
PHYSICAL REVIEW C VOLUME 48, NUMBER 2 AUGUST 1993

Formation and decay of toroidal and bubble nuclei and the nuclear equation of state

H. M. Xu, J. B. Natowitz, C. A. Gagliardi, and R. E. Tribble
Cyclotron Institute, Tezas ASM University, College Station, Texas 778/8

C. Y. Wong
Phy8ics Division, Oak Ridge National Laboratory, Oak Ridge, Tenne88ee 87881

W. G. Lynch
National Superconducting Cyclotron Laboratory, Michigan State University, East Lansing, Michigan $882$

(Received 9 November 1992)

Multifragmentation, following the formation of toroidal and bubble nuclei, is observed with
an improved Boltzmann-Uehling-Uhlenbeck model for central Mo+ Mo collisions. With a stiff
equation of state, simultaneous explosion into several nearly equal fragments in a ringlike manner
occurs due to the formation of metastable toroidal nuclei. In contrast, with a soft equation of state,
simultaneous explosion into several nearly equal fragments in a volumelike manner occurs due to the
formation of metastable bubble nuclei. Experimental signatures for the formation of these exotic
shapes are discussed.

PACS number(s): 25.70.Pq, 21.65.+f, 24.10.Cn, 25.70.Gh

Two decades ago, in connection with the stability of
nuclei with new types of topology proposed by Wheeler
[1]and Siemens and Bethe [2], Wong systematically stud-
ied the instabilities of toroidal and spherical bubble nuclei
within the context of liquid drop, shell, and Hartree-Fock
models [3]. He subsequently argued that higher nuclear
temperatures enhance the possibility for the formation
of toroidal and bubble nuclei [4]. Toroids have been seen
in collisions between water drops [5]. Bubbles were ob-
served in one-dimensional hydrodynamical collisions [6,7]
as well as in hot dense matter [8,9] and Thomas-Fermi
and Hartree-Fock calculations [10]. Recently, theoreti-
cal research in this area was revived when it was sug-
gested that the formation of toroids and bubbles could
provide new decay modes for multifragment disintegra-
tion [11—15].

To investigate the dependence on the equation of state
(EOS) and to look for experimental observables, we

I

have performed improved Boltzmann-Uehling-Uhlenbeck
(BUU) calculations [15—17] for Mo+ Mo collisions. In
our calculations, we have included Coulomb interactions
and have used a lattice Hamiltonian method [18] to prop-
agate test particles. In the present calculations for the
2Mo+ Mo system, we find that, depending on the nu-

clear equation of state, a metastable toroidal or bubble
nucleus can be formed. The decays of these unstable
states are simultaneous, yet very slow. We predict a
significant increase in the cross sections of nearly equal
fragments with small center-of-mass energies as a result
of the cold breakup of a bubble or toroidal nucleus. These
two shapes can further be separated by the coplanarity of
the nearly equal fragments with similar energies, which, in
turn, could provide information about the nuclear equa-
tion of state.

We simulate the Boltzmann-Uehling-Uhlenbeck equa-
tion [19]
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with the lattice Hamiltonian method of Lenk and Pand-
haripande [18]. In Eq. (1), "&&" and vq2 are the in-
medium cross section and relative velocity for the col-
liding nucleons, and U is the total mean-field potential
consisting of the Coulomb potential and a nuclear po-
tential with isoscalar and symmetry terms [16]. In our
calculations, we use two parameter sets [19] for the EOS
which correspond to values of nuclear compressibility at
K = 200 MeV (soft EOS) and K = 375 MeV (stiff EOS),
respectively. For simplicity, a.~~ = f "&&"dO is chosen
to be isotropic and energy independent [19]. The mean-
field and the Pauli-blocking factors in the collision inte-
gral are averaged over an ensemble of 80 parallel simula-
tions.

In Figs. 1 and 2, we display the results of BUU calcu-
lations for 9 Mo+92Mo collisions at b = 0 and E/A = 85
MeV (Fig. 1) and 100 MeV (Fig. 2) calculated with the
stiK EOS. For both calculations, a compressed state is
observed at t 30 fm/c. This state subsequently ex-
pands in the direction perpendicular to the beam and
forms a dilute system of oblate shape at t = 60 fm/c.
From this moment on, the system contracts locally and a
hole starts to emerge from the center at t —90 fm/c and
this hole continues to expand outward very slowly, while
keeping the overall size unchanged. Thus a metastable
torus is gradually formed with its normal axis parallel
to the beam direction. This torus eventually breaks up
simultaneously, though slowly, into &agments of nearly
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FIG. 1. BUU calculations with the stifF EOS for
Mo+ Mo collisions at E/A = 85 MeV, b = 0. Only ar-

eas with densities p & O. lpo are shown. The scales between
neighborin0; ticks are 10 fm.

equal sizes with their radii approximately equal to the
minor radius of the torus at breakup (for later reference,
we characterize the torus by an aspect ratio B/d [3] where
the major radius B is measured &om the center of torus
to the center of the circular meridian and the minor ra-
dius d is the radius of the meridian). Since these coplanar
&agments separate with velocities approximately in the
radial directions, they will be accelerated by their mutual
Coulomb forces and maintain their coplanarity until they
reach the detectors. As the incident energy is increased,
a torus with a larger aspect ratio is formed which subse-
rluently breaks up into a larger number of fragments (see
Fig. 2). We will come back to this point.

In contrast, in the calculations with the soft EOS (see
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Fig. 3), a nuclear bubble starts to emerge when the sys-
tem expands to its maximum at t = 60 fm/c. Similar to
the formation of a torus, the inner surface of the bubble
starts &om zero and continues to increase, while the outer
surface remains relatively unchanged. This bubble stays
for t = 60 fm/c and then breaks up simultaneously into
several fragments (fragments are emitted isotropically).

The theoretical interpretations concerning the forma-
tion and decay of these exotic shapes have been dis-
cussed earlier, in a one-dimensional model, by Bertsch
and Mundinger [7], and, recently, in Refs. [11—14). Here
we focus our study on the dependence on the EOS and
on looking for experimental observables. Clearly, as one
can see &om Figs. 1 and 2, an explosion due to the
formation of a metastable torus (calculated by the stiff
EOS) would be characterized by nearly coplanar emis-
sion of nearly equal fragments. On the other hand, an
explosion due to the formation of a metastable bubble
nucleus (soft EOS) would be characterized by isotropic
emission of nearly equal &agments. In both cases, how-
ever, the kinetic energies of the emitted fragments in the
center of mass appear very small compared to the inci-
dent energy. This re8ects the fact that most of mass and
excitation energy is carried away by emission of particles
before the toroidal and bubble nuclei break up [20]. Thus
these nearly equal fragments resulting &om the decay of
a torus or a bubble will be focused to small angles in the
laboratory kame.

Because of the lack of higher-order many-body corre-
lations and Huctuations in the BUU model (mean-field
+ two-body collisions), the fragments formed after the
onset of multifragmentation (tb„ i,„~ —120 fm/c) may
not be viewed literally as realistic fragments. To guide
experimental e8'orts for searching for the formation of
toroidal nuclei, we estimate the kinematics of the final
fragments prior to the decay of the toroidal nuclei as
follows. Assuming a toroidal nucleus breaks up into A

identical &agments, we then estimate the kinetic energy
per nucleon for each &agment by evaluating
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FIG. 2. Same as Fig. 1, but calculated at E/A = 100 MeV. FIG. 3. Same as Fig. 1, but calculated with the soft EOS.
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where Zz and Aq indicate, respectively, the charge and
mass of the toroidal nucleus at breakup, calculated at
t = 120 fm/c. The first and the second terms, esti-
mated numerically &om the BUU calculation, depict the
radial kinetic energy and Coulomb energy, respectively,
at breakup. The third term is the Coulomb self-energy
for A &agments. We further estimate the various com-
ponents of excitation energies using techniques outlined
in Ref. [21] and 6nd that the toroidal nuclei formed are
quite cold, with thermal excitation energies per nucleon,
Etb„~/ A 1 —2 MeV [15],at breakup (t 120 fm/c).

Thus the breakup process is a cold breakup process at
low temperatures similar to the cold scission of an ini-
tially hot system well understood in fission processes.
Because of the geometry of the toroids and because of
cold breakup at low temperatures, the decay &agments
will have approximately similar masses, thus enhancing
the cross sections for &agments with nearly equal sizes
at kinematic regions discussed below.

Guided by the BUU calculations, we predict a typ-
ical case of &agmentation into three Ne in a copla-
nar final state for Mo+s2Mo collisions at E/A = 75
MeV, each with kinetic energy per nucleon in the c.m.
frame, Ek/A = 1.8 MeV or a total energy of 36 MeV
per Ne &agment. These energies are very small, and
the &agments will therefore be focused to laboratory an-
gles 0~ b ( 0 = 16.7 . At higher energies, we predict
typical cases of four C and five Li &agments, respec-
tively, at E/A = 85 and 100 MeV. On the average, as
the incident energy is increased, a larger number of &ag-
ments with smaller mass per &agment are emitted to
larger critical laboratory angles 0 „. This is because
the higher the incident energy, the larger the collective
expansion, and, therefore, the larger the aspect ratio of
the torus which is formed. This larger torus will subse-
quently decay into more &agments with smaller masses.
We emphasize here that the specific values of the multi-
plicities listed in Table I are used for the convenience of
estimating the kinematics. In reality, large Quctuations
in &agment multiplicities are expected, which is beyond
what the BUU model can predict. However, although the
kinetic energy may depend on the mass and multiplicity,
each fragment should have approximately the same c.m.
kinetic energy per nucleon; thus, these nearly equal &ag-
ments are focused to angles less than 0) b & 20 . This
result is very important, because there are already multi-
fragmentation data published in several systems [22—26].
To investigate whether the toroidal or bubble geometry
is formed, a reanalysis of these data to search for the en-
hancement of &agments with nearly equal masses in the
kinematical regions as suggested in Table I is called for.

Additional dependence on the impact parameter could
complicate experimental studies. To investigate this de-
pendence, we have performed extensive calculations to
investigate the dependence of emission pattern on the
impact parameter. We find that, instead of an emission

TABLE I. Multifragment decay from a metastable toroidal
nucleus in Mo+ Mo collisions predicted by our improved
BUU model

E/A
(MeV)

75
85
100

Fragment
(MeV)
20N
12+

Li

Multiplicity
(MeV)

3
4
5

1.8
2.4
2.9

36
29
20

LBX

16.7'
19.1
20.9

plane perpendicular to the beam direction, the emission
plane (oblate shape when calculated with the stifF EOS)
is rotated by an angle whose value depends on the impact
parameter at impact parameters b ( 3 fm [15]. For the
calculation with the soft EOS, an emission pattern cor-
responding to a prolate shape is found. For both cases,
the kinetic energies in the center of mass for the final
&agments are surprisingly small and they are emitted at
angles 0~ b 20 with kinematics similar to that listed
in Table I. Because of the toroidal and bubble geome-
tries and because of low temperatures at &eeze-out, the
fragments emitted in ceiitral collisions (b ( 3 fm) will be
nearly equal in size. Thus, in addition to the enhance-
ment for &agments with nearly equal sizes at forward
angles, an analysis of the event shapes of these nearly
equal &agments, event by event, could provide informa-
tion concerning the geometry of the sources (toroidal
or bubble). This, in turn, could provide information
about the equation of state. At large impact parameters,
6 & 3 fm, whether the toroidal or bubble geometry is
formed becomes questionable and one observes remnants
of the projectilelike and targetlike residues. Clearly, these
peripheral collisions, where projectilelike and targetlike
heavy residues are emitted, differ significantly &om the
central collisions, where the bubble or toroidal geometry
is formed and one observes several &agments of nearly
equal sizes with very small c.m. energies.

In summary, with our improved BUU model, we
predict multi&agmentation following the formation of
metastable toroidal and bubble nuclei in Mo+ Mo col-
lisions. We find that the multi&agmentation pattern de-
pends sensitively on the nuclear equation of state. With
a stiÃ equation of state, simultaneous explosion into sev-
eral nearly equal fragments in a ringlike manner occurs
due to the formation of metastable toroidal nuclei. In
contrast, with a soft equation of state, simultaneous ex-
plosion into several nearly equal fragments in a volume-
like manner occurs due to the formation of metastable
bubble nuclei. Based on our numerical simulations, we
propose the following signatures for detecting the new
phenomena: (1) Because of the geometries of bubbles and
toroids and because of the cold breakup at low temper-
atures, we predict enhanced cross sections for &agments
with nearly equal masses at small center-of-mass ener-
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gies. Because of the small c.m. kinetic energies, these
nearly equal &agments are therefore focused to angles
9& b + 20 (Table I). (2) The coplanarity of the emis-
sion pattern for the intermediate mass &agments with
nearly equa/ masses and energies at forward kinematics
(8~ b 20 ) may carry important information concerning
the geometry of the sources. This, in turn, could provide
information about the stiKness of the equation of state.
Obviously, higher-order many-body correlations and Quc-
tuations, not incorporated in our BUU model, as well as
thermal and Fermi motions, could inhuence our detailed
predictions (listed in Table I). Further investigations are
also required to assess the sensitivity of the detailed al-
gorithm of Pauli blocking, dependence on the number
of test particles, momentum-dependent interactions, and
surface energy to experimental observables. Nonetheless,
our predictions should provide a guidance for experimen-
tal eKorts to search for these new mechanisms. Moreover,
experimental testing of these predictions can provide a
very stringent test of one-body BUU models and could
lead to the evidence for the existence of toroidal or bub-

ble nuclei, and thus information concerning the sti8'ness
of the equation of state.

Note added. After we submitted the paper, we be-
came aware of a paper by Bruno et al. [27] where they
reported a significant enhancement for &agments with
nearly equa/ masses at kinematical regions similar to our
predictions. Though these authors have not associated
their data with exotic shapes, their data, nonetheless,
couM be the first experimental evidence for the formation
of bubble or toroidal geometry in heavy-ion collisions.
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