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We study subwavelength position measurement via spontaneous emission spectroscopy with two photons.
Our model systems are a single �-type three-level atom, in which a dual interaction generates two independent
photons, and an M-type five-level atom, which emits two photons in a double-Raman process. The difference
is that the M-type system emits correlated pairs of photons, while the photon pairs from the � system are
uncorrelated. In order to evaluate the performance of the position measurement, we introduce an analysis
scheme motivated by a possible experimental measurement procedure. We find characteristic differences in the
spontaneous emission spectra of the two systems arising from the photon correlation in the M-type system. But
interestingly, the effect of this photon pair correlation on the conditional position probability distribution does
not lead to an increase in the position information of the single atom. Nevertheless, both schemes allow for an
efficient measurement of the particle position with unambiguous position determination over a wide range of
parameters.
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I. INTRODUCTION

Spatial precision measurements are a topic of long-
standing interest both for a number of important applications
and from a fundamental point of view. For example, Heisen-
berg’s famous thought experiment in which he envisioned a
microscope that could measure the position of an electron
precisely helped in the development and understanding of
the uncertainty principle. Modern applications arise, e.g., in
life sciences, where both structuring and measuring at the
nanoscale is one of the main technical challenges. A key
limit for imaging is diffraction, such that typically the reso-
lution is limited to a length scale given by the wavelength of
the light field used for the measurement �1�.

Tremendous success in optical imaging has been achieved
with near-field techniques, where the imaging system is so
close to the object that so-called evanescent waves can be
picked up �2�. Complementary to this, far-field imaging tech-
niques have been developed, e.g., by individually addressing
only small parts of the sample �3�. In part, these schemes are
based on the observation that quantum particles can be dis-
tinguished on a subwavelength scale if they are not fully
identical �4�.

In general, different scenarios have to be distinguished.
For example, the localization of a single fixed particle has
been considered, or the measurement of the distance of two
fixed particles. Complementary effort aimed at measuring the
position of flying particles while they pass through a mea-
surement device. A large class of proposals is based on quan-
tum optical ideas, and makes use of standing-wave driving
fields for the position measurement. The standing wave acts
as a ruler for the position measurement, and at the same time
forms a spatial intensity pattern that can encode position in-

formation via an intensity-dependent dynamics of the atom.
Suitable observables are the quadrature phases of light fields
interacting off-resonantly with the particle �5�, long-lived
electronic states �6,7�, resonance fluorescence light �8�, or
combinations �9�.

Schemes based on standing-wave fields, however, are re-
stricted to the prediction of few potential positions of the
atom within one wavelength. The reason for this is the peri-
odicity of the intensity in the standing wave. This restriction
was addressed in subsequent work, for example, via a control
of the vacuum field-atom detuning �10–12�, via absorption
spectroscopy of a four-level system �13�, via coherent popu-
lation trapping in a three-level system �14�, via dark reso-
nances in a four-level system �15�, or via multiple simulta-
neous quadrature measurements �16�. Recently some
schemes have been proposed theoretically as well as experi-
mentally to generate subwavelength structures beyond the
diffraction limit using the phenomenon of coherent popula-
tion trapping. These schemes use position-dependent dark
states for nanoscale resolution fluorescence microscopy
�17–19� and for the generation of the subwavelength struc-
tures in interferometric optical lithography �20,21�.

A qualitatively different approach has been used in
schemes aiming at measuring the distance between two par-
ticles. It was found that correlations among the emitted pho-
tons can be used to enhance the distance measurement be-
tween two identical atoms beyond the diffraction limit �22�.
As a matter of fact the spatial information between two iden-
tical atoms placed in a standing-wave field can be extracted
from the collective resonance fluorescence spectrum of a
two-atom system inside a standing-wave field �23� and from
the intensity-intensity correlation function of the light emit-
ted by a collection of two- and three-level atom systems �24�.
Such correlations among the spontaneously emitted photons
can also be created in a single-particle system undergoing a
two-photon emission process, for example, a three-level cas-
cade system �25�. Thus, the question arises, whether also
single-particle position measurements can benefit from cor-

*sajid_qamar@hotmail.com
†joerg.evers@mpi-hd.mpg.de

PHYSICAL REVIEW A 79, 043814 �2009�

1050-2947/2009/79�4�/043814�7� ©2009 The American Physical Society043814-1

http://dx.doi.org/10.1103/PhysRevA.79.043814


relations between photons emitted from the particle.
Motivated by this, here, we investigate subwavelength po-

sition measurement via spontaneous emission spectroscopy
based on a two-photon emission process. Our analysis is
based on two different level schemes. First, we discuss the
five-level M-type setup, where two photons are generated in
a double-Raman process. Second, we discuss the three-level
�-type setup with two subsequent interactions, such that
again two photons are emitted. The crucial difference be-
tween the two systems is that the photons emitted in the
M-type system are correlated, whereas the photons emitted
in the �-type setup are not. In order to reveal the effects of
the correlation, we first analyze the spontaneous emission
spectra of the two systems, and find characteristic differences
due to the photon correlations. In the main part, we analyze
the microscopy power of the two schemes. To allow for an
unbiased comparison of the two schemes to each other as
well as to other setups suggested in the literature, we propose
a fixed analysis procedure inspired by a possible experimen-
tal realization. It is based on the most probable detection
events rather than on the most favorable events for micros-
copy in order to estimate the practical relevance of the
scheme. As our main result, we show that due to the two-
photon measurement, both systems allow for an efficient un-
ambiguous position measurement with subwavelength preci-
sion. But somewhat intriguing, we find that the overall
microscopy is not improved due to the photon correlation. A
closer analysis reveals that this result can be understood from
the properties of the assumed analysis procedure.

II. SYSTEM HAMILTONIAN AND DYNAMICS

A. Bare-state model

The schematic of the M-level atom-field system is shown
in Fig. 1�a�. The transitions �a�↔ �c� and �b�↔ �d� are driven
on resonance by classical driving fields. The atomic decays
take place from �a� to �b� and �d� to �e� with corresponding
decay rates �1 and �2.

The interaction picture Hamiltonian in the dipole and
rotating-wave approximation can be written as

HI�t� = ��1�c��a� + ��2�b��d� + ��
k

gkei�ktak�a��b�

+ ��
q

gqei�qtaq�d��e� + H.c., �1�

where �1=−�� ca	̂1E1 /���2=−�� bd	̂2E2 /�� is the Rabi fre-

quency on transition �c�↔ �a���b�↔ �d�� with dipole moment
�� ca��� bd�. The corresponding unit polarization vectors and
amplitudes of the driving fields are denoted by 	̂1�	̂2� and
E1�E2�. The atom-vacuum field detuning corresponding to
the spontaneous decay transition �a�↔ �b���d�↔ �e�� is de-
noted by �k=
k−�ab��q=
q−�de�, where �ab and �de are
the corresponding atomic transition frequencies, and 
k and

q are the frequencies of the emitted photons.

We use the probability amplitude method to describe the
dynamics of the system and the state vector for the complete
system at time t is given by

���t�� = Cc�t��c,0k,0q� + Ca�t��a,0k,0q� + �
k

�Cb
k�t��b,1k,0q�

+ Cd
k�t��d,1k,0q�� + �

k,q
Ce

k,q�t��e,1k,1q� , �2�

where the subindex i in the probability amplitude Ci
k,q�t�

indicates the atomic state �i=a ,b ,c ,d ,e� and k ,q denote
photons emitted on the two spontaneous emission transitions.

B. Dressed-state model

In order to gain more insight into the system dynamics,
we introduce the dressed atomic eigenstates

�1� = 1
	2

��a� + �c��, �2� = 1
	2

��c� − �a�� , �3a�

�3� = 1
	2

��d� + �b��, �4� = 1
	2

��b� − �d�� . �3b�

with corresponding eigenvalues 1=�1, 2=−�1, 3=�2,
and 4=−�2, respectively. Now using the dressed states, we
can write the interaction picture Hamiltonian as

V�t� =
�

2 �
k

gkak�ei��1−�2�t�1��3� + ei��1+�2�t�1��4�

− e−i��1+�2�t�2��3� − ei��2−�1�t�2��4��ei�kt

+
�

	2
�
q

gqaq��3��e�ei�2t − �4��e�e−i�2t�ei�qt + H.c.

�4�

The corresponding schematics of the dressed-state picture is
shown in Fig. 1�b�. The state vector ���t�� in the dressed-
state picture takes the form

���t�� = C1�t��1,0,0� + C2�t��2,0,0� + �
k

�C3
k�t��3,1k,0�

+ C4
k�t��4,1k,0�� + �

k,q
Ce

k,q�t��e,1k,1q� . �5�

From the Schrödinger equation i��t���t��=V�t����t�� we ob-
tain the following equations of motion for the probability
amplitudes:

Ċ1�t� =
1

2�
k

gkei��k+�1�t�C3
k�t�e−i�2t + C4

k�t�ei�2t� , �6a�

FIG. 1. �Color online� Level scheme of the M-type configura-
tion. �a� Bare-state representation. �b� Dressed-state representation.
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Ċ2�t� = −
1

2�
k

gkei��k−�1�t�C3
k�t�e−i�2t + C4

k�t�ei�2t� ,

�6b�

Ċ3
k�t� =

1

2
gk

�e−i��k−�2�t�e−i�1tC1�t� − ei�1tC2�t��

+
1
	2

�
q

gqei��q+�2�tCe
k,q�t� , �6c�

Ċ4
k�t� =

1

2
gk

�e−i��k+�2�t�e−i�1tC1�t� − ei�1tC2�t��

−
1
	2

�
q

gqei��q−�2�tCe
k,q�t� , �6d�

Ċe
k,q�t� =

1
	2

gq
�e−i�qt�e−i�2tC3

k�t� − C4
k�t�ei�2t� . �6e�

In the long-time limit,

���t → ��� = �
k,q

Ce
k,q����e,1k,1q� . �7�

The final-state probability amplitude in the steady state fol-
lows from Eqs. �6� as

Ce
k,q��� = 4

gk
�gq

��1�2

D1��k + �q�D2��q�
, �8�

where we have defined

D1��� = i��1 + 2�1
2 − 2�2, �9a�

D2��� = i��2 + 2�2
2 − 2�2. �9b�

Thus the probability to measure one photon in mode k and
one photon in mode q is proportional to

�Ce
k,q����2 =

16�gk�2�gq�2��1�2��2�2

�D1��k + �q��2�D2��q��2
. �10�

C. Fluorescence spectrum

The spontaneous emission spectrum S�
� is proportional
to the Fourier transform of the field correlation function �25�

���t��E�−��r,t + ��E�+��r,t����t��t→�. �11�

The spectrum decomposes into two parts related to the k
photons and the q photons emitted on the two respective
transitions. The single-photon spectra can be obtained from
the full final-state probability by tracing out one of the pho-
tons, i.e., integrating either �k or �q over all possible frequen-
cies. Using Eqs. �7�, �8�, �9a�, �9b�, �10�, and �11�, we find

S�
k� �
 �Ce
k,q����2d
q, �12a�

S�
q� �
 �Ce
k,q����2d
k. �12b�

The total fluorescence spectrum in this simple picture is then
the sum of the two contributions, but in general also depends
on the respective photon polarizations.

D. Filter function

In this section, we calculate the filter function to find the
conditional position probability distribution. For this, we as-
sume that the two driving fields are standing-wave fields and
therefore, the corresponding Rabi frequencies are position
dependent,

�i�x� = ��i�sin�kix + �i� . �13�

Here, ki=2� /i are the wave vectors corresponding to the
driving field wavelengths i, and �i are the phase shifts of
the standing waves �i� �1,2��.

Then, the Hamiltonian Eq. �1� and the probability ampli-
tudes become position dependent as well, such that the state
vector can be written as

���t�� =
 dxf�x��x�C1�x;t��1,0k,0q� + C2�x;t��2,0k,0q�

+ �
k

�C3
k�x;t��3,1k,0q� + C4

k�x;t��4,1k,0q��

+ �
k,q

Ce
k,q�x;t��e,1k,1q�� , �14�

where f�x� be the center-of-mass wave function of the atom.
This allows us to calculate the conditional position distri-

bution of the atom, which is the probability W�x ; t �e ,1k ,1q�
of finding the atom at position x under the condition that the
atom is in state �e� and that two photons are emitted sponta-
neously in modes k and q �8�. For the M-level configuration,
we obtain

W�x;t�e,1k,1q� = F�x;t�e,1k,1q��f�x��2, �15�

with the filter function

F�x;t�e,1k,1q� � �N�2�Ce
k,q�x;t��2, �16�

where N is a normalization constant. This shows that in the
long-time limit, the conditional position distribution is di-
rectly proportional to the probability �Ce

k,q����2 in Eq. �10�
with position-dependent Rabi frequencies defined in Eq.
�13�.

E. �-type system

In order to estimate the influence of potential correlations
in the M-type system, we make use of a three-level reference
system in � configuration �see Fig. 2�. Initially, the atom is
in state �c�. Due to the driving field �1, it undergoes a Raman
transition to �b�, emitting a photon with frequency �k. The
final steady-state amplitude for this process is
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C�
k ��� = 2

gk
��1

D1��k�
. �17�

In a second step, we reverse role of driving and emitting
transition, drive the atom with Rabi frequency �2 on transi-
tion �b�↔ �a�, and obtain a photon with frequency �q, with
final steady-state amplitude

C�
q ��� = 2

gq
��2

D2��q�
. �18�

The two photons are uncorrelated, and the total probabil-
ity for the emission of a pair of photons with frequencies k
and q in the � system is

�C�
q ����2�C�

k ����2 =
16�gk�2�gq�2��1�2��2�2

�D1��k��2�D2��q��2
. �19�

Comparing with the corresponding result for the M-type sys-
tem �Eq. �10��, we find that the only difference is in the
argument of the function D1 in the denominator. For the M
system, the two-photon frequencies appear as a sum, indicat-
ing their correlation as in the case of the ladder-type system
�25�. In contrast, the two photons from the � system are
uncorrelated as expected.

For the �-type system, the individual spectra of each of
the two photons emitted are again proportional to the final-
state probability, �C�

k ����2 or �C�
q ����2, respectively. The filter

function in the � system with dual interactions is propor-
tional to

�C�
k ����2�C�

q ����2, �20�

and follows from Eq. �19� after introducing the position-
dependent Rabi frequencies Eq. �13�.

III. RESULTS

A. Spontaneous emission spectrum

We start our analysis with the three-level � system �see
Fig. 2�. For our numerical calculations, we introduce a scal-
ing parameter � by which we scale all parameters of our
system. For simplicity, we assume �1=�2 in the following.
Since the two photons emitted after dual interaction are in-
dependent, the spectrum of each of the photons is of Autler-
Townes type due to the ac Stark splitting caused by the driv-

ing laser field. Examples for k and q spectra are shown in
Fig. 3�a�. The dashed line shows the spectrum of the k pho-
ton with peak positions ��1. The solid line shows the spon-
taneous emission spectrum of the q photon with peaks at
��2.

Due to the correlation between the photons, the results
look different in the M-type scheme �see Fig. 3�b��. The
spectrum for the k photon �dashed line� has four peaks, while
the spectrum for the q photon �solid line� has two peaks only.
This qualitatively different result can easily be understood
from the dressed-state representation in Fig. 1�b�. The first
photon can be emitted from �1� or �2� to �3� or �4�, giving rise
to four different possible emission frequencies, which de-
pend on both �1 and �2. The second photon can decay from
�3� or �4� to �e�, such that two peaks appear. It is interesting
to note, however, that not all combinations for the k and q
decays are possible. For example, if the k decay is such that
the atom evolves into �3�, then the q photon can only be
emitted from �3� to �e�. Therefore, each peak in the q spec-
trum corresponds to two potential peaks in the k spectrum,
clearly demonstrating the correlation between the photons.
Mathematically speaking, this correlation follows from the
contribution D1��k+�q� in Eq. �8�. Physically speaking, con-
straints on the two-photon frequencies arise from energy
conservation and from the two possible intermediate states
�3� or �4�.

Thus, we conclude that the emission spectra of the M-type
system are different from the spectra of a � setup with dual
measurement, in that the photons emitted by the M-type sys-
tem are correlated. The photon correlation makes the k and
the q spectra dependent, and leads to a richer structure of the
k spectrum.

B. Atom microscopy

In this section, we compare the microscopy power of the
M-type system to that of the � system with dual measure-
ment. Both, to drive the atom, and as the reference for the
position measurement, we apply standing-wave fields to each
of the two driven transitions. The corresponding position-
dependent Rabi frequencies are in Eq. �13�.

In Sec. II D we found that the potential positions of the
atom are given by the filter function Eq. �16�. Examples for
the filter function of both the M-type and the dual measure-
ment �-type atoms are given in Fig. 4 for identical param-

FIG. 2. �Color online� Level scheme of the �-type configura-
tion. The two subpanels indicate the two steps in the dual interac-
tion. �a� First interaction. The initial atomic state is �c�, the final
state is �b�. �b� Second interaction. The initial atomic state is �b�, the
final state is �c�.

FIG. 3. �Color online� Single-photon spontaneous emission
spectra. Dashed lines show S�
k�, and the solid lines stand for
S�
q�. �a� depicts results for the �-type system with dual interac-
tions, �b� for the M-level system. The parameters are �1=�2

=0.1�, ��1�=�, and ��2�=0.5�.
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eters. It can be seen that filter function of the M-type system
is sheared as compared to the corresponding results of the
�-type system. This shear arises from the photon correlation
in the M-type system. Thus also the filter function is modi-
fied by the presence of the photon correlation. In the follow-
ing we analyze whether this difference also has conse-
quences for the position measurement.

Most previous work focused on the question whether it is
in principle possible to localize a particle at a single position
or to determine the position of a fixed particle unambigu-
ously. This leaves the question how likely such a favorable
measurement is, and thus, how practical the localization
scheme is in general. In order to analyze this question, we
proceed as follows. First, we choose parameters for both
standing-wave fields. This choice has to be made without
prior knowledge of the position, and remains constant
throughout the whole analysis outlined below. Second, we
assume that the particle is located at a fixed position x0 and
apply the standing-wave laser fields as chosen in the first
step. Third, fixing x0 enables one to calculate the most prob-
able emission frequencies for both photons. In our analysis,
we assume that the detectors measure the photons with the
most probable frequency combination. Fourth, assuming the
most probable frequency combination as the measurement
outcome, the conditional position probability distribution can
be calculated. Finally, the obtained probability distribution
can be analyzed. In the best case, it contains only a single
narrow peak exactly at the position x0 assumed in the first
step. In this case, an experiment would lead with high prob-
ability to a correct measurement of the particle position with
laser field parameters chosen as in step one if the atom is at
x0. This sequence is repeated for different positions x0 within
one wavelength of the driving fields. Using this analysis se-
quence, the laser field parameters should be optimized such
that they lead to single-peak localization for all positions x0.
If this can be achieved, then the microscopy setup is power-
ful in the sense that a fixed measurement scheme without
prior knowledge about the particle position enables one to
measure the position unambiguously up to the spatial peri-
odicity of the standing wave. Augmented by a classical mea-
surement as also required in previous microscopy schemes
based on standing waves, then the true particle position be-
comes accessible. It is important to note that the above
analysis sequence focuses on the most probable detection
events. Other detection events can in principle lead to better
localization, however, at the cost of detection probability.

In Fig. 5, we show a possible outcome of this analysis.
The maximum Rabi frequencies are chosen as ��1�= ��2�
=�, and we set k1=�k2 as the ratio of the wave vectors with
�=1.2. In subpanel �a�, the phases are chosen as �1=0 and
�2=� /4. We observe nearly unique position determination
of the single atom over a wide range of positions of the atom.
Notable exceptions are x0= �0.25, where there are two
peaks in the conditional position probability. The reason for
this is a symmetry in the driving fields �i�x� with respect to
the position x. Due to this symmetry, the most probable pho-
ton emission frequencies are the same for x0=0.25 and x0
=−0.25, and therefore, the detection of these frequencies
also does not allow to distinguish between the two symmet-
ric positions x0= �0.25. Thus, there are two comparable
peaks in the conditional position probability. Also, no mea-
surement is possible if the atom is at one of the nodes of the
driving fields. This occurs, for example, at positions x0=0
and x0= � /2, and therefore these positions are left out in
Fig. 5. If a measurement with the parameters in Fig. 5�a�
leads to a conditional position probability which does not
predict a unique position, then it is possible to improve the
measurement by switching to a second set of laser field pa-
rameters as shown in Fig. 5�b�. For these parameters, unique
position information is obtained at positions complementary
to the unique cases in Fig. 5�a�. In particular, close to single-
peak localization is achieved for x0= �0.25. It should be
noted that only the phases of the standing-wave fields were
changed, i.e., their positions in space. This leads to different
node positions of the two standing-wave fields, such that
now also the positions x0=0 and x0= � /2 can be predicted
with high probability. The corresponding conditional posi-
tion probabilities are shown in Fig. 6 for parameters as in
Fig. 5�b�. Thus we conclude that a suitable sequence of mea-
surements with at most two sets of laser field parameters in
the M-level scheme gives unique position information within
one wavelength with high probability.

Repeating the same analysis with the dual measurement in
�-type atoms, we obtain virtually identical results as in the
M-type system. This at first may seem surprising since the
involved emission spectra for the M-type and the �-type
systems are different. But a closer analysis reveals that by
choosing the emission frequencies with maximum probabil-
ity as outlined in our measurement scheme, this difference
vanishes from the final conditional position probability.
Therefore, we conclude that using the above outlined simple
measurement scheme motivated by a potential experimental
procedure, photon correlation do not improve the results of
the position determination. Rather, the single-peak localiza-
tion arises from the dual measurement inherent to both
schemes. The two measurements provide independent posi-
tion information, which in combination allows obtaining
good position estimates.

IV. DISCUSSION AND SUMMARY

In conclusion, we analyzed two-photon measurement of
the position of a quantum particle both in the �-type system
with dual measurement and in the M-type system. In order to
estimate the microscopy power of our schemes, and to en-

FIG. 4. �Color online� Filter function or steady-state population
of the final state as a function of the photon frequencies. �a� Equa-
tion �19� for the � system with dual interaction. �b� Equation �10�
for the M-level system. The parameters are as in Fig. 3.
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able quantitative comparison to other schemes, we intro-
duced a strict analysis procedure. It is based on fixed laser
parameters, such that no prior knowledge about the position
is assumed. In contrast to previous work, it assumes detec-
tion of the most probable emission events, rather than the
most favorable, but potentially unlikely, detection events. As
the main result, we could show that both systems enable one
to unambiguously determine the position of the particle with
high precision and high detection probability.

Regarding the photon correlation, we showed that the
spontaneous emission spectra for the individual photons as
well as the filter function are affected by the correlations to a
measurable degree. Nevertheless, these differences do not

appear in the localization following the fixed analysis
scheme. This difference is somewhat intriguing, but can be
understood from the fact that our analysis scheme makes use
of a maximization of the photon emission probability, such
that the individual emission frequencies itself do not matter.
Still, the M-type system may have advantages over the
�-type scheme, depending on the candidate system. For ex-
ample, in a practical implementation the measurement is
likely to be more rapid in the M-type system. There is always
the possibility that the detector misses an emitted photon. In
the �-type scheme, one therefore has to wait rather long on a
scale given by the lifetime of the excited states until a photon
in mode k is emitted. Only then one can conclude that the

FIG. 5. �Color online� Conditional position probability distribution for the M-type configuration. The different subpanels show results for
various positions x0 of the particle within the standing wave as discussed in Sec. III B. The standing-wave phases are chosen as �a� �1=0,
�2=� /4 and �b� �1=� /4, �2=� /4. The other parameters are ��1�= ��2�=�, �1=�2=0.1�, and �=1.2.
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photon was missed, and proceed with the second photon. In
the M-type system, both laser fields are applied at the same
time, such that even with a missed first or second photon the
waiting time can be reduced. The reduced interaction time in
particular becomes important if the localization of flying par-
ticles is considered. However, single-peak localization is
likely to violate the Raman-Nath assumption such that the
momentum distribution of the flying particle will be per-
turbed. Also, the photon correlation leads to different emis-
sion frequencies in the M-type system. Only certain combi-
nations of frequencies for the two photons are possible, such
that a consistency check of the two frequencies allows elimi-
nating unwanted measurement events.

We expect that more advanced detection schemes could
make use of the photon correlation. Such schemes could be
based on higher-order correlation functions or on ideas simi-
lar to the two-photon spectroscopy on pairs of atoms �22�.
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