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Abstract

We examine spherical p-branes in AdS,, x S™, that wrap an S? in either AdS,, (p = m — 2) or S™
(p = n —2). We first construct a two-spin giant solution expanding in S™ and has spins both in AdS,,
and S™. For (m,n) = {(5,5),(4,7),(7,4)}, it is 1/2 supersymmetric, and it reduces to the single-spin
giant graviton when the AdS spin vanishes. We study some of its basic properties such as instantons,
non-commutativity, zero-modes, and the perturbative spectrum. All vibration modes have real and positive
frequencies determined uniquely by the spacetime curvature, and evenly spaced. We next consider the
(0 + 1)-dimensional sigma-models obtained by keeping generally time-dependent transverse coordinates,
describing warped product of a breathing-mode and a point-particle on S™ or AdS,, x S*. The BPS bounds
show that the only spherical supersymmetric solutions are the single and the two-spin giants. Moreover, we
integrate the sigma-model and separate the canonical variables. We quantize exactly the point-particle part
of the motion, which in local coordinates gives Poschl-Teller type potentials, and calculate its contribution
to the anomalous dimension.
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Giant gravitons were first proposed in [1] in order to explain the stringy exclusion principle [2]

where the bound on the R-charge of CFT operators was related to the bound on the angular mo-

mentum in the supergravity picture. They are probe brane solutions in an AdS,,, x S™ background

with fluxes, obtained by wrapping an (n — 2)-brane on an S"~2 sphere rotating inside S™. Later it

was shown that [3, 4] an (m — 2)-brane wrapped on S™~2 at constant radius in AdS,, and rotating

inside S™ carries the same quantum numbers. Together with the Kaluza-Klein point-like excita-

tion, they constitute three different states representing the same graviton. However, the states are



expected to be mixed with each other in quantum theory due to the existence of instantons that
would allow semi-classical tunneling [3-5] which may resolve this puzzle.

The giant graviton is an example of how semi-classically stable string/brane solutions may be
helpful in understanding different aspects of the AdS/CFT correspondence. Basically, this is due
to the fact that large charges suppress quantum fluctuations and thus connect regimes where both
the bulk theory and the CFT have meaningful perturbative expansions. From the bulk point of
view, the main idea is to zoom in on a sub-sector of states carrying large charges scaling like the
tension of a p-brane, and consider various semi-classical expansion schemes of the probe brane
quantum field theory based on the identification of some small parameters. Typically, one would
expect small parameters to measure the deviation from being BPS, though interestingly enough
there also exist meaningful expansions in regimes far from being BPS.

This strategy has been successfully utilized in the BMN limit [6] where the relevant states are
near BPS and represented as small closed strings in AdSs x S° with center of mass rotating around
a large circle of S® with large angular momentum .J. One then considers .JJ > 1 with A/J? held
fixed, where X is the 't Hooft coupling. The limit J — oo, removes higher order corrections to
the sigma-model leaving the pp-wave geometry, while the SYM side narrows down to the tower of
“doped” operators built on top of the 1/2 BPS single-trace ground state.

Another interesting sector of states that have been studied along similar lines, have large spin S
in AdS [7]. These arise as long rotating strings, corresponding to towers of single-trace operators
doped by derivatives. The rotation induces a strongly coupled world-sheet sigma model. If S is
the only semi-classically large parameter, the normal-coordinate expansion gives 1/ v/ A-corrections
to the AdS energy, that are difficult to match directly with the weakly coupled CFT, though other
qualitative features do match. However, it was discovered that if one considers states which carry
an additional large S° spin J, then the classical AdS energy has a regular expansion in A\/J?. This
prompted the proposal that the AdS/CFT duality can be tested in a non-BPS sector by comparing
the A\/J? expansion of the AdS energy obtained from the classical string sigma-model, with the
corresponding quantum anomalous dimensions in perturbative SYM theory. This has indeed been
supported by recent results in a series of papers (see for example [8]-[18])

Quite generally, brane physics exhibits UV /IR mixing in the sense that energetic branes tend
to grow large transverse directions probing more and more of the background curvature. In the
context of AdS/CFT correspondence, this means that already the leading order of the probe sigma-
model expansion share some qualitative features with the corresponding subset of CFT operators,
most notably the leading linear relation between AdS energy E and other charges. The existence of
semi-classically stable large strings, or other p-branes, therefore points to a sub-sector of (non-BPS)
operators with parametrically large bare dimensions and suppressed anomalous dimensions.

Returning back to giants, they are stabilized by balancing the tension against electric or mag-
netic fluxes (the cosmological constants in AdS,, x S™), leaving a finite net tension independent of
the AdS scale. Moreover, the string tension runs in AdS. Hence, in the IR limit of the AdS,, the
usual flat space hierarchy is reversed, such that the excitations of the (m — 2)-brane field theory
become much lighter than the massive stringy, or M-theoretic, excitations of the brane.

In the case of the Type IIB theory on AdSs x S° the following picture emerges (see figure 1):
as the energy F of string states increases, the flat space Regge trajectories, where E scales like
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FIG. 1: Different descriptions of the states in AdSs x S°.

square-roots of charge, start bending into linear trajectories as £ ~ g;/N. Roughly speaking, the
energy and some charge of the string concentrate along nearly light-like portions of the world-sheet,
while the transverse directions can extend resulting for example in the strings on the pp-wave or the
long strings discussed above. At higher energies, which scale faster with N than the string tension,
the semi-classical string description becomes strongly coupled. Awaiting some exact world-sheet
formulation, the natural semi-classical probe is instead the D3-brane whose tension scales like N.
In fact, the tension is of order 1 in units of the ten-dimensional Planck length, which means that
the giant D3 is the last description prior to complete breakdown of the geometrical picture in the
IIB theory.

The giant picture arises also in M theory on AdSy/7 X S7/4 where M2 and M5 branes can be
dynamically stabilized against collapse. The semi-classical limits are essentially the same as for the
D3-brane, since the tension is given by the eleven-dimensional Planck length (though here there
is no clear analog on the CFT side of the stringy exclusion principle). Hence giants appear to
capture universal features of the holography, valid both in string and M-theory and relying only
on the notion of expansion in 1/N, the bulk Planck’s constant.

The above discussion suggests that the appropriate semi-classical treatment of p-brane giants
is to expand in n = (F — J)/J in the regime £ ~ J ~ N > 1, E — J < N. The quantity
E — J is the total energy of the open plus closed string excitations above the giant ground state,
therefore small 7 is the same as considering a few massless quanta on the giant, described by the
p-brane field theory. One may also consider finite values of 7, as long as one stays safely away
from the Planck regime where n > 1. As in the case of the string sigma-model, the problem of
analyzing the normal-coordinate expansion simplifies further in the double-scaling limit N — oo,
with 7 fixed, where the p-brane field theory reduces to the ground state described by the classical
solution plus the quadratic fluctuations on top of it. The spectrum of normal frequencies for these
vibrations for 1/2 supersymmetric single-spin giant gravitons was calculated in [19], and found to
be independent of the size of the brane, and thus the angular momentum. This implies that in the
large N limit of the dual theory, the corresponding R-charged chiral operator, which is realized
as a sub-determinant [20-24], has associated with it a sector of mainly non-BPS operators with
level spacings independent of the ground state R-charge. In [24] this sector was constructed as



impurities inserted into the ground state sub-determinant mixed with separate single-traces, shown
to produce the structure of a Fock space of mixed open plus closed string excitations.

In this work, motivated by the fact that semi-classical string solutions with large AdS spin and
its multi-spin generalizations successfully mimic the BMN strategy, we aim to show that similar
ideas can be extended to giant p-branes. The plan of our paper is as follows.

In section 2, we construct a 1/2 supersymmetric!, spherically symmetric giant (n — 2)-brane
solution in AdS,, x S™ that spins both in AdS,, and S™. These two rotations are rigid and the
field equations fix the angular velocities in terms of the curvature scales, while the spins are fixed
by the radii of the circles of rotation. By adjusting the former radius, we can take the AdS spin
to be small or large. We show the saturation of a BPS bound, where the energy is equal to the
sum of the two angular momenta. There is also a point particle limit with non-vanishing conserved
quantities, connected to the giant by an instanton (with finite action). In [25], it was suggested
that imposing supersymmetry causes non-commutativity in the phase space. We indeed observe
this to happen also in the two-spin case, with additional Dirac brackets between the radial AdS
coordinate and the two cyclic coordinates in AdS,, and S™ used for the rotations.

In Section 3, we examine various aspects of the vibration spectrum of the single and the two-
spin BPS giants. The bosonic fluctuations of the two-spin BPS giant (we are only considering the
scalar fluctuations and leave vector and tensor fluctuations on D3 and M5 branes for future work)
has two interesting features. Firstly, the frequencies depend only on the curvature scales of AdS,,
and S™, despite the fact that there are three more length scales, namely the radius of the rotation
in AdS,,, the tension and the size of the brane. As a consequence, the vibration spectrum is evenly
spaced, which is in agreement with the large-N Fock space picture of [24]. Secondly, for generic
m and n, the vibration spectrum of the corresponding single-spin giant graviton is contained as
a subset in the spectrum of two-spin giant. In fact, when (m,n) = {(5,5),(4,7),(7,4)}, the two
spectra become identical but with different degeneracy. We also work out the fermionic vibration
modes for single and two-spin BPS giant M2 in AdS; x S* background.

In Section 4 we construct more general spherical giants where all available coordinates are
assumed to depend on time after identifying the brane directions in space-time. They can support
maximum possible number of independent spins both for the branes expanding in AdS and on the
sphere. We find that the truncated p-brane equations can be integrated, and the canonical variables
become separated, leading to an interesting set of potentials both for the “breathing mode” and the
remaining “point-particle” motion. In fact, the latter we find to be governed by trigonometric and
hyperbolic generalizations of the Calogero model, known as Poschl-Teller Type I and II potentials,
which are exactly solvable quantum mechanics models (see [26] and [27] for review). Alternatively,
the point-particle sector can be quantized using global coordinates on embedding space leading
to ordinary spherical harmonics. We also derive BPS bounds on the energy, and show that they
can be saturated only by the single-spin and the two-spin solutions found in this paper, which are
hence the only BPS spherical giants. Finally, we quantize the (0 4 1)-dimensional sigma-model,
treating the point-particle motion exactly while borrowing the results from [28] for the breathing

! The supersymmetry of the solution can be established only when there exist a suitable x-symmetric brane action
coupled to a supergravity background. The main examples are (m,n) = {(5,5), (4,7),(7,4)}.



mode obtained using the Bohr-Sommerfeld recipe [29]. Interestingly enough, the exact energy
spectrum from the (in general non-supersymmetric) point-particle motion is evenly spaced, while
the breathing gives complicated corrections to the energy. This leads to a prediction for anomalous
dimensions, however it is difficult to pinpoint the operators precisely.

In Section 5 we conclude and discuss several open problems. The Appendices contain details
of the methods used to quantize the point-particle sector of the 04+1 dimensional sigma model,
namely the global coordinates formulation, the eigenvalue spectra of Péschl-Teller Type I and 11
potentials, and a comparison of the exact results with the Bohr-Sommerfeld method.

Note Added: In an earlier version of this paper, solutions of (2.24) which enhance 1/4 supersym-
metry to 1/2 were overlooked and the two-spin giant solution presented in section 2 was erroneously
claimed to be 1/4 supersymmetric. This mistake was corrected after the appearance of [30] where
it was shown that the two-spin solution is related to the single-spin solution by an AdS isometry
and thus has 1/2 supersymmetry.

2. 1/2 SUPERSYMMETRIC TWO-SPIN GIANTS

In this section we construct a 1/2 supersymmetric two-spin giant graviton wrapped on ™2
inside S™ of AdS,, x S™ and rotating simultaneously on S™ and AdS,,,. The bosonic p-brane action
can be written as

S=-T, / dPtroy/ =y [1 +

1 M, M,
(p—l—l)! €0 ap(‘)aOX O.ﬁ%X pAMo..Mp (2.1)
where 7,4 is the pull-back of the space-time metric to the world-volume. In some cases like M5
or D3-branes, there are additional world-volume fields which can be consistently set to zero. The
field equations of the above action are

1

1
ﬁaa V=105 XN gun | — §7aﬁaaXNaﬁXPaM9NP =

ag...« M, M.
T €0 Oy X000, X P Hpp My M,y (2.2)

where H is the field strength of the (p+ 1)-form potential, i.e. H = dA. The metric of AdS,, x S™
is:

ds? = —fdt* + f~rdr? + r2dQ2,_, + L?dQ3 (2.3)

where f =14 r2/L? and
dQ% = db? + cos®0d¢? + sin?6 [dx% + sin?y; (... + sin2xn_3dxi_2)] , (2.4)
dQ2,_, = dai +sin’aq [da3 + sin®as(... + sin®ay,_3daZ, _5)] - (2.5)

Here L and L are the radius of curvatures which are related as (m — 1)L = (n — 1)L. When
appropriate form fields are turned on which have non-zero fluxes on AdS or on the sphere, these
geometries compromise maximally supersymmetric backgrounds of the corresponding supergravi-
ties for certain values of m and n. In this section we are interested in the magnetic backgrounds and



thus should turn on the flux on the sphere. In the above coordinates the appropriate (n — 1)-form
potential supporting this flux becomes Agy, .y, , = L" 1 (sin0)"~1\/gX, where (gX);; is the metric
on the unit S"~2 in (2.4) parametrized by x coordinates. 2

It is easy to verify that the following configuration solves the field equations (2.2):

t=7 x'=d,
¢p=1/L, a=oy_o=1/L, (2.6)
9:90, r=To, alz..:am_gzﬂ'/Q

The brane wraps an (n — 2)-sphere in S™ and rotates both on S™ and in AdS,, with constant

angular velocities which are fixed by the corresponding curvature scales.

2.1. BPS Bound

From the action (2.1), the Lagrangian with o = «(7) and ¢ = ¢(7) can be obtained as
L= [—(sin 6)"2A + L(sin )" 14 , (2.7)

where A2 = f — 7262 — L?(cos 0)?¢2. Here we have used the flux quantization T,A, = N/LP*!

where A, is the area of the unit p-sphere. The conserved angular momenta become

. n—>2 2]

P, = NL(SIHQ)A (cosO7°¢ | N(sin gy, (2.8)
Nr2(sin 0)" 26

P — n? 7 (2.9)

and the Hamiltonian can be written as

N(sin@)"=2f
LA )
The gauge condition ¢t = 7 implies H = — P, = E, where E is the conserved AdS energy. From

H = Pyp+ Poie — L = (2.10)

(2.8) and (2.9) it is possible to express A in terms of P, and P, which gives the Hamiltonian as

P2 A2 P 1/2
¢ ;o n—3 )2
H=\/f _+_+ﬁt G(W—Sln 0) ] (2.11)
We see from (2.11) that the Hamiltonian obeys
Pz P Py P [Py P,)?
H > =+ == L4z A 2.12
> VI 5+ 5 [L+L}+[LL T}, (2.12)
which implies the BPS bound
Py, P,
H>—+ —. 2.1
273 (2.13)

2 In some cases, such as D3, the n-form flux is self-dual and the potential has also an electric part. However, this
does not affect the field equations for our ansatz. This remark is valid for all solutions found in this paper.



For fixed angular momenta, the extremum of the Hamiltonian can be found from 9,H = 0 and
OpH = 0. In the equilibrium r is uniquely determined by r% = P,LL /Pg. On the other hand, the
roots of 6 turn out to be equal to the ones found in [3], which are at § = 0 and (sin6)"3 = P4/N.
For the solution (2.6), the conserved quantities are

P, = N(sinfp)" ", (2.14)
Nr2

P, = —2(sinfy)" 3, 2.15
LL( 0) (2.15)
P, P,

H =242 2.16
Lt 3 (2.16)

As for ordinary giants, P, depends only on the size of the brane. On the other hand, P, is fixed
both by the size of the brane and the radius of the rotation in AdS space. Note that Py < N but
P, is unbounded. Also, as rg — 0, we have P, — 0 and the single spin solution is recovered.

2.2. Supersymmetry

Eq. (2.16) shows that the energy saturates the BPS bound (2.13) and thus one expects this
configuration to be supersymmetric. We will demonstrate this explicitly for a giant M2 brane in
AdS7 x S%. For other cases when (m,n) = {(5,5),(4,7)} the calculation is similar. As discussed
in [31], this solution will have residual supersymmetry if the following constraint is satisfied

Fe=e, (2.17)
where
1
D= gy €0, XM 0, XN 05, X Tasp (2.18)
€ = ¢(X)|y2 and €(X) is the Killing spinor in AdS; x S* which can be found explicitly as (see,
e.g., [3])°
e(X) = 030?032 —5xa 117 —gxpIX2x1
G%UFT'YE_ﬁrt'ye_%aﬂ“alre—%azf‘%al e—%asf‘%% €o, (2‘19)
where

sinhu =r/L, y = [9Paxz (2.20)

€o is a constant spinor and the indices on the gamma matrices refer to the tangent space. For this
background we have L = 2L. For the solution (2.6), eq. (2.17) can be written as (after multiplying
by T'9X1X2 from the left)

' coshu — T'5? sinh u — AT sin § 4 cos f| € = 0. (2.21)

3 Note the sign differences with [3] in some exponentials.



The last two terms can be grouped as exp[—0~I'?]. Using this and commuting other factors with
the first line of (2.19) we find that (2.21) is equivalent to

[thﬁ coshu — %% sinhu, + I] e P P L L B A ) (2.22)
Multiplying from the left by exp[%uf’"y] one obtains
[Ftd’ coshu — T'*? sinh u + cosh u 4+ Iy sinh u] e~3oal ™7 g—gaal®2 e_ﬁ(F%%JrFt”)eo =0,

where we have also carried exp[— ift’y] to the right. To take care of the angular dependencies in the
middle, we first multiply the above expression from the left by exp[%alfa”] which commutes with
the first three terms and anti-commutes with the fourth one. This last term gives the combination

(sinh )"y e~ = —(sinh )"y T7" = (sinhwu) y [ (2.23)

where we have used the fact that oy = w/2. Carrying out the same calculation for as, a3 and ay

we finally get

[Ftd’ coshu — ['*3? sinh u 4 cosh u + T~ sinh u] e_ﬁ(rasaurptweo =0. (2.24)

For this equation to hold, ¢y should obey
[I + T — tanh u D?(] + rasawr‘f’)] €0 =0, (2.25)
[1 T 4 tanhu T%(1 + r%awwﬁ)] [T — 1os2ity] ¢ = 0, (2.26)

where the first and the second conditions are implied by the even and the odd powers of 7 in (2.24),

respectively. Decomposing € as

c=¢ T+ +e T+, (2.27)
where
[10 5152 = g, 5152 [BUATP 5152 — g, 5152 s12 = =, (2.28)
one finds that (2.25) gives
e =0, € =tanhul®% T, (2.29)

and (2.26) is satisfied identically. Thus the two-spin giant configuration preserves 1/2 of the
supersymmetries of eleven dimensional supergravity. The single-spin solution can be recovered by
letting u — 0 (i.e. » — 0) so that the motion in a5 disappears. In that case, the Killing spinor

condition (2.25) becomes
(I +T"%)ep = 0, (2.30)

which is the projection found in [3, 4]. Indeed, even for non-zero u it is possible to obtain (2.30)

from (2.25) by a similarity transformation
€0 = Sl 4 - s-irts (2.31)
where
S = exp(—%u rtes) exp(:l:%é [éa1ozasasr) cosd =1/coshu , (2.32)

and the sign in S is correlated with 7195~y = 4T,



2.3. Instantons

From the experience with the single spin giants, it is plausible to expect a point particle limit.
Indeed, taking sinf = ¢, L?¢? = (1 — e 4)/(1 — ¢?) and letting ¢ — 0, we get finite P, and
P,. Quantum mechanically, there may exist tunneling between the expanded and the point-like
configurations. Following [3], to construct the relevant instanton solution we first assume 6 = 0(7)
and let 7 — iz. Using the corresponding conserved Euclidean energy we get a first order equation

df
P, L 5= tan 0[P, — N (sin6)" 3], (2.33)
which is exactly the same one obtained in [3]. The solution is

P e(n—3)z/L
: n—3 __ [
(sinf) =15 N L

(2.34)

which interpolates between the extrema of § as z — +o0o. The total Euclidean action for this
instanton is finite and thus one would expect mixing between the expanded and zero-size branes
by tunneling. Note that unlike the ordinary giants, here there is no dual 1/2 BPS spherical
configuration corresponding to a brane expanding in AdS. Because of this, no puzzle arises in
solving the stringy exclusion principle.

2.4. Non-commutativity

In [25], a relation between supersymmetry and non-commutativity in the phase space was
proposed, i.e. the BPS condition gives constraints and Dirac type canonical quantization leads to
non-commutativity. One may wonder the consequences of having spin in AdS, as in our solution,
for this analysis. For that purpose we relax the conditions on r and € coordinates in (2.6) and let
them to be dynamical. This modifies the Hamiltonian (2.11) so that there are additional fP? and
P02 /L? terms inside the square-root. For our 1/2 supersymmetric two-spin configuration we now
have two primary constraints

Y1=F=0, =P =0. (2.35)

The Poisson brackets of these with the Hamiltonian give two secondary constraints which are

dv rt P;
Us=ggr Ya=7 VO + 5| - P (2.36)

where V (0) = N2 tan? §(Py/N — sin” 3 §)2/L2. There are no further constraints since the Poisson
brackets become {H, 13} ~ Py and {H, 14} ~ P,. The constraints are second class with the algebra

a2V AP?

{¢17¢3} = _Wv {¢2,¢4} — _T (237)

We also have {11,104} ~ 13 which vanishes on the restricted surface. The canonical structure
on this constrained phase space can now be described by defining a Dirac bracket as follows:



{f,9tp =1{f,9} — 1/, wi}(C_l)ij{g,wj} where Cj; = {¢;,1;}. This gives

1
0 =
{6 0}top N(n —3)(sin@)"4cosf’
LL
{r.atpp = N (sim )3 (2.38)
L[?
{7", ¢}DB = -

2N (sinf)n=3"

As in [25], non-commutativity is proportional to 1/N. Note that it occurs not only between the
sphere coordinates # and ¢ but also between AdS coordinates r and « and between r and ¢.
For the single spin case, P, = 0 is an extra primary constraint due to which {t9,14} = 0 and
non-commutativity exists only between 6 and ¢ [25].

2.5. Validity of the Solution

One can trust the solution only when the corrections to the space-time geometry and the Born-
Infeld action can be ignored. In string theory the former requires g; < 1 and g; N > 1. On the
other hand, the corrections to the Born-Infeld action are suppressed if the induced curvature scale
on the world-volume is much larger than the string scale which gives L sin 6y > v/a/. For AdS5x S°,
L* = 4mgyNa'? and thus we have (Ngs)'/*sinfy > 1. This implies from (2.14) P, > /N/gs.
In M-theory, we still need N > 1 to rely on background geometry. To remove higher derivative
corrections to M2 and M5 brane actions it is necessary to have Lsin 6y > [,. For M2 L ~ [,N 1/6
and for M5 L ~ [,N 1/3 which yields Py> N 2/3 and Py> N 1/3 respectively. Therefore, the giant
graviton picture is reliable only when P, is large.

2.6. The Algebra of Unbroken Symmetries

The bosonic field theory defined by the action (2.1) in AdS,, x S™ background carries a rep-
resentation of the isometry group SO(2,m — 1) x SO(n + 1), generated by the Killing vectors,
SXM = KM(XN). The Noether charges are denoted by

—

(Mabyﬁa) ) (l,b = (t,?",Oé,Oém_g,Oés) , S= 17"7m -4 ) (239)
(M\IJuﬁI)7 [7J:(97¢7Xi)7 Z‘:17"'7”_27 (240)

where the indices are flat. The generators are anti-hermitian which are normalized such that

['K/l\al” M\Cd] = 45%2M\b]d] > [M\IJa M\KL] = 45[[fM\J]L] )
(Mo, PY] = 26, Py | (M, PK] = 2057, , (2.41)
[Pay Py = —Map/L? [Pr.Ps] = My

In determining the supersymmetry algebra in the background specified by a solution, the anti-
commutator of two unbroken supersymmetries closes on unbroken bosonic symmetries. For both

10



single and two-spin solutions these symmetries are
U(l)H/ X SO(WL — 1) X SO(’I’L — 1)X s (2.42)

where H' is the generator of T-translations and SO(n — 1), are rotations of the S? (p =n —2) in
the p-brane worldvolume, i.e.

E—J/L—S/L two-spin

o = (2.43)
E—-J/L single-spin
SO(n—1), : (./\//Yei,ﬁ/l\ij) ) i=1,...,n—1, (2.44)
where
E=—iP,, S=iMaa, ,, J=iP,. (2.45)

The form of H’ follows from that t = 7 = ¢/L = «/L in the case of the two-spin solution, and
t =17 = ¢/L in the case of the single-spin solution. In the linearized theory, H’ becomes the
fluctuation Hamiltonian. The unbroken SO(m —1) is an internal symmetry from the point of view
of the p-brane worldvolume theory. In the case of single-spin all SO(m — 1) rotations are manifest,
and its generators are

SOm—1): Mpy=Mra, s Ma,a,) I'=1,..m—-1, r=1,....m—2, (2.46)

In the case of two-spin an SO(m — 3) C SO(m — 1) subgroup is manifest, and generated by the
rotations preserving the equator of ™2 C S™, i.e.

—

SO(m—3): (Mya,, Maya.), r=1,...m—4. (2.47)

In addition to the unbroken symmetries, the linearized p-brane action is invariant under separate
shifts in the cyclic ¢, @ and ¢ coordinates generated by E, S and J defined in (2.45). Of these isome-
tries only the combined shift generated by H' given in (2.43) is an unbroken isometry. However, the
cyclic coordinates are axionic fields on the p-brane and hence E, S and J remain conserved in the
linearized theory. These charges generate outer automorphisms of the the supersymmetry algebra
in the background of the solution. We determine the U(1)-charges of the unbroken supersymmetry
charges and fluctuation fields in Section 3.6 in the case of the single-spin solution.

As an example, which will be used in Section 3.6, let us determine the unbroken superalgebra in
presence of a single-spin giant M2-brane in AdS7; x S*. The supersymmetry algebra of M-theory
expanded around a solution with non-trivial four-form fluxes is given in [32] and on AdS; x S% it

becomes (L = 2L)

~ -~ 1 P 2 - 1 e
{Q.Q} = -2 Pyt =Ty May = L TPy = 2Ty My,

L L
~ = 1 =~ — 2 1=
Pa, Q] = —=Ql'y, Mgy, Q] = - QL g, 2.48
Pu@ = =0Ty [Mu O] = 50T (2.48)
~ = 1= —~ =~ 1=
[Pr,Q] = —5<0m, My, Q] = 59l
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The full M2 brane supersymmetry generators are given by
Oco = /d%\/ % el - T)T0 , (2.49)

where € = g(X)eg is the Killing spinor (2.19).
From (2.30), the unbroken supersymmetry charges for the single-spin solution are given by
1

Q=P 0, Py = 5 (1+1%). (2.50)
These obey
_ 1 / 1
{Q, Q} = 2P+ (zft H, 2L FI J ’YMI/J/ — EFZ] ’)/M > 5 (251)
and [LE,Q] = [J,Q] = —%QFW. Next, we define
1 .
QY =1+Q, Ti= S i), (2.52)
which commute with P, and the unbroken bosonic symmetries. Hence
1 1
H,QF =570, [1QT =25, (2.53)

and QF and Q transform as (4,2) and (4,2) under SO(6) x SO(3), which we denote them by Q2
and Q%, respectively, with! « =1,...,4 and A = 1,2. We use the SO(6) ~ SU(4) chiral notation,
in which chiral and anti-chiral spinors always have upper and lower indices, respectively. No raising
and lowering of chiral indices can be done, while the doublet indices can of course be raised and
lowered as usual. Under hermitian conjugation, (Q4)" = Q4. Multiplying (2.51) by iI' from the
right and projecting by Il we find that the non-vanishing commutators are

(Q4.QR} = 2W00RH' + — 54 — L AL
(', Qaal = —57 Qaa s [H,Q8] = 17 @5
o?, Q] = 68 Qo - 355 Qi [Lap Q) = ~2iec(aQyp) (2.54)
7.2,Q%) = 61Q0 - A [Lap, QL] = —2iecaQ p)
[Jaﬁv Jﬂ/é] = 524 J’YB - 576 Jgé )
[Lag, Lop] = —2iec(alpyp + (C > D),

where Lap are the SO(3), generators and we have defined the SO(6) generators J,”° =
—iMI’J/ (T'1751)a”. The non-trivial Jacobi identity {Qaa, {Qpp, Q% }} + cyclic = 0 is indeed satis-
fied, and the fact that H’ does not commute with the supercharges is essential for this to happen.
Despite this non-commutativity the ground state energy may still vanish [33].

For the two-spin solution, the superalgebra can be obtained using the similarity transformation
(2.31), noting that STT* = I'*S~1.

* We use the follovvlng conventions: hermitian generators L; of SO(3) and Pauli matrices obey [L;, L;] = i€;x Lk
and 0’0’ = ie?*a* + 6. Doublet indices are contracted using eap = (eAB)T, eape’l = 260D The symmetric
Pauli matrlces (o )AB = (a"e)AB obey (o ')AB(Jj)CD —ie'jkeAc( k)BD — —5 ]eAceBD7 where symmetrizations
on AB and CD are suppressed. The correspondmg anti-hermitian generators ./\/l” and Dirac-matrices ' are
related by I’ 3/\/123 = —iLap, where Lap = 2i(o )ABL = (LAB)
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3. VIBRATION SPECTRUM

In this section we examine the spectrum of small fluctuations around the 1/2 BPS single and
two-spin solutions, including fermions for the M2 in AdS; x S*. For single-spin giants the scalar
fluctuations were analyzed in [25] (the vibration spectrum for giants in the PP-wave background
was studied in [34-36]). There are several motivations for this. Firstly, the solution defines the
ground state for a subsector of the p-brane field theory, based on normal coordinate expansion,
which is stable only if all fluctuation-modes have real and positive frequencies. There is also the
issue of singling out zero-modes describing continuous shifts in the semi-classical parameters.

Secondly, the full normal-coordinate expansion, including loops, becomes a 1/N-expansion after
absorbing a power of v/N into the fluctuation fields (the ¢-loop contributions to the n-point dia-
grams scale like N'="/2=¢) which reduces to the free quadratic Lagrangian in the limit N — oo.
Hence, from the point of view of the dual CFT, the frequencies have a direct interpretation in
terms of the large N limit of the scaling dimensions of a subset of operators forming a “tower”
on top of a specific operator corresponding to the ground state of the expansion on the p-brane
[6, 23, 24]. Another basic idea is that the tower has the structure of a Fock space in the large N
limit. Indeed, as in the case of the original giant gravitons [25], the vibration modes of the two-spin
giants have evenly spaced frequencies fixed by the radii of curvature.

For the calculations in this section, we find it convenient to use the following parametrization
of the sphere S™~2 in (2.3):

A2, = (1 — y)da? + (Gm + f’"ijQ)dymdy". (3.1)

In these coordinates the S™~2 part of the solution (2.6) is given by

3.1. Bosonic Oscillations

In the physical gauge that we employed, the coordinates can be perturbed as

¢p=T1/L+p, a=r1/L+da,
0=060y+0d0, r=rg+dr, y™ =ody", (3.3)

where the fluctuations depend on all of the world-volume coordinates. Expanding the action (2.1)
to the linear order in perturbations we find that the variation vanishes since the background obeys

the field equations. On the other hand, to the second order, the action becomes

Sy = / d" o/ -0 L, (3.4)

where

O r
Sy™ +6r | —| or +da | (1 + —2— )20 6
} Y 74[1"0] " a[( Tram?gy 07 0

1

O— ——
L2 sin? 6,

2£2 = 5ym
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47‘0

+0¢ [L? cot® 6o0] 8¢ + 60 [L*T] 660 + ————6r 9 bar (3.5)
L sin” 6y
2(n —3)L 2(n —3)r3 2r2L
(= 3L eosbospp 5+ 2 ~3.)200080059875a+5a[ 0% cot? 00| 50,
sin® 6y L sin® 6 L

(0)

0O is the D’Alembertian for the background world-volume metric Yop which is given by

-2
0 — sin” 0
7 = (3.6)
0 L2 sin2 00 (gx)ij

and fo =1+ rg / L?. In writing the above Lagrangian some terms are integrated by parts; there is
no surface contribution coming from the spatial part of the world-volume since it is a closed surface

and the variations are assumed to vanish at 7 = £00. We expand a generic perturbation as

0X =) 06Xy, (3.7)
l

where Y are spherical harmonics on the unit (n — 2)-sphere obeying
(97,0, Y1 = —Qui Vi, (3.8)
with Q; = (I +n — 3). Then, O acting on the I’th mode becomes

(w2 Ql

o P2

—_— =D. 3.9
sin? g ) : (3:9)
From the above quadratic Lagrangian, we see that dy™ perturbations decouple and have the normal
frequencies

1
9 +Ql

On the other hand, 7, da, d¢ and 0 modes are coupled. The resulting frequencies are determined
from the following equation

Dy 2iwiro
fo L sin? 6 0 0 or
_ 2iwro r2 2 r3L 2 Wy (n~—3)rg cos 6o
Lsin2 6 (1 + L2 sin? 0y )TO Dy L cot” o Ly Lsin® 0y o =0 (3 1 1)
2L jwi(n—3)L cos 0 ’ ’
0 TOT cot? 6y D; L? cot? 0D, —W Y0)
iw; (n—3)r2 cos Oy tw;(n—3)L cos Oy 2
L 0 L sin3 6o sin® 6o L Dl Jd L 50 N

Calculating the determinant, we see that (for non-zero rg, cosfy and sinfy) it factorizes into two
quadratic equations for w? from which the following normal frequencies can be obtained

w?i:i Qz+@i(n—3) Qz+@] (3.12)

1 | L2 | L2
wi = 7 ﬁQl+2i2 ﬁQlJrl . (3.13)
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There is no unstable mode in the system since all le are real and non-negative. Using the fact
Q;=1(l+n—3), (3.12) simplifies to wy = (I +n —3)/L and w;_ =1/L.

Frequencies (3.10) and (3.12) constitute the vibration spectrum of the single-spin giant wrapped
in S™ [19]. Therefore, the modes (3.13) can be thought to arise due to the spin in AdS. The rotation
disappears when ry — 0 and the single spin solution is recovered. In this limit (r, a, y™) coordinate
system is not well defined. To read the eigenfrequencies one should either introduce flat coordinates
or just treat (rgda) as the true perturbation. In the later case, it is easy to see that or and roda
perturbations decouple from §¢ and 60 modes and (3.13) should be replaced with (3.10) °.

It is remarkable that for (m,n) = {(5,5),(4,7),(7,4)}, L = (n — 3)L/2 and (3.12) becomes
equal to (3.13). In this case, the eigenfrequencies are given by

I+ (n—3)/2 (l+n-—3) [
where the first w; is for dy"™ with degeneracy (m — 3) and the others are for the mixing of dr, da,
d¢, 00, each frequency occurring with degeneracy 2. The eigenfrequencies for the single spin giant

is given by (3.14) but the degeneracies are (m — 1), 1, 1, respectively.

3.2. Bosonic Zero Modes and Spectrum

As discussed in [19], some of the above excitations (zero modes) correspond to the collective
motion of the brane since there are continuous families of equilibrium configurations. These modes
will change the quantum numbers (i.e. the conserved quantities like P, and P,) and should be
removed from the spectrum since they can no longer be viewed to belong to the giant we started
with. To linear order, there can be no change in the conserved quantities due to [ # 0 modes,
since these are calculated at a fixed world-volume time as integrations over the sphere and we have
f Y; = 0 when [ # 0. Note that Yj is the constant harmonic and we have Qg = 0.

For | = 0, we see from (3.10) that the frequencies for §y™ perturbations become wy = 1/L.
These modes correspond to the shifts in the great circle in S™~2. To see this, following [19], one
can embed S™2 in (m — 1)-dimensional flat space with coordinates x1, z2,y™. The unit sphere can
be defined as 23 + 23 +y™y™ = 1. The coordinate system (3.1) corresponds to the parametrization

z1 = cos Bcosa, xg=cosfsina, y™y™ =sin’p (3.15)

The brane is circling in (x1-z2) plane at § = 0 (and thus x; = cos o, 23 = sina and y™ = 0). One
can now rotate this plane by an angle d:

Ty =x1c088 —yisind, y; = z1sind + yp cosd. (3.16)

Recalling that 1 = cosa and y™ = 0, for small § one has
Ty ==z, 1y} =0Jcos(t/L) (3.17)
5 Another limit that one may wish to consider is when the rotation in ¢ disappears, i.e. 8o — 7/2. In this case,
P, does not vanish, on the contrary it reaches its maximum (2.14). This is the maximal giant and the angular
momentum arises due to the coupling of the background flux to the brane. The spectrum does not change. On

the other hand in 6y — 0 limit the brane collapses to a point and fluctuation analysis becomes ill defined. Indeed,
before reaching this value, the world-volume becomes highly curved and the probe brane approximation fails.
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This change in y; is precisely equal to the perturbation with /[ = 0. Thus these modes represent
shifts in the direction of P, without changing its magnitude, and [ = 0 frequencies in (3.10) should
be removed from the spectrum.

From (3.12) and (3.13), there are four more frequencies with [ = 0. These are w(()l) = w(()2) =0,

w(()g) = (n—3)/L and w(()4) = 2/L. The modes corresponding to w(()l) and wé2) represent shifts in the
values of rg and y. From (2.14) and (2.15), a change in ry modifies P, and a change in 6y alters
both Py and F,. Therefore, these modes should not be in the spectrum.
On the other hand, the perturbations corresponding to w(()g) and wéA‘) respectively obey
or=0a =0, Jd¢=1i(tanby) b, (3.18)
z’L(ﬂ2 + 1)

LT()

LL

or = dp, da=-——70¢, 60=0. (3.19)
o

It is now straightforward to verify that the change in Py and P, is zero under these perturbations.

For example, from (2.8) the variation of Py under (3.18) becomes

9P, 0P |
0Py =~ 60 + 5 5. (3.20)

Using 5 = iw(()g) d¢ and (3.18) one finds 6 Py = 0. Therefore, the zero modes corresponding to wég)

and wéA‘) should be kept in the spectrum.

After the elimination of these zero modes, we end up with the following spectrum of small
scalar field fluctuations for (m,n) = {(5,5),(4,7),(7,4)} given in units of 1/L (note that [ is
shifted compared to (3.14)):

Bosonic w; (I > 0) l+n—-1)/2| I+n—-3 [+1
Multiplicity (two-spin) (m —3)141 (2); (2)i41
Multiplicity (single-spin)| (m — 1);41 (1) (1)141

where the suffix indicates the leading SO(n — 1), highest weight label.

3.3. Fermionic Oscillations of M2-Brane (Two-spin)

We calculate the spectrum of the fermionic oscillations for an M2 brane in AdS7 x S*. For the
membrane, the quadratic action for the fermion fluctuations in a general bosonic background of

D = 11 supergravity was derived in [37] which can be written as

Lo=iV—7P0, XM B0 -T)T4Vs0 (3.21)
where
- 1 1
Vo =0 + 0a XM ZwABMrAB + ﬁ(&ﬁ@rQRS — TP Hpgrs | , (3.22)
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Yo is the induced metric and E]‘é[ is an orthonormal basis in the space-time. The non-vanishing

components of the connection one-forms® that contribute to (3.22) are
cot by ; ; W(l)ijig

tan g i 5 e
I Ik Lsin 6y’

B L
i T a _ Vo

W ar = = whgs =
rt Lz\/%7 ra TO?

where a subscript ’(1)” on a quantity indicates that it is defined on a unit 2-sphere. Using the

(3.23)

solution (2.6) and Hgs55 = 3/L we find
= 1 [rg r 7‘0
V: = 0; +E_frt+ fOF]F 4L[ a-l-\/foft]
- _L [sm@o % + cos 90F12} rf (3.24)
vV, = VE — 5 cos B T'? + sin 6y ’y] Fgl) (3.25)
1 To
I' = T =TIy Oy 2
S {\/ folt2 + 7 La12 + cos By ¢>12} (3.26)

where 7 = I'gg12, indices (1,2) refer to x1 and xo directions and recall that the indices on the
gamma matrices are flat. To fix k symmetry, we impose I'© = —© which also gives OI' = —O.
Using this gauge condition in (3.21) we obtain

_ 1. . -
Lo = —iL?sin? 6yy/ —~vD) [@rlgvT@ — E@F@VZ@] . (3.27)
To proceed we use the following representation of the 11-dimensional gamma matrices:

i=i02®@p,Q03®03, ' =03Q7 ®Q03® 03,
la=0107,003R03, I'p=I>LQy,R03R o3, (3.28)
To=0L®I1 Qo R os, Iy =5L&®I®0 ®os,
Ii=Leleoloada, C=ic’®c®o! ®io?,

where i = 1,2, m =1,..,4 and 7™c are symmetric. Then (3.26) become

I' = ‘ |:(T7001+i\/f002)®75®03®12 4+ cosby b ® I, Q01 ® I (3.29)

sinfg | L

and writing £ = 20M©O we find

» 1
M=5LoLOLE <0387+%0’V§1)> VA (o1 +iv/Foos) ® (I +75) © I ® 03

1sin 6y 1 cos Oy
LI
5L 2 ® 1y ®o3 @03+ 5L

IL®I®oy® os. (3.30)

6 Qur convention is de®* + w5 A e® = 0 where we expand wip = wlpe eC.
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We solve the I" projection condition on © as

o= Y PYeP? P en)e.., (3.31)
e,e/=+1
1
PO = 5([2—1—6(1'%001— foor2)) (3.32)
P® = %(144—6'75), (3.33)
1
Pe(j) = 5(]2—EE/(03+i0080001)/SiH90) (3.34)

where O, ¢ are unrestricted. Each term in the sum is a product of three projectors of half maximal
rank, which implies that 28 of the 32 components in each ©. . are set to zero, such that © has
4 x 4 =16 components. From (3.32) and (3.34) one verifies

(%00’1—1—2' fooa) PV = —jepM) | (3.35)
Pe(g)(COS 9002+sin9003)P5(j) = —ee'PE(j), (3.36)

which shows that the masses are independent of both r¢ and 6y, while of course the direction in
spinor space of the projected © depends on ry and 0y via (3.32) and (3.34). To extract the normal
frequencies we expand ©. » in terms of spherical spinor harmonics on 52 and substitute

0y — iwy o'V S (1+1/2)01, 1=1/2,3/2,5/2, ... (3.37)

)

The resulting characteristic equation has the matrix

. .
M =iPWeP? eP® g <(wl + el =)oy - %(z n 1/2)01> (3.38)

which yields the (positive”) eigenfrequencies (I = 1/2,3/2,5/2,...)

UHL2) oy o

/ (I+1) l
71

1= { =e= -1}, W=7 { =-1e=1}. (3.39)

w; =

The equations of motion (note that the Dirac operator projects by half in the last slot) eliminate
half of the fermionic degrees of freedom, which means that the first w; occurs with degeneracy
4 and the others with degeneracy 2, giving 8 frequencies for each [, forming four doublets (2..);
under the SO(3)e¢ C SO(4), where SO(4) is the manifest part of the unbroken SO(6).

3.4. Fermionic Oscillations of M2-Brane (Single-spin)

For the 1/2 supersymmetric single-spin giant gravitons the spectrum of the fermionic oscillations
has not been examined before. In this subsection we fill this gap for a giant M2 in AdS; x S*.
The calculation is very similar to the two-spin membrane studied above. Mainly one should take
ro — 0 limit and remember the fact that « is now equal to a constant which makes a difference

" There are also conjugate modes which have negative frequencies with the same degeneracy
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when pulling back the objects to the world-volume. We find that only the first line of (3.23)
contributes to (3.22). Also, (3.24) becomes

. 1 1
Ve=0 — =Ty - 5= [sin@o T + cos 00r12] T, (3.40)

and (3.25) is not modified. Moreover, in (3.26) one should set 79 = 0 which shows that I" projection
condition on O can be solved as above. However, the mass matrix (3.30) changes to

M = 12®I4®12®<0367—+502v2(-1)> — EUQ & 5 ®12®03

1 sin g icos by
LI
oL 2 ® 1y ®o3 Qo3+ 3L

I ®I4®o®os. (341)

After expanding © in terms of spherical spinor harmonics on S? we obtain the eigenfrequencies

(1=1/2,3/2,...)

wp = % { xe=1}, w = % {€ x e =—1}, (3.42)

where each w; occurs on-shell with degeneracy 4, giving rise to two SO(6) ~ SU(4) spinors, that
we shall denote by (4); (e’ = 1) and (4); (e¢/ = —1).

3.5. Fermionic Zero Modes and Spectrum

As for bosons, some of these fermionic oscillations correspond to the collective motion of the
giant graviton (in spinor space) and should be removed from the spectrum. These are precisely
the modes generated by the broken supersymmetries, i.e. © = (1 — I')e where € is the space-time
Killing spinor ¢(X) in (2.19) evaluated on the membrane. Let us emphasize that such a mode does
not necessarily obey the equations of motion (the spinor e satisfies @56 = 0, however one may have
[r” @5, I'] #0), so one should directly examine the field equations to extract zero modes.

In our case, there is a short way to proceed; for a maximal giant (fy = 7/2) we have [M,T] =0
where M is the operator given in (3.41) and (3.30). Therefore M (1 —T")e = (1 —T')Me = 0, so the
zero modes are given by the spinors € obeying (1 4 I')e = 0.

For the single-spin maximal giant, it is easy to show that (14+1T')e = 0 for (1F )¢y = 0 where
€o is the constant spinor in (2.19). So, all 16 modes generated by the broken supersymmetries
I'?¢y = €y are zero modes. Half of them obeying yI'?¢y = ¢ have the frequency 3/(4L) and other
half have —3/(4L). Comparing with (3.42), one finds that the [ = 1/2 modes with ¢’e = —1 should
be eliminated.

For the two-spin maximal giant, the projection (14 I')e = 0 can be solved as in subsection 2.2.
With the notation used in that subsection, one finds that the zero modes are generated by the
spinors et~ and €™ (here + assignments on €g are different than € and ¢ values). Decomposing
further, the fermions generated by YI'? et~ = 4 ¢t~ give the zero modes with the frequencies
w = £+1/(2L). On the other hand, the fermions generated by I'*® et+ = L€t give the zero
modes with w = +1/L. From (3.39), we see that the | = 1/2 modes with e = 1,/ = —1 and
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the modes with e = —1,¢ = 1 should be removed from the spectrum.® Summarizing, we have the
following eigenfrequencies after the elimination of the zero modes (in units of 1/L and where the

suffices indicate SO(3), spin and (e, ¢’) assignments):

Fermionic w; (I > 1/2) l+1+n/4 l+1/24n/4 1+3/2
Multiplicity (two-spin) 7 =0 [(2;_)i+1 4+ (2-_); (244 ) (2- )i
Multiplicity (single-spin) n = 1 (4)141 (4),

3.6. Comments on the Supermultiplet Structure

The vibration spectra of single and two-spin 1/2 BPS membranes in AdS7 x S* can be arranged
into multiplets of the unbroken supersymmetry algebras found in subsection 2.6. Here, we would
like to comment on some salient features of this computation and give the multiplet for the single-
spin solution.

Let us start with the bosonic fluctuations. For the two-spin solution, (dr, da, §6, d¢)-sector of
the bosonic quadratic Lagrangian can be diagonalized by introducing two complex fields dz(7, o*)
and dw(7,0%). These fields must be complex due to the first order time-derivatives, and can be

chosen as
0z = L(60 + idp/ cos By) + O(cos by) , dw = dr 4 iLéa + O(cos bp) . (3.43)

Since the frequencies are independent of 0, it suffices to consider the limit sin§y — 1 (keeping dz

fixed). Performing the expansion using the harmonics ¥; on S? gives the frequencies as:

alr) = e Taf + e Ty (3.44)

wy(T) = ei“’lﬂcl +e T, (3.45)

where w; = I/L and w;" = (I + 1)/L. Note the shift in the negative frequency relative to the
positive frequency. The conjugate oscillators are contained in (dz(7,¢?))" and (dw(r, o)), which

have the frequency parts

Zi(t) = eiwab; + e"wlﬂal , (3.46)

wy(1) = ei“’lde;r te @i Te (3.47)

There is no corresponding shift in the real dy™-fields, which transform as a 4-plet under SO(4).
For the single-spin solution, dr and da perturbations combine with dy™-fields to form a 6-plet
under SO(6). Here, there is no need to introduce the complex scalar dw and the expansion of §z
is identical to (3.44).

In the fermionic sector, firstly eq. (2.49) implies that U(1)sx SO(4) xU(1); x SO(3), (two-spin)
or SO(6) x U(1); x SO(3), (single-spin) rotations of the unbroken supercharges @) are related by

8 As shown above, for the single-spin solution the zero modes have the chiralities ee/ = —1. As ro — 0 the two-spin
solution reduces to the single-spin one and thus its zero modes should have the same chiralities ee’ = —1.
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conjugation by g(Xp) to rotations of ©. The former representation is generated by the set of Dirac
matrices found in the anti-commutator (see e.g. (2.51)), while the latter representation is diagonal
with respect to the decomposition defined by Pg(l) ® P6(,2) ® PG(S) ® Iy introduced in Section 3.3
(such that U(1)g acts in the first slot or SO(6) acts in the first two slots and so on in the indicated
order). Hence, for the two-spin solution using SO(4) = SO(3)4+ x SO(3)_ and the notation where
(a, @) are the doublet indices of SO(3)4 x SO(3)y, the fermionic (244); states are contained in
the mode-expansion of a complex fermion ©,(7,c*) and its hermitian conjugate ©,(7, o), while
the (2+_); states are contained in O4(7,0") and ©4(7,0"). Similarly, for the single-spin solution
(4);41 states are contained in the mode expansion of a complex SU(4) 4-plet ©, and (4); states
are contained in 4-plet ©<.

Next, we turn to the identification of the S and .J charges. From the geometric sigma-model
picture, it follows that a full U(1)-transformation generated by J = Joy +Jay + Jg) + -,
decomposes into a constant shift of ¢ followed by a rotation (by the same angle) in the tangent
space spanned by (d6,0¢). In the linearized theory the shift is generated by the zero-mode in Joo)
while the tangent space rotation is generated by J(3). Similarly, S(;) shifts o, and Sy rotates
(0r,0cr). Hence Joy and S(oy generate symmetries of the quadratic action. Clearly, these charges
can be computed from the normal coordinate expansion, though this is an unnecessarily tedious
procedure, given the fact that the charges of all fluctuations are fixed (up to an overall sign) by
supersymietry.

Let us illustrate this for the single-spin solution. Recall that the spectrum now consists of
a real SO(6)-vector 6y’ (I' = 1,...,6), a complex scalar §z (J = 1), a 4-plet O, (J = —1/2)
and a 4-plet ©® (J = 1/2). As we will show, the supersymmetry is consistent with the charge
assignments. Note that the positive frequencies in 6z and 6z are given by w;” = (I + 1)/L and
w, = l/L, respectively, and that the negative ones are shifted. In (2.53) we found unbroken
supercharges Q4 (B, J) = (—4£-,3)) and Q4 ((E,J) = (-, —3)) transforming as (4,2) and (4,2)
under SO(6) x.SO(3),. The spectrum of non-zero modes now fits into a single tower (I = 0,1,2,...):

L+ 1) L (@0 +5/4)11172) L (603 (1+3/2)141)
4y U+ T/A)s2) L (1oi; (14 2)149), (3.48)

where the quantum numbers are listed as (Ry; (Lw);), where R is SO(6) irreps.
There remains the following zero-mode oscillators:

bw=0), yhw=1/2), OFw=3/4), biw=1). (3.49)

Since b' has vanishing frequency and SO(6) x SO(3), charges, it is a supersymmetry singlet. The
remaining states form a multiplet (with 9 bosons and 8 fermions) with supercharge and bosonic
generators given by

1 ’ a
o= gy (400 ).
1 3 2ta 1
H T <bTABbAB + 1@2 o4 + §y},y1/> ’ (3:50)
— 1 -4,
Mpyp = — <2y[prJ’] + §@TA (’YI’J’)0662> ’
Lagp = 21 (2bJ([ACbB)C + (:)J([?XGB)O‘> ’
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For the two-spin solution a similar analysis can be repeated, and it would be interesting to examine
how the similarity transformation (2.31) connects the two multiplet structures.

4. GENERAL SPHERICAL GIANTS

In this section we examine the most general ansatz for a spherical giant configuration. After
identifying the brane directions in space-time, the spherical symmetry implies that all coordinate
fields depend only on time. Hence, while their shape is fixed, these branes can “breathe” and
perform point-like motion in the remaining directions. As we shall see, the whole system consists
of a warped product of a breathing mode and a relativistic point particle on S™ (for the branes
expanding in AdS) or in AdS,, x S* (for the branes expanding in the sphere) with an additional
velocity dependent potential on S'. The warping means that the point particle motion decouples
from the breathing in a suitable world-volume time. We show that the equations of motion are
integrable. This can easily be verified using flat embedding coordinates where the solution takes a
simple form. In terms of the usual spherical or AdS coordinates, one obtains first order equations
that are nested such that they can be integrated further one by one. Moreover, switching to
canonical fields leads to complete separation of variables, with the emergence of relatively simple
potentials, known as Pdschl-Teller Type I and II, for all point-particle coordinates, while the
breathing mode is governed by a seemingly more complicated potential.

We also derive BPS bounds for the energy as a function of the constants of motion, and show
that these are saturated only by the 1/2 supersymmetric single-spin and the two-spin giants found
in section 2. The quantization of these objects and some comparisons with the CFT side are
discussed in subsections 4.3 and 4.4.

To facilitate the analysis we use the AdS metric

ds* = L? (— cosh? 7 dt? + dr? + sinh? r ngn_z) + L2d02 (4.1)

where the line-elements on the unit spheres are specified in more detail below. The ¢ coordinate is
now dimensionless, which brings an extra L factor in time-derivatives when compared to some of

our previous results.

4.1. Branes Expanding in AdS (Electric)

In this case the background supports an m-form field strength which is given in the tangent
space basis by H.; = (m — 1)/L (see also footnote 2). We choose the static gauge and

Tta) .. —2
identify the (m — 2)-brane world-volume coordinates o; with the coordinates of S™2 in (4.1):

t=09=T, Q1 =01, . ,Qup_9 = Om_2. (4.2)
We write the metric on the unit n sphere in (4.1) as

02 = Gapdg®dg®,  ab=1,..,n, (4.3)
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and assume a solution of the form:

r=r(r), ¢ =¢*r). (4.4)

This is a generalization of the dual giant configurations found in [3, 4]. The pull-back of the
spacetime metric to the world-volume is given by:

—A? 0
’7056 = 8aXM85XNgMN = ~ (4.5)
0 L2sinh®r (¢*)mn

where (¢%)mn is the metric on the unit (m — 2)-sphere and
A% = L% (cosh®r — i) — L2 Gp¢?¢’. (4.6)

In this section, dot always denotes derivative with respect to 7. In (2.2) for M = «,, the equations
are obeyed trivially and for M =t one gets

L (sinh7)™2 cosh?r

A= (sinhr)ym=1 4+ 7

(4.7)

where k is an integration constant.

Using (2.1), the remaining field equations can be consistently derived from a truncated action
N . m—2 T (s m—1
S = 7 dr [(Slnh )" *A — L (sinhr) , (4.8)

which gives

= . m—=2 - o T () 2
Or L{sinhr)™7" 7 = coshr (sinhr)™~? | (m — 1)sinhr — (m ~2)A _ Lsinhr) (4.9)
A A
(sinh 7)™"2 Ggp ¢° _ (sinhr)™2 ib e
9, [ < = S 0uGred 4. (4.10)

In (4.8), we introduced N so that T,A, = N/L™~'. In particular, for (m,n) = {(5,5), (4,7), (7,4)}
we have N = N, N = \/N/2 and N = 2N?, respectively. Using (4.7) in (4.28), one finds

E = Nk. (4.11)

As expected, k is related to AdS energy since it arises from fixing the time-reparametrization by

the static gauge choice t = 7.
To integrate the equations, we introduce flat (n 4 1)-dimensional coordinates 4 with the
constraint z4z4 = 1. Then the truncated action (4.8) can be rewritten using a Lagrange multiplier
S = —% dr [(sinh ™ 2A — L (sinhr)™ ! 4+ L2A (22 — 1)] , (4.12)

where now A% = L? (cosh?r — 72) — L?#4&4. The field equations for 24 are

5, [(sinh r)m—%A]

X = —2A 2%, ehat =1. (4.13)
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By contracting (4.13) with x4, it is easy to see that (sinh7)™ 2A/A = Ag, where Ag > 0 is a
constant. The sphere part can be decoupled from the breathing mode r by introducing a new time
coordinate

In terms of 7, (4.10) is equivalent to a point particle moving on S™. Then, eq. (4.13) becomes

d2 A
d—; — 2Agz4, (4.15)
which can be solved as

a2 = 27 cos(v/2M07) 4 25 sin(y/2A07), (4.16)

where z{ and 4 are constants. Imposing z4z4 = 1 yields z{lz{ = 2524 = 1 and z{'z5 = 0.
With these constraints the total number of integration constants (x{', 24, Ag) is 2n. To determine
the moduli space of the solutions, note that x{f‘ defines an n-sphere. Being perpendicular to x{f‘ and
having unit length, xé“ defines an (n — 1)-sphere for each a;{‘. So, the moduli space of the solutions
is RT (corresponding to Ag) times an S™~! bundle over S™.

The conserved Noether charges for the SO(n + 1) invariance of the action can easily be deter-
mined from (4.12) to be

JAB o 2A0NL2

7 [:E‘f‘xf - x’lgx?] . (4.17)

Therefore, together with all [(n+ 1)/2] Cartan generators, the non-commuting components of Jap
can also be activated.

Now let us study the integrability of equations using an explicit metric on S™. One preferable
choice is

dQ% = d¢? + cos® 1 dg3 + sin® ¢y [d¢3 + cos? ¢p3dps + sin® d3 (... +sin® ¢p_1dg?)],  (4.18)

so that all Cartan generators of SO(n + 1) are manifestly realized as translations along the cyclic
coordinates ¢g, ¢4,..,¢,. Here, the non-cyclic coordinates are defined in the interval [0,7/2]. One
may also consider

dQ7 = dpT + sin® ¢ [de3 + sin® ¢o(... + sin® ¢,_1de2)] (4.19)

where S™ is parametrized as nested lower dimensional spheres. Here, only ¢,, is cyclic and others
are defined in [0, 7]. It is also possible to take combinations of (4.18) and (4.19). Now, (4.10) can
be integrated one by one in the order (¢, ¢n—1,..,¢1) which yields

q2 if ¢, is cyclic
#? = A’ X 2_ iy Yayo if ¢, € [0,7/2] (4.20)
@ L%(sinhr)?m—1G2, a C232¢a sin” g, @ ’ ’ ’
qg - Sir;l;r(;a lf (ba S [07 7T]7
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(no summation is implied in G,,) where ¢,’s are dimensionless integration constants with g,+1 = 0.
The motion along the cyclic coordinates is monotonic. A non-cyclic coordinate has two turning
points where the time derivatives vanish which are fixed by the constants q,. The positivity of the

velocity-squares imply

Ga 2 Ga+1 + Ga+2, (¢a € [077"/2]) or (g = qa+1 (¢a € [077"])- (4-21)

Above we assumed that all ¢, depend non-trivially on 7. Otherwise, one has to analyze the field
equations to find out the implications (see below for details). The metrics (4.18) or (4.19) have
coordinate singularities and they are not globally well-defined on S™. Thus (4.20) does not cover the
whole solution space and g,’s are not globally well-defined moduli coordinates unlike the constants
x and x4

In order to exhibit the integrable structure more clearly, one can express the field equations

using the canonical momenta derived from the action (4.8), which gives

N q? if ¢, is cyclic,
NL 2 2
2 s o .
e (7 ) S R K U (422)
2
Q@ - —Sf;;;)a if ¢o € [0, 7].

These equations define a canonical transformation (¢%, P,) — (6%, qq), such that in the new vari-
ables the equations of motion are ¢, = 0 and (ﬁ“ is given by (4.20). Clearly, ¢,’s corresponding to
cyclic coordinates are related to Cartan symmetry generators of SO(n+1). Other g,’s are “hidden”
charges from the point of view of the sigma model written with the metric (4.18) or (4.19) (for
example by evaluating A, one can see that ¢? = 2L?Ay).

The potential that appears in (4.22) is of Poschl-Teller Type I (for a review see, e.g., [27]).
These belong to a large class, known as shape invariant potentials [26], which arises naturally
in supersymmetric quantum mechanics and can be solved exactly, i.e. the energy eigenvalues,
eigenfunctions as well as the scattering matrix can be given explicitly. We shall come back to this
later in subsection 4.3.

Let us now return to the radial equation which can be fixed using (4.6), (4.7) and (4.20) as

1
57%2 +V(r)=0, (4.23)
where
cosh? r 9 9 9 s 1m=3 N2 . 1.2
V(r) = o0 5 [(¢i — k%) cosh®r + (k — sinh™ 7 r)? sinh® r] . (4.24)

sinh r)m=—1 + k]

Eq. (4.23) is equivalent to one dimensional motion of a particle in the effective potential V'(r) with

zero total energy. In terms of canonical momenta one has

1 N?
—P? + — [(q% — k?)cosh?r + (k — sinh™ =3 7)? sinh? r] =0. (4.25)
2 2cosh”r

Unlike the angular part, the potential in (4.25) is rather complicated.

The motion is allowed in the region V < 0 which implies

k > q1. (4.26)
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sinh r

sinh r

FIG. 2: The potential V(r) in (4.24) for k > ¢; (on the left) and for k = ¢ (on the right).

For k > ¢, V = 0 has a single root at some r = rq (fixed by k, ¢g; and m) and V' > 0 for r > ry and
V < 0 for r < ry (see figure 2). When the brane is given a small kick at r < ry (a kick is necessary
since the total energy in this motion is zero), it either climbs the hill and reaches to r = ry and
rolls back to hit » = 0 or directly moves through r = 0. In either case the brane totally collapses
in finite amount of time and re-expands again. When k& = ¢;, the brane should be placed at a
constant radial distance either at » = 0 or at (sinhr)™~3 = k where V = 0 (see figure 2).

As mentioned above, when a coordinate is set to a constant in the solution one should check

the field equations for its consequences. These can be summarized as

(1) 7 = ro: From (4.23) one finds rg = 0 or (sinh 7)™~ = k. There is also a third root in (4.9)
with k& = (m — 2)(sinhr¢)™ 3 + (m — 3)(sinh o)™~ which is not seen in figure 2. One should also

set g1 = k.

(2) ¢q = ¢o (non-cyclic): This is only possible when ¢, = {0,7/2,7}; or when ¢, = 0, b > a
for ¢, € [0,7]; or when all non-cyclic <;5b = 0, b > a and the cyclic motion in b > a is confined
in a single plane defined with ¢, = ¢o for ¢, € [0,7/2]. One can still use (4.20) by choosing the
integration constants appropriately (for example if ¢, € [0, 7], then g, sin? ¢ = Ja+1-)

(3) ¢a = ¢o (cyclic): One should set the corresponding integration constant to zero.

With these taken into account, (4.20) and (4.23) constitute our most general configuration.
Now, we would like to indicate some special solutions. One can for example set r = rg, § = 0,
¢a = /2 (i.e. all ¢, = 0). Here, one has to take ro — oo and this is the “p-brane at the end of the
universe” [31]. Now if we let ¢,, = ¢,,(7) then we get the 1/2 supersymmetric dual giant studied
in [3, 4]. in this case, we have ¢ = k* = ¢2 = (sinh7)>™ ¢ which implies &, = L/L. (This
solution was previously obtained for AdSy x S” in [38] where S7 is parametrized as a U(1) bundle
over CP3.) A further modification of this configuration is to let r = r(7) which was considered in
[28].

Finally, we would like to check whether any of the above solutions preserve some supersymimetry.
For that purpose we derive a BPS bound for energy whose saturation is a necessary condition.
Actually, using the inequalities between the integration constants (4.21), (4.26), and the conserved

26



charges (4.11), (4.22), one already finds
- [ E ay M

where the sum is over cyclic coordinates. Another way of deriving the same result is to analyze
the Hamiltonian obtained from (4.8) as

NL(sinh )™ 2 cosh? r

H=P, X" - = A — N(sinhr)™ !,
- . /2
= coshr |L2P? + N?%(sinh T)2m_4] — N(sinhr)™ !, (4.28)
where P? = P2/L? + G®P,P,/L?. Eq. (4.28) can be rewritten as
- . - . 12
H= [(LP + N(sinh7)™ 12 4 (LPsinhr — N(sinh r)m_2)2] — N(sinhr)™ L, (4.29)
This gives H > LP and thus
H>§ZNW&&W2 (4.30)
- L - )

where the sum is over cyclic directions. Repeatedly using the inequality

20

A? B?
|:COSz 7l sin

1/2
} >A+B, (4.31)

one finds (4.27).

To saturate the bound (4.27), all other momenta have to vanish. In this case, a detailed
investigation of the field equations shows that all rotations have the same angular velocity and the
circular motion is actually confined in a single plane. This leads us back to the single spin solution
after a global SO(n + 1) rotation. Therefore, the only supersymmetric spherical brane expanding
inside AdS is the 1/2 BPS single-spin giant graviton.

4.2. Branes Expanding in Sphere (Magnetic)

In this case the background supports an n-form field strength given by H; 3R s = (n—1)/L
in the orthonormal basis (see footnote 2). We rewrite (4.1) as
ds? = L? Gdy"dy” + L2dQ%, w,v=0,...,m—1, (4.32)

where G, is the metric on the unit AdS,,, y° =t and the sphere parametrization is given in (2.4)
dQ7 = do* + cos*0d¢? + sin®6 [dx] + sinx1 (... + sin®xp_s3dx2_5)] - (4.33)

We identify the world-volume coordinates with
t=09=T, X1=01, vy Xn-2 = On_9, (4.34)
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and assume a solution of the form:
¢=9¢(1), 0=0(1), y"=y") (4.35)
The induced metric becomes
Yop = 0 XM O XN grrn = A ’ , (4.36)
0 L%sin%0 (¢X)mn
where (gX)y is the metric on the unit (n — 2)-sphere and
A? = L2 (Gui"y") — L* (6 + d2cos?0). (4.37)
Eq. (2.2) is satisfied trivially for M = x;, and M =t component fixes the on-shell value of A as

A = k L (sinf)" 2 cosh?r, (4.38)

where k is an integration constant.
Using (2.1), the remaining equations can be obtained from the following one dimensional trun-
cated action

S = _% / dr [(sin 0)"2A — L ¢ (sin 9)"—1] , (4.39)
which gives
I V=2 a2 )
o, | LLsinf) — 9¢] = 0, (sin )", (4.40)
L (sin§)"2 6 B . n—3 .. (n—2A Lsin?0 .,
0. B w— ] = cos f(sin 0) (n—1)sinf ¢ — 7 ~TA 7|, (4.41)
[(sin®)" 2 Gy 9] (sin)"2 -
Using the on-shell value of A (4.38) in (4.62) one gets
NL
E = R (4.43)

As before the integration constant k is related to AdS energy.
Similar to the previous subsection, one can introduce a new world-volume time coordinate as
follows:

A
T = ———dr. 4.44
T (sin§)n—2 T (444)
In terms of 7, the breathing mode 6 and ¢ coordinate are decoupled from the rest and (4.42)
corresponds to a point particle moving in AdS,,. On the other hand, (4.40) and (4.41) give motion
on S? with an additional velocity dependent potential.
Let us first analyze the AdS part. If Yp are (m + 1)-dimensional embedding coordinates, then

the AdS space is defined by T]PQYPYQ +1 =0, where npg = (—1,—-1,+1,..,+1). We take all Yp
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to be dynamical (namely, we are not imposing the static gauge). Using a Lagrange multiplier, the
action (4.39) can be rewritten as
S=-7 [dr [(sin 0)"2A — L (sin)" ! + L2A(nPPYpY + 1)] : (4.45)

where now A2 = —L2pF QYPYQ — L% (62 + ¢2%cos2) and dot again denotes differentiation with
respect to 7. Varying for Yp and A one obtains

(sin )2y P

o: X

= 2AY"Y YRy = -1 (4.46)

Contracting (4.46) with Yp, one finds (sin #)""2A/A = Ag, where Ag is an arbitrary real number.
Then (4.46) becomes
2y’
W
which can be integrated in terms of elementary functions. The solution space consists of three

disjoint parts parametrized by Ag < 0, Ag = 0 and Ay > 0. The global SO(2,m) charges can be
calculated as

= 2A0Y7, (4.47)

L2N (sin §)"—2 . .
Spq = % (vrYa —Yal?)
L*N
= 7 (YpO:Yg — YQ0:Yp), (4.48)

which is clearly conserved by (4.47). Note that the AdS energy obtained in this way will in general
differ from (4.43), since the later was calculated in the static gauge.
It is interesting to analyze the integrability of the equations using local coordinates on AdS

G dy*dy’ = — cosh? r dt? + dr? + sinh? r G;; da'da?, 4.49
% J

where G;; is the metric on unit S™ 2. One can solve the equations (4.42) starting from the
spherical part which is essentially the same problem worked in the previous subsection. Using the

parametrizations given in (4.19) or (4.18), the result is

) 4 @ if oy is cyclic
k* cosh™r 2 2
V2= 2 9it1 92 .
L= X 2 Y1 Yiya . .
i G2 sinh* r 4 cosa;  sin’a if a; € 0,7/2] (4.50)
2 q; .
7 — sin;;i if o € [07 ﬂ-]a

(no summation in Gj;) and

212
P) 4 o 4k 1
7 = cosh®™r |—q° — 4.51
1 sinh?r  cosh?r ( )
where g and ¢; (¢,—1 = 0) are dimensionless constants of motion which should obey
1> q1 k+ q,
¢ > Qi1 + Qiv2, (i €[0,7/2]) or ¢ >giy1 (o €[0,7)). (4.52)
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The non-cyclic «; and the coordinate r pulsate between two turning points fixed by ¢ and ¢;. The
canonical momenta for the angular coordinates «; are given by

N qZ? if «; is cyclic,
NL 2 2
2 _ q; 9; :
pP? = <T> X Qg2 — 02_;; - L if oy € [0,7/2], (4.53)
R if a; € [0,7),

On the other hand (4.51) become

~\ 2
NL 252 1
P2 = (E) [—q2 hr_o . (4.54)

sinh?r  cosh?r

The potential for P, in (4.54) is of Poschl-Teller Type II [26].
Returning to the 6 and ¢ coordinates, we see that (4.40) readily determines ¢

.k Lcosh?r e

= Too2g [P (sinf) Y, (4.55)

where p is an integration constant. On the other hand, 6 can be fixed from (4.37) and (4.38) which
yields

1 '2

5 0°+ V() =0, (4.56)

where
L2 coshr k2 sin? 0
V() = ——— |k** — >+ ——(p —sin"30)?|. 4.57
(9) 572 A Y (p—sin"""0) (4.57)

This is a one-dimensional motion in the potential V' (#) with zero total energy. The requirement
V(0) < 0 implies

q > kp. (4.58)

When expressed in terms of momenta, (4.55) and (4.56) become

P, = Np, (4.59)
N? k? sin® 6
2 _ 2.2 2 . n—3 )2
Py = ) k*p” —q" + m(p —sin""70)*| . (4.60)

The separation in canonical variables is manifest in (4.53), (4.54), (4.59) and (4.60). Unlike the
exactly solvable potentials we encountered above, the potential on the right hand side of (4.60) is
more complicated.

Let us now discuss the motion for the breathing coordinate # in more detail. When ¢ < kp,
V() is nowhere negative or zero. For ¢ = kp, V() = 0 only at § = 0 and at (sinf)"~3 = p and
V(6) > 0 otherwise (see figure 3). This enforces the brane to locate at either root and note that
the second zero exists only for p < 1. When ¢ > kp there are two possibilities. Firstly, if p = 1
V() is always negative and in this case 0 reaches 0 or 77/2 in a finite amount of time. Secondly, if
p # 1 there is a root 6y so that V(0) < 0 for # < 6y and V(0) > 0 for § > 6 (such a potential is
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Theta

Theta

FIG. 3: The potential V(0) in (4.57) for ¢ < kp (on the left) and for ¢ = kp (on the right).

drawn in figure 3). In this case, the brane either contracts directly to # = 0 or it expands till § = 6
and then collapses to # = 0 in a finite amount of time. Note that V/(8) is scaled by L? cosh*r/L?
which does not alter the zeroes but affect the shape of the potential when r is time dependent.
Equations (4.50) and (4.51) hold under the assumption that the coordinates have non-trivial
time dependences. Otherwise the original field equations may impose further restrictions. These

can be summarized as:

(1) ¢ = ¢o: From (4.40) this happens only when 6 = 6y and from (4.41) one has 6y = 0,7/2.
The constant p should be fixed as p = 1.

(2) 0 = 6p: This requires ¢ = kp and from (4.42) one finds (sinfy)" 3 =p, § =0, or § = /2.
There is also a fourth root with p = (n — 2)(sin 6p)" 3 — (n — 3)(sin 6p)" 1.

(3) 7 = ro: From (4.41) and (4.51) we see that ¢*> = 1/ cosh?ry and ¢k = sinh?rq/ cosh? rg.

(4) oy = ap: This is exactly the same with the special cases (2) and (3) discussed in the previous

subsection.

Upto these four cases, (4.50), (4.51), (4.55) and (4.56) give the most general configuration. The
1/2 supersymmetric two-spin solution (2.6) is obtained when we have oy = ... = ay,—3 = 7/2
and 6 = 6y, r = rg. Using the above conditions one finds ¢; = ... = g2, p = (sin@)" 3,
q = kp = 1/ cosh?r and ¢k = sinh? / cosh? r which imply from (4.55) and (4.50) that ¢ = L/L
and dy,—2 = 1 (recall that here t is dimensionless). If we further set a,,,—o = 7/2, then ¢; = .. =
Gm—2 = 0 which gives » = 0. This is the 1/2 supersymmetric giant graviton solution of [1]. For
this case, 8 = 0(7) is studied in [28]. There is also the trivial solution with » =0, § = 7/2 and all
other coordinates are set to constants.

Let us conclude this subsection by deriving a BPS bound for the energy given the conserved
charges. This can readily be obtained using the inequalities between the integration constants

(4.52), (4.58), and the expressions for conserved quantities (4.43), (4.53), (4.59) which gives

L
H > ZP¢+§Z:PZ-, (4.61)

31



where the sum is over cyclic coordinates. To obtain the same result in a different way, the Hamil-
tonian can be found from (4.39) as

- L?N(sin§)" 2 cosh? r
H=PyX™ - L =
" £ LA ’
2 1/2

~ N
= Lcoshr |P? + ﬁ(sin@)z”_4 , (4.62)

where P? = P(;%/(L2 cos’0) + G*P,P,/L*. The last term in (4.62) can be combined with
Pg /(L% cos? 0) to give Pj /L? plus an exact square as in (2.11). Then, by a calculation similar
to the one done in (2.12), and using the inequality (4.31) repeatedly, the Hamiltonian (4.62) can
be shown to subject to (4.61).

This BPS bound can only be realized when all other momenta except P, and cyclic P; vanish
which enforce the corresponding coordinates to be constants. However, as in the previous subsec-
tion, one can see that the circular motion in ™2 is along the equator, which is equivalent to the
1/2 supersymmetric two-spin solution. This reduces to the single-spin case when the radius of the
embedded S™ 2 goes to zero.

4.3. Quantization of Spherical Giants

We have examined spherically symmetric p-branes in AdS,, x S™, which are defined by (4.4) in
the electric case (p = m — 2) and (4.35) in the magnetic case (p = n — 2). At the quantum level,
the spherical truncation is performed by first fixing a physical gauge and expanding in normal
coordinates €™ defined by XM (o#) = <0“,Xm/ (1) + 5’”/(0“)), where X™ (1) describe the 0+1
dimensional sigma-model. The classical consistency of the truncation implies that the action has
no linear terms in £”". For large brane tension, the normal coordinates £&™ become free, and thus
yield a one-loop determinant contribution to the 0+1 dimensional sigma model for X . We shall
omit this contribution, based on the fact that the free spectrum for £&™ is evenly spaced both for
the single-spin and the two-spin solutions and only depends on the AdS and sphere radii. In this
approximation, the spherical giant is described by a wave-function (X m/), where X™ are the
transverse coordinates and the canonical momenta are realized by P, = —id/dX™ .

In the classical theory, the spherical brane consists of a warped product of a breathing-mode
and a relativistic, massive point-particle. The latter lives on R x S™ in the electric case, where R
is time, and on AdS,, x S! in the magnetic case, where S! is the cyclic direction in S™ transverse
both to the brane and the breathing direction. We have found that the resulting 041 dimensional
sigma model is an integrable system”, and that the breathing mode is governed by a potential that
depends on the total angular momentum of the point-particle.

The quantization can be performed in terms of global embedding coordinates. This is discussed
in Appendix A. In this subsection, we shall instead quantize using local spherical or AdS coordi-
nates, leading to Poschl-Teller potentials. In doing so, we parametrize the spheres using mazximal

9 See [29] in the case of the string in AdSs x S®. Also, non-relativistic point particles on spheres with potential
appear in a similar context, namely as truncation of the string sigma-model, corresponding to picking a particular
solution to conformal gauge, leading to the soluble N-R model, see e.g. [11], [39] and [40].
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number of cyclic coordinates, i.e. (4.18), and impose (4.22) in the electric case, and (4.53), (4.54),
and (4.59) in the magnetic case. We then proceed with the breathing modes, using the results of
[28].

The classical solutions are parameterized by constants of motion, namely (k, q,) defined in (4.22)
and (4.25) in the electric case, and (k, g, ¢;) defined in (4.53), (4.54) and (4.60) in the magnetic case,
and one should ask whether they are actually limits of states in the quantum theory. To begin with,
it follows from their definition that their mutual Poisson brackets vanish. The constant k determines
the AdS energy E. The AdS energy, which is identified as the p-brane Hamiltonian, is quantized
since the spatial world-volume is compact, though in the absence of additional symmetries there
is no mechanism preventing non-integer energies. To be more precise, k sets the energy levels of
the potential for the breathing modes given in (4.25) and (4.60), which become discrete in the
quantum theory.

The point-particle motion may therefore be thought of as an internal sector, analogous to
the orbital angular momentum in a central force problem. In this sector the Cartan subalgebra
generators of SO(m — 1) x SO(n + 1) that are not set to zero in the spherical reduction are
determined by some of the ¢, and (q,¢;), namely the momenta of the cyclic transverse spatial
coordinates. These symmetries are realized in the world-volume quantum theory, in the limit where
this theory becomes reliable. Hence, the non-vanishing Cartan subalgebra spins are integers, which
we shall denote by S; = P, =n; C SO(m —1) and J; = P, =n; C SO(n+1)

The remaining (g,) and (g, q,) are activated by the oscillatory point-particle motion in AdS,, x
S™ i.e. they set energy-like levels for the Poschl-Teller potentials, which become quantized with
discrete spectra (there is also a continuum in the Type II potential). This quantization can also
be understood as quantization of the Casimirs of the chains SO(m —1) D SO(m —3) D --- D
SO(m —1—2[(m—4)/2]) and SO(n+1) D SO(n—1) D> --- D> SO(n+1—2[(m —2)/2]), arising
in the parametrization of the sphere line elements using maximal number of cyclic coordinates.'®

The Poschl-Teller potentials belong to a large class of exactly solvable quantum mechanical
models, defined by superpotentials with a special property known as shape invariance [26]. There
is a group-theoretic approach to solving the Poschl-Teller potentials, based on coset representations
of §? and AdS; (see, e.g., [27]). In Appendix B, we summarize its energy spectrum.

From the parametrization of the Type I potentials given in (4.22) and (4.53) and using (B4)
one finds (¢; oscillatory):

1 1
Tqg=1+ \/Z + (T gi1)* + \/Z + (T giv2)* + 2ni (4.63)

where T'= LN /L (electric) and T = LN/L (magnetic). (To compare with WKB approach see
Appendix C). Note that T g;+1 is a spin, and also T ¢;12 is a spin in case ¢ is the last oscillatory
coordinate.

In the electric case we define () = T ¢1, and the above formula gives

(n—1)
2

Q=Ji+ - Jy+2n1 4 +np_y) + +0(1/T), (4.64)

10 We thank K. Murakami for this observation.
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where J; denote the spins in the Cartan subalgebra, and v = [(n + 1)/2].
In the magnetic case the remaining point-particle motion in r is governed by the Type II
potential given in (4.54). From (B5), the discrete spectrum is given by

—Q=14Tq —E+2n,+01)T), 0<n, <(E—Taq)/2, (4.65)
where Q = T'q/k, E = NL/(kL) (and we have chosen the sign leading to a positive contribution
to E), and
m — 3)

2
where v = [(m — 1)/2]. As one approaches the continuum of the Type II potential, @) decreases,

Tqi=S1+ -+ Sy +2(n +-~+nm_1_v)+( +0(1/T), (4.66)

which leads to that the breathing mode becomes strongly coupled. This is an interesting region,
as the p-brane starts probing large r, but for simplicity we shall continue under the assumption
ny < (E—Tq).

The quantization of the breathing modes, i.e. r and # are governed by (4.25) and (4.60) in
the electric and magnetic cases, respectively, was studied separately in [28], using semi-classical
techniques, and we shall review these results in the present context below

Here the wave-function is approximated by the exponential of the action integral, and the
boundary conditions are approximated by the Bohr-Sommerfeld quantization conditions

I, = jédTPr :27r(nr+%)

N dr 2 _ 2 2 cym=3 N2 .12 11/2
= N]écoshr [(k* — gi) cosh®r — (k —sinh™ > r)?sinh®r] '~ | (4.67)

Ig = ?{ d@Pg = 27T(’I’L9 + %)
2 42 1/2

— %j{d@ [q2 — k*p? — %(p —sin"%0)?| . (4.68)
This approximation method is good if 1 < n <« N, where the upper bound is set such that the total
AdS energy will not become too large, while the lower bound is set so that the WKB approximation
can be trusted. Clearly, only the upper bound is necessary from the spacetime point of view, while
the lower bound is simply an artifact of the particular approximation method used to solve the
Schrodinger problem. The upper bound implies that it makes sense to expand in n/T, where T is
the tension defined under (4.63). Adapting the results of [28] to our cases, the quantization of r in
the electric case with (E — LQ/L) < N, Q gives (up to n? terms)

~ ~ Gggg , (myn)=(55), N= N
F-to- %(m + %) — 1233"3, (m,n) = (4,7), N =2N2 (4.69)
%, (m,n) =(7,4). N = g
The 6 quantization in the magnetic case with (Q — LPs/L) < N gives
N T )= (55).
Q- Ep =2ty 3) - ot (mom) = (47), (4.70)
Sk (o) = (7,4),
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Compared to (4.63), here we have a series expansion in n which makes one wonder whether the
Bohr-Sommerfeld method used in [28] would reproduce the exact result (4.63) for Poschl-Teller
type potential. As we show in Appendix C, this indeed happens up to fourth order in n but 1/T
corrections that are present in (4.64), (4.65) and (4.66) are not observed.

4.4. Holography

The above results can be summarized by the following expressions for the AdS energy in the
case of electric and magnetic spherical p-branes for (m,n) = {(5,5), (4,7),(7,4)}:

(n+1)
2

L L
Eel — E[J1++JU]ZE Z(nr+n1++nn—v)+

n—1)(n+1)N -
a §[<n+g>)£Q<n_Z)/2 ny +O(n}) + O(1/N) (4.71)

L
Emag — [51 + -+ Sv] — _Pfi) = 2(719 + N, +n1+ ..+ nm_l_v)

(m+1)  (m—1)(m+1)Nm=3)/

2 2lim—1)/2 pmD72 1+ Ond) + O(1/N), (4.72)

_l’_

where v = [(n 4 1)/2] (electric) and v = [(m — 1)/2] (magnetic). The finite n and m dependent
shifts should cancel in the supersymmetric completions (in order not to violate the unitarity bounds
imposed by the superalgebra). The above expressions for the AdS energy are valid for bosonic p-
branes. They may be altered in the case of supersymmetric p-branes due to contributions from the
fermions, since in the quantum mechanical Hamiltonian the fermions cannot be truncated.

Following the proposal of [20, 21], we assume that a bulk D3-brane wave-function(al) with energy
E, compact SO(4) C SO(4,2) spins (S1,52), and SO(6) Cartan spins (Jy, Jo, J3), corresponds to
a component of an operator O|gj(A;S; Srimimams) I the dual SYM theory with scaling dimension
A = E, non-compact SL(2,C) (Lorentz) spin (S1,Sg), and SO(6) highest weights (mimams). Note
that under SO(6) — U(1)3 the operator decomposes into components with Cartan spins (J1, Jo, J3)
obeying |J1|+|J2| + |J3| = mi. The index [R] refers to a representation of Sy, i.e. a Young-tableau
of size k, used to construct the SU(N) invariant [21]. The two extreme cases are single-column
Young-tableaux, i.e. subdeterminants, which correspond to magnetic D3-branes, and single-row
Young-tableaux which correspond to electric D3-branes. In these cases, an operator of size k has
the form

Oty = O 05, WO i, (4.73)
where {---}, and {---}_ denote symmetrization and anti-symmetrization, respectively, and W®
denote derivatives of the SU(N) valued SYM superfield X4. The tensor Ox, ..., picks out some
irrep and contains an N-dependent normalization of two-point function. Two basic properties of
these type of operators are that 1) they form a diagonal set for large k& ~ N, which is possible
because they contain multi-trace contributions which are not suppressed for large N; and 2) the
constituents are automatically symmetrized (for both +). Consider a fixed Oy of size k ~ N,
N — k > 1, and the space of excitations built on Oy by inserting impurities while keeping R in
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single column or row form. The above properties imply a Fock space structure [23, 24], which is
isomorphic to the space of multi-particle states (i.e. composites) of the super Maxwell field theory
arising from normal-coordinate expansion around the semi-classical D3-brane giant solution. In
particular, the super Maxwell ground state carries the same charges as Q.

Let us consider the wave function of a spherically symmetric electric D3-brane giant with
quantum numbers (J1, Ja, J3;n1,ng2; n,). The corresponding operator O(J1,J2,J3m1 ,m2:m,) 18 @ Lorentz
scalar with SO(6) Cartan spins (J1, Ja, J3). Eq. (4.71) suggests that the bare scaling dimension is
given by

Apare = J1 + J2 + J3+2(ng + ne +n,) = Q + 2n,., (4.74)

which implies that for n, the operator Oz, 1, j;:ni ns:0) is Protected. Hence, the set of operators
O, Ja,J3m1,m2:0) » J1+ o+ J3=J, J+2(n1 +n2) = Q, (4.75)
may be identified with the components of the protected scalar chiral primary operator O .00;.700):
O(1;00:700) = Oay.n, 07 XA XA (4.76)

where A is the SO(6) vector index, X“ the SU(N) valued singletons and Ox, .4, is a constant
traceless SO(6) tensor, and §7 denotes the symmetric SU(N) invariant of size J in (4.73). Under
SO(6) — U(1)3, the singleton superfields decompose as X4 — (Z1, Zo, Z3), where Z; = X%~ 4
iX?%. If one lets

Koy anas = 01| Z1[* + ao| Zof* + as| Z3* (4.77)
then O(a,00;700) decomposes into the set of components
' ZNZPZPRY G KR, . i+l ds=J, J+20+1Dk)=Q, (4.78)

where Ko 1 _1 and K_1 2 1 is a choice of basis for traceless, U (1)3—invariant bilinears. Elementary
counting shows that the two sets of operators (4.75) and (4.78) are isomorphic. The identification
becomes manifest in global coordinates, where the giant wave-function is given by (A6) for p = 0.

From (4.71), we see that starting from the protected operators making up the components of
O(1:00:700), and switching on finite breathing number, n, = 1,2...; adds a bare dimension 2n,
and a negative anomalous dimension, —6Nn?2/J. Finite breathing number implies that the giant
wave-function depends on the AdS radius r. In Poincaré coordinates, ds? = L?(u?(—dt? + dz?) +
du? Ju®+d02), the energy scale combines with S° into du?/u?+dQ% = dXAdX4 /(L?u?), suggesting
that radial breathing translates to insertions of SO(6)-traces K ;; into the dual operator. We
propose that the operators O, 1, 75:n1 nam,) corresponding to the giant wave-functions with fixed
breathing number n, are the components of the operator O(a00;700)(n,) Obtained by inserting the
SO(6) trace-part Ki'; ; into (4.76), i.e.

O(a00700)(p) = Oay..a, 67 PP XA XA(XAXAP A = J4+2p—6Np*/J%, p=0,1,... (4.79)

when J ~ N.
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The anomalous dimension is negative!! and independent of the 't Hooft coupling A\ = g%MN .
However, the results are valid for A > 1 and there may be additional contributions from fermions
as pointed out above. From the bulk point of view, the negative contributions can be interpreted
as the binding energy of the closed strings on the giant. This energy should depend on the bulk
coupling constant, i.e. the bulk Planck’s constant 1/N?, but not the masses of the individual
strings, i.e. the bulk string tension \/R2. This is in sharp contrast to the anomalous dimensions
of single-trace operators, which are positive and depend on A, as expected from the bulk picture
where they represent individual closed strings.

Analogous operator constructions are relevant also for CFT duals of electric M2 giants. Here
one starts by building operators in the UV from 8 free SU(NV)-valued OSp(8|4) supersingletons,
X4, A=1,...,8, and let these flow to the IR under deformations of the free singleton theory,
where they should correspond to the giants. Hence, in the IR one should find

O(a:0:7000)(p) = Oy.n, 67 TP XA XA (XAXYP | A =J+2p—12Np*/J3, p=0,1,...
(4.80)
when J ~ N1/2,
In the case of magnetic D3 and M2 branes, the energy formula (4.72) suggests that dual
operators are built from subdeterminants involving Py scalar fields and St +-- -+ S, +2(n, +ng +
ny + -+ + nym—1-y) derivatives, such that the operators are protected when ny = 0.

5. CONCLUSIONS

In this paper we have shown that the (p+ 1)-dimensional field theory of a p-brane in AdS,, x S™
admits consistent KK sphere reductions on either S? C AdS,,, m =p+2,or SP C S", n=p+ 2.
The resulting (0 + 1)-dimensional models are integrable, the canonical variables separate and the
quantum mechanics consists of a breathing mode with non-trivial potential times a set of oscillators
which describe the overall transverse motion. These models contain the previously known 1/2
supersymmetric single-spin giant gravitons, that have one spin in S” and expand spherically in S™
[1] or AdSy, [3, 4]. The magnetic model also includes a new 1/2 supersymmetric two-spin giant,
that has one extra spin in AdS,, and expands in S™. The BPS bounds show that these are the
only supersymmetric solutions of these particular spherically symmetric truncation.'?

There are several directions in which the (0 + 1)-dimensional sigma models should be explored.
In the cases where the original p-brane is supersymmetric, one should consider supersymmetric
completions by including fermions and possibly extra bosons, and in particular examine their
contributions to the AdS energies. In the case of D3 and M5 branes, in analogy with sphere
reductions of supergravity, we expect the extra bosons to be embedded into the (p+ 1)-dimensional
vector and tensor fields together with certain low-lying spherical vector and tensor harmonics on S3

1 Negative anomalous dimensions are not unusual. Indeed there are several examples of multi-trace operators with
anomalous dimensions that are negative both perturbatively and in the supergravity limit, where the anomalous
dimension tends to zero from below as N — co. We thank M. Bianchi and Y. Stanev for discussions on this point.

12 There are also other supersymmetric giants in the literature, based on wrapping p-branes on supersymmetric cycles
in AdS,, x S™ or AdSs x T"' [41, 42].
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and S°, respectively. It is worth investigating this in detail. Having obtained the supersymmetric
(0 + 1)-dimensional sigma models, it would be interesting to examine to what extent the salient
features of the bosonic quantum mechanics prevails.

An obvious generalization is to consider the effect on the (0+ 1)-dimensional model from k-fold
wrapping of the p-brane on SP. This gives rise to k copies of the quantum mechanical system
moded out by cyclic symmetry taking the i’th copy to the (i 4+ 1)’th copy mod k (this is a global
reparametrization). In the point-particle sector, the resulting giant wave-functions in global coor-
dinates are built from a set of copied oscillators XZ-A(ﬁ), & =1,...,k, obeying commutation rules
[XA(6), X JB(n)] = iégnnAB €ij, where nB has appropriate signature. The wave-functions now in-
volve Young-tableaux of up to k rows, in rough agreement with the proposals on the field theory
side [21].

Another line of generalization is to include higher modes of the KK spectrum on SP and obtain
sigma-models in dimensions between (0 4+ 1) and (p + 1). For example, for the M2 brane, we
can consistently set to zero all harmonics on S? with non-vanishing L, eigenvalue, i.e. drop the
dependence on the cyclic coordinate, o say, while keeping the full dependence on the remaining
polar coordinate, x1 say (0 < x1 < 7). This should lead to a non-trivial (1 4+ 1)-dimensional
sigma-model with generally (7, x1)-dependent fields, and it would be interesting to study whether
the integrability of the (0 + 1)-dimensional model extends to (1 + 1) dimensions. Similarly, the
D3-brane on S? and the M5 on S® with trivial dependence on the cyclic coordinates should give
interesting (1 + 1) and (2 + 1)-dimensional sigma models (on S3, y;, i = 2,3, are cyclic and we
keep X™ (o) and A;(c*), 0" = (1,x1); and on S°, x;, i = 2,4, 5, are cyclic, and we keep X" (o*)
and b;j(o*), o = (7, x1, X3))-

As discussed in the Introduction, electric p-branes in AdS) 12 have semi-classical scaling behavior
which make them suitable probes for examining holography at high energies. Could they also be
used for actually defining the bulk dynamics in some certain limit? Consider, for example, the
open/closed string quantum theory on a 1/2 BPS electric D3 giant graviton of radius ro. The
running string tension, which sets the scale for massive string excitations on top of the giant
ground state, is given by L?Ty(ro) ~ L% cosh® rg/a/ ~ Eo\/m > 1. Hence, between the ground
state and the first massive string states, there is a large number of massless open string excitations
with energy F ~ Fy > 1, and F — Ey < Lsz(TQ). These are composite operators in the vector
multiplet living on the D3-brane (i.e. they are multi-particle states from the world-volume point
of view), which in the physical gauge describe one-particle states in the bulk. Consider a process
with “in-state” prepared by first letting the breathing mode inhale until r > ry and then placing
out operators, carrying distinct energy and spins. We may assume the operators to be separated
initially, so that an observer in spacetime would see localized concentrations of energy and spin
densities on the brane. During the subsequent time-evolution, the brane first exhales. For a
spacetime observer this looks like particles falling inward to a scattering region. The brane then
breathes in again and finally reaches large size, at which point the result of the scattering can be
obtained by computing the correlator with an “out-state”.

The question is, how good an approximation it is to describe the whole scattering process using
only the massless field theory on the p-brane. Clearly, the initial excitation energies should not be
too high. However, as discussed in Section 4, the breathing may cause the brane to implode, or at
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least pass through some region of large world-volume curvature. For example, from the D3-brane
field theory point of view, the formation of strings may be thought of as the AdS analog of the
Blon formation on a D3 brane in flat space [43]. It would be interesting to examine to what
extent these stringy excitations of the D3-brane may behave differently in an AdS background as
opposed to flat space. A related question is whether a rotating long string with energy-momentum
propagating along the directions of a giant D3-brane could be realized as a weakly coupled state
on the giant. Similar considerations could be undertaken for membrane-like excitations of electric
M5 branes described by self-dual string solutions [44] and rotating membranes [45-47]

Finally, let us point out the relation with the old ideas of p-branes “at the end of the universe”
[31, 38]. For example, the transition from a strongly coupled string world-sheet to a weakly coupled
D3-brane world-volume at high energies and fixed R>T}, suggests a similar transition at fixed energy
and small R?T,, i.e. the tensionless string limit. Indeed, for any finite R?T}, the running string
tension R?Ty(rg) diverges in the IR. This limit, which is most easily examined by replacing the
spherical physical gauge by another physical gauge given in Poincaré coordinates [48], yields a
superconformal D3-brane “at the end of the universe”. This world-volume theory (which should
not be confused with the dual CFT) is completely decoupled from string excitations, and therefore
remains weakly coupled in the tensionless string limit. Similar limits exist also for the M5 and M2
branes. The perturbations of the conformal M2/D3/M?5 branes have loop expansion in inverse
powers of V. This suggests that a natural starting point for describing holography is to start close
to the boundary with operator insertions on conformal p-branes, and then study the deformation
of this system into the bulk by switching on perturbations corresponding to the breathing mode.

The conformal p-branes provide a link between the original supergravity theories in the UV
region of the bulk, and higher spin gauge theories in the IR region of the bulk. Indeed the
(unperturbed) conformal M2 brane world-volume is a free OSp(8|4) supersingleton field theory,
with conserved higher spin currents in the world-volume [49]. The conformal D3 and M5 brane
world-volume theories are PSU (2, 2[4) and OSp(8*|4) supersingleton field theories with interactions
stemming from the magnetic background fluxes, and it is desirable to study their applications for
the higher spin symmetries. It would also be interesting to examine the conformal limit of the
Sp(2)-covariant quantization of the point-particle sector (see Appendix A), since the Sp(2)-gauged
version of the SO(m — 1,2)-covariant oscillators play a central role in formulating the massless
higher spin dynamics as formulated in [50].

In summary, giant p-branes in AdS backgrounds deserve further study as they have many
intriguing properties both from the point of view of holography and for the understanding of the
nature of fundamental interactions of M-theory and string theory at high energies.
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APPENDIX A: QUANTIZATION IN GLOBAL COORDINATES

In this appendix, we briefly discuss the canonical quantization of the global z# coordinates
governed by the action (4.12). It is clear that Py = 0 is a primary constraint. The Poisson bracket
of Py with the Hamiltonian leads to a chain of secondary constraints, which can be summarized
in terms of the Sp(2) generators as

where XZ-A = (a:A,PA), My =1, Mis = 0, My = 2N2L4A0/ﬂ2. Here, Ay is the constant that
appears in (4.15). The four constraints are second class.
In quantum theory, the canonical commutation relations read
(X, XP) = ie;;04P . (A2)
The ordering ambiguity in (Al) can be cured by demanding that the operators I:Z-j =X (‘;‘Xj) A
generate the Sp(2) algebra. One can now impose the following Casimir constraint:
(L7Ls; — M0 ) |9) =0, (A3)
together with L11|U) = P5|¥) = 0. Using the oscillator algebra we find
1a,:a 1:ap s 1
ngszij JAB—FZ(T?,—I-l)(n—?)) s (A4)

where Jp = €9 X [ X B); are the generators of SO(n+1). Using the expression for M;; given below
(A1) and the fact that ¥ has SO(n + 1) highest weight (JO...0), we find (note that ¢? = 2L?Ay,
see below (4.22))

9 n—1

)2 (45)

which is in agreement with (4.63) for large J. The wave-functions are given by the spherical
harmonics

\Il(JOO)p(XAa A) = \IlAL..AJXAl e XAJ ) (AG)

where Wy, .4, is traceless and symmetric. It would be interesting to repeat the above analysis
also for the magnetic case leading to Sp(2) x SO(m — 1,2) covariant oscillators Y7

APPENDIX B: THE ENERGY SPECTRUM OF POSCHL-TELLER POTENTIALS

In this appendix, following [26], we summarize the spectrum of Péschl-Teller potentials. A
superpotential, W (X) say, determines two “partner Hamiltonians”, H, = ATA and H_ = AAT,
where A = % + W(X) and At = —% + W(X), and the partner potentials are given by the
Riccati equations Vi = W2 £ W’'. A family of superpotentials W (a; X), where a denotes a set of
parameters, is said to be shape invariant if A(a)Af(a) = AT(f(a))A(f(a)) + R(a), ie. V_(a;X) =
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Vi(f(a); X) + R(a), where f is a fixed function and R(a) is a constant (independent of X). The
eigenvalue problem for Hy then has a generalized oscillator solution (n =0,1,2,...):

X
0,0 = Al @AT @) Al @)e |- [ avwm@)]
n—1

Bh = SOR(fH) . (B1)

k=0

The Poschl-Teller Type I and IT superpotentials are given by (0 < 6 < 7/(2a), r > 0)

Wi(A,B,a;0) = Atanaf — Beotaf ,A,B >0, (B2)
Wir(A, B,a;r) = Atanhar — Beothar ;A > B >0, (B3)

and the associated potentials, shape transformations and bound state eigenvalues read

A(AFa) B(BFa)

_ 2

Vie = —(A+B)"+ cos2 6 + sin2g '

fi(A,B,a) = (A+a,B+a,a), Rr=(A+B+2a)> - (A+B)?, (B4)

Ell = (A+B+2na)’ = (A+B)>, n=01,...

A(A+«a) B(BFa)

cosh? ar sinh? ar
fir(A,B,a) = (A—a, B+ a,a), Rip=(B—A)?—(B-A+2a)?, (B5)

Bl = (A-B) (A~ B—-2a)’, n=0,...,(A-B)/2.

Vire = (A-B)* —

The wave-functions obey Dirichlet conditions at # = 0, 7/(2«) and » = 0. In the Type II case there
is a finite number of bound states and then a continuum, E//+ > (4 — B)%. One can extend Type
I and II to B = 0, provided the Dirichlet condition is dropped in the case of Type II and imposed
at § = =7 /2 in the case of Type L.

In applying to the motion on a sphere, one has to be careful with the Dirichlet conditions. If
one switches on a spin, generated by a vector field V, by imposing VW = inW¥, then ¥ has to
vanish at points where V' has zero norm. In the present parametrization, there is a one-to-one
correspondence between the spins in the Cartan subalgebra and the cyclic coordinates. Hence, if
¢; is an oscillatory coordinate, then both ¢; = 0 and ¢; = 7/2 are vanishing points for spins in the

Cartan subalgebra, and hence all the Dirichlet conditions are globally well-defined.

APPENDIX C: COMPARISON WITH BOHR-SOMMERFELD

As we have seen above the quantum mechanical problem involving the Pdschl-Teller potentials
is exactly solvable. Now, we will use Bohr-Sommerfeld approximation for Type I P&schl-Teller
potential for comparison. The action integral is

1
Iy :27T(7”L9—|—§), ng=20,1,2,...
LN p2 u? 1/2
= — ¢df | — —— — —— . C1
L j{ [q cos?f sin?6 (C1)
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To evaluate the integral perturbatively, we first set & = sin? § which yields

Iy = @q ” dxi‘f(x) 27 (

o [ no+ 2. (c2)

2

where

¢ —p? + u? u_z
2

fla)=—a®+ g g =t —a), (C3)

and 0 < by, by < 1. For small oscillations we need (ba — b1) ~ 0 and (by + b2) ~ 1, implying p ~ u

and g ~ 2u, and we can expand in

n=(qg—p-—u). (C4)

Defining 2x = (by — b1)y + (b2 + b1) and using the approximations

2
R e ] (©5)
(by — by)? 2pu u? —5pu+p? 5 3u? —10pu+ 3p* 4
T PEENE [n opulptu) | 2pulp+ u)?
[(bl +bz)(1 B M)} - N (p+ u)? [1 _ (p—w)? N (p — u)?(2p* + pu+ 2u?) ,
2 2 pu pu(p + u) 2p*u?(p + u)?

the integral (C2) up to fourth order in 1 reads (the odd powers of y do not contribute)

2 2 4 2.2 4 1
p°—pu+u® 5 pt—put+ut 4 ]/ 9 4
2n — N+ n°+ .. dyv/1—y2 |1+ hiy” + hoy™ + ... Cé6
[ pu(p + u) p2u?(p + u)? 1 [ ] (€9

where

2(p% — pu + u?) 3(p* — p?u? +ut)

hy = — 2, C7
! pulpra) | pPEprw? (D
Alp* — p3u + P2u2 — pud + u
h2 — [p p — 2]9 ]772 . (CS)
p*u?(p + u)
Up to this order, the integration gives
LN

As in the exact result (4.63) there is no expansion in n. However, 1/T" corrections that are present
in (4.64) and (4.66) are not observed.

The above analysis also applies to Type II Poschl-Teller potential which appeared in (4.54).
One needs to introduce a new variable 2 = — sinh?r after which the action integral becomes (C3).
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