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Radius of B halo from the asymptotic normalization coefficient
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The experimental asymptotic normalization coefficient determined from peripheral transfer reactions is used
to obtain the root-mean-square radius of the wave function for the loosely bound pré®nliris shown that
the asymptotic region contributes most and that matching of the interior wave function with the asymptotic part
yields a nearly model-independent radius. We obtaf>=4.20+0.22 fm for the root-mean-squafems)
radius of the last proton, much larger than the rms radius of Beecore. This large value and the fact that the
asymptotic part of the proton wave function contributes 85% to the rms radius are good sifjB that halo
nucleus.
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The proton drip line nucleu$B has a very small one- wave function,¢ is a set of internal coordinates including

proton separation energy5(=137 keV) and the valence- gpin-isospin variables, ands the vector connecting the cen-
proton wave function is expected to penetrate substantiallyer of mass of nucleu® with p. In the second line, the
beyond the range of the nuclear force. The penetration igntisymmetrization factors have been absorbed in the radial
hindered by the combined effect of Coulomb and centrifugabyerlap integral$(r). The multipole expansion is carried out
barriers. Many eXpeI’ImentS have been devoted to studies %fver'B ’j B values allowed by angular momentum and panty
SB in Ordel’ to eStainSh |tS halo nature. These inClUde th%onservation for the Virtua' proce&_)A_F p The over'ap
determination of the interaction cross sectidn2], quasi-  integral is not an eigenfunction of the total Hamiltonian, and

elastic scattering3], reaction cross sectiofd,5], electric  pence, it is not normalized to unity. The square of the norm
quadrupole mome], nuclear breakupb, 7], and Coulomb  of the overlap integral

dissociation[8—10]. Interaction and reaction cross section

measurements are particularly important since these observ-

ables can be directly related to the nuclear size. The parallel s, — [ g (i 5

momentum distribution for corelike fragments in breakup re- AP rllan(r)] )

actions is also easily related to size since it is a direct map-

ping of the Fourier transform of the halo wave function, o )

slightly modified by final-state interactiofig¢1—14. is by definition the spectroscopic factor. Its value depends on
The asymptotic normalization coefficietANC) for 88 the specific model for the bound states and on the magnitude

—7Be+p, specifying the amplitude of the tail of thég  Of the antisymmetrization effects that connect different non-

wave function projected on the two-body chanfd@le+p,  Orthogonal channels. Inside the core of the nucleus the over-

has recently been determined using the peripherdfP integral involves many-body functions, and it may be

proton transfer reactions 1%8(7Be2B)°Be [15] and difficult to calculate. At asymptotic distances where nuclear

14N(7Be,®B)13C [16]. An analysis[17] of uncertainties in forces are vanishingly smali> Ry, the overlap integral be-

these two reactions yielded a weighted average AB{C_ haves as

=0.388+0.039 fmi'l. In the following, we examine the

possibility of using this experimental ANC to obtain infor- WnB,IB+1/2(2kBr)

mation on the root-mean-squafems) radius of the wave IED'BiB(r)_’CED'BJ’B ; (3

function. We begin by recalling the definition of the ANC,
and then examine its relationship to the nuclear size.

The overlap integral of the bound-state wave functions for,
particlesA, p, and B, whereB=(Ap) is a bound state of
nucleusA and protonp, is given by[18,19

ere CB . is the asymptotic normalization coefficient
Aplgig

defining the amplitude of the tail of the overlap integnal,
is the Whittaker function obtained by solving the Schro
dinger equation for two charged particles at negative energy

5 - .
Lap(N) = (AL ea(éa) @p(£p) 1l @a(£a.6p.1)) €6=—Sy, Ka=—2unpe/hi? is the wave numbers, is
the reduced mass of particldsandp, and g is the Som-
= 2 (IaMajzm; [JgMg) merfield parameter for the bound statep).
'8 :MiglaMig In the case of the®B ground state, the last proton is

. mostly in the ¥, and 1p,, orbitals. Here the halo radius
slg’ 7 can be correlated to the ANC in a very simple way. Indeed,

after integrating over the angular part, the rms radius of the
A is the antisymmetrization operatog, is a bound-state wave function of the last proton becom@sg.,[20,21])

X(IpM ey oM i'eYi i (D1R,)
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F o o S to two-body potential-model wave functions calculated in
f r df|g(f)+f redrigr)+- - =rg+rgt-- -, standard Woods-Saxon geometries and, therefore, strongly
4) justify this approach.

Next we enlarge the space of trial overlap functions, and
wherely(r) andl(r) are the overlap integrals arising from obtain essentially the same result. Working in the single-
the parts of the®B ground-state wave function where the particle model, we find those potentials that give overlap
proton orbits the ground and excited states of tBe core, functions normalized to a spectroscopic factor close to unity
respectively. The first term dominates. For it we can furthel@nd have the asymptotic behavior found experimentally. In
write, separating the contributions of the interior and thethe single-particle approach the radial overlap integral is ap-

ra=
0

asymptotic region, proximated by a single-particle overlap integral
pigio(ND=TR50 (N =[S 2 (), (6)

R 9]
ro= fo Nr“drlg(r)+cgfffR r2drw?(2kgr).  (5)
N

where ¢ is the normalized single-particle radial wave func-
2

Here we take an effective ANCZ;;= C§3/2+ Cf,llz because tion of the bound stateAp) calculated in an adopted single-

the radial behavior of thpsj, andp,,, orbitals is the same at particle potential. At asymptotic distances it behaves like

large radii. We use the theoretical estima® /C7 W (2Kar)
75 15+ 1A 2K

=0.157, as ir}15,16 and the experimental value ffﬂﬁg/2 to P~ b'BJB
obtainC¢=0.670+0.034 fm 2. From this we can evalu-
ate the rms radius of the wave function of the last proton i
8

B. .

First we employ the same procedure that we used in th

determination of the ANC from the’Be ®B) transfer reac-
tions and calculate single-particle wave functions in typical
Woods-Saxon potentials. We vary the reduced regliand
the diffuseness of the potential on a grid of A3=12

: )

r

r\/\/hereb“:}jB is the single-particle ANC. The wave functigh

calculated by adjusting the depth of the potential so that
e eigenvalue matches exactly the enesgy It follows that

the single-particle ANC will depend on all other parameters
of the potential. The$?y is the required approximation for
the overlap integral, and

points forr;=1.0-1.3 fm anda=0.5-0.7 fm with 0.1 fm c
steps and add ésomewhat arbitrajypoint atry=1.13 fm p _|_'ele ®)
anda=0.55 fm. The depth of the potential is adjusted to Ble bIBjB

reproduce the binding energy 8B at eg=— 137 keV. This

is very important in order to obtain the correct asymptoticgives the connection between the single-particle spectro-
behavior for the wave functions. With these single-particlescopic factor, the nuclear ANC, and the single-particle ANC.
wave functions, the rms radius predicted for thg drbital ~ When the spectroscopic factor of the component containing
varies anywhere between 3.84 and 4.66 fm. However, thesbe 'Be ground state iS;, one searches for the geometrical
single-particle wave functions, which are all normalized toparameters of the potential to produce

unity, fail to reproduce the experimental ANC. In contrast,

requiring the overlap integrals in Eq5) to have the Sé/2b|BjB(R.a):Ceff, 9
asymptotic behavior given by the ANC extracted from ex-

periment produces an average value (og ;’Uz= 3.98 fm  where we have explicitly indicated the dependence on the
over the 13 points, with a standard deviation of onlyradius R and diffusivity a of the potential. This approach
0.08 fm. With this procedure all the overlap integrals aremakes sense if th@inknowr) spectroscopic factor is close to
identical at large distances, but may differ in the interior ofunity. A complication occurs since the single-particle ANC
the nucleus. However, the predicted rms radii are nearly;; depends not only on the geometrical parameters, but also
identical, varying much less than the uncertaintysf?)¥2  on the functional form of the potential. To account for this,
=0.20 fm induced by the 5% experimental error in the de-we have examined the following functional formsa)
termination of the ANC itself. This is essentially due to the Woods-SaxonWS), (b) Gaussian(GS), (¢) Morse (MO),

fact that the asymptotic region of the wave function gives theand(d) square wel[SW). In each case the effective potential
major contribution to the rms radius. The region at radiiconsists of a nuclear part, a spin-orbit part, and a Coulomb
larger thanR=4.0 fm contributes 23—-33 % to the norm of part. In all cases the spin-orbit term is taken in the usual
the wave function, but it contributes an average of 86% torhomas form with a strength taken from global parametriza-
the rms radius. Thus, the error we make by replacing in théions[24], except for caséd) where we have uséd;=0. In

first term of Eq.(5), the (unknown overlap integral in the caseda), (c), and(d) the Coulomb potential is given by the
interior, with the wave functions calculated above is small,potential of a point charge interacting with a charg&e

but it is very important to use the correct function at largeuniformly distributed in a sphere of radil®&.=R,,, where
distances. Moreover, the result that the region outside thR, is the nuclear radius parameter. In célsethe Coulomb
core radius contributes most justifies the use of a singlepotential assumes a Gaussian charge distribution of the core.
particle overlap integral. Microscopic calculatiofs1—23 For each functional form of the potential, we search on geo-
also conclude that the many-body overlap integrals are closeetrical parameters in such a way that the quantity
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for all four potential shapes. Therefore, the rms radius of the
wave function is nearly model independent.

It is important to estimate the effect of core excitation on
the valence proton radius. For this, we write the wave func-
tion as

®B(g.5))=Sy 1 "Be(3/27 )@ pj1,+ + SY1"Be* (1/27)

®Paplo++ -, (12
and then calculate

S S
2_ .2 2 _ 9 2 e
rh—rg+re+..._sg+se+mr1+sg+se+m

2
r2+...,

-8
PRI WA [N TS ST AN TN R SN S N S A SV AN S
W6 37 38 39 4 41 42 (13

whereS; are the spectroscopic factors andre the rms radii

of the corresponding single-particle wave functions. In this
conventionS;+ S,=1. To estimate the contribution of core
excitation, we calculate the rms radius for a proton wave
function in the Woods-Saxon potentials with the same pa-

FIG. 1. Dependence of the? of Eq. (10) on the rms radius of
the valence wave functiony using a Woods-Saxon single-particle
potential. Symbols are connected by lines to guide the eye.

40 fm W(2kgri) 2
2_ E sl2,ry—C (2keri) 10 rameters as above, but require its energy to be,at—S,
X g W(r)—Cets ‘ (10) 7 T 4 |
r=Ry r —E*['Be*(1/27)]=—568 keV. We get,=3.76 fm. Mi-

croscopic calculationg21,26 find that the 'Be first excited
becomes minimum. The wave function in H40) is calcu-  stateJ”=1/2" atE* =0.429 keV also contributes. A recent
lated by the well depth method for quantum numbers experiment put this contribution at abot8,/(Sy+Se)
=0,1=1, j=3/2. If y*—0 for some specific values of geo- ~0.15[25]. With this assumption, we estimate that the con-
metrical parameters of the potential, then Ef0) ensures tribution of the core excitation to the mean square raffiss
the convergence in norm. It follows that not only the func- 4] is r§~2.l fn?, using the single-particle modgsecond
tion and its first derivative is matched to the renormalizedierm in Eq.(13)]. Including this effect, all methodégrid,
Whittaker function, but all derivatives are identical at theWS’ GS, MO, SW give similar results and we find the av-
matching radius. In practice we have useg=6 fm, and  erage rms radius for the last proton #8 to be r,=4.20
verified thatRy=5 fm does not change the results below. +0.22 fm. The individual results are summarized in Table .
Results from calculations with Woods-Saxon potentials The overlap integrals obtained in the WS calculation are
are displayed in Fig. 1. We usg;=0.85, as suggested by gjsplayed in Fig. 2 and compared with microscopic calcula-
one experimen{25] and in range with some calculations tjons of Timofeyuk[21]. Those one-nucleon overlap inte-
[21,26, but show that the actual value does not matter, agrals were obtained in a self-consistent many-body calcula-
long as it is close to unity. For the diffusivity parameter fixedjon ysing the effective interactions mentioned in the figure.
in the rangea=0.45-0.70 fm, the radius parameter of the one observes a small dispersion in the interior part of the
potential is varied in small steps till the absolute minimum in\y/s wave functions. They are matched to the renormalized
x’ is reached. For each pair of parameters, fievalue is  whittaker function atRy=4 fm, although our matching
plotted as a function of the rms radius of the wave funCtion-procedure is performed at 6 fm. Also, one observes that only
The minimum iny? is very deep, dropping by three orders of the M3Y interaction predicts an overlap integral close to
magnitude compared to adjacent values, pointing to a uniqugyrs. All others have too much strength in the asymptotic
solution of Eq.(9) and a very small dispersion in the rms region, and therefore, do not match the measured ANC.
radius of the wave function. Finally, the average value of the Assuming a different value for the spectroscopic faGgr
rms radius of the fo; orbital is calculated by in the procedure outlined above changes the radjufsund
for the 1p; single-particle orbital, but does not change the
1 result for the contribution of théBe ground state to the rms
XiZ radius of the last protofrry in Eq. (13)]. For example, as-
(11 suming S;=1.0, we obtainry=r,;=4.00=0.20 fm, very
> = close to what we obtained above. Thizg)(is in fact the only
X2 contribution to the mean-square radius that we can determine
directly from the ANC measured from the peripheral proton
The sum runs over the 400 wave functions that were calcutransfer reactions, without reference to other experimental
lated. results or to model-dependent assumptions.
The same calculations were done for shafi®s(d). We In order to determine the contribution of the asymptotic
obtain essentially the same rms radius for the wave functiopart of the wave function to the halo radius, we evaluate

r1=2 Wi<r2>illzv W=
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TABLE I. Halo radii ry andry,, without and with core excitation contribution, and the matter radjys
for 8B. The variance is calculated assuming propagation of correlated errors. Lines labeled MB give results
from microscopic many-body model calculations with different effective interactiisnesota, Hasegawa,
M3Y, Volkov). The data labeled “exp” are obtained with various models, as described in the references.

lg 'y (g
Model [fm] [fm] [fm] Ref.
grid 3.98+0.20 4.23-0.22 2.610.04 present
WS 3.91£0.18 4.18-0.20 2.60£0.04 present
GS 3.92:0.18 4.20:0.20 2.60£0.04 present
MO 3.93£0.18 4.210.20 2.60:0.04 present
SW 3.9740.18 4.22£0.20 2.6 0.04 present
aver 3.94-0.20 4.20-0.22 2.60:-0.04 present
two-body 3.75 251 [27]
RPA-+mean field 4.73 2.58 [28]
RGM 2.57 [22]
cluster 2.58-2.60 [26]
cluster 2.56 [29]
cluster 2.73 [20]
MB(Min) 4.402 2.68P [21]
MB(Has 4.432 2.68° [21]
MB(M3Y) 4,632 2.68° [21]
MB(V2) 4.442 2.72° [21]
exp 2.39-0.04 [1]
exp 271 [6]
exp 3.970.12 2.55-0.08 [5]
exp 2.45-0.10 [30]
exp 2.43-0.03 [31]
exp 2.72 [4]
exp 2.50-0.04 [32]
exp 4.64-0.23 2.83-0.06 [13,2]
&Calculated with Eq(13) using Table Il of Ref[21].
bCalculated with Eq(15).
- , 1\ o~ 08 1
A 5 N
f Nr drye(r) Eorf 3p
Dy\(Ry)=| ————— SRR ) Woods S
- W 0ods daxon
fo rZ)\d“pz(r) 06 ﬁ; - - - Whittaker
05 [ \\‘:i _____ Minnesota
‘ 3 ... M3y
with A=1,2, which measures the contribution of the 0.4 E \ “* ,,,,, Hasegawa
asymptotic part to the norm and to the rms radius, respec- : \% Volkov V2
tively. For Ry=4 fm we find D;(;)=0.29 (0.85). There- 03[ A%
fore, the asymptotic part of the wave function contributes : AR
85% to the rms radius. Furthermore, if we eliminate the Cou- 02 ,‘{"t.&
lomb field and keep all other parameters of the potential : N
fixed, the rms radius increases to 6.18 fm, which is compa- OLp (T “""-~.~N
rable to that of''Be [33]. o i, L SEe——n—n
Is B a proton-halo nucleus? Although we do not have a 06 2 4 6 8 10 12 14 16 18 20

clear definition of this phenomenon, it is generally accepted

that the fingerprint of a halo nucleus in a ground state is

r(fm)

FIG. 2. Overlap integralgrl (r)] obtained in the minimization

dominated by a weakly bound single- or two-particle com-procedure of Fig. 1 with a Woods-Saxon potential are compared
ponent that extends far outside the core. Low angular mowith the renormalized Whittaker function and with microscopic cal-
mentum for low centrifugal barrier and low or no Coulomb culations with various effective interactiofil]. r., is the radius of
barrier are required conditions for this to happen. Thesehe 'Be core.
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Finally, to study another quantity that is also sensitive to

o b *Be(*B,’Be) the same one—nuclgor_] ov_erlap integra], we calculate _the par-
allel momentum distribution for corelike fragments in the
™ 400 [ E,,=4IA MeV one-proton breakup reaction 88 on °Be and '°C targets

using the Hansen modgB4]. For these reactions there are
experimental data at 40 MeV/nucled8] and 41 MeV/
nucleon[7]. The calculations are presented in Fig. 3 for one
WS wave function and for the many-body overlap integral
with the Volkov force. For the latter, the contributions from
ps;» andp4,, components are shown separately, together with
their incoherent sum. Theoretical distributions that were not
corrected for experimental effects are compared to data taken
from [7] in the figure. Both theoretical momentum distribu-
tions were normalized to the maximum in the experimental
data, and they are nearly identical in shape. The shape of the
distribution is not able to distinguish between the two func-
S 0L tions since both of them reflect the same s_epara;ion energy
k. (MeVic) and carry the same angular momentum. This entirely deter-
‘ mines the shape of the distribution because differences be-
FIG. 3. Parallel momentum distributions for corelike fragmentstween the two functions in the nuclear interior are obscured
in a breakup reaction ofB on a °Be target at 41 MeV/nucleon, by the reaction mechanisi®5]. The most important spec-
calculated in the Hansen model with a Woods-Saxon wave functiofiroscopic information contained in the wave function is lost
and with microscopic overlap integral with Volkov for¢21], are by normalizing to the data. The situation is quite different if
compared with experimental dafd]. Contributions fromps, and ~ we look to the total breakup cross section, presented in Table
Py, States are shown separately for the Volkov force, together withl. As expected, the WS wave function and the M3Y overlap
their incoherent sum. Both calculations are normalized to the datdntegral, which have similar strengths at asymptotic dis-
The absolute cross sections are given in Table II. tances, give similar results. They also reproduce the experi-
translate into narrow momentum distributions and Iargemental value,_ which gives further conf|rmf':1t|on for ot
breakup and reaction cross sections as compared to the mo%erlap function obtained _from the experlmental ANC. In_
bound neighboring nuclei. Typical neutron-halo nuclei arecontrast, all other overlap integrals overestimate the experi-
Be and'Li [1]. On the proton-drip-line side, proton ha-
loes are not likely to appear easily due to the strong confingtuled out.
ment effect of the Coulomb barrier. We have calculated the We conclude that the above are strong a_rgumenté‘&)r
intrinsic momentum distribution for the various overlap inte- P€iNg @ halo nucleus. Takin®y=2.5 fm in Eq. (14),
grals discussed above. The calculated distributions are indiglightly larger than the radius of théBe core[1], we find
tinguishable up to momenta as large as 200 MeBeyond ~ D1(2=0.64 (0.90). Therefore, the probability to find the
this value, the weak dependence of the wave functions on tH@St proton outside théBe core is around 65%. Contribu-
potential is seen in Fig. 2 and translates into small variation§0ns from clusterlike configurations, not considered here, to
in momentum space that are not observable in a breakui€ ground state ofB cannot change significantly the above
reaction. Therefore, our wave functions give almost the samgonclusions. . _
localization probability in momentum space. The average These findings also aII_ow us to estimate the matter radius
full widths at half maximum werd’,=136 MeVk for the  Of the ®B nucleus according tfB6]:
total momentum distributiorl; ,= 165 MeVk for the paral-
lel momentum distribution, ani, =149 MeVk for the ra- r2 :L Ar2+r24 A r2 (15)
dial momentum distribution. The parallel momentum distri- mUA+LTTe TP AL )
bution is three times larger than fdfBe. Of course this
distribution is strongly filtered by the reaction mechanism inwhere r=2.33+0.02 fm is the experimentally measured
a breakup reaction. rms radius of the core nucleu®e [1], r,=0.81 fmis the

do/dk_(counts)

Yd

h

=
T

17

=4

=
T

250
200 |
150 |
100 F
50 F

b o
o°¢° (5

0 FL 99002639000 vl vt Dt
1700 1750 1800 1850 1900

mental value by a factor of 2 or more, and therefore, can be

TABLE Il. Calculated total breakup cross sectioor (;,) for the reaction®B+C—'Be+--- at 40
MeV/nucleon and full width at half maximum for the parallel momentum distribufignin the reaction
8B+°Be—'Be+- - - at 41 MeV/nucleon.

WS M3Y Minnesota Hasegawa Volkov Exp.
T_1p 97.5 96.6 176.0 213.8 266.9 805 [3]
(mb)
r, 73.2 73.1 73.2 72.9 73.3 814 [7]
(MeVic)
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proton radius, and, is the halo radius from Table I. This have shown that this result is independent of the functional
formula assumes thatBe behaves identically insid®8B8 as  form of the potential and its geometrical parameters. We
the free ‘Be and accounts of the recoil effect of tf#®  obtain an rms radius of 4.200.22 fm for the last proton in
center of mass with respect to tH8e core. The extracted 8B, which shows that on average it is localized at a distance
rms radius of®B is r,=2.60=0.04 fm. Further contribu- two times larger than the size of the core. The effect is en-
tions from clusterlike components in tf8 wave function tirely due to the very low binding energy of the last proton.
will modify this value, but we cannot estimate their contri- Core excitation effects on the halo radius are included, but
bution._However., we note that this simple estimate comparegey represent only a small correction. The asymptotic part
well with experimental measurementsee Table )l and  f the wave function contributes about 85% to the orbit ra-
agrees with the values given by far more sophisticated RGMj;s \when combined with the experimentally measured ra-
and many-body calculatior|21,22,26,28,2p Note that, in  4j,q of the core nucleuBe, the radius offB is close to

fact, all radii labeled "exp™ in Table | are model dependent, values extracted from reaction and interaction cross sections

ap?hthe raSSlilTpt'o?s V?Pf/ frrorEtciart]?s t?hcaf‘ri' Trhziag\gcntagﬁd agrees with that obtained in sophisticated RGM and
ot the present approach for obtaining the rms radiu many-body calculations. The consistency of our overlap in-

over more complete many-body treatments stems from th?egral with the measured parallel momentum distribution and

fact that it ma'_[ches the e>.<per|ment, thrqugh the ANC, thetotal breakup cross section was also verified. The halo nature
part that contributes most: the asymptotic part of the one-

. . . of 8B seems firmly established.

nucleon overlap integral. This is possible only for halo nu-
clei. We thank N. K. Timofeyuk for correspondence. One of

In summary, we have examined the possibility to extractus (F.C) thanks the Cyclotron Institute, Texa & M Uni-
valuable information regarding the wave function®& from  versity for the hospitality and support extended for the visit
the experimentally measured asymptotic normalization coefduring which a part of this work was completed. This work
ficient. Under favorable circumstancésery low separation was supported in part by the U.S. Department of Energy
energy and a spectroscopic factor close)tone have shown under Grant No. DE-FG03-93ER40773 and by the Robert A.
that the rms radius of the last proton can be determined. W#/elch Foundation.
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