o' < M %, gI'. Since § is an inner action, by Example 9.11 of [36]

we know that M x5 ' =2 M @i C5(I'), whence

A XN a I'— M Smin C:(F)

Since C{(I") is QD, I' is amenable, and so C§(I') is nuclear. It follows from
Proposition 3.3.6 of [8] that M ®,, C5(I') is MF, which implies that A x,, I' is
MEF. ]

22



The following is Proposition 3.3 in [28] and justifies the comments made prior to

defining MF actions.

Proposition 2.1.6. Let (X,d) be a compact metric space and h : I' — Homeo(X)
a continuous action with induced action o on C(X). If h is residually finite, then o

1S quasidiagonal.

The question emerges of whether the converse to the previous result holds. The
authors of [28] showed that in the case of an action h : F, ~ X on a compact zero-
dimensional metric space, h is residually finite if and only if the induced action on
C(X) is quasidiagonal.

In the same vein we relate RFD actions on compact metric spaces with RFD

actions at the algebraic level.

Proposition 2.1.7. Let h : I' — Homeo(X) be a continuous action on a compact
metric space (X, d), and a : T' — Aut(C(X)) the induced action. Then h is RFD if
and only if a is RFD.

Proof. Consider first a RFD transformation group (X,T"). Let g € C(X) and € > 0
be given. By compactness there is a ¢ > 0 such that

rye X, dz,y) <d=l|g(z) —gly)| <e.

We then obtain a finite set £, an action ' ~ F and amap ¢ : E — X with ((F) Cs X
and ((s.z) = s.((z) for every z € E and s € I'. Dualize by defining 7 : C(X) — C(FE)
as w(f) = fo( for f € C(X) and ~,(k)(2) := k(s7'.2) for k € C(FE), s € T and

z € E. The equivariance is straightforward, indeed for f € C'(X), s €T, z € E we

23



have

m(es(f))(2) = as(N)(C(2)) = f(s7¢(2)) = F(C(s712)) = s(f 0 O)(2) = 7s(7(f))(2)

which implies m(as(f)) = 7s(7w(f)) for every f € C(X) and s € T.
For the approximate isometry condition, fix z in X, and pick up a z, € E with

d(x,((z;)) < 0. Then observe

l9(2)] <lg(x) = 9(C(z))] + 19(C(2))| <&+ sup g0 C(2)| = e+ m(9)]-

Taking a supremum over all z € X gives ||g|| < e+ ||7(g9)|l-
Conversely, suppose that a is an RFD action. We then have a sequence of finite

dimensional representations , : C(X) — My and actions 7, : I' »~ M, such that

() flmn (NI NS for each f e C(X)
(ii) m,(as(f)) = Yns(ma(f)) for every s € I', f € C'(X) and n > 1.

Fix an n > 1 and note that 7, (C(X)) is a finite dimensional commutative algebra,
therefore isomorphic to C'(E,,) for some finite set FE,. Also note that m,(C(X)) is
invariant under the action ~, by condition (i7), so by restricting, we may suppose I'
acts on C(FE,) via v,. We therefore have maps ¢, : E, — X with 7,(f) = f o, for
each f € C(X), and actions I' ~ E,, implemented by the homomorphisms ~,. We

verify the promised equivariance. Indeed, for f € C(X), z € E,, and s € I" we have

F(5716a(2)) = as()(Ga(2) = malas())(2) = s (malf))(2) = malf)(s7"2)
= f(Ga(s7".2)).

Recall that C'(X) separates points of X so that s71.(,(z) = (,(s71.2) for all s € T’

24



and z € F/, and equivariance follows.

Consider now an arbitrary € > 0. We claim that for some n large we have
X C. ¢u(E,). Suppose not. Then for every n there is an x,, € X with d((,(2),z,) > ¢
for every z € E,,. Passing to a subsequence we may assume that (x,), converges to

some xg € X. Note that for some N large we have that for every n > N and z € E,

e < d(Cu(2), Tn) < d(Ca(2), 20) + d(0, 70) < d(Ca(2), o) + /2,

thus d((.(2), xo) > £/2 holds for every such n and z € E,,. Now choose a continuous
f X — [0,1] with f(zo) = 1 and supp(f) C B(xo,e/3). Thus [|f|| = 1, but
m(f) = f o, = 0 since (.(E,) C supp(f)¢. This contradicts condition (), so the

claim holds and the proof is complete. O

We now want to look at some examples of MF actions. The first class of C*-

systems seems tailored to admit finite-dimensional approximating dynamics.

Example 2.1.8. For a fixed discrete group I, let (A4,,T,a™),>; be a sequence
of C*-dynamical systems with each A, finite dimensional. By standard inductive
limit techniques one constructs the C*-system (A,I',a) where A := @),-, 4, and

a = @p>10™ acts via

as(am DR ank) = agnl)(am) - agNk)(ank) sel.

Given a finite subset {2 C A, one can find a large enough m and approximate each
member of Q by elements from the subalgebra B, := Q. ; A,. The identity map
on By, lifts to a u.c.pmap ¢ : A — B,,, and I acts on B, as 5™ =aV®---@al™.

The conditions for a QD action are now easily verified.
More instances of QD actions will surface as we uncover their theory, but we can
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immediately provide a wide class of examples. Recall that for a unital C*-algebra A,

Inn(A) = {Ad, : u € U(A)} < Aut(A)

denotes the normal subgroup of inner automorphisms, while Inn(A) < Aut(A) is the
normal subgroup of all approximately inner automorphisms. Given € > 0, a finite set
F C Aand a € Inn(A), there is an inner automorphism Ad,, with || Ad,(z)—a(2)| <

¢ for every x € F.

Proposition 2.1.9. Let A be a unital AF algebra with Inn(A) = Aut(A). Then any
action a: . — Aut(A) of a free group on A is quasidiagonal. In particular, if A is
AF with Ko(A) totally ordered and Archimedean, or if A is UHF, then any action of

F, on A is quasidiagonal.

Proof. Let 0 < e < 1 and let 2 C A be a finite set. Also, denote the generators of
F, by s1,...,8.. Set K = maxueq ||al| +1 and put 6 = min{e/(3 + 2K),e/4K,c/2}.
Since A is AF and unital, locate a unital finite-dimensional subalgebra 14, € B C A
and a finite subset ' C B with |la — b|| < ¢ for a in  and b in .

Since every automorphism on A is approximately inner, there are unitaries uy, . . . , u,

in U(A) such that

lubus — o, (0| <6 Wbe, Vie{l,. .. r} (2.5)

By standard perturbation results, we can find a unital finite-dimensional algebra
14 € D C A along with unitaries vq,...,v, in D such that B C D and ||u; —v;|| < ¢
for every j. We then have automorphisms of D for each j = 1,...,r, namely Ad,, :
D — D given by Ad,,(r) = vjzvj for x € D. By the universal property of the

free group, the map {si,...,s,} — Aut(D) where s; — Ad,, extends to a group
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homomorphism

v :F. — Aut(D) Ys; = Ady,  Vje{l,...,r}.

Appealing to Arveson’s extension theorem, let ¢ : A — D be the u.c.p extension
of idp : D — D. We work out the necessary estimates. First, since each a € 2 is

0-close to a b € ', we have

lp(es; (@) = s, (p(@)]| < [lelas,(a)) = plas; (0))]]
+ llo(as; (9)) = s, (O + [, (0 (0)) = 755 (0 (@)
< fla = bl + flp(ers; (8)) = s, (@) + [la = b]]

< 26 + [lp(ers, () = s, (0(B)) I

Next, we use the fact that v, (0(b)) = 7s;(b) = v;bv; = p(v;bv}) since p|p = idp

and the elements b and v;bv} all belong to D. This together with (1) gives

le(as; (0)) = s, (D) < [le(as; (0)) — uzbug) || + llo(usbui) — @(v;bvf)]]
< fla; (b) = ubuj]| + [[ubuj — v;bvy|

<0+ [Jujbu; — v;bus]|.

The unitaries u; and v; are d-close so we get

Hujbu;f — vjbv;H < Hujbu;f — ujbv;H + Hujbv;f — vjbv;fH
= [Juyb(u; — v)[| + [[(u; — v;)bvj|]

< [Ibllllwf = vjll + llu; = wyll[lo]] < 2K
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All of the above estimates yield ||p(as,(a)) —7s,((a))]| < (2K + 3)6 < € for every
generator s; and every a € 2. This gives the desired approximate equivariance. We
still have yet to show that ¢ is approximately isometric and approximately multi-
plicative on 2. To that end, let z,y € Q and let 2/, 3/ € ' be their d-approximations.
Note that since 6 < 1, [|z]] < K —1 and ||z —2'|| < 4, it easily follows that ||2’|| < K.

A simple triangle inequality gives
lzy = 2"yl < Ny — 2"yl + [|2"y — Y| < [lo = 2|yl + l="l[ly — ¥/I| < 20K.

Similarly ||p(z)e(y) — (2" )e(y)]| < 20K, since ¢ is contractive. Recalling that ¢

restricted to D is the identity, our above estimates yield

lo(zy) — e(@)pW)] < lle(ry) — @@yl + le(@'y") — e(@) @) + o)) — elz)e(y)l]

< lzy — 2'Y[| + 0+ |lo(z)p(y) — (@ )p(y)|| < 40K <.

This gives the approximate multiplicativity. Finally, ¢ is easily seen to be approxi-

mately isometric:

@)l = ll2ll] < [le@) = eI + He@) = 2l < lle(@) = e@)] + [l = ]|

<oz =2+ lle -2l <2z —2'| <26 <,

which confirms that « is indeed quasidiagonal.

If Ais a unital AF algebra such that Ky(A) is totally ordered and Archimedean
then Inn(A) = Aut(A), which is indeed the case for UHF algebras (see Corollary
IV.5.8 in [16]). O

The next example of a QD action is a generalization of Voiculescu’s notion of an
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action of Z admitting pseudo-orbits described in [49]. For an algebra A, write F(A)
for the collection all of finite-dimensional subalgebras of A. Also, if B,C are C*-
subalgebras of A and € > 0, we shall write B C. C if supyep,yp) d(b, Ball(C)) < ¢,
and d(B, C) is defined by

d(B,C)=inf{e >0: B C. C and C C. B}.

Definition 2.1.10. Let (A,I', a) be a C*dynamical system. The action « is said to
have the pseudo-orbit property if for every e > 0, F' C I finite subset and D € F(A),

there is a finite quotient 7 : I' — A along with a map ( : A — F(A) such that
1. D C By :=((t), for every t € A,
2. d(as(By), Br(syt) < € for every t € A and s € F'.

Before stating the proposition, we remind the reader of a perturbation result due

to E. Christensen (see [14]) which reads as follows.

Lemma 2.1.11. For every § > 0, there is a 6; > 0 such that whenever B and C
are C*-subalgebras of a unital C*-algebra A with B finite dimensional and C' Cs, B,

then there is a unitary u € A with |ju — 1|| < 0 and Ad,(B) C C.

Proposition 2.1.12. Let A be an AF-algebra, r € N and o : F,, — Aut(A) an action

with the pseudo-orbit property. Then « is quasidiagonal.

Proof. Let e > 0, Q C A a finite subset and F' = {e = s¢, $1, ..., 8, }, where sq,..., s,
are the standard generators for F,. Let C' := max,ecq ||z||+1 and let § be so small that
20 <¢e,4C0 < eand 2§(2+C) < e. Since A is an AF algebra, we may choose a finite
dimensional subalgebra D C A with a4(2) Cs D for every s € F. Let 6; = 61(5) > 0

be a perturbation constant as in Christensen’s result above. By our hypothesis,
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there is a finite quotient 7 : F,, — A and a map ( : A — F(A) with D C B; and
d(os(B), Br(sy) < 61 for each t € A and s € F. Thus for each pair (s,t) € F x A,
find unitaries us; € U(A) with |lus; — 1|| < 0 and Ad,,,, (os(B;)) C Br(sy-

Now set B = @, B; and for each s € F' consider the automorphism of B given
by

0s((be)ren) = (usprs(be)us ;)ren-

We thus have an action o : F, — Aut(B). Let ¢ : A — B be the u.c.p. extension of
the inclusion D < B given by a — (a);ep. Fixing an s € F and x,y € €2, we know
that there are elements a,b, ¢ € D with |la—zx|| < 0, [[c—y| < ¢ and ||d—as(z)|| < 6.
Note that ||as(a) — d|| < |las(a) — as(z)]] + ||as(z) — d|| < 25. We may now verify

the approximate equivariance:

o)) — plan@)]| < llox(ple)) = Tal@)] + louea)) — e + llo(d) — plas(x))]
< 25+ [|ou(p(a)) — @(d)]| = 20 + || (napers (@)u een — (drea]
< 26 + max s vs(a)u, — d
< 25+ max {[usacts(a)u, — an(0)] + las(a) — ]}

<20 +2||alld + 206 <2624 C) <e.

As for approximate multiplicativity, a simple estimate gives ||zy — ab|| < 2C9 as

well as ||p(a)e(b) — p(z)p(y)|| < . Also note that ¢ is multiplicative on D, so

lp(zy) — e(@)e)l < [le(zy) — @(ab)|| + |le(a)p(b) — o(x)p(y)]|

< [|lzy — abl| + [le(a)e(b) — e(x)e(y)|| <4Co <e.
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Finally, since ||p(a)|| = ||a||, we have

@)l =llzll] < [le@)l=lle@]+[llal=llzl] < le@@) (@)l +]la—z] <25 <e,

which concludes the proof. O

As mentioned above, we pay attention to residually finite actions, and quasidiag-
onal actions in the non-commutative case, for such actions will determine the struc-
ture of the resulting reduced crossed product algebras. To employ Theorem 2.1.5,
we need a quasidiagonal C*-system (A,I') where C5(I') is MF. A remarkable re-
sult of Haagerup and Thorbjgrnsen in [23] states that the reduced group C*-algebra
C5(F,) is MF. However, by Rosenberg’s result, C5(F,) is not quasidiagonal when
r > 2. Therefore a reduced crossed product where the acting group is a non-abelian
free group can never be quasidiagonal. A wonderful result connecting the Brown-
Douglas-Fillmore theory of extensions [13] to quasidiagonal C*-algebras and MF

algebras reads as follows. A proof of this result can be found in [11].

Theorem 2.1.13. Let B be a unital separable MF algebra which fails to be quasidi-

agonal. Then Ext(B) is not a group.

We have the following corollaries.

Corollary 2.1.14. Let A be a unital AF algebra satisfying Inn(A) = Aut(A), then
Axy o F, is an MF algebra. In particular, if A is AF with Ko(A) totally ordered and
Archimedean, or if A is UHF, then A oI, is always MF. For such algebras A and

r > 2 we have that Ext(A x4 F,) is not a group.

Corollary 2.1.15. Let A be an AF-algebra, r € N and o : F, — Aut(A) an action
with the pseudo-orbit property. Then A X, F, is an MF algebra. If r > 2 then

Ext(A xyq F,) is not a group.
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For actions on nuclear algebras, we aim to show that QD and MF actions coincide.
Before embarking on the details, a bit of notation is in order. Given a (separable)
MF algebra B, by an MF approximating sequence for B we mean a sequence of -
linear, unital maps (¢, : B — My, ),>1 which are asymptotically multiplicative and
asymptotically isometric. If the 1, are completely positive, then B is a quasidiagonal

algebra and the sequence (¢,),>1 Will be referred to as a QD approximating sequence.

Lemma 2.1.16. Let A be a unital, separable, nuclear MF algebra. Suppose (¢, :
A — My, )pn>1 is an MF approzimating sequence for A. Then there exists a QD

approzimating sequence (v, : A — My )n>1 for A satisfying
(@) = ¥n(a)]| — 0 Va € A.

Proof. It 7 : 02, My, — % denotes the canonical quotient mapping, the MF

approximating sequence (¢, ),>1 provides an embedding

M
U:A— —H’;fl i ,
@n:l Mk?n

namely V(a) := 7((¢,(a))n>1). Now nuclearity of A ensures a u.c.p. lifting

@:A—}ﬁMkn

n=1

with 7o® = W. Set for each n, ¢, := m,0® : A — M, , where 7, : [[~_ M, — M,
is the natural projection mapping. The maps ¢,, are clearly u.c.p, and note that for

each a in A,

m((Yn(a))n) = ¥(a) = mo &(a) = m((¢n(a))n),
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which means that (pn(a) — ¥n(a))n1 € @, My, for each a, that is
(@) = Pu(a)]| — 0 Vae A

From this, the approximating properties of the sequence (¢,),>1 follow from those

of (¥n)n>1. Indeed, for each a,b € A

ln(ab) — n(a)pn(B)]| < ll@n(ab) = pn(ab)|| + [[¢n(ab) — pn(a)n ()]
+ ¢ (@)bn(b) — @n(a)en (D)

with each term tending to zero as n — oo. Note that one needs a standard £/3

argument to show that the last term tends to zero. Also

llea(@)ll = llall| < llen(a) = du(a)ll + [I¢n(@)] = llall| == 0

for every a € A. m

Proposition 2.1.17. Let (A, T, «) be a C*-dynamical system with A nuclear and

separable. Then a is a quasidiagonal action if and only if it is an MF action.

Proof. That QD implies MF is obvious. Assume that « is MF. We then have an
MF approximating sequence (¢, : A — My, ),>1 as well as a sequence of actions

||7n,8(¢n(a)> - ¢n(as(a))|| =0 Va € A,Vs €T

Use the above Lemma 2.1.16 to generate a QD approximating sequence (¢, :

A — My, )n>1 with [|@,(a) — ¥, (a)|| — 0 for every a € A. For a fixed a € A and
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s € I', a simple estimate now gives

17,5 (n (@) = n(@s(@)] < [l7m.s(@n(a)) = Vs (@n(@)| + lrm.s(¥n(a)) = Pnes(a))ll
+ 19n(as(a)) = ¢nlas(a))]]

which tends to zero as n — 00 since ||V, s(0n(a)) — Yns(Vn(a))]| < |lon(a) — Yy (a)||

which goes to zero. The action is thus QD. O]
We mention one more example taken from [21] which stems from [39].

Example 2.1.18. Consider an action of the integers o : Z — Aut(A) which admits
an almost periodic condition: there is a natural sequence (ny)g>1 for which (o, )i —
id4 in Aut(A) as k — oo. Call such an action (AP). Pimsner and Voiculescu showed
(see [39]) that if A is separable, unital, and quasidiagonal and Z ~ A satisfies (AP),
then A %, Z is also quasidiagonal. Hadwin and Shen proved an analogous result in
the context of MF algebras. In Theorem 4.2 of [21], they prove that if A is MF,
unital and finitely generated Z ~ A satisfies condition (AP), then A x, Z is again
MF. From their work and applying Proposition 2.1.4, we conclude that (AP) actions
of the integers on unital QD algebras are QD, and (AP) actions of the integers on
unital finitely generated MF algebras are MF. We mention that this notion of an
almost periodic action was generalized to actions of amenable countable residually
finite discrete groups by Orfanos [34] where he extended Pimsner and Voiculescu’s

result.

The results obtained thus far have a concise formulation when the underlying

algebra is nuclear.

Theorem 2.1.19. Let A be a unital separable nuclear C*-algebra, ' a countable

discrete group and o : I' — Aut(A) an action. The following hold.
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1. Axyo T is MF if and only if C5(I') is MF and o is MF.
2. Axng I is QD if and only if C5(T) is QD and o is QD.
3. Ao ' is RED if and only if C(T') is RFD and « is RED.

When A = C(X) is abelian, o is RFD if and only if the induced action I' ~ X is
RED. Moreover, if ' = F,. and X is a zero-dimensional metrizable space, then « is

QD if and only if the induced action I' ~ X s residually finite.

Proof. (1): This follows from Theorem 2.1.5, Proposition 2.1.17 and Proposition 2.1.4.
Recall that being MF passes to subalgebras.

(2): If o is QD and C3(T") is QD then I' is amenable by Rosenberg’s result and
A Xy o I' is MF by Theorem 2.1.5. Since A is nuclear and I' is amenable, then
A %) 4 I is nuclear. Now recall that nuclear and MF implies QD. The converse is
again Proposition 2.1.4.

(3): This is Theorem 2.1.5.

A residually finite action I' ~ X by any discrete group on any compact metric
space always induces a quasidiagonal action on C'(X) as shown in Proposition 2.1.6.
Moreover, it is shown in [28] that if the reduced crossed product C'(X) x, o F, is MF,
the induced action F, ~ X is residually finite, provided that X is a zero-dimensional

compact space. ]

2.2 K-Theoretical Dynamics

In this section our aim is to model classical and noncommutative C*-dynamics
K-theoretically. In the presence of sufficiently many projections, the properties of
residually finite, RFD, and MF actions admit simple K-theoretic characterizations
that will aid us to prove structure theorems for the resulting reduced crossed prod-

ucts. Proposition 2.2.6 below shows how RFD systems (A,I') admit I-invariant,
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integer-valued states on Ky(A). Quasidiagonal actions are likewise described via lo-
cal, [-invariant faithful states. For an action of a free group on an AF algebra this
characterization leads to the coboundary condition H, N Ky(A)" = {0} from which

the main result Theorem 2.2.14 ensues.
2.2.1 Commutative Case

We first restrict our attention to transformation groups h : I' ~ X where X
is zero-dimensional. As usual we shall denote by « the corresponding action on
A = C(X) and by & the induced action on Ky(A). Introducing some further notation

for this result, if A is any C*-algebra, write

2(A) ={[plo:p € P(A)}

for the scale of A, and given subsets F' C I'; and S C Ky(A) write

Sp={a(x): ze€8, te FU{e} }

for the subset of K((A) containing S and all F-iterates of S.

Proposition 2.2.1. Let X be a zero-dimensional compact metrizable space, and I’
a discrete group. Suppose h : I' ~ X is a continuous action with induced action

a:I'— Aut(C(X)). Then the following statements are equivalent:
1. T'~ X is residually finite.

2. Given finite subsets S C Ko(C(X))" and F C T there exist d in N, an action
o : ' — OAut(Z?) of ordered abelian groups, and a morphism of ordered abelian

groups B : Ko(A) — Z% such that
(a) Bodu(g) =0,006(g) for each g € S andt € F,
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(b) B(g) #0 for every 0 # g € S.

3. Given finite subsets S C Ko(C(X))" and F C T there exist d in N, a subgroup
H < Ko(C(X)), along with an action o : T — OAut(Z?) by ordered abelian
group automorphisms, and a positive group homomorphism 3 : H — 7Z¢ such

that

(a) [1] € H, Sp C H, and B([1]) = (1,1,...,1),
(b) Body(g) =0,0pB(g) for each g € S andt € F,

(c) B(g) #0 for every 0 # g € S.

Proof. (1) = (2): First consider S = {[p;] : p; € P(A),j =1,...n} C 2(C(X)),
a finite subset of the scale of C(X), and F' C I' a finite subset. Let 0 < ¢ < 1.
Since h is residually finite, by the proof of Proposition 2.1.6 in [28] there is a unital
*-homomorphism ¢ : A — C? for some d € N, and an action vy : I' — Aut(C?) such

that for each j € {1,...,n} and t € F

le@p)Il > lp;ll — e,

le(n(p;) = 1))l <e.

Applying the K, functor yields a positive group homomorphism 8 = Ky(p) :
Ko(A) — Ko(C?) = 74, with B([14]) = [p(14)] = [lea] = (1,...,1). As in the
above discussion we also have an induced action Ky(7y) : I' — OAut(Ky(C?)). Write
o = Ko(y)(t) = Ko(v). After composing by a suitable isomorphism of ordered

abelian groups, we may assume [3 takes values in Z¢, and o, € OAut(Z?). We may
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now verify equivariance: for ¢t € F' and every j we have

B o da([ps]) = ¢ o cullps]) = [ o au(p;)]

= [ o)l = 4t 0 4(lps]) = o¢ o B([ps])-

Suppose S([p;j]) = 0 for some j. Then by definition of 3, [p(p;)] = 0 in Ky(C?),
which gives ¢(p;) ~o 0 and so ¢(p;) = 0. However, we read above that [|¢(p,)| >
|p;|| — €, which is absurd when p; # 0.

Since C'(X) is AF, the positive cone K(C'(X))* is generated by its scale. There-
fore, if S' = {[q:]}i2, C Ko(C(X))™, for each i there are elements of the scale {[p;]} <,
and positive integers k;; with [¢;] = 37", kij[py]. Set ' = {[py] :i=1,...,m, j=

1,...,n;} and find d, 8, and o as above. Clearly  remains equivariant on S. Since

[ is faithful on S, it remains faithful on S.

(2) = (3): This is obvious; simply take H = Ky(C(X)).

(3) = (1): Fix a finite set F' C I" and let ¢ > 0. By compactness and the zero-
dimensionality of X, we can choose a clopen partition X = | [7_, ¥; with diam(Y;) <
/2. Set p; = 1y, and note that these are orthogonal projections with Z? pj = 1x.

Consider now

B=C*({as(pj): s€eF,j=1,...,n}) and S={[p],...,[p]} C Ko(C(X))".

Apply (3) and obtain suitable d, H, 3, and 0. If ¢+ : B < C(X) denotes inclusion,
i =Ko(): Ko(B) = Ko(C(X)) is a positive group homomorphism. By hypothesis,

the subgroup H < Ky(C(X)) contains all the classes of iterates {[as(p;)] @ s €
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FuU{e},j=1,...,n} and [14]. This guarantees H will contain the image of 7, and

so we can therefore compose and define the positive group homomorphism

7= Boi:KyB)— 7%

After composing with a suitable isomorphism of ordered abelian groups, we may

assume

riKo(B) = Ko(CY), o :T — OAut(Ko(C),

and these satisfy 7([14]) = [lca], and o4([14]) = [lca] for each ¢ in I'. By Lemma
1.3.4 of [44] there is a unital *-morphism ¢ : B — C? with Ky(¢) = 7, and an action
v : T — Aut(C?) with Ko(vy;) = ;. We then extend ¢ to all of C'(X). The conditions

then read as follows: foreacht € FFand j=1,...,n

[o(au(pi))] = ¢lenlp))]) = T(lulps)]) = B o il[au(ps)])
= Bodu([ps]) = ov o B(lps]) = ov o B o i([ps])

=00 7([ps]) = Y 0 @([ps]) = [1(o(py))]-

This equality holds true in K,(C?%) where there is cancellation, whence ¢(ay(p;)) ~o
Y (¢(pj)), and commutativity then yields the equality p(aw(p;)) = 7:(¢(p;)). More-

over, if ¢(p;) = 0, it follows that

B(lpil) = 8o illps]) = 7(lpi]) = ¢(lps]) = [e(pj)] = 0,

which entails, by the condition on f3, that [p;] = 0 and thus p; = 0. Thus ||¢(p;)|| =1
whenever p; is a non-zero projection.

Let ¢ : {1,...,d} — X be the map for which ¢(f) = f o (. Moreover, there is
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an action I' ~ {1,...,d} such that v (g)(2) = g(t'.2) for every z € {1,...,d} and
t € I'. The above equivariance of ¢ implies that for each j = 1,...,n, t € F and

zed{l,...,d}

pi(C(t ™ 2)) = o(p;)(t".2) = %(e(p))(z) = p(au(p;))(2)

= a(p;)(€(2)) = pi(t1.¢(2)).

This shows that for such ¢ and z, d(t7*.((z), {(t7'.2)) < ¢, for otherwise t~'.{(z) and
¢(t7'.z) would be separated by some p; and the above equality would fail. Next, the

faithfulness of ¢ means that for each fixed j

e [p;(C(2))] = lle(p)l = 1.

This proves that X C. (({1,...,d}), for if z € X, = belongs to some Y}, and the
above equality applied to pj, ensures that there is a 2y with ((zy) € Y}, which gives

d(¢(z0),x) < e. The action is thus residually finite, completing the proof.

2.2.2 Perturbation Lemmas

Modeling non-commutative C*-dynamics at the K-theoretical level will involve
some perturbation results. Recall that two projections determine the same class
in K, provided that they are sufficiently close. This allows us some much needed
flexibility when applying the K, functor. The next few results are sufficient for our
purposes. The first perturbation lemma is quite standard, and may be found in

Davidson’s book [16], Lemma II1.3.2. We therefore state it without proof.
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Lemma 2.2.2. Given ¢ >0 and n € N, there exists a § = d(e,n) with the following
property: Given a unital C*-algebra A and C*-subalgebras C, D C A with dim(C') = n
and system of matrixz units € for C satisfying €& Cs D, there is a unitary u € A with

|11 —u| < e such that uCu* C D.

The next result is crucial to the main theorem of this paper, and so we offer a

full detailed proof.

Lemma 2.2.3. Let B = M,, & ---® M, be a finite dimensional C*-algebra with
dim(B) = d and system of canonical matriz units & = {e; ;}. Then for every e >0,
there is a § = d(e,d) > 0 with the following property:

Given a u.c.p. map ¢ : B — My, which is approximately multiplicative on & within

0, there is a unital x-homomorphism o : B — M, with

lo(x) — p(z)]| < e||lz| for everyx € B.

Proof. Let B and € > 0 be given, we will later choose an appropriate  depending
only on € and on d =dim(B). By Stinespring’s dilation theorem, the u.c.p. map
@ : B — My is the compression of a unital *-homomorphism. More precisely, there
is an isometry V : f5 — ¢, and a unital *-homomorphism 7 : B — M such that
o(z) = V*r(x)V for every x € B. Let P = VV* denote the Stinespring projection
in M.

Claim 1. ||[P,7(e)]|| < V¢ for every e € &, provided ¢ is approximately multiplica-
tive on € within 0.

Using the identity Pa — aP = Pa(l — P) — (1 — P)aP for a € M, we get

|Pa — aP|| = max{||Paa*P — PaPa*P||*'?, || Pa*aP — Pa*PaP|"*}
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If e € €, s0 is €*, so setting a = 7(e), we get

|Pr(e)m(e)* P — Pr(e)Pr(e)*P| = [|[VV*r(ee”)VV* = VV*1(e)VV*r(e")VV|
= [[Viplee)V™ = Vi(e)p(e)V7|
= [[V(p(ee”) — p(e)p(e))V7

< [lp(ee”) — wle)p(en)] <.

Similarly, ||Pm(e)*n(e)P — Pr(e)*Pr(e)P|| < 9, and together with the above esti-

mate we get | Pr(e) — w(e)P|| < V6 as claimed.

Claim 2. Let C = 7(B) C My, then dim(C) < d and ||[P,u]|| < V/éd for every

u € Ball(C), in particular for every unitary u € U(C').

If uw € Ball(C), we can lift u to an x € Ball(B) with 7(z) = u. Write

T = Zag,j)eg;), |a§y| < 1.

17]77”

Straightforward estimates yield

|Pu—uP|| = |Pr(z) — n(z)P|| = | Y al)(Pr(el)) — m(el"))P)]|

J 1,]
i7j7,’1

<N faDlIPr(el)) = m(el)Pl| < dVs

27]7T

where we've used Claim 1 and the fact that ]agj})| < 1. This proves Claim 2.

Now C C M is a finite dimensional subalgebra, so we have a conditional expec-
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tation E : M; — C" N M given by

E(a) = / uau*du.
w(e)

where du is the normalized Haar measure on U(C). Using the estimate from Claim

HIE(P)—PH:H/ uPu*du—/ Pdu :‘/ (wPu* — P)du
u(e) u(c) ue)

< / |uPu* — P|du = / |uP — Pulldu < dV/3.
uce) ue)

2 we have

Now let 0 < n = n(e) < 1, to be determined later. We know from standard
perturbation results that there is a 6 > 0 with the following property: if A is any
unital C*-algebra, B C A is a unital subalgebra and p € P(A) a projection with
lp— b|| < &, then there is a projection ¢ € P(B) with |[p — ¢|| < 1. Making sure
that dv/d < &, there is a projection ¢ € P(C’ N M) with |P — q|| < 7. We may then

find a unitary v in M; with v*Pu = ¢ and ||1 — u|| < v27. Now we define

o:B=M;,  ob) = Vur(b)u'V.

We claim that o is a unital *-homomorphism. Indeed, (1) = V*ur(1)u*V =

V*uu*V =V*V =1, and for @ and b in B,

o(a)o(b) = V'ur(a)u"VV ur(b)u™V = V*ur(a)u* Pur(b)u*V
= V*ur(a)qr(b)u*V = V*ur(a)r(b)qu*V = V*ur(ab)qu*V

= V*ur(ab)u* PV = V*ur(ab)u*"VV*V = V*ur(ab)u*V = o(ab).
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We now compute the desired perturbation

lo(z) = (@) = [[Viur(z)u™V = Vi (z)V]| = [V (ur(z)u” — 7(z))V]

< |lum (z)u* — w(2)]| < 2]lu = 1|7 ()] < 2v2n]2]].

Now simply choose 7 so small that 2v/2n < «.

The next lemma is a straightforward application of spectral theory.

Lemma 2.2.4. Let A be an AF algebra, F C Ay, a finite subset, and € > 0 be given.
Then there is a finite dimensional subalgebra B C A such that for every a € F there

are orthogonal projections pi,...,p, in B and scalars Ay, ..., \, with

la = Al < e.
j=1

Proof. Fixing a self-adjoint matrix C' in M, find a k& x k unitary U with C' = UDU*

where D = diag(ty,...tx) = Zle tjei;, the t; being real scalars. Then
k k k
C= UthemU* = thUemU* = thf:)j,
j=1 j=1 j=1

where the projections P; := Ue; ;U* remain orthogonal.
Now given a self-adjoint C' = (C4,...,C5) in My, @ --- @ M, by above, write

each C; as

where for each fixed ¢ € {1, ..., s} the family of projections P;; € M, are orthogonal.

We regard the P;; as members of the larger algebra My, @ --- @& M, and as such,
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they are all orthogonal therein. Then,

s ki

C = Z ti; Pij,

i=1 j=1

N

and so every self-adjoint element in a finite dimensional algebra can be written as a
linear combination of orthogonal projections.

Given that A is AF, locate a finite dimensional algebra B C A, and elements
b; € Bfori=1,...,nwith ||a;, — b;|| < e. Set h; = (b; +0b})/2. Clearly ||a; — h;| < e.
From our work above, each h; is the linear combination of orthogonal projections in
B, say h; = Z}]:1 tijpij, where p;; L p; for j # [ which is what was needed. O

2.2.8  Noncommutative Case

We now wish to explore the K-theoretic expressions that describe RFD, QD and

MF C*-systems which in turn shed light on the structure of reduced crossed product.

We begin with the more restrictive case; RFD actions.

Definition 2.2.5. Let A be a unital stably finite algebra. An action a : I' — Aut(A)
is said to be Ko-RFD if the following holds: Given any non-zero g € Ko(A)™, there

is a positive group homomorphism p : Ko(A) — Z with
L p([14]) > 0, and p(g) > 0.
2. p(as(z)) = p(x) for every x € Ko(A).

Proposition 2.2.6. Let A be a unital stably finite algebra and o : T' — Aut(A) an

action. Consider the following properties:
1. Axyo T is RFD.

2. The action o is RFD.
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3. The action o is Ko-RFD.

Then (1) < (2) = (3). Moreover, if Ais AF and ' =F,, then (3) = (2), whence

all three properties are equivalent.

Proof. (1) < (2) was shown in Theorem 2.1.5.

(2) = (3): Let a be an RFD action and let g = [p| be a non-zero element in
Ky(A), in which case p # 0. By amplifying the action we may assume that p is a
non-zero projection in A. Setting ¢ = 1/2, there is a *-homomorphism 7 : A — M,

and an inner action v ~ My such that

(i) (@)l = llgll —1/2 =1/2,
(ii) m(as(a)) = ys(m(a)) for every s € I and a € A.

Applying the K, functor we get a positive group homomorphism 7 : Ky(A) —
Ko(My) with 7([14]) = [1m,]. The action 7 induces the trivial action at the Ky-level
so that condition (ii) implies 7(ds([q])) = 7([q]) for every ¢ € P (A). Recall that
Ko(A) = Ko(A)" — Ko(A)™, so that 7t(as(z)) = 7(x) for every x € Ky(A). Now let

pu=pom: Ky(A) = 7Z

where (3 : (Ko(A), Ko(A)",[14]) — (Z,Z7,d) is an isomorphism of ordered abelian
groups. Clearly p is a positive group homomorphism that satisfies the required
equivariance condition as well as p([1]) = d > 0 and u(g) > 0. Also, by stable

finiteness

w(g) = 0= B([r(q)]) = 0= [r(¢)] =0 =7(q) =0,

a contradiction.
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We establish the implication (3) = (2) in the case where A is an AF algebra and
' = F, is a free group. Suppose now that «a satisfies the Ko-RFD condition. Let
e >0and b =b* € A. Since A has real rank zero, there are orthogonal non-zero

projections pq,...,p, in A and scalars tq,...,t, such that
n
b= " tipill < /2.
j=1

We may as well assume that || > "7, ¢;p;[| = maxi<j<, [t;] = [t1]. Set g = [p1] and
apply the Ky-RFD condition. We obtain a positive group homomorphism p and set
1([14]) = d. By composing with an ordered group isomorphism we may suppose
that u takes values in Ky(My) and u([1]) = [1m,]. By Lemma 1.3.4 of [44] there is
a unital *-homomorphism 7 : A — My such that @ = pu. Fix a generator s; € T,
where 1 < j < r. The two *-homomorphisms 7 and 7 o «,; from A to Ml agree at
the K-theoretic level by condition (ii) of K¢-RFD. Utilizing once more Lemma 1.3.4

of [44] there is a sequence of unitaries (uy),>1 in U(My) with

Ad,, o m(a) =3 1o as,(a) Va e A
By the compactness of U(d), we may assume ||u, —u;|| — 0 for some unitary u; € M.
Thus 7 o ay,(a) = Ady, o 7(a) for every a in A. By the universal property of the
free group we may now define an inner action vy : IF, ~ My by 7,, = Ad,,. Thus
vs(m(a)) = m(as(a)) holds for every s € F, and a € A.
By condition (i) of Ko-RFD 7(p;) is a non-zero projection in My. Write ¢ =

> i1 tipj, so |lc|l = [Im(e)|| = [t1|. Then note that

1Bl < (16 = el + llell < e/2 + [Im(c)l| < &/2 + |lw(c) = m(B)]| + [[7(O)]] <&+ (= ()],
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so that « is an RFD action.

]

Recall that for a stably finite unital C*-algebra A, a state on (K(A), Ko(A)T,[1])
is a group homomorphism 3 : Ky(A4) — R with 8(Ky(A)*) € RT and B([1]) = 1.
Given an action I' ~ A, a state § is I'-invariant if f(as(z)) = p(z) for every
x € Ko(A) and s € I'. Therefore, in a sense, an RFD system (A,[', «) is one that
admits an integer-valued invariant state on K-theory that is locally faithful. A word
of caution is in order. The fact that the invariant state emerging from an RFD action
is integer valued is much more restrictive. We may consider minimal Cantor systems
(X,Z) for example. These always admit an invariant tracial state on C'(X), but the
induced invariant state on Ky(C(X)) can never be integer valued by virtue of the
previous proposition and the fact that C'(X) x Z is simple.

We proceed to look at QD actions K-theoretically. As in the commutative case
we focus our attention on AF algebras, in which case the notions of QD and MF

actions coincide by Proposition 2.1.17.

Definition 2.2.7. Let (A, ', ) be a C*-dynamical system with A unital. We say
that « is Ko-QD if the induced action & : I' — OAut(Ky(A)) satisfies the following
condition:

Given finite subsets S C Ky(A)" and F C T there is a subgroup H < Ky(A),

along with a group homomorphism g : H — Z satisfying
1. [1A] € H and S C H,
2. B([14]) > 0 and B(g) > 0 for each 0 # g € S,

3. B(as(g)) = P(g) forall g € S and s € F.
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One may thus paraphrase condition Ky-QD by saying that the action admits

faithful I'-invariant states in a local sense.

Proposition 2.2.8. Let A be a unital AF algebra, I a discrete group and o : I' —
Aut(A) an MF-action. Then the induced action « is Ko-QD.

Proof. Approximately finite dimensional algebras are nuclear, so by Proposition 2.1.17
we may assume that a : I' — Aut(A) is a quasidiagonal action. Fix a finite
subset F' = {e = s1,...,5,} C I'. We shall first consider a finite subset S =
{lp1],---,[pn]} € E(A) of the scale of A. Since A is AF we can locate a unital fi-
nite dimensional subalgebra B C A with {as,(p;)}i; Ci/a B. By perturbing, there
are projections ¢;; € B with |lag,(p;) — ¢l < 1/4, whence [og,(p;)] = 4] in
Ko(A). Consider the natural inclusion ¢ : B < A which induces a positive group

homomorphism

i: Ko(B) — Ko(A), where i([q]) = [(q)] = [q]-

Set K = ker(i) < Ky(B). Since Ky(B) is a finitely generated abelian group, so is K,
say K = (t1,...,t;) = Zt; + - - - + Zt;. By the continuity of the functor Ky, there is
a finite dimensional subalgebra D of A containing B with the following property: if
j : B < D denotes inclusion, j(t;) = 0 in Ko(D) fori=1,...,1.

Let € > 0 (to be determined later), and choose § = §(¢,dim(D)) < € according
to the above perturbation Lemma 2.2.2. Also, set G' = {e],;} U {g;;} where {e]} is
a system of matrix units for D. Since « is quasidiagonal, there are a positive integer

d, a u.c.p. map ¢ : A — My, and an action v : I' — Aut(My) such that for every
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a,be Gand s € F

l(ab) — @la)p(d)|| <9,

le(a)]l > llall =9,

l(as(a)) = vs(pla))] < 0.

Utilizing the perturbation Lemma 2.2.3, there is a unital *-homomorphism 7 :

D — My such that

|7(a) —pla)]| < e for every a € Ball(D).

With the positive group homomorphism 7 : Ko(D) — Ko(M,) at hand, we define
the subgroup H = i(Ky(B)) < K(A) and the map

p:H— Ko(Mg) =Z B(i(g)) = 7(4(9))-

Claim 1. jis a well defined group homomorphism satisfying condition (2) of Ky-QD.
Given g¢,¢" € Ko(B), with i(g) = i(¢"), we have 0 = i(g) — i(¢") = i(g9 — ¢'), so

that ¢ — ¢’ € K. By construction, j(g — ¢') = 0, so j(g) = j(¢') and thus

showing that 3 is well defined. Clearly ( is additive on H, and observe that

B([1a)) = BG([La]) = 7(j([1a]) = [r(1)] = [Lug,] = d.
Now let 0 # g = [pj] = [q1;] be in S, which implies by cancellation that ¢;; is a
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non-zero projection. Then B(g) = 7(j([q1;])) = [7(qu;)] which is clearly positive in

Ko(My). Finally, if [1(¢1;)] = 0, then by cancellation, 7(g;) = 0. However,

(i)l = llas 1T < [llm(@ap)ll = el Il + [lleCan)ll = llaulll <& +d < 2e,

and since ||¢1;|| = 1, by choosing ¢ < 1/3, m(gy;) must be a non-zero projection as

well, an absurdity. The claim is thus proved.

We now verify the promised equivariance with the induced action o := Ky(y) :

I' = OAut(Ko(My)). If g = [p;] € S and s; € F, note that

Gs,(9) = s, ([ps]) = s (p)] = lai] = [1(qi5)] = il[g5])

belongs to i(Ky(B)) = H, so we may apply ( to this element and obtain

~

Alas(9)) = 70 (lgi5]) = [m(gi5)].

On the other hand, first applying 3 followed by the action o gives

Os; © 5(9) = fAysi o 6([17]) = :)/37,' © ﬁ([qu]) = ﬁ/si © 5(Z[qld]>

= s, 070 j([q14]) = s (w(q1))].

Claim 2. For each 14, j, [7(q;;)] = [vs,(7(q1,;))] in Ko(Mg), which will give us the

desired equivariance.
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Note that

17, (m(q1,5)) = 7 (@) < s (7 (ar5)) = s (Pqu5))l
+ s (elas)) = las (gl + llvlas(a,)) = mlas(g,))l

<e+d+e<3e.

Choosing € < 1/6 we guarantee that [vs,(7(q1;))] = [7(as,(q1,;))]- Now s; = e so we

have

v, (q15) — Gigll < |l (quy) — s, 0 as, ()| + [, © as, (p) — il

< lgug — s )l + s (py) — @iyl < 1/4+1/4 = 1/2.

Therefore |[m(a,(q15)) — 7(ai,)l| < 1/2 and so [r(as,(q1,))] = [(gs)] in Ko(My)

and our claim holds.

For a positive integer d, any order automorphism o of (Z,Z7",d) must be trivial.
Indeed, since o is a positive isomorphism o(1) > 0, and since d = o(d) = d - o(1),
we must have o(1) = 1. Therefore, any action o : I' — OAut(Z,Z",d) of ordered

abelian groups must be trivial, and the above equivariance now reads:

B(&sz(g» = 6(9) Vg - S, VSZ' cF.

Next, we must consider an arbitrary finite subset of the positive cone Ky(A)*
and not restrict ourselves to its scale ¥(A). This is not problematic, for as A is
AF, its scale X(A) generates the positive cone Ky(A)T. So, given a finite set S =

{lp1], -, [pm]} C Ko(A)T, where p; € Po(A), write each [p;] = S t;ilg;i) where
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the t;;, are positive integers and the g;; are non-zero projections in A. Set S' =
{lgjil; g =1,....m, i=1,...,1;} C3(A), and by our above work, obtain a suitable
H, and  satisfying the required conditions for the given finite set F' C I'. Using
the fact that &, is additive for each ¢t € F', and f is faithful on non-zero elements
of S’ the properties (1), (2), and (3) of Ky-QD will hold. Since the ¢;; are positive

integers, and /([g;:]) > 0, observe that for every j
0=8(p) => t;Bllan)) = Blgu)) =0,Vi = [gs]=0Vi = [pj]

so that 3 is indeed faithful on non-zero elements of S, completing the proof. ]

When a free group is acting on a unital AF-algebra, Ky-QD actions coincide with

QD actions.

Theorem 2.2.9. Let A be a unital AF-algebra and o : F, — Aut(A) an action,

where r € {1,2,...,00}. Then « is quasidiagonal if and only if o is Ko-QD.

Proof. Having shown the ‘only if’ above, we embark on the proof of sufficiency.
Denote the generators of F, by s1,...,s, and set ep, = so. We abbreviate ay, = «;
for  =0,...,r, and to ease notation write Ky(a;) = &; to denote the induced order
automorphism at the Ky-level. Let § > 0, to be determined later, and let us first
consider the case where we are given a finite set of non-zero projections pi,...,p,
belonging to a finite dimensional subalgebra B C A. Find ¢ = §'(d,dim(B)) as in
Lemma 2.2.2. The algebras B; = «a;(B) are finite dimensional and admit systems
of matrix units &; for each i. Since A is AF, there is a finite dimensional D C A
containing B with &; Cy D for every ¢. Lemma 2.2.2 then provides us with unitaries

u; in A satisfying ||u; — 1|| < § and u; Byu; C D.

Choose F' = {s1,...,s.}and S C Ko(A)T as S = {[p1],..., [pnl, €1, -5 €k, f1,-- -5 i},
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where the e; generate Ky(B) and the f; generate Ky(D). More precisely, e; = [eﬁ)]
and f; = | 1({)] where {eSQ} and { fs(i;)} are appropriate systems of matrix units for
B and D respectively. Since « is Ko-QD, we obtain the subgroup H < Ky(A)
and the group morphism ( : H — 7 satisfying all the desired properties. Suppose

B([14]) = d > 0. By composing with an isomorphism of ordered abelian groups
(Z’ Z+v d) = (KO(Md)v KO(Md)+7 []‘Md])7

we may assume [ takes values in Ko(My) and S([14]) = [lm,]. Denote by ¢ the
inclusion ¢ : D < A, and note that for any generator f; of K(D) we have i(f;) =

f; € S C H whence the map
5 o Z : KO<D) — KO(Md>

is a well defined group homomorphism. Since Ko(D) = Z*f; +---+ Z* f;, and
takes positive values on S, o i is certainly a positive map. Also, 8 o i([l4]) =
B([1a]) = [1m,], so there is a unital x-homomorphism ¢ : D — M, with ¢ = o .

Appealing to the invariance of 5, we obtain

p(e;) = Boiley) = Boi([e)) = B([eW)
= Boa([el]) = Bllai(ef)]) = Bllwai(e?)ut]) = B o i[uas(ef))uy])

= o([wai(ef))u}]) = [p 0 Ady, 0 aiel))] = Ko(p 0 Ad,, 0 ay)(ey).

Therefore the homomorphisms ¢|p and ¢ o Ad,, oa;|p agree at the Ky level, as

morphisms from K(B) to Ko(My), and by the finite-dimensionality of B we know
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that there are unitaries v; in My with

Ady, oplp = p o Ady, oq;|p.

By the universal property of the free group, we may define an action vy : F,, —Aut(M})

by v; := 7, := Ad,,, which gives us

vi o @l = poAd,, o a4p.

By Arveson’s extension theorem, we may extend ¢ to a unital completely positive
map ¢ : A — M. For each p; and each s; a simple estimate using the fact that

11— u;|| <0 gives

|17i 0 2(p;) — woai(p;)|l = llw o Ady, o a;s(pj) — ¢ o ai(py)||

< [[Ady; 0 ai(p;) = ai(py)|| = [Jwsci(p;)u; — ai(p;)l| < 20.

Now ¢ is multiplicative on D and hence on the p; and is clearly injective on {py, ..., p,}.

Indeed, by the condition on § and cancellation,

a contradiction.
We now can proceed to the general case. To verify quasidiagonality of the action,
it suffices to consider a finite set of self-adjoint elements ay, . . ., a,, € A with [jq;|| <1,

the finite set of standard generators {si,...,s,} of F, and an arbitrary ¢ > 0. By
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Lemma 2.2.4, we find a finite-dimensional subalgebra B C A such that for each a;

<n 0#pjePB), pupjr=0,1#k

Lj
a; — E tipji
=1

where 77 = n(e) > 0 will be determined later. Set b; = Zlejl tyipji. Note that fixing

J, the projections p;; are orthogonal, whence
max || = [|b]| < b — a;]| + llas]| < n+1.

Apply all our above work to the set of projections {pj;};, C B in order to obtain

p,d,~y, as above for an arbitrary 6 > 0. We estimate

13 0 p(az) — ¢ o cilay)l

< lyioplaz) — i o w(by)| + ||vi o p(b;) — @ o ai(by)| + [lo 0 ai(b;) — @ o ailay)||

< 2[|a; — bl +

;Zjltﬂ(% o @(pji) — ¢ o ai(pji)) H

L;
<20+ Y [talll(i o e(pir) — ¢ 0 ai(py)) |
=1

L;
<2+ (1+41)20 =20+ Li(1 +n)26 < 2+ L(1 + )20
=1

where L = max; L;. To verify approximate multiplicativity, observe

|aia;—bib;|| < [|asa;—ab;||+||ab;—bib;|| < [las||[|a;—b;|+la;—bs][|bs]| < n+n(1+n).

A similar estimate yields ||¢(a;)e(a;) — @(b;)e(b;)]| < n+ n(l +n). Note that ¢,

being multiplicative on all the projections pj;, will also be multiplicative on the b;,
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therefore

l(aiaz)=p(ai)p(ag)ll < lle(aiaz)=ebibs)l|+llela:) ela;)—e(b:) e ()] < 2(n+n(1+n)).

Now since ¢ is faithful on the pj;;, ¢ will be isometric on the b;. Indeed, using

the fact that p(p;i)e(pjk) = ¢(pipx) = 0 for k # [, we have

L;
> (o)

=1

(85Il = = max [t;] = [|b;]].

Finally we estimate

lletap)ll = llaslll < Tlleap)ll = e @161 = llaslll < llelaz)=e )l +lla;=bs] < 2n.

We need only choose the right n and 6. Given € > 0, choose 1 so that n < /4, and
2(n+n(1+n)) < e. Then simply choose § < ¢/(4L(1+n)). By our above estimates
this choice will ensure the approximate equivariance ||vy; o ¢(a;) — ¢ o a;(a;)|| < e,
the approximate multiplicativity ||¢(a;a;) — ¢(a;)¢(a;)|| < e, and the approximate

isometricity |||¢(a;)|| — ||a;]|| < €, so that F, ~ A is quasidiagonal. O
Combining the last few results with Theorem 2.1.5 we obtain:

Corollary 2.2.10. Let o : F,, — Aut(A) be an action on a unital AF algebra. The

following are equivalent:

1. o 1s MF.
2. ais QD.
3. « satisfies Ko-QD.

4. The reduced crossed product A Xy o F, is an MF algebra.
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Proof. (1) < (2) < (4) is Theorem 2.1.19.
(2) < (3): This is Theorem 2.2.9.
[l

We seek yet another equivalent K-theoretic condition, this time in the spirit of a
coboundary subgroup analogous to N. Brown’s main result in [10]. Now we insist that
our discrete group be a free group I' = F,. = (sq,...,s,) of finitely many generators,
which acts on a unital AF algebra A. Denote this action by a and o; = «5,. By
the Pimsner-Voiculescu six term exact sequence (consult [6] p.78) and the fact that

K;,(A) = {0} for an AF algebra, the sequence
P Ko(A) = Ko(A) — Ko(A x50 F,) — 0
j=1

is exact, where ¢ : A — A %, o F, is the canonical inclusion, and

T

(g1, -5 9:) = > (g5 — 4;(g5)).

j=1

Write H, = im(0) < Ky(A), so that Ko(A)/H, = Ko(AX),F,). First, a preliminary

result about the subgroup H,.

Lemma 2.2.11. In the above context, the subgroup H, < Ko(A) is generated by the

set

{9 —du(g) : g€ Ko(A),w € F,}.

Proof. One direction being clear from the definition, we claim that every element of

the form g — &,,(g) will belong to H,. To that end, write the alphabet for F, as

-1 -1
A={e,81,...,8,8 ...,

rer
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First note that for every letter a € A, and for all ¢ € Ko(A), g — da(g9) € H,.
For a = e it’s clear. Suppose a = s;, for some 1 < i < r, then g — as,(g9) =
0(0,...,0,9,0,...,0) € H,, where g is in the ith spot. Next, say a = s; ' for some

1 <i<r, then

= _(f - d&(f)) S HUa

I

)
»
—

(o}
»

L
—~
Q
SN—
SN—

|

[N
»

L
—~
K
SN—

I
|
—~

[N
»

L
—~
Q
=

|

(o)
»
S

(o}
»

L
—~
)
SN—
SN—
SN—

where f = a,1(g). Now let w € F, be a (reduced) word in symbols from A. We
have shown that if |w| = 1 the claim holds, so proceed by strong induction on |w|.
If |w| = [, write w = aw’ where a € A\ {e} so |w'| <. For g € Ko(A):

~

g—du(g) =9— daw/(Q) =g — Guw(g) + dw/(g) — Qg 0 G (9)

~ ~

=g — Qu(g) + duw(9) — Ga(Gu(9)) = g — Quw(g) + f — du(f) € Hy

by the inductive hypothesis, where f = d,s(g). This completes the proof. O

We shall make use of the following key lemma which is due to Spielberg. Con-
sult [48] for a clear argument. Note that this result relies on the theorem of Effros,

Handelman and Shen [17] on dimension groups.

Lemma 2.2.12 (Spielberg). If K is a dimension group and H is a subgroup of
K with HN Kt = {0}, then there is a dimension group G and a positive group

homomorphism 6 : K — G such that
1. H C ker(6),

2. ker() N K+ = {0}.
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Proposition 2.2.13. Let o : F,, — Aut(A) be an action of a free group on a unital

AF algebra. Then the following are equivalent:
1. «a 1s Ko-QD.
2. H, N Ko(A)T = {0}.

Proof. (1) = (2): Suppose = »"_,(g; — &;(g;)) > 0 in Ko(A)™. For each j write
g; = x; —y; with z;,y; € Ko(A)*. By setting S = {x1,..., 2, 91,...,y,, ¢} and
F = {s1,...,8} as our finite sets, we obtain a suitable H and  : H — Z with the

desired conditions in the definition of Ky-QD. Observe then that

T

0<(a) = 5 los -y (0)) = D800 - Ba(as)) = S(6(0)~ Bla) =

j=1

a contradiction. Therefore, z = 0, and (2) holds.

(2) = (1): Since H, N Ky(A)T = {0} using Lemma 2.2.12 we get a dimension
group (G,GT) and positive group homomorphism 0 : Ky(A) — G satisfying H, C
ker(f) and ker(f) N Ko(A)* = {0}. Given finite subsets F C F, and S C Ky(A)™,

consider the finitely generated subgroup H of Ky(A) given by
H = (a4(z) :x € SU{[1]},s € FU{e}).

This H will be the desired subgroup for verifying that a is Ky-QD, and so what is
needed is the correct 5 : H — Z. Restricting 6 to H we note that the subgroup
0(H) < G is also generated by the finitely many positive elements 6(dy(z)) for
x € SU{[l]} and t € F U {e}. To ease notation, label these as ky,...,k, € G™.

Since G is a dimension group, write (G, (5;)) for the limit of an inductive sequence
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of ordered abelian groups (Gj, Gf )

where the h; are positive group homomorphisms, the §; : G; — G are the connecting
positive group homomorphisms and each (G;, G;") is order isomorphic to (Z”:, 7%,)
for some positive integers p;. There is an m large enough so that k1, ..., k, € 5, (G}).
Set k; = B (y;) for some y; € Gf-. The group G,, is abelian and finitely generated,
and so is its subgroup K = ker(3,,), say K = (g1,...,9;). Now choose k large
enough so that £ > m and such that hy,,(g;) = 0 for all j = 1,...,l. Identify
(Gk, GY) = (27, 7E,)) for some p € N and define ¢ : G\, — Z by

Clearly, v is a positive group homomorphism which is faithful on the positive cone
G We now may define ¢ : 8,,(G,) — Z by ¢(Bn(9)) := ¢ (him(g)). Observe that,

by our choice of k,

Bm(g) = 5771(9/) < g — g/ €e K= hkz,m(g - g/) =0< hk,m(g) = hk,m(gl)

& Y(hrm(9)) = Y(hrm(9)) & ¢(Bm(g)) = ¢(Bm(d));

verifying that ¢ is well defined. It is routine to check that ¢ is additive on 3,,(G.,).

Naturally, we now compose and define

Bi=c¢olly: H— 7.

Since the t; lie in 5,,(Gy,), we have 0(H) = (t1,...,t,) < Bn(Gy,) and thus g is a
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well defined group homomorphism. Let € S. Then from our notation 6(x) = t; for

some 7. So

Blx) = ¢(0(x)) = ¢(ti) = ¢(Bm(yi)) = ¥ (ham(yi)) = 0,

since ¥ and hy,,, are positive maps and y; € G;\.. To see that g is faithful on S, we

use the fact that 1 is faithful on G}: if z € S then

B(x) = 0= (hem(yi) = 0= ham(yi) = 0= Br(hrm(yi)) = 0= Bu(y:) =0

=>t=0=0(z)=0=zcker(f) N Ko(A)" =2 =0.

Finally, we verify the invariance of . For z € S and s € F, Lemma 2.2.11
ensures that x — d&,(z) belongs to H,, which in turn lives inside ker(f), so that

0(z — as(z)) = 0. Therefore,

Bla — as(x)) = ¢ o 0z — a5(2)) = 0 = f(z) = B(as(x)),

completing the proof.
m

While MF algebras are always stably finite, the authors of [8] remarked that there
are no known examples of stably finite C*-algebras which are not MF. With the right
Ky condition at our disposal we can give an answer to this inquiry for a special class
of crossed product algebras. Here is the crucial result, reminiscent of N. Brown’s

main result in [10].

Theorem 2.2.14. Let A be a unital AF algebra and o : F, — Aut(A) an action of

the free group on r generators. Then the following are equivalent:
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1. o 1s MF.

2. « 15 quasidiagonal.

co

a is Kog-QD.
4. Hy N Ko(A)t = {0}.
5. The reduced crossed product A Xy o F, is MF.

6. The reduced crossed product A x o F, is stably finite.

Proof. For such an action, the equivalences (1) & (2) & (3) & (4) < (5) are
contained in Theorem 2.1.19, Propositions 2.2.8 and 2.2.13. Now every MF algebra is
stably finite, so it suffices to show (6) = (4). To that end, suppose z € H,NKy(A)*.
Then x = [p] where p € P, (A). From the Pimsner-Voiculescu exact sequence,
ker(i) = H,, s0 0 = i(x) = i([p]) = [t(p)] in Ko(A Xro F,). However, the stable
finiteness of A x o F, ensures «(p) = 0, which implies that p = 0 since ¢ is inclusion.
Thus z = 0 and (3) holds.

O

Example 2.2.15. If A is an AF-algebra and (A, F,, a), (A,F,, 3) are C*-dynamical
systems which agree on K-theory, that is & = ,@ , then Theorem 2.2.14 ensures that
« is MF if and only if g is MF. In particular, recall that actions a and § are said
to be ezterior equivalent provided there is a map u : I' — U(A) which satisfies the
cocycle condition ug = usas(uy) and By = Adg oy for each s,t € T'. In this case «

and (3 clearly agree on K-theory and the above discussion applies.
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3. C*-FINITENESS AND PARADOXICAL DECOMPOSITIONS

This chapter explores the deep theme common to groups, dynamical systems and
operator algebras; that of finiteness, infiniteness, and proper infiniteness, the lat-
ter expressed in terms of paradoxical decompositions. The remarkable alternative
theorem of Tarski establishes, for discrete groups, the dichotomy between amenabil-
ity and paradoxical decomposability. This carries over into the realm of operator
algebras. Indeed, if a discrete group I' acts on itself by left-translation, the Roe
algebra C'(BT") x, I is properly infinite if and only if T' is I'-paradoxical and this
happens if and only if I" is non-amenable [45]. This is mirrored in the von Neumann
algebra setting as well; all projections in a II; factor are finite and the ordering of
Murray-von-Neumann subequivalence is determined by a unique faithful normal tra-
cial state. Alternatively type III factors admit no traces since all non-zero projections
therein are properly infinite. As for unital, simple, separable and nuclear algebras,
the C*-enthusiast of old hoped that the trace/traceless divide determined a similar
dichotomy between stable finiteness and pure infiniteness (the C*-algebraic analog
of type III). This hope was laid to rest with Rgrdam’s example of a unital, simple,
separable, nuclear C*-algebra containing both an infinite and a non-zero finite pro-
jection [43]. The conjecture for such a dichotomy remains open for those algebras
whose projections are total. Theorem 3.0.18 below is a result in this direction.

Despite the failure of the above dichotomy, the classification program of Elliott
in its original K-theoretic formulation has witnessed much success for stably finite
algebras [44], [19], as well as in the purely infinite case with the spectacular complete
classification results of Kirchberg and Phillips [37], [29] modulo the UCT. One

motivation for studying purely infinite algebras stems from the fact that Kirchberg
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algebras (unital, simple, separable, nuclear, and purely infinite) are classified by
their K- or K K-theory. The C*-literature has produced examples of purely infinite
C*-algebras arising from dynamical systems [4], [31], [32], [45]. In many cases the
underlying algebra is abelian with spectrum the Cantor set. For example, Archbold,
Spielberg, and Kumjian (independently) proved that there is an action of Zs * Z3 on
the Cantor set so that the corresponding crossed product C*-algebra is isomorphic to
O [47]. Laca and Spielberg [32] construct purely infinite and simple crossed products
that emerge from strong boundary actions. Jolissaint and Robertson [26] generalized
the idea of strong boundary action to noncommutative systems with the concept of
an n-filling action. They showed that A x, I' is simple and purely infinite provided
that the action is properly outer and n-filling and every corner pAp of A is infinite
dimensional. When the algebra A has a well behaved Ky(A) group we will in fact
give a K-theoretic proof of their result (see Proposition 3.2.20).

The transition from classical topological dynamics to noncommutative C*-dynamics
presents several challenges and subtleties. One way to approach these issues is to
interpret dynamical conditions K-theoretically via the induced actions on Ky(A) and
on the Cuntz semigroup W (A) and use tools from the classification literature as well
as developed techniques of Cuntz comparison to uncover pertinent algebraic infor-
mation. Such an approach is seen in Brown’s work [10] as well as that of the author
in the previous chapter (see [41]. We continue this philosophy here. For instance,
the classical version of topological transitivity has a natural extension to noncom-
mutative systems (Definition 3.1.9), and, as in the commutative case, is tied to the
primitivity of the algebra (see Theorem 3.1.12). The idea of a group acting paradox-
ically on a set and the construction of the type semigroup goes back to the work of
Tarski (the reader is encouraged to read Wagon’s book [53] for a good treatment).

Rgrdam and Sierakowski [45] looked at the type semigroup S(X,I") built from an
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action of a discrete group on the Cantor set and tied pure infiniteness of the resulting
reduced crossed product to the absence of traces on this semigroup. In effect, they
prove that if a countable, discrete, and exact group I' acts continuously and freely
on the Cantor set X, and the preordered semigroup S(X,T") is almost unperforated,
then the following are equivalent: (i) The reduced crossed product C(X) ) I' is
purely infinite, (ii) C'(X) %, I' is traceless, (iii) S(X,I") is purely infinite (that is
20 < x for every x € S(X,T)), and (iv) S(X,I") is traceless. Inspired by their work,
we construct a type semigroup S(A, ', a) for noncommutative systems (A, I', o) and
establish a generalized result. This is Theorem 3.2.21 below which, in particular,

implies the following.

Theorem 3.0.16. Let A be a unital, separable, and exact C*-algebra with stable
rank one and real rank zero. Let o : I' — Aut(A) be a minimal and properly outer

action with S(A, T, «) almost unperforated. Then the following are equivalent:
1. The semigroup S(A, T, ) is purely infinite.
2. The C*-algebra A x, T is purely infinite.
3. The C*-algebra A x, I' is traceless.

4. The semigroup S(A, T, ) admits no non-trivial state.

As a suitable quotient of Ky(A)™, this type semigroup S(A, T, «) is purely infinite
if and only if every positive element of Ky(A)™ is paradoxical under the induced action
with covering multiplicity at least two. Taking covering multiplicities into account,
Kerr and Nowak [28] consider completely non-paradoxical actions of a discrete group
on the Cantor set. We do the same for noncommutative systems using ordered
K-theory, and inevitably resort to Tarski’s deep result (Theorem 3.2.11) to prove

Theorem 3.2.13; of which the following is a special case.
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Theorem 3.0.17. Let A be a unital, separable and exact C*-algebra with stable rank
one and real rank zero . Let o : T' — Aut(A) be a minimal action. Then the following

are equivalent:
1. A x, T admits a faithful tracial state.
2. A x) T is stably finite.
3. « 18 completely non-paradoxical.

Moreover, if A is AF and T is a free group, then (1) through (3) are all equivalent to
A %, T being MF in the sense of Blackadar and Kirchberg [8].

Combining these two results we obtain the desired dichotomy, albeit for a certain

class of crossed products.

Theorem 3.0.18. Let A be a unital, separable, and exact C*-algebra with stable
rank one and real rank zero. Let a : ' — Aut(A) be a minimal and properly outer
action with S(A, ', &) almost unperforated. Then the reduced crossed product A x,T'

s simple and is either stably finite or purely infinite.

3.1 Minimality and Topological Transitivity

In this section we develop K-theoretic descriptions of minimality and topological
transitivity for C*-systems, primarily in the noncommutative setting. These formu-
lations will be useful when describing the structure of the resulting reduced crossed
product algebra.

For a general C*-dynamical system « : I' — Aut(A), we say that « is minimal
(or equivalently we call A T-simple) if A admits no non-trivial invariant ideals, that
is, there does not exist an ideal (0) # I & A with a,(I) = I for every s € I'. Note

that ideals in the category of C*-algebras will always be assumed to be closed, and
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the term algebraic ideal will be reserved for ideals in the algebraic sense, that is, not
necessarily closed. If A has a unit, it is routine to check that A admits a non-trivial
invariant (closed) ideal if and only if A contains a non-trivial invariant algebraic ideal.
Since every ideal in M,,(A) is of the form M, (I) for an ideal I C A, it follows easily
that if A is I'-simple, then M,,(A) is I'-simple as well, where the action I' ~ M,,(A)
is given by amplification s — ol € Aut(M,(A)).

The notion of a minimal action a : I' ~ A is tied to the simplicity of the
corresponding reduced crossed product A x, , I'. Recall that a C*-algebra is simple
if it contains no non-trivial (closed) ideals. Indeed, given a action o : I' ~ A, with
a non-trivial I-invariant ideal I C A, one readily sees that I x,, I' is a non-trivial
ideal in A xy, I, since (I xyo I')NA =1%# A= (Ax,,I')N A Therefore, a
necessary condition for the reduced crossed product to be simple is minimality of the
action. However, the absence of invariant ideals does not always ensure simplicity of
the crossed product algebra. In some cases, however, minimality is enough to ensure
a simple reduced crossed product. We record here some of the these examples.

A discrete group I is said to be exact provided that its reduced group C*-algebra
C5(T") is exact, or equivalently, if it admits an amenable action on some compact
space. FExact groups include all amenable groups and all free groups F, for r €
{1,2,...,00}. An action I' ~ X is said to be free if for each € X, the isotropy
group {s € I' : s.x = x} is trivial. It is shown in [46] that if I' ~ X is a free action of
an exact group on a locally compact Hausdorff space, the reduced crossed product
Co(X) x, I is simple if and only if the action is minimal.

A group I' is called a Powers group if the following holds: For every finite set
F C T and integer n € N there is a partition I' = E'U D and elements tq,...,t, € [’

such that
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1. sDNrD = ( for every s,r € F with s # r,
2. t;ENt,E =0 for every j,k € {1,...,n} with j # k.

It was shown in [25] that Powers’ groups are non-amenable and have infinite conju-
gacy classes. Also, Powers showed that non-abelian free groups are Powers groups.
In [24] P. de la Harpe and G. Skandalis showed that an action a: I' — Aut(A) of a
Powers’ group on a unital algebra A is minimal if and only if A %, I" is simple.

Recently, the authors of [9] have shown that a minimal C*-system (A, I, o) yields
a simple crossed product A x, I' provided that the group I' is C*-simple, that is,
C5(T) is simple. Examples of such groups can be found in [5].

For general C*-systems (A,I',«), an extra condition is needed over and above
minimality to ensure a simple reduced crossed product. Recall that an automorphism
a in Aut(A) is said to be properly outer if and only if for every invariant ideal
I C A and inner automorphism (5 in Inn(/) we have ||a|; — S| = 2. An action
a: ' — Aut(A) is said to be properly outer if for every e # t € I, oy is properly

outer. The following result is Theorem 7.2 in [35].

Theorem 3.1.1. Let (A, I',a) be a C*-dynamical system with I discrete and A

separable. If o is minimal and properly outer, then A x4 I' is simple.

3.1.1 K-theoretic Minimality

In the classical setting, a continuous action I' ~ X of a discrete group on a
compact Hausdorff space is said to be minimal if the action admits no non-trivial
closed invariant sets, that is, there is no closed subset () # Y ; X with s.Y =Y
for every s € I'. A well known example of a minimal action is that of an irrational
rotation Z ~ T, given by n.z = w"z, where w = exp(2mif) for an irrational §. This,

of course, agrees with the notion of a minimal action above. The equivalence of (1),
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(2), and (4) in the following proposition is well known and standard in dynamics,

whereas statement (3) is tailored here to serve as motivation for our work below.

Proposition 3.1.2. Let I' ~ X be a continuous action on a compact Hausdorff

space, and let a : T' ~ C(X) denote the induced action. The following are equivalent:
1. The action is minimal.
2. For every x in X, the orbit Orb(x) = {s.x | s € '} is dense in X.

3. For any non-empty open set E C X, there are elements ty,...,t, in I' such

that

s x
j=1

4. The I'-algebra C(X) is I'-simple under the associated action.

Proof. (1) = (2): Fix x € X, and set Y = Orb(z). For s € I, note that s. Orb(z) =

Orb(z), so taking closures we get

s.Y = 5.0rb(z) = s. Orb(z) = Orb(z) =Y.

Since the action is minimal and () # Y, we have that Orb(z) =Y = X.

(2) = (3): Let @ # E C X be open. For each finite subset F' = {t1,...,¢,} C T,
put Ep = Ué?:ltj.E . Denoting by F the collection of all finite sets of I', we claim that
UresEr = X. Given the claim, compactness allows for a finite subcover U}-IZIEFJ. =
X, and thus Ep = X where F' = U/_, F; which proves (2) = (3).

To prove the claim, assume there is an © € X\ Upes Er. By hypothesis, Orb(x)
is dense in X, and since UpcsEr is open, there is a z € UpesEr N Orb(z). We can
then write z = s.x € Er for some finite set F' and some s € I', so that z = s.x € t.F

for a certain ¢, yielding x € (s71t).E, a contradiction.
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(3) = (4): This direction is even easier. Suppose there is a non-trivial closed
invariant set Y. Then () # X\Y =: F By assumption there are group elements
ti,...,tn with (Jj_, ;. = X. Thus for a point y € Y, we have that y € t;.F for
some j whence tj_l.y belongs to ENY = () by invariance, which is absurd.

(4) < (1): Every ideal in C(X) is of the form Jy = {f € C(X)| f|y = 0} for
some closed set Y C X. Note that Jy is a non-trivial and invariant if and only if YV

is non-trivial and invariant. O

An important remark on statement (3) is in order. Jolissaint and Robertson
([26]) introduced the notion of an n-filling action for general C*-systems (A, T, «),
which in the commutative case is equivalent to a generalized global version of hy-
perbolicity [32]. More precisely, for a given integer n > 2, an action I' ~ X of
a discrete group on a compact Hausdorff space is n-filling if and only if for any
non-empty open subsets of X, F,..., F,, there are group elements t,...,t, with
t1.FyU---Ut,.E, = X. Thus, by Proposition 3.1.2, an n-filling action is minimal. We
shall see in Proposition 3.1.13 below that the n-filling property is equivalent to the
apparently weaker condition: given any non-empty open subset F, there are group
elements t,...,t, with t;.EFU---Ut,.FF = X. The subtle difference is that the given
integer n is fixed in the n-filling property whereas it is not necessarily bounded in
Proposition 3.1.2.

When the space X is zero-dimensional, other characterizations of minimality will
be useful, indeed, they will motivate a suitable notion of K-theoretic minimality in
the noncommutative case. Here we write C'(X;Z) for the dimension group of all
continuous integer-valued functions on X, and Cx for the collection of all clopen
subsets of a topological space X. The action on the underlying space induces a

natural action of order automorphisms 5 : I' = OAut(C(X; Z)), given by B(f)(z) =
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f(s7ha) for s €T and f € C(X;Z).

Proposition 3.1.3. LetI' ~ X be a continuous action on a compact, zero-dimensional

metrizable space. Then the following are equivalent:

1. The action is minimal.

2. For any non-empty clopen set E C X, there are elements ty,...,t, in I' such
that
n
UuE=X
j=1
3. For every non-zero positive function f € C(X;Z)", there are elementsty, ..., t,

I’ such that
> Bu(f) = 1x.
j=1

Proof. (1) < (2): Identical to the proof in Proposition 3.1.2, use the fact that since
our space is now zero-dimensional and therefore every open set (more precisely Y¢
in the proof above) contains a clopen set E.

(2) = (3): Let 0 # f € C(X;Z)". Such an f has the form f = 77" n;lg,
where the n; are non-negative integers, not all zero, and the F; are clopen sets. Pick
a non-empty £ := E with n; # 0, there is one by our assumption on f. Assuming
(2), find elements ty,...,t, such that U;L:1 t;. /. = X. Now since the 3, are order

preserving and 15 < f,

1Ix <Y Lyp=Y B,(1e) <> By,(f)
j=1 j=1 j=1

(3) = (2): Given a non-empty clopen set E, f := 1 is a non-negative, non-zero,

integer-valued continuous function. We then are granted group elements ¢1,...,t, in
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I such that 77| 5, (f) > 1x. Then

1x < Zﬁtj(f) = Zﬁtj(1E> - Z Li;.B,
j=1 j=1 Jj=1

which shows (J7_, ;. = X
[l

Recall that when X is the Cantor set, Ko(C'(X)) is order isomorphic to C'(X;7Z)
via the dimension map dim : Ko(C'(X)) — C(X;Z) given by dim([p]o)(x) = Tr(p(x)).
Here p represents a projection over the matrices of C'(X); M, (C(X)) = C(X;M,,),
and Tr denotes the standard (non-normalized) trace on M,. Now given a con-
tinuous action I' ~ X, let a : I' — Aut(C(X)) denote the associated action on
the algebra C(X), and write & : I' — OAut(Ko(C(X))) for the induced action
on the ordered group Ky(C(X)). Moreover, as above, we have a natural action
B: T — OAut(C(X;7Z)), given by B,(f)(x) = f(stx) for s € T and f € C(X;Z).
One may inquire about the possible equivariance of & and [ through the isomor-
phism dim. Indeed, these actions are the same; we show that for each s € T', the

following diagram is commutative.

Ko(C(X)) 2 Ko(C(X))

ldim ldim

cx;z) 2 cx;z)
To see this, consider any n € N, a projection p € P,(C(X)), an s € I' and any

r € X. We compute:
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Bs o dim([plo) (z) = dim([plo)(s.™'x) = Tr(p(s.”"x)) = Tr(a{” (p)(x)) = dim([a” (p)o)(«)

= dim od([plo)(x)

which shows that fs o dim([plo) = dim oé([po) as functions on X, and consequently

that s o dim = dim od, by uniqueness of the Grothendieck extension.

Condition (3) in the above Propostion and this discussion motivate a suitable
definition for minimal actions at the K-theoretic level in the noncommutative case,

at least for stably finite algebras where the K group is ordered.

Definition 3.1.4. Let I' be a discrete group, A a unital, stably finite C*-algebra,

and o : I' ~ A an action with induced action & on Ky(A).

1. We say that « is Ky-minimal provided that for every 0 # g € Ko(A)*, there

are ty,...,t, in I' such that 37 | & (g) > [1o.

2. Fix an integer n € N. We say that « is Ky-n-minimal provided that for every

0# g € Ko(A)T, there are t1,...,t, in I such that » 7, a+,(9) > [1]o.

3. Fix an integer n € N. We say that « is Ky-n-filling provided that for all non-

2€10 g1, . . -, gn € Ko(A)™, therearety, ..., t, in I'such that 37, dr;(g;) > [1]o.

There is a significant difference between Ky-minimal actions and Ky-n-minimal
actions. Of course every Ky-n-minimal action is Ky-minimal, but the converse is
far from true. We shall see that when Ky(A) has suitable properties Ky-n-minimal
actions along with proper outerness guarantee that the reduced crossed product is
simple and purely infinite, whereas Ky-minimal actions along with proper outerness

may generate simple stably finite crossed product algebras.
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Proposition 3.1.3 and the remarks proceeding it imply that a Cantor system
(X, TI') is minimal if and only if the algebra C'(X) is I'-simple if and only if « is K-
minimal, where o : I' ~ C(X) is, of course, the induced action. With some work, we
will show that for a stably finite algebra that admits sufficiently many projections,
Kop-minimality and I'-simplicity are equivalent notions. Due to the rigid structure
of Ky, it turns out to be easier to work with the Cuntz semigroup W(A). Also,
when dealing with Cuntz comparability we need not make any restrictions on the

underlying algebra. Here are the parallel definitions.

Definition 3.1.5. Let I be a discrete group, A a unital C*-algebra, and oo : ' ~ A

an action with induced action & on the Cuntz semigroup W (A).

1. We say that « is W-minimal provided that for every 0 # g € W(A), there are

ti,...,t, in I' such that Z?Zl au;(g) > (1).

2. Fix an integer n € N. We say that « is W-n-minimal provided that for every

0# g € W(A), there are ty,...,t, in " such that > 7 | &, (g) > (1).

3. Fix an integer n € N. We say that « is W-n-filling provided that for all non-

2€10 gy, ..., gn € W(A), there are ty,...,t, in I such that > 7 | &, (g;) > (1).

Using topological transitivity we show below (Proposition 3.1.13) that W-n-
minimal and W-n-filling actions coincide. But first, we justify our choice of nomen-

clature.

Proposition 3.1.6. Let (A, T',a) be a C*-dynamical system with induced action
a: I~ W(A) on the Cuntz semigroup of A. Then A is I'-simple if and only if o is

W -minimal.

Proof. Suppose the action is W-minimal and let (0) # I C A be a I-invariant ideal.

Take a nonzero z in I and find group elements ¢4, ... ,t, with Z?:l ay; ((r)) > (1).
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This means

n n

(0, () B+ @ ay, (1)) = Y ag,(2)) = Y b, ((2) > (1) = (1@ 0,1).

j=1 j=1

This implies that 1 & 0,,_; is Cuntz smaller than oy, () & - - - & oy, () and there is a
sequence (y)g>1 in M, (A) with yi(ay, (2) ® -+ ® oy, (x))yr = 1 ® 0,—;. Now each
ay; () belongs to I so that oy, (z) @ -+ @ ay, (v) belongs to M, (1), a (closed) ideal
in M, (A). Furthermore, each y;(ay, (x) ® - & oy, (x))yx € M, (1) so that 1 & 0,,_;
lives in M,,(I) (M,(I) is closed) which implies that 1 € I and I = A. The action is
thus I'-simple.

Conversely, assume « admits no non-trivial invariant ideals, and let g = (a) €
W (A), for some a € M, (A)". Since the algebraic ideal generated by {agn)(a) csel}
is all of M,,(A), there are lists of elements tq,...,t, € I', and x1, ..., Zm; Y1, -, Um

in M,,(A) such that

m " . 1
Z ﬂfj@gj )(a)yj = §1Mn(A)-
7=1

Now set z; := x; + y; and observe that

> zar(@z =D wal(a)y; + > yiar (@) + Y zier @)z + Y yial )y
j=1 j=1 j=1 j=1

Jj=1

> aa @y + (Y wer (@y;)” = Lag = 14 ® 0o,
=1 =1

the first inequality following from the fact that the last two sums on the first line are
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positive. A simple Cuntz comparison now gives

L~ a8 0,1 3 5oy (a)zf = (21, zm) (0 (@) & - & i (0)) (21, ..

m

Therefore, in the ordering on W (A),
(1) <o (@) @ daf” (@) = (a(a)) = du,((a))
: —

Jj=1

which gives the W-minimality of the action.

]

It is well known that if a C*algebra A is unital and stably finite, (Ko(A), Ko(A)™, [1]o)

is a ordered abelian group with order unit u = [1]y, and so the above definition of

Ky-minimality applies. With the added assumption of sufficiently many projections,

all the notions of minimality mentioned above will coincide as the next result shows.

Recall that a subgroup H of an abelian ordered group (G, GV) is said to be an order

ideal provided that its positive cone is spanning and hereditary, thatis, H = H*—H*

and 0 < g < h € H' implies ¢ € H, where by definition H" = H N G™". In the

context of an action § : I' = OAut(G), a subset H C G is called I'-invariant if for

every t € I, 5y(H) C H.

Theorem 3.1.7. Let A be a unital, stably finite C*-algebra with the property that

every ideal in A admits a non-trivial projection. Consider an action o : I' — Aut(A)

with induced action & : T — OAut(Ky(A)). The following are equivalent:
1. A is I'-simple.

2. « 18 W-minimal.
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3. «a 18 Ko-minimal.
4. There are no non-trivial I'-invariant order ideals H C Ky(A).

Proof. The equivalence of (1) and (2) was shown in Propostion 3.1.6.
(2) = (3): Let 0 # x € Ko(A)*, then z = [p|o for some non-zero p € P,,(A). By

hypothesis there are group elements t, ..., %, such that
(an (p) @ - @ ag, () = D _(ar,(p) = >, ((p) = (1)
j=1 J=1

By definition 1 3 r := a4, (p)®- - -®ay, (p) and so 1 ~ ¢ < r where ¢ is a subprojection
of rin M,,,(A). Since r—q L ¢, a small computation will give the desired inequality,

indeed:

o <[o+[r—qlo=lgo+[r—dqlo=1[r—aq+qo=1[ro=[an(p) ® & a,(p)o

- Zoltj([p]o) = Z Gy, ().

(3) = (1): Suppose (0) # I C A is a I-invariant ideal. By our assumption on A,

we can find a nonzero projection p € I. Now find group elements ¢4, ..., %, such that

n

[, (p) & -+ @ aw,, (p)]o = Z[% (p)]o = Z@tj([p]o) > [1o.

j=1

Apply the order embedding V' (A) < W (A) which gives (o, (p) @ - B oy, (p)) > (1)
so that

1®0, 1~ 1Za(p) @@ ay,(p)

Now follow the exact reasoning as Propostion 3.1.6 to deduce that 1 € I and [ = A.

(3) = (4): Suppose (0) # H C Ky(A) is a I-invariant order ideal. Since H™*
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is spanning, we can locate a non-zero x in H™ := H N Ky(A)"T. By (3) there are
t, ..oty € Dwith 350, Gy (z) > [1)o > 0. Each &y, (2) is in H so 37, Gy (z) € H,
and H being hereditary implies that [1] is in H. Now given any z € Ky(A)™, there
is an n € Z" such that 0 < z < n[l]y. Using again the fact that H is hereditary we
have z € H, thus Ko(A)* C H whence Ky(A) = H.

(4) = (3): Let 0 # z € Ko(A)™. Consider the set

L:= {y € Ko(A):IneZt 3y,...,t, €l suchthat 0<y< Zdtj(x)}.

Jj=1

Two facts are fairly clear about L C Ko(A)™: L+ L C L and L is hereditary, that
is, if z € Ky(A) and y € L with 0 < z <y then z € L. It is natural to then define
the subgroup H = L — L. We show that H is in fact a non-zero I'-invariant order

ideal. To that end set H* = H N Ky(A)" and note that L C H*. Then
H=L-LCH"—-H'CH,

so H=H" — H". Also, if z € Ko(A) with 0 < z <y —1v' € H, with y,y’ € L, then
since y —y' < y and L is hereditary, we have z € L. C H so H is hereditary as well.
H # (0) since z € H. Finally, if y € L and t € T', then 0 <y < 377, G, (z) for

certain group elements t1,...,t,. Applying the order isomorphism &; we get
0< @t(y) < dt(z@t]- (m)) = Z@ttj(x)7
j=1 j=1
which implies that é&;(y) € L and &4(L) C L. So &u(H) = &u(L)—é&(L) C L—L=H

which is what we wanted. By our hypothesis, H = Ky(A), so that [1]o € H. Writing

[1]o = y—y' < y for some y,y" in L and recalling that L is hereditary ensures [1]g € L,
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which means that there are group elements ¢y, ..., t, with > -7 & () > [1]o, and o

is thus Ky-minimal.

3.1.2  K-theoretic Topological Transitivity

We now aim to develop a notion of topological transitivity in the noncommutative
setting, and we do this using K-theory. An action I' ~ X of a group on a locally
compact Hausdorff space is termed topologically transitive if for every pair U,V of
non-empty open subsets of X, there is a group element s € I" with s.U NV # (.
When X is compact, it is routine to check that every minimal action is topologi-
cally transitive (see Proposition 3.1.2 above) but the converse is false in general as
witnessed by the translation action Z ~ Z., on the one-point compactification of
the integers with the point oo being fixed. An action I' ~ X is said to have the
intersection property if each non-zero ideal of Cy(X) x, I' has non-zero intersection
with Cp(X). As minimality of an action is linked with simplicity of the crossed
product, topological transitivity is associated with primitivity. The following is an

abbreviated form of Proposition 2.8 of [33].

Proposition 3.1.8. Consider a continuous action of a discrete group on a locally
compact Hausdorff space X. If Co(X) x\ ' is prime, then the action is topologically
transitive. Conversely, if the action is topologically transitive and has the intersection

property, then Co(X) x, I' is prime.

After we develop a notion of topological transitivity in the noncommutative set-

ting we will establish a more general result (see Theorem 3.1.12).

Definition 3.1.9. Let (A, T, «) be a C*-system. Call an action « topologically tran-
sitive if for every pair of non-zero =,y € W (A), there is group element ¢ € I' and a

non-zero z € W(A) with z < z and &(z) < y.
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The following Proposition shows that this definition is consistent with the estab-
lished notion of topological transitivity in the commutative setting. Recall that for
f,9 € Mo(C(X))", we have f 3 ¢ if and only if supp(f) C supp(g), where supp(+)

denotes the support.

Proposition 3.1.10. Let X be a locally compact space, and let k : I' ~ X be a
continuous action with induced action o : I' — Aut(Co(X)). Then k is topologically

transitive if and only if a is topologically transitive.

Proof. Assume that that k is topologically transitive, and let = = (g), y = (f)
be non-zero elements in W (Cy(X)). Since f and g are continuous matrix valued
functions on X, U = {z|f(z) # 0} and V = {z|g(x) # 0} are open and non-
empty. Therefore, there is a s € I" such that s.U NV # (). Consider any non-empty
open subset Y C s.U NV and find a non-zero continuous function h : X — [0, 1]
with supp(h) C Y. Since supp(h) C V C supp(g) we have that h = g whence
0+# z:=(h) < (g9) =x. Also,

supp(s~'.h) = s t.supp(h) C sTLY C s L(s.U) = U C supp(f),

thus s7'.h 3 f which gives a,-1(2) = (s Lh) < (f) = v.

Conversely, now suppose « : I' ~ Cy(X) is topologically transitive and consider
a pair U,V of non-empty open subsets of X. Find continuous non-zero mappings
f,9 + X — [0,1] with supp(f) € U and supp(g) € V. There is then a non-
zero z € W(Cy(X)) and ¢t € T" with z < (f) and &(z) < (g). Say z = (h) for
some continuous h € Cy(X,M). Then supp(h) C supp(f) C U and t.supp(h) =
supp(t.h) C supp(g) C V. Now set Y := {x|h(x) # 0}, a non-empty open set and
observe that () #Y C supp(h) Cc UNt L.V, O
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The next result shows that, as in the commutative case, every minimal action is
topologically transitive. A standard piece of notation will be used in the proof: if
a€ At and € > 0, set (a — &)y := f(a) where f:[0,00) — [0,00) is the continuous

function f(t) = max{0,t — ¢}.

Proposition 3.1.11. Let A be a unital C*-algebra. If a : T — Aut(A) is a minimal

action, then it is topologically transitive.

Proof. Let x,y € W(A) be non-zero, without loss of generality we may assume
x = (a) and y = (b) with a,b € A". By minimality there are group elements

t,... t, € T with

(ar, (@) & B oy, (a) = Z (v (a Z du ( Z du, () >

There is a sequence (vg)k>1 in My«1(A) with vj (o, (@) - - Dy, (a))vy — 1in A as

k — oo. For each k write vy, = (vg1,..., V)7 so that

n
(Zv;jatj(a)vk,j) — 1, as k— oo.
k>1

Jj=1

With k large enough we have ||1— > i Vi o, (@) vk | < 1/2. Thereisay € A with

=172 = (3 v s o

j=1

which gives 14 = > 7

Iy ujay(a)u; where u; = 212y, jy. Tt follows that for every

7=1,....n
b= Zblﬂ a)u;b"? > 02wl ay, (a)u;b'/? > 0.
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Choose an i such that b'/2u’ay, (a)ub'/? # 0 (there is one since b # 0), and set
¢ = a, 1 (b 2ufay, (@)ud?) = (a1 (w;0?)) ac, 1 (u;b"?).

Then ¢ # 0, ¢ 3 a and ay,(c) 2 b. With z := (¢), we have z < x and &, (2) <y so «

is topologically transitive. O]

Recall that a C*-algebra B is prime if for every pair of non-trivial ideals I, J C B,
IJ =1nJ # (0). It natural to ask what dynamical conditions give rise to prime
reduced crossed products. We briefly study this issue.

A C*system (A,T',a) is said to have the intersection property if every ideal
I C A x5, T has non-trivial intersection with A. If the action « is properly outer,
then the intersection property follows (see lemma 3.2.15). When A = Cy(X), proper
outerness is equivalent to topological freeness, and it well known that if the action
is topologically free, the reduced crossed product Cy(X) x, I' is prime if and only
if the action I' ~ X is topologically transitive. We now can generalize this to the

noncommutative setting.

Theorem 3.1.12. Let A be a C*-algebra, I' a countable discrete group and o : I' —
Aut(A) an action. If Axy I is prime then o is topologically transitive. Conversely,
if (A,T', ) has the intersection property and o is topologically transitive then Ax o,

18 prime.

Proof. Assume « is topologically transitive and that (A,I',«) has the intersection
property. Let I and J be non-zero ideals in A <, , I'. By the intersection property
thereare 0 # z € INAand 0 # y € JNA. Seta = z*x € INAT and b = y*y € JNAT.
By topological transitivity there is a 0 # z € W(A) and t € I with z < (a) and

dy(z) < (b). Writing z = (c) for some ¢ € M,(A)", we have ¢ 3 a and a4(c) 3 b.
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There is a sequence vy € My, (A) with viavy, — cas k — oo. lf vy = (Vk1, ..., V),
and ¢ = (¢; j);; then for every 1 <i,j < n we get Uy iUk = Cij as k — oo. Note
that vy ;av,; € AN for each 4,5, k, so ¢;; € AN for every i,j. Since AN is a
[-invariant ideal in A we know that ay(c; ;) € AN I for every 1, j.

Similarly there is a sequence uy, € My, (A) with ujbur — ay(c) as k — oo giving
uy bugj — ai(ciy) for every i, j where uy, = (up1, ..., Up,). Since u ;buy, ; belongs
to AN J for every 4, j so do the ay(c; ;). With ¢ non-zero, there is a ¢; ; # 0 so that
ai(cij) e (ANI)N(ANJ)cCcInJ. Thus A x, I'is prime.

Conversely, now suppose A x, I' is prime. Let z,y € W(A) be nonzero. We can
write x = (a) and y = (b) with a,b € M,,(A)*". Since A x, T is prime, M, (A x,T) =

M (A) Xy 4ty I is prime, so we can find a non-zero ¢ € M, (A) and s € I' with

0 # b2 cug-1a"? = b2 cug-1a"*ugu—1 = b cog-1 (/) ug-.

Multiplying on the right by the unitary u,, we get v := b'/2ca,-1(a'/?) is non-zero in

M, (A). Setting w = a(v) we get 2z := (ww*) < (a) = x since

ww* = a,(v)as (V)" = a,(b72¢)a? (o (b%¢)a'/?)* = o (bY2¢)ac, (bY2¢)* < a.

On the other hand,

wrw = oy (v)*as(v) = as (V) = agla,-1(a"?)c*beay-1(a'/?))

_ al/Q(IS(C)*(IS(b)aS(C)(Il/Q _ (as(c)al/Z)*as(b)as(c)al/Z j as(b),

which says that z = (ww*) = (w*w) < (as(b)) = &s((b)) = as(y). Therefore we
have found 0 # z € W(A), and ¢ := s7! € T with 2z < z and &(z) < y as was

required. O]
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We end with a cute result that will be needed later on.

Proposition 3.1.13. Let (A, T',a) be a C*-system. Then « is W-n-minimal if and

only if a is W-n-filling.

Proof. The n-minimal property easily follows from the n-filling property. For the
converse, let xy,...,x, be non-zero in W(A). Let t; = e. Since « is n-minimal, « is
topologically transitive, so we can find 0 # z; < xy and t, € I' with z; < t5.25. Next,
again by transitivity find 0 # 25 < 23 and t3 € ' with 2o < t3.23. We continue in this
fashion until we find 0 # 2, 1 < 2, 5 and ¢, € I with z, ; <t,.z,. Now apply the
n-minimal property to locate s1,...,s, in I' with Z;;l Sj.zn—1 > (1). From these

orderings we get

S$1tp.Tp = 81-Zn-1, Solpn_1.Tp_1 = 82.2n_9 = 89.2n_1, - - -

. ,Sn_ltg.xg Z Sn—1-%1 Z Sn—1-Zn—1, Sn. L1 Z Sn-21 Z Spn-fn—1-

We thus obtain
anfjJrltj-wj 2 ZS]'.Z”,1 2 <1>
j=1 j=1
so that « is indeed W-n-filling. [

3.2 Finiteness, Paradoxical Decompositions, and The Type Semigroup

In this section we study K-theoretic conditions, in the form of paradoxical phe-
nomena, that characterize finite and infinite crossed products. As a brief reminder,
a projection p € A is properly infinite if there are two subprojections ¢, < p with
qgr =0 and g ~ p ~ r. The algebra A is properly infinite if 14 is properly infinite.
A simple algebra A is termed purely infinite if every hereditary C*-subalgebra of A

contains a properly infinite projection. In the simple case, S. Zhang showed that A
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is purely infinite if and only in RR(A) = 0 and every projection in A is properly
infinite [55]. It was a longstanding open question whether there existed a unital,
simple, separable, and nuclear C*-algebra which was neither stably finite or purely
infinite. M. Rgrdam settled the issue in [43] by exhibiting a unital, simple, nuclear,
and separable C*-algebra D containing a finite and infinite projection p, q. It follows
that A = ¢Dq is unital, separable, nuclear, simple, and properly infinite, but not
purely infinite. It is natural to ask if there is a smaller class of algebras for which

such a dichotomy exists. Theorem 3.2.22 below is a result in this direction.
3.2.1 Paradoxical Decompositions

We first construct infinite algebras arising from crossed products by generalizing
the notion of a local boundary action to the noncommutative setting. A continuous
action I' » X of a discrete group on a locally compact space is called a local boundary
action if for every non-empty open set U C X there is an open set V C U and t € I’
with .V C V. Laca and Spielberg showed in [32] that such actions yield infinite
projections in the reduced crossed product Cy(X) x, I'. Sierakowski remarked that
the condition ¢.V C V for some non-empty open set V and group element ¢t € I’
is equivalent to the existence of open sets Uy, Us C X and elements t1,t, € I' such
that Uy UU; = X, .Uy Nty.Uy = 0, and ¢,.U; Uty.Uy # X. He generalized this by
defining paradozical actions. A transformation group (X, ') is n-paradoxical if there
exist open subsets Uy, ...,U, C X and elements tq,...,%, € I' such that

=X | |tUcX
- =1

7j=1

He then showed that the algebra C'(X) x, I' is infinite provided that X is compact

and the action I' ~ X is n-paradoxical for some n. We do the same here in the
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noncommutative setting.

Let o : T' = Aut(A) be a C*-dynamical system where I is a discrete group. Once
again, we look at the induced actions & : I' ~ Ko(A)* and & : ' ~ W(A) given by
t.x = d&(x) fort € T and x € Ko(A)T or W(A).

Proposition 3.2.1. Let A be a stably finite C*-algebra with cancellation and such
that Ko(A)" has Riesz refinement. Let « : T — Aut(A) be a Ky-paradozical action
in the sense that there exist xq,...,x, € Ko(A)" and group elements ty,...,t, € T
with

> ap>[lalo, and > dy(z;) < [Lalo.
=1 j=1
Then A x I' is infinite.

Proof. Denote by + : A — A x, I' the canonical embedding. Given that Z?Zl Tj >
[1alo, there is an r € Poo(A) with Y77 z; = [LaJo + [rlo. With the refinement

property one can find elements {y;}7,{z;}} C Ko(A)" with

vi=yi+z, Y y=1[ao > z=1[l
j=1 j=1

Then >0, Gy (y;) < D27 du, () < [Lalo. Cancellation implies there are mutually
orthogonal projections py, ..., p, in A with [p;]o = y;, as well as mutually orthogonal
projections qi,...,q, in A with [g;lo = &y, (z;) = &, ([pjlo) = [ay,(pj)]o. It also
implies that q; ~ ay,(p;) as projections in A for each j, whence ¢(q;) ~ t(ay; (p;)) ~
t(pj) as projections in A x, I'. Setting p = Zj pj, and ¢ = Zj ¢; we obtain
Uq) = ulgy) ~ Y elps) = ulp).
=1 =1

On the other hand [p]y = [Zj pﬂlo = >_ilpilo = >_;y; = [1alo. Cancellation once
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more implies p ~ 1,4 and therefore ¢(p) ~ ¢(14) = Lax,r. Thus we have ¢(q) ~ Lax,r-

All is needed to show is that ¢(q) # 1a.,r. To this end we observe that

qlo = ZQJ quo—z@tj(xj) < [1]o,

so that [1alo — [¢lo = [1a — ¢lo # 0, which implies 1 — ¢ # 0 by stable finiteness.

Therefore ¢(q) # t(14) = Llax,r and A x, I' is infinite as claimed. O

A similar result holds with less restrictions on the underlying algebra A but with
a slight strengthening on the dynamics. For this result we will make the following
convention: for x,y € W(A) we shall write z < y to mean x + z < y for some

non-zero z € W(A).

Proposition 3.2.2. Let A be a unital C*-algebra and let o : ' — Aut(A) be an
action which is W-paradozical in the sense that there exist xq,...,x, € W(A) and
group elements t1, ..., t, € T with Y37 | x; > (1a) and Y7, s (x;) < (1a). Then

A X, T is infinite.

Proof. Again let 1 : A — A x, ' denote the canonical embedding and for ¢t € ' write
uy for the canonical unitary in A x, I' that implements the action oy : A — A, so
that t(ay(a)) = u(a)u; =~ i(a) for every a € Aand t € T. If a € M,,(A)" then by
amplification we have L(")(agn)(a)) = (u; ® 14)(a)(u; ® 1,)* =~ 1" (a) for every
t € I'. For economy we will omit denoting the amplification when the context is
understood.

For each j =1,...,n set x; = (a;) for a; € Mo (A)*. Then we have

(14) <ij_z ={(a1 ®...Day),

7j=1
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~Y

which implies 14 3 @©7_;a; in M(A)". Applying ¢ we get 1a.,r 3T Dj_i(a;) =
@n

Jj=1

t(ay, (a;)) in Moo (A 3\ T)*.

By our convention we have
(g () ® ... 8 oy, (ay,) D) = Zat ;) + (b) < (14)

for some non-zero b € My (A)*. Thus ay, (a1)®. .. Doy, (a,) Db 2 14 and ¢y, (a1)) D

@ (o, (an)) ® u(b) S 1au,r. Together we get
La,r @ 6(0) T vlag (a1)) @ - @ v, (an)) @ 0(b) T Law,r,

Since 1ax,r ® t(b) 3 1aw,r ande(b) # 0, work in [30] implies that A x, I" is infinite

as claimed. O

We make the brief remark that an action I' ~ A is Ky-paradoxical in the above
sense with n = 2 if and only if there is a non-zero z € (A) (the scale of A) and
t € I' with dy(x) < x.

Perhaps what has been called paradozical is misleading because, in a sense, para-
doxicality implies the idea of duplication of sets. Gleaning from the ideas explored
in [28], we define a notion of paradoxical decomposition with covering multiplicity in

the noncommutative setting.

Definition 3.2.3. Let A be a C*-algebra, I' a discrete group and « : I' — Aut(A)
an action with its induced action &. Let 0 # z € Ky(A)T and k& > | > 0 be

positive integers. We say x is (T, k,[)-paradoxical if there are 1,...,z, in Ky(A)T
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and t{,...,%, in I" such that

n n
ij > kx, and Z g, (v5) < lx.
j=1 j=1

If an element x € Ky(A)* fails to be (T, k, 1)-paradoxical for all integers k > [ > 0
we call z completely non-paradozical. The action a will be called completely non-

paradoxical if every member of Ky(A)™ is completely non-paradoxical.

The notion of a quasidiagonal action was first introduced in [28] and further
studied in the previous chapter from a K-theoretic viewpoint. We observed that
MF (or equivalently QD) actions of discrete groups I' on AF algebras admit, in a
local sense, ['-invariant traces on Ky(A), so it should come to no surprise that these
actions do not allow paradoxical decompositions at the K-theoretic level. The next
proposition illustrates this principle and provides us with our first class of examples

of completely non-paradoxical actions.

Proposition 3.2.4. If a : ' — Aut(A) is an MF action of a discrete group I on a

unital AF algebra, then o is completely non-paradozical.

Proof. Suppose 0 # z € Ko(A)" is (T, k, )-paradoxical for some positive integers

k > 1> 0, so that there are z1,...,z, in Ko(A)" and ¢1,...,¢, in I such that
Y= ij > kx and z = Zdtj (x;) <lx.
=1 j=1

Consider the finite sets F' = {t1,...,t,} CT',and S = {y—kz,lx—z,21,...,2,,2} C
Ko(A)T. Since « is quasidiagonal, Proposition 2.2.8 guarantees existence of a sub-
group H < Ky(A) which contains all the F-iterates of S, and a group homomorphism
f: H — Z with f(&(g)) = B(g) for each t € F and g € S. Also, 5(g) > 0 for
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0<geS. Clearly y, z, kz, lz all belong to the subgroup H, and since 3(y —kx) > 0,
we have kf(x) = B(kx) < ((y). Similarly, 5(z) < [f(x). Now using the I-invariance
of 3,

() < 60 = 5 2o ) = X Bey) = 3 la, (o)
Jj=1 j=1 j=1
= 5( e = 56 < 15(2)
j=1
This is absurd since f(x) > 0 and [ < k. Thus no such non-zero x exists. ]

It was shown by Kerr and Nowak [28] that quasidiagonal actions by groups whose
reduced group algebras are MF give rise to MF crossed products, which are always
stably finite. Indeed, it is the finiteness of the crossed product that is an obstruction

to a positive element being paradoxical.

Proposition 3.2.5. Consider a C*-dynamical system (A,T',a) with stably finite
reduced crossed product A x, T'. Then the induced & : T~ Ko(A)T is completely

non-paradozical.

Proof. Suppose on the contrary that 0 # [plo := x € Ko(A)T is (T, k, 1) paradoxical
for some integers k > 1 > 0 where p € P,,(A). We then have elements z1,...,z, in

Ko(A)* and t4,...,t, € T with

ij > kx and Z ay, (w5) < lx.
j=1 j=1

Ife: A— Ax, I, :a+— au., denotes the canonical embedding, apply ¢ :

Ko(A)T — Ko(A x, I')* which is order preserving to obtain

n n n

ki(z) = i(ke) < i) _a) =Y ilay) =Y idy, (z;) = i Z Gy, (7)) < i(lz) = li().
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Here we used the fact that for a projection g in A and s € I' we have

Z([Q]KO(A)) = [L(Q)]KO(AN,\F) = [Uqu:]KO(Ax,\F) = [aS(Q)]Ko(ANAF)

= ias(@)] ko) = t0s(lqlko(a),
so that i = idy agree as maps Ko(A)T — Ko(A x, T')™.
The fact that A x, I is stably finite now implies that i(z) = 0,which means that

t(p) =0, so p =0, a contradiction. ]

3.2.2 A Noncommutative Type Semigroup

We wish to establish a converse to Proposition 3.2.5. For this we shall need more
machinery. Analogous to the type semigroup of a general group action (see [53]), we
associate to each suitable C*-system (A, I', &) a preordered abelian monoid S(A, T, «)
which correctly reflects the above notion of paradoxicality in Ky(A), and then resort
to an extension result (Theorem 3.2.11 below) in the spirit of Tarski’s theorem tying
the existence of states on S(A, T, &) to non-paradoxicality. We embark on the details.

Let us first recall the notion of equidecomposability for group actions and the
construction of the type semigroup. Suppose a group I' acts on a set X, and let C
be a I'-invariant subalgebra of the power set P(X). Orthogonality is then built in as
we enlarge the action as follows. Let Y = X x Ny, and G = I' x Perm(Nj) where

Ny = NU{0}. We then have a canonical action G ~ Y given by

(t,0).(z,n) = (t.z,0(n)).

For aset £ C Y, and j € Ny the jth level of E is the set E; = {x € X : (z,j) € E}.

We say that £ is bounded if only finitely many levels £; are non-empty. Now consider
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the algebra of G-invariant subsets
S(X,€)={ECY:FE isbounded and E; €€, Vj € Ny}.

Subsets E, F' € S(X, C) are said to be G-equidecomposable, and we write E ~g F, if

there are Fy, ..., E, € S(X,C), and ¢y, ..., g, € G such that:

n

E=||E; and F:|i|gj.Ej.

J=1 Jj=1

The notation Ll is used to emphasize the fact that the partitioning sets are disjoint.
Reflexivity and symmetry of the relation ~¢ are straightforward, and transitivity
follows from taking refined partitions. We quotient out by the equivalence relation
~a, setting

S(X.T,€) := S(X,€)/ ~e,

and write [E] for the equivalence class of E' € S(X,C). Addition is then defined on

classes via

{QE]- X {j}} + {QR X {i}} = {QEJ X {j}uQFZ. X {n+j}}_

A little work shows that addition is well defined and [(}] is a neutral element. Endowed
with the algebraic ordering, S(X,T',€) has the structure of a preordered abelian
monoid, often referred to as the type semigroup [53].

We aim to construct a similar monoid for noncommutative C*-systems (A, ', a),
at least in the presence of sufficiently many projections. The philosophy is that ele-
ments of the positive cone Ky(A)™ would represent our “subsets” as it were, and the

idea of refined partitions is reflected by suitable refinement properties displayed in
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the additive structure of Ky(A)™. If we are to translate the notion of equidecompos-
ability to the Ky-setting, we shall require that A be an algebra for which the monoid
Ko(A)T has the the Riesz refinement property. This discussion thus motivates the

following definition.

Definition 3.2.6. Let A be a C*-algebra, I a discrete group, and let o : I' — Aut(A)

an action. We define a relation on Ky(A)™ as follows:
T ~alY (xvy S KO(A)Jr)

<~
k k
3 {uj};?:l C Ko(A)T, {tj};?:l C I', such that Zuj =z and Zdt].(uj) =y.
P =1
Lemma 3.2.7. If A is a stably finite C*-algebra such that Ko(A)T has the Riesz

refinement property, then ~, as defined above is an equivalence relation.

Proof. Let x,y € Ko(A)*. Clearly © ~, z, simply take u; = x and t; = e. If
T ~q ¥, via the decomposition z = 2521 uj and y = 25:1 duy, (uy), set v; = dy; (uy)

and s; = tj_l for j =1,...k. It clearly follows that

k k k

Zvj =y and stj(vj) = qul(dtj(uj)) = Zuj =x

j=1 j=1 j=1
whence y ~, x. Transitivity is a little harder, and here is where the fact that Ky(A)*
has the Riesz refinement property will surface. To that end, suppose x ~, y ~, 2
via
k k l l
x:Zuj, y:Zdtj(uj) and y:Zvj, z:stj(vj).
Jj=1 Jj=1 j=1 j=1

Since Zle G, (uy) = 22:1 v; and Ky(A) has the interpolation properties, there are
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elements {w;; : 1 <j <I,1<i<k} C K¢(A)" such that

l k
E Wi; = ozti(ui) and E Wi; = Vj.
j=1 i=1

We then compute

o ) = ) = 2 (E ) = 2 ) ==
4,J J i J

while
2 o () = 3 (3 ) = 3 ua(n () = D jwi =
i i j
which gives the desired decomposition for x ~,, z. O]

We can now make the following definition.

Definition 3.2.8. Let A be a C*-algebra such that Ky(A)™ has the Riesz refinement
property. Let I' = Aut(A) be an action. We set S(A,T,a) := Ko(A)"/ ~q, and

write [z], for the equivalence class with representative x € Ky(A)™.

For a general group action G ~ X on an arbitrary set, it is not difficult to see that
we may define addition on equidecomposability classes. Indeed if E, F, H, K C X
with ENH =0, FNK =, E ~ F and H ~ K then it is routine to verify that
(FUH) ~ (FUK). This gives an idea for a well defined additive structure on
S(A,T,a). Define addition on classes simply by [x]s + [y]a := [z + yla for z,y in

Ko(A)™. Tt is routine to check that this operation is well defined; indeed if z ~, x
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via r = Z?Zl u; and z = Z?Zl Gy, (u5),then

o+ [gla = [z 4 gl = [i@txw)w]a _ [iUﬁyL: 2+ 9o = (1] + [l

We make a few elementary observations concerning S(A,T", o) when A is stably
finite. Firstly, S(A,T',«) is not just a semigroup but an abelian monoid as [0], is
clearly the neutral additive element. Impose the algebraic ordering on S(A, T, ),
that is, set [z], < [y]q if there is a z € Ko(A)" with [z], + [2]a = [y]a- This gives
S(A, T, ) the structure of an abelian preordered monoid. Notice at once that if
z,y € Ko(A)" with z <y (in the ordering of Ky(A)) then [z], < [y]o in S(A,T,a).
To see this, v < y implies y —z := z € Ko(A)T, 50 [y]la = [z + 2]a = [2]a + [#]a Which
gives [z]o < [y]a. Next, we observe that if [z], = [0]4, for some x in Ky(A)*, then in
fact = 0. Indeed, say © = ), u;, and ), Gy, (u;) = 0 for some elements ¢; € I' and
u; € Ko(A)T, then for each i, Gy, (u;) = 0 and so u; = 0 which gives 2z = 0. Here we
used the important fact that for stably finite algebras A, Ko(A)"N(—Ky(A)T) = (0).

All together, there is an order preserving, faithful, monoid homomorphism
p: Ko(A)" = S(AT, @) given by p(g) = [gla-

This next fact shows that we have in fact constructed a noncommutative analogue

of the type semigroup construction studied in [53].

Proposition 3.2.9. Let X be the Cantor set, I' a discrete group, and I' ~ X a
continuous action with corresponding action o : I' — Aut(C(X)). Write C for the
[-invariant algebra of all clopen subsets of X. Then the type semigroup S(X,T,C)

is isomorphic to S(C(X),T', ) constructed above.
Proof. Let f € Ko(C(X))" = C(X;Z)*, then we can write f = 7 | 15, where the
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E; are clopen subsets of X. Note that such a representation is not unique.

Claim. Suppose f =37 1 = > "7, 1F, then
| | Ej x {(j} = E~r Fo=| |F x {5},
=1 =1

so that [E] = [F] in the type semigroup S(X, I, C).

It is clear that Uj_, F; = U7, F;. By choosing a common clopen refinement, we
may assume that there are disjoint clopen sets Hy,..., H,, where r > n,m, such
that each £} and each F} is a union of distinct H,;. For each i = 1,...,7 set the

multiplicities of the H; as
=|{j: H; C E;}| = |{j: Hi C Fj}|.
In this case we have f ="'  n;1y,. For each pair (4, 5) set

H;, if H; C E,
Ai,j =

With a j fixed we run through all the H; and get | ||_; A;; x {j} = E; x {j}. Then

E= UEXU}IJUAMXU}[JUAWXU}[JUHXU}—

Jj=1li=1 i=1j=1 i=1j=1

By a similar argument F' ~ H, and transitivity gives £ ~ F and the Claim is thus

proved.
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We now define a map ¢ : Ko(C(X))t — S(X,T',C) by
w(f) = [I__IEj x {j}}

where f has representation f = Z?:l Ig; with £; C X clopen. Thanks to the
Claim, this map is well defined as any representation of f will do. Also, it is routine
to check that v is additive and onto. Moreover, v is invariant under the equivalence
~q. To see this, suppose f,g € Ko(C(X))* and f ~, g. By definition and by writing
members of Ky(C(X))" as sums of indicator functions on clopen sets we can find

clopen sets Fi, ..., E, € € and group elements t,...,t, € I' with

f:Z]lEj, and gzzﬂtj'Ej'
j=1 7=t

Since | |7_, Ej x {j} ~ ;= t;-E; x {j} we get that ¢(f) = ¢(g). The map ¢ thus
descends to a surjective monoid homomorphism ¢ : S(C(X),T’,a) — S(X,T, €) with
P([fla) = ¥(f). To establish injectivity we construct a left inverse ¢ : S(X,T,€) —

S(C(X),I',a) as follows. Set

A([Us o)) - [,

To show that ¢ is well defined, suppose £ = | |/_, B x {j} ~ F' = ||, Fj x {j},
then there exist [ € N, C}, € C, t;, € I' and natural numbers ng, my for k =1,...,1,

such that

l l
k=1

k=1
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For each fixed j, we see that |_|{k: — Cr = Ej, so Z{k: gy Lop = L. Therefore
ST S SR SIRUE P ot
J=1 k=1 k=1 j=1

3=1 {k: nx=j}

where the last equality follows from same reasoning. It follows that ¢([E]) = ¢([F]).
Also ¢ is clearly additive and onto. For an element [f], € S(C(X),I',a), where f

has representation f = Z;;l 1g,, we see that

0o T([fla) = 0 o () =¢([|:!Ej <) = {ZnE]z .

We conclude that 1 is a monoid isomorphism. Since both monoids are preordered

with the algebraic ordering 1 is actually an isomorphism of preordered monoids. [J
Next we look at how (I, k, [)-paradoxically is reflected in our monoid S(A, T, «).

Lemma 3.2.10. Let A be a stably finite C*-algebra such that Ko(A)T has Riesz
refinement, and let o : T — Aut(A) be an action. Then an element 0 # x € Ko(A)™

is (U, k,1)-paradoxical if and only if k[z] < l[z] in S(A,T,a).

Proof. Suppose 0 # x € Ko(A)" is (T, k,)-paradoxical. Then kx < Z?:l x; and

> iy G (z5) < lz for some z; in Ko(A)" and ¢; in I'. Then from our above remarks:

el = Bl < [ Y] = [Saoten] <l =l

=1

Now assume k[z], < [[z], for integers k > > 0. Then for some z in Ky(A)" we

have
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. By definition there are elements x1,...,z, in Ko(A)" and t1,...,t, € T with

I !
kx <kr+z= ij and Z&tj(xj) = lx,

j=1 j=1
which witnesses the (I, k, [)-paradoxicality of . The proof is complete. O

Before going any further let us recall some terminology. Let (W, <) be a pre-
ordered abelian monoid. For positive integers £ > [ > 0, we say that an element
0 € W is (k,l)-paradozical provided that k6 < [6. If 6 fails to be paradoxical for
all pairs of integers &k > [ > 0, call 8 completely non-paradoxical. Note that 6 is
completely non-paradoxical if and only if (n + 1)0 £« nf for all n € N. The above
lemma basically states that in its setting, an element z € Ky(A)" is completely
non-paradoxical with respect to the action & exactly when [z], is completely non-
paradoxical in the preordered abelian monoid S(A,T', ). An element § in W is said
to properly infinite if 20 < 6, that is, if it is (2, 1)-paradoxical. If every member of
W is properly infinite then W is said to be purely infinite. A state on W is a map
v: W — [0, 00] which is additive, respects the preordering <, and satisfies (0) = 0.
If a state 8 assumes a value other than 0 or oo, 3 it said to be non-trivial. The
monoid W is said to be almost unperforated if, whenever 6,7 € W, and n,m € N
are such that nf < mn and n > m, then 6 <.

The following result is a main ingredient in the proof of what is known as Tarski’s
theorem. It is a Hahn-Banach type extension result and is essential in establishing

a converse to Proposition 3.2.4. A proof can be found in [53].

Theorem 3.2.11. Let (W, +) be an abelian monoid equipped with the algebraic or-

dering, and let 6 be an element of W. Then the following are equivalent:

1. (n+1)0 £ nb for all n € N, that is 0 is completely non-paradozical.
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2. There is a non-trivial state v : W — [0, oo] with v(0) = 1.

We mean to apply Theorem 3.2.11 to our preordered monoid S(A,I',a). Note
that such a v, which arises in the landscape of complete non-paradoxicality will not
in general be finite on all of S(A,T', &). One needs the right condition on the action
«, or more precisely, &, to guarantee finiteness everywhere. Suppose we considered
0 = [u], as in Theorem 3.2.11, where u = [1]y is the order unit in Ky(A). If we
compose the state v with the the above p : Ko(A)" — S(A, T, «), this would give
us, in a sense, an invariant ‘state’ at the K-theoretic level, but perhaps not finitely
valued everywhere, but with a finite value at [1]op. To ensure finiteness at every
x € Ky(A)T we would require that finitely many I'-iterates of x lie above [1]g. This

is exactly the notion of K-theoretic minimality we looked at in Section 3.1.

Proposition 3.2.12. Let A be a stably finite unital C*-algebra for which Ky(A)*
has Riesz refinement (sr(A) = 1 and RR(A) = 0 for example). Let oo : T' — Aut(A)

be an action on A. Consider the following properties.

1. For every 0 # g € Ko(A)T, there is a faithful T-invariant positive group ho-
momorphism 5 : Ko(A) — R with 5(g) = 1, (I'-invariant in the sense that
Boda =/ on Ky(A)).

2. There is a faithful T-invariant state 5 on (Ko(A), Ko(A)™T, [1]o).
3.« is completely non-paradozical.

Then we have (1) = (2) = (3). If the action « is minimal, then (3) = (1) whence

all the conditions are equivalent.

Proof. (1) = (2): Simply take g = [1].
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(2) = (3): Assume that x € Ky(A)" is (T, k,l)-paradoxical for some integers
k > 1 > 0 with paradoxical decomposition » 7 z; > kx and ) 7 dy;(z;) < lx for

certain x; € Ko(A)* and ¢; € I'. Apply the d-invariant state 5 and get

kB(w) = Blke) < B(D_25) = Y Blay) = Zﬁat 7)) Zat 7))

< B(lx) = 15(x).

Now since 3 is faithful, we may divide by 5(z) > 0 and get k£ < [ which is absurd.

Assuming the action « is minimal we prove (3) = (1). Fix anon-zero g € Ko(A)™.
Since the action is completely non-paradoxical, it follows from Lemma 3.2.10 that
for every positive integer n, (n + 1)[gla £ n[gla. Theorem 3.2.11 then states that
S(A, T, @) admits a non-trivial state v : S(A,T", o) = [0, 00] with v([g].) = 1.

Claim: v is finite.

To see this, employ K-minimality of the action to obtain group elements ¢, ..., t,
such that Y77 &y, (g) > [1]o- Now for an arbitrary [z], in S(A, T, ) with = belonging

to Ko(A)*, there is a positive integer m with x <m[l]o <m Y 7 | Gs;(g). Therefore

zla < [mé&tj (9)} = m[z: Gy (9)} = m[ngla = mngla.

Applying v yields v([z],) < v(mn[gla) = mnv([g]a) = mn. The Claim is therefore
proved.

We now compose v with our above p : Ky(4A)t — S(A,T,«a) to yield g’ :
Ko(A)" — (]0,00),+) a finite order preserving monoid homomorphism given by

B'(x) = v([z]a). Note how [ is invariant under the action & : ' ~ Ko(A)™. Indeed,
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for ¢t in ', and x in Ky(A)™,

By universality of the Grothendieck enveloping group construction, there is a unique
extension of 3 to a group homomorphism on all of Ky(A), which we will denote as
B, given simply by (z —y) = §'(z) — 5'(y) for z,y in Ko(A)*. Clearly 5 is still T-
invariant. The final product is a bona fide I'-invariant positive group homomorphism
B Ko(A) — R, with 5(g) = 1. We now show how £ is faithful which will complete
this direction. Assume 0 # x € Ky(A)". Minimality ensures the existence of group
elements ty,...¢, with 337, s (z) > [lJo. Now we find a positive integer m for

which m[1]p > g, so that m(Z?Zl dy,(z)) > g. Applying f gives

1= 5(0) < B(m( 3, (2))) = m( 3 B, () = m( 3 5(2) = mn(a)
thus B(z) # 0 and $ is indeed faithful. O

We now are ready to establish the long desired converse.

Theorem 3.2.13. Let A be a stably finite unital C*-algebra for which Ko(A)t has
Riesz refinement (sr(A) =1 and RR(A) = 0 for ezample). Let oo : I' — Aut(A) be a

minimal action on A. Consider the following properties.
1. There is an U'-invariant faithful tracial state 7 : A — C.
2. Ax, T admits a faithful tracial state.
3. A x, T is stably finite.
4. « is completely non-paradozical.
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5. There is a faithful T-invariant state 8 on (Ko(A), Ko(A)1, [1]o).

Then we have the following implications:

1)« 2)=0B)= @) =0)

If A is exact and projections are total in A (e.g. RR(A) = 0) then (5) & (1).
Furthermore, if A is AF and T is a free group, then (1) through (5) are all equivalent
to A x I" being MF.

Proof. 1t is well known that (1) < (2) = (3). Also, (3) = (4) is Proposition 3.2.5
and (4) = (5) is Proposition 3.2.12.

(5) = (1): Since A exact, such a [ arises from a tracial state 7 : A — C, via
7(p) = B([p]) for any projection p € A ([44]). We need only to show the I-invariance

of 7. For any s € I' and projection p in A,

T(as(p)) = B(les(p)]) = B o as([p]) = B([p]) = 7(p).

Using linearity, continuity, and the fact that the projections are total in A, it follows
that 7(as(a)) = 7(a) for every a € A and s € I" which yields the invariance.
Now we let I' = F, and A an AF algebra. In [41] the author shows that A x, I,
is MF if and only if it is stably finite.
O

Recall that a continuous affine action of an amenable group I' on a compact

convex subset K of a locally convex space admits a fixed point.

Corollary 3.2.14. Let A be a simple, unital, AF algebra and I" a discrete amenable

group. Then any action  : I' — Aut(A) is completely non-paradozxical.
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Proof. Let T(A) denote the compact convex set of all tracial states on A viewed as
a subset of the locally convex space A* with the weak*-topology. The group I' acts
continuously and affinely on T'(A) by t.7(a) = 7(a-1(a)) for t € I" and a € A. Since

" is amenable, T'(A) has a fixed point. Now apply Theorem 3.2.13. O

3.2.83  Purely Infinite Crossed Products

A continuous action I' ~ X of a discrete group on a compact Hausdorff space
is called a strong boundary action if X has at least three points and for every pair
U,V of non-empty open subsets of X there exists t € [' with t.U¢ C V. Laca and
Spielberg showed in [32] that if I' ~ X is a strong boundary action and the induced
action I' ~ C(X) is properly outer then C'(X) x I' is purely infinite and simple.

Jolissaint and Robertson [26] made a generalization valid in the noncommutative
setting. They termed an action a : I' — Aut(A) as n-filling if, for all ay, ..., a, € AT,
with ||| = 1, 1 < j < n, and for all € > 0, there exist t,...,t, € I' such that
> - ai;(a;) > (1 —e)la. They showed that A i, I' is purely infinite and simple
provided that the action is properly outer and n-filling and every corner pAp of A
is infinite dimensional. Using ordered K-theoretic dynamics we shall provide an

alternate simpler proof of this result below, albeit for a smaller class of algebras.

The following lemma contains ideas from Lemma 3.2 of [45].

Lemma 3.2.15. Let (A, T',«) be a C*dynamical system with A separable and T’
countable and discrete. Assume that o is properly outer. Then for every mon-zero

be (Ax\D)*t there is a non-zero a € AY with a 2 b.

Proof. We know that E(b) # 0 since b is non-zero and E is faithful. Set by = 0/||E(b)||
so that ||E(by)|| = 1. Let 0 < e < 1/16. Find a § > 0 with MT—J?”) < e. Next find

a non-zero positive ¢ € C.(I', A)T with [|c — b1]| < §. Write ¢ = >, csus where F

seF
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is a finite subset of I'. Note that E(c) = ¢, # 0, and also |1 — |[c.||| < §. Setting

d = c/||ce|| we estimate

1 1
16— dll = —[lllecllbs — ]| = —[[leellbs — by + b1 —
= et = ell = gl =81 =l
1
< el = el + 1 — el
< L Gmlra = n)<e
=15 M T 11— ! '

Now let n > 0 be so small that |[F|n < 1/8. Since A is separable and « is
properly outer, we apply Lemma 7.1 of [35] and obtain an element z € A" with

||| = 1 satisfying
|zE(d)z| = [|zdex| > [|de|| —n=1—n, |zdsas(@)|]| <n Vs € F\{e}.
Therefore we have

|lzE(d)x — xdx|| <

Z rdsusz|| < Z |xdsusz]|

s€F\{e} seF\{e}
= Z [zdsuszug]] = Z |zdsas(2)]| < [Fln < 1/8.
s€EF\{e} seF\{e}

A straightforward use of the triangle inequality now gives

|zE(by)x — axbiz|| < 2e+1/8 < 1/4, |lzE(by)x| > 3/4.

Let a := (zE(by)x — 1/2)4. Then a € A and a # 0 since ||zE(b)z|| > 1/2. Also by

Proposition 2.2 of [42] we know a 3 xbix 2 by 2 b. O

Theorem 4.1 in [45] concentrates on the commutative case. We, however, make
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the observation that the same proof holds true for noncommutative algebras. Recall
that a C*-algebra A has property (SP) if every non-zero hereditary subalgebra admits

a non-zero projection.

Theorem 3.2.16. Let (A,T',«) be a C*dynamical system with A separable with
property (SP) and T' countable and discrete. Assume that v is minimal and properly

outer (so that A x\ I is simple). Then the following are equivalent:
1. A x,\ T is purely infinite.
2. Every non-zero projection p in A is properly infinite in A x I'.

Proof. (1) = (2): Every non-zero projection in any purely infinite algebra is properly
infinite.

(2) = (1): By Theorem 7.2 in [35] we know that the reduced crossed product
A x, I' is simple. Therefore, it suffices to show that every hereditary subalgebra
admits an infinite projection. To this end, let B C A x, I' be a hereditary C*-
subalgebra and let 0 # b € B. By lemma 3.2.15 there is a non-zero a in A with
a = b. Since A has property (SP), the hereditary subalgebra of A generated by a,
H, = aAa, contains a non-zero projection ¢ € H,. By our assumption ¢ is properly
infinite relative to A x,I', and ¢ = a = b. Since ¢ is a projection, thereis a z € Ax T’
with ¢ = 2*bz. Now consider v := b'/2z. Then ¢ = v'v ~ vv* = b/222*b"/? € B.

Thus p := vv* is the desired properly infinite projection in B. O]

We now embark on studying to what extent paradoxical systems (A, T, ) char-

acterize purely infinite reduced crossed product algebras A x, I'.

Proposition 3.2.17. Let (A, T, «) be a C*-system for which A has cancellation and
Ko(A)" has the Riesz refinement property. Let 0 # r € P(A) and set g = [r]y €

Ko(A)T. The following properties are equivalent:
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1. There exist x,y € C.(I', A) that satisfy z*z = r = y*y, xa* L yy*, zz* < r,

yy* < r, and whose coefficients are partial isometries.
2. g is (k,1)-paradozical for some k > 2.
3. 0 = [g]a is properly infinite in S(A, T, a).

Proof. (1) = (2): Write x = ) __puw, and y = >, usws where F, L C T are
finite subsets, and v, ws € A are partial isometries. For each s in F set ps := v}v,
and p’, ;= vsvl. Similarly for every s € L set ¢s := wiw, and ¢, := wsw?. If we apply

the conditional expectation E : A x, I' — A to the equality r = x*z we get

r=E(r)= E( Z Uiuiut%) = Z E(viuguvy) = ZU:US = Zps.

s,tel s,teF seF seF

The second to last equality follows from the fact that for s,¢ € F' we have
E(viuiuwy) = E(viug-1,0i(ug-14) ug-1;) = E(viag-14(v¢)ug-14) = I5050s.

Therefore, the projections p, are mutually orthogonal subprojections of r that sum
to r. Similarly all the g5, for s € L, are mutually orthogonal subprojections of r with

r= ZsEL qs- Thusa in KO(A)+ we ha,Ve

D o+ lado = [Zps]o + {qu]o = 2[r]o.

sEF seL seF seF

Now we note that for s, ¢ in F' with s # ¢t we have v,v] = vV V0 V0] = Vepsprvy =

0. Computing zx* we get

* * )k *o ¥ /
Txr = E UsVsVp Uy = E UsVsVs U :E :Oés(ps)~

S,;teF seF seF
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Similarly yy* = > ., as(q,). From

DB + D on(d) =zt +yyt <

seF seL

we conclude that the projections a,(pl), as(ql) are mutually orthogonal subprojec-

tions of  whence in Ky(A) we have

o > [Z o)+ Y %(q;)} = S o + Y ln@)lo

= st([pg]()) + Z&s([Q;]O) - Z&s([ps]O) + Z ds([Qs]U)‘

Therefore g = [r]y is (2,1)-paradoxical.

(2) = (1): Suppose > 7 x; > k[r]o and Y 7, a4, (z;) < [r]o for some k > 2,
group elements ty,...,t, € I', and x; € Ko(A)". Since k[r]y > 2[r]p we may assume
k = 2. For some u € Ko(A)* we then have Y7 x; = [r]o + [r]o + u. Refinement

implies that there are subsets {y;}7_,, {2;}j=; and {u;}}_; of Ko(A)* with
Syi=ll D oz=0, Y u>0, and z;=y;+2z+u;, Vi
j=1 j=1

J=1

Using the fact that A has cancellation we know that there are mutually orthogonal
projections p; € P(A) with [p;lo = y; for j = 1,...,n. Similarly there are mutually

orthogonal projections ¢; € P(A) with [¢;]o = 2, for j = 1,...,n. Therefore,

S lon, o+ la (a5)lo = 3 (35) + 3 i, (2)

< Z@tj(yj) + Z@tj(zj) + Z Gy, (u;) = Z Ay, (75) < [ro.

We again use the fact that A has cancellation and find mutually orthogonal subpro-
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jections of 7 ey, ... en; f1,..., fa € P(A) with [ej]o = [y, (p;)]o and [f;]o = [, (g5)]o
for every j. Cancellation also implies that there are partial isometries v; and w; in

A with

U;-‘vj = oy, (pj), vjv;f = ej, w;-‘wj = ozt].(qj), ij;f = f;.

Now set a := > "

j=1 Vju; and b= Z?Zl wju; where u; = uy;. Note that for i # j

* % _
we compute U v; = UJ UJUJ ViU; v = Vjejev; = 0, so

aa—Zuvv,uZ Zu;v;‘vjuj Zu Qy (pj) Uy, —Zozt 1(ay, (pj)) ij = p.
J
In order to compute aa* we note that for i # j we have

vjuju; vy = UJU UJ“J“ U vlv = UjQy; (pj)ujui Qy; (pl)vi = VjU;piu; uiu; UiPit; v,

= vju;pipiu; v; = 0,

whence

aa” = E UJUJUU = E UJUJUU = E U]]—E €; == ¢€.

j
Similarly b*b = >, q; :== ¢, and bb* =3, f; = f
Now define x := av where v is the partial isometry in A with v*v = r and

vv* = p. Such a v exists because [p|y = [E pi], = >_ilpilo = 225y = [rfo and
A has cancellation. Similarly define y := bw where w € A satisfies w*w = r and

ww* = q. We compute

r*r = viatav = vipv = viovtu = 1r? =1,
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and

Yy = wbbhw = wiquw = wrwwrw = r? = 1.

Moreover, since a and b are partial isometries, and e L f we have
zx*yy" = avv*a*bww*b* = avv*a*aa*bb*bww*b* = avv*a*e fouww*b* = 0.
Next we observe that zx* is a subprojection of r; indeed, since e < r,
rex® = ravv*a® = raa*avv*a® = reavv*a’ = eavv*a® = aatavv*a® = avv*a® = rx”

Similarly yy* is a subprojection of r.

Finally we verify that the coefficients of x and y are partial isometries. Write

n

n
r=av= 5 VUV = g v, (v)u;,
J=1

=1

and compute
(Ujatj (U))*Ujatj ('U) = atj (,U*)U;'(Ujatj (U) = atj (U*)atj (pj)atj ('U) = atj ('U*pj'U),

but since p; < p for every j, v*p;v is a projection: (v”‘pjv)2 = v'pjovTpjv =
v*p;ppjv = v*pju. Therefore oy, (v*p;v) is a projection for each j and so the co-
efficients of x, v;ay, (v), are partial isometries. An identical argument works for the
coefficients of y. This completes the implication (2) = (1).

(2) < (3): By definition [g], is infinite in S(A, T, «) if and only if 2[g], < [¢]a,
and by Proposition 3.2.10, we know this occurs if and only if g is (2, 1)-paradoxical.

Clearly g is (2, 1)-paradoxical if and only if ¢ is (k, 1)-paradoxical for some k£ > 2. [
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At this point we can supply an alternate proof of Jolissaint and Robertson’s result
using ordered K-theory, but first, two basic lemmas. Recall that a partially ordered
group (G, G") is said to be non-atomic if, for every non-zero g > 0, there isan h € G

with 0 < h < g.

Lemma 3.2.18. If A is a unital stably finite C*-algebra with property (SP) such
that pAp is infinite dimensional for every projection p € A, then (Ko(A), Ko(A)™)

18 non-atomic.

Proof. Let 0 < g = [g|o belong to Ky(A)T for some non-zero ¢ € P,(A). Then
clearly there is a non-zero b € A* with b 3 ¢. By property (SP) there is a non-zero
projection p € bAb. A little work gives p < b. By hypothesis the corner pAp is
infinite dimensional and thus every masa of pAp is infinite dimensional. Inside such
an infinite dimensional masa we can find positive elements a, as of norm one with
ajas = 0. Now find non-zero projections p; € a;Aa; for i = 1,2. Then pq, ps are

non-zero orthogonal subprojections of p. It follows that g > [p1]o > 0. O]

Lemma 3.2.19. Let A be a unital C*-algebra and o : T' — Aut(A) an action.

Consider the following properties:
1. The action « 1s n-filling.
2. The action a is W-n-minimal.
3. The action a is W-n-filling.
4. The action o is Ky-n-filling..

Then (1) = (2) = (3) = (4).
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Proof. (1) = (2): Let x € W(A). We can find a positive norm-one element b € A"

with b = z. By hypothesis there are group elements t1,...,t, with
> ay,(b) > (1/2)14.
j=1

The result follows since

(1) = ((1/2)10) = (D a0, ) < (@50, 0)) = Do, () = 3 i () < Y o).
(2) < (3): This was shown in Proposition 3.1.13 above.
(3) = (4): This follows from the fact that if p,q € P(A) and (p) < (¢) in W (A),
then [plo < [glo in Ko(A). O

Proposition 3.2.20. Let A be a separable C*-algebra with cancellation, property
(SP), and for which (Ko(A), Ko(A)") is non-atomic and Ky(A)* has Riesz refine-
ment (an algebra of real rank zero and stable rank one will do). Let o : I' — Aut(A)
be a properly outer action which is Ko-n-filling for some n € N. Then A x, I' is

simple and purely infinite.

Proof. By theorem 3.2.16 it suffices to prove that every projection p in A is properly
infinite in A x, I'. Now by Proposition 3.2.17 we need only show that ¢ = [p|o
in Ko(A)*" is (2, 1)-paradoxical. Since Ky(A)" is non-atomic we may find non-zero

elements 1, ..., 29, € Ko(A)T with 2521 z; < g. By the n-filling property there are

group elements tq, ..., ¢y, with
n 2n
S a () > (o, and 3 dy,(z) = 1o,
j=1 j=n+1

Together 2321 z; < gand Z?Zl Ay, () > 2[1]o > 2g and thus g is (2, 1)-paradoxical.
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O
The following result generalizes Theorem 5.4 of [45] to the noncommutative case.

Theorem 3.2.21. Let A be a unital, separable, exact C*-algebra whose projections
are total. Moreover, suppose A has cancellation and Ko(A)" has the Riesz refinement
property. Let a: T' — Aut(A) be a minimal and properly outer action. Consider the

following properties:
1. The semigroup S(A,T', ) is purely infinite.
2. Every non-zero element in Ko(A)" is (k,1)-paradozical for some k > 2.
3. The C*-algebra A xy T" is purely infinite.
4. The C*-algebra A x, T is traceless.
5. The semigroup S(A,T', ) admits no non-trivial state.

Then the following implications always hold: (1) < (2) = (3) = (4) = (5). If the
semigroup S(A,L', «) is almost unperforated then (5) = (1) and all properties are

equivalent.

Proof. (1) < (2): We have already seen that x € Ky(A)" is (k,1)-paradoxical for
some k > 2 if and only if # = [z], is properly infinite in S(A,T', «).

(2) = (3): Let r be a non-zero projection in A. By assumption [r]y is (2,1)-
paradoxical, so by lemma 3.2.17 r is properly infinite in A x, I'. Then A x, I is
purely infinite by Theorem 3.2.16.

(3) = (4): Purely infinite C*-algebras are always traceless.

(4) = (5): Suppose v : S(A,I';a) — [0,00] is a non-trivial state. Suppose

0 < v([z]a) < 0o where z € Ky(A)* is non-zero. Composing with the quotient map
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p: Ko(A)"T — S(A,T,«) we get an order preserving monoid homomorphism ' =
vop: Ko(A)T — [0,00] with 0 < §'(x) < co. As in the proof of Proposition 3.2.12,
minimality of the action ensures that [’ is finite on all of Ky(A)". Extending 8’ to
Ko(A) gives a I'-invariant positive group homomorphism, 3, on Ky(A). Since A is
exact and projections are total, 5 comes from a [-invariant tracial state on A (see
Theorem 1.1.11 in [44]), so that A x, T admits a trace, a contradiction.

Now we assume that S(A,I', «) is almost unperforated and prove (5) = (1). Let
0 = [z], be a non-zero element in S(A,I',«). If 6 is completely non-paradoxical
then by Tarski’s Theorem S(A,T, «) admits a non-trivial state. So, assuming (5),

we must have (k + 1)0 < k6 for some k € N. So

(k+2)0=(k+1)0+0<kf+60=(k+1)0<kf.

Repeating this trick we get (k + 1)20 < k6. Since S(A,T', a) is almost unperforated

we conclude 20 < # and 6 is properly infinite. ]

We conclude this chapter with a result that combines Theorem 3.2.13 and The-
orem 3.2.21. In this way we obtain the desired dichotomy, albeit under suitable

conditions.

Theorem 3.2.22. Let A be a unital, separable, exact C*-algebra whose projections
are total. Moreover suppose A has cancellation and Ko(A)™ has the Riesz refinement
property. Let T' be a countable discrete group and let o : T' — Aut(A) be a minimal
and properly outer action such that S(A,T',«) is almost unperforated. Then the
reduced crossed product A X\ I is a simple C*-algebra which is either stably finite or

purely infinite.
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4. SUMMARY AND CONCLUDING REMARKS

The overarching theme in chapter two is that of finite-dimensional approximation
properties of a topological nature witnessed in reduced crossed products. These
emerge as consequences of approximation properties at the level of the dynamics.
For example, we studied MF actions and noticed the presence of norm microstates
in the reduced crossed product. We showed that an obstruction to this property
is also an obstruction to stable finiteness. Indeed, the main achievement there was
that we described MF crossed products using a K-theoretic coboundary condition.
Consequently, in the case of a free group F, acting on an AF algebra A, we saw that
A x) F, is MF if and only if A x, F, is stably finite (Theorem 2.2.14). Then in
chapter 3 we looked at the grand theme of finiteness in C*-crossed products. Under
suitable conditions on the underlying algebra—conditions that ensure that the K|
group is well-behaved, we learned that stable finiteness is characterized by a complete
non-paradoxicality property at the level of the induced dynamics on K-theory (see
Theorems 3.2.13 and 3.2.21). Combining Theorem 3.2.22 and Theorem 2.2.14 we

obtain the following dichotomous result.

Corollary 4.0.23. Let A be an AF algebra and let o : F,, — Aut(A) be a minimal,

properly outer action with almost unperforated type-semigroup S(A,F,,a). Then

A X\ T is either MF or purely infinite.

We end our discussion by mentioning a few interesting questions and avenues for
future research.

It is unknown to the author if there are examples of minimal and properly outer
actions on C*-algebras satisfying the conditions in Theorem 3.2.22 for which the type

semigroup is not almost unperforated. In particular, is there a free and action of the
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free group [y on the Cantor set X for which S(X,Fy, €) is not almost unperforated?
Although Ara and Exel construct actions of a finitely generated free group on the
Cantor set for which the type semigroup is not almost unperforated, these actions
are not minimal [1]. Moreover, almost unperforation may be too strong a condition
to establish (5) = (1) in Theorem 3.2.21. What is required is that every ‘infinite
element’ (in the sense that (k + 1)z < kz for some k) is properly infinite. This is a
priori a weaker condition than almost unperforation.

The author is convinced that Theorem 2.2.14 can be extended to actions of free
groups on AT-algebras, or even a larger class of separable C*-algebras that are clas-
sifiable. If such an extension holds, then a similar result as 4.0.23 would hold for
these algebras.

We observed in Proposition 2.1.9 that any action of a free group on a UHF algebra
A is quasidiagonal; consequently A x, F, is always MF. It is unknown if the same
permanence holds for countable discrete groups I' whose group C*-algebra C§(I) is
MEF. That is, if C{(I") is MF, and I' acts on a UHF algebra A, is A x, I" also MF?

The Pimsner-Voiculescu sequence leaves much to be desired when one is interested
in the order structure of Ky(A x F,) in the case where it is known that A x, F,. is
stably finite. More precisely, in the notation of Theorem 2.2.14, if A is an AF-algebra,

is the group isomorphism

Ko(A %\ F,) = Ko(A)/H,

an isomorphism of ordered abelian groups? The question boils down to whether or
not the K-theory map 7 : Ko(A)T — Ky(A %) F,)" is onto, where tA — A x, F,

is the canonical inclusion. In the same spirit we can also ask the following: is the
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well-defined map

S(AT,a) = Ko(A)T/ ~o— Ko(Ax\F)T  ([2]q — ()] Ko (Axr )

injective? A positive answer to both these questions would give us a complete de-
scription of Ky(A % F,) in terms of the dynamics and relate almost unperforation
of the type semigroup to that of the Ky-group of the crossed product. These queries

seem to be elusive both to the author and experts in the field.
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