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ABSTRACT

International Monetary Policy Analysis with Durable Goods. (August 2009)
Kang Koo Lee, B.A., Sejong University; M.A., Sejong University

Chair of Advisory Committee: Dr. Dennis W. Jansen

The dissertation studies a model of an economy which produces and exports
durable goods. It analyzes the optimal monetary policy for such a country.

Generally, monetary policy has a bigger economic effect on durable goods relative to
non-durable goods because durable goods can be stored and households get utility from
the stock of durable goods. This dissertation shows that, in Nash equilibrium, the central
bank of a durable goods producing country can control changes of the price level with
smaller changes in the monetary policy instrument. In the cooperative equilibrium, the
monetary authority of the country which imports non-durable goods and exports durable
goods should raise the interest rate by more, relative to the Nash case, in response to a
rise in foreign inflation. On the other hand, the monetary authority of the country which
imports durable goods and exports non-durable goods should raise the interest rate by

less than the other country.
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CHAPTER I

INTRODUCTION

“A significant portion of measured consumption spending reflects purchases of
consumer durables — long-lived items such as furniture, autos, televisions, and home
computers. ... . If all durables were rented in perfect rental markets, the durable-

nondurable distinction would be unimportant. Empirically, however, consumer

purchases of durable items are substantial. ... .”*

Many New Keynesian models neglect durable goods, such as Clarida, Gali and
Gertler (1999) and Woodford (2003). This may be due to the fact that the share of the
durable goods sector in the gross domestic product (GDP) is quite a bit smaller than the
non-durables and service sectors. According to Erceg and Levin (2006), the share of the
durable goods sector in U.S. GDP is only about 12%.

Some recent papers, however, pay attention to the role played by durable goods.
Erceg and Levin (2006) and Monacelli (2008) show that durable goods spending is more
sensitive to monetary shocks than non-durable goods spending. Barsky et al. (2007)
explain these results as stemming from the special properties of durables. They write that
durable goods have “interesting and unique properties” that are directly related to their
length of life. The intertemporal elasticity of substitution for the consumption of durable

goods is naturally high for durables with low depreciation rates, such as housing and

This dissertation follows the style and format of the Journal of International Economics.

! Obstfeld and Rogoff (1999) p. 96



business structures. This plays a much larger role in fluctuations of aggregate output and
can play a large role in business cycles.

The unique feature of durables and the distinctive feature of long-lived durables with
sticky prices lead to results that are different from results drawn from studies looking
only at non-durables and comparing equilibria with sticky and flexible prices.

Though there are recent studies about durables in closed economy, there are few
papers focusing on durables and non-durables in an international setting. This study
about durable goods spending in two different countries and the resulting policy
questions will, I think, prove to be a fruitful area of research in the New Open Economy
Macroeconomics.

This dissertation works to provide answers to the following questions: What is the
gain from monetary policy cooperation with durables? How does this differ from models
with only non-durables? Which country would have more benefit from monetary policy
cooperation, a country producing only durable goods or a country producing only non-
durable goods?

Several recent papers have introduced durable goods into a closed-economy model.
Barsky et al. (2007) examine both sticky and flexible price sectors in a closed economy
model with durable and non-durable goods, and shows that the presence of durable
goods can alter the transmission of monetary shocks even though durables have a small
share in total spending. Particularly, if durable prices are flexible, their work shows that
monetary policy is neutral. If durable prices are sticky, the model works as a sticky price

model even if non-durable prices are flexible.



Campbell and Hercowitz (2005) study the role of collateral debt in a business cycle
model and they conclude that lowering the interest rate induces an expanding labor
supply by increasing the demand for durable goods, instead of the standard result of a
contracting labor supply by reducing the price of current leisure relative to future leisure.

Monacelli (2008) studies a New Keynesian model with durable goods and argues
that assumption on the degree of stickiness of durables may become irrelevant when
once a collateral constraint on borrowing is introduced in the model. The reduced ability
of borrowing also reduces the demand for non-durables when prices are sticky in durable
goods sector. Therefore, the collateral constraint makes a complementary effect between
durable and non-durable demand, while the monetary policy tightening produces a
substitution effect from durables to non-durables by rising the user cost when prices are
flexible.

Erceg and Levin (2006) compare the performance of several monetary policies in a
sticky price model with durable and non-durable goods, and they show that the optimal
policy rule can be approximated by a simple targeting rule for a weighted average of
aggregate wage and price inflation when the social welfare function consists of sector-
specific output gaps and inflation rates.

Han (2008) examines the relationship among heterogeneous durability of
consumption goods, price indexes and monetary policy in a sticky price model, and
concludes that the optimal policy is to stabilize core inflation, giving more weight to the

sector producing more durable goods.



A classic issue in international monetary economics is to ask whether there is a gain
from policy coordination. Our goal is to examine this issue in an international economic
model that includes durable goods. Recent works in international monetary economics
area have involved the development of the dynamic stochastic general equilibrium
models with imperfect competition and nominal rigidities.

Clarida et al. (2002) examine international monetary policy in a two-country sticky
price model, where each country faces a short run trade off between output and inflation.
They show that, in the Nash equilibrium, each central bank needs to adjust its interest
rate in response to only domestic inflation, while, in the coordinative equilibrium, there
are gains when they should respond to foreign inflation.

Gali and Moncelli (2005) analyze the properties and macroeconomic implications of
alternative monetary policy regimes in a small open economy model with staggered
price-setting, and show that a domestic inflation-based Taylor rule dominates a CPI-
based Taylor rule, and the latter dominates an exchange rate peg.

The rest of the dissertation is structured as the following. Chapter II presents the two-
country model introducing durable goods. Chapter III describes equilibrium conditions
when prices are flexible and sticky. Chapter IV studies the welfare function and optimal
monetary policy in the Nash case and the case of cooperation. Concluding remarks and

future works are in Chapter V.



CHAPTER II

THE MODEL

We follow the two-country model of Clarida et al. (2002). There are two regions,
labeled H and F. While the final goods producer in country j supplies a single
differentiated durable good, the representative household in country j is a consumer of
all the goods produced in both country H and F. Thus all goods produced are traded
between regions. The population of two countries is a continuum of agents on the
interval [0, 1]. The population is divided by (n, 1] belongs to country H and [0, n]
belongs to country F.

In this economy, there are a large number of identical and infinitely lived households.
The representative household derives utility from services provided by two durable
goods and disutility from supplying labor.

We introduce durable consumption goods as in Han (2008). The final durable goods
are composite goods of differentiated non-durable intermediate goods. The production of
intermediate goods requires labor as the only input. Intermediate goods are introduced to
provide an analytically convenient mean of having sticky prices, as it is the intermediate
goods producers who set prices in advance. The flow of final durable goods and

intermediate goods is shown in Figure 1.
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Figure 1. Flow of durable goods in two countries setting

1. Representative Household
The representative household of country H and F seeks to maximize a discounted

sum of per-period utilities of the form

[U(Kt)—jolv(Nt(i))di], ES A [u(K:)—ﬁv(N:(i))di} @.1)

E DA
t=0 t=0

Here E is the expectation operator, 0 < £ <1 is the discount factor, and N,(i) is the

quantity of labor of type i supplied in period t. Variables with superscript * indicate

foreign country values.



K, is an argument in the utility function, a Cobb-Douglas index of two final durable

goods stocks :

(KG) (k)
t (I-a)“a”

(Kua) " (Keo)

(I-a)“a”

IIl
~
IIl

2.2)

t 9

where a denotes the intratemporal elasticity of substitution between K, and K, .

The stock per person of the final durable goods produced in each country j at time t is

K, J=H,F . K is the index of consumption per person of durables in the home

country, and K is the index of durable goods consumption per person in the foreign
country. The stock of the final durable goods produced in each country j evolves
according to a law of accumulation:

K =(1-6)K;,,+Dj,, K}:t :(1_5}5)}(}5;71"‘[)}5; (2.3)
for j=H,F, where D, is the amount of the purchased final durables produced in
country | per capita, and 0 <¢; <1 is the depreciation rates of the final durable goods in

country . Note &; = 5: for j=H,F.

Let I',,, denote the (random) payoffs in period t+1 of the financial asset portfolio

held at the end of t. Note I', , does not refer to the quantity held of some single type of

t+1
bond. As assuming complete markets, households must be able, at least in principle, to
hold any of a wide selection of instruments with different state-contingent returns.
However, we don’t need to introduce any notation for the particular types of financial

instruments that are traded internationally. Since any pattern of future state-contingent



payoffs that a household may desire can be arranged for the appropriate price, we can
write the household’s consumption planning and wealth-accumulation problems without
any explicit reference to the particular assets’ quantities that a household holds.?

Q, ., denotes the corresponding stochastic discount factor for one-period-ahead

nominal payoffs relevant to the domestic household.
The budget constraint of the representative household of country H and F in period t

1S

1 . .\ - 1 s
E, { Qi } =T+ [ WeN, (di + [ T1,()di— P, Dy, =P D T, o
* * * 1 * - * L. - 1 * L. - * * * * * ’
Et {Qt,t+lrt+l} = Ft +J‘0Wt (I)Nt (')dl +_[0 Ht (')dl - PH,t DH,t - PF,t DF,t _Tt
where P, is the price of the final durable goods in country j, N, (i) is the quantity of

labor of type i supplied, W, (i) is the nominal wage of labor of type i, I, (i) is the
nominal profit from sales of intermediate good i, and T, represent net lump-sum tax

collections by the government.

The first-order conditions are given by

u, (Ky) = g KH,‘ /K, PH,t — (1= )Qt,tHPH,t—l
uk(Kt+1) Qt,t+1 KH,t+1 / Kt+l PH Jt+l _(1_§H )Qt+l,t+2 PH 1t

(2.5)

Let R, denote the gross nominal yield on a one-period discount bond. Then by

taking the expectation of each side of (2.5), we have the Euler equation :

_ UKe) Q
l_ﬁaa{ug&)qm} (2.6)

? Woodford (2003) Ch.2



LoH/ 2.7)

vy (N () _ W, ()
u(K)  Q

(2.8)

for i €[0,1], where H, =Q;,/Q,, =QF,/Q\,, R =E, {Q,,} is the expected price of

the discount bonds paying off one unit of domestic currency in t+1, and the user cost of

durable goods consumption in country j Q;, is defined as

Qj,t = Pj,t - Et [(1_51')Pj,t+1 / R1:|

Qj,t = Pj,t -E, [(1_5j )Pj,t+1 /R }
The cost of living index (COLI) Q, is defined as
Q =QuiQ¢,, Q =Q; Q" (2.10)
According to Cobb-Douglas preferences, the demand functions are given by
KH,t =(1_a)(Qt/QH,t)Kt: K:n =(1—6¥)(Q:/Q:|’t)K: (2 11)
Kee = a(Q, /QF,t)Kt’ K;,t = a(Qt* /Q;,t)Kt*

2. Firms and Price Setting
2.1 Final Goods Producers
We assume final durables producers behave competitively. The technology for

producing the final goods in country H and F from intermediate goods is

Y = [ﬂﬂ(i)?dir Y= {I;Yﬂi)g;dir (2.12)
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where Y, is output per person and 0>1 is the elasticity of substitution across goods

produced within a country.
Maximization of profits yields demand functions for the typical intermediate good i

in country H and F:

*

YO=(RO/PR)Y.  YO=(RO/r)Y, (2.13)

The country’s price index consistent with the final goods producer in each country

earning zero profits respectively, is given by

! il

Py, = Uol R(i)l‘gdi}l‘g P = [ ) Pt*(i)“‘gdi}l‘g (2.14)

2.2 Intermediate Goods Producers
Intermediate goods producers behave as monopolistic competitors. Each of the
differentiated intermediate goods uses a specialized labor input in its production. The

technology for producing intermediate goods type i € H,F is
YD=ANG. Y H=AN () (2.15)
We assume that time-varying exogenous technology factors A, A" are identical
across suppliers within a country.
The variable cost of supplying a quantity Y,(i), Y, (i) of good i is given by

W (DY, (1) /A

R (2.16)
W (DY, ()/ A

Differentiating (2.16) with respect to the intermediate good, we find that the

(nominal) marginal cost of supplying good i is equal to
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NMC, (i) =W, (i) / A

e, (2.17)
NMC, (i) =W, (1)/ A

The relationship between the real marginal cost and the quantity supplied is given by

MC, (i) = NMC,(i)/ P, , = vy (Y ()/A) Q
’ u (K, ARy,

v CH/A) Q
u.(K) AR,

(2.18)
MC; (i)=NMC, (i)/ P;, =

The Case of Perfectly Flexible Prices
As usual in a model of monopolistic competition, it is assumed that each supplier
understands that its sales depend upon the price charged for its good, according to the
demand function (2.13).

If prices are perfectly flexible, optimization by the supplier of good i in country j

involves setting a price P (i)=—2—NMC,(i), P’(i)=—2~NMC. (i) , where
1+7 1+7

1=0/(0-1)>1 is the seller’s desired markup, determined by the usual Lerner formula,
and 7 ,7" is the subsidy to intermediate good production in country H and F.

It follows that each supplier wishes to charge a relative price satisfying
- _ ﬂ - * . * _ /«l * -
R()/ Py, =—£-MC,(),  R()/ P, =—- MC/ (i) (2.19)
I+7 l+7

The country’s natural rates are implicitly defined by

RO _ 4 W /A) Q PRO_ x Wl /A) &
Pae 147 u(K,)) AR, Pee 147 uk*(Kt) AP,

(2.20)
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The Calvo Model of Price Setting
Following the Calvo style’s price-setting, fractions 0<y <1, 0<y <1 of inter-
mediate goods prices in country H, F remain unchanged each period, whereas new prices
are chosen for the other 1-y, 1—y" of the intermediate goods in country H, F. For
simplicity, the probability that any given price will be adjusted in any given period is
assumed to be 1-y, 1—y", independent of the length of time since the price was set and

of what the particular good’s current price may be.

Then, the Dixit-Stiglitz price index of country j in period t satisfies

Rl
Pae= I:(l -7) Pk(i),tlig + 7P, ,t—llig}l_g 221)

1

PF*,tZI:(l )P 019"' PFtl ]Q
An intermediate goods supplier in country H, F that changes its price in period t and

chooses its new price P, (i) to maximize

E 27 A | A+ DR,y () =W, DN, ()]

o Wi (2.22)
= Et27kﬂ1,t+k |:(1+T)Pt(i)_ ':k(l)}/t,wk (i)
k=0

J,t+k

where 4, = B (U (Ki,, )/ Q) / U (KD /Q, ),
and Y, ()= (R(i)/ t+k) thk -

The first order condition for the optimal choice of P’ is

£ (78) [(0-DA+ DA LR D) -, Yoo (/AL A Mo D=0 (2:23)

k=0



13

where A, =U, (Ki,y )/ Qpy -

3. Government Policy

The fiscal authority chooses a subsidy rate r that maximizes the utility of the
domestic household in a zero inflation steady state. Meanwhile, the central bank
determines the short-term nominal interest rate by a time-invariant commitment rule.
The monetary authority supplies bonds in amounts enough to meet bond demand at the
target nominal-interest rate. That means the central bank, as issuer of bonds that promise
to pay units of its own bonds, can fix both the nominal interest rate on its bonds and the
quantity of bonds in existence. In a cashless economy, the central bank stabilizes the
price level around a desired level through adjusting the interest rate paid on central-bank
balances.

The home country’s government budget constraint in time t is given by
B, +T, =R_B, +[ P (DY, (Ddi (2.24)
where B, is government debt (the supply of bond) per person at end of period t.
The foreign country’s government budget constraint in time t is given by

* * * * * l * . ¥ - -
B, +T, =R_B_ +7 jo P ()Y, (i)di (2.25)

4. Uncovered Interest Parity
We assume the complete international financial markets. This means that real rates

of return in the two countries are equal. It must satisfy that
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n —Ex,=r = -Ex,

L=t =E7,-Er,=ERa,—&
where IT, is real interest rate, & =log(P,/P’) from the law of one price and PPP and

m, =log(R, /R ) .

+1

We introduce the nominal exchange rate and the link between prices for two goods

produced by the two countries. We call & , the nominal exchange rate, denoted the price

of foreign currency in terms of domestic currency. We have the law of one price that

goods sell for the same price in both the home and foreign countries. This requires

*

PH,t = P;,ta PF,t /& t = PF,t

to
5. Market Clearing Conditions

Market clearing conditions
Labor market: N, =N/ =N? (2.26)
Intermediate goods market : Y, (i)=Y,,Y," (i)=Y, (2.27)
Final goods market :

(1-n)Y, = (l_n)DH,t + nD:Lt

. . (2.28)
nY, =(1-n)D¢, +nD¢

Bond market :

(I-MRB, +n& R'B =(1-n)R B +n& R'B*

=(1-nr,, +n§ Ty, =0

t+1

(2.29)

t+1
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Walras’ law holds in the economy. Suppose labor and intermediate goods markets
are in equilibrium. Then combining the household’s budget constraint and the profit

functions of intermediate suppliers yields the bond demand function in the form’

1 . ee - 1 . ™
E Qe | =T =T+ 7] RO, ()di+ [ R)Y,()di-P, Dy, —P: D, (2.30)

t,t+1

Rearranging the government budget constraint, one has the bond supply function

given by
L.
B =R.B,—T,+z] RG)Y,()di (2.31)
Combining (2.30) and (2.31) gives

Et {Q Ft+l} =T _(Bt - Rt—lBt—1)+ PH,th - PH t DH,t - PF,t DF,t (2.32)

t,t+1

We can get foreign country’s equation along with the same analogues.

£ * * k3

E, {Q* L } = F: _(Bt* - R:—l Bt*—l)+ P:,th* - Plj,t DH,t - PF,t DF,t (2.33)

ti+17 t+1
Multiply economic scale and nominal exchange rate for country F
(1- n)Et {Qt,t+lrt+l} =(1-n) {rt—l _(Bt - Rt—l Bt—l ) +PB, ,th - Ry t Dy T PF,t DF,t}

- (2.34)
n& E {Qt,t+1rt+l} =n&§ {rt _(Bt -R. Bt—l)+ PF,th - R 1 Dy t PF,t DF,t}

From the bond market clearing condition and the zero trade balance

condition,TB = n& P, ,D;,, —(1-n)P:, D, =0, (2.34) can be rewritten as

3 The profit function of intermediate supplier of type i is given by

M,() = 1+ DR, () ~W, (DOH, () in H
I ) = (14 7R DY, () =W, ()H, () inF
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(1-n)Y, = (l_n)DH,t + nD:i,t

. . (2.35)
nY, =(1-n)Dg, +nD,

Equation (2.35) is the final good market clearing condition. Thus, Walras’ law holds

in the model.



CHAPTER III

EQUILIBRIUM
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For a real variable X, , we define X =log(X, /X), X =log(X,/X) , and

% =log(X, /X,), where X and X, are the steady state value and the natural rate of

X, , respectively.

We define X, : the aggregate stock of the final good produced in country H per

capita and XT : the aggregate stock of the final good produced in country F per capita.

(1-mX, =(1-mK,  +nK},
nX; =(1-n)Kg, +nK,

Using good market clearing conditions and definition of K,

Y, =X, -(1-5,)X.,
Yt* = X: —(1-5¢ )X:—l

K, =K,

t
From the demand functions (2.11)

(1-mMQ, X, =(1-a)QK,
I’IQ;JX: = aQt* KI*

3.1)

(3.2)

(3.3)*

(3.4)

It then follows the relation of the aggregate stock of the final good produced in

country H and F

* Proof is Appendix A.1.
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l-a,,.
Xt :HHt Kt
* a —(l-a £
X, :FHt ‘ )Kt
X _nd-a)
X, d-ma
. (3.5)
}(t :1_—n (l_n)a Xi—ax:a
I-a\n(l-a)

where H, =Q.,/Qy; =Q;,t /Q;,t

1. Steady-State Equilibrium
In the steady-state (with no inflation), from the first order necessary conditions for

the household’s decision problem, we have:

R=1/p (3.6)

(Ke /K))(I-a/a)y=H" (3.7)

W(Y/A) W (3.3)
u(K) Q

Laws of accumulation of durable goods is

D; =6;K;

(3.9)
Y=6,X, Y =6.X

*

Market clearing conditions (final and intermediate goods markets, labor market,

bond market)

(1-n)Y =(1-n)D, +nD;,

. . (3.10)
nY =({1-n)D; +nD;

Y(@i)=Y,Y (@)=Y (3.11)
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Y (i)=AN(), Y'(i)=AN(@i) (3.12)

(1-nI +n&ET" =0 (3.13)

2. Flexible-Price Equilibrium

When prices are fully flexible, prices are set as a mark-up over marginal costs,
monetary policy is neutral, and thus, real variables are affected by only real disturbances
(productivity shocks in our model).

In flexible-price equilibrium, quantities and prices of each differentiated good are
equal:

Y.()=Y,Y (i)=Y (3.14)
and

RH=R, R (H=FR (3.15)

The Domestic Flexible Price Equilibrium
The flexible domestic price equilibrium can be represented by the following a
linearized system:

From (3.2),
Vo = (2 -(1-6.)7.) (3.16)

From (3.5),
7 =k +ah (3.17)

(3.18)
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k. =(-a)z, +ax (3.19)

Define o=-u, /(Ku,) is the intertemporal elasticity of substitution of private

expenditure, and @ = Nv, /v, is the elasticity of marginal disutility of work. Note that
the upper bar means the domestic flexible price equilibrium.

—c _ 0, _
M, =— EAY,
O

t+1

+% EtAZt*Jrl (3'20)5

where o, =0 +(1-a)(1-0), o,=a(l-0) and Ay, = 7., — X

Every final goods producing firm chooses the same price under flexible prices. It

follows P,(i)/ P, =1 on (3.18). Using real marginal cost MC: (i) :1—_2" we have the
U

country’s natural rates from (3.19)

Oy

% 7+ %y v oy, + IR — (14 0)a, =0 3.21)°
c o a ’
where q, =Q,, /P, =1-B(1-0,,) . The relationship between real interest rates by the

acquisition approach and the user cost approach is

rr, it =q—(r_ﬁﬁ _(l_qH )Etr_rl-hm) (3-22)

H
Assuming the technology shocks are stationary, the natural rate of the durable good

stock evolves the following process’:

mXe =1 (ﬂEt;?H—l +Zt—1)+%qHZt* = (1"'(0)(31 -(1-q, )Etam) (3.23)

> Appendix A.2.
% Appendix A.3.
" Appendix A.4.
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where7, {%qH + (14 B0-5, )2)}, m = (1-5,)

H H
For O0<v<l-¢,,

2

_ — v _ 0o *
%(_ﬁuam ~v7,+ 127, }?IOIHL =(+o)(a -(1-0,)Ea.)
— — - % v 0, *
%{(Zt —UZt_l)_ﬂUEth +[L_1J}(t }+;1qHZt :(l-i—a))(&[ _(l_qH)Etat+1)
2

%{(Z ~ 0% )~ Po(EZe ~ 0%, )}+%qHzf =(l+w)(a, -(1-09,)Ea,) (324

with o =n,(B0° +1).

The Flexible Price Equilibrium

The double upper bar means the natural level when prices are flexible worldwide.

—=% 1 et et
Vo =—(x -(-607.) (3.29)
O
From (3.5),
7 =k —(1-a)h’ (3.26)
h =7 -7 (3.27)
k =(1-a)z +az, (3.28)
rrHC,t =L EtAZm +— EtAZm (3.29)
O O

where o, =oc+(1-a)(l-0), o, =a(l-0)
pr— O- = O- punt 3
M, =—EAZ., +—EAZ, (3.30)
o o

where o, =(1-a)(1-0), o,=0c+a(l-0)
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771)?t =1, (ﬂEt;?H—l +)?t—l)+%qH)?t* = (1"'50)(31 -(1-q, )Etat+l) (3.31)

where7, {%qH + (14 B0-5, )2)}, m = (1-5,)

H H

w??—m(ﬂEt;?;+;?;“_1)+%qu =(1+o)(a -(1-q)Ea,) (.32

o @ @
wheren, E[—qu +—(1+ﬁ<1—6F)2)}, ny=—-(1-5;)
o Or O¢
3. Sticky-Price Equilibrium
The log-linearization of the Euler equation and the equations around the zero-

inflation steady-state, respectively, are given by

k. = Erk _G(rt - Etﬂ'tcﬂ) (3.33)
1

Yi :5_(Zt —(1-9y )Zt—l) (3.34)
H

o=k +ah (3.35)

h=xr-x (3.36)

where 77 =1log(Q,/Q,,) is the COLI inflation rate, and the real interest rate measured

by the user cost can be rewritten as

L~ Eg, =(rt_Et7Z-IS,t+1)_a(Etht+l_hl) (3.37)

- Etﬂ-l(-:l,nl :qLEt |:(rt - Et”HA,m)_(l_QH )(rm _ﬂ’-lﬁ‘,tﬁ )] (3.38)

H

where ﬂﬁ’t = log(QHﬂt /QHH), and 7, = log(PHﬂt / PHH).
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Combining above equations, one obtains

o,EAx., + o EAY,, =oTrS, (3.39)
With (3.20),
~ ~ o __
X =B _G_(rt - Et”l(—:i,t+1 - rrHC,t) (3.40)
With (3.29),
(o) N N O N N —
_O(Eth _Zt)""_l(Eth — X ): rrk?,t - rHC,t (3.41)
O O
With (3.30),
O N N O N N —
;2( EtZt+1 — X ) + ;3( EtZt+1 - ) = I’rFC,t - rch,t (3.42)

We have the Phillips curve equation, as followsg;

O w ~ w ~
(;0"'5_] Xt _5_(1_5H )ZH
7 = BE 7, + o1+ 0b) ] : : (3.43)
+ : (Q—Etﬂﬁ,m—f_ﬁﬁ)
Oy
where = 1=1=78)
y(1+ w0)

Using (3.22) and (3.40) to substitute for the output gap and interest rate terms in

(3.43), the supply equation can be rewritten equivalently in the form
(”t - PE 7., ) = p(-9,)E, (ﬁt+1 — P, )

(3.44)
+0(1+00) P E [ (2 ~vi )~ Po(E 2 ~vii )]

¥ Appendix A.5.
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For the worldwide flexible price, we have the New Keynesian Phillips Curve of

Country H, as follow;

7 = PE 7y +p(+00) O O (3.45)
v D ;jH (res -0
As shown in the Appendix A.5., equation (3.45) can be simplified as below;
(7~ BEM) = BU=8)E (7~ B )
. (3.406)

+¢(1+a)9)% E, |:(;2t _U)A(t—l)_ﬂu(Et;?m — U, ):|+(0(1+a7‘9)%QH ;2:

A similar analogy is derived for the New Keynesian Phillips Curve of Country F:
(ﬂt* - ﬂEtﬂt*H ) = p(-5p)E, (ﬂt*ﬂ —ﬂﬂ:+2 )
(3.47)

A

N N NG N O N
+<o(1+w6’)77—u“ E, [(ﬂa —v;ctfl)—ﬁv(Etm — Uk, )}w(lm@)fqm
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CHAPTER IV

THE WELFARE FUNCTION AND OPTIMAL MONETARY POLICY

1. The Welfare Function and Optimal Subsidy Rate
Case 1: Non-Cooperative Case (Nash Equilibrium)

The domestic monetary policy authority seeks to maximize the utility of the
household, taking as given the other country’s policy and outcomes.

In open economy, the flexible price economy is not the optimal, because the
domestic central bank has an incentive to make a surprise change of price level for
advantage of a household of the domestic country. Therefore, the fiscal authority
chooses a production subsidy rate that makes the natural level of output correspond to
the efficient level in a zero inflation steady state, as followsg;

I+7=pu(l-n) (5.1)

Note that subsidy depends only on the openness (N ), not on the durability (o).

We can get the monetary authority’s objective function by taking second-order
approximation of the utility function of the representative household around the
domestic flexible price equilibrium. As shown in the Appendix A.7., we obtain the

following quadratic objective function:

(1-a)s, 0 & t{ O M. .2 2}
W, =- 1 % Ky, (K)E Ly vy V+(x
Nash 2 g, 0 K ogﬂ 05, v (Zt Xt 1) ( t) (5.2)
+t.i.p+O( k,y,a|3)

’ Appendix A.6.
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(I=)A=28)
y(1+ 00)

where ¢ =
Case 2: Cooperative Case

In this section, we analyze optimal policy under cooperation. We assume that the two
monetary authorities maximize a weighted sum of the objective functions of the home
and foreign households.

Like the Nash equilibrium, we assume that both fiscal authorities choose the subsidy
rate that maximizes objective function in the steady state. The optimal subsidy rate for
domestic good is, as follows'’:

l+7=u (5.3)

We can get a similar equation of the optimal subsidy rate for foreign good.

l+7° =pu (5.4)
This means that two countries’ fiscal authorities (H, F) choose the common subsidy.
l+r=pu=1+7" (5.5)

We can obtain the monetary authority’s objective function by taking second-order
approximation of the utility function of a weighted average by the relative economic size
around the globally flexible price equilibrium. As we show in the Appendix A.9., we

obtain the following quadratic objective function:

1 Appendix A.8.
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1l n,0(2 2 2
5. v 0(}& U}(t—l) +(7Tt)
1) = N 17,2 w2\
W, . =—(1—a) 2t u KE t+——j1—( v )
Cooperative ( )2qH k O;IB 1—n5F ) Zt Zt—l (56)
n 2
+——o{,
1—n( ‘
+t.i.p+O(k,y,a|3)

2. Optimal Monetary Policy
Case 1 : Non-Cooperative Case (Nash Equilibrium)
An optimal monetary policy in the Nash equilibrium seeks to minimize the
discounted sum of losses (5.2) subject to the sticky-price equilibrium given by equations

(3.40) and (3.44). The Lagrangian for this problem is given by

. . A ) o B
ggH %(Zt — V¥ )2 +(7Tt )2 +26 | 24— Bt +O__0(|—r-:i3’t _ rcht)
t
EOIZ(;ﬂ ﬂ-t _ﬁEtﬂtH _ﬂ(l_é‘H)Et (7Z.t+1 _ﬁﬂprz) (57)
+2¢,,

+o(1+ 0)0)% E, [()& — U ) - ﬂl)( Ef — 0% ):|
First order necessary conditions with respect to rr,f’t , 7. —UX.,,» and 7, are given
by

¢l,t =0 (5-8)

T+ ¢2,t —(2-9, )¢2,t—1 +(1-0, )¢2,t—2 =0 (5.10)



28

for each t>0 . Following Woodford (1999), the optimal policy under a timeless
perspective is that the central bank implements conditions (5.9) and (5.10) for all periods.

Hence, the system of the economy under an optimal policy can be represented by
equations (3.44), (5.9), and (5.10) given initial conditions, 7 , =0 and ¢, , =¢, , =0.

Combining (5.9) and (5.10), PPI inflation and the output gap under the optimal
policy satisfy

1

T, —UTT, +—
(7 1) 05, (1+ 06)

(1-L)(k -0z =0 (5.11)

where L is the lag operator.

Note that if there is no uncertainty which causes monetary policy to deviate from the
optimal rule, equation (5.11) can be reduced to the optimal policy rule in a standard
model given by

65, (1+ w0)

(1-L)z, =0 (5.12)
which implies that the optimal policy maximizing social welfare is to keep the
(acquisition) price and the output gap at a constant rate that does not depend on the
durability of goods.

We may combine the equation (3.40), with the above solutions to obtain an

expression for an interest rate rule that implements the time-consistent policy in the Nash

equilibrium:
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1-q 1 1-q, 1 . 1-q 1
. a——hL= —HrrHA,t+1 __rrHA,t + . Ex.,——E7.,
Oy Oy Oy o Oy Oy 5.13)
o, 05,1+ wb) '
+_H—(Et7[t+1 — 7 )
o (-L)

The optimal rule may be expressed as the sum of three components; the domestic
natural real interest rate, next period’s expected domestic inflation gap, and a term
indicating that the central bank adjusts the nominal rate with respect to domestic
inflation gap.

We obtain a similar equation of the optimal interest rate rule for the foreign country:

: - L= : rrF,'tAH __rrH::‘ + : Et”t+2 - Etﬂ-t+l
OF Oc Oc Or Qe o]
05. (1 p (5.14)
22 G )(Etﬂtil_ﬂ-t*)
o (1-L)

Intuitively, the monetary authority needs to change the nominal interest rate less with
respect to durability, because the monetary policy have more influence on durable goods

than non-durable goods. The country which produces durable goods (e.g. J,, <1) may

adjust the nominal interest rate less in response to the domestic inflation rate.

Case 2: Cooperative Case
An optimal monetary policy in the Cooperation case seeks to minimize the
discounted sum of losses (5.6) subject to the sticky-price equilibrium given by equations

(3.41), (3.42) and (3.46), (3.47). The Lagrangian for this problem is given by



+2‘//2,t

+2l//3,t

2y,

First order necessary conditions with respect to ItS., IrS , 7, —0Z(» i —

1 ,0(z 2 2
ng(%‘”ﬂ(t-l) +(77t)
n 1 774 (D(:* * Ak )2 n +\2
+—— B -0 7| +—(7
1-n 6. v A l—n(t)

C —C O-O A A Gl A A
+2W1,t {rrH,t - rrH,t _;(Etlm _Zt)_;(Eth - )}

0,

% (- i) 2 (84|
(7, - BE 7, ) - BU-0,)E (7, - Br., )
01+ 00) P E [ (2 ~v2 )~ Po(E i~ )]
~p(1+00)°- 4, 1}

(7[: _IBEt”:+1)_ﬂ(1_5F)Et (”t*+1 _1877;2)
—-p(l1+ (09)% E, [(/%t* - U}:(t*—l ) —ﬂl)( Et/%t*-ﬂ _U)?t* )j|

O N
-1+ w0) 20 7,
O

* .
and 7, , 7, are given by

l/ll,tzo
l//z,t:()
1 n, ¢(x A Ui
Zf;()ﬁ _UZt—l) :¢(l+a)9);2(l//3,t _Ul//3,t—l)
n 1n ez

0
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(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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T AWy~ (2= Wy + (1= Wy, =0 (5.20)

n "
E W Q-0+ (-0 )y, =0 (5.21)

foreach t>0.
Combining (5.18), (5.19), (5.20), and (5.21), PPI inflation and the output gap under

the optimal policy in the cooperative equilibrium can be written as follows

1 2 A
-U +——(1-L ) =0 5.22
(7, —vm,) %, 1+ 9)( Y =) (5.22)
. . 1 Aw Ax
— +———(1-L — =0 5.23
(7, —vr,) 05, (1+ ) ( Y X — V%) ( )

where L is the lag operator.
We may combine the equations of (3.41) and (3.42), with the above solutions to
obtain an expression for an interest rate rule that implements the time-consistent policy

under the cooperative case:

q . t+1 _q_rt = q : rrHA,t+1 —q—rrHA’t +q—H Etﬂ-t+2 _q_ Etﬂ.t+l
H H H H H H (5.24)
o 665, (1+wb) o 65.(1+00),_ . .
+_H—( 7l t)+_F—( 7t t)
e (-0 o (-1
If we consider the case of - i, ——TT, = % T\, —— T,/ so the real

O ’ Qn a4 a4
interest rate in the domestic flexible price equilibrium is the same as in the globally
flexible price equilibrium, optimal policy in the cooperative equilibrium can be written
as a linear rule of optimal policy in the Nash equilibrium and foreign inflation gap. This

suggests that the central bank of the country which imports non-durable goods should
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raise the interest rate by more relative to the Nash case in response to a rise in foreign
inflation.

A similar analogy is derived for an interest rate rule of Country F:

: hy——Hh :—FrrF/;+1 __rrF,‘?t +—" Bz, —— B
O Or r O e Or (5.25)
o, 65,1+ wb) o 05.(1+w0) [ .« o
+_H—(Et7[t+1 — 74 )+—F—(Etﬂt+1 — 7 )
o (I-1) o (1-L)

This suggests that the central bank of the country which imports durable goods
should raise the interest rate by less relative to the Nash case in response to a rise in

inflation of country H.
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CHAPTER V

CONCLUSIONS

This dissertation studies a model of an economy which produces and exports durable
goods. It analyzes the optimal monetary policy for such a country.

Generally, monetary policy has a bigger economic effect on durable goods relative to
non-durable goods because durable goods can be stored and households get utility from
the stock of durable goods. This paper shows that, in Nash equilibrium, the central bank
of a durable goods producing country can control changes of the price level with smaller
changes in the monetary policy instrument. In the cooperative equilibrium, the monetary
authority of the country which imports non-durable goods and exports durable goods
should raise the interest rate by more, relative to the Nash case, in response to a rise in
foreign inflation. On the other hand, the monetary authority of the country which imports
durable goods and exports non-durable goods should raise the interest rate by less than
the other country.

Future work might find interesting implications from examining different values of
0, and this will probably require numerical analysis. It might also be interesting to show

the behavior of exchange rates from imperfect exchange rate pass-through settings.
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APPENDIX A
A.1. Proofof K, =K (3.3)
(PD From FOCn i liéil)) AR Qm
rocing uk<(£+l)) PRE Qm

Given the international tradability of state-contingent bond, the intertemporal

efficiency condition is

U (KD Q
u (K., IRC QL&

The law of one price, P, , =P, S P /8 = P:,t for all t, and the definition of the

user cost (2.9) and the cost of living index (2.10), and the uncovered interest parity

K —f =Es&., —¢ yields

*

K,=K

t t

A.2. Deriving the equation of (3.20)

From (2.6),

u (K.) Q }

1= E
PR t{ U (K) Qi



Uk(Kt) _ KH,t/Kt PH,t _(1_5H)PH,t—1/Rt

= PR

uk(Km) KH,t+1 / Km PH,I+1 _(1_§H )PH it / R1+1

:IBRt KKH,I//EI QH,t

H,t+1 t+1 QH,HI

uk(Kt) :,BRt KH,t/Kt QH,t

uk(Kt+1) KH,t+1 / Kt+1 QH,t+1

Ky / Ky U (K) - AR Qu

KH,t/Kt uk(Kt+1) QH,t+1

_(kH,t - kH,t+1) + (kt - kt+1) - O__l(kt - kt+1) = rr,_im
Using (3.19),
k=(-a)z+ar, h=z-x

log(K\, ) =log(l-a)+log(K,Q,/Qy,)
=log(K, )+ alog(H,)

G(kH,t - kH,t+1) —o(k —k, )+ —k,,)= —Gl’l’ﬁ’m
G{kt —k, +a (ht —h., )} +(1-o)k —k.,)= _Grr:,m

o) {(1 - a);?t + O‘Z: - ((1 - a))?m + O{Zt*ﬂ) ta (Zt - ;(t* - (;?Hl - Z:H ))}
+(1 - O-)((l - a)/?t + aZt* - ((1 - a)fm + aZt*H )) = —O'rl’:’m

U{}?‘Zﬂ}"’(l_o_)(l_a){ft _)?m}"'(l_o_)a(lt* _Zt*ﬂ) = —O'rlﬁ,m

——C _ O-O _ O-l ®
My, =— EAZa+—EA,
(o2 (o2

where o, =0 +(1-a)(1-0), o,=a(l-0)



A.3. Deriving the country’s natural rates

From (3.19)

Pt(i): “ WO /A Q
Po. 1+7 u(K,) AP,

_ 4 WY TA) G
1+7 U (K,) APy,

_u (A Q
l+7 (K)" APy,

th A—(Hw) I(;J:1 (Q_t} — 1

thA—(ler) 1-n ((1 -Na

-1
o

o;l

Yta) A—(l+a))

-1

XX }

Yta) A—(l+a))

hQ_t =1
PH,t QH,t
(Ht)a[gH’tJZI

—(l—n)a£ ’ % =1
n(i-a)X; ) \ Py, )

th A—(Hw) I—_FI( (I-nNa

((1 - n)aJ XEI—a)o"'-%—aX:‘aa’l -a (QH,t ] -1
n(l—a) P,

38
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A.4. Analytical solution to flexible-price equilibrium

C I, _ =
Combining Yy, = 5—(}(1 -(1-6, )Zr-l)

ey,

H

and ﬂ;?t +ﬁ;(:+a)7t + —(I+w)a, =0, one gets
o o)

_OZt"__th +_(Zt_(l_5H )ZH)"’ By I’I’HA,t—(l+a))at =0
o o oy u A
O w | _ O T .
(—0+—j)ﬁ+—l 2 (=87 + — M —(+w)a =0
o oy o 5H Oy
1
Using I’_I’HC’t = —(r_rHA’t -(1-q, )Etl’_rH/ft+l ) to  substitute for TEC  in
H
W O-O EAZu + 2 EtA;(t*ﬂ , One gets
o, _ o . | _
— EtAZHl +—= EtAZt-H = _(rer:t —(1-q, )EtrrHAtm ) (A.2)
o o a4

Updating (A.1) one period and taking expectations in period t, one obtains

g, * (4] _ __
e X t+ il Zt+1 -—(A-o)x + L rrH w—(+tw)a,, =0 (A.3)
o 5 oy Oy

Using (A.1) and (A.3) to substitute for r_rH’ft in (A.2), one gets

I-qy o - 0 + W —
A rrHA,t+1 = _{[ T S5 ]EtZHl +— B ——(A=-6)xn -(1+ a))Eta'Hl}
. o o,

H

H

1 lo] w|_ o « o _
_rrHA,t == {(_O'F_Jlt +;llt _5_(1_§H )ZH _(l+a))at}
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O, _ O *
— EtAltH +— EtAzm
O (o2

— {[ﬁ+ﬁj;ﬁ lx:—aﬁa—amz_l—(lm)at}

o 0 Y

O, w _ O * w _
+{[—°+—] EZ +—Exin ——1-0,) 1 _(1+0))Eta[+l}
o Iy o oy
O- J— J— G * *
ﬂ(1_5|-| );O{Etlm _Zt}+ﬂ(1_5H );I{Etlm - }

§<l—5H )Z, —(1+w>Et@+l}

H

(4] _ O, *
= p-o, ){(;"‘?j E i +;1EtZt+l -

H

—{(ﬁ+ﬁ}a =i z?—?(l—m)z_l—am)a}

o Oy H

—ﬂ(l—ﬁ)a‘)‘ ~B(-6,) lzt

— A P lEy _ 2 a_5V7 -
= pd 5H){(5H]Et)(t+l 5, (1-9.) 1 (1+w)Etat+1}

_{(ﬁ+ﬁ}; + 3 2 0-8) 7 - (Hw)a[}
o 1)

o 0 H

—B(1- 5)“00— BA-5,) lzt

(0] _ (0] _ O a | O, * w _
zﬂ(l_é‘H)aEt){m_ﬂa(l_é‘H)zZt (;O+Zjl __]Zt +E(1_§H)Zt—l

+(1+o)[a - f(1-5,)Ea,,]

{—ﬂ(l—%)%w%(l—%)z+(%+53j} ~pU=8)7 7+

H H

+ L (167, +(1+w)[a - p1-5,)Ea,]

(0] _
= p(1-9, )E EZin 5.

H

{_qH +_(1+IB(1 5 ) )} %qHZt*_§(1_5H)[ﬁEtZt+l+Zt—1]
:(1+a))[a't_ﬂ(l_5H)Eta‘t+l]

_ _ _ O, *
Xy =1, (ﬂEtlm +Zt—l)+;quZt = (1+a))(a1 —-(1-q, )Eta‘t+l)



41

o, @ @

where 7, =| =20 +—(1+8(1-6,)) |, m, =—(1-5,)
o oy Oy

A.5. Analytical solution to flexible-price equilibrium

From the optimal price setting rule and the Dixit-Stiglitz price index, we can obtain

log-linear approximation forms
logR, (i)=ylog P_,(i)+(1-7)log R’(i) (A.4)

and

> (78) " E [logR"(i)-log PR (i)—mc; |=0 (A.5)

T=t
Solving this equation for log P’ (i), subtracting log P, (i) from both sides'', we get

o) =(1-78)3.(8) " E, [i - +ch}

T=t S=t+1

(A.6)
N T-t

=2 (8) " E [ 1By + (1= pB)me; |

T=t

where p;(i)=log(P’(i)/ P (i)) is the log relative price chosen by suppliers that revise

their prices in period t.

If above equation is expected to hold in time t+1 as well as time t, it follows that
oy (D) =[ #BE, .., + (1= yB)MC, |+ 7BE, pl.y (i) (A7)

Equation (A.4) implies that the inflation rate is proportional (up to a log-linear

approximation) to the log relative price chosen by suppliers that revise their prices,

"' Woodford (2003)



1- .
T :_7pt0(|)
4

Lﬂt = pto(i)
-y

Using this relation, to substitute for both p’(i) and p.,(i) in (A.7), we get

oy (i) =[ #BE, 7,,, + (1= yB)ME, |+ ¥BE, pl,y (i)

1 ! T, = I:VﬂEt 7t + (1= yB)me; }-F]/ﬂEt L”m
e I-y
/4 l-y+y
. =1 —=yB)me, +yBE, Ty
-y 1-
1-y)(1-75
T = ( )7(/ ) mc; +13Et T

From the log-linearized form of the expression for marginal

MC, (i) = WD/ A)_Q
‘ u (K) AR,

c (/A Q
KT AP,

— th A—(Hw) I<to:l Q_t

H.t

— th A—(Hw) I<to:l £2H t QQt ]
H.t H.t

o pA—(1+o o ! a Q
=Y, A(l )Kt (Ht) (PHJ]

H.t

Log-linearize,

mc, =o'k, + oy, +ah, +0y, —(1+w)a,

o, @\ 0 . @ _ o 1-qy
where (1+w)a, = (;0"'5_}11 +;1ﬂ(t _5_(1 — 0 )t A I'I’Hét
H H H
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(A.8)

(A.9)

cost
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Then we have the Phillips curve equation from (A.9),

7, :Mmq + BE, 7,., (A.10)
o, ®|. @ -
2ot 2 (=5 A
N AP
m=ﬂEt7rm+—( 7)(1=15) T % % (A.11)
’ + - (rt_Etﬂl-Al,tH_r_rl-iA,t)
Ay

(A.12)

(1=N0=18)

where ¢ =
y(1+ w0)

From (3.22) and (3.40),

A A o 1 _ 1-q _
X =B o E, {q_(rrHA,t - rrHA,t)_ : (I’I’,im - rHA,t+1 )}

1 _ 1 1 o o \|l. o N
q_(rrtA_rtA)= { (72',[ _ﬂﬂtﬂ)_(;o—'_ajlt+a(1_§H)Zt_l}

1- _ 1 o o | . w n
i(rrtfl - rl’tﬁ) :{—(ﬁm _ﬂ”uz)_(;o"'_J X+ +5_(1_5H )Zt}

H

B 1 1 O-O o A » A -
o= Prg )| —+— |+ (1-9
o l_qH {@(1_’.(09)( t ﬂ t+1) [o_ 5H JZt §H ( H)Ztl}

Oy 1 o, ® . @ ~
(7 =B, )| L+ — +—(1-5
{go(l+a)9)( =B t+2) (G 5. jl’m 5. ( H)Zt}




p-5,)2

+p(1+ wO)E,

;O(Etjgnl _}2t ) = Et

1
m( - Br,)

g, o .
—(;"‘&J t+§H (I=0) 2
1

—( T ﬂ”uz)
1 o
_pa-sp{ 7T
o,
-t K +
[0 5} Oy

o _ﬂEtﬂtH) = p(-5y)E, (”m _:B”tu)

(o, ),
o Oy

—ﬂ(l—m(ﬁ
o

~ w ~
Xi _Z(l — 0y ) X

H

+IB(1_5H )%(Etf(m _/%t)

7, — PE 7, ) = p(-96,)E, (”m _ﬂﬂuz)

+p(1+ wb)E,

_ PP )
{—ﬂ(l—&.);wz(l 5.4 +[0 5 j}
B(1-35, >ﬂ E 2 +5ﬁ<l ~8)

H

(7, - BE ) = -6, (7, - B

+(p(l+a)6’)% Et |:(/%t _U;’Zt—l)_ﬂu(Etngl _U}A(t )j|

For the worldwide flexible price,

7, = PE 7,

7T +o(1+ 00)

(-84

[40] ~ w ~
+Ejlt+1 +pB(1-6y )5_(1_6H )X,
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(A.13)

(A.14)
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From (3.41)
O A A O A A% 1 — - —
_O(EtZt+1_Zt)+_l(EtZt+1_Zt ):Et _(rrtA_rrtA)_ = (rrtfl—rrA
o o a4 H

O, N N
: (EtZHl - Zt)
(o2

Gl N N
+ (EtZHl - )
(o2

t+1
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ﬂ

Y 1 o, o): : ]
- | —+—|nt——0-4 _Zr
£ l_qH {¢(1+a)0)(ﬂt ﬂﬂ.ﬁl) [O' é‘H th 5H ( H)Zt—l Zt}
=L
1 O_O [0)] N ) A o .
o(1+ 00) —| =t At (16 iR
I {(p(l_,_a)g)( 741 :B”prz) (U 5HJZH1 5H( Yy pu ZM}
~ PE )= B~ 5,)E, (w0~ By
o, oz o
— t— 1-0,
[O‘ oy ] S, ( )Zt 1 )(t
O, A ) A
_,3(1—5H)(;0+5 JZ‘+‘+ﬂ(l_5H)5_(l_5H)Zt
+o(1+ w0)E, H .
O, R«
-p-6,)— Zt+1

- BE 7, )= BU-8,)E (7, - Br.,)

+o(1+ wb)E,

H

- BE 7, )= BU-8,)E (7, — B, )

{—ﬁ(l —5)2
O

w ~
ﬂ(1—§H)5—E

+f(1-8,) +

H

tZt‘Fl 5H

Oy
o

[0 ~
+—(1-0) 1, +

— 4 —
H

O, . 2s
qH /1/t
o

o A N O, NS N
+p(1-6, )[_O(Etlm _Zt)"'_l(Eth — X )J

3

A

Xt

. (A15)

+(p(1+a)0)%Et [(}Aft _U)A(t—l)_ﬂv(Et;Zm —UZ, ):|+§0(1+a)9)0_ On 21




A.6. The optimal rate of production subsidy in Nash equilibrium

max U, = A [u(K)-v(N,)]

K, zl__n m X:—O‘X;‘a
S. t. l-a\n(l-a)

X =(1=04)X + N,

i au(Kt+j) aKHJ t+] _aV(Nt)
oK., X, oN,  ON,

t+] t+]

o K. . .
:Zoﬂjuk(KHj)(l—a) X“J S, (1-68,) vy (N,)

t+]

0=(-a) 2t Ky (K)=Nv, (N)

= In steady states, :
Nv, (N)=(1- a)q Ku, (K)

H

P nMc= A WNQ

Cl+r 1+7 u (K) A
_ m 6 I-a)QK  u 6, QuK
1+7q, N l+rq, N ~
_(1 n) :u QH
1+7 q,

which gives the optimal subsidy rate in this economy,

I+7=ul-n)

w(1-mX=K,,A=P,=P. =P=1,q,=Q, /P, =1-8(1-5,)
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A.7. Second-order approximation of the welfare function in Nash equilibrium

The second order approximation of the utility of consumption
1
(K = U(K) +u (K, =K )+ (K, - K) +O(||K||3) (A.16)

K,-K

t

=k, +%k2 and o”'=-u, /U -K , where k =log(K, /K), we

t

Using
obtains
u(K,) =u,K (kt +%(1—o-‘1)kf)+t.i. p +o(||k||3) (A.17)
Using k, =(1—a) g, +ay,
u(k,) =u,K ((1—05);(t +%(1—0'_1)((1—a);(t +a;(t*)2j+t.i.p+0(||k||3)
=u,K ((pam +%(1—0'_1)((1—a)2)(t2 +2a(l-a)y 1, )]+t.i.p +O(||k||3)

(A.18)
The second order approximation of the disutility of labor
V(Y )/ A) = v4vy (Y (D) =Y () +va (A - A)
+%VYY (Y,() =Y (D) +vu (A=A (YD) -Y (D)

1 2
V(A -A) +O(|v, Af')
where vy =v/dY (i), v, =8°V/Y (i), and v, =28°v/(8AEY (i)

. 1 1
Using Y, =Y =Y(y, +¥0), A-A=AG@ +-a).
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v(Y,(i)/ A) :v+vYY(yt(i)+%yt(i)2j+vAA(aT %afj

| AU 1, 1,
+EVYYY (yt(|)+5yt(l) j +VAY'A‘Y(E'T +5a‘l j(yt(l)+5yt(l) j
v(Y,()/A)=v+v,Y [yt(i)+%yt(i)2j+%vWY2yt(i)2
VWt(i)/A)=VYY(yt(i)+%(l+w)yt(i)2—(1+w)yt(i)a[j

>0 represents the elasticity of the marginal disutility of work with

2
+%VAAA2(&[ +%afj +O( y,a

+vAYAYatyt(i)+t.i.p+O(

y,a

+t.i.p+0(

y,a

VYY

where w=
VY

respect to output, and using v,, A =-v,,Y

E Y, (0)+5 0+ o) (Ey0)) +var y,(0)]

_(1 + a))a( Ei yt (l)

[ v v/ AYdi = v, Y

)

where E Y, (i) is the mean value of y,(i) across all diffentiated goods at time t , and

+t.i.p+O( y,a

var, Y, (i) is the corresponding variance.

We use the Taylor series approximation to the CES production function ,
y =E yt(i)+%(1—6‘l)vari yt(i)+O(||y||3) to eliminate E,y, (i).

Then
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1
yt+5(1+w)yf—(1+w)a[ Y,

[ Vv i/ AYdi = v, Y +t.i.p+0( y,a3) (A.19)
+2(0" + @)var ¥, (D)
. 5,
Using Nvy,(N)=(1-a)—Ku,(K),
| 5 o+ (L o)y ~(+ )3y,
Jor @)/ A)di = (1-a) - Ku, (K)
s (O +0)var ¥, () (A.20)
+t.i.p+0( y,a 3)

= t 1 — *
WNash :ukKEOZﬂ ((1—0{))(.[ +E(1_o_ 1)((1_0[)213 +2a(1_a))(t ;(t)j
t=0
1
5 .|V o)y (oY,
~(1-a) 2 Ku, (K)E, Y B +t.i.p+o(
o <@ opvan )

k,y,a

)

1 _ «
B (;c +-(-o ) ((1-a)z +2az zt)j
5, 2

=<1—a)j—“Kuk<K>E0§ﬂt -2 (o) +H(+ o,
H t=0

—%(e-‘ + o) var, (i)

+t.i.p+O(

k,y,a

)
(A.21)

By the definition of the durable good stock,

X, - X=Y(Y,-Y)+(1-6,)X,, - X) (A.22)
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Combining the formula X, — X = X(x,_+X’/2) with (A.22), one obtains
X1 +2012)=8uX (Y, + Y7 /2)+(1=6)X (2, + 251/ 2) (A.23)

: 1 2,
Plugging y; = 5—2( 7 —(1-5,) ;(H) into (A.23), we get

H

Vo=t =000 )+ 55 (2 =062 55 (1 -0 =607, )
H H H
=5 00 z0) - ()
(A.24)

1 .
g—”(ﬂa +5 (-0 N((1-a) 5 +2az, Zt))
H
1 1-3,

_5_(;(t _(1_§H )Zt—1)+7()(t — X )2
, H

L

Wi, =(1—a>§—'* Ku, (K)E, Y. 4 —%(mo)( (7 ~0-8, ))m)]

H

HI+ 003 (7 ~(-6,)%)

H

—%(91 + o) var, y, (i)

)

Assume that the initial value of the stock of durables is equal to its steady state value.

+t.i.p+O(

k,y,a

Then we get the formula Z,thH;(t = Z,Bt ( —A=0 ) 1)
t=0 t=0



& e g -0 (0-azi + 20z )|
_é(% _(]_§H )lt_l)-i_?__Tf‘H(Zt _Zt—l)z

Wy = (1-2) 22 Ku (K)E, S 4 —1(1+w)(i
Ou t=0 2 5

H

(Zt —(1=0y) 1 )}

(1+ w)
Sy

+

(a( —-(I-qy )a1+l);(t

—%(01 + o) var, y, (i)

+{Lp+0(k,%a3)
1 9 Oy
g T e G O G B b e
2( o )5H ( a)l/t (I-o )5H ax, X
1-6,
+= 5;H (722020 + 7))
1) o 1+w
Wi, = (1) 28 Ku, (KB, S B -2 (12 —2(1-6,) 1 7y + (-6, 22 )
A Py 20,
1+ w
+( )(a( _(I_QH)am)Zt

O

O 4 o)y, ()

+t.i.p+O(

k,y,a

)

_ _ _ O, *
From 7,z —n, (ﬂEth +Zt—1)+;quZt = (1+a))(at —-(1-q, )Etat+l)’




Nash (1 a)

+t.i.p+O(

H

Nash (1 a)

+t.i.p+O(

)

With (1-¢™) 3
ith (1-o )5

)

Ku (K)E, zﬁ

aZt*Zt =

Ku (KE, 2,6’

1 _ _ .
SU=o ) (a7 +(-0) az

H H

1 Oy
252 (Zt -2z Zt—l+Zt2—1)

1+ w
(252 )(}(t2 =2(1-0) 1 2o + (=06, )thz—l)
H

é‘H

O+ 0)var v, ()

a(c-1)q, - o, O,

XX = __lt X

oy o o,

1 BN 2
~(l-o) - (-a)y
2 S, ‘

1-5
¥ (7 220+ 2)

l1+w
(252 )( t2 =2(1=0y) 2 Xt +(1_§H)2){t2—1)

+

+é(771/?t - (:BEtZH + 2 ))Zt

—%(0’l + ) var Y, (i)

1 _ _ _ o *
+_(771;(t =1 (ﬂEth +)(t—l)+;qu X jlt
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W =1 K (OB, 3+
H t=0

+t.i.p+O(

k,y,a

)

5 0
WNash = (l_a)_H Kuk(K)EOZﬂt
au =0

+t.i.p+O( k,y,a

)

1 -1, 9 2
—(l-o)=E(-a)y
2 S t

Oyt , (1-6,)(@/d,)

257 2 5, At X
(1—5H )(1—(1+a))(1_§H ) P
25 t-1

*é(m ~1: (BE o + ) 2

—%(01 + ) var, y, (i)

o, w

1 |—— 0y +0qy —1—— 2
P oy X

20,

+B(1-3, )1~ (1+)(1-65,))/ 3,
_(1_5H)(a)/5|_|)
5, X X

+é(7]lft 7 (’BEtz“ +Z‘1))Zt
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5 00
Wi = (1= a) - Ku (K)E, Y B
y Py

k,y,a

+t.i.p+O(

)

é‘ o0
Wyar = —(1— ) - Ku, (K)E, Y. B
qH t=0

k,y,a

+t.i.p+O(

)

é‘ o0
Wy = —(1— ) = Ku, (K)E, D B
a4 t=0

+t.i.p+O(

k,y,a

)

5 o0
Wi = —(1—a) - Ku (K)E, Y B
a4 =0

+t.i.p+O(

kK,y,a

)
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1
ol
(I1-6y)@/6y)

_ 3 t

Oy

Ou _2(1_,8(1_5H )2)th2
o oy

t-1

1
+—

5. (nlﬂ?t -1, (ﬁEt/?’Hl +7?H))Zt

—%(9—1 + o) var, (i)

1 A~ (IBEtZtH +Zt—1)}(t
20y _2(771}?t - (ﬂEt;?Hl + X ))Zt

+%(t9‘1 +w)var, Y, (i)

n
v

2% {(z v ) Ao (B )

1 {(Zt _UZt—l)_ﬂU(EtZt+l —UX; )} Xi

26,

+%(9’1 +o) var, Y, (i)

n
v

| 22 )l 7

1 {(lt =Vt )= Bo Bt —02, )} X

+%(6’1 +o)var, Y, (i)

where 0 <v <1-¢,, is the smaller root of quadratic equation
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mv = 772(1802 +1)

Using Zﬂ‘ﬁu;(mgt = ZﬁtUZtZH +ti.p.,
t=0 t=0

> AU =)~ A, —00) 12~V = BolFa ~070) 1)
=2ﬂt{<zt 07k = B2 =022 ) = 2((F =)~ BO(Fon 07 7.}
=§Ojﬂ‘{ (e~ 07k =07 =02 ) s ) - 2((F — 07 ) 2~ 0(F —Fe) 2 )}
Zgﬁ‘{ ~vz,) =2((Z- v;?t,l)xt—v(;?t—v)?t,l)zt,l)}

=38 (=2 =0l 70)

— (-0 - 7))
Wy, = —(1- a) K, (9OF, Zﬂ 204 0

# (O ) var y,(0)

+t.i.p+O(||k, Ys a||3)

2R a0 =i )(1 7/3);
Uiho o Y
S, © 26, ;((Zt X))~ v, Zt—l))
WNash_ (1 a)q Ku (K)E Zﬂ

| R 76’ 2
~(0 I
ML v G

+ti.p+0 (||k, Y, a||3)
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1 . .
25, %(Zt —Ux )2

L1 y01+w0) (x )2
2(1=-p)A-y8)

Wiasn = (1= a)q Ku, (K)E, Zﬂ

)

(S S75))
y(1+ 00)

+t.i.p+O(

where ¢ =

A.8. The optimal rate of production subsidy in the cooperation equilibrium

max U, = iﬂ‘ [u(K)—(@=nVv(N)—=nv(N,) |

Kt :1__n (l_n)a X:faX:‘a
l-a\n(l-a)
s. X, =(1-6,)X,, + N,
X; =(1-5,)X, +N

:i j UKy, ) 9Ky OXy, _(-n) V(N,)
L K X o, oN,
=> Blu (K. pd-a) R (1-6,)' —=A=n)vy(N,)
=0 Xt+]

6U(Kt+]) aKt+J 6Xt+] -n 8V(N:k)

:Z; oK. oX.. oN. = oN

= t+] t+] t

0 K+_ ) .
Z U (Kt+1)a#(l_5F)J_nvN*(Nt)

j=0 t+]

= In steady states,
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0:(l—a)a—HKuk(K)—(l—n)NvN(N)
O (A.25)

_(-®)5,
Nv, (N) = o a Ku, (K)

0=a% Ku, (K)=nN"v .(N")

F (A.26)
NV (N = %% ku (K
V- ( )—n (K)

F

NV, (N) = N°v. (N*) = 4=%) O ey (k)
N (l_n) qH

Lad _(-a)dy

‘ng. (1-n)aq,

p-_* NMC—ng

I+7 1+7 u (K) A
_ M 6y (1-)QK i 6y QuK,
l+zq, (I-mMN I+zqg, A-nN’

__H Qu
1+7 q

which gives the optimal subsidy rate for domestic good in this economy,

l+7=u
w(1-mX=K,,A=P, =P.=P=1q, =Q, /P, =1-8(1-5,)

We can get a similar equation of the optimal subsidy rate for foreign good by above

way.
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i . v..(N") o
P = _nme = £ 28
I+7 l+7 u.(K) A

_ M S aQK u 5 QiKg
1+z°g. nN°  1+7°g. nN" ~
#oQ
1+7 e

which gives the optimal subsidy rate for foreign good,
1+7" = y7j
nX =K ,A'=PR, =P =P =1,q. =Q; /P =1-8(1-5;)
This means that two countries’ fiscal authorities (H,F) choose the common subsidy.

l+r=pu=1+7"

A.9. Second-order approximation of the welfare function in the cooperation equilibrium

The second order approximation of the utility of consumption
1
(K = U(K) +u (K, =K )+ g (K, ~K ) +O(IK[f) (A.27)

-K 1

Using K, =Kk, +§kt2 , and o'=-u, /u -K , where k =log(K, /K) , we

obtains

u(K,) = UK (kt +%(l—o-‘1)kf]+t.i.p +0(wf) (A.28)

Using k, =(1-a)y, +ay,
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1 r #\2 . 3
u(Kt):ukK((l—a);(t+5(1—o- ((-a) g +ax) )+t.l.p+0(||k|| )
— _ 1 | _ 2 2 . * 2 *)
=uK|(-a)z+ (-0 (1-a) 7 +2a(-a) i n+@x7) | (A29)
+ti.p+O(|k[')
The second order approximation of the disutility of labor

From (A.19),

| o+ (o) ~(+ o)y,
[ Vv )/ A)di =1, Y +t.i.p+o(
#2074 o) var Y, (0)

)

y.a

(-a) 35,
(l_n) qH

Using Nv(N) = Ku, (K) from (A.25),

1 )
1 5 Vit @)y =+ @)y,
(1=m| v(Y,()/ A)di = (1-a) Ky (K)

)

+5(6?_1 + o) var Y, (i) (A.30)

+t.i.p+O(

y.a

* 1 5 * %
1 Yo+ 1+ o)y ~(+way,
[ v @y A)di=v,.Y” +t.i.p+o(
0 . .
+§(0 + ) var, Y, (1)

)

y.a

Using Nv.(N") _ %% Ky (K) from (A.26),
n

F
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.1 . .

1 5 Y+ A+ @)y” ~(+ oy,

njov(Yt*(i)/ A)di = 2 =E Ku, (K)
A (O + @) var ¥, (D) (A31)

)

> 1 — * ES
WCooperative = ukKEOZﬂt ((l_a);(t +5(1_G l)((l_a)Zth +2a(1_a)}(t Xt +a2;(t2))

+t.i.p+O(

y.a

. [y taroyi-a+may,
—(1- a) On Ku (KED. B

t=0

(07 + @) var ¥, ()

5. :+l(1+a))y:2—(1+a))a[*yt*
—aq—Ku J(K)E, Z,B

t=0

+§ (07" +w)var, v, (i)

+t.i.p+O( , a3)
(A.32)
A =5L(;(t —(1-90, )Zt—l) 1256; (lt _)(t—l)2
H

yj:aip(;(:—(l—&)zf_l) 12555( )

2P vas Yt(i)_(l— )(1 yﬂ)go
S B van y; () =—0—— g (x)

t=0 (1- 7/)(1 7P) S



o _(za) 0y
N Qe (l_n) O

Using the condition

Or

W

Cooperative

—(1-a)2huKE, Y 4
O =0

k,y,a

+t.i.p+O(

)

O _Nn1-a)5,

(1-n) a,

g g (I-a); +2ax 1
AH +__H 1_0-_1 2

5H Zt 2 5H ( ) n (04 *)

(-a) At

|
yt+5(1+w)y5—(1+w)at Y,

#2074 0)var Y, (0)

* 1 * * *
n |V ey o)y,
I=n +%(¢9‘1+w)vari W0
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W

Cooperative

. (1_05)7&2
Uy Oy . .
H = H (] +2
5, X 25H( o) az;;a
(I-a)™
1 1-6 2
—(n —0=-6)2.) -~ (n —x }+
o -0-00)- S )
=(1—a)5—Hu KE iﬁ‘ - l(1+a)) l(;( ~(1-6)44) 2
qH k Ot:0 2 5,_' t H t-1
1 1 .
(@3 (1 ~(1=8,)71)+ (0" +@)var y, ()
H

(L (a-0-s0at )i
i F

- +%(1+w)(5i(z:—(1—5F)z:‘_1)]

F

« 1/ . R 1, ..
~(+@)a (7 ~(1=8:)z. )+ (07 + @) var v ()

F

k,y,a

+t.i.p+0(

)
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WCooperative
. (l_a)ltz
qH qH -1 *
Ay +—H(1-07)| Ra
§H Xt 5 5H ( ) ;(;Zt
+ o 1*2
(I-a)™
1 o, +w (1-o,)w
E(lt_(l_5H)lt_1)+ ;éﬁ )(t2+ éﬁH t X
o, X 1-6,
=(1-a)uKEY p'| - { 2”)(1—(1+a))(1—5H))xil
Oy t=0 26},
1 | )
(@3 (7 ~(1=8,)71)+ (0 +@)var y, ()
H
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