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(57) ABSTRACT

Methods and systems are disclosed for restoring a state of a
qubit transformed by a weak measurement to its original
state. Unlike traditional methods, in which, the restoration
was carried out by way of another weak measurement, the
disclosed method uses an additional qubit, referred to as the
ancillary qubit, and appropriate Hadamard and CNOT trans-
formation for restoring the original state. Because the dis-
closed method avoids a second weak measurement, the time
for restoration of the original state is considerably reduced.
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1
REVERSING THE WEAK MEASUREMENT
ON A QUBIT

CROSS REFERENCE TO RELATED
APPLICATIONS

This application claims the benefit of U.S. Provisional
Application No. 61/405,959 (the “959 application”), entitled
“Reversing the Weak Measurement on a Qubit,” filed Oct. 22,
2010. This provisional application is incorporated herein by
reference in its entirety.

FIELD OF THE INVENTION

The present invention generally relates to quantum com-
puting and in particular relates to reversing state of a qubit
after a weak measurement.

BACKGROUND

The basic unit of information processing in modern day
computers is a bit, which can exist in one of two states: Oor 1.
In quantum computing the basic unit of information process-
ing is a qubit. Like a bit, the qubit can also exist in two states,
which states are denoted as state 10) and state 11) . But unlike
a bit, a qubit can also exist in superposition states, which are
alinear combination of state |0) and state I1) . For example, if
the qubit were to be denoted by ), then the superposition
states of the qubit can be described by the expression:
lp) =atl0) +f11) , where o and 3 are complex amplitudes (also
known as probability amplitudes). Therefore, the qubit
[p) can exist in any of the states described by the continuous
variables o and (. This property of qubits is essential in
quantum computing. Therefore, if the qubit ) is prepared in
a superposition state for quantum computing, then it is essen-
tial that the superposition state of the qubit ) be maintained
throughout the computing process.

Results of a quantum computation require that one or more
qubits of the quantum computer be measured. Two kinds of
measurements can be carried out on the qubit ) : a strong
measurement and a weak measurement. In a strong measure-
ment, the qubit ceases to exist in the superposition state, and
collapses into one of its so-called eigenstates. For the qubit
lp), these eigenstates are the states 10) and |1). Therefore,
after a strong measurement, the qubit hp) will collapse in a
state |0) orstate 1) . An example of a strong measurement is
a detector detecting a click in a cavity quantum electrody-
namics (QED) system implementing the qubit ly), where
measuring a click indicates that the qubit ) has collapsed
into state 11) . Because of the collapse of the superposition
state, information related to the original state of the system
cannot be recovered. In other words, the values of a and
(also known as the eigenvalues) are lost.

In a weak measurement, the full collapse into the eigenstate
does not take place, and it is possible, to reverse the measure-
ment so that the original state of the system is restored. This
reversal is possible, because for weak measurement, the full
information of the probability amplitudes involved in the
superposition of the states is retained. One example, of a weak
measurement is the leakage of the field inside a cavity QED
system. If a measurement is made on the qubit l}) using a
detector, and the detector registers a click, then this means
that qubit ) has collapsed to the state 11) . Thus, the infor-
mation on amplitudes o and f is lost and no longer recover-
able. This, of course, indicates a strong measurement. [f how-
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ever, the detector does not register a click for time <, then the

state evolves into |y(t))=(cl0) +e™BI1) )/‘/I(xI2+I BlZe=2
where v is the cavity decay rate. This is an example of a weak
measurement where we gain partial information on the state
of the qubit Iy}, but information of the amplitudes o and B is
fully retained. Note that the above equation can also describe
aweak measurement on a qubit implemented in systems other
than the cavity QED system with y representing the decay rate
of'the qubit for a particular system. Thus, unlike strong mea-
surements, weak measurements provide the possibility of
restoring the qubit to its original superposition state.

Some prior art methods propose reversing the state of the
qubit hp) after a weak measurement by carrying out a second
weak measurement. For example, the states 10) and 11)
are first switched to transform the weak state c./0) +e™""BI1)
to all) +e77B10) . A second weak measurement (e.g., a cavity
decay without registering a click in the detector) for time ©
then yields al1) +f10). A subsequent interchange between
10) and I1) restores the original state of ) =c|0) +B11) . For
additional details of this method, the reader is referred to
Exhibit C of the *959 application.

While the prior art method including two weak measure-
ments to restore the original state of the system is adequate,
the inventors recognize that the time required for the second
weak measurement is disadvantageous. One of the biggest
challenges in quantum computing is decoherence. Decoher-
ence can be viewed as the irrecoverable loss of information
from a quantum computer due to the interactions with the
environment. Once the quantum computer has decohered, the
computations are no longer useful. Each quantum computer,
depending upon the quantum system used to implement it,
has an associated decoherence time. Therefore, it is important
to complete quantum computations within decoherence time.

A quantum computer involves computations that typically
include a large number of qubits interacting with each other.
Therefore, time spent for restoring a qubit would increase the
computation time of a computation in which the qubit is
involved. In the case of a weak measurement, waiting for
another period T to restore the qubit can increase the total
computation time of the quantum computer, which computa-
tion time if comparable to the decoherence time can make the
quantum computer unreliable.

A solution to these problems is provided in this disclosure
in the form of a new reversal quantum gate circuit, which does
not require a second weak measurement and reduces the time
required for reversal when compared to the two weak mea-
surement method.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 illustrates a schematic of a system for reversing a
state of a qubit after a weak measurement to its original state
in accordance with an embodiment of the present invention.

FIG. 2 illustrates building a CNOT gate with two Had-
amard gates and a phase gate in accordance with an embodi-
ment of the present invention.

FIG. 3 shows a schematic of a cavity QED system imple-
menting the schematic of FIG. 1 in accordance with an
embodiment of the present invention.

DETAILED DESCRIPTION

Methods and systems are disclosed for restoring a state of
a qubit transformed by a weak measurement to its original
state. Unlike traditional methods, in which the restoration
was carried out by way of another weak measurement, the
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disclosed method uses an additional qubit, referred to as the
ancillary qubit, and appropriate Hadamard and CNOT trans-
formation for restoring the original state. Because the dis-
closed method avoids a second weak measurement, the time
for restoration of the original state is considerably reduced.

FIG. 1 discloses a system 101 for restoring the state of a
qubit ) after a weak measurement. System 101 includes a
reversing circuit 102, which receives ly) after it has under-
gone a weak measurement as one of its inputs. Reversing
circuit 102 also receives an ancillary qubit |0} for interacting
with the 1) . The state of the ancillary bit 106 at the output of
the reversing circuit 102 is measured by detector 107. The
output of the detector 107 is fed to a controller 108, which,
based on the detector’s 107 output, determines whether the
state of the qubit |\) has been restored. If the controller
determines that the state has not been restored, then another
ancillary bit 106 is inputted to the reversing circuit 102.
Additionally, the qubit ) at the output 202 of the reversing
circuit 102, is fed back to the input 109 instead of the input
103, and a rotation angle of the Hadamard gate 105 is appro-
priately modified. This process is iteratively repeated until the
state of the qubit ) is determined to be restored.

As discussed above, the original state of the qubit ly) can
be expressed as ) =al0) +$11) . Because of a weak measure-
ment, the state of the qubit Iy) evolves into:

Ilp>:(0tI0>+e"”[3|l))/\/I(xI2+I[3I2e"2Y‘. For simplicity, we

denote N,=Ylal*+IB1%e™>", and rewrite the state of qubit
lp) after a weak measurement as:

hp) =(ct10) +&~ TP I1) /N, (1

The reversing circuit 102 includes a single-qubit Had-
amard gate Hy 105 connected in series with a two-qubit
CNOT gate 104. Thus, the reversing circuit 102 forms a
two-qubit gate. In a first iteration, one of the inputs of the
reversing circuit 102 receives input 103, which is the qubit
lp) after a weak measurement. For all subsequent iterations,
the input 109 instead receives the output 202 of the reversing
circuit 102. The other input 201 of the reversing circuit 102
receives the ancillary qubit 10}. For the first iteration, the
two-qubit input to the reversing circuit 102 can be represented
as },,), and can be expressed as:

1) =(I0) +6 7RI 1) )N, @ 10) o)

The step-by-step operation of the reversing circuit 102 on
the qubit I}, ,) is now described. First, the Hadamard gate H,
105 transforms the ancillary qubit |0} into cos 01) +sin 611},
where 0 is a rotation angle. Because this is the first iteration of
processing the qubit 1y, } by the reversing circuit 102, 6can
be denoted as 6,. Thus, the result of the Hadamard gate Hy
105 transforming qubit ly,,) in the first iteration can be
expressed as:

1) =(cL10) +&~7B11) YN, ® (cos 6, 10) +sin 0,11} ) 3)
o) =(ccos 0,10)0) +e™ B cos ©,1)1)10)+a sin

0,10) +e™"p sin 6,11) 11))/N, 4

Qubit Iy}, as expressed in Equation (4), is then inputted
to the CNOT gate 104. As is well known, the CNOT gate is a
controlled NOT gate having a control input and a target input.
The CNOT gate flips the state of the target input at its output
only if the control input is 11) . For the reversing circuit 102,
the qubit hp) is fed to the control input and the ancillary bit
transformed by the Hadamard gate Hg105 is fed to the target
input of the CNOT gate 104. In Equation (4), for each of the
four terms that are summed, the first qubit state corresponds
to the qubit ly) (the target input) and the second qubit state
corresponds to the ancillary qubit (the control input). Thus for
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each of the terms in Bquation (4) where the first qubit is 11},
the second qubit will be flipped. Thus, the CNOT gate 104
transforms the qubit |y, ) as follows:

W) =(ct cos 6,10)0)+e B cos 6,11} 11)+a sin

6,10) 1) +e™YB sin ©,11) 10} /N, )

Rearranging the terms in Equation (5) results in:

hp 1) =(( cos 6,10} +e B sin 6,11))® 10) +(at sin

6,10} +e~7B cos 6,11))) 11 @ YN, (6)

Equation (6) represents the transformation of the qubit
lp,,) by the CNOT gate 104. In each of the two summed
terms of Equation (6), the right side term in the tensor product
represents the state of the ancillary bit while the left hand term
represents the state of the qubit Iy) after CNOT transforma-
tion. Therefore, if the state of the ancillary bit were to be
measured, the result of the measurement would provide the
state of the qubit 1) . For example, if state of the ancillary bit
measured by the detector 107 were to be |0}, then the state of
the qubit ) would be (e cos 6,10) +¢™7"f sin 6,11} ); and if
the measured state were |1}, then the state of the qubit
lp) would be (o sin 0,10) +e™"*( cos 0,11) )/N,,.

The controller 108 measures the ancillary bit using detec-
tor 107 and sets the value of 8, to be equal to tan™" e, where
v is the decay rate, and T is the duration of the weak measure-
ment. Using this value of 8, in Equation (6), if the state of the
ancillary qubit is measured to be |0} , then the state of the qubit
lp) would be (tl0) +B11)). As previously stated, this is the
original state of the qubit 1) . Therefore, a measurement of
10} by the detector 107 indicates that the state of the qubit
lp) at the output 202 of the reversing circuit 102 has been
restored to its original state.

However, if the detector 107 measures a |1¢) , then the state
of the qubit I} at the output 202 of the reversing circuit 102
is given by the following Equation (7):

W) = @10y + e 2B 1)) @
Ny

where le‘/IaI2+I BI2e=*". Thus, the state of the qubit
[p) has not been restored to the original state. Instead, the
state of the qubit hp) has been further modified to that
described by Equation (7). To restore the original state, the
controller 108 carries out another iteration of the above
described process, but this time sets the value of 0 to
0,~tan"'e*", where the subscript 2 in 0, indicates a second
iteration. Additionally, the Iy} atthe output 202 of the revers-
ing circuit 102 is fed back as input 109 (instead of the input
103. At the end of the second iteration, the controller 108
again measures the state of the ancillary bit. If the measured
state is |0V} , then the original state of the qubit ) would be
restored. On the other hand, if the measured state is |1}, then
another iteration would be carried out.

In general, the controller 108 can carry out n iterations to
restore the original state of the qubit Iy} , with the value of 6,
in each iteration n set to:

-1
en:tan’lezn e

®

While reversing the qubit ly) using the reversing circuit
102 may require a number of iterations, the time required for
these iterations is far less than the time required for a second
weak measurement. For example, ina cavity QED system, the
time required for a second weak measurement on a qubit can
be in the order of a few milliseconds, whereas the time for a
single iteration of the reversing circuit 102 can be in the order
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of tens of microseconds—an approximately two orders of
magnitude reduction. Therefore, even if a few iterations of the
reversing circuit 102 may be required for reversing the qubit,
the total time for reversal is far less than that required for
reversing using a second weak measurement.

It is understood that the system 101 of FIG. 1, and in
particular the reversing circuit 102, can be implemented on
any physical system that can support a quantum computer.
Examples of such physical systems are Josephson junctions,
optical lattices, quantum dots, nuclear magnetic resonance,
cavity quantum electrodynamics (QED), etc. In particular,
implementation of the reversal circuit in a cavity QED system
is described in detail in Exhibit A (Section IIT) and Exhibit D
of the *959 application. Therefore, some implementation
details are not repeated in the discussion below for sake of
brevity and clarity. The following discusses a preferred
embodiment of the system 101 implemented using a cavity
QED system.

A person skilled in the art will appreciate that high level
quantum gates such as CNOT gates can be represented as a
combination of universal quantum gates. As such, it is well
known that the CNOT gate of reversal circuit 102 can be built
using two Hadamard gates and phase gate. For example, FI1G.
2 shows a schematic of the CNOT gate 104 of FIG. 1 being
represented by a first Hadamard gate H, ,, 110, phase gate Q,,
111, and a second Hadamard gate H _, , 112, all connected in
series. Such decomposition of the CNOT gate is beneficial
when the physical system is a cavity QED system because
implementation of Hadamard gates and phase gates in cavity
QED systems are well understood in the art.

Using the representation of the CNOT gate described in
FIG. 2, FIG. 3 shows an exemplary implementation of system
101 of FIG. 1 using a cavity QED system. The Hadamard
gates Hy 105, H__, 110, and H__,, 112 are implemented by
microwave fields R1 122, R2 123, and R3 124 respectively,
which are also known as Ramsey fields in the art. The phase
gate Q_ 111 is implemented using a cavity 121. The qubit
lp) is represented by a photon within the cavity 121 of phase
gate Q. 111, and the ancillary qubit is represented by an atom
emitted from an atom source 120. Controller 108 can be a
microcontroller, a microprocessor, an application specific
integrated circuit, an FPGA, etc. Controller 108 is connected
to the microwave sources 125, 126, and 127; the cavity 121
and cavity detector 128; and atom source 120.

The photon within the cavity 121 has undergone a weak
measurement, which is reversed using the atom. Itis desirable
that the type of atom selected have a decoherence time that is
significantly larger than both its interaction time with the
cavity 121 and the time associated with the loss of photon
from the cavity 121. This ensures that the atom will maintain
coherence throughout time it takes for the reversal circuit 102
to carry out its computation. While any atom that satisfies this
condition can be used, Rydberg atoms are a popular choice.
The atom source 120 can generate a Rydberg atom with a
predetermined velocity. The Rydberg atom can have three
energy levels la ), [b), and Ic) in cascade configuration. The
lower two levels, Ib) and la), represent states 10) and |1),
respectively. State Ic) is selected to allow detuning with the
cavity 121. Source 120 prepares the atom in the |b) state (i.e.,
|0 state) before it passes through the Ramsey fields R1 122
and R2 123, the cavity 121, and Ramsey field R3 124. The
passage of the atom from the source 120 to the detector 107 is
denoted by the arrow 130. The predetermined velocity (e.g.,
300 m/s) of the Rydberg atom determines the appropriate
duration of interaction of the Rydberg atom in each of the
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Ramsey fields R1 122, R2 123, and R3 124, and the cavity
121.

Ramsey field R1 implements the Hadamard gate Hg105.
When the Rydberg atom interacts with the Ramsey field R1
122, the two qubit system formed by the Rydberg atom and
the photon in the cavity 121 will be transformed to a state that
was previously described by Equations (3) and (4). Note that
Equation (8) described the value of 8, to be set to
6 =tan~'e*> "“foreach iteration. For the Ramsey field R1 122
0,, is a function of the Rabi frequency Q and the interaction
time t, where the Rabi frequency Q is the frequency of the
source 125 and the interaction time t is the duration of time for
which the Rydberg atom is energized by the Ramsey field R1
122. In one example, where the intensity of the Ramsey field
R1 122 stays constant for the duration of the interaction time,
0,, is the product of the Rabi frequency €2 and the interaction
time t. The controller 108 can control the source 125 to
generate a Ramsey field R1 122 such that Q,t,=tan"'e>" ',
where 2, and t,, are the Rabi frequency and the interaction
time for the nth iteration.

After passing through the Ramsey field R1 122, the Ryd-
berg atom passes through the CNOT gate 104 formed by the
Ramsey field R2 123, the cavity 121, and the Ramsey field R3
124. As previously mentioned, the Ramsey fields R2 123 and
R3 124 implement the Hadamard gates H_, 110, and H__,
112. Similar to the Hadamard gate Hy 105, the product of
Rabi frequency £2,,; and the interaction time t,,; for the
Ramsey field 123 can be selected to be equal to w/4. For
Ramsey field R3 124, the product of Rabi frequency €2, ,, and
the interactiontime t, ,, can also be selected to be equal to /4,
except that the phase is shifted by .

Implementation of the phase gate Q,, 111 and cavity 121 is
presented with great detail in Exhibit D of the *959 applica-
tion, and therefore not repeated here.

Once the Rydberg atom passes through the Ramsey field
R3 124, its state is detected by the detector 107. For example,
detector 107 can be a Ramsey separated oscillatory field
interferometer. Detector 107 detects whether the state of the
Rydberg atom is in the Ib) or la} state, and outputs the out-
come to the controller 108. Ifthe detected state is Ib) , then this
indicates that the state of the qubit Iyb) in the cavity 121 has
been restored to the original state of l\)=cl0) +pI1). As a
result the controller 108 stops the process. If however, the
detected state is la), this indicates that state of the qubit Iy
) has further evolved into a state described by Equation (7)
above. Thus, the controller 108 begins another iteration of
reversing the qubit h) by instructing source 120 to generate
another Rydberg atom. These iterations are repeated until the
detector 107 detects the Rydberg atom in state |b).

At the beginning of each iteration, the controller 108
appropriately adjusts source 125 of Ramsey field R1122 such
that the product of Rabi frequency €2 and the interaction time
t satisfies the equation Q,t,=tan"'e¢*" '™,

Note that the controller 108 is also coupled to the detector
128, which detects the leakage of the photon from cavity 121.
The leakage of the photon indicates that the system is no
longer operational. In response, the controller can generate an
aural/visual signal to annunciate this condition. To restart the
system, the cavity would have to be re-prepared with a single
photon representing the qubit ) .

Although particular embodiments of the present invention
have been shown and described, it should be understood that
the above discussion is not intended to limit the present inven-
tion to these embodiments. It will be obvious to those skilled
in the art that various changes and modifications may be made
without departing from the spirit and scope of the present
invention. Thus, the present invention is intended to cover
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alternatives, modifications, and equivalents that may fall
within the spirit and scope of the present invention as defined
by the claims.

What is claimed is:

1. A reversal quantum circuit for restoring a state of a qubit
after a weak measurement for a duration of time T, the qubit
having an associated decay rate y, to its state before the weak
measurement, comprising:

an ancillary qubit prepared in state 10) ;

a Hadamard gate comprising an input and an output,
wherein the input of the Hadamard gate receives the
ancillary qubit; and

aCNOT gate comprising a control input receiving the qubit
after the weak measurement, a target input receiving the
output of the Hadamard gate, a control output producing
a transformed qubit, and a target output producing a
transformed ancillary qubit,

wherein a rotation angle associated with the Hadamard
gate is a function of the decay rate y and the duration .

2. The reversal quantum circuit of claim 1, further com-
prising:
a detector for measuring a state of the transformed ancil-
lary qubit at the target output of the CNOT gate,

wherein the input of the Hadamard gate iteratively receives
the ancillary qubit prepared in state 10) and the control
input of the CNOT gate iteratively receives the control
output instead of the qubit after the weak measurement
each time the detector measures state 1), and

wherein the rotation angle associated with the Hadamard
gate is additionally a function of an iteration number n,
the iteration number n being equal to a number of times
the detector detects state |1).

3. The reversal quantum circuit of claim 1, wherein the

rotation angle of the Hadamard gate is equal to tau™'e* ™.
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4. The reversal quantum circuit of claim 1, wherein the
circuit is implemented using a cavity quantum electrodynam-
ics (QED) system.

5. A method for restoring a state of a qubit after a weak
measurement of duration T, the qubit having an associated
decay rate y, comprising:

(a) preparing an ancillary qubit in state [0} ;

(b) applying Hadamard transformation on the ancillary
qubit, the Hadamard transformation having a rotation
angle associated with it;

(c) applying a CNOT transformation on the qubit after a
weak measurement and the Hadamard transformed
ancillary qubit, wherein the qubit after a weak measure-
ment is a control qubit and the Hadamard transformed
ancillary qubit is a target qubit, to produce a CNOT
transformed qubit and a CNOT transformed ancillary
qubit;

wherein the rotation angle of the Hadamard transformation
is a function of the decay rate y and the duration T.

6. The method of claim 5, further comprising:

(d) measuring a state of the CNOT transformed ancillary
qubit;

(e) incrementing by one an iteration number n having an
initial value equal to 1;

repeating steps (a)-(e) each time measuring results in a
state 11},

wherein for each iteration the rotation angle of the Had-
amard transformation is also a function of the iteration
number n, and

wherein for each iteration, the CNOT transformed qubit
serves as a control qubit instead of the qubit after a weak
measurement.

7. The method of claim 6, wherein the rotation angle of the

Hadamard transformation is equal to tan~e®” ",

#* #* #* #* #*
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