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ABSTRACT

Adhesive Contact of a Conical Frustum Punch with a Transversely Isotropic or an
Orthotropic Elastic Half Space. (December 2010)
Chunliu Mao, B.S., Harbin Engineering University, Heilongjiang, China

Chair of Advisory Committee: Dr. Xin-Lin Gao

The adhesive contact problems of a conical frustum punch indenting a
transversely isotropic elastic half space and an orthotropic elastic half space are
analytically studied in this thesis work. To solve the problem involving a transversely
isotropic half space, the harmonic potential function method and the Hankel transform
are employed, which lead to a general closed-form solution for the adhesive contact
problem. For the case with an orthotropic half space, the problem of a point load applied
on the half space is first solved by using the double Fourier transform method. The
solution for the adhesive contact problem is then obtained through integrating the former

solutions over the punch surface.
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CHAPTER I

INTRODUCTION

1.1. Background

Solutions of contact problems have played an important role in many
applications. In 1882, Hertz [1] developed a theory for spherical elastic bodies in contact
under a pair of compressive forces, in which a half-ellipsoidal pressure distribution in
the contact zone is assumed. However, Hertz’s theory does not consider the adhesive
interactions between the two contacting bodies inside and outside the contact zone. The
other is that, the interaction outside the contact zone is not considered. Bradley [2]
studied the adhesive contact between two contacting spheres by considering surface
deformations. However, the surface energy and strength of the adhesion are not always
directly related due to different geometries and other prescribed conditions.

Johnson et al. [3] developed an adhesive contact model, known as the JKR

model, by considering the energy balance of the strain energy, potential energy and
surface energy. The interacting force inside the contact area is shown to be larger than
the one calculated using the Hertzian contact model.

Derjaguin et al. [4] proposed an adhesive contact model, called the DMT model,

by introducing the molecular forces outside the contact region but assuming the Hertzian

This thesis follows the style of Journal of the Mechanics and Physics of Solids.



pressure distribution inside the contact zone. Both the JKR and DMT models have their
limitations. The DMT model can be used for hard solids with low surface energy while,

the JKR model fits soft materials with high surface energy better, e.g., Muller et al. [5].

This means that there should be a transition between the JKR and DMT models.

Maugis [6] developed a transition model, known as the MD model that bridges
the JKR and DMT models.

A unified treatment of these and other existing contact models has recently been
proposed by Zhou, Gao and He [7].

The three representative adhesive contact models, the JKR, DMT and MD
models, have been used to study various indentation problems along with the non-
adhesive contact theory of Hertz.

These models for isotropic materials are extended in the current thesis work to
solve the contact problems of a conical frustum punch indenting an elastic half space
that is transversely isotropic or orthotropic.

1.2.  Motivation

The adhesionless contact problem of a flat-end conical punch indenting an
isotropic elastic half space has been solved by Ejike [8]. However, the adhesive contact
problem of a conical frustum punching a transversely isotropic or orthotropic elastic half
space has not been solved. This motivated the current thesis work.

1.3.  Organization
The detailed organization for the rest of the thesis is:

In Chapter II, the adhesive contact problem of a conical frustum punch with a



transversely isotropic half space has been analytically studied. The Hertz contact has
been formulated by introducing both displacement and stress methods. In the
displacement method, two harmonic potential functions are used, while in the stress
method, one harmonic potential function is used. In order to solve the expressions of the
normal displacement, radial displacement, normal stress and total force in terms of those
potential functions, the Hankel transform method is used in both displacement and stress
methods. Then, a solution of the Boussinesq contact problem of a rectangular punch
involving a transversely isotropic elastic half space is obtained by considering an
external crack near the punch edges. According to the superposition principle, the MD
adhesive contact model of the prescribed problem has been approached and the
expressions of the penetration depth, normal stress on the plane z=0, the normal
displacement on the plane z =0 and the total force are obtained.

In Chapter III, the adhesive contact problem of a conical frustum punch with an
orthotropic elastic half space has been solved. The problem of a point load applied on the
half space is first solved by using the double Fourier transform method. Then, the
adhesive contact solution of a conical frustum punch indenting a general orthotropic

elastic half space is studied by assuming the pressure distribution of the JKR model.



CHAPTER 11

ADHESIVE CONTACT OF A CONICAL
FRUSTUM PUNCH WITH A
TRANSVERSELY ISOTROPIC ELASTIC

HALF SPACE

2.1. Introduction

Elliott [9,10] studied the adhesionless contact problem of a transversely isotropic
material indented by a conical, spherical or cylindrical punch by using a displacement
formulation and the Hankel transform method. Hanson [11] further investigated the
indentation of a transversely isotropic material by a conical punch by considering both
the normal and tangential loadings. However, the adhesive interactions were not
considered in [9-11].

Chen et al. [12] proposed a non-slipping JKR model for a transversely isotropic

cylinder in contact with a dissimilar transversely isotropic elastic half space. However,
the problem studied in [12] is only a plane strain problem.

Espinasse et al. [13] studied adhesive contact problems of transversely isotropic
materials by extending the JKR and DMT models. But only a spherical punch is
considered.

In this chapter, the adhesive contact problem of a conical frustum punch

indenting a transversely isotropic elastic half space is studied. In Section 2.2, by using



displacement and stress methods, the closed-form solutions of the Hertz contact for the
normal stress, the radial displacement, the normal displacement and total pressure are
obtained. The Boussinesq contact problem of a rectangular punch is studied due to the
singularity of an external crack near the punch edges. In Section 2.3, according to the
superposition principle, the adhesive contact problem can consist of the Hertz contact
and the Boussinesq contact problems, which are detailed in Section 2.4. Finally in
Section 2.5, numerical results are shown by using selected transversely isotropic and
isotropic materials.

Figure 2.1 schematically shows the adhesive contact of a rigid conical frustum
punch with an elastic half space. The cylindrical coordinate system (7, 6, z) shown will
be used. Under an external force P, the depth of penetration ¢ is reached by the punch

whose profile is f (r). The flat-end radius of the punch and contact radius area, anda,

respectively. As indicated in Fig.2.1, « is the half-included angle of the conical frustum.



Fig. 2.1. Adhesive contact of a conical frustum punch with a transversely isotropic elastic half space

The boundary conditions for this adhesive contact problem are

0,z=0,r>a;
0,z=0,0<r<a; (2.1a,b,c)
=0-1(r),z=0,0<r<a

O-ZZ
O-I'Z
UZ

The conical frustum punch profile is,

f(r)= {O O=r=a, (2.2 a,b)
(r—a,)tan(e) a,<r<a

2.2. The Hertz Contact for a Conical Frustum Punch
2.2.1 Displacement Method

The Hertz contact theory considers the contact problem without including any
adhesive interaction. As a result, the configuration for the Hertz contact problem (see

Fig.2.2) is different from that for the adhesive contact problem (see Fig.2.1).



Fig. 2.2 Hertz contact of a conical frustum punch with a transversely isotropic elastic half space

For a transversely isotropic elastic half space (with z>0), the stress-strain

relations in the cylindrical coordinate system are given by Lai[14],

O =Cy&i +Cip€pp +Cpp€

7z

Oggp = Cio€p +Cy&gy +Ci38,,,

0, =Cpé TC385 +C358,, 2.3)

Oy, = 2C4&h,

0, =2C4,&,,

09 =(C;; —C)E-

The strain-displacement equations in the cylindrical coordinate system are,



& _ U & —l(u +%) & _ oy,
" o’ N T = a
1,0 1
¢ f (2.4)
1 ou, ou,
€ =7 + )’
2 01 or
1 10u ou, u
fe=5CTE+ 22—,
2ro0 or r
The current indentation problem is axi-symmetric with
u,=0,u, =u,(r,z),u, =u,(r,z). Hence, Eq.(2.4) reduces to,
ou u ou 1 ou ou
=—=, =" =—2, &, =—(—+—2). 2.5
6‘" ar ‘909 r gzz 82 grz 2( 82 8r ) ( )

For the axi-symmetric problem with o,, =0,0,, =0,and other o; = o;(r, ), the

equilibrium equations (in the absence of body forces) are given by,

ao—rr +l 60_r9 + ao—rz +1(O-rr _0-6’0) = 01
or r 06 oz r
60'“9 +£ 8690 + 8692 +go_r9 — O, (26)
or r 06 oz r
oo, loo, Oo, 1
- + +-0,=0.

o r 00 oz r "

By using Egs. (2.3) and (2.5) into Eq.(2.6), the equilibrium equations can be

written in terms of the displacements as

o°u, lou, 1 o’u, o°u,  ou,
C11(_2+_ ——zur)+013—+C44(—2+—)=O,
or ror r oroz 0z oroz (2.7 ab)
c (azur+82uz)+ azur+1( +C )%+c azuz+cﬁ%—0 |
“oroz  or? G oroz r G Caa oz o2 r oor

Following Elliott [9], the displacementsu, and U, can be taken to have the form,



of u —k@

Toor’ : 0z

where ¢ =¢(r,z) and K is a constant.

inserting Eq. (2.8) into Egs. (2.7 a,b) yields

(S5 ) k(G +Cu) 0 S5 -

a¢ ia¢)+ Wil 0

[c,, 1+ k)+C13]( S

10

2.8)

(2.9)

(2.10)

For eqns (2.9) and (2.10) to have a non-trivial solution, it is required that

Cu K(Ci3 +Cyy) +Cyy _
C,(L+k)+cpy CyK

which gives,

kc,,c5; —[k(c; +Cy) +Cyul-[C, A+ K) +C5]1 =0,

Eq.(2.11b)can be rewritten as,

(C1sCyy +C2, DK% +(2C,5C,, +CF +2C2, —C,Cog )K +C2, +C,iC,y =0,
which is a quadratic equation for k . Eq.(2.11b) can also be represented by

K(Cia+Caa) +Cus _ CysK

Cy Cou(L+K)+Cpy

Eq.(2.13a) can be rewritten as

C11(:44| 2+ [C13 (2044 + ClS) - C11C33]| +C35Chy = 0,

(2.11a)

(2.11b)

(2.12)

(2.13a)

(2.13b)
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which is a quadratic equation for | .

Three possibilities can be considered for the roots of either Eq.(2.12) or equation
(2.13): two distinct real roots; two identical real roots and two distinct complex roots.
For the case of two distinct roots, the displacement method is used to solve the problem,

while for the case of two identical roots, the stress method is chosen to solve the problem.

From Eqgs.(2.10) or (2.11), it then follows that for each root |. of Eq.(2.13b), the

solution ¢(r, z) satisfies

2
(vf+|i—aaz)¢,=o (i=172), (2.14)
/A
where
o0 10 (2.15)
Yot ror '

In terms of ¢ (r, z), the displacements given in Eq.(2.8) can now be expressed

o, =dete) o, =k %y 0P (2.16a,b)
or oz oz
where k; and k, are the two roots of Eq.(2.12)
Using Egs.(2.16a,b) and (2.5) in Eq.(2.3) then yields
2 2 2
o =c, o (e ‘;(Pz) _}_& A +9,) +¢, (K, 0 (?1 +k, 0 (‘Zz)’
or r or 0 oz (2.16¢-f)
o (p+9,) ¢, g +9,) O’ O’p
= +-4 +c,(k, —5t+k 2),
O-HH c12 arz r ar c13( 1 azz 2 6 2 )
O (a+9,) | G Opy +9,) e, O
O-zz = C13 8lr2 2 + Ts - 2 + C33 (kl azzl + k2 6222 )!
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0 ((01 + (02) 82(01 82(0
o.=C + +k 2],
o = Cul oroz K orez ° araz]

Define the potential functions @, by using Hankel transform below,
4= £G/(£2)3,(en)de, =12 (2.172)

where, J,(&r) is the zeroth-order Bessel function of the first kind, G,(£z,) are two

functions yet unknown and

7 =2 (2.17b)

using Eq. (2.17) in Eq.(2.14) gives,

[, £6/(£2) -G, (E2)3,(é)dg =0, (2.18a)
which is satisfied when
G/(¢z)-G/(z)=0, (2.18b)
The general solution of Eq.(2.18b) is
G =Ae " +Be“ (i=1,2), (2.19a)

For the displacement and stress components to vanish at infinity, it requires

thatG, - 0asz — . As a result, Eq.(2.19a) reduces to
G (£z)=Ae " (2.19b)

By using Eq. (2.17) in Egs.(2.16c-f), gives the displacement and stress
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components as

U, =—[ & (G, +G,)3,(gr)d¢ (2.20a-f)

_[” ﬁ oG,
=], § =k, )3 (E)de

G 8

= [ T2, 20,86, 61y e)

+%(cn—clzxeﬁezwl((sr)}dcf
o, = |, £llcak,~ clsll) S c13I2> 2]J (ér)dé

G 8

o= [ 221,02 0,26, 610, E)

S (0 66+ B, (NN
o, == Ecull+k, )—+(1 k) 2]J (r)de
From Egs. (2.1b) and (2.19b),
Ec, [A+k)—=A +A+k,)——=A]J,(£Ndé=0, O<r<a (2.21)
[emtesk parts &
Eq. (2.21) will be satisfied when

(1+k1)\/_A1+(1+k)\/_A2 (2.22)

2

which gives
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1+k
=Tk \FAZ (2.23)

using Eqs.(2.20e) and (2.19b) in Eq.(2.1 a)yields

* 1+k 1 1
[ &lcak, - [dm$qMﬂMm@m¢awa (2.24)

Let,

ltk,, 1 1

D= (C33k1 _C13I1)( 1+ k | | (Cssk 13|2)E (2.25)
Eq. (2.24) then becomes
[ &°DA)I(EndE=0r>a (2.26)

Similarly, from Egs.(2.20b), (2.19b) and (2.23), the displacement in the z-

direction on the plane z =0is obtained as

(0 =, & %[&@umw @27)

Let
fa=p, r=ar,
BTl .
Dp*A) _

o F (p),

Thus, Eqgs.(2.26) and (2.27) can be written in term of the parameters defined in
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Eq.(2.28)

IowF (P)Jo(pr)dp =g (2), O<r<l

- (2.29a,b)
[ pF (p)J(pr)dp =0, r>1

The dual equations given in Egs.(2.29 ab) have the following solution by

Titchmarsh (1937)[15].

F ()= Zoos(p)],ya-y) " a(y)dy

5 (2.30)
1 1
+= [ y@-y*)*dy[ g(yu)pusin(pu)du
T 0 0
When a, <r<a, 2 <t <1, then the boundary condition in (2.1c) reads
a
u,(r,0)=0 —f(r)=0 —(r—a,)tan(e) (2.31)
inserting Eq.(2.31) into Eq.(2.28c¢)
g (£)=— [0 —(ar—a,)tan()](1+k)D (232)
(kz - kl)a
using Eq.(2.32) in Eq.(2.30) then yields
F ()= oS 72 ) inp) - 2 TP)
m(k, —k) 2p (2.33)

_ &, tan(a)sin(p) ratan(a) N zracos(p) tan(a)]
p 2p? 2p*

substituting Eq.(2.33) into (2.28d) gives the expression of A, as
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'y,
A = Dp? F(p)
_2a \/_(1+k)[—tan( )sin(p) — g sin(p) (2.34)
7r(k —k,) p?
& tan(a)sm(p) natan(a)+7racos(p)tan(a)]

P 2p* 2p?

The use of Egs. (2.34), (2.23), (2.19b) in Eq.(2.20a-f) will lead to the complete
determination of the displacement and stress components. Inserting Eq.(2.33) into

Eq.(2.29b) results in

o, (az,0)= [ pF (p)Jo(pr)dp

_2D@+k) rawn(o)
= arle iy o SMPIEEE-8 =2, tan(e)) o (pr)c
NG (COS( D =h)13,(pe)dp =0

(2.352)

which indicates that each integral has to be finite at any 7 €[1,00) or r €[a,%). For the

first integral to be finite at 7 =1, it is necessary that (see Appendix A, Eq.(A2))

%”(“) _5 —a, tan(a) =0, (2.35b)
which gives the depth of the punch penetration as

ratan(a)
2

o = —a, tan(a) (2.35¢)

using Eq.(2.35¢) in Eq.(2.33) yields



2D(+k) tan(e) cosp-1
(k,—k) 2 p*

F(p)=

17

(2.36)

From Eqgs.(2.20a,b,d), the normal stress, radial and normal displacements and the

total force on the plane z =0 can be obtained as

azz(r,O):—lirki D tan(a)cosh™(a/r), a,<r<a

2

U, (r,0)=[F (p)%(pr)dp(%\/% )2

rtan(oz)[IO ( )_a —aa\/az—rz].(1+k2 '
_ a+x/a —r? re k2_k1 Iz
——tan( )(1+k 1, 1+k rky
2r k,—k \I, k,—k
ratan(a)

—rtan(a), a,<r<a
u,(r,0)=

2
atan(a)[sin1(3)+,/r—2—1—£], r>a
r a a

P =—2z j “ro, (r,0)dr

= ”Dtan(a)(lJrk)[aJa —a,’cosh™ ( )] a,<r<a

(2.37 a-d)

1+k;

, <r<a
k2_k1) 3,

r=a

In reaching Eqgs.(2.37 a-d), use has been made of Eqgs.A(1)-A(5) given in

Appendix A.



For 0<r<a,,or 0<r<2,
a

u,(r,0)=o

which is given in Egs. (2.1c) and (2.2 a).
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(2.38)

By following a procedure similar to that used for the region a <r<a, the

solution for this case can be readily obtained to be

__9¢ @+k)D Y
g (r)= k —k)a 0<r< .
F (p)=-— 2D(1+k;) sin(p) C0<r<d
an(k, k) P a
Thus,
0, (1,0) = Zf(’k(“gt )y a) s, 05r<a,

U, (r0)=|" F(p)%(pr)dp«%\ﬁ )2

2r tan(a) (ﬂ_a_ 1 1+k 1+Kk,

; a++a’-r? 1 K,y __)(k —k)

uz(r,O):(%a—ab)tan(a), 0<r<a,

P, =—27z'|'ab ro,(r,0)dr
4Da+k)

e @ a)a-a-a), osrea,

(2.39 a,b)

(2.40a-d)

0<r<a,

By combining the solutions derived above for the two regions, the normal stress,



radial and normal displacements and total force can be summarized as

5 =(-a)n(a)

2D(L+k) B
(k k)t ()(_ ab)ﬁ Osr<ab
o, (r,0) = GT)mmmmwwmn) a,<r<a
0 r>a
_2rtan(a) ma 1 1+k L 1+k;
G %) a++va?-r? 0 K, )( —k, "
r tan(a) r a —ax/a 1+k .
u,(r,0) = 5 [log (a+\/a — =) - 1 ” \/|7 D-(
S tarrl(a) 1+k, \f ). (1+k
(F-a,)tan(@) O<r<a,
u (r,0) = (%a—r)tan(a), a <r<a
aMnQﬁhkr%§)+J£;—l—£L r>a
P =P +P,
-y -a)a & &)

_ﬁDmm@a+MM&ﬁF:g_¢cmh%§ﬂ

kz _k1
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(2.41a-e)

0<r<a,

L),, a, <r<a
kz _kl

r=za



2.2.2 Stress Method
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When Eq.(2.12) or (2.13b) has two identical real roots, the displacement method

that introduces two potential functions ¢, and ¢, can no longer be used. However, the

stress method can be employed in this case. Ding et al. [16] elaborate the stress method

for transversely isotropic material in term of one potential function in a general context.

However, the stress method has not been applied to the contact problem under

consideration. By using the stress method and the Hankel transforms, the normal stress,

radial displacement, normal displacement and total force are derived in this section. In

this method, the displacement and stress components are given by Ding et al.[16],

ul = _e(sn _312)(d —mn) 62(0

' d oroz’
e(s,, —s,)(d —mn) & 0?
u;l == 12d 22 +S44(Vf + my)(ﬂ,
o , 0 8 82
rlll' = (_ o )(0’
62 or? rar
0 0° 0 0*
=——b—+—+m—)p,
2P Tt T
2
o! :—(nV2+d - Dy,

1 _ 0 o2 o
=—(V+m—
Gzr 8r( 1 azz)¢

wheres; are the components of the elastic compliance matrix ,

(2.42 a-f)



M =5,(Sy, —S1,) / (1S —S2)

N =[8,,844 +S5(S;; —512)1/ (54555 —S13) »
d = (55— 55)/ (SuSs —S13) »

f =5,(S, +S5)/ (S5 —S5)

0 =511 (S +51) / [2(511855 — SB)].
d-4g+2ge=0,

b=1—e(d—mn)

And ¢ ig potential function satisfying

o 4 O s O
(Vi+l, g)(vl +1, ?)Q’ =0

where

2
o210
or ror

Consider ¢ of the following form given by the Hankel transform:

p=[ER(E2)3,(£r)de

where R(&z)1s a function yet unknown. Using Eq. (2.45) in Eq.(2.44a) gives

_éz

R(&z) = Bleﬁ + Bzeﬁ
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(2.43 a-g)

(2.44a)

(2.44b)

(2.45)

(2.46)

inserting Eqs. (2.45) into Eq.(2.42a,b,e,f) gives the following stress and displacements

expressions as



ll_e(sn_slz)(d_mn) @ 2@
U = ; J, 2 dgnde,

—s,,)(d —mn) 6°R
d oz’

- e(s o°R
uf :J.o 5[ ( - _SMRQZZ +S44mﬁ]‘]0(§r)d§’

n_ [” aS_R_ @ 2
oy =], A5 -n— &3 (Ende,

O_ll _J‘w§2(§2R_maz_R)\] (gr)dg
r ) 622 1
using Eqs.(2.47d) and Eq.(2.46) in Eq.(2.1b) yjelds

B 1B, B LB, g
1

o (r,0)=[" &

I1|2
This is satisfied when

L1,B, +L1,B, —ml,B, -mlB, _

0
I1|2
which gives
ml, —1|
7
Bl_u —ml %
1°2 2

FromEqgs. (2.47¢) and (2.1a),it follows that
o (r,0) == £'MB,J,(gr)dé =0,
ul'(r,0) = [ " &°NB, 3, (£r)dé

where

3/2 3/2 3/2 3/2
" d +JLmd +nL1¥? - fi,nkm+17%d — l,md —nlI¥"% + \fi,nl,m

132 i, (1, - m)

2
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(2.47a-d)

(2.48)

(2.49)

(2.50)

(2.51 a,b)

(2.52 a,b)
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— e(sll — 312)(d — mn)(ll — Iz)
B dlz (Il - m)

Let

11
—% - g"(7) (2.53a,b)

Mp°B
—e =R (p)

Then Eqgs.(2.51a,b) become, with the use of Eq. (2.53a,b),

j;F“(p)Jo(pr)dp:g“(r),0<r<1 (2.54a,b)

[ PF"(p)3o(pr)dp=0,7 >1
Egs.(2.54a,b) have the same form as those of Egs.(2.29). Hence, its solution is

also given by Eq.(2.30), with g(y) defined in Eq.(2.55).

When a, <r<a, or & <7 <1, Egs.(2.1¢) and (2.2b) can be combined to get the
a

normal displacement ,
u'(r,0)=6"-f(r)=5"—-(r—a,)tan(x) (2.55a)
using Eq.(2.54) in Eq.(2.53a)

[6" - (ar —a,) tan(a)]M
Na

9" (r) =— (2.55b)

substituting Eq.(2.55) into eq.(2.30) leads to

5'sin(p) a, tan(e)sin(p)

P P (2.56a)
_ matan(a) N zacos(p) tan(a)]

2p? 2p?

i(p)=2M 72 in(p) —
F (p)—ﬂNa[Zptan(a)Sln(p)
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The use of eq.(2.56a) in Eq.(2.54b) yields

on(r,0)=|" pF“(p)J (pr)dp

- L[ Tsin(p) R 57 g, ()13, (pr)
atan cos(p)—-1
[ e Py, (poyap
(2.56b)
which requires
s = (%a—ab)tan(a) (2.56¢)
inserting Eq.(2.56¢) into Eq.(2.56a) then results in
Np
From Eq.(2.53b), it follows that
F 11 ( p)aS
B, =— Mp?
S .
= 2a [”— tan(a)sin(p) — o_sin(p) _ & tan(o;)sm( P) (2.56¢)
_7a tan(a) zacos(p) tan(a)]
2p’ 2p?

using Eqgs.(2.46),(2.50),(2.56¢),(2.52) in Egs.(2.47 a,b,c) finally gives

on(r,0)= ——tan(a)cosh (= ) a <r<a
(2.57a-d)
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ujl(r,O):—%fF“(p)Jl(pr)dp

_Qtan(a) e[log( r )_az—a\/ZaZ—rzL a <r<a
_ 2N a++a’-r? r
Qazztsn(a) | r>a
r
2 _r)tan(a), a, <r<a
" (r,0)- :
atan(a)[sin‘l(é)+J%—1—g], r>a
P" = %tan(oc)[a,/a2 —-al-a cosh‘l(i)], a, <r<a
where,
— e(sll _312)(d _mn) \/E(Iz B m) _ 1
Q= 4 [ L(—m) «/E] (2.58)

Similarly, for the region 0<r <a,,or 0<7< % it can be shown that
a

ul(r,0)=6" = (% -a)tan(a).

=M (Za_
0" (7)== (5 -3 tan(a)

2M ,ra sin(p)

E" =—= (2= _a)t M
(P)=-—5 (G ~&)en@) )
2M  ra 1

0, (r,0)= N &) En@)

2

(2.59a-g)

0<r<a,
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uf'(r,0) = —%j: F*(p)J:(pr)dp

1
—-a)t — 0<

ul'(r,0) = (%a—ab)tan(a), 0<r<a,

P, :%(ﬁ?a—ab)tan(oz)(a—a/a2 -a?), 0<r<a,

Thus, combining Egs. (2.57) and (2.59) results in

st =(%a—ab)tan(a) (2.60a-¢)
2M  ra 1
———(——a)tan 0<r<
re ( > a,) (a)m a,
op(r,0)= —%tan(a)cosh‘l(g) a, <r<a
r
0 r>a
20r ,ra 1
—— (&) tan(a) ———, 0<r<
EN(Z 3)tan(a) a+az_r? &
2 2 2
! (r,0) = - Lo log(— L)L BRA L g <rca
2N a+a’—r? r
2
Qa tan(a)’ (>
2Nr
a
(%, -a)tan(a)
u! (r,0)= (%a—r)tan(a), a <r<a
2
atan(a)[sin‘1(§)+ r—z—l—L], r>a
r’ Va a
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Pll — R]_ll + lel
4M
=T<%a—ab)tan(a)<a—x/az —al)

+ % tan(a)[a\/a> —a? —a2cosh™ (%)]

These are valid when Eq.(2.12) or Eq.(2.13b) has two identical real roots.

2.3. The Boussinesq Contact of a Cylindrical Punch

The adhesive contact can be viewed as a superposition of the Hertz contact and
the Boussinesq contact (Chen and Yu [17]). Thus, it is necessary to introduce the

Boussinesq contact in this section.

2.3.1 An Axisymmetric External Crack in an Infinite Body
Consider the problem of an axisymmetric external crack in an infinite elastic

body of an transversely isotropic material as shown in Fig.2.3.

Fig.2.3 Axisymmetric external crack problem

Due to the symmetry, only a semi-infinite space z >0needs to be considered.

The boundary conditions for this crack problem are given by( Chen and Yu [17])
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u®(r,0)=0, 0<r<a (2.61a-c)
o2(r,0)=-h(r), r>a
oo(r,0)=0, r=>0

The governing equations are the same as those given in Eq.(2.7a,b). Using a
similar approach to that employed in Section 2.2.1, the following dual integral equations

can be obtained

[Cw(p)Io(pr)dp=-h(r), 7>1 (2.62 ab)

[ oW (p)Iy(pr)dp=0, 0<zr<1

where

a

_pFL
V(P =g DA (2:63)

Lowengrub and Sneddon[18] discussed how to solve this pair of dual integral

equations. Especially, for a constant pressure distribution h(r) =h, on the crack surface

region a<r <c, it can be shown that (Maguies,1992[6])

2.2 2.2
ag(r,O)zz—ho[,/Cz az—tanl(4/cz 2 ).0<r<a) (2.64)
T a —r a —r

Then, the total axial force acting on the neck region is given by

Z

a 2 2
PO =27[ roSdr =hyz(c* —a?) - 2h0a2[% cos‘l(%) - %—1] (2.65)
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Clearly, Eq. (2.65) shows that the total force applied on the cylindrical punch
does not equilibrate the force hyz(c®—a®), which is acting on the external crack surface.

This indicates that a compressive force exists in the neck region, which is the second

term on the right hand side of Eq.(2.65).

2.3.2 The Boussinesq Contact Problem
The Boussinesq contact problem of a cylindrical punch of a radius a indenting a

half space is considered.The force added on the punch is upward. It is shown in Fig.2.4.

Fig.2.4 Boussinesq contact of a cylindrical punch

To consider the crack singularity, the force added on the punch is given by,

2 2
P — 2h0a2[% cos‘l(%) - %—1] (2.66)
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By using Eq.(2.66), the depth of penetration, normal stress and vertical

displacement can be calculated. For the case with two distinct real roots, the results are,

b _ (PH - Pb)(kz _kl)

o = (2.67a-c)
4aD(L+k,)
PH _Pb
O'?Z(I’,O) =—
27aa? —r?
o°, O<r<a
u’(r,0) =
(10) 25 sin(3), r>a
pa r

For the case with two identical real roots, the results are,

H b
o° =w (2.68a-c)
a
PH _Pb
b
oo (r0)=——
27aa? —r?
o, 0<r<a
u(r,0) =
r0=12 sin?(®),  r>a
T r

where P"is the total force of the Hertz contact shown in Section 2.2.

2.4. The Adhesive Contact of a Conical Frustum Punch

As mentioned before, the adhesive contact problem can be decomposed into two

parts: a Hertz contact problem and a Boussinesq contact problem, as shown in Fig 2.5.
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Fig. 2.5 Adhesive contact problem by the superposition principle

Combining the results obtained in Sections 2.2 and 2.3, the adhesive contact
problem can be readily solved. For the case with two distinct real roots discussed in

Section 2.2.1, the results are

5 =tan(e)( G -a,) gt tan(a) (P -2 )@ - a)

_ zDtan(a)(1+k,) [a
kz - kl

2 2
Jai—al - cosh‘l(%)] - 2h0a2[% cos-l(%) - %—1]}

(2.69a-d)



o, (r,0) =

ul (r,0) =

_ 2D(+ky) 1
7 (k, —ky) Ja? —r?

1 4D+ Kk,) ra 2 2
+ { tan(x)(— — &, )(a—Q/a —a’)
2zala’—r? Kk, —k 2 i i

_zb tal?(a)k(l+ k) [aﬂ— aZ cosh™ (ai)]
2 ™ b

tan(a) (57 - a,)-

c? ,,a c?
—2h0a2[¥cos 1(E) - g—l]}, 0<r<a,
@k
kz _k1

1 4D+ k) za > >
+ { tan(a)(— — 4 )(a—ﬂfa —a’)
2zaa’—r?  k,—k 2 i °

7D tan(x)(@1+k;) > > 2 1, a
— a./a- —a° —a’ cosh(—
ok, [aa’ —aZ —a; Sl

D tan(a) cosh™(a/r)

2 2
- 2h0a2[c—2 cos’l(i) - C—z—l]}, a,<r<a
a c a

0 r=a

za (k,—k) AD(+k,) za =
(5 -adten(@)+ B P @) - a)(a Ja%—al)

2D ta:(a)k(l+ k;) [afa> —a? —a] cosh‘l(ai)]
-

1 b

C2

c? a
—2ha’[—5cos (=) —,[—5 -1}, O0<r<a,
a c a

k,—k) ,4D(+k, m—
(%a—r)tan(a)+4;D(l+lzl){ I(2(_+k1 )tan(a)(%a—ab)(a— o )

_zD tal?(“)k(“ k) [a/a® —a? —aZcosh™ &)
2 ™ %

2 2
—2h0a2[c—zcos*l(g) - C—z—l]}, a, <r<a
a c a

atan(a)[sin‘l(%) . /;—z—l—él

(k,—k) ,4D(+k,) za __
27raD(1+kl){ K, — K, tan(a)(7_ab)(a_ﬂ)

zDtan(a)(1+k,) o > 1, a
- a,/a- —a’ —a’ cosh™(—
e Ja* ~af —af cosh ()]

b

2

2
—2ha?[S cos (2 - |5 —13sin(B) r>a
a C a r

32



33

P (@) -a)a - a)

ﬂDtan(a)(1+ kl) 2 2 2 g, a
— — — h™(—
k2 kl [a«}a a, —a, CoS ( b )]

2 2
—2ha[S-cost(3) - |5 1]
a C a

For the case with two identical real roots discussed in Section 2.2.2, the results are

5 =ten(@)(2 -a)+ m{%(”—a—ab)tan(axa—\/az—aé)

2 2
" % tan(a)[ay/a’ —&2 —a’ cosh™! (i)] -2y o5 ()~ 511}

(2.70a-d)

2M ra 1
—mtan(a)(7—ab)'—w
+ L 4M (mjl a )tan(a)(a—afa -a’)

2rava® -r?

2

zM 2 .2 .2 a1, a 2 C° q,a c
+——tan(a)[a/a“ —a; —a“ cosh™(—)]-2h,a[—cos™ (=) —.[—-1]}, 0<r<a
o7 (1.0) = N (2)[a|a’ —a; —a; ( )] b [az (C) " 1} b

—%Dtan(a)cosh‘l(a/rh 12 4M (7[a a,)tan(a)(a—/a* —a?)

2rava®—r?

CZ

+TMtan(a)[aa/a —al —a/ cosh‘l( )] 2ha[ cos‘l( ) — o 1}a <r<a

0 r>a




(CE-a)ten(a)+ Ao (g an(a)(a- 3 - a)

+ TM tan(a)[ay/a® —a? —a? cosh™ )]
a

b

C2

c? a
—2h0a2[—2cos‘1(—) —|—-11} 0<r<a
a

(—— r) tan(cr) +4—{ﬂ 22 _a)tan(a)(a—Ja’—a)

u;(r,0)=1 + T'\/Itan(oz)[a«/a2 —-al -a cosh‘l(a—)]

b

2 2
—2h0a2[c—zcos’l(§) - C—z—l]}, a, <r<a
a c a

atan(a)[sin‘l(%)+,’%—1—2] 5 NaM {%(”—a—ab)tan(a)(a—

M _
7L7than(o:)[ahfa2 —a2 —a’ cosh 1(a)]
) 2
~2ha[S; cos1(3) - | ~113sin (D),
a c a r
pT _ﬂ(”_‘?‘_ab)tan(og)(a—Ja2 -al)

+—tan(a)[a1/a —a —a/ cosh” ( )] 2h,a’ [—cos’l( -)- ——]

2.5. The Numerical Results for the Adhesive Contact Problem

34

Ja'-a))

For numerical analysis, the selected transversely isotropic material and elastic

constants values are shown in Table 2.1.

Penetration depth, normal stress, normal displacement and total

force are

studied by comparing the adhesive contact and the Hertz contact. Especially for adhesive

contact, different values for hg are set for the results from both displacement

methods. They are 0.1GPa, 0.5GPa, 1GPa and 1.5GPa, respectively. The ratio

and stress

values for
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alc and ay/a are prescribed as 0.2 for each case studied. The punch angle #=30deg is

chosen.

Table 2.1 The selected transversely isotropic material and elastic constants

Transversely
Isotropic Masterial

Graphite/Expoxy Composite

Stiffness Matrix Cn Ciz | Cus Cas Cas Refer to [19]
_ Components (Gpa) | ¢ o5 | 5767 | 0.285 | 86.8 | 4147
Displacement Method
D
(MI) K, k, v, v, 0
Other Used Values (10™) By eqgns (2.13),
in M1 (2.14) & (2.26)
37.44 | 0.027 | 20.54 | 0.52 -2.23
Compliance Matrix S, Sp S S, Sas S S 66
Components
(109 1.36 |-0.454|-0.003 136 | 0.115 | 1.21 1.81
Stress Method m n d f g e b
(M2) . . .
Other Used Values 0.034 110.429(10.483| -0.017 | 3.929 0.666 6.219
in M2 N
M N I,
(10 By eqns (2.44) & (2.55)
-22.630| 0.963 | 9.261 | 1.134

Figures 2.6 and 2.7 show the penetration depth of the conical frustum punch

versus contact radius comparisons for each case from displacement and stress methods.

Clearly seen from both methods, the penetration depth increases as the contact radius

increases and the results from adhesive contact are upper bounded by Hertz contact.

Especially when hy=0.1GPa, the adhesive contact and the Hertz contact have no large

difference. As hp varies from 0.1 GPa to 1.5 GPa, if given the same contact radius, the



36

penetration depth decreased faster for displacement method, compared with the results

from the stress method.

——M1_h0(0.1)

——M1_h0(0.5)

g | ——M1_ho@)

——M1_h0(1.5) s
=+ Hertz P :

Penetration Depth

Contact Radius a

Fig. 2.6 Penetration depth of the conical frustum punch versus contact radius comparisons for
displacement method
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18

0 M2_h0(0.1)
0 M2_h0(0.5)
16 | 0 M2_ho(1)
O M2_h0(1.5)
——Hertz

Penetration Depth

12
Contact Radius a

Fig. 2.7 Penetration depth of the conical frustum punch versus contact radius comparisons for stress
method

Figures 2.8 and 2.9 reveal the normal stress on the plane z=0 versus r/a ratio
comparisons for both displacement and stress methods. When r/a<l1, the region studied
is inside the contact region.

For both displacement and stress methods, inside the contact zone, the negative
normal stress arises smoothly as the r/a ratio increases but with different directions.
When r/a=0.3, the negative normal stress values approach the peak values. Once
r/a>0.3, the negative normal stress would go down suddenly in the cohesive zone. After
r/a is larger than around 0.9, the normal stress values tend increasing. As hg varies from
0.1 GPa to 1.5 GPa, given the same r/a ratio value, the negative normal stress values
increases for both methods. Also, the four cases for adhesive contact are lower bounded
by the Hertz contact for both methods. For the zones inside the circle shown in Figs 2.8

and 2.9, the adhesive contact results change more gently than the Hertz contact, which is
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caused by the Boussinesq contact assuming the peeling upwards force inside the

cohesive region.

45E+10
——M1_h0(0.1)
——M1_h0(0.5)
4E+10 | T ML_hoQ)
——MI_ho(L5)
— - “MI1_Hertz
35E+10
3E+10
25E+10
5
2E+10
1.5E+10
1E+10
5E+09
0

0.6 0.7 0.8 0.9 1

To |
o

Fig. 2.8 Normal stress on the plane z=0 versus r/a ratio comparisons for displacement method

15E+1 4 0 M2_h0(0.1)
0 M2_h0(0.5)
15411 ] 0 M2_ho(1)
0 M2_ho(1.5)
——M2_Hertz
5E+10 -
0 : : : : : : :
01 02 03 04 05 06 g 08 09 1
L5E+10 - e e
§
T AE+ -
15E41L -
2E+11 -
PY
BE+L -

rla

Fig. 2.9 Normal stress on the plane z=0 versus r/a ratio comparisons for stress method
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Figures 2.10 and 2.11 indicate the normal displacement the plane z=0 changes
with r/a ratio for both displacement and stress methods. Seen from both figures, inside
the circle zones, the negative normal displacement values keep constant firstly and then
increase sharply. Before r/a=0.2, it is the punch flat-end part. The normal displacements
are the same for all the points along the flat end. For 0.2<r/a<5, the negative normal
displacement goes up for each case and reaches the peak values at r/a =5. As hy varies
from 0.1 GPa to 1.5 GPa, given the same r/a ratio value, the negative normal
displacement values increase and the adhesive contact results are lower bounded by the
Hertz contact results for both methods. The intervals between each case in displacement

method are larger than the stress method.

——M1_h0(0.1)
——M1_h0(0.5)
——M1_ho(1)
——M1_h0(1.5)
— — M1_Hertz

25

-Uz/a

rla

Fig. 2.10 Normal displacement on the plane z=0 versus r/a ratio comparisons for displacement
method
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25 4

o M2_h0(0.1)
© M2_h0(0.5)
5| 0 M2_ho@)
o M2_ho(L5)
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Fig. 2.11 Normal displacement on the plane z=0 versus r/a ratio comparisons for stress method

Figure 2.12 shows the total force added on the punch versus the contact radius
for the displacement method. Clearly, with contact radius increasing, the total force
increases in the negative direction. When hy changes from 0.1 GPa to 1.5GPa, the
direction of the total force is never changed. Compared with the Fig.2.12, Figure 2.13
shows the total force increases with the contact area for the stress method. However, for
different cases, the influence of hy is different. The displacement method is affected

significantly by hy while the stress method is affected less.
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Fig. 2.12 Total force of the conical frustum punch versus contact radius comparisons for
displacement method
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Fig. 2.13 Total force of the conical frustum punch versus contact radius comparisons for stress
method

Figure 2.14 shows the total force added on the punch versus the penetration

depth for the displacement method. Clearly, with contact radius increasing, the total
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force increases. When hy changes from 0.1 GPa to 1.5GPa, the changes of the total force
become more smoothly. Compared with the Fig.2.14, Figure 2.15 shows the total force
increases with the penetration depth for the stress method. However, for different cases,
the influence of hy is different. The displacement method is affected significantly by hg

while the stress method is affected less. They are both upper bounded by Hertz contact.

- -
-,
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-4E+12

-6E+12

-8E+12

Total Force

——M1_h0(0.1)
-1E+13 ——M1_h0(0.5)
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——M1_h0(1.5)
J12E+13 =+ *M1_Hertz

-1.4E+13

Penertation Depth

Fig. 2.14 Total force of the conical frustum punch versus penetration depth comparisons for
displacement method
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Fig. 2.15 Total force of the conical frustum punch versus penetration depth comparisons for stress
method

The stress method can be used to solve the indentation problem for isotropic
material and Egs. (2.71) can be reduced. If ay, is set zero, a solution of the adhesive
contact problem of a rigid conical punch with an isotropic half space can be obtained.
The selected isotropic material is listed in Table 2.2. The numerical analysis results are
compared with the ones shown in Maguis and Barguins [20] by using the JKR adhesive
contact model. The difference between the JKR and MD adhesive contact models are

clearly shown.
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Table 2.2 The selected isotropic material and elastic moduli values

Isotropic Material

E v U A k By eqns (2.44) &

Aluminum (Gpa) (Gpa) | (Gpa) | (Gpa) (2.55)
68.9 0.34 (25.700( 54.6 | 71.8 Refer to [21]

. S Sy S i3 S33 S N
Compllf'mce a0 wD | aw™® la™) 74142 M 10
Matrix 10 ) (10)
Components
14514 | -4.935 [-4.935| 14.51 | 19.448 2 -1.05
Other Used m n d f g e b
Values

-0.515| 1.000 | 1.000 | -0.254| -0.724 | 2.69 [-3.076

Figures 2.16-2.18 compare the JKR and the MD adhesive contact models with
different pressure constant hy and energy of adhesion w values which are set at 0.01 GPa,
0.1 GPa and 1GPa, respectively. The penetration depth increases as the contact radius
increases. Especially at 0.01 GPa, the JKR adhesive contact model is essentially
coincident with the MD adhesive contact model. With pressure constant hg and energy of
adhesion W values changing from 0.01 GPa to 1 GPa, the difference between these two
adhesive contact models becomes larger. Thus, for this selected isotropic material, there
is a transition between these two adhesive contact models and when the adhesive

interaction is prescribed as a small value, the MD adhesive contact model can approach

the results as the JKR model.
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Fig. 2.16 Penetration depth versus contact radius for both the JKR and the MD models (w=h0=0.01
GPa)
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Fig. 2.17 Penetration depth versus contact radius for both the JKR and the MD models (w=h0=0.1
GPa)
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Fig. 2.18 Penetration depth versus contact radius for both the JKR and the MD models (w=h0=1
GPa)

Figures 2.19-2.21 show the contact radius changes with the total force added on
the conical punch indenting an isotropic half space. With different pressure constant hg
and energy of adhesion w values, as the total force arises, the contact radius increases.
As the constant values increase from 0.01 GPa to 1 GPa, the increasing tendency
becomes gentle. Given the same external force, the JKR adhesive contact model can
achieve a larger contact radius compared with the MD adhesive contact model. This is
identical with the results in Zhang [22]. As the adhesive interaction becomes bigger, to
reach the same contact radius, a larger external force needs to be added on the conical

punch.
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Fig. 2.19 Contact radius versus total force for both the JKR and the MD models (w=h0=0.01 GPa)
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Fig. 2.20 Contact radius versus total force for both the JKR and the MD models (w=h0=0.1 GPa)
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Fig. 2.21 Contact radius versus total force for both the JKR and the MD models (w=h0=1 GPa)

Figures 2.22-2.24 study the normal stress changes with the radius r. With r
increasing, the negative value of the normal stress decreases. There are no big changes
among the three cases discussed and given by a same radius r, the negative value of the
normal stress from the JKR adhesive contact model is always larger than those from the

MD adhesive contact model.
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Fig. 2.22 Normal stress versus I for both the JKR and the MD models (w=h0=0.01 GPa)
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Fig. 2.23 Normal stress versus r for both the JKR and the MD models (w=h0=0.1 GPa)
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Fig. 2.24 Normal stress versus I for both the JKR and the MD models (w=h0=1 GPa)

If the half-included angle a of the conical frustum punch is set at zero and use the
selected isotropic material shown in Table 2.2, then the problem is reduced to solve the
adhesive contact problem of a flat-end cylindrical punch with radius a indenting an
isotropic elastic half space. To analyze the numerical results for this case, the results in
Yang and Li [23] are compared with the ones shown in the following part. Yang and Li
study the adhesion of a rigid flat-end cylinder with an incompressible elastic film. In the
case of the cylinder radius much larger than the film thickness, the film can be seemed as
an elastic half space. Therefore, the JKR adhesive contact model for analyzing the
adhesion between the flat-end cylinder and isotropic elastic half space are used and
compared with the MD model results.

Figures 2.25-2.27 show the negative normal stress increases with the radius

distance increasing. As the constant values increase from 0.01 GPa to 1 GPa, the normal
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stress from the JKR model decreases until the normal stress from the MD model is larger
than the ones from the JKR model. Especially when w = hy =1 GPa, in the region r<4,
the results from the JKR and MD adhesive contact models are almost identical. Thus,
those constants, different pressure constant hy and energy of adhesion w, affect the

normal stress significantly.

5E+10
—— JKR(W=0.01Gpa)

4.5E+10 = MD(h0=0.01Gpa)
4E+10
35E+10
3E+10

N
¥ 25E+10
2E+10

1.5E+10

1E+10

5E+09

0

Fig. 2.25 Normal stress versus r for flat-end cylindrical punch (w=h0=0.01 GPa)
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Fig. 2.26 Normal stress versus r for flat-end cylindrical punch (w=h0=0.1 GPa)
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Fig. 2.27 Normal stress versus r for flat-end cylindrical punch (w=h0=1 GPa)

Figures 2.28-2.30 detail the total force versus the penetration depth of the flat-

end cylindrical punch. As clearly seen, the total force increases as the penetration depth
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increases. As the constant values increase from 0.01 GPa to 1 GPa, the difference
between these two models becomes larger and larger until the two models have no cross

point. The total force calculated from the JKR adhesive contact model keeps above than

those from the MD model.

2.5E+13 4

= JKR(W=0.01Gpa)
=== MD(h0=0.01Gpa)

2E+13 A

1.5E+13 -

Total Force

1E+13 A

5E+12
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Fig. 2.28 Total force versus penetration depth for flat-end cylindrical punch (w=h0=0.01 GPa)
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Fig. 2.29 Total force versus penetration depth for flat-end cylindrical punch (w=h0=0.1 GPa)
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Fig. 2.30 Total force versus penetration depth for flat-end cylindrical punch (w=h0=1 GPa)
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2.6. Conclusion

By applying superposition principle, the adhesive contact problem of a conical
frustum punch with a transversely isotropic elastic half space can be solved by combing
the Hertz contact and Boussinesq contact together. For this chapter, the MD model is
used to evaluate the adhesive contact, which considering an external crack near the
contact edges with the contact radius changing from a to c. In this zone, the constant
pressure distribution hy is assumed. The Boussinesq contact is added in order to
counteract the singularity of the external crack. Seen from the numerical analysis, the
displacement method and stress method do not have significant differences. However,
the penetration depth, normal stress, normal displacement and total force would change
greatly if hg is set various values. The adhesive contact model such as the JKR, DMT
and MD models can be extended from isotropic material into transversely isotropic

material.
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CHAPTER 111

ADHESIVE CONTACT OF A CONICAL
FRUSTUM PUNCH WITH AN

ORTHOTROPIC ELASTIC HALF SPACE

3.1. Introduction

Compared with those for transversely isotropic materials, but also very few
studies have been conducted for indentation of orthotropic elastic materials.

Willis [24] presented a closed-form solution of the Hertz contact of two
anisotropic bodies, which covers both transversely isotropic and orthotropic elastic
materials. By using the Fourier transform method, the solution for the problem of a point
load applied on an elastic anisotropic half space was derived. Then, by integrating the
solution of the point load case over the contact area, the complete expressions for both
the displacement and stress components of the Hertz contact were obtained.

Willis [25] later provided a closed-form solution of the Boussinesq contact of a
flat-end cylindrical punch on an anisotropic half space. Different pressure distributions
in the contact area were discussed.

Swanson [26] studied the spherical indentation into an orthotropic elastic half
space by using Willis’ method.

Figure 3.1 shows a conical frustum indenting an orthotropic half space. The

adhesion is considered. The parameters are shown below.
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Projected Area of Contact

Fig. 3.1 Adhesive contact of a conical frustum punch with an orthotropic elastic half space.

The projected contact area is assumed to be elliptical, and the boundary
conditions are prescribed to be the same as those for the transversely isotropic material

given in Egs. (2.1) and (2.2).

3.2. General Solutions for Conical Frustum Indentation into an Orthotropic Half
Space

This section will follow the formulation of Willis [24,25] and Swanson [26] to
derive an analytical solution for the contact problem shown in Fig.3.1.

Zhang [22] gave a pressure distribution form for the JKR adhesive contact model,
which is separated into two parts. One part is the Hertz pressure and the other is the
Boussinesq pressure. For the current problem with a conical frustum punch,

modifications are necessary due to the flat-end contact surface. For 0 <r < a, (flat-end),
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2 2
X X5 \-1/2
2)

the Hertz pressure is taken to be p,(1-—=-——%)" ", which is the same as the pressure
a

2
2

distribution for the Boussinesq contact assumed by Willis [25]. The reason for this is

that, in this region the prescribed normal displacement U, equals to the punch

penetration depth &  which is a zero order polynomial of X;and X,. For a, <r <a, the

2
. _ X5\~
Hertz pressure is assumed to have the form of p,cosh™'[(=+-2)"?] , as was
2

mentioned in Vlassak et al.[27]. However, for both the regions 0<r <a,and a, <r <a,

XZ

2
C e . . X5\~
the pressure distribution for the Boussinesq contact is P, (1——12——22) Y2 Then, the
2

pressure distribution for the adhesive contact of the conical frustum indenter can be

obtained easily by adding the Hertz pressure and the Boussinesq pressure.

3.2.1 Displacement Formulation Due to a Unit Point Load
In a Cartesian coordinate system for an orthotropic elastic materials, the stress-

strain relations are given by

01y = Cpéyy +Cppép +Ciafg,
O = Cpp&1y T Cpp&pp + 833,
043 =C38 +C385, +C3385,, 3.1)
Op3 = 2C46 53,
Oy = 205584,

0y, = 2C8y,,

And the strain-displacement relations are
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oV, ov, oV,
51128_’ En =7 T
X, 0X, OX,
1 ov, av
2 =3 —(— ax )
(3.2)
1 (av av Ny
275 X, X,
1 ov, 6v
31 - ( )
20X ax

where V,,V,and Vv, are the three displacement components in the absence of body forces

oo:. oo, oo,
ll+ 12 + 13

=0,
oX, OX,  OX,
0oy, N 0o,, N 00, —o, (3.3)
OX,  OX,  OX,
00, 00, 004, o

using Egs. (3.1) and (3.2) in Eq. (3.3) gives

CVigy T CggVyp +CosVyg5 + (Cpp +Ceg )V2,12 +(Cy5 +Cs5 )V3,13 =0,
CooVo20 T CeeVo11 T CusVps (C, + C66)V1,12 +(Cp + C44)V3,23 =0, (3.4a,b,c)

C33V3,33 + CSSVS,ll + C44\/3,22 + (C13 + C55)\/1,13 + (CZS + C44)V2,23 = 0’

The Fourier transforms in the X, - and X, -directions are defined by
= 1 = .
f&)= = [~ 00 exp(igx)dx (3.5)
: 1 (= :
f&)= 7 [~ F00)exp(ig,x,)dx,

Taking the Fourier transforms on Eqs.(3.4a,b,c) then yields

(Cllgl2 + (":66522 )\71 - C55\71,33 + §1§2 (C12 + CGG)VZ + Igl (C13 + C55)\73,3 = 0’
5152 (ClZ + CGG)vl + (066(:812 + 022622)\72 - C44\72,33 + |§2 (C23 + C44)\73,3 = O’ (3 6)

. ~ - ~ 2 2\~ ~
Iéfl (ClS + C55)V1,3 + |§2 (C23 + C44)V2,3 + (C55§1 + C44§2 )V3 - C33V3,33 = O’
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Consider the solution of the form,

V; A
V, =14 A, rexp(ieX,) (3.7
Vy A
using Eq.(3.7)in Eq. (3.6) leads to
C116812 + C66§22 +Cs5& ? &6,(Cp +Cg) —&&(Cj3 +Cs5) A 0
C66§12 + szégz2 + C4452 —&&,(Cy5 +Cyy) A =140 (3.8)
sym. C55512 + C44§22 + C33€2 Aa 0

In order to get a non trivial solution, the determinant of the coefficient matrix has

to vanish. That is,

C C C,+C C.,+C
Aé:f +ﬁ(§22 +52 é;lé;z ( 12 66) _8651( 13 55)
Css 55 Css 55
Cs .2 Cp .2 2 (c,;+Cyy)
REFpRE L —g&,—2 12 |=0, (3.9)
Caa 44 Caa
C C
sym. B Er M ET L g
C3 33
Define,
C C C C C
bl:_l’bzzﬁ, bszﬁ’ b4:£1 bszi,
C55 055 C44 C44 033 (3 10)
bezci, b7:C12+C66’ b8:C13+C55, b9:C23+C44_
Cs Css Css Cas

inserting Eq.(3.10) into Eq.(3.9) computing the determinant will result in
e+ & +e,E0)et + (8,8 +e,E82E +6.5)e% + (6,80 +6,E1E +8,82E) +6,E5) =0(3.11)

where
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e, =b +b,+b,—b, e, =b,+b, +b —bZ,

e, =bb, +bb, +bb, —bb?,

e, =b,b, +bb, +bb, +bb, +bb, +bb, +2b b, — (b,b? +bbZ +b?)

e, =h,b, +bb, +b,b, —b,0’, e, = bbb, e, =b,bb +bb,b +bbb, - b.b?

e, =bb,b, +bbb, +bbb, —bb? e =bbb (3.12)

The six roots of Eq.(3.11) have the form:
&, =10, &,=1p, &5 =1/, (3.13)
For each root ¢,(i =1,2...6) , substituting it into Eq.(3.8) and solving the equation
system with two independent equations will lead to two unknowns (A /A;), and

(A, /' A,),. The solution of Eq.(3.6) can then expressed as

W) ((ATA),
v, =Z (AT A ¢ (A explieXs), (3.14)
7

where (A), (k=12...6) are six unknown constants. Three of these six constants

associated with the three roots whose imaginary parts are negative will be taken to be

zero to satisfy the boundary conditions of the displacements vanishing at X, — oo.
The remain three constants (say, (A;),,(A;),and (A;);) will be determined from the
following boundary conditions.

015(%,%,0) =0, 0,(X,%,0)=0, 03,(X,X%,,0) ==5(X)5(X,) (3.15a)

using Egs.(3.1) and (3.2) in Eq.(3.15a) gives
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Css (VS,l + V1,3) |x3:0 =0
Cas (Vo3 +V;32) |y, 0=0 (3.15b)

CiaV1y |x3:0 +Cp3V2 2 |x3:0 FCa3V33 |x3:0: = (X1)5 (Xz)

Taking the Fourier transforms on each of Eq.(3.15b) and then using Eq.(3.14)

will yield

A |x3:0 +i\71,3 |x3:0: 0
V5 [0 5% [y, o=0 (3.15¢)
1

£ oo +6:Coaa b0 +iCoaVag by0= =5

The displacement components V. (i=1,2,3) can then be obtained through

inverse Fourier transforms to be

Zs:[gi(Ai/As)i —-&I(A); =0,
Z[gi(AZ/A3)i -&1(A); =0, (3.16)

3
-1
Z[C13§1(A1/A3)i +Cu& (AT A); —Cipe (A, :Z'
i=0
Solving Eq.(3.16) will lead to the determination of (A,), (i=1,2,3), thereby the

completing solution given in Eqgs.(3.7) and (3.13) in transformed domain.
V. = iJ.J.w \7 e—i(§1X1+§2X2)dé: dg
1T 19627
1 “ g ami@nrén
V= [[ weemandede, (3.17a,b,c)
_ 1 I S G
Vs = g_[j_wvse ’ dé:ld 52)

where V, -V, are given in Eqs.(3.14) and (3.16).
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3.2.2 The Adhesive Contact by Using the JKR Model

The contact pressure is taken to have the following form ([22] and [27]),

2 2

, X"\
(P = P55 O<r<a
X,) = ? 3.18a,b
P(X, X,) ) . o x2o, ( )
P, cosh [(x12/a12+x2/a2)“2]_p°(1_¥_?) a, <r<a
2 2 2

The surface displacements due to this contact pressure can then be obtained by
integrating the displacements induced by the unit point load over the contact area. That
is, in the contact area 0 <r < a,_, the vertical surface displacement is given by

in ’ 5 XIZ o ' ’ 1A\
%04, %00) = [ (P = i)L= 2= ) WOk =~ X )E
S 2
,o L2

(o oy XX
—jsj(po py)(L . az)

[ &) expl-ic (5 - ) - (x, ~ X )dEEdKex;
™ (3.19)

where
W(X, %) =V5(X;, X, 0) (3.20)
is the vertical surface displacement due to the point load obtained in Section 3.2.2, and

use has been made of Eq.(3.17¢) and (3.18a).
Eq.(3.19) can be evaluated to give (Willis[25] and Swanson[26])

"5 (%%, 0) =7 (P = P5)f W, 2,77, 12, s
(3.21)

s (27
:E(po - po)azjo W(xm,,n,)do

where,
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X :&’ 1, =C0s(8), 17, =sin(0)
& (3.22)
The depth of penetration is then obtained from Eq.(3.21) to be
in T ’ er
§=u"(0,0,0)==(Py — )8, [, W(x7m,,17,)d0 (3.23)
Similarly in the contact area @, <r <a, the vertical surface displacement is
ou 1 ’ X1/2 X,Z -1/2
w(x1 1 X, — X5, 0)dxdX,
Ou Cosh—l 1/ ” + 12\1/2 , ,
3 00%.0) = 2 i, a7, 1 2,) [ WO %) gy,
g MXs =Y =10, Y, T 10 Y1 + 11, Y, (3.25)
2z
- péazfo W(xm,m,)d0,
where
X
y=2, oy =2
& 3, (3.26)
X %
Yi=— Yo=—"
g a,
To evaluate the integral, use will be made of the following expression [28]
cosh™(1/2) =In(2/2) - 2 (2”) 220
&2 (nyn (3.27)

3.2.3 The Numerical Results for the General Orthotropic Solutions

Due to the complex integration in eqn (3.26), use the approximation integration
method in Maple to get the numerical results. The solutions discussed in Section 3.2.2
could be used for any anisotropic material. Therefore, for convenience, the transversely

isotropic material is selected and the contact area is assumed as a circle shape. The



65

comparisons are made between the reduced solutions of transversely isotropic material
from Section 3.2.2 and the closed-form solutions shown in Chapter II.

The following results show the normalized pressure distribution, displacement
and normal stress.

The normalized pressure distribution,

5(r) = {(1—p)(1—y) , 0<r<a, (3.28)

cosh™*(/y)-pl-y*)™"%, a <r<a
with,
A p(r)
p(r)=—
Po

>

Figures 3.2-3.3 show the assumed pressure distribution for the JKR adhesive
contact model for the flat-end region (0<r <a,) and the conical region (a, <r <a),

respectively. As p varies from 0.1 to 1.5, the pulling force added on the punch becomes
larger than the indenting force. For the flat-end region of the punch, the normalized
pressure distribution decreases to zero and turns out to increase in the opposite direction
when p increases. For the conical region, the pressure distribution decreases when p

increases. When y equals exactly to one, the pressure distribution goes to infinity.
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Figures 3.4 — 3.7 indicate that the comparisons for the penetration depth of the

conical frustum punch changes with the contact radius among displacement method,
stress method and approximation method. For p; =0.1Gpa, p,increases from 0.7 GPa to
10 GPa. Seen from Fig. 3.4, the results of the displacement method, stress method and
the approximation method when p,equals to 7 GPa have no large difference and almost
overlap to a single line. However, in the cases when p,equals to 0.1 GPa, 5 GPa or 10
GPa, the results show a huge discrepancy compared with the displacement and stress
methods. This means when the pulling out force is fixed in the first place, p,can affect
the penetration depth of the conical frustum punch significantly, which can also be
illustrated from Fig. 3.5 to Fig. 3.7. As p, increases from 0.1 GPa to 1.5 GPa, the

interval between the displacement and stress methods increases.
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Figures 3.8 — 3.10 detail the normal displacement changes with the contact radius
when p, and « increase for displacement, stress and approximation methods. p;is
fixed at 0.1 GPa, 0.5 GPa and 1 GPa, respectively. As seen from these three plots, the
normal displacement decreases as the contact radius increases. Both of displacement and
stress methods appear the linear relationship between the normal displacement and

contact radius. As the half-included angle « varies from 30 degrees to 60 degrees with
the interval of 15 degrees, the slope of the line becomes larger and especially when p,
equals to 0.1 GPa, these two methods have no big difference. As P, increases, the

difference between these two methods becomes larger and the intersection point of three

lines becomes away from the X axis. For the approximation method, it is easily

illustrated that both p, and « can influence the normal displacement compared with the
numerical results from displacement and stress methods. With p, increases from

2-10"Pa to 10", the intersection point of the approximation and the exact solutions

becomes smaller and these three methods start and end at the same points for each case.
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3.3. Conclusion

=1Gpa)

This chapter studies the approximation method of the conical frustum punch

indenting the general orthotropic half space and the closed-form solutions for the special

orthotropic half space. For the general orthotropic material, the pressure distribution for

the contact area is assumed as the ellipsoidal shape and the Fourier transform is used.
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CHAPTER 1V

CONCLUSION

The adhesive contact problems of a conical frustum punch with a transversely
isotropic or an orthotropic elastic half space are analytically achieved. To solve a conical
frustum punch indenting a transversely isotropic elastic half space, the adhesive contact
is formed of the Hertz contact and the Boussinesq contact based on the superposition
principle. By using the harmonic potential function method and Hankel transform, a
closed-form solution of the displacement and stress is obtained. The MD adhesive
contact model solved by the former work for isotropic material is extended to solve the
transversely isotropic material. Inside the cohesive contact region, the external crack and
constant pressure distribution are assumed. The constant hy can affect the normal
displacement, normal stress and total force of the conical frustum punch.

To analyze the adhesive contact problems of a conical frustum punch with an
orthotropic half space, the Fourier transform is used to solve the problem of a point load
applied on the elastic half space. The projected contact area is assumed to be semi-
ellipsoidal and the pressure distribution of the JKR adhesive contact model is applied.
The approximation method has certain discrepancy compared with the derived closed-
form solution of the transversely isotropic material. Along with the pressure distribution

constants p,and p,, the half-included angle of the conical frustum punch can influence

the normal displacement, normal stress and total force. For the adhesive contact

problems of general orthotropic elastic half space, the JKR adhesive contact model can
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be extended into an orthotropic material. Finally, the pressure distribution assumption of
the project area shape for the general orthotropic materials can affect the numerical
results significantly.

For future work, firstly, the Fourier transform method of solving the contact
problem of the general orthotropic materials needs to be improved to obtain the exact
solutions other than the approximation solutions. Secondly, the pressure distribution of
the JKR model needs to be improved for a conical punch profile. Last but not least, do
the research on the MD adhesive contact model to check whether it can be extended to

solve the contact problem of the general orthotropic materials.
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APPENDIX A

In this appendix, several infinite integral values used are shown below,

-, 1<t
sin T
J, =5 upad=1" (A1)
——12>7
1++1-72
© 1
IO sin pJ,(pr)dp = — <1 (A2)
-7
flog(— -2V pc
cosp-1 2 2 ’
e 20 R S (A3)
_Zi >1
T
»Cos p—1 —cosh‘1(1) 0<r<1
J, Jo(pr)dp = 7 (A4)
0 r2>1
sin p sin‘l(l), 1<t
[ ="3,(pr)dp= ‘ (A5)
p Z, 1>¢
2
a a a’
L rcosh™ (F)dr = (A6)

Js 1?&3 (pr)dp =sin™(1/7) +Nz* -1-7, 7>1 (A7
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