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ABSTRACT

A Discontinuous Least-squares Spatial Discretization for the Sy Equations.
(August 2008)
Lei Zhu, B. Eng., Tsinghua University

Chair of Advisory Committee: Dr. Jim E. Morel

In this thesis, we develop and test a fundamentally new linear-discontinuous
least-squares (LDLS) method for spatial discretization of the one-dimensional (1-D)
discrete-ordinates (Sn) equations. This new scheme is based upon a least-squares method
with a discontinuous trial space. We implement our new method, as well as the linear-
discontinuous Galerkin (LDG) method and the lumped linear-discontinuous Galerkin
(LLDG) method. The implementation is in FORTRAN.

We run a series of numerical tests to study the robustness, L, accuracy, and the
thick diffusion limit performance of the new LDLS method. By robustness we mean the
resistance to negativities and rapid damping of oscillations. Computational results
indicate that the LDLS method yields a uniform second-order error. It is more robust
than the LDG method and more accurate than the LLDG method. However, it fails to
preserve the thick diffusion limit. Consequently, it is viable for neutronics but not for

radiative transfer since radiative transfer problems can be highly diffusive.



ACKNOWLEDGEMENTS

I would first like to thank my committee chair, Dr. Morel, for his guidance and
support throughout this research. He first introduced me to the computational research
field and has always been an excellent and kind advisor. | thank Dr. Lazarov for his
valuable advice on finite element theory. I also thank the other two members of my
committee, Dr. Adams and Dr. Ragusa, who made many suggestions which were
invaluable contributions to my research.

I would also like to thank my friends for their encouragement, and the faculty
and staff in the Department of Nuclear Engineering for their support. Finally, | thank my

mother, my father, and my girl friend, Shanshan Gong, for their love.



ABSTRACT

TABLE OF CONTENTS

ACKNOWLEDGEMENTS ..ot

TABLE OF CONTENTS ...

LIST OF FIGURES. ...

LIST OF TA

CHAPTER

BLES ..o

INTRODUCTION......ooiiiiiiiiiieieee e

Description of the problem.........c.ccov i,
Basic concepts of the transport equation and discrete-ordintes (Sn)
BQUALTONS. ...ttt sttt ettt nae e
Introduction to iterative methods ...........covvvviini i
OVErview Of ChAPLEIS ........ooieiiiie e

SPATIAL DISCRETIZATION FOR Sy EQUATIONS........c.ccoveinee

Linear-discontinuous Galerkin (LDG) methods ...........cccccvcvveneee.
Incompatibility of traditional least-squares methods with a
discontinuous trial SPACE ........cceveeiieieieece e
The new linear-discontinuous least-squares (LDLS) method........
Robustness and accuracy analysis for different methods with a
simplified pure absorber problem ...,
S2SA spatial discretization for the LDG method.............cccceveenee
S2SA spatial discretization for the LDLS method...........ccccveveee.
SUMMANY .

FOURIER ANALYSIS FOR SPECTRAL RADIUS ........cccccovvvennnne.
Derivation of Fourier analysis for the LDG method.......................

Derivation of Fourier analysis for the LDLS method ....................
SUMMANY .

Page



Vi

CHAPTER Page
v ASYMPTOTIC ANALYSIS....coo et 54
INEFOTUCTION ... e 54
A summary of the asymptotic analysis for the LLDG method ...... 57
Asymptotic analysis for the LDLS method...........cccocceviiiiiiennnnne 60
SUMMATY .o e 68
\Y COMPUTATIONAL RESULTS ..ot 69
L, measurements for pointwise and continuous errors................... 69
Computational results for spectral radii and comparison with
FOUNIEr @NAIYSIS ..o 82
Computational results for the thick diffusion limit........................ 84
SUMMATY .o 93
VI SUMMARY AND FUTURE WORK ........ccootiiiiiiiieie e 94
REFERENGCES ... ..ottt bbbttt a e nre s 96
VT A bbbt bbb bbbttt n et 97



FIGURE

2.1

2.2

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.12

5.1

5.2

LIST OF FIGURES

Spatial discretization and the spatial shape of the angular flux .................
Comparison of pure absorber SOlUtionS...........cccccveiiieiie i,

Local spectral radii from LDG with c=1.0 ando,h=0.01......................
Local spectral radii from LDG with ¢=0.98 ando,h =0.01....................

Global spectral radii from LDG with ¢ =1.0 .....ccccovviviieiiececc e,
Global spectral radii from LDG with ¢ =0.98 .......cccoeviiiiiiiiieeee,

Local spectral radii from LLDG with ¢=1.0 ando,h =0.01....................
Local spectral radii from LLDG with ¢=0.98 ando,h =0.01 .................

Global spectral radii from LLDG with ¢ =1.0 ....cccooovvivveiiiieceeeee,
Global spectral radii from LLDG with ¢ =0.98 .........ccccovevviiiiieciiee,

Local spectral radii from LDLS with ¢=1.0 ando,h=0.01 ....................
Local spectral radii from LDLS with ¢=0.98 ando,h=0.01..................

Global spectral radii from LDLS with € =21.0 ....ccooiiiiiiiiieee e,
Global spectral radii from LDLS with ¢ =0.98 ........cccccoveiiiiiiieecee,

Comparison of S, pointwise convergence rate of cell-averaged scalar
flux with o, = o, =1.0cm™ and a unit half-range incident current...........

Comparison of S, continuous L, convergence rate of scalar flux with
o, = o, =1.0cm™and a unit half-range incident current ................ccoo.......

Vil

52



FIGURE

5.3

5.4

5.5

5.6

5.7

5.8

5.9

5.10

5.11

5.12

5.13

5.14

Comparison of S, pointwise convergence rate of cell-averaged scalar

flux with o, =1.0cm™,c = 0.5 and a unit half-range incident current.......

Comparison of S, continuous L, convergence rate of scalar flux with

o, =1.0cm™, ¢ =0.5 and a unit half-range incident current ....................

Comparison of S, pointwise convergence rate of cell-averaged scalar

flux with o, = o, =1.0cm™ and a unit half-range incident current...........

Comparison of S, continuous L, convergence rate of scalar flux with

o, = o, =1.0cm™and a unit half-range incident current ................ccoo.......

Comparison of S, pointwise convergence rate of cell-averaged scalar

flux with o, = o, =1.0cm™ and a unit half-range incident current...........

Comparison of Sg continuous L, convergence rate of scalar flux with

o, = o, =1.0cm™and a unit half-range incident current .............ccccoc......

Comparison of Sy pointwise convergence rate of cell-averaged scalar

flux with o, = o, =1.0cm™ and a unit half-range incident current..........

Comparison of Sy continuous L, convergence rate of scalar flux with

o, = o, =1.0cm™and a unit half-range incident current ...............ccoc......

Comparison of S, pointwise convergence rate of cell-averaged
scalar flux with o, =1.0cm™,c = 0.5 and the method of

Manufactured SOIULIONS .....coooveeeeeeeeee

Comparison of S, continuous L, convergence rate of scalar flux with

o, =1.0cm™, ¢ =0.5 and the method of manufactured solutions ............

Comparison of Sg pointwise convergence rate of cell-averaged
scalar flux with o, =1.0cm™,c = 0.5 and the method of

MANUTACEUIE SOIULIONS ...

Comparison of Sg continuous L, convergence rate of scalar flux with

o, =1.0cm™, ¢ =0.5 and the method of manufactured solutions ............

viii

Page



FIGURE Page

5.15 Comparison of S;¢ pointwise convergence rate of cell-averaged

scalar flux with o, =1.0cm™,c = 0.5 and the method of

manufactured SOIULIONS ...........cooiiiiiiiie e 81
5.16 Comparison of S;¢ continuous L, convergence rate of scalar flux with

o, =1.0cm™, ¢ =0.5 and the method of manufactured solutions ............. 81
5.17 Diffusion limit Sy solutions With € =1.0 .....oocveeiiiiiiec e 86
5.18 Diffusion limit S, solutions With &£ =107 ........c.ccccevvervieiierereecceians 87
5.19 Diffusion limit S, solutions With £ =107 ........cccccoeverrieriieieree s 87
5.20 Diffusion limit S, solutions with £ =107 ........c.cccoeveeieieeeeee e, 88
5.21 Diffusion limit Sy solutions With & =107 .....ooeoieeieeeeeeeeeeeeee e, 88
5.22 Diffusion limit Sy sOlUtions With & =107 ....voveoeeeieeeeeeeeeeeeee e, 89
5.23 Diffusion limit Sg solutions With & =1.0 ......cccoceiiiiiiniiiee 90
5.24 Diffusion limit Sg solutions With £ =107 .....ooooiieeeee e, 90
5.25 Diffusion limit Sg solutions With & =107 ....c.oeeeeeeeeeee oo 91
5.26 Diffusion limit Sg solutions With & =107 ........c..cccevevieiiiiresiecesieas 91
5.27 Diffusion limit Sg solutions With & =10 ........c..ccceverieiiiieieeccsies 92
5.28 Diffusion limit Sg solutions With £ =107 ........cccccceverviieriieiieieeceeieans 92



LIST OF TABLES
TABLE Page
2.1 Single-cell solutions from different schemes............ccccooevieiiiiiicinne 22
2.2 Taylor-series expansion for the solutions about 7 =0 .........cceecvevvrvenenne. 23
2.3 Local error for the fIUXES..........ccceiiiiiiice e 24
2.4 Global error for the FIUXES.........ccooviiiiiieee e 24
5.1 LDLS spectral radii for a pure scattering problem (Sg) ......cccccevvevvvrvernrnne. 83

5.2 LDLS spectral radii with ¢ =0.98 (Sg)....cccererriririiiieriereeresee e 83



CHAPTER I

INTRODUCTION

Description of the problem

One of the most important innovations in transport spatial discretization over the
last 30 years was the introduction of discontinuous Galerkin (DG) methods®. Such
methods are known to be highly accurate and far more robust than continuous finite-
element methods. Nonetheless, DG methods must still be lumped to achieve adequate
robustness for demanding applications such as thermal radiation transport in the high
energy density regime. Lumping can be very difficult on unstructured meshes?. In
addition, DG methods give non-uniform errors. For instance, the average and outflow
fluxes obtained with the linear-discontinuous Galerkin (LDG) method in 1-D are third-
order accurate while the interior inflow value is only second-order accurate. If the error
is measured with the L, norm, the LDG method gives second-order accuracy in both 1-D
and multidimensional calculations.

Least-squares methods are generally highly accurate and have certain advantages
over other methods for a posteriori error estimation®. However, the standard least-
squares methods are generally not conservative and conservation is important for spatial
discretization techniques in the nuclear engineering community.

Thus, a method that would be inherently more robust than the DG method and

yield second-order accuracy in both 1-D and multidimensional calculations would be

This thesis follows the style of Nuclear Science and Engineering.



highly desirable. In this thesis, we propose, implement, and test a new linear-
discontinuous least-squares (LDLS) method for spatial discretization of the 1-D discrete-
ordinates equations. This new scheme is based upon a least-squares method with a
discontinuous trial space. In the following chapters, we show a detailed derivation of the
LDLS method and the spatial discretization schemes. The Sy equations are solved
iteratively via source iteration. Fourier analysis is performed to study the iterative
convergence behavior. We have implemented our new method in FORTRAN, and we
have run a series of numerical tests to study accuracy and robustness, iterative
convergence properties, and the thick diffusion limit performance of the new LDLS

method.

Basic concepts of the transport equation and discrete-ordinates (Sy) equations
We start with the general form of continuous transport equation with both

scattering source and inhomogeneous source:

L v(MEQY 65§y E.Gt) + o,(F,E )y (F,EO.t) =
v(E) ot

B (1.1)
[[o.r.E'>E.Q -Gy (r,E G )dE dO'+Q(F, E,Q1),
4z 0
where F is the Cartesian coordinates of the particle position, Q is a unit Cartesian
vector representing the direction of particle flow, E is the particle energy, t is the time,

v(E) is the particle speed, w(F,E,Q,t) is the angular flux, Q(F, E,Q,t) is the

inhomogeneous source, o, (T, E,t) is the total macroscopic cross-section, and



o, (r,E'> E,Q'— Q,t) is the scattering kernel. The purpose of this work is to

investigate methods for the spatial discretization of the Sy equations, so it is sufficient to

consider the problem with the following assumptions:

Steady state (

al//(ra ElQlt) — O),
ot

Mono-energetic;

Isotropic scattering and isotropic external sources;
One-dimensional (1-D) slab geometry;

Constant cross sections.

Under these conditions, the transport equation can be written as:

u%—fﬂftw(ﬂ, X)=%¢(X)+¥, (1.2)
where the scalar flux is:
#(x) = [ w(ux)du (L3)

Eqg. (1.2) remains continuous in the angular and spatial variables. We first discretize the

angles to get the Sy equations:

i 20 4 (3= % 3, (0 + Q) 1.9

where m=1,..., N . In this study, we apply a symmetric Gauss quadrature set of order N,

where N is even. The directions are ordered such that form=1,..,N /2, u, <0.

Form=N/2+1,..,N, g, >0.The quadrature weights are normalized to 2.0,



N
ie., ZWm = 2.0. The detailed spatial discretization schemes for Eq. (1.4) will be

m=1

introduced in the next chapter.

Introduction to iterative methods

Source lteration (SI)

The Sy equations are solved via source iteration. Source iteration is based upon
the following facts:
e All coupling between directions occurs on the right side of Eq. (1.4);
e A first-order advection-removal equation exists for each direction on the left
side of the equation;
e Each such equation can be solved by performing a “sweep”.
By “sweep”, the angular flux is first calculated for the first cell on the incoming
boundary. Its outflow becomes the incoming boundary for the next spatial cell. The Sl

algorithm for Eq. (1.4) can be mathematically represented as follows:

o 8 Py 00 =59 (0 40,00, =1 (19)

where | is the iteration index and the scalar flux is given by:
| - |
4 () =D W' (%). (1.6)
m=1

Assuming an infinite homogeneous medium, Fourier analysis* for the spatially
continuous form of the Sy equations shows that the spectral radius of Sl is equivalent to

the scattering ratio c:



t

The spectral radius is the magnitude of the largest iteration eigenvalue. Thus, it is
the asymptotic rate of error reduction after many iterations when only the slowest
converging mode remains in the error. For optically thin or highly absorbing systems in
which particles scatter just a few times on the average before being absorbed or escaping
the system, the SI process will converge quickly. While for optically thick diffusive
systems in which particles can scatter an arbitrary number of times on the average before
being absorbed or escaping the system, the SI process will converge slowly and will be

quite costly. In the latter case, Sl is not a practical iterative scheme.

Diffusion Synthetic Acceleration (DSA)

In optically thick diffusive systems in which particles can scatter many times on
the average before being absorbed or escaping the system, the SI process must be
accelerated. During the past several decades, much effort has been made in acceleration
algorithms. One of the most widely applied methods is Diffusion Synthetic-Acceleration
(DSA).

The principle of the DSA is to use a diffusion approximation to estimate the error
of the scalar flux obtained from Sl so that the accuracy can be improved and the iterative
convergence accelerated. We next derive the DSA scheme. The first step is to solve the

Sn equations by SI:

d‘//r|n+llz(x) 1412

== oy (X) = Z¢' () +Q, (x), (L.8)
X 2



where m=1,..., N . The errors at this step in the angular and scalar fluxes are

respectively given by:

Sy 2 (X) =y (X) =y (%), (1.9)

and

59" (x) = g(x) = 42 (x), (1.10)
where w, (x) and ¢(x) are the exact solutions of the angular flux and scalar flux to the
Sn equations. We subtract the SI equation from the continuous transport equation to get:

85W|+U2(X)

m

+ O
iy S 60 1, 0) = 72691 (0) (111)

m

Subtract the quantity %&é'“’ 2(x) from both sides of the above equation to obtain the

1+1/2 .
m .

exact equation for oy

agl/lHlIZ(X)

m

Hin, ox

m

00y (1 X) = 2000 = T (09 (x) - 0 (). (112)

Re-expressing the right hand side using Eq. (1.10) gives:

m

85 1+1/2 X
u 2 (x)
OX

+0 0y (1 X) = 3 0 =T (00 -4 (0). (113)

Thus, the error of the angular flux at iteration step | +1/2 satisfies the transport

equation with a source equal to:

%(¢'+1’2(x)—¢'(x)). (1.14)



1+1/2
m

However, it is obvious that this equation for oy~ “(x) is as difficult to solve as that

fory . (x) . We need to substitute an approximation to Eq. (1.13) that simple enough to

solve but accurate in a certain sense.
The central theme of the DSA scheme is to substitute the diffusion equation for

the exact transport equation for the error. The following is the DSA scheme:

2P 320 = % (34 Q, ), (119

§100= 3w (0, (L.16)

0 L0 s g0 =0, (800 - 6 (), (L.17)
X 30, OX

¢|+1(X) — ¢I+l/2(X)+A¢I+l/2(X), (118)

where A¢@(x) denotes the estimated scalar flux error from the diffusion equation as
opposed to o@(x), the true error.

An infinite-medium Fourier analysis* shows that DSA attenuates the errors of the
low frequency modes which are most poorly attenuated by the SI. At the same time,
DSA also underestimates the high frequency modes which are strongly attenuated by the
Sl. Thus, DSA can decrease the spectral radius and efficiently accelerate the iteration
process. Fourier analysis gives the spectral radius of DSA as:

Poss < 0.2247¢, (1.19)

where c is the scattering ratio.



S, synthetic acceleration (S2SA)

In this study, S, synthetic acceleration is applied instead of DSA. This means that
the S, equations are substituted for the diffusion equation. In 1-D slab geometry, the S;
equations are analytically equivalent to the diffusion equation. The reason we choose the
S2SA scheme in the code is that we can use the same spatial discretization scheme for
the acceleration as for the Sl itself. Consistency of the spatial discretization for the
acceleration equation with that of the transport equation is essential for unconditional

stability and effectiveness®. The S2SA scheme is:

2L 1 203 = 2. (0 + Q) (1.20
#100= 2 W0 (4, (1.21)
£ 0120 - (1200 192(0) = 670 -0 (), (1.22)
¢I+l(x) :¢I+1/2(X)+ fl+1/2(x), (123)

where
f|+1/2(x) — f+|+1/2(X)+ f_|+1/2(X), (124)

where f,(x) are the flux of particles traveling in the positive and negative directions.
We subtract Eq. (1.23) from the trivial equation, ¢(x) = ¢(x), to obtain:

89" (x) = 8" (x) - £12(x), (1.25)
The scalar flux error at step | +1 is equal to the scalar flux error at step 1 +1/2 minus

the scalar flux error estimate from the S, equations.



Overview of chapters

In this chapter, we briefly described several spatial discretization methods for the
Sy equations. We gave the 1-D Sy equations with some assumptions. The iteration
techniques including SI, DSA and S2SA were introduced.

In Chapter 11, we propose the new LDLS method and show the detailed spatial
discretization of the Sy equations with the LDLS, LDG and LLDG methods. The spatial
discretization of the S2SA scheme is also presented. The robustness and accuracy of the
LDLS method is investigated through a simplified pure absorber transport equation.

Chapter Il presents a single mode Fourier analysis for the spectral radius from
both the LDG and LLDG methods in order to make a comparison with that for the LDLS
method. Both SI and S2SA iteration techniques are analyzed and implemented in
MATLAB.

Chapter IV gives a detailed asymptotic analysis for the LDLS method to study its
performance in the thick diffusion limit.

Chapter V presents the computational results for the new LDLS method and is
divided into three parts. The first part gives the computational results for the accuracy
measurements of the LDLS method compared with the other two methods. The second
part shows the computational results for the spectral radii in some problems. The result
is compared with the spectral radius obtained from the Fourier analysis. The third part is
a study of the performance of the LDLS method in thick diffusion limit.

Chapter VI summarizes the conclusions from the previous chapters and gives

some suggestions for future work.



10

CHAPTER II

SPATIAL DISCRETIZATION FOR Sy EQUATIONS

In this chapter, we first review the spatial discretization of the linear-
discontinuous Galerkin (LDG) methods for the Sy equations. Then we propose the new
linear-discontinuous least-squares (LDLS) method. The accuracy of the method is
investigated for a simple pure absorber problem and compared with analogous results for

the LDG and LLDG methods. Algorithms for S2SA acceleration are derived.

Linear-discontinuous Galerkin (LDG) methods

We begin the derivation of the LDG method by introducing the weighted residual
method. We firstly give the indexing for the spatial discretization in Fig. 2.1. In this
study, we focus on 1-D slab geometry problems with uniform spatial meshes. Note from

the figure that half-integral indices imply the cell-edge quantities, i.e.,

Wiz =Vmria 1Oty >0

2.1
:l//m,L,i fOf fum < O ( )

Integral indices imply the cell-average quantities, i.e.,

1
Vn,i =§(1//m,L,i +l//m,R,i)' (22)
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— -
Positive direction Negative direction
Vit
7 .\_ol//m,R,Hl

YmRi

_ l//r;,Rl—l
YmLit W;,R,i YnRist
l//r:,L,i—l B
| l//le—ll | |
e o e o
Xi_s/2 X4 Xi_1/2 X; Xis/2 Xin Xi a2

Fig. 2.1. Spatial discretization and the spatial shape of the angular flux.

Here we consider the following 1-D form:

Ay (X) =Q(X), (2.3)
where A is a linear operator, y(X) is the solution and Q(X) is the source function. The
set of the trial space basis function for representing the solution is{B, (X)}, . Assuming
the trial-space functions are chosen so that y/(X) naturally meets the boundary

conditions, the approximate trial-space expansion for y(X) is:
B L
W(Y)=ZWiBi(i)- (2.4)
i=1

Define the residual as follows:

R(X) =Q(X) - Ay (X). (2.5)



12

The error in the solution is proportional to the size of the residual. We want to

choose the expansion coefficients {,}-, so that the residual is small. There are several

typical approaches. The weighted Residual method is defined by choosing the expansion

coefficients {y,}-, so that the residual is orthogonal over the problem domain to the
weighting functions{W, (X)},, that is:

[REOW,(R)dx =0, (2.6)

where i =1,...,L .The set of N linearly-independent functions {W,(X)}-, forman L-

dimensional space of functions called the weighting space. If the trial space is identical
to the weighting space, i.e.,

B.(X) =W, (X), (2.7)
the weighted residual method is named the Galerkin method. The linear-discontinuous
Galerkin method is widely applied in the spatial discretization for the transport equation
because of its characteristics of robustness and accuracy. We start the Galerkin method
by choosing cardinal weight and basis functions which are unity at a given support point
and zero at other support points. For the 1-D LDG problem, the weight and basis

functions vary linearly from one to zero across the cell, x € [X; 1,5, X;.1/»]:

BL,i (x) =WL,i (x) = %: (2-8)

1
X—=Xi_1p
h.

BR,i(X) :WR,i(X) = (2-9)

To solve Eq. (1.4), we define the angular flux as follows on cell i:
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For u, >0,
(X)= . forx=x_,,,
l//m,|( ) !//m,R,l—l i-1/2 - (210)
Wi (X) =W 1iBLi(X) + ¥ riBgi(X)  otherwise.
For u,, <0,
() = b for X=X,
l//m,|( ) l//m,L,Hl i+1/2 (211)

Wi (X) =, iBLi(X)+w,, 2:Bri(X) otherwise.
An analogous spatial representation is assumed for the inhomogeneous source, except
that there is no need to uniquely define Q on the cell interfaces. Thus,
Qni(X)=Q, 1 iBLi(X) +QriBri(X)  forxe[X i, Xyl (2.12)
Multiplying Eq. (1.4) by the weight functions and integrating over the volume of the ith

cell, we can obtain the standard LDG scheme:

For u,, >0,
My, [E Wori T Vari) = Varial T O-t'—ihi[(ﬁ)‘//m,u + (ﬂ)wm,m] =
1 1- h2 1 1 ; (213)
TR Dy D 1 D0, + 00
/um[y/m,R,i_ (l//mL|+l//mR|)]+ “ I[(M)l//mu (l+ﬂ)l//mR|]_
h . 1- 1 1 @14)
Tt /3 0+ E D01+ HEDQ L+ DR
Foru, <0,
:um[i(ltym,L,i 'H//m,R,i) _V/m,Ll] O-tlhl [(1+ﬂ)Wm,L,i + (%)Wm,R,i] =
(2.15)

SI | 1+ﬁ ﬂ i 1+ﬂ 1_ﬁ
A ——[(==)g,; + ( )¢R,i]+5[(T)Qm,L,i+(T)Qm,R,i]!
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h _
Y7 |7 _i(l//m,L,i +Wri)l +h[(ﬁ)l//m,u + (M)l//m,R,i] =

1 h 1 2 (2.16)
TRy D 1 A0, + 0000
where
Bo = 2 Wi (2.17)
i = 2 Wl (2.18)

and £ =1/3. For each direction, there are two unknowns and two equations, so the
system is closed. The parameter £ is the mass lumping parameter. If £ =1.0, we obtain

the lumped linear-discontinuous Galerkin (LLDG) equations. By lumping, the

robustness in the thick diffusion limit is improved, but it also reduces the accuracy.

Incompatibility of traditional least-squares methods with a discontinuous trial
space
The traditional least-squares method is based upon choosing the expansion

coefficients to minimize the functional, I", the integral of the square of the residual:

= [R%(X)dx. (2.19)

X C—y

However, these kinds of schemes are not compatible with a discontinuous trial space.
This is due to the fact that the derivative of a discontinuous function takes the form of a

delta-function at the point of discontinuity. If the residual contains a delta-function, the
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integrand will contain the square of a delta-function, the integral of which is undefined.

These concepts can be demonstrated mathematically as follows.

The trial space is the same for both the LDG method and LDLS method on the

domain of x €[X; ,,,,X.1/,] as in Egs. (2.8) and (2.9). The definitions of the angular flux

and the inhomogeneous source for the LDLS method are the same as those of the LDG

method in Eqgs. (2.10)-(2.12). The derivative of the angular flux is given by:

For u, >0,
dl//mi(x) l
’ = WonLi ~Vnri)O (X=X 1)+ —Wnri = Wnii)-
dx h,
For u,, <0,
dy,,i (X) 1
d;( = WL~ Vari)O(X = Xiy0) + K(l/lm,R,i ~ W)

Thus, the residual is given by:

For u, >0,

R, (x) = Sm,L,i B, (x) + Sm,R,i Br (x) - Oy (‘//m,l_,i BLi +¥nnri BR,i)

_%(l//m,R,i Vi) = Wi = Winri) O (X=X yj5).

Foru, <0,

R (x)= Sm,|_,i B, (x) + Sm,R,i Bri (x) - Oy, (‘r’/m,l_,i Bl +W¥nri BR,i)

_%(‘//m,m VL) = Mo Wi = Vi) (X = Xi),

(2.20)

(2.21)

(2.22)

(2.23)

where the source term S_ (x) includes both the isotropic external source Q(x) and the

isotropic scattering source,
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O,

251i Z_Wme,i(X)+Qm,i(X)' (224)

Sm,i (X) =

Based on the traditional least-squares method, the integral of the square of the

residual I"need to be minimized over the interval[x; ,,,, X;,;,,] , Where

o= | RZ0dc (2.25)

Xi-1/2

If substitute Egs. (2.22) and (2.23) into Eq. (2.25), it is clear that the integrand contains

the square of a delta-function, and this kind of integral is undefined.

The new linear-discontinuous least-squares (LDLS) method

We want to find a method that would be inherently more robust than the DG
method and yield a uniform level of second-order accuracy in both 1-D and
multidimensional calculations. The incompatibility of the traditional least squares
method with a discontinuous trial space is that the integrand contains the square of a
delta-function, and the integral of the square of a delta-function does not exist. However,
one can avoid the delta-function problem by minimizing the residual over the semi-open
interval (X, ;,,,X;.1,,] for g, >0 and [X, ,,,,X,,,,) foru, <0.Butin this case, the
equations have no knowledge of the boundary value of the angular flux and the trivial
solution (7 =0) is obtained. The central theme of our approach is to first avoid the

delta-function difficulty by minimizing the square of the residual over the semi-open

interval, and then imparting both conservation and knowledge of the boundary value to
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the equations by constraining the solution to satisfy the balance equation. The scheme is
demonstrated mathematically as following:
We use the same definition of the residual and the same Cardinal basis functions.

However, we define:

Xit1/2 i+1/2

Lo WniWnrio )= [ RZ(OdX =4 [ R ()dx foru, >0, (2.26)

T Wi Wapio )= [ ROdx =2 [ R ()dx for y, <0, (2.27)

where /4, is a Lagrange multiplier and in which the balance equation for the closed

domain [X;_;,, X;.y/,] Is:

Xit112

[ R()dx=0for u, >0, (2.28)
j R, (x)dx=0 for g, <O. (2.29)

Expanding Eqgs. (2.28) and (2.29), we get:

S+ . S .. +S ..
Wi =Yg ) + 0y PRE RSy SRLEEL for gy, >0, (2:30)

S+ : S . +S ..
Ile(V/mYL'Hl_l//m‘Lyi)‘FUtYihi Wm,L,I l//m,R,I — hi m,L,i 2 m,R,i for Ile < O, (231)

2
where the total source term contains the scattering source and the inhomogeneous
source:

o
SmLi =?S¢L,i +QnLis (2.32)



g

Sm,R,i = 7S¢R,i + Qm,R,i-

Equivalently, we solve the following three equations fory i, v, r; and 4,

respectively:

For u,, >0,

al—‘Jr,i(l//m,L,i’y/m,R,i’ﬂ’J —

0,
al//m,L,i

ar+,i (Wm,L,i Wi 4) _
al//m,R,i

0,

8F+,i (‘//m,L,i R 4) _
oA

For u,, <0,

ar—,i (Wm,L,i Wi 4) _

0,
al//m,L,i

ar—,i (l//m,L,i Wnri A)

=0,
8l//m,R,i

ar—,i (l//m,L,i ' !//m,R,i ' 11) —
oA

0.

Writing these equations in more detail, for 4, > 0, we get:

o | R,(00x]
X112 aR+ , (X) X.J. '

[ 2R, (00— dx— 4,2 =0,
X*i 12 ' 8 lr//m,L,i al//m,L,i

18

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)
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i+1/2

%is1/2 a[XJ' R+,i (X)dX]

R..(X)

oR..
j 2R, (X) = dx — 4, —s =0, (2.41)
Xis12 6wvaxi al//m,R,i
j R, (x)dx =0. (2.42)
For u,, <0 we get:
X112 aR (X) a[ J. R—,i(x)dx]
[ 2R ()= = dx— 4, —2 =0, (2.43)
Xi_1/2 ay/m!L!i al//m,L,i
Xis1/2 R (X) a[ .[ R**i(x)dx]
J 2R 00— S dx - g, =0, (2.44)
Xi_1/2 al/lvavi al//m,R,i
[ R(dx=0. (2.45)

Substituting the expression for the residual in Egs. (2.22) and (2.23) into Egs. (2.40)-
(2.45), we obtain:

For u,, >0,

{20S,,LiBLi (¥) + Sy i Bri(X) — 04 (W LBy

Xit1/2

d
S W R BR,i) _%(Wm,R,i - V/m,L,i)](%_ O B, )}

X'i-1/2
[ 1

h.
x+/l,(%) -0, (2.46)

Xii1/2 h
Tk L 1) =0, (2.47)

{2[S,,LiBLi(X) + S, ziBri(X) =0y (W, LBy
dx + 4, ( 5

o, VR Bri) - % Wri =¥l (_% —0,;Bri)}
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4 , S . +S. <.
,um(V/m,R'i _l//m,R,i_l)‘FUt,ihi l//m,L,l 2l//m,R,l — hi m,L,i 2 m,R,i ) (248)

For u,, <0,

{Z[Sm,L,i B, (x) + SmriBri (x) - Oy (Wm,L,i B,

Xi11/2 o h
- . Hx + ﬂfl(—t" ~— 1) =0, (2.49)
T Ri BR,i) - ﬁ__(Wm,R,i - Wm,L,i)](% — Oy BL,i) 2

Xi-1/2

X is12

{Z[Sm,L,i B, (x)+ Sr.iBri (x) - Oy (Wm,L,i B, o h
dx + A, (%) =0, (2.50)

W riBri) — %(l//m,R,i 2 )](—% —0,;Br)}

Xi-1/2

l//m,L,i +l//m,R,i — h Sm,L,i + Sm,R,i

> > (2.51)

M (l//m,L,iJrl - V/m,L,i) + Gt,ihi

We have three equations and three unknowns for each direction, so the system is

closed and we are able to obtain v, ;, v, ; and 4 (although 4 is not physically

significant) for each spatial cell. This completes our description of the LDLS method for

the 1-D slab-geometry Sy equations.

Robustness and accuracy analysis for different methods with a simplified pure
absorber problem

To demonstrate the concepts and derive results for the basic methods with a
minimum of complexity, here we first consider the following simplified transport

equation:

W 4 oy =0, (2.52)
OX
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which is defined over the interval [0, x,], with the left boundary condition, " (0) =1.

The exact solution for w(x,) (the outflow) is:

exact

wr o (X)) =exp(=oX,). (2.53)
The Taylor-series expansion about 7 =0 is:

exac 1 1 1
Wi t(r)zl—r—i—;rz—grs—i—zr“+O(r5), (2.54)

where 7 = ox, is the total mean-free-paths of the cell given.

The solution of the average flux is:

waed(x) = 1 .f exp(—ox)dx = 1-exp(=r). (2.55)
Xo % T
The Taylor-series expansion about 7 =0 is:
1 1 1 1
) =l-—r+=-1"——1 +—1" +0(z°). 2.56
Vo (1) =1-r+ort - rt o0 (2.56)

Solving this simplified pure absorber problem with LDG method and LLDG method
from Egs. (2.13)-(2.16), and with LDLS method from Egs. (2.46)-(2.51), we can get the

following solutions in Table 2.1:



Table 2.1
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Single-cell solutions from different schemes.

Interior inflow Outflow Average flux
Exact 1 exp(-7) 1-exp(-7)
T
LDLS P +47% +127 +12 8272412 P+ 72 +670+12
208+ 477 + 120 +12| 4203 AT 4120 +12 | 4200 + 472 41270 + 12
LDG 6+4r 6-27 6+7
6+4r+1° 6+4r+17° 6+4r +17°
LLDG 1+7 1 1
1 1 1+ ET
1+zc+-7° l+c+-7° 1
2 2 1+ T+ E 1'2

From Table 2.1, the outflow from LDG becomes negative after three (3) mean-

free-paths, while that from both the LLDG and LDLS methods remains positive over the

whole domain. In order to investigate the accuracy of each method, the Taylor-series

expansion about 7 = 0 is applied to the expressions in Table 2.1 and the results are

shown in Table 2.2.




Table 2.2

Taylor-series expansion for the solutions aboutz =0.

Interior inflow Outflow Average flux
Exact 1 1—T+£T2 -=7° 1—12'+—2'2 —ir
2 6 2 6 24
1
+—7*+0(c° +—7*+0(c°
F+0(r") | + 07 +0()
LDLS l—ir3+0(75) l-r+>7°-=¢° 1—lf+112—173
12 2 4 6
+=7" +0(z°) +-—7*+0(z°)
LDG 1—172+ ° 1-r+=c?-=7° 1—£z'+12'2—i2'
6 2 6 36
—55874+O(75) +—7" +0(z°) —ﬁf4+0(2'5)
LLDG 1—372 +=7° 1—r+£12 1—lr+—r3
2 2 2
- =7 +0(z%) —%74 +0(z%) -=7*+0(°)

The error obtained from a single step is called the local error. The local error is
computed assuming the inflow is exact. The error obtained in a cell that is sufficiently
far from an outer boundary is called the global error. In general, the global error is one

order lower than the local error because of the error build up as outflow errors become

23

inflow errors for adjacent cells. The local error for the fluxes is given in Table 2.3 based

on the result in Table 2.2. Also, the global error for the fluxes is given in Table 2.4.
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From Table 2.4, we can see that both the LDLS and the LLDG methods yield a uniform

second order global error.

Table 2.3

Local error for the fluxes.

Interior inflow | Outflow | Average Flux
LDLS | 3™ 31 2nd
LDG |2™ 4™ 3"
LLDG | 2™ 3" 2nd
Table 2.4

Global error for the fluxes.

Interior inflow | Outflow | Average Flux
LDLS | 2" 2"d 2nd
LDG 2nd 3Td 3I’d
LLDG | 2" 2nd 2nd

The outflow with different methods is plotted in the Fig. 2.2. It can be observed
that the LDG method yields a negative solution for thicknesses greater than 3 mean-free-
paths. Both the LLDG and LDLS solutions are positive and monotone. Therefore, both
the LLDG and LDLS methods are more robust than the LDG method. The LDLS

solution is more accurate than the LLDG solution for small z , while for large z the
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LLDG method varies as 7> whereas the LDG method and the LDLS method vary asz ",

so the LLDG method is the most accurate for largez .

— — LDLS
~  LDG
0.8- —— — LLDG|
Exact
06 | 1
x \
5 0.4r W\ .
] .
5 \
0.2 N . .
ot e 4
-0.2 | | | |
2 4 6 8 10

Mean-Free-Paths

Fig. 2.2. Comparison of pure absorber solutions.

S2SA spatial discretization for the LDG method

The basic concept and scheme of S2SA acceleration has been introduced in the
last chapter. In this section, we give three detailed spatial discretizations for the S2SA
scheme applied with the LDG, LLDG, and LDLS schemes, respectively. As mentioned
before, the advantage of S2SA is that we can use the same spatial discretization scheme

for both the low-order S, transport equations and the high-order Sy equations thereby



ensuring consistancy. Recall that SI with S2SA in the continuous spatial scheme is

described in Egs. (1.20)-(1.23).

We first show the spatial discretization of the S2SA scheme for both the LDG and
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LLDG methods. Based on Egs. (2.13)-(2.18), the high-order stage (SI) can be written as:

For u, >0,

1 + ¥ + O-ihi 1+ + 1-
i it -yt -y 1+ S By + (2 F

O-Slhl 1+ﬂ ﬂ | hi M ﬂ
ZE D+ I+ Q0+ Q0

+. 1 +. +: O-Ihl 1- +: +:
il =5 2 - TS P - (P -

SI i 1- ﬁ 1+ﬂ | i ﬂ M
T D P 1 0,0+ 0

Foru, <0,

1 + + + ||1+ + - +
i it -yt -y S B+ Py -

US Ihl

14/ VIR L (s -/
ZEE D+ I+ I + Q0

1
My [ern]LJirl . (l//m L, + Vnri 2 l//m,L,i

O-S Ihl

L, Ay g s
ZREM + IR+ FES IR+ C5Q)

where

N
¢|I_,i = Zwml//rln,L,i’
m=1

N
¢ll?,i = Zwml//rln,R,i’
m=1

I+112] _

e AR

1+1/2 I+112)]+O-t,_ihi[(ﬁ) I+112+(M)WI+112]_

m,R,id

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
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and where the parameter £ is the mass lumping parameter with S =1/3 corresponding
to LDG and £ =1 corresponding to LLDG. For the low-order (S;) equations, the spatial
discretization and the trial space are the same as those for the Sl equation with S,

quadrature. The flux of particles traveling in the positive (z, =1/ J/3) and negative

(14, =—1/~/3) direction in the trial space on the domain of X €[X,,,,, X,.,,,] can be

written as:
For the positive direction,

f (X)="f .. forx=x._,,,
+,|( ) +,R,i-1 i-1/2 (263)
f+,i(x) +L|BL|(X)+ f+R|BR|(X) OtherWISe

For the negative direction,

f()="1 . forx=x,,,

_ (2.64)
f (x)="f B i(X)+f_:;Bg;(X) otherwise.

The following is the scheme for the low-order (S;) equations:

For the positive direction,

SH - e A D e D -
h.

T EE LY 4 1)+ (DY 110 (265)
h.

R D) - g+ P - )

bz L 2 g 12 Oy, h  1- ﬂ w2 | A+ By e
\/—[ +,R,i ( +,L,i +R|)] [( ) +,L,i ( ) +,R,|]

h. _
T E LY+ 1) + &*ﬂxﬂngﬂmn (2.66)

h.
2l LBy g g )+ ﬁ*ﬂx“”—ﬁol
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For the negative direction,

I4U2 | f 142y g 14172 oyl 1+,B iz 1- ,B 14127 _
\@[ (Lo + L) = By =~ T + (5 eill =

Ay MG L R L) (267)

ol L1+ B 1_ﬂ 2 _ ]
A [(—— 5 — N —h)+(—— > Wi = i)l

__[fI+JJ2 __(fI+JJZ+ fl+ﬂ2)]+o-t| |[(1 ﬂ)fl+l/2 (1+ﬂ)fl+ﬂ2]_

\/_ L,i+l
h. _
%[(M)(fiﬂlz f'*1’2)+(1+'8)(f+'}l’|2 f|+1/2)] (2.68)
h
P ZEUE D) - )+ DA - AL

N N
where ¢, ; = Zwmt/fmi ,and ¢, = Zwma,//nmi . The parameter £ is the mass lumping

m=1 m=1
parameter. If = % , We obtain the S2SA scheme for the standard LDG equations. If

£ =1.0, we obtain the S2SA scheme for the lumped linear-discontinuous Galerkin

(LLDG) equations.

For the positive direction, there are two equations and two unknowns f**? and

+,L,i

f 212 per cell. The boundary flux f'%:% can be eliminated via upwinding, i.e., Eq.

(2.63). For the negative direction, there are two equations and two unknowns f_'fi’ 2 and

f "1 per cell. The boundary flux f''? can be eliminated via upwinding, i.e., Eq.

(2.64). If we consider the entire slab which contains | spatial cells, there are 41 equations

and 41 unknowns (the left and right boundary fluxes can be obtained from the boundary
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conditions). Therefore, the system is closed. We can solve the 41 coupled equations

through the following matrix:
A4|x4|'34| =00y, (2.69)
where F,, is the solution we desire, i.e.,

= 1+1/2 1+1/2 1+1/2 1+1/2 14+1/2 14+1/2 1+1/2 1+1/2
I:4I - [f+,L,l ! f—,L,l ! f+,R,l ! f—,R,l reen f+,L,i ! f—,L,i ! f+,R,i ' f—,R,i '

(2.70)

1+1/2 1+1/2 1+1/2 1+1/29T
ren f+,L,I ! f—,L,I ! f+,R,I ! f—,R,I ] '

The coefficient matrix A,,.,, is a 7-diagonal 41 x 41 matrix, and the source term &g, is

obtained from the solution of Sl iterate. After solving the above equations, the

accelerated scalar flux can be obtained as:

1+1 1+1/2 1+1/2 1+1/2
Li =P T f+,|_,i + f—,L,i ' (2.71)
1+1 1+1/2 1+1/2 1+1/2
Ri —Pri T f+,R,i + f—,R,i . (2.72)

S2SA spatial discretization for the LDLS method
For the LDLS method, the definition of the flux representation for the S,

equations is the same as that for LDG on the domain of x € [X; ;,,, X;.;,,] as in Egs.

(2.63) and (2.64). Based on Egs. (2.46)-(2.51), the high-order stage (SI) can be written
as:

For u,, >0,

X2 {Z[Srln,L,i B (X)+ SrIn,R,i Bgi(X) — oy, (l//rlrr,]I_J,?BL,i o h
. . . dx+ A4 (=0, (2.73)
X +l//r|n,1F{,2i Bri)— % (V/rlngzl - V/rlnlL/?)] (% —o0.Bi)} 2
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Xi1/2 {Z[Sm LIBL i (X) + Sm R,i BR |(X) O-t i (l//|+llzB

m,L,i

dx+ 42U 4 4 Y20, (2.74)

gy T rln+g2|BR|) m(‘//r::gzu ‘//rﬁ/?)](__ 0.Br )} ©2
1+1/2 1+1/2 | [
+. + l//m |+l//m i Sm |+Sm i
Hin Wi —Vimima-a) + Oy RS TREL = hy AL (275)
For u,, <0,

X2 {Z[Sm LiBL () + Sm riBri (X) — 0y, (lr//rlnﬂL/?B

X T r|n+:IE2/2| B, i) fn (l//rlnﬂR/zl ‘//rlnﬂl_/?)](% — Oy BL,i)

Jax 4 ) =0, (270

|1/2{2[SmLlBLl(X)+SmR|BR|(X) O-tl(l//ranrlLI?B O'h
dx+/1(%)=0, (2.77)

o TWriBay) - T‘(W,L*]éz.—wkf?)](—— 0B}
O R AT B (R TR 278)
where
ST Wi+ Qo (2.79)
N
Sty = 5 2 W ngi + Qnay: (2.80)

Based on these Sl equations, the residual for S, acceleration can be written as:

For the positive direction,
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(o)

zs’i [(¢|I_+|1/2 - ¢|I_,i)B|_,i (x) + (¢||_Til/2 - ¢Il.,i)BR,i (x)]

r-¢—,i (X) =

Oy + + * -
SR+ £LEBL (00 + (F1RE + 11308y, ()]

+,L,i +,R,i R,
1 (2.81)
o118 () LB 0] g (FL - 1)
U - DI 0 )
For the negative direction,
Osi + +
ri(x)= T[(d.,iﬂz - ¢||_,i)BL,i (x) +( |I_,ill2 - ¢|I_,i)BR,i (x)]
FOL(E + 1B 00 + (117 + 11078, ()]
1 (2.82)
_O-t,i[f—l,Jlr_l,ézBL,i(X)—i_ f_'}jy’fBRyi(x)]+ \/§hi (f_'f;’f - f_'f’iz)
# (L= 100 x00).
The least-squares functionals for the S, equations take the following form:
ya(BER e ) = | r200dx=24 | (x)dx, (2.83)
pL (R = [ 00dx=4 [ v, 00d (2.84)
where /4, is a Lagrange multiplier. The balance equation in the closed domain
[Xi—1/21 Xi+l/2] iS:
For the positive direction,
[ r.i(odx=o0. (2.85)

Xi-1/2
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For the negative direction,

XT/Z r(x)dx=0. (2.86)

Substituting Egs. (2.81) and (2.82) into Eqgs. (2.85) and (2.86), we obtain the balance
equations as follows:
For the positive direction,

1+1/2 1+1/2
1 (fl+112 _ fl+1/2 )+O' h f+,L,i + f+,R,i
1 tihi

\/é +,R,i +,R,i— 2

1+1/2 1+1/2 1+1/2 1+1/2
O_s,ihi (f+,L,i + 10 )+(f+,R,i + 150

== e R (2.87)

" O-s,ihi (¢F.ll2 - ¢1|) + (ﬂ:;ﬂz - ¢Il?,i)
2 2

For the negative direction,

1
J3
(L £ (1122 £ 05
2 2
" O-s,ihi (¢|le/2 - ¢IL|) +( Flefillz - ¢F|e,i)
2 2 '

1+1/2 1+1/2
fori + e

(fl+1/2 _ f_l:;—_1’/i2)+o_t’ihi 2

—L,i+l

Now we solve the following three equations for each direction, respectively:

For the positive direction,

Oy (1102 112, 2)

+,L,i !

af 1+1/2

+,L,i

0, (2.89)

+,Li "R Y
8f 1+1/2
+,R,i

1+1/2 1+1/2
o7 (FLE AR A) o 2.90)
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ayﬂ(flﬂjz fI+JJ2 ﬂf.)_

+,Li * "+ R, 0. 2.91
Y] (2.91)
For the negative direction,
oy (f2, 1132 2)
=, (2.92)
of ey
Oy (P07, 53 A4)
Al Ll - Maw | 1 — O, (2.93)
Ay
) f|+1/.2 f|+1/.2 2/
vt k) g (2.94)

oA

For the positive direction, there are three equations and three unknowns per cell,

ie, f"12 f!"2 and the Lagrange multiplier . A is not physically significant and

+Li v TR

can be eliminated. Thus, now we have two equations and two unknowns per cell, so the

system is close. The boundary flux fjf,j}’ifl can be eliminated via upwinding, i.e., Eq.

(2.63). For the negative direction, there are three equations and three unknowns ffff z

ffﬁ{z and A per cell. After eliminating 4, we have two equations and two unknowns,

so the system is close. The boundary flux f'ii% can be eliminated via upwinding, i.e.,
Eq. (2.64).

If we consider the entire slab which contains | spatial cells, there are 41 equations
and 41 unknowns (the left and right boundary fluxes can be obtained from the boundary
conditions). Therefore, the system is closed. We solve the 41 coupled equations also

through Eq. (2.69). The coefficient matrix A,, ,, is a 7-diagonal 41 x4l matrix, and the
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source term &4, is obtained from the solution of Sl iterate. After solving the above
equations, the scalar flux with the corrected error can be obtained as:
=gl £ £ (2.95)

1+1 1+1/2 1+1/2 1+1/2
Ri =P T f+,R,i + f—,R,i' (2-96)

Summary

In this chapter, we briefly described the most commonly applied spatial
discretization method: linear-discontinuous Galerkin (LDG) method. We proposed our
new LDLS method. We also presented the spatially discretized form of the S2SA
scheme. The equations obtained were implemented in a FORTRAN code and the
numerical results will be presented in Chapter V.

We explored the robustness of the LDLS method through a simplified pure
absorber transport equation and compared the robustness of the solutions from LDG and
LLDG. We found that the LDLS method is more robust than the LDG method and more

accurate than the LLDG method in the 1-D slab geometry.
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CHAPTER Il

FOURIER ANALYSIS FOR SPECTRAL RADIUS

In this chapter, we perform a Fourier analysis for the LDG, LLDG, and LDLS
methods to investigate the iterative convergence behavior of both the source iteration
and S2SA process. We consider an infinite, homogenous medium and uniform mesh

problem. All the calculations are implemented by MATLAB.

Derivation of Fourier analysis for the LDG method

The continuous form of the S2SA scheme is given in Egs. (1.20)-(1.23). In this
section we want to perform the Fourier analysis for the LDG method. Our first task is to
obtain the scalar flux error at step 1 +1/2 in terms of the scalar flux error at stepl . The
exact LDG scheme is given in Egs. (2.13)-(2.18), and its SI scheme is given in Egs.
(2.57)-(2.62) in the previous chapter. Based on these equations, we obtain the exact
equations for the error:

For u, >0,

1 +: + + i | 1+ +: +
il Owi + i) - oy 1+ S ot B yoyt

h 1 1— (3.1)
O'
=T Py 4 ﬂ)&zﬁ;,il,
ottt ~ @ s S sy o Dysy i -

h. 1— 1 2 2 (32)
T EPyog + L))

4
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For u, <0,
@ + o) - oy + S sy o - Pysy - -
TR Pyt (A Pyoh ) |
o~ 2 owsts s sy S Dysyz s Py - "
TP Pysl + Py 1 |
where the error of the flux is given as:
Yl s =V li — Vit (3.5)
SWmni = Vnri — Vg (3.6)
5=~ ds (3.7)
5y = o — s (3.8)

and where the parameter £ is the mass lumping parameter with S =1/3 corresponding
to LDG and £ =1 corresponding to LLDG.
We assume an infinite homogeneous, uniform mesh (h, =h). The spatial

dependence of the discrete flux error is defined by a single Fourier mode, i.e.,

Symis = OV T2 exp(jAX ), (3.9)
5‘//rln+gzl - é\PHl/Z exp( JAX|+1/2) (310)
§¢Il_,i = &DIL exXp(JAX 1), (3.11)

5¢Fle,i = &DIR exp( jAXi+1/2)v (3.12)
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where j=+/-1 and —oo < A < o0 . We set a parameter & = Ah where h is the cell width.
Substituting Egs. (3.9)-(3.12) into the exact Sl equations for the error, i.e., Egs. (3.1)-

(3.4), and dividing by exp( jAX;_,,), we obtain the follows:

For u,, >0,
ﬂm[%(é\P:T:lI-IZ_i_ejHé\P:;lR/Z)_é\ylr;léZ] O-tlhl [(1+ﬂ)é\Pl+l/2
(3.13)
1- j + o h 1+ 1- j
(= Pyerariin = P Pyso +<—/3 Je o, ],
2 4 2 2
11 [0 5P! 2 _l(é\PHlL/Z el 4 oih [(1 ﬂ)é\PHl/Z
1 /3 | o.h 1 ,H’ 12 i (3.14)
+ + Ol - + j
+HEP)e O 1= i [(Fo) S0 + (R )e b
4 2 2
Foru, <0,
U [1(5\{1'*1/2 + ejgé\PHl/Z) é\PHl/Z O-t |h| [(1+ﬂ)§yl+l/2
m 2 m,L m,R 2
(3.15)
1- ' + ogh 1+ 1- '
o Dyerowi = B Pysel (2 Pyersnl,
2 4 2 2
1 [elop!2 _l(é\lez el 4 O-t ih [(1 ﬂ)é\PHl/Z
m m,L m,L m.R
2 (3.16)

_ h 1- _

(- Pyerowiny = (L) +(—1+ﬁ Jersml ],
2 ! 4 2 2

From Egs. (3.13) and (3.14) for x, > 0, and from Egs. (3.15) and (3.16) for x,, <0,

respectively, we obtain the following equation for any given direction g, :

é\PH—l/Z |
[ Tl’sz =M, (&D,LJ, (3.17)
2 g Dy
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where M., is the coefficient matrix solved from Eqgs. (3.13) and (3.14) for ,, > 0, and

from Eqgs. (3.15) and (3.16) for x, <0. We write M, as:

M = my my
m

m21 22

j. (3.18)

Multiplying Eq. (3.17) by w,, and summing overm =1,...,N , we obtain the equation we

desired, i.e., the scalar flux error at step | +1/2 in terms of the scalar flux error at step| :

&I):_-%—l/ZJ L@l j
. |=H L (3.19)
E&Dw "\ aw,
where
N
LOTEEES I S A (3.20)
m=1
N
5CD'R*1’2 = Zé‘l"rﬁﬁzwm, (3.21)
m=1

and where H, represents the source iteration eigenfunction matrix:

h, h
Hs.{“ HJ, (3.22)
h21 h22
N
hy =Y mw, fori=12andj=12. (3.23)
m=1

Let ay, .. (0) be the larger of the two eigenvalues of Hy, for a given value of

6 . Then the “global” spectral radius that relates the scalar flux error at step 1+1/2 to
the scalar flux error at step | after sufficiently many iterations is given by:

Pg =MaxX a1 (6) (3.24)

all 6
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We refer to o, (0) as the “local” spectral radius since it is the effective spectral

si ,max

radius for the single Fourier mode associated with a given value of 4.

Now let’s move on to the low order S, equations. Our next task is to obtain the S,
scalar flux error estimate in terms of the scalar flux error at step| . The discrete form of
the low order S, scheme for the LDG method is given in Egs. (2.65)-(2.68) . The spatial

dependence of the S, flux error is defined by a single Fourier mode, i.e.,
£ = FI Y% exp(jAX ), (3.25)
£ = FL2 exp(JAX, ), (3.26)
Substituting Egs. (3.11)-(3.12), Egs. (3.20)-(3.21), and Egs. (3.25)-(3.26) into the low-
order S, scheme in Egs. (2.65)-(2.68), and dividing by exp( jAX, ,,,), we get:

For the positive direction,

11 e g 1412 O-tlhl 1"‘,3 vz | (=B e 2
\/§[2(F+,L +é€ F+,R ) F ] [( )F ( 2 )e F ]_
%[(M)(FJEUZ F|+1/2)+( ﬂ)eja(p’wz FI+JJ2)] (3.27)
P Dy @l - o))+ (D@ -l
i io |+1/2_ +12 | . jo |+1/2 O-tlhl 1- ,B 2 1+ 8., o I+JJ2
\/g[e P~ (R +e R+ — IR + (5 )e R =

h. — :
%{(%)(FJ;“Z FEI) 4 (+T/’>e'9(ﬁ',*“2 Fo) (329)
O-S—Ihl 1-B a2 1+ 08, ioqiivz

, @ =@ )+ ()l (@~ @R)).

For the negative direction,
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1 E(F_Itll2+ej0F_I;112) F|+1/2] O '[(1+'B)F'+1/2 (1 ’B)e‘QF”M]

V372
2wﬁ+ﬂxFT”+Hfﬂ+@%ﬁmwwﬁﬂ+Hﬁﬁ] (3.29)
Us_lhl 1+ 8\ vz g 1-0\ o qiz g
A [( 5 NP =D ) +( 2 )e (@™ — g,
1 g Y cnae | jepiae ol - 1- ,B 2 1+ﬂ p 2]
1 (e e S e (e )
h. —
%[(1 ﬂ)(Fl+l/2+FI+1/2)+(1+/8)619(FI;112+F_I]ElIZ)] (330)
POy o))+ (e @l - 0l

Substituting Eqg. (3.19) into Egs. (3.27)-(3.30), followed by considerable manipulation,
we obtain the equation we desired, i.e., the S, scalar flux error estimate in terms of the

scalar flux error at step| :

)]
where the S, scalar flux error:

F2=F2+ F2, (3.32)

2 =F2+F2 (3.33)

and where H,, represents the S error eigenfunction matrix.

Until now we have expressed the scalar flux error at step | +1/2 in terms of the
scalar flux error at step|l in Eq. (3.19), and the eigenfunction matrix H, . We have also
expressed the S, scalar flux error estimate in terms of the scalar flux error at stepl in Eq.

(3.31), and the eigenfunction matrix Hg,. Our final task is to find out the eigenfunction
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matrix H.,s, that relates the scalar flux error at step 1+1 to the scalar flux error at

stepl .
Based on Eq.(1.25), the scalar flux error at step | +1 is equal to the scalar flux
error at step 1 +1/2 minus the scalar flux error estimate from the S, equations. Thus, we

subtract Eq. (3.31) from Eq. (3.19) to obtain:

5(1):_+112 _ FLI+112] &)I
; s | = (Hg —Hgy) -, (3.34)
(&DIRM—FF! 1/2 S| S2 &)L{

Thus,

5(1)|+l &Dl
[5@:;1} = HSZSA(&D:;j7 (3.35)

where Hg,., represents the S2SA eigenfunction matrix:
Hsasn = Hg — He,. (3.36)
Letay, . (6) be the larger of the two eigenvalues of H,g, for a given value of

6 . Then the global spectral radius that relates the scalar flux error at stepl +1to the

scalar flux error at stepl for sufficiently many iterations is given by:

Psasn = Maxay .. (0) (3.37)

all @

We refer to aHHSZSAYmax(H) as the “local” spectral radius since it is the effective spectral

radius for the single Fourier mode associated with a given value of .
At this point, we have derived an expression for the spectral radius of the SI

scheme p, . We have also obtained an expression for the desired spectral radius ps,c, ,

that relates the scalar flux error at step 1+1 to the scalar flux error at step 1. Thus, we
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have completed the description of the Fourier analysis for the LDG (and LLDG) method.
We can now compute the eigenvalues for the infinite, homogenous medium and uniform
mesh problem. The quadrature set is chosen to be Sg Gauss quadrature. The scattering

ratio is chosen to be eitherc =1.0 (pure scattering) orc = 0.98. The total cross sections is
chosen to be o, =1.0.

Results for the LDG method (g =1/3) are given in Figs. 3.1-3.4. It can be
observed from Figs. 3.1 and 3.2 which show the global spectral radius of SI o;h =0.01

is equal to the scattering ratio c, and the spectral radius of S2SA is at roughly 0.222c.
We can also observe that the local spectral radius has a periodic dependence upon
6 (6 =Ah).

From Figs. 3.3 and 3.4, which show the global spectral radius as a function of
o;h, it can be seen that the S2SA scheme remains effective for all optical cell
thicknesses, i.e. pg,s, <0.222¢. The S2SA in the problems with absorption gives a

spectral radius of 0 in the limit aso,h — oo , while it converges to 0.12 in a pure

scattering (¢ =1) problem.
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Results for the LLDG method (£ =1) are given in Figs. 3.5-3.8 and they are

quite similar to the results for the LDG method. It can be observed from Figs. 3.5 and

3.6 that for o,h =0.01 the global spectral radius of Sl is equal to the scattering ratio c,

and the global spectral radius of S2SA is at roughly 0.222c. We can also observe that
the local spectral radius has a periodic dependence upon 8 (€ = Ah).
From Figs. 3.7 and 3.8, which show the global spectral radius as a function of

oh, it can be seen that the S2SA scheme remains effective for all optical cell
thicknesses, i.e. pg,s, < 0.222¢. The S2SA in the problems with absorption gives a
spectral radius of 0 in the limit aso,h — o , while it converges to 0.12 in a pure

scattering (¢ =1) problem, which gives the same results as the LDG method.

Derivation of Fourier analysis for the LDLS method

In this section, we perform a Fourier analysis for the LDLS method to determine
the iterative convergence rate of both the SI and S2SA process. The analysis process is
similar to that of the LDG method.

Our first task is to obtain the scalar flux error at step | +1/2 in terms of the
scalar flux error at stepl . The exact LDLS solution is given by Egs. (2.46)-(2.51) and
the SI scheme is given by Egs. (2.73)-(2.80). Based on these equations, eliminating the

Lagrange multiplier 4, and after some manipulation using Maple, we obtain the exact

solution for the error:
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For u, >0,
ASY s + BSw, et +Ciod + Do, =0, (3.38)
+ + 5l/jrln+ll? + é‘l//ranrﬂzl O-s ihi 5¢I i + 5¢I i
Fin(SW s = Wngia) + O ihy — Rl= s L RL (3.39)
2 2 2
For u, <0,
AS 141/2 141/2 | I
Voli t BZ§V/m,R,i +C25¢L,i + D25¢R,i =0, (3.40)
5|+1/?+5 |+l/2_ h5|+5|
(O — ) 1 oy i Vs Tl Bt Oy (g gy

2 2 2

where the coefficients A,B,,C,,D,, i =1,2 are polynomial coefficients. They are all
functions of 14, h;,0,; and o ;. Substituting the single Fourier mode of the flux error in
Egs. (3.9)-(3.12) into Egs. (3.38)-(3.41), and dividing by exp( jAX; ,,), we obtain:
For u,, >0,

ASY % + B’ i +CoD, + De’sby, =0, (3.42)

1+1/2 jo 1+1/2 | jo |
é\Pm,L +€ é‘Pm,R — O-s,ihi 5(I)L+eJ &DR

/’lm (e Jgé\P:TT,léz - é\II:T:r,JéZ) + O-t,ihi 2 2 2 (3'43)
Foru, <0,
AV % + Bl oW+ C,oD) + D,e¥sdy =0, (3.44)
_ é‘P'*“z ejeé\Pl+1/2 h I 0 o3l
RGP Vi O R At A, LRSS R L B P

2 2 2
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Similarly to the LDG method, we adopt the same procedure as from Eq. (3.17) to
Eq. (3.24) to obtain the local and global spectral radii of SI scheme for the LDLS
method.

Our next task is to obtain the S, scalar flux error estimate in terms of the scalar
flux error at step |, and to obtain the desired spectral radius that relates the scalar flux
error at step | +1to the scalar flux error at stepl . The discrete form of the low order S,
scheme for the LDLS method is given in Egs. (2.89)-(2.94). The spatial dependence of
the S, flux error is defined by the single Fourier mode given in Egs. (3.25)-(3.26).
Substituting Egs. (3.11)-(3.12) and Egs. (3.25)-(3.26) into the low-order S, scheme in
Egs. (2.89)-(2.94), and dividing by exp( jAX; ,,), we get:

For the positive direction,

1+1/2 jo- 1+1/2 1+1/2 jo - 1+1/2
AF T +Be"F 7 +CF 7+ De

E 42 5 Fel ("2 _p' )= (3.46)
+ S(CDL CI)L)+ 3e ((DR cI)R)_07
1+1/2 jO - 1+1/2
%(ejeFl}leZ _ F:§/2)+O-t'ihi F+,L +2ej F+,R — zhl (FLI+112 +ej¢9FF:+l/2)
3 i (3.47)
O_si i + j +
+ L@} -0l +e (@) - al)]
For the negative direction,
F|+ll2 + B ej6F|+1/2 _I_C F|+l/2 + D ejHFIJrlJZ
AA - 1+1/2 ' I - '94 L|1/2 T : (3.48)
+E, (@7 —D )+ F e (D - D) =0,
1+1/2 jO - 1+1/2
_%(ejQFIIlIZ _ FJ,+|_1/2)+O-t'ihi F—,L +2ej F—,R _ O-s,ihi (FLI+l/2 +ejt9FFl+l/2)
3 4 (3.49)

Gsihi + j +
+ ZEL @ - 0)) +e¥ (0~ 0]
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where the coefficients A,B,,C,,D,, i =3,4 are polynomial coefficients. They are all

functions of 11, h;,0,; and o;.

Similarly to the LDG method, we adopt the same procedure as from Eqg. (3.31) to
Eqg. (3.37) to obtain the local and global spectral radii of the S2SA scheme for the LDLS
method.

At this point, we have derived an expression for the spectral radius of the SI

scheme p, . We have also obtained an expression for the desired spectral radius ps,c, ,

that relates the scalar flux error at step 1+1 to the scalar flux error at step 1. Thus, we
have completed the description of the Fourier analysis for the LDLS method. We can
now compute the eigenvalues for the infinite, homogenous medium and uniform mesh
problem. The quadrature set is chosen to be Sg Gauss quadrature. The scattering ratio is
chosen to be eitherc =1.0 (pure scattering) orc = 0.98. The total cross sections is chosen

to be 0, =1.0.

Results for the LDLS method are given in Figs. 3.9-3.12. It can be observed from
Figs. 3.9 and 3.10 that for o,h =0.01, the global spectral radius of Sl is equal to the
scattering ratio c, and the spectral radius of S2SA is at roughly 0.222c. We can also
observe that the local spectral radius has a periodic dependence upon & (€ = Ah).

From Figs. 3.11 and 3.12 which show the global spectral radius as a function of

oh, it can be observed that the S2SA scheme remains effective for all cell thicknesses.
For small mean-free-paths (o,h < 0.1), the spectral radius remains at o, = 0.222c,

while there is a peak at roughly o,h = 0.8. The S2SA scheme in the problems with
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absorption gives a spectral radius of 0 in the limit aso,h — o , while it converges to 0.3

in a pure scattering (¢ =1) problem.

Summary

To investigate the iterative convergence behavior of the LDLS method, we
presented a detailed discrete Fourier analysis for the LDG, LLDG, and LDLS methods.
Our analysis suggests that the S, synthetic acceleration of LDG remains effective for all

cell thicknesses and o,¢, < 0.222c. For LDLS, although the S, synthetic acceleration

remains effective for all cell thicknesses, there is a peak of the spectral radius at roughly

o,h =0.8. The S2SA in the problems with absorption gives a spectral radius of 0 in the
limit aso;h — oo , while it converges to 0.3 in a pure scattering (¢ =1) problem.

Computational results for the spectral radii will be presented in Chapter V to make a

comparison with theory.
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CHAPTER IV

ASYMPTOTIC ANALYSIS

In this chapter, we study the optically thick diffusive problem by performing a
detailed asymptotic analysis® for the new LDLS method for the 1-D one-group steady-
state transport equation with isotropic source and scattering. We focus on optically thick
diffusive problems to find out whether the thick diffusion limit is preserved with the

LDLS spatial discretization scheme.

Introduction
Neutron transport problems are rarely highly diffusive and generally exhibit a

spatial scale length of a few mean-free-paths (4., =1/0o,) or less. However, thermal

fp
radiation transport problems often include highly diffusive regions which exhibit a

spatial scale length of a diffusion-length (1, =1/,/30,0,), which can be equal to an

arbitrary number of mean-free-paths. The 1-D diffusion equation with Mark boundary

conditions is:
41 dg _
D30 ax o009 =Q(x) (4.1)
(9-V3DL) -4, (42)
X |yo
(#+B30%)  -af, (43)
OX|,_x
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where j' and j; are the boundary incident currents.

To define the asymptotic diffusion limit, we now introduce a small parameter ¢,

and make the following scalings:

o -2, (4.4)
&
o, > &0, (4.5)
o, —>ﬂ—50'a, (4.6)
&
Q — &Q. 4.7)

These scalings will be applied to the transport equation, but before doing so it is useful

to apply them to the diffusion equation. Substituting Eqgs. (4.4)-(4.7) into Egs. (4.1)-(4.3),

d & de(x) _
Ti 300 dx T eo(0900 =00, (4.8)
(93D -aj: (49)
aX x=0
(#+3:D%0)  =aj;. (410)

It can be easily observed that the diffusion equation is invariant to the scaling.
When & — 0, the boundary conditions become the Dirichlet boundary condition. The
mean-free-path and the diffusion length become:

A =¢lo, (4.11)
mfp t

Ay =11/30,0,. (4.12)
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A is the scale length for diffusive problems, not 4 . Intuitively, one would expect to

obtain accurate transport solutions for diffusive problems when the spatial cell size is

small relative to a diffusion length , i.e., h/ A, <1. However, only if a transport scheme

preserves the thick diffusion limit will an accurate solution be obtained. Truncation error
analysis for the transport equation states that convergence in general requires

h/ 4, <1.So all consistent discretization schemes will yield an accurate solution if

h/ A, <1.However, from Eq. (4.11) and (4.12), it can be seen that 4, is O(s) and

p

Ap 18 O(1) . Thus requiring h/ 4, <1 can be arbitrarily expensive relative to requiring
h/ A, <1 since 4., /4, —0 as £ - 0. Thus, transport meshing efficiency for highly

diffusive problems requires the diffusion limit. If a scheme preserves the thick diffusion
limit, the required mesh spacing becomes fixed in the limit as ¢ — 0. However, if a
scheme does not preserve the thick diffusion limit, the required mesh spacing is
proportional to ¢.

We turn to the 1-D one-group steady-state transport equation with isotropic

source and scattering. Applying the scaling, it now becomes:

ﬂﬁwéﬂ’ X) N o, (x) w10, X) = [O'I(X) —EO'a(X)]EJ._l w(u, X)du+g_(x). (4.13)
X & & 27-1 2

The following section describes the spatial discretization of Eq. (4.13) and the results

from the asymptotic analysis whene — 0.
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A summary of the asymptotic analysis for the LLDG method

If discretize Eq. (4.13) by the LLDG method, we have the following scaled

equations:
o
i Ih
Vali TWnri ouh ( €0 eh;
m(%_lr//m,i—llz)-i_;—gl//m,u :gfﬂ,i +7Qm,L,i’ (4.14)
Oy
—u h.
Yiri TWariy | Oul ( & £, eh,
o fmlL, Ry 4 7L =< 4 +—L (415
/um(l//m,Hl/Z 2 ) 28 lr//m,R,l 4 ¢R,| 2 Qm,R,l ( )
where
N
¢L,i = szWm,L,w (4.16)
m=1
N
Boi = 2 Wl (4.17)
m=1

We first expand the discrete solution in a power series ine :

Vinli = Zl/lr(r:j)L,ign’ (4.18)
n=0

Vinri = ngjéjgn- (4.19)
n=0

Substituting these expressions into Egs. (4.14) and (4.15) and equating all terms that

multiply each power of ¢, we obtain one equation for each power of ¢ .

The &° equations yield:

1
vl =49, (4.20)
2
(0) 1 (0)
Vari = 5 %R (4.21)

2
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which implies that the leading-order angular flux is isotropic. The current is defined as:

N
‘]i = ZWm,i:ume' (422)

m=1

Thus, the isotropy of the leading-order angular flux yields the leading-order current to be

zero (0):
JO =0, (4.23)
The &' equation is:
1 o.h o.h
ol o Wil + Winki) =Wt ]+ Vi = =5 41 (4.24)
2 2 4
1 o, ihi o, ihi
HnlWmie =5 Wi+ I+ = Wiy === 0l (4.25)

Multiplying Eq. (4.24) by w,, and summing overm =1,...,N , we obtain the continuity of

the leading-order angular flux and scalar flux:

Vili = Vikia (4.26)
(=4, (4.27)

Adding Eq. (4.24) and (4.25), we obtain:

(1) (1) (€] (1)
Yori TWari _ Oulh 800 + dr)
Mo (‘//r(rSi)u/z - Wr(no,i)—llz) +oyh, = 5 R = té - 5 Lt (4.28)

Multiplying Eq. (4.28) by x,w,, and summing overm =1,...,N , after considerable

manipulation, we obtain the discretized form of Fick’s Law for the first-order current:

1
30 = o (¢, —¢2.) (4.29)

tith

The &” equation for the ith cell is:
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1 o, ol T, h,

Hin [E (l//r(nl,)L,i +‘//r(nl,)R,i) _‘//r(nl,)i—llz] th’T‘//r(nz,)l_,i = tT Ezu) _T IEOI) +ZQL,i' (4.30)
1 ol o.ih o,.h h,

Hiy [‘//él,)iu/z _E(Wr(nl,)L,i +‘//r(nl,)R,i)] +t'TWr(nz,2e,i = t4 é?i) - 4 é(,)i) +ZQR,i' (4.31)

Eq. (4.30) for the cell i+1 is:

1 ol
Hin [E (V/rgll,)L,Hl + l//r(nl,)R,iJrl) - l//r(nl,)iJrlIZ] + té l//r(nz,)L,Hl

(4.32)

o.h Oihy h,
-2 g, - Tl o,

L,i+1 L,i+1
4 4

Adding Eq. (4.31) and Eq. (4.32), multiplying by w_ and summing overm=1,...,N , we

get:
I8 =30 45 0+ 0y A% =5 (0 )Q e 433)
where
30 = il/fﬁ}ﬂmwm, (4.34)
Qs = hiQR;];hgva”l , (4.35)
B =) = do: (4.36)

Substituting Eq. (4.29) into Eq. (4.33), we get:

1
S % T 5 V R K57 o VR h+o  h © —=(h +h ... (437
3O-tyi+1hi+1 3O-t'ihi Z(Ua,l i o-a,|+l |+1)¢|+1/2 2( i |+1)Q|+1/2 ( )

(0 (0 O 0 1

Eq. (4.37) is a valid discretization of the diffusion equation, i.e., Eq. (4.1). Thus,

the leading-order scalar flux satisfies the diffusion equation which implies that the
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LLDG method preserves the thick diffusion limit. The LDG method yields a similar

result® as follows:

¢|(f??/2 ¢|(+01)/2 ¢i|(fl)/2 ¢(-01)/2 + (E ¢(0) ¢( )
3Gt|+1h|+1 So-tlhl 2 I 3 I+1/2 He
1
+- 2 O-a |+1h|+l( |(fl)/2 §¢|(f?3/2 (438)
1 1
:Ehi (EQHl/Z 3 Qi12) + |+1( Quupts Q.+3/2)

In the following section, we discuss the behavior of the new LDLS method in the

thick diffusion limit.

Asymptotic analysis for the LDLS method

In this section, we give a brief description of the asymptotic analysis for the
LDLS method, as well as a summary of the results. Recall from Chapter 1 that the
LDLS method is expressed as:

For u,, >0,

Yoo {20S,,BLi(X) + S, ¢,iBri (X) =y (W, iBy

B —H//m,R,iBR,i)_%(l//m,R,i _‘//m,L,i)](ﬂm c,B.i)}

X'i-172

dx + A( “h') 0 (439

X112

{2[S,,.iBLi(X) + S, giBgi (X) — 0y (W, LiBLi o h
ax + A( t2 L+ u)=0 (4.40)

W iBri) — %(l//m,R,i - l//m,L,i)](_% —0.;Br)}

.
X2

}.]lr//mL|_+_l//mR|_}.]S +Sm,R,i
2 2

Hi ('//m,R i “¥nr, ig)t+ Oy (4.41)

For u, <0,
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x {Z[Sm,L,i B, (x) + Smr.iBri (x) - Oy (‘//m,L,i B,

&(V/m,R,i YL )](% — Oy BL,i)

}dxM(““T‘”—um) =0 (4.42)
hl

'H//m,R,iBR,i) -

Xi-1/2

Xis12

o,;h

{20S,,1iBLi(X) + S i Bri(X) — 04 (W LBy
X+ A =0 (4.43)

W iBri) — %(l//m,R,i - l//m,L,i)](_% —0,;Br)} 2

Xi-1/2

hi l//m,L,i +l//m,R,i — hi Sm,L,i + Sm,R,i

He Wit = Winii) O > > (4.44)
where

O-si \ 1
Sm,L,i = ’ Zwml//m,L,i +_Qm,L,i (445)

2 & 2

o-si $ 1
Sm,R,i = 2 Zwml//m,R,i +§Qm,R,i (446)

m=1

Eq. (4.41) and Eq. (4.44) are the balance equations for positive and negative directions.

They can be combined for all directions as:

h ¥mLi T¥nri _ oyl (4 + ki) +£QL,i +Qpi

4.47
2 2 2 2 2 (4.47)

M (‘//m,m/z ~ W)t Oy

If we eliminate the variable 4 from Eq. (4.39) and (4.40) and perform considerable

manipulation, we can obtain Eq. (4.48) for u, > 0:

(20-t2,i hizlum - Gta hi3 - 12#2)1/4““

+(120-t,ihi/uri + 4O-t2,' h gt + O-t?ji h?+ lzlur?])l//m,R,i (4.48)

= (_O-tz,i i3 + Zo-t,ihizlum + 6hiﬂ§1)sm,L,i + (O-tz,ihia + 4O't,ihi2ﬂm + 6hiﬂ§1)sm,R,i

Eliminating 4 from Eq. (4.42) and (4.43) and performing considerable manipulation, we

obtain Eq. (4.49) for 1, <0:
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( 120, Oy | +4Gt|h|2 _Jt|h|3+12ﬂr?1)l//m,L,i

+(20- h2 +O—t|h|3 121um)y/m,R,i (449)

tII

_(_O-tl i +4O_t|h2 m_6h|/ur$1)s

m,R,i

wui H(oihd + 20, 0w, —6h12)S

Introducing the small parameter & and making the variable changes in Egs. (4.4)-(4.7),

from Eq. (4.47) we get:

i l/lm i + Wm i
o W rnicr2 = Vi) +— “ h %
i _ (4.50)
_ =20 (4 40 e QU+ Q
2 2 2 2

From Eq. (4.48) we obtain the least-squares equation for >0 as:

(2e0ih i — o0ty =128 1),

m

+(12820-t,ihi/um + 4‘90-t it /um + Gt |h3 + 128 )l//m R,i

= (~o2 ¢ +26%0, heu, + 65N, ym)[( o) P Qzu] (4.51)
+Heolh +4&%o, 0 p, +683hi,uri)[(?”_ a|) ¢R. QZRJ]

and from Eq. (4.49) for 4, <O0:
(-12¢? O'tlh“um +450'“h2,um -0, *h’+12£°u )‘//m,L,i
+(2ealh w, + oo —128° 15w, v
= (—eo?h? +4e’o, heu, — 657N 2] % o)t A Qzu] (4.52)
+(eoth? + 2870 0 1, — 6% 12)] % o) % ¢R. Q;,i]

Expanding the discrete solution in a power series in & as in Egs. (4.18)-(4.19), the &°

equations from Egs. (4.50)-(4.52) yield:
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L v =L 42
L)~ ) = LS ) for >0

1
o-ts,ihig(!//r(no,)R,i - '//rg]O)L.) = O-tz,ihisg(¢F(e(,)i) - ¢EO.)) for u, <0.

Solving Egs. (4.53)-(4.55), we obtain isotropy of the leading-order angular flux:

w0, =40
m,L,i 2 i
v =140
m,R,1 2 W

which further yields the leading-order current to be zero:

JO =0.
The &' equations are as follows:
@) 1) @ 4 40
4+ - o..h &Y + @
,Um('//rfﬁi)u/z _l/lrgl?i)—1/2)+o-t,ihi PmLi Zl//m’R'l = t’2| A 5 RL

Uﬁi hi3 (l//r(nl,)R,i - ‘//r(nl,)l_,i) + Zo-tz,i hizﬂm (l//r(nO)LI + Zl//rsmo,)R,i)

=o’ h?%((p,gg — g+ 2070w, %( D +24Y)  for u, >0,

Lt it

O'Si hy (l//r(nl,)R,i - ‘/’rgnl,)L,i) + Zo-tz,i Y, (Zl//r(no,l)_,i + V/&?’R,i)

= o-ts,' his L

1)~ ) + 205, (200 +4) for <O,
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(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

Multiplying Eq. (4.59) by x,w,, and summing overm =1,...,N , and after considerable

manipulation, we obtain the discretize form of Fick’s Law for the first-order current:
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1
30..h

it

I =- (22 — 40) (4.62)

Multiplying Eq. (4.59) by w,, and sum overm =1,...,N , we obtain:
(o — ) =400 — daia: (4.63)
Multiplying Eq. (4.60) by x w_ and summingoverm=N/2+1,..,N ; and multiplying

Eq. (4.61) by x,w, and summing overm=1,...,N /2, we respectively obtain:

2, = 30, =5 () -2, (4.64
and
J (@) J o _ 1 (N} (1) 4.65
—Ri T VoL __Z(¢R,i L) ( : )
where the half range currents are defined as:
N
‘]il)Ll = z l//r(nl,)L,i:ume1 (466)
m=N/2+1
N
‘]ilgei = z !r//r(nl)Ri/ume' (467)
o m=N/2+1 o
N/2
JEl)Ll = Zl/lr(nl,)L,iﬂme1 (468)
m=1
L N/2 N
300 = D Wk it Wy (4.69)
=1

Adding Egs. (4.64) and (4.65), we get:

JW=38=30. (4.70)
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Eq. (4.70) shows that the first-order current is constant over a particular spatial cell.

Subtracting Eq. (4.65) from Eq. (4.64), we get:
(% —3%) -8, =380 =7 (¢<” ). (4.71)

Egs. (4.62), (4.63), (4.70) and (4.71) are all the information we can obtain from

the &' equations based on the LDLS method. Eq. (4.62) shows the Fick’s law for the
first-order current, which is expected. Eq. (4.63) shows that the leading-order scalar flux,
and thus angular flux, is not continuous, which is unexpected, and the value of jump is
constant between each two cells. Eq. (4.70) gives a constant first-order current over the

spatial cell. Eq. (4.71) has no physical meaning, but will be used in the manipulation for
the &* equations.

Compared to the LLDG method, the &' equations from LDLS method are not
able to yield the continuity of the leading-order angular flux but only give a constant
jump between each adjacent pair of spatial cells.

The &* equations are:

2 _ oul o.ih

2'¢.(2’ P 40+ 'Q., (4.72)

:um (Wr(nl,)i+1/2 l//r(nl)l 112) + O-t |h|lr//m i

_6O-t,i hi,uri ('//r;O)R i Wr(nO)L )

—ZGt?ihizﬂm(l/fﬁi.—E ) —4olh um(t//nﬂl,’R,i— ¢“’)

(4.73)
Lo - o 5 A+ 0 Y -2 QL)

_Jtz,ihig(at,iy/r%%)R,i — Oy % F(22|) + Oy ; (0) QR |) 0 for My > 0,
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_60-t,ihi/ur$1 (Wr(noil i l//r(nol)_ )
1
_4O-t2,i izlum ('//rg]l,)L. ¢(l)) 20—t| i Him (Wr(nl,)R,i _E Ig1|))
1 1 (4.74)
+O'tz,ihi3(0't,i‘//r(nz,)|_,i — Oy, E Ezu) + O, 2 (0) QL.)

—0y hl (thl//r$12)R|_J 1 lg2|)+a 1 (0) QR|) 0 fOf,le<0

2 2

Multiplying Eq. (4.72) by w,, and summing over m=1,...,N , we obtain:
‘]r(nl,)i+l/2 ‘]r(nll -1/2 + 0, al |¢|(0) = hQ (475)
Multiplying Eq. (4.73) by w,, and summing over m=N/2+1,...,N ; multiplying Eq.

(4.74) by w, and summing over m=1,...,N /2, and adding these two equations, we get:

olh’ (43P +23 +239 - (¢<1> ¢

(4.76)
+(4Gt |h| + G Utlhl )(¢(0) ¢IE ) t| i (QRI QL,i)
We substitute from Eq. (4.71) into Eq. (4.76). After manipulation, we obtain:
60t2,ihi2“]i(1) + (4o h + 0,07 |h. ) (2 (0) ¢|EO.)) = O-tz,ihia(QR,i -Qu) (4.77)

Substituting Eq. (4.62) into Eq. (4.77), we obtain:
_zo_t,ihi (¢|(f1)/2 (Ii( 1)t (40} ihy + O-a,iatz,ih )(¢(O) ,Oi)) = O'tz,ihis(QR,i _QL,i) (4.78)

Based on Eq. (4.63), define the constant jump of scalar flux between any two adjacent

spatial cells as:
0 0 0 0
=400t =4 — i (4.79)

The value of the boundary scalar flux for each cell is defined as:

#, = (¢<°> +45,). (4.80)
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From Egs. (4.79) and (4.80), we obtain:

(O) ¢|(fl)/2 ——, (4-81)
=49, + (4.82)

Subtracting Eq. (4.82) from Eq. (4.81):
ki — 00 =4 — 4%, - A (4.83)

Substituting Eq. (4.83) into Eq. (4.78), we get:

(20,;h; + aaviofih )(¢|(+01)/2 ¢ﬁ( 12) — (4o ;h + O'aviofihis)A = o*tzvihis(QR'i -Q.;), (4.84)
Equation (4.84) is for cell i. If we write down Eq. (4.84) for cell i+1, subtract the
equation for cell i from the equation for cell i+1, and algebraically manipulate the
resulting equation, we obtain the following after assuming constant cross-sections and

constant cell width for each spatial cell:

o.h?
¢|(+03?/2 ¢|(+01)/2 + ¢|(—0132 = 2 — 2 [QR i+l (QL i+l + QR |) + QL |] (485)
+ UaO't
where i =1,...1 —=1. From Eq. (4.85), we find that the leading-order scalar flux does not

satisfy a valid discretization of the diffusion equation. The LDLS scheme does not have
thick diffusion limit. If we have a constant inhomogeneous source, the right side of Eq.
(4.85) will be zero (0). This result is consistent with our computational results shown in

the next chapter.
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Summary

In this chapter, we first reviewed the asymptotic analysis for the LLDG method
which gives the thick diffusion limit. We performed in detail the asymptotic analysis for
the new LDLS method. The result is not so encouraging because it does not yield a
diffusion equation in the thick diffusion limit. However, in the next chapter we can see
that the LDLS method is more robust than the LDG method and is more accurate than
the LLDG method in this 1-D slab geometry problem. Consequently, the LDLS method
can be applied to advantage in the neutronics problems but not highly diffusive radiative

problems.
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CHAPTER V

COMPUTATIONAL RESULTS

In this chapter we present numerical results. We have implemented the different
spatial discretization methods, i.e., LDG, LLDG, and LDLS, into a FORTRAN code and
used the code to provide our results. We measure the L, errors of the methods in
problems with and without scattering. Iterative convergence rates are measured for
different methods and compared with the rates predicted by Fourier analysis. Thick

diffusion limit calculations are performed to confirm our theoretical predictions.

L, measurements for pointwise and continuous errors

The purpose of this section is to provide computational evidence that the LDLS
spatial discretization scheme is second-order accurate. We compare the order accuracy
of the LDG, LLDG, and LDLS methods in problems with and without scattering using
both continuous and discrete L, norms. To demonstrate the accuracy of the LDLS
method, we consider the following test problem defined for Eq. (1.4): uniform mesh

(h;=h),x [0, X] with X =1.0cm, homogenous medium (o,; = o,,0,; = o,) With
various values of o,and o, . The number of uniform spatial meshes | varies from 2 to

2% The discrete L, norm of the cell-averaged flux can be expressed as:

PL, =J|3_'z[¢f‘ve ~4" ()T CE
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where ¢* (x;) is the average scalar flux of the ith cell from the computational results,

and ¢™° is the analytical solution for the cell-averaged scalar flux of the ith cell. The

continuous L, norm error can be expressed as:

L, \/Z T 17 () - 9 (OTdx, (52)

=1 X

where ¢ (x) is the Sy solution for the scalar flux as a function of x, and ¢***(x) is the

analytical solution for the scalar flux as a function of x. The spatial quadrature form of

the continuous L, norm can be expressed as:

cL, - J'Z{i[wxa“(xi,,-) g (x 1w, 3, (5.3)

=1 j=1
where the order of the spatial Gauss quadrature is J. We chose the order of the spatial
Gauss gaudrature to be J =16 in all the calculations.

The first set of computations is based on the S, equations. A vacuum boundary
condition is imposed at x = 0cm, and an isotropic flux with a unit half-range current is

incident at x =1.0cm . We performed both the pure absorber problem where

o, =0, =1.0cm™, and the scattering problem where &, =1.0cm ™ with the scattering

ratioc = 0.5. The number of uniform spatial meshes | varied from 2 to 2'°. For 1-D slab
geometry, the S, equations are equivalent to the diffusion equation, so an analytic
solution to this problem can be easily obtained. In particular, the 1-D diffusion equation

is given by:

-D

2

T | 5 4x) =0, (5.4)
OX
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with boundary conditions:

¢ 3) 1 3
—+7E . =0, (55)

¢ 31 _
2 27l J3, (5.6)

where
1

D:3_O_t! (5'7)
3(x) =D 2. (5.8)

OX

Solving Egs. (5.4)-(5.8), we obtain the analytical solution for the diffusion equation:

2\/§Hl+ /%}ewx—(l— %]e-MX}
Oy o,
2 2 .
[[l-}- O-aJ e 30,01 X _Ll_ O-a\] e SO'aUIX]
\ o o,

Figs. 5.1-5.4 give the computational results for the S, equations from the pure

#(x) =

(5.9)

absorber and scattering problems. The pointwise error for the cell-averaged flux is
shown in Figs. 5.1 and 5.3. It can be observed that the LDG method is third order
accurate, while both the LDLS method and LLDG method are second order accurate.
However, the LDLS method is more accurate than the LLDG method.

It can be seen from the continuous L error shown in Figs. 5.2 and 5.4 that all three
methods yield second-order accuracy. The LDG method is the most accurate, while the
LDLS method is slightly less accurate than the LDG method, and the LLDG method is

the least accurate.
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Fig. 5.1. Comparison of S, pointwise convergence rate of cell-averaged scalar flux with

Fig. 5.2.

o, = 0, =1.0cm™and a unit half-range incident current.
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The second set of computations is based on Sy Gauss quadrature sets for the pure
absorber problem (o, = 5, =1.0 cm™). We performed calculations with N =4,8,16. A

vacuum boundary condition was imposed at x = 0cm , and an isotropic flux with a unit
half-range current was incident at x = X =1.0cm. The number of uniform spatial
meshes | varied from 2 to 2'°. For 1-D slab geometry, the Sy equations for the pure

absorber problem have the following analytical solution:

N/2 0 (X-X)

De nl

P(X) = g (5.10)
=D W,
m=1

Figs. 5.5-5.10 for the Sy calculations yield the same conclusions as Figs. 5.1-5.4.
In particular, for the pointwise error for the cell-averaged flux, the LDG method is third
order accurate, while both the LDLS method and LLDG method are second order
accurate. However, the LDLS method is more accurate than the LLDG method.

For the continuous L error, all three methods yield second-order accuracy. The
LDG method is the most accurate, while the LDLS method is slightly less accurate than
the LDG method, and the LLDG method is the least accurate.

The third set of computations was performed to investigate the Sy equations with
scattering. To obtain an analytical solution for a transport equation, we used the method
of manufactured solutions. It can be described as follows. One first assumes an arbitrary
angular flux solution which defines the boundary conditions. Then one substitutes that
solution into the transport equation, and solves for the associated inhomogeneous source.

The assumed transport solution determines the boundary conditions. We choose the
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Fig. 5.5. Comparison of S, pointwise convergence rate of cell-averaged scalar flux with

Fig. 5.6.

o, = o, =1.0cm™and a unit half-range incident current.
0
10 ]
—+— LDLS |1
4 ~O DG
10 7 —— LLDG|:
%\y\ 1h? |}

10°F )

3
&
3 1
2 10-3, i\ ]
£ NN
o % ]
5, N ]
5 10 ¢ LN
N * N :
g 10", X\\\ 3
[} \ E
o LN
10>6’ \K\ p E
-7 ! i \
10 0 1 2 3 4
10 10 10 10 10

Number of cells

Comparison of S, continuous L, convergence rate of scalar flux with

Oa

= o, =1.0cm™and a unit half-range incident current.



0
10
LDLS
LDG
3 10”7 | LLDG |
b 2
= Uh
© 3
S 4 1/h
- 10 J
(3]
()]
o
g 6
S 10 f g
[
o
Q
S 8
s 10 b
S
o a0
10 bl
10_12 R R R
0 1 2 3 4
10 10 10 10 10

Number of cells

76

Fig. 5.7. Comparison of Sg pointwise convergence rate of cell-averaged scalar flux with

Fig. 5.8.

o, = o, =1.0cm™and a unit half-range incident current.
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following transport angular flux solution:
v, (X) =sin(zx)(L+ ). (5.11)
This flux solution is symmetric along the x-axis, and satisfies a vacuum condition at both

the left and right boundaries. Substituting Eq. (5.11) into Eq. (1.4), the 1-D Sy equations,

we obtain the corresponding inhomogeneous source:

Q0= X 1 g 60~ % S w4 (5.12)
Qu ()= 1, 1+ 427 COS(eX) + [0, 1+ ) 5 0, Isin(ex) (5.13)

We implemented Egs. (5.11) and (5.13) into our Sy code to enable us to measure
the order of accuracy of the spatial discretization schemes. We performed test transport

calculations with N =4,8,16. In accordance with Eqg. (5.11), vacuum boundary
conditions were imposed atx =0cmand x = X =1.0cm, o, =1.0 cm™, and ¢=0.5. The

number of uniform spatial meshes, I, was varied from 2 to 2*°.

Figs. 5.11-5.16 yield the same conclusions as the previous problems. For the
pointwise error for the cell-averaged flux, the LDG method is third order accurate, while
both the LDLS method and LLDG method are second order accurate. However, the
LDLS method is more accurate than the LLDG method. For the continuous L, error, all
three methods yield second-order accuracy. The LDG method is the most accurate, while
the LDLS method is slightly less accurate than the LDG method, and the LLDG method

is the least accurate.
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Computational results for spectral radii and comparison with Fourier analysis

In Chapter 111, we investigated the spectral radius of the LDLS method by
Fourier analysis assuming an infinite homogeneous medium problem. In this section, we
verify the results from the Fourier analysis by numerical calculations.

We first perform Sg calculations for a pure scattering problem (¢ =1.0)
with o, =1.0. The number of spatial meshes | and the total thickness of the X were
varied in order to get different thickness for each cell width h, whereh = X /1 . In Table
5.1, spectral radii from the Fourier analysis are directly compared with computational
results. We obtained these results by setting all sources to zero and assuming a random
distributed scalar flux guess ¢ € (0,1) . The exact solution to this problem is the zero
solution, so the solution iterate is in fact the error. This makes it very easy to compute

the spectral radius p:

2, (5.14)

where

4], = \/% - (5.15)

We can observe that the computational spectral radii agree extremely well with
those from Fourier analysis. We also performed calculations with ¢ =0.98. Table 5.2
gives a comparison of the spectral radii from these calculations, and the computational

results are also in excellent agreement with theory.



Table 5.1

LDLS spectral radii for a pure scattering problem (Sg).
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h Total thickness | Number of From Fourier From computational
(cm) | (cm) cells analysis results

0.1 100 1000 0.2225 0.2221

0.5 100 200 0.2406 0.2404

1.0 100 100 0.25 0.2489

3.0 300 100 0.1226 0.1223

5.0 500 100 0.2146 0.2138

10.0 1000 100 0.2667 0.2658

Table 5.2
LDLS spectral radii with ¢=0.98 (Ss).

h Total thickness | Number of From Fourier From computational
(cm) | (cm) cells analysis results

0.1 100 1000 0.2159 0.2154

0.5 100 200 0.2343 0.2342

1.0 100 100 0.2417 0.2407

3.0 300 100 0.1146 0.1146

5.0 500 100 0.1115 0.1112

10.0 1000 100 0.1076 0.1073
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Computational results for the thick diffusion limit

This set of computations is intended to investigate the performance of the LDLS
method in the thick diffusion limit. In Chapter IV, asymptotic analysis showed that the
LDLS method does not preserve this limit. In this section we want to test this result
computationally.

The problem we consider is characterized as follows: homogenous medium

(0, =0,,0,;=0,), 0,=1.0, c=0.5, uniform mesh (h, =h),x [0, X]

with X =1.0cm, a unit constant distributed inhomogeneous source and a vacuum
boundary condition on both boundaries.

To investigate the diffusion limit, we need to first obtain the analytical solution
of the diffusion equation that the leading-order transport solution satisfies. The diffusion

equation with the given boundary conditions can be expressed as:

08, 5 40 -Q (5.16)
OX
¢ 331
"2 .0 (5.17)
¢ 311 _
2270 (5.18)

where D and J are defined in Egs. (5.7) and (5.8). We introduce a small parameter &, and

scale various quantities as follows:
o -2, (5.19)

o, > &0, (5.20)



85

Q—&Q. (5.21)
Substituting the above changes into Egs. (5.16)- (5.18), we can obtain the analytical

diffusion equation and boundary conditions in the limit of £ — 0 as follows:

_¢D 82¢(2X) + e0,4(X) = £Q, (5.22)
OX
6 33 1]
PRIV 629
4 311 _
2 2 L ° (5.24)

Through Egs. (5.22)-(5.24), we can solve the scalar flux ¢(x) . It can be observed that the
diffusion equation is invariant to the scaling, and the boundary conditions become the
Dirichlet boundary conditions.

For the computational results, we performed Sy calculations with N =2
and N =8, and choose the number of uniform spatial meshes |1 =16. We chose different
values of £ =1,10",10"%,10"°,10*,10° to study the thick diffusion limit behavior of the

LDLS method and compare it with that of the LDG and LLDG methods.

Figs. 5.17-5.22 are the computational solutions for the S, equations with
£=1,10",10"7,10",10",10" for the three spatial discretization methods. From the
figures, we can observe that whens =1,10",102, all the three methods give roughly the
same result as the analytical diffusion solution. This also shows that for the 1-D

problem, the S; equations are equivalent to the diffusion equation. For s =107, the

scalar flux from LDLS begins to be smaller than the result from other methods.



When g =107°, the scalar flux tends to go to nearly zero while the LDG and LLDG
methods maintain an accurate solution. This convergence to zero was predicted

theoretically in Chapter IV.
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The computational results are given in Figs. 5.23-5.28 for Sg quadrature with
£=1,10",107,10",10",10" and the LDLS, LDG and LLDG methods. The results are
similar to those for S, quadrature. We can observe that when & =1,10",1072, all the
three methods give roughly the same scalar flux which goes to the analytical diffusion
solution with decreasing ¢ . Fore =107, the scalar flux solution from LDLS begins to

be smaller than the solutions from the other methods. When & =107°, the scalar flux

tends to go to nearly zero while the LDG and LLDG methods maintain accuracy.



Scalar flux (crﬁzs'l)

Scalar flux (crﬁzs'l)

1 —
0.9 " R s |
0.8r 91@/ ﬂ/ *\ b
0.7¢ / N
0.6- i

—k - LDLS
0.5- —G - LDG | A

— ~ LLDG
0.41 Exact | 1
0.3r N
0.2r N
0.1r N

0 | | | |
0 0.2 0.4 0.6 0.8 1
X (cm)
Fig. 5.23. Diffusion limit Sg solutions withe =1.0.

1 \

—* - LDLS
0.9r —C - LDG |

—* ~ LLDG
0.8r Exact
0.7r
0.6
0.5
0.4r L e R 7
0.3t % 1
0.2r 9/ %\ .
0.1—9’”/ *

0 | | | |
0 0.2 0.4 0.6 0.8
X (cm)

Fig. 5.24. Diffusion limit Sg solutions withe =107".

90



Scalar flux (crﬁzs'l)

Scalar flux (crﬁzs'l)

1 :
— - LDLS
0.9r O LDG |
¢ - LLDG
0.8r Exact |
0.7+ .
0.6f .
0.5f i
0.4f .
0.3t e % .
0.2 e S e 1
01 q/*/ )
: e
0
0 0.2 0.4 0.6 0.8 1
X (cm)
Fig. 5.25. Diffusion limit Sg solutions withe =107,
1 :
—% - LDLS
0.9¢ —C - LDG |
— -~ LLDG
0.8r Exact |
0.7+ ,
0.6F 1
0.5f ]
0.4F 1
0.3f 1
0.2f ]
0.1f ,
0 | | | |
0 0.2 0.4 0.6 0.8
x (cm)

Fig. 5.26. Diffusion limit Sg solutions withe =107,

91



Scalar flux (cn’lzs'l)
© o o o o o o o
N w £ [6)] (o)} ~ e} (Ce] [l

o
[

o

Scalar flux (crﬁzs'l)
© o o o o o o o
N w EN ol o ~ o) [{e} [l

o
[EY

o

—* - LDLS
i —C - LDG |
— ~ LLDG
[ Exact ||
r % & - = S R *
/% - TR
& F—H —k— R
| R = *\*N@ IS ]
/\,/ % X O \g
L & K N il
Wz N
M L L L L gg
0 0.2 0.4 0.6 0.8 1
x (cm)
Fig. 5.27. Diffusion limit Sg solutions withe =107*.
—+ - LDLS
L —OC - LDG |
— -~ LLDG
- Exact |
F el 8w R -
@& TR
| & w |
// \x
x—* I I I I R 5
0 0.2 0.4 0.6 0.8 1
x (cm)

Fig. 5.28. Diffusion limit Sg solutions withe =107°.



93

These results are consistent with the asymptotic analyses indicating that the LDG
and the LLDG methods preserve the thick diffusion limit, while the LDLS method does
not. However, the scalar flux solution from the LDLS method converges to the leading-
order solution (which is zero) very slowly as&¢ — 0. Thus, it should be quite acceptable

for all but highly diffusive problems.

Summary

In this chapter, we presented a series of test problems to demonstrate various
properties of the LDLS method. We first tested accuracy using both the continuous L,
error norm and the pointwise L, norm for the cell-averaged scalar flux. Computational
results showed that the LDLS method is second-order accurate for the continuous L,
norm and the pointwise norm for the cell-averaged scalar flux. It is more accurate than
the LLDG method, but less accurate than the LDG method. Then we studied the iterative
convergence properties of the LDLS method computationally and the results were
consistent with the Fourier analysis. Finally, we investigated the performance of the
LDLS method in the thick diffusion limit. The results showed that it does not preserve

the thick diffusion limit, which is consistent with the result from asymptotic analysis.
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CHAPTER VI

SUMMARY AND FUTURE WORK

In this thesis, we developed, implemented and tested a linear-discontinuous least-
squares method for spatial discretization of the 1-D discrete-ordinates equations.

The traditional least-squares method is based upon choosing the expansion
coefficients to minimize an integral of the square of the residual. The derivative of a
discontinuous function takes the form of a delta-function at the point of discontinuity. If
the residual contains a delta-function, the integrand will contain the square of a delta-
function, the integral of which is undefined.

The central theme of our approach is to first avoid the delta-function difficulty by
minimizing the square of the residual over the semi-open interval, and then imparting
both conservation and knowledge of the boundary value to the equations by constraining
the solution to satisfy the balance equation.

We first analyzed the robustness and accuracy of the LDLS method through a
simplified pure absorber transport equation, and compared the result with that from the
LDG method and the LLDG method. We showed that the LDLS method yields a
uniform second order global L, error and is more robust than the LDG method.

We derived the spatial discretization for both the source iteration and S, synthetic
acceleration schemes, and implemented the schemes in FORTRAN. Computational

results showed that the LDLS method is second-order accurate for the continuous L,
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norm and the pointwise norm for the cell-averaged scalar flux. It is more accurate than
the LLDG method, but less accurate than the LDG method.

We performed a Fourier analysis to study the iterative convergence rate of the
LDLS method. In the problems for an infinite, homogenous medium and uniform mesh,
we found that S, synthetic acceleration remains effective for all cell thicknesses. The
computational spectral radii agree extremely well with those from Fourier analysis.

To study the behavior in the thick diffusion limit, we performed asymptotic
analysis for the LDLS method. We found that the LDLS method does not preserve the
diffusion limit in thick diffusive problems, which is consistent with our computational
results. Consequently, it is viable for neutronics but not for radiative transfer in the
highly diffusive regime.

Although we have not previously discussed it here, we have recently developed a
new form of discontinuous least-squares discretization that is both conservative and

preserves the diffusion limit. We will report on this method in the future.



96

REFERENCES

1. W. H. REED and T. R. HILL, “Triangular mesh methods for the neutron transport
equation,” Los Alamos Nat. Lab. report, LA-UR-73-479 (1973).

2.J. E. MOREL and J. S. WARSA, “A lumped bilinear-discontinuous Sy spatial
discretization scheme for r-z quadrilateral meshes,” Trans. Am. Nucl. Soc., 95, 873
(2006).

3. M. BERNDT, T. MANTEUFFEL, and S. MCCORMICK, “Local error estimates and
adaptive refinement for first-order system least squares (FOSLS),” Elec. Trans. Numer.
Anal., 6, 35 (1998).

4. M. L. ADAMS and E. W. LARSEN, “Fast iterative methods for discrete-ordinates
particle transport calculations,” Prog. Nucl. Energy, 40, 3 (2002).

5. R. E. ALCOUFFE, “Diffusion synthetic acceleration methods for the diamond-
differenced discrete-ordinates equations,” Nucl. Sci. Eng., 64, 344 (1977).

6. E. W. LARSEN and J. E. MOREL, “Asymptotic solutions of numerical transport
problems in optically thick, diffusive regimes I1,” J. Comput. Phys., 83, 212 (1989); see
also “Corrigendum,” J. Comput. Phys., 91, 246 (1990).



Name:

Address:

Email Address:

Education:

VITA

Lei Zhu

Department of Nuclear Engineering
Texas A&M University

College Station, TX 77843-3133
zhulei@neo.tamu.edu

B.Eng., Engineering Physics, Tsinghua University, 2005
M.S., Nuclear Engineering, Texas A&M University, 2008

97



