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ABSTRACT

Agricultural production and associated economic effects of
irrigation on the Texas High Plains are seriously threatened by a
rapidly declining groundwater supply and a swift upward trend in
energy costs.

To optimize the amount of irrigation water to be applied
during specified periods of the production process, a stochastic
open-loop feedback control policy was built into a grain sorghum
growth simulation model. The control policy operated under the
basis of constant revision of the expectations generated at every
starting point for each of the production periods. If discrepancies
between the expected and the realized values existed, then, based
on current conditions a reevaluation of the control variable, ir-
rigation water, was made and the decision for the first period
adopted. This process continued throughout each period of the
growing season. Within the stochastic policy designed, the values
for the control variable were obtained by numerical search.

The model was applied to estimate optimal irrigation strategies
and the impact of fuel curtailments on them, Initially, optimal
irrigation strategies were developed under the assumption of per-
fect knowledge. Under this assumption, the results indicated there
was not a unique strategy to he applied at all times. The quantities
of irrigation water to apply at each period depended on the initial

or starting conditions. Since one of the purposes of building the
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model was to make it perform under stochastic or real world conditions,
the assumption of complete knowledge was relaxed to consider the case
where the climatic enviromment was unknown. As in the deterministic
case, the optimal amounts of irrigation water, by period. It was also
observed, that with the open-loop feedback control, the results ob-
tained for yields did not differ substantially from those obtained in
the perfect knowledge case. The discrepancies among the two cases
were primarily in the optimal amount of water applied and therefore

in net returns. 1In the stochastic case, the use of irrigation water
had a mean value approximately 25 percent more than in the case of
perfect knowledge.

The effect of a fuel or irrigation curtailment was estimated for
alternative time spans. When curtailments had a length of 10 days,
there were no perceptible changes in the amount of net returns or
yields, as compared to the no-curtailment case. The implication drawn
was that by having frequent irrigation periods and applying optimal
amounts of water, the adverse effects of 10-day curtailment periods
were buffered.

The cases of twenty and thirty-day periods were found to have
highly negative effects on the outcomes, especially net revenues,
which decreased about 50 percent (from $99 to $50) in the curtail-
ment case of 40 - 70 days after plant emergence compared to the no-
curtaiiment value. The effects were not only on a decreased amount
of returns perceived but also on an increased spectrum of relative
fluctuation (from 18 percent to 68 percent for the same situations

mentioned above).

It was also found that for the same time-span type of cur-



tailments the effects were conditioned to the period in which they
occurred. However, the 20 or 30 day curtailment period might be
applicable to much shorter actual fuel curtailment periods. Pro-
ducers lose not only the time of fuel curtailments, but also, they
must cover many acres with a limited number of wells. As a result,
a 10-day fuel curtailment could easily result in a 20 to 30 day de-
layed irrigatiomn.

To summarize, improved irrigation distribution technology could
result in increased yields and less irrigation water by simply having

very close control on timing and quantity of water applied.
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CHAPTER I

INTRODUCTION

Since 1939 the development of irrigation has expanded the
agricultural output of several regions in Texas. This expansion
has been reflected im the increased volume of production in estab-
lished farming areas as well as in the incorporation of regions
not previously under cultivation. At the present time, from the
different agricultural reglons of Texas, more than 60 percent of
the cash value of crops is generated on irrigated land (Knutson,
et al.).

The High Plains constitutes the largest irrigated area of the
state, Much of the economic growth in this region is asscciated
with the introduction and development of irrigation on crops such
as cotton, wheat and grain sorghum. The latter is the principal
irrigated crop grown in the High Plains, constituting about 2
million acres or 36 percent of the total irrigated acreage (Ship-
ley and Regier).

Besides the increase in production, irrigation on the High
Plains has generated an increased demand for fertilizer, labor,
chemicals for insect and weed control, steel, petroleum products

and agricultural market facilities (Lacewell, Jones and Osborn).

A The basis of this report is a dissertation by Dr. Luis
Zavaleta. The research spanned 1976-78 and was conducted through
the Texas Water Resources Institute by the Department of Agricul-
tural Economics.



this interdependence indicates irrigation has a significant impact
not only on the regional but also on the state economy.

The development of irrigation on the High Plains, however,
has brought with it the threat of the economic depletion of the
Ogallala aquifer. This aquifer constitutes the source for the
irrigation water used in the region. The foreseen economic drain-
age is due to the physical characteristics of the underground
source. The High Plains is essentially a plateau, hydrologically
isolated by erosion from external sources of underground water
recharge. Consequently, moisture precipitated on the land sur-
face, for all practical purposes, is the only source of recharge
(Harman). Annual precipitation for the region is approximately
18 inches with maximum precipitation usually occurring during May,
June and July (U.S. Dept. of Commerce). The average recharge rate
oscillates between 280 and 933 thousand acre feet per vear (Lace-
well and Pearce) while annual withdrawals are estimated to be
between 3 and 5 million acre feet in the Northern and Southern
High Plains, respectively (Hughes and Harman; Mapp et al.).

Since natural recharge constitutes only a small percentage of the
use rate, a significant net withdrawal of water from the under-
ground basin is ocecurring. The average decline in the static
water level varied between a minimum of 0.02 feet to a maximum of
1.96 feet for the 1977-1978 season, depending upon the specific
area. These declines amount to an average drop of 19 feet in the

water table for the 10 year period between 1969-1978 (High Plains



Water Conservation District)}. Although physical exhaustion of the
stocks of groundwater is not foreseeable, water table levels may
become depleted to such an extent that the economics of continuous
irrigation is not feasible. This.has important implications for
the economy of the region which is primarily supported by the
agricultural sector,

Two important factors causing increasing costs of production
in this region are the declining water table and increasing energy
costs. The declining water table emphasizes the need for more
effective irrigation strategies.

Considering the energy issue, prior to 1973 a virtually un-
restricted amount of natural gas was available at relatively low
prices. Albeit the price for intrastate gas in Texas has risen
rapidly in the last five years, supply has remained in adequate
amounts and curtailments of fuel have not been a problem. Recent
energy policy, however, may affect fuel supplies in Texas since
federal authorities may reallocate natural gas for emergency use
to other regions; therefore, the possibility and impact of cur-
tailments must be recognized.

Farming under conditions of low and unstable rainfall is
characterized by a large degree of risk and uncertainty. The
magnitude of such risk and uncertainty is increased if, as a re-
sult of extermal causes, an energy shortage is also considered.
With rainfall variability in timing and quantity and uncertainty
associated with fuel curtailment, farmers react differently than

where a complete knowledge of the environment exists., This re-



sults in altered production practices that depart from the optimal
deterministic input~output combinations.

Because of (1) the high percentage of grain sorghum in the
total irrigated acreage of the region, (2) the inefficiencies in
applying sufficient quantities of water at the right times in
each season--involving, in the past, a decision-making method
based on a trial and error process——and (3) the limited quantity
of groundwater available for irrigation, there is a large incen-
tive to develop better irrigation strategies for grain sorghum,
Therefore, there is a serious need to (1) estimate optimum irri-
gation strategies (timing and quantity) given alternative crop
and fuel prices and subject to variability and risk associated
with rainfall and (2) project expected effects of stochastic ir-

rigation curtailments,

Objectives
The overall objective of this study is to estimate optimal
or profit maximizing strategies of resource application—-partic-
ularly, irrigation water--for grain sorghum production in a
stochastic or real world environment. Specific objectives are
to:
1. Modify and extend a computer grain sorghum growth model
to estimate approximately optimal irrigation patterns
based on an economic decision criterion.

2. Apply the grain sorghum growth model to éstimate optimal



scheduling and application rates for irrigation on grain
sorghum with stochastic weather patterns and alternative
product and water price levels,

3. Estimate the expected impact of curtailments of irriga-
tion water in selected periods on crop yield and produc—

er's net returns.

Related Research and Literature

Sprinkler and gravity flow or furrow methods of irrigation
are both employed on the Texas High Plains depending on soil type,
slope and availability of irrigation water. Furrow irrigation
predominates in the hardlands, whereas sandylands tend to dictate
the use of sprimklers. The number of irrigations depends on the
rainfall distribution pattern and groundwater availability. Three
or four irrigations on grain sorghum are normally applied to meet
the water use requirements during the growing seascn, but they
may vary from only one preplant watering to as many as five or
six postplant waterings (Shipley and Regier). In areas with very
limited or no groundwater, grain sorghum is produced with no irri-
gation.

Jensen and Musick indicate that 22 to 24 inches of effective
water in the root zone are required for high yields of grain sor-
ghum in the Southern Great Plains area. They concluded that for
the High Plains, water requirements to assure high yields of grain
sorghum include typically the following: first irrigation about

3 to 5 weeks after planting; second irrigation at boot to flower-



ing stage; and third irrigation during grain development.

Swanson and Thaxton concluded that "stretching" the irriga-
tion supply over more acres may guarantee a crop; but unless
rainfall in conjunction with limited irrigation actually meets
the optimum water requirement of the crop, a reduced return per
acre-inch of water may result; i.e., less grain across the entire
farm from a specified quantity of water may result.

In an experiment conducted at the North Plains Research Field
Station, a study was conducted to test the extent to which periods
of moisture depletion and high variability of available moisture
affect the yield response of irrigated grain (Shipley, Regier
and Wehrly). The study was done on a Pullman silty clay loam soil
and used electrical resistance blocks to measure available soil
moisture. A predetermined quantity of irrigation water was applied
to each treatment when a specified level of soil moisture deple~
tion at the 12-inch depth had been reached. Data were analyzed by
regression techniques to obtain a generalized mathematical ex—
pression of the yield relationship. The relationship between soil
moisture depletion level and yield of grain sorghum indicates a
curvilinear, diminishing returns pattern. From the estimated egua-
tion, maximum yield is obtained when irrigations are scheduled at
approximately 35 percent soil moisture depletion at the one-foot
depth.

In summary, the results of water use studies emphasize the
need for coordinating irrigation with water requirements of the

plant during critical stages of development that affect grain pro-



duction. The yield response attributed to a specific irrigation
depends upon several factors, including (1) amount of soil moisture
available at time of irrigation or amount of rainfall immediately
following irrigation, (2) stage of plant development, where mois-—
ture requirements and the effects of moisture stress differ, and
(3) interaction effect from previous or subsequent irrigations, or
both, which reduce or eliminate moisture stress conditions.
Importance of irrigation in the region has been estimated in
several studies. For example, Casey, Jones and Lacewell estimated
the regional effects on output and producer net returns for varying
levels of fuel restriction by means of a profit maximizing linear
programming model and the use of parametric procedures. 1In all
cases an arbitrary shortage at a fixed fuel price was imposed. The
effect would be primarily a reduction in irrigated acres and pro-
ducer net returns. Due to this result, the importance and critical
role of fuel to irrigated agriculture in the Texas High Plains has
been emphasized. The authors alsc mention the different alterna-
tives that farmers follow according to when the shortages of nat-
ural gas happen; i.e., by first reducing irrigation on grain sorghum
before making adjustments in cotton production practices. A ser-
ious limitation of the Casey, Jones and Lacewell study is that the
producer knew, before planting, when and for how long the irriga-
tion water curtailment would last. Thus, the producer planned his
production based on this information. By using the grain sorghum
growth model this limitation will be eliminated and curtailments

will be in an unexpected and stochastic framework.



Lacewell indicated that short run adjustments due to price
increases in natural gas would not be significant. 1In a later
study, Condra and Lacewell concluded increases in the price of
natural gas above $2.00 in the long run will result in reductions
in irrigated acreage and crop output on the Texas High Plains.

Condra, Lacewell, Sprott and Adams used a linear programming
technique to allocate a given quantity of land, water and other
inputs so as to maximize net returns to the preducer in a subre-
gion of the Texas High Plains. A short run demand for irrigation
water was found to exceed the long run demand at all prices of
water above the $11.08 per acre~foot. Natural gas price increases
had no effect on irrigated acreage levels, water usage, or cropping
patterns under conditions of average crop prices until the price
of natural gas reached $2.15 per thousand cubic feet. At that
price, derived demand for irrigation water was severely reduced.
They concluded in the short run, effects of natural gas price in-
creases will be reflected only in reduced net returns, but an
abrupt shift to reduced irrigated acreages and water usage will
occur as producers adjust to long run conditioms.

In most of these studies, static growing conditions and deter-
ministic enviromments were assumed. In addition, energy shortages
were considered to be known at the beginning of the growing season.
These assumptions constitute a severe limitation to the studies and
the conclusions drawn from them.

Alternative approaches for considering production processes in



stochastic environments have been addressed in the economic litera—
ture. The concept and treatment of risk and uncertainty, however,
have varied throughout the years. Classical authors like Smith,
Say, von Thiinen, Mill and Marshall dealt with them - without a
clear distinction - as being an explanation for the size of profits
in different industries, the choice of occupations, and as a reward
to entrepreneurial activities, It was not until 1921 with Knight's
seminal work that the distinction among these two concepts was
established.

It is occasionally found in the literature related to sto-
chastic envirenments the terms risk and uncertainty are sometimes
used synonymously (Magnuson; Sandmo). In this study, however, the
approach followed by Knight, Malinvaud and Nemhauser among others,
will be adopted - the distinction among the two concepts is based
on the existing knowledge about the probability of occurrence of
the events., At the lowest level of knowledge, when there is a com~
plete ignorance about the probability distribution, the case is
defined as one of decision making under uncertainty. At the other
extreme, in the presence of complete knowledge about the probabil-
ity distribution, the case is considered as one where the decision
making process is under the influence of risk, sometimes known as
probabilistic, stochastic or risky decision making (Nemhauser).

It should be realized that in the whole spectrum from certainty to
uncertainty the assumption kept is that, functionally, there is a

single decision maker and the amount of risk decreases as the pro-
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duction process evolves,

As mentioned above, different methodologies have been sugges-—
ted to deal with production processes affected by stochastic ele-
ments. Game theory approaches have been used as a way to face
problems where uncertainty exists in competitive situations. Much
of the research on this subject has involved two-person zero-sum
games, The primary objective is to develop a rational criteria for
selecting a strategy under the assumption that both players are
rational and each will try to do as well as possible, relative to
his opponent (cf. Hillier and Lieberman, ch. 7; Agrawal and Heady,
ch. 6). Decision theory, in contrast, assumes the decision maker
plays against a passive opponent, nature, for which its strategies
are given in a random fashion. 1In these contexts, several criteria
or methods have been developed. Wald's Maximin criterion involves
the selection of the maximum of the minimum outcomes which might
be realized by the decision maker. Laplace's criterion is based on
the principle of insufficient reason. The argument for its use
being the decision maker should consider the outcomes from the
various strategies of nature or the opposing player to be equally
likely to occur.

While Wald's criteria may be suitable for the case of a maxi-
munm gecurity level decision maker, it is not best suited for games
with nature since it assigns a probability of one to the worst
outcome for a given strategy. In the latter cases, Laplace's cri-

terion is better qualified than Wald's but has the disadvantage of
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choosing the strategy with highest expected value disregarding its
variance.

Alternative criteria have been proposed by Hurwicz and Savage.
Hurwicz' index of optimism-pessimism overcomes the limitations of
the previous two models. It amounts to maximizing the weighted
average of the highest and lowest payoffs associated with each of
the strategies. In contrast to the Wald and Laplace approach, ex-
treme values are not neglected in the first case and supposes the
decision maker may study a bit, assess available information and
make some judgements about the other player's--or nature's--strate-
gies that is more likely, objective or subjectively, to occur than
others. Savage proposed to minimize the amount of disappointment
or regret caused by large losses or large foregone gains. This
criterion, though in many cases gives more sensible results than
Wald's criterion, is subject to questioning in its assumption of
minimizing the economic agent's regret.

In connection with sequential decisions, the developments in
the area of statistical decision theory have been most influential.
The so-called minimax decision rule is "a principle for laying dowm
a decision rule which minimizes the 'suprema' or 'least upper
bounds' of a risk function, which is defined as the expected value
of loss (plus the cost of experiment or survey), where the loss is
associated with the choice of a decision under a given distribution

function of the random variables.": Though utility theory was cre-

Magnusson, p. 40, Also, a fine discussion and geometric
interpretation of decision making theory can be found in Halter and
Dean.
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ated as a pillar for game theory, the former can stand apart and
has applicability in other context (Luce and Raifa, ch. 2). 1In

the applicability of utility theory, however, the essential aspect
if to fit the elicited utility points satisfactorily over the rele-
vant range of gains and losses. TFor this task, a variety of dif-
ferent functional forms may be utilized; i.e., polynomial, loga-
rithmic or exponential.

In cases where utility depends on a single attribute, the
utility function may be specified as an expected value in terms of
(1) the n moments of the probability distribution of the stochastic
variable, the first four being: mean, variance, skewness and Kur-
tosis and (2) the first n derivatives of the utility function.

This approximation is better for distributions with relative small
variances and improves with the number of "information" or terms
included. The number of terms necessary to retain depends on the
type of problem at hand, and the closeness of the outcomes {Ander-
son, Dillon and Hardaker). The utility function type of approach

is the most used technique of analysis of the theory of the firm

in stochastic environments. Specifically, utility functions defined
by their first and second moments are the ones commonly used to

. 2
account for risk.

Markowitz cites six measures of risk:
(1) the standard deviation

{2) the semi-variance

(3) the expected value of loss

(4) the expected absolute deviation

(5) the probability of loss

(6) the maximum loss (In Magnusson, pP. 26).
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Albeit the long recognition of the existence of risk, the
major contributions to the theory of economic behavior with un~
known conditions had not been made until recent years. Magnusson's
(1969) pioneer work extended the neo-classical production theory
to account for risk. Sandmo (1971) analyzed a competitive firm
under price uncertainty and risk aversion. On one hand, the firm's
attitude toward risk was assumed to be represented by a von Neuman-
Morgenstern utility function. On the other hand, the existence of
price uncertainty led to the questions of (1) how does the optimal
output compare to the optimal solution under certainty, and (2)
what is the marginal effect of a mean preserving spread in risk.3

The concluding answer, inter alia, was a reduction in the
level of output but could not be proved categorically. In a more
general framework of analysis, Leland analyzed the case of a firm
facing uncertain demand. Sandmo's results feature, as a particular
case, in the spectrum considered in the aforementioned study. The
recent papers by Batra, Ullah and Coes--in 1974 and 1977, respec-
tively--dealt with the subject of behavior of the firm under risk.
Although there may be differences in the ways in which risk is
introduced in the analysis; with no exception the studies reviewed
considered as a common tool the expected utility approach. The

use of it dwells on the analytical appeal to simplify an otherwise

Briefly stated a mean preserving spread in risk is a stretch-
ing of the conditional probability distribution around a constant
mean; cf. Rothschild & Stiglitz.
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complicated and unexplicit set of preferences. However, a serious
handicap emanates when, rather than the analytical, the empirical
field is considered: wutility functions for most cases are not
available, and if so, there is no reason to believe the same param-—
eters will apply to different agents, or that at least, the same
family of equations will hold.

In view of these considerations and after revising methods of
optimization in a2 stochastic or risky environment, this study fo-
cused on the maximization of expected net revenues received by the
producer within the framework of optimal control thecry. This
approach and its application in developing optimum irrigation strat-
egies for grain sorghum is discussed in the following chapter.

With the methodology developed, the debate turns to the description
and prbcedure followed to develop optimum irrigation strategies and
to estimate the impact of stochastic fuel curtailments. A discus—

sion of the results is presented in Chapter IV which is followed

by a summary and conclusions section.
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CHAPTER II

THE FIRM UNDER A DYNAMIC AND STOCHASTIC ENVIRONMENT

The static economic problem can be described as the allocation
of scarce resources among competing ends at a given point in time.
In mathematical terms, the problem is that of choosing values for
certain variables, called instruments, so as to maximize a given
objective function. The dynamic or intertemporal economic problem
is the allocation of scarce resources among competing ends over a
period of time from "initial time to terminal time" (Aoki; Intril-
igator).

The latter problem is one of choosing time paths for a set of
"control variables" so as to maximize a given measure of perfor-
mance, Each time path selected for the control variable implies
a time path or sequence of movements of the system, from one stage
to another, throughout the entire horizon. The system's descrip-
tion or value, at each point in time, is given by a set of variables
known as state variables. The laws governing the rate of change of
these variables are described by a set of differential equations
called the equations of motion.

Mathematically stated, the dynamic economic problem is that of
choosing a time path for the control variable that will maximize

the value of a given objective functicmal.4 This value depends on

Intriligator refers to a functional as a real-valued function
defined on a set of functions, that is, the domain is a set of func—
tions.
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the time path of the control and state variables. The presentation
of the dynamic economic problem in this form, is referred in the
literature as a control problem (Intriligator, p. 292).

In this chapter, because optimal allocation of irrigation water
in the production process is a problem of the dynamic economic type,
it will be presented in the context of control theory. Of special
interest is the part of control theory denoted as adaptive stochas-
tic control, It recognizes that as the system progresses through
time, more information is available which can be used to modify or
reestimate the influence of alternative control variable settings
on various performance measures. The formulation of a strategy in
the use of the decision variable, irrigation water, at the begin-
ning of the growing season is based on the expectations held by the
decision maker on relevant variables such as rain and temperature.
As the season evolves, he is not committed to keep his initially
formulated plan, but rather, it can be altered. In this case, a
revision and reformulation procedure takes place in which the newly
observed data are taken into account to reevaluate the effective—
ness of the control variable. As a result, a new strategy is for-
mulated for the remaining production periods.

The discussion is initiated with a presentation of the theory
of production and statement of some of the reasons for the applica-
bility of optimal control theory. Initially, there is a descrip-
tion of the case where known conditions exist which is then expand-

ed to consider the decision procedure where stochastic elements are
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present. The last section of this chapter will consider the numer-

ical technique to be used for solving the control program.

On the Theory of Production
Production rarely takes place in an instantaneous fashion. In
most cases a series of stages must occur in time before the produc-
tion process is terminated. As a result, a T~stage system with one
product and one resource defines the present value of profits to

be given by:

* =T T=1 ~t
I =pqg§ - "L rtXtE

subject to

F(q,Xl, eees XT—l) =0

gt(Xl, enny xT—l) f_bt

or.:
T-1
* =T -t
(l) I = pq E - tEO rtXt E - J\[F(qsxl!""x'['_l)]

- v[g, (0 - b_]

where p, r, q and X are the price and quantity of output and re-
source used, E—t is the discounting factor, and the terms At
[F(q,Xl,...,XT_l)] and Y[gt(X) - bt] are the constraints imposed
on profits by the production function and by the limited wvalues

that the input can have at each period. The profit maximizing
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conditions for this system are defined by:
% -
(2) o' /3X_ = pdq/dx,E t . AF/3X_ - Ydg/3X_ = 0 t=1,2,...,T

*
(3) 3T /3x

F(q,Xl,...,XT_l) =0

(4a)  om /3A

B (Xpr-enXp ) - b <0
%

(4B) and Y-31 /3Y = 0

From (2) it follows that,

p(3a/X e - £ £ " MAF/BX) + Y(3g/X,)

t = t# T
A(BF/AX ) + Y (3g/9% )

=T -t
p(BQ/aXT)E -r.t

to preserve equilibrium, the ratio of marginal additions to profits
in any two periods should equate the ratio of the imputed costs re-
quired to relax the constraints imposed. Equations (3) and (4) are
a restatement of the restrictions imposed derived from applying the
Kuhn-Tucker theorem.

These conditions will lead to the maximization of net returns
under some restrictive assumptions. Considerations such that (1)
the non-existence of random elements; i.e., those recognized as
additive disturbances in econometric models, (2) perfect knowledge
on the value of the parameters, (3) the non-existence of measurement
errors as well as (4) certainty about the scenario and existence
and availability of resources in the future are assumptions that
make this model unfitted in its application as a framework of ref—

erence for decisions to be made. Producers, and specifically, ag-
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ricultural producers are typically faced with situations where these
premises do not hold. 1In those cases, recognition and consideration
of the "actual decision process” to allocate resources is necessary
for economically sound system analysis and model building. Such

recognition and consideration is provided by optimal control theory.

Optimal Control Theory
The problem of optimal allocation of irrigation water in the
production process can be represented by the following set of equa-

tions:
) I, B, 0 = I, U, )+ R

J is assumed to be a convex functional made up of the summation of
the discounted net returns from the T-stage system operating under

a deterministic environment: the intermediate function I(...) rep-
resents the discounted values for each period up to T-1 and F(-) is
the ending value or terminal state function. The vector of the
stéte variables X represents the values obtained by the system at
each period t, therefore, it includes measures of output as well as
input units. The control variables at each instant t are completely
described by the values of the vector U.

The maximization of the objective functional (5) is subject to

(6) Xt+l = ft(xt, Ut, t) and

(N g(Xt, Ut) _<_bt
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where the planting date (to), the state of the system at tO(XO),
and the date at which the physiological maturity of the plant is
reached (T) are characteristics determined within the system.

Equation (6) represents the dynamic behavior of the system
indicating that the change in the level of the state variables at
any instant is a function of its present state, the decision taken,
and the time period. Together, the equation of motion, equation 6,
and the intermediate function, I(Xt, Ut’ t), reflect the problem of
making decisions in a dynamic context (Dorfman) and imply that the
decisions do, in fact, influence the level of production and returns
in each time period.

The solution to the defined system can be approached by the
optimality principle (Bellman) based on a first order difference
equation. Though this method offers a solution technique, it pro-
vides no analytical solution for all but the simplest cases.

Other methods such as the Newton-Raphson, quazi Newton-Raphson,
Golden Section, False Position and other gradient techniques bear
the same kind of limitation faced by Bellman's principle in that
analytical solutions cannot be obtained.

A third type of approach is obtained by the use of the maximum
principle. This approach, though initially developed by Pontryagin
for the case of continuous-time type of problems, has been expanded
by Holmes, among other authors, to include the discrete-time case.
This method overcomes the limitation faced by the previously men-

tioned approaches providing an analytical solution. Since the con-
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cern at the moment is one of interpretation and not of numerical
answer, Pontryagin's principle is developed in the following lines.
The maximum principle can be derived by intreducing a set of
costate variables to the system defined by equations (5) through
(7). The resulting Lagrangian expression is
T

8) L= &
t=0

1

{Ht(xt’Ut’At’t) - Atxt+l + Yt(qt(xt’Ut)—bt)]

+ (%)

H(...) being the Hamiltonian function defined as the sum of the
intermediate function of the objective functional plus the inner
product of the costate variables and the function defining the

rate of change of the state variables,
H (XU A ,t) = I(X.,U.,t) + A (X LU, E)

Because the Hamiltonian in period t is the total net revenue ac-
cruing to the economic agent in period t, made up of both the net

revenue It(Xt,Ut,t) and future net revenues ltft(xt,U ,£) by means

t
of the structural interconnections represented by the equation of
motion it follows, as shown below, that the constrained maximiza—
tion of total net revenues implies the maximization of H in each

period. Thus, employing the Kuhn-Tucker theorem, the first order

necessary conditions for the maximum of the Lagrangian expression

(8) are:

= - = =1, ..., T-1
(9)  BL/OX, = 8H /OX - =0 t=1
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(10) SL/BUt BHt/BUt - Ytagt(Xt,Ut)/aUt =0 t=1, ..., T-1

(11) BL/BAt BHtIBAt - X = 0 t=1, ..., T-1

t+1

(12a) BL/BAt gt(Xt’Ut) - bt <0 t=1, ..., T~1

(12b) Yy, ot BL/ayt =0,y >0

t t

The firm cannot maximize L with respect to X, as indicated in ex-
pression (9), since this is not a control variable. However, this
equation states the conditions that the firm should follow with
respect to the time path.of U and A to make the value of total net
returns, J, as great as possible at every stage.
The costate variables )} in dynamic processes are the equivalent

of the Lagrange multipliers in the static problem of maximization
subject to constraints, and their interpretation (Benavie) can be

obtained by considering the equation of motion as being

Xopp = B (XUt +a

where a, represents exogenous variables, variations in which will
affect Xt+l as well as all the state variables from t+2? to T via
the f(...). Also, from the Lagrange-Kuhn~Tucker theory, we know

that
A = aL/s 33" /3
g - 9L/ea = 8¢

the asterisk indicating the derivatives are computed at the optimum.

*
Therefore, the costate variable At may be interpreted as the rate at
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which the optimal value of the objective functional changes with
respect to Xt+1 which in turn has changed due to an autonomous

*
change in a - Economically speaking, At is the marginal net rev-

enue or the shadow price of (X ceay Xt) at the optimum; i.e.,

t+1’
the shadow price of all future optimal states of the system. In

the same context,
3L/3b_ = 83 /3b, = v
t e - Tt

implying that, at the optimum Y: is the value to the economic agent
of a marginal relaxation on the constraints to the control variable,
that is, how much net returns would be augmented by loosening up
the limitations on irrigation water that can be applied at each
period.

Finally, equation (10) defines the use of the control variable.
The input use should be expanded until the contribution to present
and future net returns are exactly offset by its opportunity cost;
i.e., irrigation water at each period should be applied until the
change in profits is exactly equal to the cost of its application.

Also, for any two periods in time:

BHt/BUt ) Yt(agt(xt,ut)/aut)

aHT/aUT YT(SgT (XT,UT)/BUT)

the ratio of marginal net returns in any two periods should be
equal to the ratio of the imputed marginal cost for the same per-
iods.

The fulfillment of these conditions leads to the optimal allo-
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cation of resources through time under deterministic conditions.
However, when the equation of motion is modeled for the stochastic

case as

X = E XUV

to include a vector of random variables (Vt), an analog of the max-
imum principle does not usually lead to optimal policies since the
multi-stage decision taken under non-deterministic environments are
prevented from having the exactly desired effects on the production
process. As shown by Holmes, the policy obtained from the maximum
principle (an open-loop control rule) is not optimal because it does
not make use of the information resulting from the multi-stage
decision process.

In those cases where uncertainties can be adequately modeled on
stochastic processes, the problem of decision making can be

approached by using adaptive stochastic control theory.

Adaptive Stochastic Control

Similar to the deterministic case, the problem of optimal al-
location of irrigation water in a production process when stochastic
conditions exist can be modeled as a control problem, specifically,
as an adaptive stochastic control problem.

In this context, the objective function is represented by the

maximization of expected net returns given by

(13) J = E[R(XT,UT“l, T) ]
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and the state of the system at time t is presumed to evolve accord-

ing to

(14) Xt+l = f(Xt’Ut’vt’t) t=0,1, ..., T-1

with Xt and Ut being the vectors of the state and control variables
at time t and Vt being the process noise. In equation (13), R is
a real valued function and the expectation is taken over all the
underlying random variables.

In this case, the choice of the controls, which is a multi-
stage decision process, constitutes the stochastic control problem
and the ways of choosing them determines the class of control pol-

icies to be applied.

Alternative Control Policies

The various classes of stochastic control policies are defined
according to the information on past and anticipated future obser-
vations available to the controller. This knowledge about the
probabilities of future observations allows the controller to sta-
tistically anticipate the information to be obtained from subsequent
observations and to be used in deciding the most desirable present
action.

According to the amount of information used, four classes of
stochastic control policies--as defined by Bar-Shalom and Tse--can

be distinguished:
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Open-loop (OL) policy. In this case the controller does
not use any real-time information, therefore, the control
is defined

() = v%¢¢, 5% £t =0,1, ..., T-1

s° indicates that no measurement knowledge is available for
the controller. No information on past as well as future
values of the decision variables is included in the deter-
mination of this control.

Open-loop feedback (F) policy. The inclusion of the his—
tory of the decision and state variables constitutes the
added feature--with respect to OL. The controller consid-
ers all past knowledge but anticipated future information

does not influence current decisions
F -
v ey = uFe,yt, oL, M-, sy, £=0,1, ..., T-1

with Yt being the set of observations up to time t after
the sequence Ut_l has been applied; Mt the knowledge about
the measurement system between time 0 and time t, called
the observation program; and st is the joint density dis-
tribution of the random variables.

The m-measurement Feedback (mF) policy. Similarly to the
previous policy, it incorporates the currently available
information and in addition the subsequent anticipated m-
measurements with their statistics available to the con-

troller
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F t . t-1 t t
™ () = U LlE YU N ™t 20,1, ..., a1

4. Closed loop (CL) policy. 1In this type of policy the cur-
rent information as well as all future expected information
is taken into account. In the present policy, the control

rule will have the form

MT-l,ST--l

UCL(t) = UCL[t,Yt,Ut"l; l, t=0,1, ..., T-1

It should be noted that F, mF and CL have the same information
about the past, and the only difference among them resides in the
anticipation of future knowledge. Of these four policies, the opti-
mal stochastic control belongs, in general, to the closed loop
class (Bar-Shalom and Tse; Intriligator; Rauser). The optimal sto-
chastic control is obtained by using Bellman's principle of optimal-
ity. Since the policy has to be optimal for each remaining period,
the last control is obtained by maximizing the expected net revenue

-2 _T-2

conditioned on the information state [Y , U ] available at time

T-1, and independent of past decision

T-1 YT--l_UT—Z

max E[j(T,XT,U )| , ]

U(T-1)
Proceeding backwards in time, the control policy can be ex-

pressed as:

1 T-1 . T-2 T—ZUT~3

T°0(1) = Max E[...maxE[J(T,xT,UT' YY ,u 1Y 1...1

where the nested terms show the property of the closed loop control

that it anticipates subsequent feedback (Bar-Shalom and Tse, pp.
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118-9).

The inherent analytical difficulties in deriving the closed
loop control rule, though, suggest other policy classes should be
used as an approximation. The analytical hardships can be reduced
by decreasing the amount of information available to the decision
maker. Other types of stochastic controls are possible, and one
frequently used has been the so-called certainty equivalent (CE)
controller which--heuristically~~assumes the classical certainty
equivalent theorem holds: the optimal decision in a risky situation
is the same as in some asscociated riskless situation (Malinvaud,
p. 706). Simon and Theil considered a linear, quadratic, Gaussian
control problem and suggest it be solved by replacing all random
variables by their expected values. It was shown by Theil that
under these conditions, the first-period action of the strategy
which maximizes the objective function is identical with that of
the strategy which neglects the risk by using the expected values
of the stochastic elements. More precisely, when the assumptions
given above are met, and when the decision maker does not lose
information, the initial optimal values of the control variables

are the same as if stochastic elements were not present.

Control Policies: An Illustrative Approach
The form or choice of the optimal control, as seen above,
depends much on the assumptions made about the amount and nature of

the information which is available to the controller. TFrom the four
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classes of control described before, the open and closed loops are
of special interest since they represent the two extreme cases. To
point out their differences, a presentation given by Sorenson is
paraphrased here.

In figure 1, a simple three-stage deterministic control prob-
lem is shown. The objective is to move from point A to the line B
with the minimum sum of the values (costs) associated with each
branch of the network. For example, the decision of going Up-Down-
Up (U-D-U), has a cost of 10 + 0 + 1200 = 1210. The open-loop
policy will evaluate all eight possible paths and obtain the policy
D-U-D which generates the minimum cost (0 + O + 0). The closed-
loop control is obtained by choosing, at each node or state, the
optimal path to be followed from that state to the end, regardless
of the previous decisions made. This policy is calculated most
efficiently by proceeding from line B to the point A. First, the
cost involved in going from all nodes in stage C to the final line
is calculated. Once these values are obtained, the cost of advanc-
ing from each node in stage D to the final line is also estimated.
Finally, the optimal decision is made by choosing the minimum cost
from the sum of (1) the branches departing from A, to each node in
stage D, and (2) the cost of the optimal path to follow from this
stage. Thus estimated, the optimal closed-loop policy 1s seen to
be the same as the one generated by the open-loop control, 1.e.,
D-~U-D.

Under the probabilistic case, it is assumed the outcome of a
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A,

B. Closed-loop Deterministic Control

c.

Closed-loop Stochastic Coutrosl

Figure 1. An Illustration of Alternative Control Policies.
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decision at each state is a random event. Consider the case where,
after the decision D is made, the probability it will occur is 3/4
and the probability that it will not happen is 1/4. Likewise, when
the decision U is made, there is a 75 percent chance that it will
materialize and a 25 percent chance that D will occur.

Under these conditions, the open-loop policy is evaluated for
all eight possible outcomes. The expected costs of the decision

U-U-U is obtained by:

E[U-U-U] = (27/64)10 + 9/64(1200 + 1210 + 10) + 3/64(12 + 0 + 10)

+ (1/64)12 = 346

In this evaluation, the other possible sequences lead to the
choosing of U-U-D as the one yielding the minimum cost (120). The

stochastic closed-loop policy is computed similarly to the method

‘followed in the deterministic case. At each state on stage C, the

costs to arrive at the line B is estimated so that after arriving
at each node the optimal decision to be made will be known, e.g.,
the optimal decision to be made at X is either U or D, if at point
Y is D and if at Z' is either U or D. The same procedure is re-
peated for the states V and W. If at V, the decision would be U
(a cost of 75) and if the decision is to be made at W, it would be
D (minimum cost is 84). Finally, at A the decision that minimizes
the expected total cost is D resulting in a cost of 84.25. The
comparatively lower expected cost obtained with the closed-loop

control results because the decision made at each state is based on
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the knowledge that you are located at the node (Sorenson, p. 11).

The feedback policy is considered to be an intermediate be-
tween the open-loop and the closed-loop policies. The reason for
this consideration is that the open-loop policy is used to make the
initial decision at A. The result of this decision is observed and
the open-loop control is reestimated for this state and the initial
decision is taken. The result obtained from the open-loop feedback
policy is different from the one obtained by the open-loop or
closed-loop policy. This decision strategy is similar to the
closed-loop everywhere except for the first decision. Though this
policy seems to be superior to the open-loop, it is inferior to the
closed-loop since at the initial point it does not consider the
knowledge that future measurements are to be made.

The intrinsic hardships and extensive information requirements
involved in the modeling of the closed-loop control make it unfitted
for use in this study. A viable alternative left is the use of the
open—feedback control that generates approximately optimal values

for the control variable.

Numerical Optimization Algorithms
A final step towards the solution of control problems is iter-
ative numerical technique based on iterative algorithms. With
regard to iterative procedures there are two critical issues: (1)
whether or not a given algorithm in some sence vields, at least in

the 1imit, a solution to the original problem; and (2) how fast the
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algorithm converges to the solution.

If for any arbitrary starting points, the algorithm generates
a sequence of points that will always converge to a solution, then
it is said that it has the property of being globally convergent.
However, this is not the case for all algorithms though it is pos-
sible to modify them as to assure global convergence.

Addressing the second question, the speed of convergence cannot
be cast in the form of a single theorem as could be possible in the
case of global convergence (Nemhauser). There are, however, some
basic ways to predict with confidence the relative effectiveness of
a wide class of algorithms for which the definition of the order of
convergence 1s required.

In a sequence of real numbers {Tk} §=0 convergent to the limit
r*, the order of convergency is defined as the supremum of the non-

negative numbers p satisfying

Within this context two major approaches can be distinguished:

(1) Step-wise convergence. In this case, the bounds on the
progress made are defined by going a single step: from
K to X+1.

*
If the sequence {rk} converges to r such that

5Luenberger, p. 127.
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koo = B <1, the convergence is de-

fined to be linear with convergence ratio B {sometimes
referred to as geometric convergence). The lower the
ratio among two competing algorithms with linear conver-
gence, the faster the rate. The case where B=0 is common-
ly referred as superlinear convergence.

(2) Average Rates. This approach is defined in relation to
the average progress per step over a large number of
steps: the average order of convergence is the infimum

of the numbers p > 1 such:

%* 1/pk

lim Irk -r =1

koo

Iterative Solution Techniques

The practical importance of iterative numerical solution tech-
niques should by no means be overlooked. They often offer the simplest,
most direct alternatives for obtaining solutions. Maybe their
greatest achievement relies in establishing trade-off points be-
tween the difficulty of implementation and the speed of convergence.
Though there exist many algorithms to obtain optimum points and
many more may be envisioned, there is a fundamental underlying
structure for almost all of them: beginning at an initial point
determines, according to a fixed rule, the direction of movement

and proceeds to locate, in the predetermined direction, a (relative)

k..
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optimum of the objective function on that line. Once located at
the new point, a new direction is determined, and the procedure

is repeated. The line search allows the finding of the optimal
point for those nonlinear functions that cannot be analytically
optimized. An extended number of approaches to this important
phase of optimization can be cited: Fibonacci, the Golden Section,
Newton and quasi-Newton methods, False Position, cubic and quad-
ratic fit, steepest ascent, coordinate ascent methods, conjugate
direction methods, etc., in which the sophistication of implemen-
tation varies directly to the speed of convergence. The selection
of the method depends on the particularities of each problem anal-
vzed. In the specific case of the problem faced in this study,
professional judgment and ciphering facilities lead to the use of

the theory involved in quasi-Newton methods.

Quasi-Newton Methods

These methods can be pictured to reside in an intermediate
place between the steepest ascent and Newton's method. The common
background in quasi-Newton methods underlies the fact that the

. .6 . . .
evaluation and inversion of the Hessian matrix that is required

6The Hessian of a function f at x is defined tc be the nxn ma-
trix denoted

(526 () ]
sz(x) or F(X) such F(X) = L0 ZARI] Also, since
3x13x
Bzf = Bzf
Bxiaxj ijaxi

it is implied that the Hessian is symmetric.
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for steepest ascent methods is impractical or costly to obtain;
hence, it is replaced by an approximation. The type or form of the
approximation varies according to the method used. The spectrum
covers the simplest cases where the type of approximation remains
fixed, to the more sophisticated cases where improved approxima-
tions are built up in the light of new information gathered during
the optimizing process. Ideally, the approximation will converge
to the inverse of the Hessian at the solution point.

The scheme developed by Fletcher and Powell has the property
of simultaneously generating the directions by selecting the suc-—
cessive direction vectors as a conjugate version of the successive
gradients obtained as the method progresses—-while constructing
the inverse Hessian. At each step the inverse Hessian 1is updated
by the sum of two symmetric matrices of rank one. For the general
case of nonquadratic objective function, the method requires only
that the gradient be obtainable, and the directions generated are
thus always guaranteed to be the directions of optimum. A third
attractive feature of this method is the convergence to the inverse
Hessian to the solution in a super-linear fashion.

Albeit the outstanding analytical characteristics of this
method, in its pure form the convergence characteristics may not
be that appealing. It has not been possible to prove the global
convergence of the method, and sometimes it may converge to a loc-
ally optimal point. However, the advantages reflected by this

method seemed to outweigh the difficulties found.
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Summary

In the present chapter, the subject of allocating different
amounts of a resource in a dynamic environment was presented and
the conditions for an optimal solution were derived. Since the
stochastic maximum principle is not information optimal, the dif-
ferent classes of stochastic control policies were addressed as
alternative means to overcome the deficiency found. Because of
the complexity involved in the modeling and analytical solution of
the stochastic closed-loop policy, the stochastic open-loop feed-
back control was considered as an alternative. Albeit the lim-
itation of finding an analytical solution could not be overcome
for this control, the possibility of being modeled so as to obtain
a numerical solution leaves it as the best viable alternative.
To this extent, different concepts involved in numerical optimiza-
tion algorithms were briefly introduced and later expanded for the

Quasi-Newton methods case.
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CHAPTER III

MODEL DESCRIPTION AND PROCEDURE

The basis of this study is the computerized grain sorghum
growth model developed by Arkin, Vanderlip and Ritchie. The core
model is a system representation of the soil-plant-atmosphere con-
tinwum. In it, the modeling of physical and physiological process-
es of water use, light interception, appearance of leaves, etc.,
permits the calculation of the daily plant growth under field con-
ditions.

The objective of this study was to modify the plant growth
model to develop optimum irrigation strategies and estimate impact
of stochastic irrigation fuel curtailments. Since the model has an
adequate mathematical representation, optimal wvalues for the control
variable, irrigation water, can be estimated within the framework
of open-loop feedback policy and the use of numerical searching
techniques.

The use of this model to generate statistics describing the
mean and variance as well as irrigation water applied at each per-
iod, demands a large set of climatological data. Information re-
quirements for each variable, however, are not available for lengthy
periods of time. Therefore statistical parameters that would
generate consistent values are needed. The methodology required to

satisfy such demand has been developed by Rockwell and its appli-
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cation was incorporated into this model. Finally, the decision
process likely to be followed to optimally allocate irrigation
water was added to the simulation model by means of considering

output prices, expected yields and resource costs.

The Open-Loop Feedback Model

The grain sorghum plant growth model was modified to include
economic components and optimize timing and quantity of irrigation
water. In general terms, it can be described as consisting of
three major stages as shown by figure 2, First, there is input
data supplied by the user to initialize model use. Second, is the
dynamic grain sorghum growth section which includes physical rela-
tionships. Lastly is the feedback routine incorporated into the

physical relationships.

Initialization

The initialization step involves inputing data to the program
which is stored for use when repeated simulations are made. The
data supplied consist of morphological and planting characteristics,
climatic, soil water and soil physical properties necessary to in-
itialize the grain sorghum simulation model. The number of leaves
produced by the plant, the maximum area capable of being developed
by each leaf, the plant population, the row spacing, the planting
date, daily climatic information, the study area's latitude, and

the extractable soil water content on planting date as well as the
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extractable soil water capacity are characteristics required to

set the initial values for the sorghum growth model. Once these
values are set, information about the probabilities that define

the distribution of the different climatic variables is read and
stored. In this stage also, all economic information relevant to
the problem is introduced including prices of matural gas, grain
sorghum and the costs of all other resources used in the production
process. With this information, the program sets, internally, the
initial values for all the variables of the grain sorghum model.

By using the relevant information from this model, it also sets up
the dates in which planned irrigation would take place. After the
initialization period is completed, the control of the central pro-—

cessing unit is turned to the grain sorghum model.

Grain Sorghum Growth Model

A detailed description of the dynamic plant growth model was
developed by Arkin, Vanderlip and Ritchie. Therefore, this dis-
cussion is limited to a brief account of the major and relevant
highlights.

Throughout the model there are a series of efficiency functions
reflecting the effects of non~optimal conditions. An example is
net photosynthesis. Potential net photosynthesis (Po) is defined
as the net 802 fixed on a ground area basis for non-limiting water
and temperature conditions (Arkin, Vanderlip and Ritchie, p. 7).

When limiting factors exist, the potential value is reduced by some
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fraction that reflects the stress imposed on the plant due to the

presence of a non-optimum environment; i.e., extremely high or low
temperatures and/or lack of water availability. Whenever water or
temperature conditions are limiting, net photosynthesis is consid-

ered to be given by:
(15) P = (Po El 62) - N

P is the net photosynthetic rate of the crop, Po remains as defined

before, £, and 52 are efficiency parameters corresponding to tem—

1
perature and soil water and N is the value of the nighttime res-

piration losses. The parameters and 52 are dimensionless frac-

t1
tions whose values oscillate between 0 and 1. Expression (15)

was based on the assumption that limiting variables in the environ-
ment proportionately reduce the photosynthetic rate regardless of
the value of the other limiting variables. Each efficiency
parameter represents a particular environmental comstraint on the
photosynthetic rate.

The temperature efficiency parameter, gl, forces a complete
inactivity in photosynthesis for values below 5°C. and above 45°C.
An optimal range is considered to be between 25°C. and 40°C. Lim-
itations in soil moisture is reflected by the coefficient EZ.

Here, reductions in net photosynthesis are considered to be propor-
tionate to the reduction in plant evaporation resulting from a
limited supply of water. As reported by the study, plant evapora-

tion is not affected until a threshold of extractable soil water

is reached. When approximately 80 percent of the extractable soil
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water is depleted by evapotranspiration, the value of the soil
water parameter, 52, becomes less than one indicating net photo-
synthesis is affected. Thig relationship is speculative, and
net photosynthesis may be affected to a larger degree if it is
limited more by plant water status than it is by evapotranspir-
ation (Arkin, Vanderlip and Ritchie, p. 9).

By how much and/or how long should net photosynthesis be
affected due to a stress in the availability of seil water, if
it should be stressed at all, is a question that needs to he

answered in economic rather than physiological terms.

The Feedback Model

To optimize the amount of irrigation water needed, it was
necessary to separate the growing season into specific periods.
Particularly, eight periods were established including 20 days
from the day of the plant emergence and 10 days per period until
harvest.

The determination of how much irrigation water would be ap-
plied in each period of the growing season, was achieved by
aseembling a stochastic open-loop feedback policy into the grain
sorghum growth model and numerically searching for the optimal
expected values., At every planned irrigation date, the feedback
sub-model is used to provide the decision maker with an optimal
set of values for the control variable. The process to estimate

optimum irrigation schedules is started with the subroutine MAXIMA.
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Whenever an irrigation date is reached, the model calls this sub-
routine to estimate expected net returns, expected yields and the
optimal irrigation schedules that are required to generate these
values. By means of a pumerical searching technique, the irriga-
tion schedule producing the highest expected net revenue is selec-
ted among all other schedules. The chosen plan is then considered
to be followed by the decision maker and the first period decision
is ddopted.

The selection of the optimal strategy tc follow is based on
the expectations held by the producer about future climatic, econo-
mic and institutional conditions. If any of these expectations
are not realized, then a process of reevaluation is started on the
next predetermined date. Optimal values are, again, estimated and
the first period decision is adopted. The process is continued
in the same fashion until the last period evaluation is completed.
The procedure to measure whether the expectations formulated were
correct was by returning to the actual model and to use '"real in-
formation. If institutional changes occurred (i.e., natural gas
curtailments) or climatic expectations did not hold (i.e,, a
longer than expected drought period, the occurrence of precipita-
tion in different amount or timing than was anticipated or extreme
temperatures not foreseen) then, these shocks to the system, would
be reflected in expected values, different to those previously
calculated. Making use of this information, the proper values for

the control variable were reestimated to maximize the objective
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function subject to the new starting conditions obtained,

Expected Weather Pattern. At each period, the values for wea-

ther variables in the future are not known with certainty, however,
some expectations can be constructed. The generation of a possible
climatic pattern is obtained through the subroutine WEATHER. This
subroutine is called by MAXIMA and requires the maximum temperature
and rainfall that occurred the last day of the preceding period be
supplied as a starting point. With this basis, the subroutine
WEATHER will generate for every day until harvest, the climatic
values for rainfall, maximum and minimum temperature and solar radia-
tion,

The values assigned to each of the weather variables were
based on research by Rockwell. In the Rockwell study, several
procedures were used to develop a probability distribution of the
atmospheric variables. The concluding results from a research
state that the presence of rainfall could be considered as a bi-
nomial random variate and the amount by which it occurs can be
determined by an empirical distribution, modeled for each month.

The distribution obtained was assumed to satisfy
(16) X = (FX/b _ 4y 0

where a and b are the parameters estimated by the nonlinear re-

gression

(17) RANK = b Ln(a(X) + 1)
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RANKis the number of observations for each level of rainfall, X
is the amount of rainfall observed and n is the maximum value for
RANK.

The actual value to be assigned to the variable rainfall was
obtained by generating two uniform randomly distributed variates
in the interval 0 and 1 [U(0,1)]. The value of the first variate
was compared against the probability of raining that had already
been supplied by the user. If the value generated was smaller
(greater) than the value supplied, then it was considered rain
occurred (did not occur) that day. If the occurrence of rain
was determined, the amount in which it happened was estimated with
equation (16). Because the dependent variable RANK was scaled
down to the range 0,1 when divided by N, the value of F(X) in
equation (16) was allowed to be equated to the second uniform
variate generated. Thus, with all parameters known in equation
(16), the value of X (rainfall) could be estimated.

Tn the case of solar radiation, the final model was based on
a three way empirical frequency table conditioned by both precip-
itation and maximum temperature for the day. Two more uniform
variates were generated to assign a value te this variable. The
first value generated was used to locate in which range the value
of solar radiation (SOLRA) could be placed. Taking into account
precipitation, and maximum temperature that occurred in that day
and comparing the random variate against the probability of oc-
currence the "base" value for SOLRA was determined. The second

variate was scaled to the range 0,10 and this value added to the
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base. The result was considered to be the value for SOLRA for
that day.

The same as for solar radiation, a three way empirical fre-
quency table was built for maximum temperature (TEMPMX). The
value of this variable was conditioned on that day's amount of
rainfall and the maximum temperature during the previous day.
Again, two uniform random variates were originated. The first was
used to determine the base value for TEMPMX. Considering the
amount of precipitation occurring that day and the maximum tempera-
ture observed the day before, the base value was determined in
similar fashion to the one described for SOLRA. The second random
variate was scaled up to the range 0,10 and added to the initial
value. The outcome was considered to be the value adopted by
TEMPMX for that day.

Finally, once maximum temperature was determined, minimal tem-
perature (TEMPMIN) was estimated by means of a transformation under
the assumption that these two variables were approximately bivariate
normal distributed.

As reported by Rockwell, whenever

E{TEMPMX) = y E(TEMPMN)} = u, and

1’ 2
9911 12

22(0 g )
12 22

there exists a linear transformation of the variable TEMPMX and
TEMPMN that generate the values MX and MN which are independent and

normally distributed random variables. Making
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(18) Mx

)

TEMPMX and

[

(19) MN = TEMPMN - (012/011) TEMPMX

Rearranging terms in the last expression, the value of TEMPMN is

given by
(20) TEMPMN = MN + (012/011) TEMPMX

from (19) the var(MN) = 022(1—-02)

with p = If a random value from the distribution of MN

012/0102.
is required, it could be obtained by

(21) M = 1, = (o),/0, )0 + 0, (/T

n being a standard normal variate. Substituting (21) in (20) and

rearranging terms, the value of TEMPMN would be given by
_ 2
{22) TEMPMN = (u2 - (012/011)“1) + (Ulz/oll)TEMPMX +02(V1—p in
Expression (22) can be simplified to
(23) TEMPMN = a + b*TEMPMX + ¢

The values of a and b were, thus, previously estimated for each
month of the growing season and inputted to the program. The random
error term was obtained from the product between the standard devia-
tion of the residuals obtained by means of the least squared esti-
mates of equation (23) and a random normal variate n. Therefore,

the value of TEMPMN was given by
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TEMPMN = a + b*TEMPMX + Oppg ¥ 1

After the spectrum of the required climatic data is satisfied, the
conditions required to generate maximum expected net returns are

partially fulfilled.

Optima] Values of Irrigation Water. With a complete pattern

of weather data generated with the above procedure, the control of
the central processing unit is returned to MAXIMA. The next step

within this subroutine is to call the use of the subroutine ZXMIN.

The ZXMIN algorithm, available through the IMS Library,
searches numerically for those values of the control variable
which will make the value of the objective function as great as
possible. This algorithm uses the subroutine PRODFN to estimate
grain sorghum yields based on the expected pattern for the varia-
bles generated by WFATHER and a set of values for the control var-
iable. PRODFN is a replica of the grain sorghum model that has
been modified to take into account the prices of the inputs re-
quired in the production process as well as the price of grain
sorghum and the amount of irrigation water used. Once the expec-
ted yield from the given weather pattern is estimated the values of
the net revenue is used as the measure to judge whether the value
of the function is optimal or not.

After the first evaluation performed by ZXMIN, a second set of

values for irrigation water is generated. Again, the whole proced-
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ure is repeated until a maximum value for net returns is encount-
ered. After this, ZXMIN returns to control of the central process-
ing unit to MAXIMA. As output, MAXIMA provides a listing of the
optimal values for irrigation water and the value of the net rev-
enuves that could be expected.

The subrouting MAXIMA inputs to the grain sorghum growth model
the irrigation level for the growth period being analyzed, This
value is considered to be the optimal decision to make under risk
with respect to the weather for the present and remainder of the
growing season. All other irrigation rates for the following pro-
duction periods are considered to be "an optimal strategy'; that
is, they are the values the economic agent would foresee as nec-
essary to be applied if his expectations about the climatic var-
iables were correct. In case those expectations are not compatible
with the "actual weather" pattern, a new evaluation process is
started in the next irrigation period considering the latest infor-
mation available and the previous optimal strategy as the starting
point to find the new values. The decision process is stopped

once physiological maturity is reached by the sorghum plant.

Model Validation and Assumptions of the Analysis
Simulation consists of a high number of elements, rules and
logical linkages. Therefore, even when the individual components
have been carefully tested, numerous small approximations can still

cummulate into gross distortions in the output of the overall model
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(Hillier and Lieberman, p. 633). Consequently, it is important to
test the validity of the model for reasonableness of predicted val-
ues.

The economic optimization procedure introduced inte the dynam-
ic grain sorghum growth simulation program operates on a per acre
basis. Because of the size of the economic unit under analysis, it
was considered that in the optimizing proéedure the resulting output
would not be capable of influencing the product price level. Also,
it was assumed that irrigation water was available at any moment
during the growing season and the price for natural gas (main
source of energy to pump water in the High Plains region) was
known by the producer. The cost of other resources such as seed,
fertilizer, herbicide, insecticide, machinery, tractors, labor
(tractor and machinery) interest on operational capital and labor
used in irrigation were classified as preharvesting costs, Harvest
costs included custom combine and custom haul. Machinery, tractors,
irrigation machinery and land were considered as fixed cost.

These costs were obtained from budgets prepared for the Texas High
Plains IIT Region. In the land item (net rent), government payments
were not included (Texas Crop Budgets).

The model was developed to satisfy the objective of estimat-
ing optimal strategies in the use of irrigation water given differ-
ent grain sorghum and natural gas prices. The expected effect of
energy curtailments was estimated by systematically '"blocking" the

periods initially defined for irrigation., At each time, the blocked
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period represented a stochastic event for the decision maker. The
model determines optimal amounts of irrigation under the assumption
that the required levels of natural gas, at each period, would be
available. The specification that natural gas curtailments exist
permits model application to observe how the initially optimal
strategy is affected once this event occurs. Also, it provides an
estimate of the expected impact on yields as well as producers' net
returns. The systematic blocking in the application of irrigation
water for a specified period in the growing season means that no
irrigation water could be applied during the specific period for
which irrigation was previously planned. A maximum of 10 irrigation
periods have been set in the model. However, if a more frequent
evaluation of the requirements for irrigation water is desired, the
model can easily be adapted.

Determination of optimal strategies in the use of irrigation
water is dependent on the water requirements of plants, Since the
photosynthetic process and, therefore, the plant development is
partly dependent in the row spacing and plant population, optimal

strategies were computed for specific values of these parameters.

Input Data
The generation of stochastic weather patterns needed to calcu-
late expected optimal amounts for irrigation water required estima-
ting the probabilities of occurrence of each weather event included
in the model. To estimate these values, daily data on rainfall,

maximum and minimum temperature and solar radiation occurring in
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each day were collected. The source of information was the Texas
ASM Experiment Station located in Lubbock. The daily records ob-
tained from this source are for the years of 1945 through 1977.
Though information about temperature and rainfall were available
for the entire period, solar radiation is available after 1966
only. Even after this year, there are skips in the solar radiation
data.

After obtaining the required probabilistic information, these
values were used to generate 30 different weather patterns. Each
pattern has the climatic information required for a growing season
(April-November). These 30 "years'" constitute the climatic data
used by the modified simulation model as depicted in Figure 2.

In addition to the probabilistic information on weather varia-
bles, model application requires specification of the number of
leaves produced by the plant, the maximum area capable of being
developed by each leaf, the plant population, the row spacing, the
planting date, the location's latitude, the extractable soil water
content on planting date and the extractable soil water capacity. -

Different types of grain sorghum plants exist and their field
performance depends on both the specific hybrid and the enviromment
characteristics. The time required to reach each stage of develop-
ment by the plant is light dependent and therefore the grain sorghum
plant canopy must be known. To estimate the amount of intercepted
light, the leaf area of the grain sorghum plant must be calculated.

The plant used in the simulation model was considered to have 17

leaves——each one with a maximum area of 0.88, 2,30, 7.60, 12.30,
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22.80, 42.50, 69.50, 113,00, 170.80, 248.80, 287.00, 357,50, 336.50,
340.80, 272.30, 209.30 and 116.00 cmz, respectively (Arkin).

In the process of light interception, not all the leaf area on
the plant is exposed to light source. Some leaves overlap and
neighboring plants shade each other, Because the sun's altitude
and azimuth determine. the shading the plant canopy, the latitude

of location is required. The Local Climatelogical Data, U.S5. Dep-

artment of Commerce, reports the latitude for Lubbock as being 33°
33' N.

Also, the plant population as well as the row spacing are fac-
tors influencing the amount of light being intercepted along with
the amount of nutrients required. A row spacing of 68.60 cm was
used in equipopulated plantings of grain sorghum together with a
population level of 148,200 plants per Ha,

With respect to the soil water content, it was considered to
have a maximum capacity of 15 em. The extractable soil water con-
tent on planting date was considered to be 10 cm to reflect a pre-
plant irrigation of approximately 4 inches.

Finally, two levels for the price of natural gas were con-
sidered in the study, i.e., $1.50/MCF and $2.50/MCF. The cost of
the natural gas was translated to be the cost of irrigation water
where the well had a 1ift of 250 feet and 30 PSI pressure.

The evaluation of the optimal applications of irrigation water
also required the knowledge of the value assigned to the grain sor-
ghum. The loan rate ($3.37) and the target price ($4.07) were used

in the analyses, All other costs considered are reproduced in table



56

1. To reflect harvesting and hauling costs, the price of grain

sorghum was reduced by custom costs of combining and hauling,

Model Qutput

When the simulation of the grain sorghum model is stopped due
to the physiological maturity of the plant, the MAIN program pro-
ceeds to print the economic information used to evaluate the per-
formance of the model. The output is delivered under a similar
format to that used to report the estimated costs and returns per
acre in the enterprise budgets for the Texas High Plains.

Forecasting as well as policy decisions are made based on con—
ditioned probabilities. Thus, whenever the user requests several
simulations (years) of using the entire model, statistical informa-
tion with respect to net returns, grain sorghum yields and the
amounts of irrigation water applied may be obtained. To meet this
objective, the computer program was made to consist of a two-step
job. The first-step is to generate values corresponding to the
aforementioned variables by means of replicated simulations and
placing this information on an on-line storage facility. The sec-
ond-step recalls the stored values and by means of the Statistical
Analysis System (SAS) package obtains the mean, variance, maximum
and minimum values, t values, and other statistics for each of the

variables depicted above.
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Table 1. Grain Sorghum, Irrigated, Texas High Plains III Region
Estimated Costs per Acre (Sprimklers).

Price or

Unit Cost/Unity Quantity
Preharvest
Seed 1bs. 0.45 12.50
Fert (120-40-0) acre 27.20 1.00
Herbicide acre 3.85 1.00
Insecticide acre 5.00 1.00
Machinery acre 4.10 1.00
Tractors acre 8.69 1.00
Labor (tractor & machinery) hour 5.00 3.75
Interest on Op. Cap. dol. 0.10 41,55
Harvest Costs
Custom Combine P cwt., 0.30
Custom Haul P cwt. 0.25
Fixed Costs
Machinery acre 5.32 1.00
Tractors acre 9.75 1.00
Irrigation Machinery acre 29.28 1.00
Land (net rent)? acre 30.09 1.00

2 In land (net rent) govermment payment is not included.
Varies with the level of productiom.

Source: Prepared by Marvin 0. Sartin, TAEX, Lubbock, Texas.
Projected Texas Crop Budgets.
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CHAPTER IV

MODEL APPLICATIONS AND RESULTS

Previous economic studies on estimating optimal amounts of
irrigation water are primarily based on the assumption that the
producer knew in advance the state of the different future envir-
omments that would surround him. Climatic, institutional and eco-
nomic conditions throughout the production year were considered
as known at the beginning of the year. This assumption constitutes
a serious over-simplification and limits the applicability of the
models as well as the conclusions that can be drawn.

To overcome the above limitations, thils study adopted a com-
puterized grain sorghum growth program to consider stochastic sit-
uations in either weather, economic conditions and/or institutional
factors. The flexibility of the model to incorporate environmental
changes makes it highly attractive as a farm management toel as
well as a valuable research model,

The model was used to address two basic issues: (1) to esti-
mate irrigation strategies that will maximize net returns per acre
of sorghum and (2) analyze the expected effects that irrigation
fuel curtailments would have on the distribution of optimum amounts
of irrigation water among the remaining irrigation periods and
associated impact on grain sorghum yield and net returmns.

The analysis of optimum irrigation strategies and effect of

fuel curtailment were both addressed under a scenario of (1) a
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perfect knowledge case (known weather pattern) for which the open-
loop feedback control yields the optimal (or closed-loop) solution
and (2) the stochastic case (random climatic values as well as un-
certain curtailments) for which the open-loop feedback control is
used as an alternmative to the optimal control. Although the result
obtained is not information optimal, as described earlier, it is

the best attainable solution considering the intricate relationships
involved in the model and the amount of information used by the
control policy. The analysis was extended over 30 different gener-~
ated sets of weather patterns. These sets could be interpreted as

30 vears experience.

Perfectly Known Environments

In this section, all enviromments (economic, e¢limatic and in-
stitutional) are considered to be known at the beginning of the
gimulation process. For this case, the open-loop feedback policy
generates values that are the same as those produced by the closed-
loop control and therefore no higher values for the objective func-
tion could be obtained. Also, different from the stochastic case,
the values of the control variable can be, and in fact are, estab-
lished in the first peried. This is because in all subsequent
periods-~the expected values are identical to the realized or

actual values, hence, no adjustments are needed.

Optimal Irrigation Strategies

With all conditions known, the optimal amounts of irrigation
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water to be applied were determined for each period within a grow—
ing season over the 30 years of different weather patterns. The
amounts of water used in the eight irrigation periods within a
specific year differed one period to another. Similarly, the levels
applied in each period also differed across the years. These re-
sults indicate that, although optimal irrigation strategies are
possible of being generated, there is not a "unique strategy" to be
applied at all times. 1In fact, the determination of the strategy to
follow depends on the existing conditions at the beginning of the
period for which the irrigation would take place. The presence or
absence of rainfall, its timing and amount in conjunction with the
value of other weather factors, such as temperature and solar radi-
ation cause different irrigation patterns every time. To illustrate
table 2 presents the results from the simulation runs number 1, 2
and 3 under the perfect knowledge assumption. In all three cases
reported, the amount of water applied at each period differs within
and across years. The same type of results are obtained for the
other 27 simulated weather patterns. Though these ocutcomes may
prevent us from identifying one optimal strategy for all possible
cases, some inferences can be made from them.

To maximize per acre net returns, under conditions where the
producer has perfect knowledge about the future states of nature as
well as economic and institutional conditions, irrigation occurs
more frequently and involves smaller amounts of water in each app-
lication than 1s currently practiced in the area. Stated in a

slightly different form, frequent irrigations with small applica-
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Table 2. Optimal Quantity of Irrigation to Maximize Net Returns
Per Acre of Grain Sorghum with Known Weather Patrerns:
Texas High Plains,

IRRIGATION SCHEDULES FOR YEAR 1 (SEASOM APRIL THROUGH SEPTEMBER)

PLANTING DATE = 121 CALENDAR DAY = 5 1
THE OPTIMAL IRRIGATION PATTERN 1S:

THE FIRST IRRIGATION HAS A VALUE QF 2.42 1IN.

THE SECOND IRRIGATIGN HAS VALUE OF 0.58 1Iy.

A
THE THIRD IRRICATION HAS A VALUE QF 1.38 IN.
THE FOURTII IRRIGATION HAS A VALUE OF 1.60 IN.
THE FIFTH IRRIGATION HAS A VALUE OF 1.09 IN.
THE SLXTH IRRIGATION HAS A VALUE OF 1.36 1IN.
THE SEVENTH IKRICATION HAS A VALUE OF 0.69 IN.
THE EIGHTH TRRIGATION HAS. A VALUE OF 1.60 IN.
PHYSTOLOGICAL MATURITY OCCURRED ON JULTAN DAY 234
TOTAL GRAIN PRODUCED = 89,00 CWI, PROFIT = $105.65

IRRIGATION SCHEDULES FOR YEAR 2 (SFASON APRIL THROUGH SEPTEMBER)

PLANTING DATE = 121 CALENDAR DAY = 5 1
THE OPTIMAL TRRIGATION PATTERN 18:
THE FIRST IRRIGATION HAS A VALUE OF 2.63 IN.

THE SECOND IRRIGATION HAS A VALUE OF 1.40 IN.
THE THIRD IRRICATION HAS A VALUE OF L1.50 IN.
THE FQURTH TIRRIGATION HAS A VALUE OF 0.72 IN.
THE FIFTH IRRIGATION HAS A VALUL OF 1,70 IN.
THE SIXTH IRRIGATION HAS A VALUE OF 1.36 IN.
THE SEVENTH IRRIGATION HAS A VALUE OF 1.42 IH.
THE EIGHTH IRRICATION HAS A VALUE OF 1.09 IN.
PHYSIOLOGICAL MATURITY OCCURRED ON JULTAN DAY 237
TOTAL CRAIN PRODUCED = 96.67 CWT, PROFIT = $130.064

TRRIGATION SCHEDULES FOR YEAR 3 (SEASON APRIL THROUGH SEPTEMBER)

PLANTING DATE = 121 CALENDAR DAY = 5 1
THE OPTIMAL IRRIGATION PATTERN IS:
THE FIRST IRRICATION HAS A VALUL OF 3.12 IN.

THE SECOND IRRIGATION HAS A VALUE OF 0.64 1IN,
THE THIRD IRRICGATION HAS A VALUE oF 0.71F IN.
THE FOURTH IRRIGATION HAS A VALUE OF 1.27 IN.
THE FLFTH IRRTGATION HAS A VALUE OF 0.99 IN.
THE SEXTH IRRIGATION HAS A VALUE OF 0.88 IN.
THE SEVENTH IRRIGATION [IAS A VALUE OF 1.59 IN.
THE EIGHTH IRRIGATION HAS A VALUE OF 1.15 1N.
PHYSTOLOCICAL MATURITY OCCURRED ON JULIAN DAY 228

TOTAL GRAIN PRODUCED = 90.82 CWT, PROFIT = $115.74

PSORG = 4.07 P NAT. GAS = 2.5 PSI = 30.0 LFT = 250.0 WCOST = 1.81
DAYS PLANNED TO TRRECATE: 150 160 170 180 190 200 210 220

2 This is an example of the model printout for a three year period,
Water applied is irrigation only and refers exclusively to water at
the plant. There are no distribucion system or environmental losses,
The cost of water used in irrigation was adjusted using a coeffi-
clent of 1.66 to reflect the cost that would be incurred due to
distribution systems and envirommental losses.

PSORG Price of Serghum per cwt., P NAT. GAS Price of Natural Gas
per mef., WCOST Cost of Water for a well with 250 feat of lift
(LFT) and 30 psi. (PSI).
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tion rates produce, ceteris paribus, higher net returns than in
the case where the same total amount of irrigation water is ap-
plied in a less frequent bases. This statement is constraint by
the limited amount of wells existing on a typical farm. Also,
application rates are sensitive to acres irrigated and the type of
distribution system.

In repeated samples, 95 percent of the time, the total amount
of water to be applied could be expected to be in the range of 10.5
to 11.5 inches. This is irrigation water applied to the plant and
does not include distribution system or environmental losses assoc—
iated with applications. Plant ang s0il evaporation are included
in the model. 1In addition, preplant irrigation water is not in-
cluded. It is assumed that soil moisture is available at planting.
Thus, to obtain total irrigation needed, the preplant application,
(about 4 inches net to the plant) would have to be added.

The average distribution of the amount of irrigation required
at each period is presented in table 3. The mean values were
tested under the null hypothesis that they did not differ from
zero. 1In all cases, this hypothesis was not accepted at the 95
percent level of confidence. An average amount of 1.1 to 1.4 inches
would be required in all periods but the first, which needs an
average amount of 2.6 inches.

Of particular importance are the maximum and minimum values of
irrigation water required at each period and especially the mini-
mum values, These quantities of irrigation water, over the 30

year weather pattern, indicate given the prices of product and re-
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Table 3. Optimal Post Plant Irrigations to Maximize Net Returns Per Acre
of Grain Sorghum with Perfectly Known Weather Patterns: Texas
High Plains.2

Application Rate Characteristics

Days After Post Plant

Plant Irrigation Standard Minimum Maximum Coefficient
Emergence Period MeanP Deviation Value Value of Variation
——————————————— Inches ---——m———ceeu -— % --

20 1 2.62 0.45 1.49 3.23 17.09
30 2 1.10 0.38 0.00 1.59 34.15
40 3 1,34 0.57 0.00 2.21 42.63
50 & 1.15 0.57 0.00 2.03 49.63
60 5 1.19 0.55 0.00 1.97 46.52
70 6 1.35 0.38 0.45 1.91 28.57
80 7 1.25 0.38 0.16 1.76 30.66
90 8 1.12 0.45 0.22 1.74 39.89

@ Based on a price of grain sorghum of $4.07/cwt. and price of Natural
Gas of $2.50/mcf.

b Based on 30 simulated replicates.
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sources and the states of nature, to maximize net revenues the
producer can expect to irrigate in all years in at least four
periods; i.e., the first, sixth, seventh and eighth. In the first
period, a minimum amount of about 1.5 inches can be expected in
any year.

Under the present set of economic, institutional and climatic
assumptions used, the average yield and net return that could be
expected are about 90 cwt and $110, respectively, as shown in
table 4. 1In repeated samples, 95 percent of the time the values
for these two variables would be expected to fall in the range of
87-81 cwt and $102-116., This provides an indication of the optimum
allocation of water under a deterministic scenario and offers some
insights on the process that would take place when all variables
are known. Yet, the major contribution is that these results con-
stitute a landmark or base against which the effectiveness of ob—
taining optimal results form applying the stochastic feedback con-

trol can be compared.

Stochastic Environments
For this section of the analysis, the complete knowledge as-
sumption was released so the model operated in a situation of (1)
stochastic climatic environments, and (2) stochastic climatic and
institutional contexts. In the first case, results obtained from
using the open-loop feedback control are compared to the results

obtained from the deterministic (or optimal solution) to provide
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Table 4. Per Acre Net Returns, Yield and Irrigation Level for 30
Years of Perfectly Known and Stochastic Weather Patterns:

Texas High Plains.2

Perfectly Stochastic
Known

Net . Water Net . Water
Item Return Yield Usedb Return Yield Usedb

(%) (cwt) (in.) (%) (cwt) (in.)
Mean 109.54 89.89 11.11 99.36 89.94 13.80
5. D. 17.99 5.02 1.18 17.81 5.06 0.80
MN. V. 75.20 79.38 8.98 6l.67 79.38 11.21
MX. V. 146.82 99.28 13.58 132.43 99,28 15.05
cC. V. 16.42 5.58 10.62 17.92 5.63 5.79
S. D. Standard Deviation, MN. V. Minimum Value, MX. V. Maximum

Value, C. V. Coefficient of Variation.
8price of Sorghum $4.07/cwt., Price of Natural Gas $2.50/mcf.

b . :
Irrigation water used.

Deoes not include preplant irrigation.
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some implications of the effect of uncertainty and/or risk and

overall performance of the model.

Optimal Irrigation Strategies

Due to imperfect knowledge about future weather conditions,
it is necessary to formulate a scheme to generate expected values
about the future climatic variables. This was accomplished by in-
cluding a set of statistics defining the probability values for
each of the weather variables in the model. Following the simula-
tion of the expected weather pattern, net revenues and yields were
calculated by defining a specific time path for the control varia-
ble; i.e., time and quantity of irrigation water to apply. The
value of the vector for the control variable that maximizes net
returns is adopted and considered to be the optimal strategy. Dif~-
ferent to the perfect knowledge case, however, the true optimal
irrigation strategy cannot be determined at the beginning period.
The initial irrigation strategy is revised at each subsequent per-
iod as the model progresses. Based on the values of the state var-
iables a new optimal irrigation strategy is defined. To illustrate,
table 5 presents the results obtained for the simulated year 10.
Tt can be observed that at the first period the value for all 8
future irrigations is estimated based on some expected pattern for
the weather. Civen these values (1.59, 1.44, 0.83, 0.78, 0.91,
0.39, 1.58 and 1.10 inches) for the control variable in each per-

iod, the total product that can be expected is 89.95 cwt. with a
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Optimal Quantity of Irrigation to Maximize Net Returns

Per Acre of Grain Sorghum with Stochastic Weather Patterns:
Texas High Plains.@

IRRIGATION SCHEDULES FOR YEAR

THE
THE
THE
THE
THE
THE
THE
THE

PLANTING DATE = 121

FIRST
SECOND
THIRD
FOURTH
FIFTH
SIXTH
SEVENTH
EIGHTH

OF
OF
oF

OF
OF
OF
OF

OF

THE
THE
THE
THE
THE
THE
THE
THE

REMAINING
REMAINING
REMAINING
REMAINING
REMATINING
REMAINING
REMAINING
REMAINING

THE EXPECTED TOTAL PHYSICAL
PROFIT = §$119,35,
THE AMOUNT OF WATER USED HAS BEEN 0.0 AND IT IS EXPECTED THAT
ANOTHER 8.61 INCHES WILL BE REQUIRED,

THE
THE
THE
THE
THE
THE
THE

FIRST OF
SECOND OF
THIRD OF
FOURTH OF
FIFTH OF
SIXTH OF
SEVENTH OF

10 (SEASON APRIL

CALENDAR DAY
THE OPTIMAL IRRIGATION PATTERN

IRRIGATTIONS
IRRIGATIONS
IRRIGATIONS
IRRIGATIONS
TRRIGATIONS
IRRIGATIONS
IRRIGATIONS
IRRIGATIONS

HAS
HAS
HAS
HAS
HAS
HAS
HAS
HAS

S S

PRODUCTIVITY 1IS:

THE OPTIMAL TRRIGATION PATTERN

THE
THE
THE
THE
THE
THE
THE

REMAINING
REMAINING
REMAINING
REMAINING
REMAINING
REMAINING
REMAINING

THE EXPECTED TOTAL PHYSICAL

PROFIT =

$110.

94.

IRRIGATIONS
IRRIGATIONS
IRRIGATIONS
IRRIGATIONS
IRRIGATIONS
IRRIGATIONS
IRRIGATIONS

HAS
HAS
HAS
HAS
HAS
HAS
HAS

-

PRODUCTIVITY IS:

THE AMOUNT OF WATER USED HAS BEEN 1.59 AND IT
ANOTHER 9.41 INCHES WILL BE REQUIRED.

THE
THE
THE
THE
THE
THE

FIRST OF
SECOND OF
THIRD OF
FOURTH OF
FIFTH OF
SIXTH OF

THE OPTIMAL IRRIGATION PATTERN

THE
THE
THE
THE
THE
THE

REMAINING
REMAINING
REMAINING
REMAINING
REMAINING
REMAINING

THE EXPECTED TOTAL PHYSICAL
PROFIT = $109.57.
THE AMOUNT OF WATER USED HAS BEEN 3.03 AND IT
ANOTHER 8.14 INCHES WILL BE REQUIRED.

IRRIGATIONS
IRRIGATIONS
TRRIGATIONS
IRRIGATIONS
IRRIGATIONS
IRRIGATIONS

HAS A
HAS A
HAS A
HAS A
HAS A
HAS A

PRODUCTIVITY IS:

THROUGH SEPTEMBER)

5
I1S:
VALUE
VALUE
VALUE
VALUE
VALUE
VALUE
VALUE
VALUE
89.95

IS:

VALUE
VALUE
VALUE
VALUE
VALUE
VALUE
VALUE
89.90

1

OF
OF
OF
OF
OF
OF
OF
OF
CWT.

OF
OF
OF
OF
OF
OF
OF
CWT.

1.
1.
0.
0.
0.
0.
1.
1,

1.
G.
1.
1.
1.
1.
1.

59
b4
83
78
91
39

IN.
IN.
IN.
IN.
IN.
IN.
58 1IN.
10 IN.
WITH

IN.
IN.
IN.
IN.
IN.
58 IN.
21 IN.
WITH

L
90
00
60
69

IS EXPECTED THAT

IS:

VALUE
VALUE
VALUE
VALUE
VALUE
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89.25
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OF
OF
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oF
CWT.

0.
1.
1.
1.
1.
1,

IN.
IN.
IN.
IN.
58 IN.
22 IN.
WITH

90
15
60
69

IS EXPECTED THAT
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Table 5. (Continued)

THE OPTIMAL IRRIGATION PATTERN IS:

THE FIRST OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.15 IN.
THE SECOND OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.60 IN.
THE THIRD OF THE REMAINING TRRIGATIONS HAS A VALUE OF 1.69 IN.
THE FOURTH OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.58 IN.
THE FIFTH OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.23 IN.
THE EXPECTED TOTAL PHYSICAL PRODUCTIVITY IS: 89.34 CWE. WITH
PROFIT = $110.63.

THE AMOUNT OF WATER USED HAS BEEN 3.93 AND IT IS EXPECTED THAT
ANOTHER 7.25 INCHES WILL BE REQUIRED.

THE OPTIMAL IRRIGATION PATTERN IS:
THE FIRST OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.62 IN.
THE SECOND OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.69 IN.
THE THIRD OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.58 IN.
THE FOURTH OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.23 IN.
THE EXPECTED TOTAL PHYSICAL PRODUCTIVITY IS: 81.39 CWT. WITH
FROFIT = $83.52.
THE AMOUNT OF WATER USED HAS BEEN 5.08 AND IT IS EXPECTED THAT
ANOTHER 6.12 INCHES WILL BE REQUIRED.

THE OPTIMAL TIRRIGATION PATTERN IS:

THE FIRST OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.69 IN.
THE SECOND OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.58 IN.
THE THIRD OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.25 IN.
THE EXPECTED TOTAL PHYSICAL PRODUCTIVITY IS: 88.80 CWT. WITH
PROFIT = $110.88.

THE AMOUNT OF WATER USED HAS BEEN 6.70 AND IT IS EXPECTED THAT
ANOTHER 4.52 INCHES WILL BE REQUIRED.

THE OPTIMAL IRRIGATION PATTERN IS:

THE FIRST OF THE REMATNING IRRIGATIONS HAS A VALUE OF 1.58 IN.
THE SECOND OF THE REMAINING IRRIGATIONS HAS A VALUE OF 1.25 IN.
THE EXPECTED TOTAL PHYSICAL PRODUCTIVITY IS: 82.36 CWT, WITH

PROFIT = $89.61.
THE AMOUNT OF WATER USED HAS BEEN 8.38 AND IT IS EXPECTED THAT
ANOTHER 2.83 INCHES WILL BE REQUIRED.

THE OPTIMAL IRRIGATION PATTERN IS:

THE FIRST OF THE REMAINING IRRIGATICNS HAS A VALUE OF 1.25 IN.
THE EXPECTED TOTAL PHYSICAL PRODUCTIVITY IS: B84.97 CWT. WITH
PROFIT = $100.13.

THE AMOUNT OF WATER USED HAS BEEN 9.97 AND IT IS EXPECTED THAT
ANOTHER 1.25 INCHES WILL BE REQUIRED.

PHYSIOLOGICAL MATURITY OCCURRED ON JULIAN DAY 229
TOTAL GRAIN PRODUCED = 79.96 CWT, PROFIT = $74.17.

2 This represents a printout from the model indicating the planning
process through the irrigation periods of one year.
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net revenue of $119.35. Tt also indicates the amount of irriga-
tion water that has been used up to that period. At the beginning
period the amount was 0.0 inches which does not include a preplant
irrigation. The sum of the values for all remaining irrigations
(8.61 inches) is also reported. After the values for the control
vector have been estimated, the first period decision e.g.:
(the first of the remaining irrigations) is adopted. The first
irrigation applied to the system, therefore, has a value of 1.59
inches.

At the beginning of the second irrigation period, the proced-
ure is repeated (1) the set of expectations on weather variables
is generated based on weather experienced in the first period (2)
the optimal values for the remaining subset of the control variable
is numerically searched (1.44, 0.90, 1.00, 1.60, 1.69, 1.58 and
1.21 inches) and (3) the first of the remaining decisions (1.44 in-
ches) is applied. It should be noticed that the reevaluation has
altered the values of irrigation water in two ways: the number of
irrigation periods is not eight but seven since the first period
decision was already made; the second modification is in the values
of the control variable; i.e., the irrigation values for the remain-
ing periods have changed (1.44, 0.90, 1.00, 1.60, 1.69, 1.58, and
1.21 inches). Expected yields and net revenues also show different
values (89.80 cwt and $110.94, respectively), based on the new
strategy, the physical development of the plant up to that period
and the new expectation on weather variables. Changes in the con-

trol variable and, therefore, in yields and net revenues are de-
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tailed in the same fashion for the rest of the season. At the end,
when physiological maturity of the plant occurs, the actual grain
produced (79.96 cwt.) is used to obtain the corresponding net rev-
enue ($74.17) and the value for the amount of irrigation water ac-
tually used (9.97 + 1.25 inches) is detailed. The closer the open-—
loop feedback solution to the values obtained for the perfect
knowledge case, the more accurate and, therefore, the more valuable
the control policy is to decision makers.

For this particular year, the solution for the perfect know-
ledge case gave the values of $82.75 for profit, 79.96 cwt. for
yield, and 8.98 inches of irrigation water. The open-loop feedback
control obtained the same yield. However, the amount of irrigation
water used was about 25 percent higher than in the complete know-
ledge case. This higher value was reflected in a 10 percent lower
net return also with respect to the deterministic case.

A detailed description of the values obtained for all 30 years
under perfect knowledge and stochastic conditions are presented in
Appendix , Tables 1 and 2. For all practical purposes, the yields
obtained for both scenarios do not differ. It is in the amount of
water applied where the differences are found implying there is a
price to pay for the lack of knowledge. This is shown in the high-
er amounts of irrigation water used which in turn is reflected in
smaller net revenues (table 4).

The distribution of the average amount of irrigation water re-
quired at each period is presented in table 6. The mean values ob-

tained were statistically tested using the null hypothesis that they
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Table 6. Optimal Quantity of Post Plant Irrigations to Maximize Net Returns
Per Acre of grain Sorghum with Stochastic Weather Patterns: Texas
High Plains.

Application Rate Characteristics

Days After Post Plant

Plant Irrigation Standard Minimum  Maximum Coefficient
Emergence Period Mean Deviation Value Value of Variation

——————————————— Inches ————————e— -— % -
20 1 2.63 0.42 1.49 3.12 16.19
30 2 1.25 0.23 0.62 1.54 18.62
40 3 1.66 0.30 0.90 2,22 17.90
50 4 1.63 0.21 1.15 2.05 12.58
60 5 1.69 0.16 1.36 2.02 9.68
70 6 1.68 0.19 1.13 1.94 1t1.50
80 7 1.67 0.15 1.37 1.98 8.93
90 8 1.60 0.14 1.25 1.86 8.67

8Based on a price of Grain Sorghum of $4.07/cwt. and price of Natural
Gas of $2.50/mcf.

bBased on 30 simulated replicates.
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did not differ from zero. 1In all cases, the hypothesis was not
accepted at the 95 percent level of confidence. Compared to the
deterministic case, the mean values were always alightly higher for
the stochastic case. This is the result of not possessing complete
knowledge about the occurrence of rainfall, therefore, consistantly
higher amounts are applied. The relative spectrum of variation
(measured by the coefficient of variation), for net returns and
yields follow an opposite pattern to the one for the average total
amount of irrigation water. While the coefficient of variation for
net returns and yields increased for the stochastic case compared
to the deterministic values, the coefficient for irrigation water,
was smaller when the assumption of complete knowledge did not hold.
A possible explanation can be found in the nature of the scenarios.
Complete knowledge of the weather allowed determination of maximum
net revenues with lower quantities of irrigation water. Since in
the perfect knowledge case, irrigation is used as an exact comple-
ment to actual or realized rainfall (i.e., whenever rainfall occurs,
the necessity for artificial rain is less and vice versa) its

range of fluctuation is broader than in the stochastic case where
decisions about the expected rainfall are made based on the mean
values of the distribution. Stated differently, partial knowledge
tends, on the average, to make use of consistently higher values
for irrigation water resulting in a decrease of its relative spec-
trum of variation, however, that increases the variation of assoc-

iated net revenues (as shown in table 4).
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Thus, in summary, the performance of the model (when the assumption
of known climatic conditions is relaxed) is reflected in irriga-
tion levels slightly higher than the strictly necessary levels;
i.e., approximately 25 percent higher with respect to the determin-
istic case. This in turn means lower net returns with wider fluc-
tuations. However, yields obtained are the same as those in the

perfect knowledge case.

Energy Curtailments

The energy issue involves not only increasing costs but also
the possibility of curtailments. To evaluate the effects that
potential energy curtailments may have on producer's net revenues,
yields and water used, fuel curtailments were incorporated by
blocking any irrigation for a predetermined period or periods.
For this analysis, stochastic weather patterns were also used.
Different sets of shocks (curtailments) were introduced to the
system as random events. Three arbitrarily defined time spans
of curtailments were examined. 1In all cases analyzed it was con-
sidered the producer could not foresee the future existence of
energy restrictions, so optimal allocations of irrigation water
were gought assuming complete availability of water. For those
periods where curtailments had been defined to take place, the
initial decision to irrigate was overridden forcing the model to
consider rain as the only source of water. In the present context,

curtailments should be considered as the number of days by which
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planned irrigation is delayed.

Ten-Day Curtailment. For 10-day curtailments there were no

changes in yields or total amounts of irrigation water as compared
to the stochastic situation presented in table 4. Only the distri-
bution of the water used per period changed. The analysis suggests,
to obtain maximum net returns, the best action to follow after a
10-day curtailment is to supply the plants with the moisture re-
quired (table 7) so no major stress is impoéed in the normal growth.
This alternative is subject to the condition that optimal amounts of
water had been supplied in the previous periods, and, also, they
will be delivered immediately after the curtailment has ceased.
Implicitly assumed herein is that the producer has excellent con-

trel of irrigation water across the farm.

Twenty-Day Curtailments. Net revenues for the three different

20-day curtailments analyzed reflected a decline in their mean value.
Net returns are more severely affected when curtailment takes place
during the period of 40-60 days after emergence (table 8 and Appendix
table 13). During this period, the head is developing and light inter-
ception approaches to its maximum. Because in this period, growth

and nutrient uptake occur rapidly, adequate supplies of nutrients

and water are necessary. Stressing the crop by limiting the
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amount of water has adverse consequences in the net revenues re-
ceived.

In the case of curtailments during the 40-60 days after
emergence period, net returns had the lowest value for the 20-
day institutional constraint., They decreased in 28 percent with
respect to the no-curtailment case. What is even more significant,
though, is the increase in their variation: from an 18 percent
(for the no-curtailment case) to a 42 percent. The minimum value
dropped from $62 to $12 while maximum values declined from $132 to
$119. The same trend was observed for yields cbtained; from a
mean of 90 cwt. without curtailment to 80 cwt, (approximately 11
percent less).

Similar consequences were ohserved for curtailments during
the half-bloom and soft-dough stage of the plant (approximately
60 through 80 days after emergence)., In these periods, grain for-
mation begins. If any limitations occurred in plant size and leaf
area, they cannot be corrected. Severe moisture stress will then
be reflected in poor head filling. Net returns during these stages
were observed to decrease about 16 percent (from $99 for the no-
curtailment case to $83), and their variation increased from 18
percent to 30 percent. Yields for these periods, also experienced
a decline of 7 percent.

Briefly stated, the existence of stochastic curtailments had,
on one side, a downward effect on net revenues and yields, decreas-

ing them up to 28 and 11 percent, respectively; while on the other
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side, they increased the fluctuations associated with production
(measured by the coefficient of variation) by more than 100 per-

cent, for the case of curtailment during the 40-60 period.

Thirty-Day Curtailment. Impacts similar to the 20-day curtail
are obtained for the 30-day case except the effects are greater
(table 9). The periods where curtailment was imposed were 20-50
and 40-70 days after plant emergence. Of the two instances, the
latter reflected more severe impacts. During these periods, and
different to the cases analyzed before, negative net returns are
present in the solutions obtained for some years (Appendix table 4).

The net returns and yields for the 20-50 and 40-70 day after
plant emergence curtailment are $67 and $50 and 77 cwt. and 73 cwt.,
respectively, representing a decrease of almost 50 percent and 19
percent with respect to the non-institutional constraint case.

In summary, the primary effects of irrigation curtailments are
to reduce net revenues and increase the relative spectrum of fluc-
tuation. The amount in which they are reduced is dependent upon
the stage of growth of the plants and the time span of the curtail-
ment. The impacts estimated and detailed in this study may be
considered as conservative: they assume that the producer can im-
mediately irrigate after curtailment, whereas, in reality with
limited wells, it may be several days after the curtailment has

ended before he can irrigate all acres.



80

‘uoTledraar juetdsad SPNITOUT 10u sao(

"P9Sn 1231BM uorjesraay

q

"S$93B21Td31 pazeInwIs ¢ uo paseq

T8 LA 09°£9 €L°6 €971 €476 uoTIETIRA
IUBTOT 390D
19°21 09°16 9" /11 v0' 7T ¥5°26 $8°6TT anTep
WNET XBJY
LL°8 25°9¢ €L 1T~ 187/ 8T°9¢ 9T 0T~ anTep
UNUTUTH
060 806 16° €€ €0°1 09°6 TE°S¢ uoT3BTAR(
paiepueag
Z0°T1 z6°2!L 97°0¢ 65°0T AN 16799 uesy
(rur) (340) (s) (*ur) (340) (%)
qPasn uinjay pesp uinjay
1572Y PI®IA 1oy mmumz PT®TX JoN wa3T
0L-0% 05-0Z

PRIINI0G sjuswlTeIAn) usyy vusBaswmy 1933y sLeq

PUB suinjiay ey ‘PISTX 2xoy I2d

v SUT®Id Y3TH sexo]

INY310g5 ureIn a0z o8(

uo sjusuyrTezan) Leq gg jo 109139 pelewrlisy g aTqe]



81

Parametric Analysis

A common approach to test sensitivity of a solution or results
is by changing parameters in the model. The principal concern in
this analysis was to estimate the effect of price changes for
grain sorghum and natural gas on net revenue and yield. Four dif-
ferent sets of prices were considered. The price of grain sorghum
was assumed to be $4.07/cwt. and $3.37/cwt.; while the price for
natural gas was set at $1.50/mef and $2.50/mcf. All four combina-
tions were tested and the results indicated no major changes in
the use of irrigation water occurred. Yields remained essentially
unchanged. Net revenues adjusted directly proportional to the
change of the price for grain sorghum, and inversely proportional
to the changes in the price of natural gas (Appendix table 5).

The implication is that in the short runm, such as one growing
season, the marginal value product is so sufficiently large that it
compensates the increase in costs at least within the price ranges
analyzed. This suggests, within the irrigation levels and yield
obtained herein, the expected yileld is sensitive to reductions in

water use and insensitive to additional water.
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CHAPTER V

SUMMARY AND CONCLUSTIONS

The High Plains region of Texas constitutes the largest cul-
tivated area in the state. Economic development in this region
has been primarily associated with the introduction and the expan-
sion of irrigation. This.practice has increased the productivity
of fields previously producing under dryland conditions and, fur-
ther, it has enabled irrigation farming on other land areas pre-
viously not used for crop production. As a result a multiplicative
effect in the economy has been generated not only throughout the
region but also for the entire state.

The agricultural production and associated economic effects of
irrigation on the Texas High Plains are seriously threatened by two
factors: (1) a rapidly declining groundwater supply and (2) a
swift upward trend in energy costs., The continued mining of the
available groundwater supply emphasizes the need for better planning
and more effective irrigation strategies to provide for conservation
of the resource. With respect to the energy issue, the region has
not only experienced rapid increases in price, but, recent national
policy allows federal authorities to reallocate fuel supplies for
emergency use to other regions. Therefore, not only higher costs
are to be expected but also the possibility of energy curtailments.

As a result of considering potential energy curtailments dur-

ing the growing season, there is an increase in risk and uncertainty
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involved in agricultural production. The magnitude of such risk and
uncertainty is even greater when farming occurs in regions with low

and unstable rainfall as in the case of the Texas High Plains.

Methodology

Previous studies that déal with the water issue and particu-
larly, the importance of irrigation follow a defined dichotemy in
their methodology of ‘analysis. There are the water studies which
(1) emphasize the dynamic and physical aspects of the growing
process in the soil-plant-atmosphere continuum and alternatively
(2) the economic analyses, which view the production process under
4 static and deterministic environment. The first approach seeks
to obtain the maximum physical output, while the economic concepts
involved to optimally allocate resources are disregarded to a
second level. The second approach stresses the importance of the
economic variables to be optimized and basically neglects the dy-
namic and stochastic cbnsiderations involved in the production
process.

The optimal allocation of irrigation water in the production
process can be considered as a problem of the dynamic economic
type. To illustrate, this study considered the problem in the
context of control theory. Since the system analyzed progresses
through time and is subject to the effects of stochastic variables,
such as weather, the part of control theory denoted as adaptive

stochastic control was used as framework of reference.
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To evaluate the optimum use of irrigation and its importance,
a grain sorghum growth simulation model was modified to include
relevant economic variables. To optimize the amount of irrigation
water to be applied during the production process, a stochastic
open-loop feedback control policy was built into the plant growth
model. At every pre~determined period of evaluation, the stochas-
tic contrbl policy establishes the optimal amounts of irrigation
water to be applied; i.e., the amount that would maximize net
returns to the producer based on expected weather patterns. This
procedure starts at the beginning of the first period and estimates
optimum irrigation for every period. The stochastic control policy
operates under the basis of constant revision of the expectations
generated at every starting point. If discrepancies between the
expected and the realized values exist, then, based on current
conditions a reevaluation of the control variable, irrigation
water, is made and the first period of the growing season.

Within the stochastic open-loop feedback policy designed, the
values for the control variable are obtained by numerical search.
For this objective, the different concepts involved in numerical
optimization algorithms were previously addressed and later expan-
ded for the Quasi-Newton methods case. Finally, a set of 30 dif-~
ferent weather patterns was created and used by the model to esti-

mate its performance under alternative circumstances.
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Results

The model was applied to estimate optimal irrigation strategies
and the impact of fuel curtailments. Initially, optimal irrigation
strategies were developed under the assumption of existing perfect
knowledge. Under this assumption, the results indicated there was
not a unique strategy to be applied in all years, The quantities
of irrigation water applied depended on the initial or starting
conditions of each period. The presence and amount of soil mois-
ture, the expectations on the number of occurrences and quantities
of rainfall, the stage of growth of the plant and its physical con-
dition and finally, the expectations on other climatic variables
such as maximum and minimum temperature and solar radiation, were
determinants of the optimal strategy to be formulated. From these
findings, it was concluded under the present assumptions, to maxi-
mize net returns, producers will follow a policy of frequent irri-
gations with smaller water applications than they actually used, at
each time. The total amount to be applied was estimated to be in
the range of 10.5 to 11.5 inches, not including a preplant irriga-
tion. The average per acre net returns and yields were estimated
to be $110 and 90 cwt., respectively.

Since one of the purposes of building the model was to perform
under stochastic or real world conditions, the assumption of com-~
plete knowledge was relaxed to consider the case where the climatic
environment was unknown. As in the deterministic case, the optimal

amounts of irrigation water, by period, depended much on the exist-
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ing initial conditions at each period. It was observed, also,
with the open-loop feedback control, the results obtained for
yields did not differ from those obtained in the deterministic
case., The discrepancies among the two cases were found in the
optimal amount of water to be applied and therefore in net re-
turns. 1In the stochastic case, the use of irrigation water had
a mean value of 13.80 inches, approximately 25 percent more than
in the case of complete knowledge. Because of the higher amount
of water used per acre, net returns were diminished by 10 percent
(from $110 in the deterministic case to $99 in the stochastic
case). This could be considered to be the cost of not possessing
complete information. Lower net returns may be expected if irri-
gations are not made in an optimal way. A deviation from the
optimal strategy would be expected to result in lower yields and/
or higher levels of irrigation water which would contribute nega-
tively to the net revenue. The decrease depends on the amount
and timing of the irrigation made.

The expected effect of irrigation curtailment was estimated
for alternative time spans. When curtailments had a length of 10
days there were no perceptible changes in the amount of net re-
turns of yields, with respect to the no-curtailment case, These
results were consistent with the deterministic environments analy-
sis, 1.e., 2 reallocation of irrigation water towards the following
period when the institutional restriction had ceased. The impli-

cation drawn was that by having frequent irrigation periods and
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applying optimal amounts of water, the adverse effects of 10-day
curtailment periods are buffered.

The cases of twenty and thirty-day periods were found to have
highly negative effects on the outcomes, especially per acre net
revenues; i.e., they decreased about 50 percent ~ from $99 to %50 -
in the curtailment case of 40-70 days after emergence compared to
the no-curtailment value. The effects were not only a decreased
amount of net returns but alsc an increased spectrum of their
relative fluctuation (from 18 percent to 68 percent for the same
situations menticned above).

It was also found for the same length curtailment, the effects
were conditioned to the period in which they occurred. 1In the 20-
day curtailment case, the most sensitive period was found 30-50
days after emergence. In the 30-day case, the 40-70 days after the
emergence period reflected the lowest mean net revenue as well as
the highest coefficient of variation out of the two situations
analyzed ($50 compared to $67 and 68 percent compared to 52 percent,
respectively).

These estimates should be taken as being conservative. To
obtain them, the model--using the assumption of immediate delivery
of water--optimizes the amount of irrigation water needed at the
time that it is required. However, with the given state of the
arts, this may not be the case. The 20 or 30 day curtailment
period might be applicable to much shorter actual fuel curtail-

ment periods. Producers lose not only the time of fuel curtail—
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ments but, also, they must cover many acres with a limited number
of wells. As a result, a 10-day fuel curtailment could easily re-
sult in a 20 to 30 day delayed irrigation.

As a conclusion, it could be said that improved irrigation dis-
tribution technology could result in increased yields using less
irrigation water applied and thereby also reduce the negative im-

pacts of curtailment.

Limitations

This study could not cover and evaluate all possible alter-
natives that might arise, therefore, certain needed constraints
and limitations were adopted:

To determine the optimal time trajectory for the control var-
iable the assumption of profit maximization was made. However,
this way may not reflect the objective of each producer. Other
goals could be alternatively specified; i.e., secure some minimum
net return or to produce to the extent where minimum variations
in net returns are obtained. Which specification is chosen may
alter the value of the control variable.

The process of numerical search to maximize the value of the
objective functional by no means assures a global rather than a
local maximum. Though parametric analyses were made to assure that
no other higher values exist, at least in the vicinity, the pos-
sibility of finding higher values is still open. The main reason

for this resides in the highly non-linear shape of the objective
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functional.

The optimizing of net revenues is made under the assumption
water is available at the time needed and in the amounts required.
However, as mentioned before, a limited number of wells imposes the
restriction of a limited amount of water that can be obtained in a
given period of time.

The optimization is made with respect to the use of water and
assumes the plant is affected exclusively by the climate. The in-
clusion of fertilizer and insect interaction would help on the
predictive ability of the model and in the economic decision cri-
terion, i.e., model sensitivity would be increased for input or
product changes if other interactive inputs were included.

Grain sorghum is considered to be the only crop under produc-
tion. Real farm situations grow more than one crop. In cases
where water is a limited factor, the existing crops would compete
for the supply of the resource determining a possible different
allocation for the control variable.

Tilling of the grain sorghum plant can result in significant
variations in the plant population. If this occurs, the predictive
ability of the model may be seriously affected.

The eight irrigation periods used throughout the analysis are
advanced technology of water distribution mot available now to the

average size farm.
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Table 1. Per Acre Net Returns, Yield and Irrigation Level for 30
Years of Deterministic and Stochastic Weather Patterns:
Texas High Plains.2

Deterministic Stochastic

Year
Net Water Net Water
Return Yield Usedb Return Yield Usedb
(%) (cwt) (in.) (%) (cwt) (in.)
1 105.65 89.00 11.30 93.83 89.00 14.38
2 130.64 96.67 11.83 120.73 86.80 14.52
3 115.74 90.82 10.35 100.82 90.82 14.23
4 132,07 95.21 10.12 117.08 95.59 14.37
5 119.52 93.25 11.59 111.83 93.25 13.58
6 98.62 85.63 13.05 82.33 85.63 14.28
7 103.61 88.78 11.64 94 .65 88.78 13.97
8 124.97 92.14 9.39 116.83 93.03 12.09
9 105.81 88.46 10.77 94,55 88.46 13.70
10 82.75 79.96 8.98 74.17 79.96 11.21
11 124,34 94.10 11.12 117.94 94.10 12.77
12 75.20 79.38 10.42 61,67 79.38 13.94
13 88.98 85.47 12.41 82.98 85.47 13.97
14 106.86 88.44 10.47 96.96 88.44 13.05
15 120.80 91.95 10.07 106.95 91.95 13.67
16 83.12 85.09 13.58 17.46 85.09 15.05
17 132.77 98.14 12.62 128.54 98.29 13.86
18 146.82 99,28 10.01 132.43 99,28 13.75
19 - 101.04 87.98 11.57 90.55 87.98 14.30
20 111.81 92.59 12.99 106.65 92.59 14.33
21 102.32 - B86.68 10.05 89.62 86.68 13.35
22 107.90 90.88 12.44 98.89 90.88 14.78
23 82.00 83.27 12,21 74.15 83.27 14.25
24 120.09 92.43 10.69 107.55 92.43 13.95
25 107.51 87.63 9.56 93.01 87.63 13.33
26 124,67 95.56 12.36 119.41 95.56 13.73
27 ~100.25 87.34 11.19 90.14 87.33 13.81
28 87.51 84.49 11.90 80.78 84.49 13.65
29 137.58 96.22 9.61 124.18 96.22 13.09
20 106.04 89.81 11.95 94.26 89.81 15.01

%Based on a price of Grain Sorghum of $4.07/cwt. and price of Natural
Gas of $2.50

bIrrigation water used. Does not include preplant irrigation
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Table 2. 1rvigatton Witer Msed Por Peviod for 30 Years ol Detevmindstie wad Stechastic Weatlber Patterns:
Toxas High Platns,

Deterministic Stochastic

Days After Emcrgeace

.

Year 20 30 40 50 60 70 80 20 20 30 40 50 60 70 8Q 90

- = Incheg w---ea- - ———nn e
)3 2,42 1,15 1.38 1.60 1.09 1,36 0.69 1.60 2.62 1.28 1.75 1,55 1.89 1.9 1.77 1.59
2 2.63 1.40 1.50 0.72 1.70 1.3& 1.42 1.09 2.63 1.38 1.83 1.61 131.82 1.84 .77 1.65
3 3.12 0.64 0.71 1.27 0.99 0.88 1.59 1.1% 312 0.81 1.61 1.64 1.91 1.72 1.56 1.55
4 3.04 0,00 1.58 1.86 0.21 1.35 1.01 1.06 3.04 1.17 1.48 1.81 1.83 1.772 1.66 1,67
5 2.29 1.3% 1.14 1.25 1,69 1.46 1.1l 1.32 2.29 1.27 .04 1.15 1.7¢ 1.56 1.5 1.63
& 2,89 1.53 0,04 0.21 1.74 1.54 0.96 1.13 2.89 1.48 1.58 1,57 :.64 1.79 1.64 1.70
7 2.58 1.36 1.96 0.36 1.49 1.91 1.48 0.49 2.58 1.29 1.84 1.78 1.44 1.8 1.71 1.50.
8 1.49 1,15 1.59 1.1} 1.14 0.45 1.30 1.16 1.4% 1.1F 1.70 1.67 1.46 1.64 1.62 1.40
9 2.6% 1.23 0,85 1.38 0.69 1.77 1.31 0.79 2.69 1.36 1.72 1.62 1.66 1.60 1.56 1,48
10 1.59 0.83 0.63 0.85 1.67 1.38 1.57 0.46 1.59 1.44% 0.90 1.15 1.62 1.69 1.58 1.25
11 2.97 1.39 0.43 1.55 0,00 1.5 1.76 1.49 2.74 1.51 0,90 1.34 1.54 1.5y 1.60 1,54
12 2,97 1.14 1.12 0.98 1,46 0.55’“0.96 1.23 3.08 1,06 1.8 1,49 1.36 1.69 1.83 1,62
13 3.06 1.51 1.93 1.41 1.79 0.91 1.%7 0,25 3.06 1,47 1.95 1.44 1,78 1.13 1.70 1.43
14 2.44 0.85 1.52 0.00 1.60 1.38 1.3% 1.33 2.44 1.02 1.71 1.67 1.52 1.3%9 1.68 1.62
15 2.50 1.16 1.45 1.62 0,48 D.85 1.38 0.22 2.50 1.36 1.74 1.54 1.46 1.82 1.89 1.34
16 3.11 1.32 1.57 1.22 1.47 1.68 1.76 1.45 3.05 1.48 1.82 1.78 1.51 1.65 1,66 1.80
17 2.56 0.60 1.78 1,80 1.67 1.15 1.44 1.61 2.56 1.38 1.48 1.8 1.68 1.79 1.54 1.57
i8 2.64 1.10 1.36 0.41 1.86 1.57 G0.16 0.91 2,82 0.94 1.35 1,50 1.89 1.90 1.62 1.74
19 2.79 1.10 1.97 0.91 1.83 0.52 0.77 1.69 2.79 1.09 1,98 1.87 1.9 1.86 1.52 1.50
20 2,98 1.00 1.92 1.57 0.88 1.79 1.31 1,54 2.99 1.36 1.82 1.57 .52 1.85 1,62 1.59
21 2.11 0.88 1,22 1.68 1.22 1.37 1.26 0.5% 2.11 1.36 1.8% 1.57 1.52 1.74 1.37 1,83
22 2.66 1.52 1,37 1.74 1.28 1,57 1.27 1.03 2.66 1,45 1.93 1.56 1,84 1.74 1.98 1.61
23 2.99 1.35 1.61 1.73 0.96 1.71 G.79 1.07 2.99 1.5 1.5 1.88 1.67 1.49 1.60 1,57
24 3.0 1.59 0.05 0.36 1.36 1.1i2 1.53 1.65 3.02 1.20 1.39 1.84 1.71 1.15 1.87 1.69
25 2.34 1.34 1.1% 0.00 0,55 1.71 1.25 1.19 2.34 1.33 1.20 1.82 1.87 1.63 1.55 1.59
26 3.23 0.63 0.69 1.25 1.97 1.4 1.46 1.74 2.96 0.81 1.62 1.63 1.74 1.74 1.47 1.75
27 2,64 0.64 2.21 1.34 0.44 1.54 1.7¢ 0,67 2.64 0.62 2.22 1.85 1.65 1.54 1.64 1.65
28 2.11 1.22 1,79 0.91 1.30 1.62 1.40 1.54 2.45 1,24 1.65 1%53 1.56 1.87 1.75 1.59
29 1.86 0.68 1.96 1,25 0.42 1.38 0.h4 1,62 1.86 1.17 1.81 1.57 1.7% 1.65 1.43 1.8¢
30 2.66 1.56 l.68 2,03 0.2y 1.57 1.53 0.63 2,09 1.51 1.69% 7,45 2,02 1.72 1.58 1.76

®Based on & price of Grain Sorghum of $4,07/cwt . and price of Kuitural Cas of $2,50.
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Table 3. Estimated Effect of 20 Day Curtailments on Per Acre Yield, Net
Returns and Water Used for Grain Sorghum: Texas High Plains.?
DPays After Emergence When Curtailments Occurred
Year 20-40 40-60 60-80

Net . Water Net Water Net . Water
Return Yield Usedb Return vield Usedb Return Yield Usedb
($) (ewt}) (in.) ($) (ewt) (in.) ($) (cwt} (in.)
1 90.74 86.07 12.50 59.82 77.49 12.69 79.05 82,62 12.38
2 114.62 93.03 12.66 91.05 86.25 12.59 95.45 87.95 13.00
3 99.06 87.71 11.84 94.29 86.47 11.9%4 94.44 86.56 11.99
4 116.95 93.05 12.31 96.64 87.04 11.86 123.41 94.51 11.73
5 107.74 90.03 11.71 74.87 81.45 12.40 83.15 83.64 12.25
6 78.59 81.21 11.21 93.10 85.63 11.48 54.21 76,11 12.88
7 88.25 84.83 12.01 66.33 78.87 12.26 55.75 76.81 13.12
8 117.96 91.98 10.83 106.69 88.34 10.43 120.25 91.65 9.93
9 95.74 85.92 11.06 81.39 82.52 11.69 79.46 81.89 11.61
i0 85.83 79.96 8.18 62.50 76.00 10.62 38.92 68.34 9.74
11 108.32 89.43 11.01 111.62 90.04 10.70 112,22 90.78 11.23
12 56.12 75.66 11.98 61.91 77.13 11.81 62.03 77.22 11.87
13 67.40 78.91 12.01 11.60 64.21 13.07 52.74 76.04 13.20
14 96.27 86.35 11.32 106.47 88.23 10.39 70.41 80.13 12.35
15 104.24 89.97 11.74 57.12 76.50 12.48 104.41 88.92 11.56
16 68.60 80.04 12.74 52.02 76.01 13.36 37.75 72.72 14.06
17 129.84 96,27 11.67 71.77 81.25 13.03 110.44 91.70 12.53
18 123.32 95.41 12,58 112.80 92.26 12.43 113.94 91.30 11.26
19 80.71 83.30 12.57 37.21 71.25 12.85 82.68 83.83 12.55
20 99.54 88.33 12.28 40,62 72.11 12.76 87.54 85.58 12.89
21 90.15 84.65 11.36 46.82 73.24 12,18 92.30 85.26 11.35
22 90.92 86.60 12.94 46,07 74.26 13.31 73.75 81.69 12.91
23 61.18 77.65 12.48 32.84 70.13 12.97 52.57 75.81 13,04
24 109.60 89.26 10.51 119.22 92.43 10.92 90.20 86.23 12.79
25 86.72 84.48 12.09 104.63 87.63 10.31 80.64 B82.19 11.58
26 117.40 92.67 11.61 90.72 85.88 12.33 94.29 86.88 12.32
27 79.90 82.94 12.49 20.31 64.76 11.31 78.99 82.25 12.06
28 74.24 81.01 12.16 46.02 73.30 12.44 55.55 75.90 12.34
29 121.25 93,89 11.73 102.34 87.19 10.51 135.28 96.21 10.20
30 79.02 83.74 13.42 44.84 72,54 12.05 89.21 86.12 12.95

a
Based ona

$2.50

bIrrigation water used. Does not include preplant irrigatiom.

price of Grain Sorghum of $4.07/cwt. and price of Natural Gas of
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Table 4, Estimated Effect of 30 Day Curtailments on Per Acre Yield,
Net Returns and Water Use for Grain Sorghum: Texas High
Plains.?2

Days After Emergence When Curtailments Occurred

Year
20-50 40-70

Net Water Net . Water
Return Yield Usedb Return Yield Usedb
(%) (cwt) (in.) ($) (cwt) (in.)
1 70.16 79.23 11.59 33.73 68.79 11.51
2 96.34 86.20 l}.16 53.27 74 .58 11.72
3 69.20 77.74 1:2.48 78.51 80.49 10.58
4 103.35 88.39 11.34 72.19 79.29 11.11
5 88.44 83.87 11.08 40.05 70,69 11.60
6 81.11 79.66 9.14 80.48 81.68 11.15
7 63,92 76.36 10.58 37.93 69.84 11.37
8 115.11 89.85 9.62 73.46 77.09 8.77
9 69.43 77 .84 10.51 64.39 77.14 11.18
10 86.00 79.59 7.81 43.26 69.72 9.88
11 69.81 77.77 10.35 106.49 88.42 10.56
12 37.97 68.58 10.22 51.46 72.83 10.60
13 -2.82 57.990 11.05 =-11.73 56.52 12.09
14 97.08 83.57 8.57 91.76 83.80 10.16
15 80.03 81.44 11.05 34.40 68.37 10.95
16 27.73 66.86 11.30 24,52 67.38 12.61
17 119.85 92,54 10.85 8.24 61.58 11.53
18 108.34 89.18 10.77 76.33 80.86 11.47
19 29.36 67.01 11.02 27.58 66.07 10.61
20 62.94 76.56 11.03 17.66 64.68 11.93
21 67.82 77.65 10.76 40.74 69.24 10.10
22 46.42 72.98 12.04 20.94 66.06 12.33
23 -10.16 56,18 11.38 0.88 60.31 12.29
24 114,26 88.46 8.57 117.36 91.60 10.64
25 54.75 72.20 9.17 107.41 87.24 9.24
26 85.76 82.83 10.83 68.96 78,28 11.04
27 18.40 64.39 11.46 1.21 58.71 10.74
28 45.13 71.53 11.05 27.36 67.00 11.52
29 102,25 87.46 10.78 86.36 81.91 9.83
30 11.06 62.92 12.03 29.50 67.55 11.47

®Based on a price of Grain Sorghum of $4.07/cwt. and price of Natural
Gas of $2.50

bIrrigation water used. Does not include preplant irrigation
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Table 5. Effect of Alternative Grain Sorghum and Natural Gas Prices

on Yield, Profit and Water Use:

Texas High Plaing.@

Grain Sorghum Price ($/cwt)

4.07 4.07 4.07 3.37 3.37
Item
Natural Gas Price ($/mef)
Dryland 1.50 2.50 1.50 2.50
" Yield (cwt/acre)
Average 14.80 87.29 89.94 87.46 87.56
High 34,25 99,28 99.28 99.28 99.28
~ Low 4,00 77.63 79.38 77.66 77.60
c.v.b 59.42 5.59 5.63 5.60 5.74
Net Returns ($/acre)
Average -12.66 118.25 99.36 57.03 38.48
High 61.65 159.89 132.43 90.39 72.37
Low -53.89 89.18 61.67 31.68 14.49
Cc.vV. -256.23 14.37 17.92 23.99 36.09
Water Applied® (in./acre)
Average 0.00 11.24 13.79 11.46 11.51
High 0.00 13.55 15.05 13.47 13.98
N Low 0.00 8.42 11.21 8.70 8.69
C.V. 0.00 9.78 5.82 9.88 10.65

%Based on 30 simulations for each set of prices

bCoefficient of variation is a measure of dispersionm; i.e., the

higher the value the more instable

cWater application is effective water to the root zone and does not

include evaporation or percolation
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