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ABSTRACT

Many natural and engineering systems are governed by nonlinear partial dif-
ferential equations (PDEs) which result in a multiscale phenomena, e.g. turbulent
flows. Numerical simulations of these problems are computationally very expensive
and demand for extreme levels of parallelism. At realistic conditions, simulations
are being carried out on massively parallel computers with hundreds of thousands of
processing elements (PEs). It has been observed that communication between PEs as
well as their synchronization at these extreme scales take up a significant portion of
the total simulation time and result in poor scalability of codes. This issue is likely to
pose a bottleneck in scalability of codes on future Exascale systems. In this work, we
propose an asynchronous computing algorithm based on widely used finite difference
methods to solve PDEs in which synchronization between PEs due to communication
is relaxed at a mathematical level. We show that while stability is conserved when
schemes are used asynchronously, accuracy is greatly degraded. Since message ar-
rivals at PEs are random processes, so is the behavior of the error. We propose a new
statistical framework in which we show that average errors drop always to first-order
regardless of the original scheme. We propose new asynchrony-tolerant schemes that
maintain accuracy when synchronization is relaxed. The quality of the solution is
shown to depend, not only on the physical phenomena and numerical schemes, but
also on the characteristics of the computing machine. A novel algorithm using re-
mote memory access communications has been developed to demonstrate excellent
scalability of the method for large-scale computing. Finally, we present a path to

extend this method in solving complex multi-scale problems on Exascale machines.
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CHAPTER I

INTRODUCTION

I.A. Overview

Many natural and engineered systems and processes can be accurately described
by partial differential equations (PDEs). This includes fluid mechanics, electromag-
netism, quantum mechanics as well as common simple processes in continuum media
such as diffusion and wave propagation. In aerospace engineering, PDEs are widely
used in understanding problems in aerodynamics, propulsion, structural design and
control systems. Due to the complexity of the governing equations as well as the
geometrical aspects of the problems, analytical solutions are not known in practical
applications. A common example from aerodynamics and propulsion is the tur-
bulence phenomena, which is governed by the celebrated Navier-Stokes equations.
These equations are highly non-linear nature and result in a multi-scale phenomena,
as depicted in Fig. I.1.

Advances in computing technology have made numerical simulations an indis-
pensable research tool in understanding problems at great detail. At realistic con-
ditions, the complexities involved in the above mentioned phenomena and systems
typically require massive computational resources. In the last few decades, this com-
putational power has been realized through increasing levels of parallelism. Current
state-of-the-art simulations are being done routinely on hundreds of thousands of pro-

cessing elements (PEs) with Petascale supercomputers (e.g. Jagannathan & Donzis,



Figure I.1. Illustration of multi-scale nature of turbulence. Left: Velocity
magnitude contour in an incompressible isotropic turbulent flow (Maqui
& Donzis, 2011). Right: Iso-surfaces of chemical species in a turbulent

jet flame (Yoo et al., 2011).

2012; Lee et al., 2013).

I.B. Literature review

In parallel simulations, when a problem is decomposed into a number of PEs,
solving a PDE typically requires communication between PEs to compute spatial
derivatives. As the number of PEs increases, this communication becomes more
challenging (e.g. Jagannathan & Donzis, 2012; Lee et al., 2013) and affects the scala-
bility of codes. In fact, this may well be a major bottleneck at the next generation of
computing systems (Dongarra et al., 2011) which may comprise an extremely large
number of PEs. At those extreme levels of parallelism, even small imbalances due to
noise (Hoefler et al., 2010) in otherwise perfectly balanced codes can represent enor-

mous penalties as PEs idle waiting to receive data from other PEs. This is especially



critical when, as commonly done, a global synchronization is imposed at each time
step to finalize all communications as well as to obtain information to determine the
time-step size in unsteady calculations subjected to a so-called Courant-Friedrichs-
Lewy condition. Thus, in order to take advantage of computational systems at
extreme levels of parallelism, relaxing all (especially global) synchronizations is of
prime necessity (Dongarra et al., 2011).

To understand the evolution of state-of-the-art turbulence simulations over the
latest several decades, we plot graphs of the peak computational power and the
highest Reynolds number in the simulations of incompressible homogeneous isotropic
turbulence. It is interesting to note that the increasing Reynolds number has been
realized by exploiting the parallelism and there has not been any change in the
numerical method used in these simulations (Rogallo, 1981; Ishihara et al., 2009;
Donzis & Sreenivasan, 2010).

Currently, several efforts are in place to relax synchronizations at both hardware
as well as software levels (Dongarra et al., 2011). In terms of communications be-
tween PEs, messages can now be sent and received using asynchronous non-blocking
algorithms. At a mathematical level substantial efforts have been devoted to asyn-
chronous algorithms in different contexts such as linear systems of equations or more
general fixed-point formulations Bertsekas & Tsitsiklis (1989); Frommer & Szyld
(2000). Asynchronous linear solvers have been used in the context of PDEs to solve
linear systems required in the computations but global synchronizations are typically
still required. Due to the importance of increasing parallelism, other approaches have

also been investigated such as explicit-implicit methods (e.g. Tavakoli & Davami,
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Figure 1.2. Evolution of the computational power (left axis and blue
circles) and the highest Taylor Reynolds number (right axis and blue
circles)that has been acheived in the simulations of incompressible homo-
geneous isotropic turbulence.

2006) though, again, some type of synchronization at some point during the calcu-
lations is typically unavoidable or so-called discrete event-driven simulations (e.g.
Karimabadi et al., 2005). Work exploiting asynchrony to solve directly problems
governed by time-dependent PDEs, however, has been more limited. For example,
some studies that focused on PDEs (Amitai et al., 1992, 1994) were limited to a
particular class of PDE (heat equation) and the order of accuracy of the resulting
schemes remained low. Further extensions to higher orders has also been limited

(e.g. (Amitai et al., 1996) for second order schemes).



I.C. Objective of the present work

The objectives of the current work are to:

1. investigate the effect of asynchrony on the numerical properties of standard

finite difference schemes

2. devise a statistical framework to analyze numerical properties of schemes

3. present an asynchronous computing method based on finite difference schemes,

which relaxes synchronization processes at a mathematical level, to solve PDEs

4. provide a novel methodology to derive asynchrony-tolerant schemes of arbitrary

accuracy

5. design implementation algorithms and demonstrate the numerical and compu-

tational performance in practical applications



CHAPTER II
ASYNCHRONOUS COMPUTING*

II.LA. Concept

Our interest is in the general linear PDE:

ou 0%
d=1,D

with D being the highest derivative in the PDE and the constants §;’s determine the
characteristic of the different physical processes represented by the different terms.
Particular cases of interest are the wave equation (D = 1 with 1 # 0), the heat
equation (D = 2 with f; = 0 and Sy # 0), and the advection-diffusion equation
(D =2 with ) # 0 and [y # 0).

For illustration purposes consider the unsteady one-dimensional heat (or diffu-

sion) equation
2
% = a%, (2.2)
where u(z,t) is the temperature at a spatial location x € [0,(] and time ¢ and « is
the thermal diffusivity of the medium. With N uniformly distributed grid points,

Eq. (2.2) can be discretized using a second-order central difference in space and

first-order forward difference in time to obtain a numerical scheme with well-know

*Parts of this chapter have been used from “Asynchronous finite-difference schemes for partial
differential equations”, Diego A. Donzis and Konduri Aditya, Volume 274, 1 October 2014, Pages
370-392, with permission from Elsevier under license number 3842150790850.



characteristics (Tannehill et al., 1997):

n+1 n n n n

. — U, U, 1—2ui + u;q 9

L L = + O(At, A 2.3
At A:L‘z ( y ST ) ( )

u

where ' is the temperature at a point x = x; and time level n.

Here z; = iAx with Az = [/N being the grid spacing and i = 1, ..., N. We will
assume, unless explicitly mentioned, periodic boundary conditions. The time step
size is At. The last term represents the order of the truncation error in time and
space for this approximation.

The scheme in Eq. (2.3) can be rewritten in the following form

At
S (g — 2ul + ) (2.4)

n+1 n
U, =Uu 5 (Y —
% 2{[2(2+1

)

which shows that to advance the solution from time level n to n + 1, one needs
the value of the function at neighboring points at time level n. This is trivially
implemented in a serial code where all the values u' are available in the PE’s memory
(Fig. I1.1(a)).

Consider, however, the case where the discretized domain is divided among a
specified number of PEs (say 2, as in Fig. I1.1(b)). Computations at interior points
remain trivial as the required information is available locally to the PEs. Updating
the values at grid points close to PE boundaries, however, require values from other
PEs, that is, either i ; or uj,; from the corresponding neighboring PEs. These
values are typically communicated over the network into buffer (or “ghost”) arrays.
Computations are halted until all PEs receive data in these so-called halo exchanges.

For later use, we define set I which contains all the physical grid points. The

buffer points in the grid belong to set B. The set of points I, where computations
7



are carried out, is further divided into two subsets. I; is the set of all interior grid
points; that is, if ¢ € I; then computing derivatives at x; does not require data from
other PEs. If, on the other hand, computing the derivative at x; does make use of
data from other PEs, then ¢ is a boundary point and we have ¢ € Ig. Obviously
IrNIg = (. The number of elements in I; and Iz will be denoted by N; and Np

respectively.

(. PE 1
-1 i i+l
(b)

@ Interior point @ PE boundary point
O Physical boundary point & Buffer point

Figure II.1. Discretized one-dimensional domain. (a) Domain in serial
codes. (b) Same domain decomposed into two PEs.

In applications, especially at extreme scales, the computing time may be much
smaller than the communication time. This may result in a significant waiting time
in large computing systems and have a profound effect in the scalability of the code.
Furthermore, even if computation time is comparable to or larger than communica-
tion time, a global synchronization such as that described above, could cause sub-
stantial idling time if additional tasks (even if small) are required by one or a subset
of PEs forces all PEs to wait for a single (the slowest) PE to finish its computations.
This may also be an issue with respect to system noise at very large scales (Hoefler

et al., 2010).



These problems can be avoided by relaxing these synchronizations and allowing
all PEs to continue calculations regardless of the status of the messages that are to be
received by the corresponding PEs. In the context of Fig. II.1, PE 1 is not required
to wait for the most updated value u]" ;, but instead, can compute derivatives using
u? | where 71 is the latest time level available to PE 1 at x;_;. This modifies the finite

difference equation Eq. (2.4) for points close to PEs boundaries. In particular, the

expressions for the leftmost and rightmost grid points in each PE are, respectively,

n alt n n 7
u?“ =u; + N (U¢+1 — 2u; + uz‘—l) (2.5)
" . At - n n
Uu, = u; + A_.T2 (uiH — 2u; + ui—l) . (26)

In the most general case, n could be n, (n — 1), (n — 2), etc., which, can further
vary for different buffer points and time levels. The occurrence of a particular level
for n depends on how fast the communications take place, which in turn depends on
a number of factors like hardware, network topology, network traffic, message size,
etc. some of which may be unpredictable and turn the process into a random one.
Since 7 will be essentially a random variable!, we associate the occurrence of
each time level with a probability. While in principle n could take any value, it is
convenient for the analysis (and necessary in terms of accuracy as we show below) to
limit the number of past time levels the scheme could use. If the number of allowable
time levels is L, then 7 € {n,n —1,...,n — L + 1}. Let pg be the probability of

having n = n — k; at a grid point ¢, where the random delay k; can take the values

"In order to distinguish random from deterministic variables, we will use a tilde (™) over the
variable for the former.



Parameter Symbol

Grid resolution N
Number of PEs P
Maximum number of time levels L

Probability of n = (n — k) at z; Dk[i]

Number of points in stencil 25 +1

Table I1.1. Parameters used in the study of the properties of asynchronous
schemes. N: number of grid points; P: number of processing elements; L:
maximum level allowed for delays; p,;;: probability of observing a delay of
k at grid point ¢; S: number of grid points on each side of a grid point used
to compute a derivative. For a symmetric finite difference the number of
grid points in the stencil is 25 + 1;

k; =0,1,...,L — 1, then the probabilities at any grid point x; are obviously related

L1
> =1 (2.7)

k[i]=0

The probability of having asynchronous computations at a buffer point ¢ is thus
(1 — pop)-

Such asynchronous numerical schemes will be a viable option only if they are
shown to be stable, consistent and accurate. Interestingly, the computed solution
will not only depend on grid resolution and timestep, but also on the parameters
that influence n. Table II.1 lists the parameters we will use to study the properties

of finite differencing schemes under asynchronous conditions.
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IL.B. Stability

An obvious requirement for any scheme to be usable in practice is that it has to
be stable. For deterministic schemes well-known techniques such as von Neumann
analysis have been used extensively to prove stability (Hirsch, 1994). The main idea
is to take advantage of the linear nature of the governing PDE in which case errors
due to, for example, finite precision arithmetic, evolve according to the same PDE.
By using a Fourier series to represent this error, one can easily determine under what
conditions a particular mode (characterized by its wavenumber) will grow unbounded
in time in which case the scheme is said to be unstable. If all the modes are either
damped or conserve their amplitude in time, the scheme is said to be stable. The
important parameter here is the amplification factor G which is defined as the ratio
of the error between successive iterations. In the case of Eq. (2.2) discretized as
in Eq. (2.4), it is readily shown (Hirsch, 1994) that the condition for stability is
ro < 1/2 where 1, = aAt/Ax?.

When asynchrony is allowed across PE boundaries, however, there are two dif-
ficulties that prevent us from utilizing von Neumann stability analysis. First, von
Neumann analysis requires the discretized equation to be the same across the entire
domain. This is not the case when /;:l # 0 at some i € Ig. Second, the specific
value of k; (and therefore 1) at those points is essentially a random variable which
complicates further the applicability of von Neumann analysis.

The so-called matrix formulation, on the other hand, provides the flexibility
needed to incorporate these complexities in a unified framework that allows us to

compare stability characteristics with the original synchronous scheme. This is the

11



approach we will follow in this work.

II.B.1.  Synchronous schemes

Consider again Eq. (2.6) written in the following form
ul ™ =raul 4 (1= 2rg)ul + rouli. (2.8)

If the scheme is completely synchronous (i.e. n = n always) and we assume a periodic

domain, we can write

Vil =AMV (2.9)

where V" = [uf u} ... u? ... u%]7 (superscript T stands for transpose) is a vector

of size N and the N x N (cyclic tridiagonal) matrix A" is given by

- (1—2r,) Ta 0 : : Ta -
To (1—2r,) Toy 0
0 To, (1—=2r,) 74 0 )
A" = (2.10)
0 : : ro (1 —=2r,) Ta
Ta 0 : . Ta (1—2rq)

Although the elements of this array are clearly independent of the value of n, the
superscript in A" is maintained for later analysis.

It is well known from Hirsch (1994) that the stability of such a scheme is de-
termined by the spectral characteristics of the matrix A" (in particular its largest
eigenvalue). However, as will be clear momentarily a more general treatment is

needed for our asynchronous schemes. We, thus proceed by noting that the evolu-
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tion in time can be represented by
Vi = ATV = ATATTIV T = = A AT AV (2.11)

where V? is the initial condition. In order for the scheme to be stable one requires a
bounded solution with no amplification of perturbations. Due to the linear nature of
the governing equation, the error evolves according to Eq. (2.11) as well and, thus,
the system is stable when

Iv/ivelr <. (2.12)

where || - || is an appropriate norm. Using the property that ||AB|| < ||A||||B|| for
any matrix norm and matrices A and B, it is easy to see that FEq. (2.12) is satisfied
if

A"l A% < 1 (2.13)
Since in our case A" is independent of n (i.e. A" = A" ' = ... = A% it follows
that the system is stable when the matrix in Eq. (2.10) satisfies ||A"|| < 1. To track
the largest perturbation, we use the oo-norm which is defined, for any matrix B with

elements b;;, as || B||o = max; ), [b;|. In our present case the condition
A" <1 (2.14)
for stability is readily shown to reduce to
o] + |1 — 2ra| + |ra < 1. (2.15)

Trivially, this is satisfied for 0 < r, < 1/2; a well-known result Hirsch (1994) for

Eq. (2.8).
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II.B.2. Asynchronous schemes

Consider again Eq. (2.8) but now with n being a random variable. For simplicity
in the exposition, we will consider the case where n can only take the values n or
n — 1. If we define the vector W" as the concatenation of the values of ] for all i’s

and the values of u?~! also for all i’s we can write
wrl = C"wn (2.16)

where W™ is of size 2N and given by

Vn+1
Wit = (2.17)
VTL
or explicitly,
W = [t ™ Tt ]t (2.18)

and the 2N x 2N random matrix C can be divided into four N x N blocks as

(2.19)

with I and 0 being the identity and zero matrices respectively, both of size N x N.
The matrices Ag and AZL contain a random component due to n which can be
introduced as follows. In previous sections, we have defined k; to be the (random)
delay seen by a PE which requires the value of the function at that point ¢ € Ip.

This is related to n as n = n — k;. In our simplified case, k; can take the value of

0 or 1 and the probabilities associated with each of these outcomes is pg; and pyp),
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respectively. Then we can write:

- (1—2r,)
Ta
. 0
A =
0
(1= k1)ra

(1 — ];52)7“(1
(1—2r,)
TO(

0

0
(1-— /;73)7”0[
(1 —2r,)

0

(1 — ];'4)7‘&

Ta

(1—2ry) (1—Fkyn)ra

Ta

(1—2r,)
(2.20)

which is identical to Eq. (2.10) except for the factors (1 — k;) in the elements above

the diagonal. The matrix A? is:

0

0

= 0

klra

]N{?QTOC 0
0 ];737”6,
0 0
0

0

];?47’0[ 0

0

kNTa

0

(2.21)

Note that the random elements appearing only above the diagonal is due to the use

of Eq. (2.8) which has delays only on the right boundary for simplicity.

From the definitions above it is easy to see the effect of k; on the scheme. For a

given 4, if k; = 0 then the element (i —1,7) in A} will be zero and the scheme will be

governed by Ag—that is a classical synchronous scheme with n = n. If on the other

hand k; = 1, then the element (t—1,7) in Ag will be zero, and the corresponding

element (i — 1,14) of AT will be r,—that is an asynchronous scheme with n =n — 1.

Thus, the random variable %; is responsible for switching between the two different

schemes that result from 7 =n and n =n — 1.
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We can now analyze the stability of the scheme described by Eq. (2.8). Just like

Eq. (2.11) for synchronous schemes, we can write the evolution of the solution as

n—1

wrl=C"wr=¢"¢""'wrt=...=¢&"¢""...c"w. (2.22)
The stability criterion
W /)[W0l <1 (2.23)
is now satisfied if
~n ~n—1 ~0 ~n ~n—1 ~0
fjcc ..c<jciic |...[Cl<1. (2.24)

Obviously, this inequality holds if the norm of each individual matrix on the left-
hand-size is less than unity.
Anticipating the use of the co-norm, we note that the (i — 1)-th row of C" is

given by

0 ... ra (1=2r) (1=k)ra 0 ...|0 ... kra 0 ...] (2.25)

Thus, the absolute row sum to be considered to compute the oco-norm from this row
1s

[ral + (1= 2r0)| + [(1 = Ki)ral + [Kiral (2.26)
Now it is readily seen that since k; is 0 or 1, then the contribution for the sum of the
last two terms is always |ro| independent of k;. Furthermore, since all the rows in
the upper half of C" have identical structure (with the same absolute row sum) and
the contribution from rows in the lower half is, trivially, |1|, we find that the scheme
will be stable when

ral + (1= 2ra)| + |ra| <1, (2.27)
16



which is identical to Eq. (2.15). Stability for the asynchronous scheme is then also
assured when 0 < r, < 1/2.

We thus arrive at the conclusion that if the base synchronous scheme is stable
(in the norm sense described in section I1.B.1), the asynchronous equivalent will also
be stable (in the same sense). The property that enables this is the invariance of the
norm of C" to random switching between numerical schemes.

While the results above were derived for the heat equation with a particular
space and time discretization, the main conclusion can be generalized to a much
broader class of problems and conditions. This is presented in Donzis & Aditya

(2014).

II.C. Consistency and accuracy

11.C.1. (General considerations

We now turn to the issue of the consistency and accuracy. A finite difference
equation (FDE) at a point in the discretzed domain, is an approximation of a partial
differential equation (PDE) with associated truncation error (E), i.e., PDE = FDE
+ E. Typically the truncation error is conveniently studied using a Taylor expansion
of each term in the FDE about a grid point ¢ and time level n.

Let us consider again Eq. (2.8) with 7 = n (synchronous) and rewrite it by
substituting the expansions u?,; = u" + v Az + u’Az? /2! + v Az /31 + ... ul | =
ul—u' Av+u” Ax? /2! —u" Ax? 31+ .. and ul T = ul+uAt+HiaAL? /24 UAE /314
where space derivatives (denoted by primes) and time derivatives (denoted by a dot

over the variable) are always evaluated at (i,n) and therefore the subscripts and
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superscripts are omitted for convenience in the notation. After rearrangement, it is

easy to show that, to leading order, the truncation error is

ﬂ aul/l/
Er = ——At
S T

Ax? + O(A¥, Axh). (2.28)

When Ax — 0 and At — 0, we can see that the truncation error has a limiting
behavior EI' — 0, showing that the FDE is consistent with the corresponding PDE
at point i. The formal accuracy of a given scheme is defined as the power law
exponent of the leading order terms in the truncation error. From Eq. (2.28), it is
clear that the scheme Eq. (2.4) is first order in time and second order in space.
When asynchronous computations are allowed, n is a random variable which can
take values n, n — 1, n — 2, .... The truncation error at a particular point and time
step, then, becomes also a random variable. If, for example, 7 = n — 1 in Eq. (2.8),

(i.e. ki1 = 1), the truncation error is given by

~ i au" , At At il
Eili = _§At + 12 Az® — s + au'ﬂ - At
+O(AT?, A2, AzP AL (2.29)

where we have extended the notation on the truncation error to indicate the location
and value of the delay (k1 = 1). As indicated in Eq. (2.29), higher order terms
involving the product of Az and At are present due to data now being used at
multiple time levels. These are here indicated by the variables p and ¢ which are, in
this case, bounded from below by -2 and 1, respectively.

The first two terms in Eq. (2.29) are identical to the leading order terms for the

synchronous scheme (Eq. (2.28)). The additional terms are the result of the appear-

ance of delayed values at ¢ + 1. It is interesting to observe that these contributions
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could actually grow as fast as Axz~2 ~ N? for fixed At as one refines the grid. Thus,
consistency with the original governing equation requires careful considerations of
how the time step size and grid spacing are reduced for more accurate solutions. We
will expand on this issue momentarily.

For an arbitrary delay k at grid point 7 4+ 1 (i.e. /~ci+1 = k) we can also find

~n u au//// 9 ) At y At aku/l
i \f=k = _§At + B Ax® — akuA_x? + okt ~ 3 At
+O(AF. A, A, 230

which obviously reduces to Eq. (2.28) for £ = 0 (no delay). Since, as discussed in
section I1.B, stability is governed by the parameter r, = aAt/Az?, it is convenient

to rewrite the above equation as

au//// Ta kul!

Tol . o 2 . .
Fioek = —%Ax + TAZ‘ — r k4 roki Ax —

HO(AZ, A2, AzPAL), (2.31)

E" Ax?

7

which shows the drastic effect of utilizing standard schemes in an asynchronous
manner. Specifically, if r, is kept constant in refining the discretization in time
and space, then the third term on the right-hand-side represents a zeroth order
contribution. That is, errors will not decrease under grid refinement. The scheme is
thus not consistent with the original PDE.

This decrease in accuracy is not specific to the second-order space discretization
used as an example. As discussed in more detail below, for any order of a (finite-
difference) discretization of Eq. (2.1), asynchrony will result in truncation errors
containing terms proportional to k;Ax—?At where d goes from 1 to D in the most

general case. If, because of a stability constraint, the time step size is determined
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according to a condition At ~ AxP where p < D, then terms that grow with in-
creasing resolution (i.e. terms proportional to 1/AxzP~P) will appear. If p = D, then
zeroth-order terms will be present.

We note however, that the remarks above correspond to the truncation error at
a point with a given value of n. However, delays are only expected at PE boundaries
(1 € Ig) and not at interior points. Furthermore, even for grid points in Ig, delays
are random and will depend on the particular realization of the simulation. A more
general description of accuracy is thus needed to study these asynchronous schemes.
In particular, accuracy will depend, in principle, on the original scheme, the number
of PEs (number of boundaries where delays are expected), and the statistics of k;
at each PE boundary which in turn will typically depend on architectural details of
computing nodes, processors, network, etc. as well as the specific resource usage (e.g.
by other users) at the time of the simulations. We thus now proceed to introduce

some definitions in which all these elements can be taken into account.

I11.C.2.  Statistical description of truncation error

Consider a one-dimensional periodic domain with N grid points which is decom-
posed into P PEs leading also to P boundaries between processors. Our objective
here is to quantify the error in order to obtain the order of accuracy. In doing so, we
recognize that there are two elements that need to be considered in defining these
concepts. First, the truncation error structure is not homogeneous in space. As dis-
cussed above for the heat equation, zeroth-order terms may appear at PE boundary

points but the scheme is still second-order accurate in interior points. Second, even
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at boundary points the appearance of these terms is random. In particular, these
additional terms due to asynchrony will appear with a probability (1 —pji+1)), where
Poji+1) is the probability of having no delay at point 7 + 1, that is l%iﬂ = 0. Thus, a
probabilistic definition of the error seems appropriate in order to define convergence
properties.

We first define two types of averages for a variable f: a space average and
an ensemble average. In general, the space average could be taken over the entire
domain or a subset of grid points (e.g. PE boundary points). If the average is over
the entire domain the space average is (f) = > ,_, v fi/N. If, instead, the average is
taken over PE boundary points or interior points, the average is (f), = >_,c;. fi/Np
or (f), = > iy, fi/ N1, respectively (the subscript in the angular brackets denotes
the subset of grid points over which the average is taken). Ensemble averages, which
take into account the stochastic nature of the delays, will be denoted by an overline
f.

Consider the (space and ensemble) average error over the entire domain at time

step n:

(E) = % > E- (2.32)

i=1,N

Since the truncation error for ¢ € I is random and for ¢ € I} is not, it is convenient

to split the sum into interior and boundary points

S EF ) Er

i€l iclp

(E) = % (2.33)

ki1

where ensemble averages are only needed for the asynchronous regions at PE bound-
aries (second term on the right-hand-side). We now proceed to estimate the two

different terms inside the brackets.

21



For interior points, there is no random component and the error at each 7 is

simply given by Eq. (2.28). Thus, to leading order we can write

u OZ'U/””
E" ~ ——A Ax? 2.34
Smre Y (~gar fpas). 231

i€l i€l

or in terms of r,

- nn
ZEZL ~ Z <—%—I— a1u2 ) Ax?

iel; iel;

Ax? ZKS

i€ly

Ni(K,),Az?. (2.35)

Q

Q

For the last step we have used the fact that for the space average of Ky = —(iir,/2a)+
(c” /12), which is defined here for convenience (subscript s stands for synchronous),
the sum contains N; terms corresponding to the number of interior grid points. For
a central-difference scheme with a stencil size 2S + 1, the number of grid points in
the domain where delays can be observed (if delays are expected only on one side
of the stencil) is SP where P is, as before, the number of PEs which, for periodic
boundary conditions, is equal to the number of PE boundaries. Thus the number of
grid points in I; is Ny = (N —SP) which appears multiplying (K), in Eq. (2.35). The
assumption of delays only on one side does not affect the generality of the results and
is made only for clarity in the exposition. If delays are present on both sides, some
expressions will have different prefactors but all conclusions regarding the accuracy
of the scheme will still be valid.

For the second sum over [p in Eq. (2.33), the truncation error is given by
Eq. (2.30). Clearly when /::Hl = 0, which happens with probability po;+1], we recover

a synchronous scheme and the second sum is similar to Eq. (2.35) with the difference
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that the prefactor is now the number of grid points at boundaries, which is Ng = SP.
If, on the other hand l;:iﬂ > 0, then the other terms in the truncation error appear.

The ensemble average, to leading order, can be then estimated as

ki Z pk[z—i—l}E

- n At At k -1
Zpk[iH] <—gAt—|— ad Az? — aku— + okt — — atu At)

En

7

7,+1 =k

Q

12 Az? Ax 2

- " L—1 i
At At k
<—gAt + au ) + Dkli+1] ( aki— + aku'— — ard At>
k=0

Q

2 Ax? Ax 2

Q

i au™ At , At au
<—§At + 15 Ax ) + (—aum + ot — A ) Zpk i+(236)
where we have used the fact that > k=01, Prji+1) = 1. Finally, we can write

=~ i au" ) At At Oék‘u// _

where k;,; is the ensemble average of the delay given by k; ;1 = Zk:o, L Prii+11k-

The first and second parenthesis contain the synchronous and asynchronous terms,
respectively. Clearly, for synchronous conditions we have /Nfiﬂ = 0 always, and thus
kiv1 = 0 making the last term in Eq. (2.37) equal to zero. It is also interesting to

note that the average error increases linearly with the mean delay.

In terms of r, we can rewrite Eq. (2.37) as

= 7ol au ) ) rott” [
Ezn E?i+1 ~ (—%Al'z + TAZU2> + (_Tau + TQU/AZU — TA.TQ) kH_l (238)

If we now take the sum over I following Eq. (2.35), we obtain

ZE?;;

i+1
i€lp

Q

NB<KS>BA372 + ( —raNp(), + ro Np(u') ,Ax

R ;> Az )Z (2.39)
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For simplicity, we have assumed that the statistics of the delays are homogeneous in
space such that m is independent of i (i.e. the l;;iﬂ are i.i.d.) and thus the subscript
7+ 1 has been dropped. If the statistical behavior of l~€,~+1 does depend on 7, one can
still take this into account in the above formulation by using the space average <Z> 5
instead of simply k.

Finally we substitute Eq. (2.39) and Eq. (2.35) into Eq. (2.33), and using the

fact that N;(f), + Ng(f), = N(f) for any quantity f, we obtain
- N ) (i)
(F) ~ (K)Ax® + Wk —rao (), +ro (i) Az — TQTAx . (2.40)

A number of interesting observations can be made from this result. First, for zero
delays we recover second order convergence from the first term of Eq. (2.40). Second,
we note that even a very small amount of asynchrony (which results in k> 0)
decreases the order of convergence significantly. In particular as Az decreases to
zero, the leading order term is the first one in parenthesis. Asymptotically, we then

have

E) ~ Pl

L

Q
|
[
x>
=
R
£
Z

(2.41)

where we have used Ng = SP. For all other parameters constant, we can now write

(using Az =1/N)

(E) ~ % ~ PAz, (2.42)

showing that the original second-order scheme drops to first order (for the average
error (E)) when asynchrony is present for a constant number of PEs, P. However,

it is interesting to note the situation in which the number of PEs grow with the
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size of the problem N, which would correspond to so-called weak scaling when the
parallel performance of a code is investigated. This is indeed, a common situation in
applications where an increase in computational power available is typically used to
increase computational work through finer grids to achieve more realistic conditions
or include more physical content in the simulations. In such a case, P/N is constant
and Eq. (2.42) shows that the error does not depend on Az (that is a zeroth-order
term) rendering the scheme inconsistent with the original equations. This highlights
an interesting aspect of asynchronous schemes (and perhaps a number of numerical
algorithms designed to run at so-called exascale (Dongarra et al., 2011)), namely,
the tight link between the numerical scheme and the computational system on which
they are run. This is explored in more detail later on.

The decrease in formal accuracy we just explored, while asympotically true,
might not be an issue in some practical simulations. From Eq. (2.40), it can be seen
that if simulations are performed with a large number of grid points per PE (small
Np/N) and on a fast network (such that Lis very small), then for realistic grids, the
asynchronous contribution to the error (the entire second term on the right-hand-
side) may be small and errors follow the synchronous second-order accuracy. The
exact transition from the formal accuracy of the base scheme to zeroth or first order
in asynchronous schemes cannot, in principle, be determined a priori. In Ch. V we

show actual numerical experiments where these issues are explored.
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11.C.3. Generalizations

The results in the previous section were derived for a particular discretization
scheme of the heat equation. In this section we show how the conclusions found in
that case indeed extend to a much wider set of situations.

First, we note that while we have used the average error (E), the asymptotic
result Eq. (2.41) also holds if one uses an L; norm to characterize the error (i.e. the
space average of the absolute value of the error). This is clear if one considers that
one of the terms in Eq. (2.38) (the zeroth-order term) is much larger than all the

others for large N. After space averaging, we obtain

(El) ~ (Ng/N)[k|ro(ld]), ~ P/N ~ PA. (2.43)

This measure is typically more sensible in practice than the simple mean value since
this eliminates the possibility of error cancellations during the averaging procedure.

The decrease of accuracy when common finite difference schemes are used asyn-
chronously, is in fact very general. For example, if the second derivative on the
right-hand-side of the heat equation is discretized using a longer stencil (higher or-
der of accuracy), the truncation error pertaining to asynchronous terms retain the
same form of the second parenthesis in Eq. (2.37), the only difference being the nu-
merical coefficients for the different terms. For example, for a fourth-order central
discretization of the second derivative 9%u/0z* = (—ul,, + 16uf, | — 30u? + 16u? | —

u? 5)/12A2% + O(Ax*), where both values at i + 1 and i + 2 are delayed, we obtain
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an analogous to Eq. (2.37)

"’n— ,l']/ au//// 4
Ei ifi+1:]:?i+2:k ~ (—gAt— 90 Ax >

5 At T At akd” =

with the first parenthesis being identical to the truncation error for the synchronous
scheme, that is O(At, Az?). Again, asymptotically the first term in the second
parenthesis will dominate (if one uses a constant r,, for stability) leading to Eq. (2.41)
with a prefactor 5/4.

The generality of this results can be easily seen if one of the terms in the spatial
derivative of a consistent scheme is delayed. In that case, the Taylor expansion for
that particular term will contain the standard spatial error related to the derivative
and terms in At due to the necessary expansion in time. More formally, consider an

approximation to the d-th derivative at location i as

d S poyn
0"u bjui,

. (2.45)

Assume that the value of the function experiences a delay of k at ¢ + 1, that is

k?z'+1 = k. Then,
O b ulf
oxt AV ’

(2.46)

where by is the appropriate coefficient at ¢ + 1 for the given discretization. The

Taylor expansion of the only term explicitly written in the numerator is u;:lk =

ul + [/ Az + u"Ax? 2V + " Ax3 /3] + ]+ [—RuAE + GRAAR )20 — P /3 4]+
[—ki/ AxAt — ki Ax?At/2 + . ..]. The first bracket is identical to the expansion for

synchronous schemes. The last bracket contains some cross terms involving both At

27



and Ax. It is the second bracket, however, that contains the more problematic con-
tributions. It comprises terms in powers of At starting with kuA¢. When introduced

into Eq. (2.46), the result is the term

Cdku%, (2.47)

where Cy is a combination of numerical prefactors determined by the original PDE,
and the discretization scheme used. In general, the leading order terms in the lo-
cal truncation error (i.e. at a particular point) of the discretized general equation

Eq. (2.1) due to asynchrony will be

At

D
; CaPakii—. (2.48)

Note that this local truncation error will appear only for the subset of grid points
1€ Ip.

When At is chosen as a power law in Az (due to, e.g., stability constraints)
clearly the highest derivative in the original PDE will be the leading order term in
the truncation error. In the case of the advection-diffusion equation, for example,
the original PDE contains first and second order derivatives, and then the two terms
At/Axr and At/Az* will be present (actually the former will be present even if
the original equation contained only a second derivative because, as shown under
Eq. (2.46), higher-order terms also include AxAt which when divided by Az? yields
a term At/Ax).

A few important conclusions can be made about the truncation error induced
by asynchrony. First, if the space resolution is fixed (i.e. fixed Azx), the local trunca-

tion error will be first order in time regardless of the order of accuracy of the time
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integration. Second, if a stability criterion requires a condition on 8pAt/Az?, then
the local truncation error will always have zeroth-order terms which will not vanish
as resolution increases. As clear from our analysis leading to Eq. (2.43), however, if
P is constant, the space average over Ig leads to an additional factor Az. Thus, the
average truncation error will be first order.

The stability criterion based on SpAt/Ax” can be analytically shown for simple
model equations: for the wave equation one needs r. = ¢At/Axz < 1 and for the heat
equation 7, = aAt/Az? < 1/2. For more complex equations such as the advection-
difussion equation which contain both convective as well as diffusive terms, if the time
step is selected according to the diffusive condition At = r,Ax?/a then the local
truncation error will contain terms of order r,Az and r, (i.e. first and zeroth order,
respectively). If on the other hand the time step is chosen according to a convective
condition At = r.Ax/c then the truncation error will contain terms of the form r.
and r./Az. The magnitude of the last term actually increases under grid refinement;
when averaged in space, though, the truncation error due to asynchrony becomes
zeroth order. However, the stability for this equation requires At to be controlled by
ro asymptotically and thus the average truncation error is asymptotically first order.

Due to the number of possible combinations of paramaters, we include a sum-
mary of the results in this section in Table I1.2 for the general equation Eq. (2.1) with
an arbitrary finite difference discretization in space and a two-level discretization in
time. The second and third columns indicate the leading order term in the local (i.e.
at a grid point) and the averge truncation error, respectively for the conditions listed

in the first column. The first two rows correspond to the case of a fixed number of
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PEs; the third and fourth correspond to the case of P/N constant (i.e. weak scal-
ing); the last two rows correspond to a more general setting with At ~ Axz? (to be

discussed below).

Parameters held constant local EP (E) or (|E|)

P rp 1 Azr
P, At 1/Az?  1/AxP-
P/N, rp 1 1
P/N, At 1/AzP 1/AzP
P, At/Ax1 Agd—D Agd—D+1
P/N, At/Az? Agd—D Agd—D

Table I1.2. Summary of leading terms in the local (for i € Iz), and average
truncation error due to asynchronicity for different scenarios. First col-
umn indicates the conditions under which grid refinement (i.e. Az — 0)

is conducted. The variable rp = SpAt/AzP corresponds to the result-
ing parameter from the highest derivative in the problem (for the heat,
wave and advection-diffusion equations it will correspond to r., r, and r,
respectively.)

We conclude this section by noting that an important finding of our analysis,
is that the numerical characteristics of schemes used in an asynchronous fashion to
exploit extreme levels of parallelism, are intrinsically linked to architectural details
of the computational system as well as the manner in which the problem is scaled
up. For example, for fixed number of PEs, we have shown the scheme is first-order
accurate on the average error. However, if both problem size as well as PE count

grow in proportion to each other, the scheme is inconsistent. This, can clearly be
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alleviated if At is chosen in a different way than what a stability condition would
suggest. For example, for the heat equation with a first-order forward difference
in time and a second-order central difference in space, choosing At o< Ax?3, would
ensure a second-order formal order of convergence for the average error. If a general
relation At ~ Axz? is used, then the resulting schemes will have the convergence
properties described in the last two rows of Table I1.2. Obviously, for realistic large-
scale problems, a value of ¢ beyond that required for stability reasons, may likely lead

to prohibitively small time steps which may render the entire simulation unfeasible.

II.D. Summary

In this chapter, we have presented the concept of asynchronous computing,
based on finite differences, to solve PDEs on parallel machines. We have investigated
numerical properties of standard schemes using a novel statistical framework. We
found that, though, schemes continue to remain stable in the presence of asynchrony,
their accuracy is significantly affected. We have characterized the average error in
terms of physical, numerical and computational parameters. Theoretical predictions
show that the average error is dominated by term due to asynchrony, which is first

and zeroth order accurate under strong and weak scaling of simulations, respectively.
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CHAPTER III

ASYNCHRONY-TOLERANT SCHEMES

III.A. Concept

Let u(z,t) be a function of spatial coordinate x and time ¢, which is governed
by a time-dependent PDE in a one-dimensional domain. Fig. III.1 illustrates the
discretized domain which is decomposed into P number of PEs. Let i and n represent
an arbitrary grid point in the domain and time level such that u(x;,t,) = uf. In
this chapter, we assume that the grid points are uniformly distributed in the domain
with a spacing Az. A finite-difference to approximate a spatial derivative at point 4

and time level n can be expressed, in the most general case, as

o
oz

n Jo

= ) cufy; +0(Az%), (3.1)

i j==J1

where d is the order of the derivative. J; and J, are the number of points to the left
and right of point 7 in the stencil. ¢; is the appropriate coefficient or weight of u',;
such that the scheme is accurate to an order a in space. The term O(Ax®) represents

the truncation error of the scheme.

PEO
000 0 0 0 0 0 O
Communicat_ionL T PE1
No synchronizatiore—@—e——0—e—e——O

-1 1 i+l

Figure III.1. Discretized one-dimensional domain in decomposed into two
PEs (P =2).

Usually, the numerical solution of a transient PDE is obtained by advancing an
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initial condition according to an algebraic finite-difference equation in small steps
of time At. During each time advancement, say, marching from a time level n to
n+ 1, spatial derivatives are computed at each grid point using Eq. (3.1). In general,
these computations are trivial to implement in a serial code, as the value of the
function at all the grid points will be locally available in the memory of the PE.
However, if the domain is decomposed in multiple PEs, computations at points near
PE boundaries may need values of the function at stencil points that are computed
in the neighboring PEs. Usually, such values are communicated into buffer or ghost
points, as shown in Fig. III.1. Note that the number of values communicated across
the left and right PE boundaries is equal to J; and J,, respectively. Let I represent
the set of physical grid points in the domain and B represent the set of buffer points.
We divide the set [ further into two more. The set of grid points near PE boundaries,
denoted by I, whose computations need data from the neighboring PEs. And, the
complementary set of interior points I;, whose computations are independent of
communication between PEs. In commonly used parallel algorithms, computations
at a point ¢ € Ig cannot be advanced until the communication between PEs is
complete. This is typically ensured by enforcing communication synchronization
after messages are issued from one PE to another. As mentioned earlier, with a large
number of PEs such synchronizations become expensive and result in poor scalability
of codes at extreme scales. We refer to this as synchronous computing.

In the case of asynchronous computing, communication between PEs is initiated
at each time step, however, the data synchronization is not enforced. This means,

we cannot ensure that the time level of the function at buffer points is n. It can
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ben, n—1, n— 2, ... depending on the status of messages from successive time
advancements. Due to the random nature of the arrival of messages at different PEs
Hoefler et al. (2008), the availability of a particular time level at a buffer point is also

random. Let n =n — /;:j be the latest available time level at a buffer point j, where

k; is the corresponding random delay at that point*. Note that n can be different
at different locations and time steps. If we restrict the maximum allowable delay
levels to L, then n € {n,n—1,...,n — L+ 1} and l~cj € {0,1,...,L — 1}. The scheme
in Eq. (3.1), when asynchrony is allowed, can be rewritten as

%"

d
Ox?|,

Ja
~ Z cju;ﬂ:jl, (3.2)

j=-A

where | = 0 for 1+ 7 € [ and | = Igiﬂ- for + + j € B. Unlike the scheme in
Eq. (2.45) which contains a single time level, this scheme uses multiple time levels
when some of the points in the stencil belong to the set B. It has been shown in
Donzis & Aditya (2014) that the accuracy of commonly used finite-differences in such
an asynchronous fashion significantly affects the accuracy. In particular, accuracy
drops to first order regardless of the original finite difference used. Thus, we proceed
to derive asynchrony-tolerant schemes that maintain accuracy even when there is a

communication delay.

*In order to distinguish random from deterministic variables, we will use a tilde () over the
variable for the former.
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III.B. Asynchrony-tolerant schemes

II.B.1. General methodology

Taylor series and the method of undetermined coefficients provide a systematic
procedure to derive finite-difference schemes. As we show momentarily, this approach
can also be used to construct asynchrony-tolerant schemes to approximate spatial
derivatives. Let ;' represent the function at a generic point i+ j in the stencil with
an arbitrary delay of [ levels to compute a spatial derivative at a point ¢ and time
level n. Using the L possible time delays, we can express an asynchrony-tolerant

scheme as
Jo L-—1

Z Z~§ :L-Irjl? (3'3>

j=—J1 1=0

where c , for the range of j and [, are the appropriate coefficients that have to be
determined. Note that this scheme represents the most general case with the function
at all possible time levels at each point in the stencil. However, depending on the
delay at each grid point and time step, which is given by /~ci+j, only one or few time
levels may be used in approximating the derivative.

The random nature of k:zﬂ is, now, embedded into c . The merits of using older
time levels not just at buffer points, but also at interior points will be shown later.

The coefficients in the scheme expressed in Eq. (3.3) can be obtained by imposing
constraints on different terms of the Taylor series, upon expansion of the function at
each combination of point and time level in the stencil. Let us consider the Taylor

series of u;, I about the point 7 and time level n. The series is an expansion in two

J

35



variables, namely Az and At, which is given by

2 — (jAzZ)(—1AL)¢
7,+j Z Z u md) 'C‘ ) ) (34)

n=0 ¢=0
where ("¢ denotes the nth and (th partial derivative in space and time of u evalu-
ated at ¢ and n. When [ = 0, the function corresponds to a synchronous value of w.

This makes the terms in the series a function of Az only:

n N\ (JAz)?
ufyy =y u n! (3:5)
n=0

To obtain the constraints that will assure a given order of accuracy, we substitute

the Taylor series of w in the right hand side of Eq. (3.3).

Jo L—1 Jo L—1 oo 00

D ICTEIEED B BEH B BUUREE T~
j=—J1 1=0 j=—J1 1=0  n=0 ¢=0 ¢!
Jy  L—1 Jy L1
= W00 S S 1 u0ar 3 Y5 -
j=—J1 1=0 j=—J 1=0
Jy  L—1 Jy  L—
u OV AL Z Zlé uPY Az AL Z ch +
Jj=—J1 1=0 j=—J1 1=0
CUNE Jy  L—1 ) Jy L1 .
ZAx'Zch+ AtZZl 3.6)
j=—J1 =0 j=—J1 =0

The linear combination of the function values, in the above equation, represents a
scheme when (i) the coefficient of the d-th derivative of u in space is unity, and (i7)
high order terms are eliminated according to the desired accuracy of the scheme.
Let a be the desired order of accuracy in space. This means that the leading
order term in the truncation error should vary with the grid spacing as Axz®. In
the Taylor series of the function for synchronous schemes, as in Eq. (3.5), the higher

order terms can be readily identified as the ones with the power of Ax less than d+a.
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However, when asynchrony is present this is not obvious. The terms in the series can
now be a function of either or both Az and At, which are usually not independent.
In order to identify higher order terms, let us assume the relation At ~ Az". Such a
relation is often obtained from analysis of the scheme’s numerical stability or other
constraints posed by the physics of the problem. Using this relation, we can arrive
at the condition to identify higher order terms that need to be eliminated to obtain
a scheme of order a. This expression is: n+r{ < d+a. Using Eq. (3.6), we can then

summarize the constraints as

Jo L— " ¢ 1 for (n,¢) = (d,0)
Z Z 4 (jJAx) 'C'ZAt) _ (37)

j=—J1 1=0 0 f0r7]+7’g<d+a;(777€)7£<d70)'

Clearly, the first condition in the above equation makes the coefficient of the d-th
derivative term on the right hand side of Eq. (3.6) unity. The second condition
will set to zero all the necessary higher order terms to obtain an overall accuracy
a. For a given stencil, these conditions give rise to a system of linear equations.
The number of equations in the system is one more than the number of higher order
terms that have to be eliminated from Eq. (3.6). Let A€ = b represent this system,
where A is the coefficient matrix whose elements are a function of j and [, ¢ is the
vector of variables that contains coefficients in the scheme and b is the vector with
zero elements except for the row corresponding to the order of the derivative to be
approximated. The solution to this system determines the coefficients of the scheme.

Before getting into the discussion on the choice of stencil, we make a few obser-
vations regarding the linear system when asynchrony is present. To aid the discussion

we express the terms in the Taylor series of the function at the generic stencil point,
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u;ﬂr_jl, in a matrix format as shown in Fig. II1.2. This provides a simple format to
visualize different terms in the series and help us easily identify the terms on which

the conditions in Eq. (3.7) have to be imposed. In this graphical representation, we

Line B, r =2

|
|
|
|
|
|
| [ [
| | |
| | |
| |
| | |
- 1 I
| | |
| | |
|
| | |
| | |
———4~— 4————— +————
: : w(3:2) : w(3:3)
(jAz)* | (jAz)® | (jAz)?
: (IAL) : (IAL)2 : (IAL)3
=== B A T T —
Line C : : : :
r=1 N |
L o A R L1

Figure II1.2. Terms in the Taylor series of uzﬁr_]l illustrated in a matrix

format. Constant in each term are omitted for clarity. Lines A, B and C
represent 1+ r( = d 4 a for different sets of parameters.

omit constants in each term for the sake of clarity.

In words, Eq. (3.7) implies constraints on the term containing the derivative of
order (d,0) and on all the terms that satisfy the inequality n + r{ < d + a, that is,
all terms above the n 4+ r( = d + a line in Fig. II1.2. With this representation, we
can easily separate terms that need to be eliminated from those that do not. To
illustrate this, let us choose d =1, a = 2 and r» = 1, which corresponds to a second-
order approximation of the first derivative, using a convective-type CFL condition
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such that At ~ Az. For these parameters, conditions are imposed on the terms with
(n,¢) = {(0,0),(1,0),(2,0),(0,1),(1,1),(0,2))}, which are the terms above the line
A in the figure. If asynchrony is absent, that is, [ = 0, the only terms that are non-
zero in the table belong to the first column. This show that, for a given accuracy,
the number of terms on which conditions are imposed is larger when asynchrony is
present, which thus results in a larger linear system.

The increase in the number of equations also depends on r, which relates At
and Ax. For example, the situation for » = 2 is also shown in Fig. II1.2 with line B.
The number of terms above the line B is less than A, which implies that a higher r
will reduce the number of higher order terms due to asynchrony for a given accuracy.

The other aspect is the increase in stencil size with increase in accuracy. In
commonly used synchronous schemes, a successive increase in the order of accuracy
will impose condition on one more term in the Taylor series, corresponding to line C'
in Fig. I1I.2 with [ = 0. This adds an additional equation to the linear system that
can be solved by adding one more grid point to the stencil. However, in deriving
asynchrony-tolerant schemes more than one additional equation may be added to
the system, as exemplified above. Thus, we expect the stencil of asynchrony-tolerant
schemes to grow larger than commonly used synchronous schemes when the accuracy

is increased.

II.B.2. Choice of stencil

In principle one can choose a stencil that consists of different points and time

levels to approximate spatial derivatives. However, the stencil of commonly used

39



synchronous schemes are constructed exclusively with spatial grid points. This is
because of two reasons.First, the function at the synchronous time level is available
for spatial derivative evaluation at all points in the domain. Second, as argued in
Donzis & Aditya (2014), and elaborated in section III.B.1 above, this choice avoids
the additional terms that will appear in Taylor series when the stencil consists of
delayed time levels. When asynchrony is present, on the other hand, as is clear
from Eq. (3.3), the function can belong to multiple time levels. Thus, we can take
advantage of using the function at delayed time levels in deriving asynchrony-tolerant
schemes. To understand this let us recall the tabular representation of the Taylor

series of u? !, as shown in Fig. II1.3. We can classify terms into four groups, as

i+j0
it Ittt H O AR Rl
| | | | | |
ouw | | | | |
| | | | | |
TN IR Ui T R
(Ll) p (112) (l i)
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| (jaz) | (JAz) | (jAz) | (jAZ) | |
| I (1AL | (1AD2 | (1A |
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| | | | | |
| | | | | |
| | | | | |
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., (d,1 ., (d,2 d,3
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| | | | | |
| | | | | |
| | | | | |
ISR S N IR A

Figure II1.3. Terms in the Taylor series of uzﬁr_]l illustrated in a matrix

format. Constants in each term are omitted for clarity. Different colors
represent terms from different groups, as explained in section III.B.2.

represented by the four different colors in the figure. Terms in blue are a function
of Ax alone. These terms will appear in the Taylor series of the function when

j # 0. Similarly, terms that are a function of At only are shown in green and they

40



appear when [ # 0. Terms in red are a function of both Az and At, and these
appear when j # 0 and [ £ 0. The term u in black is a function of neither Az nor
At and is present in the Taylor series of the function at any point and time level.
In order to eliminate specific terms in the truncation error, it is apparent that we
cannot arbitrarily choose the points and time levels in a stencil. They have to be
selected according to the number of terms in each of these groups. For example, if
a linear system consists of three equations that correspond to condition on terms
that belong to red group, then the scheme would need the function evaluated at a
minimum of three combinations of j and [ such that j # 0 and [ # 0. If not, the
linear system may not have a solution or may have a solution which correspond to
stencils completely biased towards the synchronous side of the stencil, like forward
and backward differences.

The choice of stencil has consequences also in terms of the performance of simu-
lation codes on parallel machines. Expanding the stencil in space will lead to larger
message sizes to be sent over the network, which may be too expensive at extreme
scales. Using multiple levels in time will keep the messages relatively smaller, but
will increase the memory requirements at each PE. This choice, thus, would require
information on the specific computing system to be used for the simulation.

The rectangular box in Fig. I11.4 illustrates the layout of the stencil used in
expressing the general scheme in Eq. (3.3). However, as mentioned earlier, not all
the time levels at all points are requir ed to approximate the derivative. Instead, one
can limit the number of time levels at each grid point in such a w ay to introduce the

exact number of coefficients that would make the linear system solvable. Eq. (3.3),
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Figure I11.4. Discretized one-dimensional domain in decomposed into two
PEs.

then, becomes:
J2 12

~ > Z AT (3.8)

J==J11=l,(j)

where [ (j) and Iy(j) are the lower and upper limits on the time levels used at the
point ¢ + j. These limits are computed according the latest time level available and
the number of time levels chosen at that point in the stencil. As an example, in
Fig. I11.4 we identify a stencil to solve a system with four equations. At the two
interior points the latest available time level is n, which has a zero delay. Thus, the
limits are [,(j) = Iy(j) = 0, for j € {—1,0}. As specified before, the latest available
time level at the buffer point is given by n = n— l;:iﬂ, and we use two successive time
levels at this point. The limits on the time level at this point are then l~1(1) = %H-l
and Iy(1) = k1 + 1.

A choice of stencil will lead to a scheme only when there exists a solution to the
resulting linear system A¢ = b. Since b # 0 due to the first condition in Eq. (3.7),

the system is non-homogeneous and has a unique solution only when the matrix A
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is non-singular or has a full rank. If N, is the size of the linear system, then the
matrix has full rank when rank(A) = N4. We obtain the scheme by solving the
system and substituting the coefficients into Eq. (3.8). On the other hand, when
rank(A) < Ny, the matrix is singular and the linear system possesses either no
solution or infinite solutions. We can distinguish these two cases by computing the
rank of the augmented matrix A|b. If rank(A) # rank(A|b), then the system is
inconsistent and the choice of stencil does not result in a scheme. In the case where
rank(A) = rank(A|b), the linear system is consistent, but has infinite solutions.
The linear system, then, contains two or more equations that are linearly dependent.
This means that for the choice of stencil, conditions on at least two of the terms are
mathematically equivalent or condition on at least one of the terms can be obtained
from linear transformation of others. In such a situation, we can get a scheme with
greater accuracy with the same stencil. In some cases, it is possible to construct a
smaller linear system with linearly independent equations, which can be solved by
reducing the stencil size accordingly. The greater the number of linearly dependent
equations, the smaller will be the linear system with linearly independent equations.
This suggests that a judicious selection of grid points and time levels can be used
to increase the number of linearly dependent equations in the resulting system, and
thus reduce the stencil size which in turn reduces computations as well as the size
of communication messages. This will be of interest in deriving asynchrony-tolerant
schemes, which demand larger stencil due the presence of terms due to asynchrony.

Let us recall the second condition from Eq. (3.7), imposed to eliminate the terms

due to asynchrony in deriving a scheme. After cancelling out the term Az7At¢/n!C!,

43



which is constant across the equation corresponding for each (7, (), we get

Ja I2(j)

YooY dme=o. (3.9)

J==J1i=11(j)
It is evident from the above equation that the existence of linearly dependent equa-
tions rests on the values of j and [ which are defined by the stencil, as well as 7
and ¢ which represent the order of the derive corresponding to the equation. As
mentioned earlier, the function in the stencil can belong to multiple time levels. The
time level of the function at the interior points has a zero delay, that is [ = 0, and
hence, will not appear in equations corresponding to asynchrony terms. If we choose
a single uniform time level with a delay /;:Hj — [ for all i + 7 € B in the stencil, then

I1(j) = Iy(j) = k which leads to a uniform value of I¢ in Eq. (3.9). The equation

then reduces to

S dn=o, (3.10)

i+jEB

which is independent of ¢, and shows that for a given 7, equations corresponding to
¢ > 0 are linearly dependent. With reference to Fig. II1.3, when we eliminate a term
in the red or green groups, all the other terms in the corresponding row that are
in the same group are also eliminated. This illustration shows that it is possible to
choose a stencil which results in linearly dependent equations in a system. Of course,
there are other ways to obtain such systems, but we will not discuss them here.

We conclude this section by summarizing the steps to derive asynchrony-tolerant

schemes.
1. Identify the terms on which conditions have to be imposed for a given d and a

2. Identify an appropriate stencil (Ji, Jo,11(5), l2(j)) according to the terms in the
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list
3. Compute the rank of the matrix A

e rank(A) = N4: unique solution

e rank(A) < N4 and rank(A) # rank(A|b): no solution, identify a new

stencil

e rank(A) < N4 and rank(A) = rank(Alb): infinite solutions, add more
conditions to get greater accuracy or reduce the system size with only

linearly independent equations and adjust the stencil size

4. Solve for ¢ and substitute the coefficients into general scheme

II1.B.3. Alternative approach

It is often necessary to use schemes with a specific structure in terms of sten-
cil and the corresponding coefficients to either improve computational performance
or satisfy numerical properties. In the context of asynchrony-tolerant schemes, it
is desirable to use schemes at PE boundary points that are similar in nature to
those at interior points. Such an implementation may improve the overall stability
of a numerical method and relieve the natural tendency of concentrated errors in
the spatial distribution near PE boundaries (e.g. see Fig. (3) in Donzis & Aditya
(2014)). Though the method described earlier gives the flexibility to choose a par-
ticular structure for the stencil, there is not much control over the nature of the
resulting coefficients in the scheme. This is because the necessary conditions im-

posed on the terms on the right hand side of Eq. (3.6) are all solved in a single linear
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system. And, explicit conditions on the coefficients have to be added to the linear
system to address this issue.

In an alternative approach to derive schemes, we propose to impose necessary
conditions (similar to Eq. (3.7)) on the set of terms arising from Taylor series in a
step-by-step process. In each step, a subset of higher order terms are eliminated,
while retaining the derivative order term using a particular stencil. This process is
repeated until the desired accuracy is achieved. Linear systems of smaller size can be
constructed in each step to enforces the conditions and obtain the coefficients. The
procedure described in bullet 3 in the summary of section II1.B.1 should be used in
computing the solution of these systems.

We now proceed to outline the procedure to derive schemes similar to central dif-
ferences using this approach, and will later provide a detailed illustration in example
3.

Central difference schemes are widely used in solving parabolic and elliptic
PDEs, and are shown to have low numerical dissipation, necessary to resolve all
scales in multi-scale phenomena Hirsch (1994). If we consider the structure of central
difference schemes, it can be characterized by a symmetric stencil about the point of
computation, and symmetry coefficients (in absolute value). A general synchronous

central difference scheme can be expressed as

9 |" J . iy
o] 2 (ul + (=1 "), (3.11)

% j=0

where J determines the size of stencil and ¢, are the appropriate coefficients. Let
us consider this stencil in the presence of asynchrony. In practical simulations each

PE, typically, is assigned a large number of grid points. When asynchrony is allowed
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in such cases, delays are experienced only on one side of the stencil, that is, either
on the left or right about the point of computation ¢ for ¢ € Ig. If we assume the
delay on the left side, which implies ¢ — j is a buffer point, then the terms in the sum
in Eq. (3.11) take the form (u}; + (—1)%?_’;). To maintain the above mentioned
symmetries in asynchrony-tolerant schemes, we use this sum to eliminate some of
the higher order terms and retain the derivative order term in the Taylor series in
the first step. We consider coefficients to be symmetric, if they are so when [ = 0,
that is, when there is a zero delay. As delay is present only at ¢ — j, none of the
terms due to asynchrony in the expansion of uZ"_’]l are cancelled out in the sum of the
function at the two points. However, some of the terms, which are not a function of
At, cancel out depending on the order of derivative d. If d is odd, then terms that
correspond to even power of Ax cancel out, as shown next.

Consider the difference v, ; — u;" ; where we choose [ = 0 to simplify the anal-

i—j
ysis. The conclusions, though, are valid for arbitrary delays [ > 0. A Taylor series

expansion can then be written as

no_on (JAz) (jAz)® (jAz)®

n—I
i—j>

Similarly, if we consider the sum, u, ; + u terms with odd powers of Az will
vanish. This reduces some of the terms on which conditions need to be imposed, as
we move on to the next step. A further decrease in the number of conditions can be
achieved by artificially imposing the same delay of [ levels on the other side of the

stencil, that is, (uﬁ:j + (—1)du?__jl). The Taylor series expansion of this difference,
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for odd d, is

n—l1 n—l __ 1,0 (jAx) 1,1 (jAz)(—1At)
Uis — Uy = 2 u )T—i—u( )T
. 3 . 2
(3,0) (JAz) (1,2) (JAz)(—lAY)

+u T +u 0T A I (3.13)

which shows that all the terms with even powers of Az, regardless of the power of
At, are absent. Indeed, imposing this artificial delay on the function at the interior
point, though demands additional storage of more time levels at each grid point, will
lead to a smaller number of constraints. Thus, schemes with delay on both sides will
need a smaller stencil to compute derivatives.

In Mudigere et al. (2014), this approach was used to recover the drop in accuracy
due to delay in communication in central difference schemes. The authors further
suggested that imposing delay on both sides of the stencil in central differences would
suffice to maintain the accuracy under asynchronous conditions. However, it can be
shown from Taylor series expansion that the schemes cannot be accurate beyond
second order under the conditions they presented. It is essential to increase the
stencil size to achieve higher order accuracy when asynchrony is present, as shown
in this work.

The remaining higher order terms can be eliminated by expanding the stencil
with additional terms of the form (uyﬂ. + (=1)%u}~ l) for different values of j or [.
This can be done either in a single or multiple steps, and both of them will ensure
symmetry in the coefficients. Assuming delay on the left of the stencil, the resultant

asynchrony-tolerant scheme takes the form:

n J ZZ( 7)
~ u® d, n—lI
8xd ~ Z Z Cb iy + (=1)%) (3.14)
' 3=01=11 (—j)
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It is often useful to derive asynchrony-tolerant schemes that reduce to central
difference schemes when all delays are zero, that is l;;j = 0 for j € B. Such schemes
can be derived by expanding the stencil in space, using the sum at different j, to
eliminate terms that are not a function of A¢. And, use the sum at different levels
in time to cancel out the terms due to asynchrony. This approach, which contains
the essence of the alternative procedure, presented in this section will be illustrated

in detail as Example 3 below.

II.B.4. Classification of schemes

In arriving at asynchrony-tolerant schemes there are several choices available in
terms of choosing points and time levels in a stencil and on the nature of coefficients.
We first provide a simple classification of asynchrony-tolerant schemes based on these
choices, then we present some examples.

Let us consider the stencil of the general asynchrony-tolerant scheme in Eq. (3.8),
which is given by the limits .J; and J, in space and [;(j) and Il5(j) in time. If
J1 = Jo, the number of points are equal on either sides of the point of computation
1. We refer to this as a symmetric stencil in space. Else, J; # Jo and the stencil
is asymmetric. Regarding the nature of the delays, schemes can potentially have
different delay values at different points in a stencil. However, enforcing a uniform
delay across all the buffer points in a scheme, that is /;Hj =k foralli+ j € B, may
lead to linearly dependent conditions and a simpler implementation of schemes. We
can, thus, classify schemes according to the presence or absence of uniform delay in

schemes. In addition to the uniformity of delays, schemes can also be classified with
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respect to the time levels chosen at interior points. The function at these points can
be either at the synchronous time level or at artificially imposed levels which, as we
have shown, provide some numerical advantages.

Schemes can also be classified on the basis of the nature of coefficients. When
asynchrony is present, a stencil with symmetric points may not necessarily give rise
to symmetry in coefficients. This due to non-uniform time levels in the stencil at
these points. To obtain symmetry in coefficients, like in standard central difference
schemes, we have earlier proposed to use a sum or difference of the function at
symmetric grid points. In this regard, we classify schemes with symmetric coefficients
as the ones which have [¢%;| = [¢9] (i.e. when ky; = 0). A summary of these

classifications is given in Table III.1.

Feature Classification
Layout of symmetric asymmetric
grid points Ji=Jp J1 # Jo
Nature of delay | unconstrained uniform delay
at buffer points k=K VYV i+jeB
Artificial delay | zero delay non-zero delay
at interior point l%iﬂ:() Vi+jel l;;i+j§0 Vi+jel
Coefficients symmetric asymmetric
[Ete] 2251 # |51

Table III.1. Summary of classification of asynchrony-tolerant schemes.
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From the discussions in previous sections, it is clear that each of these classifi-
cations will have consequences in terms of numerical properties and computational
performance of schemes. We will now proceed to derive three asynchrony-tolerant
schemes and demonstrate how the conditions corresponding to the classification can

be implemented in arriving at them.

Example 1: first derivative - second order accurate (d = 1, a = 2)

Using r = 2, conditions in Eq. (3.7) are imposed on terms that satisfy the inequality
1N+ 2¢ < 3. This gives rise to a linear system with four equations corresponding to
the terms with (n, () = {(0,0),(1,0),(2,0),(0,1)} in the Taylor series. The next step
is to select a stencil with the function defined at four different combinations of points

and time levels. Let, as before, n — k;;; be the latest available time level at a point

i+j € B with j > 0. Further, let us choose the function set {u}" ,, ul", u?;ki“, u?;zki”}

to construct the linear system A¢ = b. The results is

11 1 1 &, 0
—Az 0 Az 2Az & 1
R (3.15)
0 & A ) a 0
0 0 kAt —koAt | | & 0

The rank of the coefficient matrix in the above equation is 4, which is equal to the

size of the system. Thus, the choice of stencil results in a scheme without any further
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adjustments. After solving for the coefficients, we obtain the scheme as

7. 7. 7 7 n*ffiﬂ 7. n*lzwz
(_4ki+1 + ki_._g)U?fl + 3]€1+1U? — /{:i+2ui+1 + ki+1ui+2

2(3]%1'—&-1 - I;IH_Q)A,I

o [ Ok = Kits Az?, Finibicz ) (3.16)
18kiy1 — 6kiy2 3kiv1 — Kiya

n

7 =
%

@
ox

(3.17)

Note that the coefficients are a function of the random delay at buffer points. It is
easy to see by inspection that this scheme has to be complemented in two specific
circumstances. First, when 3k;,, — IE:H_Q = () the approximation has an infinite value.
This can be avoided by artificially altering the delays such that 3k — kiro # 0.
Second, when the function at both the buffer points is at a synchronous time level,
i.e., no delay. In this case, an implementation of the above scheme will result in an

indeterminate form. In that case one can use

n—k

240 <Ax2, %ZAt) , (3.18)

n n n n—INc
oul”  —3uil; +3u} —uly +u

%i_ 4Azx

which is obtained by substituting k;+1 = ki+o = k and simplifying the expression in
Eq. (3.17). It is interesting to see that the coefficients in the above scheme, with
a uniform delay across the buffer points, are independent of the delay value, which
eliminates the limitations of the scheme in Eq. (3.17). Similar schemes can be derived

by considering delays on the left of the stencil.

Ezxample 2: second derivative - second order accurate (d = 2, a = 2)
The relationship between the time step and grid spacing is assumed as At ~ Aux.
For these set of parameters, Eq. (3.7) enforces conditions on 21 terms in the Taylor

series, which are highlighted in red in Fig. II1.5. The resulting linear system has 21
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Figure II1.5. Terms in the Taylor series of uﬁ:j illustrated in a matrix

format. Constants in each term are omitted for clarity. Conditions in
Eq. (3.7) are imposed on the red color terms.

equations which, in principle, will need the function at 21 combinations of points and
time levels. However, Eq. (3.9) has shown that a stencil with only two time levels, n
for interior points and n—k for buffer points, will lead to linearly dependent equations
in the system. We use this choice of stencil to reduce the size of the linear system.
Choosing the limits {J;, Jo} = {5,6} in space and assuming the buffer points are on
the right side of the stencil, leads to a smaller linear system with 11 equations that

has a unique solution. Upon solving the system, the resulting asynchrony-tolerant
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scheme is

n 1 )
T 12A22 [351‘?—5 — 164u;" 4 + 294 5 — 236u’ 5 + Tlu’ | — 45u?+*1k

+225ulF — 450l + 45007 F — 2250 F + 45ur )

u
0x?

i

4O (Az‘*, /%Ax?’At) . (3.19)
Note that a single linear system has been used to obtain the above scheme.

Ezxample 3: second derivative - fourth order accurate (d = 2, a = 4)

In this example, we will use the alternative step-by-step approach described in sec-
tion III.B.3 to derive an asynchrony-tolerant scheme that reduces to a standard
central difference scheme in the absence of delays. If we consider the Taylor series
of u at a generic point and time level in a stencil, and assume At ~ Az?, conditions

have to be imposed on terms with

(n,¢) = {(0,0),(1,0),(2,0),(3,0), (4,0),
(0,1),(1,1),(2,1),(3,1),(0,2),(1,2) }. (3.20)
In order to maintain a symmetry in the stencil points and coefficients, we use the sum
(uf; + uf__]l) in the first step, which eliminates the terms with (1, ) = {(1,0),(3,0)}
upon Taylor series expansion. In the second step, conditions are enforced on the
terms that are only a function of Az or the terms with ¢ = 0 by expanding the stencil

in space. These are the three terms corresponding to (n,() = {(0,0), (2,0), (4,0)},

which result in three equations using the function (u?ﬂ» + uf:j) for 7 =0,1,2.

2 2 2 oh 0
0 Az 4Az? ol=11 (3.21)
o % ot | a] [



After solving the equations we obtain the linear combination of the function that
is free from necessary higher order synchronous terms. We can express the linear

combination as

Pul|" —uly + 16ul,, — 30uP + 16u)" — ul",
= — : : : ==+ O(Az? IAL AL/ A?). (322
02| 12A 22 + O(Az", IAL 1AL/ Ax®). (3.22)

When [ = 0, the terms due to asynchrony disappear from the above expression, and
clearly represents the standard fourth order central difference scheme. In the next
step, we eliminate the remaining higher order terms which appear due to asynchrony.
If we expand the stencil further in space, which corresponds to j > 2, then the
scheme would possess the required symmetries, but will not reduce to the fourth
order central difference in the absence of delay. On the other hand, when the stencil
size is increased in time, i.e., | € {l%, k+1,k+2,... }, we get a scheme that resembles
a standard central difference. The conditions on the six asynchrony terms from the
set in Eq. (3.20), need Eq. (3.22) at six time levels. However, with the use of multiple
time levels, the resulting linear system has three linearly dependent conditions. We
find that conditions on terms with the same ( are all mathematically equivalent. This
reduces the size of the linear system that uses the linear combination in Eq. (3.22)

at | € {k,k + 1,k + 2} to three equations:

kit (DR -G || g 0
RROAL (] 1)2280 (F 422388 || gkt =10 (3.23)
1 1 1 éz—fcfz 1

The solution to this linear system results in the scheme
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0u|" 10 =l 16l — 30ul + 160" — uf
P = Z(k2+3k+2 i+2 i+1 i i—1 i—2
oz, 2< +3k+2) 12A22
— (R 4 2R) —ully + 16uf, — 30u? + 16u) ! —ul !
12Ax2 ) ~
—I—l(l;rz ) —uf'y + 16ul,; — 30u} + 16u; 2 — w7y
2 12A22

+0 (Ax4, k(k+ 1) (k + 2)A8 k(k + 1) (k + 2)At® /Agﬁ) . (3.24)

Note that, like the scheme in example 1, the coefficients in the above scheme are a
function of the random delay k. However, unlike Eq. (3.17) in example 1, this scheme

can take any delay value in the range [0, L — 1].

III.C. Error analysis

In previous sections, we presented a method to derive asynchrony-tolerant schemes
of arbitrary accuracy. As explained earlier, these schemes are, typically, used at PE
boundaries (i € Ip) where asynchrony is experienced. The number of computations
that are carried out asynchronously in a domain depends on the number of PEs used
to solve the problem, the stencil size of schemes used at interior points and statistics
of the random delays, which in turn depend on the characteristics of communica-
tions in a computing system. These dependencies bring new challenges while trying
to understand the overall accuracy of these asynchrony-tolerant schemes. First, due
to the random nature of the delay, the associated truncation error is also random
in nature. Second, schemes to compute spatial derivatives at interior points are not
the same as asynchrony-tolerant schemes at PE boundary points and have, thus,

different truncation errors. These issues result in a non-homogeneity of error in the
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domain, both in space as well as time.

In our previous work Donzis & Aditya (2014), we have proposed a statistical
description to analyze the overall error and determine the accuracy of the numerical
solution. We follow a similar procedure in this work. Before we develop the error
analysis, we present some necessary definitions that will be used. First, let us define
the probability of having a time level 7 = n — k; at a grid point i as prfi)- The sum
of probabilities of all levels at point ¢ is obviously

L—1

> pr =1 (3.25)

k[i]=0
To obtain the statistics of the error, we define two types of averages for a variable f: a
space average and an ensemble average. The space average can be performed over all
points in the set I or the subsets I; and Ig. If the average is over the entire domain,
that is ¢ € I, it is denoted by angular brackets and given by (f) = Zi:LN fi/N. On
the other hand, the average over the points in the subsets I; and I are given by
(f)s = Dicr, [i/Ng and (f), = >_.c; fi/Nr, respectively. The random nature of
delays is taken into account by ensemble averages, which is denoted by an overline
I

A common measure of the error incurred by using a finite difference represen-
tation of the original PDE is given by the so called truncation error. Formally, it is
given by the difference between the PDE and the approximate finite difference equa-
tion, that is ¥ = PDE—FDE. As introduced in Donzis & Aditya (2014) and Ch. II,
the assessment of the error of asynchrony schemes which are random in nature and

heterogeneous in space, can be done by applying the two averages described above.
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That is,

() = . (3.26)

1
N
i=1,N

where E7' is the truncation error at the point ¢ and time level n. Due to the non-
uniform expression for the truncation error at interior and PE boundary points, it is
convenient to split the error according to the two sets of points:

> B+ Y B

i€ly i€lp

(B) = (3.27)

1
N
Note that the error due to interior points does not possess randomness due to delays
and are, hence, unaffected by the ensemble average. On the other hand, errors at
PE boundary points have both random asynchronous and deterministic synchronous
components. This allows us to further split the error in the set Ip as

<E>:% ZE?+ZEf\s+ZE_?!a , (3.28)

i€ly i€l i€lp

where the subscripts s and a denote the synchronous and asynchronous components,
respectively. It is clear that in the absence of delays E_Zn‘a = 0.

The order of accuracy of a scheme will depend on the leading order term in
each of the error terms in the above equation. These terms comprise the sum of the
truncation error due to all terms in the original PDE, including the time derivative.
Thus, it is important to choose the accuracy of time integration to match the order
of accuracy of space derivatives. We will discuss this topic next and then present an
example to illustrate the effect of asynchrony on the error. We will end this section

with a generalization of the results on accuracy of asynchronous schemes.
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HI.C'1. Time integration

To understand the effect of time discretization on the overall order of accuracy,
let us consider the equation Ou/0t = f, where f depends on spatial derivatives of
u, integrated using Euler scheme. The scheme is first order in time with the leading
order term being —u(®? At/2. As mentioned in section IT11.B.1, if we assume a relation
of the form At ~ Az", then the leading order term is equivalent to O(Az") in space.
When the accuracy of the space derivatives is greater than r, the total error will,
very likely, be dominated by the temporal term and will dictate the order of accuracy
of the solution.

Thus, if a certain order is desired for space derivatives, it is important to select
a time discretization with the same (or greater) order to keep the overall order
unchanged. We will follow this practice as we demonstrate the accuracy of the
proposed asynchrony-tolerant schemes next. For this, we choose linear multi-step
method to compute the time derivative. A general expression with 7' time steps is
given by

T-1

uptt =l + ALY B fI, (3.29)
m=0

where the coefficients 3,, determine the particular temporal scheme Stoer & Bulirsch
(2013).

The advantage of using a temporal scheme of the form Eq. (3.29) is that the
terms f/" can be computed using asynchrony-tolerant schemes and are thus,free of
asynchrony errors to the desired order of accuracy. Thus, so will the linear combi-
nation of f; at different time steps. For example, if one uses an asynchrony-tolerant

scheme which is fourth order accurate, with r = 2 (i.e. At ~ Az?), then one needs

59



a temporal scheme with second order accuracy to maintain fourth order accuracy

globally. This can be accomplished by a two-step Adams-Bashforth method
n+1 n 3 n 1 n—1
ut =y + At Efz - Efl ; (3.30)

which is readily shown to be second order in time Stoer & Bulirsch (2013). The

generalization to higher orders is straightforward.

II1.C.2. Example: heat equation with fourth-order accurate asynchrony-tolerant schemes

Let us consider the 1D heat equation,

ou_
3t_a8x27

(3.31)
where u(x,t) is the temperature and « is the thermal diffusivity of the medium.
The above equation is solved on a uniform grid shown in Fig. III.1 with periodic
boundary conditions.The equation is approximated with the second order Adams-
Bashforth scheme shown in Eq. (3.30) and standard fourth order central difference
for the space derivative at interior points.At the PE boundary points, the space
derivative is computed with the asynchrony -tolerant scheme Eq. (3.24) derived in

Example 3.

Using Taylor series, the truncation error at interior points is

1 1 1
E! = (—éu(w) — Zau(m)) At — %au(G’O)A:ﬁ + O (Az®, AP, Az*At) . (3.32)

As mentioned above, at PE boundary points, the truncation error can be split into

the synchronous and asynchronous components,

EMjey = Els + BV wjicre (3.33)

]

60



Because by construction, the asynchrony-tolerant scheme in Eq. (3.24) reduces to the
standard central difference in the absence of delay, the synchronous component of
the error, E|,, is the same as Eq. (3.32). Note that this scheme assumes a uniform
delay at buffer points. Hence, we drop the subscript for k in the above expression.
The asynchronous component of the error, considering delays only on the left side of
the stencil, can be readily shown to be

3

- 5 At .
Eflajr = —5 (K + 3k* + 2k) au(o’g’)A—ﬂ +0 (BAP/Az) . (3.34)

The leading order term in the error remains the same when the delays are experienced

(2

on the right of the stencil. Clearly, when k = 0, we have E-”|a’,~€:k = 0 and thus also

its ensemble average. On the other hand, if k& > 0, then the ensemble average is

L-1
E’?|a R ZpkE?|a,l~c=k
k=0

Q

L-1
5 At
—— (k® 4 3K + 2k) au(®®) —
kz;pk ( 54 ( + + ) au A2

(- 25 ) o 64387 2
—gou o — o (K° + 3k* 4+ 2k
24 Ax prd

Q

0.3) At3
Ax?

8
/T\
2| e

Q

) B3 4 3k2 4 22) , (3.35)

where moments are given by = Zk:()’ 11 Ppk™. It is interesting that the average
error under the presence of asynchrony, depends not just on the mean of the delay as
in Donzis & Aditya (2014), but also on its higher order moments. The implication of
this result, is that in assessing the performance of asynchronous numerical schemes
a certain degree of details about the architecture of the computing system would

be needed, such as the probability density function of the delays k. Conversely,
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one can quantitatively compare the performance of different computing systems by
comparing moments of k.
We now substitute the leading order terms in Egs. (3.32) and (3.35) into Eq. (3.33).

Assuming the statistics of the delays are homogeneous in space, the average error is

— 1 1 1 1
~ _Lo03) L (22 2 L (60) A4
(F) =~ N [; (( U 7o ) At ik Ax )
el
+ Z —lu(0’3) - lozu(m) At — iau(ﬁ’O)Afl
o= 6 4 90
5 AN (== = =
+) ((—ﬂau(o’?’)m) <k3 + 3k2 + 2k>> : (3.36)
i€lp

In the above equations, the first two sums on the right hand side are due to syn-
chronous computations and can be conveniently combined by noting that I = I; U
I5.To determine the spatial accuracy of the solution, we use the stability parameter
ro = aAt/Az? to substitute time step At in terms of Az. This corresponds to 7 = 2

in the formulation presented in section II1.B.1. The above equation then reduces to

(E) =~ 1 [Z <—1a2riu(0’3) — 1oz37‘2u(2’2) - iozu(("’o)) Ax?

N = 6 4« 90
5 _ ~_ =
+ Z (—ﬂa4rzu(0’3)> (k?’ + 3k2 + 2k:> Axt| (3.37)
i€l
which can be rewritten as
(B) =~ —loﬂr2 (u®¥y — la3r2 (u?)y — ioz(u(ﬁ’o)> Azt
6 “ 4« 90
N ~ ~~_ = 5
+ {WB <k3 + 3k2 + 2k:> (—ﬂoflrz (u(0’3)>3)} x*. (3.38)

The average error is clearly seen to possess components due to synchronous and asyn-

chronous computations.Either of the terms can dominate the average error depending
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on physical parameters (e.g. «, initial conditions, etc.), numerical parameters (e.g.
Az, 14, etc.), and simulation parameters (e.g. P, network performance, etc.). If the
synchronous part dominates the overall error, then the resulting scheme is fourth
order accurate, that is (E) ~ O(Az?). If, on the other hand, the asynchronous

component dominates, the error is given by

J— P o = =
(E) ~ w <k3 + 3k2 + 2k> (—25)—40447‘3@(0’3))3) Azt (3.39)

where we have used Ng = (J; + Jo) P, with J; and Jy being the stencil size in space
at interior points. Using N = L£/Az, where L is the length of the domain, and for

all other parameters kept constant, the average error is found to scale as
® ~ & (k3 43k 4 2k:> Az
~ P (E 43k + 2?) Az’ (3.40)

Interestingly, the order of accuracy of the numerical method now depends on how
the problem is scaled on a parallel machine. In the case of weak scaling, where the
computational effort per PE is kept constant, that is P/N = const, the error varies
as Az* and the method is fourth order accurate in space. On the other hand, when
the total computational effort is kept constant (N = const) and the simulations are
carried out on increasingly large number of PEs, the average error is (E) ~ O(Ax®)
and the method is fifth order accurate. We also observe that the error scales linearly

with P.
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I11.C.3. Generalization

We now proceed to generalize the expressions for average error ((E)) presented
in Eq. (3.40). For this, we restate the conditions and assumptions that lead to
Eq. (3.40). First, we assumed that the asynchronous component dominates the
overall error. Second, the asynchrony-tolerant scheme used in the analysis is fourth
order accurate, which lead to an O(Az?) leading term due to asynchrony. We have
also assumed a uniform random delay in the stencil, that is /~§Z-+j —kforalli+je B.
Also, the scheme uses three successive asynchronous time levels (with delays l~€, k41,
k+ 2), which results in a cubic polynomial in & in the leading order error term.

With the above observations, we can arrive at a general case which uses asynchrony-
tolerant schemes with 7 number of successive asynchrony time levels and is accurate
to an order a. If asynchrony component dominates the average error, then it is easy

to generalize Eq. (3.40) as:
-
— P “ =
(E) ~ NA.T mz_:lfymk
T ==
~ PAz*TY ke (3.41)
m=1

Note that the average error still scales linearly with the number of PEs. However,
higher order moments of the delay are necessary to characterize the error when the
stencil size of asynchrony-tolerant schemes is expanded in time. A minimum accuracy

of order a is then assured, regardless of how simulations are scaled up.

64



III.D. Summary

In this chapter, we have presented a methodology to derive asynchrony-tolerant
schemes of arbitrary accuracy. We have also provided an alternative approach to ob-
tained schemes that resemble widely used central difference schemes in the absence of
asynchrony. A simple classification of the schemes based on the structure of stencil
and nature of coefficients has been presented. Sample derivations of asynchrony-
tolerant schemes that belong to different classes are shown to illustarte the proposed
methodolgy. We, later, provided a procedure to analyze the overall error in a nu-
merical method which uses standard synchronous scheme at the interior points and
asynchrony-tolerant scheme at the PE boundary points in the domain. Theoretical
predictions show that the average error not just depends on the mean of the random

delay, but also on its higher order moements.
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CHAPTER IV

IMPLEMENTATIONS

In this chapter, we turn our attention to actual application of the asynchronous
computing method to solve PDEs. We provide two different implementations to eval-
uate the numerical and computational performance of the proposed method. In the
first implementation, delays experienced due to asynchrony are artificially imposed
using a random number generator. Such an implementation will permit a complete
control over the statistics of message delays and allows us to assess the theoreti-
cal predictions, made in the previous chapters, in different parameter regimes. The
second implementation is an approach to use the asynchronous computing method
in simulation of real life applications on massively parallel supercomputers. The
implementation uses communications based on Message Passing Interface (MPI) to
exchange information between different PEs in an asynchronous fashion. Before pre-
senting the two implementations, we briefly define the problem used in numerical

simulations.

IV.A. Problem definition

For the simulations, our focus will be on the advection-diffusion equation as it
contains both first and second derivatives. The interest of this equation is well known

in fluid mechanics as it governs the time evolution of fluid flow phenomena involving
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convection and diffusion processes. The equation is

ou ou 0%u

E -+ C% = a@ (4.1)

where v = wu(x,t) is the velocity, ¢ is the convection speed and « the viscosity
coefficient. If ¢ is a constant, the equation is linear and possess simple analytical
solution with which we can compare our theoretical developments. This provides
a systematic way to compare the results from numerical simulation and verify the
accuracy of the schemes. When ¢ = u, Eq. (4.1) is nonlinear in nature and is the
celebrated viscous Burgers’ equation. This equation helps us understand the effect
of asynchrony on multi-scale phenomena.

In this problem, we assume an initial condition given by a sum of sinusoidal

waves in a periodic domain of length 27:

u(x,0) = A(k)sin(kz + ¢,) (4.2)

where k is the wavenumber, and A(k) and ¢, are the amplitude and phase angle
corresponding to a particular wavenumber k. The analytical solution of Eq. (4.1)
and Eq. (4.2), indicated by a subscript a, when ¢ is a constant is readily found to be

Ug(w,t) = Y e ™ A(k) sin(kz + ¢, — ct). (4.3)

K

The reason for including the phase ¢, is to avoid situations in which the PE
boundaries coincide with specific features of the solution which may lead to very
particular conditions in the truncation error. As an example, suppose we solve the
heat equation with initial conditions given by a single sine wave and that the number

of processors P is such that the PE boundaries are co-located with the zero crossings
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of this initial condition. From Eq. (4.3) with ¢ = 0, it is clear that the solution at
the zero crossings (and PE boundaries) will not change with time, that is @ = 0.
Thus, the average over all boundary points will also vanish: (u), = 0. By looking
at Eq. (2.40), we see that the leading order term vanishes and thus the resulting
scheme is of higher order that it would in a more general condition. To avoid these
very particular cases, the phases are chosen randomly for different wavenumbers and
the results are averaged over this space too.

The numerical solutions of Eq. (4.1) and Eq. (4.2) are obtained with different
standard synchronous schemes as well as asynchrony-tolerant schemes. The details
of the schemes used in particular simulation are provided along with results in the

next chapter.

IV.B. Implementation I

To illustrate this implementation, we discretize Eq. (4.1) using second order
central differences in space and a forward first order difference in time. For grid
points close to a PE boundary on the right, we have

u

n+1 n n n n n
i Uy I C“i+1 — Wi aui+1 = 2ui +ui
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(4.4)

A similar expression can be written for grid points close the PE boundary on the
left, which will have delays on ¢ — 1, instead of 7 + 1.

As mention in the beginning of this chapter, in order to have complete control
over the statistics of message delays and compare against the theoretical predic-
tions, we use random number generators to simulate these delays. In particular,

the delays on both sides are drawn from uniform distributions in the interval [0, 1]
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with some initial random seed. For a given L, we arbitrarily set the probabilities
{Pofit+11s Prji41) - - -, PL—1[i+1)} corresponding to delays ki1 =0,1,2,...,L —1 respec-
tively by comparing each random number to the corresponding partition of [0, 1] into
L bins. Since in our numerical experiments we use i.i.d. random sequences at the
different PE boundaries, there is no dependence on location and we will thus drop
the subscript i+ 1 for simplicity and write {pg, p1,...,pr_1}. For example, for L = 3,
the set {po, p1,p2} = {0.6,0.3,0.1} represents the situation where the probability of
having k; 41 = 0 (i.e. no delay), ki;q = 1 and k;yq = 2 is 0.6, 0.3 and 0.1, respectively.
In this case the mean E is easily found to be Zk: