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Distorted-wave Born approximation for inelastic collisions: Application to electron capture
by positrons from hydrogen atoms
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Physics Department, Texas A&M University, College Station, Texas 77843
(Received 3 December 1979; revised manuscript received 27 February 1980)

We have re-examined the distorted-wave Born approximation for inelastic collisions. We find that the distortion in
the relative motion of the collision partners cannot be neglected even for high-energy ion-atom collisions.
Furthermore, if the distortion in the relative motion is not treated exactly, post-prior discrepancies will occur. We
have applied the distorted-wave Born approximation, with distortion included through first order, to ground-state- .
to-ground-state electron capture by positrons from hydrogen atoms. The results are presented in this paper. We
have also examined the nonrelativistic asymptotic behavior of the cross section for electron capture from hydrogen
by positrons incident with a speed v ~ . We find that, for e’/#v < 1, capture occurs primarily to states of
positronium that have an odd orbital-angular-momentum quantum number. It follows that the cusp signifying
charge transfer to the continuum will, for positron impact, be symmetric when e’ <1.

I. INTRODUCTION

Let Mp be the mass of a projectile P impinging
on a one-electron ion or atom (e+ T), where e is
the electron of mass m and T is the target nucleus
of mass M. Neglecting a correction of order
m/My, the interaction Vp, between P and T de-
pends only on the coordinate connecting P to the
center of mass of the atom (e+T). To this extent,
therefore, Vpp alone cannot induce a transition
in the internal state of the atom. In other words,
if the primary interaction V, ,—the interaction
between P and e—were turned off, the internal
state of the target atom would remain essentially
unchanged throughout the collision. Vp, does in-
directly influence the probability of a transition
since the effect of V, depends on the trajectory
of P and Vpq influences this trajectory. If m/Mp
« 1, however, P is (for all but very low projectile
velocities) barely scattered and V. plays almost
no role. In this case it follows that in the calcula-
tion of the transition cross section, integrated
over all scattering angles, the inclusion of Vpq
introduces only small corrections of orders m/
M, and m/Mp. This well-known result' is some-
times thought to imply that in the Born expansion
of the fully quantum-mechanical scattering ampli-
tude, those Born terms involving Vpy should sum
to zero, or rather to a small quantity of the order
of the larger of m/M; and m/My. In general this
is incorrect, but for electron capture at high pro-
jectile velocities the first- and second-order Born
terms involving Vpp do very nearly cancel® if
m/My, and m/Mp<< 1. The reason for this pecu-
liar cancellation is given in Appendix A.

For electron capture by ions the first Born
matrix element of Vy, gives a spuriously large

contribution to the integrated cross section, and
higher Born terms must be added to ensure a net
contribution from Vg of the order of the larger of
m/My and m/My. As first recognized by Bassel
and Gerjuoy,® this can be achieved by using the
distorted-wave Born approximation. They chose
the distortion potential in the initial channel to be
the average, with respect to the initial internal
state of (e+T), of the actual perturbation in the
initial channel. Analogously, the final channel
distortion potential was chosen to be the average,
with respect to the final internal state of (e+ P),
of the final channel perturbation. Then Vp; almost
disappears from the effective perturbation, which
is the difference of the actual perturbation and the

-distortion potential. However, in their numerical

calculation of the scattering amplitude for p
+H(1s) - H(1s) +p Bassel and Gerjuoy neglected
the distortion of the relative motion of the colli-
sion partners, approximating the distorted waves
by plane waves. Later Grant and Shapiro* included
the corrections to the plane-wave relative motion
through first order in the distortion potentials.
They should have obtained (but did not) essentially
the same numerical results as Bassel and Ger-
juoy, for, as we show below, if a reaction is
symmetric and if m < Mp, and m <My, as in
p +H(ls) - H(1s)+p, the net effect of including the
first-order corrections to the plane-wave relative
motion in both the initial and final channels is
zero. In general, however, the net effect of in-
cluding these first-order corrections is nonzero.
Furthermore, the distortion in the relative motion
of the collision partners must be treated exactly if
post-prior discrepancies are to be avoided.

Note that the distortion potentials need not be of
the Bassel-Gerjuoy form. Indeed, Geltman,®
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Kleber and Nagarajan,® and Halpern’” have taken
the distortion potentials to be pure Coulomb po-
tentials in their application of the distorted-wave
Born approximation to electron capture by ions.
This has the advantage that the distorted waves
are readily calculated, being simply the known
Coulomb wave functions.

We have applied the distorted-wave Born ap-
proximation to electron capture by a positron
from a hydrogen atom. We used the Bassel-Ger-
juoy form of the distortion potentials and included
these potentials consistently through first order.
The results are presented below. Note that since,
in our application, m/My=1gks <1, V. alone
cannot induce transitions—its role is to scatter P
and thereby modify the effect of V;,. This modifi-
cation is substantial since, with m/My=1, P
undergoes appreciable scattering.

In Sec. II we introduce some notation. In Sec.
III we outline the distorted-wave Born approxi-
mation, with distortion included consistently
through first order. We do this for an arbitrary
inelastic collision, but our application is to
ground- state-to-ground-state electron capture
from hydrogen by positrons. In Sec. IV we pre-
sent some results. We also comment in Sec. V
on the asymptotic behavior of the cross section
for electron capture from hydrogen by positrons
incident with a very high speed.

II. SOME NOTATION

As stated above, the masses of the electron e,
target nucleus T, and projectile P are denoted by
m, M., and M. We define the mass ratios

a=My/(m+My), B=Mp/(m+Ms), (2.1)

and the reduced masses

kp=am, up=Pm, (2.2a)
vi=Mp(m+My)/(m+Mp+Myp), (2.2b)
Ve=My(m+Mp)/(m+Mp+Mp). (2.2¢)

Let T} and T}, be the coordinates of the electron
relative to T and to P, respectively. Let Ry be
the coordinate of P relative to the center of mass
of (e+T) and let --ftp be the coordinate of T rela-
tive to the center of mass of (e+P). Let R be

the coordinate of P relative to T. The coordinate
system is shown in Fig. 1. We have

fo=-Rp+afy, Rp=fRp+(1-aB)Fy,
R=R;+(1 - a)F;.

(2.3)

Let —e denote the electron charge, and let Z e
and Zpe be the charges of T and P, respectively.
Let €, be the internal energy of (e+ T) in the initial

FIG. 1. Coordinate system.

state ¢ and let €, be the internal energy of (e+ P) in
the final state f. The characteristic radii of (e+T)
and (e+ P) are a; and ap, respectively, where

a.l.=h’2/(ZTuTe2), ap=h?/(Zpppe?). (2.4)

Unless stated otherwise, we work in the center-of-
mass frame of all three particles. In this frame
the total energy E of the system is

E=(5%/20 )K2+ €, = (1/20 )K3 ¢, (2.5)

where h’I-Z, is the initial momentum of P and iff(, is
the final momentum of (e + P) with K, = |K, | and
K,=|K,|. If ¥ is the incident velocity of P relative
to the center of mass of (e+T), we have ZK,=v V.
We define the “average” momentum-transfer
vectors

K=pK,-K, JF-0R,-K,. (2.6)
Here 7K is the momentum transferred to P, aver-
aged over the internal motion of (¢+ P) in state f,
and 7J is the momentum transferred to T, aver-
aged over the internal motion of (e+ T) in state i.

Let ¢,(¥;) represent the initial internal state of
(e+T) and let ¢,(¥p) represent the final internal

state of (e+ P). The initial and final wave func-
tions of the complete system are

¥,= exp(iK,* Rp) o, (Fp), (2.7a)
and
Yyp= exp(iif * -ﬁp)‘bf(.fp) ’ (2.70)

respectively. The perturbations in the initial and
final channels are, respectively,

Vi=Vprp)+ VprlR)==Zpe*/7p

+ZpZ,e*/R, (2.8a)
V= Vo) + VprR) = =Z 102 /7y
+ZpZ,e%/R. (2.8b)
The scattering amplitude for the transition i - f is
T =( | Vs 9 (2.92)
R AAE (2.9b)

where ¥; and ¥; are the exact wave functions of the
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‘ complete system satisfying incoming and outgoing
boundary conditions, respectively. The total cross
section is

1 v f”max
I ————— —L 2
o 2"%2”2(]}‘) i |T |’k dK ,

min
where K, =BK,+K, and K, = |BK,~K,|. The
differential cross section is

(2.10)

d_°=_v_12.f__££ T yz
aQ @rVRe K,

The Fourier transform 7 (k) of any function f(¥)
is defined as

7 = (511;)’ [ #rexpl-ik- B

(2.11)

(2.12)

II. ANALYSIS

Bassel and Gerjuoy® defined the distortion po-
tentials

Ui(_ﬁ'l‘)=f dre| o, 12V, (3.1a)
U,(Re) = f @rp|¢4(Fe) 2V, (3.1b)

where the integrations are carried out with -ﬁT
fixed in Eq. (3.1a) and Ry, fixed in Eq. (3.1b). The
distorted waves X} and X; are defined by the equa-
tions

" |

[~ (7*/2v,)V3, = (02/200)V3, + U+ Ve, IX;

= (E +in)X;, (3.2a)
[~ (22/2v)V, - (12/202) V3 + Us+ Vi IX;

=(E -in)x;, (3.2b)

where 7 is an infinitesimally small but positive
quantity. The effective perturbations in the initial
and final channels are, respectively, V,-U,; and
V;=U, With some manipulation it can be shown®
(noting that U, and U, alone cannot induce transi-
tions) that

T=(|(V,=Up) ey
=@;|(v,-U)|xp.

(3.3a)
(3.3p)

In the distorted-wave Born approximation we ap-
proximate ¥; by X; and ¥; by X;, and obtain

T (x| (v, - U |xp (3.4a)

=(X} l (Vl - U¢)|x‘¢> . (3.4b).
We will, in fact, derive Egs. (3.4) below.
Writing
Xi= ,(F) ™R+ gy (Ry)], (3.52)
X7 = b, (Fo)e®rRr 4 g (R;)], (3.5b)

and taking the Fourier transform of Eq. (3;2a) we
find that the Fourier transform (k) of g}(R;) is
given by the equation

" TR o
(}iz/ZV‘)(k"’—K";—in)é{(k)+(%;)3 [ @ 0.0% -8z ®+,(&E-&,-0. (3.6)

The solution of this equation in first-order per-
turbation theory (with perturbation U,) is

a0 =-(2) YK, (—E{:,:I-.(hly) .

Similarly, in first-order perturbation theory, we
have

(3.7a)

7 ~- (3_’2) U (lk-X|) (3.7)

n2) K -K3+in °
With g;(ﬁT) and g}(_f{p) calculated from Eqgs. (3.7)
we use Eq. (3.4b) to obtain

T~T, +T3+T;, . (3.8)
where

T, =W, [ (V,=U) 9y, (3.9)

T3 =, | (V, = U) g1, (3.10)

T;=(g;0,| (V, = U)oy ; (3.11)

we have neglected the cross term containing 8; 8%,
this term being of the order of (V, -U)U,U,.

lV?’e have used the prior-collision interaction

V, - U, in obtaining Eqgs. (3.9)-(3.11). K we were
to use the post-collision interaction V; — U, these
equations would be replaced by

T, =, [ (V= U lby, (3.12)
Ty=( | (V,= U gi0), (3.13)
T;=(g3| (V, = U)|9,). (3.14)

There is, in general, a “post-prior discrepancy”,
that is, Eqs. (3.9)-(3.11) yield a different estimate
of T from Eqs. (3.12)-(3.14). In our application to
positronium formation by electron capture from
hydrogen we used the post form, which is espe-
cially simple since (see below) U;=0. The post-
prior discrepancy is removed when terms of all
orders in U; and U; are included, as indicated by
Eqgs. (3.4). It should be noted that, except in
special circumstances, the “post” and “prior”
forms of T, are different, that is,

ol (v =UD ) # @, [ (V, =T [9)5 (3.15)
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for while we always have
(‘PIIV: '¢’1> =<¢f,Vf’¢(> ’
we usually have

CALAREXRI /AN

For example, for positron impact on hydrogen we
have U, #0, but (see below) U,=0. An exception
arises when m <M, and M, and the reaction is
highly symmetric so that U,=U,, asin the reac-
tion p + H(1s) - H(1s)+p. There would, however,
be post-prior discrepancies for the reactions
p+H(ls)~ H(2s)+p and He** + H(1s) - He*(1s) +p.

In calculating the differential cross section do/
dQ we prefer to work consistently through first
order in U, and U, and discard corrections of
higher order, but this is somewhat a matter of
taste. Let ¢ be theparity of ¢ (Tp)g; (fy). We may have
¢=4+1, but for definiteness we assume {=1. With-
out loss in generality we may assume ¢ ; and ¢,
are real. Then T, is real and we have through
first order in U, and U,

do vy, K
— =>f 2 + -
aQ  (2mr?f K, [Ti+2T, Re(T;+T3)].

(3.16)
Note that the right-hand side of Eq. (3.16) and
hence our estimate of do/df is not necessarily
positive. Ifm <My, and My, and if U, = U, we have
Re(T;+T;)=0. To see this, note that if U;=U,=U
the problem of the relative motion of P and T re-
duces essentially to the problem of potential
scattering with a potential U. If m < My, and My,
the eikonal approximation® may be used and we
have, neglecting corrections of order m/My and
m/MP’

x:=¢{e¢k,~ﬁrds./n , (3.173)

x;=¢feiﬁf-ipds_ln , (3.17b)

where S, and S_ are the eikonal phases, defined by

z
S.= _% f U@z, (3.18a)

(3.18b)

1 zZ
S.= -;f UR"dZ’,

where v=| ¥| with ¥=#K,/v,~%K,/v,, and where
in a coordinate system (X, Y, Z) with the Z axis
chosen to be parallel to ¥ we have R’ = (X2+Y?2
+Z"*)'/2, Expanding the exponentials in Eqs.
(3.17) we have, through first order in U, :

g;=(S,/m)e®itr, (3.192)

g;=(iS_/m)e®sr P, (3.19b)
Using Eqgs. (3.10) and (3.11), we obtain

T3+ T5=G/mXy, | (V, =U,)|Sy,), (3.20)
where .

S=S‘—S_=—%f:U(R')dZ’. (3.21)

Now, under an inversion of coordinates, i.e.,

Ry - -Ry, Fp~-F;, the expression Wl v, IS8y
transforms to its complex conjugate multipliedby ¢
(=1}and hence (¥, |V, |Sp ) is purely real so that T
+T;is purelyimaginary, aswe set out to prove.
(However, T3 and T; each have nonzero real parts.)
Itfollows from Eq. (3. 16) that in this case

do v,V
i 7’?‘: 12, (3.22)
and the inclusion of distortion in the relative mo-
tion of P and T introduces no correction to the
differential cross section through first order in
the distortion potential U.

Equation (3.22) should be compared to the ex-
pression used by Grant and Shapirc® to study the
reaction p + H(1s) ~ H(1s) + p:

do v.v, K
— A f f (2 -
aa ~@ney K, (T? + 4T, ReT3;).

This expression follows from the incorrect state-
ment T3=T;. (That T}#T; follows from above; we
have also verified this computationally.)

In Appendix B we express T,, T;, and T; in Eqs.
(3.9)-(3.11) as integrals over momentum space.
In Appendix C we describe the evaluation of these
integrals for the case when Z,=Z,=1 and i and f
are ground siates. For i and f both ground states
we have

2
= —-z.)-E of1 1 (;_r.z“)
U,Rg)= (252, ZP)RT+ZPe (RT+aaT)exp >
1 1 —2R )
-— 2 — D
ZpZye (RT‘Lvar)exp(——lrar , (3.23)

where y=1-a. The expression for U,(Rp) has a
similar form but.with Z; and Z, interchanged, and
Ry, a, 7, and a, replaced by Ry, 8, 13, and ap,
respectively, in the right-hand side of Eq. (3.23).
Note that when P is a positron we have U,(Rp)=0.
This can be easily understood by noting that be-
cause the positron and electron have the same
mass and equal but opposite charges there is no
preferred sign of U,.

In units in which Z=e=1 the Fourier transform
of U,(R,) is given by
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Z, (,, AZam’ )
Y@ZZmI R\ T @ZEmE kD)

o Zs%y (4, 4Z2M2 )
@ZZMZ + 1%\~ (4ZZMZ +1))

(3.24)

The Fourier transform of U,(Rp) has a similar
form but with Z; and Z, interchanged and M re-
placed by My, in the right-hand side of Eq. (3.24).

We now demonstrate that the distorted-wave
Born amplitude is a variational estimate of the
exact amplitude. Let H denote the Hamiltonian of
all three particles, ¥, and ¥}, the trial approxi-
mations to ¥ and ¥;, respectively, and let 6%
=¥ -¥}; and 0¥;=¥; - ¥;, denote the errors in
the trial wave functions. The exact (on-shell)
amplitude T satisfies the Kohn-type variational
principle'®

T=T,+€, (3.25)
where
Ty = | VW5 + (7 — b, | - E = im) |¥3),
(3.26)
€==(0¥;|H - E - in)| 6%} . (3.27)

Since the error term ¢ is of second order in the
errors in the trial wave functions, T, is a varia-
tional estimate of T. We choose ¥}, =X; and ¥z,
=X;. Note that

H-E)p)=V,[v), (3.28)
#@-B)py=v,18p, ' (3.29)
H-E-in)|x)=,-U)|xp, (3.30)
H-E+in)|xp=(V,=UN|xp. (3.31)

Combining Egs. (3.26) and (3.30) we have

T, =, |V, %) = | (Vi = U ) XD
+(G| (v, =U)|xy . (3.32)

Using Eqgs. (3.29) and (3.30) we have

(‘l’fIV;'X‘i):(’I’fI(H—E),XQ
=@ | (V,=U) XY ; (3.33)

we have used the Hermiticity of H, which follows
from the fact that surface terms vanish since X;
has onlg’ an elastic scattering component—recall
that U;(R;) cannot induce transitions. Therefore
the first two terms on the right-hand side of Eq.
(3.32) cancel and we obtain

T,=(x;|(V,=U)|x) (3.34)
=(x;|H -E - in|xp
=G| (V,=U) Xy (3.35)

Hence the distorted-wave Born amplitude is a
variational estimate.

Halpern!* has examined the variational correction
to a variety of approximate amplitudes. For a
specific choice of trial wave functions ¥}, and VY5,
Halpern determines whether the asymptotic form
of, e.g., ¥}, generates an amplitude correct to
second order in the errors of the trial wave func-
tions. If not, he shows how to obtain a second-
order accurate estimate by either adding a cor-
rection term or finding a more suitable trial wave
function.

Finally, we would like to comment briefly on an
approximation introduced by Band'? and referred
to by him as the “full first-order perturbation-
theory” approximation. Recurrent attention is
paid to this approximation and yet we believe it
has no firm foundation. In the derivation of his
approximate scattering amplitude using time-
dependent perturbation theory Band overlooked the
fact that this amplitude was obtained by projection
onto a final-state wave function that is not ortho-
gonal to the initial-state wave function even in the
limit -« (where ¢ is the time), since the coordi-
nates 'f{T and R, are treated as time independent.

IV. RESULTS AND DISCUSSION

We have applied the distorted-wave Born ap-
proximation in the post form, with distortion in-
cluded in the relative motion through first order,
to the reaction

e*+H(s)—~Ps(1s)+p .

Recall that U, =0 so that Eqs. (3.8) and (3.12)-
(3.14) simplify to

T=>Ty +<¢;|V; |g:¢g>,

where Tis =¥, |V;|¢,) is the Jackson-Schiff ampli-
tude. Thus, for the above reaction, the present
estimate and thé Jackson-Schiff estimate differ
only by the inclusion through first order of the
distortion in relative motion. Note that, for the
above reaction, Tjs is identical to the post form
of T,.

Very recently Mandal et al.'® calculated the dif-
ferential cross section for the above reaction us-
ing the distorted-wave Born approximation with U,
taken into account through all orders. This in-
volved the solution of a coupled set (infinite in
number, in principle) of one-dimensional integral
equations. Our results (SW) for the differential
cross section, at impact energies of 20, 100, and
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TABLE 1. Differential cross section, in units of af, as
a function of scattering angle, for the reaction e* + H(1s)
— Ps(1s) +p, at an impact energy of 20 eV. The symbols
JS, SW, and MGS refer to “post-form’’ versions of the
distorted-wave Born approximation in which the distor-
tion in the relative motion is included through zeroth,
first, and infinite order, respectively. The symbol MG
refers to an approximation applied to this reaction by
Mandal and Guha (Ref. 17). The notation a(b) means
ax10-b,

Angle (deg) Js sw MGS MG
0 3.2(1) 4.2(1) 4.0(1) 4.1(1)
5 2.9(1) 3.8(1) 3.6(1) 3.7(1)
10 2.1(1) 2.8(1) 2.7(1) 2.8(1)
15 1.2Q1) 1.8(1) 1.7(1) 1.7(1)
20 5.5 9.3 8.8 9.2
25 1.9 4.0 3.8 4.1
30 3.5(~1) 1.3 1.4 1.5
35 1.2(-3) 5.3(=2) 3.7(-=1) 4.5(-1)
40 1.1(~1) -3.8(=1) 5.8(-2) 8.0(-2)

200 eV, are compared to those of Mandal et al.
(MGS) in Tables I and II and Fig. 2. Also shown
are results we have obtained using the Jackson-
Schiff (JS) approximation, in which the differential
cross section is computed from |Ts|? and the ap-
proximation (MG) in which the differential cross
section is computed from |T,|? with the prior form
of T,. The latter approximation was applied by
Mandal and Guha.!* Note that the JS, SW, and
MGS approximations are “post-form” approxima-
tions in which the distortion in the relative motion
of the collision partners is included through zeroth,
first, and infinite order, respectively. At small
scattering angles our results for the differential
cross sections are in rather good agreement with
the MGS results, and are consistently an improve-
ment over the JS results. However, the agree-
ment worsens as the angle increases and our re-
sults become negative and stay negative. This is
because the distortion in the relative motion of the
positron and hydrogen atom, in the initial channel,
increases with increasing scattering angle, of
course, so that terms quadratic and higher order
in the distortion potential become increasingly
important. The MG results are in very good agree-

TABLE II. Same as Table I but for an impact energy
of 200 eV,

Angle (deg) Js8 sw MGS MG
0 1.0(-1) 1.2(-1) 1.3(-1) 1.4(-1)
5 7.1(-2) 8.9(-2) 9.8(-2) 1.0(-1)
10 2.6(-2) 3.6(=2) 4.2(-2) 4.3(-2)
15 5.1(=3) 9.2(-3) 1.3(-2) 1.3(-2)
20 3.6(~4) 1.4(-3) 3.2(-3) 3.1(-3)
25 2.7(=5) =-2,1(-4) 8.0(-4) 17.3(—4)

L1 1a

10°

LA R R |

a0 oaaaal

Differential Cross Section (ag?)

T

1072 1 1 1
~ 50 10.0 15.0 20.0

Scattering Angle (deg)

FIG. 2. Differential cross section as a function of
scattering angle for the reaction e*+H(ls) — Ps(ls) +p
at an impact energy of 100 eV. The symbols have the
same meaning as in Table I.

ment with the MGS results at small angles.

The integrated cross sections versus impact
energy are shown in Table III. Our results always
lie below the MGS results, well below at low ener-
gies. The reason for this is that in our approxi-
mation the contribution to the integrated cross sec-
tion from large angles is negative. The contribu-
tion from large angles becomes increasingly im-
portant as the energy decreases. For energies
above about 70 eV our results for the integrated
cross section are an improvement over the JS re-
sults. We are a little surprised that at 200 eV
the agreement between our results and the MGS
results is not better than shown—the disagree-
ment is about 21%.

We conclude from the comparison of the JS, SW,
and MGS results that the inclusion of distortion in
the relative motion is essential even at small
scattering angles. The inclusion of distortion
through first order seems to be adequate at small
angles, but at large angles, specifically at angles
larger than the angle at which the JS differential
cross section is zero, higher-order terms in the
distortion potential must be taken into account.
We expect these remarks to apply to electron
capture by ions, not just by positrons.
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TABLE Ill. Integrated cross section, in units of (na%),
as a function of impact energy, for the reaction e + H(1s)
~—Ps(ls) +p. The symbols have the same meaning as in
Tables I and II.

Energy (eV) Js swW MGS MG
13.6 4.8 2.0 4.5 4.5
20.0 3.3 2.2 3.3 3.4
50.0 4.6(-1) 4.3(-1) 5.1(-1) 5.5(-1)

100.0 4.5(-2) 4.8(-2) 5.7(-2) 6.1(~2)
200.0 2.4(-3) 3.0(-3) '3.8(-=3) 3.8(=3)

V. SOME COMMENTS ON Ps FORMATION
AT HIGH SPEEDS

Despite the fact that MGS take into account the

~ distortion potential to all orders, their approxi-
mation is inadequate at high speeds (e2/7v < 1) be-
cause important terms of order V., V;, and V.V,
are omitted. These terms represent the following
two mechanisms, which have been analyzed both
classically's and quantum mechanically'®!” and
are illustrated in Fig. 3: (a) The positron, inci-
dent with a high speed v (velocity V) strikes the
electron and knocks it toward the target proton
with a speed v/v2 and in a direction making an
angle of 45° with V. In this collision the positron
is deflected through an angle of 45° and also
emerges with a speed v/V2. The electron then
scatters elastically from the heavy proton, is de-
flected through an angle of 90°, and emerges from
this second collision with a velocity roughly equal
to that of the positron. Capture may then occur
easily. (b) The positron strikes the electron and
knocks the electron out of the atom with a speed
v/Y2 and in a direction making an angle of 45°
with V. The positron is deflected, through 45°,
toward the proton from which it scatters elasti-

o+ Aase | o* 450 4
——v—’—-qr fiss v ; _v—)—-( A | B}
V2 : Vicy iz | Ve, ’
e” I e~ et I +

(a) (b)

FIG. 3. Two mechanisms for positronium formation at
high-impact speeds. The thick and thin lines, respec-
tively, describe the paths of the positron and electron.
The vertical dashed line is the position vector of the
electron relative to the positron immediately after the
second collision.

cally with a speed v/V2, is deflected through 90°,
and emerges with a velocity roughly equal to that
of the electron so that capture may again easily
occur. Mechanisms (a) and (b) are represented
by the second Born matrix elements of V,,G,Vp,
and V,,G,Vy,, respectively, where G, is the
Green’s function for three noninteracting parti-
cles. The two matrix elements interfere. To
leading order in ¢*/fiv the interference is totally
destructive or totally constructive according to
whether the orbital-angular-momentum quantum
number ! of the final state is even or odd. This
can be understood as follows'”: The two mecha-
nisms differ only in the nature of the second col-
lision. The (first Born) amplitude for the second
collision has the same magnitude but a different
sign in the two mechanisms. The position vector
of the electron relative to the positron, imme-
diately after the second collision, also has the
same magnitude but different sign (i.e., it is in-
verted) in the two mechanisms. Hence the matrix
elements of V.GV, and V,.G,V;, differ only by
(~1)™ to leading order in ¢*/kv. The consequence
of this is that capture occurs primarily to states
of positronium having odd ! when €?/fiv < 1. In
fact, the asymptotic » dependence of the cross sec-
tion for Ps formation is (e?/#v)*? if I is even and
(e*/mv)** if I is odd.

There is currently much interest in the process
of charge transfer to the continuum since it is a
primary source of ionization.!® The quantity being
measured is the singly differential cross section
dt)‘/alvB for the electron to be ejected by a projec-
tile ion with a lab speed v, (velocity V,) into a
narrow forward cone whose axis is parallel to V.
When v, ~v, do/dv, exhibits a cusp, which is the
signature of charge transfer to the continuum.
Strong asymmetries in this cusp have been ob-
served!? for electron capture to the continuum by
fast-moving ions. These asymmetries have been
attributed®® to the fact that the electron is cap-
tured by the ion into many different partial-wave
components of the electron-projectile continuum,
not just the 7=0 component; this fact implies that
the amplitude for capture to the continuum depends
on the vector difference ¥, -V, not on [, -¥|, so
that this amplitude is not invariant under the trans-
formation (v, - ¥) = - (¥, - ¥) and hence do/dv, is
asymmetric about v,=v even when e?/ky <« 1. The
situation is different for electron capture to the
continuum by positrons. Since the electron is cap-
tured primarily to states of Ps with odd I, that is,
states with the same (odd) parity, the net ampli-
tude for electron capture to the continuum of Ps
will be invariant under (¥, - V)~ -(¥, - ¥). Hence
the cusp in dc/dve (where now the electrons are
ejected into a narrow cone whose axis makes an
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angle of 45° with V) is symmetric about v,=» when
e*/mv < 1. However, we may require ¢2/Jv to be
so small for this result to be true that do/dv,, and
hence the cusp, are too small to be observed.

We have calculated the asymptotic contribution
from the sum of the first- and second-order Born
terms to the cross section for the reaction

e*+H(1s)~ Ps(1s)+p,

where H(1s) is any member of the H(1s) isoelec-
tronic sequence. We find the asymptotic form of
the cross section to be

o~cZ%(& /) (na2), (5.1)
where Z is the atomic number of the target and

c=f(5,)=f(3)

=1.02 x10°
with
1 2 8 16 16
1= -F gy 5+ 5),
yo=%(3 -2‘/_2_) )

9,=2(3+2V2).

The first and second Born terms involving V., do
not cancel, of course.

At an impact energy of 200 eV the right-hand
side of Eq. (5.1) is about 1.0 X107 (742), which is
considerably larger than the MGS result shown in
Table III. However, the asymptotic form of the
cross section givenby Eq. (5.1) is probably inac-
curate at200eV. To gaina crude idea of when the
asymptotic formula is valid, we have evaluated the
Brinkman-Kramers cross section (computed from
the matrix element (y,|Vy,|¢,;)) both exactly and
asymptotically. At 200 eV the asymptotic estimate
is too large by a factor of about 3.5. At 2000 eV
the discrepancy is about 15%.

There have been no measurements of the cross
section for positronium formation at high impact
speeds. Such measurements would be extremely
difficult since the positronium would be destroyed
by collisions very quickly after its formation.
However, it is possible (but highly speculative)
that one could study positronium formation in-
directly by studying charge transfer to the con-
tinuum. In charge transfer to the continuum, the
positron leaves its mark long after its death. This
mark, the cusp in do/dv,,, contains a wealth of in-
formation about positronium formation.
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APPENDIX A: EFFECT OF Vpy WHEN m << My,
AND M,

If m/M,, and m/M,< 1, the impact-parameter
approximation is valid so that P and T can be
treated as classical particles that move with con-
stant relative velocity ¥, and we have R=b+ ¥t
where b is the impact parameter and ¢ is the time.!
Let A(b) and A’(b) be the amplitudes for the
transition 7~ f when AV, is included and ex-
cluded, respectively, from the electron Hamil-
tonian. (We have introduced an arbitrary “strength
parameter” A.) Wick® pointed out that

A(b)=A"(b)e*, (A1)

where

A [
£=_E f... Ver(R)dt

Vo, (A2)
where u=vt. (Note that ¢ decreases as 1/v as v
increases.) Since A(b) and A’(b) differ only by a
phase factor, the cross section integrated over b
is the same whether or not V. is included in the
electron Hamiltonian.

We can expand the phase factor in Eq. (A1) in
powers of A, which is equivalent to expanding in

‘powers of £ Since A is arbitrary and since A’(b)

is independent of A, it follows that in the Born
expansion of A(b) all those Born terms involving
AVpq linearly must sum to it A’(b). Let A,, be the
sum of those nth-order terms involving AV, li-
nearly in the Born expansion of A(b), and let Al
be the sum of all nth-order terms in the Born ex-
pansion of A’(b). We have

(Au""sz"'Axs"‘"')=i§(A1'+Az;+A:;+"')~ (A3)

For direct excitation processes it can be shown
that
A,y=0, A, =itA! , n>1.

For capture processes A,, #0. However, without
loss in generality we can choose ¢, and ¢, so that
A,, has the same phase as A]. In fact, we can
assume that A,, and A/ are both real. It follows
from Eq. (A3) that

Ay +Re(A), + A+ - )=—EIm(AJ+Al+--+), (Ada)
Im(A,,+ 4,5+« )= £EA]+ ERe(AJ+Al++++). (Adb)

Since £A] is of third order in the potentials (note
£ is of first order) we see from Eq. (A4a) that A,
is canceled through at least second order by higher
terms in the Born expansion of A(b). Therefore,
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it is not meaningful to retain A4,, in the Born ex-
pansion of A( 5) unless higher terms are kept.

We now suppose that »> e?>/#. The Born terms
A,,, A,;, and A are appreciable only for b= |b|
< #i/mv. (For b>7/mv these terms are exponen-
tially small.?®) If b<7/mv the terms A,;, A,y .-+,
and A}, A, ... are much smaller (by one or more
powers of ¢2/hv) than A,, and A,,, provided, as is
the case here, that the potentials V., Vp,, and
V g are of the same kind.?* Noting that § decreases
as l/v with increasing v it follows from Eq. (A4a)
that A,, and ReA,, cancel through at least one
power of e?/hy if b<#%/mv. In fact, since from
Eq. (A4b) we see that ImA,, is smaller than A] by
one power of ¢?/7w for b<#%/mv, and since Au and
A/ are of the same order in this range, we can say
that A,, and A,, cancel through at least one power
of &/hv. :

Neglecting corrections of order m/M and m/M
the scattering amplitude T(K) in the full wave
treatment is!

T(ﬁ)=ﬁvf d?b e'®%A(D). (A5)

Let T,, be the sum of those nth-order Born terms
1nvolvmg AVp. linearly in the Born expansion of
T(K). To obtain T,,+T,, we simply replace A(b)
by A,,+A4,, in Eq. (A5). If we make this replace-
ment then for €®/#v <1 the main contribution to
the integral over b comes from the region b < 7/my.
But we have seen that in this range of b the terms
A,, and A,, cancel through at least one power of
e?/hv. Hence T,, and T,, cancel through the same
order, which is the result that Drisko and Dett-
mann and Leibfried? obtained by explicitly evaluat-
ing T,, and T,, in the small €*/#v limit.

APPENDIX B: EXPRESSIONS FOR AMPLITUDES AS INTEGRALS OVER MOMENTUM SPACE

In this Appendix we express T,, T;, and T;, where these amplitudes are defined by Egs. (3.9)-(3.11),

as integrals over momentum space. We have
T,=N,+N,+N,,

Ny= @072 [ d% GHE - PIPoa( V(T - D),
= -(ZW)S[(z/“p)Kz (;]d’ (K)¢¢(-J) ’

Ny=-@n®'2 [ a% $3B+RIT (VBB -T).

N, is the Brinkman-Kramers amplitude, which can be expressed in closed form.

T,=L,+L,+L,,

where

L1=f dspf daq 5}"(31-5,—5—a)‘;”(.b)éi(a)ég(ﬁ,—5— C‘a)»
L= @082 [ d%[(3/u HEK, - D" - 181K, - D ZIDIF,(K, - ob)

=-fdpfd q $FBE, - D - DT (p) g DF (K, - 0P - ad),

and
T;=M,+M,+M,,

where

M1=f d’pfd3q§;*(p)¢ (BD+T-K )V, n(g)d(P+d - oK),
M,=—(27)/? f a3p[(5/ mp)(BD K.\ - /124D BD -K ), (B - oK),

Mg=- f as f d*q g(D)$H(BD+T-K)U (9)6 (B+ oG - oK)

(B1)
(B2a)

(B2b)

(B2c)

We also have
(B3)
(B4a)
(B4b)

(B4c)
(B5)

(B6a)
(B6b)

(B6c)
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APPENDIX C: EVALUATION OF INTEGRALS

For ¢ and f ground states (and Z,=Z,=1) we have to evaluate the following three types of basic integrals:

1
’ff b (F-AP+a|[(D-BF+5"[(p*+27) ’

I 'f e 1 1 1
2= p(ﬁ_

1
=f d”pj‘dsq (P+4-Ar+a? (5+§

1

Higher powers of any of the factors in the denomi-
nators can be obtained by differentiation. In the
above equations 7 is positive and mﬁmtemmal

a, b, ¢, d, and the components of A B C and

D, are real, z may be complex, and C= |C|
D=|D|. The integrals N, and N, of Eqs. (B2a) and
(B2c) are of the type of I,. If we write d % =p*dp dQ
in Eq. (C1), the integral over d©2 can be done sim-
ply with the use of the Feynman identity

N LR S—
aB J, [ax+B(1-x5F ’
the integration over p can then be done simply by

contour integration if z is real. For z real, we
have

(cq)

11=1r2]:dx m (C5)
where

=x(1 - x)(A - B +xa®+ (1 — x)b? , (C6a)

F=xA+(1-2)B, (C6b)

where E and z are the positive square roots of E?
and 2%, respectively, and where F=[F| Now the
integral I, exists for all values of 2% except those
on the negative real axis. In fact, I, is an analytic
function of 22 in the complex 22 plane cut along the
negative real axis. Since the right-hand side of
Eq. (C5) is also an analytic function of 22 in this
cut plane, we have by analytic continuation that
Eq. (C5) is valid for all 2? in the cut plane, pro-
vided that z is that branch of the square root of
2% which is positive when 2* is real and positive.
For example, if z2=~(C%+in), we insert z=-iC
in Eq. (C5). The one-dimensional integral of Eq.
(C5) can, in fact, be evaluated in closed form.?
We chose to evaluate this integral and its deriva-
tives numerically, since the algebra is much less
cumbersome and numerical integration using Simp-
son’s rule is rapid.

By a repeated use of the Feynman identity and
use of Eq. (C5) we have

et Can [ ay 2 (Lvs-ic (c")
Izwoxoy-s—z-fg28+-z ,

A+a? (p-BP+b? (P-CP+c? pT—f"__c —in’

-BR+b? 7+ ?(q D)2+d2 D -in"

(C1)

! (c2)

1 (c3)

r
where E and F are defined in Eqgs. (C6) and where

S?=y(1 - y)(F - C)2+ yE2+ (1 = 9)c?, (C8a)

T=-C*-2iCS+y(E*+ F?)+(1-3)c*+C?,  (C8b)

with C and S the positive square roots of C? and
S2, respectively. The integrals L, and M, of Egs.
(B4b) and (B6b) are of the type of I,.

The integral Lg of Eq. (B4c) is of the type of I,
but the integrals L,, M,, and M, of Eqs. (B4a),
(B6a), and (B6c), as they stand, are not of this
type. This would be of this type if p and q always
occurred in the combination f) +a in the arguments
of ¢, and ¢,. To a good approximation p and q do
occur in the required combination. For example,
consider L, of Eq. (B43) The main contribution
to the mtegral over q in Eq. (B4a) comes from the
region |q~K,|<K,J. Thus, provided (1 -a)
< 1/a.,., wh1ch is true in the angular range ( of m-
terest we can approxlmate the argument 13 P
-aq of ¢‘ by —J+K -p-q, so that p and q occur
in the required combmatlon Similarly, provided
that (1 -B8)K <1/ap, we can approximate the
argument ﬁp+q K, of ¢, in Eqs. (B6a) and (B6c)
by p+q+K K, We also approximate the > argu-
ment p+ad - ak of #, in Eq. (B6c) by p+q - -J- K,
for (1-a) <1/a,. Note, however, that for
positron impact the inequality (1 -B)K <1l/apis
certainly not satisfied for all angles of interest
since B =3. Fortunately, in this case the integrals
M,, M,, and M, are zero since the distortion po-
tential U, vanishes.

By a repeated use of the Feynman identity, and
by use of Eq. (C5), we have

1

1 1
1
3 4 —_—
Iy=m j;d",[ 9 ES [T%+ G ~iDF]’ (@)

where E and F are defined in Eqs. (C6) and where
now
S2=y(1 -y F -DP+y(E+c)+ 1 —y)d?,
' (C10a)
T=yF+(1-y)D, (C10b)
with ¢ and S the positive square roots of c2 and S?
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and with T = | T|.
The integrals I, and I; can be reduced to one-di-
mensional integrals, but we chose to evaluate the

two-dimensional integrals and their derivatives,
numerically since the algebra is then less cumber-
some.
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