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ABSTRACT

In this dissertation we study cluster value problems for Banach algebras H(B)
of analytic functions on the open unit ball B of a Banach space X that contain X*
and 1. Solving cluster value problems requires understanding the cluster set of a
function f € H(B). For the Banach spaces X we focus on, such as those with a
shrinking reverse monotone Finite Dimensional Decomposition and C(K), we prove
cluster value theorems for a Banach algebra H(B) and a point z** € B**. In doing
so, we apply standard methods and results in functional analysis; in particular we
use the facts that projections from X onto a finite-codimensional subspace equal [x
minus a finite rank operator and that C'(K)* = ¢1(K) when K is compact, Hausdorff

and dispersed.

We also prove that for any separable Banach space Y, a cluster value problem for
H(By) (H=H* or H=A,) can be reduced to a cluster value problem for H(Bx)
for some Banach space X that is an /;-sum of a sequence of finite-dimensional spaces.
The proof relies on the construction of an isometric quotient map from a suitable X
to Y that induces an isometric algebra homomorphism from H(By) to H(Bx) with
norm one left inverse. The left inverse is built using ultrafilter techniques. Other
tools include the infinite-dimensional version of the Schwarz lemma and familiar one

complex variable results such as Cauchy’s inequality and Montel’s theorem.

We conclude this work by describing the related 0 problem and defining strong
pseudoconvexity as well as uniform strong pseudoconvexity in the context of Banach
spaces. Our last result is that 2-uniformly PL-convex Banach spaces have a uniformly
strictly pseudoconvex unit ball. In future research we will study the 0 problem

in uniformly strictly pseudoconvex unit balls and in the open unit ball of finite-
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dimensional Banach spaces such as the ball of ¢7.
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1. INTRODUCTION: MAIN CONCEPTS

1.1 Some particular Banach algebras

The research I present in this thesis is focused on some problems in Functional
Analysis combined with Complex Analysis. To be specific, I study certain Banach
algebras of bounded analytic functions on the open unit ball B of a complex Banach
space X that contain X* (the continuous linear functionals on X) and 1. Indeed,
every element of X* acts linearly and continuously on B, thus each element of X* is
a bounded analytic function on B (the definition of an analytic function is discussed

in detail later on).

From here on, H(B) will denote any such algebra. One example is the algebra
H*>(B) of all bounded analytic functions on B. The study of H>°(B) is widely spread
in mathematics, as in H* control theory, H* functional calculus, etc. Another well
known example is the disk algebra, the analytic functions on the ball B of C" that
extend continuously to B. There are two generalizations of the disk algebra to the
infinite-dimensional case: A,(B), the uniformly continuous, bounded and analytic
functions on B, and A(B), the uniform limits on B of polynomials in the functions
in X*. These algebras satisfy the inclusions A(B) C A,(B) C H*(B). In particular
A(B) = A,(B) when X is finite-dimensional (because each f € A, (B) is the uniform
limit of polynomials and every polynomial on a finite-dimensional space is in A(B)),
while A,(B) € H*(B) for every Banach space X (See [6, 90-92], or check that
Boag* € H®(B) \ Au(B) for z* € X* of norm one with z*(z;) = ||z1]] = 1 and
B a Blaschke product with zeros dense in 9A). Examples of infinite-dimensional
spaces with A(B) = A,(B) include the C(K) spaces for K compact, Hausdorff

and dispersed (see section 3 in [27]), while examples of spaces with A(B) C A,(B)



include ¢;, Ly, C(K) spaces for K compact, Hausdorff and not dispersed like /.,
L (see Proposition 2.36 in [13] and the Main Theorem in [35]), and ¢,, L, for
1 < p < oo (because for a fixed integer n > p and (ex), the canonical basis of ¢,
f(>° arer) = Y- af is uniformly continuous on B, and analytic on complex lines, so
f € Ayu(By,); moreover f(ey) = 1 for each k € N, while g(ex) — 0 when g € A(B),
implying that f ¢ A(B). Then foP € A,(B,)\A(By,), for P anorm one projection
of L, onto a subspace that is isometric to £,).

One of the most important topics in the study of Banach algebras H(B) is the
study of its set of characters, the nonzero homomorphisms from H(B) to C, called
the spectrum of H(B), and denoted by Mp(p). Since our Banach algebras H(B)
are commutative and have an identity, the spectrum Mg (p) is a compact Hausdorff
space ([21, Theorem 2.5]). The study of the spectrum is simplified by fibering it
over B** (the closed unit ball of X**) via the surjective mapping 7 : My ) — B**
given by 7(7) = 7|x-. Indeed, 7 is well-defined because every 7 € My p) is linear,
continuous and of norm one; and 7 is surjective because 7(d,) = x for every x € B
( where 0, : H(B) — C is defined by f — f(z)), and since My gy is compact,
B* = BY C n(Mys).

Another related topic of interest is the Gelfand Transform: Given f € H(B), the
Gelfand Transform of f is the continuous map f : Mpgy — C given by 7 — 7(f).
The Gefand Transform is a generalization of the Fourier Transform for L;(R) under

convolution.
1.2 The Corona problem

One of the big open problems in the study of algebras H(B) is the Corona problem
on the ball, which asks whether the open unit ball of a Banach space X is dense (in the

weak-star topology) in Mp gy Note that B can be seen as a subset of My (p) via the



mapping 6 : B — My p) such that z — J,. An example of a character in My p) \ B
can be found in Example 2.1 later on. An equivalent formulation of the Corona
problem (see [24, p. 163]) is that whenever fy,--- , f,, € H(B) satisty | fi|+- - -+|fa| >

e > 0 on B, there exist g1, -, g, € H(B) such that fig; + -+ fogn = 1.

Carleson solved the Corona problem positively for the unit disk in C in 1962 [9].
In 1970 Gamelin [17] discussed the corona problem for other planar domains, solving
it in cases that include finitely connected planar domains, while in 1985 Garnett and
Jones [23] solved positively the Corona problem for connected open subsets of the
extended complex plane whose complement is a subset of the real axis. Garnett poses
corona problems for other interesting planar domains in [22]. In higher dimensions,
around 1970 Cole constructed an open Riemann surface which is a counterexample
to a Corona theorem [20]. Even more, Sibony produced counterexamples in 1987
in [37] and in 1993 in [16] to Corona theorems in C3, and then in C?, of domains
that are pseudoconvex, and strictly pseudoconvex except at one point (for example,

convex sets are pseudoconvex).

As Krantz summarizes in [31], there is no domain known in the plane C for which
the corona problem is known to fail, and there is no domain known in C", for n > 2,
on which the corona problem is known to hold true. In particular, it is a challenging
open problem to determine whether the Corona problem holds true for the unit ball

or polydisk in C" for n > 2.
1.3 Cluster value problems
This thesis work deals mainly with another set of big open problems: cluster
value problems. Cluster value problems are related to the Corona problem (a positive

answer to a Corona problem gives a positive answer to the corresponding cluster value

problem, or equivalently, a negative answer to a cluster value problem would yield



a counterexample to a Corona theorem). Roughly speaking, cluster value problems
involve the understanding of the cluster sets of a function f € H(B), that is, the
limits of f over weak* convergent nets in B, when B is seen as a subset of X** with

the weak-star topology. They also involve comparing such limits with the spectrum

of H(B) evaluated at f.

Kakutani [29] was among the first ones to consider cluster value problems in 1955
for domains in the complex plane, followed by I. J. Schark [26] in 1961 for the unit
disk A of the complex plane. I. J. Schark gave an explicit identification of the cluster
values of a function f at a point = in the boundary of A with the fiber over x of the

spectrum evaluated at f:

Theorem 1.1. Let f € H®(A) and x € OA. If My = {7 € Myeo(a) : 7(id) = x},
then the range off on M, consists of those complex numbers ( for which there is a

sequence {\,} in A with A\, — x and f(\,) — (.

In 1973 Gamelin [18] proved a cluster value theorem for the polydisk in C™.
Moreover, he proved it for finite products of open sets in C. Then McDonald proved
in 1979 in [33] a cluster value theorem for the Euclidean unit ball in C", and actually
for any strongly pseudoconvex domain in C" with smooth boundary. His proof relied
on a solution by Kerzman from 1971 in [30, 342-345] to a O problem in a strongly
pseudoconvex domain.

Being precise, we say a finite-dimensional cluster value theorem for B C C"
holds when the following occurs: Suppose f € H*®(B), x € 0B and o € C. Let
M, = {7 € Mye~) : T|as) = 6}. There exists m € M, such that m(f) = a if and
only if there is a sequence {xz;}; in B converging to x such that f(z) tends to a.

Before discussing cluster value theorems for the unit ball of an infinite-dimensional

Banach space, let us overview the basic theory of holomorphic functions on arbitrary
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Banach spaces.
1.4 Complex analysis on Banach spaces

Given U an open subset of a complex Banach space X, following Mujica [34], we
say that f : U C X — Cis an analytic (or holomorphic) function on U if for every = €
U there exists 7 > 0 and continuous polynomials on X, (P™f(z))%_,, where P™ f(x)
is m-homogeneous, such that, if ||y — z|| < r then f(y) => - P™f(z)(y — x), and
the convergence is uniform on the ball of radius r around x. The radius of convergence
of f at x, r.f(z), is the supremum of the radius of balls for which the power series
around z converges uniformly. Similarly, the radius of boundedness of f at x, ry, f(z),

is the supremum of the radius of balls centered at x and contained in U on which f
is bounded.

An m-homogeneous polynomial L on X, for m € N, is the restriction to the
diagonal of a m-linear mapping L : X™ — C, i.e. f)(x) = L(z,z,--- ,z) (and it is a
constant function for m = 0).

The following two formulas are very useful (Theorems 4.3 and 7.13 in [34]).

Proposition 1.1. [Cauchy-Hadamard Formula] Let U be an open subset of a complex
Banach space X. If f: U C X — C is analytic then for each x € U, 1/r.f(x) =

lim sup,,, . |12 f (x)[| /™.

Proof. Let z € U. We will first show that 1/r.f(z) > limsup,,_,.. [|[P™f(z)||*/™.
Let r € (0,7.f(x)). Then f(y) = _°_P™f(z)(y — z), and the convergence is

uniform for y € B(z,r). Hence we can choose my € N such that

m

1> P f@)(y—=2) = f@l <1, ¥m=mgand y € B(a,r).

=0



Thus ||[P™f(z)(t)]] < 2 for all m > mg and t € B(0,r). Consequently ||P™f(x)| <

2r~™ for all m > mg and therefore limsup,, .. [|P™f(x)||"/™ < 1/r.
Letting r — r.f(x) we get that 1/r.f(z) > limsup,, .. [|P™f(z)||*/™.
Let us now show that 1/r.f(z) < limsup,, .. ||P™f(z)||"™.

Let R = limsup,, . ||[P™f(x)|"™ and assume that R < oco. Choose r €
(0,1/R), s € (r,1/R) and mo € N such that ||P™f(x)||"/™ < 1/s for all m > my.
Then ||P"f(x)(y — x)|| < (r/s)™ for all m > mgy and y € B(x,r), so the series
Yo o P™f(z)(y — x) converges uniformly for y € B(z,r). Thus r.f(x) > r. Letting
r — 1/R we obtain that r.f(x) > 1/R,i.e. 1/r.f(x) < R = limsup,, ,. ||P™f(z)|"™.

[

Proposition 1.2. Let U be an open subset of a complex Banach space X. If f : U C
X — C is analytic then for each x € U, rpf(x) = min{r.f(x),dy(x)} (where dy(x)

denotes the distance from x to the boundary of U).

Proof. Let © € U. Clearly dy(z) = sup{r > 0 : B(z,r) C U}, so rpf(x) < dy(z).
Thus to show 7, f(x) < min{r.f(z),dy(x)} it is enough to show r,f(x) < r.f(z).
Let 7 € (0,7f(x)). Then B(x,r) C U and f is bounded on B(x,r), say by
C. It follows from Proposition 1.8 below (Cauchy Inequality) that ||[P™f(x)| <
Cr=™ for all m € Ny, so by the Cauchy-Hadamard Formula we get that r.f(z) =

1/limsup,, ,.. |P™f(x)||"/™ > r. Letting r — 7, f(2) we obtain r.f(z) > ryf ().

Let us now show that r,f(x) > min{r.f(z),dy(z)}. Choose 0 < r < s <
min{r.f(z),dy(z)}. Then B(z,s) C U and > ~°_,P"f(z)(y — x) converges for
every y € B(xz,s). Thus, by Proposition 1.3 below (Identity Principle) we get that
fly) = X7 _P"f(z)(y — x), for all y € B(z,s). Moreover, from the Cauchy-

Hadamard Formula, limsup,, ... [|P™f(z)||"/™ = ”}w < 1, 50 there exists C' > 1



such that |[P™f(z)|| < £ for all m € Nog. Thus ||f(y)]| < C > o o(£)™ for all

y € B(z,r). Hence ryf(z) > r, and letting r — min{r.f(z),dy(z)} we get that
rof () = min{re f(z), du ()} -

Gamelin defines an analytic function in [19] differently. However, Proposition
8.6 and Theorem 8.7 in [34] prove that these definitions are equivalent. Moreover,
Theorem 13.16 in [34] proves that analyticity is equivalent to C-differentiability. Let

us summarize these results in the following theorem.

Theorem 1.2. Given an open subset U of a Banach space X and f : U C X — C,

the following are equivalent:
(1) f is analytic,

(i1) f is continuous and its restriction to every complex one-dimensional affine
subspace of X is analytic, i.e. for every xo € U and direction x € X, the

function X\ = f(xo + A\z) depends analytically on X for X € {C : xg + x € U},

(111) f is locally bounded and its restriction to every complex one-dimensional affine

subspace of X is analytic,

() f is continuous and flynnr is analytic for each finite-dimensional subspace M

of X,

(v) f is Fréchet C-differentiable, i.e. for each point x € U there exists a C-linear

[f @) —f@)-Ly=2)l _
ly—=|l ’

mapping L € X* such that lim,_,,

Proof. (ii) = (iii) Continuity clearly implies local boundedness.
(#7) = (i1) Let us first note that Proposition 1.9 below (Schwarz’ Lemma) still
holds under our condition that the restriction of f to every complex one-dimensional

affine subspace of X is analytic.



Now let x € U. Since f is locally bounded, there exists r > 0 such that f is

bounded in B(x,r), say by C. Then, by Schwarz’ Lemma,

1f(y) = f@)l] <2C|ly —=zl|, Vy e Blx,r).

This proves that f is continuous at the point x.

(i) = (v) Let z € U and choose 1 € (0,7,f(z)). Then f is bounded on B(x,r),

say by C. Moreover, since ry,f(z) < r.f(x), we have that for all y € B(x,r),

fly) = flx) + P'f(x —x+Zme — ),
and so
J— J— 1 _

And by Proposition 1.8 below (Cauchy Inequality), we have that for all m > 2 and

y € B(xz,r)\ {z},

[P (@) ()| < v sup || f (2 + C(

—)H <Cr
ly — ﬂfH IC|=r |y — |

SO

meWf >mwnkaZwmwﬂ Iy

Mmoo || x| Mmoo

. C
= limsup |y — (- )=o.

et ~ lu—a]

r

Hence f is Fréchet C-differentiable.

(v) = (ii) Let zp € U and = # 0 € X. Since f is Fréchet C-differentiable, by

8



the Chain Rule also g(\) = f(zo + Az) is C-differentiable on Q = {( : xy + (x € U}.

Thus g is analytic, by the corresponding one complex variable result.

Hence the restriction of f to every complex one-dimensional affine subspace of
X is analytic. And the Fréchet C-differentiability of f clearly implies that f is

continuous.

(17) = (iv) Let M be a finite-dimensional subspace of X. Let o € UNM and let
{1, ,x,} be a basis for M. Then, following the proof of Proposition 1.7 (applied
n times as in Corollary 7.8 in [34]) under our condition that f is continuous and its

restriction to each complex line is analytic, we obtain that

f(IO —|-/\1.T1 + /\nxn) = an/\?l "'/\z";

«

and the series converges absolutely and uniformly on some polydisk A™(0,r).

Then, for each m € Ny define P,, : M — C by
Pon(\zy + - A\py) = Z DV LEERD WL

laf=m

so clearly P,, is an m-homogeneous polynomial and
Fl@o + May + - Agwn) = Y Pr(Mizn + -+ M),
m=0

where the series converges uniformly on A™(0, 7).
Thus f|yna is analytic.

(iv) = (i) Let zgp € U and r > 0 such that B(zo,r) C U. Then, if M is a



finite-dimensional subspace of X containing xy, by Proposition 1.2 applied to f|ynar,

Z (x —x9), Yaxe MnB(xg,r)

m=

where each PM is an m-homogeneous polynomial.
Hence, if M and N are two finite-dimensional subspaces of X containing z, then

PM(t) = PN(t) VYt € M N N,m € Ny (by an induction argument similar to the one

m

given after Lemma 4.5 in [34]).
Thus, defining P, : X — C by P,,,(t) = PM(t), where M is any finite-dimensional
subspace of X containing xq and ¢, we get that P,, is an m-homogeneous polynomial

(after using a Polarization Formula as the one in Theorem 1.10 in [34]) and
ZPm xr —x9), Vr & B(xg,r).
m=0

Now since f is continuous at zq there exists s < r such that f is bounded on B(x, s),
say by C. Thus, by Proposition 1.8 below (Cauchy Inequality) applied to f|ynas for

some finite-dimensional subspace M of X containing z¢ and t € By,
| Pn(t)|| < Cs™™, Vm € Ny.

Hence each P, is continuous and the power series sz:o P,,(x — ) converges uni-
formly for x € B(x, s), for all sy < s. O
Some examples [34, Section 5] of analytic functions are the following:

(i) Polynomials (finite sums of n-homogeneous polynomials),

(ii) Power series Y *°_, P, (x) with infinite radius of convergence.

10



(iii) Power series of the form >~ *_ (z} )™, where {z} } C X* and x, 20,

Also, [34, Sections 5,7] extends the following classical properties to the infinite-

dimensional setting.

Proposition 1.3. [Identity Principle] If f is analytic on a connected open set U and

identically zero on a nonvoid open set V- C U, then f is identically zero on all of U.

Proof. (a) First assume U is an open ball in X.

Letx € Uandy e V,andlet Q ={Ae€ C:y+ ANz —y) € U}. Clearly Q is a
convex open set that contains 0 and 1, and in particular it is connected. Hence
g: Q2 — Cgiven by g(\) = f(y+A(x—1y)) is holomorphic and identically zero on
a neighborhood of zero. Thus g is identically zero on all of 2 by the one complex
variable Identity Principle. In particular f(z) = g(1) = 0. Thus f is identically

zero on all of U.

In the general case consider A = {a € U : 3r > 0 s.t. f|pr) =0}. Ais clearly
an open set, and it turns out to be closed in U as well, because if (a,), C A
satisfies a, — a € U then, after choosing r > 0 such that B(a,r) C U, we
obtain n € N such that a, € B(a,r), and since there further exists r, small
enough such that B(ay,r,) C B(a,r) and f|g,,) = 0, then part (a) implies
that f|pw,) =0, ie. a € A Thus A =U, ie. f is identically zero on all of U.
O

Proposition 1.4. [Open Mapping Principle] If f is analytic and non-constant on a

connected open set U, then f is an open mapping.

Proof. Tt is enough to show that f(B(a,r)) contains a neighborhood of f(a) for each

B(a,r) C U. Solet a € U and r > 0 such that B(a,r) C U. By the Identity Principle

11



we have that f|p(,, is non-constant, so there exists b € B(a,r) such that f(b) # f(a).
Now, Q@ = {A € C:a+A(b—a) € B(a,r)} is a connected open set that contains 0 and
1. Hence g : Q — C given by g(\) = f(a+ A(b— a)) is an holomorphic function that
satisfies g(0) = f(a) # f(b) = g(1), so by the one complex variable Open Mapping
Principle we get that ¢(2) is open, where f(a) = g(0) € g(2) C f(B(a,r)). Thus f

maps open sets into open sets. O

Proposition 1.5. [Mazimum Principle] If f is analytic on a connected open set U

and | f| attains its supremum there, then f is constant.

Proof. Assume f is not constant. Then, by the Open Mapping Principle, for each
a € U there exists r > 0 such that B(f(a),r) C f(U), so |f(a)| is not the supremum

of |f|. Hence |f| does not attain its supremum on U. O

Proposition 1.6. [Liouville’s theorem] If f is analytic and bounded on all X, then

f s constant.

Proof. Let x € X. Since the function g : C — C given by g(\) = f(A\z) is holomor-
phic and bounded, then the one complex variable Liouville’s theorem implies that ¢

is constant. In particular f(z) = g(1) = g(0) = f(0). So f is constant. O

Proposition 1.7. [Cauchy Integral Formula] Suppose that f : U — C is holomor-
phic. Leta € U, t € X andr > 0 such that a+(t € U V¢ € A(0,7). Then Vm € Ny:

P f(a)(t) = 55 Jiopy TG

Proof. Let Q ={C € C:a+(t € U}. Then g:Q — Q given by ¢g(¢) = f(a+ (t) is
holomorphic on a neighborhood of A(0,7), so by the one complex variable Cauchy

Integral Formula, VA € A(0, ),

- 1 9() . 1 fla+ct)

12



Now, whenever |(| = r and |A| < 7 we have

fla+¢t)  fla+Ct)/C Z \m a—l—Ct
C=A  1=(VQ) g

and the series converges absolutely and uniformly for |(| = 7 and |A| < s < r, for
all s < r, because f is bounded on {a + (t : |(| = r}. Then, from the Dominated

Convergence Theorem,

o0

1 f +Ct A fla+¢t
fla+At) = i e - A= Z 27?2/| — (zm—s—l )dC),

and the convergence is uniform for |A\| <'s, for all s < 7.

On the other hand, since f is holomorphic we have a power series expansion

(a+ \t) Z P f(a)(M) = i AP f(a)(t)

which converges uniformly for |A| < sg, for some s > 0. Hence, after an induction

argument (such as the one given in Lemma 4.5 in [34]), we get that Vm € Ny,

PP f(a)(t) = —— %d(.

271 I¢|=r
]

Proposition 1.8. [Cauchy Inequality] Suppose that f : U — C is holomorphic. Let
a€U,te X andr > 0 such that a + ¢t € U V¢ € A(0,7). Then Ym € Ny:

[P fla) ()]} < 77 supye, [|f(a + Ct)|.

13



Proof. From the Cauchy Integral Formula we have that Vm € Ny,

L[ flatc

o Cl=r (m+1

P f(a)(t) dc.

Hence,
’ L el
1P @O < 5 [ R < s e+ ol

]

Proposition 1.9. [The Schwarz Lemma/ Suppose that f : U — C is holomorphic.
Let a € U and r > 0 such that B(a,r) C U, and suppose that f is bounded on B(a,r)

by C. ThenVx € B(a,r):
| f(z) — f(a)] <20zl

Proof. Fix x € B(a,r)\{a}. Since r,f(a) = min{r.f(a),dy(a)} (proven above), and

we have that r,f(a) > r, then r.f(a) > r too, so

flat Mz —a)) =Y P"f(a)(x—a)X™, VA€ AQO,r/|z—al).

Thus, if we define g : A(0,7/[|z — al|) = C by g(\) = f(“+’\(xj\“))_f(a) for X £ 0

and ¢(0) = P'f(a)(x — a), we get that actually

g =Y AP f(a)(x —a), VA€ A0,r/|lz — al]),

so ¢ is in particular holomorphic.
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Now, if s € (1,7/||]x — a||) and |A| = s, then

ot M — )l + 1f(a)] _ 20
Al ~ s’

lg(N)] <

so by the Maximum Principle, if |A| < s also |g(A)] < 29, Since A = 1 satisfies

s

|A| <'s then

17(2) — F@)ll = o) < 2<.

S

Since this is true for all s < r/||x — a|| then also

|l — all

1f(z) = fla)]] < 207——.

]

Since 7 f(a) = min{r.f(a),dy(a)} whenever a € U and f : U — C is holomor-
phic, there is a classical property that does not extend to the infinite dimensional
setting: The following example [34, p. 54] exhibits that the radius of convergence of
the power series of a holomorphic function around a point is not at least the distance

of the point to the boundary of U.

Proposition 1.10. Suppose that (z},)m C X* is a sequence such that ||z}, =1 VYm
and x}, Y% 0. Then f = Yo _o(@h )™ is holomorphic on all of X but has radius of

convergence at 0 equal to 1.

When X is infinite-dimensional, such a sequence always exists due to the Josefson-

Nissenzweig Theorem [12, 219-225].

Remark 1.1. If X and Y are complex Banach spaces, and U C X is open, we say
that f : U — Y is holomorphic if y* o f is holomorphic for all y* € Y*. One can

check that Theorem 1.2 can be extended to this setting (see [34] for the details).
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We now have enough tools to discuss the cluster value problem in arbitrary Ba-

nach spaces.
1.5 Cluster value problems for infinite-dimensional Banach spaces

For arbitrary Banach spaces X, the cluster value theorem for H(B) asserts that,

for a given z** € B**, the sets of cluster values
Clp(f,2™) == {\: flza) = A, 2o L5 2™
coincides with the evaluation of the fiber M, (B) := 7~ !(z**) at f,

f(Myer(B)) = {7(f) : 7 € M-},

for all f € H(B).

Aron, Carando, Gamelin, Lasalle and Maestre observed in [5] that for every

r** € B* we have the inclusion

-~

Cly(f,+*) € F(M,(B)), Vf € H(B), (1.1)

-~

thus to prove the cluster value theorem for H(B) it is enough to show f(M,«~(B)) C
Clg(f,z*), Vf € H(B).

Aron, Carando, Gamelin, Lasalle and Maestre also showed in [5] that the cluster
value theorem holds at every x** € B** if and only if whenever fi,--- , f,_1 € A(B)
and f, € H(B) satisty |fi|+ -+ |fu] = € > 0 on B, there exist g1, -+, g, € H(B)
such that fig1 + - fngn = 1.

When B is the unit ball of an infinite-dimensional Banach space, there are no

known solutions to the Corona problem. However, Aron, Carando, Gamelin, Lasalle
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and Maestre proved in 2012 in [5] a cluster value theorem at the origin for the algebra
A,(B) when X has a shrinking 1-unconditional basis. Examples of such spaces X

include ¢, for 1 < p < 0o and ¢, but not ¢y, £, L,(0,1) for 1 <p # 2 < oo.

Theorem 1.3. If X is a Banach space with a shrinking 1-unconditional basis, then

the cluster value theorem holds for A,(B) at x =0,

ClB<f70> :f(MO>7 fEAu(B>

Aron, Carando, Gamelin, Lasalle and Maestre [5] also proved a cluster value the-
orem at all points of the closed unit ball of X for the algebra A,(B) when X is a
Hilbert space. The main idea is to translate the problem to 0 via certain automor-
phisms of B, then to use the cluster value theorem at 0 for Banach spaces with a
shrinking 1-unconditional basis, and to apply certain peak functions for points in

0B.

Theorem 1.4. If X is a Hilbert space, then the cluster value theorem holds for

Au(B) at every x € B,

Clg(f,z) = f(M,), fe A,Bx),z € B.

Corollary 1.1. Let B be the open unit ball of a Hilbert space. If fi,--- | fn_1 € A(B)
and f, € Au(B) satisfy |fr| + -+ |fu]| > € > 0 on B, then there exist g1, -+ ,gn €

A, (B) such that fig1 + -+ + fugn = 1.

The same authors [5] proved a cluster value theorem at all points of the closed
unit ball of X** for the algebra of bounded analytic functions, denoted by H*°(B),
when X is ¢ (the space of null sequences). The proof repeatedly uses a lemma based

on a solution to a d equation.
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Theorem 1.5. If X is the Banach space cq of null sequences, then the cluster value

theorem holds for H*(B) at every x € B**,

Clg(f.z) = f(M,), fe H®B),zec B*

Corollary 1.2. Let B be the open unit ball of the Banach space cq of null sequences.
If fi, -+ fu_1 € A(B) and f, € H®(B) satisfy |fi|+ -+ |fu] = € >0 on B, then

there exist g1, ,gn € H®(B) such that fig1 + -+ + fugn = 1.

Note that Hilbert space and ¢j are infinite-dimensional analogues of the unit ball

and the polydisk of Euclidean space, respectively.

It is open whether L, satisfies the cluster value problem, for A,(By,) or H*(By,),
at any point of By, 1 < p # 2 < oco. Nevertheless, Lemma 4.4 in [15] implies a
cluster value theorem for each point in OB and the algebra A,(B), when B is the
unit ball of a uniformly convex Banach space, like ¢, and L, for 1 < p < oo. Also,
by [1, Theorem 2.6] and [5, Corollary 2.5], there is a cluster value theorem for the
algebra A, (By,) and each point in 0By, , because for each boundary point there is a
function in A(By,) peaking at it. I would like to investigate what happens at interior

points.
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2. OUR CLUSTER VALUE THEOREMS*

2.1 A look at finite-dimensional subspaces of a Banach space

Generalizing the ideas and techniques in [5], W. B. Johnson and I proved the

following cluster value theorem in [27]:

Theorem 2.1. Suppose that for each finite-dimensional subspace E of X* and e > 0
there exists a finite rank operator S on X so that ||(I — S*)|g|| < € and ||[I =S| = 1.

Then the cluster value theorem holds for A,(B) at 0.

Proof. Suppose that 0 ¢ Clg(f,0). We must show that 0 ¢ f(M). Since 0 ¢
Clg(f,0), there exists 0 > 0 and a weak neighborhood U of 0 in X such that |f| > 0
on U N B. Without loss of generality we may assume U = N {x € X : |z}| < €}
for some z7,--- 2 € Bx~ and ¢y > 0. Let F = span{x7},--- , 2%} and let S be as in
the statement for € = €. Then |f o (I — S)| > § on B, because for every x € B we

have that (I — S)z € U, indeed:

|<af,(I-S)x>|=|<(I-S)r,x>]|<e, fori=1,---,n.

—

Consequently f o (I —.5) is invertible in A, (B). Hence f o (I —S) # 0 on the fiber
of the spectrum of A,(B) over 0. From Proposition 2.1 below, we then obtain f #0
on My, that is 0 ¢ f(My). O

For example, Banach spaces with a shrinking reverse monotone Finite Dimen-
sional Decomposition (FDD) satisfy the conditions of the previous theorem. Recall

that such Banach spaces X are the union of finite-dimensional spaces (E,),, such that

*Part of this chapter is reprinted with permission from W. B. Johnson, S. Ortega Castillo, The
cluster value problem in spaces of continuous functions, to appear in Proc. Amer. Math. Soc.
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Vo € X, 3 (z,), with z,, € E, and z = )" x,,; also the functions Q,(z) = Y >°
satisfy ||@Qn]| = 1Vn, and Va* € X* lim, Hx*]span(u;?';nEj)” = 0.
The proof of Theorem 2.1 relies on the following proposition in [27] (a general-

ization of Lemma 3.4 in [5]):

Proposition 2.1. Let S be a finite rank operator on X such that P = I — S has
norm one. If ¢ € Mo(B) = {1 € Au(B) : T|ag) = o}, then f(qb) = f/o\P(qb), for all
f € A.B).

We note that the previous proposition, however, does not hold for H*(B), as

exhibited in the following example by Aron [27, Example 1]:

Example 2.1. There exists a finite rank operator S on ly so that P = 1 — S has
norm one, and there exist ¢ € My(By,) = {7 € H®(B) : T|as) = 0o} as well as
f € H*(By,) so that f(¢) # [ o P(¢).
Proof. Let S : ly — {5 be given by S(z) = (21,0,0,---).

Clearly S is a finite rank operator and P = I — S has norm one.

Let (r;) and (s;) be sequences of positive real numbers, such that (r;) | 0 and
(s;) T 1in such a way that each 77 +s3 < 1 and 75 +s5 — 17. Foreach j = 1,2,3,-- -,
let 6y e, 1s,e; be the usual point evaluation homomorphism from H*(B,) — C.

Let ¢ : H*(By,) — C be an accumulation point of {0, ¢, 4s,e,} in the spectrum of

H*>(By,). Let f: By, — C be the H* function given by

f(z) = S

1— Zj’;Q x?

where the square root is taken with respect to the branch of logarithm determined
by the bounded and simply connected set U = {1 — >, 27 : © € By,} that does

not contain 0.
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Since f is clearly continuous, it is analytic because it is analytic on complex lines:

Given 2° = (22),, € By, and y° = (12),, € lo, if A € Q@ ={C € C: 2"+ (y° € By, },

29 + ¥
Fla®+ M) = = !
( ) VI =209 4+ My)?
_ ¥+ A
V1= 30, (@0)2 = 2000 alyld + A2 D0 o (y9)?
a+ \b

Ve —2XMd + N2

which is a holomorphic expression because €2 is simply connected and bounded, and
0¢ {c—2Xd+ Ne: e}

f is bounded because for all x € By,,

| T |2 _ |:L“1|2 |$1|2 <1
VAR D [1=3"0 a3 — 1=300 |l

Finally, ¢(f) = 1, however ¢(f o P) = 0 because fo P =0.

[]

We observe that Theorem 2.1 and Proposition 2.1 suggest a relationship between
the cluster value problem in a Banach space and its finite-codimensional subspaces.
Johnson and I [27] established the following relationship with the help of Aron and

Maestre:

Proposition 2.2. IfY is a closed finite-codimensional subspace of X and f € A,(B),
then Clg(f,0) = Clp, (f|y,0), where By is the unit ball of Y.

Proof. A,(B) coincides with the uniform limits on B of continuous polynomials on
X (see Theorem 7.13 in [34] and p. 56 in [6]), where polynomials are finite linear

combinations of symmetric m-linear mappings restricted to the diagonal. Thus, by
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passing to the uniform limit on B, we may assume f is an m-homogeneous polyno-
mial, with associated symmetric m-linear functional F. Let (x,) be a weakly null net

in B such that f(x,) = .

Each z, can be written uniquely as y, + uo, where y, € Y and u, is from a fixed

finite dimensional complement of Y in X. Then

f(IOé> = F({L‘a7-~- axoa)
m(m — 1)

9 F(ya,~--,ya,ua,ua)—i—“'—i—f(ua).

:f(ya)+mF<ya7"' 7yaaua)+

Now, since (z,) is weakly null, the same holds for (y,) and (u,). However, since (u,)
belongs to a finite dimensional space, it follows that ||us|| — 0. Thus F(ys - -, Ya, Ua ),
F(Yas s Yo Uy Uga), -+, f(ug) all go to 0. Thus f(y,) — A. Finally, since each

Hyall < llzall + 1] — wall < 14 ||ual|, then by defining ¢, = we get that

1
1+ [uall

lltayall < 1 for all a and t, — 1, and consequently, lim f(t,ys) = Um 7 f(ys) = A.
Hence A € Clg, (f|y,0).
[l

As a consequence we obtain that the cluster sets of an element f of A,(B) at
0 can be described in terms of the Gelfand transforms of f|g, as Y ranges over

finite-codimensional subspaces of X:

Proposition 2.3. For every Banach space X,

Cla(f,00= [ floy(Mo(By)), ¥f € Au(B).

Y CX,dim(X/Y)<oo

Proof. From Proposition 2.2, for every finite-codimensional subspace Y of X,

Cli(f,0) = Cli, (fly,0) C Flay (Mo(By)).
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For the reverse inclusion, suppose 0 ¢ Clg(f,0). Then there are ¢ > 0 and a
weak neighborhood U of 0 such that |f| > ¢ on U N B. U contains a closed finite-
codimensional subspace Yy of X, so |f|p,,| > €. Hence ﬂB?o is invertible, which

implies that 0 ¢ ﬁB?O(MO(BYO)). O

Since ¢q satisfies a cluster value theorem for A,(B) and ¢y is 1-codimensional
in ¢ then Proposition 2.2 suggests that ¢ satisfies a cluster value theorem, but [27,

Example 2] shows that ¢ does not satisfy the hypothesis of Theorem 2.1:

Example 2.2. Let L € B« be given by

L((cp)n) = lim c¢,.

n—oo

If S ¢ — c is a finite rank operator with ||(S* — I«)L|| < €, then ||S — I || > 2 —¢.

Proof. For each k € N, consider L € B. given by

Li((cn)n) = (lim ¢, — cx)/2.

n—oo

Let us show that |[S*(Lg)|| — 0 as k — oo. For every z € B., S*(Ly)r =
Li(Sz) — 0 as k — oo. Moreover, since S has finite rank, {Sz : x € B.} is pre-
compact. Thus S*Ly = Lj o S converges to zero uniformly on B, i.e. |[S*Lg|| — 0

as k — oo.

Now note that ||L — 2Lg|| = 1 for each k, so
18" = Lee|| 2 |[(S™ = Lo ) (L = 2L)[| 2 [|2L1, — 2 - S™(Li) || — € = 2 — € = 2|[S™ (L) |-

Since S*(Ly) — 0, then [|S — L|| = ||S* — I.-

> 2 —ec.
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As we mentioned before, since ¢q is one-codimensional in ¢, Proposition 2.2 implies

that for all f € A,(B.),
Cch<f7 0) = Ccho (f|Bc0 ) 0)

Also, Propositions 1.59 and 2.8 of [13] imply that all functions in A, (B,,) can be
uniformly approximated on B by polynomials in the functions in X*, which in turn
implies that each fiber at z** € B** consists only of **, so the cluster value theorem

for A,(B,,) holds, and in particular

Clp., (f15.y,0) = [lpe (Mo(By)), Vf € Au(B.).

—_— ~

Hence we are left to compare f|p, (Mo(B,,)) with f(My(B,.)) for f € Au(B.).

Note that an inclusion is evident:

Proposition 2.4. For a Banach space X andY a subspace of X,

Floy (Mo(By)) € FMa(B)), ¥f € Au(B).
Proof. Let f € A,(B) and 7 € My(By). Since ¢; : A,(B) — A.(By) given by
#(g) = g|y for all g € A,(B) is a continuous homomorphism that maps A(B) into
A(By), the mapping 7 : A,(B) — C given by 7(g) = 7(g|y) for all g € A,(B) is in
the fiber My(B). Moreover,
flv(r) = (7).

]

The reverse inclusion is unclear. Nonetheless, ¢ is isomorphic to ¢y and A, (B.,) =

A(B.,), so by [27, Lemma 1], A,(B.) = A(B.), so c¢ satisfies a cluster value theorem
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for A, (B.):

Lemma 2.1. Let X be a Banach space so that A,(Bx) = A(Bx). If the Banach

space Y is isomorphic to X, then also A,(By) = A(By).

Proof. Let T : Y — X be the Banach space isomorphism between Y and X.

Let P(X) and P(Y') denote the continuous polynomials on X and Y respectively,
and denote by P;(X) and P¢(Y) the polynomials in the functions of X* and Y*
respectively (known as finite type polynomials).

Let f € A,(By). Then there exists a sequence of polynomials P, € P(Y) such
that [|P, — f||s, < &, VneN.

For each n € N, P, o T~ € P(X), so there exists a polynomial Q,, € Ps(X) such

that ||P, o T7! — Qullp, < n~|\1T|\’ and consequently [|P, — @, o T||p, < =, where

QnoT e Pi(Y).
Consequently, the sequence of polynomials @, o T € P(Y) converges to f uni-
formly on By, so f € A(By).
O

Corollary 2.1. The Banach space ¢ satisfies the cluster value theorem for A,(B.)

at all points in B.”.

Proof. Since every f € A,(B,.) can be uniformly approximated on B, by polynomials

in the functions in X*, then each fiber at ** € B** consists only of 2**, and since

~ ~

Clu(f,2) C F(Mye(B)) = {Fa™)} ¥f € Au(B.), where every Clp(f,a™) # 0
(see [19, p. 200] or [5, p. 2]), then the cluster value theorem for A,(B.) holds. [

Bessaga and Pelczynski proved in [7] that, when o > w* is a countable ordinal,
C(«) is not isomorphic to ¢ = C'(w). Therefore we no longer can use Lemma 2.1 to

obtain a cluster value theorem on such spaces of continuous functions.
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Nevertheless, for o a countable ordinal, the intervals [1, o] are always compact,
Hausdorff and dispersed (they contain no perfect non-void subset). The compact,
Hausdorff and dispersed sets K satisfy, from [35, Main Theorem], that X = C(K)
contains no isomorphic copy of l;. Moreover, from [3, Theorem 5.4.5], X = C(K) has
the Dunford-Pettis property. Therefore, for dispersed K, the continuous polynomials
on X = C(K) are weakly (uniformly) continuous on bounded sets by [13, Corollary
2.37].

Moreover, since X* = [;(K) has the approximation property, [13, Proposition 2.8]
now yields that all continuous polynomials on X can be uniformly approximated, on
bounded sets, by polynomials of finite type. Thus the elements of A,(B) can be
approximated, uniformly on B, by polynomials of finite type. Hence A,(B) = A(B),
so each fiber at #** € B** is the singleton {z**}, and then X satisfies the cluster

value theorem for the algebra A,(B).
We now consider the cluster value problem on X for the algebra of all bounded
analytic functions H>(B).
2.2 A cluster value theorem for spaces of continuous functions

Following the line of proof of Theorem 5.1 in [5], and using that C'(K)* = ¢1(K)
when K is compact, Hausdorff and dispersed, we obtain a cluster value theorem for

H*>(B) when X = C(K), and K is compact, Hausdorff and dispersed.

Theorem 2.2. If X is the Banach space C(K), for K compact, Hausdorff and

dispersed, then the cluster value theorem holds for H*(B) at every x € B**.

Proof. Fix f € H®(B) and w = (w;)iex € B*™ (where C(K)** = l(K)). Suppose
0 ¢ Clg(f, w). It suffices to show that 0 ¢ f(M,,).
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Since 0 is not a cluster value of f at w, there exists a weak-star neighborhood U

of w such that 0 ¢ f(U N B), where
UNBOoNi{zeB:|<(z—w),x] >|<e¢},

for some € > 0 and 27, .-,z € X* = [;(K).

We have that 27 = (2} (t)):cx has countably many nonzero coordinates {x}(t) }+cr,

fort=1,--- ,n. Thus,

UNBDNL{z€B: Y (z—w)ai(t) < e},
tek
and there is a finite set /' C UL [ so that ), p |27 ()] <e€/4, fori=1,--- ,n.
Then,
UmBDﬂtEF{ZGB . ]zt—wt] <5},
where

€

0= i BTN YN,
1<isnder (2F )]z (0)

In summary, there exist ¢ > 0, 6 > 0 and a finite set F' C K such that if 2 € B
satisfies |z; —wy| < d for t € F then |f(z)| > c. Relabel the indices in F as ty, -+ , t,,

where m = |F'|. Then proceed as in the proof of Theorem 5.1 in [5]:
For 0 <k <m —1,define Uy ={z € B: |z, —wy| <0,k +1<j <m}, and set
U,, = B. Note that 1/f is bounded and analytic on Uj.

We claim that for each k, 1 < k < m, there are functions g; and hy;, 1 < j <k,

in H>°(Uy) that satisfy

f(2)ge(z) = 1+ (2, — we) hia (2) + - - + (21, — wi, )i (2), 2z € Up. (2.1)
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Once this claim is established, the proof is easily completed as follows. The

functions g, and h,,; belong to H>(B) and satisfy
.]/c\g/\m = /1\"— Z (th - wtj)hmj‘
j=1

Since each 2z, —wy, vanishes on M, (by the definition of M,,), we obtain Ffom=1

on M,, and consequently fdoes not vanish on M,,, as required.

Just as in [5], the claim is established by induction on k. The first step, the
construction of g; and hqy, is as follows. We regard 1/f((z)icx) as a bounded
analytic function of z;, for |z,| < 1 and |z, — wy,| < §, with 2z, t € K — {t1}, as
analytic parameters in the range [z| < 1 for t € K — {t1}, and |z, —wy,| < ¢ for

2 < j < m. According to lemma 5.3 in [5], we can express

%Z) = gl(Z> + (Ztl - wt1)h(z)7 = UO’

where g1 € H*(U;) and h € H*®(Uy). We set

hi(2) = [f(2)91(2) = 1]/ (21, —wi,), z € Uy,

so that (2.1) is valid for £ = 1. Note that hy; = —hf on Uy. Consequently hy; is
bounded and analytic on Ujy. The defining formula then shows that hi; is analytic
on all of Uy, and since |z;, — wy,| > 6 on Uy — Uy, hqq is bounded on Uj.

Now suppose that 2 < k < m, and that there are functions g1 and hy_1; (1 <
Jj < k—1) that satisfy (2.1) and are appropriately analytic. We apply lemma 5.3 in [5]

to these as functions of z;,, with the other variables regarded as analytic parameters,
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to obtain decompositions

gr-1(2) = gr(2) + (21, — wi, )G(2)

and

hr1(2) = hij(2) + (20, — wy, ) Hyj(2), 1<5<m—1,

where g5 and the hy;’s are in H>(Uy), and Gy, and the Hy;’s are in H*°(Uy_;). From

the identity (2.1), with k replaced with k£ — 1, we obtain

k-1

Jor =1+ Z(th — wi; Vhig + (20, — we) [= fGr + Z — wy; ) Hy;)

j=1
on Uy_;. We define

k-1

hie = [fgr — 1 — Z(th = wy, gl / (2, — wy,), 2 € Uy

i=1

Then (2.1) is valid. On Uy_; we have

hik = _ka+Z t;) Hij,

so that hy is bounded and analytic on Uy_;. Since |z, — wy, | > 0 on Uy — Uy_1,
we see from the defining formula that hy, € H*°(Uy). This establishes the induction
step, and the proof is complete.

]

We do not know the answer to the cluster value problem for other spaces C'(K),
however, we can give a partial answer to the following modification of the cluster

value problem.
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2.3 The cluster value problem for H*(B) over A,(B)

In [27] we consider the following cluster value problem: Given fi* € B, the
cluster value problem for H>(B) over A,(B) at fi* asks whether for all ¢ € H>*(B)
and 7 € Mg« (B) (Mg is w1 (0:+) for the restriction map 7 : My~ (g) = Ma,(5)),
can we find a net (f,) C B such that ¢¥(f,) — 7(¢) and f, converges to fi* in the
polynomial-star topology, i.e. the smallest topology that makes every extension of
a polynomial on X to X** continuous (that we denote by 7(¢) € Clg(¢, f5*))? As
before, clearly Clg (v, f3*) C ¥(Mys+(B)), Voo € H*(B).

The previous problem seems to be highly nontrivial. For example, for every
infinite compact Hausdorff space K, C'(K) contains a subspace Y isometric to ¢y
(Proposition 4.3.11 in [3]), so the fiber Mo(B¢ (k) is huge (and from Proposition 2.6
below, so is each fiber My, (Be(k)) for fo € Beky). Indeed, according to Theorem
6.6 in [10], there is a family of distinct characters {7,}aep, _, such that each 7, :
H>(By) — C satisfies dg = Tala(By) = Talau(sy) (because Y is isometric to co, so
A(By) = Au(By)). Hence {7s}aep,., C Mo(By) and therefore {7, o R}aep, C
Mo(Bek)y), where R is the restriction mapping R : H* (B¢ k)) — H*(By), which
is clearly a homomorphism. Note that the characters {7, o R}aeBgm are all distinct
due to Theorem 1.1 in [4] (also [19, Theorem 2.1.3]), because {, is an isometrically
injective space (Proposition 2.5.2 in [3]), so there exists a norm-one linear map S :
C(K) — l such that S|., = I,.

The cluster value problem for H*(B) over A, (B) coincides with the cluster value
problem for H*(B) when A,(B) = A(B). Thus when K is compact, Hausdorff and
dispersed, we have a positive answer to the previous cluster value problem for the
C(K) spaces.

To study the cluster value problem for H*°(B) over A,(B) when B = B¢k of
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an arbitrary C'(K') space, in [27] we describe the following family of automorphisms

(Tf0>f0€B:

Proposition 2.5. Let fy € B = Box). Ty, : B — B given by

Ty(f) = 10

_J=h yrep
I—fo-f Ie

18 biholomorphic.

This is a folklore result mentioned e.g. in [39] and [8], but inasmuch there seems
to be no proof in the literature we sketch the proof.
Proof. Set &y = || foll-

Let us start by showing that T := T}y, is well defined, i.e. ||Tf|| < 1 when
1Al < 1.

Let f € B. We can find 6 € (dy, 1) such that ||f|| <.

For every ty € K, let z = f(to) and ¢ = fo(to), so that T'(f)(to) = =

Let A denote the open unit disk in the complex plane C.

Since o : (0 - A) x (6 - A) — A given by o(z,¢) = £== is continuous, then

o((6-A) x (6 - A)) is a compact subset of A, so there exists 6, < 1 so that o((J -

A) x (5o A)) € 64

Thus [|Tf]] < & < 1.

Let us now show that 7" is also holomorphic, or equivalently, Fréchet C-differentiable.

For f € B fixed, the linear mapping L : C(K) — C(K) given by L(h) = é:%’}l;h

satisfies that, for h # 0 small enough,
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T(f+h)=T(f) = L(h) f+rh—fo  f—fo  1-|fof?

- _ . =~ h)/||h
Tl gm0 agnpne/I
e e At
1L—fof 1—=fo(f+h) Q- ff)
foh
- L (L [fol2)h/II1].

(1= fof)?(1 = fo(f + 1))

which goes to zero as h — 0. Thus 7T is holomorphic.

f+fo

o ), we have

Since T' clearly has a necessarily holomorphic inverse (S(f) =
that T" is a biholomorphic function on B that sends fy to the function identically

Zero.

Alternative proof of analyticity. It suffices to check that T is continuous and its

restriction to each complex line is holomorphic.

To prove T' is continuous, let f; € B and € > 0.

For any f € B,

f—=f  fi—Jo
1—fo-f 1=fo-fu

L= 1fP)(f = f1)

1T(f) =TI =] 1—Fo- )0 = Fo- f1)

I,

where [[1—fo- fII. [11=fo- full = 1= fol| = & > 0. Thus, when [|f — f1[| < €-0?,

l-e-a?
2

IT(f) =TIl <

:E’
(0%

so T is continuous.
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To prove that T is holomorphic on each line, let f; € B, and g; # 0 € B. Then,
for N\€e A={aeC: fi +ag, € B},

fli)\gl—fo _ >ﬁ1+(f1—fi) .
L—fo(fi+Ag1)  —Afogi + (1= fofa)

V(A =T(fi+ A1) =

Let Ao € A. Set F = \og1 + (f1 — fo) and G = 1 — fo(f1 + Aog1). Clearly G has
modulus uniformly bounded below by 1 — ||fo|| = 8 > 0, so 1/G € C(K). Whenever
|A — Xo| < B, we have

(A= X0)g1 + Xog1 + (f1 — fo)

) = It o T UL =)

—(A=X0)g1fo — Aogifo+ (1 = fofi)
. A=A + F
B —A=2X)gifo+ G
_ (A= Qo)g1 + F 1

G 1—(A— AO)(Ql%/G)

A=) + F - nglﬁn
= (B 0wy

which converges uniformly in A when |\ — A\g| < 5y < 5.

Hence 9 is holomorphic, and consequently so is 7.

]

Let us note as a side remark that we can extend the previous conclusion to the

open unit ball of the second dual of C(K) : Rewrite 1{%‘_)]0 as (f — fo) 00, (fof)™
Since it is known that C'(K)™ is a commutative C*—algebra that extends the C*
structure of C(K) (see [14, 310-311] and [36, p. 43]), then Proposition 2.5 extends

in the following manner.
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Proposition 2.6. Given fi* € Bo(r)«, let Ty : Bo(ry — Box)y= be given by

hE

Ty (f7) = (S = fo7) QU™ F7)" VI € Bowoy

I
)

T

Then Tyx~ 1s biholomorphic.

Imitating Lemmas 4.3 and 4.4 in [5], we prove in [27] that for an arbitrary C(K

space, the family of automorphisms (7%,)s,ep of B, given by T}, : f — =

ff

the following proposition:

Proposition 2.7. For each fy € B, the biholomorphic function T}, induces a

homeomorphism T}O on the spectrum Mpp)y, where H denotes either the algebra

A, or the algebra H>, that maps My (B) homeomorphically onto My(B) (where

Mf0<B) = {T € MHoo(B) : T|Au(B) = fo})'

Proof. Note that T':= T}, is a Lipschitz function. Indeed, if f, g € B,

( ’f0|2)< ) || <

||T(f)—T(9)||:||(1_f0f)(1_fog) (1- ||fH)

S = gll-
Thus for every ¢ € H(B), ¥ oT € H(B). So T: Mgy — Mg (), given by

T(r)(¢) =7(oT), VT € Mues), ¥ € H(B),

is well defined. Moreover, given 7 € My, (B) and ¢ € A,(B),

A

T(r)(@) =7 oT) = (¢ oT)(fo) = (0),

i.e. T(t) € My(B), for every T € My, (B).
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Now, given 7 € M(B) it is clear that 7 : H(B) — C given by

() =1 oT™), V€ H(B),

is in Mg (p), actually in My (B), and ¥V ¢ € H(B),

A~

T () =7 T) =7(¥),

ie. T(T)=r. 0
The reader can easily check that the previous mapping T is actually a homeo-
morphism.

As a consequence of Proposition 2.7, we obtain that the cluster value theorem of
H>(B) over A,(B) at 0 is equivalent to the cluster value theorem of H*(B) over

A, (B) at every fo € B, when X = C(K).

Corollary 2.2. If X is a Banach space C(K), then the cluster value theorem of
H>(B) over A,(B) at 0 is equivalent to the cluster value theorem of H*®(B) over
Au(B) at every fy € B.

Proof. Let fo € B and set T(f) = % for f € B. Then, V¢ € H*(B),

D(Mo(B)) = ¥ o T(My,(B)) = ¢ o T(My,(B)),

Clp(1,0) = Clp(¥ o T, fo),

because ¢ o T € H®(B) too, and T~(f) = (f + fo) >oneo(—fof)" for f € Bex
is polynomially-star continuous, because sums and norm limits of polynomially-star
continuous maps are polynomially-star continuous, as well as multiplication by a

fixed element of C'(K). O
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Let us note that, from the Gelfand Representation Theorem, this corollary holds

for any nonzero unital commutative C*-algebra.

The previous result is a reduction of a cluster value problem at any point in
the ball of C(K) to the origin. In the next section we explain a reduction of a
cluster value problem for any separable Banach space to a space with a more specific

structure.
2.4 The cluster value problem for separable spaces

In [28] we prove that for any separable Banach space Y, a cluster value problem for
H(By) (H = H> or H=A,) can be reduced to a cluster value problem for H(Bx)
for some Banach space X that is an /;-sum of a sequence of finite-dimensional spaces.
The proof relies on the construction of an isometric quotient map from a suitable
X to Y that induces an isometric algebra homomorphism from H(By) to H(By)
with 1-complemented range, where the projection mapping is built using ultrafilter
techniques. Other tools include the infinite-dimensional version of Schwarz’ Lemma,
as well as such familiar one complex variable results as Cauchy’s inequality and

Montel’s theorem. This is done in the following two lemmas:

Lemma 2.2. Let Y be a separable Banach space and Y7 C Yy C Y3 C ... an

increasing sequence of finite dimensional subspaces whose union is dense in Y. Set

X = (O_Yo)1. Then the isometric quotient map Q : X — 'Y defined by

Q(Zn)n = Z Zn
n=1
induces an isometric algebra homomorphism Q% : H(By) — H(Bx), where H de-

notes either the algebra A, or the algebra H*.

The idea behind is to use the little open mapping theorem to get Q(Bx) = By.

36



Proof. Note that for all (z,), € X,
1QG)nll = 11D zall <D zall = I(zadnll1- (2.2)
n=1 n=1

Let /YZ ={(zn)n € X : 2z, =0V k # n}. Since Q(Bﬁ) = By, for all n € N, we
now have that Q(Bx) is dense in By and hence @) is an isometric quotient map.

Then the function Q¥ : H(By) — H(Bx) given by Q% (f) = foQ is an isometric

homomorphism because Q% is clearly linear and for all f,g € H(By),

1Q* ()l = sup [foQ(x)] = sup |f(y)| = [If]-

xEBx yEBy

Moreover,
QH(f-9)=(f-90Q=(foQ) (goQ)=Q"(f)Q"(g),

so Q% is an algebra homomorphism.

Now we find a left inverse to Q% that allows us to go back to H(By).

Lemma 2.3. Under the assumptions of the previous lemma, there is a norm one
algebra homomorphism T : H(Bx) — H(By) so that T(X*) C Y* and T o Q% =

Tr(py)-

Proof. The first part of the proof consists of constructing 7" and verifying that
TH(Bx) C H(By).

For every y € (UY,) and n € N, let S, (y) = (2;); € X be given by
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y ifi=nandyey,
Z; =

0 otherwise

Let U be a free ultrafilter on N. For each g € H(Bx) set

Sg(y) = 1135 g(Sny) for every y € Buy,),

which is well defined because g is bounded. Next we prove that Sg is continuous:

Let 0 < r < 1. Since ¢ € H*(Bx) then Schwarz’ Lemma (Thm. 7.19, [34])
and the convexity of Bx imply that g € A,(rBx). Let ¢ > 0. Since g is uniformly
continuous on rBy there exists 6 > 0 such that, if a,b € rBx and ||a — b|| < 6, then
|g(a) — g(b)|| < e. Thus, given yi,ys € rBy,) such that [jy; — 3| < J, we can find
N € N such that y1,52 € Y,, Vn > N, and then ||.S,(y1) — Su(2)|| = lly1 — v2|| < 0

eventually for n, so

159(y1) = Sg(ya)ll = lim [|g(Sa(y1)) — 9(Su(y2))]l < €.

Each Sg : Buy,) — C is uniformly continuous on r By, for 0 <r < 1, thus we
can continuously extend each Sg to T'g : By — C. Moreover, it is evident that Tg
is uniformly continuous on Bx when g € A,(Bx). It is left to show that each T'g is
analytic by checking that every T'g is analytic in each complex line (Thm. 8.7, [34]).

We do this in two parts.
Step 1 Let us check that each Sg is analytic on complex lines:

Let y' € By,) and y* # 0 € (UY,,). Since B(y,) is open we can find R > 0 such
that, if ||y — y'|| < R, then y € Byy,). Choose r > 0 such that r|jy*|| < R. Thus, if

|A] <7 we have that A\ €e A ={C € C: y' + (y* € Buy,)}-
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For each n € N, let u,, = S, (y') and w, = S, (y?).
Using the notation at the beginning of Section 1.4, we claim that
Sg(y' + \y?) (lim P g(uy,)(wy,))A™,
m=0

uniformly on A, for |A\| < r. Let us start by showing that for each m € N and
A € A0,7), limyeyy P™g(uy,)(Aw,) exists.
We can find s > 1 such that also sr||y?|| < R. Then, when [t| < s and |A| < 7,

we have that y' + tAy? € By,), because

1"+ tAy®) =yl = [ty < srlly?]| < R,

SO U, + tAw, € By eventually for n, and from Cauchy’s Inequality (Cor. 7.4,
[34]), for each m € N
m 1
12" g (wn) (M)l < Il

eventually for n, and then lim, ¢ P™g(u,)(Aw,) exists.

Moreover, given M € N and A such that |A| <,

M
1Sg(y" + Ay?) Z hum (t) (wp))A™]|
m=0

= [ Lim(g(un + Awn) — > Prglun) Qwn)) |

= [/ lim Z P g(un) (Aw,) ||

neU
m=M+1

[e.9]

Y wwllgll = 15,

m=M+1

IN

which goes to zero as M — oc.
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Thus Sg is analytic on complex lines.

Alternative proof of Step 1. Let y* € By,) and y* # 0 € (UY,). We want to show
that Sg(y' + Ay?) is an analytic function of X. It is enough to find a power series

expansion.

Let d = dp,, (y') and let 7 € (0,d/[|y?]]). Then y" + A\y* € By, if [A| < 7.

For each n € N, let u,, = S, (y') and w,, = S,,(y?). Note that
Sg(y' + \y?) = 711131{ g(up, + Aw,,) for [N <.
Let g,(A) = g(un, + Aw,) for |\| < r. Since g is analytic on complex lines then
= i W uniformly on A, for [A| < r,

becatse [[(un + M) — unll < vllg? < i, (91) < doy ().

Now we claim that
Sg(y' 4+ \y?) Z hmg (0)/mh)A™
m=0

uniformly on A, for |A| < r. Let us first show that lim,,¢;, g (0)/m! exists ¥Ym € N:

Let r5 € (0,7). Since

(m) :ﬂ 9n(C)
g (0) = 22 /< e

271

then [|gi™ (0)/m!|| < Zllgll, so limper gi™ (0)/m! exists.

40



Moreover, for all M € Ny and |\ <1 < 719,

M
I1Sg(y* + M) = > (lim gi™ (0) /mHA™ |
m=0

= [ lim(ga (X Zgn )/mIA™)|

o0

= [lim g™ (0)/mN|
m=M+1
< D (®)gl = 2 ()™t
m=M+1

which goes to zero as M — oc.

Step 2 The following general lemma should be known, but we could not find a

reference.

Lemma 2.4. If ¢ : By — C is bounded and uniformly continuous on sBy for each
0 < s < 1, and there is a dense subspace Z of Y such that ¢|p, is analytic on complex

lines, then ¢ is analytic on complex lines in By (and hence analytic).

Proof. Let y* € By and y? # 0 € Y. Let s € (||y*|[,1). Since sBy is open and contains
y!, we can find R > 0 such that, if ||y — %!|| < R then y € sBy. Choose 7 > 0 such
that r||y?|] < R. Thus, if |A\| < r we have that A\ € A = {( € C: y' + (y? € sBy}.

Let f: XA — é(y' + \y?), a function defined for || < r. We want to show that f
is analytic.

Let {yi}r C Bz and {yi}x C Z be sequences such that |lyz — || < 5% and

ly2 — ?|| < 5. Choose K; € N such that 3= < R — r||y?||. Then for k£ > K; and

2K1
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|A| < r we have that

1w+ Ay) — < Ny — o'l + Mg — v 1+ I
< 3+l

<R,

S0 Yp + \yi € sBy.
For each k > K, let fx : A = &(y) + A\y?), which is an analytic function for
|A| < r by assumption.

Since ¢ is bounded, clearly { fi }x>k, is uniformly bounded. Let us now show that
{fx}r>K, converges uniformly to f. Let ¢ > 0. Since ¢ is uniformly continuous on

sBz, we can find § > 0 such that,

a,b € sBy, |la—b|| <8 = ||¢(a) — ¢(b)|| < e.

Choose K > K, such that % < 0. Then Vk > K and A with [A\| <r |

1(wr + M) — W+ 22| < Nlwe — o'l + Ny — 7
1+7r
< o

< 0,

50 [[fk(A) = I = llélyr + Auid) — oy + M)l < e

Then, by the lemma on p. 226 in [2], f is analytic.

Alternative proof. Let y' € By and y* #0 € Y. Let s € (||y*||,1). Since sBy is open
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and contains y*, we can find R > 0 such that, if ||y — y'|| < R then y € sBy.
Choose r > 0 such that r||y?|| < R. Thus, if |A\| <7 we have that

NeA={CeC: y'+(y* € sBy}.

1

Let {y;}r C Bz and {y;}r C Z be sequences such that |y, — y'|| < 7 and

Iy — ¥?|] < 5. Choose K; € N such that 1 < R — r||y?||. Then for k£ > K; and

2K1

|A| < r we have that

1w+ Ayp) — v < Ny — o'l + M we = 921+ I
< S+ rlly?|

<R,

S0 Y + \yi € sBy.

For k > K, Let ¢ be the restriction of ¢ to {yi + A\y? : |\ < r}. Then for
k > Kla

ey + Nyi) = Z P or(yp) (4))A™,
m=0
uniformly on A, whenever |A\| <.

We claim that

oy + ) Z lim (P () (i) A™,

uniformly on A, whenever |A| < r. Let us start by showing that we can take the limit

when k goes to oco.

Let € > 0 and choose § > 0 such that, if a,b € sBy and |ja — b|| < ¢, then

|¢(a) — ¢(b)|| < e. Let K > K; be such that Y& < 6. If ki, ks > K, |A] < 7 and
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|C| =1 then

[y, + SR ) = Wi, + W) < Nk, =y, |+ ISy, — v, | < SR <6,
SO
lé(y, + CAvi,) — d(up, + CAYR,) | <€,

i.e.

ok (W, + CAR,) — @ns (yp, + O, )| < €

Hence, from the Cauchy Integral Formula, for every m € N

1P 0, (Y, ) Az, ) — P 0ry () (A, )|

i i (W, + CWE) — rs (Y, + CR,)

< €.

Now, since 3¢ < R—r||y?|| we can find s; > 1 such that s17 (557 +|4?]]) < R—3%7-

2K 2K

Then, when |t| < s1, k > K; and |A| < r we have that y; + t\y? € By, because

1y + tAyp) — v < Hlye — vl + [EIA vzl
< sy + s + 171D

< R,

so from Cauchy’s Inequality, for each m € N

1
1P (i) i) | < @IWI-
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Thus, given M € N and A such that |[\| <,

M
lo(y" + Ay?) mz::O Jim (P (e i) A"
M
= || Jim (u(yi + M) — > (P"ou(yi)(
m=0
_ m 1 2 m
= | Jim > (Perlyp) (W)™l
m=M+1
< ) $I|¢||=5”fi”1$,
m=M+1

which goes to zero as M — oc.

Thus ¢ is analytic on complex lines in By.

y) A

]

From the previous two steps, we obtain that 7" is a well defined mapping from

H(Bx) into H(By). Now, given z* € X*, y', 4> € By and X € C such that y' +\y? €

By, we can find {y;}x C By, converging to y' and {y;}x C By, converging to

y?, and then

Tyc*(y1 + )\yz) = lim lim x*(Sn(y,i + )\yi))

k—oo nel

= lim lHm(2*(S, (1)) + Ax*(Sn(17)))

k—o0 neU

=Tz*(y") + \Tz*(y°),

i.e. Tx* € Y*. This shows that T Bx+ = By-.

Moreover, for every f € H(By) and y € By, we can find {y;}» C By,) converg-
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ing to y, and thus

ToQ*(f)ly) =T(foQ)y)

= lim lim f o Q(S,(yx))

k—oo neld
= lim f(yx)
k—o00

= f(v),

so T o Q% = Iyp,).
Also, T is a homomorphism because T is clearly linear and for all f, g € H(Bx),

y € By, we can find {y;}» C By, converging to y, so

T(f-9)y) = lim lm f- g(S,(yx))
= lim lm £(Sn(yr)) - 9(Sn(yr)

=Tf(y) Tg(y)

= (Tf-Tg)(y).
Finally, for every f € H(Bx),

|Tfl| = sup [Tf(y)|= sup [|lim f(S,(y))] < SUp |f(@)] =1l

yEBy YEB(Ly,) "YU

and ||T|| = [ITIQ*| = [T o Q%[ = 1. So T = 1.
O

Theorem 2.3. Let Y be a separable Banach space and Yy C Yo C Y3 C ... an

increasing sequence of finite dimensional subspaces whose union is dense in'Y . Set

X = (O_Y,)1. Let H denote either the algebra A, or the algebra H*. If H(Bx)
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satisfies the cluster value theorem at every z** € By then H(By) satisfies the

cluster value theorem at every y** & By .

Proof. We know that f(My(Bx)) C Clp,(f,2**), for all f € H(Bx) and z** €

Bx . Let us show that G(My(By)) C Clp,(g,y**) for all ¢ € H(By) and y** €

kK

Y
Let y** € By , T € M, (By) and g € H(By). Let T be the algebra homomor-
phism from H(Bx) to H(By) constructed in Lemma 2.3. Then z** = y**oT € Bx ,

Q% (g) € H(Bx) and defining 7 = 7 o T, we see that 7 € M, (Byx) because for all

r* e X¥,
T(z*) =7(Tz") =< y™, Tx* >=< ™, 2" > .
Moreover,
Q*(9)(7) = 7(Q*(9)) = 7(T 0 Q*(9)) = 7(9) = ()
and

Clpy (Q%(9),2™) = Clpy (90 Q,2™) C Clp, (9,Q™ ™) = Clp, (9,y™),

so the theorem is established. O

Remark 2.1. A very special case of Theorem 2.3 is that if ¢, satisfies the cluster
value theorem, then so does L;. We do not know for 1 < p # 2 < co whether the
cluster value theorem for ¢, implies the cluster value theorem for L,,. Incidentally, in
[5] it was proved that ¢, for p in this range satisfies the cluster value theorem at 0,

but it is open whether L, satisfies the cluster value theorem at any point of By,.
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Remark 2.2. The analogue of Theorem 2.3 for non separable spaces, which is proved
by a non essential modification of the proof of Theorem 2.3, can be stated as follows.
Let Y be a Banach space and (Ya)aca a family of finite dimensional subspaces of Y

that is directed by inclusion and whose union is dense in'Y. If (>_ _,Ya)1 satisfies

acA

the cluster value theorem, then so doesY .

Remark 2.3. There is a slight strengthening of Theorem 2.3. Let Y, (Y,),, and H
be as in the statement of Theorem 2.3 and suppose that (X,,), is a sequence so that
X, is 1 + €,-isomorphic to Y, and €, — 0. If (> X,)1 satisfies the cluster value
theorem for the algebra H, then so does Y. Now let (Z,) be a sequence of finite
dimensional spaces so that for every finite dimensional space Z and every € > 0,
the space Z is 1 + e-isomorphic to one (and hence infinitely many) of the spaces
Zy. Set Cy = (>, Zn)1- As an immediate consequence of this slight improvement
of Theorem 2.3 we get If C satisfies the cluster value theorem for H, then so does

every separable Banach space.

The proof of the improved Theorem 2.3 is essentially the same as the proof of the
theorem itself. One just needs to define in Lemma 2.2 the mapping () so that the
conclusion of Lemma 2.2 remains true: For each n take an isomorphism J,, : X,, = Y,

so that for € X,, the inequality (1 + ¢,)7||z|| < ||Jz|| < ||z|| is valid, and define

Q(xn)n =Y, Jnxy for (,), in (3, Xn)1.
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3. CONCLUSION: OPEN CLUSTER VALUE PROBLEMS

3.1 Cluster value problems for ¢; and uniformly convex and uniformly smooth

Banach spaces

There are plenty of open cluster value problems. The ideas of McDonald in [33]
suggest that a solution to a O problem for the unit ball B of a uniformly convex space
or /1 may help us solve a cluster value problem if the solution is weakly continuous.
The O problem for the ball of a uniformly convex Banach space has not been solved
yet, while the 9 problem for the unit ball of ¢; has been solved positively by Lempert
in [32] under certain conditions. Let us describe the 0 problem in open subsets of

Banach spaces:

Let X and Y denote complex Banach spaces, and Xr and Yi denote the respective
previous spaces seen as real Banach spaces. For every m € N, L("Xg, Yg) denotes
the continuous m-linear mappings A : X§' — Yg, while L*(" Xg, Yr) denotes the

continuous m-linear mappings A : Xg' — Yg that are alternating, i.e.

A(xo1y, 5 Tomy) = (—1)7A(z1,- -+ , &), Yo € Sy and @1, , 2, € X.

Also, given m € N and p, ¢ € Ny such that p+ ¢ = m, L*(?7Xg, Yg) is the subspace

of A € L*(™Xg, Yg) such that

Ay, - Ar) = NPXA(2q, - 1), YA EC and 21, -+, 2y, € X

while L*4(™ Xg, Yr) denotes the subspace of all A € L("™Xg, Yg) which are alternat-

ing in the first p variables and are alternating in the last q variables.
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The following definition can be found in [34, p.107].

Definition 3.1. Let U be an open subset of the complex Banach space X and let
f:U =Y be an R-differentiable mapping. Let D f(a) denote the real differential of
f at a. Define D'f(a) and D" f(a) by

D'f(a)(t) = 1/2[Df(a)(t) — iDf(a)(it)],

D" f(a)(t) = 1/2[Df(a)(t) + iD f(a)(it)],

for every t € X. Note that D' f(a) is C-linear while D" f(a) is C-antilinear.

Given A € L(mXR,YR), define A®* € La(mXR7YR) by

1
Aa(xla U 7xm> - % Z (_1)014(‘7;0'(1)7' o ch(m))7 vxl?' LT, € X.

" 0ESm
Given U an open subset of X and p, ¢ € N, let C7% (U, Y') := C(U, L*(P* Xg, Yg)).
Then for each f € C(U,Y), 0f € C,(U,Y) is given by

df(z) = (m+ 1)[D"f(x)]*, Vo € U.

Remark 3.1. Since D" f(z) € L(Xg, L*("Xg, Yr)) = L™ (™! Xk, Yi), then Propo-

sition 18.6 in [34] implies that V¢, -t € X,

Of (@)(t, ++ tmrr) = (m+ D" f(@)]""(t1, i)

m+1

= — 0 (_1)0D”f(217)(t0(1), te atU(m—i—l))
m + 1 U€S1m

where S, denotes the set of all permutations o € Sy, such that o(1) < -+ < o(m),
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SO

m+1

5f(l’)(t17 T 7tm+1) = Z(_l)]_lD”f(x)(t])(tlv e 7tj—17tj+17 o atm—f—l)'
j=1
The 0 problem for g € Cro1(U,Y) asks whether the equation dg = 0 implies
the existence of f € C52(U,Y) such that 0f = g.

Following the ideas of Lempert in [32] and of Kerzman in [30, pp.342-345], I aim
to solve a cluster value problem for Banach spaces that are uniformly convex and
uniformly smooth, and in general for those whose unit ball is strongly pseudoconvex.
I will start with giving a definition of a strongly pseudoconvex domain in an infinite-

dimensional Banach space.
3.2 Strong pseudoconvexity in infinite-dimensional Banach spaces

There are certain notions of pseudoconvexity in the literature ([34, p.274], [25,
Theorem 2.6.12]) that hint towards a plausible extension of the definition of a strongly
pseudoconvex domain to an infinite-dimensional Banach space (see [30] and [38]). As
we will see, the following definitions build on the ideas exposed in Chapter VIII of
[34].

Definition 3.2. Let U be an open and bounded subset of a complex Banach space
X. A function f : U — [—00,00) is said to be strictly plurisubharmonic if [ is upper

semicontinuous and for each a € U there exists C(a) > 0 such that

C@lb/ < 5 [ (Fla+e) — )it

for each b # 0 € X such that a + Ab C U. If moreover C = inf,ecy C(a) > 0, we say

that f is uniformly strictly plurisubharmonic.
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Definition 3.3. An open and bounded subset U of a complex Banach space X is said
to be strictly pseudoconver if the function —logdy s strictly plurisubharmonic on U
(where dy denotes the distance to the boundary of U); and U is said to be uniformly

strictly pseudoconvez if —logdy is uniformly strictly plurisubharmonic on U.

Proposition 3.1. Let U be an open and bounded subset of a complex Banach space
X, and let f € C*(U,R). Then f is strictly plurisubharmonic if and only if for
each a € U there exists C(a) > 0 such that D'D" f(a)(b,b) > C(a)||b||?, for each
b+#0¢ X such that a+ Ab C U. And f is uniformly strictly plurisubharmonic if
and only if there exists C > 0 such that D'D" f(a)(b,b) > C||b||?, for each a € U and
b#0¢c X such thata+ AbC U.

Proof. We will prove the first statement only (the second is proved similarly).

Suppose that f is strictly plurisubharmonic. Then for each a € U there exists
C(a) > 0 such that C(a)|[b]|*/4 < 5= OZW(f(a + €%b) — f(a))df for each b # 0 € X
such that a+Ab C U. Fixa € U and b # 0 € X such that a+ Ab C U, and consider

the function u(¢) = f(a + ¢b), which is defined on a disk A(0, R) D A.

Then, by Taylor’s Formula, for all r € (0, R),

A 0 0
u(re”) — u(0) = rcos 9%(0) + rsin 96_;(0)
2 2 2 2
+ % cos” 98—;;(Sr796i9) + % sin? Qa—;i(sr,gew)
0%u
1oy

+ 1% cosfsinf (sr.9€"), for some s,9 € [0,7].
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Thus, for all r € (0, R),

Qb|2
(@™
1 27

< — (f(a+ e®rb) — f(a))db

2m
1 o i0

= 2—/ (u(re”) — u(0))dd
12 g2

82 2 62 32
(— oS H—U(srge %) + T— sin Q—U(Sr 9e") + r? cos O sin po L

10
022 8y xay(s“"e ))df

After dividing by 72 /4, by the Dominated Convergence Theorem we get

, 1 0% Pu, . Ou
C@lbl? < tr(G 40+ T4 = -

(0) = D'D" f(a)(b,b),

where the last equality comes from exercises 35.B and 35.D in [34].

Now suppose that for each a € U there exists C'(a) > 0 such that D'D” f(a)(b,b) >

C(a)||b]|?, for each b # 0 € X such that a + Ab C U.

Fix a and b as before, and define M(r) = =~ OQW[f(a + re®b) — f(a)]df, for all

2w

€ (0,1]. Consider also the function u(¢) = f(a-+¢b) defined on a disk A(0, R) D A.
Then, for all ¢ € A(0, R),

0%u 0?u 0%u o )
Yioy= T () = > .
a2 O+ 5,20 = 5756 = DD fla+ )b, b) = Clab]
Since % + % = 5% + 154 + 5 5, then

™92 19 1 02

4 o Lo i0 > 2
57| Gt gyt g e 2 Cl

ie. M"(r) + 1M'(r) > C(a)|[bl|2, ¥r € (0,1).
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Thus (rM'(r) — C’(a)||b||2§)’ =rM"(r) + M'(r) — C(a)||b]|>r > 0 Vr € (0,1), so
r(M'(r)— %WT) is an increasing function of r. Since clearly r(M'(r)— %WT) —
0 as r — 0 (because M’ is a bounded function on (0, €) for some ¢ > 0), we conclude
that r(M'(r) — %WT) > 0 for every r € (0,1). Hence (M(r) — %Wrz)’ >0
for every r > 0, so M(r) — %WTQ is an increasing function of r. Since clearly

M(r) — MT — 0 asr — 0 then M(r) > M r? for each r € (0, 1).

Since M is continuous on (0, 1], we conclude that M (1) > C(aleIP Le. o 02Tr [f(a+

¢ifb) — f(a)]do > < |b”2 , i.e. f is strictly plurisubharmonic. O

Let us now exhibit some Banach spaces whose unit ball is uniformly strictly

pseudoconvex. The following definition can be found in [11].

Definition 3.4. If0 < ¢ < 00 and 2 < r < 00, a continuously quasi-normed space

(X, I is r-uniformly PL-convex if and only if there exists A > 0 such that
L[ 0 1 1
(%/O la -+ ¢b][7d6)/* = ([la]” + Aflpl|") "

for all a and b in X ; we shall denote the largest possible value of X by I, ,(X).

Davis, Garling and Tomczak-Jaegermann proved in [11, Propositon 3.1] that
I,;(C) = 1/2. Moreover, a simple modification of [11, Theorem 4.1] gives that
L, (%, Q, p) is 2-uniformly PL-convex (for q=1) when p € [1, 2], and actually I5;(L,) =
I,,(C) =1/2.

The following theorem gives us that L,(2, 2, u), for p € [1,2], has a uniformly

strictly pseudoconvex unit ball.

Theorem 3.1. If X is a 2-uniformly PL-convexr Banach space for ¢ = 1 then By is

uniformly strictly pseudoconver.
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Proof. Let a € Bx and b # 0 € X such that a + Ab C By. Since a + Ab is compact,

there exists r € (0,1) such that a + Ab C rBy. Hence,
1 2m )
(lal* + L2 (X)[b]|*)1* < g/ la + bl do < 7.
0

Let \g = \/I5,1(X) + 1—1 > 0. Observe that ||a||+Xo|b]|* < (||lal|*+ 21 (X)||b]|?)*/?
because ([lal| + Aol[b][*)* = [lal* + 2Xo[lal[[|b]]* + AGIIDI* < llall* + (20 + A)[IDI* =

lall® 4+ ((Xo + 1) = D)[Ib]|*> = [lal|* + L, (X)|[b]|*. Thus,
1 2 )
lall + Aollb]? < — / la -+ e?bdo < r.
2 0

Since x — — log(1—x) is a convex and increasing function on [0, 1), an application

of Jensen’s inequality gives us that
2 e if
—log(1 — (llall + X[l)) < 5 | —log(1 — [la + €"b[[)db.
0
We will finish the proof by showing that C' = 2y > 0 satisfies
Cllb))*/4 = log(1 — [|all) < —log(1 — (flall + Ao[Ib|I*)) (3.1)

given that ||a]| + Mo||b|> <7 < 1.

Letting t = ||a|| and s = ||b]|?, we can see that (3.1) holds in case

B = inf{log( )/s:t>0,5>0,t+ Ags <7 <1} > N\g/2.

1—t—>\08
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Indeed, first note that for 1 >r >t > 0 and s > 0,

1—1t 21_t+)\0821—|— )\OS‘
1—1t— Aos 1—-t 1—t

Hence 3 > inficjo infSE(O,TTBt] log(1 + 222) /s.

Now, for t € [0,7) fixed, log(1 + 22%)/s is decreasing as a function of s € (0, T/\—_Ot]

because

—log(1 + 2es
)\08 )/8} _ g( 17t) + 1 )\O

52 s(1+208) 1—1t

d
E{log(l +

where the inequality < log(1+ 1) for z > 0 gives us

z+1

1 A 1 oS
2 0 0

s° - . = < log(1 +

S(l + Li‘_i) 1—1¢ —i\;st +1 g( 1 —t)

ie. L{log(1+22)/s} <0 for every s € (0, =

log(145=%)
—,

—t

Consequently 3 > infycpo ) Ao

Finally, 2270 is increasing as a function of ¢ € [0, 7) because
% log(f:t%)} B g(i _t)?;) t7 it 2 —1% ' _(1(1—_t)r2>
- g ee2 = 1)~ A )
= (r—lt)z (o2~ 7=4) - ® —S:§122(i;);()1 sy
— o Goell+ 1)~ = =)
> gy (a1 ()~ )
>0,
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because log(1 + 1) > %H whenever x > 0.

Therefore 5 > )\OM > 1)% > %, as we wanted to show. O

3.3 Cluster value problem for H*(B) and 0 problem for B for dim(X) < oo

[ am also interested in the cluster value problem for H*°(B) when B is the ball
of a finite-dimensional Banach space, and in particular for the ball of /7. I anticipate
that a solution to the O problem for the ball of a finite-dimensional space, such as
Byr, interesting in its own light, may hint to a solution of the respective cluster value
problem for ¢; and even ¢;-sums of finite-dimensional spaces. I intend to investigate
whether Lemma 3.1 in [32] can be strengthened to a continuous solution in B, as

that would guarantee a solution to the respective cluster value problem for H*(B).
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