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Vacuum squeezing in atomic media via self-rotation
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When linearly polarized light propagates through a medium in which elliptically polarized light would
undergo self-rotation, squeezed vacuum can appear in the orthogonal polarization. A simple relationship be-
tween self-rotation and the degree of vacuum squeezing is developed. Taking into account absorption, we find
the optimum conditions for squeezing in any medium that can produce self-rotation. We then find analytic
expressions for the amount of vacuum squeezing produced by an atomic vapor when light is near-resonant with
a transition between various low-angular-momentum states. Finally, we consider a gas of multilevel Rb atoms,
and analyze squeezing for light tuned near theD lines under realistic conditions.
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I. INTRODUCTION

Quantum fluctuations are the main factor limiting the p
cision of many measurements and the signal-to-noise rat
optical communication. However, shot noise is not a fun
mental restriction on the precision of an optical measurem
if nonclassical states of light are used@1–6#. For example,
squeezed vacuum has been used to improve the perform
of optical interferometers beyond the shot-noise limit@7,8#.
A number of techniques for producing squeezed states
light using nonlinear optics have been developed~see, e.g.,
Ref. @9# and references therein!.

It has been known for some time that if linearly polariz
light propagates through a medium that can produce non
ear self-rotation~SR! of elliptically polarized light~see, e.g.,
Refs. @10–14# and references therein!, the light will be in a
squeezed state after traversal of the medium if losses in
medium are sufficiently small. A detailed theoretical study
this effect for a generic Kerr medium without absorption w
carried out in Ref.@15#. It can be difficult to achieve efficien
squeezing in a realistic Kerr medium because of the abs
tion and scattering of light. Nonetheless, squeezed elec
magnetic vacuum was recently produced in a nonbirefring
optical fiber in which elliptically polarized light undergoe
SR @16#.

In this paper, we derive a simple formula for the amou
of squeezing generated by a medium which exhibits s
rotation, including the effects of absorption~which acts to
diminish the squeezing!. In atomic vapors, one can take a
vantage of resonant enhancement of self-rotation~as well as
coherence and interference effects@17–25#! to create a me-
dium in which there is large SR and small absorption. E
ploying density-matrix calculations, we analyze vacuu
squeezing of resonant light in some low-angular-momen
atomic systems and in atomic rubidium. We find that un
readily achievable experimental conditions, vacuum sque
ing of about 8 dB can be expected.
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II. RELATIONSHIP BETWEEN SELF-ROTATION AND
VACUUM SQUEEZING

Before embarking on the calculations, we present a qu
tative explanation of why self-rotation leads to squeezi
Suppose that we have a strong linearly polarized~along ŷ)
light field propagating in theẑ direction through a medium in
which elliptically polarized light would undergo SR. Als
suppose there is a weak co-propagatingx-polarized light
field. In general, the resultant field is elliptically polarize
and the principal axis of the polarization ellipse will rota
upon propagation through the medium. This rotation proje
a portion of the strong field alongx̂. Depending on the rela
tive phase between the orthogonally polarized strong
weak input fields, thex-polarized output field can be ampl
fied or attenuated compared to the weak input field~phase-
sensitive gain or loss!. In the latter case, we have a negati
feedback mechanism which reduces the field alongx̂. This
analysis applies even when the weak input field is solely
to vacuum fluctuations.

To describe squeezing that accompanies propagatio
light through a nonlinear SR medium, we first introduce
phenomenological description of SR. The interaction of lig
of ellipticity e with an atomic medium of length, can induce
circular birefringence and linear dichroism in the mediu
This results in rotation by an anglew of the principal axis of
the light polarization ellipse. Mechanisms for SR have be
discussed in, e.g., Ref.@11#. For optically thin media and
small initial ellipticity e(0)!1, the principal axis of the po-
larization ellipse rotates by an angle

w5ge~0!,, ~1!

where we have defined an SR parameterg that, for a given
atomic medium, depends only on the incident light intens
and frequency. Because the initial ellipticity of the light fie
is small,w!1. We also assume thate does not change sig
nificantly as light propagates through the medium@i.e., e is
©2002 The American Physical Society15-1
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independent ofz, so that e(0)5e(,)5e], an assumption
that we will later show is justified in concrete examples co
sidered in Secs. IV and VI.

The absorption of light by the medium is characterized
the parametera; the light intensityI (z) as a function of the
distancez the light has propagated through the medium
given by I (z)5I (0)exp(2az).

The parametersg and a can be measured or calculate
~see, Refs.@11–14# and Secs. III and IV!; knowledge of
these two parameters allows one to calculate the amoun
vacuum squeezing produced by a given system, in the
lowing manner. Consider a monochromatic light fieldE(z,t)
propagating in theẑ direction represented by

E~z,t !5Ex~z,t !x̂1Ey~z,t !ŷ,

Ex~z,t !5Ex~z!cos@kz2vt1f~z!#, ~2!

Ey~z,t !5Ey~z!cos~kz2vt !,

whereEx(z) andEy(z) are the real positive amplitudes of th
x- and y-polarized components of the electromagnetic fie
v is the light frequency,k5v/c is the vacuum wave numbe
andf(z) is the relative phase between the two compone
The light field can also be written in terms of its positiv
and negative-frequency components,Ex,y

1 (z,t) andEx,y
2 (z,t),

where

E1~z,t !5
Ex~z!

2
ei @kz2vt1f~z!#x̂1

Ey~z!

2
ei ~kz2vt !ŷ

E2~z,t !5
Ex~z!

2
e2 i @kz2vt1f~z!#x̂1

Ey~z!

2
e2 i ~kz2vt !ŷ.

~3!

The ellipticity e of the light field is given by~see, e.g.,
Ref. @29#!

e5
1

2
arcsin

i ~Ex
2Ey

12Ey
2Ex

1!

uExu21uEyu2
. ~4!

Assuming thatEy(z)@Ex(z), we have for the ellipticity
e(z),

e~z!'
Ex~z!

Ey~z!
sinf~z!. ~5!

First we consider an SR medium of length, for which
absorption is negligible (a,'0), and relate the optical field
at the output to the input fields, using Eq.~1!. For simplicity,
we deal only with the positive-frequency components of
optical electric field. The output fieldsEx

1(,) andEy
1(,) are

then given by

FEx
1~, !

Ey
1~, !G'F 1 w

2w 1G FEx~0!eif~0!

Ey~0! Gei ~k,2vt !. ~6!

The positive-frequency part of thex-polarized component o
the output field is given by
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Ex
1~, !'@Ex~0!eif~0!1g,e~0!Ey~0!#ei ~k,2vt !. ~7!

Employing the expression for the ellipticity, Eq.~5!, in Eq.
~7!, we obtain

Ex
1~, !'Ex~0!ei ~k,2vt !@eif~0!1g, sinf~0!#. ~8!

In order to describe squeezing of vacuum fluctuatio
one must use a quantum-mechanical description of the l
field. We introduce the quantum-mechanical operatorÊx for
a monochromaticx-polarized light field, which can be writ-
ten in terms of the photon annihilation and creation ope
tors, âx and âx

† , respectively, as~see, e.g., Ref.@3#!

Êx5
E0

2
@ âxe

i ~kz2vt !1âx
†e2 i ~kz2vt !#, ~9!

where E0 is the characteristic amplitude of unsqueez
vacuum fluctuations@2–4,6#. The creation and annihilation
operators satisfy the commutation relations

@ âl ,âl8
†

#5d~l,l8!

@ âl ,âl8#50, ~10!

wherel refers to the mode~light frequency and polarization!
and d(l,l8) is the Kronecker-delta symbol. When one
interested in the behavior of a multimode field, one can ca
out a sum or integral over the appropriate modes~see, e.g.,
Refs.@6,26#!. Such an approach is important in situations
which the squeezing is frequency dependent over the ba
width of the light. Here, we assume that SR does not v
over the bandwidth of the light and that the measurem
time is much longer than the inverse of the spectral width
the SR features, so for simplicity, we consider a single-mo
field and make use of Eq.~9!.

Since the degree of squeezing is phase dependent, i
experiment it is necessary to use a phase-sensitive dete
technique~such as a balanced-homodyne scheme@3#!. In
such a scheme one measures the electromagnetic field
particular phasex with respect to a local oscillator. Th
phase-dependent electric-field operator~see, e.g., Ref.@3#! is
given by

Êx~x,z!5
E0

2
@ âx~z!eix1âx

†~z!e2 ix#, ~11!

where we have assumed that the frequency of the local
cillator is the same as that of the monochromatic light wa
andx is the time-independent phase difference between
local oscillator and the electromagnetic field at the outpu

In analogy with the classical formulas for ellipticity, Eq
~4! and~5!, we introduce an ellipticity operatorê for a nearly
y-polarized light beam:

ê~z!5E0

âx~z!2âx
†~z!

2iEy~z!
, ~12!

whereâx(z) and âx
†(z) are the photon annihilation and cre

ation operators at positionz. This operator gives the ratio o
5-2
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the component ofEx out-of-phase withEy to Ey . Indeed,
supposing that thex-polarized field component is a cohere
stateuh& ~which is an eigenstate of the annihilation opera
with eigenvalueh5uhueif) at positionz, we can use the
above operator to reproduce Eq.~5!:

e5^ê&

5K hU E0@ âx~z!2âx
†~z!#

2iEy~z!
UhL

5
E0

2iEy~z!
~h2h* !5

uhuE0

Ey~z!
sinf~z!5

Ex~z!

Ey~z!
sinf~z!.

~13!

In analogy to Eq.~7!, we have for thex-polarized optical
electric field after propagation through the vapor of length,

Êx
1~, !5

E0

2 H âx~0!1
ig,

2
@ âx

†~0!2âx~0!#J eix. ~14!

It is useful to write the output field operatorÊx(,) in terms
of its own set of creation and annihilation operators as in
~11!, in which case the annihilation operatorâx(,) at the
output of the medium is given by

âx~, !5âx~0!1
ig,

2
@ âx

†~0!2âx~0!#. ~15!

Let us calculate what happens to thex-polarized vacuum
field when light that is linearly polarized alongy propagates
through the atomic vapor, assuming that there is no abs
tion (a50). By using our expression forâx(,) from Eq.
~15! in Eq. ~11!, we find that the phase-dependent opera
describing thex-polarized field after propagation through th
atomic medium is

Êx~x,, !5
E0

2
âx~0!~eix2 ig, cosx!

1
E0

2
âx

†~0!~e2 ix1 ig, cosx!. ~16!

If the inputx-polarized field is the vacuum stateu0&, then the
expectation value of the output field̂Êx(x,,)&50. How-
ever,^Êx(x,,)2& is nonzero, so the quantum fluctuations
Ex(x,,), given by

^DEx~x,, !2&5^Êx~x,, !2&2^Êx~x,, !&25^Êx~x,, !2&

5
E0

2

4
~122g, sinx cosx1g2,2 cos2 x!

~17!

are phase dependent, and for a particular choice of the p
x can be made smaller than the fluctuations of the vacu
field (E0

2/4). Figure 1 shows the quantum fluctuatio
^DEx

2&/(E0
2/4) @Eq. ~17!# as a function ofx for the case of

g,55, illustrating that there is a restricted range of pha
for which large squeezing is obtained.
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The optimum phase of the local oscillator for squeezing
found by setting

]

]x
^@DEx~x,, !#2&50. ~18!

We have

2 cos 2x1g, sin 2x50, ~19!

so that the optimum phasexopt is

xopt5
1

2
arctanS 2

2

g, D1S n1
1

2Dp, ~20!

where

n51,2,3,... . ~21!

The minimum fluctuations in thex-polarized output field are

^@DEx~xopt,, !#2&5
E0

2

4 F11
g2,2

2
2

21g2,2/2

A114/~g2,2!
G .

~22!

In the limit whereg,@1, we obtain

^@DEx~xopt,, !#2&'
E0

2

g2,2 . ~23!

In general, since the creation and annihilation operat
do not commute@Eq. ~10!#, there is an uncertainty relation
ship between the fluctuations measured at a local oscill
phase ofx and a phasex1p/2 ~see, e.g., Ref.@3#!:

^@DEx~x,, !#2&^@DEx~x1p/2,, !#2&>S E0
2

4 D 2

. ~24!

If Eq. ~24! is satisfied as an equality for some phasex, then
the electromagnetic field is said to be in a minimum
uncertainty state. In this sense, the squeezed vacuum

FIG. 1. Quantum fluctuationŝDEx
2&/(E0

2/4) as a function of the
local oscillator phasex for the case of zero absorption (a50) and
g,55.
5-3
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produced by SR is a minimum-uncertainty state, as can
seen by choosingx5xopt in Eq. ~24!.

We now turn to SR media that have nonzero absorpt
One can model a medium with small total absorption in
following way. We assume that we have an ideal transpa
SR medium. A small fraction of the light transmitted throu
the medium is reflected away by a beam splitter. At the sa
time, vacuum fluctuations enter through the dark port of
beamsplitter. Thus the squeezed vacuum is attenuated b
amounte2a,'12a, while 12ea,'a, of noise is added
in quadrature. Equation~23! becomes

^@DEx~xopt,, !#2&'
E0

2

4 S 4

g2,2 1a, D . ~25!

We would like to optimize squeezing with respect to,, so we
set

]

],
^@DEx~xopt,, !#2&50, ~26!

from which we obtain the optimum number of absorpti
lengths

a,opt52S a

g D 2/3

. ~27!

Substituting the value of,opt from Eq. ~27! into Eq. ~25!
and taking the limit whereg/a@1, we obtain

^@DEx~xopt,,opt!#
2&'

3E0
2

4 S a

g D 2/3

. ~28!

The squeezing parameters is the ratio of the amplitudes o
the quantum fluctuations after and before light propaga
through the SR medium:

s5A E0
2/4

^@DEx~xopt,,opt!#
2&

. ~29!

The reason thats is the relevant parameter describin
squeezing is that in order to take advantage of the redu
noise in the vacuum field, one must interfere the squee
vacuum with another field of nonzero amplitude. Then
dominant noise contribution due to the vacuum appears
cross term between the real and vacuum field amplitudes
such a scenario,s represents the improvement in the sign
to-noise ratio over the shot-noise limit.

From Eq.~28!, we find

s5
1

)
S g

a D 1/3

. ~30!

Equation ~30! represents a general result for the optim
~with respect to local oscillator phasex and path length,!
vacuum squeezing obtainable in an SR medium with sm
total absorption.

In this article, numerical values fors are given in dB,
obtained by taking 10 log10s.
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Often, it is useful to characterize the light field in terms
the Stokes parameters, given in terms of the positive-
negative-frequency components of the field by~see, e.g.,
Ref. @29#!

S05Ex
1Ex

21Ey
1Ey

2'uEyu2,

S15Ex
1Ex

22Ey
1Ey

2'2uEyu2,

S25Ex
1Ey

21Ex
2Ey

1'Ey~Ex
11Ex

2!,

S35 i ~Ex
1Ey

22Ex
2Ey

1!' iEy~Ex
12Ex

2!, ~31!

so, in the case considered here, we obtain squeezing in
ticular combinations of theS2 andS3 Stokes parameters.

III. DESCRIPTION OF THE DENSITY-MATRIX
CALCULATION

In order to determine the vacuum squeezing produced
a given atomic system, we perform a calculation of the
rametersg and a based on a standard density matrix a
proach. The time evolution of the atomic density-matrixr
under the action of the light-atom interaction Hamiltoni
HL52E•d, whereE is the electric-field vector, andd is the
dipole operator, is given by the Liouville equation~see, e.g.,
Ref. @27#!

dr

dt
5

1

i\
@H,r#2

1

2
$G,r%1L, ~32!

where the square brackets denote the commutator and
curly brackets the anticommutator, and the total Hamilton
H is the sum ofHL and the unperturbed HamiltonianH0 . G
is the relaxation matrix~diagonal in the collision-free ap
proximation!

^jJmuGujJm&5g1g0d~j,je!, ~33!

whereg andg0 are the ground-state depolarization rate a
the spontaneous decay rate from the upper state, respect
and j represents the quantum number distinguishing
ground statejg from the excited stateje . L5L01L repop is
the pumping term, where the diagonal matrix

^jgJgmuL0ujgJgm&5
gr0

~2Jg11!
~34!

describes incoherent ground-state pumping (r0 is the atomic
density!, and

^jgJgmuL repopujgJgm8&

5g0 (
me ,me8 ,q

^Jg ,m,1,quJe ,me&^Jg ,m8,1,quJe ,me8&

3rje
JemejeJeme8 , ~35!

describes repopulation due to spontaneous relaxation f
the upper level~see, e.g., Ref.@28#!. Here ^...u...& are the
Clebsch-Gordan coefficients.
5-4
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The electric-field vector is written~see, e.g., Ref.@29#!

E5
1

2
@E0eif~cosw cose2 i sinw sine!ei ~vt2kz!1c.c.# x̂

1
1

2
@E0eif~sinw cose1 i cosw sine!ei ~vt2kz!1c.c.# ŷ,

~36!

whereE0 is the electric-field amplitude,w is the polarization
angle, andf is the overall phase. By substituting Eq.~36!
into the wave equation

S v2

c2 1
d2

dz2DE52
4p

c2

d2

dt2
P, ~37!

whereP5Tr rd is the polarization of the medium, the ab
sorption, rotation, phase shift, and change of ellipticity p
unit distance for an optically thin medium can be found
terms of the density-matrix elements~these expressions ar
given in Ref.@11#!.

IV. ANALYSIS FOR JgÄ1Õ2\JeÄ1Õ2,3Õ2 SYSTEMS

Using the rotating-wave approximation, we solve Eq.~32!
for a closedJg51/2→Je51/2 transition~an X system, Fig.
2!; analytic solutions for the optical response are readily
tained in this case. We assume homogeneous broade
since, as will be shown later, the homogeneous width du
power broadening exceeds the Doppler width under the c
ditions where large vacuum squeezing is obtained. T
simple system can be realized experimentally in a numbe
different ways. For example, at light powers high enough
that hyperfine effects can be neglected, theD1 line in alkali
atoms can be treated as a simple 1/2→1/2 system. Also, SR
in this system was studied theoretically and experiment
in Ref. @12#, where K atoms were employed and He buff

FIG. 2. Schematic energy level diagram for theX-system (Jg

51/2→Je51/2 transition!. g denotes the relaxation rate of groun
state atomic polarization;g0 denotes the homogeneous width of t
upper state;s1 ands2 represent the left- and right-circularly po
larized components of the light field, whose frequency is detu
by D from resonance.
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gas was used to collisionally broaden the 42S1/2→42P1/2
transition to remove hyperfine effects.

The solutions can be simplified by assuming thatg
!g0 . For the absorption coefficienta as a function of light
frequency detuningD and in terms of the optical-pumpin
saturation parameter

k5
d2E0

2

gg0
, ~38!

where d is the reduced electric-dipole matrix element, w
find

a~k,D!'
a0

114~D/g0!21~g/g0!~k/3!
, ~39!

wherea05a(0,0) is the unsaturated absorption coefficie
on resonance, given by

a05
n

2p
l2

2Je11

2Jg11
, ~40!

wheren is the atomic density andl is the wavelength of the
light. As a function of D, a~k, D! is a power-broadened
Lorentzian profile. For the self-rotation parameterg, we find

g~k,D!'
2

9

a~k,D!kD/g0

114~D/g0!21k/9
. ~41!

From Eq.~41!, we see that at low light powers (k!1), SR
increases linearly with light intensity. At high light intensitie
(k@1), g falls off ask21. We also note that whilea is an
even function of detuning,g is antisymmetric with respect to
D.

From these expressions we find the squeezings @Eq.
~30!#, optimized in terms of the sample length, and the local
oscillator phasex,

s~k,D!'
1

3 F 2

)

kD/g0

114~D/g0!21k/9G 1/3

. ~42!

The detuning that maximizess for a givenk is

Dopt5
g0

2
A11k/9. ~43!

The optimum detuning increases with light intensity due
power broadening. SubstitutingDopt into Eq.~42! and taking
the limit of large light power gives the best possible sque
ing as a function of light power:

s~k,Dopt!'S k

972D
1/6

5S d2E0
2

972g0g D 1/6

. ~44!

The number of unsaturated absorption lengths on re
nance required to produce this squeezing can be obta
using Eq.~27!

a0,opt'2Fa~k,Dopt!

g~k,Dopt!
G2/3 a0

a~k,Dopt!
'S 4&

9
k D 2/3

. ~45!

d

5-5
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Performing a similar analysis for a closedJg51/2→Je
53/2 transition, corresponding to theD2 line in alkali at-
oms, one obtains

s~k,Dopt!'S k

7776D
1/6

a0,opt'S 4&

9
k D 2/3

, ~46!

which is, up to a numerical factor fors, the same as for the
X-system.

An important assumption in our derivation of Eq.~30!
was that the ellipticity of the light does not change sign
cantly as the light propagates through the atomic medi
Now we can justify this assumption for the cases conside
in the present section. There are two mechanisms which
cause ‘‘self-elliptization’’~SE! of the light field: linear bire-
fringence and circular dichroism. In general, because
chroic effects are related to the absorptive properties of
medium and we are always in a regime wherea, is small,
SE caused by circular dichroism is negligible. In Ref.@11#,
there are two physical mechanisms identified as poss
causes of SR for systems withJg51/2: optical pumping and
ac Stark shifts, both of which lead only to circular dichrois
Thus SE can be neglected in the present cases. For
X-system, the change in ellipticityde is described by

de

e~0!,
'

2

9

a~k,D!k

114~D/g0!21k/9
. ~47!

We see that SE is suppressed by a factor ofg0 /D compared
to SR @Eq. ~41!#. Under optimum conditions for squeezin
~see Sec. V! andk@1, g0 /D;6/Ak—confirming that SE is
negligible in our case. These arguments also show why in
present cases SE is not an effective mechanism for produ
squeezed vacuum in one of the circular components of
light field.

V. ESTIMATE OF ACHIEVABLE VACUUM SQUEEZING

First we consider the vacuum squeezing attainable by
ing a buffer-gas-free cell without antirelaxation wall coatin
Generally, for a given laser power, a smaller beam diam
results in higherk and better squeezing@30#. For a reason-
ably attainable 1-W, 100-mm-diameter laser beam, the ligh
electric-field amplitude is;3 kV/cm and the effective
ground-state relaxation rate resulting from the transit of
oms through the laser beam is;3 MHz. For the RbD1 line
~which at these light intensities is effectively anX-system!,
k'108 ands'8.4 dB @Eq. ~44!, Fig. 3#. From Eq.~45!, we
see that to obtain this level of squeezing, one must us
relatively dense atomic vapor (a0,'23105, for a cell of
length 10 cm, this corresponds to a density
;1013 atoms/cm3).

Various techniques can be considered to reduce
ground-state relaxation rate in order to produce largerk, and
therefore, in principle, improve vacuum squeezing. C
atom traps~in particular far-off-resonant, blue-detuned op
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cal dipole traps! can produce alkali vapors with ground-sta
relaxation rates;0.1 Hz @31#, but the densities achieved t
date are too low to obtain the required optical thickness
optimum squeezing. In order to achieves.8dB with cold
alkali-metal atoms, for a 100-mm-long trap ~with cross-
sectional area of 30mm330mm), one would need;1010

atoms in the trap, which is beyond present capabilities.
Alternatively, buffer gas can be used to reduce t

ground-state relaxation rate by lengthening the transit time
atoms through the light beam. The transit time can be
creased until the point where the diffusion rate equals
relaxation rate due to depolarizing collisions with the buf
gas. Under conditions where the transit time is determin
by diffusion, the relaxation rate of ground-state polarizati
is

g8'
D
x2 1a1nb , ~48!

where x is the light beam diameter,nb is the buffer gas
density,a1 is a constant describing the rate of depolarizi
collisions, andD'v/(3nbs) is the diffusion coefficient (v
is the average atomic velocity ands is the cross section fo
elastic collisions!. In addition, one must also take into a
count the increase in the homogeneous width of the ato
transition due to pressure broadening. The homogene
width is given by

g085g01a2nb , ~49!

where a2 is a constant describing the pressure broaden
rate. Thus, for a given light power and beam diameter,
ratio of k85d2E0

2/(g08g8) to k for a buffer-gas-free cell@Eq.
~38!# is

FIG. 3. Plots of~a! absorption coefficienta times path length,,
~b! self-rotation parameterg @Eq. ~1!# times path length,, and ~c!
vacuum squeezing in dB for anX-system~Rb D1 line at high light
power in a buffer-gas-free, uncoated vapor cell!. Light power is 1
W, beam diameter is 100mm, atomic density is 1013 atoms/cm3,
and cell length,510 cm.
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k8

k
5

g0g

g08g8
'

g0g

@v/~3nbsx2!1a1nb#~g01a2nb!
, ~50!

where we note again thatk8 is calculated in the diffusion-
limited regime. We see from Eq.~50! that for nb too large,
k8/k is less than one, so there is in fact an optimum buff
gas pressure at which squeezing is maximized. For typ
values of cross sections for the relaxation of atomic polar
tion in alkali-noble-gas collisions@32# and pressure broaden
ing @33#, we estimate the maximum achievablek8/k to be
about 2–3. Thus buffer-gas-filled cells do not appear to al
substantial improvement in squeezing at high light powe

Antirelaxation-coated vapor cells can also be used to d
tically decrease the relaxation rate of ground-state ato
polarization in the alkali metals@34–39#. In order to obtain
optimal squeezing in, e.g., a 10-cm-diameter paraffin-coa
cell, estimates show that the required atomic density in
*1013 atoms/cm3 @Eq. ~45!#. In this high-density regime,g
is primarily due to spin-exchange collisions between
alkali-metal atoms instead of collisions with the wall, whic
greatly diminishes the advantages of using paraffin coat
The relatively fast relaxation due to spin-exchange collisio
significantly reduces the probability that an atom retains
polarization upon returning to the beam after traveling ab
the cell—thereby reducing SR related to coherence eff
@11#. These factors indicate that one cannot generate sig
cantly better squeezing via SR by using paraffin-coated c

Thus, at present, no system considered above offers
nificant improvement in vacuum squeezing via SR compa
to buffer-gas-free, uncoated alkali-metal vapor cells. Ho
ever, we note that improvements in the experimental te
niques discussed may change this conclusion in the futu

VI. CALCULATION FOR THE 87Rb D LINES

Recent experiments@11,13# have studied SR in Rb vapor
at lower light intensities than considered in Sec. V. We ha
performed density-matrix calculations~Sec. III and Ref.
@11#! for conditions achievable in these experiments. Sin
our formula for the squeezing parameters @Eq. ~30!# is based
on the assumptions thatg,@1 anda,!1, we are restricted
to light intensities and frequencies where these conditi
are satisfied. In addition, our density-matrix calculation tre
ground-state hyperfine levels individually. Thus the calcu
tions are not valid for light intensities so high that th
ground-state hyperfine structure is not resolved. In orde
use the highest possible laser intensity in the calculation,
study theD1 andD2 lines of87Rb, which has larger ground
state hyperfine separation than85Rb. The results of these
calculations are shown in Figs. 4, 5, and 6.

In Figs. 4 and 5, we choose laser power equal to 10 m
~readily obtainable with the tunable diode laser systems
ployed in Refs.@11,13#! and beam diameter 0.03 cm, whic
results in the highest light intensity possible while still r
solving the ground-state hyperfine lines (;104 mW/cm2

@40#!. Assuming a 10-cm-long vapor cell, we find the atom
density for which the squeezing is globally maximized~with
respect to light detuning! by finding the light frequency
whereg/a is maximized, then fixing the density according
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Eq. ~27!. As can be seen, even with these modest parame
squeezing of up to 6 dB can be obtained.

The density-matrix calculations also show that se
ellipticity effects are small for theD1 andD2 lines of 87Rb

FIG. 4. Plots of~a! absorption coefficienta times path length,,
~b! self-rotation parameterg @Eq. ~1!# times path length,, and ~c!
vacuum squeezing in dB for the87Rb D1 line. Atomic density is
chosen to ben51012 atoms/cm3 to obtain the maximum possible
squeezing for the given light power~10 mW! and light beam diam-
eter ~0.03 cm!, as described in text. The Doppler width is 2p
3306 MHz.

FIG. 5. Plots of ~a! absorption coefficient times path lengt
(a,), ~b! self-rotation parameter times path length (g,), and ~c!
vacuum squeezing in dB for the87Rb D2 line. Atomic density is
chosen to ben5231011 atoms/cm3 to maximize squeezing for the
given light power~10 mW! and light beam diameter~0.03 cm!, as
described in text. The Doppler width is 2p3306 MHz.
5-7
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under these conditions. This verifies that the assumption
the derivation of Eq.~30! are satisfied.

At sufficiently high light intensities, the hyperfine effec
can be neglected, and theD1 line becomes anX system,
while the D2 line becomes aJg51/2→Je53/2 system, so
the analysis of Sec. IV applies. The intermediate regim
where the hyperfine levels are not fully resolved but hyp
fine effects cannot be neglected, is beyond the scope o
present work. Figure 6 shows the maximum squeezing
function ofk for theX system and the87Rb D1 andD2 lines
for a range ofk where the Rb calculations are valid. It
interesting to note that, for this range ofk, the squeezing in
Rb can be somewhat larger than that obtained for theX sys-
tem.

The significant vacuum squeezing that can be obtaine
the RbD lines at these relatively low light powers indicat
the presence of an enhancement mechanism for squee
One possible cause of this enhancement is the effec
ground-state atomic coherence, which is not present in
Jg51/2→Je51/2 andJg51/2→Je53/2 systems considere
in Sec. IV. Recent research on electromagnetically indu
transparency and coherent population trapping has sh
that it is possible to have large nonlinear couplings with v
small absorption~see, e.g., Refs.@19,41,42#! in related sys-
tems. Thus, according to Eq.~30!, one could expect tha
systems where ground-state atomic coherence played a
nificant role would be favorable for squeezing. There are a
SR mechanisms involving multiple hyperfine transitions@11#
that play a role in the RbD lines at low light power which
are not present for the systems considered in Sec. IV. Fur
analysis is required to determine the exact physical mec
nism for enhancement of squeezing in this particular ca
Recently@43#, vacuum squeezing via SR was analyzed
the double-L system, a model system in which atomic c

FIG. 6. Comparison of squeezing as a function of the satura
parameterk for the X-system~dashed line! to squeezing for the~a!
87Rb D1 line and~b! 87Rb D2 line. The dot-dashed lines represe
squeezing forF51→F8 transitions and the solid lines represe
squeezing forF52→F8 transitions. The range ofk is chosen so
that the ground-state hyperfine levels can be treated independ
as discussed in the text.
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herence and interference effects, as well as multitransi
effects, play important roles.

Stimulated Raman scattering~SRS! may limit the light
intensity which can be used, since for sufficiently high lig
intensities, SRS can convert a significant portion of the in
dent light power into new frequencies. In addition to t
depletion of the input light beam, nonlinear instabilities a
sociated with SRS may introduce extra noise. Estimates
dicate that the parameters employed in the calculations yi
ing Figs. 4 and 5 are in the regime where SRS becom
significant, so additional analysis is required to determine
manner in which SRS affects the obtainable squeezing.

In a complete analysis of the noise properties of the li
field, in addition to the absorptive properties of the atom
medium, one must account for the effect of the quant
noise of atomic states~see, e.g., Refs.@44,45#!. Estimates
indicate that in the high light power, high atomic dens
regime where the best vacuum squeezing is obtained~see,
also, Sec. V!, noise related to these effects is small enou
that it should not degrade the predicted squeezing.

VII. CONCLUSION

We have shown that when linearly polarized light prop
gates through a medium in which there is nonlinear s
rotation of elliptically polarized light, the vacuum electro
magnetic field in the orthogonal polarization is squeezed.
have derived a simple expression@Eq. ~30!# for the ratio of
the amplitude of vacuum fluctuations at the output of t
medium to those at the input under optimum conditio
Density-matrix calculations performed for relatively simp
atomic systems indicate that under realistic conditions
should be possible to achieves'8 dB. We have compared
various experimental systems, such as trapped and co
atoms and buffer-gas-filled cells, finding that with presen
achievable experimental parameters, none of the consid
techniques offer substantial improvement over buffer-g
free vapor cells. We have also performed calculations sh
ing that vacuum squeezing of up to 6 dB should be achi
able in vapors of87Rb with the experimental setups used
Refs.@11,13#.

Squeezed vacuum allows one to surpass the short-n
limit in polarimetry @8#. The proposed technique is a simp
way to generate squeezed vacuum at light wavelengths
ful for a variety of applications, such as magnetometry@37–
39,46,47# and discrete symmetry tests in atomic syste
@48–50#.
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