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Effect of the counterrotating-wave terms on the spontaneous emission from a multilevel atom
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The spontaneous decay of a multilevel atom interacting with the electromagnetic field in free space is
investigated with a unitary transformation method, which is introduced in order to include all rotating and
counter-rotating terms in the Hamiltonian. By using the ground state of the total Hamiltonian, the evolution of
the effective decay rate and the energy shift are calculated. When the atomic transition frequency is smaller
than the central frequency of the spectrum, the Zeno effect dominates, and if the atomic transition frequency is
larger than the central frequency, the anti-Zeno effect will dominate. The time evolution of the energy shift is
obtained. The counter-rotating terms lead to a shift toward the low frequency region for the frequency distri-

bution of the emitted photon.

DOI: 10.1103/PhysRevA.80.023801

I. INTRODUCTION

It is well known that the counter-rotating terms are not
important in the resonant interaction between an atomic sys-
tem and an electromagnetic field and also in the spontaneous
emission in the long-time limit. However, the counter-
rotating terms are important for the energy shift [1-3] and it
was recently found that, for the short time, the dynamic evo-
lutions of the spontaneous emission without and with the
rotating wave approximation (RWA) are different [1,4]. In
this time regime, the quantum Zeno and quantum anti-Zeno
effects [5-7] for the spontaneous emission from an atom are
deeply affected by the counter-rotating terms. For the hydro-
gen atom, due to the counter-rotating terms, the Zeno time is
longer by two orders of magnitude than that obtained with
RWA and there is no anti-Zeno effect [1]. Consequently, the
experimental measurement of the quantum Zeno effect may
be much easier than what was determined with the RWA
[8—11]. Recently the quantum Zeno and anti-Zeno effects in
spontaneous decay have been used in the investigation of
how to control the thermodynamic evolution [12].

In this paper, we present detailed calculations and present
the analytical study for the multilevel atom coupled to the
electromagnetic field in free space without making the RWA.
Our approach in which the Hamiltonian that contains the
counter-rotating terms is reduced to a Hamiltonian of the
same form as obtained with RWA allows us to handle many
problems of interest. An interesting question related to the
ground state of the whole system, as the atom is always
immersed in the vacuum reservoir, is addressed in a more
natural and simple way. The effect of the counter-rotating
terms for the system coupled to a thermal bath was discussed
in [4,7,12], but they are all based on an improper ground
state, the ground state of the bare atom with no photon. The
energy of this ground state of the bare atom is higher than the
ground state of the whole system [13]; see Appendix A. If
we put the atom in the ground state of the bare atom, we find
that it evolves into a state with population in the excited state
of the bare atom due to the interaction with the vacuum (with
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entropy increasing); see Appendix A. We also find that the
energy of the excited state of the bare atom is higher than the
energy of the excited state of the whole system (Appendix
A). Therefore, instead of starting with the ground state of the
bare atom, we start with the ground state of the whole sys-
tem, which can be obtained with our unitary transformation
method. For our studies, on the spontaneous emission, we
consider the atom to be initially in an excited state which is
obtained by acting a Hermitian operator on the ground state
of the whole system. The time evolution of the system in-
cluding the population decay and the energy shifts of the
excited and the ground states are obtained. The dependence
of the quantum Zeno and anti-Zeno effects on the transition
frequency and the spectrum of the vacuum are investigated.
The contribution to the energy shift from the emission and
reabsorption of virtual photons with the vacuum and from
the emission of a real photon is discussed and the time de-
pendence of the energy shift is calculated. The spectrum of
the field emitted by the atom is discussed which is different
from that obtained in previous methods. The method used in
this paper is convenient to calculate a lot of problems where
RWA is not valid such as the nonresonant light scattering
problems besides the short-time evolution.

II. BASIC THEORY

The interaction between a multilevel atom and the
vacuum reservoir can be described by the Hamiltonian (set-
ting 2=1)

H=H0+H1, (l)

1

Hy= 2, wliXi] + 2 wbiby, (2)
K

Hi= 2 gi(bi+ b)), 3)

ij#ik

where w; is the energy of the |i) state, b)(by) is the creation
(annihilation) operator of the kth EM mode with frequency
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wy (k=]k|), and €y is the unit polarization vector. Here gy ;;

e

= mek p;; is the coupling constant between the
0

atomic transition (|i)«<|j)) and the kth EM mode with p;;
being the transition matrix element of the momentum opera-
tor. The interacting spectrum is defined by [8,9]

Gij(w) = E gi,ij(%w — ). (4)
k

Please note that the ground state (the eigenstates) of H, is not
the ground state (eigenstates) of the total Hamiltonian due to
the counter-rotating terms. When an atom is put in the free
vacuum, the atom is in the ground state of the total system
[13]. Starting with the ground state (or an eigenstate) of H is
not realistic.

The above Hamiltonian includes both the rotating terms
and counter-rotating terms. In order to eliminate the counter-
rotating terms in the interaction Hamiltonian H,;, we make
the following unitary transformation of, H®=exp(iS)H exp(
—iS), with

i€ R
§= 3 BRI pyi). 5)
ij#ik 10k

Here § ;;, which depends on k and w;;=w;—w;, is chosen
such that the counter-rotating terms cancel out [1,14]. For
this purpose, we expand HS in a power series of gy ;;, i.e.,
HS= H0+HS+H +0(gk) where O(gk) contains terms of the
third and higher orders in g, and will be neglected.

The first-order term in gy ;; is

HS=H, +[iS,H,]. (6)

It follows from the definition of S and the Hamiltonians H,,
and H, that

. 1
= > gk,ijfk,ij{ |:wji(bll( —by)— — (by + bk):| }|i><j|
ij#ik Wy
+ 2 gk,ij(bii + b)) |[D{]

ij#ik

i<j
rij
- E gklj( .

i,j.k

i<j
+ 2 8k 1]( W,

i,j.k

o= a1 GG+ i)

gkl_]+ 1)(b |.]><l|+bk| (7)

where the second term is the counter-rotating one. For the

purposegof eliminating the counter-rotating terms in Hf, we
ki,

choose " w;;— & ;;+1=0 for w;;<0. This leads to the choice
w
§ij= — (8a)
|wij| + wy

The coefficient of the first term becomes (note w;;=-w,)

&rij 28
iLﬂ’ji— Eijt1l= Wji, (8b)
Wy Wy

and consequently, Hf has the same form as the interaction
Hamiltonian of the RWA
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i<j
2 28y, 151”1
i,j.k

(bl iG] + byl 9)

with the new coupling constant &%‘wﬁ.
The second order HS _[zS,H1]+2[zS,[iS,Ho]] can be

written as

< g &
E f: ngtj gilj M[w _w] |l><l
i,j.k

(10)

where we have dropped all the nondiagonal terms |i){j|(i
#Jj), whose contribution to physical quantities is of the
fourth order in gy. The details of the calculation can be found
in Appendix B.

The self-energy of a free electron [2,14] is due to the
exchange of virtual photons with the vacuum and is given by

E,,=— 47T803;;C3 o ﬁdm where w,~m,c? is the uv cutoff
frequency with m, as the rest mass of electron, which de-
pends on the kinetic energy of the free electron. The kinetic
energy of the electron at the atomic state |i) is %’;—Z'Q There-
fore, the self-energy of the electron at state |i) can be written

as

E. = ilp?idw
e IR L
2a Ve
- dw A2
37Tm2c2J0 ;|p]|
=- > (11)
j#ik @k
where a= MC is the fine structure constant. In the last step,

we changed the integration to the summation via
2
8k.ij . .
py m(),pljfodwkh(wk):Ek—‘;k h(wy) [2] where h(w) is an arbi-
trary function. It follows, on subtracting the self-energy from
Hg, for the mass renormalization, we have

i#j 2

i § ij o /.
HS=E,=-2 B 0g = g - 1= S0, - ) [[iXi.
i,j.k Wy
(12)
We can separate the transformed Hamiltonian,
HS ~ Hy + HY, (13)

into an off-diagonal part A3 [Eq. (9)] and a diagonal part H5,

HS=Hy+H5—E,, = >, o] |i)i| +

i

2 wkbkbk’ ( 1 48.)

with the new eigenfrequency o, =w;+ AEffC)l, with
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By
oy (o + |wij|)

2
AE;)= s Hha
k j<i Wy

EE

(wk+ |wlj|)2 Jj

-3 3 shuloim o),

gk i Wi
R DID
k j<i Wy (wk+wl])

k j>i Wy (wk+w]z)

-3 gk, !(w! + wy)
2

k j#i Wy wk+|wl]|)

Due to the renormalization, the energy of the atom is shifted
from ; to @ by an amount AE"). This is the so-called
nondynamic shift as it is not related to any decay process.
We note that the effects of the counter-rotating terms are
included in the new coupling constant and the new eigenfre-
quencies. The Hamiltonian [Eq. (13)] is in the RWA form
and is valid for any multilevel quantum system.

(14b)

III. GROUND STATE

Before studying the dynamic evolution of the atom, we
consider the ground states of the interaction picture Hamil-
tonian HS=H0+H§—EM, where E, is the self-energy of the
free electron. The ground state of Hy is |g%)=
the cigenenergy o) =, + ({0l H3~ E..|9)[0), where [¢)
is the ground state ‘of the bare atom (Holg)=w,|g)) and [{04})
is the vacuum state of the field. This ground state |g5)

=|g)|{0y}) is also the ground state of the total Hamiltonian,
H~Hj+H;, because Hj|g)[{0,})=0. The state [¢5(¢)) in HS
and the corresponding state |i(f)) in H are related via
|5(1))=e™|y(t)). Therefore, the corresponding state of |g5),
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expressed by the state |¢/5(¢)) in HS by |(t))=e|45(1)).
Therefore, the state |g")=|g)|{0x}) in H with eigenenergy w,
is not the ground state of the total system. If the atom ini-
tially is in |g¥)=|g)[{0x}), the atom will evolute some popu-
lation to other states due to the counter-rotating terms.

IV. DYNAMIC EVOLUTION

We consider an atom initially in the excited state |e})
=|i)|{0x}), which can be achieved by acting the Hermitian
operator (|i){g|+|g){i]) on the ground state. Here we calcu-

late the time-dependent probability amplitude x(¢)
= {03 (ilexp(=iH0) [i)[{O0k}).
The wave function can be written as
22 B0l Ly, (16)

j<i k

where the state vector |, the atom in the lower
level |j) with the emission of a photon |1,). Applying
Schrédinger equation to Eq. (16), we obtain

dX(t) 2 2 2(1) gkl gkl

g (n,  (17)

j<i k k

idﬂj,k(t) _
d

2wij8k,ij§k,ij e_i(wi’j_wk)t
Wy

x(1), (18)

where w; 1_"" w . Integrating Eq. (18) and then substitut-
ing into Eq. (17), we get

for a two-level system (assuming |e) be the excited state of dX(l) 4w gk, fk, l(w(__w Yi=t') o1\ 7t
the atom with Hyle)=w,|e)), is dt JEQ Ek: w? mOTEX( e (19)
_ -iS This equation can be solved by formally integrating Eq. (19),
f)=e 1)) 0 e)|l
[9) [0 =[gY{0u)) - 2 | Y iterating and keeping terms up to gy ;;. We then obtain
2
wg z‘fz 1w-’-—a) "o
L3 B o). (15)  x(n=1- (r—r )Y E — BBl gyt - (20)
2 k ( Wi — eg) Jj<i
which is the same as in Ref. [13]. The state |¢/(r)) in H canbe ~ We can approximately write
J
x(1) = exp{_ f (t—1)> E lgkl o ’("’z"j“"k)"dt,]
0 Jj<i k wk
4o —o 1 —i(w]; - wpt
= exp —t 2 E ”gk llgk i ’ ( 2” k)
j<l k wk (w,’j - wk)
w.—w
, 2sin (—';kt) o,
=exp| -t 2 2 l/gkllgkll 2 E l/gkllgk1/|: 1 _ SIH(wij_wk)t:|
j<i k k (w;J - wk) t j<i k wk wllj - Wy ((,L)Z,J - wk)zt
=exp{-[y(0)/2 + lAEdyn(t)]t} (21)

where 7,(f) is the time-dependent decay rate (effective decay rate) and the second term (the imaginary part) is the time-
dependent dynamic energy shift due to the phase accumulation of the probability amplitude of the upper state during the

dynamical evolution (decay).
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V. EFFECTIVE DECAY RATE

According to Eq. (21), the survival population in the ini-
tial state is

P() = |x(1)2 = expl— %(0)1]. (22)

Here v,(z) is the effective decay rate

!
. W;; — Wy
, 2 sm2<—';t>
ij

Wil
¥i(1) = 222 PRI — (23)
j<i k 77(('01] - wk) t
e[ 3 sy,
0 j<i k k
2 sin (ﬂ%wt)
dw
m(w;; — )t
=2m 2 Gij(w)fij(w)F(w - w,-’j,f)dw
0 j<i
~2m| X Gj(0)F(w-odo, (24)
0 j<i
where G,-j(w)=2kgi ;j0(o—wy)as given in Eq. (4) and
: 4G (w)(w;)?
()= —(ﬁ Gij(o)fijw), (25)
2 sinz(%a
(0= apt)=— (26)
Here we replaced ), ; by w;; as their difference is of the order
2
8k
It follows, on comparing Eq. (24) with the results

under RWA [2.3,13], ie., ¥ zwa(0)=27[7Z;c,G;{(0)F(w

w;j,t)dw, we find the counter-rotatmg terms are effectively
taken into account by modulating the spectrum G;;(w) with
multiplying a function [1]

fill@) =[1=(0- w)/(0+ )] (27)

Note here w;;=|w;;|. The second term in Eq. (27) comes from
the counter-rotating terms: it is proportional to 1/(w+w;;)
and is zero at w= w;;. For o> wy, fij(w)<1, and for w
> w;;, fij(w)~0, which means the higher frequency part of
the interacting spectrum is greatly suppressed by the counter-
rotating terms. However it is important to note that the con-
tributions of the counter-rotating terms turn to be important
only for very short time, because the function F(w-w;;,t)
becomes &(w—w;;) in the long-time limit, and we have the
decay rate Y(%)=ypya()= 272;,G;j(w;;), the decay rate
under the Weisskopf-Wigner appr0x1mat10n

Next we consider the dynamic evolution of the decay pro-
cess. Here we adopt the commonly used spectrum for the

GO o given in Refs. [1,8-10],

[1+(w/w,)]*’
where a;; is the coupling strength (a dimensionless constant).

free vacuum, Gj(w)=
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FIG. 1. (Color online) The effective decay rate (r)/ 7y, for dif-
ferent wy.

This spectrum has a peak at Q=w,/ V7. We note that the

spectrum function in Eq. (25) is modified from G;(w) to

4

G| (w) Gijw )(w—‘:wL We consider the transition from the

ﬁrst excited state (|e>) to the ground state (|g)) with transition
frequency w;j=w,—w,=wy, such as 2P to 1§ of hydrogen
atom. In Fig. 1, we plot the effective decay rate y(t)/ vy, for
different w, [where yy=27G,,(w) is the decay rate for |e)

—|g) for a long time]. For comparison, we also plot
Yrwa(t)! vy shown as the dotted line. It is known that for the
hydrogen atom w,<w,, we have only the Zeno effect [1],
see Fig. 1(a). For wy<(), the Zeno effect always dominates
and there is no anti-Zeno effect for w, below ). With the
transition frequency increasing to the peak of the spectrum
(Q), the result without RWA is closer to the result of RWA.
When the transition frequency is larger than (2, the anti-Zeno
effect will be easier to realize as compared to the result from
RWA.

The difference between the result with and without the
RWA comes from the two counter-rotating terms
bie'@(le)(g|e) and bye '¥(|g)(e|e~""). For > w,, the
main part of the spectrum is in the region of w;> w,, and we
have bi‘;ei“’k’(|e)(g|ei‘”0’) ~ b:;e"“’k’(|
opposite to the role of the rotating term that can be written
as  bpe'(|g)(e|e ") =~ blei(|g)(e|). Consequently, the
counter-rotating term slows down the decay so that the
Zeno effect dominates. For () <<w,, the main part of the
spectrum is in the region of w;<<wy;, and we have
bye ' 4(|g)ele”'0") = by (|g){ele”™'), whose role is also
making a decay, the same as the rotating terms
bie'@(|g)(e|e”' ") = bl (|g)(ele7™).  Consequently, the
counter-rotating term accelerates the decay and anti-Zeno ef-
fect dominates. The role of the counter-rotating terms are
well represented by the factor, f(wy)=[1-(w,—w)/(wy
+wg)]*. For w;> wy, we have f(w;)— 0, slowing the decay
(Zeno effect), while for w; < wy, we have f(w;) — 4, acceler-
ating the decay (anti-Zeno).

In the above, we change the transition frequency while
keeping the same spectrum. A similar result will be obtained
if we change the spectrum while keeping the transition fre-
quency constant. In general, there is no anti-Zeno effect but
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only Zeno effect when the transition frequency is smaller
than the center frequency of the spectrum. When the transi-
tion frequency is larger than the center frequency of the spec-
trum, the anti-Zeno effect dominates. In the case that the
transition frequency is near the center frequency of the spec-
trum, the counter-rotating terms seem to have no influence
due to the opposite roles of the two parts of the high fre-
quency and the low frequency in the spectrum. The quantum
Zeno effect and quantum anti-Zeno effect will be found
within the time scale of 10/Q~100/Q with () being the
spectrum center of the reservoir. This time scale also depends
on the detailed spectrum and the atomic transition frequency.

VI. LAMB SHIFT

The time-dependent dynamic shift for state |i), the second

term in Eq. (21), is

i 482 i'wiz'
sit-3s e

1 sin(w;; - wk)t}

2
j<i k ((l)l] + wk) a)l,] - (l)k ((Ul,] - (Uk)zt
2 2 .
B> 48y 10 1 {1 sin(w;; — wk)t}
= 2 - ’
=ik (ot o) w;— o (w;— wp)t

(28)

where o!=w;+AE,, taking into account the nondynamic
level shift. However, the difference between w/ and w; is on
the order of g? and then w] can be replaced by w;, in Eq. (28).
The total energy shift at time 7 is the sum of the nondynamic
shift, Eq. (14b), and the dynamic shift [Eq. (28)],
AEt((i))ta](t) = AE(dl))zn(t) + AES;
-3 4“’1'2/' gi ij {1 B sin(w;; — “’k)’]

2
kK j<i ((l)l] + wk) wij — Wy ((,U” - (I)k)t

2
+ 2 E 8k.ij wgi(wgi + wy) (29)

k j#i Wk (wk+|wij|)2.

At the long-time limit, AE, (%) can be written as (for de-
tails see Appendix C)

2
) ) . 8kij Wi
AEQ(%) = AE, () + AEy = X > 2l —1—,
k j#i @k (wij_ wy)

(30)

which is the same as in [2], but different from that in [3].

VII. SPECTRUM OF THE FIELD EMITTED
BY THE ATOM

Considering the transition from the first excited state |e)
to the ground state |g) with the transition frequency w( in S
picture, the equation for the probability amplitude of the

grgund : Bi(r)  (set i d%r(t)
= e (1), see Bq. (18), where w]=w],=w. Sub-

stituting Eq. (21) into Eq. (18) and taking the long-time limit,
we have

state, i=e, j=g) becomes
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8k 2wy

Bi(®) = — ; . (31
K (wg+ AEff;)n — wy) +iyy/2 (wp + wp)
where y,= 37:::)63(% Pegl)? is the decay rate under the Wigner-

Weisskopf approximation [15]. The spectral of the field emit-
ted by the atom is

(@O E (D E*(1)| @(0)) e = {(@(1)] D bybyore™ e x| (1)),
k,k'

= 2 ,8:;(00),31((00)
Kk

[ prayBEE,,,

—o 8k
:fdwkS(wk), (32)

where E~(t) and E*(¢) are the electric field operators, gi
@k

?[F(iérpg)z]t and D(wy)= 55— ([Pegl)*. Using Eq.
31) we have

2
S(wy) = 6712‘003 (%Il@l)
" 1 4oy
(wg + AE(dey)n —w)?+ )/20/4 (o + wp)?
Wy Yo/2 4}
" oy [(0) + AES)) — o + V4 (0 + wp)*
Wy Y/2
"oy [(wp + AES) — AEY) + AES)) — w, P + /4
4(05
(o + wg)*
Wy Yo/2 4wg
" oo [(w — AE®) + AEE) ) — w0, + 72/4 (g + wp)?

(33)

where the energy shift for the first excited state |e) is
AEY) —AE53+AE51‘;)H. The spectral obtained from previous

total — “d) .
methods, such as in [2], is

Wy ')/0/2
S, (@) = —& . (34
pre() 7wy [(wy+ AEC) ) — o] + Ye/4 (34)

Please note two differences, the term of —AE,(f;) in the de-
nominator, which leads to different peak positions, and the
additional factor of f(wk)=4w%/ (wi+ wy)?, which leads to a
shift of the distribution toward the low frequency region,
because of flw,<wgy)>1, and f(w,> wy) <1.

In Fig. 2, we plot the spectral distribution for the 2P,
state of the hydrogen atom, AEfgt)al=0, Yop=4.04X 103 wpyg
=1.01x10® Hz (wpg=1.55%X10'® rad/s=2.5%X10" Hz),
and AE'®)~8x 10° Hz [16], the solid line for Eq. (33) and
dashed line for Eq. (34). Someone may argue that the shift of
—AE,(fZ can be included in the previous methods, as eventu-
ally the atom will decay to the ground state. However, in the
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FIG. 2. (Color online) The spectrum S(w;) in arbitrary unit for
the hydrogen transition from 2P to 1S state.

previous method, the energy shift of the ground state is also
accompanied by the transition to upper states due to the
counter-rotating terms, which results in zero decay rate at the
long-time limit but not zero population in the upper states.
The key problem in the previous method is that the bare
ground state of the atom with no photon is not the ground
state of the whole system as we discussed in Sec. III. If we
add the energy shift of the ground state by hand in the pre-
vious methods, Eq. (34) can be revised as

Wy Y/2
7w [(wy+ AEC)  — AE®) -

total

s = .
prel ) o

(35)

The difference in the denominator will be eliminated. The
energy shift of the ground state is the contribution of the
counter-rotating terms and the nondynamical shift AE') is
just the Lamb shift (1S;,), which is self-consistently in-
cluded in our method without manual correction. The differ-
ence (about 8 X 10° Hz) between the peaks between S(w,)
and S,,,.(w,) is achievable by current technology.

VIII. SUMMARY

We presented a method based on a unitary transformation
that can take into account the counter-rotating as well as the
rotating terms in the Hamiltonian. By using the ground state
of the total Hamiltonian, we have derived the effective decay
rate and the Lamb shift without the RWA. The counter-
rotating terms have important contribution to the short-time
dynamic evolution in the atomic decay. If the atomic transi-
tion frequency is smaller than the central frequency of the
spectrum, the Zeno effect dominates, and if the atomic tran-
sition frequency is larger than the central frequency of the
spectrum, the anti-Zeno effect will dominate. The time evo-
lution of the energy shift is also obtained. The statistical
frequency distribution of the photon emitted by the atom is
shifted to the low frequency region compared with the same
distribution obtained under the rotating wave approximation.
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APPENDIX A: THE CORRECT GROUND STATE
OF THE WHOLE SYSTEM

1. Time evolution of the ground state of the bare atom
with no photon, |g7)=[g)|{0,})

Consider a two-level system with ground state |g) and
excited state |e) of the bare atom, respectively. After
subtractlng the self-energy of the free electron, Egz ;
=—Ekgk/ wy, (i=g,e), the Hamiltonian in Schrodinger picture
is

H=owlle)e|+ wl|g)g| + 2 wbiby + 2 gi(by + by (Je)(g]
k k

(A1)

where o] =w,—Egg ;. Note Eg ; is the same for |e) and |g) in
the two-level system. With the wave function |¢(7))
, 1) in the interaction picture and the

k
initial state ¢(0)=|g)[{0}), we can obtain

dX (t) E g By (1), (A2)
d )
(D _ ey, (A3

where wy=w,—w,. Integrating Eq. (A3) and then substituting
it into Eq. (A2), we have

dx_(f) - 2 f ey (i)dr . (A4)

Integrating Eq. (A4) and with the similar calculation in Sec.
IV, we have

wy+ w
ZSinz( 02 kt)

x(1) = x(O)exp| -1

> e
k

(g + )t
+ 2 2[ 1 Sin(wo + (l)k)t:| (AS)
l - .
k 8k (O + Wy ((1)0 + (l)k)zt

is

The survival population of the ground state

. wy+
251n2< - kt) e
2

P =|x(0=exp| -2 gg———5— | = |
¢ | | P K k (w0+wk)2

_22 2

, 6
(‘00 + wk)2 (48)

In the last, 2 sin was replaced by its average value
(equal to 1). In Fig. 3 we plot the evolution of the population,

. /2 .
where we use the spectrum function G(w):% with

023801-6
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Pe(t)
1.00
0.96-
0.92
0.88-
0 5 10 15 20
.t

FIG. 3. The evolution of the survival population, P,(z).

the parameter a,=0.02 and the cutoff frequency w.=100w.
It is clear that |g”)=|g)[{Ox}) is not the ground state of the

PHYSICAL REVIEW A 80, 023801 (2009)

|G) =e7|g%) = [1 - iS - $%]|g.{0\})
N S
- [1 T3 o wo>2] &0
8k
- k (wg+ o) 1w (A7)

where the two-photon terms are dropped. It is not difficult to
find that there is no population evolution if the system ini-
tially is in the |G) state, except a phase depending on the
energy of the |G) state.

2. Energies of the |g,{0,}) state and the |G) state

is

(A8)
w
The ground state of the whole system in the H picture can be kR
obtained by the unitary transformation, The energy of |G) is
J
(G|H|G) = <G|{wéle><e| + w|g)(gl + 2 by + 2 gi(by + by (le)(g] + |g><e|)}|G>
Kk Kk
= (| [w;|e><e| +wllo)sl+ 3 wkb:;bk] 1G)+(GI ulbf+ e)el +18XeD[G)
Kk Kk
g I £k
=D+ (D =0+ 2 X3 —HE—— 4 > —E (A9)
K o g (gt o) k. ooy + @)
where
2 2 2 2
8k 8, 1
0 =w X -2
r (o + o) (wk+w0)2 k2 ( wk+wo)
. Sk 08 IS
e (o + @) (o + wo)2 Kk (wk + ‘Uo)
2
—w,+ E gk 8k ’
Kk wk k(0 + @)

(I = (G| X gi(bile)(g| + bilg)e| + bile)(g| + bylg)e])|G)
k

= (G| gu(bileXg| + bylg)e))|G)
k

Eg 1-
k(wk+ wo){ Kk
8

L
2 ((,!)k + (1)0)2

7

_Egk|:1 :

2%
K (0 + wp) ’

k2 (o + wo)2

|

(@ + wp)

Note the second term in Eq. (A9) is the nondynamical shift of the state |g) with the self-energy subtracted. The energy
2

difference between the two states i

023801
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3. Energies of two excited states

The excited state can be achieved by acting o,=(|e)(g]

PHYSICAL REVIEW A 80, 023801 (2009)

The other excited state is obtained by acting of =0, on the
state =0,|G)=le,{0,}) in the S picture. This excited
state in H picture can be obtained:

+|g)e|) on the ground state in H picture. For the state Ey= e —iS - $?]|e.{0 }>x
e, {0}). Its energy is K
- |g, )= 2 ———le,{0}).
Kk (wk + wo) ) k(o + )2 .
(A11)

(e, (A10)

2
0N =, =w,+ >, Sk
k Ok The energy of the state |E) is

(E|H|E) = (E|| w]le)e| + wylg)el + 2 wkbf(bk] |E) + <E|2 (b + b (e)gl +|g)eDE)y = (1) + (I1)
k

W, — W, 202 w,(— w, — 3w, wp(wy— o
Egk( k — 0) 8k Egk W(— oy — 20) Egk 0wy — ay) Egk’ (A12)
k (wk‘HUo) Kk (wk"'wo) oo+ wp) K wk(wk+w0) k @k
where
2 2 2 2
’ 8k W8k ' 1 8k gk(wk - W)
1 =w> +2 w| 1-2 s —F— | = 2 :
% (o + w0)2 k(o + wo)2 Kk 2(wk+wo)2 (o + w0)2

2 (o + wp)? 2 (g + ) | (o + wp) r (o + @)

R T et L i et (e IV

Note the second term in Eq. (A12) is the nondynamical shift of the state |e) with the self-energy subtracted. The energy
gro(@+3w))

difference between the two states is {e,{0,}H|e,{0})—(E|H |E>=Ek(—+>2 >0.
wy(wpt o

APPENDIX B: THE CALCULATION OF Hg

We recall that

HS=[iS,H,]+ %[is, [iS,H,]]. (B1)

First, we calculate the commutation relation [iS,H,]. It follows from Egs. (3) and (5) that

i#j g i#]j i#] i#j f
[iS,H,]= Zka b)) Egk,,-,-<b£+bk>|i></|—lz 81 b*+bk>|z>ol}EM<bk bl

i,j.k i,j.k i,j.k i,j.k Wy
i#j,j#j" g é‘:
k,i i
= 2 (b= b bic+ b) = b+ b (b= b)) 2 =5 gl (B2)
Wy
’JJ

which includes the diagonal as well as the off-diagonal terms. The diagonal terms will have the contribution to the energy shift,
while the nondiagonal terms (|i>(j’l | with i # j') are neglected as their contribution to the transition is of the fourth order in g;.
We note that (b)—by)(bf+by) = (b +by)(b]—by) =2(biby—byb)) =—2. Therefore, we have

i#j

s,y =23, Sk (B3)
i,j.k Wy

Next we consider the term %[iS ,[iS, Hy 1. Tt follows from Egs. (2) and (5) that

023801-8
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i#j
—[lS [iS, Ho]]—l [EM(N bk)|l>(l|] > gklﬁku[(w ;) (by bk)——(bk+bk)]|l><]|

i,j.k i,j#ik
i#]
{ > gk,,gk,,{(w w)(bk—bk>——<bk+bk>] z><;|}2 &%L(b* b)li)jl
i,j#ik i,j.k o
| t#/ g g i#j g § i#j g §
=17 27 e bk>|z></|”2 M(bubk)lool} [E M(bubk)lzm]
ljk i,j,k wk i,j.k wk
i#j i#j i#j
[E Sty bk>|z>o|] . [E Sl ) ><;|”2 il —w,->(b;‘;—bk>|i><i|]
ij.k ij.k ij.k Wy
i#j i#j
[E&@% w)(b] - bk|><1|ME St | ><1|] =Fi+Fy, (B4)
i,j.k i,j.k Wy
where
1 < 8u.ijér. < 8k.ijbk.i
Fi=g)=| 275, G- bwlidil || X =050+ bl
i,j, L]
i#j i#j
[E M(bubkmm] [E e bk>|z><;|]
i.j.k Wy i,j.k Wy
and
1 i#j g g i#j g g
Fy=7 [EM<bk—bk>lz>0|”2M< = @) (b= bl
i.j.k Wy i,j.k Wy
i#j i#j
{E WS4l 1) (b - bk>|z><;|”2 &%ﬂwk—bkmm]
i,j.k Wy ij.k W
For F;, we have
1 o 8i.ijék. < 8i.ijbhi < 8k.ijék. < 8k.ijbk.ij
Fi=)=| 2 70k - bl || 2 5 b bl [+ 2 b+ bl || 2T b= b li)]
ij.k Wy ij.k Wy ij.k Wy i,j.k Wy
i#j i'#j
i g i
2[(bk BB+ bi) = (b + bi) (b~ bk)](E &a%ll ><1|)( 3 S g I)
1] i/,]
i#j
i g i
_Ezgkt/gkt/ 2 gk 'j' Sk, ]|><]|| ><j|
k ij Wy i’
i#j,j#j i#j
53> wwm >, Sty (85)
K i wk ijk @k

L]sJ

where Eq. (7) was used, and in the last step the off-diagonal terms were neglected. For F,, we have

i#j i#]
F=s lzmwk bk)|z>o|][zm< wi><b.t—bk>li><f'|]
i,j.k Wy i,j.k O

i.j.k O i,j.k Wy

i%j g i#] f
|:E 8k,ij kl[( —w)(bk bk)|l><]|] [E M(bT bk)|l><]|]

N | =

i#j g i'#j gk gk
E(bT bk)Z(Egi’af)—’”iI ><1|) > T ;= 0)]i" )]

i/!j/
023801-9
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i#j £ i#j ¢
8k,ijSk,ij NP 8K,ijSkiij| -/
- E = (wj_wi)|l><]| (2 e |l><]|)
ijk @k ijk @k
1 i#j,j#j’ P i#j,j#j’ P
K,ijSk.ij e k.ijSk,ij N
= EE (bli_ bk)2 2 _l‘szllgk,jj’gk,jj’(wj’ - wj)|l><ll| - E —;%Lgk,jj'fk,jj'(wj— wj’)|l><],| .
k i’ k i’ k

Neglecting the off-diagonal terms in the atomic operators, we have

1 i#j gz 52 i#j gz §2
K.ijSk.ij N/ K.ijSk.ij N/
F,= _E (blt - bk)z E _Z;L(wi - w_;')|l><l| - E _"%"L(wj - wi)|l><l|
2 k ij wk ij (l)k
I e -
=2 (b= by | 2 5 (0= wp)li)i] + 2 T (0= @) i)
Kk ij W ij
G-y
= E (b:( - bk)22 ﬁal)gﬂl(wi— wj)|i><i|-
k ij k

(B6)

(B7)

If we neglect the off-diagonal terms bliblt, byby and also use bﬂbk|{0}k>=0 in our consideration for the renormalization by the

vacuum, F, can be written as

i#] gz 52
k.ijSkiij N
Fy= >, 5 (wj—w,-)|l><l|.
ijk O
Combining F| and F,, we have
1 i# gigi i# giflz
E[iS,[iS,Ho]]= > BRG] 4+ ) PR (g, — )X
ijk @k ik O
From Eqgs. (A3) and (A9), we have
1
H =[iS, Hy ]+ S [iS.[iS, Holl
i#j 2 i#j 2 2 i#j 2 2
8icijSkij ). 8k.iiSkii) - 8ic.iibkij N
= -2 SRERLj)(i| 4 ) SRERL )| 4 ) SR (o, — ) |i)i]
ijk @k ijk Wk ijk W
i#j 2 2
8kij i "
== 2 _ll|:2§k,ij - fi,ij - Ll((ﬂ)j - 0),')} |l><l >
ijk @k Wy

which is Eq. (10) in the text.
APPENDIX C: THE NONDYNAMIC SHIFT

By using Egs. (B10) and (11), we have
AEI(’IZ = <l|H§ - Ese|i> =w,— wi,

2
8k ;;
== £ {ng.ij_ f/%,ij— 1- gi,ij }
ik w, Wy

k

zzg—d{ o _, “’k‘*’f’}

i k Ok (@ + |wij|)2 (ay + |wij|)2
_ ék,ll (l)lz’ 2 iiwkwji + (1)2” - wzz'i 2 ik’ll (l)kwij + (I)ZZI - wiZi
= 2 2 + E 2 = E 2
Tk o (op+ |wij|) ki ox (ot |wij|) K =i o (o |wij|)

— Eg_ill wiz' S+ zg_iu (_1)w2i2+22®2 wl.2~ 2_’_22(£1cuk(uj,-+w2~i2
i k@ (wk+|wij|) k j>i @k (wk+|wij|) k j<i @k (wk+|wij|) k j>i Wk (wk+|wij|)

2 2
_ E 8k.ij WkWij + Wy

koj<i Wk (wk+|wij|)2
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2
w};

2
_ 2 E ng,il'

2
k j<i @k (wk+|wij|)
w;; = ;)

2 ( 2
-3 SealOim o)
= 2
k=i @O (o + o)

DD

L

2
22— 2>
k j>i Wk (o + wji) k j#i @k (wk+|wij|)
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S
Wy (wk+|wij|)

g]%i'w'i(w‘i'i' wy)

which is Eq. (14b) in the text. For the long-time limit, the dependent dynamic shift AE,,,() can be easily found from Egs.

(28) and (8a) in the text,

(i) 4wz'2'gﬁi‘§1%i‘ 4‘”,'2‘812(1"
AEdlvn(oo) = E 2 2 = E E — 5. (C2)
’ kK j<i wk(wij_ o) j<i (wij_ wp) (o + |wij|)
Combining Egs. (B1) and (B2), we have the total energy shift AEr(é)tal(w) for the long-time limit,
AEQ, = AED + AE,
2 2 2 )
_ 2 281ij Wi +> 2 Skij Wi +> E 40785 i
= 2 2
k j<i Ok (@ + |wij|) kK j @k (o + |wij|) kK j<i (w;;— o) (o + |wij|)
2 W:: 2 2 (,_)2. 4w2 2
=Ezg_kil ji +Ez gkll i 2_22 l]gkl] 5
kK j Wk (o + |wij|) kK j<i @k (@ + |wij|) kK j<i (o~ wij)(wk"' |wij|)
2 2
ISPV VY (T
Kk j @k (wk+|wij|) k j<i @k (wk+|wij|)2 Wi — Wjj
2 2 2
_S S Sk @i 8kij 2wy [_ oy + %}
kK j Wk (o + |wij|) Kk j<i @k (o + |wij|)2 W — Wjj
2w 2 2(w;)?
e D
kK j Wk (wk+|wij|) kK j<i Wk (wk+|wij|)(wij_wk)
2 2 2 2
D T R
kK j>i Wk (wk+|wij|) kK j<i @k (wk+|wij|) kK j<i Wk (wk+|wij|)(wij_wk)
2 2
=EEM Wji +22&z Wij
kK j>i @k (op+w;) g j<i Ok (w;;— wy)
2 2 2
=22g_kﬂ_wL+Ezg_kﬂ_wii__ Skij__ Wij (C3)

kK j>i @k (o + wji) kK j<i Wk

which is Eq. (30) in the text.

(wji"'wk) k j#i Wk (wij_wk)’
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