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We demonstrate how to efficiently derive a broad class of inequalities for entanglement detection in multi-
mode continuous variable systems. The separability conditions are established from partial transposition �PT�
in combination with several distinct necessary conditions for a quantum physical state, which include previ-
ously established inequalities as special cases. Remarkably, our method enables us to support Peres’ conjecture
to its full generality within the framework of Cavalcanti-Foster-Reid-Drummond multipartite Bell inequality
�Phys. Rev. Lett. 99, 210405 �2007�� that the nonlocality necessarily implies negative PT entangled states.
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I. INTRODUCTION

Entanglement is the key for many applications in quantum
informatics; however, there still exist a number of unresolved
issues despite the progresses in the past. In particular, the
characterization and the detection of entanglement for mul-
tipartite quantum systems are far from complete. Peres and
Horodecki et al. first proposed the positive partial transpose
�PT� criterion as a necessary condition for separability �1�.
To apply this criterion in experiments for continuous vari-
ables �CVs�, inequalities involving observable moments up
to second order have been derived �2–5�. To detect bipartite
entanglement for non-Gaussian CV states, new inequalities
using higher-order moments have been derived from the
Schwarz inequalities �6�, uncertainty relations �7–9�, and de-
terminants of matrices �10�. These inequalities can be di-
rectly implemented in optical systems �8,11,12�. It was also
pointed out that stronger conditions can be obtained from the
Schrödinger-Robertson uncertainty relation �SRUR� than the
Heisenberg uncertainty relation �HUR� �13�. Moreover, it
was shown that the uncertainty relation approach is sufficient
to detect bipartite entanglement for all negative PT states
�14�.

For multimode entangled states, some inequalities have
also been derived using similar methods �15–18�. Neverthe-
less, our capacity for detecting and characterizing multipar-
tite entangled states must be enhanced to a far richer level for
further applications. In this Rapid Communication we dem-
onstrate how to derive a broad class of inequalities for mul-
timode CV systems following one principle: if a quantum
state is separable, its density operator remains non-negative
under PT �1�. That is, the PT density operator still represents
a physical state and therefore must satisfy all necessary con-
ditions as a quantum physical state. Here we particularly
suggest three necessary conditions: �i� the non-negativity of
�O†O� for any operator O �19�, �ii� the non-negativity of
observable variances, and �iii� the satisfaction of uncertainty
principle. Along these lines, we can easily obtain stronger
multimode inequalities than the ones in the previous litera-
ture �6,16�.

Remarkably, our method enables us to strongly support
Peres’ conjecture within the framework of Cavalcanti-Foster-
Reid-Drummond �CFRD� multipartite Bell inequality �20�
that nonlocality necessarily implies negative PT states. Very
few results are known about the conjecture except for the
most general proof in the �n ,2 ,2� scenario �21�. Here
�n ,m ,o� refers to n parties taking m different measurement
settings with o outcomes. Recently, Salles et al. �22� pro-
vided the link between nonlocality and negative-partial-
transpose �NPT� entanglement for the first time for CVs in
the �n ,2 ,�� scenario of the CFRD inequality; but in a very
restricted measurement setting, i.e., quadrature measurement
only �22�. In contrast, we demonstrate the full generality of
the conjecture regardless of measurement settings �o: arbi-
trary� both for discrete and CVs. We also point out the ad-
vantages of our generalized approach, particularly of the
SRUR inequality, for detecting multimode entangled states in
comparison with the CFRD inequality.

First we briefly introduce PT since it is the basis of all our

criteria. Any operator Ô acting on a d-dimensional Hilbert

space can generally be expanded as Ô=�i,jOij�i��j� with ba-
sis states �i��i=1, . . . ,d�. Let us define a conjugation opera-

tor, Ô�	�i,jOij
� �i��j�. Note that transposition corresponds to

the conjugation operation of the Hermitian adjoint, 
ÔT�ij

=Oji= 
Ô†��ij. Then, for a density operator �, one obtains the

relation �Ô��T 	Tr
Ô�T�=Tr
�ÔT�= �Ô†��� for trace is pre-
served by transposition. It can be readily extended to PT as

�ÔAÔB��PT = �ÔAÔB
†���, �1�

where a whole system is split to two subsystems 
A ,B� with

transposition on B and ÔA,B is the operator acting on A and
B, respectively. Therefore, the quantum average over �PT can
always be expressed by an experimentally accessible average
through Eq. �1�. For instance, in a two-mode system repre-
sented by the boson operators a and b, we immediately ob-
tain �8�

�a†kalb†pbq��PT = �a†kalb†qbp�� �2�

for b†pbq has only real elements in number-state basis.*hyunchul.nha@qatar.tamu.edu
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II. TWO MODES

We first illustrate using two-mode CV systems how the
three physical properties required as a quantum state can be
employed to derive entanglement conditions. Let us first de-
fine an operator O=r�a− �a��+ 1

r �b− �b�� and the EPR-like
operators

u = rxa +
1

r
xb, v = rpa −

1

r
pb, �3�

where xa= �a†+a� /�2, pa= i�a†−a� /�2, and similarly for
mode b �r: nonzero real�. Under PT on mode b, the expec-
tation value of the positive operator O†O becomes

�O†O��PT =
1

2
���u�2�� + ���v�2�� − r2 −

1

r2� . �4�

If the original density operator � is separable, it still remains
non-negative under PT. Therefore, the quantum average of a
positive operator must also be non-negative, i.e., �O†O��PT

�0, which immediately gives the separability condition in
Eq. �3� of Ref. �3�.

Next, let us consider the operators

Jx =
1

2
�a†b + ab†�, Kx =

1

2
�a†b† + ab� ,

Jy =
1

2i
�a†b − ab†�, Ky =

1

2i
�a†b† − ab� ,

Jz =
1

2
�Na − Nb�, Kz =

1

2
�Na + Nb + 1� , �5�

where Na=a†a and Nb=b†b are the number operators. Due to
the commutation relations, Ji�i=x ,y ,z� forms the SU�2� al-
gebra, and Ki forms the SU�1,1� algebra. Under PT on the
second mode, the variances are obtained using the rule in Eq.
�2� as

��Ji��PT
2 = ��Ki��

2 −
1

4
�i = x,y� . �6�

Therefore, the separability conditions follow from the posi-
tivity of the variances ��Ji��PT

2 �i=x ,y� as

��Ki��
2 �

1

4
�i = x,y� . �7�

A violation of these inequalities provides a sufficient condi-
tion for inseparablity and the same conditions were obtained
using a different method in Ref. �6�.

The third property that must be satisfied by a physical
state is the HUR. From the commutation relation �Jx ,Jy�
= iJz, we have ��Jx��PT

2 ��Jy��PT
2

�
1
4 ��Jz��PT�2. On substituting

Eqs. �5� and �6�, we obtain a necessary condition for separa-
bility

��Kx��
2 −

1

4
���Ky��

2 −
1

4
� �

1

16
��Na − Nb���2. �8�

The above condition is stronger than the one in Eq. �7�: the
right-hand side �RHS� of Eq. �8� is non-negative and ��Kx��

2

and ��Ky��
2 cannot be both smaller than 1/4. If both of them

were less than 1/4, it would violate the regular HUR of
�Kx ,Ky�=−iKz, i.e.,

��Kx��
2 + ��Ky��

2 � 2��Kx����Ky�� � ��Kz��� �
1

2
, �9�

which must be satisfied by all states, separable or not.
The HURs from other commutation relations can also be

useful. For example, from the HUR of �Ky ,Kz�= iKx, we ob-
tain the necessary condition for separability as

��Jy��
2 +

1

4
���Kz��

2 �
1

4
��Jx���2. �10�

As an example, for the class of states with total excitation
fixed, e.g., ��i�a�j+1�b+ �i+1�a�j�b� /�2 �i , j=0,1 , . . .�, we
have ��Kz��

2=0 on the left side of Eq. �10�. On the other
hand, the average �Jx�� is nonzero, therefore the inequality is
violated.

The above ideas can also be extended to higher-order
terms. For instance, let us define the L operators

Lx =
1

2
�a†mbn + amb†n� ,

Ly =
1

2i
�a†mbn − amb†n� ,

Lz =
1

2
�a†mbn,amb†n� , �11�

where m and n are positive integers. Similarly, we define the
Hi operators only by exchanging b↔b† in Li�i=x ,y ,z�.
These operators do not form any of previously known alge-
bra; however, we are only concerned with their commutation
relations which provide the uncertainty relations. The vari-
ances of a state under PT on the second mode are

��Li��PT
2 = ��Hi��

2 − �Nmn�� �i = x,y� , �12�

where Nmn	 1
4 �am ,a†m� � �bn ,b†n�. On substituting Eq. �12�

into the HUR of �Lx ,Ly�= iLz under PT, we obtain a separa-
bility condition as

���Hx��
2 − �Nmn������Hy��

2 − �Nmn��� �
1

4
��Lz���2. �13�

The inequality in Eq. �8� is just a special case of m=n=1. On
the other hand, if we define the operator N+= �na†a
+mb†b� /2mn, it provides commutation relations �Hx ,N+�
=−iHy, �Hy ,N+�= iHx, and the HUR under PT reads

���Ly��
2 + �Nmn�����N+��

2 �
1

4
��Lx���2, �14�

For a class of states ��i�a�j+n�b+ �i+m�a�j�b� /�2, we have
��N+��

2=0 but ��Lx����0. The inequality is thus violated,
which verifies non-Gaussian entanglement.
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III. MULTIMODE ENTANGLEMENT

Now let us extend further to multimode systems with the
same ideas outlined above. We first define n-mode operators
as Lx= 1

2 �Mn+Mn
†�, Ly = 1

2i �Mn−Mn
†�, and Lz= 1

2 �Mn ,Mn
†� and

construct the operator Mn in the most-general normally or-

dered form. That is, Mn	�k=1
n ak

†Sk�ak
Sk, where the integers Sk�

and Sk are the powers of the kth mode operators. Without
loss of generality, PT can be taken on the modes m+1 to n,
and we then define operators Hx and Hy by letting Sk�↔Sk
�k=m+1, . . . ,n� in Lx and Ly, respectively. The relations be-
tween the variances are then given by

��Li��PT
2 = ��Hi��

2 − �N�� �i = x,y� , �15�

where the operator N is given by

N 	
1

4
�M1,M1

†� � �M2,M2
†� . �16�

Here M1	�i=1
m ai

†Si�ai
Si refers to the untouched modes and

M2	� j=m+1
n aj

†Sjaj
Sj� to the modes under transposition.

The HUR of �Lx ,Ly�= iLz under PT together with Eq. �15�
leads to the separable condition

���Hx��
2 − �N������Hy��

2 − �N��� �
1

4
��Lz���2. �17�

The usefulness of this generalization will be discussed later.
Now we illustrate the power of our approach in addressing
multipartite entangled systems particularly by providing in
the most general form the connection between nonlocality in
the framework of CFRD inequality �20� and NPT entangle-
ment.

IV. NONLOCALITY IN MULTIMODE SYSTEMS

We first consider the CFRD Bell inequality for a general
multipartite system. The inequality was derived based on the
non-negativity of observable variances using noncontextual
hidden variables, i.e., by ignoring the noncommutativity of
quantum operators. Defining the operator Zk	Xk+ iYk with

two local observables Xk and Yk at kth mode and Cn= X̃n

+ iỸn	�k=1
n �Xk+ iYk�, the Bell inequality reads �X̃n�2+ �Ỹn�2

� ��k=1
n �Xk

2+Yk
2�� �20�, which can be written as

���
k=1

n

Zk��2

�
1

2n��
k=1

n

�Zk
†Zk + ZkZk

†�� . �18�

For comparison, let us now turn attention to a regular HUR
in sum form �SF�, ��L1�2+ ��L2�2� ���L1 ,L2���, for two Her-
mitian operators L1= P+ P† and L2= i�P− P†�, where P is an
arbitrary operator acting on a multipartite system. The HUR
is then reduced to

��P��2 � min
�P†P�,�PP†�� . �19�

If one particularly takes P=�k=1
n Zk in the above, the HUR

then reads as

���
k=1

n

Zk��2

� min���
k=1

n

Zk
†Zk�,��

k=1

n

ZkZk
†�� .

�20�

On expanding the terms in the RHS of the CFRD inequality
�18�, one can see that it is larger than, or equal to, the mini-
mum over all possible values of ��k�NZk

†Zk�k�AZkZk
†�. Here,

n modes can be divided to two disjoint groups N�A
= 
1, . . . ,n� in 2n different ways, where the group N refers to
the modes with the “normal”-ordered operator Zk

†Zk and the
group A to the modes with the “antinormal”-ordered opera-
tor ZkZk

†. Let us denote the two groups corresponding to the
minimum by Nm and Am. Comparing Eqs. �18� and �20�, one
can see that the violation of the CFRD inequality does not
occur for the cases of Nm=� or Am=� ��: null set�, for
which the RHS of Eq. �18� is not smaller than that of Eq.
�20�. Note that the HUR in Eq. �20� must be satisfied by any
quantum states. Therefore, we rule out the cases of Nm=� or
Am=� in the following.

We now show that a PT separability condition is neces-
sarily violated if the CFRD inequality �18� is violated. Let
P=�k�Nm

Zk�k�Am
Zk

†� in the general HUR of Eq. �19� and
take transposition on the subset of modes k�Am. Due to the
rule in Eq. �1�, the separability condition emerges as

���
k=1

n

Zk��2

� � �
k�Nm

Zk
†Zk �

k�Am

ZkZk
†� . �21�

Since the RHS of Eq. �18� is not smaller than that of Eq.
�21�, Peres’ conjecture is supported, that is, the CFRD in-
equality is violated only by an NPT multipartite entangled
state.

Note that the above proof is valid for any two local
observables Xk and Yk at each party regardless of Hilbert-
space dimension and the number of measurement out-
comes. In this Rapid Communication, we illustrate the sig-
nificance of our general approach to higher orders by
considering a broad class of local observables for CVs,
namely, Zk	ak

mke−i�k �k=1, . . . , j� and Zk	ak
†mkei�k �k= j

+1, . . . ,n�, where mk is a positive integer. The support of
Peres’ conjecture by Salles et al. refers to a limited case
of mk=1 for each mode, which corresponds to quad-
rature measurement �22�. Cavalcanti et al. investigated
the violation of the Bell inequality also for mk=1 �20�.
With the generalization to higher orders, however, one can
demonstrate nonlocality to a richer level. Consider, for
example, the state �	�=c0�0
1� , . . . ,0
n/2� ,1
�n/2�+1� , . . . ,1
n��
+c1�2
1� ,1
2� , . . . ,1
n/2� ,0
�n/2�+1� , . . . ,0
n��, where the notation
N
j� refers to N photons in the mode j. The CFRD inequality
is not at all violated with the choice of mk=1, but it is so with
the modification to m1=2 for the number of modes n�14.

The separability conditions in Eq. �21� are obviously use-
ful on their own. Note that inequality �21� is valid as a sepa-
rability condition for any pair of groups 
N ,A� not neces-
sarily corresponding to minimum 
Nm ,Am�. There are
certain multimode states that violate inequality �21� but
not the Bell inequality �18�. As an example, let us consider
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the multimode N00N state, �	�=c0�N
1,. . .,n/2� ,0
�n/2�+1,. . .,n��
+c1�0
1,. . .,n/2� ,N
�n/2�+1,. . .,n��, where the first n

2 modes or the
second n

2 modes have N photons. Let Zk	ak
mke−i�k �k

=1, . . . , n
2 � and Zk	ak

†mkei�k �k= n
2 +1 , . . . ,n� with all mk=N.

Inequality �21�, which becomes ���k=1
n/2 ak

N�k=�n/2�+1
n ak

†N��2
� ��k=1

n ak
†Nak

N�, is then violated for any number of modes n,
whereas the CFRD inequality is satisfied.

In general, some practical advantages can be achieved if
one uses the product form �PF� of the HUR, �L1�L2
�

1
2 ���L1 ,L2���, instead of the SF ��L1�2+ ��L2�2

� ���L1 ,L2���. It is because of the relation ��L1�2+ ��L2�2

�2�L1�L2 when �Li�i=1,2� is non-negative: if the SF is
violated under PT, so is the PF, but the converse is not true in
general. If �Li becomes negative under PT, it is a signature
of entanglement as such, so we exclude those cases in this
discussion. For instance, in the above case of N00N state, the
product-form-based inequality under PT, which belongs to
the class of separability conditions in Eq. �17�, is violated in
the much lower order of mk= N

2 at each party on the condition
Re
c0c1

��k=1
n/2 e−2i��k−�k+n/2���0, whereas the sum-form-based

one in Eq. �21� is so only in the order mk=N. Moreover, a
further advantage follows if the SRUR, ��L1�2��L2�2

�
1
4 ���L1 ,L2���2+ 1

4 ��L1�L2+�L2�L1�2, where an additional
non-negative term appears in the right, is used instead of
any forms of the HUR. The SRUR is insensitive to local
phase errors in the prepared entangled state since it is in-
variant under local phase operations. Thus, the separabil-
ity inequality is unconditionally violated at mk= N

2 . In

general, the set of detectable multipartite entangled
states can be characterized by the inclusion map,

CFRD�� 
SF of HUR�� 
PF of HUR�� 
SRUR�.

In summary, we have demonstrated how to efficiently de-
rive separable conditions for general multimode CV systems,
which include all CV inequalities previously obtained as spe-
cial cases. The physical quantities in these inequalities can be
experimentally measured via homodyne correlation tech-
niques �12�. The principle we follow here is simple yet pow-
erful: under PT, any separable density operator should still
describe a physical state and therefore satisfy all necessary
conditions as a quantum state. Although we specifically em-
ployed three necessary conditions, other general conditions
should enable one to induce new inequalities as well.

We also showed the validity of Peres’ conjecture in the
framework of CFRD inequality that nonlocality necessarily
implies NPT entanglement regardless of local observables
both for discrete and CVs. In future, we may need to further
prove or disprove Peres’ conjecture beyond the CFRD in-
equality as its violation is not a necessary condition, though
sufficient, to reveal nonlocality.
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